arXiv:math-ph/0002043 22 Feb 2000

STATISTICAL MECHANICS APPROACH TO SOME PROBLEMS IN CONFORMAL GEOMETRY

MICHAEL K.-H. KIESSLING Department of Mathematics, Rutgers University 110 Frelinghuysen Rd., Piscataway, N.J. 08854 email: miki@math.rutgers.edu

To Joel Louis Lebowitz on occasion of his 70^{th} birthday. With affection.

To appear in Physica A, May 2000

Abstract

A weak law of large numbers is established for a sequence of systems of N classical point particles with logarithmic pair potential in ⋛n, or ⪋n, n ∈ ▲, which are distributed according to the configurational microcanonical measure δ(E − H), or rather some regularization thereof, where H is the configurational Hamiltonian and E the configurational energy. When N → ∞ with non-extensive energy scaling E = N^2ε, the particle positions become i.i.d. according to a selfconsistent Boltzmann distribution, respectively a superposition of such distributions. The selfconsistency condition in n dimensions is some nonlinear elliptic PDE of order n (pseudo-PDE if n is odd) with an exponential nonlinearity. When n = 2, this PDE is known in statistical mechanics as Poisson-Boltzmann equation, with applications to point vortices, 2D Coulomb and magnetized plasmas and gravitational systems. It is then also known in conformal differential geometry, where it is the central equation in Nirenberg’s problem of prescribed Gaussian curvature. For constant Gauss curvature it becomes Liouville’s equation, which also appears in two-dimensional so-called quantum Liouville gravity. The PDE for n = 4 is Paneitz’ equation, and while it is not known in statistical mechanics, it originated from a study of the conformal invariance of Maxwell’s electromagnetism and has made its appearance in some recent model of fourdimensional quantum gravity. In differential geometry, the Paneitz equation and its higher order n generalizations have applications in the conformal geometry of n-manifolds, but no physical applications yet for general n. Interestingly, though, all the Paneitz equations have an interpretation in terms of statistical mechanics.

PACS numbers: 02.50.-r 02.40.-k 05 67.40Vs Key Words: Logarithmic interactions, microcanonical ensemble, thermodynamic mean field limit, law of large numbers; Onsager’s point vortex distributions; conformal differential geometry, nonlinear elliptic PDE, Liouville equation, Paneitz equation, Nirenberg’s problem.

© (1999) The author. Reproduction for non-commercial purposes of this pre-print, in its entirety and by any means, is permitted.

1 INTRODUCTION

Early in his scientific career Joel Lebowitz spent a postdoctoral year or so working with Lars Onsager. There are many scientific similarities between these two towering figures of statistical physics: both in possession of penetrating mathematical powers; both broadly interested in physics; both with a good taste for choosing problems worthy to work on; and both with deep insights into physics that have inspired – and continue to inspire – many other physicists and mathematicians around the world. Of course, Joel has also worked on many problems that were inspired by some work of Onsager, and while it would be impossible for me here even to merely mention them all, one contribution to a problem of Onsager that I was privileged to collaborate on with Joel has recently had some interesting mathematical spin-off, and I am very glad to present these new results in this paper in honor of Joel’s 70^{th} birthday.

In the next section, I will first describe Onsager’s application of statistical mechanics to point vortices in two dimensions, the questions it has raised, and our contribution to it. In the two subsequent sections I will describe Nirenberg’s problem in the conformal differential geometry of two-dimensional manifolds and its recent generalization to n-manifolds. Point vortices in two dimensional flows have logarithmic pair interactions. In the last section I will explain how statistical mechanics of logarithmic interactions, but now in all dimensions, provides solutions to the Nirenberg-type problems in conformal geometry.

2 ONSAGER’S POINT VORTEX DISTRIBUTIONS

In a pioneering paper on statistical fluid dynamics [57], Onsager studied, among other things, the microcanonical ensemble of N classical point vortices in a two-dimensional, incompressible Euler flow. The motion of N vortices in a connected domain Λ ⊂ ⋛^2 is governed by Kirchhoff’s Hamiltonian [43, 44, 47],

H^{(N )}(x_1, ..., x_N) = 1 2 ∑ ∑ 1≤i , j≤N c_ic_jG^∗(x_i, x_j) + ∑ 1≤i≤N c_iF^{(N )}(x_i) , (1)

where x_i ∈ Λ is the position of the i-th vortex; c_i its circulation, expressed as dimensionless multiple of a suitable reference unit; G^∗(x, y) = G^∗(y, x) is a renormalized Green’s function for −Δ on Λ, i.e. G^∗(x, y) = G(x, y) if x ≠ y, with G(x, y) solving −ΔG(x, y) = 2πδy(x) in Λ, and

G^∗(x, x) = lim y→x ( G(x, y) + ln |x − y| ) . (2)

In case of a bounded domain with piecewise regular boundary ∂Λ, the physically appropriate 0- Dirichlet boundary conditions for G are imposed on ∂Λ, but in principle other boundary conditions are of interest too. Finally, F^{(N )} is some externally applied stream function (whose strength may be proportional to N). Considering a bounded domain with finite area |Λ|, and noting that up to a trivial factor √ |c_i| the canonically conjugate variables of the vortices are given by the Cartesian components of their positions in Λ, Onsager observed that the phase space volume of the set {H^{(N )} < E} in the N vortices phase space Λ^N ,

Φ_Λ(E, N) = | | { H^{(N )} < E }| | , (3)

is a monotonically increasing function of E, bounded by |Λ|^N. He noticed that this implies that Boltzmann’s entropy S_Λ(E, N) = ln ( |Λ|^{−N} Φ^′_Λ(E, N) ) (where Φ^′_Λ(E, N) = ∂_EΦ_Λ(E, N)) must reach a maximum at a particular value E_m(N; Λ) of energy, such that [57], p. 281: “negative “temperatures”...will occur if E > E_m, ... vortices of the same sign will tend to cluster ...[and] large compound vortices [be] formed in this manner...”

Onsager’s insight not only predated Ramsey’s prediction of negative temperatures in spin systems [63] by 7 years, Onsager was (once again) way ahead of his time. His program was not picked up until almost a quarter century later, when Montgomery pointed out [50] that numerical simulations of turbulent fluid flows suggested an explanation in terms of Onsager’s 1949 paper. But Onsager had not made any attempt to extract continuum vorticities from his statistical vortex distributions, and so several authors [36, 51, 61, 46, 38] now came up with the proposal to use mean-field theory for this purpose.

