arXiv:1012.2327v2 [gr-qc] 13 Oct 2011

Four-vector vs. four-scalar representation of the Dirac wave function

Mayeul Arminjon^1 and Frank Reifler^2

1 Laboratory “Soils, Solids, Structures, Risks” (CNRS, UJF, and G-INP),

BP 53, F-38041 Grenoble cedex 9, France. 2 Lockheed Martin Corporation, MS2 137-205, 199 Borton Landing Road, Moorestown, New Jersey 08057, USA.

Abstract

In a Minkowski spacetime, one may transform the Dirac wave function under the spin group, as one transforms coordinates under the Poincaré group. This is not an option in a curved spacetime. Therefore, in the equation proposed independently by Fock and Weyl, the four complex components of the Dirac wave function transform as scalars under a general coordinate transformation. Recent work has shown that a covariant complex four-vector representation is also possible. Using notions of vector bundle theory, we describe these two representations in a unified framework. We prove theorems that relate together the different representations and the different choices of connections within each representation. As a result, either of the two representations can account for a variety of inequivalent, linear, covariant Dirac equations in a curved spacetime that reduce to the original Dirac equation in a Minkowski spacetime. In particular, we show that the standard Dirac equation in a curved spacetime, with any choice of the tetrad field, is equivalent to a particular realization of the covariant Dirac equation for a complex four-vector wave function.

1 Introduction

The original Dirac equation applies in the Minkowski spacetime of special relativity. As the coordinates are Lorentz-transformed, the Dirac wave function transforms under the spin group. However, Weyl [1] and Fock [2] recognized that, on changing the coordinates, transforming the Dirac wave function under the spin group is not an option in a curved spacetime, or even in a flat spacetime with affine coordinates. They proposed independently what has become the standard version of the Dirac equation in a curved spacetime [1, 2], hereafter the Dirac-Fock-Weyl (DFW) equation. As is well known for the DFW equation [3, 4, 5], the four complex components of the wave function transform as a scalars under a general coordinate transformation. Recently, two alternative extensions of the Dirac equation to a curved spacetime have been proposed [6], based on the tensor representation of the Dirac field (TRD) [6, 7]. In these alternative equations, the wave function is a complex four-vector and the set of the components of the four Dirac matrices builds a third-order affine tensor. Thus, there are only two possibilities in a curved spacetime. Either the Dirac wave function transforms as a quadruplet of four complex scalar fields under coordinate transformations as in DFW, or it transforms as a complex four-vector field as in TRD. In a flat spacetime with linear affine coordinates, and constant Dirac matrices, TRD and DFW have been shown to be equivalent [8]. Thus there can be no question as to the fermion content of TRD.

On the other hand, locally, in a curved spacetime or in a flat spacetime with general coordinates, the set of four complex 4 × 4 Dirac matrices γ^μ(X) depends on the point X in spacetime, thus it becomes a field X → γ^μ(X), for which there is a continuum of different possible choices—all satisfying the same anticommutation relation in the given Lorentzian spacetime (V, g_{μν} ):

γ^μγ^ν + γ^ν γ^μ = 2g^{μν} 1_4, μ, ν ∈ {0, ..., 3} (1_4 ≡ diag(1, 1, 1, 1)). (1)

At any point X in the spacetime, any two possible choices γ^μ(X) and ~γ^μ(X) are related together by a local similarity transformation S(X) ∈ GL(4, C), which is unique up to a non-zero complex factor λ(X), such that we have [8, 9]: ~γ^μ = S^{−1}γ^μS, μ = 0, ..., 3. (2) For the DFW equation, the Dirac matrices γ^μ are defined through an orthonormal tetrad field [3, 4, 5]. This implies, as is well known, that only the local similarity transformations which at any point belong to the spin group are admissible. It is also well known that the DFW equation is covariant [3, 5] under any such (differentiable) admissible local similarity, X → S(X) ∈ Spin(1, 3), when this is simultaneously applied to the gamma field by Eq. (2), and to the wave function by

~Ψ = S^{−1}Ψ. (3)

For TRD, the γ^μ field is not necessarily defined through an orthonormal tetrad field. Accordingly, the similarity matrices S(X) can then be any element of the linear group GL(4, C) [10]. In the literature, it is assumed that the covariance of the DFW equation under the admissible similarities implies a complete physical insensitivity to the different possible choices of the γ^μ field. (This assumption was stated explicitly by Audretsch [11].) However, it turns out that the Hamiltonian operator H in a given coordinate system does depend on the γ^μ field for both TRD and DFW theories [10, 12, 13]. For instance, the hermiticity of the Dirac Hamiltonian H is not preserved under all local similarity transformations that are admissible for DFW, implying that the validity of Leclerc’s hermiticity condition for H [14] is not general [10]. (For more about the Hamiltonian theory see Ref. [10].)

Furthermore, unlike in DFW, the γ^μ ’s in TRD are not required to be covariantly constant. Since the choice of the Dirac matrices γ^μ is less constrained in TRD theory than in DFW theory, it might be the case that each of the TRD equations, say TRD–1 and TRD–2, be more general than the standard DFW equation. The main aim of this paper is to prove that this is indeed the case in a precise sense. We will prove that, in any given noncompact, four-dimensional, Lorentzian spacetime (V, g_{μν} ) admitting a spinor structure, any DFW equation, obtained by a particular choice of the tetrad field in that spacetime, is equivalent to a particular case of the TRD–1 equation (and also to a particular case of the TRD–2 equation). We will also prove that any DFW equation is equivalent to a particular case (amounting to a specific choice of the Dirac matrices) of a very simple form (“QRD–0”) of the Dirac equation in a curved spacetime, which is obtained by setting the connection matrices equal to zero.

We shall begin in Section 2 with a unified discussion of the two possible representations (QRD and TRD) in a non-compact, four-dimensional,

Lorentzian spacetime admitting a spinor structure. This discussion is based on the introduction of spin-half fields, defined as sections of vector bundles. We shall also provide the link with matrix notation which is more commonly used in the physics literature. Then in Section 3, we shall introduce different classes of Dirac equations, including the simple form QRD–0, and a teleparallel version (also new). Section 4 will discuss the notion of a local similarity, which can be regarded as either a passive change of basis of the fibers of the vector bundles, or an active transformation of the spin-half fields. The Lagrangian common to all versions will be introduced in Section 5. Then in Section 6, we will state and prove the theorems that establish equivalences between classes of Dirac equations.

2 The two possible representations

2.1 A common geometrical framework

Let U be an open subset of the spacetime V where local coordinates are defined and let X → γ^μ(X) (μ = 0, ..., 3) be a set of Dirac matrix fields^1 defined on the complex tangent bundle T_CU, satisfying the anticommutation relation (1). Here C denotes the set of complex numbers; whereas, C^4 will be the standard complex vector space consisting of quadruplets of complex numbers. Furthermore, TU denotes the tangent bundle of U and T_CU denotes the complex tangent bundle of U.

Then, corresponding to each vector p ∈ TU there is a Dirac matrix of the form: p̸ ≡ p^μγ_μ. Note that the dagger notation is due to Feynman [15]. That is, there is a vector bundle map TU → Hom (T_CU, T_CU), taking p ∈ TU to p̸ ∈ Hom (T_CU, T_CU). Then, for all p, k ∈ TU, it follows from the anticommutation relation (1) that [15]: p̸k̸ + k̸p̸ = 2 < p, k > Id_{TCU}, (4) where < , > is the spacetime metric and Id_{TCU} is the identity element of Hom(T_CU, T_CU). Note that both Feynman’s dagger notation p̸ as well as

1 In this subsection, we will use the terms “matrix” and “linear map” synonymously, noting that a matrix acting on a fiber of a vector bundle E is a linear map described in terms of some basis.

the anticommutation relation (5) are coordinate free.

