arXiv:1012.5153v5 [hep-th] 23 Mar 2012

March 2011

New higher-derivative couplings in 4D N = 2 supergravity

Daniel Butter and Sergei M. Kuzenko

School of Physics M013, The University of Western Australia 35 Stirling Highway, Crawley W.A. 6009, Australia

dbutter, kuzenko@cyllene.uwa.edu.au

Abstract

Using the off-shell formulation for general N = 2 supergravity-matter systems developed in arXiv:0905.0063, we propose a construction to generate a restricted chiral superfield from any real weight-zero projective multiplet L. One can choose L to be composed of tensor multiplets, O(2n) multiplets, with n = 2, 3, . . . , and polar hypermultiplets. In conjunction with the standard procedure to induce a N = 2 linear multiplet from any chiral weight-one scalar, we obtain a powerful mechanism to generate higher-derivative couplings in supergravity. In the case that L is a homogeneous function of n tensor multiplets of degree zero, we show that our construction is equivalent to that developed by de Wit and Saueressig in arXiv:hep-th/0606148 using the component superconformal tensor calculus. We also work out nontrivial examples with L composed of O(2n) and tensor multiplets.

Contents

1 Introduction 1 2 Main construction 5 3 The improved tensor multiplet 7 3.1 Evaluation of the contour integral . . . . . . . . . . . . . . . . . . . . 7 3.2 Super-Weyl gauge fixing with a tensor multiplet . . . . . . . . . . . . 9 4 Self-interacting tensor multiplets 12 5 Adding O(2n) multiplets 14 5.1 The case of a single O(2n) multiplet . . . . . . . . . . . . . . . . . . 14 5.2 Generalization to several O(2n) multiplets . . . . . . . . . . . . . . . 17 6 Discussion 18 A Geometry of conformal supergravity 23 B Chiral projection operator 25 C Isotwistors and projective superspace 26 D Contour integrals in C P^1 27 E Prepotential formulations for vector multiplet 30

1 Introduction

Recently, an off-shell formulation for general N = 2 supergravity-matter couplings in four space-time dimensions has been constructed [1, 2, 3]. It is a curved-space extension of the superconformal projective multiplets and their couplings [4] in 4D N = 2 projective superspace [5, 6, 7]. In the present paper, we will demonstrate that the methods developed in [1, 2, 3] and closely related works [8, 9] allow us to generate new off-shell higher-derivative couplings in N = 2 supergravity, a problem which has been of some interest recently [10, 11].

The construction we pursue in this paper is based on a duality between two basic off-shell representations of N = 2 supersymmetry – the vector multiplet [12] and the tensor multiplet [13]. The vector multiplet can be described in curved superspace by its covariantly chiral field strength W subject to the Bianchi identity^1 [12, 14]

D̄^{α̇}_i W = 0 , Σ^{ij} := 1 4 ( D^{α(i}D^{j)}_α + 4S^{ij} ) W = 1 4 ( D̄_{α̇}^{(i}D̄^{j)α̇} + 4S̄^{ij} ) W̄ , (1.1)

where S^{ij} and S̄^{ij} are special dimension-1 components of the torsion. The superfield Σ^{ij} is real, Σ̄_{ij} := (Σ^{ij} )^∗ = ε_{ik}ε_{jl}Σ^{kl}, and obeys the constraints

D^{(i}_α Σ^{jk)} = D̄^{(i}_{α̇} Σ^{jk)} = 0 . (1.2)

These constraints are characteristic of the N = 2 linear multiplet [15, 16].^2 There are several ways to realize W as a gauge invariant field strength. One possibility is to introduce a curved-superspace extension of Mezincescu’s prepotential [19] (see also [20]), V_{ij} = V_{ji}, which is an unconstrained real SU(2) triplet. The expression for W in terms of V_{ij} is W = 1 4 Δ̄ ( D^{ij} + 4S^{ij} ) V_{ij} , (1.3)

where Δ̄ is the chiral projection operator (B.4). Within the projective-superspace approach of [1, 2, 3], the constraints on W can be solved in terms of a real weightzero tropical prepotential V (v^i). The solution [8] is W = 1 8π ∮ v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) V (v) , (1.4)

D^+_α V = D̄^+_{α̇} V = 0 , V (c v^i) = V (v^i) , V̆ = V .

Here v^i ∈ C^2 \{0} denote homogeneous coordinates for C P^1 , and the contour integral is carried out around the origin in C P^1 ; see Appendix C for our isotwistor notation

1Such a superfield is often called reduced chiral.

2Our curved-superspace conventions follow Ref. [3]. In particular, we use Howe’s superspace realization [14] (see also [18]) of N = 2 conformal supergravity in which the structure group is SL(2, C ) × U(2). The relevant information about Howe’s formulation is collected in Appendix A. In what follows, we will use the notation: D^{ij} := D^{α(i}D^{j)}α and D̄^{ij} := D̄_{α̇}^{(i}D̄^{j)α̇}. It should be noted that Howe’s realization of N = 2 conformal supergravity [14] is a simple extension of Grimm’s formulation [17] with the structure group SL(2, C ) × SU(2). The precise relationship between these two formulations is spelled out in [3].

and conventions, including the definition of the covariant derivatives D^±_α and D̄^±_{α̇} . We discuss the relations between these two formulations in Appendix E.

In the rigid supersymmetric case, the representation (1.4) can be derived from a more general result in harmonic superspace [21, 22] W = 1 4 ∫ du (D̄^−)^2V^{++} , (1.5)

which is given in terms of an analytic prepotential V^{++}(u^+_i , u^−_j ) for the vector multiplet [23]. Such a derivation makes use of the singular reduction procedure introduced in [24]. This has been carried out explicitly in five space-time dimensions [25]. Unfortunately, a curved-superspace generalization of (1.5) has not yet been found.

The tensor (or linear) multiplet can be described in curved superspace by its gauge invariant field strength G^{ij} which is defined to be a real SU(2) triplet (that is, G^{ij} = G^{ji} and Ḡ_{ij} := (G^{ij} )^∗ = G_{ij} ) subject to the covariant constraints [15, 16]

D^{(i}_α G^{jk)} = D̄^{(i}_{α̇} G^{jk)} = 0 . (1.6)

These constraints are solved in terms of a chiral prepotential Ψ [20, 26, 27, 28] via G^{ij} = 1 4 ( D^{ij} + 4S^{ij} ) Ψ + 1 4 ( D̄^{ij} + 4S̄^{ij} ) Ψ̄ , D̄^i_{α̇}Ψ = 0 , (1.7)

which is invariant under shifts Ψ → Ψ + iΛ, with Λ a reduced chiral superfield. Associated with G^{ij} is the real O(2) projective multiplet G^{++}(v) := G^{ij} v_iv_j [1, 2, 3]. The constraints (1.6) are equivalent to

D^+_α G^{++} = D̄^+_{α̇} G^{++} = 0 , D^+_α := v_iD^i_α , D̄^+_{α̇} := v_iD̄^i_{α̇} . (1.8)

The above properties of vector and tensor multiplets are related and complementary. In fact, they can be used to generate linear multiplets from reduced chiral ones and vice versa. Consider a system of n_V Abelian vector multiplets described by covariantly chiral field strengths W_I , I = 1, . . . , n_V . Let F (W_I ) be a holomorphic homogeneous function of degree one, F (c W_I ) = c F (W_I ). Then, we can define a composite linear multiplet

G^{ij} := 1 4 ( D^{ij} + 4S^{ij} ) F (W_I ) + 1 4 ( D̄^{ij} + 4S̄^{ij} ) F̄ (W̄_I ) . (1.9)

Using the algebra of the covariant derivatives, one can check that G^{ij} indeed obeys the constraints (1.6) and that the construction is invariant under shifts of the form

F (W_I ) → F (W_I ) + i r_J W_J , (1.10) for real constants r_J . Eq. (1.9) is a standard construction to generate composite linear multiplets. Of course, the construction (1.9) is a trivial application of (1.7).

Conversely, we may take a system of n_T tensor multiplets described by their field strengths G^{ij}_A, with A = 1, . . . , n_T , and let G^{++}_A := v_iv_j G^{ij}_A be the corresponding covariant O(2) multiplets. Let L(G^{++}_A ) be a real homogeneous function of degree zero, L(c G^{++}_A ) = L(G^{++}_A ), and thus L(G^{++}_A ) is a covariant real weight-zero projective multiplet. Then, we can generate a composite reduced chiral multiplet defined by W = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) L(G^{++}_A ) . (1.11)

The integration in (1.11) is carried over a closed contour C in C^2 \ {0}. Similarly to eq. (1.4), the right-hand side of (1.11) involves a constant isospinor u_i chosen to obey the constraint (v, u) := v^iu_i ≠ 0, but otherwise is completely arbitrary. Using the constraints

D^+_α L(G^{++}) = D̄^+_{α̇} L(G^{++}) = 0 , (1.12)

one can check that the right-hand side of (1.11) is invariant under arbitrary projective transformations of the form:

(u^i , v^i) → (u^i , v^i) R , R = ( a 0 b c ) ∈ GL(2, C ) , (1.13)

and the same property holds for the right-hand side of (1.4). This invariance guarantees that (1.4) and (1.11) are independent of the isospinor u_i. Of course, the reduced chiral construction (1.11) is a simple application of (1.4).

The relation (1.11) is an example of applying our new construction to generate composite reduced chiral multiplets. This construction will be derived in the main body of the paper. A rigid supersymmetric version of (1.11) was described for a special case by Siegel twenty-five years ago [29]. More recently, it has been rediscovered and fully elaborated by de Wit and Saueressig [30] in a component approach using the superconformal tensor calculus to couple it to conformal supergravity, but without a contour-integral representation.

This paper is organized as follows. In section 2 our main construction, eq. (2.11), is derived. As a simple application, in section 3 we consider the improved tensor multiplet. We also analyse implications of fixing the super-Weyl gauge freedom with a tensor multiplet. Section 4 is devoted to a general system of self-interacting tensor multiplet. We demonstrate that our superfield construction makes it possible to re-derive, in a simple way, the key results of [30] obtained originally within the superconformal tensor calculus. In section 5 we show how to construct reduced chiral multiplets out of O(2n) multiplets. In section 6 we discuss the new higher-derivative couplings and some other implications of our approach. The main body of the paper is accompanied by five technical appendices. In appendix A we give a summary of the superspace geometry for N = 2 conformal supergravity introduced originally in [14] and elaborated in [3]. Appendix B describes the properties of the N = 2 chiral projection operator. Appendix C contains our isotwistor notation and conventions for projective superspace. In Appendix D we describe manifestly SU(2)-covariant techniques to evaluate contour integrals in C P^1 . Finally, Appendix E is devoted to two prepotential formulations for the N = 2 vector multiplet.