As it is with traditions, and statistical mechanics surely has a long tradition, certain general wisdoms tend to be passed on which sometimes may not be so generally valid. One such general wisdom holds that ‘mean-field theory is wrong.’ This traces back to the failure of the prototype mean-field theories of van der Waals and Curie-Weiss to give the correct data for the critical point of the condensation and magnetization phase transitions, respectively. In particular, they predict incorrect critical exponents. However, as I recall Michael Fisher pointing out in a lecture on Coulombic criticality, mean-field theory is not that bad after all. Another general wisdom states that thermodynamic concepts such as temperature become precise only in the thermodynamic (bulk) limit of an infinitely big system. A third general wisdom says that the statistical ensembles are equivalent. Against this background it is easier to appreciate that it took a while to realize that neither wisdom is correct in the case of Onsager’s statistical theory of vortex clustering.

Indeed, the first attempt [51] to put Onsager’s theory on a more rigorous basis was made in terms of the traditional bulk thermodynamic limit for a neutral two-species vortex system, using formal central limit arguments of Khinchin which where asserted to apply also to the negative temperature regime. Moreover, in that paper [51] also the BBGKY hierarchy was considered, and the mean-field equation for the distributions at negative T , which in [36] had been obtained by the standard van-der-Waals-theory type combinatorics, was now obtained as Vlasov approximation. A subsequent rigorous study by Fröhlich and Ruelle [33] however showed that negative temperatures do, in fact, not exist in the bulk thermodynamic limit of a neutral two-species vortex system.

Inspection of the phenomenon that Onsager predicted reveals, however, that O(N^2_k ) truly long range pair interactions in the k^{th} cluster of vortices of the same sign are involved [46]. Hence, we are dealing with a strictly nonuniform system with non-extensive energy scaling. Understood from this perspective, the relevant limit N → ∞ in which Onsager’s prediction of negative vortex temperatures attains a rigorous meaning is not the bulk thermodynamic limit but rather a continuum

(Euler) fluid limit. Moreover, in this limit mean-field theory should become exact in the sense of a weak law of large numbers.

Thus, the following picture emerges. For the neutral two-species system, with |c_i| = 1, and with F ≡ 0 for simplicity, distributed in a bounded domain Λ ⊂ ⋛^2 according to the microcanonical measure μ^{(N,E)}(dx_1...dx_N) = 1 Φ^′_Λ(E, N) δ ( E − H^{(N )} ) dx_1...dx_N , (4) where dx denotes Lebesgue measure on ⋛^2, we have to fix Λ ⊂ ⋛^2 and ε = E/N^2 > 0. Then, in the limit N → ∞, the Boltzmann entropy per vortex will converge to a continuous function of ε, lim_{N →∞} 1 N ln ( |Λ|^{−N} Φ^′_Λ(N^2ε, N) ) = s_Λ (ε) , (5)

which is given by a variational principle,

s_Λ (ε) = max_{ρ+, ρ}� ∑ σ=± − ∫ Λ ρ^σ ln (|Λ|ρ^σ)dx , (6)

where the maximization is carried out over the probability densities ρ^± which satisfy the energy constraint 1 2 ∫ Λ ∫ Λ G(x, y) ω(x) ω(y)dxdy = ε , (7)

where ω = ρ^+ − ρ^−. Moreover, the microcanonical equilibrium measure itself will converge, for ε > 0 and in a suitable topology, to a convex linear superposition of infinite products of those absolutely continuous one-vortex measures whose densities ρ^±_ε are the maximizers for (6)-(7). In particular, if the superposition measure is a singleton (a unique maximizing pair ρ^±_ε exists), then we have the weak law of large numbers, that for all f ∈ C^0(Λ),

lim_{N →∞} 2 N N/2∑ j=1 f(x^±_j ) = ∫ Λ f(x)ρ^±_ε (x)dx (8)

in probability. In (8), the summation extends over either all positive or all negative vortices. If the superposition is not a singleton, ρ^±_ε in (8) is to be replaced by the corresponding superposition of probabilities. Furthermore, the maximizers satisfy the self-consistency conditions

ρ^±_ε (x) = exp ( β [ μ^±_{ch} ∓ ∫ Λ G(x, y)ω_ε(y)dy ]) , (9)

where ω_ε = ρ^+_ε − ρ^−_ε , and where the constants β and μ^±_{ch} are to be chosen so that the constraint ∫ Λ ρ^±dx = 1 and (7) are satisfied. Not only are the equations (9) clearly mean-field, solutions having β < 0 are known to exist, and the corresponding continuum vorticities ω_ε satisfy the stationary Euler equations for incompressible flows [47]. Onsager’s prediction of negative temperatures in vortex systems indeed attains a precise meaning in this limit.

There can be hardly any doubt that the above picture is correct, and that it will eventually be verified rigorously. An almost complete verification is available for the mildly simpler single species system. By generalizing a result of Messer and Spohn [49] for Lipschitz continuous interactions to the logarithmically singular point vortex interactions, first the canonical point vortex ensemble was conquered, independently in [9] and [39]. While the microcanonical ensemble in the strict sense described above has not yet been treated, rigorous works exist in which the microcanonical point vortex measure δ(H − E) is replaced by a regularized measure, the regularization being removed after the limit N → ∞ has been taken. Again, the first result, by Eyink and Spohn [31], was for regularized interactions. The singular point vortex interactions where then treated by Caglioti et al. [10]. The limit N → ∞ in [10] is, however, constructed under the assumption that the microcanonical and canonical ensembles are equivalent, an assumption which is not generally valid for these finite-domain mean-field limits. This last barrier was finally overcome by Joel and myself in [41], where we go beyond equivalence of ensembles for the logarithmically singular (1). Of course, the mean-field theory obtained is precisely the single-species version of the one described above.