We will say that a complex vector bundle E on the spacetime V is a “spinor bundle” if there is a global field of such Dirac matrices acting irreducibly on it.^2 More precisely we define:

Definition. A smooth complex vector bundle E, whose fiber is C^4 and whose base space is a four-dimensional spacetime V, will be called a spinor bundle if and only if there is a smooth vector bundle map: TV → Hom (E, E), which projects to the identity map on V, taking each vector p ∈ TV to p̸ ∈ Hom (E, E), satisfying the anticommutation relation p̸k̸ + k̸p̸ = 2 < p, k > Id_E. (5) We note that this definition is equivalent to that given by Trautman [18] (Definition 2 on p. 247).^3

Then, given any connection D defined on the complex vector bundle E, the Dirac equation for a fermion particle of mass m (setting Planck’s constant ℏ = 1 and the speed of light c = 1) can be written for a smooth section ψ of E as follows: D̸ψ = −imψ, (6) where the global Dirac operator D̸ is defined as [19]: D̸ ≡ ∑ α,β η^{αβ}u̸_βD_{uα} (7) 2 In this paper, all vector bundles will be smoothly defined over the spacetime V (or an open subset thereof which will be clear from the context) as their common base space. Sections of vector bundles will be smooth as well. A map between vector bundles, or vector bundle map, will be a (smooth) morphism of vector bundles which projects to the identity map on their common base space V (or open subset thereof) ([16], pp. 65–67; [17], paragraph 16.15.2).

3 To quote Trautman (Ref. [18], p. 247): “From the universality of Clifford algebras it follows that, to define τ [the morphism considered by Trautman], it is enough to give the restriction of τ to T M ⊂ Cl(g), this restriction being subject to τ(v)^2 = g(v, v)id_{Σx} for every v ∈ T_xM.”

where η^{αβ} (α, β = 0, ..., 3) is the Minkowski metric, and (u_α) is any orthonormal basis of the tangent space TV_X , at each spacetime point X. Note that Eq. (7) does not depend on the choice of orthonormal basis (u_α) chosen arbitrarily at each spacetime point X.

In order to define a Lagrangian, it is commonly assumed in the definition of “spinor bundle” the further property that there exists a nonsingular, not necessarily positive, Hermitian metric, smoothly defined on each fiber of the complex vector bundle E, with respect to which the Dirac matrices are Hermitian [8, 19]. This Hermitian metric was first introduced by Pauli [9, 20] and called a “hermitizing” metric or matrix for the Dirac matrices. Denoting the hermitizing metric by ( , ), the Dirac Lagrangian is defined globally on the spacetime V as follows: L = i 2 [(ψ, D̸ψ) − (D̸ψ, ψ) + 2im(ψ, ψ)] . (8) This Lagrangian depends on the choice of Dirac matrices and hermitizing metric, as well as the choice of connection on the complex vector bundle E. Note that similar to the spacetime metric < , > which induces a canonical real linear isomorphism from the tangent bundle TV to its dual TV^∘, the hermitizing metric ( , ) induces a canonical conjugate linear isomorphism from E to its dual E^∘. This conjugate linear isomorphism E → E^∘ which takes ψ → ψ is called the “spinor adjoint map”. Further study of the Lagrangian (8) and the linear, covariant Dirac equations derived from it, for general choices of the Dirac matrices and hermitizing metrics and connections on E, is presented in Section 5.

Recall that a spinor structure is defined to be a bundle map from a principal bundle F, having a structure group Spin(1, 3), to the bundle O of the orthonormal bases of the tangent bundle TV, such that some diagram commutes. (See e.g. Refs. [18, 21, 22]. The bundle O is a principal bundle with structure group the special Lorentz group SO(1, 3).) If the spacetime V is four-dimensional, noncompact, and admits a spinor structure in that sense, then there exists a global tetrad field on V [21]. The spacetime V is then said to be parallelizable.^4 According to Penrose and Rindler [23], these are the only spacetimes of physical interest. Such a spacetime V enjoys the following

4 In this paper, tetrad fields refer to smooth orthonormal frame fields of the tangent bundle. Frame fields of an arbitrary vector bundle are assumed to be non-singular, but

two properties: i) the trivial vector bundle V × C^4 is a spinor bundle, and ii) the complex tangent bundle T_CV is a spinor bundle. (See Appendix A for a straightforward constructive proof.)

Properties (i) and (ii) motivate defining two representations of wave functions ψ. In the first representation of a wave function, used in the standard DFW theory, which we will call the quadruplet representation of the Dirac theory (QRD), ψ is defined to be a section of the trivial vector bundle V×C^4. In the second representation of a wave function, which we will call the tensor representation of the Dirac theory (TRD), ψ is defined to be a section of the complex tangent bundle T_CV. Thus, ψ is either a quadruplet of four scalar fields for QRD or a four-vector field for TRD. The connection D is a specific connection on the relevant vector bundle E in which the wave function ψ is living, which is defined either as the spinor connection for DFW, or e.g. as the Levi-Civita connection extended to the complex tangent bundle T_CV for TRD [6]. We will see in Section 3 that many other choices for the connection D are possible in both representations.

Note that by the definition of a connection D on a vector bundle E, it associates to any section ψ of E, a section Dψ of the tensor product bundle TV^∘ ⊗ E, where we denote the vector bundles dual to TV and E as TV^∘ and E^∘, respectively [24].

Recall the following canonical isomorphisms of vector bundles ([17], Eq. (16.18.3.4)):

Hom(E, F) ∼= F ⊗ E^∘ ∼= E^∘ ⊗ F, (9)

where E and F are two vector bundles having in common the base space V. Then, using the fact that smooth sections of the vector bundle Hom(E, F) may be identified with smooth vector bundle maps E → F, which project to the identity map on V ([16], p. 67), and finally, using the canonical isomorphism TV ∼= TV^∘ induced by the spacetime metric on the tangent bundle TV, the Dirac matrices may be regarded as a smooth section γ of the

not necessarily orthonormal, unless specified as such. Vector bundles, for which at least one smooth global frame field exists, are said to be parallelizable. A spacetime is said to be parallelizable if its tangent bundle is parallelizable.

following vector bundle:

TV ⊗ E ⊗ E^∘ ∼= TV^∘ ⊗ E ⊗ E^∘ ∼= TV^∘ ⊗ Hom(E, E) ∼= Hom (TV, Hom(E, E)) (10)

Such a section will be called simply a “γ field”.

2.2 Local expressions

Locally, by restricting to a sufficiently small open subset W of the spacetime V, we may select a frame field (or basis of vector fields) (e_a) on the relevant vector bundle E.^5 Restricting the wave function ψ to W, the wave function may be expressed as:

ψ = Ψ^a e_a. (11)

Then, choosing local coordinates X → (x^μ) in an open subset U ⊂ W, with the corresponding basis of coordinate vector fields (∂_μ) ≡ (_∂ ∂x^μ ) , which is a frame field on the tangent bundle TU, we have from Eq. (10):

γ = γ^{μa}_b ∂_μ ⊗ e_a ⊗ θ^b, (12)

where (γ^{μa}_b ) is the family of the complex coefficients of the tensor field γ, and (θ^a) is the frame field (or basis of one-forms) dual to the selected frame field (e_a). From the field (12), the Dirac matrices are defined to be the matrices with components:

(γ^μ)^a_b ≡ γ^{μa}_b . (13)

Thus, they are defined locally, and depend on the choice of local coordinates and local frame field. These definitions give rise to the correct transformation behaviors.

