arXiv:math-ph/0003044 v2 10 Apr 2000

Classification of Gauge Orbit Types

for SUn-Gauge Theories

G. Rudolph, M. Schmidt and I.P. Volobuev^1

Institute for Theoretical Physics University of Leipzig Augustusplatz 10 04109 Leipzig & Germany

E-mail: matthias.schmidt@itp.uni-leipzig.de Fax: +49-341-97/32548

1Nuclear Physics Institute, Moscow State University 119899 Moscow & Russia

Abstract

A method for determining the orbit types of the action of the group of gauge transformations on the space of connections for gauge theories with gauge group SUn in space-time dimension d ˇ 4 is presented. The method is based on the 1:1- correspondence between orbit types and holonomy-induced Howe subbundles of the underlying principal SUn-bundle. It is shown that the orbit types are labelled by certain cohomology elements of space-time satisfying two relations. Thus, for every principal SUn-bundle the corresponding stratification of the gauge orbit space can be determined explicitly. As an application, a criterion characterizing kinematical nodes for physical states in 2 + 1-dimensional Chern-Simons theory proposed by Asorey et al. is discussed.

Contents

1 Introduction 1 2 Gauge Orbit Types and Stratification 2 3 Correspondence between Orbit Types and Bundle Reductions 4 4 The Howe Subgroups of SUn 8 5 The Howe Subbundles of SUn-Bundles 11 5.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 5.2 The Homotopy Groups of SUJ . . . . . . . . . . . . . . . . . . . . . . . . . 15 5.3 The Postnikov Tower of BSUJ up to Level 5 . . . . . . . . . . . . . . . . . 16 5.4 Generators for H^∗(BSUJ, Z) . . . . . . . . . . . . . . . . . . . . . . . . . . 19 5.5 Generator for H^1(BSUJ, Z_g) . . . . . . . . . . . . . . . . . . . . . . . . . . 20 5.6 The Relation between Generators . . . . . . . . . . . . . . . . . . . . . . . 22 5.7 Characteristic Classes for SUJ-Bundles . . . . . . . . . . . . . . . . . . . . 24 5.8 Classification of SUJ-Bundles . . . . . . . . . . . . . . . . . . . . . . . . . 25 5.9 Classification of SUJ-Subbundles of SUn-Bundles . . . . . . . . . . . . . . 26 5.10 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 6 Holonomy-Induced Howe Subbundles 31 7 Factorization by SUn-Action 32 8 Example: Gauge Orbit Types for SU2 34 9 Application:

Kinematical Nodes in 2 + 1 Dimensional Chern-Simons Theory 36 10 Summary 39 Acknowledgements 40 A The Eilenberg-MacLane Spaces K(Z,2) and K(Z_g, 1) 40 B The Cohomology Algebra H^∗(BSUJ, Z) 41 C The Cohomology Algebra H^∗(BSUJ, Z_g) 42 Bibliography 46

1 Introduction

One of the basic principles of modern theoretical physics is the principle of local gauge invariance. Its application to the theory of particle interactions gave rise to the standard model, which proved to be a success from both theoretical and phenomenological points of view. The most impressive results of the model were obtained within the perturbation theory, which works well for high energy processes. On the other hand, the low energy hadron physics, in particular, the quark confinement, turns out to be dominated by nonperturbative effects, for which there is no rigorous theoretical explanation yet. The application of geometrical methods to non-abelian gauge theories revealed their rich geometrical and topological properties. In particular, it showed that the configuration space of such theories, which is the space of gauge group orbits in the space of connections, may have a highly nontrivial structure. In general, the orbit space possesses not only orbits of the so called principal type, but also orbits of other types, which may give rise to singularities of the configuration space. This stratified structure of the gauge orbit space is believed to be of importance for both classical and quantum properties of non-abelian gauge theories in nonperturbative approach, and it has been intensively studied in recent years. Let us discuss some aspects indicating its physical relevance. First, studying the geometry and topology of the generic (principal) stratum, one gets a deeper understanding of the Gribov-ambiguity and of anomalies in terms of index theorems. In particular, one gets anomalies of purely topological type, which can not be seen by perturbative quantum field theory. These are well-known results from the eighties. Moreover, there are partial results and conjectures concerning the relevance of nongeneric strata. First of all, nongeneric gauge orbits affect the classical motion on the orbit space due to boundary conditions and, in this way, may produce nontrivial contributions to the path integral. They may also lead to localization of certain quantum states, as it was suggested by finite-dimensional examples [10]. Further, the gauge field configurations belonging to nongeneric orbits can possess a magnetic charge, i.e. they can be considered as a kind of magnetic monopole configurations, which are responsible for quark confinement. This picture was found in 3-dimensional gauge systems [3], and it is conjectured that it can hold for 4-dimensional theories as well [4]. Finally, it was suggested in [16] that non-generic strata may lead to additional anomalies.

Most of the problems mentioned here are still awaiting a systematic investigation. In a series of papers we are going to make a new step in this direction. We give a complete solution to the problem of determining the strata that are present in the gauge orbit space for SUn gauge theories in compact Euclidean space-time of dimension d = 2, 3, 4. Our analysis is based on the results of a paper by Kondracki and Rogulski [23], where it was shown that the gauge orbit space is a stratified topological space in the ordinary sense, cf. [22] and references therein. Moreover, these authors found an interesting relation between orbit types and certain bundle reductions, which we are going to use. We also refer to [14] for the discussion of a very simple, but instructive special example (orbit types of SU2-gauge theory on S^4).

The paper is organized as follows. In Section 2 we introduce the basic notions related to the action of the group of gauge transformations on the space of connections, state the definitions of stabilizer and orbit type and recall basic results concerning the stratification structure of the gauge orbit space. In Section 3 we introduce the notions of Howe subgroup and holonomy-induced Howe subbundle and establish the relation between orbit types and holonomy-induced Howe subbundles. Section 4 is devoted to the study of the Howe subgroups of SUn. In Section 5 we give a classification of the Howe subbundles of SUnbundles for space-time dimension d ≤ 4. In Section 6 we prove that any Howe subbundle of SUn-bundles is holonomy-induced. In Section 7 we implement the equivalence relation of Howe subbundles due to the action of SUn. As an example, in Section 8 we determine the orbit types for gauge group SU2. Finally, in Section 9 we discuss an application to Chern-Simons theory in 2 + 1 dimensions.

In two subsequent papers we shall investigate the natural partial ordering on the set of orbit types and the structure of another, coarser stratification, see [24], obtained by first factorizing with respect to the so called pointed gauge group and then by the structure group.

2 Gauge Orbit Types and Stratification

We consider a fixed topological sector of a gauge theory with gauge group G on a Riemannian manifold M. In the geometrical setting it means that we are given a smooth right principal fibre bundle P with structure group G over M. G is assumed to be a compact connected Lie group and M is assumed to be compact, connected, and orientable. Denote the sets of connection forms and gauge transformations of P of Sobolev class W^k (locally square integrable up to the k-th derivative) by A^k and G^k, respectively. Here k is a nonnegative integer. For generalities on Sobolev spaces of cross sections in fibre bundles, see [28]. Provided 2k > dim M, A^k is an affine Hilbert space and G^{k+1} is a Hilbert Lie group acting smoothly from the right on A^k [23, 26, 32]. We shall even assume 2k > dim M + 2. Then, by the Sobolev Embedding Theorem, connection forms are of class C^1 and, therefore, have continuous curvature. If we view elements of G^{k+1} as G-space morphisms P → G, the action of g ∈ G^{k+1} on A ∈ A^k is given by

A^{(g)} = g^{−1}Ag + g^{−1}dg . (1)

Let M^k denote the quotient topological space A^k/G^{k+1}. This space represents the configuration space of our gauge theory.

For this to make sense, M^k should not depend essentially on the purely technical parameter k. Indeed, let k^′ > k. Then one has natural embeddings G^{k′+1} → G^{k+1} and A^{k′} → A^k. As a consequence of the first, the latter projects to a map φ : M^{k′} → M^k. Since the image of A^{k′} in A^k is dense, so is φ ( M^{k′} ) in M^k. To see that φ is injective, let A_1, A_2 ∈ A^{k′} and g ∈ G^{k+1} such that φ(A_2) = φ(A_1)^{(g)}. Then (1) implies

dg = gφ(A_2) − φ(A_1)g . (2)

Due to 2k^′ > 2k > dim M, by the multiplication rule for Sobolev functions, the rhs. of (2) is of class W^{k+1}. Then g is of class W^{k+2}. This can be iterated until the rhs. is of class

W^{k′} . Hence, g ∈ G^{k′+1}, so that A_1 and A_2 are representatives of the same element of M^{k′} . This shows that M^{k′} can be identified with a dense subset of M^k. Another question is whether the stratification structure of M^k, which will be discussed in a moment, depends on k. Fortunately, the answer to this question is negative, see Theorem 3.3. In general, the orbit space of a smooth Lie group action does not admit a smooth manifold structure w.r.t. which the projection is smooth. The best one can expect is that it admits a stratification. For the notion of stratification of a topological space, see [22] or [23, §4.4]. For the gauge orbit space M^k, a stratification was constructed in [23], using a method which is known from compact Lie group actions on completely regular spaces [7]. In order to explain this, let us recall the notions of stabilizer and orbit type. The stabilizer, or isotropy subgroup, of A ∈ A^k is the subgroup G^{k+1}_A = {g ∈ G^{k+1} | A^{(g)} = A} of G^{k+1}. It has the following transformation property: For any A ∈ A^k and g ∈ G^{k+1}, G^{k+1}_{A(g)} = g^{−1}G^{k+1}_A g .

Thus, there exists a natural map, called type map, assigning to each element of M^k the conjugacy class in G^{k+1} made up by the stabilizers of its representatives in A^k. Let OT ( A^k, G^{k+1} ) denote the image of this map. The elements of OT ( A^k, G^{k+1} ) are called orbit types. The set OT ( A^k, G^{k+1} ) carries a natural partial ordering: τ ≤ τ^′ iff there are representatives G^{k+1}_A of τ and G^{k+1}_A′ of τ^′ such that G^{k+1}_A ⊇ G^{k+1}_A′ . Note that this definition is consistent with [7] but not with [23] and several other authors who define it just inversely. As was shown in [23], the subsets M^k_τ ⊆ M^k, consisting of gauge orbits of type τ , can be equipped with a smooth Hilbert manifold structure and the family { M^k_τ | τ ∈ OT ( A^k, G^{k+1} )} (3) is a stratification of M^k. Accordingly, the manifolds M^k_τ are called strata. In particular,

M^k = ⋃ τ ∈OT(A^k,G^{k+1}) M^k_τ , where for any τ ∈ OT ( A^k, G^{k+} ) there holds M^k_τ is open and dense in ⋃ τ^′≤τ M k τ^′ . (4)

Similarly to the case of compact Lie groups, there exists a principal orbit type τ_0 obeying τ_0 ≥ τ for all τ ∈ OT ( A^k, G^{k+1} ) . Due to (4), the corresponding stratum M^k_{τ0} is open and dense in M^k. For this reason it is called the generic stratum. The above considerations show that the set OT ( A^k, G^{k+1} ) together with its natural partial ordering carries the information about which strata occur and how they are patched together.

To conclude, let us remark that instead of using Sobolev techniques one can also stick to smooth connection forms and gauge transformations. Then one obtains essentially analogous results about the stratification of the corresponding gauge orbit space where, roughly speaking, one has to replace ’Hilbert manifold’ and ’Hilbert Lie group’ by ’tame Fréchet manifold’ and ’tame Fréchet Lie group’, see [1, 2].

3 Correspondence between Orbit Types and Bundle Reductions

In this section, let p_0 ∈ P be fixed. For A ∈ A^k, let H_A and P_A denote the holonomy group and holonomy subbundle, respectively, of A based at p_0. We assume 2k > dim M + 2. Then, by the Sobolev Embedding Theorem, A is of class C^1 so that P_A is a subbundle of P of class C^2. In particular, it is a subbundle of class C^0.

For any g ∈ G^{k+1}, let ϑ_g denote the associated vertical automorphism of P . Then ϑ_g(p) = p · g(p) ∀ p ∈ P . (5) Let C_G(H) denote the centralizer of H ⊆ G in G. We abbreviate C^2_G(H) = C_G (C_G(H)). Let A ∈ A^k and g ∈ G^{k+1}. Since the elements of G^{k+1}_A map A-horizontal paths in P to A-horizontal paths they are constant on P_A. Conversely, any gauge transformation which is constant on P_A leaves A invariant. Thus, for any g ∈ G^{k+1} one has

g ∈ G^{k+1}_A ⇐⇒ g|_{PA} is constant. (6)

This suggests the idea to characterize orbit types by certain classes of subbundles of P . For any subgroup S ⊆ G^{k+1} define a subset Θ(S) ⊆ P by Θ(S) = {p ∈ P | g(p) = g(p_0) ∀g ∈ S} . (7)

Lemma 3.1 (a) For any A ∈ A^k, Θ ( G^{k+1}_A ) = P_A · C^2_G (H_A).

(b) Let A, A^′ ∈ A^k. Then Θ ( G^{k+1}_A ) = Θ ( G^{k+1}_A′ ) implies G^{k+1}_A = G^{k+1}_A′ .

(c) Let g ∈ G^{k+1}. For any subgroup S ⊆ G^{k+1}, Θ (gSg^{−1}) = ϑ_g (Θ(S)) · g(p_0)^{−1}.

Remark: In [23], P_A · C^2_G(H_A) is called the evolution bundle generated by A. Thus, in this terminology, (a) states that Θ maps the stabilizer of a connection to its evolution bundle.

Proof:

(a) Let A ∈ A^k. Recall that P_A has structure group H_A. Hence, in view of (6), the equivariance property of gauge transformations implies { g(p_0) | | g ∈ G^{k+1}_A } = C_G(H_A) . (8)

Thus, by equivariance again,

g ∈ G^{k+1}_A =⇒ g|_{PA·C}2_{G(HA)} is constant. (9)

This shows P_A · C^2_G(H_A) ⊆ Θ ( G^{k+1}_A ) . Conversely, let p ∈ P such that g(p) = g(p_0) for all g ∈ G^{k+1}_A . There exists a ∈ G such that p · a^{−1} ∈ P_A. Then (6) yields

g(p_0) = g ( p · a^{−1} ) = ag(p)a^{−1} = ag(p_0)a^{−1} , for all g ∈ G^{k+1}_A . Due to (8), then a ∈ C^2_G(H_A). Hence, p = (p · a^{−1}) · a ∈ P_A · C^2_G(H_A). (b) Let A, A^′ ∈ A^k be given. For any g ∈ G^{k+1}, we have

g ∈ G^{k+1}_A ⇐⇒ g|_Θ(_Gk+1_A ) is constant.

Here implication from left to right is due to (9) and assertion (a), the inverse implication follows from P_A ⊆ Θ ( G^{k+1}_A ) and (6). Since a similar characterization holds for G^{k+1}_A′ , the assertion follows.

(c) Let p ∈ P , h ∈ S. Using (5) we compute

g(p_0)^{−1}g(p)h(p)g(p)^{−1} g(p_0) = h (ϑ_g−1 (p) · g(p_0)) .

This allows us to write down the following chain of equivalences:

p ∈ Θ (gSg^{−1}) ⇐⇒ g(p)h(p)g(p)^{−1} = g(p_0)h(p_0)g(p_0)^{−1} ⇐⇒ g(p_0)^{−1}g(p)h(p)g(p)^{−1} g(p_0) = h(p_0) ⇐⇒ h (ϑ_g−1 (p) · g(p_0)) = h(p_0) ⇐⇒ ϑ_g−1 (p) · g(p_0) ∈ Θ(S) . This proves assertion (c).

Definition 3.2 Let G be a Lie group and let P be a principal G-bundle. A subgroup H ⊆ G is called Howe subgroup iff there exists a subset K ⊆ G such that H = C_G(K). A reduction of P to a Howe subgroup of G will be called Howe subbundle. A subbundle Q ⊆ P will be called holonomy-induced of class C^r iff it contains a connected subbundle Q̃ ⊆ Q of class C^r with structure group H̃ such that

Q = Q̃ · C^2_G ( H̃ ) . (10)

We remark that the notion of Howe subgroup is common in the literature, cf. [27]. The notions of Howe subbundle and holonomy-induced subbundle are, to our knowledge, new. Moreover, we note that H ⊆ G is a Howe subgroup iff C^2_G(H) = H. In particular, the subset K ⊆ G in the definition can be chosen to be C_G(H).

The set of holonomy-induced Howe subbundles of P of class C^0 is acted upon in a natural way by the group of continuous gauge transformations G^{C0} and by the structure group G. Let Howe_∗(P ) denote the corresponding set of conjugacy classes. We note that the actions of G^{C0} and G commute. Moreover, two subbundles of class C^0 of P are conjugate under the action of G^{C0} iff they are isomorphic. Howe_∗(P ) carries a natural partial ordering, which is defined similarly to that of orbit types: η ≥ η^′ iff there are representatives Q of η and Q^′ of η^′ such that Q ⊆ Q^′.

Theorem 3.3 Let M be compact, dim M ≥ 2. Then the assignment Θ induces, by passing to quotients, an order-preserving bijection from OT ( A^k, G^{k+1} ) onto Howe_∗(P ).

Proof: Let τ ∈ OT ( A^k, G^{k+1} ) and choose a representative S ⊆ G^{k+1}. There exists A ∈ A^k such that S = G^{k+1}_A . According to Lemma 3.1(a), Θ(S) can be obtained by extending the subbundle P_A ⊆ P to the structure group C^2_G(H_A). Since P_A is of class C^0, so is Θ(S). Since P_A is connected, Θ(S) is holonomy-induced of class C^0. Moreover, it is obviously Howe. According to Lemma 3.1(c), when passing to quotients the class of Θ(S) does not depend on the chosen representative S of τ . Thus, indeed, Θ projects to a map from OT ( A^k, G^{k+1} ) to Howe_∗(P ).