Future work should extend these results to the neutral two-species vortex system. In contrast to the many rigorous results obtained for these neutral systems in the traditional thermodynamic limit, see [33] and references therein, only few facts are rigorously known for their Euler fluid limit. Curiously enough, while Fröhlich and Ruelle [33] proved absence of negative temperatures in the standard bulk limit, in [40] I was able to prove absence of positive temperatures in the Euler fluid limit for the neutral two-species system; in fact, β < 0 is bounded away from zero. This raises the question as to the whereabouts of Onsager’s E_m, at which temperatures are supposed to switch from positive to negative values in a neutral system? The answer is that there is much room between the low-energy regime E = Ne of [33] and the high-energy regime E = N^2ε of [41, 10, 31]. In fact, in [11] it was found that for a neutral two-species system E_m(N) ∼ CN ln N, falling precisely inbetween these two regimes. The vicinity of E_m, analyzed in [55, 11], turns out to be a small-entropy regime where S, not S/N, converges to a limit when N → ∞.

The results in [55, 11] are the only ones obtained directly from δ(H − E). The construction of the Euler fluid limit N → ∞ directly from δ(H − E) remains an open problem. For now, [41] is the final word in the construction of the Euler fluid limit for Onsager’s statistical vortex distributions.

Interestingly, [41] also holds the key to some answers to questions in conformal geometry, to which we turn next.

3 NIRENBERG’S PROBLEM

Many years ago, see [53], Louis Nirenberg raised the following question: “Which real functions K(x) on ⪋^2 are Gauss curvature functions for a surface over ⪋^2 whose metric g is pointwise conformal to the standard metric g_0 on ⪋^2?” To see what this question has to do with Onsager’s vortex distributions, we need to recall a few basic concepts of differential geometry as found, for instance, in [3, 66]. As we shall see, the connection with statistical mechanics, or at least thermodynamics, must have been suspected by differential geometers long ago!

Consider first, for simplicity, surfaces over ⋛^2 that are embedded in ⋛^3. Thus, let x ∈ Λ ⊂ ⋛^2. The two Cartesian coordinates x^1, x^2 of x provide two independent real parameters for the local represention of a surface S ⊂ ⋛^3, given by S = X(x), x ∈ Λ, with X ∈ ⋛^3. The line element on S is given by dσ^2 = g_{ij}dx^idx^j, where we use Einstein’s summation convention, and where g_{ij} = ⟨∂_xi X, ∂_xj X⟩ (Euclidean inner product) are the components of the metric tensor. If ν is the unit normal at S induced by the representation X(x), then the Gauss curvature K(x) is defined by (× means cross product in ⋛^3)

∂_x1 ν × ∂_x2 ν = K(x) ∂_x1X × ∂_x2 X (10)

Gauss’ Theorema Egregium asserts that K(x) depends only on the g_{ij}. Writing g_{11} = E, g_{12} = F , and g_{22} = G, and moreover x^1 = s and x^2 = t, we have the Frobenius formula

K = − 1 4(EG − F^2)^2 det E F G E_s F_s G_s E_t F_t G_t + 1 2 √ EG − F^2 [ ∂_s ( F_t − G_s √ EG − F^2 ) − ∂_t ( E_t − F_s √ EG − F^2 )] (11)

see [3, 66], from which it follows that K is independent of the parametric representation X(x) of S. This freedom can be used to simplify (11). In particular, the representation for which E = G and F = 0 is conformal, i.e. dσ^2 = Edx^2. Interestingly, it is known in differential geometry as isothermic parameter representation. In this representation, (11) reduces to K = −^1_{2E} ( ∂^2_s ln E + ∂^2_t ln E ) , or, setting ln E = 2u and recalling (s, t) = x,

K(x) = −e^{−2u(}x^)Δu(x) (12)

which gives us K when u (i.e. E) is given. Nirenberg’s question, here its analog on ⋛^2, addresses the inverse problem, i.e. to prescribe the putative Gauss curvature function K and study (12) as a nonlinear elliptic PDE for the unknown u(x), x ∈ Λ ⊂ ⋛^2. In particular, when K is constant, K = ±1 by scaling, then (12) is known in differential geometry as Liouville’s equation [45]. Clearly, Liouville’s equation is identical to what in statistical physics goes under the name Poisson-Boltzmann equation, − Δψ(x) = 2πe^{β[μch−ψ(}x^{)]} (13)

for the spatial density of a ‘perfect gas’ in Λ ⊂ ⋛^2, in thermal equilibrium at temperature β^{−1} and chemical potential μ_{ch}, distributed in its own Coulomb (or Newton) potential field ψ. Hence, the notion of ‘isothermic parameters,’ so it seems; however, I have not been able to trace the originator of this terminology. In any event, (13) is of course identical to the one-species specialization of (9), i.e. (9) with ρ^+ ≡ ρ and ρ^− ≡ 0, and with ψ(x) = ∫ Λ G(x, y)ρ(y)dy the stream function, so that −Δψ(x) = 2πρ(x). We have come back full circle to Onsager’s problem.

Liouville [45] himself already showed that the equation derived by him is in a certain sense completely integrable. In particular, all entire solutions on ⋛^2 with finite integral curvature κ = ∫ ⋛^2 Ke^2 u(x)dx have been identified; namely, no entire solution exists when K = −1 [60, 58], while for K = +1 Liouville’s equation is solved when exp(2u) is any point on the conformal orbit of the Jacobian of the stereographic map ⪋^2 → ⋛^2, and κ = 4π for all solutions, then; see [23, 12, 27, 21].

For the prescribed Gauss curvature problem in all ⋛^2 with K ≠ const., no general solution of (12) is available, yet over the years a vast knowledge has accumulated, e.g. [65], [54], [48], [2], [25], [24], [20], [26], [22], [62]. Of particular interest are radially symmetric Gauss curvature functions, for then the interesting question arises whether solutions u exist that break the radial symmetry. In the following, the sign of K (as a function) is defined as: sign (K) = 1 if K ≢ 0 and K(x) ≥ 0 for all x; sign (K) = −1 if K ≢ 0 and K(x) ≤ 0 for all x; and sign (K) = 0 if K ≡ 0. In all other cases sign (K) is not defined. The next theorem is taken from [22].