Consider any section ψ of the complex vector bundle E restricted to U. In the local frame (dx^μ) on TU^∘, dual of the coordinate frame (∂_μ), and in the local frame field (e_a) on E restricted to U, Dψ has the local expression:

Dψ = D_μΨ^b dx^μ ⊗ e_b. (14)

5 A notation like (e_a) will designate an ordered family of elements indexed by a set of indices which is clear from the context. In this paper, the set of indices will always be {0, ..., 3}.

Accordingly, we have

D_{∂μ} ψ ≡ (Dψ)(∂_μ) = D_μΨ^b e_b. (15)

In particular, we define the connection matrices Γ_μ, whose components (Γ_μ)^b_a are determined from:

D_{∂μ} e_a = (Γ_μ)^b_a e_b. (16)

The components D_μΨ^b of Dψ in Eq. (14) can then be written by using Eqs. (11) and (16):

D_μΨ^b ≡ ∂Ψ^b ∂x^μ + (Γ_μ)^b_a Ψ^a. (17)

In such local coordinates, the Dirac equation (6) reduces to the usual form:

γ^μD_μΨ = −imΨ, (18)

where Ψ is the column vector (Ψ^a), and D_μΨ for each μ = 0, ..., 3 is the column vector (D_μΨ^b).

For TRD, as in previous work [6, 8, 10, 12], the frame field (e_a) on the complex tangent bundle E = T_CV can be taken to be the coordinate basis so that e_a ≡ δ^μ_a ∂_μ. In that case, the components of the wave function: Ψ^μ ≡ Ψ^a δ^μ_a transform as the components of a four-vector field after a coordinate change as follows: Setting L^μ_ν ≡^{∂x′μ}_{∂xν} , we have for the TRD wave function:

Ψ^{′μ} = L^μ_ν Ψ^ν . (19)

Similarly, the components of the TRD Dirac matrices (12) are then given by γ^{μρ}_ν ≡ γ^{μa}_b δ^ρ_a δ^b_ν and transform as an affine (^2_1) tensor [6, 10]: γ^{′μρ}_ν = L^μ_σ L^ρ_τ ( L^{−1} )_χ ν γ^{στ}_χ . (20)

Whereas, the four scalar character of the wave function (11) for QRD means that we have the canonical basis of C^4, namely:

E_0 = (1, 0, 0, 0), E_1 = (0, 1, 0, 0), E_2 = (0, 0, 1, 0), E_3 = (0, 0, 0, 1) (21) as a fixed frame field (E_a) on the complex vector bundle E = V × C^4. Hence, the quadruplet of scalar fields (Ψ^a) remains invariant during a coordinate change, and the Dirac matrices γ^μ in Eq. (13) transform as a matrix-valued four-vector:

γ^{′μ} = L^μ_ν γ^ν . (22)

The anticommutation relation (1) is covariant under a change of chart, for either of the two transformation modes (22) and (20) [7].

In spinor theory (including DFW), tensor indices refer to three basic vector bundles and their duals. The three basic vector bundles are the tangent bundle TV, the spinor bundle E, and the complex conjugate spinor bundle E^∗. Thus, there are four types of tensor indices: middle and late Greek letters μ, ν, ... will be used for coordinate indices; early Greek letters α, β, ... will be used for tetrad (or frame) indices for TV; early Latin letters a, b, ... will be used as frame indices for E; and a^∗, b^∗, ... will be used as frame indices for E^∗. Note that contractions can only be performed for like indices. Finally, middle Latin letters j, k, ... will be used as indices for spatial coordinates only (j, k = 1, 2, 3). Throughout this paper (η^{αβ}) = (η_{αβ}) = (η^{ab}) = (η_{ab}) ≡ diag(1, −1, −1, −1) will be used to denote Minkowski metrics.

3 Special classes of Dirac equations

We will first introduce special classes of QRD equations and then TRD equations. Within a given class, a continuum of different possibilities exist for the γ field [10, 12, 13]. The connection is fixed by the choice of the γ field for DFW, but is chosen independently of the latter for the other four classes that we will introduce. Whichever class is chosen, the Dirac equation has either the normal form (18), or the modified (extended) form (42) that we will introduce in Section 5.

3.1 The Dirac-Fock-Weyl (DFW) equation

This equation [1, 2], defined for sections of the trivial bundle E = V × C^4, is the standard form of the Dirac equation in a curved spacetime. It is a QRD equation characterized by two facts [5]:

a) In any local coordinate domain U ⊂ V, the γ field is expressed as a linear function of a fixed set of constant Dirac matrices, say (γ^{♮α}), through a set of real coefficients a^μ_α(X) varying with the spacetime point X ∈ U: γ^μ(X) = a^μ_α(X) γ^{♮α}. (23) Here the set (γ^{♮α}) of “flat” Dirac matrices is a constant solution of Eq. (1) above with the Minkowski metric η^{αβ} instead of the spacetime metric g^{μν} : γ^{♮α}γ^{♮β} + γ^{♮β} γ^{♮α} = 2η^{αβ} 1_4, α, β ∈ {0, ..., 3}. (24) The coefficients a^μ_α are the components with respect to the local coordinate basis on U of a real global orthonormal tetrad field (u_α) on V ; i.e., a global orthonormal frame field on the tangent bundle TV. That is, u_α = a^μ_α ∂_μ. Therefore, the components a^μ_α of u_α satisfy the orthonormality condition: g_{μν} a^μ_α a^ν_β = η_{αβ} , (25) [here g_{μν} ≡ < ∂_μ, ∂_ν >], which ensures that the field of “curved” Dirac matrices (γ^μ) in Eq. (23) satisfies the anticommutation relation (1).

Globally, the DFW γ field is given by: γ = γ^{αa}_b u_α ⊗ E_a ⊗ Θ^b, (26) where (E_a) is the canonical constant frame field (21), and (Θ^a) denotes its dual frame field. Note that E_a ⊗ Θ^b can be regarded as a matrix with one in the ab position and zeros elsewhere.

b) The gamma field is covariantly constant with respect to the relevant connection, i.e., Dγ = 0.

The two conditions a) and b) lead to the form Γ_μ = ω_{μαβ} s^{αβ} (27) for the matrices of the connection D, called “spin matrices”, with real coefficients ω_{μαβ} and where s^{αβ} ≡ [γ^{♮α}, γ^{♮β}], and to determining the precise expression of the coefficients ω_{μαβ} [5]. It is found that this expression, and thus the corresponding “spin connection” D itself, depends on the field γ.

In the literature, the DFW equation has been usually used with the following additional restriction on the set (γ^{♮α}) of constant “flat” Dirac matrices:

c) The constant matrix γ^{♮0} is a hermitizing matrix [9, 8] for the Dirac matrices γ^μ(X) in Eq. (23).

This restriction, which usually is not explicitly stated (except for Refs. [3, 11]), is gotten by choosing a particular set (γ^{♮α}), such that γ^{♮0} is in fact a hermitizing matrix for the set of constant “flat” Dirac matrices (γ^{♮a}) [10].