2 Main construction

Within the formulation for N = 2 supergravity-matter systems developed in [3], the matter fields are described in terms of covariant projective multiplets. In addition to the local N = 2 superspace coordinates z^M = (x^m, θ^μ_i , θ̄^i_{μ̇}), such a supermultiplet, Q^{(n)}(z, v), depends on auxiliary isotwistor variables v^i ∈ C^2 \ {0}, with respect to which Q^{(n)} is holomorphic and homogeneous, Q^{(n)}(c v) = c^n Q^{(n)}(v), on an open domain of C^2 \ {0}. The integer parameter n is called the weight of Q^{(n)}. In other words, such superfields are intrinsically defined in C P^1 . The covariant projective supermultiplets are required to be annihilated by half of the supercharges,

D^+_α Q^{(n)} = D̄^+_{α̇} Q^{(n)} = 0 , D^+_α := v_i D^i_α , D̄^+_{α̇} := v_i D̄^i_{α̇} , (2.1)

with D_A = (D_a, D^i_α, D̄^{α̇}_i ) the covariant superspace derivatives. The dynamics of supergravity-matter systems are described by locally supersymmetric actions of the form [3]:

S(L^{++}) = 1 2π ∮ C v^idv_i ∫ d^4x d^4θ d^4θ̄ E W W̄ L^{++} (Σ^{++})^2

, E^{−1} = Ber(E_A^M ) , (2.2)

with Σ^{++}(v) := Σ^{ij} v_iv_j . Here the Lagrangian L^{++}(z, v) is a covariant real projective multiplet of weight two. The vector multiplet W is used as a supergravity compensator and Σ^{ij} is defined as in (1.1). As shown in [9], the action (2.2) can be written as an integral over the chiral subspace

S(L^{++}) = ∫ d^4x d^4θ E W W , W = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) V , V := L^{++} Σ^{++}

. (2.3)

It was also proved in [9] that W is a restricted chiral superfield.

We now give an alternative chiral representation for the action (2.2) in the case that L^{++} has the form L^{++} = G^{++}L , (2.4)

where G^{++} is a tensor multiplet, and L is a real weight-zero projective multiplet,

D^+_α L = D̄^+_{α̇} L = 0 , L(c v^i) = L(v^i) , L̆ = L . (2.5)

Rewriting G^{++} in terms of its chiral potential Ψ (1.7),

G^{++}(v) = 1 4 ( (D^+)^2 + 4S^{++} ) Ψ + 1 4 ( (D̄^+)^2 + 4S̄^{++} ) Ψ̄ , D̄^i_{α̇}Ψ = 0 . (2.6)

one may rearrange (2.2) into the form

S(G^{++}L) = 1 2π ∮ C v^idv_i ∫ d^4x d^4θd^4θ̄ E ΨW̄ L Σ^{++}

+ c.c. (2.7)

This can be reduced to a chiral integral by acting with the chiral projector Δ̄ defined by eq. (B.4) (see [9] for a detailed derivation)

S(G^{++}L) = 1 2π ∫ d^4x d^4θ E Δ̄ ∮ C v^idv_i ΨW̄ L Σ^{++}

+ c.c. (2.8)

Now, it only remains to make use of an important representation discovered in [9]. Specifically, given an arbitrary isotwistor superfield U^{(−2)}(z, v) of weight −2 (see [1] for the definition of isotwistor supermultiplets), it was shown in [9] that Δ̄ ∮ v^idv_i U^{(−2)} = 1 16 ∮ v^idv_i ( (D̄^−)^2 + 4S̄^{−−} )( (D̄^+)^2 + 4S̄^{++} ) U^{(−2)} . (2.9)

Applying this representation to (2.7) gives

S(G^{++}L) = ∫ d^4x d^4θ E ΨW + c.c. , (2.10)

where we have introduced the following composite chiral superfield: W = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) L , D̄^{α̇}_i W = 0 . (2.11)

Because Ψ is defined only up to gauge transformations

δΨ = i Λ , D̄^{α̇}_i Λ = ( D^{α(i}D^{j)}_α + 4S^{ij} ) Λ − ( D̄_{α̇}^{(i}D̄^{j)α̇} + 4S̄^{ij} ) Λ̄ = 0 , (2.12)

the superfield W must indeed be reduced chiral, ( D^{α(i}D^{j)}_α + 4S^{ij} ) W = ( D̄_{α̇}^{(i}D̄^{j)α̇} + 4S̄^{ij} ) W̄ . (2.13)

We present a more direct proof of this result in Appendix E.

3 The improved tensor multiplet

The improved N = 2 tensor multiplet [31, 32] is a unique theory of the N = 2 tensor multiplet which is superconformal in the rigid supersymmetric case, and super- Weyl invariant in the presence of conformal supergravity. This theory is a natural generalization of the improved N = 1 tensor multiplet [33]. It occurs as a second compensator in the minimal formulation of N = 2 Poincaré supergravity proposed by de Wit, Philippe and Van Proeyen [31]. Within the projective-superspace formulation for N = 2 supergravity [1, 2, 3], the Lagrangian for the tensor compensator is

L^{++} = G^{++} ln ( G^{++}/iΥ^+Ῠ^+ ) , (3.1)

see [2] for more details. Here Υ^+ is a weight-one arctic hypermultiplet, and Ῠ^+ its smile-conjugate. As shown in [2, 9], the superfields Υ^+ and Ῠ^+ are pure gauge degrees of freedom in the sense that they do not contribute to the tensor compensator action. Using the formulation (2.10) and (2.11), the tensor compensator action can be rewritten as a chiral action of the form S = ∫ d^4x d^4θ E ΨW + c.c. , (3.2)

where W denotes the following reduced chiral scalar W = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) ln ( G^{++}/iΥ^+Ῠ^+ ) . (3.3)

It can be seen that the arctic multiplet Υ^+ and its conjugate Ῠ^+ do not contribute to the contour integral, and so they will be ignored below. Our goal in this section is to evaluate (3.3) as well as to study the properties of W .

3.1 Evaluation of the contour integral

We begin by evaluating the derivatives in (3.3): W = 1 8π ∮ C v^idv_i ( (D̄^−)^2G^{++} G^{++} − D̄^−_{α̇} G++D̄α̇−G++ (G^{++})^2

+ 4S̄^{−−} ln G^{++} ) . (3.4)

It follows from first principles that (3.3) is invariant under the projective transformations (1.13) and therefore independent of u_i. We wish to show explicitly that all of the u-dependence in the integrand (3.4) can be eliminated using the properties of the tensor multiplet. First, using the constraints (1.6) and the (anti)commutation relations (A.3b), one can show that

D̄^−_{α̇} G^{++} = 2 3 χ̄^+_{α̇} ≡ 2 3 χ̄^i_{α̇}v_i , (3.5a)

(D̄^−)^2G^{++} + 8S̄^{−−}G^{++} − 4S̄^{−+}∂^{−−}G^{++} = 1 3 M̄ , (3.5b)

where we have defined

χ̄^{α̇i} := D̄^{α̇}_k G^{ki} , (3.6a) M̄ := (D̄_{jk} + 12S̄_{jk}) G^{jk} . (3.6b)

Using these formulae, we rewrite W as W = 1 8π ∮ C v^idv_i ( 1 3 M̄ G^{++} − 4 9 χ̄^+χ̄^+ (G^{++})^2 + 4∂^{−−} ( S̄^{−+} log G^{++} ) − 8S̄^{−−} ) . (3.7)

The terms involving S̄ explicitly in this expression can be rearranged into 1 8π ∮ C v^idv_i ∂^{−−} ( 4S̄^{−+} log G^{++} − 8S̄^{−+} ) (3.8)

and so they vanish using integration by parts (see Appendix D for technical details). We are left with W = 1 8π ∮ C v^idv_i ( 1 3 M̄ G^{++} − 4 9 χ̄^+χ̄^+ (G^{++})^2 ) . (3.9)

The contour integral in (3.9) can be evaluated in a manifestly SU(2) covariant way using the technique described in Appendix D. Making use of the result (D.20) leads to W = − 1 24G M̄ + 1

36G^3 χ̄^iχ̄^j G_{ij} , (3.10)

where

G^2 := 1 2 G^{ij} G_{ij} . (3.11)

This expression (up to normalizations) was discovered originally in [31] using the superconformal tensor calculus. It was later reconstructed in curved superspace [28] with the aid of the results in [31] and [29]. Its contour origin was explored in the globally supersymmetric case by Siegel [29]. Here we have derived it from superfield supergravity and shown its contour integral origin, eq. (3.3), for the first time.

A curious feature of the reduced chiral superfield (3.10) is that it can be rewritten in a more elegant and compact form W = − G 8 (D̄_{ij} + 4S̄_{ij} ) ( G^{ij} G^2 ) . (3.12)

Its rigid supersymmetric version appeared in our recent work on N = 2 supercurrents [34]. It is a laborious task to check that this does indeed match (3.10) in supergravity by straightforwardly applying the properties of the tensor multiplet. We will demonstrate the equivalence of (3.12) to (3.10) via an indirect route, through the use of super-Weyl transformations [14, 3]. Using the representation (3.12), it is easy to show that the super-Weyl transformation law of W coincides with that of the vector multiplet field strength.

3.2 Super-Weyl gauge fixing with a tensor multiplet

Within Howe’s formulation for N = 2 conformal supergravity [14], the super-Weyl transformation law of the spinor covariant derivatives is δD^i_α = 1 2 σD^i_α + 2(D^{γi}σ)M_{γα} − 2(D_{αk}σ)J^{ki} − 1 2 (D^i_ασ) J , (3.13a) δD̄_{α̇i} = 1 2 σD̄_{α̇i} + 2(D̄^{γ̇}_i σ)M̄_{γ̇α̇} + 2(D̄^k_{α̇}σ)J_{ki} + 1 2 (D̄_{α̇i}σ) J , (3.13b)

where the transformation parameter σ is real unconstrained, and M_{αβ} , J_{ij} and J denote the Lorentz, SU(2)_R and U(1)_R generators respectively, see [3] and Appendix A for more details. The super-Weyl transformations of the torsion and the curvature are given in [3]. The field strengths of the vector multiplet W and the tensor multiplet G^{ij} transform as primary fields,

δ_σ W = σW , (3.14a) δ_σG^{ij} = 2σG^{ij} . (3.14b)

The composite reduced chiral superfield (3.12) transforms as the vector multiplet field strength.

