arXiv:1012.1851v3 [hep-th] 24 Aug 2011

MIFPA-10-54

Two-charge rotating black holes in four-dimensional gauged supergravity

David D. K. Chow

George P. & Cynthia W. Mitchell Institute for Fundamental Physics & Astronomy, Texas A&M University, College Station, TX 77843-4242, USA

chow@physics.tamu.edu

Abstract

We obtain an asymptotically AdS, non-extremal, electrically charged and rotating black hole solution of 4-dimensional U(1)^4 gauged supergravity with 2 non-zero and independent U(1) charges. The thermodynamical quantities are computed. We find BPS solutions that are nakedly singular. The solution is generalized to include a NUT parameter and dyonic gauge fields. The string frame metric has a rank-2 Killing–Stäckel tensor and has completely integrable geodesic motion, and the massless Klein–Gordon equation separates for the Einstein frame metric.

1 Introduction

The AdS/CFT correspondence has motivated the construction of asymptotically AdS black holes, which may be understood in terms of a boundary field theory. In particular, we know many examples of AdS black hole solutions of gauged supergravity theories in a variety of dimensions; see [1, 2] for a review. Supersymmetric black holes are of special interest, because then the correspondence is on a firmer footing. However, supersymmetric AdS black holes must rotate, and including rotation makes the construction of solutions considerably more complicated. More generally, non-extremal AdS black holes are also of interest for understanding the AdS/CFT correspondence at non-zero temperature.

The construction of charged and rotating AdS black holes in gauged supergravities with the maximum number of independent angular momenta and U(1) charges remains an open problem. Restricting to abelian gauge fields, the relevant theories in spacetime dimensions D = 4, 5, 7 are have respective gauge groups U(1)^4, U(1)^3, and U(1)^2. In gauged supergravity, unlike ungauged supergravity, there are no solution generating techniques available for the construction of charged and rotating black holes. Therefore, constructing these black holes requires guesswork, inspired by the structure of known solutions.

To better understand their structures, a most basic example of an asymptotically AdS, charged and rotating black hole in gauged supergravity was recently constructed [3]. This is a solution of 4-dimensional U(1)^4 gauged supergravity with only 1 non-zero U(1) charge. The other known asymptotically AdS, charged and rotating black hole solutions of this theory are the Kerr–Newman–AdS solution [4, 5], which has all 4 charges equal, and a more general solution with the 4 charges pairwise equal [6]. In this paper, we continue to take advantage of the simplicity of this low dimension and obtain an AdS black hole solution of 4-dimensional U(1)^4 gauged supergravity with 2 non-zero and independent U(1) charges.

However, the motivation for constructing this 2-charge solution extends beyond 4 dimensions. For arbitrary dimension, there is the 2-charge Cvetič–Youm solution [7], which represents a rotating black hole with the maximum number of independent angular momenta and 2 non-zero U(1) charges. In particular, it is a solution of ungauged supergravity in D = 4, 5, 7. If both U(1) charges are equal, then the solution simplifies considerably [8]. The equal charge simplification persists with the inclusion of gauging, regardless of dimension. These equalcharge AdS black holes in D = 4 [6], D = 5 [9], D = 7 [8], and also a solution in D = 6 [10], can be written in a fairly unified manner. We therefore expect that the AdS black hole with 2 independent U(1) charges in D = 4 will be a useful guide for constructing AdS black holes with 2 independent U(1) charges in D = 5 and D = 7.

The outline of this paper is as follows. In Section 2, we present a charged and rotating solution of 4-dimensional U(1)^4 gauged supergravity with 2 independent and non-zero U(1) charges and 2 zero U(1) charges. We compute the thermodynamic quantities. Although there are BPS solutions, they are nakedly singular. In Section 3, we generalize by including a NUT parameter and allowing for magnetic charge, obtaining dyonic solutions. In Section 4, we present a rank-2 Killing–Stäckel tensor for the string frame metric. We demonstrate explicitly the separability of the Hamilton–Jacobi equation for geodesic motion in the string frame metric and the massless Klein–Gordon equation in the Einstein frame metric. We conclude in Section 5.

2 Kerr–AdS with 2 electric charges

The Kerr–AdS metric [4, 5] is an uncharged, rotating black hole solution of Einstein gravity with a cosmological constant. We shall generalize it as a solution of 4-dimensional U(1)^4 gauged supergravity by including 2 non-zero and independent U(1) charges, first allowing only electric, not magnetic, charge. Then, we shall study the thermodynamical quantities and BPS solutions.

2.1 U(1)^4 gauged supergravity

The maximal 4-dimensional N = 8, SO(8) gauged supergravity can be consistently truncated to U(1)^4 gauged supergravity, which is N = 2 gauged supergravity coupled to 3 abelian vector multiplets. The bosonic fields of this truncation are the graviton g_{ab}, 4 U(1) gauge fields A^I_{(1)}, 3 dilatons φ_i and 3 axions χ_i, with I = 1, 2, 3, 4 and i = 1, 2, 3. The bosonic Lagrangian, which was given in [11], can be written as L = R ⋆ 1 − 1 2 3∑ i=1 (⋆dφ_i ∧ dφ_i + e^{−2φi} ⋆ dχ_i ∧ dχ_i) − 1 2 4∑ I=1 X^{−2}_I ⋆ F^I_{(2)} ∧ F^I_{(2)}

+χ_1(F^1_{(2)} ∧ F^2_{(2)} + F^3_{(2)} ∧ F^4_{(2)}) − V ⋆ 1. (2.1) The 2-form field strengths are F^1_{(2)} = dA^1_{(1)}, F^2_{(2)} = dA^2_{(1)} + χ_2 dA^3_{(1)} − χ_3 dA^4_{(1)} + χ_2χ_3 dA^1_{(1)}, F^3_{(2)} = dA^3_{(1)} + χ_3 dA^1_{(1)}, F^4_{(2)} = dA^4_{(1)} − χ_2 dA^1_{(1)}, (2.2) and we have used the dilaton combinations X_I = exp(−^1_2 a_I · φ), φ = (φ_1, φ_2, φ_3), (2.3) with

a_1 = (1, 1, 1), a_2 = (1, −1, −1), a_3 = (−1, 1, −1), a_4 = (−1, −1, 1). (2.4) The potential is V = −g^2 3∑ i=1 (2 cosh φ_i + χ^2_i e^{−φi} ). (2.5)