Theorem 1: Assume K ∈ C^α(⋛^2) is radially symmetric, has well-defined sign, and satisfies ∫ ⋛^2

|K(x)|e^{2h(}x^)|x|^λdx < ∞ (14)

for some non-constant, harmonic function h : ⋛^2 → ⋛, and some λ > 0. Assume also that ∫ B_1(y) |y − x|^{−γ} |K(x)|e^{2H(x)}dx −→ 0 as |y| → ∞ , (15) for all 0 < γ < 2. If sign (K) = −1, define κ^∗(K; h) = −2π sup{λ > 0 : (14) is satisfied } (16) where κ^∗ might be −∞ for some K ≤ 0. Then, for any such K and h, and κ satisfying

κ ∈ (κ^∗, 0) if sign (K) = −1;

[0] if sign (K) = 0; (0, 4π) if sign (K) = +1;

(17)

there exists a classical solution u = U_{h,κ} of (12) with prescribed Gaussian curvature function K, uniquely if K ≤ 0, having integral curvature ∫ ⋛^2

K(x)e^{2Uh,κ(}x^)dx = κ (18)

and asymptotic behavior U_{h,κ}(x) = h(x) − κ 2π ln |x| + o(| ln |x||) as |x| → ∞ . (19)

Theorem 1 considerably generalizes an earlier result of this kind (Thm.III in [25]) which is restricted to compactly supported K in ⋛^2. Theorem 1 is proven in [22] as corollary of the construction, also given in [22], of the Euler fluid limit in ⋛^2 for the canonical point vortex ensemble, which generalizes the one for finite domains Λ ⊂ ⋛^2 [39, 9]. The canonical point vortex measure on ⋛^{2N} is given by μ^{(N,β)}(dx_1...dx_N) = 1 Z(β, N) exp ( −βN^{−1}H^{(N )} ) dx_1...dx_N , (20) with G(x, y) = − ln |x − y| and F^{(N )}(x) = −Nβ^{−1}[ln |K(x)| + 2h(x)] in H^{(N )}, (1). The reciprocal temperature β in (20) and the integral curvature κ in Theorem 1 are related by κ = −βπ, with −β ∈ (κ^∗/π, 4).

Encouraged by these achievements of the canonical statistical mechanics approach to the prescribed Gauss curvature problem on ⋛^2, we now return to Nirenberg’s problem in its original setting on the sphere ⪋^2. Writing the conformal deformation of the metric as g = e^{2u(x)}g_0, where g_0 is the standard metric on ⪋^2, the problem is to find all K(x), x ∈ ⪋^2, for which

− Δu(x) = K(x)e^{2u(x)} − 1 (21)

has a solution u on ⪋^2. Here, Δ is the Laplace-Beltrami operator on ⪋^2 w.r.t. g_0. Superficially (21) is hardly any different from the prescribed Gauss curvature equation on ⋛^2 (12). However, Nirenberg’s problem for ⪋^2 is a hard problem, indeed; see [53], [37], [15], [16], [34]; see also [37], [29] for more general compact Riemann surfaces.

There are many obstructions to finding admissible K for (21). The celebrated Kazdan-Warner theorem [37] is one of them. According to [37] a Gauss curvature function K on ⪋^2 cannot be axially symmetic and monotonic, unless it is a constant function, say K ≡ 1. In the latter case the problem is completely solved, [52], [1], [56]. Another, more serious obstruction is the famous Gauss-Bonnet theorem [66], which relates the Gauss curvature K_g on a general compact 2-manifold (M^2, g) without boundary to the Euler-Poincaré characteristic χ(M^2), a topological invariant, by

χ(M^2) = 1 2π ∫ M^2

K_gdvol_g . (22)

Since χ(⪋^2) > 0, it follows from (22) that K(x) has to be positive for some x ∈ ⪋^2, [53]. Furthermore, we have χ(⪋^2) = 2. Thus, κ = 4π, i.e. ∫ ⪋^2

K(x)e^{2u(x)}dx = 4π , (23)

which of course results also by directly integrating (21) over ⪋^2 Contrast (23) with the range of integral curvatures covered in Theorem 1! In particular, notice that κ = 4π is not included in Theorem 1, and this is a matter of principle. Indeed, the restriction to −β < 4 in the canonical ensemble is an obstruction imposed on us by the local integrability requirement of the singularities in (20), and this will not improve if we put our vortex system on the sphere [42]. Thus, (23) dashes any hope to apply the Euler fluid limit of the canonical point vortex ensemble at β = −4 to the prescribed Gauss curvature problem on ⪋^2.

Not all hopes are dashed, though. Physically speaking, what happens at −β = 4 in the finite N, single-species canonical ensemble is that the vortex system concentrates onto a single point. This is done at the expenses of the ‘heat bath,’ which delivers a positive infinite amount of energy into the vortex system at fixed negative temperature. Taking the limit N → ∞ of this concentrated singular state gives a Dirac δ mass on ⪋^2, corresponding to ε = +∞. However, performing the mean-field limit N → ∞ first for −β < 4 produces a regular solution of the resulting analog on ⪋^2 of the Poisson-Boltzmann equation (13), and subsequently letting −β ↗ 4 may, or may not result in a regular limiting solution at −β = 4. This can be made more precise with the so-called concentration-compactness alternative of P.L. Lions, compactness of the sequence of solutions as

−β ↗ 4 implying a regular limiting solution at −β = 4. The canonical ensemble may nevertheless not provide enough control to decide the concentration-compactness alternative. However, whenever compactness holds, a regular solution exists which has finite energy ε, and some finite entropy s. We conclude that the study of the mean-field limit for the microcanonical ensemble of point vortices on ⪋^2, with external stream function F^{(N )}, can be expected to yield valuable new information on Nirenberg’s problem.

As remarked earlier, the microcanonical ensemble in its strict sense has not yet succumbed to rigorous analysis. However, for the prescribed Gauss curvature problem on ⪋^2 the construction given in [41] is fully sufficient. As a matter of fact, we shall state our microcanonical results in the more general setting on ⪋^n, n ≥ 2. To see what this now is about, we need to briefly digress into Paneitz theory.