In N = 2 supergravity, one of the two conformal compensators is usually a vector multiplet W (see, e.g., [31] for more details), W ≠ 0. Usually, the super-Weyl invariance is fixed by imposing a condition on W . Specifically, one may use the super-Weyl and local U(1)_R freedom to impose the gauge condition

W = 1 . (3.15)

This amounts to switching off the spinor U(1)_R connections, Φ^i_α = Φ^{α̇}_i = 0 , (3.16) along with certain restrictions [14, 3] on the torsion, namely G^{ij}_{αβ̇} = 0 , S^{ij} = S̄^{ij} , (3.17) as well as identifying the torsion G_α˙_β with the U(1)_R vector connection G_α˙_β = Φ_α˙_β . (3.18) If the second conformal compensator is a tensor multiplet G^{ij} , with G^2 ≠ 0, we may instead choose this multiplet to fix the super-Weyl gauge freedom. Specifically, we may use the super-Weyl gauge freedom to impose the condition G^2 = 1 2 G^{ij}G_{ij} = 1 . (3.19) This fixes G^{ij} to be a unit isovector subject to the tensor multiplet constraints (1.6). Actually, these constraints are sufficient to enforce that G^{ij} is covariantly chiral and antichiral. To prove the former, note that (1.6) is equivalent to D^i_αG_{jk} = 2 3 δ^i_{(j} D^mG_{k)m} . (3.20) It follows that G_{ij}D^j_αG^2 = G_{ij} G^{kl}D^j_αG_{kl} = 2 3 G^2 D^j_αG_{ji} . (3.21) When we set G^2 = 1, (3.21) must vanish, which in turn implies that (3.20) must vanish as well. Because G^{ij} is real, we may conclude that it must be both chiral and antichiral in this gauge.

These conditions have a number of interesting consequences for the superspace geometry. In accordance with (A.3a), the consistency condition for G^{ij} being chiral reads 0 = {D^i_α, D^j_β}G^{kl} = 2ϵ_{αβ}ϵ^{ij} S^{mn}J_{mn}G^{kl} + 4Y_{αβ}J^{ij} G^{kl} . (3.22) This condition and its conjugate imply Y_{αβ} = 0 , Ȳ_{α̇}˙_β = 0 ; (3.23) S^{ij} ∝ G^{ij} , S̄^{ij} ∝ G^{ij} . (3.24)

Because Y_{αβ} vanishes, S^{ij} is now completely antichiral D^k_αS^{ij} = 0 , (3.25) due to the dimension-3/2 Bianchi identities (A.9). We conclude that S^{ij} = −ϕ̄ G^{ij} , S̄^{ij} = −ϕ G^{ij} , (3.26) where ϕ is some chiral scalar.

Furthermore, in accordance with eq. (A.3b), the consistency condition for G^{ij} being both chiral and antichiral reads

0 = {D^i_α, D̄˙_{βj}}G^{kl} = −2iδ^i_j D_α˙_β G^{kl} + 8G_α˙_βJ^i_j G^{kl} − 4iδ^i_j G^{mn}_{αβ̇} J_{mn}G^{kl} . (3.27) This implies G_{αα̇} = 0 , (3.28) as well as D_{αα̇}G^{ij} = 4G^{k(i}_{αα̇}G^{j)}_k . (3.29) This last condition is quite interesting. If we now use the SU(2)_R gauge freedom to fix G^{ij} to a constant unit isovector, we find −2Φ_{αα̇}^{k(i}G^{j)}_k = 4G^{k(i}_{αα̇}G^{j)}_k (3.30) which implies that the vector SU(2)_R connection is −2G^{ij}_{αα̇} up to terms which are proportional to G^{ij} .

Thus we have some rather interesting structure.^1 Imposing the super-Weyl gauge (3.19) eliminates G_{αα̇} and Y_{αβ}, as well as implying the relation (3.26) for chiral ϕ. In fact, the field ϕ is actually reduced chiral. Making use of the algebra of covariant derivatives as well as the dimension-3/2 Bianchi identities (A.9), one may show that (in this gauge) D_{ij}S̄^{kl} − D̄_{ij}S^{kl} = −4S_{ij}S̄^{kl} + 4S^{kl}S̄_{ij} . (3.31) Contracting with G_{kl}/2 gives D_{ij}ϕ − D̄_{ij}ϕ̄ = −4S_{ij} ϕ + 4S̄_{ij}ϕ̄ (3.32)

1An analogue of the super-Weyl gauge (3.19) naturally occurs in N = 3 and N = 4 supergravity in three dimensions [35]. Implications of such a gauge fixing are highly nontrivial in the case of N = 4 supergravity.

which shows ϕ to indeed be reduced chiral.

This formulation allows us to show that (3.12) is indeed (3.10) and that this is reduced chiral. Equality follows since both expressions have identical super-Weyl transformation properties and reduce in the gauge G^2 = 1 to W = − 1 2 S̄_{ij} G^{ij} = ϕ . (3.33)

Moreover, since ϕ is reduced chiral, both (3.10) and (3.12) must be as well, since W changes as a primary field under the super-Weyl transformations,

δ_σW = σW . (3.34)

4 Self-interacting tensor multiplets

The improved tensor multiplet is the unique super-Weyl invariant action available which involves a single tensor multiplet. In the case of several tensor multiplets G^{++}_A , we can consider a locally supersymmetric and super-Weyl invariant action generated by the Lagrangian

L^{++} = G^{++}_A F^A(G^{++}_B ) , (4.1)

where F^A is a homogeneous function of degree zero, F^A(c G^{++}_B ) = F^A(G^{++}_B ). This Lagrangian is simply a superposition of several terms of the form (2.4). Associated with this Lagrangian are reduced chiral superfields

W^A = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) F^A(G^{++}_B ) . (4.2)

Evaluating the derivatives on F^A is a nearly identical procedure to what we considered in the previous section with a single tensor superfield. It is straightforward to find

W^A = 1 3 F^{A,B}M̄_B + 4 9 F^{A,B,C}_{ij} χ̄^i_Bχ̄^j_C , (4.3) where χ̄^i_B and M̄_B are defined as in (3.6a) and (3.6b), with G^{ij} replaced by G^{ij}_B, and F^{A,B} ≡ 1 8π ∮ C v^idv_i ∂F^A ∂G^{++}_B , (4.4) F^{A,B,C}_{ij} ≡ 1 8π ∮ C v^kdv_k v_iv_j ∂^2F^A ∂G^{++}_B ∂G^{++}_C

. (4.5)

It is worth noting that the second of these expressions can be written as F^{A,B,C}_{ij} = ∂F^{A,B} ∂G^{ij}_C . (4.6)

The reduced chiral superfield (4.3) was first constructed a few years ago by de Wit and Saueressig [30]. They considered F^{A,B} as a general function obeying certain consistency conditions and defined F^{A,B,C}_{ij} via (4.6). Here we will show that their consistency conditions are indeed satisfied by the construction (4.4).

The first set of consistency conditions are F^{A,B,C}_{ij} = F^{A,C,B}_{ij} , ϵ^{jk}F^{A,B,C}_{ij}^D_{kl} = 0 (4.7) and it is very easy to see that these are satisfied by (4.5). The first of them is trivial, while the second follows from F^{A,B,C}_{ij}^D_{kl} = 1 8π ∮ C v^mdv_m v_iv_jv_kv_l ∂^3F^A ∂G^{++}_B ∂G^{++}_C ∂G^{++}_D

(4.8)

and the property that ϵ^{jk}v_jv_k = 0.

The second set of conditions, required for the superconformal case, are^2 F^{A,B,C}_{ik}G^{ki}_C = −F^{A,B} , (4.9) F^{A,B,C}_{k(i}G_C^k_{j)} = 0 . (4.10) The first of these follows from the fact that F^A is a homogeneous function of degree zero and so ∂F^A ∂G^{++}_C G^{++}_C = 0 . (4.11)

Taking a derivative with respect to G^{++}_B , we find ∂^2F^A ∂G^{++}_B ∂G^{++}_C

G^{++}_C = − ∂F^A ∂G^{++}_B . (4.12)

Then (4.9) follows since F^{A,B,C}_{ik}G^{ki}_C = 1 8π ∮ C v^kdv_k G^{++}_C

∂^2F^A ∂G^{++}_B ∂G^{++}_C

= −F^{A,B} (4.13)

2These were originally written in [30] as a single equation, but here we will consider them separately.

using (4.12). To prove (4.10) is a little trickier. One may begin by introducing a fixed isotwistor u_i and writing the condition as u^iu^jF^{A,B,C}_{ki}G_C^k_j = 0. Then we note that u^iu^jF^{A,B,C}_{ki}G_C^k_j = 1 8π ∮ C v^kdv_k u^iu^jv_iv_kG_C^k_j

∂^2F^A ∂G^{++}_B ∂G^{++}_C = 1 8π ∮ C v^kdv_k (v, u)^2 G^{+−}_C

∂^2F^A ∂G^{++}_B ∂G^{++}_C = 1 16π ∮ C v^kdv_k ∂^{−−} ( (v, u)^2 ∂F^A ∂G^{++}_B ) (4.14)

The right-hand side is a total contour derivative and so it must vanish, which implies (4.10).

5 Adding O(2n) multiplets

In this section we construct reduced chiral multiplets out of O(2n) multiplets.

5.1 The case of a single O(2n) multiplet

We consider next a more general projective Lagrangian of the form

L^{++} =

Q^{(2n)} (G^{++})^{n−1}

= G^{++}

Q^{(2n)} (G^{++})^n

. (5.1)

where Q^{(2n)} is a real covariant O(2n) multiplet [3] having the functional form Q^{(2n)} = Q^{i1···i2n} v_{i1} · · · v_{i2n} , (Q^{i1···i2n} )^∗ = Q_{i1···i2n} (5.2) and obeying the analyticity constraints

D^+_α Q^{(2n)} = D^+_{α̇} Q^{(2n)} = 0 . (5.3)

We note that Q^{(2)} ≡ Q^{++} is a tensor multiplet.