3.2 Other classes of Dirac equations

We will now introduce four other interesting classes of Dirac equations: one is a QRD equation, the other three are TRD equations. For these four classes, we do not restrict the γ field in any way beyond the necessity of satisfying the anticommmutation relation (1). Thus, each of these four classes is characterized by assuming a specific connection on the relevant vector bundle. The TRD–1 and TRD–2 equations were proposed in Ref. [6]. The QRD–0 and TRD–0 equations are new.

3.2.1 The QRD–0 equation

We may introduce a very simple form of QRD equation by taking the trivial connection on the trivial bundle E = V × C^4:

Γ_μ = 0 in the canonical frame field (E_a). (28)

In view of (16), this connection can be characterized by the fact that

D E_a = 0. (29)

3.2.2 The TRD–1 and TRD–2 equations

For the TRD–1 equation, the connection is simply the Levi-Civita connection (extended to T_CV). Thus, if the frame field (e_a) on the complex tangent bundle T_CV is taken locally to be the coordinate basis (∂_μ) associated with a chosen chart on V, and if the components (Ψ^a) of the four-vector wave function are taken locally as (Ψ^μ), that is, e_a ≡ δ^μ_a ∂_μ and Ψ^μ ≡ δ^μ_a Ψ^a (as was implicitly assumed in previous work [6, 10, 12]), then the connection coefficients are the Christoffel symbols of the second-kind associated with the spacetime metric g_{μν} : (Γ_μ)^ν_ρ ≡ {_ν ρμ } . (30)

For the other TRD equation (TRD–2), the connection is defined from the spatial Levi-Civita connection in an assumed preferred reference frame [6]. We will not need its explicit expression.

3.2.3 The TRD–0 equation

For the TRD–0 equation, the connection D is the so-called teleparallel connection associated with a given orthonormal tetrad field (u_a) and its dual orthonormal tetrad field (ω^a) defined, respectively, on the complex tangent bundle T_CV and its dual T_CV^∘. That is, extending the spacetime metric < , > to T_CV and T_CV^∘, the orthonormal tetrad fields (u_a) and (ω^a) satisfy:

< u_a, u_b > = η_{ab} ; < ω^a, ω^b > = η^{ab}, (31)

though here (u_a) and (ω^a) are generally complex. The teleparallel connection is characterized by the fact that

D u_a = 0 ; D ω^a = 0. (32)

This connection depends on the tetrad field (u_a), of course. Let us denote by G the metric tensor induced on T_CV by the spacetime metric as follows:

G = η_{ab} ω^a ⊗ ω^b. (33)

As a consequence of Eqs. (32) and (33), the induced metric is covariantly constant, DG = 0.

4 Local similarity transformations

The notion of a local similarity transformation (in short “a local similarity”) has been recalled in the Introduction, as basically switching from one possible field of Dirac matrices to another one by Eq. (2). Simultaneously, one usually transforms also the wave function according to Eq. (3). Whereas the latter equation occurs naturally in the case of a flat spacetime with affine coordinates [8], in which the similarity transformation S does not depend on the spacetime point X, it is less obvious in the general case. However, one possible definition of a local similarity is a mere change of the frame field (e_a) on the vector bundle E, of which the wave function is a section:

~e_b = S^a_b e_a. (34)

Under such a change, the column matrix Ψ ≡ (Ψ^a), made with the components of the wave function (11) in the frame field, changes indeed according to Eq. (3), while the Dirac matrices γ^μ ≡ (γ^{μa}_b) associated with the γ field (12) change indeed according to Eq. (2)—the matrix S in Eqs. (2)–(3) having components S ≡ (S^a_b). Since the form (2) of the new matrices ~γ^μ ensures trivially that they satisfy the same anticommutation relation (1) as do the starting ones γ^μ, the relation (1) is thus covariant under a change of the frame field (e_a) on E, as announced in Section 2.

At the same time, it is easy to check that the connection matrices in Eq. (17) change according to

~Γ_μ = S^{−1}Γ_μS + S^{−1}(∂_μS). (35)

Under a local similarity, seen as a change (34) of the frame field, the covariance of the Dirac equation (18) is an obvious fact: it is merely rewriting a tensor equation in another frame field. Thus, it applies to any version of the Dirac equation, of course. This kind of local similarity may be termed a “passive” one. Note that Eq. (35) is the one stated by Chapman & Leiter [5] to ensure that the DFW equation remains covariant after what they call a “spin transformation”, which designates indeed a local similarity. Clearly, Eq. (35) applies to any connection on a vector bundle after a change (34) of the frame field.

On the other hand, one may also consider “active” local similarities. Then, one leaves the frame field (e_a) unchanged, and one defines a new gamma field ~γ and a new wave function ~ψ, whose local expressions in the fixed frame field (e_a) are related to the local expressions of γ and ψ by the same Eqs. (2)–(3) as for a passive similarity. Thus, the relations between the components of the wave functions, Ψ and ~Ψ, and between the matrices γ^μ and ~γ^μ, are the same Eqs. (2)–(3) as for a passive similarity. It follows that, also for an active similarity, the Dirac equation (18) is covariant iff one changes the connection matrices in Eq. (17) according to Eq. (35).

For the DFW equation, the local similarities are restricted to the spin group, as mentioned in the Introduction: ∀X ∈ V, S(X) ∈ Spin(1, 3). This is due to the fact that the γ field is defined from an orthonormal tetrad field, Eq. (23). In Section 6, we will study some correspondences between different classes of Dirac equations introduced in Section 3. Therefore, the local similarity matrices S(X) can be any element of the linear group GL(4, C).

Note that, from the fact that it transforms a frame field on E into another one, it follows that a local similarity, either passive or active, is (associated with) a section of the vector bundle E ⊗ E^∘:

S ≡ S^a_b e_a ⊗ θ^b. (36)

The matrix S is thus the matrix of the components of S in the local frame field (e_a), with dual frame field (θ^a). The connection induced on E ⊗ E^∘ by the connection D on E allows us to define the covariant derivatives of S:

D_μS^a_b = ∂_μS^a_b + (Γ_μ)^a_c S^c_b − (Γ_μ)^c_b S^a_c, (37)

or in matrix form:

D_μS ≡ (D_μS^a_b) = ∂_μS + Γ_μ S − S Γ_μ. (38)

5 The modified Dirac equation

The Lagrangian (8) extends the standard Dirac Lagrangian valid for the DFW equation (e.g. [3, 14]), in that it is valid in general for QRD and TRD theory, and it involves the hermitizing metric ( , ), introduced by Pauli [9, 20]. The latter can be regarded as a tensor field A, more precisely as a section of the vector bundle (E^∘)^∗ ⊗ E^∘. Its local expression in a given frame field (e_a), with dual frame field (θ^a), is:

A = A_a∗_b θ^{∗ a∗} ⊗ θ^b, (39) where we employ the canonical conjugate linear isomorphism E^∘ → (E^∘)^∗, which, at every spacetime point X ∈ V, maps each covector θ ∈ E^∘_X to the conjugate covector θ^∗ ∈ (E^∘_X )^∗ defined by θ^∗(u) = θ(u)^∗ for all u ∈ E_X . Here θ(u)^∗ denotes the ordinary complex conjugate of the complex number θ(u). We note that Eq. (39) ensures that the hermitizing matrix A ≡ (A_a∗_b) satisfies the correct transformation behaviour under a local similarity, i.e., under a change (34) of the frame field, namely [8]: ~A = S^†AS. (40) Previous work [8, 10] has proved the existence and uniqueness, up to a real factor λ(X) ≠ 0, of the hermitizing matrix field A = A(X), in any spacetime.