To check that this map is surjective, let Q ⊆ P be a holonomy-induced Howe subbundle of class C^0. Let Q̃ ⊆ Q be a connected subbundle of class C^0, with structure group H̃, such that (10) holds. Due to well-known smoothing theorems [17, Ch. I, §4], Q̃ and Q are C^0-isomorphic to C^∞-subbundles of P . Hence, up to the action of G^{C0} , we may assume that Q̃ and Q are of class C^∞ themselves. Moreover, up to the action of G, p_0 ∈ Q̃. Since M is compact and dim M ≥ 2, Q̃ carries a C^∞-connection with holonomy group H̃ [21, Ch. II, Thm. 8.2]. This connection prolongs to a unique (smooth) A ∈ A^k obeying P_A = Q̃ and H_A = H̃. Then Lemma 3.1(a) and (10) imply Θ ( G^{k+1}_A ) = Q̃ · C^2_G ( H̃ ) = Q . This proves surjectivity.

To show that the projected map is injective, let τ, τ^′ ∈ OT ( A^k, G^{k+1} ) . Choose representatives S, S^′ and assume that there exist g ∈ G^{C0} , a ∈ G such that

Θ (S^′) = ϑ_g (Θ (S)) · a . (11)

Consider the following lemma.

Lemma 3.4 Let A ∈ A^k and let Q ⊆ P be a subbundle of class C^∞. If there exists h ∈ G^{C0} such that Θ ( G^{k+1}_A ) = ϑ_h(Q) (12)

then h may be chosen from G^{k+1}.

Before proving the lemma, let us assume that it holds and finish the arguments. Again, due to smoothing theorems, Θ(S) is C^0-isomorphic to some C^∞-subbundle Q ⊆ P . Then there exists h ∈ G^{C0} such that Θ(S) = ϑ_h(Q). Due to Lemma 3.4, we can choose h ∈ G^{k+1}. Moreover, due to (11), Θ(S^′) = ϑ_{gh} (Q · a). By application of Lemma 3.4 again, we can achieve gh ∈ G^{k+1}. This shows that we may assume, from the beginning, g ∈ G^{k+1}. Now consider (11). Since p_0 ∈ Θ(S), ϑ_g(p_0) · a = p_0 · (g(p_0)a) ∈ Θ(S^′). Since also p_0 ∈ Θ(S^′), g(p_0)a is an element of the structure group of Θ(S^′). Then Θ(S^′) · (a^{−1}g(p_0)^{−1}) = Θ(S^′), so that (11) and Lemma 3.1(c) yield

Θ (S^′) = ϑ_g (Θ(S)) · g(p_0)^{−1} = Θ ( gSg^{−1} ) . Due to Lemma 3.1(b), then S^′ = gSg^{−1}. This proves injectivity.

Proof of Lemma 3.4: Let A and Q be given. Under the assumption that (12) holds, Θ ( G^{k+1}_A ) and Q have the same structure group H. There exist an open covering {U_i} and local trivializations

ξ_i : U_i × H → Θ ( G^{k+1}_A ) |_{Ui} , η_i : U_i × H → Q|_{Ui} of Θ ( G^{k+1}_A ) and Q, respectively. These define local trivializations ξ̃_i, η̃_i : U_i × G → P |_{Ui} of P over {U_i}. Here η_i, η̃_i can be chosen from the class C^∞. As for ξ_i and ξ̃_i, we note that Θ ( G^{k+1}_A ) contains the holonomy bundle P_A. A standard way of constructing local cross sections in P_A goes as follows (cf. the proof of Lemma 1 in [21, Ch. II,§7.1]): Choose a local chart about some x ∈ M and a point p in the fibre of P_A over x. Take the preimages, under the local chart map, of straight lines running through x and lift them to A-horizontal paths running through p. Since A is of class W^k, the lifts are of class W^{k+1}. Hence, so is the local cross section and, therefore, the local trivialization defined by that cross section. This shows that ξ_i and ξ̃_i may be chosen from the class W^{k+1}. Due to (12), the family {ϑ_h ∘ η_i} defines a local trivialization of class C^0 of Θ ( G^{k+1}_A ) over {U_i}. Hence, there exists a vertical automorphism ϑ^′ of class C^0 of Θ ( G^{k+1}_A ) such that ξ_i = ϑ^′ ∘ ϑ_h ∘ η_i ∀i. By equivariant prolongation, ϑ^′ defines a unique element h^′ ∈ G^{C0} . Since ϑ_h′ leaves Θ ( G^{k+1}_A ) invariant, Θ ( G^{k+1}_A ) = ϑ_h′_h(Q). Thus, by possibly redefining h we may assume that h^′ = 1, i.e., that ϑ^′ is trivial. Then

ξ̃_i = ϑ_h ∘ η̃_i ∀ i . (13)

As we shall argue now, (13) implies h ∈ G^{k+1}. To see this, note that h ∈ G^{k+1} iff the local representatives h_i = h ∘ η̃_i ∘ ι are of class W^{k+1}, see [26]. Here ι denotes the embedding U_i → U_i × G, x → (x, 1). Using η̃_i(x, h_i(x)) = ϑ_h ∘ η̃_i(x, 1), ∀ x ∈ U_i, we find

h_i = pr_2 ∘ η̃^{−1}_i ∘ ϑ_h ∘ η̃_i ∘ ι , (14)

where pr_2 is the canonical projection U_i × G → G. Inserting (13) into (14) yields

h_i = pr_2 ∘ η̃^{−1}_i ∘ ξ̃_i ∘ ι ∀ i .

Here ξ̃_i is of class W^{k+1} and the other maps are of class C^∞. Thus, according to the composition rules of Sobolev mappings, h_i is of class W^{k+1}. It follows h ∈ G^{k+1}. This proves Lemma 3.4 and, therefore, Theorem 3.3.

Remarks:

1. As one important consequence of Theorem 3.3, OT ( A^k, G^{k+1} ) does not depend on k.

2. General arguments show that Howe_∗(P ) is countable, see [23, §4.2]. Hence, so is OT ( A^k, G^{k+1} ) . Countability of OT ( A^k, G^{k+1} ) is a necessary condition for this set to define a stratification in the sense of [22]. It was first stated in Theorem 4.2.1 in [23]. In fact, the proof of this theorem already contains most of the arguments needed to prove Theorem 3.3. Unfortunately, although in the proof of Theorem 4.2.1 the authors used that isomorphy of evolution subbundles implies conjugacy under the action of G^{k+1}, they did not give an argument for that. Such an argument is provided by our Lemma 3.4. 3. Theorem 3.3 also shows that the notion of holonomy-induced Howe subbundle may be viewed as an abstract version of the notion of evolution subbundle generated by a connection.

4. The geometric ideas behind the proof of Theorem 3.3 are also contained in [15, §2]. However, a rigorous proof was not given there.

In view of Theorem 3.3, we are left with the problem of determining the set Howe_∗(P ) together with its partial ordering. This leads us to the following

Programme Step 1 Determination of the Howe subgroups of G. Since G-action on subbundles conjugates the structure group, classification up to conjugacy is sufficient. Step 2 Determination of Howe subbundles of P . Since subbundles are conjugate by G^{C0} iff they are isomorphic, classification up to isomorphy is sufficient. Step 3 Specification of the Howe subbundles which are holonomy-induced. Step 4 Factorization by G-action Step 5 Determination of the natural partial ordering.

In the present paper, we perform steps 1–4 for the group G = SUn. As already noted, the determination of the natural partial ordering, which includes the study of the natural partial ordering of Howe subgroups, will be published in a subsequent paper.

4 The Howe Subgroups of SUn

Let Howe(SUn) denote the set of conjugacy classes of Howe subgroups of SUn. In order to derive Howe(SUn), we consider SUn as a subset of the general linear algebra gl(n, C ), viewed as an associative algebra.

In the literature it is customary to consider, instead of Howe subgroups, Howe dual pairs. A Howe dual pair is an ordered pair of subgroups (H_1, H_2) of G such that

H_1 = C_G(H_2) , H_2 = C_G(H_1) .

The assignment H → (H, C_G(H)) defines a 1 : 1-relation between Howe subgroups and Howe dual pairs. One also defines Howe subalgebras and Howe dual pairs in an associative algebra. We remark that, usually, one restricts attention to reductive Howe dual pairs. This means, one requires that any finite dimensional representation of the members be completely reducible. In our case this condition is automatically satisfied, because SUn is compact and Howe subgroups are always closed. Reductive Howe dual pairs play an important role in the representation theory of Lie groups. This was first observed by

R. Howe [18]. Although for SUn it is not necessary to go into the details of the classification theory of reductive Howe dual pairs, we note that there exist, essentially, two methods. One applies to the isometry groups of Hermitian spaces and uses the theory of Hermitian forms [27, 29, 31]. The other method applies to complex semisimple Lie algebras and uses root space techniques [30].

Let K(n) denote the collection of pairs of sequences (of equal length) of positive integers

J = (k, m) = ((k_1, . . . , k_r), (m_1, . . . , m_r)) , r = 1, 2, 3, . . . , n,

which obey

k · m = r∑ i=1 k_im_i = n . (15)

For a given element J = (k, m) of K(n), let g denote the greatest common divisor of the integers m_1, . . . , m_r. Define a sequence ~m = ( ~m_1, . . . , ~m_r) by g ~m_i = m_i ∀ i. Moreover, for any permutation σ of r elements, define σJ = (σk, σm). Any J ∈ K(n) generates a canonical decomposition

C^n =^(C^{k1} ⊗ C^{m1 )} ⊕ · · · ⊕^(C^{kr} ⊗ C^{mr )} . (16)

This decomposition, in turn, induces an injective homomorphism

gl(k_1, C ) × · · · × gl(k_r, C ) → gl(n, C ) (D_1, . . . , D_r) → (D_1 ⊗ 1_{m1} ) ⊕ · · · ⊕ (D_r ⊗ 1_{mr} ) . (17)

Written as a matrix w.r.t. the canonical basis, the elements of the image look like

D_1 0 · · · 0 0 D_1 · · · 0 . . . . ... . . 0 0 · · · D_1 · · · 0 . . ... . .

0 · · · D_r 0 · · · 0 0 D_r · · · 0 . . . . ... . . 0 0 · · · D_r (m_1 times D_1, m_2 times D_2, etc.). We denote the image of this homomorphism by gl(J, C ), its intersection with Un by UJ and its intersection with SUn by SUJ. Note that UJ is the image of the restriction of (17) to Uk_1 × · · · × Uk_r.

Lemma 4.1 (a) A ∗-subalgebra of gl(n, C ) is Howe if and only if it is conjugate, under the action of SUn by inner automorphisms, to gl(J, C ) for some J ∈ K(n).

(b) A subgroup of Un (resp. SUn) is Howe if and only if it is conjugate, under the action of SUn by inner automorphisms, to UJ (resp. SUJ) for some J ∈ K(n).

Remark: Assertion (a) is a version of the structure theorem for finite-dimensional von Neumann algebras.

Proof: (a) For any J ∈ K(n), gl(J, C ) is a ∗-subalgebra of gl(n, C ) containing 1_n. Thus, gl(J, C ) is a von Neumann algebra and the Double Commutant Theorem says that gl(J, C ) is Howe. Conversely, let L be a Howe ∗-subalgebra of gl(n, C ). Let L^′ denote the centralizer of L in gl(n, C ) and let L̃ denote the subalgebra generated by L and L^′. Decompose

C^n = V1 ⊕ · · · ⊕ Vr (18)

into mutually orthogonal, L̃-irreducible subspaces. Due to Schur’s Lemma, for each i,

V_i = W_i ⊗ C^{mi} , (19)

where W_i is L-irreducible and m_i is a positive integer. Moreover,

L^′|_{Vi} ⊆ {id_{Wi} ⊗ D^′_i | D^′_i ∈ gl(m_i, C )} , (20) L|_{Vi} ⊆ {D_i ⊗ 1_{mi} | D_i ∈ End(W_i)} . (21)

Since L^′ is the full centralizer of L, one has equality in (20). As a consequence, since L is the full centralizer of L^′, there holds equality in (21). Now let k_i = dim W_i and J = (k, m). By identifying W_i ∼= C^{ki} , we arrive at a decomposition of C^n of the form (16). There exists T ∈ SUn transforming this decomposition into the canonical one induced by J. Then the inner automorphism of gl(n, C ) defined by T transforms L into gl(J, C ). (b) We give only the proof for SUn. Let H be a Howe subgroup of SUn. Then

H = C_{SUn}(K) = C_{gl(n,}C_) (K) ∩ SUn

for some subset K ⊆ SUn. By construction, C_{gl(n,}C_) (K) is a Howe ∗-subalgebra of gl(n, C ). Hence, by virtue of (a), it is conjugate, under SUn-action, to gl(J, C ) for some J. Then H is conjugate, in SUn, to gl(J, C ) ∩ SUn = SUJ. Conversely, let J ∈ K(n). Due to (a), there exists J^′ ∈ K(n) and T ∈ SUn such that gl(J, C ) = C_{gl(n,}C_) (T gl(J^′, C )T^{−1} ). Taking into account that (T gl(J^′, C )T^{−1} ) ∩ SUn spans (T gl(J^′, C )T^{−1} ), we obtain

SUJ = gl(J, C ) ∩ SUn = C_{gl(n,}C_) (T gl(J^′, C )T^{−1} ∩ SUn) ∩ SUn = C_{SUn} (T gl(J^′, C )T^{−1} ∩ SUn) .

This shows that SUJ is Howe.

Lemma 4.2 Let J, J^′ ∈ K(n). Then gl(J, C ) and gl(J^′, C ) are conjugate under the action of SUn by inner automorphisms if and only if there exists a permutation σ of 1, . . . , r such that J^′ = σJ.

Proof: Let T ∈ SUn such that gl(J^′, C ) = T^{−1}gl(J, C )T . Then gl(J, C ) and gl(J^′, C ) are isomorphic. Hence, there exists a permutation σ of 1, . . . , r such that k^′ = σk. Moreover, T is an isomorphism of the representations

gl(k_1, C ) × · · · × gl(k_r, C )^J−→ gl(n, C ) , gl(k_1, C ) × · · · × gl(k_r, C )^σ−→ gl(k_{σ(1)}, C ) × · · · × gl(k_{σ(r)}, C )^{J′}−→ gl(n, C ) ,

where J, J^′ indicate the embeddings (17) defined by J and J^′, respectively. In particular, it does not change the multiplicities of the irreducible factors. This implies m^′ = σm. It follows J^′ = σJ.

Conversely, assume that J^′ = σJ for some permutation σ of 1, . . . , r. Consider the canonical decompositions (16) defined by J and J^′, respectively. There exists T ∈ SUn which maps the factors C^{k′i} ⊗ C^{l′i} of the second decomposition identically onto the factors C^{kσ(i)} ⊗ C^{mσ(i)} of the first one, for i = 1, . . . , r. It is not difficult to see that gl(J^′, C ) = T^{−1}gl(J, C )T .

As a consequence of Lemma 4.2, we introduce an equivalence relation on the set K(n) by writing J ∼ J^′ iff there exists a permutation of 1, . . . , r such that J^′ = σJ. Let K̂(n) denote the set of equivalence classes.

Theorem 4.3 The assignment J → SUJ induces a bijection from K̂(n) onto Howe(SUn). Proof: According to Lemma 4.1, the assignment J → SUJ induces a surjective map K(n) → Howe(SUn). Due to Lemma 4.2, this map projects to K̂(n) and the projected map is injective.

This concludes the classification of Howe subgroups of SUn, i.e., Step 1 of our programme.

5 The Howe Subbundles of SUn-Bundles

In this chapter, let P be a principal SUn-bundle over M, dim M ≤ 4. We are going to derive the Howe subbundles of P up to isomorphy. Since the action of SUn on subbundles conjugates the structure group, it suffices to consider reductions of P to the subgroups SUJ, J ∈ K(n). Thus, let J ∈ K(n) be fixed. Let Bun(M, SUJ) denote the set of isomorphism classes of principal SUJ-bundles over M (where principal bundle isomorphisms are assumed to commute with the structure group action and to project to the identical map on the base space). Moreover, let Red(P, SUJ) denote the set of isomorphism classes of reductions of P to the subgroup SUJ ⊆ SUn.

We shall first derive a description of Bun(M, SUJ) in terms of suitable characteristic classes and then give a characterization of the subset Red(P, SUJ). The classification of Bun(M, SUJ) will be performed by constructing the Postnikov tower of the classifying space BSUJ up to level 5. For the convenience of the reader, the basics of this method will be briefly explained below.

Note that in the sequel maps of topological spaces are always assumed to be continuous, without explicitly stating this.

5.1 Preliminaries

Universal Bundles and Classifying Spaces Let G be a Lie group. As a basic fact in bundle theory, there exists a so-called universal G-bundle G → EG → BG (22) with the following property: For any CW-complex (hence, in particular, any manifold) X the assignment [X, BG] −→ Bun(X, G) , f → f^∗EG , (23) is a bijection [19]. Here [·, ·] means the set of homotopy classes of maps and f^∗ denotes the pull-back of bundles. Both EG and BG can be realized as CW-complexes. They are unique up to homotopy equivalence. BG is called the classifying space of G. The homotopy class of maps X → BG associated to P ∈ Bun(X, G) by virtue of (23) is called the classifying map of P . We denote it by f_P . Note that a principal G-bundle is universal iff its total space is contractible. In particular,

π_i(G) ∼= π_{i+1}(BG) , i = 0, 1, 2, . . . . (24)

This is an immediate consequence of the exact homotopy sequence of fibre spaces [8].

Associated Principal Bundles Defined by Homomorphisms Let φ : G → G^′ be a Lie group homomorphism and let P ∈ Bun(X, G). By virtue of the action G × G^′ → G^′ , (a, a^′) → φ(a)a^′ , G^′ becomes a left G-space and we have an associated bundle P^{[ φ ]} = P ×_G G^′. Observe that P^{[ φ ]} can be viewed as a principal G^′-bundle with right G^′-action

P^{[ φ ]} × G^′ −→ P^{[ φ ]} , ([(p, a^′)], b^′) → [(p, a^′b^′)] .