The reduced chiral superfield which we construct from (5.1) is

W_n = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) ( Q(2n) (G^{++})^n ) . (5.4)

Expanding this out gives

W_n = 1 8π ∮ C v^idv_i { (D̄^−)^2Q^{(2n)} (G^{++})^n − 2n D̄^−_{α̇} Q(2n)D̄α̇−G++ (G^{++})^{n+1} − nQ^{(2n)} (D̄^−)^2G^{(2)} (G^{++})^{n+1}

+ n(n + 1)Q^{(2n)} D̄^−_{α̇} G++D̄α̇−G++ (G^{++})^{n+2} + 4S̄^{−−} Q^{(2n)} (G^{++})^n } . (5.5)

As before, it turns out that all of the explicit u-dependence in this expression can be removed using the analyticity properties. For a general O(2n) multiplet, it is a straightforward exercise to show that

D̄^−_{α̇} Q^{(2n)} = 2n 2n + 1 η̄^{(2n−1)} α̇ , (5.6a)

(D̄^−)^2Q^{(2n)} + 8nS^{−−}Q^{(2n)} − 4S^{−+}∂^{−−}Q^{(2n)} = ( 2n − 1 2n + 1 ) H̄^{(2n−2)} , (5.6b)

where

η̄^{α̇(2n−1)} := D̄^{α̇}_k Q^{k i1···i2n−1} v_{i1} · · · v_{i2n−1} , (5.7a) H̄^{(2n−2)} := (D̄_{jk} + 4(2n + 1)S̄_{jk}) Q^{jk i}1^{···i}2n−2 v_{i1} · · · v_{i2n−2} . (5.7b)

These are, of course, generalizations of equations in subsection 3.1 involving the O(2) multiplet G^{++}. We will need those other results, too. Applying these relations, we find W_n = 1 8π ∮ C v^idv_i { 2n − 1 2n + 1 H̄(2n−2) (G^{++})^n − 8n^2 3(2n + 1) η̄^{(2n−1)}χ̄^+ (G^{++})^{n+1} − n 3 M̄ Q^{(2n)} (G^{++})^{n+1} + 4n(n + 1) 9 Q^{(2n)} χ̄^+χ̄^+ (G^{++})^{n+2} } , (5.8)

where we have again eliminated a total derivative term − 1 8π ∮ C v^idv_i ∂^{−−} ( 4S^{−+} Q^{(2n)} (G^{++})^n ) = 0 . (5.9)

Now we apply eq. (D.20) to each of the four terms in (5.8). The result is a rather unwieldy expression:

W_n = −

(2n)!

2^{2n+1} (n!)^2 { n 2(2n + 1) H̄i1···i2n−2 G_{(i1i2} · · · G_{i2n−3i2n−2)} G^{2n−1} − 2n^2 3(2n + 1) η̄^{i1···i2n−1}χ̄^{i2n} G_{(i1i2} · · · G_{i2n−1i2n)} G^{2n+1} − n 12 M̄Qi1···i2n G_{(i1i2} · · · G_{i2n−1 i2n)} G^{2n+1} + n(2n + 1) 18 Q^{i1···i2n}χ̄^{i2n+1}χ̄^{i2n+2} G_{(i1i2} · · · G_{i2n+1i2n+2)} G^{2n+3} } . (5.10)

However, as with the improved tensor action, there is a simpler, more compact expression which is equivalent to this one:

W_n = −

(2n)!

2^{2n+2} (n + 1)!(n − 1)!

G (D̄_{ij} + 4S̄_{ij} )R^{ij}_n , (5.11) where R^{ij}_n = ( δ^{ij}_{kl} − 1 2G^2 G^{ij} G_{kl} ) Q^{kl i1···i2n−2} G_{i1i2} · · · G_{i2n−3 i2n−2} G^{−2n} . (5.12) The expression for W_n has an overall structure quite similar to the improved tensor action result (3.12), except the argument R^{ij}_n of the derivative is much more complicated.

Thankfully, many of these complications may be easily understood. The factor in parentheses in (5.12) is simply an orthogonal projector on the ij indices; it ensures in particular that if we choose Q^{(2n)} = (G^{++})^n, we get W_n = 0, which follows trivially from the contour integration. Furthermore, a nontrivial check on the combinatoric factors of (5.11) can be made by considering the replacement Q^{(2n)} → Q^{(2n−2)}G^{++}, under which we ought to find W_n → W_{n−1} . (This is obvious by considering the original expression (5.4) for W_n .) This is a straightforward combinatoric exercise, the most difficult step of which is to make the replacement in (5.12) of Q^{kl i1···i2n−2} with G^{kl}Q^{i1···i2n−2} 2n^2 − n + 2n − 2 2n^2 − n ( G^{k(i2n−2} Q^{i1···i2n−3) l} + G^{l(i2n−2} Q^{i1···i2n−3 ) k} )

+ (n − 1)(2n − 3) 2n^2 − n G^{(i2n−3 i2n−2} Q^{i1···i2n−4) kl} . (5.13) The first term vanishes when contracted with the orthogonal projector. The second and third terms, when contracted with G_{(i1i2} · · · G_{i2n−3i2n−2 )}G^{−2n} sum to

2(n^2 − 1) 2n^2 − n Q^{kl i1···i2n−4} G_{(i1i2} · · · G_{i2n−5i2n−4 )}G^{−2(n−1)} (5.14) the numeric prefactor of which is exactly right to convert the expression for W_n to that of W_{n−1} .

Our O(2n) multiplet Q^{(2n)} may be an independent dynamical variable. If n > 1, it may be chosen instead to be a composite field. For instance, we can choose Q^{(2n)} = Q^{(2m)}_1 Q^{(2n−2m)}

2 , with Q^{(2m)}_1 and Q^{(2n−2m)}_2 being O(2m) and O(2n − 2m) multiplets respectively, m = 1, . . . , n − 1. Another option is to realize Q(2n) as a product of n tensor multiplets H^{++}_A ,

Q^{(2n)} = H^{++}_1 . . . H^{++}_n . (5.15)

In the case n = 2 choosing Q^{(4)} = (H^{++})^2 leads to the Lagrangian

L^{++} =

(H^{++})^2 G^{++}

(5.16) which is a curved-superspace version of that proposed in [36, 37] to describe the classical universal hypermultiplet [38]. Using that result, we have 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} )(H ++ G^{++}

)_2 = − G 16 (D̄_{ij} + 4S̄_{ij})R^{ij}_2 , (5.17)

where

R^{ij}_2 = 1 G^4 ( δ^{ij}_{kl} − 1 2G^2 G^{ij} G_{kl} ) H^{(kl}H^{mn)}G_{mn} . (5.18)

In the simplest case case n = 1, Q^{(2)} ≡ H^{++} we get

W_1 = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} )H ++ G^{++} = − G 16 (D̄_{ij} + 4S̄_{ij})R^{ij}_1 , (5.19)

where

R^{ij}_1 = 1 G^2 ( H^{ij} − G^{ij} G · H G^2 ) , G · H := 1 2 G^{kl}H_{kl} . (5.20)

The reduced chiral scalar W_1 is such that ∫ d^4x d^4θ E ΨW_1 + c.c. = 0 , (5.21)

as a consequence of the identity (see eq. (4.61) in [9]) ∮ C v^idv_i ∫ d^4x d^4θ d^4θ̄ E W W̄ (Σ^{++})^2

H^{++} = 0 . (5.22)

5.2 Generalization to several O(2n) multiplets

We consider next a more general projective Lagrangian constructed out of a set of O(2n_A) multiplets Q^{(2nA)}_A and at least one tensor multiplet G^{++}, specifically

L^{++} = G^{++}F(Q^{(2nA)}_A ) . (5.23)

The function F is required to be a homogeneous function of degree zero in v^i; this implies

F(c^{nA} Q^{(2nA)}_A ) = F(Q^{(2nA)}_A ) . (5.24)

This construction is a generalization of that presented in Section 4, which involved only O(2) multiplets.^3

3In Section 4, an index A was placed on the function F and the tensor multiplet G^{++} in the corresponding construction (4.1) to match the notation in [30]. Here we leave such an index off and consider only a single function F for simplicity.

The reduced chiral superfield which we construct from (5.23) is W = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) F(Q^{(2nA)}_A ) . (5.25)

Expanding this out and applying (5.7a) and (5.7b) gives W = 2n_B − 1 2n_B + 1 F^A_{i1···i2nA−2}H̄^{i1···i2nA−2} A + ( 2n_A 2n_A + 1 ) ( 2n_B 2n_B + 1 ) F^{AB}_{i1···i2(nA+nB −1)} η̄^{i1···i2nA−1} A η̄^{i2nA ···i2(nA+nB −1)} B (5.26)

where F^A_{i1···i2nA−2} := 1 8π ∮ C v^kdv_k ∂F ∂Q^{(2nA )}_A v_{i1} · · · v_{i2nA−2} , (5.27) F^{AB}_{i1···i2(nA+nB −1)} := 1 8π ∮ C v^kdv_k ∂^2F ∂Q^{(2nA )}_A ∂Q^{(2nB )}_B v_{i1} · · · v_{i2(nA+nB −1)} (5.28)

are both totally symmetric in their isospin indices, and η̄_A and H̄_A are as defined in (5.7a) and (5.7b) respectively, with Q replaced by Q_A. It is worth noting that the second of these expressions can be written F^{AB}_{i1···i2nA−2 j1···j2nB} = ∂F^A_{i1···i2nA−2} ∂Q^{j1···j2nB} B . (5.29)

6 Discussion

In this paper we have proposed a construction to generate reduced chiral superfields from covariant projective multiplets, including tensor multiplets, O(2n) multiplets, etc. It is given by the relation (2.11). In conjunction with the standard construction to derive N = 2 linear multiplets from vector ones, eq. (1.9), we are now able to generate nontrivial higher derivative couplings. For simplicity, we illustrate the idea by considering models with vector and tensor multiplets.

We can start from a system of tensor multiplets G^{++}_A , where A = 1, . . . , n, and introduce a function F_{tensor}(G^{++}_A ) which is homogeneous of degree zero,

G^{++}_A ∂ ∂G^{++}_A F_{tensor} = 0 . (6.1)

Then the following superfield W = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) F_{tensor}(G^{++}_A ) (6.2) is reduced chiral, in accordance with the consideration in section 2.

As a next step, we consider two types of reduced chiral superfields W_I and W_Î . Here W_I is the field strength of a physical vector multiplet, while W_Î is a composite field strength of the form (6.2). We introduce a function F_{chiral}(W_I , W_Ĵ ) which is homogeneous of degree one ( W^I ∂ ∂W^I + W_Ĵ ∂ ∂W_Ĵ ) F_{chiral} = F_{chiral} (6.3)

Then the superfield

G^{++} = 1 4 ( (D^+)^2 + 4S^{++} ) F_{chiral}(W_I , W_Ĵ ) + c.c. (6.4)

is an O(2) multiplet.

Now, the two procedures described can be repeated. We can consider two types of O(2) multiplets, tensor multiplets G^{++}_A and composite ones G^{++}_{B̂} by the rule (6.4). We next pick a function of these multiplets, F_{O(2)}(G^{++}_A , G^{++}_{B̂} ), which is homogeneous of degree zero, ( G^{++}_A ∂ ∂G^{++}_A + G^{++}_{B̂} ∂ ∂G^{++}_{B̂} ) F_{O(2)} = 0 . (6.5)

Using this function, we generate the following reduced chiral superfield W = 1 8π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} ) F_{O(2)}(G^{++}_A , G^{++}_{B̂} ) . (6.6)

Next, we can make use of this reduced scalar to derive new linear multiplets, and so on and so forth.

