arXiv:1012.3937v2 [hep-th] 7 Jul 2011

Symmetry group of massive Yang-Mills theories without Higgs and their quantization

V. Aldaya^a, M. Calixto^{b,a} and F.F. López-Ruiz^a

a Instituto de Astrofísica de Andalucía (IAA-CSIC), Apartado Postal 3004, Granada 18080, Spain.

b Departamento de Matemática Aplicada, Facultad de Ciencias, Universidad de Granada, Campus de Fuentenueva, 18071 Granada, Spain valdaya@iaa.es, calixto@ugr.es, flopez@iaa.es

Abstract

We analyze the symmetry group of massive Yang-Mills theories and their quantization strongly motivated by an already proposed alternative to the Standard Model of electroweak interactions without Higgs. In these models the mass generation of the intermediate vector bosons is based on a non-Abelian Stueckelberg mechanism where the dynamics of the Goldstone-like bosons is addressed by a partial-trace Non-Linear-Sigma piece of the Lagrangian. In spite of the high non-linearity of the scalar sector, the existence of an infinite number of symmetries, extending the traditional gauge group, allows us to sketch a group-theoretical quantization algorithm specially suited to non-linear systems, which departs from usual canonical quantization. On the quantum representation space of this extended symmetry group, a quantum Hamiltonian preserving the representation can be given, whose classical analog reproduces the equations of motion.

PACS: 12.15.-y, 12.60.-i, 11.15.-q, 02.20.Tw, 12.10.-g.

1 Introduction

In a previous paper [1] we proposed an alternative to the Standard Model of Electroweak Interactions [2] without the need for a Spontaneous Symmetry Breaking à la Higgs-Kibble [3], where the mass of the intermediate vector bosons was generated by a (gauge invariant) mechanism à la Stueckelberg [4], although the kinetic term corresponding to the scalar bosons parametrizing the gauge group is only a partial trace on a quotient (coadjoint orbit) G/H of the gauge group. In fact, G is SU(2) × U(1) and H is the “electromagnetic” U(1) diagonal subgroup corresponding to the massless gauge field. There we pointed out that the main virtue of just considering the partial trace, rather than the sum over the entire group G, in the Lagrangian for the Goldstone scalars, was the property of possesing an infinite number of non-gauge symmetries (in the sense of having non-zero associated Noether invariants) so as to generate the full solution manifold by means of Noether invariants. The basic symmetry group, actually a local Euclidean group, was explicitly given. This fact should in principle provide enough symmetry relationships to face the quantization of the system according to the standard canonical quantization algorithm, thus avoiding the apparently unsolvable dichotomy between unitarity or renormalizability found in the ordinary (total trace) Non-Abelian Stueckelberg attempts [5, 6, 4]. However, our intention was to resort more directly to a proper Group Approach to Quantization (GAQ for short; see e.g. [7, 8, 9] and references therein) not subjected to the unavoidable troubles related to “no-go” quantization theorems for non-linear systems [10, 11, 12].

In this paper we provide the fundamentals of the quantization formalism that we believe would be the appropriate one to address a Lagrangian system as the one presented in [1], that is, of the non-Abelian Stueckelberg type, on the grounds of our GAQ scheme.

A Group quantization of non-Abelian gauge groups had been only achieved consistently in 1 + 1 dimensions by representing the corresponding Kac-Moody group [13]. In fact, the special structure (non-trivial cohomology) of such groups allow for a central extension [14] providing a quantum representation of the Poisson algebra associated with a WZW-type Lagrangian. In 3 + 1 dimensions, however, the Mickelsson central extension (two-cocycle) is absent and a bit more involved construction is required. One of the new required ingredients will be the consideration of an enlarged symmetry group G^1(M), containing the gauge group G(M) on the Minkowski spacetime M (the standard gauge group only contribute with null Noether invariants) parametrized by the Goldstone-like scalar fields ϕ^a(x), along with the corresponding vector potentials A^a_μ(x) parametrizing the rest of the new group [15, 16]. The other ingredient refers to the use of a class of central extensions (two-cocycles) that, even though they are trivial from some mathematical points of view, they define central extensions of the group (and select therefore specific projective representations of the unextended group) endowed with a canonical (left- or right-) invariant form [17] which gives a physical Lagrangian for fields living on a coadjoint orbit of G^1(M). The corresponding Lagrangian can then be seen as a (covariant) partial-trace of the standard σ-model full-trace (chiral) Lagrangian T r(U^{−1}∂_μUU^{−1}∂^μU), U ∈ G, coupled to the vector potentials according to a Minimal Coupling prescription addressed by the proper structure of the central extension of the local group. The fact that the Minimal Coupling in these partial-trace Lagrangians/groups leaves the vector potentials associated with the subgroup H (characterizing the co-adjoint orbit G/H) massless, makes the mechanism specially suited to describe alternatives to the Standard Model without Higgs particles.

We start in Sec. 2 by describing briefly the Lagrangian formalism corresponding to the non- Abelian Stueckelberg model on the Minkowski space-time M, associated with a gauge group G(M), as well as the particular and very interesting case in which we desire to give mass to only those vector bosons living in a quotient G/H, where H is a compact subgroup. The general theory is then particularized to the special physical examples relative to the groups G = U(1), Subsec. 2.1, and G = SU(2), Subsec. 2.2. In Sec. 3 we outline the fundamentals of the GAQ and apply the general group quantization scheme to both examples in SubSecs. 3.2 and 3.3. This results in the quantum realization of the basic operators representing the classical Poisson algebra. In the corresponding Hilbert space we provide a Hamiltonian operator as a quadratic/quartic function of the basic operators which realize the quantum version of the corresponding set of classical equations of motion written in terms of Poisson brackets. Finally, in Sec. 4, we propose a new group-minded perturbative technique which avoids the eventual troubles associated with the more standard perturbative techniques when applied to highly nonlinear problems. An attempt to the connection with standard computations is briefly sketched.

2 The classical theory for the massive Yang-Mills system

The non-Abelian extension of the Stueckelberg formalism for a general special unitary gauge group G = SU(n) (for a review, see [4]) consists in giving dynamical content to the gauge group parameters ϕ^a(x) parametrizing a general local transformation^1 U(x) = e^{iϕa(x)Ta} ∈ G(M), where T_a, a = 1, . . . , dim(G) are the Lie-algebra generators of G with commutation relations [T_a, T_b] = iC^c_{ab}T_c. We shall restrict ourselves to unitary groups and set the normalization Tr(T_aT_b) = δ_{ab}. When referring to the canonical 1-form on G, we must distinguish between the left- and rightinvariant ones: θ^L_μ = −iU^†∂_μU and θ_μ ≡ θ^R_μ = −i∂_μUU^†, respectively (θ_μ = θ^a_μT_a). The G-invariant σ-model Lagrangian reads:

L^G_σ = 1 2 Tr(∂_μU∂^μU^†) = 1 2 Tr(θ_μθ^μ) = 1 2 Tr(θ^L_μ θ^{Lμ}) ≡ 1 2 g_{ab}(ϕ)∂_μϕ^a∂^μϕ^b , (1)

which is highly non-linear and chiral, that is, simultaneously left and right invariant.

The more relevant particularity of sigma-like Lagrangians, with respect to the minimal coupling to Yang-Mills fields, relies in the affine or additive way of their coupling to the objects that replace the derivatives of the matter field, namely θ_μ. The actual form of this sort of coupling is a consequence of the specific form of the group action on itself. In fact, the minimally coupled Lagrangian becomes (D_μ ≡ ∂_μ − A_μ)

L̃^G_σ = 1 2 Tr((D_μU)(D^μU)^†) = 1 2 Tr((θ_μ − A_μ)(θ^μ − A^μ)), (2)

although A_μ must be understood as A_μ = A^a_μT_a. Adding the standard kinematical Lagrangian for Yang-Mills fields L^G_{YM} = − 1 4 Tr(F^{μν} F_{μν} ) ,

where the curvature has the standard expression,

F_{μν} (A) ≡ ∂_μA_ν − ∂_ν A_μ + [A_μ, A_ν ], (3)

to the coupled σ Lagrangian (2), we arrive at the full Lagrangian for Massive Yang-Mills vector bosons with mass m L^G_{MYM} = L^G_{YM} + m^2L̃^G_σ , (4)

which is invariant, in particular, under the general gauge transformation V ∈ G(M) U → V U , A_μ → V A_μV^† − i∂_μV V^†. (5) As already mentioned in the introduction, this model for massive Yang-Mills theory, which provides mass to all gauge vector potentials, cannot be canonically quantized maintaining both unitarity and renormalizability [5, 6].