The local expression of the Lagrangian density associated with the Lagrangian (8) is thus given, using Eqs. (17) and (18), by: l = √ −g i 2 [ Ψγ^μ(D_μΨ) − ( D_μΨ ) γ^μΨ + 2imΨΨ ] , (41)

where Ψ ≡ Ψ^†A, with Ψ^† denoting the complex conjugate transpose of Ψ, and similarly D_μΨ ≡ (D_μΨ)^† A. In the general case that we are considering, it is straightforward to check that the Euler-Lagrange equation of this Lagrangian density gives the following general Dirac equation: γ^μD_μΨ = −imΨ − 1 2 A^{−1}(D_μB^μ)Ψ, (42)

where B^μ ≡ Aγ^μ. Eq. (42) was found from a different route in Ref. [10], and previously called a modified Dirac equation. Note that the general Dirac equation (42) derived from the Lagrangian density (41) coincides with the normal Dirac equation (18), iff

D_μB^μ = 0, (43)

which was shown to be a special condition that the coefficient fields (γ, A) of any normal Dirac equation (18) must satisfy in order to conserve the probability current [10].

Eq. (43) is of course satisfied in DFW, since the coefficient fields (γ, A) are covariantly constant. Thus, the Dirac equation in DFW is always normal.

For normal QRD and TRD equations, we do not require that the coefficient fields (γ, A) be covariantly constant. As we will see in Section 6, normal Dirac equations exist locally for any connection D on the complex vector bundle E.

Let us compute explicitly the following expressions involving covariant derivatives, as function of the connection matrices (16). First, we may rewrite Eq. (17) as D_μΨ = ∂_μΨ + Γ_μΨ. (44)

We have (Eqs. (33) and (35) of Ref. [10]):

D_μγ^ν ≡ ∂_μγ^ν + {_ν ρμ } γ^ρ + [Γ_μ, γ^ν ] , (45)

(where [M, N] ≡ MN − NM), and

D_μA ≡ ∂_μA − AΓ_μ − Γ^†_μA. (46)

From this, it follows by Leibniz’ rule [and since B^μ = Aγ^μ ]:

D_μB^ν = ∂_μB^ν + {_ν ρμ } B^ρ − B^ν Γ_μ − Γ^†_μB^ν . (47)

6 Relations between different classes of Dirac equations

In this section, we will prove that local similarity transformations transform the standard DFW equation into a particular linear TRD–1 equation which lives on the complex tangent bundle T_CV, which inherits the Levi-Civita connection. We achieve this by combining two maps: QRD → TRD → TRD–1. We will need the following theorem of linear hyperbolic partial differential equations:

Theorem 0 (Lax [25]). Let M_1, M_2,...,M_n and F be real d×d matrix functions that depend smoothly on n + 1 independent real variables t, x_1, x_2, ..., x_n in a slab −T ≤ t ≤ T, x ∈ R^n, denoted as I × R^n. Furthermore, suppose that M_1, M_2,...,M_n are symmetric matrices. Then the real linear hyperbolic system: ∂v ∂t + n∑ j=1 M_j ∂v ∂x_j = F v (48)

has a smooth real vector valued solution v : I × R^n → R^d satisfying prescribed smooth initial data at t = 0.

Theorem 0 extends to several corollaries. First, a more symmetric form of Theorem 0 is given by:

Corollary 1. Theorem 0 extends to the real linear hyperbolic system:

M_0 ∂v ∂t + n∑ j=1 M_j ∂v ∂x_j = F v, (49)

where M_0 is a smooth positive definite real d × d matrix function.

Proof ([26]). Since M_0 is smooth and positive definite, it has a smooth Cholesky factorization M_0 = C^T C, where C^T denotes the transpose of the non-singular real matrix function C. Then, substituting v = C^{−1}w into Eq. (49) reduces it to the same form as in Eq. (48). Q.E.D.

Next, Theorem 0 can be extended to complex equations as follows, by considering their real and imaginary parts:

Corollary 2. Let M_0, M_1,...,M_n and F be complex d × d matrix functions that depend smoothly on n + 1 independent real variables t, x_1, x_2, ..., x_n in a slab −T ≤ t ≤ T, x ∈ R^n, denoted as I × R^n. Furthermore, suppose that M_0, M_1,...,M_n are Hermitian matrices and M_0 is positive definite. Then, the complex linear hyperbolic system:

M_0 ∂v ∂t + n∑ j=1 M_j ∂v ∂x_j = F v (50) has a smooth complex vector valued solution v : I × R^n → C^d satisfying prescribed smooth initial data at t = 0..

Finally, in Section 6.2 we will need the following matrix form of Theorem 0:

Corollary 3. Let M_0, M_1,...,M_n and F be as in Corollary 2, except that F is now a homogeneous linear function of d × d matrices, as well as having explicit dependence on t, x_1, x_2, ..., x_n. Then the complex linear hyperbolic system:

M_0 ∂S ∂t + n∑ j=1 M_j ∂S ∂x_j = F (S) (51)

has a smooth complex matrix valued solution S : I × R^n → M(C, d) which equals the identity matrix at t = 0, as its prescribed smooth initial data.

Proof. Define a column vector v : I × R^n → C^{d2} made from the successive columns of the matrix solution S: v = ( S^1_1, S^2_1, ..., S^d_1, ....., S^1_d, S^2_d, ..., S^d_d )_T . (52)

Then, M_0, M_1,...,M_n acting on the d^2 components of v are embedded into d^2 × d^2 block diagonal matrices, which have the same Hermitian and positive definite properties that M_0, M_1,...,M_n have in Corollary 2. Also, note that F acts linearly on the d^2 components of v in Eq. (52), as in Eq. (50) of Corollary 2. It is straightforward then to show that Eq. (51), expressed in terms of the vector valued solution v : I × R^n → C^{d2} , reduces to the form of Eq. (50). Q.E.D.

6.1 Correspondence between the QRD and TRD equations

Theorem 1. In a non-compact, four-dimensional spacetime V that admits a spinor structure, any form of the QRD equation defined on the trivial bundle V × C^4 is equivalent to a TRD equation defined on the complex tangent bundle T_CV. Moreover, any normal QRD equation is equivalent to a normal

TRD equation.

Proof. Consider the general Dirac equation (42) in the QRD version, with an arbitrary connection D on V × C^4, and with an arbitrary γ field. The latter is such that the Dirac matrices (γ^μ) associated with it by Eq. (13) on the domain U ⊂ V of each coordinate chart satisfy the anticommutation relation (1). As recalled in Section 2, in a non-compact, four-dimensional spacetime V that admits a spinor structure, there exists a global tetrad field (u_α). Thus, (u_α) is a global frame field on the tangent bundle TV. Also, there is a constant canonical frame field (E_a) on the trivial bundle V × C^4, with the corresponding dual frame field (Θ^a). Hence, the γ field has a unique global expression:

γ = γ^{αa}_b u_α ⊗ E_a ⊗ Θ^b. (53)

The global frame field (u_α) on the tangent bundle TV induces a global frame field (u_a) on the complex tangent bundle T_CV, where u_a = δ^α_a u_α. Thus, there is at least one global frame field on T_CV, showing that it too is parallelizable. Now, let (e_a) be any fixed global frame field on the parallelizable complex tangent bundle T_CV. Then, we may associate with γ a gamma field γ^′ relevant to TRD, by setting

γ^′ = γ^{αa}_b u_α ⊗ e_a ⊗ θ^b, (54)

where (θ^a) is the dual frame field of (e_a). That is, the field γ^′ has the same components as γ. It follows easily from Eqs. (12) and (13) that the matrices γ^{′μ} associated with γ^′ on each coordinate domain U ⊂ V have the same components as the matrices γ^μ associated with γ. Hence, both γ^μ and γ^{′μ} satisfy the anticommutation relation (1).