4 PANEITZ EQUATIONS

Initiated by the conformal covariance in Minkowski space-time ⋛^{1,3} of the Maxwell equations of electromagnetism, S. Paneitz [59] in 1983 discovered a quartic conformally covariant differential operator for arbitrary pseudo-Riemannian 1, 3-manifolds, together with an associated new conformal curvature invariant. Recently this theory has received considerable attention, see [6], [8], [17], [7], [13], [14]. The significance of the Paneitz curvature, Q_g, becomes apparent through an analog of the Gauss-Bonnet formula for a general compact 4-manifold (M^4, g) without boundary, [18],

χ(M^4) = 1 8π^2 ∫ M^4 ( 1 4 |W (x)|^2 + Q_g(x) ) dvol_g (24)

Here, χ(M^4) is the Euler-Poincaré characteristic of M^4, and W is the pointwise conformally invariant Weyl tensor. Moreover, Q_g is defined by

6Q_g(x) = −Δ_gR_g(x) + 1 4 R^2_g(x) − 3|~Ric_g(x)|^2 (25)

where Δ_g is the Laplace-Beltrami operator on (M^4, g), R_g is the scalar curvature and ~Ric_g the traceless Ricci tensor, see [59], [13]. Associated with Q_g is Paneitz’ quartic conformally covariant operator, such that, given (M^4, g_0) and a conformal change of metric written as g = e^{2u(x)}g_0, x ∈ (M^4, g_0), the new curvature Q_g is given by Q_g(x) = e^{−4u(x)} ( Δ^2_{g0} u(x) + δ_{g0} ( 2 3 R_{g0} (x)I − 2Ric_{g0} (x) ) d_{g0} u(x) + Q_{g0} (x) ) (26)

Here, d is the differential and δ the divergence.

An analog of Nirenberg’s problem on the 4-manifold (⪋^4, g_0), with g_0 the standard metric, can be formulated thus: “Which real functions Q(x), x ∈ ⪋^4, are Paneitz curvature functions for a 4-manifold whose metric is pointwise conformal to the standard one?” This analog of Nirenberg’s problem can be rephrased in terms of (26), namely to find all functions Q(x) on ⪋^4 such that the fourth-order PDE Δ^2u(x) − 2Δu(x) = Q(x)e^{4u(x)} − 6 (27) has a solution u on ⪋^4. Generalizations to ⪋^n (and, hence, to ⋛^n) of the Paneitz equation (27) have been derived as well. On ⪋^n, n ≥ 2, we have

P_nu(x) = Q(x)e^{nu(x)} − (n − 1)! (28)

with

P_n = n�2_2 ∏ k=0 (−Δ + k(n − k − 1)); n even √ −Δ + ( n − 1 2 )_2^n�^3_2∏ k=0 (−Δ + k(n − k − 1)); n odd,

(29)

see [12], [4], [19], [14]. On ⋛^n, we simply have

(−Δ)^{n/2}u(x) = Q(x)e^{nu(x)} (30)

with x ∈ ⋛^n now. The operator P_n in (28) is the Paneitzian, and Q(x) the Queervature (pardon the pun) of order n. Notice that for n odd, P_n is a pseudo differential operator.

5 LOGARITHMIC INTERACTIONS IN ALL DIMENSIONS

The increased complexity of the operators P_n given in (29) for high dimensions gives the Paneitz equations (28) a formidable appearance. Also (30) is not too familiar when n > 2. However, notice that the resolvent kernel of P_n on ⪋^n (⋛^n), with P_n restricted to the orthogonal complement of its kernel space, is always G(x, y) = − ln |x − y|, with x, y ∈ ⪋^n (x, y ∈ ⋛^n), and with | . | the chordal distance on ⪋^n (Euclidean distance in ⋛^n), cf.[12]. More precisely, −P_n ln |x − y| = (1/2)(n − 1)!|⪋^n|(δ_y(x) − |⪋^n|^{−1}) on ⪋^n. Hence, all the equations (28), as well as (30), have a statistical mechanics interpretation whenever Q has a well defined sign.

In the following we discuss the prescribed Paneitz curvature problems on ⪋^n, (28), (29), using the mean-field limit of the regularized microcanonical ensemble of [41]. Nirenberg’s problem on ⪋^2 is contained in the analysis as special case n = 2. We also remark on the equations in ⋛^n, (30), using just the canonical ensemble.

Let us begin with the simpler (30). A brief moment of reflection reveals that Theorem 1, and its proof, have an immediate generalization to the Paneitz equation (30). In (1) we then have to set G(x, y) = − ln |x − y|, x, y ∈ ⋛^n. We also replace |K| in F^{(N )} by |Q|, and 2h by nh, where instead of a harmonic function as in Theorem 1 now h is a non-constant element of the kernel space of (−Δ)^{n/2} on ⋛^n, to which we may want to refer as higher harmonic function. Moreover, Q shall have well defined sign and satisfy analogous integrability conditions as (14) and (15) in Theorem 1. Finally, the critical β = −4 for the canonical ensemble changes to β = −2n, and the corresponding critical integral Gauss curvature κ = 4π in Theorem 1 changes to a critical integral Paneitz curvature q = (n − 1)!|⪋^n|, where q = ∫ ⋛^n Q(x)e nu(x)dx. These numbers are also the sharp

constants in the Trudinger-Moser type inequalities on Λ ⊂ ⋛^n and ⪋^n, [67, 52, 4, 12].

We now come to the problem on ⪋^n. Since ⪋^n is a compact manifold without boundary we do not need any delicate unbounded-domain estimates of the sort needed in [22] or [42]. The technique of [41] carries over to ⪋^n without major changes. In (1) we simply have to set G(x, y) = − ln |x − y|, x, y ∈ ⪋^n. We also let F^{(N )}(x) = Nf(x), with f some continuous function on ⪋^n satisfying ∫ ⪋^n f(x)dx = 0. Notice that not all f will correspond to a Paneitz curvature function.

Our regularized microcanonical probability measure on (⪋^n)^N is of the form [41] μ^{(N,ε,σ)}(dx_1...dx_N) = 1 Z exp [ −N 1 2σ^2 ( ε − 1 N^2

H^{(N )}

)_2 ] dx_1...dx_N , (31) where σ > 0 and ε are fixed real numbers, and Z(N, ε, σ) = ∫ (⪋^n)^N exp [ −N 1 2σ^2 ( ε − 1 N^2

H^{(N )}

)_2] dx_1...dx_N . (32) The Hamiltonian is given in (1), with the identifications of G and F mentioned above. The microcanonical ensemble at fixed N is obtained in the limit σ → 0 in (31), giving a delta measure concentrated on {H^{(N )} = E}, with E = N^2ε, as can be easily verified using geometric measure theory.