The situation is soundly improved by restricting the whole trace on G to a partial trace on a quotient manifold G/H. H is the isotropy subgroup of a given direction λ = λ^aT_a, in the Lie-algebra of G, under the adjoint action λ → V λV^†, where λ^a are real numbers subjected to Tr(λ^2) = 1. From a strict group-theoretical point of view and thinking of our specific

1To be precise, in the original formalism the scalar fields ϕ^a(x) behave exactly as the local group parameters although they were considered as external matter fields.

quantization technique (see later on Sec. 3.1), the main advantage of dealing with partial-trace Lagrangians is that they, or the corresponding Poincaré-Cartan (also named Hilbert or canonical) forms [18, 19, 20], can be derived from a centrally-extended Lie group in much the same way as the Lagrangian, and the entire (quantum) theory, of a free particle can be derived from a U(1) central extension of the Galilei group [7]. And this virtue might be related to the particular fact that partial-trace Lagrangians can be written as the square of a total derivative. Actually, by defining Λ ≡ UλU^†, the claimed G/H − σ Lagrangian can be written as: L^{G/H}_σ = 1 2 Tr([−iU^†∂_μU, λ]^2) ≡ 1 2 Tr([θ^L_μ , λ]^2) = 1 2 Tr([θ_μ, Λ]^2) = 1 2 Tr((∂_μΛ)^2). (6)

Let us proceed with its minimally coupled version:

L̃^{G/H}_σ = 1 2 Tr([−iU^†D_μU, λ]^2) = 1 2 Tr([θ_μ − A_μ, Λ]^2) , (7)

which is again gauge invariant under (5). As in (4), the partial-trace (G/H) Massive Yang-Mills Lagrangian now follows:

L^{G/H}_{MYM} = L^G_{YM} + m^2L̃^{G/H}_σ . (8)

We should remark that the change of variables

Ã_μ = U^†(A_μ − θ_μ)U = U^†A_μU + iU^†∂_μU , (9)

and the fact that F (A) = UF (Ã)U^†, renders the Lagrangian (8) into the simple form

L^{G/H}_{MYM} = − 1 4 Tr(F^{μν} (Ã)^2) + 1 2 m^2Tr([Ã_μ, λ]^2). (10)

This change of variables, formally mimicking the shift to the unitary gauge, turns the actual degrees of freedom of the theory apparent; that is to say, those of dimH massless vector bosons and codimH massive ones (see [21] for different examples of symmetry “breaking” patterns). In addition, this change of variables must be eventually completed with the change ϕ = U^†ψ when the fermionic matter field ψ will be introduced. It should be remarked that such a redefinition of fermionic fields has been considered in Literature in order to accomodate mass terms in a way compatible with gauge invariance (see for instance Ref. [22]).

2.1 The Abelian case The massive Abelian gauge theory clearly corresponds to the simplest version of the total-trace Lagrangian (4). In this G = U(1) case, the canonical (left- and right-)invariant 1-form reduces to θ_μ = ∂_μϕ and the Lagrangian (4) acquires the simple form:

L^{U(1)} = − 1 4 F^{μν} F_{μν} + 1 2 m^2(∂_μϕ − A_μ)(∂^μϕ − A^μ). (11)

The Euler-Lagrange equations of motion are:

−∂_μF^{μν} + m^2(∂^ν ϕ − A^ν ) = 0, □ϕ = ∂_ν A^ν , (12) where the second one can actually be derived from the first one by taking the derivative ∂_ν . This is a consequence of the non-regularity (gauge invariance) of the Lagrangian, which exhibits only 3 field degrees of freedom and the corresponding momenta. In fact, the second equation turns out to be the transversality equation for the field Ã (see eq. (9)), as corresponding to a Proca field.

Introducing the standard “electric” and “magnetic” notation (Ȧ ≡ ∂^0A): E^i ≡ F^{i0} = ∂^iA^0 − Ȧ^i → ⃗E ≡ − ˙⃗A − ⃗∇A^0 B^i ≡^1_2 ϵ^{ijk}F_{jk} → ⃗B ≡ ⃗∇ × ⃗A (13)

the equations of motions become: ⃗∇ · ⃗E + m2(A0 − ϕ̇) = 0 Gauss Law ˙⃗E − ⃗∇ × ⃗B − m_2( ⃗A + ⃗∇ϕ) = 0 Ampère Law (14)

and the Hamiltonian functional reads H = ∫ d^3x [ ∂L^{U(1)} ∂Ȧ_ν Ȧ_ν + ∂L^{U(1)} ∂ϕ̇ ϕ̇ − L^{U(1)} ]

= ∫ d^3x [ F^{i0}Ȧ_i + m^2(ϕ̇A^0)ϕ̇ + 1 4 (2F_{0i}F^{0i} + F_{jk}F^{jk}) − m^2 2 (ϕ̇ − A^0)^2 − m^2 2 (∂_i − A_i)(∂^i − A^i) ]

= ∫ d^3x [ 1 2 ( ⃗E^2 + ⃗B^2) + m^2 2 (ϕ̇ − A^0)^2 + m^2 2 (⃗∇ϕ + ⃗A)^2 − A^0G ] (15)

where we have called G ≡ ⃗∇ · ⃗E − m^2(ϕ̇ − A^0), so that the Gauss law is just G = 0. This way, the Hamiltonian density becomes positive on physical trajectories.

2.2 The Non-Abelian G = SU(2) case We now make explicit the general classical formulas for the typically non-Abelian case of a partial-trace where the gauge group G is SU(2) and the subgroup H is U(1). In that case, some of the computations are more easily achieved even though the essentials apply to semi-simple compact groups. From formula (8), L^{SU(2)/U(1)} MYM = − 1 4 F^a_{μν} F^{μν}_a + 1 2 m^2[θ_μ − A_μ, Λ]^a[θ^μ − A^μ, Λ]_a , (16)

we derive the momenta,

π_Ai_{a(x)} ≡ π^a_i (x) = F^a_{i0} = ∂^iA^0_a(x) − Ȧ^i_a(x) + [A^0, A^i]_a(x) ≡ E^i_a(x) π_{Λa(x)} ≡ π^a(x) = m^2Λ̇^a(x) − m^2[A^0, Λ]^a(x) , (17)

where we have made use of the definition of (non-Abelian) electric field, to be completed with that of the corresponding magnetic field, B^i_a(x) ≡ 1 2 ϵ^i_{jk}F^{jk}_a (x) → ⃗B_a ≡ ⃗∇ × ⃗A_a + ϵ^{bc}_a ⃗A_b × ⃗A_c , (18) and the equations of motion associated with the variations δA^ν_a and δΛ_a respectively:

∂_μF^{μν}_a − [A_μ, F^{μν} ]_a + m^2 [[θ^ν − A^ν , Λ], Λ]_a = 0 , (19)

∂_μ[θ^μ − A^μ, Λ] − [A_μ, [θ^μ − A^μ, Λ], Λ] = 0 , (20) although the latter is recovered from the former by just taking the derivative ∂_ν . For the space components of (19) we get the Ampère Law,

Ė^i − (⃗∇ × ⃗B)^i_a − ϵ^i_{jk}[A^j , B^k]_a − [A^0, E^i]_a − m^2 [[θ^i − A^i, Λ], Λ]_a = 0 , (21)

whereas for the temporal index we obtain the Gauss Law,

⃗∇ · ⃗E_a − [A_i, E^i]_a + m^2 [[θ^0 − A^0, Λ], Λ]_a = 0 . (22)

Finally, let us compute the Hamiltonian. From the expression for the momenta (17) and writing Ȧ^i_a of E^i_a, A^μ and their spacial derivatives, we arrive at H^{SU(2)/U(1)}_{SY M} , H for short in the rest of the paper, H ≡ H^{SU(2)/U(1)} SY M = ∫ d^3x { E^a_i Ȧ^i_a + m^2[θ^0 − A^0, Λ]_aΛ̇^a − L^{SU(2)/U(1)}_{SY M} }

= 1 2 ∫ d^3x { ⃗E^2 + ⃗B^2 + m^2[θ^0 − A^0, Λ]^2 + m^2[⃗θ − ⃗A, Λ]^2 − 2A^0G^a } , (23)

where we have called, as in the Abelian case, G ≡ ⃗∇ · ⃗E + [ ⃗A, ⃗E] + m^2 [ [θ^0 − A^0, Λ], Λ ] (24)

so that the Gauss Law reads simply G = 0, that which means that the Hamiltonian is again positive on physical trajectories.