In the same way, we associate to the Hermitian metric A that is hermitizing for the γ matrices, a Hermitian metric A^′ that is hermitizing for the γ^′ matrices:

A_a∗_b Θ^{∗ a∗} ⊗ Θ^b = A → A^′ = A_a∗_b θ^{∗ a∗} ⊗ θ^b. (55)

Indeed, the map (E_a) → (e_a) between the two frame fields induces a vector bundle isomorphism V × C^4 → T_CV, so that we associate to any section ψ of V × C^4, a section ψ^′ of T_CV (and conversely), as follows:

Ψ^aE_a = ψ → ψ^′ = Ψ^ae_a. (56)

The isomorphism (56) associates with any connection D on V × C^4, a connection D^′ on T_CV (and conversely). Specifically, the coefficients of the connections D and D^′, with respect to the corresponding frame fields (u_α, E_a) and (u_α, e_a), are set equal to each other in this association. Moreover, as discussed above, the anticommutation relation of the γ field and the hermitizing property of the Hermitian metric A are preserved by the isomorphism. It follows then that the global expression of the general Dirac equation (42) is identical for the components of a QRD equation and its associated TRD equation with respect to the corresponding global frame fields (u_α, E_a) and (u_α, e_a). In the same way, the global expression of the normal condition (43) is identical for the components of a QRD equation and its associated TRD equation with respect to the corresponding global frame fields (u_α, E_a) and (u_α, e_a). Therefore, the normal condition (43) is also preserved. Q.E.D.

6.2 Transforming a Dirac equation to a QRD–0 or a TRD–1 equation

Theorem 2. Consider any form of the QRD (or TRD) equation with connection D defined on the complex vector bundle E (E = V × C^4 for QRD, E = T_CV for TRD). Let D^′ be any other connection on E. Let χ : V ⊃ U → R^4 be any chart of the spacetime V such that χ(U) ⊃ I × R^3. Suppose that the spacetime metric g_{μν} in U satisfies g_{00} > 0 and the 3 × 3 matrix (g_{jk}) is negative definite. Then, there exists a local similarity transformation S, defined in an open domain W ⊂ U satisfying χ(W) ⊃ {0} × R^3, which transforms the QRD (or TRD) equation, restricted to the domain W, into a QRD (or TRD) equation with connection D^′. Furthermore, the local similarity transformation S transforms any normal QRD (or TRD) equation into a normal QRD (or TRD) equation on the domain W.

Proof. In the domain of each chart: U ⊂ V, with coordinates (x^μ), the Dirac operator entering the general Dirac equation (42) is given by: D ≡ γ^μD_μ + 1 2 A^{−1}(D_μB^μ). (57)

Since the Christoffel symbols in Eq. (47) satisfy {_μ ρμ } = [∂_ρ( √ −g)]/ √ −g, we have on contracting the index μ:

D_μB^μ = 1 √ −g ∂_μ (√ −gAγ^μ ) − AΓ − Γ^†A, (58)

where Γ is the matrix Γ ≡ γ^μΓ_μ. (59)

Now let D and D^′ denote any two connections on E. Let Γ_μ and Γ^′_μ denote the connection matrices for the two connections D and D^′. Suppose the coefficient fields (γ^μ, A) are the same for both connections D and D^′, and let D and D^′ denote the respective Dirac operators. Set K_μ = Γ_μ − Γ^′_μ. We get from Eq. (58) D_μB^μ = D^′_μB^μ − AK − K^†A, (60) where K ≡ γ^μK_μ. (61)

It follows from Eqs. (57) and (60) that

D = D^′ + 1 2 A^{−1} ( AK − K^†A ) , (62)

provided that the coefficient fields (γ^μ, A) are the same for both Dirac operators D and D^′.

More specifically, let D and D^′ be the two connections mentioned in the theorem. Consider then a local similarity transformation S, defined on a domain W as described in the theorem, mapping the connection D with connection matrices Γ_μ to a new connection ~D with connection matrices ~Γ_μ, according to Eq. (35), and mapping the coefficient fields (γμ, A) of the starting Dirac equation to new coefficient fields (~γ^μ, ~A) according to Eqs. (2) and (40). Let the coefficient fields (~γ^μ, ~A) be the same for both connections ~D and D^′. Let ~D and D^′ denote the respective Dirac operators (57). As in Eq. (61), define K ≡ γ^μK_μ, where K_μ = Γ_μ −Γ^′_μ, with Γ^′_μ the connection matrices for the connection D^′. Similarly, define ~K ≡ ~γ^μ ~K_μ, where ~K_μ = ~Γ_μ − Γ^′_μ. Since the coefficient fields (~γ^μ, ~A) are the same for both Dirac operators ~D and D^′, Eq. (62) applies in the form

~D = D^′ + 1 2 ~A^{−1} ( ~A ~K − ~K^† ~A ) . (63)

Suppose that we can determine S, defined on the domain W as described in the theorem, in such a way that ~K = 0. Then, from Eq. (63) we have ~D = D′, and hence the Dirac equation (42) based on the connection D′ and the coefficient fields (~γ^μ, ~A) will be equal to the Dirac equation based on the connection ~D and the same coefficient fields (~γ^μ, ~A). In turn, the latter Dirac equation is equivalent via the local similarity transformation S to the Dirac equation based on the connection D and the coefficient fields (γ^μ, A) [since, as stated above, the local similarity transformation S changes the connection D and the connection matrices Γ_μ to ~D and ~Γ_μ, respectively, according to Eq. (35) — see Section 4]. Thus, any Dirac equation based on the connection D will have been shown to be equivalent, in a domain W as described in the theorem, to a Dirac equation based on the connection D^′, hence proving the first assertion of the theorem.

Thus, it remains to determine S, defined on the domain W as described in the theorem, in such a way that ~K = 0. Substituting Γ_μ = Γ^′_μ + K_μ and ~Γ_μ = Γ′_μ + ~K_μ into Eq. (35), we have:

Γ^′_μ + ~K_μ = S^{−1}(Γ^′_μ + K_μ)S + S^{−1}∂_μS, (64)

from which, using Eq. (38), we obtain:

~K_μ = S^{−1}K_μS + S^{−1} (∂_μS + Γ^′_μS − SΓ^′_μ)

= S^{−1}K_μS + S^{−1}D^′_μS. (65)

Thus from Eqs. (2) and (61): ~K ≡ ~γ^μ ~K_μ = S^{−1}γ^μK_μS + S^{−1}γ^μD^′_μS = S^{−1}KS + S^{−1}γ^μD^′_μS. (66)

Setting ~K = 0 in Eq. (66) and multiplying the resulting equation by AS, and since B^μ ≡ Aγ^μ, we get: B^μD^′_μS = −AKS. (67) Now, the matrix valued functions B^μ are Hermitian and B^0 is positive definite [10]. Thus, Eq. (67) is of the form of Eq. (51). The existence of a smooth solution S to Eq. (67) in the open domain U^′ ≡ χ^{−1}(] − T, +T [×R^3) ⊂ U, with

S(X) being equal to the identity matrix 1_4 when t ≡ Proj_1(χ(X)) = 0, hence follows from the hypothesis χ(U) ⊃ [−T, +T ]×R^3 and from Corollary 3. Denote by W the open subset of U^′, hence of V, in which det(S) ≠ 0. Thus both S and S^{−1} are smooth matrix valued functions defined on the open domain W. Since S(X) = 1_4 when t ≡ Proj_1(χ(X)) = 0, it follows that χ(W) ⊃ {0} × R^3.