One has the natural bundle morphism

ψ : P → P^{[ φ ]} , p → [(p, 1_G′ )] . (25)

It obeys ψ(p · a) = ψ(p) · φ(a) and projects to the identical map on X. In the special case where φ is a Lie subgroup embedding, the natural bundle morphism (25) is an embedding of P onto a subbundle of P^{[ φ ]}. In this case, if no confusion about φ can arise, we shall often write P^{[ G′ ]} instead of P^{[ φ ]}. Note that P^{[ φ ]} is the extension of P by G^′ and P is a reduction of P^{[ φ ]} to the subgroup (G, φ).

Classifying Maps Associated to Homomorphisms Again, let φ : G → G^′ be a homomorphism. There exists a map Bφ : BG → BG^′, associated to φ, which is defined as the classifying map of the principal G^′-bundle (EG)^{[ φ ]} associated to the universal Gbundle EG. It has the following functorial property: For φ : G → G^′ and φ^′ : G^′ → G^{′′} there holds B(ψ ∘ φ) = Bψ ∘ Bφ . (26)

Using Bφ, the classifying map of P^{[ φ ]} can be expressed through that of P :

f_P [ φ ] = Bφ ∘ f_P . (27)

In the special case where φ is a normal Lie subgroup embedding, the short exact sequence of Lie group homomorphisms 1 −→ G^φ−→ G^{′ p}−→ G/G^′ −→ 1 (28) induces a principal bundle G^′/G → BG^{Bφ}−→ BG^′ . (29) The classifying map of this bundle is Bp [6], where p denotes the natural projection.

Characteristic Classes Let G be a Lie group. Consider the cohomology ring H^∗(BG, π) of the classifying space with values in some Abelian group π. For any P ∈ Bun(X, G), the homomorphism (f_P )^∗, induced on cohomology, maps H^∗(BG, π) to H^∗(X, π). Therefore, given γ ∈ H^∗(BG, π), one can define a map

χ_γ : Bun(X, G) → H^∗(X, π) , P → (f_P )^∗ γ . (30)

This is called the characteristic class for G-bundles over X defined by γ. By construction, one has the following universal property of characteristic classes: Let f : X → X^′ be a map and let P^′ ∈ Bun(X^′, G). Then

χ_γ (f^∗P^′) = f^∗χ_γ (P^′) . (31)

Observe that if two bundles are isomorphic then their images under arbitrary characteristic classes coincide, whereas the converse, in general, does not hold. This is due to the fact that characteristic classes can control maps X → BG only on the level of the homomorphisms induced on cohomology. In general, the latter do not give sufficient information on the homotopy properties of the maps. In certain cases, however, they do. For example, such cases are obtained by specifying G to be U1 or discrete, or by restricting X in dimension. In these cases there exist sets of characteristic classes which classify Bun(X, G). In the sequel we will utilize this to determine Bun(M, SUJ).

Eilenberg-MacLane Spaces Let π be a group and n a positive integer. An arcwise connected CW-complex X is called an Eilenberg-MacLane space of type K(π, n) iff π_n(X) = π and π_i(X) = 0 for i ≠ n. Eilenberg-MacLane spaces exist for any choice of π and n, provided π is commutative for n ≥ 2. They are unique up to homotopy equivalence.

The simplest example of an Eilenberg-MacLane space is the 1-sphere S^1, which is of type

K(Z, 1). Two further examples, K(Z, 2) and K(Zg, 1), are briefly discussed in Appendix

A. Note that Eilenberg-MacLane spaces are, apart from very special examples, infinite dimensional. Also note that, up to homotopy equivalence one has

K(π_1 × π_2, n) = K(π_1, n) × K(π_2, n) . (32)

Now assume π to be commutative also in the case n = 1. Due to the Universal Coefficient Theorem, Hom (H_n(K(π, n)), π) is isomorphic to a subgroup of H^n(K(π, n), π). Due to the Hurewicz Theorem, H_n(K(π, n)) ∼= π_n(K(π, n)) = π. It follows that H^n(K(π, n), π) contains elements which correspond to isomorphisms H_n(K(π, n)) → π. Such elements are called characteristic. If γ ∈ H^n(K(π, n), π) is characteristic then for any CW-complex X, the map [X, K(π, n)] → H^n(X, π) , f → f^∗γ , (33) is a bijection [8, §VII.12]. In this sense, Eilenberg-MacLane spaces provide a link between homotopy properties and cohomology. We remark that the bijection (33) induces an Abelian group structure on the set [X, K(π, n)].

Path-Loop-Fibration Let X be an arcwise connected topological space. Consider the path-loop fibration over X Ω(X) → P (X) −→ X , (34) where Ω(X) and P (X) denote the loop space and the path space of X, respectively (both based at some point x_0 ∈ X). Since P (X) is contractible, the exact homotopy sequence induced by the fibration (34) implies π_i(Ω(X)) ∼= π_{i+1}(X), i = 0, 1, 2, . . .. Thus, for X = K(π, n), π_i (Ω(K(π, n + 1))) ∼= π_{i+1} (K(π, n + 1)) = { π | i = n 0 | otherwise

Hence, Ω(K(π, n + 1)) = K(π, n) ∀n and the path-loop fibration over K(π, n + 1) reads K(π, n) → P (K(π, n + 1)) −→ K(π, n + 1) . (35) Postnikov Tower A map f : X → X^′ of topological spaces is called an n-equivalence iff the homomorphism induced on homotopy groups f_∗ : π_i(X) → π_i(X^′) is an isomorphism for i < n and surjective for i = n. One also defines the notion of an ∞-equivalence, which is often called weak homotopy equivalence.

Let f : X → X^′ be an n-equivalence and let Y be a CW-complex. Then the map [Y, X] → [Y, X^′], g → f ∘ g, is bijective for dim Y < n and surjective for dim Y = n [8, Ch. VII, Cor. 11.13].

A CW-complex Y is called n-simple iff it is arcwise connected and the action of π_1(Y ) on π_i(Y ) is trivial for 1 ≤ i ≤ n. It is called simple iff it is n-simple for all n. The following theorem describes how a simple CW-complex can be approximated by nequivalent spaces constructed from Eilenberg-MacLane spaces.

Theorem 5.1 Let Y be a simple CW-complex. There exist (a) a sequence of CW-complexes Y_n and principal fibrations K(π_n(Y ), n) → Y_{n+1}^{qn}−→ Y_n , n = 1, 2, 3, . . . , (36) induced by maps θ_n : Y_n → K (π_n(Y ), n + 1), (b) a sequence of n-equivalences y_n : Y → Y_n, n = 1, 2, 3, . . ., such that Y_1 = ∗ (one point space) and q_n ∘ y_{n+1} = y_n for all n.

Proof: The assumption that Y be a simple CW-complex implies that the constant map Y → ∗ is a simple map (see [8, Ch. VII, Def. 13.4] for a definition of the latter). Thus, the assertion is a consequence of a more general theorem about simple maps given in [8, Ch. VII, Thm. 13.7].

Remarks:

1. The sequence of spaces and maps (Y_n, y_n, q_n), n = 1, 2, 3, . . ., is called a Postnikov tower, or Postnikov system, or Postnikov decomposition of Y .

2. For the principal fibrations (36) to be induced by a map θ_n : Y_n → K(π_n(Y ), n + 1) means that they are given as pull-back of the path-loop fibration (35) over K(π_n(Y ), n+1).

The theorem allows one to successively construct Y_n for given n, starting from Y_1 = ∗. For example, for n = 5 such constructions have been carried out for Y = BUk in [5, §4.2], or for Y = BPUk, where PUk denotes the projective unitary group, in [34]. In the sequel, we shall construct (BSUJ)_5. For this purpose, we need information about the low-dimensional homotopy groups of SUJ.

5.2 The Homotopy Groups of SUJ

For a being a positive integer, denote the canonical embedding Z_a → U1 by j_a and the endomorphism of U1 mapping z → z^a by p_a. Moreover, let j_J and i_J denote the natural embeddings SUJ → UJ and UJ → Un, respectively.

Using the natural projections pr^{UJ}_i : UJ → Uk_i , we define a homomorphism λ_J : UJ → U1 , D → ∏_r i=1 p e_{mi} ∘ det_{Uki} ∘ pr^{UJ}_i (D) . (37)

The following diagram commutes:

U1 U1- p_g

UJ Un- i_J ?^{λJ} ?^{detUn}_{(38)}

Accordingly, the restriction of λ_J to the subgroup SUJ takes values in j_g(Z_g) ⊆ U1. Thus, we can define a homomorphism λ^S_J : SUJ → Z_g by the following commutative diagram:

Zg U1-_{jg}

SUJ UJ- j_J ?^{λSJ} ?^{λJ}

(39)

Let (SUJ)_0 denote the arcwise connected component of the identity. Note that it is also a connected component, because SUJ is a closed subgroup of GL(n, C ).

Lemma 5.2 The homomorphism λ^S_J projects to an isomorphism SUJ/(SUJ)_0 → Z_g.

Proof: Consider the homomorphism λ^S_J : SUJ → Z_g. The target space being discrete, λ^S_J must be constant on connected components. Hence (SUJ)_0 ⊆ ker λ^S_J , so that λ^S_J projects to a homomorphism SUJ/(SUJ)_0 → Z_g. The latter is surjective, because λ^S_J is surjective. To prove injectivity, we show ker λ^S_J ⊆ (SUJ)_0. Let D ∈ ker λ^S_J and denote D_i = pr^{UJ}_i ∘ j_J (D). Define a homomorphism

φ : U1^r → U1 , (z_1, . . . , z_r) → z e^{m1}_1 · · · z e^{mr}_r .

Then λ^S_J (D) = φ (det_{Uk1} D_1, . . . , det_{Ukr} D_r) .

By assumption, (det_{Uk1} D_1, . . . , det_{Ukr} D_r) ∈ ker φ. Since the exponents defining φ have greatest common divisor 1, ker φ is connected. Thus, there exists a path (γ_1(t), . . . , γ_r(t)) in ker φ running from (det_{Uk1} D_1, . . . , det_{Ukr} D_r) to (1, . . . , 1). For each i = 1, . . . , r, define a path G_i(t) in Uk_i as follows: First, go from D_i to (det_{Uki} D_i) ⊕ 1_{ki−1}, keeping the determinant constant, thus using connectedness of SUk_i. Next, use the path γ_i(t) ⊕ 1_{ki−1} to get to 1_{ki} . By construction, the image of (G_1(t), . . . , G_r(t)) under the embedding (17) is a path in SUJ connecting D with 1_n. This proves ker λ^S_J ⊆ (SUJ)_0.

Theorem 5.3 The homotopy groups of SUJ are

π_i(SUJ) ∼=

Zg | i = 0 Z^{⊕(r−1)} | i = 1

π_i(Uk_1) ⊕ · · · ⊕ π_i(Uk_r) | i > 1 .

In particular, π_1(SUJ) and π_3(SUJ) are torsion-free.

Proof: For i = 0, π_0(SUJ) = SUJ/(SUJ)_0. This group is given by Lemma 5.2. For i > 1, the assertion follows immediately from the exact homotopy sequence induced by the bundle SUJ → UJ^{detUn}−→ U1. For i = 1, consider the following portion of this sequence:

π_2(U1) −→ π_1(SUJ) −→ π_1(UJ)^{(detUn)∗}−→ π_1(U1) −→ π_0(SUJ) −→ π_0(UJ) 0 −→ π_1(SUJ) −→ Z^{⊕r} −→ Z −→ Z_g −→ 0 .

One has Z^{⊕r}/ ker((det_{Un})_∗) ∼= im ((det_{Un})_∗). Exactness implies ker((det_{Un})_∗) ∼= π_1(SUJ) and im ((det_{Un})_∗) = gZ∼= Z. It follows π_1(SUJ) ∼= Z^{⊕(r−1)}, as asserted.

5.3 The Postnikov Tower of BSUJ up to Level 5

Let r^∗ denote the number of indices i for which k_i > 1.

Theorem 5.4 The 5th level of the Postnikov tower of BSUJ is given by

(BSUJ)_5 = K(Z_g, 1) × r−1∏ j=1 K(Z, 2) ×^{r∗∏}_{j=1} K(Z, 4) . (40)

Proof: First, we check that BSUJ is a simple space. To see this, note that any inner automorphism of SUJ is generated by an element of (SUJ)_0, hence is homotopic to the identity automorphism. Consequently, the natural action of π_0(SUJ) on π_{i−1}(SUJ), i = 1, 2, 3, . . . , induced by inner automorphisms, is trivial. Since the natural isomorphisms π_{i−1}(SUJ) ∼= π_i(BSUJ) transform this action into that of π_1(BSUJ) on π_i(BSUJ), the latter is trivial, too. Thus, we can apply Theorem 5.1 to construct the Postnikov tower of BSUJ up to level 5. According to Theorem 5.3, the relevant homotopy groups are π_1(BSUJ) = Z_g , π_2(BSUJ) = Z^{⊕(r−1)} , π_3(BSUJ) = 0 , π_4(BSUJ) = Z^{⊕r∗} . (41) Moreover, we note that H^∗(K(Z, 2), Z) is torsion-free, and that

H^{2i+1}(K(Z, 2), Z) = 0 , H^{2i+1}(K(Z_g, 1), Z) = 0 , i = 0, 1, 2, . . . , (42) see Appendix A. We start with (BSUJ)_1 = ∗.

(BSUJ)_2 : Being a fibration over (BSUJ)_1, (BSUJ)_2 must coincide with the fibre: (BSUJ)_2 = K(Z_g, 1) . (43) (BSUJ)_3 : In view of (43) and (41), (BSUJ)_3 is the total space of a fibration

K(Z^{⊕(r−1)}, 2) → (BSUJ)3^{q2}−→ K(Zg, 1) (44)

induced from the path-loop fibration over K(Z^{⊕(r−1)}, 3) by some map θ_2 : K(Z_g, 1) →

K(Z^{⊕(r−1)}, 3). Note that K(Z^{⊕(r−1)}, n) =^{∏r−1}_{j=1} K(Z, n) ∀n. Then, due to (33), [K(Zg, 1), K(Z^{⊕(r−1)}, 3)] =^{r−1∏}_{i=1} H^3(K(Zg, 1), Z) .

Here the rhs. is trivial by (42). Hence, θ_2 is homotopic to a constant map, so that the fibration (44) is trivial. It follows

(BSUJ)_3 = K(Z_g, 1) × r−1∏ j=1 K(Z, 2) . (45)

(BSUJ)_4 : In view of (41), (BSUJ)_4 is given by a fibration over (BSUJ)_3 with fibre K(0, 3) = ∗. Hence, it just coincides with the base space.

(BSUJ)_5 : According to (41) and (45), (BSUJ)_5 is the total space of a fibration K (Z^{⊕r∗}, 4^) → (BSUJ)5^{q4}−→ K (Zg, 1) ×^{r−1∏}_{j=1} K(Z, 2) , (46)

which is induced by a map θ_4 from the base to K

(Z^{⊕r∗}, 5^). Similarly to the case of θ2, [ K(Zg, 1) ×^{r−1∏}_{j=1} K(Z, 2), K^(Z^{⊕r∗}, 5^) ] = r^∗∏

i=1 H^5 ( K(Zg, 1) ×^{r−1∏}_{j=1} K(Z, 2), Z ) . (47)

Since H^∗(K(Z, 2), Z) is torsion-free, we can apply the Künneth Theorem for cohomology [25, Ch. XIII, Cor. 11.3] to obtain

H^5 ( K(Zg, 1) ×^{r−1∏}_{j=1} K(Z, 2), Z )

∼= ⨁ j,j1,...,jr-1 j+j1 +···+jr−1 =5 H^j(K(Z_g, 1), Z) ⊗ H^{j1} (K(Z, 2), Z) ⊗ · · · ⊗ H^{jr−1} (K(Z, 2), Z) .

By (42), each summand of the rhs. is trivial, because it contains a tensor factor of odd degree. Hence, (47) is trivial, and so is the fibration (46). This proves the assertion.

The fact that (BSUJ)_5 is a direct product of Eilenberg-MacLane spaces immediately yields the following corollary.

Corollary 5.5 Let J ∈ K(n) and dim M ≤ 4. Let P, P^′ ∈ Bun(M, SUJ). Assume that for any characteristic class α defined by an element of H^1(BSUJ, Z_g), H^2(BSUJ, Z), or H^4(BSUJ, Z) there holds α(P ) = α(P^′). Then P and P^′ are isomorphic.

Proof: Let pr_1, pr_{21}, . . . , pr_{2r-1}, and pr_{41}, . . . , pr_{4r}∗ denote the natural projections of the direct product K(Z_g, 1) × ∏_{r−1} i=1 K(Z, 2) × ∏_r∗ i=1 K(Z, 4) onto its factors. Let γ_1, γ_2, and γ_4 be characteristic elements of H^1(K(Z_g, 1), Z_g), H^2(K(Z, 2), Z), and H^4(K(Z, 4), Z), respectively. Consider the map

φ : [M, BSUJ] → [M, (BSUJ)_5] → [M, K(Z_g, 1)] × ∏_{r−1} i=1 [M, K(Z, 2)] × ∏_r∗ i=1[M, K(Z, 4)] → H^1(M, Z_g) × ∏_{r−1} i=1 H^2(M, Z) × ∏_r∗ i=1 H^4(M, Z) , f → ( f^∗(pr_1 ∘ y_5)^∗γ_1, {f^∗(pr_{2i} ∘ y_5)^∗γ_2}^{r−1}_{i=1} , {f^∗(pr_{4i} ∘ y_5)^∗γ_4}^{r∗}_{i=1} ) , (48)

where y_5 : BSUJ → (BSUJ)_5 is the 5-equivalence provided by Theorem 5.1. According to Theorem 5.4, the second step of φ and, therefore, the whole map, is a bijection. Now let P, P^′ ∈ Bun(M, SUJ) as proposed in the assertion. Then, by assumption, the homomorphisms (f_P )^∗ and (f_P ′ )^∗, induced on H^1(BSUJ, Z_g), H^2(BSUJ, Z), and H^4(BSUJ, Z), coincide. This implies φ (f_P ) = φ (f_P ′ ). Hence, f_P and f_P ′ are homotopic. This proves the corollary.

