arXiv:math-ph/0004017 v2 4 Sep 2000

Adelic Formulas for Gamma and Beta Functions of One-Class Quadratic Fields:

Applications to 4-Particle Scattering

String Amplitudes

V. S. Vladimirov^�

Abstract

Regularized adelic formulas for gamma and beta functions for arbitrary quasicharacters (either ramified or not) and in an arbitrary field of algebraic numbers are concretized as applied to one-class quadratic fields (and to the field of rational numbers). Applications to 4-tachyon tree string amplitudes, to the Veneziano (open strings) and Virasoro (closed strings) amplitudes as well as to massless 4-particle amplitudes of the Ramond–Neveu–Schwarz superstring and a heterotic string are discussed. Certain relations between different superstring amplitudes are established.

1 INTRODUCTION

Here, it is relevant to note that the ideas and methods developed by the great Russian mathematician and physicist Nikolai Nikolaevich Bogolyubov (see his selected works [1, 2]) are widely used in the construction of p-adic mathematical physics. The present work is devoted to the regularization of divergent adelic products for string and superstring 4-particle amplitudes and in many aspects follows the Bogolyubov ideas. In fact, the theory of strings and superstrings has evolved from the theory of dispersion relations in quantum field theory to whose development a fundamental contribution was made by Bogolyubov.

In the last decade, an interest in p-adic numbers has considerably increased. These numbers were discovered by the German mathematician K. Hensel [3] about 100 years ago. Until recently, they have not found any significant applications although constituted an essential part of number theory and theory of representations [4–8]. Unexpected applications of these numbers have been associated with the discovery of a non-Archimedean structure of space–time at supersmall, the so-called Planck, distances (of order 10^{−33} cm) in quantum gravitation and theory of strings. Therefore, one cannot use real numbers with Archimedean structure as space–time coordinates at such small distances; one needs other, non-Archimedean number fields. An attempt to preserve rational numbers as physical observables in appropriate non-Archimedean fields leads us to the unambiguous conclusion that the fields of p-adic numbers Q_p, where p = 2, 3, 5, . . . are prime numbers, can be chosen as such number fields (the Ostrovskii theorem!) [4]. Thus, we arrive at the problem of constructing p-adic mathematical physics. By now, a considerable progress has been made in this direction (see [9, 10], where the motivation, the history of the problem, and extensive bibliography were presented).

The construction of adelic formulas relating N -particle scattering amplitudes to appropriate p-adic amplitudes constitutes a separate field of p-adic mathematical physics. The first such formulas (without regularization) were proposed by Freund and Witten [12] and, independently, by Volovich [13] in 1987 as applied to 4-tachyon string amplitudes. Mathematically, the problem

�Steklov Institute of Mathematics, Russian Academy of Sciences, ul. Gubkina 8, Moscow, 117966 Russia.

is reduced to the construction of adelic formulas for local gamma and beta functions of algebraic number fields. In [14, 15], such regularized adelic formulas were constructed in arbitrary fields of algebraic numbers for principal (unramified) quasicharacters and in [16, 17], for ramified ones. In the latter case, these formulas are valid under the condition that the quasicharacters of the appropriate group of ideles are trivial (i.e., are equal to 1) on the multiplicative group of the original field of algebraic numbers [7, 17]. This condition yields explicit relations between the parameters of local characters, similar to the formulas for a field of rational numbers Q [8]. These relations for one-class quadratic fields were obtained in my work [18] (see Section 2). In Section 3, we present regularized adelic formulas for gamma and beta functions as applied to one-class quadratic fields (and to the field of rational numbers). As compared with [16, 17], here we remove the technical requirements that the ranks of local characters should be identical at all finite points (see Remark 5). In Section 4, we apply the formulas obtained to 4-tachyon tree string amplitudes: to the Veneziano (open strings) and Virasoro (closed strings) amplitudes as well as to the massless 4-particle scattering amplitude of the Ramond–Neveu– Schwarz superstring and massless scattering amplitudes of four charged particles of a heterotic string. We establish certain relations between different superstring amplitudes. We also discuss the problem of other possible applications of adelic formulas for ramified quasicharacters.

2 IDELES AND THEIR QUASICHARACTERS FOR ONE-CLASS QUADRATIC FIELDS

First, recall the necessary information from the theory of adeles (and ideles) as applied to the quadratic fields Q( √ d), where d ∈ Z, d ≠ 0, 1, is squares free [7, 8, 18, 19]. For this purpose, we first introduce the following notation.