We shall consider black hole solutions with 2 non-zero U(1) charges, and so truncate further by taking A^3_{(1)} = A^4_{(1)} = 0, φ_2 = φ_3 and χ_2 = χ_3 = 0, denoting χ = χ_1. The remaining bosonic Lagrangian becomes L = R ⋆ 1 − 1 2 ⋆ dφ_1 ∧ dφ_1 − 1 2 e^{−2φ1} ⋆ dχ ∧ dχ − ⋆dφ_2 ∧ dφ_2 − 1 2 2∑ I=1 X^{−2}_I ⋆ F^I_{(2)} ∧ F^I_{(2)}

+χF^1_{(2)} ∧ F^2_{(2)} − V ⋆ 1, (2.6)

where F^I_{(2)} = dA^I_{(1)}, with I = 1, 2, and now

X_1 = e^{−φ1/2−φ2} , X_2 = e^{−φ1/2+φ2} , V = −g^2(e^{φ1} + e^{−φ1} + 2e^{φ2} + 2e^{−φ2} + χ^2e^{−φ1} ). (2.7)

The resulting field equations are

G_{ab} =^1_2 ∇_aφ_1 ∇_bφ_1 −^1_4 ∇^cφ_1 ∇_cφ_1 g_{ab} + 2(^1_2 ∇_aφ_2 ∇_bφ_2 −^1_4 ∇^cφ_2 ∇_cφ_2 g_{ab})

+e^{φ1+2φ2} (^1_2 F^1_a^cF^1_{bc} −^1_8 F^{1cd}F^1_{cd}g_{ab}) + e^{φ1−2φ2} (^1_2 F^2_a^cF^2_{bc} −^1_8 F^{2cd}F^2_{cd}g_{ab}) +e^{−2φ1} (^1_2 ∇_aχ ∇_bχ −^1_4 ∇^cχ ∇_cχ g_{ab}) +^1_2 g^2(e^{φ1} + e^{−φ1} + 2e^{φ2} + 2e^{−φ2} + χ^2e^{−φ1} )g_{ab}, (2.8) and ∇_a(e^{φ1+2φ2} F^{1ab}) =^1_2 ϵ^{bcde}(∇_cχ)F^2_{de}, ∇_a(e^{φ1−2φ2} F^{2ab}) =^1_2 ϵ^{bcde}(∇_cχ)F^1_{de}, □φ_1 =^1_4 e^{φ1+2φ2} F^{1ab}F^1_{ab} +^1_4 e^{φ1−2φ2} F^{2ab}F^2_{ab} − e^{−2φ1} ∇^aχ ∇_aχ − g^2(e^{φ1} − e^{−φ1} − χ^2e^{−φ1} ), □φ_2 =^1_4 e^{φ1+2φ2} F^{1ab}F^1_{ab} −^1_4 e^{φ1−2φ2} F^{2ab}F^2_{ab} − g^2(e^{φ2} − e^{−φ2} ), ∇_a(e^{−2φ1} ∇^aχ) =^1_4 ϵ^{abcd}F^1_{ab}F^2_{cd} − 2g^2χe^{−φ1} . (2.9)

From the field equations for F^I_{(2)}, we introduce the dual field strengths and potentials

d ~A^1_{(1)} = ~F^1_{(2)} = X^{−2}_1 ⋆ F^1_{(2)} − χF^2_{(2)}, d ~A^2_{(1)} = ~F^2_{(2)} = X^{−2}_2 ⋆ F^2_{(2)} − χF^1_{(2)}. (2.10)

2.2 Black hole solution

A rotating black hole solution with 2 independent U(1) charges is

ds^2 = 1 √ H_1H_2ρ^2Ξ^2 ( − (Δ_θΔ_r − V^2_r a^2 sin^2 θ)Δ_θ dt^2 + (Δ_θ ~V^2_r a^2 − Δ_r sin^2 θ) a^2 sin^2 θ dϕ^2

−2marc_1c_2~c_1~c_2Δ_θ sin^2 θ 2 dt dϕ ) + √ H_1H_2 ( ρ^2 Δ_r dr^2 + ρ^2 Δ_θ dθ^2 ) , A^1_{(1)} = 2mrs_1 H_1ρ^2 ( c_1~c_2Δ_θ dt Ξ − ac_2~c_1 sin^2 θ dϕ Ξ ) , A^2_{(1)} = 2mrs_2 H_2ρ^2 ( c_2~c_1Δ_θ dt Ξ − ac_1~c_2 sin^2 θ dϕ Ξ ) , X_1 = H^{−3/4}_1 H^{1/4}_2 , X_2 = H^{1/4}_1 H^{−3/4}_2 , χ =

2mas_1s_2 cos θ ρ^2

, (2.11)

where

Δ_r = r^2 + a^2 − 2mr + g^2r^2r_1r_2 + a^2g^2r^2 − 2mra^2g^2s^2_1s^2, Δ_θ = 1 − a^2g^2 cos^2 θ, V^2_r = (1 + g^2rr_1)(1 + g^2rr_2), ~V^2_r = (1 + rr_1/a^2)(1 + rr_2/a^2), r_I = r + 2ms^2_I ,

H_I = 1 + 2mrs^2_I ρ^2

, s_I = sinh δ_I , c_I = cosh δ_I , ~c_I = √ 1 + a^2g^2s^2_I ,

ρ^2 = r^2 + a^2 cos^2 θ, Ξ = 1 − a^2g^2. (2.12)

We have presented the solution using asymptotically static Boyer–Lindquist-type coordinates. The azimuthal coordinate ϕ has canonical normalization, with period 2π. The temporal coordinate t also has canonical normalization, fixed because the spacetime is asymptotically AdS. If m = 0, then the coordinate change