We remark that, of course, the cohomology elements (pr_1 ∘ y_5)^∗ γ_1, (pr_{2i} ∘ y_5)^∗ γ_2, i = 1, . . . , r − 1, and (pr_{4i} ∘ y_5)^∗ γ_4, i = 1, . . . , r^∗ define a set of characteristic classes which classifies Bun(M, SUJ). These classes are independent and surjective. However, they are hard to handle, because we do not know the homomorphism y^∗_5 explicitly. Therefore, we prefer to work with characteristic classes defined by some natural generators of the cohomology groups in question. The price we have to pay for this is that the classes so constructed are subject to a relation and that we have to determine their image explicitly.

5.4 Generators for H^�(BSUJ, Z)

Instead of generators for the groups H^2(BUJ, Z) and H^4(BUJ, Z) only, we can construct generators for the whole cohomology algebra H^∗(BSUJ, Z) without any additional effort. Consider the homomorphisms and induced homomorphisms SUJ^{jJ}−→ UJ^{prUJi}−→ Uk_i , H^∗(BSUJ, Z)^{(BjJ )∗}←− H^∗(BUJ, Z)

(Bpr^{UJ}_i )^∗

←− H^∗(BUk_i, Z) , (49) where i = 1, . . . , r. Recall that the cohomology algebra H^∗(BUk, Z) is generated freely over Zby elements γ^{(2j)}_{Uk} ∈ H^{2j}(BUk, Z), j = 1, . . . , k, see [6]. We denote γ_{Uk} = 1 + γ^{(2)}_{Uk} + · · · + γ^{(2k)}_{Uk} . (50) The generators γ^{(2j)}_{Uki} define elements γ̃^{(2j)}_{J,i} = ( Bpr^{UJ}_i )_∗ γ^{(2j)}_{Uki} , (51) γ^{(2j)}_{J,i} = (Bj_J )^∗ ( Bpr^{UJ}_i )_∗ γ^{(2j)}_{Uki} (52) of H^{2j}(BUJ, Z) and H^{2j}(BSUJ, Z), respectively. We denote γ̃_{J,i} = 1 + γ̃^{(2)}_{J,i} + · · · + γ̃^{(2ki)}_{J,i} , i = 1, . . . , r , (53) γ_{J,i} = 1 + γ^{(2)}_{J,i} + · · · + γ^{(2ki)}_{J,i} , i = 1, . . . , r , (54) as well as γ̃_J = (γ̃_{J,1}, . . . , γ̃_{J,r}) and γ_J = (γ_{J,1}, . . . , γ_{J,r}).

Lemma 5.6 The cohomology algebra H^∗(BUJ, Z) is generated freely over Z by the elements γ̃^{(2j)}_{J,i} , j = 1, . . . , k_i, i = 1, . . . , r.

Proof: Consider the isomorphism and induced isomorphism UJ^{dr}−→ Π_iUJ^{ΠiprUJi}−→ Π_iUk_i , H^∗ (BUJ, Z)^{d∗r}←− H^∗ (Π_iBUJ, Z)

(ΠiBpr^{UJ}_i )^∗

←− H^∗ (Π_iBUk_i, Z) . (55) where d_r denotes r-fold diagonal embedding and Π_i is a shorthand notation for Π^r_{i=1}. Due to the Künneth Theorem for cohomology [25, Ch. XIII, Cor. 11.3], H^∗ (Π_iBUk_i, Z) is generated freely over Zby the elements 1_{BUk1} × · · · × 1_{BUki−1} × γ^{(2j)}_{Uki} × 1_{BUki+1} × · · · × 1_{BUkr} , j = 1, . . . , k_i, i = 1, . . . , r . Here × stands for the cohomology cross product, and 1_{BUki} denotes the generator of H^0(BUk_i, Z). The assertion follows by applying (55) to these generators and using d^∗_r(α_1 × · · · × α_r) = α_1 ⌣ . . . ⌣ α_r ∀ α_i ∈ H^∗(BUk_i, Z) . (56)

Lemma 5.7 (Bj_J )^∗ is surjective.

Proof: According to (29) and due to UJ/SUJ ∼= U1, Bj_J is the projection in a principal bundle U1 → BSUJ^{BjJ}−→ BUJ . (57)

Denote this bundle by η. Due to π_1(BUJ) ∼= π_0(UJ) = 0, η is orientable, see [9, Def. 7.3.3]. Therefore, it induces a Gysin sequence, see [9, §7.3.1],

H^1(BUJ, Z)^{(BjJ )∗}−→ H^1(BSUJ, Z)^{σ∗}−→ H^0(BUJ, Z)^{⌣c1 (η)}−→ H^2(BUJ, Z) −→ (BjJ )∗ −→ H^2(BSUJ, Z)^{σ∗}−→ H^1(BUJ, Z)^{⌣c1 (η)}−→ H^3(BUJ, Z) −→ (BjJ )∗ −→ H^3(BSUJ, Z)^{σ∗}−→ H^2(BUJ, Z)^{⌣c1 (η)}−→ H^4(BUJ, Z) −→ · · · . (58)

(On the level of differential forms, σ^∗ is given by integration over the fibre.) If η was trivial, π_1(BSUJ) would coincide with π_1(BUJ × U1) = Z, which would contradict Theorem 5.3. Hence, η is nontrivial, so that c_1(η) ≠ 0. Since H^∗(BUJ, Z) has no zero divisors by Lemma 5.6, it follows that multiplication by c_1(η) is an injective operation on H^∗(BUJ, Z). Then exactness of the Gysin sequence (58) implies that the homomorphism σ^∗ is trivial and, therefore, (Bj_J )^∗ is surjective.

Lemmas 5.6 and 5.7 imply the following corollary.

Corollary 5.8 The cohomology algebra H^∗(BSUJ, Z) is generated over Zby the elements γ^{(2j)}_{J,i} , j = 1, . . . , k_i, i = 1, . . . , r. Remark: The generators γ^{(2)}_{J,i} of H^∗(BSUJ, Z) are subject to a relation which is, however, irrelevant for our purposes. For the sake of completeness, we derive this relation in Appendix B.

5.5 Generator for H^1(BSUJ, Z_g)

Since BSUJ is connected, H^1(BSUJ, Z_g) can be computed by means of the Hurewicz and the Universal Coefficient Theorems:

H^1(BSUJ, Z_g) ∼= Hom(H_1(BSUJ), Z_g) ⊕ Ext(H_0(BSUJ), Z_g) ∼= Hom(π_1(BSUJ), Z_g) ⊕ Ext(Z, Z_g) .

Due to Theorem 5.3, π_1(BSUJ) ∼= π_0(SUJ) ∼= Z_g. Moreover, Ext(Z, Z_g) = 0. Hence, H^1(BSUJ, Z_g) is isomorphic to Z_g. It is therefore generated by a single element. Apparently, we are free to choose any of the generators to work with. However, there exists a relation between this generator and the generators γ^{(2)}_{J,i} of H^2(BSUJ, Z). This can be seen as follows. Consider the short exact sequence

0 −→ Z^{μg}−→ Z^{ϱg}−→ Z_g −→ 0 , (59) where μ_g denotes multiplication by g and ϱ_g reduction modulo g. This induces a long exact sequence (see [8, §IV.5]) · · ·^{βg}−→ H^i(·, Z)^{μg}−→ H^i(·, Z)^{ϱg}−→ H^i(·, Z_g)^{βg}−→ H^{i+1}(·, Z)^{μg}−→ · · · . (60) Here we have denoted the coefficient homomorphisms induced by μ_g and ϱ_g by the same letters, i.e., μ_g maps α → g α and ϱ_g maps α → α mod g. Usually, the connecting homomorphism β_g is called Bockstein homomorphism. Application of β_g to an arbitrary generator of H^1(BSUJ, Z_g) yields an element of H^2(BSUJ, Z) which can be expressed in terms of the γ^{(2)}_{J,i} . In order to keep track of this relation, we have to choose a specific generator of H^1(BSUJ, Z_g). This will be constructed now. Consider the homomorphism λ^S_J : SUJ → Z_g and the induced homomorphism ( Bλ^S_J )_∗ : H^1(BZ_g, Z_g) −→ H^1(BSUJ, Z_g) . (61)

Due to Lemma 5.2, λ^S_{J ∗} : π_0(SUJ) → π_0(Z_g) is an isomorphism. Hence, so is ( Bλ^S_J ) ∗ : π_1(BSUJ) → π_1(BZ_g). Then the Hurewicz and Universal Coefficient Theorems imply that (61) is an isomorphism. Thus, generators of H^1(BSUJ, Z_g) can be obtained as the images of generators of H^1(BZ_g, Z_g) under ( Bλ^S_J )_∗ . Lemma 5.9 There exists a unique element δ_g ∈ H^1(BZ_g, Z_g) such that

β_g(δ_g) = (Bj_g)^∗ γ^{(2)}_{U1} . (62)

This element is a generator of H^1(BZ_g, Z_g).

Proof: First we notice that both β_g(δ_g) and (Bj_g)^∗ γ^{(2)}_{U1} are elements of H^2(BZ_g, Z_g) so that Eq. (62) makes sense.

Next, consider the following portion of the exact sequence (60):

· · · −→ H^1(BZ_g, Z)^{ϱg}−→ H^1(BZ_g, Z_g)^{βg}−→ H^2(BZ_g, Z)^{μg}−→ H^2(BZ_g, Z) −→ · · · . (63)

To determine the cohomology groups, we note that a model for BZ_g is given by the lens space L^∞_g , see Appendix A. Thus, from Eq. (139) in this appendix we infer

H^1(BZ_g, Z) = 0 (64) H^2(BZ_g, Z) = Z_g . (65)

Due to (64), β_g is injective in (63). Due to (65), μ_g is trivial in (63) so that β_g is also surjective there. Hence, we can define δ_g = β^{−1}_g ∘ (Bj_g)^∗ γ^{(2)}_{U1} . In order to check that this is a generator, we consider J^∘ = ((1), (g)) ∈ K(g). We observe that Z_g ∼= SUJ^∘, U1 ∼= UJ^∘, and that j_g corresponds, by virtue of these isomorphisms, to j_J∘ : SUJ^∘ → UJ^∘. Then Lemma 5.7 implies that (Bj_g)^∗ is surjective. In particular, H^2(BZ_g, Z) is generated by (Bj_g)^∗ γ^{(2)}_{U1} . Hence, H^1(BZ_g, Z_g) is generated by δ_g.

We define δ_J = ( Bλ^S_J )_∗ δ_g . (66) Then Lemma 5.9 yields the following corollary.

Corollary 5.10 H^1(BSUJ, Z_g) is generated by δ_J , where β_g(δ_J ) = ( Bλ^S_J )_∗ (Bj_g)^∗ γ^{(2)}_{U1} .

5.6 The Relation between Generators

In this subsection, we are going to derive the relation between δ_J and the γ^{(2)}_{J,i} , i.e., to compute β_g(δ_J ) in terms of the latter.

For any topological space X, let H^{even}_0 (X, Z) denote the subset of H^{even}(X, Z) consisting of elements of the form 1 + α^{(2)} + α^{(4)} + . . . . For any finite sequence of nonnegative integers a = (a_1, . . . , a_s), define a polynomial function

E_a : s∏ i=1 H^{even}_0 (X, Z) → H^{even}_0 (X, Z) , (α_1, . . . , α_s) → α^{a1}_1 ⌣ . . . ⌣ α^{as}_s , (67)

where powers are taken w.r.t. the cup product. By construction, for any map f : X → Y ,

f^∗E_a(α_1, . . . , α_s) = E_a(f^∗α_1, . . . , f^∗α_s) . (68)

Let us derive explicit expressions for the components of E_a of 2nd and 4th degree.

Lemma 5.11 Let α = (α_1, . . . , α_s) ∈ ∏_s i=1 H^{even}_0 (X, Z). Then

E^{(2)}_a (α) = s∑ i=1 a_iα^{(2)}_i , (69)

E^{(4)}_a (α) = s∑ i=1 a_iα^{(4)}_i + s∑ i=1 a_i(a_i − 1) 2 α^{(2)}_i ⌣ α^{(2)}_i + s∑ i<j=2 a_ia_jα^{(2)}_i ⌣ α^{(2)}_j . (70)

Proof: This is a straightforward computation which we only indicate here. Let α be given. Without loss of generality we may assume that the components of α_i of degree higher than 4 vanish. For the cup product of elements of this form one has the following formula: ( 1 + β^{(2)} + β^{(4)} ) ⌣ ( 1 + γ^{(2)} + γ^{(4)} ) = 1 + ( β^{(2)} + γ^{(2)} ) + ( β^{(4)} + γ^{(4)} + β^{(2)} ⌣ γ^{(2)} ) . We can iterate this to obtain

α^{ai}_i = 1 + (a_iα_i) + ( a_iα^{(4)}_i + a_i(a_i − 1) 2 α^{(2)}_i ⌣ α^{(2)}_i )

and then to compute the product of all the factors α^{ai}_i . This yields the assertion.

As an immediate consequence of (69), for any l ∈ Z,

E^{(2)}_{l a} = l E^{(2)}_a . (71)

Lemma 5.12 The following two formulae hold: (B i_J )^∗ γ_{Un} = E_m (γ̃_J ) , (72) (Bλ_J )^∗ γ^{(2)}_{U1} = E^{(2)}_{em} (γ̃_J ) . (73) Proof: First, consider (72). We decompose i_J as follows:

i_J : UJ^{dr}−→ Π_iUJ^{ΠiprUJi}−→ Π_iUk_i^{Πidmi}−→ Π_i(Uk_i^{mi}× · · · × Uk_i)^j−→ Un . (74) Here d_r, d_{mi} denote r-fold and m_i-fold diagonal embedding, respectively, and j stands for the natural (blockwise) embedding. According to (74), (B i_J )^∗ decomposes as (B i_J)^∗ : H^∗ (BUn, Z)^{(Bj)∗}−→ H^∗ ( Π_i(BUk_i^{mi}× · · · × BUk_i), Z ) (Πidm_i )^∗ −→ H^∗ (Π_iBUk_i, Z)

(ΠiBpr^{UJ}_i )^∗

−→ H^∗ (Π_iBUJ, Z)^{d∗r}−→ H^∗ (BUJ, Z) . (75) Under the assumption that we have chosen the generators γ^{(2j)}_{Uk} for different k in a consistent way (namely, such that the universal properties of Chern classes hold for the characteristic classes defined by these elements), there holds the relation (Bj)^∗ γ_{Un} = (γ_{Uk1}^{m1}× · · · × γ_{Uk1} ) × · · · × (γ_{Ukr}^{mr}× · · · × γ_{Ukr} ) . (76) Using this, as well as (56), we obtain (B i_J)^∗ γ_{Un} = d^∗_r ∘ ( Π_iBpr^{UJ}_i )_∗ ∘ (Π_id_{mi} )^∗ ∘ (Bj)^∗ γ_{Un} = d^∗_r ∘ ( Π_iBpr^{UJ}_i )_∗ ∘ (Π_id_{mi} )^∗ ( (γ_{Uk1}^{m1}× · · · × γ_{Uk1} ) × · · · × (γ_{Ukr}^{mr}× · · · × γ_{Ukr} ) ) = d^∗_r ∘ ( Π_iBpr^{UJ}_i )_∗ ( γ^{m1}_{Uk1} × · · · × γ^{mr}_{Ukr} ) = d^∗_r ( γ̃^{m1}_{J,1} × · · · × γ̃^{mr}_{J,r} ) = γ̃^{m1}_{J,1} ⌣ . . . ⌣ γ̃^{mr}_{J,r} . This yields (72). Now consider (73). The commutative diagram (38) implies (Bλ_J )^∗ (Bp_g)^∗ γ^{(2)}_{U1} = (B i_J )^∗ (B det_{Un})^∗ γ^{(2)}_{U1} . (77) We have (B det_{Un})^∗ γ^{(2)}_{U1} = γ^{(2)}_{Un} , (78) (Bp_g)^∗ γ^{(2)}_{U1} = g γ^{(2)}_{U1} . (79) Formula (79) follows, by virtue of the Hurewicz and the Universal Coefficient Theorems, from the fact that the homomorphism (Bp_g)_∗ : π_2(BU1) → π_2(BU1) is given by multiplication by g. Inserting Eqs. (78) and (79) into (77) we obtain g (Bλ_J )^∗ γ^{(2)}_{U1} = E^{(2)}m (γ̃_J ) | by (72) = g E^{(2)}_{em} (γ̃_J ) | by (71).

Since this relation holds in H^2(BUJ, Z) which is free Abelian, it implies (73).

Theorem 5.13 There holds the relation β_g(δ_J ) = E^{(2)}_{em} (γ_J ). Proof: We compute

β_g(δ_J ) = ( Bλ^S_J )_∗ (Bj_g)^∗ γ^{(2)}_{U1} | by Corollary 5.10 = (Bj_J )^∗ (Bλ_J )^∗ γ^{(2)}_{U1} | by (39) = (Bj_J )^∗ E^{(2)}_{em} (γ̃_J ) | by (73) = E^{(2)}_{em} (γ_J ) .