Denote by P_d and S_d the sets of prime numbers p such that d ∈ Q^{×2}_p or d ∉ Q^{×2}_p , respectively. Let A_d be the adele ring and A^×_d be the idele group of the field Q( √ d). An arbitrary adele X ∈ A_d is expressed as X = (X_∞, X_2, X_3, . . . , X_p, . . . ), where the symbol X_p determines the following points of the ring A_d:

X_∞ = { z ∈ C , d < 0, (x, x^′) ∈ R^2, d > 0;

X_p = { (x_p, x^′_p) ∈ Q^2_p, p ∈ P_d, x_p + √ dx^′_p ∈ Q_p( √ d), p ∈ S_d; in this case, for all p starting from a certain value, (x_p, x^′_p) ∈ Z^2_p , p ∈ P_d, and X_p ∈ Z_p( √ d), p ∈ S_d. Here, Z, Z_p, and Z_p( √ d) are the rings of integers of the fields Q, Q_p, and Q_p( √ d), respectively. The group of ideles A^×_d is defined similarly. Ideles are invertible adeles.

An arbitrary (multiplicative) quasicharacter Θ of the group A^×_d on the idele X is represented as [7, 11, 18]

Θ(X; α) = Θ_∞(X_∞) ∏ p∈P_d θ_p(x_p)θ^′_p(x^′_p)|x_p|^{iαp}_p |x^′_p|^{iα0p}_p ∏ p∈S_d θ_p(X_p)|X_pX_p|^{iαp}_p |X|^α, α ∈ C , (2.1)

where X_p = x_p − √ dx^′_p, X_pX_p = x^2_p − dx^′_p^2, and

Θ_∞(X_∞) = { z^ν (zz)^{−ν/2}, ν ∈ Z, d < 0, sgn^ν x · sgn^{ν0} x^′|x|^{ia}, ν, ν^′ ∈ F_2, a ∈ R, d > 0. (2.2)

Here, |X| denotes the normalization of the idele X and F_2 is a field of integers modulo 2.

Suppose that the local characters θ_p and θ^′_p in (2.1) are normalized by the conditions

θ_p(p) = 1, θ^′_p(p) = 1, p ∈ P_d; θ_p(q) = 1, p ∈ S_d, (2.3)

where q = q_p is the module over the field Q_p( √ d), p ∈ S_d. In (2.1), only a finite number of characters θ_p and θ^′_p are nontrivial (ramified). Denote the ranks of these characters by ρ_p = ρ(θ_p ) and ρ^′_p = ρ(θ^′_p), respectively. Denote by F the set of finite points for which the rank of the local character is equal to 0 (unramified points); the set of other finite points is denoted by R (ramified points).

The triviality of the quasicharacter Θ on the principal idele X = I_x generated by the number x ∈ Q^×( √ d) is expressed as

Θ(I_x; α) ≡ Θ(x) = 1, x ∈ Q^×( √ d). (2.4)

Condition (2.4) implies that, actually, the quasicharacter Θ is defined over the factor group A^×_d /Q^×( √ d), the idele class group over the field Q( √ d) [7].

Denote the norm of the leading ideal J of the quasicharacter Θ by N [7]:

N = N (J) = ∏ p∈P_d ∩R p^{ρp +ρ0p} ∏ p∈S_d ∩R q^{ρp}_p . (2.5)

A standard additive character χ of the adele ring A_d is given by

χ(X) = χ_∞(X_∞) ∏ p∈P_d χ_p(x_p + x^′_p) ∏ p∈S_p χ_p(X_p + X_p), X ∈ A_d, (2.6)

where

χ_∞(X_∞) = { exp[−2πi(z + z)], d < 0, exp[−2πi(x + x^′)], d > 0; χ_p(x) = exp(2πi{x}_p), x ∈ Q_p, where {x}_p is the fractional part of the p-adic number x.

Denote by r_p the rank of the local character χ_p(X + X), X ∈ Q_p( √ d), p ∈ S_d. Only a finite number of these ranks are different from 0.

Denote by D the discriminant of the field Q( √ d): D = { d, d ≡ 1 (mod 4),

4d, d ≡ 2, 3 (mod 4), |D| = ∏ p∈S_d q^{rp}_p . (2.7)

The unities ϵ of the quadratic fields Q( √ d) are [4] ϵ = ±1 and, in addition, ϵ = ±i for d = −1, ϵ = ±e^{±iπ/3} = ±(1 ± √ −3)/2 for d = −3, ϵ = ±Ω^γ , γ ∈ Z, for d > 0, where Ω is the primary unity of the field Q( √ d), N (Ω) = ΩΩ = ±1, Ω > 0.

All one-class quadratic fields Q( √ d) are well known [4]: there exist nine imaginary fields of this type with d = −1, −2, −3, −7, −11, −19, −43, −67, −163 and an infinite number of real fields with d = p, p ≡ 3 (mod 4); d = 2p, p ≡ 3 (mod 4); and d = pp^′, p, p^′ ≡ 3 (mod 4) (p and p^′ are prime numbers).