Each of the two constructions employed adds two spinor derivatives (or one vector derivative). This differs from a more traditional way (see, e.g., [11] and references therein) to generate higher derivative structures using the chiral projection operator Δ̄, eq. (B.4). We recall that given a scalar, isoscalar and U(1)_R-neutral superfield U(z), which is inert under the super-Weyl transformations, its descendant Δ̄U has the properties

JΔ̄U = −4Δ̄U , D̄^{α̇}_i Δ̄U = 0 , δ_σΔ̄U = 2σΔ̄U , (6.7)

where δ_σΔ̄U denotes the super-Weyl variation of Δ̄U. Given a vector multiplet W such that W is nowhere vanishing, we can define the chiral scalar W^{−2}Δ̄U which is neutral under the local U(1)_R and the super-Weyl transformations. The latter superfield can be used to construct an antichiral superfield of the form W̄^{−2}Δ(W^{−2}Δ̄U), which is neutral under the local U(1)_R and the super-Weyl transformations, and so on and so forth.^4

Using these chiral operators, one may construct higher derivative actions involving chiral Lagrangians. However, it is usually possible to convert the chiral Lagrangian, which involves an integral over the chiral subspace, into an integral over the whole superspace by eliminating one of the chiral projection operators. Schematically, if L_c = ΦΔ̄U for some chiral superfield Φ and a well-defined local and gauge-invariant operator^5U, then ∫ d^4x d^4θ E ΦΔ̄U = ∫ d^4x d^4θ d^4θ̄ E Φ U . (6.8)

Thus, higher derivative actions of this type are invariably most naturally written as integrals over the entire superspace and are not intrinsically chiral. This has important ramifications for perturbative calculations, where non-renormalization theorems place strong restrictions on intrinsic chiral Lagrangians.

The constructions we are considering are interesting partly because they are higher derivative terms which cannot be written as full superspace integrals, at least not without introducing prepotentials. As an example, let us choose the Lagrangian L^{++} in (2.2) as L^{++} = G^{++} F_{O(2)}(G^{++}_A , G^{++}_{B̂} ), where G^{++} is given by eq. (6.4). Upon integration by parts we get I = 1 2π ∮ C v^idv_i ∫ d^4x d^4θ d^4θ̄ E W̄ Σ^{++}

Ω , (6.9)

where we have defined the composite Lagrangian

Ω(W_I , W_Ĵ , G^{++}_A , G^{++}_{B̂} ) := F_{chiral}(W_I , W_Ĵ )F_{O(2)}(G^{++}_A , G^{++}_{B̂} ) . (6.10)

The specific feature of this Lagrangian is that it obeys the single constraint

D̄^+_{α̇} Ω = 0 . (6.11)

Although we have written (6.9) as an integral over the full superspace, this is really the locally supersymmetric generalization^6 of the globally supersymmetric action

I_{rigid} = − 1 8π ∮ C v^idv_i ∫ d^4x (D̄^−)^2D^4 Ω , D̄^+_{α̇} Ω = 0 , (6.12)

4This is a generalization of the construction [39] of rigid superconformal invariants containing F^n, with F the electromagnetic field strength.

5It is important to assume that U is a well-defined local and gauge-invariant operator and not, for example, a prepotential; else, any chiral action may be rewritten as an integral over the full superspace in this way.

6This way of writing Lagrangians over subspaces in terms of the full superspace is familiar from

where the spinor derivatives may be understood as arising from an integration over six Grassmann coordinates. For a large class of such Lagrangians, this action cannot be rewritten as an integral over the whole superspace of eight Grassmann coordinates without the introduction of prepotentials. As with N = 1 theories, this has implications for non-renormalization theorems.

We should point out that special holomorphic three-derivative contributions to N = 2 supersymmetric Yang-Mills effective actions, which are given as an integral over 3/4 of superspace, have been discussed in the literature [43].

The results of this paper allow us to obtain a simple form for the projectivesuperspace action [2] of the minimal formulation for N = 2 Poincaré supergravity with vector and tensor compensators [31]. Using the techniques developed, the gaugeinvariant supergravity action can be written as

S_{SUGRA} = 1 κ^2 ∫ d^4x d^4θ E { ΨW − 1 4 W^2 + mΨW } + c.c. = 1 κ^2 ∫ d^4x d^4θ E { ΨW − 1 4 W^2 } + c.c. + m κ^2 ∫ d^4x d^4θ d^4θ̄ E G^{ij}V_{ij} ,(6.13) W := − G 8 (D̄_{ij} + 4S̄_{ij} ) ( G^{ij} G^2 ) , where κ is the gravitational constant, m the cosmological constant, W is given by eq. (3.12), and V_{ij} is the Mezincescu prepotential (E.7). Within the projectivesuperspace approach of [1, 2, 3], this action is equivalently given by (2.2) with the following Lagrangian

κ^2 L^{++}_{SUGRA} = G^{++} ln

G^{++} iΥ^+Ῠ^+ − 1 2 V Σ^{++} + mV G^{++} , (6.14)

with V the tropical prepotential for the vector multiplet, and Υ^+ a weight-one arctic multiplet (both Υ^+ and its smile-conjugate Ῠ^+ are pure gauge degrees of freedom). The first term in the right-hand side of (6.14) is (modulo sign) the locally supersymmetric version of the projective-superspace Lagrangian for the improved tensor multiplet constructed in [5]. The fact that the vector and the tensor multiplets are compensators means that their field strengths W and G^{ij} should possess non-vanishing expectation values, that is W ≠ 0 and G ≡

√_1 2 G^{ij}G_{ij} ≠ 0. These

N = 1 superspace, where there are two ways to write chiral actions, either as an integral over the chiral subspace [40], ∫ d^4x d^2θ E L_c, or as an integral over the full superspace [41, 42], ∫ d^4x d^2θ d^2θ̄^E_R L_c.

Eq. (6.9) is analogous to the second of these forms, and so is the projective action (2.2). The locally supersymmetric version of (6.12), analogous to the first form, has not yet been written down within the approach of [1, 2, 3].

conditions are consistent with the equations of motion for the gravitational superfield (see [34] for a recent discussion)

G − W W̄ = 0 . (6.15)

The equations of motion for the compensators are

Σ^{++} − mG^{++} = 0 , (6.16a) W + mW = 0 . (6.16b)

A remarkable feature of the supergravity action (6.13) is that its reduction to component fields can readily be carried out using the technique developed in [44].

If the multiplet of conformal supergravity is considered as a curved superspace background, the action (6.13) describes (modulo sign) a massive vector multiplet or a massive tensor multiplet [2]. The rigid superspace limit of (6.13) was introduced for the first time by Lindström and Roček using N = 1 superfields [32]. Their construction was immediately generalized to N = 2 superspace [27] as a simple extension (D̄_{ij}G^{ij} → W ) of the massive N = 2 tensor multiplet model proposed earlier by Howe, Stelle and Townsend [20]. More variant models for massive N = 2 tensor multiplets can be found in [45] .

The super-Weyl gauge freedom of (6.13) can used to fix G = 1. The geometric implications of such a gauge fixing have been spelled out in subsection 3.2. Since W ≠ 0, the local U(1)_R freedom allows us to impose the gauge W − W̄ = 0.

The supergravity theory with Lagrangian (6.14) possesses a dual formulation described solely in terms of a chiral scalar Ψ and its conjugate Ψ̄ [2]. Using the techniques developed in the present paper, the dual formulation can be written as

S_{SUGRA} = 1 κ^2 ∫ d^4x d^4θ E { ΨW + 1 4 μ(μ + ie)Ψ^2 } + c.c. , (6.17)

where m^2 = μ^2 + e^2, with μ ≠ 0. Here Ψ and its conjugate Ψ̄ are the only conformal compensators. The action is super-Weyl invariant, with Ψ transforming as

δ_σΨ = σΨ , (6.18)

in spite of the presence of the mass term. Unlike common wisdom, we see that N = 2 Poincaré supergravity can be realized without a compensating vector multiplet.^7

7The vector multiplet has been eaten up by the tensor multiplet which is now massive. The vector compensator acts as a Stückelberg field to give mass to the tensor multiplet. This is an example of the phenomenon observed originally in [46] and studied in detail in [47, 48, 49, 50, 51, 45, 2, 52].

The complex mass parameter in (6.17) can be interpreted to have both electric and magnetic contributions which are associated with the two possible mass terms B ∧^∗B and B ∧ B for the component two-form B (see, e.g, [49] for a pedagogical discussion).

The action (6.17) leads to the following equation of motion for Ψ W + 1 2 μ(μ + ie)Ψ = 0 . (6.19)

Provided eq. (6.19) holds, the equation of motion for the gravitational superfield is

G − μ^2ΨΨ̄ = 0 , (6.20)

compare with (6.16b). The latter implies that Ψ is nowhere vanishing on-shell. We therefore are allowed to impose the super-Weyl gauge G = 1 and fix the local U(1)_R symmetry as Ψ − Ψ̄ = 0.

Acknowledgements:

Discussions with Gabriele Tartaglino-Mazzucchelli are gratefully acknowledged. This work is supported in part by the Australian Research Council and by a UWA Research Development Award.

A Geometry of conformal supergravity

This section is taken essentially verbatim from [3].

We give a summary of the superspace geometry for N = 2 conformal supergravity which was originally introduced in [14], as a generalization of [17], and later elaborated in [3]. A curved four-dimensional N = 2 superspace M^{4|8} is parametrized by local coordinates z^M = (x^m, θ^μ_ı , θ̄^ı_{μ̇}), where m = 0, 1, · · · , 3, μ = 1, 2, μ̇ = 1, 2 and ı = 1, 2. The Grassmann variables θ^μ_ı and θ̄^ı_{μ̇} are related to each other by complex conjugation: θ^μı = θ̄^{μ̇ı}. The structure group is SL(2, C ) × SU(2)_R × U(1)_R, with M_{ab} = −M_{ba}, J_{ij} = J_{ji} and J be the corresponding Lorentz, SU(2)_R and U(1)_R generators. The covariant derivatives D_A = (D_a, D^i_α, D̄^{α̇}_i ) ≡ (D_a, D_α, D̄^{α̇}) have the form

D_A = E_A + 1 2 Ω_A^{bc} M_{bc} + Φ^{kl}_A J_{kl} + i Φ_A J

= E_A + Ω_A^{βγ} M_{βγ} + Ω_A^{β̇γ̇} M̄˙_{βγ̇} + Φ^{kl}_A J_{kl} + i Φ_A J . (A.1)

Here E_A = E_A^M ∂_M is the supervielbein, with ∂_M = ∂/∂z^M , Ω_A^{bc} is the Lorentz connection, Φ_A^{kl} and Φ_A are the SU(2)_R and U(1)_R connections, respectively.