5.7 Characteristic Classes for SUJ-Bundles

Using the cohomology elements γ^{(2j)}_{J,i} and δ_J constructed above, we define the following characteristic classes for SUJ-bundles over a manifold M:

α_{J,i} : Bun(M, SUJ) → H^{even}_0 (M, Z) , Q → (f_Q)^∗ γ_{J,i} , i = 1, . . . , r (80) ξ_J : Bun(M, SUJ) → H^1(M, Z_g) , Q → (f_Q)^∗ δ_J . (81)

Sorted by degree, α_{J,i}(Q) = 1 + α^{(2)}_{J,i} (Q) + · · · + α^{(2ki)}_{J,i} (Q), where α^{(2j)}_{J,i} (Q) = (f_Q)^∗ γ^{(2j)}_{J,i} . Moreover, we introduce the notation α_J (Q) = (α_{J,1}(Q), . . . , α_{J,r}(Q)). Then α_J (Q) = (f_Q)^∗ γ_J (82) and α_J can be viewed as a map from Bun(M, SUJ) to the set

H^{(J)}(M, Z) = r∏ i=1 k_i∏

j=1 H^{2j}(M, Z) . (83)

By construction, the relation which holds for γ_J and δ_J carries over to the characteristic classes α_J and ξ_J . By virtue of (68), from Theorem 5.13 we infer

E^{(2)}e_m (α_J (Q)) = β_g (ξ_J (Q)) ∀ Q ∈ Bun(M, SUJ) . (84) In order to derive expressions for α_J and ξ_J in terms of the ordinary characteristic classes for Uk_i-bundles and Z_g-bundles, let Q ∈ Bun(M, SUJ). There are two kinds of principal bundles associated in a natural way to Q: The Uk_i-bundles Q^{[ prUJi ∘jJ ]}, i = 1, . . . , r, and

the Zg-bundle Q^{[ λS}J^]. For the first ones, using (27) and (52) we compute c ( Q^{[ prUJi ∘jJ ]} ) = ( f_{Q[ pr}UJ_{i ∘jJ ]} )_∗ γ_{Uki} = (f_Q)^∗ ∘ (Bj_J )^∗ ∘ ( Bpr^{UJ}_i )_∗ γ_{Uki} = (f_Q)^∗ γ_{J,i} ,

so that α_{J,i} (Q) = c ( Q^{[ prUJi ∘jJ ]} ) , i = 1, . . . , r . (85) As for the second one, let χ_g denote the characteristic class for Z_g-bundles over M defined by the generator δ_g ∈ H^1(BZ_g, Z_g), i.e., χ_g(R) = (f_R)^∗ δ_g , R ∈ Bun(M, Z_g) . (86)

Then (27) and (66) yield χ_g ( Q^{[ λSJ ]} ) = ( f_{Q[ λ}S_{J ]} )_∗ δ_g = (f_Q)^∗ ∘ ( Bλ^S_J )_∗ δ_g = (f_Q)^∗ δ_J .

Consequently, ξ_J (Q) = χ_g ( Q^{[ λSJ ]} ) . (87)

5.8 Classification of SUJ-Bundles

We denote

K(M)_J = { (α, ξ) ∈ H^{(J)}(M, Z) × H^1(M, Z_g) | | | E^{(2)}_{em} (α) = βg(ξ) } . (88)

Theorem 5.14 Let M be a manifold, dim M ≤ 4, and let J ∈ K(n). Then the characteristic classes α_J and ξ_J define a bijection from Bun(M, SUJ) onto K(M)_J .

Proof: The map is injective by Corollary 5.5. In the following lemma we prove that it is also surjective.

Lemma 5.15 Let M be a manifold, dim M ≤ 4, and let J ∈ K(n). Let (α, ξ) ∈ K(M)_J . Then there exists Q ∈ Bun(M, SUJ) such that α_J (Q) = α and ξ_J (Q) = ξ.

Proof: We give a construction of Q in terms of Uk_i and Z_g-bundles. There exists R ∈ Bun(M, Z_g) such that χ_g(R) = ξ. Due to dim M ≤ 4, there exist also Q_i ∈ Bun(M, Uk_i) such that c(Q_i) = α_i, i = 1, . . . , r. Define Q̃ = Q_1 ×_M · · · ×_M Q_r (Whitney, or fibre, product). By identifying Uk_1 × · · · × Uk_r with UJ, Q̃ becomes a UJ-bundle. Then

Q̃^{[ prUJ}i^] ∼= Q_i , i = 1, . . . , r . (89)

Consider the U1-bundles Q̃^{[ λJ ]} and R^{[ jg ]} associated to Q̃ and R, respectively. Assume, for a moment, that they are isomorphic. Then R is a subbundle of Q̃^{[ λJ ]} with structure group

Zg. Let Q denote the pre-image of R under the natural bundle morphism^~Q →^~Q^{[ λJ ]}, see

(25). This is a subbundle of Q̃ with structure group being the pre-image of Z_g under λ_J , i.e., with structure group SUJ. Using (85), Q^{[ jJ ]} = Q̃, and (89), for i = 1, . . . , r, α_{J,i}(Q) = c ( Q^{[ prUJi ∘jJ ]} ) = c (( Q^{[ jJ ]} )_{[ prUJi ]}) = c ( Q̃^{[ prUJ}i^] ) = c (Q_i) = α_i .

Moreover, by construction of Q, Q^{[ λSJ ]} ∼= R. Thus, (87) yields ξ_J (Q) = χ_J (R) = ξ. It remains to prove Q̃^{[ λJ ]} ∼= R^{[ jg ]}. We compute

c_1 ( Q̃[ λJ ] ) = ( f~_Q[ λ_J ] )_∗ γ^{(2)}_{U1} = ( f~_Q )_∗ ∘ (Bλ_J )^∗ γ^{(2)}_{U1} | by (27) = ( f~_Q )_∗ E^{(2)}e_m (γ̃_J ) | by (73)

= E^{(2)}_{em} (( f~_Q )_∗ γ̃_J ) | by (68)

= E^{(2)}_{em} (( f~_Q )_∗ ∘ ( Bpr^{UJ}_1 )_∗ γ_{Uk1} , . . . , ( f~_Q )_∗ ∘ ( Bpr^{UJ}_r )_∗ γ_{Ukr} ) | by (51)

= E^{(2)}_{em} (( f_{Q̃[ pr}UJ_{1 ]} )_∗ γ_{Uk1} , . . . , ( f_{Q̃[ pr}UJ_{r ]} )_∗ γ_{Ukr} ) | by (27)

= E^{(2)}_{em} ((f_{Q1} )^∗ γ_{Uk1} , . . . , (f_{Qr} )^∗ γ_{Ukr} ) | by (89)

= E^{(2)}_{em} (c(Q_1), . . . , c(Q_r))

= E^{(2)}_{em} (α) , as well as c_1 ( R^{[ jg ]} ) = (f_R[ jg ] )^∗ γ^{(2)}_{U1} = (f_R)^∗ ∘ (Bj_g)^∗ γ^{(2)}_{U1} | by (27) = (f_R)^∗ ∘ β_g(δ_g) | by (62) = β_g ∘ (f_R)^∗ δ_g | by (68) = β_g(χ_g(R)) | by (86) = β_g(ξ) .

Thus, due to (α, ξ) ∈ K(M)_J , c_1(Q̃^{[ λJ ]}) = c_1(R^{[ jg ]}). It follows that, indeed, Q̃^{[ λJ ]} ∼= R^{[ jg ]}. This proves the lemma and, therefore, the theorem.

5.9 Classification of SUJ-Subbundles of SUn-Bundles

Let P be a principal SUn-bundle over a manifold M and let J ∈ K(n). We are going to characterize the subset Red(P, SUJ) ⊆ Bun(M, SUJ) in terms of the characteristic classes α_J and ξ_J . Recall that for Q ∈ Bun(M, SUJ), Q^{[ SUn ]} denotes the extension of Q by SUn.

Lemma 5.16 For any Q ∈ Bun(M, SUJ), c ( Q^{[ SUn ]} ) = E_m (α_J (Q)).

Proof: Note that c ( Q^{[ SUn ]} ) = c ( Q^{[ Un ]} ) = c ( Q^{[ iJ ∘jJ ]} ) . Hence, c ( Q^{[ SUn ]} ) = (f_Q)^∗ ∘ (Bj_J )^∗ ∘ (B i_J)^∗ γ_{Un} | by (27) = (f_Q)^∗ ∘ (Bj_J )^∗ ∘ E_m (γ̃_J ) | by (72) = E_m ( (f_Q)^∗ ∘ (Bj_J )^∗ γ̃_J ) | by (68) = E_m ((f_Q)^∗ γ_J ) | by (52) = E_m (α_J (Q)) | by (82).

We define K(P )_J = {(α, ξ) ∈ K(M)_J | E_m(α) = c(P )} . (90)

Theorem 5.17 Let P be a principal SUn-bundle over a manifold M, dim M ≤ 4, and let J ∈ K(n). Then the characteristic classes α_J , ξ_J define a bijection from Red(P, SUJ) onto K(P )_J .

Proof: Let Q ∈ Bun(M, SUJ). Then (α_J (Q), ξ_J (Q)) ∈ K(M)_J . Lemma 5.16 implies that (α_J (Q), ξ_J (Q)) ∈ K(P )_J if and only if c ( Q^{[ SUn ]} ) = c(P ). Due to dim M ≤ 4, the latter is equivalent to Q^{[ SUn ]} ∼= P , i.e., to Q ∈ Red(P, SUJ).

The equation E_m(α) = c(P ) actually contains the two equations E^{(2)}_m (α) = 0 and E^{(4)}_m (α) = c_2(P ). However, under the assumption that (α, ξ) ∈ K(M)_J , the first one is redundant, because then, due to (71), E^{(2)}m (α) = g E^{(2)}_{em} (α) = g β_g(ξ) = 0. Thus, the relevant equations are

E^{(2)}e_m (α) = β_g(ξ) , (91) E^{(4)}_m (α) = c_2(P ) , (92)

where α ∈ H^{(J)}(M, Z), ξ ∈ H^1(M, Z_g). The set of solutions of Eq. (91) yields K(M)_J , hence Bun(M, SUJ). The set of solutions of both Eqs. (91) and (92) yields K(P )_J and, therefore, Red(P, SUJ).

This concludes the classification of Howe subbundles of P , i.e., Step 2 of our programme.

5.10 Examples

We are going to determine K(P )_J , i.e., to solve the system of equations (91) and (92), for several choices of J and for base manifolds M = S^4, S^2 × S^2, T^4, and L^3_p × S^1. Here L^3_p denotes the 3-dimensional lens space which is defined to be the quotient of the restriction of the natural action of U1 on the sphere S^3 ⊂ C^2 to the subgroup Z_p. Note that L^3_p is orientable. We remark that there are more general lens spaces, even in 3 dimensions.

Preliminary Remarks Due to compactness and orientability, H^4(M, Z) ∼= Z. Let us derive the Bockstein homomorphism β_g : H^1(M, Z_g) → H^2(M, Z). Since for products of spheres the integer-valued cohomology is torsion-free, β_g is trivial here. On the other hand, consider M = L^3_p × S^1. From the exact homotopy sequence induced by the fibration

Zp → S^3 → L^3_p we infer_{π1 (L3} p ) ∼ = Zp . (93)

According to the Hurewicz and Universal Coefficient Theorems, then

H^1 ( L^3_p, Z_g ) ∼ = Hom ( π_1 ( L^3_p ) , Zg^{) ∼}= Hom (Zp, Zg)^∼= Z⟨p,g⟩ , (94)

where ⟨p, g⟩ denotes the greatest common divisor of p and g. Let γ^{(1)}_{L3p;}Z_g and γ^{(1)}_{S1} be generators of H^1(L^3_p, Z_g) and H^1(S^1, Z), respectively. Due to the Künneth Theorem for cohomology [25, Ch. XIII, Thm. 11.2] and (94),

H^1(L^3_p × S^1, Z_g) ∼= H^1(L^3_p, Z_g) ⊗ H^0(S^1, Z) ⊕ H^0(L^3_p, Z_g) ⊗ H^1(S^1, Z) ∼= Z⟨p,g⟩ ⊕ Zg , (95) where the first factor is generated by γ^{(1)}_{L3p;}Z_g × 1_S1 and the second one by 1_L3_{p;}Z_g × γ^{(1)}_{S1} . Consider the following portion of the exact sequence (60):

H^1(L^3_p, Z)^{ϱg}−→ H^1(L^3_p, Z_g)^{βg}−→ H^2(L^3_p, Z) . (96)

One has, see [8, §10, p. 363],

H^1(L^3_p, Z) = 0 , H^2(L^3_p, Z) ∼= Z_p (97)

(the first equality follows also from (93)). In view of (97) and (94), (96) implies β_g ( γ^{(1)}_{L3p;}Z_g ) = p ⟨p, g⟩ γ^{(2)}_{L3p;}Z, (98)

where γ^{(2)}_{L3p;}Zis an appropriately chosen generator of H^2(L^3_p, Z). Moreover, due to (97), β_g(1_L3_{p;}Z_g) = 0. Thus, we obtain β_g ( γ^{(1)}_{L3p;}Z_g ×1_S1 ) = p ⟨p, g⟩ γ^{(2)}_{L3p;}Z×1_S1 , β_g ( 1_L3_{p;}Z_g ×γ^{(1)}_{S1} ) = 0 . (99)

Finally, note that via the Künneth Theorem, (97) implies H^2 ( L^3_p × S^1, Z ) ∼ = Zp. Since

H^4(L^3_p × S^1, Z) is torsion-free, then the cup product α^{(2)}_1 ⌣ α^{(2)}_2 is trivial. Now let us discuss some special choices for J. For brevity, we write J in the form J = (k_1, . . . , k_r|m_1, . . . , m_r). J = (1|n) ∈ K(n) Here SUJ = Zn, the center of SUn. Moreover, g = n. Variables

are ξ ∈ H^1(M, Z_n) and α = 1 + α^{(2)}, α^{(2)} ∈ H^2(M, Z). The system of equations (91) and (92) reads

α^{(2)} = β_n(ξ) (100) n(n − 1) 2 α^{(2)} ⌣ α^{(2)} = c_2(P ) . (101)

Note that we have used Lemma 5.11. Eq. (100) merely expresses α^{(2)} in terms of ξ. In particular, it yields n α^{(2)} = 0, so that Eq. (101) requires c_2(P ) = 0. As a result, K(P )_J is nonempty iff P is trivial and is then parametrized by ξ. This coincides with what is known about Z_n-subbundles of SUn-bundles.

J = (n|1) ∈ K(n) Here SUJ = SUn, the whole group. Due to g = 1, the only variable

is α = 1 + α^{(2)} + α^{(4)}, where α^{(2j)} ∈ H^{2j}(M, Z), j = 1, 2. The system of equations (91) and (92) is α^{(2)} = 0 , α^{(4)} = c_2(P ) .

Thus, K(P )_J consists of P itself.

J = (1, 1|2, 2) ∈ K(4) One can check that SUJ has connected components {diag(z, z, z^{−1}, z^{−1}) | z ∈ U1} , {diag(z, z, −z^{−1}, −z^{−1})|z ∈ U1} . It is, therefore, isomorphic to U1 × Z_2. Variables are ξ ∈ H^1(M, Z_2) and α_i = 1 + α^{(2)}_i , α^{(2)}_i ∈ H^2(M, Z), i = 1, 2. The system of equations under consideration is

α^{(2)}_1 + α^{(2)}_2 = β_2(ξ) (102) α^{(2)}_1 ⌣ α^{(2)}_1 + α^{(2)}_2 ⌣ α^{(2)}_2 + 4α^{(2)}_1 ⌣ α^{(2)}_2 = c_2(P ) . (103)

We solve Eq. (102) w.r.t. α^{(2)}_2 and insert it into Eq. (103). Since H^4(M, Z) is torsion-free, products including β_2(ξ) vanish. Thus, we obtain

− 2α^{(2)}_1 ⌣ α^{(2)}_1 = c_2(P ) . (104)

For base manifold M = S^4, H^2(M, Z) = 0. Hence, K(P )_J is nonempty iff c_2(P ) = 0, in which case it contains the (necessarily trivial) U1 × Z_2-bundle over S^4. For M = L^3_p ×S^1, in case c_2(P ) = 0, K(P )_J is parametrized by ξ ∈ H^1(M, Z_g) ∼= Z_{⟨2,p⟩}⊕Z_2 and α^{(2)}_1 ∈ H^2(M, Z) ∼= Z_p. Otherwise it is empty.

For M = S^2 × S^2, H^1(M, Z_g) = 0. Let γ^{(2)}_{S2} be a generator of H^2(S^2, Z). Due to the Künneth Theorem, H^2(M, Z) ∼= Z⊕ Z, where it is generated by γ^{(2)}_{S2} ×1_S2 and 1_S2 ×γ^{(2)}_{S2} . Moreover, H^4(M, Z) is generated by γ^{(2)}_{S2} ×γ^{(2)}_{S2} . Writing

α^{(2)}_1 = a γ^{(2)}_{S2} ×1_S2 + b 1_S2 ×γ^{(2)}_{S2} (105)

with a, b ∈ Z, Eq. (104) becomes

−4ab γ^{(2)}_{S2} ×γ^{(2)}_{S2} = c_2(P ) .

If c_2(P ) = 0, there are two series of solutions: a = 0 and b ∈ Zas well as a ∈ Zand b = 0. Here K(P )_J is infinite. If c_2(P ) = 4l γ^{(2)}_{S2} ×γ^{(2)}_{S2} , l ≠ 0, then a = q and b = −l/q, where q runs through the (positive and negative) divisors of l. Hence, in this case, the cardinality of K(P )_J is twice the number of divisors of l. If c_2(P ) is not divisible by 4 then K(P )_J is empty.

Finally, for M = T^4 one has H^1(M, Z) ∼= Z^{⊕4}_2 and H^2(M, Z) ∼= Z^{⊕6}. Moreover, H^2(M, Z) is generated by elements γ^{(2)}_{T4 ;ij}, 1 ≤ i < j ≥ 4, where

γ^{(2)}_{T4 ;12} = γ^{(1)}_{S1} ×γ^{(1)}_{S1} ×1_S1 ×1_S1 , γ^{(2)}_{T4 ;13} = γ^{(1)}_{S1} ×1_S1 ×γ^{(1)}_{S1} ×1_S1 , etc.,

whereas H^4(M, Z) is generated by γ^{(4)}_{T4} = γ^{(1)}_{S1} ×γ^{(1)}_{S1} ×γ^{(1)}_{S1} ×γ^{(1)}_{S1} . One can check

γ^{(2)}_{T4 ;ij} ⌣ γ^{(2)}_{T4 ;kl} = ϵ_{ijkl} γ^{(4)}_{T4} , (106)

where ϵ_{ijkl} denotes the totally antisymmetric tensor in 4 dimensions. Writing

α^{(2)}_1 = ∑ 1≤i<j≤4 a_{ij}γ^{(2)}_{T4 ;ij} (107)

and using (106), Eq. (104) yields

−4 (a_{12}a_{34} − a_{13}a_{24} + a_{14}a_{23}) γ^{(4)}_{T4} = c_2(P ) .