Finally, let us check the preservation of the normal form of the Dirac equation. After the local similarity transformation S, for which the connection matrices change according to Eq. (35), a straightforward evaluation shows that ~D_μ ~B^μ = S^†(D_μB^μ)S, where ~B^μ = ~A~γ^μ. Moreover, from Eq. (60), since ~K = 0, we have S^†(D_μB^μ)S = ~D_μ ~B^μ = D^′_μ ~B^μ − ~A ~K − ~K^† ~A = D^′_μ ~B^μ. (68) Thus, if D_μB^μ = 0, then D^′_μ ~B^μ = 0. Therefore, the normal form (18) of the Dirac equation, when it occurs, is preserved. Q.E.D.

Theorem 3. Consider any DFW equation defined on the spacetime V, and let χ : V ⊃ U → R^4 be any chart of the space time V, such that χ(U) ⊃ I×R^3, for which the spacetime metric g_{μν} in U satisfies g_{00} > 0 and the 3 × 3 matrix (g_{jk}) is negative definite. Then, there is an open domain W ⊂ U satisfying χ(W) ⊃ {0} × R^3, such that the DFW equation is equivalent to a normal TRD–1 equation on the domain W.

Proof. By Theorem 1, any DFW equation, being a normal QRD equation, is equivalent to some normal TRD equation, on the whole of the spacetime. The assumptions of Theorem 3 then allow us to apply Theorem 2 to state that the latter normal TRD equation is equivalent to a normal TRD–1 equation on some open domain W ⊂ U satisfying χ(W) ⊃ {0} × R^3. Therefore, the starting DFW equation is equivalent to a normal TRD–1 equation on the domain W. Q.E.D.

Note that the metric conditions in Theorems 2 and 3, namely, g_{00} > 0 and the 3 × 3 matrix (g_{jk}) is negative definite, are satisfied by almost all spacetime metrics g_{μν} of interest. As shown in previous work, these metric conditions guarantee the existence of a Hilbert space with a positive definite scalar product for every Dirac equation [10]. A notable exception is the Gödel spacetime, for which there exist no complete three-dimensional submanifolds which are space-like, and for which a positive definite Hilbert space scalar product cannot be defined [27].

7 Conclusion

In a curved spacetime, there are only two ways for defining the Dirac wave function ψ describing spin-half particles: First, it can be defined as a quadruplet of complex scalar fields. This is the quadruplet representation of the Dirac field (QRD), to which the standard Dirac equation (DFW) in a curved spacetime belongs [1]-[5]. Or, ψ can be defined as a complex four-vector field. This is the tensor representation of the Dirac field (TRD), to which belong two alternative versions of the Dirac equation in a curved spacetime called TRD–1 and TRD–2, which were proposed recently [6, 10].

We first presented these two different representations (QRD and TRD) in a common geometrical framework that includes common intrinsic definitions for the wave functions ψ, the coefficient fields (γ, A), the connections D, as well as the Lagrangians from which the equations are derived. In this framework, we introduced two simple forms of the Dirac equation, namely, the QRD–0 and TRD–0 versions, in which the connection matrices are zero in a chosen frame field. We then proved that the two representations (QRD and TRD) are equivalent for corresponding wave functions ψ, coefficient fields (γ, A), and connections D (Theorem 1).

As a consequence of Theorem 2, any form of the QRD equation is equivalent to a QRD–0 equation, and any form of the TRD equation is equivalent to a TRD–1 equation, in the same spacetime. From Theorem 1 and Theorem 2, we may conclude more generally the following: The Dirac equation, either in the QRD or the TRD representation, can be written with any connection on the corresponding vector bundle, but any specific choice of the connection within either of the two representations can account for a variety of linear, covariant Dirac equations in a curved spacetime, that reduce to the original Dirac equation in a Minkowski spacetime. This does not mean that any two Dirac equations on a given curved spacetime are equivalent, which indeed is not the case: e.g., two different choices of the coefficient fields (γ, A) lead in general to two inequivalent TRD–1 equations. (See Section 3.4 in Ref. [10].) The cause of this variety is the variety of different choices for the coefficient fields (γ, A), not the existence of two different representations (QRD and TRD) nor the variety of the possible connections. However, any two DFW equations on a given curved spacetime are equivalent for simple topologies of the spacetime [22]. This is due to the fact that DFW restricts the choice of the coefficient fields (γ, A) by expressing them from a tetrad field.^6

As a consequence of Theorem 1 and Theorem 2, the DFW equation with any choice of the tetrad field is equivalent to some normal TRD–1 equation (Theorem 3). [Here, “normal” refers to the usual Dirac equation (18), in contrast with the modified one (42).] That is, any DFW equation is equivalent to a particular case of the normal TRD–1 equation, that particular case being obtained by choosing the coefficient fields inside a special class of all possible coefficient fields for the normal TRD–1 equation. In short: the linear normal TRD–1 equation generalizes the DFW equation. It follows that TRD–1 can describe spin-half particles in a curved spacetime as well as DFW can.

Acknowledgement. We are grateful to Professor Gennadi Sardanashvily for his detailed questions which allowed us to significantly improve the clarity in the presentation of several crucial points.

A Appendix: Proof that V × C^4 and T_CV are spinor bundles

In this Appendix we present an explicit construction of a Dirac gamma field γ and a hermitizing metric ( , ), for any parallelizable complex four-dimensional vector bundle (e.g., V×C^4 or T_CV) over a parallelizable spacetime (V, < , >). We begin with a straightforward lemma:

6 In fact, the equivalence classes of DFW equations are in one-to-one correspondence with the homotopy classes of the tetrad fields [22]. A unique equivalence class exists if the spacetime is simply connected.

Lemma A. (i) The trivial bundle V × C^4 is parallelizable. (ii) Suppose that there exists a global frame field (u_α) on the tangent bundle TV. Then the complex tangent bundle T_CV is parallelizable.

Proof. Recall that, by definition, a vector bundle E with base V is parallelizable if and only if there exists at least one frame field X → (e_a(X)) that is defined globally, i.e., for every X ∈ V. (i) It is clear that the canonical basis (E_a) of C^4 defines a (constant) global frame field X → (e_a(X)) ≡ (E_a) on V×C^4. (ii) Assume that (u_α) is a global frame field on the tangent bundle TV. Let us define the following frame field on the complex tangent bundle T_CV:

e_a = δ^α_a u_α. (69)

Clearly, this is a global frame field on T_CV. □

Theorem A. Assume that there exists an orthonormal tetrad field (u_α) that is defined globally in the spacetime (V, < , >). Let E be a four-dimensional complex vector bundle over V. Suppose that E is parallelizable. Then E is a spinor bundle.

Proof. Since E is parallelizable, there exists a global frame field (e_a) on E. Let (θ^a) be the dual frame field of (e_a), which is a global frame field on the dual vector bundle E^∘ of E. Let γ^{αa}_b = (C^α)^a_b be the components of constant matrices C^α acting on C^4, satisfying the anticommutation relation:

C^αC^β + C^βC^α = 2η^{αβ} 1_4, (70)

where η^{αβ} is Minkowski metric, and 1_4 is the identity matrix on C^4. The constant matrices C^α satisfying Eq. (70) can be chosen to be just the standard constant Dirac gamma matrices for the Minkowski metric η^{αβ} , which we know satisfy Eq. (70).