Let P ((⪋^n)^N ) denote the probability measures on (⪋^n)^N . For any N ∈ ▲, we define the entropy of ϱ_N ∈ P ((⪋^n)^N ) relative to the normalized uniform measure |⪋^n|^{−N} dx_1...dx_N by

S(ϱ_N ) = − ∫ (⪋^n)^N ρ_N ln ( |⪋^n|^N ρ_N ) dx_1...dx_N , (33) if ϱ_N is absolutely continuous w.r.t. uniform measure on (⪋^n)^N , having density ρ_N , and provided the integral on the r.h.s. of (33) exists; S(ϱ_N ) = −∞ in all other cases. For ϱ_1 = ϱ ∈ P (⪋^n), we define a one-particle penalized entropy functional by

R_{ε,σ}(ϱ) = S(ϱ) − 1 2σ^2 ( ε − 1 2 ∫ ⪋^n ∫ ⪋^n G(x, y)ϱ(dx)ϱ(dy) − ∫ ⪋^n f(x)ϱ(dx) )_2 (34)

for those ϱ(dx) = ρ dx, with ρ a probability density, for which S(ϱ) > −∞. We set R_{ε,σ}(ϱ) = −∞ in all other cases. Here, S(ϱ) = S(ϱ_1) is the one-particle entropy as defined in (33). We write M_{ε,σ} for the set {ϱ_{ε,σ}} ⊂ P (⪋^n) of maximizers of R_{ε,σ}.

By Ω = (⪋^n)▲ we denote the ⪋^n-valued infinite exchangeable sequences, by P^{sym}(Ω) the permutation-invariant probability measures on Ω. According to the theorem of de Finetti – Dynkin [32, 30] every μ ∈ P^{sym}(Ω) is a unique convex linear superposition of product measures, see also [28] and [35]. By a theorem of Hewitt and Savage [35], the product states ϱ^⊗▲ are also the extreme points of the convex set P^{sym}(Ω). Hence, we have the extremal decomposition μ_k(dx_1...dx_k) = ∫ P (⪋^n) ν(μ|dϱ) ϱ^{⊗k}(dx_1...dx_k) , (35) with μ_k(dx_1...dx_k) ∈ P ((⪋^n)^k) the k-th marginal measure of μ.

As in [41], we first take the limit N → ∞ of (31) for fixed ε and σ. This gives us mean-field theory with a two-parameter penalized entropy principle, as follows.

Theorem 2: For each ε ∈ ⋛ and σ > 0 fixed, one has lim_{N →∞} 1 N ln [ |⪋^n|^{−N} Z(N, ε, σ) ] = R_{ε,σ}(ϱ_{ε,σ}) (36)

with ϱ_{ε,σ} ∈ M_{ε,σ}. Moreover, (31) has at least one limit point in the corresponding subset of P^{sym}(Ω), convergence understood for all the marginals in the sense of Kolmogorov, [5], here weakly in L^p, p < ∞. The decomposition measure ν(μ^{(ε,σ)}|dϱ) of any limit point μ^{(ε,σ)} is concentrated on M_{ε,σ}.

The subsequent limit σ → 0 now gives the anticipated mean-field variational principle for the microcanonical entropy. We denote by L^{1,+}_1 (⪋^n) the subset of the positive cone of L^1(⪋^n) whose elements ρ satisfy ∫ ⪋^n ρ dx = 1, and by L^1 ,+ 1;ε (⪋^n) the subset of L^{1,+}_1 (⪋^n) for which 1 2 ∫ ⪋^n ∫ ⪋^n G(x, y)ϱ(dx)ϱ(dy) + ∫ ⪋^n f(x)ϱ(dx) = ε , (37) with ϱ(dx) = ρ(x)dx. Let ε_0(f) denote the minimum over P (⪋^n) of the functional on the left side of (37).

Theorem 3: Fix ε ∈ ⋛.

Part 1. Let ε ≥ ε_0. Then the limit

s(ε) = lim_{σ→0} R_{ε,σ}(ϱ_{ε,σ}) (38)

exists and satisfies the variational principle

s(ε) = max { S(ϱ)| ϱ(dx) = ρ dx; ρ ∈ L^{1,+}_{1;ε} } . (39)

If ε > ε_0, all maximizers ρ_ε for (39) satisfy the Euler-Lagrange equation

ρ_ε(x) = exp ( β [ μ_{ch} − ∫ ⪋^n G(x, y)ρ_ε(y)dy − f(x) ]) , (40)

where β and μ_{ch} are real Lagrange parameters for the constraints ρ ∈ L^{1,+}_{1;ε} . For ε = ε_0, the maximizer(s) solve the free boundary problem obtained from (40) in the limit β → +∞.

Furthermore, let M_ε denote the set of maximizers ρ_ε for (39). Let μ^{(ε)} be a weak limit point, as σ → 0, of the measure μ^{(ε,σ)}. Then μ^{(ε)} ∈ P^{sym}(Ω), and its decomposition measure ν(μ^{(ε)}|dϱ) is concentrated on M_ε.

Part 2. Let ε < ε_0. In this case lim_{σ→0} R_{ε,σ}(ϱ_{ε,σ}) = −∞.

The proofs of Theorems 2 and 3 are nearly verbatim copies of the proofs for two-dimensional domains given in [41], with a few functional analytical differences. Details will appear elsewhere.

Our (40) is the dual equation to (28) on ⪋^n. The differential geometric problem is to find such f for which (40) has a solution with β = −2n, in which case (n−1)!|⪋^n| exp (2nf(x)) can be identified with a prescribed Paneitz curvature functions Q(x). Clearly, only such Q with sign (Q) = +1 can be found this way. The parameter βμ_{ch}, which accounts for the requirement that ρ is a probability density, is simply absorbed in u(x), but the parameter β in (40) is implicitly determined by the choice of ε. Hence, the problem becomes: “Find all f for which the map ε → β(ε) takes the value −2n.”

One obvious such f is f ≡ 0, in which case the equation (40) with β = −2n is completely integrable [12, 4]. Namely, (40) is then invariant under the full conformal group on ⪋^n, having a unique solution — up to rotations and reflections on ⪋^n — for each ε ≥ ε_0.