Hence, we find that K(P )_J is again nonempty iff c_2(P ) is divisible by 4, in which case it now has always infinitely many elements.

To conclude, let us point out that, when passing to K̂(P ), one has to identify the symbol containing (α_1, α_2) with that containing (α_2, α_1).

J = (1, 1|2, 3) ∈ K(5) The subgroup SUJ of SU5 consists of matrices of the form

diag(z_1, z_1, z_2, z_2, z_2), where z_1, z_2 ∈ U1 such that z^2_1z^3_2 = 1. We can parametrize z_1 = z^3, z_2 = z^{−2}, z ∈ U1. Hence, SUJ is isomorphic to U1. Variables are α_i = 1 + α^{(2)}_i , i = 1, 2. The equations to be solved read

2α^{(2)}_1 + 3α^{(2)}_2 = 0 (108) α^{(2)}_1 ⌣ α^{(2)}_1 + 3α^{(2)}_2 ⌣ α^{(2)}_2 + 6α^{(2)}_1 ⌣ α^{(2)}_2 = c_2(P ) (109)

Eq. (108) can be parametrized by α^{(2)}_1 = 3η, α^{(2)}_2 = −2η, where η ∈ H^2(M, Z). Then Eq. (109) becomes −15η ⌣ η = c_2(P ) .

The discussion of this equation is analogous to that of Eq. (104) above.

J = (2, 3|1, 1) ∈ K(5) Here SUJ ∼= S(U2 × U3), the symmetry group of the standard

model. In the grand unified SU5-model this is the subgroup to which SU5 is broken by the heavy Higgs field. Moreover, the subgroup SUJ is the centralizer of the subgroup SU(1, 1|2, 3) discussed above. Variables are α_i = 1 + α^{(2)}_i + α^{(4)}_i , where α^{(2j)}_i ∈ H^{2j} (M, Z), i, j = 1, 2. Eqs. (91) and (92) read

α^{(2)}_1 + α^{(2)}_2 = 0 , (110) α^{(4)}_1 + α^{(4)}_2 + α^{(2)}_1 ⌣ α^{(2)}_2 = c_2(P ) . (111)

Using (110) to replace α^{(2)}_2 in (111) we obtain for the latter

α^{(4)}_2 = c_2(P ) − α^{(4)}_1 + α^{(2)}_1 ⌣ α^{(2)}_1 .

Thus, K(P )_J can be parametrized by α_1 (or α_2), i.e., by the Chern class of one of the factors U2 or U3. This has been known for a long time [20].

J = (2|2) The subgroup SUJ of SU4 consists of matrices D ⊕ D, where D ∈ U2

such that (det D)^2 = 1. Hence, it has connected components {D ⊕ D|D ∈ SU2} and {(iD)⊕(iD)|D ∈ SU2}. One can check that the map SU2×Z_4 → SUJ, (D, a) → e^{2πia/4}D, induces an isomorphism from (SU2 × Z_4)/Z_2 onto SUJ.

Now consider K(P )_J . Variables are ξ ∈ H^1(M, Z_2) and α = 1 + α^{(2)} + α^{(4)}. We have

α^{(2)} = β_2(ξ) (112) α^{(2)} ⌣ α^{(2)} + 2α^{(4)} = c_2(P ) (113)

Eq. (112) fixes α^{(2)} in terms of ξ. For example, in case M = L^3_p × S^1, by expanding ξ = ξ_L γ^{(1)}_{L3p;}Z_g ×1_S1 + ξ_S 1_L3_p ×γ^{(1)}_{S1} , Eqs. (99) and (112) imply

α^{(2)} = { qξ_L γ^{(2)}_{L3p;}Z×1_S1 | p = 2q 0 | p = 2q + 1.

For general M, due to (112), Eq. (113) becomes 2α^{(4)} = c_2(P ). Thus, K(P )_J is nonempty iff c_2(P ) is even and is then parametrized by ξ ∈ H^1(M, Z_2).

Let us point out the following. Consider Eq. (112) which defines the set K(M)_J classifying SUJ-bundles over M. In case M is a product of spheres (or, more generally, has trivial β_2 in degree 1), this classification coincides with that of (SU2 × Z_2)-bundles, although this group is only locally isomorphic to SUJ. In case M = L^3_p × S^1, there is a difference though. Here the SUJ-bundles which are nontrivial over the factor L^3_p have a magnetic charge, whereas an (SU2 × Z_2)-bundle can never have one.

6 Holonomy-Induced Howe Subbundles

In the next step of our programme we have to specify the Howe subbundles which are holonomy-induced. However, in fact, this turns out not to be necessary here because for Howe subbundles of principal SUn-bundles the condition of being holonomy-induced is redundant. This will be proved now.

Lemma 6.1 Let H ⊆ H^′ ⊆ SUn be Howe subgroups. If dim H = dim H^′ then H = H^′.

Proof: There exist J, J^′ ∈ K(n) such that H and H^′ are conjugate to SUJ and SUJ^′, respectively. Consider UJ and UJ^′. Due to H ⊆ H^′, there exists D ∈ SUn such that D^{−1}UJD ⊆ UJ^′. Moreover,

dim UJ^′ = dim SUJ^′ + 1 = dim H^′ + 1 = dim H + 1 = dim SUJ + 1 = dim UJ . (114)

UJ^′ being connected and D^{−1}UJD being closed in UJ^′, (114) implies D^{−1}UJD = UJ^′. Then D^{−1}SUJD = D^{−1} (UJ ∩ SUn) D = (D^{−1}UJD) ∩ SUn = UJ^′ ∩ SUn = SUJ^′. It follows H = H^′.

Theorem 6.2 Any Howe subbundle of a principal SUn-bundle is holonomy-induced.

Proof: Let P be a principal SUn-bundle and let Q be a Howe subbundle of P with structure group H. Denote the structure group of a connected component of Q by H̃. It is easily seen that Q is holonomy-induced provided

C^2_{SUn}(H̃) = H . (115)

Since H is a Howe subgroup, we have H̃ ⊆ C^2_{SUn}(H̃) ⊆ H. Since H̃ and H are of the same dimension, so are C^2_{SUn}(H̃) and H. By virtue of Lemma 6.1, this implies (115).

For the reader who wonders whether there exist Howe subbundles which are not holonomyinduced we give an example here. Consider the Lie group SO3. One checks that the subgroup H = {1_3, diag(−1, −1, 1)} is Howe. Thus, the subbundle Q = M × H of the bundle M × SO3 is Howe. Any connected subbundle Q̃ of Q has the center {1_3} as its structure group. Since the center is Howe itself, Q̃ · C^2_G({1_3}) = Q̃ ≠ Q.

7 Factorization by SUn-Action

In Step 4 of our programme to determine Howe_∗(P ), we actually have to take the disjoint union of Red(P, H) over all Howe subgroups H of SUn and to factorize by the action of SUn. Since SUn-action on subbundles conjugates their structure groups, however, it suffices to take the union only over SUJ, J ∈ K(n): ⨆ J∈K(n) Red(P, SUJ) . (116)

According to this, define K(P ) = ⨆ J∈K(n) K(P )_J . (117)

We shall denote the elements of K(P ) by L and write them in the form L = (J; α, ξ), where J ∈ K(n) and (α, ξ) ∈ K(P )_J . Due to Theorem 5.17, the collection of characteristic classes {(α_J , ξ_J )|J ∈ K(n)} defines a bijection from (116) onto K(P ). Now we reverse this bijection: Let L ∈ K(P ), L = (J; α, ξ). Then define Q_L to be the isomorphism class of SUJ-subbundles of P which obey

α_J (Q_L) = α , ξ_J (Q_L) = ξ . (118)

Lemma 7.1 Let L, L^′ ∈ K(P ), where L = (J; α, ξ) and L^′ = (J^′; α^′, ξ^′). There exists D ∈ SUn such that Q_L′ = Q_L · D (up to isomorphy) if and only if ξ^′ = ξ, as well as J^′ = σJ and α^′ = σα for some permutation σ of 1, . . . , r.

Proof: For J_1, J_2 ∈ K(n) and D ∈ SUn such that D^{−1} SUJ_1 D ⊆ SUJ_2, define embeddings

h^D_{J1 J2} : UJ_1 → UJ_2 , C → D^{−1}CD h^{D;S}_{J1 J2} : SUJ_1 → SUJ_2 , C → D^{−1}CD .

First, assume that we are given D ∈ SUn such that Q_L′ ∼= Q_L · D. Then D^{−1} SUJ D = SUJ^′, so that we can consider the isomorphisms h^{D;S}_{JJ}′ : SUJ → SUJ^′ and h^D_{JJ}′ : UJ → UJ^′. One can check that Q_L · D ∼= Q_L^{[ hD;SJJ′ ]} . (119)

Moreover, there exists a permutation σ of 1, . . . , r such that h^D_{JJ}′ maps the σ(i)-th factor of UJ isomorphically onto the i-th factor of UJ^′. Then, in particular, J^′ = σJ. Moreover, there exists C ∈ SUn such that pr^{UJ′}_i ∘ h^C_{JJ}′ = pr^{UJ}_{σ(i)} ∀ i (in fact, C has been constructed in the proof of Lemma 4.2). Then

pr^{UJ′}_i ∘ j_J ∘ h^{C;S}_{JJ}′ = pr^{UJ}_{σ(i)} ∘ j_J . (120)

Next, define B = DC^{−1} ∈ SUn. The corresponding homomorphism h^B_{JJ} is an automorphism of UJ which leaves each factor invariant separately. One can check that it is an inner automorphism of UJ. Then h^{B;S}_{JJ} is an inner automorphism of SUJ and can, therefore, be generated by an element of the connected component of the identity. Then Bh^{B;S}_{JJ} is homotopic to Bid_{SUJ} ≡ id_{BSUJ} . As a consequence, the classifying map of the subbundle Q_L · B, which is, due to (119) and (27), given by f_{QL·B} = f_{QL[ h}B;S_{JJ ]} = Bh^{B;S}_{JJ} ∘ f_{QL} , is homotopic to that of Q_L. It follows Q_L′ ∼= Q_L · C. Then, due to (119),

Q_L′ ∼= Q_L^{[ hC;S}JJ^{′ ]} . (121)

We compute the characteristic classes of Q_L^{[ hC;S}JJ^{′ ]} in terms of those of Q_L: α_J′_{,i} ( Q_L^{[ hC;S}JJ^{′ ]} ) = c (( Q_L^{[ hC;S}JJ^{′ ]} )_{[ prUJ′i ∘jJ ]}) | by (85) = c ( Q_L^{[ prUJ′i ∘jJ ∘hC;SJJ′ ]} ) = c ( Q_L^{[ prUJσ(i)∘jJ ]} ) | by (120) = α_{J,σ(i)} (Q_L) , (122)

as well as, using λ^S_J′ ∘ h^{C;S}_{JJ}′ = λ^S_J and (87), ξ_J′ ( Q_L^{[ hC;S}JJ^{′ ]} ) = χ_g (( Q_L^{[ hC;S}JJ^{′ ]} )_{[ λS} J′ ] ) = χ_g ( Q_L^{[ λSJ ]} ) = ξ_J (Q_L) . (123)

Thus, α^′_i = α_J′_{,i} (Q_L′ ) | by (118) = α_J′_{,i} ( Q_L^{[ hC;S}JJ^{′ ]} ) | by (121) = α_{J,σ(i)} (Q_L) | by (122) = α_{σ(i)} | by (118),

i.e., α^′ = σα. In an analogous way, using (123), we obtain ξ^′ = ξ.

To prove the converse implication, assume ξ^′ = ξ and let σ be a permutation of 1, . . . , r such that J^′ = σJ and α^′ = σα. Due to Lemma 4.2, there exists D ∈ SUn such that SUJ^′ = D^{−1} SUJ D. As shown in the proof of this lemma, D can be chosen in such a way that (120) holds. Then (122) holds, too. We compute the characteristic classes of Q_L · D: α_J′_{,i} (Q_L · D) = α_J′_{,i} ( Q_L^{[ hD;S}JJ^{′ ]} ) | by (119) = α_{J,σ(i)} (Q_L) | by (122) = α_{σ(i)} | by (118) = α^′_i | by assumption = α_J′_{,i} (Q_L′ ) | by (118).

Analogously, using (123), we find ξ_J′ (Q_L · D) = ξ_J′ (Q_L′ ). It follows Q_L · D ∼= Q_L′ .

As suggested by Lemma 7.1, we introduce an equivalence relation on the set K(P ): Let L, L^′ ∈ K(P ), where L = (J; α, ξ) and L^′ = (J^′; α^′, ξ^′). Write L ∼ L^′ iff ξ^′ = ξ and there exists a permutation σ of 1, . . . , r such that J^′ = σJ and α^′ = σα. The set of equivalence classes will be denoted by K̂(P ).

Theorem 7.2 The assignment L → Q_L induces a bijection from K̂(P ) onto Howe_∗(P ).

Proof: The assignment L → Q_L induces a map K(P ) → Howe_∗(P ). This map is surjective by construction. Due to Lemma 7.1, it projects to K̂(P ) and the projected map is injective.

With Theorem 7.2 we have accomplished the determination of Howe_∗(P ) and, therefore, of the set of orbit types OT ( A^k, G^{k+1} ) . Calculations for the latter can now be performed entirely on the level of the classifying set K̂(P ).

8 Example: Gauge Orbit Types for SU2

In this section, we are going to determine OT ( A^k, G^{k+1} ) for an SU2-gauge theory over the base manifolds discussed in Subsection 5.10. The set K(2) contains the elements

J_a = (1|2) , J_b = (1, 1|1, 1) , J_c = (2|1) .

Here SUJ_a = {±1} ∼= Z_2 is the center, SUJ_b = {diag (z, z^{−1}) | z ∈ U1} ∼= U1 is the toral subgroup and SUJ_c = SU2. The strata corresponding to the elements of K(P )_{Ja} , K(P )_{Jb} , K(P )_{Jc} are, in the respective order, those with stabilizers isomorphic to SU2, U1, and the generic stratum. Accordingly, we shall refer to the first class as SU2-strata and to the second class as U1-strata. We have

K(P ) = K(P )_{Ja} ∪ K(P )_{Jb} ∪ K(P )_{Jc}

(disjoint union). As we already know, K(P )_{Ja} is parametrized by ξ ∈ H^1(M, Z_2) in case P is trivial and is empty otherwise. Moreover, K(P )_{Jc} consists of P itself. For K(P )_{Jb} , variables are α_i = 1 + α^{(2)}_i , α^{(2)}_i ∈ H^2(M, Z), i = 1, 2. The system of equations (91), (92) reads

α^{(2)}_1 + α^{(2)}_2 = 0 (124) α^{(2)}_1 ⌣ α^{(2)}_2 = c_2(P ) (125)

Using (124) to replace α^{(2)}_2 in (125) we obtain

− α^{(2)}_1 ⌣ α^{(2)}_1 = c_2(P ) . (126)

Note that here α^{(2)}_1 is just the first Chern class of a reduction of P to the subgroup U1. According to this, Eq. (126) has been derived in the discussion of spontaneous symmetry breaking of SU2 to U1, see [20]. Note also that when passing from K(P ) to K̂(P ), the pairs (α_1, α_2) and (α_2, α_1) label the same class of subbundles. Hence, solutions α^{(2)}_1 of (126) have to be identified with their negative.

Let us now discuss Eq. (126) as well as the set K̂(P ) in dependence of P for some specific base manifolds M.

M = S^4 Since H^2(M, Z) = 0, Eq. (126) requires c2(P ) = 0. Thus, in case P is

trivial, K̂(P ) contains the Z_2-bundle, the U1-bundle (both necessarily trivial) and P itself. Accordingly, in the gauge orbit space there exist, besides the generic stratum, an SU2-stratum and a U1-stratum.

We remark that, due to the base manifold being a sphere, this result can be obtained much easier by homotopy arguments. It is, therefore, well known. The structure of the gauge orbit space in the present situation has been studied in great detail in [14]. It has been shown that the two nongeneric strata of the gauge orbit space can be parametrized by means of an affine subspace of A^k which is acted upon by the Weyl group of SU2 (the latter being just Z_2).

In case P is nontrivial, both K(P )_{Jb} and K(P )_{Ja} are empty, so that K̂(P ) contains only the bundle P itself. Accordingly, there do not exist nongeneric strata in the gauge orbit space.

M = S^2 × S^2 We write α^{(2)}_1 in the form (105). Then Eq. (126) becomes

−2ab γ^{(2)}_{S2} ×γ^{(2)}_{S2} = c_2(P ) .

Thus, if P is trivial then K̂(P ) contains, in addition to P itself, the Z_2-bundle, which is trivial, and the U1-bundles labelled by a ≥ 0, b = 0 and a = 0, b ≥ 0, i.e., which are trivial over one of the 2-spheres. The corresponding nongeneric strata in the gauge orbit space are one SU2-stratum and infinitely many U1-strata.

In case c_2(P ) = 2l γ^{(2)}_{S2} × γ^{(2)}_{S2} , l ≠ 0, K̂(P ) contains the U1-bundles with a = q and b = −l/q, where q is a (positive) divisor of m. Hence, here the nongeneric part of the gauge orbit space consists of finitely many U1-strata.

Finally, in case c_2(P ) = (2m + 1) γ^{(2)}_{S2} ×γ^{(2)}_{S2} , K̂(P ) contains only P itself and the gauge orbit space consists only of the generic stratum.