The Lorentz generators with vector indices (M_{ab}) and spinor indices (M_{αβ} = M_{βα} and M̄_{α̇}˙_β = M̄˙_{βα̇}) are related to each other by the standard rule:

M_{ab} = (σ_{ab})^{αβ}M_{αβ} − (σ̃_{ab})^{α̇β̇}M̄_{α̇}˙_β , M_{αβ} = 1 2 (σ^{ab})_{αβ}M_{ab} , M̄_{α̇}˙_β = − 1 2 (σ̃^{ab})_{α̇}˙_βM_{ab} .

The generators of the structure group act on the spinor covariant derivatives as follows:^8

[M_{αβ} , D^i_γ ] = ε_{γ(α}D^i_{β)} , [M̄_{α̇}˙_β , D̄^i_{γ̇} ] = ε_{γ̇(α̇}D̄^i_{β̇)} , [J_{kl}, D^i_α] = −δ^i_{(k}D_{αl)} , [J_{kl}, D̄^{α̇}_i ] = −ε_{i(k}D̄^{α̇}_{l)} , [J, D^i_α] = D^i_α , [J, D̄^{α̇}_i ] = −D̄^{α̇}_i , (A.2)

Our notation and conventions correspond to [53].

The covariant derivatives obey the algebra {D^i_α, D^j_β} = 4S^{ij}M_{αβ} + 2ε^{ij}ε_{αβ}Y^{γδ}M_{γδ} + 2ε^{ij}ε_{αβ}W̄^{γ̇δ̇}M̄_{γ̇}˙_δ +2ε_{αβ}ε^{ij}S^{kl}J_{kl} + 4Y_{αβ}J^{ij} , (A.3a) {D^i_α, D̄^{β̇}_j } = −2iδ^i_j(σ^c)_α^{β̇}D_c + 4 ( δ^i_jG^{δβ̇} + iG^{δβ̇i}_j ) M_{αδ} + 4 ( δ^i_jG_{αγ̇} + iG_{αγ̇}^i_j )¯ M^{γ̇β̇} +8G_α^{β̇}J^i_j − 4iδ^i_jG_α^{β̇kl}J_{kl} − 2 ( δ^i_j G_α^{β̇} + iG_α^{β̇i}_j ) J , (A.3b) [D_a, D^j_β] = −i(σ̃_a)^{α̇γ} ( δ^j_kG_{βα̇} + iG_{βα̇}^j_k ) D^k_γ + i 2 ( (σ_a)_{βγ̇} S^{jk} − ε^{jk}(σ_a)_β^{δ̇}W̄˙_{δγ̇} − ε^{jk}(σ_a)^α_{γ̇} Y_{αβ} ) D̄^{γ̇}_k + 1 2 R_a^j_β^{cd}M_{cd} + R_a^j_β^{kl}J_{kl} + iR_a^j_β J . (A.3c)

Here the dimension-1 components of the torsion obey the symmetry properties S^{ij} = S^{ji} , Y_{αβ} = Y_{βα} , W_{αβ} = W_{βα} , G_{αα̇}^{ij} = G_{αα̇}^{ji} (A.4) and the reality conditions

S^{ij} = S̄_{ij} , W_{αβ} = W̄_{α̇}˙_β , Y_{αβ} = Ȳ_{α̇}˙_β , G_{βα̇} = G_α˙_β , G_{βα̇}^{ij} = G_α˙_{βij} . (A.5)

The U(1)_R charges of the complex fields are: J S^{ij} = 2S^{ij} , J Y_{αβ} = 2Y_{αβ} , J W_{αβ} = −2W_{αβ} , J W = −2W . (A.6) 8The (anti)symmetrization of n indices is defined to include a factor of (n!)^{−1}.

The dimension-3/2 components of the curvature appearing in (A.3c) have the following explicit form:

R_a^j_{βcd} = −i(σ_d)_β^{δ̇}T_{ac}^j_{δ̇} + i(σ_a)_β^{δ̇}T_{cd}^j_{δ̇} − i(σ_c)_β^{δ̇}T_{da}^j_{δ̇} , (A.7a)

R_{αα̇}^j_β^{kl} = −iε^{j(k}D̄^{l)}_{α̇} Y_{αβ} − iε_{αβ}ε^{j(k}D̄^{δ̇l)}W̄_{α̇}˙_δ − i 3 ε_{αβ}ε^{j(k}D̄_{α̇q}S^{l)q} + 4 3 ε^{j(k}D_{(αq}G_{β)α̇}^{l)q} + 2 3 ε_{αβ}ε^{j(k}D^δ_q G_{δα̇}^{l)q} , (A.7b)

R_{αα̇}^j_β = −D^j_β G_{αα̇} + i 3 D_{(αk}G_{β)α̇}^{jk} + i 2 ε_{αβ}D^γ_k G_{γα̇}^{jk} . (A.7c)

The right-hand side of (A.7a) involves the dimension-3/2 components of the torsion which are expressed in terms of the dimension-1 tensors as follows:

T_{ab}^k_{γ̇} ≡ (σ_{ab})^{αβ} T_{αβ}^k_{γ̇} − (σ̃_{ab})^{α̇β̇}T_{α̇}˙_β^k_{γ̇} , (A.8a)

T_{αβ}^k_{γ̇} = − 1 4 D̄^k_{γ̇} Y_{αβ} + i 3 D^l_{(α}G_{β)γ̇}^k_l , (A.8b)

T_{α̇}˙_β^k_{γ̇} = − 1 4 D̄^k_{γ̇}W̄_{α̇β̇} − 1 6 ε_{γ̇(α̇}D̄˙_{β)l}S^{kl} − i 3 ε_{γ̇(α̇}D^δ_q G_δ˙_{β)}^{kq} . (A.8c)

The dimension-3/2 Bianchi identities are:

D^{(i}_α S^{jk)} = 0 , D̄^{(i}_{α̇} S^{jk)} = iD^{β(i}G_{βα̇}^{jk)} , (A.9a) D^i_αW̄˙_{βγ̇} = 0 , (A.9b) D^i_{(α}Y_{βγ)} = 0 , D^i_αS_{ij} + D^β_j Y_{βα} = 0 , (A.9c) D^{(i}_{(α}G_{β)}˙_β^{jk)} = 0 , (A.9d)

D^i_αG_β˙_β = − 1 4 D̄^i_{β̇}Y_{αβ} + 1 12 ε_{αβ}D̄˙_{βj}S^{ij} − 1 4 ε_{αβ}D̄^{γ̇i}W̄_{γ̇}˙_β − i 3 ε_{αβ} D^γ_j G_γ˙_β^{ij} .(A.9e)

B Chiral projection operator

Actions in N = 2 supergravity may be constructed from integrals over the full superspace ∫ d^4x d^4θ d^4θ̄ E L (B.1)

or integrals over a chiral subspace ∫ d^4x d^4θ E L_c , D̄^{α̇}_i L_c = 0 (B.2) with E the chiral density. Just as in N = 1 superspace, actions of the former type may be rewritten as the latter using a covariant chiral projection operator Δ̄ [18], ∫ d^4x d^4θ d^4θ̄ E L = ∫ d^4x d^4θ E Δ̄L . (B.3)

The covariant chiral projection operator is defined as

Δ̄ = 1 96 ( (D̄^{ij} + 16S̄^{ij})D̄_{ij} − (D̄^{α̇β̇} − 16Ȳ^{α̇β̇})D̄_{α̇}˙_β )

= 1 96 ( D̄_{ij} (D̄^{ij} + 16S̄^{ij}) − D̄_{α̇β̇}(D̄^{α̇β̇} − 16Ȳ^{α̇β̇}) ) . (B.4)

Its fundamental property is that Δ̄U is covariantly chiral, for any scalar, isoscalar and U(1)_R-neutral superfield U(z),

D̄^{α̇}_i Δ̄U = 0 . (B.5)

A detailed derivation of the relation (B.3) can be found in [9].

It follows from the explicit structure of the chiral projection operator that ∫ d^4x d^4θ d^4θ̄ E Φ = 0 , (B.6)

for any covariantly chiral scalar Φ of zero U(1)_R charge, D̄^{α̇}_i Φ = JΦ = 0.

C Isotwistors and projective superspace

In this paper, our isotwistor notation and conventions differ slightly from those adopted in [1, 2, 3], but agree with those used in [54].

Associated with any completely symmetric SU(2) tensor V^{i1···in} = V^{(i1···in)} is a superfield V^{(n)} obeying

V^{(n)} = V^{i1···in} v_{i1} · · · v_{in} , (C.1)

with the (n) superscript referring to the degree of homogeneity in the isotwistor parameter v_i. We often have need to introduce an additional isotwistor u_i, which is linearly independent of v_i

(v, u) = v^ku_k = ϵ^{kj}v_j u_k ≠ 0 (C.2)

in terms of which we may define new isotwistors V^{(n−m,m)} V^{(n−m,m)} = V^{i1···in} v_{i1} · · · v_{in−m} u_{in−m+1} (v, u) · · · u_{in} (v, u) (C.3) with degree n − 2m. For the cases of n = 1 and n = 2, we will use a more compact notation involving + and −:

V^+ = V^iv_i, V^− = V^i u_i (v, u) (C.4)

V^{++} = V^{ij} v_iv_j , V^{+−} = V^{ij} v_i u_j (v, u) , V^{−−} = V^{ij} u_iu_j (v, u)^2 (C.5)

Because the covariant derivatives of N = 2 superspace have isospin indices we may identify

D^+_α = v_iD^i_α , D̄^+_{α̇} = v_iD̄^i_{α̇} (C.6) D^−_α = u_i (v, u) D^i_α , D̄^−_{α̇} = u_i (v, u) D̄^i_{α̇} (C.7)

It will be useful to introduce derivative operations on the isotwistors themselves, ∂^{−−} = 1 (v, u) u^i ∂ ∂v^i , ∂^{++} = (v, u) v_i ∂ ∂u_i (C.8)

which have the properties that ∂^{++}V^{(n−m,m)} = mV^{(n−m+1,m−1)}, ∂^{−−}V^{(n−m,m)} = (n − m)V^{(n−m−1,m+1)} . (C.9) For those knowledgable of harmonic superspace [22], the above definitions will seem familiar. They can be derived from corresponding objects in harmonic superspace by the formal replacements

u^+_i → v_i , u^−_i → u_i (v, u) . (C.10)

The difference from the harmonic superspace definitions is that the isotwistor v^i is not normalized, and u_i is not related to v^i by complex conjugation.

D Contour integrals in C P^1

In this paper, we have need to evaluate contour integrals of the general form

C_n = ∮ C v^idv_i Ω^{(2n−2)} (G^{++})^n

. (D.1)

In this expression Ω^{(2n−2)} is some homogeneous function of degree 2n − 2 in the variable isotwistor v^i, degree zero in the fixed isotwistor u_i, and obeying the analyticity constraints

D^+_α Ω^{(2n−2)} = D^+_{α̇} Ω^{(2n−2)} = 0 . (D.2)

We further assume that the contour encloses a region where the only singularities are those arising from the (G^{++})^n factor in the denominator.