The problem to find admissible f ≢ 0 may not appear any simpler than the original Nirenberg problem and its generalization to higher n, but now thermodynamics comes to the rescue. It is straightforward to show that s(ε) is continuous and piecewise differentiable and that Ran(∂_εs) is connected. As in ordinary thermodynamics, so also here we have the identification

β = ∂_εs(ε) (41)

wherever the derivative is defined. We have ∂_εs(ε) → +∞ as ε → ε^+_0 , except when f ≡ 0. Moreover, for all f ≢ 0 we have s(ε_∞) = 0 and ∂_εs(ε_∞) = 0, where ε_∞ = (1/2) ∫ ⪋^n ∫ ⪋^n G(x, y)|⪋ n|^{−2}dxdy. For ε > ε_∞, we have ∂_εs(ε) < 0. Therefore, it suffices to solve the simpler problem of finding those f for which ∂_εs(ε) < −2n for some large enough ε > ε_∞. Using physical intuition as guidance, a little reflection reveals that a solution to the generalized Nirenberg problem should exist whenever f allows particles to cluster in at least two spatially separated regions when β < 0, or, in technical language:

Conjecture 4: Any f ∈ C^0(⪋^n) satisfying ∫ ⪋^n f(x)dx = 0 which has at least two isolated maxima can be identified with a Paneitz curvature function by Q(x) = (n − 1)!|⪋^n| exp (2nf(x)).

A variant of Conjecture 4 for ⪋^2 with somewhat stronger regularity assumptions on the Gauss curvature has been proven with PDE techniques in [15], see their Theorems I and II. Our microcanonical mean-field limit now offers a new perspective on proving a result like Conjecture 4 — simultaneously in all dimensions. I hope to report on the details of such an effort in some future publication.

As a final remark, I mention that also the ground state problem ε = ε_0, while only indirectly relevant to our conformal geometric problems on ⪋^n, is of quite some interest, in other contexts; see [42, 64].

ACKNOWLEDGEMENT This work was supported in parts through NSF Grant # DMS- 9623220.

References

[1] Aubin, T., Meilleures constantes dans le théorème d’inclusion de Sobolev et un théorème de Fredholm non linéaire pour la transformation conforme de la courbure scalaire J. Functional Anal. 32, 148–174 (1979).

[2] Aviles, P., Conformal complete metrics with prescribed non-negative Gaussian curvature in ⋛^2, Invent. Math. 83, 519–544 (1986).

[3] Bandle, C., Isoperimetric inequalities and applications, Pitman, Boston, (1980).

[4] Beckner, W., Sharp Sobolev inequalities on the sphere and the Moser-Trudinger inequality, Ann. Math. 138, 213–242 (1993).

[5] Billingsley, P., Convergence of probability measures, J. Wiley and Sons, New York (1968). [6] Branson, T., Group representations arising from Lorentz conformal geometry, J. Functional Anal. 74, 199–293 (1987).

[7] Branson, T., An anomaly associated with 4-dimensional quantum gravity, Comm. Math.

Phys. 178, 301–309 (1996).

[8] Branson, T., Chang., S.Y.A., and Yang, P., Estimates and extremal problems for the logdeterminant on 4-manifolds, Comm. Math. Phys. 149, 241-262 (1992).

[9] Caglioti, E., Lions, P. L., Marchioro, C., and Pulvirenti, M., A special class of stationary flows for two-dimensional Euler equations: A statistical mechanics description, Commun. Math. Phys. 143, 501–525 (1992).

[10] Caglioti, E., Lions, P. L., Marchioro, C., and Pulvirenti, M., A special class of stationary flows for two-dimensional Euler equations: A statistical mechanics description. Part II, Commun. Math. Phys. 174, 229–260 (1995).

[11] Campbell, L. J., and O’Neil, K., Statistics of two-dimensional point vortices and high energy vortex states, J. Stat. Phys. 65, 495–529 (1991).

[12] Carlen, E. A., and Loss, M., Competing symmetries, the logarithmic HLS inequality, and Onofri’s inequality on ⪋^n, Geom. Funct. Anal., 2 90–104 (1992).

[13] Chang., S.Y.A., On a fourth order PDE in conformal geometry, Preprint (1999). [14] Chang., S.Y.A., and Qing, J., The zeta functional determinants on four manifolds with boundary. I - the formula, J. Funct. Anal. 147, 327–362 (1997).

[15] Chang., S.Y.A., and Yang, P., Prescribing Gaussian curvature on ⪋^2, Acta Math. 159, 215–259 (1987).

[16] Chang., S.Y.A., and Yang, P., Conformal metrics on ⪋^2, J. Diff. Geom. 27, 256–296 (1988). [17] Chang., S.Y.A., and Yang, P., Extremal metrics for the zeta function determinants on 4- manifolds, Annals Math. 142, 171–212 (1995).

[18] Chang., S.Y.A., and Yang, P., On the Chern-Gauss-Bonnet integral for conformal metrics on ⋛^4, Preprint (1999).

[19] Chang., S.Y.A., and Yang, P., On uniqueness of solutions of a n-th order differential equation in conformal geomety, Preprint (1999).

[20] Chanillo, S., and Kiessling, M. K.-H., Rotational symmetry of solutions to some nonlinear problems in statistical mechanics and geometry, Commun. Math. Phys. 160, 217–238 (1994).

[21] Chanillo, S., and Kiessling, M. K.-H., Conformally invariant systems of nonlinear PDEs of Liouville type, Geom. and Funct. Anal., 5, 924–947 (1995).

[22] Chanillo, S., and Kiessling, M. K.-H., Surfaces with radially symmetric prescribed Gauss curvature, Duke Math. J., in press (2000).

[23] Chen, W., and Li, C., Classification of solutions of some nonlinear elliptic equations, Duke Math. J. 63, 615–622 (1991).

[24] Chen, W., and Li, C., Qualitative Properties of solutions to some nonlinear elliptic equations in ⋛^2, Duke Math. J. 71, 427–439 (1993).

[25] Cheng, K.-S., and Ni, W.-M., On the structure of the conformal Gaussian curvature equations on ⋛^2, Duke Math. J. 62, 721–737 (1991).

[26] Cheng, K.-S., and Lin, C.-S., On the asymptotic behavior of solutions of the conformal Gaussian curvature equations on ⋛^2, Math. Ann. 308, 119–139 (1997).

[27] Chou, K.S., and Wan, T.Y.H., Asymptotic radial symmetry for solutions of Δu + e^u = 0 in a punctured disc, Pac. J. Math. 163, 269–276 (1994).