3 Quantization of Massive Yang-Mills Fields

Linear systems provide a Poisson algebra of classical observables in the solution manifold (namely, initial position and momenta) realizing the Lie algebra of the Heisenberg-Weyl group in the corresponding dimension. In field theories, this suggests to approach the corresponding quantum theory by postulating equal-time commutation relations between fields and their time derivatives, or conjugate momenta, [ϕ(⃗x), π(⃗y)] = iδ(⃗x − ⃗y). In fact, it is worth noticing that these commutators can be thought of as being an representation of an infinite-dimensional Lie group. To be precise, and for the simplest physical example of the Klein-Gordon field, we may write the following group law (see the next subsection for details):

ϕ^{′′}(x) = ϕ^′(x) + ϕ(x) ϕ^{′′}_μ(x) = ϕ^′_μ(x) + ϕ_μ(x)

ζ^{′′} = ζ^′ζ exp { i 2 ∫ Σ dσ^μ [ ϕ^′(x)ϕ_μ(x) − ϕ^′_μ(x)ϕ(x) ]} , (25)

which constitutes a central extension by U(1), parametrized by ζ, |ζ|^2 = 1, of the Abelian group parametrized by “coordinates” ϕ(x) and (covariant) “momenta” π_μ(x) = ∂_μϕ(x), and it will be understood that a quantization of the field ϕ(x) is achieved by means of a unitary and irreducible representation of this group. Fields ϕ(x) and ϕ_μ(x) are defined on a Cauchy hyper-surface Σ (usually that characterized by x^0 = 0) or, equivalently, on the entire Minkowski space but, in this case, they must satisfy the classical equations of motion. It must be clearly stated from now on that ⃗x ∈ Σ plays the role of an index, so that the space derivative ∂_i on ϕ moves this index. The time component of ϕ_μ, however, does not refer to a (time) derivative of a given ϕ and, rather, corresponds to a different family of group parameters, that is, the momenta (see in this respect Ref. [23].

Going to non-linear systems with non-flat phase space would require a more radical departure from the canonical approach [24, 25]. This is precisely the situation we are facing now, as a result of the introduction of the group parameters ϕ as physical degrees of freedom with a (curved) compact target space G/H. We must look for a replacement of the Heisenberg-Weyl group with a (more involved) symmetry group of the solution manifold, keeping the general idea of considering as basic conjugate coordinates those giving central terms under commutation. As commented in the Introduction, we really aim at a quite different approach to quantum theory which is totally based on symmetry grounds and free from the strong limitations which canonical quantization faces when it tackles highly non-linear systems. We refer to a Group Approach to Quantization widely developed in many linear and non-linear examples (see, for instance [7, 8, 26, 27]). This formalism naturally includes the classical theory. The group G_{MY M} , whose unitary and irreducible representations will provide the quantum theory of our proposed Lagrangian (8), will be given in (44).

3.1 Fundamentals of the general group-quantization formalism

The GAQ formalism is entirely constructed with canonical structures defined on Lie groups and the very basic ones consist in the two mutually commuting copies of the Lie algebra G̃ of a group G̃ of strict symmetry (of a given physical system), that is, the set of left- and right-invariant vector fields:

X^L(G̃) ≈ G̃ ≈ X^R(G̃) ,

in such a way that one copy, let us say X^R(G̃), plays the role of pre-Quantum Operators acting (by usual derivation) on complex (wave) functions on G̃, whereas the other, X^L(G̃), is used to reduce the representation in a manner compatible with the action of the operators, thus providing the true quantization.

In fact, from the group law g^{′′} = g^′ ∗ g of any group G̃, we can read two different left- and right-actions: g^{′′} = g^′ ∗ g ≡ L_g′ g, g^{′′} = g^′ ∗ g ≡ R_gg^′. (26) Both actions commute and so do their respective generators X̃^R_a and X̃^L_b , i.e. [X̃^L_a , X̃^R_b ] = 0 ∀a, b. Another manifestation of the commutation between left an right translations corresponds to the invariance of the left-invariant canonical 1-forms, {θ^{La}} (dual to {X̃^L_b }, i.e. θ^{La}(X̃^L_b ) = δ^a_b ) with respect to the right-invariant vector fields, that is: L_{X̃Ra} θ^{Lb} = 0 and the other way around (L ↔ R). In particular, there is a natural invariant volume ω on the group manifold since we have: L_{X̃Ra} (θ^{Lb} ∧ θ^{Lc} ∧ θ^{Ld}...) ≡ L_{X̃Ra} ω = 0 . (27) We should then be able to recover all physical ingredients of quantum systems out of algebraic structures. In particular, the Poincaré-Cartan form Θ_{P C} and the phase space itself M ≡ (x^i, p_j) should be regained from a group of strict symmetry G̃. In fact, in the special case of a Lie group which bears a central extension with structure group U(1) parameterized by ζ ∈ C such that |ζ|^2 = 1, as we are in fact considering, the group manifold G̃ itself can be endowed with the structure of a principal bundle with an invariant connection, thus generalizing the notion of quantum manifold.

More precisely, the U(1)-component of the left-invariant canonical form (dual to the vertical generator X̃^L_ζ , i.e. θ^{L(ζ)}(X̃^L_ζ ) = 1) will be named quantization form Θ ≡ θ^{L(ζ)} and generalizes the Poincaré-Cartan form Θ_{P C} of Classical Mechanics. The quantization form remains strictly invariant under the group G̃ in the sense that L_{X̃Ra} Θ = 0 ∀a , whereas Θ_{P C} is, in general, only semi-invariant, that is to say, it is invariant except for a total differential.

It should be stressed that the construction of a true quantum manifold in the sense of Geometric Quantization [28, 29] can be achieved by taking in the pair ⟨G̃, Θ⟩ the quotient by the action of the subgroup G_Θ or G_C , the characteristic subgroup, generated by those leftinvariant vector fields in the kernel of Θ and dΘ, that which is called in mathematical terms characteristic module of the 1-form Θ,

C_Θ ≡ {X̃^L / i_{X̃L} dΘ = 0 = i_{X̃L} Θ}.

A further quotient by structure subgroup U(1) provides the classical solution Manifold M or classical phase space. Even more, the vector fields in C_Θ constitute the (generalized) classical equations of motion.

On the other hand, the right-invariant vector fields are used to provide classical functions on the phase space. In fact, the functions I_a ≡ i_{X̃Ra} Θ are stable under the action of the left-invariant vector fields in the characteristic module of Θ (i.e., the generalized equations of motion),

L_{X̃L} I_a = 0 ∀X̃^L ∈ C_Θ ,

and then constitute the Noether invariants. The Poisson bracket between two Noether invariants is defined as follows: {I_a, I_b} ≡ −i_{[X̃Ra ,X̃}R_{b ]}Θ. (28) As a consequence of the central extension structure in G̃, the Noether invariants (and the corresponding group parameters) are classified in basic (or dynamical) and non-basic (evolutive or kinematic) depending on whether or not the corresponding generators produce the central generator by commutation with some other. Basic Noether invariants (position and momenta) are paired and independent. Non-basic Noether invariants (like energy or angular momenta) can be written in terms of the basic ones.

As far as the quantum theory is concerned, the above-mentioned quotient by the classical equations of motion is really not needed. We consider the space of complex functions Ψ on the whole group G̃ and restrict them to only U(1)-functions, that is, those which are homogeneous of degree 1 on the argument ζ ≡ e^{iϕ} ∈ U(1). Wave functions thus satisfy the U(1)-function condition X̃^L_ϕ Ψ = iΨ. (29)

On these functions the right-invariant vector fields act as pre-quantum operators by ordinary derivation. They are, in fact, Hermitian operators with respect to the scalar product with measure given by the invariant volume ω defined above (27). However, this action is not a proper quantization of the Poisson algebra of the Noether invariants (associated with the symplectic structure given by dΘ) since there is a set of non-trivial operators commuting with this representation. In fact, all the left-invariant vector fields do commute with the right-invariant ones, i.e. the pre-quantum operators. According to Schur’s Lemma, those operators must be trivialized in order to achieve full irreducibility. To this end we define a polarization subalgebra as follows: A polarization P is a maximal left subalgebra containing the characteristic subalgebra G_Θ and excluding the central generator.

The role of a polarization is that of reducing the representation which then constitutes a true quantization. To this end we impose on wave functions the (“infinitesimal”) polarization condition:

X̃^L_b Ψ = 0 ∀X̃^L_b ∈ P .

In finite terms the polarization condition is expressed by the invariance of the wave functions under the finite action of the Polarization Subgroup G_P acting from the Right, that is:

Ψ(g^′g_P ) = Ψ(g^′) ∀g_P ∈ G_P . (30)

To be intuitive, a polarization is made of half the left-invariant vector fields associated with basic (independent) variables of the solution manifold (either positions or momenta in the simplest case of the free Galilean particle) in addition to those associated with kinematic parameters as time or rotational angles. We should remark that the classification above-mentioned of the Noether invariants in basic and non-basic also applies to the quantum operators so that the latter ones are written in terms of the formers.