Ξr̂^2 sin^2 θ̂ = (r^2 + a^2) sin^2 θ, r̂^2 cos^2 θ̂ = r^2 cos^2 θ, (2.13)

gives anti-de Sitter spacetime in the canonical form

ds^2 = −(1 + g^2r̂^2) dt^2 + dr̂^2 1 + g^2r̂^2

+ r̂^2 dθ̂^2 + sin^2 θ̂ dϕ^2. (2.14)

The solution has 5 parameters: a mass parameter m; a rotation parameter a; 2 charge parameters, δ_1 and δ_2; and a gauge-coupling constant g. Without rotation, when a = 0, the solution reduces to a particular case of the 4-charge static solution [12], but with only 2 of the 4 charges non-zero. Without any charge, when δ_1 = δ_2 = 0, the solution reduces to the 4-dimensional Kerr–AdS metric [4, 5]. With only 1 non-zero charge, say when δ_2 = 0, the solution reduces to the recently discovered 1-charge solution [3]. With both charges equal, when δ_1 = δ_2, the solution reduces to the gauged solution of [6], where the 4 charges are pairwise equal, but here with one pair of charges zero and one pair non-zero; we shall give the link more precisely later.

Without gauging, when g = 0, the solution reduces to a 2-charge solution of Sen [13], up to global transformations of scalars and vectors. Note that Sen uses parameters α and β that are related to our δ_1 and δ_2 by α = δ_1 +δ_2 and β = δ_1 −δ_2. The ungauged solution can also be regarded as the 4-dimensional case of the 2-charge Cvetič–Youm solution [7], or the 4-charge Cvetič–Youm solution [14, 6], but with only 2 of the 4 charges non-zero. A 3-charge ungauged solution [15] uses the Sen parameterization for 2 charge parameters, and our Cvetič–Youm parameterization for the third charge. With only 1 non-zero charge, say when δ_2 = 0, the ungauged solution reduces to the Frolov–Zelnikov–Bleyer solution [16], presented there with v = tanh δ_1.

To discover this new solution, we are helped by the structure of these limits, most significantly by the 1-charge solution [3]. One helpful feature is that the solution is invariant under the transformation a → 1 ag^2 , r → r ag , y → y ag , m → m a^3g^3 , ϕ → gt, t → ϕ g , s_I → ags_I , (2.15)

where y = a cos θ. This is a discrete inversion symmetry, under which the rotation parameter a is inverted through the AdS radius 1/g. It is noteworthy that the symmetry interchanges gt and ϕ and interchanges c_I and ~c_I . The symmetry interchanges over-rotating solutions, with |ag| > 1, and under-rotating solutions, with |ag| < 1. This inversion symmetry was first found in [17] for the 5-dimensional Kerr–AdS solution [18], then for the Kerr–NUT–AdS solutions of Einstein gravity in arbitrary dimension [19], and more recently for the 4-dimensional 1-charge solution [3].

4-dimensional N = 8, SO(8) gauged supergravity is a consistent dimensional reduction of 11-dimensional supergravity on S^7 [20]. In principle, a solution of the 4-dimensional theory can be uplifted to a solution of the 11-dimensional theory, but in practice the general consistency proof is rather implicit. The explicit reduction ansatz is not known for the full 4-dimensional U(1)^4 gauged supergravity, and so it is not known how to embed our general 2-charge solution into 11 dimensions. However, the reduction ansatz is known for two cases of relevance here. One relevant case is if the axions vanish [11]; this suffices for embedding into 11 dimensions the 4-charge static solution [12] and the 1-charge rotating solution [3]. The second relevant case is N = 4, SO(4) gauged supergravity [21]; this suffices for embedding into 11 dimensions the rotating solution where the 4 charges are pairwise equal [6], which includes taking δ_1 = δ_2 in our 2-charge solution.

2.3 Thermodynamics

The outer black hole horizon is located at the largest root of Δ_r(r), say at r = r_+. By assumption, the parameters of the solution are chosen so that we have a black hole rather than a naked singularity, so such a positive root exists. The angular velocity Ω is constant over the horizon and is obtained from the Killing vector l = ∂ ∂t + Ω ∂ ∂ϕ (2.16)

that becomes null on the horizon. The electrostatic potentials Φ_I and surface gravity κ are also constant over the horizon. They are given by evaluating on the horizon both Φ_I = l · A^I_{(1)} and l^b∇_bl^a = κl^a, and then the Hawking temperature is T = κ/2π. The angular momentum and electric charges are given by the respective Komar integrals J = 1 16π ∫ S^2_∞ ⋆dK, Q_I = 1 16π ∫ S^2_∞

~F^I_{(2)}, (2.17)

where K = K_a dx^a is the 1-form obtained from the rotational Killing vector K^a ∂_a = ∂/∂ϕ. The horizon area A is obtained by integrating the square root of the determinant of the induced metric on a time slice of the horizon, and then the Bekenstein–Hawking entropy is S = A/4. One finds that T dS +Ω dJ +Φ_1 dQ_1 +Φ_2 dQ_2 is an exact differential, and so, as advocated by [22], we may integrate the first law of black hole mechanics,

dE = T dS + Ω dJ + Φ_1 dQ_1 + Φ_2 dQ_2, (2.18)

to obtain the thermodynamic mass E. There are also several other definitions of mass for asymptotically AdS spacetimes in the literature; one is the AMD (Ashtekar–Magnon–Das) mass, defined for 4 dimensions [23] and higher [24]. One introduces a conformally rescaled metric g_{ab} = Ω^2g_{ab} such that on the conformal boundary both Ω = 0 and dΩ ≠ 0. Its Weyl tensor is C^a_{bcd}, and we define n_a = ∂_aΩ. For an asymptotic Killing vector field K, which here is K = ∂/∂t, there is an associated conserved quantity. In 4 dimensions the AMD mass is E = 1 8πg^3 ∫ Σ dΣ_a Ω^{−1}n^cn^dC^a_{cbd}K^b, (2.19)

where dΣ_a is the area element of the S^2 section of the conformal boundary. See [22, 25] for many AMD mass computations for AdS black holes. For our solution, we take Ω = 1/gr for definiteness. As r → ∞, the Weyl tensor component C^t_{rtr} behaves as^1 C^t_{rtr} = m Ξg^2r^5

(2Ξ + 3a^2g^2 sin^2 θ)[1 +^1_2 (1 + a^2g^2)(s^2_1 + s^2) + a^2g^2s^2_1s^2] + O ( 1 r^6 ) . (2.20)

The conformal boundary has metric

ds^2_3 = −

Δ_θ Ξ dt^2 + 1 g^2Δ_θ dθ^2 + sin^2 θ Ξg^2 dϕ^2. (2.21)

Substituting these into (2.19), we find that the AMD mass agrees with the thermodynamic mass.