Under these assumptions, the contour may be evaluated using a trick familiar from twistor theory. We write G^{ij} = i ω^{(i}ω̄^{j)} in terms of isotwistors ω^i and ω̄^j. Then

G^2 = 1 2 G^{ij} G_{ij} = 1 4 (ω^jω̄_j)^2 =⇒ G = 1 2 ω^jω̄_j (D.3)

since the reality of G^{ij} implies ω̄_j = (ω^j)^∗. So long as G is nonzero, ω^j and ω̄^j are linearly independent isotwistors, in terms of which the contour integral may be written

C_n = ∮ C v^idv_i (i ω^+ω̄^+)^n

Ω^{(2n−2)} , (D.4)

where

ω^+ = ω^iv_i, ω̄^+ = ω̄^iv_i . (D.5)

The pole in the contour appears when either ω^+ or ω̄^+ vanishes – that is, when either v^i ∝ ω^i or ω̄^i. Because G ≠ 0, these poles are distinct and we can consider their residues separately.

Without loss of generality, we will restrict to the case where the contour encircles ω^i. The nth order pole may be converted to a first order pole using the relation (∂^{−−})^j 1 ω^+ = (−1)^j j!(ω^−)^j (ω^+)^{j+1}

(D.6)

where ∂^{−−} ≡ u^i (v, u) ∂ ∂v^i (D.7) ω^− ≡ ω^iu_i (v, u) (D.8)

and applying integration by parts. To do this, we first rewrite the contour integral using (D.6):

C_n = (−1)^{n−1} (n − 1)! ∮ C v^idv_i 1 (ω^−)^{n−1} ( (∂^{−−})^{n−1} 1 ω^+ ) Ω^{(2n−2)} (i ω̄^+)^n

. (D.9)

Next we would like to flip each of the ∂^{−−} operators off the pole. For this step to be valid, we must check that the total derivative terms actually do vanish. Each of them has the form ∮ C v^idv_i ∂^{−−}F (D.10) where F = F(v, u) is a function of degree zero in the isotwistors v^i and u_i separately. Because of the homogeneity property, we may trade v^i and u_i for projective coordinates ζ and ξ where

v^i = v^1(1, ζ), u_i = u_1(1, ξ) (D.11)

with F depending only on ζ and ξ, and the contour integral rewritten as ∮ C v^idv_i ∂^{−−}F = ∮ C dζ ∂_ζ F = ∮ C dt ζ̇ ∂_ζ F , (D.12)

where in the second equality we have parametrized the contour with a real variable t. Because u_i is fixed, ξ is independent of t and the integrand is a total derivative in t, so the contour vanishes.

Noting that the operator ∂^{−−} annihilates ω^−, the term generated by integrating by parts is^9

C_n = 1 (n − 1)! ∮ C v^idv_i ω^+ 1 (ω^−)^{n−1} (∂^{−−})^{n−1} ( Ω^{(2n−2)} (i ω̄^+)^n ) . (D.13)

In evaluating the ∂^{−−}’s on their argument, we would like to eliminate all terms coming from ∂^{−−} hitting the ω̄^+ factors in the denominator. This is possible if we choose u_i = ω̄_i:

C_n = 1 (n − 1)! ∮ C v^idv_i ω^+ ( (∂^{−−})^{n−1}Ω^{(2n−2)} (ω^−)^{n−1}(i ω̄^+)^n ) | | u_i=ω̄_i . (D.14)

Having reduced our expression to a first order pole, we now apply the residue theorem. Given a contour integral ∮ C v^idv_i ω^jv_j F^−(v) , (D.15)

with F^− a homogeneous function of v^i of degree −1 which is nonsingular at v^i ∝ ω^i, we may rewrite it in terms of the inhomogeneous coordinate ζ = v^2/v^1. If we exploit the freedom to choose v^1 = w^1, then

v^i = w^1(1, ζ) . (D.16)

This leads to ∮ C dζ −ω^2/ω^1 + ζ

F^−(w^1(1, ζ)) = 2πi F^−(ω^i) . (D.17)

9There is a subtlety in this procedure. ∂^{−−} annihilates 1/ω^− only if u_i is chosen to be linearly independent of ω_i. This is analogous to functions of a single complex variable where ¯∂ (z −z_0)^{−1} = 0 only for z ≠ z_0.

We have assumed the contour to be evaluated in a counterclockwise fashion, but in principle the opposite sign may also arise.

Applying this result to (D.14) gives

C_n = 2πi (n − 1)! ( (∂^{−−})^{n−1}Ω^{(2n−2)} (ω^−)^{n−1}(i ω̄^+)^n ) | | |_{ui=ω̄i,vi=ωi} . The terms in the denominator may be simplified by noting that

ω̄^+ = −2G, ω^− = 1

giving C_n ≡ ∮ C v^idv_i Ω^{(2n−2)} (G^{++})^n = 2π i^{n+1} (n − 1)!(2G)^n ( (∂^{−−})^{n−1}Ω^{(2n−2)} ) | |_{v̄i=ω̄i,vi=ωi} . (D.18) For the cases of interest to us, Ω^{(2j)} is of the form Ω^{i1···i2j} v_{i1} · · · v_{i2j} . Then ∂^{−−} may be evaluated explicitly to give

(∂^{−−})^jΩ^{(2j)} = 1 (v, u)^j (2j)! j! Ω^{i1···i2j} v_{(i1} · · · v_{ij} u_{ij+1} · · · u_{i2j )} = (−i)^j(2j)!

2^j j! Ω^{i1···i2j} G_{(i1i2} · · · G_{i2j−1i2j )}G^{−j} (D.19) where we have taken v^i = ω^i and u_i = ω̄_i. This gives our main result

C_n = − 2π 2^{2n−1}

(2n − 2)!

(n − 1)!(n − 1)! Ω^{i1···i2n−2} G_{(i1 i2} · · · G_{i2n−3i2n−2)}G^{−(2n−1)} . (D.20) E Prepotential formulations for vector multiplet

Within the projective-superspace approach of [1, 2, 3], the constraints on the vector multiplet field strength W can be solved in terms of a real weight-zero tropical prepotential V (v^i) [8] as in eq. (1.4). Here we use this construction to introduce a curved-superspace analogue of Mezincescu’s prepotential [19].

First of all, let us show how Mezincescu’s prepotential for the vector multiplet can be introduced within standard superspace. For this a simple generalization of the rigid supersymmetric analysis in [20] can be used. One begins with the first-order action S = 1 4 ∫ d^4x d^4θ E WW + 1 4 ∫ d^4x d^4θ̄ Ē W̄W̄ − i 8 ∫ d^4x d^4θ d^4θ̄ E ( W(D^{ij} + 4S^{ij} )V_{ij} − W̄(D̄^{ij} + 4S̄^{ij})V_{ij} ) , (E.1) where W is a covariantly chiral superfield, and V^{ij} = V^{ji} is an unconstrained real SU(2) triplet acting as a Lagrange multiplier. Varying (E.1) with respect to V_{ij} gives W = W , where W obeys the Bianchi identity (1.1). As a result, the second term in (E.1) drops out and we end up with the Maxwell action S = 1 2 ∫ d^4x d^4θ E W W . (E.2)

On the other hand, because the action (E.1) is quadratic in W, we may easily integrate W out using its equation of motion

W = iW_D , W_D := 1 4 Δ̄(D^{ij} + 4S^{ij} )V_{ij} . (E.3)

This leads to the dual action S = 1 2 ∫ d^4x d^4θ E W_DW_D . (E.4)

The dual field strength W_D must be both reduced chiral and given by (E.3).

We now show how to construct the Mezincescu prepotential V_{ij} within projective superspace. One begins with the expression for W in terms of a weight-zero tropical prepotential V (v^i), eq. (1.4). The analyticity conditions on V may be solved in terms of an unconstrained isotwistor superfield U^{(−4)} (see [1] for the definition of isotwistor superfields), which is real under the smile-conjugation, as follows V = 1 16 ( (D̄^+)^2 + 4S̄^{++} )( (D^+)^2 + 4S^{++} ) U^{(−4)} = 1 16 ( (D^+)^2 + 4S^{++} )( (D̄^+)^2 + 4S̄^{++} ) U^{(−4)} . (E.5)

Using this construction, one may write W , using the results of [9], as W = 1 128π ∮ C v^idv_i ( (D̄^−)^2 + 4S̄^{−−} )( (D̄^+)^2 + 4S̄^{++} )( (D^+)^2 + 4S^{++} ) U^{(−4)} = Δ̄ 8π ∮ C v^idv_i ( (D^+)^2 + 4S^{++} ) U^{(−4)} (E.6)

where Δ̄ is the chiral projection operator (B.4). This may subsequently be rewritten W = Δ̄ 8π ( D^{ij} + 4S^{ij} ) ∮ C v^kdv_k v_iv_j U^{(−4)} = 1 4 Δ̄ ( D^{ij} + 4S^{ij} ) V_{ij} , (E.7)

where we have defined the Mezincescu prepotential V_{ij} = 1 2π ∮ C v^kdv_k v_iv_j U^{(−4)} . (E.8)

This construction for W is manifestly chiral due to the appearance of the projection operator. To prove the Bianchi identity, one may start with (1.4) and replace the dummy integration variable v^i → v̂^i and rewrite the expression for W in the form W = 1 8π ∮ C v̂^idv̂_i (v̂, u)^2 u_iu_j ( D̄^{ij} + 4S̄^{ij} ) V (v̂) . (E.9)

Since this expression does not depend on the constant isospinor u_i, we can choose it as u_i ∝ v_i, and then the last expression turns into W = ( (D̄^+)^2 + 4S̄^{++} ) ∮ C v̂^idv̂_i 8π(v̂, v)^2 V (v̂) . (E.10)

We now can check the fulfilment of the Bianchi identity: ( (D^+)^2 + 4S^{++} ) W − ( (D̄^+)^2 + 4S̄^{++} ) W̄ = [ (D^+)^2 + 4S^{++}, (D̄^+)^2 + 4S̄^{++} ] ∮ C v̂^idv̂_i 8π(v̂, v)^2 V (v̂) (E.11) ≡ [ (D^+)^2 + 4S^{++}, (D̄^+)^2 + 4S̄^{++} ] Υ . Since Υ is a Lorentz scalar and is neutral under U(1)_R, we find [ (D^{++})^2 + 4S^{++}, (D̄^{++})^2 + 4S̄^{++} ] Υ = 8(D^{α+}S̄^{++})D^+_α Υ − 8(D̄^+_{α̇} S^{++})D̄^{α̇+}Υ

+ 8i(D^{α+}G^{++}_{αα̇} )D̄^{α̇+}Υ + 8i(D̄^{α̇+}G^{++}_{αα̇} )D^{α+}Υ + 4 ( (D^+)^2S̄^{++} − (D̄^+)^2S^{++} ) Υ (E.12)

vanishes when we apply some of the constraints (A.9),

D^+_α S̄^{++} = iD̄^{α̇}G^{++}_{αα̇} , D̄^+_{α̇} S̄^{++} = iD^αG^{++}_{αα̇} . (E.13)

and make use of the algebra of covariant derivatives (A.3) to show

(D^+)^2S̄^{++} − (D̄^+)^2S^{++} = i{D^{α+}, D̄^{α̇+}}G^{++}_{αα̇} = 0 . (E.14)

References

[1] S. M. Kuzenko, U. Lindström, M. Roček and G. Tartaglino-Mazzucchelli, “4D N=2 supergravity and projective superspace,” JHEP 0809, 051 (2008) [arXiv:0805.4683].