3.2 The Massive Electromagnetic Quantization Group

In this subsection we attempt to the quantization of the standard (U(1)) Stueckelberg system which classical theory has been sketched in subsection 2.1. This will constitute an introductory example to the more intrincate case of the Non-Abelian theory. To this end, let us write a basic group law appropriate for the general GAQ formalism to account for both the classical and quantum theory. We have:

φ^{′′}(x) = φ^′(x) + φ(x) φ^{′′}_μ(x)n^μ = φ^′_μ(x)n^μ + φ_μ(x)n^μ A^{′′}_μ(x) = A^′_μ(x) + A_μ(x) (31) F^{′′}_{μν} (x) = F^′_{μν} (x) + F_{μν} (x)

ζ^{′′} = ζ^′ζ exp ( i 2 ∫ Σ dσ^μ(x)J_μ(φ^′, A^′, F^′; φ, A, F) ) , J_μ = J^A_μ + J^φ_μ , J^A_μ = (A^{′ν} (x) − ∂^ν φ^′(x))F_{μν} (x) − F^′_{μν} (x)(A^ν (x) − ∂^ν φ(x)) J^φ_μ = m^2 ( φ^′(x)(∂_μφ(x) − A_μ(x)) − (∂_μφ^′(x) − A^′_μ(x))φ(x) ) . As commented in the case of the Klein-Gordon group (25), the fields in this group law are supposed to be defined on a Cauchy hypersurface Σ (characterized by an unit vector n^μ, usually n = (1, 0, 0, 0)) or, otherwise, if defined on the entire Minkowski space-time, M, they should satisfy the equations of motion, a fact which would be reflected by the conservation of the current density J_μ defining the (co-cycle of) the central extension, that is, ∂^μJ_μ = 0^2. In Ref. [30] the group law relative to the pure electromagnetic field, with field parameters defined on M, and including the Poincaré subgroup, was considered. Here, this subgroup is discarded on behalf of simplicity, since we are primarily interested in those symmetries providing the basic Noether Invariants parametrising the classical solution manifold. However, the time evolution is eventually recovered by providing a Hamiltonian H as a function of the basic Noether Invariants. In fact, the Poisson bracket with H , will recover the classical equations of motion.

Let us compute from the group law the right- and left-invariant vector fields, the Lie algebra commutators, quantization form and Noether Invariants. By deriving the group composition parameters g^{′′} with respect to each one of g^′ at the identity g^′ = Id we obtain:

X̃^R_{φ(x)} = δ δφ(x) + 1 2 ( ∂_iF^{0i} + m^2(∂_μφ − A_μ)n^μ ) Ξ X̃^R_{φμ(x)} = δ δφ^μ(x) − 1 2 m^2φ(x)n_μΞ X̃^R_{Aμ(x)} = δ δA^μ(x) + 1 2 ( F_{νμ}(x) + m^2φ(x)η_{μν} ) n^νΞ (32) X̃^R_{F μν (x)} = δ δF^{μν} (x) + 1 2 ((∂_ν φ(x) − A_ν (x))n_μ − (∂_μφ(x) − A_μ(x))n_ν ) Ξ .

2The conservation of the current, when the field parameters were defined on the entire M, is achieved if the fields would verify ∂^μFμν + m^2Aν = 0 and ∂^μ∂μφ − ∂^μAμ = 0, which correspond to the Euler-Lagrange equations after the identification Aμ ≡ Aμ − ∂μϕ and φ ≡ ϕ +^1_{m2} ∂^ν Aν .

The non-zero Lie brackets among them are: [ X̃^R_{φ(x)}, X̃^R_{φμ(y)} ] = −m^2n_μδ(x − y)Ξ [ X̃^R_{φ(x)}, X̃^R_{Aμ(y)} ] = m^2n_μδ(x − y)Ξ [ X̃^R_{φ(x)}, X̃^R_{F μν (y)} ] = −n_{[ν}∂^x_{μ]}δ(x − y)Ξ [ X̃^R_{Aμ(x)}, X̃^R_{F σν (y)} ] = −η_{μ[ν} n_{σ]}δ(x − y)Ξ (33)

In the same way, turning primed parameters to non-primed ones we get:

X̃^L_{φ(x)} = δ δφ(x) − 1 2 ( ∂_iF^{0i}(x) + m^2(∂_μφ(x) − A_μ(x))n^μ ) Ξ X̃^L_{φμ(x)} = δ δφ^μ(x) + 1 2 m^2φ(x)n_μΞ X̃^L_{Aμ(x)} = δ δA^μ(x) − 1 2 ( F_{νμ}(x) − m^2φ(x)η_{μν} ) n^νΞ (34) X̃^L_{F μν (x)} = δ δF^{μν} (x) − 1 2 ((∂_ν φ(x) − A_ν (x))n_μ − (∂_μφ(x) − A_μ(x))n_ν ) Ξ .

By duality on the left-invariant generators (34) we compute the quantization 1-form Θ^{U(1)}:

Θ^{U(1)} = 1 2 ∫ Σ dσ^μ (F_{μν} δ(A^ν − ∂^ν φ) − (A^ν − ∂^ν φ)δF_{μν} + m^2[φδ(A_μ − ∂_μφ) − (A_μ − ∂_μφ)δφ] ) + dζ iζ . and from it the Noether Invariants I = i_{X̃R} Θ^{U(1)} (we choose for Σ, x^0 = 0). They are:

I_{φ(x)} = m^2(φ̇ − A^0)(x) ≡ −m^2A^0 (x) − ⃗∇ · ⃗E (x) ≡ −G I_{φ̇(x)} = −m^2φ(x) I_A0_{(x)} = m^2φ(x) ≡ −E_0 I_Ai_{(x)} = −F_{i0}(x) ≡ −E_i (35) I_F i0_{(x)} = A_i(x) − ∂_iφ(x) ≡ A_i (x)

where we observe the identity I_{φ̇(x)} + I_A0_{(x)} = 0 which expresses that the associated generator is gauge, that is, the combination X̃^R_{φ̇(x)} + X̃^R_{A0 (x)} has a null Noether Invariant.

According to the general definition of Poisson bracket in our group-theoretical approach, expression (28), we arrive at the Poisson algebra (non-zero brackets only): {E_j (x), A_k (y)} = η_{jk}δ(x − y) {E_0 (x), A_0 (y)} = −δ(x − y) {G (x), E^0 (y)} = m^2δ(x − y) (36) {G (x), A_i (y)} = ∂^x_i δ(x − y)

Time evolution can be recovered from the solution manifold by writing down classical equations of motion à la Hamilton associated with a Hamiltonian function of the Noether Invariants which reproduces physical trajectories in time. In fact, the Hamiltonian H = 1 2 ∫ d^3y ( ⃗E^2 + ⃗B^2 + m^2A^2_0 + m^2(⃗A + ⃗∇E_0 m^2

)^2 − 2A_0 G ) (37)

leads under the Poisson bracket (36) with E and A to: ˙⃗E (x) = {⃗E (x), H } = ⃗∇ × ⃗B (x) + m_2 ( ⃗A (x) + ⃗∇E_0 (x) m^2 )

˙⃗A (x) = {⃗A , H } = −⃗E (x) − ⃗∇A_0 (x) Ė^0 (x) = {E^0 (x), H } = G (x) = ⃗∇ · ⃗E (x) + m^2A^0 (x) Ġ (x) = {G (x), H } = 0 , the last equation simply expressing the gauge invariance of H . They reproduce the Lagrangian equations of motion (14) under the identification A^i ↔ A^i, A^0 ↔ A^0 − ϕ̇, ⃗E ↔ ⃗E and E_0 ↔ m^2ϕ.

3.2.1 The Quantum Representation

According to the general scheme of GAQ we start from complex U(1)-functions Ψ on the entire centrally-extended group to be represented, that is, functions which are homogeneous of degree one on the parameter ζ ∈ U(1). In order to obtain an irreducible representation these functions must be restricted by the Polarization condition established by means of a polarization subgroup G_P of the finite left action. A look at the Lie algebra commutators of our symmetry group reveals that the characteristic subgroup G_C contains elements of the local U(1) subgroup as well as elements of the tangent group for which A equals ∂_μφ, that is,

g_C = (φ = 0, φ_μn^μ, A_μ = φ_μ, F_{νσ} = 0, ζ = 1) , (38)

and the Polarization subgroup (see (30)) contains, in addition, the tangent elements with arbitrary values of Ǎ ≡ (A − ∂φ). We then have:

g_P = (φ = 0, φ_μn^μ, A_μ, F_{νσ} = 0, ζ = 1) . (39)

The polarization subgroup acts on the original complex functions Ψ(g^′) = Ψ(φ^′, ∂_μφ^′, A^′_ν , F^′_{μν} , ζ^′) from the right: Ψ(g^′) → Ψ(g^′g_P ). The key point in searching for the appropriate form of the wave functions, invariant under the Polarization subgroup (30), is to notice the factor which appears in front of the wave function as a consequence of the co-cycle in the composition law of the central U(1) argument (Ψ is homogeneous of degree one on it). This factor must be cancelled out by some U(1) term factorizing an arbitrary function Φ of given arguments. It is easy to see that the following wave function ψ is the general solution to the polarization equation (30):

Ψ(g) = ζe^{i2} ∫ Σ dσ^μ (m^2Ǎ_μφ+Ǎ^ν F_{μν} )Φ(φ, F

μν n^ν) (40) where Φ is an arbitrary function of its arguments. In fact, choosing dσ^μ as d^3x, without loss of generality,

Ψ(g^′g_P ) = ζ^′e^{i2} ∫ d^3x(−F^′_{0i} A^i+m^2φ^′(φ_0−A_0))e^i_2 ∫ d^3x((Ǎ^{′i}+Ǎ^i)F^′_{0i}+m^2(Ǎ^′_0 +Ǎ_0)φ^′)Φ(φ′, F ′ i0) = ζ^′e^{i2} ∫ d^3x(Ǎ^{′i}F^′_{0i} +m^2Ǎ^′_0φ^′)Φ(φ′, F ′

i0) = Ψ(g^′) (41)

For the usual choice of Σ, the arbitrary part Φ of Ψ can be written in terms of the Noether invariants (35). That is, Φ = Φ(E_μ ), thus arriving at the “electric field representation”.