1We correct a typographical error in [3] here.

In summary, we find the thermodynamic quantities E = m Ξ^2

[1 +^1_2 (1 + a^2g^2)(s^2_1 + s^2) + a^2g^2s^2_1s^2], S = π √ (r^2_+ + a^2 + 2ms^2_1r_+)(r^2_+ + a^2 + 2ms^2r_+) Ξ , T = r^2_+ − a^2 + g^2r^2_+(3r^2_+ + 4ms^2_1r_+ + 4ms^2r_+ + 4m^2s^2_1s^2 + a^2) 4πr_+ √ (r^2_+ + a^2 + 2ms^2_1r_+)(r^2_+ + a^2 + 2ms^2r_+) , J = c_1c_2~c_1~c_2ma

Ξ^2

, Ω = a[1 + g^2r_+(r_+ + 2ms^2_1)][1 + g^2r_+(r_+ + 2ms^2)] 2mr_+c_1c_2~c_1~c_2 , Q_1 = ms_1c_1~c_2 2Ξ , Φ_1 =

2ms_1c_1~c_2r_+ r^2_+ + a^2 + 2ms^2_1r_+ , Q_2 = ms_2c_2~c_1 2Ξ , Φ_2 =

2ms_2c_2~c_1r_+ r^2_+ + a^2 + 2ms^2r_+

. (2.22)

2.4 Supersymmetric solutions

4-dimensional U(1)^4 gauged supergravity is known to have supersymmetric AdS_4 black holes. With 4 equal U(1) charges, they are known [26, 27] amongst the Kerr–Newman–AdS family of solutions [4, 5]. With pairwise equal charges, they are known [28] amongst the solutions of [6].

By considering eigenvalues of the Bogomolny matrix, the BPS condition, up to a choice of signs, is [28] E − gJ − Q_1 − Q_2 = 0. (2.23) Expressed in terms of the parameters of our solution, this leads to

c^2_1~c^2 + c^2~c^2_1 − (1 − a^2g^2)(s_1c_1~c_2 + s_2c_2~c_1) − 2agc_1c_2~c_1~c_2 = 0. (2.24)

This is solved by ags_1s_2 = 1, (2.25) provided that δ_1 and δ_2 are positive; different signs for δ_I would also satisfy BPS conditions, but with some sign changes in (2.23). Note that there are no BPS solutions if 1 of the 2 charges vanishes.

For a BPS solution, the radial function of the metric becomes R = ( 2ms_1s_2gr − 1 gs_1s_2

)_2

+ g^2r^4 + 2m(s^2_1 + s^2)g^2r^3 + ( 1 + 1 s^2_1s^2 ) r^2. (2.26)

Because R is a sum of non-negative terms, it generically has no real roots, and so the solution has a naked singularity. If there is a root, then it is at r = r_+, with r_+ = 1/2ms^2_1s^2g^2. However, substitution back into R gives R|_{r=r+} = 1 4m^2g^4s^6_1s^6_2 ( 1 4m^2g^2s^2_1s^2

+ c^2_1c^2 ) , (2.27)

which cannot vanish. Therefore, our 2-charge solution does not include supersymmetric AdS_4 black holes. Note the similarity with 5-dimensional U(1)^3 gauged supergravity, where there are no supersymmetric AdS_5 black holes with 2 of the 3 U(1) charges zero, although there are with only 1 of the 3 charges zero [29]. Also, in 7-dimensional U(1)^2 gauged supergravity, if the rotation parameters are all equal, then there are no supersymmetric AdS_7 black holes with 1 of the 2 U(1) charges zero [28].

3 Generalizations

We shall generalize our solution in two ways. Firstly, we shall include a NUT parameter. Secondly, we shall allow for magnetic charge, using global symmetries to generate dyonic solutions.

3.1 NUT parameter

A more general solution that includes a NUT parameter ℓ is

ds^2 = 1 √ H_1H_2(r^2 + y^2)Ξ^2 ( − (V^2_y R − V^2_r Y ) dt^2 + ( ~V^2_r Y − ~V^2_y R) a^2 dϕ^2 − 2c_1c_2~c_1~c_2(mrY + ℓyR) a 2 dt dϕ ) + √ H_1H_2 ( r^2 + y^2 R dr^2 + r^2 + y^2 Y dy^2 ) , A^1_{(1)} = 2mrs_1 H_1(r^2 + y^2) ( c_1~c_2(1 − g^2y^2) dt Ξ − c_2~c_1(a^2 − y^2) a dϕ Ξ )

+ 2ℓys_1 H_1(r^2 + y^2) ( c_1~c_2(1 + g^2r^2) dt Ξ − c_2~c_1(r^2 + a^2) a dϕ Ξ ) , A^2_{(1)} = 2mrs_2 H_2(r^2 + y^2) ( c_2~c_1(1 − g^2y^2) dt Ξ − c_1~c_2(a^2 − y^2) a dϕ Ξ )

+ 2ℓys_2 H_2(r^2 + y^2) ( c_2~c_1(1 + g^2r^2) dt Ξ − c_1~c_2(r^2 + a^2) a dϕ Ξ ) , X_1 = H^{−3/4}_1 H^{1/4}_2 , X_2 = H^{1/4}_1 H^{−3/4}_2 , χ = 2(my − ℓr)s_1s_2 r^2 + y^2