M = T^4 We use the notation introduced in Subsection 5.10. Writing α^{(2)}_1 in the form

(107) and using (106), Eq. (126) reads

− 2 (a_{12}a_{34} − a_{13}a_{24} + a_{14}a_{23}) γ^{(4)}_{T4} = c_2(P ) . (127)

Hence, the result is similar to that for the case M = S^2 × S^2. The only difference is that, due to H^1(M, Z_2) ∼= Z^{⊕4}_2 , there exist 16 different Z_2-bundles which are all contained in K̂(P ) for P being trivial. Accordingly, in this case the gauge orbit space contains 16 SU2-strata. Moreover, in case c_2(P ) = 2mγ^{(4)}_{T4} , m ≠ 0, the number of solutions of (127) is infinite. Therefore, in this case there exist infinitely many U1-strata in the gauge orbit space.

We remark that pure Yang-Mills theory on T^4 has been discussed in [12, 13], where the authors have studied the maximal Abelian gauge for gauge group SUn. They have found that in case P is nontrivial this gauge fixing is necessarily singular on Dirac strings joining magnetically charged defects in the base manifold. It is an interesting question whether there is a relation between such defects and the nongeneric strata of the gauge orbit space.

M = L^3_p × S^1 Here (126) requires c2(P ) = 0. Thus, in case P is trivial K̂(P ) contains,

in addition to P itself, the Z_2-bundles over L^3_p × S^1, which are labelled by the elements of

H^1(L^3_p × S^1, Z_2) ∼=

{ Z2 ⊕ Z2 | p ≠ 0, even Z2 | otherwise

as well as the U1-bundles over L^3_p × S^1, which are labelled by α^{(2)}_1 ∈ H^2(L^3_p × S^1, Z) ∼= Z_p, modulo the identification α^{(2)}_1 ∼ −α^{(2)}_1 . According to this, if p is even, the nongeneric part of the gauge orbit space contains 4 SU2-strata and (p/2 + 1) U1-strata. If p is odd, it contains 2 SU2-strata and ((p + 1)/2) U1-strata.

In case P is nontrivial there do not exist nongeneric strata in the gauge orbit space.

9 Application: Kinematical Nodes in 2+1 Dimensional Chern-Simons Theory

Following [3], we consider Chern-Simons theory with gauge group SUn in the Hamiltonian approach. The Hamiltonian in Schrödinger representation is given by H = − Λ 2 ∫ Σs d^2x √ h Tr | | | | δ δA_μ + iℓ 4π ϵ^{μν}A_ν | | | | 2 + 1 4Λ ∫ Σs d^2x √ hTr (F_{μν}F^{μν} ) . Geometrically, A_μ and F_{μν} are the local representatives of a connection A in a given SUnbundle P over the 2 dimensional space Σ_s and its curvature F , respectively. We assume Σ_s to be a Riemann surface of genus s. Note that, due to the dimension of Σ_s, c_2(P ) = 0, i.e., P is trivial. The configuration space is the gauge orbit space M^k associated to P . Physical states are given by cross sections of a complex line bundle η over (the topological space) M^k with first Chern class c_1(η) = ℓ. Correspondingly, they can be thought of as functionals ψ on the space A^k of connections in P which are subject to the Gauss law condition ∇^μ_A δ δA^μ(x) ψ(A) = iℓ 4π ϵ^{μν}∂_μA_ν(x)ψ(A) . (128)

Here ∇_A denotes the covariant derivative w.r.t. A. In [3] it has been shown that if A carries a nontrivial magnetic charge, i.e., if it can be reduced to some subbundle of P with nontrivial first Chern class, all physical states obey ψ(A) = 0. Such a connection is called a kinematical node. (Note that, due to η being nontrivial, there exist also dynamical nodes, which differ from state to state.) The authors of [3] argue that nodal gauge field configurations are relevant for the confinement mechanism. In the following we shall show that being a node is a property of strata. For that purpose, we reformulate the result of [3] in our language.

Theorem 9.1 Let A ∈ A^k have orbit type [L] ∈ K̂(P ), where L = (J; α, ξ). If α^{(2)}_i ≠ 0 for some i then A is a kinematical node, i.e., ψ(A) = 0 for all physical states ψ.

Proof: The proof follows the lines of [3]. By assumption, A can be reduced to a connection on an SUJ-subbundle Q ⊆ P of class (α_J (Q), ξ_J (Q)) = (α, ξ). Σ_s being a compact orientable 2-manifold, H^2(Σ_s, Z) ∼= Z. Hence, α^{(2)}_i = c_iγ^{(2)}, where c_i ∈ Z and γ^{(2)} is a generator of H^2(Σ_s, Z). We define a 1-parameter subgroup {Φ̃_t | t ∈ R} of SUn by

Φ̃_t = ( exp { i c_1 k_1 t } 1_{k1} ⊗ 1_{m1} ) ⊕ · · · ⊕ ( exp { i c_r k_r t } 1_{kr} ⊗ 1_{mr} ) . Using

(m_1c_1 + · · · + m_rc_r)γ^{(2)} = g ( ~m_1α^{(2)}_1 + · · · + ~m_rα^{(2)}r ) = g E^{(2)}_{em} (α) | by (69) = g β_g(ξ) | by (91) = 0 | by g β_g = 0,

one checks det Φ̃_t = exp{it(m_1c_1 + · · · + m_rc_r)} = 1. Commuting with SUJ for all t, Φ̃_t defines a 1-parameter subgroup {Φ_t | t ∈ R} of G^{k+1} by

Φ_t(q) = Φ̃_t ∀ q ∈ Q, t ∈ R .

Each element of this subgroup is constant on Q. Hence, so is the generator ϕ = Φ̇(0):

ϕ(q) = i [( c_1 k_1 1^{k1}

⊗ 1_{m1} ) ⊕ · · · ⊕ ( c_r k_r 1^{kr} ⊗ 1_{mr} )] ∀ q ∈ Q . (129) In particular, ∇_Aϕ = 0 . (130) According to this, for any state ψ, ∫ Σs Tr ( ϕ∇^μ_A δ δA^μ ) ψ(A) = − ∫ Σs Tr ( (∇^μ_Aϕ) δ δA^μ ) ψ(A) = 0 .

For physical states, the Gauss law implies ∫ Σs Tr (ϕdA) ψ(A) = 0 . (131)

Using (130), as well as the structure equation F = dA +^1_2 [A, A], we obtain ∫ Σs Tr (ϕdA) = ∫ Σs Tr (ϕdA − ∇_Aϕ ∧ A) = ∫ Σs Tr (ϕdA − dϕ ∧ A − [A, ϕ] ∧ A) = ∫ Σs Tr (2ϕdA + ϕ[A, A]) = 2 ∫ Σs Tr (ϕF ) .

(132)

Since A is reducible to Q, F has block structure (F_1 ⊗ 1_{m1} ) ⊕ · · · ⊕ (F_r ⊗ 1_{mr} ) with F_j being (k_j × k_j )-matrices. Thus, using (129), ∫ Σs Tr (ϕF ) = i r∑ j=1 m_j k_j c_j ∫ Σs TrF_j . (133)

Now c_j being just the first Chern classes of the elementary factors of the Uk_1 × · · · × Uk_rbundle Q^{[ UJ ]}, we have ∫ Σs TrF_j = −2πic_j , j = 1, . . . , r . Inserting this into (133) and the latter into (132) we obtain ∫ Σs Tr (ϕdA) = 4π r∑ j=1 m_j k_j (c_j)^2 .

Thus, in view of (131), 4π r∑ j=1 m_j k_j (c_j)^2 ψ(A) = 0 . (134)

It follows that if one of the c_j is nonzero then ψ(A) = 0 for all physical states ψ, i.e., A is a kinematical node. This proves the theorem.

Remark: Let us compare (134) with Formula (6) in [3]. Define k^′_i = k_im_i and m^′_i = 1. Then J^′ = (k^′, m^′) ∈ K(n) and UJ ⊆ UJ^′. Let φ : UJ → UJ^′ denote the canonical embedding. Consider the subbundle Q^{[ φ ]} ⊆ P . One can check that the elementary factors of this subbundle have first Chern classes c^′_i = m_ic_i. Inserting k^′_i, l^′_i, and c^′_i into (134) one obtains Formula (6) in [3]. In fact, the authors of [3] use that A is reducible to Q^′, rather than that it is even reducible to Q. This argument being ”coarser” than ours, it still suffices to prove that any connection which is reducible to a subbundle with nontrivial magnetic charge is a kinematical node.

As a consequence of Theorem 9.1, one can speak of nodal and nonnodal strata. This information can be read off directly from the labels of the strata.

Let us discuss this in some more detail. Let J ∈ K(n) be given and consider Eqs. (91) and (92). Variables are ξ ∈ H^1(Σ_s, Z_g) and α^{(2)}_i ∈ H^2(Σ_s, Z), i = 1, . . . , r. Since H^2(Σ_s, Z) is torsion-free, β_g is trivial. Moreover, due to H^4(Σ_s, Z) = 0, a_i ⌣ a_j vanishes. Thus, the system of equations (91), (92) reduces to

E^{(2)}e_m (α) = 0 . (135)

Writing α^{(2)}_i = c_iγ^{(2)} again, (135) becomes r∑ i=1 ~m_ic_i = 0 .

The set of solutions of this equation is a subgroup G_{em} ⊆ Z^{⊕r}. According to Theorem 9.1, the nonnodal strata are parametrized by ξ and the neutral element of G_{em}, whereas the nodal strata are labelled by ξ and all the other elements of G_{em}. For example, in the case of SU2 we obtain the following.

J = (1|2): Here G e_m = {0} ⊆ Z, hence all strata are nonnodal.

J = (1, 1|1, 1): We have G e_m = {(c, −c)|c ∈ Z} ⊆ Z^{⊕2}. Since also ξ = 0, each value of c labels one stratum. That corresponding to c = 0 is nonnodal, the others are nodal. J = (2|1): Here we have the generic stratum, which is nonnodal.

10 Summary

Starting from a principal SUn-bundle P over a compact connected orientable Riemannian 4-manifold M, we have derived a classification of the orbit types of the action of the group of gauge transformations of P on the space of connections in P . Orbit types are known to label the elements of the natural stratification, given by Kondracki and Rogulski [23], of the gauge orbit space associated to P . The interest in this stratification is due to the fact that the role of nongeneric strata in gauge physics is not clarified yet. In order to accomplish the classification, we have utilized that orbit types are 1:1 with a certain class of subbundles of P (called holonomy-induced Howe subbundles), factorized by the natural actions of vertical automorphisms of P and of the structure group. We have shown that such classes of subbundles are labelled by symbols [(J; α, ξ)], where

J = ((k_1, . . . , k_r), (m_1, . . . , m_r))

is a pair of sequences of positive integers obeying r∑ i=1 k_im_i = n , α = (α_1, . . . , α_r) where α_i ∈ H^∗(M, Z) are admissible values of the Chern class of Uk_i-bundles over M, and ξ ∈ H^1(M, Z_g) with g being the greatest common divisor of (m_1, . . . , m_r). The cohomology elements α_i and ξ are subject to the relations r∑ i=1 m_i g α^{(2)}_i = β_g(ξ) , α^{m1}_1 ⌣ . . . ⌣ α^{mr}_r = c(P ) , where β_g : H^1(M, Z_g) → H^2(M, Z) is the connecting homomorphism associated to the short exact sequence of coefficient groups in cohomology 0 → Z→ Z→ Zg → 0 . Finally, for any permutation σ of {1, . . . , r}, the symbols

[((k_1, . . . , k_r), (m_1, . . . , m_r); (α_1, . . . , α_r), ξ)] , [((k_{σ(1)}, . . . , k_{σ(r)}), (m_{σ(1)}, . . . , m_{σ(r)}); (α_{σ(1)}, . . . , α_{σ(r)}), ξ)] have to be identified.

The result obtained enables one to determine which strata are present in the gauge orbit space, depending on the topology of the base manifold and the topological sector, i.e., the isomorphism class of P . For some examples we have discussed this dependence in detail. We have also shown that our result can be used to reformulate a sufficient condition on a connection to be a node for all physical states (when the latter are viewed as functionals of connections subject to the Gauss law). This condition has been derived in [3] and applies to Chern-Simons Theory in 2 + 1 dimensions.

In this way, our result may be viewed as one more step towards a systematic investigation of the physical effects related to nongeneric strata of the gauge orbit space. We remark that orbit types still carry more information about the stratification structure. Namely, their partial ordering encodes how the strata are patched together in order to build up the gauge orbit space (cf. [23, Thm. (4.3.5)]). A derivation of this partial ordering will be published separately.

Acknowledgements

The authors would like to thank C. Fleischhack, S. Kolb, A. Strohmaier, and S. Boller for interesting discussions. They are also grateful to T. Friedrich, J. Hilgert, and H.- B. Rademacher for useful suggestions, as well as to L.M. Woodward, C. Isham, and M. Čadek who on request have been very helpful with providing specific information.

A The Eilenberg-MacLane Spaces K(Z, 2) and K(Z_g, 1)

In this appendix, we construct a model for each of the Eilenberg-MacLane spaces K(Z, 2) and K(Z_g, 1) and derive the integer-valued cohomology of these spaces. Consider the natural free action of U1 on the sphere S^∞ which is induced from the natural action of U1 on S^{2n−1} ⊂ C^n . The orbit space of this action is the complex projective space C P^∞ . Moreover, by viewing Z_g as a subgroup of U1, this action gives rise to a natural free action

of Zg on S^∞. The orbit space of the latter is the lens space L^∞_g . By construction, one has

principal bundles

U1 → S^∞ −→ C P^∞ , (136)

Zg → S^∞ −→ L^∞_g . (137)

Due to π_i(S^∞) = 0 ∀i, the exact homotopy sequences induced by (136), (137) yield

π_i(C P^∞ ) = π_{i−1}(U1) =

{ Z | i = 2 0 | i ≠ 2 , π_i(L^∞_g ) = π_{i−1}(Z_g) = { Zg | i = 1 0 | i = 2, 3, . . . , respectively. As a consequence, C P^∞ is a model of K(Z, 2) and L^∞_g is a model of K(Z_g, 1). In particular, H^i(K(Z, 2), Z) = H^i(C P^∞ , Z) =

{ Z | i even

0 | i odd ,

(138)

see [8, Ch. VI, Prop. 10.2], and

H^i(K(Z_g, 1), Z) = H^i(L^∞_g , Z) =

Z | i = 0 Zg | i ≠ 0, even

0 | i ≠ 0, odd ,

(139)

see [11, §24, p. 176].

We notice that the vanishing of all homotopy groups of S^∞ also implies that the bundles (136) and (137) are universal for U1 and Z_g, respectively. Hence, C P^∞ and L^∞_g are models of BU1 and BZ_g, respectively. For BZ_g, this has been used in the proof of Lemma 5.9.

B The Cohomology Algebra H^∗(BSUJ, Z)

Let J ∈ K(n), J = (k, m). Recall from Corollary 5.8 that the cohomology algebra H^∗(BSUJ, Z) is generated by the elements γ^{(2j)}_{J,i} , j = 1, . . . , k_i, i = 1, . . . , r, defined in (52). Here we are going to derive the relations these generators are subject to.

Proposition B.1 The generators γ^{(2j)}_{J,i} of H^∗(BSUJ, Z) are subject to the relation

E^{(2)}_m (γ_J ) = 0 . (140)

Proof: Consider the homomorphism (Bj_J )^∗ : H^∗(BUJ, Z) → H^∗(BSUJ, Z) induced by the embedding j_J : SUJ → UJ. By construction, γ^{(2j)}_{J,i} = (Bj_J )^∗ γ̃^{(2j)}_{J,i} . Since there are no relations between the γ̃^{(2j)}_{J,i} , see Lemma 5.6, all the relations between the γ^{(2j)}_{J,i} are derived from elements of the kernel of (Bj_J )^∗. We claim that

ker (Bj_J )^∗ = H^∗(BUJ, Z) ⌣ E^{(2)}_m (γ̃_J ) , (141)

i.e., that ker (Bj_J )^∗ is generated as an ideal by the single element E^{(2)}m (γ̃_J ). This implies the assertion.

In order to prove (141), consider the U1-bundle η given in (57). The Gysin sequence (58) induced by η being exact, it yields

ker (Bj_J )^∗ = H^∗(BUJ, Z) ⌣ c_1(η) .

Let us compute c_1(η). We note that η is induced as a principal bundle of the form (28) by the short exact sequence of Lie group homomorphisms 1 −→ SUJ^{jJ}−→ UJ^{detUn ∘iJ}−→ U1 −→ 1 ,

cf. (28). Hence, it has classifying map B det_{Un} ∘B i_J . Accordingly,

c_1(η) = (B i_J)^∗ ∘ (B det_{Un})^∗ γ^{(2)}_{U1} = (B i_J)^∗ γ^{(2)}_{Un} | by (78) = E^{(2)}m (γ̃_{J,1}, . . . , γ̃_{J,r}) | by (72)

This proves the proposition.

As a consequence of Proposition B.1, H^∗(BSUJ, Z) is isomorphic to the polynomial ring Z[x11, . . . , x1k_1 , . . . , xr1, . . . , xrk_r ]/(m1x11 + · · · + mrxr1) , where deg(x_{ij}) = 2j.

We remark that the relation (140) is a consequence of the relation between δ_J and γ_J given in Theorem 5.13. Namely, using (71), Theorem 5.13, and g β_g = 0 we find

E^{(2)}_m (γ_J ) = g E^{(2)}e_m (γ_J ) = g β_g(δ_J ) = 0 .

This ensures, in particular, that (140) does not generate a relation independent of (84) on the level of the characteristic classes α_J . (Nonetheless, we have already proved directly in Lemma 5.15 that there are no relations independent of (84).)