The action of the right-invariant vector fields preserve the space of polarized wave functions, due to the commutativity of the left and right actions as already stated, so that it is possible to define an action of them on the arbitrary factor Φ in the wave functions. It is not difficult to demonstrate that on this space of functions the quantum operators acquire the following expression:

Ê^μΦ ≡ iζ^{−1}e^{− i}_2^∫Σ^{dσμ} (^{m2Ǎ}μ^{φ+Ǎν F}μν )X̃^R_{Aμ} Ψ = E^μ Φ

Â^iΦ ≡ −iζ^{−1}e^{− i}2^∫Σ^{dσμ} (^{m2Ǎ}μ^{φ+Ǎν F}μν )X̃^R_{F0i} Ψ = −i δ δE^i Φ (42)

ĜΦ ≡ −iζ^{−1}e^{− i}2^∫Σ^{dσμ} (^{m2Ǎ}μ^{φ+Ǎν F}μν )X̃^R_φ Ψ = ( ⃗∇ · ⃗E + m^2 δ δE_0 ) Φ . Â_0Φ ≡ 1

m^2 (Ĝ − ⃗∇ · ^⃗E )Φ The constraint condition ĜΦ = 0, if required, would account for the quantum implementation of the “Gauss law”.

On the quantum representation space we can construct the Hamiltonian operator Ĥ that represents, without ambiguity, the classical Hamiltonian (37):

ĤΦ = 1 2 ∫ d^3x ( ^⃗E_2 + ^⃗B_2 + m_2Â_{20} + m_2( ^⃗A + ⃗∇Ê0 m^2

)^2 − 2Â_0Ĝ ) Φ . (43)

It is again quite relevant the fact that this operator preserves the Hilbert space of quantum states.

3.3 The Massive Yang-Mills Quantization Group

Now that the simpler Abelian case has been reviewed under the general GAQ scheme, we are in conditions to tackle the more involved non-Abelian massive Yang-Mills theory under the same framework. To this end, we shall write down a group law, G_{MY M} , providing both the classical and quantum description. That is,

U^{′′}(x) = U^′(x)U(x) ϑ^{′′}_μ(x)n^μ = U^′(x)ϑ_μ(x)n^μU^{′†}(x) + ϑ^′_μ(x)n^μ, A^{′′}_μ(x) = U^′(x)A_μ(x)U^{′†}(x) + A^′_μ(x), F^{′′}_{μν} (x) = U^′(x)F_{μν} (x)U^{′†}(x) + F^′_{μν} (x), (44)

ζ^{′′} = ζ^′ζ exp ( i ∫ Σ dσ^μ(x)J_μ(U^′, A^′, F^′; U, A, F) ) , J_μ = J^{YM}_μ + J^σ_μ ,

J^{YM}_μ = Tr ( (A^{′ν} − ϑ^{′ν} )U^′F_{μν} U^{′†} − F^′_{μν} U^′(A^ν − ϑ^ν )U^{′†} ) , J^σ_μ = m^2Tr ( λ(U^′(A_μ − ϑ_μ)U^{′†} − (A_μ − ϑ_μ)) ) , where all fields are assumed to be defined on the Cauchy surface Σ, so that, the time translation can not be directly implemented, in contrast with the case of free fields [23]. However, as in the Abelian case, we shall construct an explicit Hamiltonian operator to account for the time evolution on the quantum states (see below)^3. This group constitutes the minimal symmetry necessary to reproduce the solution manifold associated with the classical Lagrangian (8). It is also worth mentioning that the parameter F appearing in the group law must be a gauge covariant function of A and ∂A, and the simplest one is well-known to be the same function as in (3).

Before proceeding further in any actual computation according to the general GAQ scheme, let us insist on several facts. Firstly, the objects A^a_μ and ϑ^a_μ behave exactly in the same manner under the local group G(M) and ϑ^a_i (spacial components) are particular cases of A^a_i , that is, the cases in which the Yang-Mills potentials are pure gauge. Secondly, there are some extra unexpected parameters A^a_0, with respect to the massless case, which are the zero (time) components of those vector potentials living on the orbit G/H. They also behave as the time components of ϑ^a_μ but they never are pure gauge, as they fix the initial values of the derivatives of the fields φ^a on the Cauchy surface Σ. We then require non-trivial (non-gauge) four components A^a_μ for each index a of the orbit of G. We accordingly add a time component for the “electric” field E^a, E^a_i = F^a_{i0}, namely E^a_0 = m^2Tr(T^aΛ), constituting, somehow, a new component, “F_{00}”, of the curvature F^a_{μν} . From the mathematical point of view, the appearance of this non-conventional field degrees of freedom are a consequence of the piece J^σ of the current in (44).

From this group law (44), the generators of the left group action (the right-invariant vector

3The coboundary piece J^σ_μ in (44) does not exhaust all possibilities of encoding dynamical content in the group. In fact, the coboundary current J^′_μ^σ = iκnμTr (λ(ln(U^′U) − ln(U^′) − ln(U))) was considered in [31], as a preliminary attempt to give mass to vector bosons, but we shall not pursue this possibility any further here.

fields) can be written: X̃^R_{φa(x)} = X^{R (G)}_{φa(x)} − C^c_{ab} ( ϑ^b_ν (x)n^ν δ δϑ^c_μ(x)n^μ + A^b_ν (x) δ δA^c_ν (x) − C^c_{ab}F^b_{μν} (x) δ δF^c_{μν} (x) )

− ( C^c_{ab}m(A^b_ν (x) − ϑ^b_ν (x))λ_c + ∂^μF_{aμν} ) n^ν(x)Ξ X̃^R_{ϑaμ(x)nμ} = δ δϑ^a_μ(x)n^μ X̃^R_{Aaμ (x)} = δ δA^a_μ(x) − F^{μν}_a (x)n_ν (x)Ξ X̃^R_{F aμν (x)} = δ δF^a_{μν} (x) − 1 2 ((A^μ_a (x) − ϑ^μ_a (x))n^ν (x) − (A^ν_a(x) − ϑ^ν_a(x))n^μ) Ξ

X̃^R_ζ = Re(iζ ∂ ∂ζ ) ≡ Ξ . (45)

The corresponding non-null (equal-time) Lie bracket are: [[ X̃^R_{φa(x)}, X̃^R_{φb(y)} ]] = −C^c_{ab}δ(x − y)X̃^R_φc_{(x)} [[ X̃^R_{φa(x)}, X̃^R_{ϑbμ(y)nμ} ]] = −C^c_{ab}δ(x − y)X̃^R_ϑc_{μ(x)n}μ + m^2C^c_{ab}λ_cδ^μ_0 δ(x − y)Ξ [[ X̃^R_{φa(x)}, X̃^R_{Abμ (y)} ]] = −C^c_{ab}δ(x − y)X̃^R_Ac_{μ (x)} − m^2C^c_{ab}λ_cδ^μ_0 δ(x − y)Ξ [[ X̃^R_{φa(x)}, X̃^R_{E bj (y)} ]] = −C^c_{ab}δ(x − y)X̃^R_E c_{j (x)} − δ^b_a∂^x_j δ(x − y)Ξ [[ X̃^R_{Aaj (x)}, X̃^R_{E bk (y)} ]] = −η^{jk}δ_{ab}δ(x − y)Ξ , (46) where here, in contrast with the Abelian situation, double bracket indicates the commutator in the Lie algebra G_{MY M} , to avoid confusion with the commutator in the Lie algebra of G, and η^{μν} = diag(1, −1, −1, −1) stands for the Minkowski metric. In the same way we derive the left-invariant vector fields:

X̃^L_{φ(x)} = X^{L (G)}_{φ(x)} + ∂^μ(U^†F_{μν} U)n^ν Ξ X̃^L_{ϑμ(x)nμ} = U δ δϑ_μ(x)n^μ U^† − m^2(U^†λU − λ)Ξ X̃^L_{Aμ(x)} = U δ δA_μ U^† + ( m(U^†λU − λ)η^{μν} − U^†F^{νμ}U ) n_ν Ξ X̃^L_{Fμν (x)} = U δ δF_{μν} (x) U^† + 1 2 [U^†(A^ν − ϑ^ν )Un^μ − U^†(A^μ − ϑ^μ)Un^ν ]Ξ

X̃^L_ζ = Re(iζ ∂ ∂ζ ) ≡ Ξ . (47)

Directly from the group law or by duality on (47) the left-invariant 1-form in the ζ-direction,

Θ^G_{MY M} , can be computed:

Θ^G_{MY M} = ∫ Σ dσ^ν Tr ( F_{νμ}δA^μ − δF_{νσ} (A^σ − ϑ^σ) + m^2(Λ − λ)δ(A_ν − ϑ_ν ) + F_{νμ}[ϑ^μ, −iδUU^†] + ∂^μF_{νμ}(−iδUU^†) ) + dζ iζ = ∫ Σ dσ^ν Tr((F_{μν} δ(A^μ − ϑ^μ) − (A^μ − ϑ^μ)δF_{μν} ) + m^2(Λ − λ)δ(A_ν − ϑ_ν )) + dζ iζ .(48)

and from it the Noether invariants (I = i_XR Θ^G_{MY M} ): I_Aμ = ( F_{νμ} + m^2(Λ − λ)η_{νμ} ) n^ν I_F μν = (A_μ − ϑ_μ)n_ν − (A_ν − ϑ_ν )n_μ

I_φ = ∂^ν F_{μν} n^μ + [A^μ − ϑ^μ, m^2Λη_{μν} + F_{νμ}]n^ν I_ϑμ_{nμ} = m^2(Λ − λ). (49)

For the particular, though standard, choice of the Cauchy surface n = (1, 0, 0, 0) they acquire the expressions:

I_A0 = m^2(Λ − λ) ≡ −E_0 I_Ai = −F_{i0} ≡ −E_i I_F i0 = A_i − ϑ_i ≡ A_i

I_φ = −m^2[A^0 − ϑ^0, Λ] − [A^i − ϑ^i, F_{0i}] + ∂^iF_{0i} ≡ −m^2A^0 − ⃗∇ · ⃗E + [A^i , E_i ] ≡ −G I_ϑ0 = m^2(Λ − λ) = I_A0 , (50)

where we have denoted A^0 ≡ [(A^0 − ϑ^0), Λ], the time component of the massive vector bosons (those perpendicular to λ), and E_0 ≡ −I_A0 = −m^2(Λ − λ) in analogy with E_i ≡ −I_Ai although we must be aware that E_0 is intended to be the conjugate pair of G (see later on Eq. (53)).

We should observe that the Noether invariants I_ϑ0 and I_A0 coincide, so that the group parameter A^0 − ϑ^0 is actually a gauge parameter in the strict sense (the corresponding subgroup leaves the solution manifold invariant point-wise). Notice also that the Noether invariant I_{A0} in the direction of the H subalgebra is a function of the invariants I_{A0} in the direction of the G/H orbit (the same dependence occurs for I_{ϑ0} ). Then, the independent parameters in the solution manifold are:

(A^a_i , E^a_j , E^b_0 , G^b ) a = 1, ..., dim G, b = 1, ..., co-dim H . (51)

The 1-form (48) naturally comes down to the quotient G/H, which can be identified with the coadjoint orbit of G, and it can also be written in terms of Noether invariants. In fact, we have

Θ^G_{MY M} = ∫ Σ dσ^ν Tr { (I_{Aμ} δI_F μν − I_F μν δI_{Aμ} ) + I_{ϑμn}μ δ([I_φ, I_Aν ]) } + dζ iζ . (52)

According to the Poisson bracket definition (28), the Noether invariants (49) close a Poisson algebra isomorphic to the Lie algebra of the symmetry group G_{MY M} . The non-zero brackets are: {G_a (⃗x), G_b (⃗y)} = −C^c_{ab}G_c (⃗x)δ(⃗x − ⃗y), { A^j_a (⃗x), E^k_b (⃗y) } = η^{jk}δ_{ab}δ(⃗x − ⃗y), (53) { G_a (⃗x), A^j_b (⃗y) } = −C^c_{ab}A^j_c (⃗x)δ(⃗x − ⃗y) + δ_{ab}∂^j_xδ(⃗x − ⃗y), { G_a (⃗x), E^μ_b (⃗y) } = −C^c_{ab}E^μ_c (⃗x)δ(⃗x − ⃗y) + m^2δ^μ_0 C^c_{ab}λ_cδ(⃗x − ⃗y) . They reproduce the standard Poisson brackets of the non-Abelian Yang-Mills theory [32, 33] , along with those corresponding to the new variables E^a_0 , which are absent from the conventional theory.

Even though we have not included space-time translations (nor Lorentz transformations) explicitly in the group law, this Poisson algebra can be added with a quartic function, H , of the Noether invariants, constituting the classical Hamiltonian in our group-theoretical scheme. In fact, the Hamiltonian function H = 1 2 ∫ d^3xTr [ (⃗E^2 + ⃗B^2 ) + m^2[A_0 , Λ]^2 + m^2([⃗A , Λ] + ⃗∇Λ)^2 − 2A_0 G ] , (54)

with Λ = −^{E0}_{m2} + λ, actually reproduces the Lagrangian equations of motion (19) by making use of the Poisson brackets (53) and the correspondence

E_i ↔ E_i , Λ ↔ Λ, A_i ↔ A_i , A_0 − θ_0 ↔ A_0

and remembering that [ϑ_μ, Λ] = ∂_μΛ. In fact:

Ȧ^i (x) = {A^i (x), H } = −E^i (x) + ∂^iA^0 (x) + [A^0 , A^i ](x) Ė^i (x) = {E^i (x), H } = ϵ^{ij}_k∂_j B^k (x) + ϵ^{ij}_k[A_j , B^k ](x) + [A^0 , E^i ](x) + m^2[∂^iΛ − [A^i , Λ], Λ](x)

Λ̇(x) = {Λ(x), H } = 1 m^2

[G , Λ](x) (55) Ġ (x) = {G (x), H } = 0. To be precise, the first equation just constitutes the definition of the electric field. The second one literally corresponds to the ν = i component of (19), whereas the third one is the projection on the massive internal components (expressed by means of a commutation with Λ) of the ν = 0 index of (19) (i.e., the Gauss law). Note that the Gauss Law in the internal massless direction (of the H subgroup) is neither a Hamiltonian equation in the standard variational formulation. Finally, the last equation just states the gauge invariance of our Hamiltonian.

3.3.1 The Quantum Representation

According to the general scheme of GAQ we start from complex U(1)-functions Ψ on the entire centrally-extended group to be represented, that is, functions which are homogeneus of degree one on the parametre ζ ∈ U(1). In order to obtain an irreducible representation these functions must be restricted by the Polarization condition established by means of a polarization subgroup

G_P of the finite left action. A look at the Lie algebra commutators of our symmetry group reveals that the actual Characteristic subgroup is constituted by the following elements:

g_C = (U_H , ϑ_μn^μ, A_μ = ϑ_μ, F_{νσ} = 0, ζ = 1) , (56)

whereas the Polarization subgroup is constituted by the following elements:

g_P = (U_H , ϑ^μn_μ, A, F = 0, ζ = 1) , (57)

which act on the original complex functions Ψ(g^′) = Ψ(U^′, ϑ^′_μn^μ, A^′_ν , F^′_{μν} , ζ^′) from the right: Ψ(g^′) → Ψ(g^′g_P ).

The key point in searching for the appropriate form of the wave functions, invariant under the Polarization subgroup, is to notice the factor which appears in front of the wave function as a consequence of the cocycle in the composition law of the U(1) argument (Ψ is homogeneous of degree one on it). This factor must be cancelled out by some U(1) term factorizing an arbitrary function Φ of given arguments. It is easy to see that the following wave function Ψ is the general solution to the polarization equation (30): Ψ = ζe^i ∫ Σ dσ^μ Tr(mλ(U^†Ǎ_μU−Ǎ_μ)+^1_2 Ǎ^ν F_{μν} )Φ((Λ − λ), F) (58)

where Ǎ ≡ (A − ϑ) and Φ is an arbitrary function of its arguments. In fact, choosing dσ^μ as d^3x, without loss of generality,

Ψ(g^′g_P ) = ζ^′e^i ∫ d^3xTr[mλ((U^′U_H )^†(U^′Ǎ_0U^{′†}+Ǎ^′_0)(U^′U_H )−U^′Ǎ_0U^{′†}−Ǎ^′_0)+^1_2 (U^′Ǎ^ν U^{′†}+Ǎ^{′ν} )F^′_{0ν} ] × e^i ∫ d^3xTr[mλ(U^′Ǎ_0U^{′†}−Ǎ_0)−^1_2 F^′_{0ν} U^′Ǎ^ν U^{′†}]Φ(U ′U

H λ(U^′U_H )^† − U_H λU^†_H , F^′) = Ψ(g^′) (59)

For the usual choice of Σ, the arbitrary part of Ψ can be written in terms of the variables (51). Φ = Φ(E^a_μ ), if we adopt the convention that E^c_0 = 0 , ∀c running on H. That is, we arrive at the (generalized) “electric field representation”.