, (3.1)

where

R = r^2 + a^2 − 2mr + g^2r^2r_1r_2 + a^2g^2r^2 − 2mra^2g^2s^2_1s^2, r_I = r + 2ms^2_I , Y = a^2 − y^2 + 2ℓy + g^2y^2y_1y_2 − a^2g^2y^2 + 2ℓya^2g^2s^2_1s^2, y_I = y + 2ℓs^2_I , V^2_r = (1 + g^2rr_1)(1 + g^2rr_2), ~V^2_r = (1 + rr_1/a^2)(1 + rr_2/a^2), V^2_y = (1 − g^2yy_1)(1 − g^2yy_2), ~V^2_y = (1 − yy_1/a^2)(1 − yy_2/a^2),

H_I = 1 + 2(mr + ℓy)s^2_I r^2 + y^2

, s_I = sinh δ_I , c_I = cosh δ_I , ~c_I = √ 1 + a^2g^2s^2_I ,

Ξ = 1 − a^2g^2. (3.2)

The dual potentials are^2

~A^1_{(1)} = 2mys^1

H_2(r^2 + y^2) ( c_2~c_1(1 + g^2rr_2) dt Ξ − c_1~c_2(a^2 + rr_2) a dϕ Ξ )

− 2ℓrs_1 H_2(r^2 + y^2) ( c_2~c_1(1 − g^2yy_2) dt Ξ − c_1~c_2(a^2 − yy_2) a dϕ Ξ ) , ~A^2_{(1)} = 2mys^2

H_1(r^2 + y^2) ( c_1~c_2(1 + g^2rr_1) dt Ξ − c_2~c_1(a^2 + rr_1) a dϕ Ξ )

− 2ℓrs_2 H_1(r^2 + y^2) ( c_1~c_2(1 − g^2yy_1) dt Ξ − c_2~c_1(a^2 − yy_1) a dϕ Ξ ) . (3.3)

2These differ by exact forms from those of [6].

The coordinate change y = a cos θ recovers Boyer–Lindquist-type coordinates. If a = 0, then we cannot use the coordinate y, but can remain with the θ coordinate instead. If we let x = ir and replace m → −im, then the solution is invariant under the simultaneous interchange of ℓ and m and of x and y. The inversion symmetry (2.15) persists, provided that the NUT parameter transforms as ℓ → ℓ/a^3g^3.

In the equal charge case δ_1 = δ_2, the metric in particular simplifies, becoming

ds^2 = − R H_1(r^2 + y^2) ( (1 − g^2y_1y) dt Ξ − a^2 − y_1y a dϕ Ξ )_2 + H_1(r^2 + y^2) R dr^2 + Y H_1(r^2 + y^2) ( (1 + g^2r_1r) dt Ξ − r_1r + a^2 a dϕ Ξ )_2 + H_1(r^2 + y^2) Y dy^2, (3.4)

with the various functions defined as before. If we let

(1 + s^2_1)(1 + a^2g^2s^2_1) s^2_1 = 1 + s^′_1^2 s^′_1^2

, ms^2_1 = m^′s^′_1^2, ℓs^2_1 = ℓ^′s^′_1^2, (3.5)

and then drop the primes, then all the parameters of the solution, in particular m, ℓ and δ, agree with the parameters originally given in [6] when the 4 charges are pairwise equal, setting one pair of charges zero. However, note that in [6] the coordinates t and ϕ are not canonically normalized and asymptotically static; they are related to the t and ϕ coordinates here by a linear transformation. For the solution with 4 charges satisfying δ_1 = δ_2 and δ_3 = δ_4 = 0 and no NUT parameter ℓ = 0, the thermodynamical quantities were computed in [28], and naturally agree with those computed here in (2.22), once the parameters are related via (3.5). Correspondingly, the BPS condition (2.25) also agrees^3.

To discover the more general solution that includes a NUT parameter, we are again helped by the structure of the various known limits, especially from the solution without any NUT parameter. In particular, if we let x = ir and replace m → −im, then the solution is symmetric under the simultaneous interchange of ℓ and m and of x and y.

3.2 Dyonic gauge fields

Without axions, the field equations resulting from the U(1)^4 gauged supergravity bosonic Lagrangian (2.1) are invariant under the electric/magnetic duality symmetry

F^I_{(2)} → X^{−2}_I ⋆ F^I_{(2)}, φ_i → −φ_i. (3.6)

Including the axions, but considering only the ungauged theory, there are 3 SL(2, R) global symmetries [11]. These become manifest by dualizing 2 of the 4 gauge fields in the Lagrangian (2.1). The gauged theory introduces a potential that breaks the SL(2, R) symmetries to U(1).

Consider our truncation of the bosonic theory to 2 gauge fields in (2.6). Without gauging, one may dualize 1 of the 2 gauge fields to recognize the theory as a reduction of pure Einstein gravity on T^2. This reduction is well-known as having an SL(2, R) global symmetry. It is also a reduction of a 5-dimensional “bosonic string theory”; see [2], for example. For definiteness, we choose to dualize F^1_{(2)}. To obtain the dualized Lagrangian, we enforce the Bianchi identity dF^1_{(2)} = 0 by adding to the Lagrangian the term ~A^1_{(1)} ∧ dF^1_{(2)}, considering ~A^1_{(1)} as a Lagrange multiplier. Varying with respect to A^1_{(1)} gives the dual field strength d ~A^1_{(1)} = ~F^1_{(2)} of (2.10).

3Note a typographical error in equation (5.11) of [28], which should be e^{2(δ1+δ2 )} = 1 + 2/ag.