For one-class fields, the group of classes of divisors is trivial; i.e., all these divisors belong to the ring of integers (to the maximum order), and the prime factor decomposition in this field is unique [4].

Proposition (see [4, 18]). All prime divisors p ≡ p_p and p ≡ p_p of one-class quadratic fields Q( √ d) and their norms q ≡ q_p are classified under the following cases:

(a) p divides D, p ∈ S_d, p = ϵp^2, q = p; (2.8) (b) p does not divide D, p ∈ S_d, p = p, q = p^2; (2.9) (c^′) p does not divide D, p ∈ P_d, D = 4d, p, p = a ± √ db, q = p, (2.10) where a > 0 and b > 0 are integer solutions to the Diophantine equation p = |x^2 − dy^2|; (2.11)

(c^{′′}) p does not divide D, p ∈ P_d, D = d, p, p = a + b 2 ± √ d b 2 , q = p, (2.12) where a > 0 and b ≠ 0 are integer solutions to the Diophantine equation p = | |x^2 + xy + 1 − d 4 y^2 | | (2.13)

(for d = −7 and p = 2, the solution is a = 0, b = 1).

Here, in cases (c^′) and (c^{′′}), the divisors p and p can be chosen so that the conditions |p|_p = 1/p, |p|_p = 1 (2.14) are fulfilled.

Remark 1. For one-class quadratic fields, the Diophantine equations (2.11) and (2.13) are solvable for any prime p.

The following two theorems give the necessary and sufficient conditions for the triviality of the quasicharacter of the idele group of a field on the multiplicative group of this field. Theorem 1 (see [8]). The quasicharacter

Θ(X; α) = sgn^ν x_∞ ∞∏ p=2 θ_p(x_p)|x_p|^{iαp}_p |X|^α, ν ∈ F_2, α ∈ C , (2.15) (θ_p(p) = 1) of the group A^× of ideles X = (x_∞, x_2, . . . , x_p, . . . ) of the field Q is trivial on the group Q^× if and only if the following conditions hold: θ(−1) = 1, θ(p) = p^{iαp} , p = 2, 3, . . . , (2.16) where θ is a character of the group A^× of the form

θ(X) = sgn^ν x_∞ ∞∏ p=2 θ_p(x_p). (2.17)

Example of a ramified character of the group A^×/Q^×:

θ(X) = sgn x_∞ θ_2(x_2) ∞∏ p=3 |x_p|^{iαp} , θ_2(−1) = −1, θ_2(p) = p^{iαp} , p = 3, 5, . . . . Theorem 2 (see [18]). The quasicharacter Θ of the idele group A^×_d of the one-class quadratic field Q( √ d) is trivial on the group Q^×( √ d) if and only if the following conditions hold:

θ(−1) = 1 for all admissible d; (2.18) θ(i) = 1 for d = −1; (2.19) θ(e^{iπ/3}) = 1 for d = −3; (2.20) θ(Ω) = Ω^{−ia} for all admissible d > 0; (2.21) p^{iαp} = θ(p)|p|^{iah(d)}, p^{iα0p} = θ(p)|p|^{iah(d)}, p ∈ P_d; (2.22) p^{iαp} = θ(p)|p|^{iah(d)}, p divides D, p ∈ S_d; (2.23) p^{2iαp} = θ(p)p^{iah(d)}, p does not divide D, p ∈ S_d; (2.24) here θ denotes a character of the idele group A^×_d ,

θ(X) = θ_∞(X_∞) ∏ p∈P_d ∩R θ_p(x_p)θ^′_p(x^′_p) ∏ p∈S_d ∩R θ_p(X_p), (2.25)

θ_∞(X_∞) = { z^ν (zz)^{−ν/2}, ν ∈ Z, d < 0, sgn^ν x · sgn^{ν0} x^′, ν, ν^′ ∈ F_2, d > 0

(2.26)

(h(d) = 1 for d > 0, h(d) = 0 for d < 0).

Remark 2. Equation (2.21) ambiguously determines the real number a: a = − Arg θ(Ω)

ln Ω + 2π ln Ω Z. Therefore, the real numbers α_p and α^′_p are determined by equalities (2.22)–(2.24) ambiguously. However, in what follows, we will need only the exponential functions p^{iαp} and p^{iα0p} , p ∈ P_d, and q^{iαp} , p ∈ S_d, of these numbers; for d > 0, these exponential functions are determined uniquely.