The action of the right-invariant vector fields preserve the space of polarized wave functions, due to the commutativity of the left and right actions as already stated, so that it is possible to define an action of them on the arbitrary factor Φ in the wave functions. It is not difficult to demonstrate that on this space of functions the quantum operators acquire the following expression:

Ê^μ_a Φ ≡ iζ^{−1}e^{−i ∫}Σ^{dσμ}Tr(^{m2 λ(U †Ǎ}μ^{U−Ǎ}μ^{)+ 1}2^{Ǎν F}μν )X̃^R_{Aaμ} Ψ = E^μ_a Φ Â^i_aΦ ≡ −iζ^{−1}e^{−i ∫}Σ^{dσμ}Tr(^{m2 λ(U †Ǎ}μ^{U−Ǎ}μ^{)+ 1}2^{Ǎν F}μν )X̃^R_{F a0i} Ψ = −i δ δE^i_a Φ (60)

Ĝ_aΦ ≡ −iζ^{−1}e^{−i ∫}Σ^{dσμ}Tr(^{m2 λ(U †Ǎ}μ^{U−Ǎ}μ^{)+ 1}_2^{Ǎν F}μν )X̃^R_{φa} Ψ = ( ⃗∇ · ⃗E_a + C^c_{ab} ( (E^b_0 − m^2λ^b) δ δE^c_0 − ⃗E^b · δ δ⃗E^c )) Φ Â^0Φ ≡ 1

m^2

(Ĝ − ⃗∇ · ^⃗E + [Â^j , Ê_j ])Φ

The constraint condition ĜΦ = 0, if required, would account for the quantum implementation of the non-Abelian “Gauss law”.

On the quantum representation space we can construct the Hamiltonian operator Ĥ that represents, without ambiguity, the classical Hamiltonian (54):

Ĥ = 1 2 ∫ d^3xTr ( ^⃗E_2 + ^⃗B_2 + m_2[Â_0, Ê0 m^2

− λ]^2 + m^2( ⃗∇Ê_0 m^2 + [ ^⃗A, Ê_0 m^2

− λ])^2 − 2Â_0Ĝ ) . (61)

It is of remarkable relevance the fact that this operator preserves the Hilbert space of quantum states.

It should be stressed that the central term proportional to λ_c in the last bracket of (53) could also be considered as a remnant of some sort of “symmetry breaking” in the sense that it can be hidden into a redefinition of Ê^0_a ,

Ê^0_a → Ê^{′0}_a ≡ Ê^0_a − m^2λ_a = −m^2Λ_a, (62)

which now acquires a non-zero vacuum expectation value proportional to the mass m^2λ_a, that is: ⟨0|Ê^0_a |0⟩ = 0 −→ ⟨0|Ê^{′0}_a |0⟩ = −m^2λ_a. (63)

4 Connection with more standard techniques and concluding remarks

In the present paper we have provided a consistent quantization of the Poisson algebra among the basic functions on the solution manifold of massive Yang-Mills fields coupled to non-linear partial-trace sigma scalar fields. This quantization has been achieved through a group-quantization approach which looks for unitary and irreducible representations of a proper symmetry group, the group named G_{MY M} in the text. As already commented, the parameters of this group have been written as functions on the Cauchy hyper-surface Σ, and we may call H_Σ the Hilbert space made of (square integrable) functions of the arguments of the wave functions. In the present case they are “electric fields” E with arguments on Σ, although we commented that they could have equally be chosen as functions on the entire Minkoswski space-time subjected to their (classical) equations of motion. In fact, a quantum Hamiltonian operator Ĥ, uniquely defined in terms of the basic operators, which preserves the quantum representation space, that is, the Hilbert space H_Σ, has been constructed. This allows, in principle, any proper computation concerning the time evolution.

To be more specific and, in order to connect our scheme with more standard settings, let us translate our Hilbert space to an isomorphic Hilbert space made of wave functions with arguments defined on the entire Minkowski space-time but, that time, satisfying the Schrödinger equation associated with our Hamiltonian operator Ĥ given in (61), iℏ ∂Φ ∂t = ĤΦ . The space of solutions of the Schrödinger equations with initial conditions in H_Σ, to be named simply H, though equivalent, proves to be more appropriate to establish any comparison with standard computations. It is formally constructed by means of the unitary lifting-in-time operator U(t) defined as U(t) ≡ exp(−iℏtĤ), so that wave functions and quantum operators are lifted from H_Σ to H with the traditional expressions Ψ(t) = U(t)Ψ, Ô(t) = U(t)ÔU^†(t) . This way, we are in conditions to write down an exact formal expression for the arbitrary-time commutators between basic field operators Â^μ_a (⃗x, t):

[Â^μ_a (⃗x, t), Â^ν_b (⃗y, t^′)] = [U(t)Â^μ_a (⃗x)U^†(t), U(t^′)Â^ν_b (⃗y)U^†(t^′)]

and analogously for Ê^μ_a or any other. Also, a unitary evolution operator, in the usual way, acting on H is trivially constructed by the expression U(t, t^′) ≡ U^†(t)U(t^′), that which permits the formulation of a S matrix.

As far as the explicit way of computing U(t) and U(t, t^′) is concerned, we must remark that the operator Ĥ, itself, is well-behaved on the representation space of our original symmetry group G_{MY M} , but some part of it, Ĥ_{int}, intended to describe “the interaction” might be ill-defined (this comment also applies to standard perturbation theory, à la Dyson, in dealing with typically non-linear theories like, precisely, those involving non-linear sigma Lagrangian terms). Therefore we are aimed at working from a perturbative framework which uses the entire Hamiltonian as developed, for instance, in traditional textbooks collections like [34]. There, however, the exact propagator defined in terms of basic (exact) operators as D(x, x^′) = ⟨0|T Â(x)Â(x^′)|0⟩ is further developed in series of the free propagator D(x, x^′) thus connecting with the Interaction- Image series associated with standard Dyson series. Unfortunately, this expansion in terms of free field objects, like free propagator, cannot be properly achieved mainly due to the “sigma sector” related to the fields with index 0 in the theory, that is, Ê^0 and the conjugate operator Ĝ, for which the commutation relations are non-canonical. In fact, in the standard perturbative framework the Wick theorem is widely used in providing the Feymman rules, but it requires that creation and annihilation operators undergo canonical commutation relations. In fact, if this is not the case, the Wick contraction does not reduce the number of operators and an infinite chain of additional terms appear in the computation of the S matrix. In addition, the standard perturbative expansion departs from “in” states which are intended to verify a Klein-Gordon-like equation but the equation of motion for the “unperturbed” sigma fields admits an extra infinite set of solutions which do not correspond to massless Klein-Gordon fields. In this respect see Ref. [35].

Therefore, to compute operations involving exact objects we must resort to another more appropriate technique, more directly related to the group-theoretical scheme here developed. To be precise, the Magnus expansion [36] of the operator U(t) provides a perturbative scheme which preserves unitarity at each order in the exponential of the Hamiltonian. In this type of perturbation, each order of approximation is dictated by the powers in the enveloping algebra of the original one, rather than powers in a supposedly small interaction constant. The general form of this expansion is as follows:

Û(t) = e^{Ω̂(t)} , Ω̂(0) = 0 , (64)

Ω̂(t) = lim_{n→∞} Ω̂^{[n]}(t) (65)

Ω̂^{[n]}(t) = ∞∑ k=0 B_k k! ∫_t 0 dt_1ad^k_{Ω̂[n−1](t1 )} ( − i ℏ Ĥ(t_1)) , (66)

where B_k are the Bernoulli numbers and

ad^0_Â(B̂) ≡ B̂ , ad^1_Â(B̂) ≡ [Â, B̂] , ad^k_Â(B̂) ≡ [ad^{k−1}_Â (B̂), B̂] . (67)

However, in our particular case in which the Hamiltonian is independent of time, the expression for the time-lifted version of an operator Ô(t) acquires the simpler form:

Ô(t) = e^{Ω̂(t)}Ôe^{−Ω̂(t)} =^∞ ∑ k=0 1 k! ( −it ℏ )^kad^k_Ĥ (^ O ) , (68)

expression which can be further reduced depending on the way in which the Hamiltonian closes algebra with the operators Ô. This extent is soundly analyzed in Ref. [37].