C The Cohomology Algebra H^∗(BSUJ, Z_g)

Let J ∈ K(n), J = (k, m). In this appendix, we derive H^∗(BSUJ, Z_g). Recall that g denotes the greatest common divisor of m. Moreover, recall that ϱ_g : H^∗(BSUJ, Z) → H^∗(BSUJ, Z_g) denotes reduction modulo g. We start with some technical lemmas. Lemma C.1 (a) Let α ∈ H^∗(BSUJ, Z) such that ϱ_g (α ⌣ β_g(δ_J )) = 0. Then ϱ_g(α) = 0 as well as α ⌣ β_g(δ_J ) = 0.

(b) One has im β_g ⊆ H^∗(BSUJ, Z) ⌣ β_g(δ_J ).

(c) The homomorphism ϱ_g ∘ β_g : H^{2j+1}(BSUJ, Z_g) → H^{2j+2}(BSUJ, Z_g) is injective for j = 0, 1, 2, . . . . Proof: (a) Let α be given as proposed. Then there exists α^′ ∈ H^∗(BSUJ, Z) such that

α ⌣ β_g(δ_J ) = gα^′ . (142)

Moreover, there exist α̃, α̃^′ ∈ H^∗(BUJ, Z) such that α = (Bj_J )^∗ α̃ and α^′ = (Bj_J )^∗ α̃^′. Due to Theorem 5.13 and (52), β_g(δ_J ) = (Bj_J )^∗ E^{(2)}e_m (γ̃_J ) (143) Using this, as well as (141), (142) implies that there exists α̃^{′′} ∈ H^∗(BUJ, Z) such that

α̃ ⌣ E_{em} (γ̃_J ) = gα̃^′ + α̃^{′′} ⌣ E^{(2)}_m (γ̃_J ) = g ( α̃^′ + α̃^{′′} ⌣ E^{(2)}_{em} (γ̃_J ) ) . (144)

Taking into account that H^∗(BUJ, Z) is torsion-free, that the elements γ̃^{(2j)}_{J,i} are generators, and that the greatest common divisor of the integers ~m_i is 1, from (144) we infer that there exists α̃^{′′′} ∈ H^∗(BUJ, Z) such that α̃ = gα̃^{′′′}. Then α = (Bj_J )^∗ α̃ = g (Bj_J )^∗ α̃^{′′′}. It follows ϱ_g(α) = 0. Due to gβ_g(δ_J ) = 0, also α ⌣ β_g(δ_J ) = 0, as asserted. (b) Let α ∈ im β_g. By exactness of (153), gα = 0. Let α̃ ∈ H^∗(BUJ, Z) such that α = (Bj_J )^∗ α̃. Then gα̃ ∈ ker (Bj_J )^∗. According to (141), there exists α̃^′ ∈ H^∗(BUJ, Z) such that gα̃ = α̃^′ ⌣ E^{(2)}_m (γ̃_J ) = g ( α̃^′ ⌣ E^{(2)}_{em} (γ̃_J ) ) . Since H^∗(BUJ, Z) is free Abelian, this implies α̃ = α̃^′ ⌣ E^{(2)}_{em} (γ̃_J ). Using (143) we obtain α = (Bj_J )^∗ α̃^′ ⌣ β_g(δ_J ). This shows (b).

(c) We note that (a) and (b) immediately imply that im β_g ∩ ker ϱ_g = {0}. Moreover, by exactness of (153), β_g is injective in odd degree. This proves (c).

Lemma C.2 The homomorphism H^{2j}(BSUJ, Z_g) → H^{2j+1}(BSUJ, Z_g), α → α ⌣ δ_J , is an isomorphism for j = 0, 1, 2, . . . .

Proof: First, we check injectivity. Let α ∈ H^{2j}(BSUJ, Z_g) such that α ⌣ δ_J = 0. Consider the homomorphism ϱ_g ∘ β_g. As an immediate consequence of the definition of β_g (namely, as the connecting homomorphism in the long exact sequence (60)), this is a skew-derivation, i.e., for any α_i ∈ H^{ji} (BSUJ, Z_g), i = 1, 2, one has

ϱ_g ∘ β_g(α_1 ⌣ α_2) = (ϱ_g ∘ β_g(α_1)) ⌣ α_2 + (−1)^{j1} α_1 ⌣ (ϱ_g ∘ β_g(α_2)) . (145)

Hence, due to β_g being trivial in even degree,

ϱ_g ∘ β_g(α ⌣ δ_J ) = α ⌣ ϱ_g ∘ β_g(δ_J ) . (146)

Since ϱ_g is surjective in even degree, there exists α^′ ∈ H^{2j}(BSUJ, Z) such that α = ϱ_g (α^′). Inserting this on the rhs. of (146) we obtain

ϱ_g ∘ β_g(α ⌣ δ_J ) = ϱ_g (α^′ ⌣ β_g(δ_J )) . (147)

By assumption, the lhs. of (147) vanishes. Then Lemma C.1(a) implies α = ϱ_g (α^′) = 0. This proves injectivity. To show surjectivity, let α ∈ H^{2j+1}(BSUJ, Z_g). Due to Lemma C.1(b), there exists α^′ ∈ H^∗(BSUJ, Z) such that β_g(α) = α^′ ⌣ β_g(δ_J ). Then

ϱ_g ∘ β_g(α) = ϱ_g (α^′ ⌣ β_g(δ_J )) = ϱ_g (α^′) ⌣ ϱ_g ∘ β_g(δ_J ) = ϱ_g ∘ β_g(ϱ_g (α^′) ⌣ δ_J ) ,

where the last equality is due to (145) and the fact that β_g is trivial in even degree. As a consequence, Lemma C.1(c) implies α = ϱ_g (α^′) ⌣ δ_J . This shows surjectivity and, therefore, concludes the proof of the lemma.

Lemma C.3 There holds δ_J ⌣ δ_J = { 0 | g = 2l + 1 l ϱ_g ∘ β_g(δ_J ) | g = 2l .

Proof: We notice that both the collections of maps

θ_1 : H^1(·, Z_g) → H^2(·, Z_g) , α → α ⌣ α , (148) θ_2 : H^1(·, Z_g) → H^2(·, Z_g) , α → ϱ_g ∘ β_g(α) , (149)

define a natural transformation of cohomology functors for CW -complexes. Such transformations are called cohomology operations of type (1, Z_g; 2, Z_g) or, more generally, of type (i_1, π_1; i_2, π_2) if they map H^{i1} (·, π_1) → H^{i2} (·, π_2) [8, Ch. VII, Def. 12.2]. Here π_1, π_2 are Abelian groups. One should note that cohomology operations need not consist of group homomorphisms. Nevertheless, the Abelian group structure of H^{i2} (·, π_2) induces an according structure on the set of cohomology operations of type (i_1, π_1; i_2, π_2). Due to a theorem of Serre [8, Ch. VII, Thm. 12.3], there exists a group isomorphism from the group so defined onto H^{i2} (K(π_1, i_1), π_2). This is given by evaluating the cohomology operations at some fixed characteristic element of H^{i1} (K(π_1, i_1), π_1). To apply this theorem, we choose L^∞_g as a model of K(Z_g, 1) and δ_g as a characteristic element of H^1(K(Z_g, 1), Z_g). Assume, for a moment, that there holds

θ_1(δ_g) = { 0 | g = 2l + 1 l θ_2(δ_g) | g = 2l .

(150)

Then the cohomology operations are related by

θ_1 = { 0 | g = 2l + 1 l θ_2 | g = 2l .

Thus, in order to prove the lemma, we have to show (150). Although the cohomology of the spaces L^∞_g is well known, this particular relation can rarely be found in textbooks. An exception is the case g = 2, where L^∞_2 = RP^∞. For the sake of completeness, in the following we derive (150) for general g from the case g = 2.

One can show that H^2(L^∞_g , Z_g) ∼= Z_g and that it is generated by ϱ_g ∘ β_g(δ_g), where δ_g is a generator of H^1(L^∞_g , Z_g) [11]. Thus, there exists a ∈ Z_g such that

θ_1(δ_g) = δ_g ⌣ δ_g = a ϱ_g ∘ β_g(δ_g) .

Since 2δ_g ⌣ δ_g = 0, 2a = 0. Thus, if g is odd then a = 0. If g is even then either a = l, where g = 2l, or a = 0. To rule out the second case, it suffices to find δ ∈ H^1(L^∞_g , Z_g) such that δ ⌣ δ ≠ 0. Consider the composite homomorphism

H^1(L^∞_g , Z_g)^{ϱ2}−→ H^1(L^∞_g , Z_2)^{p∗}−→ H^1(RP^∞, Z_2) . (151)

Here ϱ_2 is reduction modulo 2 and p is the projection in the principal bundle Zl → RP^{∞ p}−→ L^∞_g which arises by factorizing RP^∞ = S^∞/Z_2 by the residual action of Z_g/Z_2 ∼= Z_l. We check that (151) is surjective. For the part of ϱ_2 this is obvious, due to g being even.

For the part of p^∗, we note that, by virtue of the Hurewicz and the Universal Coefficient Theorem, p^∗ is the Z_2-dual of the homomorphism p_∗ : π_1RP^∞ → L^∞_g . The latter is easily seen to be injective. Therefore, p^∗ is surjective, as asserted. As a consequence, there exists δ ∈ H^1(L^∞_g , Z_g) such that p^∗ ∘ ϱ_2(δ) = δ_2, where δ_2 denotes the generator of H^1(RP^∞, Z_2). We compute p^∗ ∘ ϱ_2(δ ⌣ δ) = (p^∗ ∘ ϱ_2(δ)) ⌣ (p^∗ ∘ ϱ_2(δ)) = δ_2 ⌣ δ_2 .

Here the rhs. is known to be nontrivial [8, Ch. VI, Prop. 10.2]. Hence, δ ⌣ δ must have been nontrivial. This proves the Lemma.

Proposition C.4 H^∗(BSUJ, Z_g) is generated over Z_g by the elements δ_J and ϱ_g ( γ^{(2j)}_{J,i} ) , j = 1, . . . , k_i, i = 1, . . . , r. The generators are subject to the relation

δ_J ⌣ δ_J = { 0 | g = 2l + 1 l E^{(2)}e_m (γ_J ) | g = 2l

(152)

Proof: Consider the long exact sequence (60) for the space BSUJ. Since the integer-valued cohomology of BSUJ is trivial in odd degree, this sequence splits into exact portions

0^{ϱg}−→ H^{2j+1}(BSUJ, Z_g)^{βg}−→ H^{2j+2}(BSUJ, Z) μg −→ H^{2j+2}(BSUJ, Z)^{ϱg}−→ H^{2j+2}(BSUJ, Z_g)^{βg}−→ 0 , (153)

where j = 0, 1, 2, . . . . As an immediate consequence, ϱ_g is surjective in even degree. Thus, H^{even}(BSUJ, Z_g) is generated by ϱ_g ( γ^{(2j)}_{J,i} ) , j = 1, . . . , k_i, i = 1, . . . , r. Then Lemma C.2 implies that the whole of H^∗(BSUJ, Z_g) is generated by these elements together with δ_J . It remains to determine the relations the generators are subject to. First, consider relations among the generators ϱ_g ( γ^{(2j)}_{J,i} ) . These arise from the relation (140) and from the

elements of ker ϱ_g. Due to E^{(2)}_m = gE^{(2)}_{em} , the mod g-reduction of (140) is trivially satisfied. Moreover, relations generated by elements of ker ϱ_g are already taken into account by taking Z_g as the base ring. Thus, there is no relation among the generators ϱ_g ( γ_J , i^{(2j)} ) . Next, consider relations involving δ_J . One such relation is provided by Lemma C.3. It covers all relations in even degree, because the latter must contain an even power of δ_J , hence can be written without δ_J . Relations in odd degree, on the other hand, are of the form α ⌣ δ_J = 0, where α is of even degree. Due to Lemma C.2, then α = 0. Consequently, there are no further relations.

Due to Proposition C.4, if g is odd then H^∗(BSUJ, Z_g) is isomorphic to the polynomial ring Zg[x, x11, . . . , x1k_1 , . . . , xr1, . . . , xrk_r ] , whereas if g is even then it is isomorphic to Zg[x, x11, . . . , x1k_1 , . . . , xr1, . . . , xrk_r ]/^(x^2 − ( ~m1x11 + · · · + ~mrxr1)^) , where g = 2l. Here deg(x) = 1 and deg(x_{ij}) = 2j.

References

[1] Abbati, M.C., Cirelli, R., Manià, A., Michor, P.: The Lie Group of Automorphisms of a Principal Bundle. J. Geom. Phys. 6, nr. 2, 215–235 (1989)

[2] Abbati, M.C., Cirelli, R., Manià, A.: The Orbit Space of the Action of Gauge Transformation Group on Connections. J. Geom. Phys. 6, nr. 4, 537–557 (1989)

[3] Asorey, M., Falceto, F., López, J.L., Luzón, G.: Nodes, Monopoles, and Confinement in 2 + 1-Dimensional Gauge Theories. Phys. Lett. B 345, 125–130 (1995)

[4] Asorey, M.: Maximal Non-Abelian Gauges and Topology of the Gauge Orbit Space.

Nucl. Phys. B 551, 399–424 (1999)

[5] Avis, S.J., Isham, C.J.: Quantum Field Theory and Fibre Bundles in a General Space-Time. In: Levy, M., Deser, S. (eds.) Recent Developments in Gravitation. Cargèse 1978, pp. 347–401. New York, London: Plenum Press, 1979

[6] Borel, A.: Topics in the Homology Theory of Fibre Bundles. Lect. Notes Math. 36.

Berlin, Heidelberg, New York: Springer, 1967

[7] Bredon, G.E.: Introduction to Compact Transformation Groups. New York: Academic Press, 1972

[8] Bredon, G.E.: Topology and Geometry. Berlin, Heidelberg, New York: Springer, 1993

[9] Dodson, C.T.J., Parker, P.E.: A User’s Guide to Algebraic Topology. Dordrecht:

Kluwer Academic Publishers, 1997

[10] Emmrich, C., Römer, H.: Orbifolds as Configuration Spaces of Systems with Gauge Symmetries. Commun. Math. Phys. 129, 69–94 (1990)

[11] Fomenko, A.T., Fuchs, D.B., Gutenmacher, V.L.: Homotopic Topology. Budapest:

Akadémiai Kiadó,1986

[12] Ford, C., Tok, T., Wipf, A.: Abelian Projection on the Torus for General Gauge Groups. Nucl. Phys. B 548, 585-612 (1999)

[13] Ford, C., Tok, T., Wipf, A.: SU(N)-Gauge Theories in Polyakov Gauge on the Torus.

Phys. Lett. B 456, 155-161 (1999)

[14] Fuchs, J., Schmidt, M.G., Schweigert, C.: On the Configuration Space of Gauge Theories. Nucl. Phys. B 426, 107–128 (1994)

[15] Heil, A., Kersch, A., Papadopoulos, N.A., Reifenhäuser, B., Scheck, F.: Structure of the Space of Reducible Connections for Yang-Mills Theories. J. Geom. Phys. 7, nr. 4, 489–505 (1990)

[16] Heil, A., Kersch, A., Papadopoulos, N.A., Reifenhäuser, B., Scheck, F.: Anomalies from Nonfree Action of the Gauge Group. Ann. Phys. 200, 206–215 (1990)

[17] Hirzebruch, F.: Topological Methods in Algebraic Geometry. Berlin, Heidelberg, New York: Springer, 1978

[18] Howe, R.: θ-series and Invariant Theory. In: Automorphic Forms, Representations, and L-functions. Proc. Symp. Pure Math. 33, part 1, 275–285 (1979)

[19] Husemoller, D.: Fibre Bundles. New York: McGraw-Hill, 1966; Berlin, Heidelberg, New York: Springer, 1994

[20] Isham, C.J.: Space-Time Topology and Spontaneous Symmetry Breaking. J. Phys. A 14, 2943-2956 (1981)

[21] Kobayashi, S., Nomizu, K.: Foundations of Differential Geometry. Vol. I. New York:

Wiley Interscience, 1963

[22] Kondracki, W., Rogulski, J.: On the Notion of Stratification. Institute of Mathematics, Polish Academy of Sciences, Preprint 281, Warszawa, 1983

[23] Kondracki, W., Rogulski, J.: On the Stratification of the Orbit Space for the Action of Automorphisms on Connections. Dissertationes Mathematicae 250. Warszawa: Panstwowe Wydawnictwo Naukowe, 1986

[24] Kondracki, W., Sadowski, P.: Geometric Structure on the Orbit Space of Gauge Connections. J. Geom. Phys. 3, nr. 3, 421-433 (1986)

[25] Massey, W.S.: A Basic Course in Algebraic Topology. Berlin, Heidelberg, New York:

Springer, 1991

[26] Mitter, P.K., Viallet, C.-M.: On the Bundle of Connections and the Gauge Orbit Manifold in Yang-Mills Theory. Commun. Math. Phys. 79, 457–472 (1981)

[27] Moeglin, C., Vignéras, M.-F., Waldspurger, J.-L.: Correspondances de Howe sur un Corps p-adique. Lect. Not. Math. 1291. Berlin, Heidelberg, New York: Springer, 1987

[28] Palais, R.S.: Foundations of Global Nonlinear Analysis. New York: Benjamin Comp. Inc., 1968

[29] Przebinda, T.: On Howe’s Duality Theorem. J. Funct. Anal. 81, 160–183 (1988)

[30] Rubenthaler, H.: Les Paires Duales dans les Algèbres de Lie Réductives. Astérisque 219, Soc. Math. de France 1994

[31] Schmidt, M.: Classification and Partial Ordering of Reductive Howe Dual Pairs of Classical Lie Groups. J. Geom. Phys. 29, 283–318 (1999)

[32] Singer, I.M.: Some Remarks on the Gribov Ambiguity. Commun. Math. Phys. 60, 7–12 (1978)

[33] Steenrod, N.: The Topology of Fibre Bundles. Princeton, NJ: Princeton University Press, 1951

[34] Woodward, L.M.: The Classification of Principal PUn-Bundles over a 4-Complex.

J. London Math. Soc. (2) 25, 513-524 (1982)