Substituting for F^1_{(2)} and then integrating by parts, we have the dual Lagrangian

L = R ⋆ 1 −^1_2 ⋆ dφ_1 ∧ dφ_1 − ⋆dφ_2 ∧ dφ_2 −^1_2 e^{−φ1−2φ2} ⋆ ( ~F^1_{(2)} + χF^2_{(2)}) ∧ ( ~F^1_{(2)} + χF^2_{(2)}) −^1_2 e^{φ1−2φ2} ⋆ F^2_{(2)} ∧ F^2_{(2)} − V ⋆ 1. (3.7) The global symmetries of the Lagrangian become manifest when we write it as L = [R +^1_4 Tr(∂M^{−1} ∂M) − (∂φ_2)^2 −^1_4 e^{−2φ2} F^TMF − V ] ⋆ 1, (3.8) where M = e^{−φ1} ( χ^2 + e^{2φ1} χ χ 1 ) , F = ( F^2_{(2)} ~F 1_{(2)} ) = ( dA^2_{(1)} d ~A^1_{(1)} ) , (3.9)

in terms of which the potential is V = −g^2(TrM + 4 cosh φ_2). Without any potential, the Lagrangian has a manifest global SL(2, R) symmetry under F → (Λ^T)^{−1}F, M → ΛMΛ^T, Λ ∈ SL(2, R). (3.10) This implies that the potentials and dual potentials transform as ( A^2_{(1)} ~A1_{(1)} ) → (Λ^T)^{−1} ( A^2_{(1)} ~A1_{(1)} ) , ( A^1_{(1)} ~A2_{(1)} ) → (Λ^T)^{−1} ( A^1_{(1)} ~A2_{(1)} ) ; (3.11)

these two sets of transformation rules are equivalent once the scalar transformation rules are taken into account. More explicitly, if Λ = ( a b c d ) , ad − bc = 1, (3.12) then the axidilaton complex scalar τ = χ + ie^{φ1} transforms as τ → aτ + b cτ + d , (3.13)

i.e. the dilaton and axion transform as e^{−φ1} → e^{−φ1} [(cχ + d)^2 + c^2e^{2φ1} ], χ → (aχ + b)(cχ + d) + ace^{2φ1} (cχ + d)^2 + c^2e^{2φ1}

. (3.14)

When we include gauging, the potential breaks the SL(2, R) global symmetry to U(1), with Λ restricted to the form Λ = ( cos α − sin α sin α cos α ) . (3.15)

This preserves the vanishing of φ_1 and χ as r → ∞. We can apply the symmetry to transform our general solution (3.1). The metric and one scalar e^{φ2} = √ H_1/H_2 remain the same, the gauge potentials are simply rotated according to (3.11), and the remaining scalars become χ = cos(2α) 2(my − ℓr)s_1s_2 +^1_2 sin(2α)(r_1r_2 + y_1y_2 − r^2 − y^2) cos^2 α (r^2 + y^2) + sin^2 α (r_1r_2 + y_1y_2) + sin(2α) 2(my − ℓr)s_1s_2 , e^{φ1} = √ H_1H_2(r^2 + y^2) cos^2 α (r^2 + y^2) + sin^2 α (r_1r_2 + y_1y_2) + sin(2α) 2(my − ℓr)s_1s_2

. (3.16)

For ungauged supergravity, it was shown in [13] how to construct dyonic Kerr(–NUT) solutions with a metric involving 2 charge parameters. For the simpler ungauged case corresponding to our 2 charge parameters being equal, see [30].

4 Killing tensor and separability

A rank-2 Killing–Stäckel tensor is a symmetric tensor K_{ab} that satisfies ∇_{(a}K_{bc)} = 0. Charged and rotating supergravity black hole solutions that generalize the Kerr or Myers–Perry solution generally seem to have string frame metrics admit such tensors, and consequently geodesic motion in the string frame metric is completely integrable [2]. Furthermore the massless Klein–Gordon equation separates for the Einstein frame metric. We shall see that these properties continue to hold for our 2-charge solution.

4.1 Killing tensor

The string frame metric d~s^2 is related to the original Einstein frame metric ds^2 by ds^2 = √ H_1H_2 d~s^2. The inverse string frame metric is, including the NUT parameter, ( ∂ ∂~s )_2 = ~g^{ab} ∂_a ∂_b = − a^4 r^2 + y^2 ( ~ V^2_r R − ~V 2_y Y ) ∂^2_t −

2c_1c_2~c_1~c_2a r^2 + y^2 ( mr R + ℓy Y ) 2 ∂_t ∂_ϕ + 1 r^2 + y^2 ( V^2_y Y − V^2_r R ) a^2 ∂^2_ϕ + R r^2 + y^2

∂^2_r + Y r^2 + y^2

∂^2_y . (4.1)

The components (r^2 + y^2)~g^{ab} are additively separable as a function of r plus a function of y.

For the string frame metric, a rank-2 Killing–Stäckel tensor is

~K = ~K^{ab} ∂_a ∂_b = a^4 ~V 2_y Y ∂^2_t −

2c_1c_2~c_1~c_2ℓya Y 2 ∂_t ∂_ϕ +

V^2_y a^2 Y ∂^2_ϕ + Y ∂^2_y − y^2 ( ∂ ∂~s )_2

. (4.2)

It is irreducible, i.e. is not merely a linear combination of the metric and outer products of Killing vectors.

A rank-2 conformal Killing–Stäckel tensor is a symmetric tensor Q_{ab} that satisfies an equation of the form ∇_{(a}Q_{bc)} = q_{(a}g_{bc)}, for some q_a. In 4 dimensions, we can express q_a in terms of Q_{ab} as q_a =^1_6 (∂_aQ^b_b + 2∇_bQ^b_a). There is an induced rank-2 conformal Killing– Stäckel tensor, with components Q^{ab} = ~K^{ab}, for any conformally related metric, in particular the Einstein frame metric. If q_a is a gradient, i.e. q_a = ∂_aq for some scalar q, then the rank-2 conformal Killing–Stäckel tensor Q_{ab} is said to be of gradient type. In this case, one may then construct an associated Killing–Stäckel tensor K_{ab} = Q_{ab} − qg_{ab}. Here, the problem of determining whether the induced Q_{ab} for the Einstein frame metric is of gradient type reduces to computing

∂_rq_y − ∂_yq_r =

(s^2_1 − s^2)^2(mr^2 + 2ℓry − my^2)(ℓr^2 − 2mry − ℓy^2) H^{3/2}_1 H^{3/2}_2 (r^2 + y^2)^3

. (4.3)

Therefore, for two equal charges, δ_1 = δ_2, the Einstein frame metric possesses an irreducible rank-2 Killing–Stäckel tensor. It can be obtained by finding that q_a = ∂_aq, with q = 2(mr + ℓy)s^2_1y^2 H_1(r^2 + y^2)

+ 2ℓs^2_1y. (4.4)

Such a tensor is known [31, 2], and agrees, up to a reducible Killing–Stäckel tensor, with that constructed here.