[28] Diaconis, P., and Freedman, D., A dozen de Finetti-style results in search of a theory, Ann.

Inst. Henri Poincaré 23, 397–423 (1987).

[29] Ding, W., Jost, J., Li, J., and Wang, G., The differential equation Δu = 8π − 8πhe^u on a compact Riemann surface, Univ. Leipzig Preprint, (Feb. 1998).

[30] Dynkin, E. B., Klassy ekvivalentnyh slučaǐnyh veličin, Uspeki Mat. Nauk. 6, 125–134 (1953). [31] Eyink, G., and Spohn, H., Negative temperature states and large-scale, long-lived vortices in two-dimensional turbulence, J. Stat. Phys. 70, 833–886 (1993).

[32] de Finetti, B., Funzione caratteristica di un fenomeno aleatorio, Atti della R. Accad. Naz.

dei Lincei, Ser. 6, Memorie, Classe di Scienze Fisiche, Matematiche e Naturali 4, 251–300 (1931).

[33] Fröhlich, J., and Ruelle, D., Statistical mechanics of vortices in an inviscid two-dimensional fluid, Commun. Math. Phys. 87, 1–36 (1982).

[34] Han, Z.C., Prescribing Gaussian curvature on ⪋^2, Duke Math. J. 61, 679–703 (1990). [35] Hewitt, E., and Savage, L. J., Symmetric measures on Cartesian products, Trans. Amer.

Math. Soc. 80, 470–501 (1955).

[36] Joyce, G., and Montgomery, D.C., Negative temperature states for the two-dimensional guiding center plasma, J. Plasma Phys. 10, 107–121 (1973).

[37] Kazdan, J., and Warner, F., Curvature functions for compact 2-manifolds, Ann. Math. 99, 14–42 (1974).

[38] Kida, S., Statistics of the system of line vortices, J. Phys. Soc. Japan 39, 1395–1404 (1975). [39] Kiessling, M. K.-H., Statistical mechanics of classical particles with logarithmic interactions, Commun. Pure Appl. Math. 47, 27–56 (1993).

[40] Kiessling, M. K.-H., Negative temperature bounds for 2D vorticity compounds, Lett. Math.

Phys. 34, 49–57 (1995).

[41] Kiessling, M.K.-H., and Lebowitz, J.L., The microcanonical point vortex ensemble: Beyond equivalence, Lett. Math. Phys. 42, 43–56 (1997).

[42] Kiessling, M.K.-H., and Spohn, H., A note on the eigenvalue density of random matrices, Comm. Math. Phys. 199, 683–695 (1999).

[43] Kirchhoff, Vorlesungen über mathematische Physik. Mechanik Teubner, Leipzig (1877). [44] Lin, C. C., On the motion of vortices in two dimensions, The University of Toronto Press, Toronto, Canada (1943).

[45] Liouville, J., Sur l’équation aux différences partielles ∂^2 log λ/∂u∂v ± λ/2a^2 = 0, J. de Math.

Pures Appl. 18, 71–72 (1853).

[46] Lundgren, T. S., and Pointin, Y. B., Statistical mechanics of two-dimensional vortices, J.

Stat. Phys. 17, 323–355 (1977).

[47] Marchioro, C., and Pulvirenti, M., Mathematical theory of incompressible nonviscous fluids, Springer-Verlag, Berlin (1994).

[48] McOwen, R.C., Conformal metrics in ⋛^2 with prescribed Gaussian curvature and positive total curvature, Indiana Univ. Math. J. 34, 97–104 (1985).

[49] Messer, J., and Spohn, H., Statistical mechanics of the isothermal Lane-Emden equation, J.

Stat. Phys. 29, 561–578 (1982).

[50] Montgomery, D.C., Two-dimensinal vortex motion and “negative temperatures,” Phys. Lett.

A 39, 7–8 (1972).

[51] Montgomery, D.C., and Joyce, G., Statistical mechanics of “negative temperature” states, Phys. Fluids 17, 1139–1145 (1974).

[52] Moser, J., A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20, 1077–1092 (1971).

[53] Moser, J., On a nonlinear problem in differential geometry, in Dynamical Systems (M.

Peixoto, Ed.), Acad. Press, New York (1973).

[54] Ni, W.M., On the elliptic equation Δu + Ke^{2u} = 0 and conformal metrics with prescribed Gaussian curvatures, Invent. Math. 66, 343–352 (1982).

[55] O’Neil, K., and Redner, R. A., On the limiting distribution of pair-summable potential functions in many-particle systems, J. Stat. Phys. 62, 399–410 (1991).

[56] Onofri, E., On the positivity of the effective action in a theory of random surfaces, Commun.

Math. Phys. 86, 321–326 (1982).

[57] Onsager, L., Statistical hydrodynamics, Nuovo Cim. Suppl. 6, 279–287 (1949). [58] Osserman, R., On the inequality Δu ≥ f(u), Pac. J. Math. 7 1641–1647 (1957). [59] Paneitz, S. A quartic conformally covariant differential operator for arbitrary pseudo- Riemannian manifolds, Preprint, MIT (1983).

[60] Poincaré, H., Les fonctions fuchsiennes et l’équation Δu = e^u, J. Math. 4, 137–230 (1898). [61] Pointin, Y. B., and Lundgren, T. S., Statistical mechanics of two-dimensional vortices in a bounded container, Phys. Fluids 19, 1459–1470 (1976).

[62] Prajapat, J., and Tarantello, G., On a class of elliptic problems in ⋛^2: symmetry and a uniqueness result, Proc. Roy. Soc. Edinburgh, in press (2000).

[63] Ramsey, N. F., Thermodynamics and statistical mechanics at negative absolute temperatures, Phys. Rev. 103, 20–28 (1956).

[64] Saff, E.B., and Totik, V., Logarithmic potentials with external fields, Grundl. Math. Wiss.

316, Springer, New York (1997).

[65] Sattinger, D.H., Conformal metrics in ⋛^2 with prescribed curvatures, Indiana Univ. Math.

J. 22, 1–4 (1972).

[66] Struik, D.J., Lectures on classical differential geometry, Dover, 2nd ed., (1988). [67] Trudinger, N. S., On imbeddings into Orlicz spaces and some applications, J. Math. Mech.

17, 473–483 (1967).