Let p ∈ TV, thus p ∈ TV_X for some X ∈ V, and let us define^7 p̸ ≡ p_αγ^{αa}_b e_a(X) ⊗ θ^b(X) ∈ Hom(E_X , E_X ) ⊂ Hom(E, E), (71) 7 Recall that, as a set, the vector bundle Hom(E, F) (where E and F are two vector bundles having a common base manifold V) is defined to be the union of the vector spaces Hom(E_X , F_X ) for X ∈ V. See e.g. Ref. [17], Section 16.16.

where p_α ≡ η_{αβ} p^β are the components, in the dual frame field of (u_α), of the covector p^♭ which is associated with the vector p by using the metric. Clearly, the map TV → Hom(E, E), p → p̸ (72) is indeed a smooth vector bundle map over Id_V as required by the definition of a spinor bundle in Section 2.1.

It remains to prove the coordinate-free anticommutation relation (5). To prove that relation, we may consider the components p̸^a_b and k̸^a_b of p̸, k̸ ∈ Hom(E, E) in the frame fields (e_a) and (θ^b), which are apparent in Eq. (71) above. Thus we have: ( ̸pk̸ + k̸ p̸)^a_c = p̸^a_b k̸^b_c + k̸^a_b p̸^b_c (73) = p_αγ^{αa}_b k_βγ^{βb}_c + k_αγ^{αa}_b p_βγ^{βb}_c (74)

= p_α k_β ( γ^{αa}_b γ^{βb}_c + γ^{βa}_b γ^{αb}_c ) (75)

= p_α k_β(2η^{αβ} δ^a_c ) (76) = 2 < p, k > δ^a_c , (77)

Q.E.D.

Corollary A. Assume that there exists an orthonormal tetrad field (u_α) that is defined globally in the spacetime (V, < , >). Then both the trivial bundle V × C^4 and the complex tangent bundle T_CV are spinor bundles.

Proof. This is an immediate consequence of Lemma A and Theorem A.

As summarized by Eq. (10), a smooth vector bundle map TV → Hom(E, E) can be regarded as a section of TV ⊗ E ⊗ E^∘, or “γ field”. Thus Theorem A guarantees the existence of at least one γ field, which is such that, in any local chart χ : V ⊃ U → R^4, the associated Dirac matrices γ^μ, as in Eq. (13), satisfy the anticommutation relation (1) in the curved spacetime (U, < , >). [In the frame fields: (u_α), (e_a), (θ^b) considered in the proof of Theorem A, the components of γ are γ^{αa}_b = (C^α)^a_b.] Note that a similar construction holds for the global hermitizing metric ( , ), provided that the matrix C^0 is hermitizing for the matrices C^α.

References

[1] H. Weyl, “Elektron und Gravitation,” Z. Phys. 56, 330–352 (1929).

[2] V. A. Fock, “Geometrisierung der Diracschen Theorie des Elektrons,” Z. Phys.

57, 261–277 (1929).

[3] D. R. Brill and J. A. Wheeler, “Interaction of neutrinos and gravitational fields,” Rev. Modern Phys. 29, 465–479 (1957). Erratum: Rev. Modern Phys. 33, 623–624 (1961).

[4] C. G. de Oliveira and J. Tiomno, “Representations of Dirac equation in general relativity,” Nuovo Cim. 24, 672–687 (1962).

[5] T. C. Chapman and D. J. Leiter, “On the generally covariant Dirac equation,” Am. J. Phys. 44, No. 9, 858–862 (1976).

[6] M. Arminjon, “Dirac-type equations in a gravitational field, with vector wave function,” Found. Phys. 38, 1020–1045 (2008). [arXiv:gr-qc/0702048]

[7] M. Arminjon, “Dirac equation from the Hamiltonian and the case with a gravitational field,” Found. Phys. Lett. 19, 225–247 (2006). [arXiv:gr-qc/0512046]

[8] M. Arminjon and F. Reifler, “Dirac equation: Representation independence and tensor transformation,” Braz. J. Phys. 38, 248–258 (2008). [arXiv:0707.1829 (quant-ph)]

[9] W. Pauli, “Contributions mathématiques à la théorie des matrices de Dirac,” Ann. Inst. Henri Poincaré 6, 109–136 (1936).

[10] M. Arminjon and F. Reifler, “Basic quantum mechanics for three Dirac equations in a curved spacetime,” Braz. J. Phys. 40, 242–255 (2010).[arXiv:0807.0570 (gr-qc)]

[11] J. Audretsch, “Quantum mechanics of ‘free’ spin-1/2 particles in an expanding universe,” Int. J. Theor. Phys. 9, 323–340 (1974); see on p. 328.

[12] M. Arminjon and F. Reifler, “A non-uniqueness problem of the Dirac theory in a curved spacetime,” Ann. Phys. (Berlin) 523, 531–551 (2011). [arXiv:0905.3686 (gr-qc)].

[13] M. Arminjon and F. Reifler, “Non-uniqueness of the Dirac theory in a curved spacetime,” First Mediterranean Conference on Classical and Quantum Gravity (Kolymbari, Greece, Sept. 2009), J. Phys.: Conf. Ser. 222, 012042 (2010). [arXiv:1001.0460 (gr-qc)]

[14] M. Leclerc, “Hermitian Dirac Hamiltonian in the time-dependent gravitational field,” Class. Quant. Grav. 23, 4013–4020 (2006). [arXiv:gr-qc/0511060]

[15] R. P. Feynman, Quantum Electrodynamics (Reading, MA: Addison-Wesley 1998), Eqs. 10–8 and 10–9 on page 42.

[16] D. Husemoller, Fiber Bundles (New York: McGraw Hill 1966).

[17] J. Dieudonné, Treatise on Analysis, Volume 3 (New York: Academic Press 1972). J. Dieudonné, Eléments d’Analyse, Tome 3 (2nd French edition, Paris: Gauthier-Villars 1974).

[18] A. Trautman, “Connections and the Dirac operator on spinor bundles,” J.

Geom. Phys. 58, 238–252 (2008).

[19] B. Booss-Bavnbek and K. P. Wojciechowski, Elliptic Boundary Problems for Dirac Operators (Basel: Birkhäuser 1993), page 20.

[20] W. Pauli, “Über die Formulierung der Naturgesetze mit fünf homogenen Koordinaten, Teil II: Die Diracschen Gleichungen für die Materiewellen,” Ann. der Phys. (5) 18, 337–354 (1933).

[21] R. Geroch, “Spinor structure of space-times in general relativity I,” J. Math.

Phys. 9, 1739–1744 (1968).

[22] C. J. Isham, “Spinor fields in four dimensional space-time,” Proc. Roy. Soc.

London A 364, 591–599 (1978).

[23] R. Penrose and W. Rindler, Spinors and Space-time, Volume 1 (Cambridge:

Cambridge University Press 1986), pp. 55–56.

[24] S. S. Chern, W. H. Chen, and K. S. Lam, Lectures on Differential Geometry (Singapore: World Scientific 1999), pp. 113–121.

[25] P. D. Lax, Hyperbolic Partial Differential Equations (New York: Courant Institute of Mathematical Sciences 2006), p. 61.

[26] P. R. Garabedian, Partial Differential Equations (New York: John Wiley and Sons 1964), p. 448, Exercise 2.

[27] M. Arminjon and F. Reifler, “General reference frames and their associated space manifolds,” Int. J. Geom. Methods Mod. Phys. 8, 155–165 (2011). [arXiv:1003.3521v2 (gr-qc)]