[2] S. M. Kuzenko, “On N = 2 supergravity and projective superspace: Dual formulations,” Nucl.

Phys. B 810, 135 (2009) [arXiv:0807.3381 [hep-th]].

[3] S. M. Kuzenko, U. Lindström, M. Roček and G. Tartaglino-Mazzucchelli, “On conformal supergravity and projective superspace,” JHEP 0908, 023 (2009) [arXiv:0905.0063 [hep-th]].

[4] S. M. Kuzenko, “On superconformal projective hypermultiplets,” JHEP 0712, 010 (2007) [arXiv:0710.1479[hep-th]].

[5] A. Karlhede, U. Lindström and M. Roček, “Self-interacting tensor multiplets in N = 2 superspace,” Phys. Lett. B 147, 297 (1984).

[6] U. Lindström and M. Roček, “New hyperkähler metrics and new supermultiplets,” Commun.

Math. Phys. 115, 21 (1988).

[7] U. Lindström and M. Roček, “N = 2 super Yang-Mills theory in projective superspace,” Commun. Math. Phys. 128, 191 (1990).

[8] S. M. Kuzenko and G. Tartaglino-Mazzucchelli, “Field theory in 4D N = 2 conformally flat superspace,” JHEP 0810, 001 (2008) [arXiv:0807.3368 [hep-th]].

[9] S. M. Kuzenko and G. Tartaglino-Mazzucchelli, “Different representations for the action principle in 4D N = 2 supergravity,” JHEP 0904, 007 (2009) [arXiv:0812.3464 [hep-th]].

[10] I. Antoniadis, S. Hohenegger, K. S. Narain and T. R. Taylor, “Deformed topological partition function and Nekrasov backgrounds,” Nucl. Phys. B 838, 253 (2010) [arXiv:1003.2832 [hep-th]].

[11] B. de Wit, S. Katmadas and M. van Zalk, “New supersymmetric higher-derivative couplings:

Full N=2 superspace does not count!,” arXiv:1010.2150 [hep-th].

[12] R. Grimm, M. Sohnius and J. Wess, “Extended supersymmetry and gauge theories,” Nucl.

Phys. B 133, 275 (1978).

[13] J. Wess, “Supersymmetry and internal symmetry,” Acta Phys. Austriaca 41, 409 (1975).

[14] P. S. Howe, “Supergravity in superspace,” Nucl. Phys. B 199, 309 (1982).

[15] P. Breitenlohner and M. F. Sohnius, “Superfields, auxiliary fields, and tensor calculus for N=2 extended supergravity,” Nucl. Phys. B 165, 483 (1980); “An almost simple off-shell version of SU(2) Poincare supergravity,” Nucl. Phys. B 178, 151 (1981).

[16] M. F. Sohnius, K. S. Stelle and P. C. West, “Representations of extended supersymmetry,” in Superspace and Supergravity, S. W. Hawking and M. Roček (Eds.), Cambridge University Press, Cambridge, 1981, p. 283.

[17] R. Grimm, “Solution of the Bianchi identities in SU(2) extended superspace with constraints,” in Unification of the Fundamental Particle Interactions, S. Ferrara, J. Ellis and P. van Nieuwenhuizen (Eds.), Plenum Press, New York, 1980, pp. 509-523.

[18] M. Müller, Consistent Classical Supergravity Theories, (Lecture Notes in Physics, Vol. 336), Springer, Berlin, 1989.

[19] L. Mezincescu, “On the superfield formulation of O(2) supersymmetry,” Dubna preprint JINR- P2-12572 (June, 1979).

[20] P. S. Howe, K. S. Stelle and P. K. Townsend, “Supercurrents,” Nucl. Phys. B 192, 332 (1981).

[21] B. M. Zupnik, “The action of the supersymmetric N = 2 gauge theory in harmonic superspace,” Phys. Lett. B 183 (1987) 175.

[22] A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky and E. S. Sokatchev, Harmonic Superspace, Cambridge University Press, Cambridge, 2001.

[23] A. S. Galperin, E. A. Ivanov, S. N. Kalitsyn, V. Ogievetsky, E. Sokatchev, “Unconstrained N=2 matter, Yang-Mills and supergravity theories in harmonic superspace,” Class. Quant. Grav. 1, 469 (1984).

[24] S. M. Kuzenko, “Projective superspace as a double-punctured harmonic superspace,” Int. J.

Mod. Phys. A 14, 1737 (1999) [hep-th/9806147].

[25] S. M. Kuzenko and W. D. Linch, “On five-dimensional superspaces,” JHEP 0602, 038 (2006) [hep-th/0507176].

[26] S. J. Gates Jr. and W. Siegel, “Linearized N=2 superfield supergravity,” Nucl. Phys. B 195, 39 (1982).

[27] W. Siegel, “Off-shell N=2 supersymmetry for the massive scalar multiplet,” Phys. Lett. B 122, 361 (1983).

[28] M. Müller, “Chiral actions for minimal N=2 supergravity,” Nucl. Phys. B 289, 557 (1987). [29] W. Siegel, “Chiral actions for N=2 supersymmetric tensor multiplets,” Phys. Lett. B 153, 51 (1985).

[30] B. de Wit and F. Saueressig, “Off-shell N = 2 tensor supermultiplets,” JHEP 0609, 062 (2006) [arXiv:hep-th/0606148].

[31] B. de Wit, R. Philippe and A. Van Proeyen, “The improved tensor multiplet in N = 2 supergravity,” Nucl. Phys. B 219, 143 (1983).

[32] U. Lindström and M. Roček, “Scalar tensor duality and N = 1, 2 nonlinear sigma models,” Nucl. Phys. B 222, 285 (1983).

[33] B. de Wit and M. Roček, “Improved tensor multiplets,” Phys. Lett. B 109, 439 (1982). [34] D. Butter and S. M. Kuzenko, “N=2 supergravity and supercurrents,” arXiv:1011.0339 [hep-th]. [35] S. M. Kuzenko, U. Lindström and G. Tartaglino-Mazzucchelli, “Off-shell supergravity-matter couplings in three dimensions,” arXiv:1101.4013 [hep-th].

[36] N. Berkovits and W. Siegel, “Superspace effective actions for 4D compactifications of heterotic and Type II superstrings,” Nucl. Phys. B 462, 213 (1996) [arXiv:hep-th/9510106].

[37] B. de Wit, M. Roček and S. Vandoren, “Hypermultiplets, hyperkähler cones and quaternion- Kähler geometry,” JHEP 0102, 039 (2001) [arXiv:hep-th/0101161].

[38] S. Cecotti, S. Ferrara and L. Girardello, “Geometry of type II superstrings and the moduli of superconformal field theories,” Int. J. Mod. Phys. A 4, 2475 (1989).

[39] I. L. Buchbinder, S. M. Kuzenko and A. A. Tseytlin, “On low-energy effective actions in N = 2,4 superconformal theories in four dimensions,” Phys. Rev. D 62, 045001 (2000) [arXiv:hepth/9911221].

[40] W. Siegel, “Solution to constraints in Wess-Zumino supergravity formalism,” Nucl. Phys. B 142, 301 (1978); W. Siegel and S. J. Gates Jr. “Superfield supergravity,” Nucl. Phys. B 147, 77 (1979).

[41] J. Wess and B. Zumino, “Superfield Lagrangian for supergravity,” Phys. Lett. B 74, 51 (1978).

[42] B. Zumino, “Supergravity and superspace,” in Recent Developments in Gravitation, Cargèse 1978, M. Lévy and S. Deser (Eds.), Plenum Press, New York, 1979, p. 405.

[43] P. C. Argyres, A. M. Awad, G. A. Braun and F. P. Esposito, “Higher-derivative terms in N = 2 supersymmetric effective actions,” JHEP 0307, 060 (2003) [arXiv:hep-th/0306118].

[44] S. J. Gates Jr., S. M. Kuzenko and G. Tartaglino-Mazzucchelli, “Chiral supergravity actions and superforms,” Phys. Rev. D 80, 125015 (2009) [arXiv:0909.3918 [hep-th]].

[45] S. M. Kuzenko, “On massive tensor multiplets,” JHEP 0501, 041 (2005) [hep-th/0412190]. [46] J. Louis and A. Micu, “Type II theories compactified on Calabi-Yau threefolds in the presence of background fluxes,” Nucl. Phys. B 635, 395 (2002) [hep-th/0202168].

[47] G. Dall’Agata, R. D’Auria, L. Sommovigo and S. Vaula, “D = 4, N = 2 gauged supergravity in the presence of tensor multiplets,” Nucl. Phys. B 682, 243 (2004) [arXiv:hep-th/0312210].

[48] R. D’Auria, L. Sommovigo and S. Vaula, “N = 2 supergravity Lagrangian coupled to tensor multiplets with electric and magnetic fluxes,” JHEP 0411, 028 (2004) [hep-th/0409097].

[49] R. D’Auria and S. Ferrara, “Dyonic masses from conformal field strengths in D even dimensions,” Phys. Lett. B 606, 211 (2005) [arXiv:hep-th/0410051].

[50] J. Louis and W. Schulgin, “Massive tensor multiplets in N = 1 supersymmetry,” Fortsch. Phys.

53, 235 (2005) [arXiv:hep-th/0410149].

[51] U. Theis, “Masses and dualities in extended Freedman-Townsend models,” Phys. Lett. B 609, 402 (2005) [arXiv:hep-th/0412177].

[52] J. P. Gauntlett, S. Kim, O. Varela and D. Waldram, “Consistent supersymmetric Kaluza–Klein truncations with massive modes,” JHEP 0904, 102 (2009) [arXiv:0901.0676 [hep-th]].

[53] I. L. Buchbinder and S. M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity or a Walk Through Superspace, IOP, Bristol, 1998.

[54] S. M. Kuzenko, “Lectures on nonlinear sigma-models in projective superspace,” J. Phys. A 43, 443001 (2010) [arXiv:1004.0880 [hep-th]].