4.2 Separability

Because the string frame metric possesses a rank-2 Killing–Stäckel tensor and furthermore satisfies the properties required for a separability structure, geodesic motion in the string frame metric is completely integrable. We shall demonstrate this explicitly, and also demonstrate the separability of the Einstein frame massless Klein–Gordon equation. Note that without rotation, for which our y coordinate cannot be used, the enhanced isometry group guarantees separation of these equations.

4.2.1 Hamilton–Jacobi equation

The Hamiltonian for geodesic motion in the string frame metric is

H(x^a, p_b) =^1_2 ~g^{ab}p_ap_b, (4.5)

where p_a are the momenta conjugate to x^a. Therefore, the Hamilton–Jacobi equation is ∂S ∂λ + 1 2 ~g^{ab} ∂_aS ∂_bS = 0, (4.6)

where S is Hamilton’s principal function, with ∂_aS = p_a = dx_a/dλ, and λ is an affine parameter along the worldline of a particle. Consider the separable ansatz S = 1 2 μ^2λ − Et + Lϕ + S_r(r) + S_y(y), (4.7)

where the constants E and L are momenta conjugate to the ignorable coordinates t and ϕ, representing conserved energy and angular momentum respectively. μ is the mass of the particle, satisfying p^ap_a = −μ^2. We therefore have −a^4 ( ~ V^2_r R − ~V 2_y Y ) E^2 + 4c_1c_2~c_1~c_2a ( mr R + ℓy Y ) EL + ( V^2_y Y − V^2_r R ) a^2L^2 +R ( dS_r dr )_2 + Y ( dS_y dy )_2

+ μ^2(r^2 + y^2) = 0, (4.8)

which is additively separable. Introducing a separation constant C, we have dr dλ = ~g^{rr}p_r = R r^2 + y^2 dS_r dr , dy dλ = ~g^{yy}p_y = Y r^2 + y^2 dS_y dy , (4.9)

where

S_r = ∫ dr 1 R √ ~V 2_r a4E2 − 4c_1c_2~c_1~c_2mraEL + V 2_r a2L2 − μ2r2R − CR, S_y = ∫ dy 1 Y √ − ~V^2_y a^4E^2 − 4c_1c_2~c_1~c_2ℓyaEL − V^2_y a^2L^2 − μ^2y^2Y + CY , (4.10)

which determines r(λ) and y(λ) by quadratures. We then have dt dλ = ~g^{tt}p_t + ~g^{tϕ}p_ϕ = a^4 r^2 + y^2 ( ~ V^2_r R − ~V 2_y Y ) E − 2c_1c_2~c_1~c_2a r^2 + y^2 ( mr R + ℓy Y ) L, dϕ dλ = ~g^{tϕ}p_t + ~g^{ϕϕ}p_ϕ = 2c_1c_2~c_1~c_2a r^2 + y^2 ( mr R + ℓy Y ) E + 1 r^2 + y^2 ( V^2_y Y − V^2_r R ) a^2L, (4.11) which determines t(λ) and ϕ(λ) by quadratures.

For the Einstein frame metric, we can follow the same procedure. The only difference is that, in (4.8), we replace μ^2 by √ H_1H_2μ^2. Therefore, separation only occurs for null geodesics or if the two charges are equal.

4.2.2 Klein–Gordon equation

The (minimally coupled) Klein–Gordon equation for the Einstein frame metric is

□Φ = 1 √ −g ∂_a( √ −gg^{ab}∂_bΦ) = μ^2Φ. (4.12)

Consider the separable ansatz

Φ = Φ_r(r)Φ_y(y)e^{i(kϕ−ωt)}, (4.13)

and note that √ −g = √ H_1H_2(r^2 + y^2) aΞ . (4.14)

We therefore have √ H_1H_2(r^2 + y^2)μ^2 = −a^4 ( ~ V^2_r R − ~V 2_y Y ) ω^2 − 4c_1c_2~c_1~c_2a ( mr R + ℓy Y ) ωk − ( V^2_y Y − V^2_r R ) k^2 + 1 Φ_r d dr ( R dΦ_r dr ) + 1 Φ_y d dy ( Y dΦ_y dy ) . (4.15)

In general, only the massless Klein–Gordon equation, with μ = 0, is separable, but in the special case of two equal charges, with δ_1 = δ_2, the massive equation is separable [31]. The separated massless equations are 1 R d dr ( R dΦ_r dr ) + −a^4 ~V^2_r ω^2 − 4c_1c_2~c_1~c_2amrωk + V^2_r k^2 R^2

Φ_r = 0, 1 Y d dy ( Y dΦ_y dy ) + a^4 ~V^2_y ω^2 − 4c_1c_2~c_1~c_2aℓyωk − V^2_y k^2 Y^2

Φ_y = 0. (4.16)

In general, these are Fuchsian second order ordinary differential equations with 5 regular singular points in the complex r or y planes, including one at infinity. However, following [32], we expect that it is possible to perform a transformation to factor out 1 singularity. 4 regular singular points would remain, reducing the differential equations to the Heun equation.

5 Conclusion

We have presented an asymptotically AdS rotating black hole solution of 4-dimensional U(1)^4 gauged supergravity that possesses 2 non-zero U(1) charges, and studied some of its properties. Although there are BPS solutions, they cannot be black holes, but instead are nakedly singular. It would be interesting to include more charges, in order to find further AdS_4 black holes that are supersymmetric. We also obtained more general solutions with a NUT parameter and allowed the gauge fields to be dyonic. Another parameter that we have not attempted to include is an acceleration parameter, which would provide generalizations of the C-metric; such a generalization is known in the ungauged case [6]. As expected, there are hidden symmetries, with the string frame metric admitting a rank-2 Killing–Stäckel tensor. It would be interesting to further investigate hidden symmetries of the solution along the lines of [33].

References

[1] R. Emparan and H.S. Reall, “Black holes in higher dimensions,” Living Rev. Rel. 11, 6 (2008) [arXiv:0801.3471].