It is remarkable that the Magnus expansion approach naturally suggests a more algebraic procedure which has been indeed used in the actual computation of physical quantities appearing in conformal field theories bearing high symmetries like string theories or Wess-Zumino-Witten systems [38]. In fact, starting from our algebra of basic operators (60), we may proceed by closing a new Lie algebra by commutation with Ĥ, order by order in a formal “expansion” constant α, exponentiating the resulting algebra up to the same order in α, and re-quantizing again with the present group-theoretical method. Much work is being made in this direction by the authors with the present symmetry [39].

Let us mention our group-theoretical viewpoint as regard another algorithm usually assumed as basic in the quantization of non-Abelian gauge fields. We refer to the use of BRST symmetry to address the constraints, which is absent from our present scheme. Firstly, the employ of ghost and anti-ghost field is somehow motivated by a more simple way of rewriting the measure on the space of classical trajectories in the Feymman path approach to quantum theory of gauge fields. On the other hand, however, much work on BRST super-symmetry has been developed by some of the authors and collaborators, concluding that this extra symmetry seems not to play an essential physical role. Really, in Ref. [40], a Lagrangian for the Abelian gauge theory, including a covariant gauge fixing term as well as a ghost term, from a group law incorporating the BRST symmetry was derived according to the present formalism. Then, in Ref. [41] a supergroup law was found, including the BRST fermionic parameter as well as fermionic ghosts and anti-ghosts, for an arbitrary semi-simple group of constraints, the Lie super-algebra of which generalizes the algebra of Bowick and Gursey [42]. Also, in Ref. [43], this sort of supergroups were applied to some systems, including Virasoro constraints, and it was demonstrated that the quantization of such systems can be achieved equivalently either with BRST machinery or without it; the BRST-cohomology seemed to be more a question of fashion, let us say, rather than a real necessity.

Just to finish, we remark that the present treatment of massive non-Abelian gauge theory, in either perturbative schemes mentioned above, would be specially suited to achieve a consistent approach to the quantum description of the Physics around the Standard Model of Electro- Weak interactions without the Higgs particle, and that this is the final target of our present paper. It should be stressed that the two examples here analyzed (Abelian U(1) and non- Abelian partial-trace SU(2) cases) accomplish this task provided that the gauge field associated with hyper-charge acquires mass according to the scheme developed in Sec. 3.2 and the Lie algebra (rigid) generator λ in Sec. 3.3 is chosen in the mixed “electric-charge” direction in the Lie algebra of SU(2) × U(1), as explained in Sec. 4 of Ref. [1].

Acknowledgements

Work partially supported by the Spanish MICINN, Fundación Séneca and Junta de Andalucía under projects FIS2008-06078-C03-01, 08814/PI/08 and FQM219-FQM1951, respectively.

References

[1] V. Aldaya, M. Calixto and F.F. Lopez-Ruiz, Mod. Phys. Lett. 24, 2731-2740 (2009) [2] S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967).

[3] P.W. Higgs, Phys. Rev. Lett. 13, 508 (1964); F. Englert and R. Brout, Phys. Rev. Lett.

13, 321 (1964); G. S. Guralnik, C. R. Hagen, and T. W. Kibble, Phys. Rev. Lett. 13, 585 (1964).

[4] H. Ruegg and M. Ruiz-Altaba, Int. J. Mod. Phys. A19, 3265-3348 (2004). [5] R. Delbourgo and G. Thompson, Phys. Rev. Lett. 57, 2610-2612 (1986); J. Kubo, Phys.

Rev. Lett. 58, 2000 (1987); P. Kosinski and L. Szymanowski, Phys. Rev. Lett. 58, 2001 (1987); R. Delbourgo, S. Twisk and G. Thompson, Int. J. Mod. Phys. A3, 435-449 (1988).

[6] T. Hurth, Helv. Phys. Acta 70, 406-416 (1997). [7] V. Aldaya and J. Azcárraga, J. Math. Phys. 23, 1297 (1982).

[8] V. Aldaya, J. Navarro-Salas and A. Ramirez, Commun. Math. Phys. 121, 541 (1989). [9] V. Aldaya, M. Calixto, J. Guerrero and F.F. Lopez-Ruiz, Rep. Math. Phys. 64, 49 (2009). [10] H.J. Groenwald, Physica 12, 405 (1946). [11] L. van Hove, Mem, Acad. Roy. Belg. 26, 61 (1951).

[12] V. Guillemin and S. Sternberg, Symplectic techniques in Physics, Cambridge Univ. Press (1996).

[13] J. Mickelsson, Current Algebras and Groups, Plenum Monographs in Nonlinear Physics, Plenum Press (1989).

[14] J. Mickelsson, Phys. Rev. Lett. 55, 2099 (1985). [15] V. Aldaya and E. Sanchez-Sastre, J. Phys. A39, 1729 (2006). [16] V. Aldaya, E. Sanchez-Sastre and M. Calixto, Rep. Math. Phys. 59, 83 (2007).

[17] J. Guerrero, J.L. Jaramillo and V. Aldaya, J. Math. Phys. 45, 2051 (2004). [18] V. Aldaya and J. de Azcárraga, Geometric formulation of classical mechanics and field theory, Riv. Nuov. Cimento 3 10 (1980) [19] P. Malliavin, Géometrie différentielle intrinseque, Hermann Paris (1972). [20] V.P. Nair, Quantum Field Theory, Graduate Texts in Contemporary Physics, Springer (2005).

[21] M. Calixto, V. Aldaya and F.F. López-Ruiz, J. Nonlinear Math. Phys. 15, 91 (2008). [22] S. Dittmaier, C. Grosse-Knetter and D. Schildnecht, Z. Phys. C67, 109 (1995). [23] V. Aldaya, M. Calixto, J. Guerrero and F.F. Lopez-Ruiz, Symmetries of Non-Linear Systems: Group Approach to their Quantization, International Journal of Geometric Methods in Modern Physics, Vol. 8, N6 (2011), to appear. arXiv:1012.3681 [24] C.J. Isham, Topological and global aspects of quantum theory, in Relativity, Groups and Topology II, Les Houches Summer School, R. Stora and B. S. DeWitt (Eds.), North-Holland, Amsterdam (1984).

[25] S.V. Ketov, Quantum Non-linear Sigma-Models, Springer-Verlag Berlin Heidelberg (2000). [26] V. Aldaya and J. Navarro-Salas, Commun. Math. Phys. 139, 433 (1991). [27] V. Aldaya, M. Calixto and J. Guerrero, Commun. Math. Phys. 178, 399 (1996). [28] J.M. Souriau, Structure des systemes dynamiques, Dunod, Paris (1970). [29] N. Woodhouse, Geometric Quantization, Clarendon, Oxford (1980). [30] M. Navarro, V. Aldaya and M. Calixto, J. Math. Phys. 38, 1454-1476 (1997). [31] M. Calixto and V. Aldaya, J. Phys. A 32, 7287 (1999). [32] C. Itzykson and J.B. Zuber, Quantum Field Theory, McGraw-Hill (1985). [33] R. Jackiw, Topological investigations of quantized gauge theories in Current Algebra and Anomalies, S.B. Treiman et al eds., World Scientific (1985); Rev. Mod. Phys. 52, 661 (1980).

[34] L.D. Landau and E.M. Lifshitz, Quantum Electrodynamics, Course of Theoretical Physics, Vol. 4, Pergamon Press (1985).

[35] V. Aldaya, M. Calixto and F.F. López-Ruiz, Mod. Phys. Lett. A26, 127 (2011) [36] S. Blanes, F. Casas, J.A. Oteo and J. Ros, The Magnus expansion and some of its applications, Physics Reports 470, 151 (2009).

[37] R.M. Wilcox, J. Math. Phys. 8, 962 (1967).

[38] V. Aldaya and J. Navarro-Salas, Commun. Math. Phys. 113, 375 (1987); Lett. Math. Phys.

16, 117 (1988).

[39] V. Aldaya, M. Calixto, J. Guerrero and F.F. López-Ruiz, Group-theoretical perturbation theory for non-linear quantum systems (in preparation).

[40] V. Aldaya, R. Loll and J. Navarro-Salas, Phys. Lett. B 237, 392 (1990). [41] V. Aldaya, R. Loll and J. Navarro-Salas, Phys. Lett. B 225, 340 (1989). [42] M.J. Bowick and F. Gursey, Phys. Lett. B 175, 182 (1986); Nucl. Phys. B 238, 331 (1987). [43] V. Aldaya, R. Loll and J. Navarro-Salas, J. Math. Phys. 32, 3346 (1991).