[2] D.D.K. Chow, “Symmetries of supergravity black holes,” Class. Quant. Grav. 27, 205009 (2010) [arXiv:0811.1264].

[3] D.D.K. Chow, “Single-charge rotating black holes in four-dimensional gauged supergravity,” Class. Quant. Grav. 28, 032001 (2011) arXiv:1011.2202.

[4] B. Carter, “A new family of Einstein spaces,” Phys. Lett. A 26, 399 (1968).

[5] B. Carter, “Hamilton–Jacobi and Schrödinger separable solutions of Einstein’s equations,” Commun. Math. Phys. 10, 280 (1968).

[6] Z.-W. Chong, M. Cvetič, H. Lü and C.N. Pope, “Charged rotating black holes in four-dimensional gauged and ungauged supergravities,” Nucl. Phys. B 717, 246 (2005) [hep-th/0411045].

[7] M. Cvetič and D. Youm, “Near-BPS-saturated rotating electrically charged black holes as string states,” Nucl. Phys. B 477, 449 (1996) [hep-th/9605051].

[8] D.D.K. Chow, “Equal charge black holes and seven-dimensional gauged supergravity,” Class. Quant. Grav. 25, 175010 (2008) [arXiv:0711.1975].

[9] Z.-W. Chong, M. Cvetič, H. Lü and C.N. Pope, “Five-dimensional gauged supergravity black holes with independent rotation parameters,” Phys. Rev. D 72, 041901 (2005) [hep-th/0505112].

[10] D.D.K. Chow, “Charged rotating black holes in six-dimensional gauged supergravity,” Class. Quant. Grav. 27, 065004 (2010) [arXiv:0808.2728].

[11] M. Cvetič et al., “Embedding AdS black holes in ten and eleven dimensions,” Nucl. Phys.

B 558, 96 (1999) [hep-th/9903214].

[12] M.J. Duff and J.T. Liu, “Anti-de Sitter black holes in gauged N = 8 supergravity,” Nucl.

Phys. B 554, 237 (1999) [hep-th/9901149].

[13] A. Sen, “Black hole solutions in heterotic string theory on a torus,” Nucl. Phys. B 440, 421 (1995) [hep-th/9411187].

[14] M. Cvetič and D. Youm, “Entropy of nonextreme charged rotating black holes in string theory,” Phys. Rev. D 54, 2612 (1996) [hep-th/9603147].

[15] D.P. Jatkar, S. Mukherji and S. Panda, “Rotating dyonic black holes in heterotic string theory,” Phys. Lett. B 384, 63 (1996) [hep-th/9601118].

[16] V.P. Frolov, A.I. Zelnikov and U. Bleyer, “Charged rotating black hole from fivedimensional point of view,” Annalen Phys. 44, 371 (1987).

[17] W. Chen, H. Lü and C.N. Pope, “Kerr–de Sitter black holes with NUT charges,” Nucl.

Phys. B 762, 38 (2007) [hep-th/0601002].

[18] S.W. Hawking, C.J. Hunter and M.M. Taylor-Robinson, “Rotation and the AdS–CFT correspondence,” Phys. Rev. D 59, 064005 (1999) [hep-th/9811056].

[19] W. Chen, H. Lü and C.N. Pope, “General Kerr–NUT–AdS metrics in all dimensions,” Class. Quant. Grav. 23, 5323 (2006) [hep-th/0604125].

[20] B. de Wit and H. Nicolai, “The consistency of the S^7 truncation in d = 11 supergravity,” Nucl. Phys. B 281, 211 (1987).

[21] M. Cvetič, H. Lü and C.N. Pope, “Four-dimensional N = 4, SO(4) gauged supergravity from D = 11,” Nucl. Phys. B 574, 761 (2000) [hep-th/9910252].

[22] G.W. Gibbons, M.J. Perry and C.N. Pope, “The first law of thermodynamics for Kerr– anti-de Sitter black holes,” Class. Quant. Grav. 22, 1503 (2005) [hep-th/0408217].

[23] A. Ashtekar and A. Magnon, “Asymptotically anti-de Sitter space–times,” Class. Quant.

Grav. 1 (1984) L39.

[24] A. Ashtekar and S. Das, “Asymptotically anti-de Sitter space-times: conserved quantities,” Class. Quant. Grav. 17, L17 (2000) [hep-th/9911230].

[25] W. Chen, H. Lü and C.N. Pope, “Mass of rotating black holes in gauged supergravities,” Phys. Rev. D 73, 104036 (2006) [hep-th/0510081].

[26] V.A. Kostelecký and M.J. Perry, “Solitonic black holes in gauged N = 2 supergravity,” Phys. Lett. B 371, 191 (1996) [hep-th/9512222].

[27] M.M. Caldarelli and D. Klemm, “Supersymmetry of anti-de Sitter black holes,” Nucl.

Phys. B 545, 434 (1999) [hep-th/9808097].

[28] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, “Rotating black holes in gauged supergravities; thermodynamics, supersymmetric limits, topological solitons and time machines,” hep-th/0504080.

[29] H.K. Kunduri, J. Lucietti and H.S. Reall, “Supersymmetric multi-charge AdS_5 black holes,” JHEP 0604, 036 (2006) [hep-th/0601156].

[30] D.V. Gal’tsov and O.V. Kechkin, “Ehlers–Harrison-type transformations in dilaton-axion gravity,” Phys. Rev. D 50, 7394 (1994) [hep-th/9407155].

[31] M. Vasudevan, “Integrability of some charged rotating supergravity black hole solutions in four and five dimensions,” Phys. Lett. B 624, 287 (2005) [gr-qc/0507092].

[32] H. Suzuki, E. Takasugi and H. Umetsu, “Perturbations of Kerr–de Sitter black holes and Heun’s equations,” Prog. Theor. Phys. 100, 491 (1998) [gr-qc/9805064].

[33] T. Houri, D. Kubizňák, C.M. Warnick and Y. Yasui, “Generalized hidden symmetries and the Kerr–Sen black hole,” JHEP 1007, 055 (2010) [arXiv:1004.1032].