Remark 3. For the principal quasicharacter |X|^α, α ∈ C , conditions (2.18)–(2.24) hold trivially by virtue of the known Artin multiplication formula |I_x| = 1, x ∈ Q^×_p ( √ d). 3 ADELIC FORMULAS FOR GAMMA AND BETA FUNCTIONS OF ONE-CLASS QUADRATIC FIELDS AND A FIELD OF RATIONAL NUMBERS

Taking into account equality (2.18), we can represent the regularized adelic formulas of one-class quadratic fields Q( √ d) for gamma functions of the quasicharacter Θ(X; α) (defined by (2.1)) of the idele group A^×_d /Q^×( √ d) as [16, 17]

θ(−1) = reg ∞∏ p=2 Γ(α + iα_p; θ_p) ∏ p∈P_d ∩F Γ(α + iα^′_p; θ^′_p) { Γ_ω(α; ν), d < 0, Γ_∞(α + ia; ν)Γ_∞(α; ν^′), d > 0,(3.1)

where the character θ(X) is defined by (2.25) and

Γ_ω(α; ν) = ∫ C^{zν (zz)−ν/2+α−1 exp[−2πi(z + z)]|dz ∧ dz|} = i^{−ν} 2(2π)^{−2α}Γ ( α + ν 2 ) Γ ( α − ν 2 ) sin π 2 (2α − ν), ν ∈ Z, (3.2) is the gamma function of quasicharacter z^ν (zz)^{−ν/2+α} of the field C ;

Γ_∞(α; ν) = ∫ R^{sgnνx|x|α−1 exp(−2πix) dx = 2i−ν (2π)−αΓ(α) cos π2 (α − ν), ν ∈ F2,}_{(3.3)} is the gamma function of quasicharacter sgn^ν x|x|^α of the field R (Γ(α) is the Euler gamma function);

Γ(α; θ) = q^{− r2} ∫ K^{θ(x)|x|α−1χ(x) dx =} { q^{(α−1/2)r} Γ_q(α), p ∈ F, ¶(θ)q^{(α−1/2)(r+ρ)}, p ∈ R; (3.4)

Γ_q(α) = G_q(q^α), α ≠ 2πi ln q Z, G_q(x) = 1 − x/q 1 − x^{−1} , (3.4^′)

is the reduced gamma function of a local p-field with the module q; and ¶(θ) = q^{ρ/2} ∫ |x|=1 θ(x)χ(π^{−r−ρ}x)dx, |¶(θ)| = 1.

By Theorem 2 (see Section 2), equalities (2.18)–(2.24) are valid for one-class quadratic fields. Using these equalities, we eliminate the numbers α_p and α^′_p from the gamma functions in adelic formulas (3.1). As a result, we obtain the adelic formulas θ(−1)¶(N |D|)^{1/2−α} = reg ∏ p∈F Γ_q(α + iα_p) ∏ p∈P_d ∩F Γ_p(α + iα^′_p) { Γ_ω(α; ν), d < 0, Γ_∞(α + ia, ν)Γ_∞(α, ν^′), d > 0, (3.5) where the numbers N and D are defined by formulas (2.5) and (2.7), ¶ = ∞∏ p=2 ¶(θ_p)q^{−iαp(rp +ρp )} p ∏ p∈P_d ∩R ¶(θ^′_p)p^{−iα0pρ0p} , |¶| = 1, (3.6)

where the quantities q^{−iαp}p and p^{−iα0p} are determined by equalities (2.22)–(2.24), while Γ_q(α + iα_p) and Γ_p(α + iα^′_p) are determined by the formulas

Γ_p(α + iα_p) = G_p[p^αθ(p)p^{ih(d)a}], (3.7) Γ_p(α + iα^′_p) = G_p[p^αθ(p)p^{ih(d)a}], p ∈ P_d ∩ F, (3.8) Γ_q(α + iα_p) = G_q[q^αθ(p)p^{ih(d)a}], p ∈ S_d ∩ F. (3.9) (In (3.6), we assume that ¶(θ_p) = 1 for p ∈ F .)

Suppose that, in addition to the quasicharacter Θ(X; α), another quasicharacter Π(Y ; β) of the idele group A^×_d /Q^×( √ d) is defined,

Π(Y ; β) = π_∞(Y_∞) ∏ p∈P_d π_p(y_p)π^′_p(y^′_p)|y_p|^{iβp}_p |y^′_p|^{iβ0p}p ∏ p∈S_d π_p(Y_p)|Y_pY_p|^{iβp}_p |Y |^β, β ∈ C , (3.10) where b, β_p, and β^′_p are real numbers and

π_∞(Y_∞) = { ζ^μ(ζζ)^{−μ/2}, μ ∈ Z, d < 0, sgn^μ y · sgn^{μ0} y^′|y|^{ib}, μ, μ^′ ∈ F_2, d > 0. (3.11)

Let us construct, by formulas (2.25) and (2.26), the character π(Y ) corresponding to the quasicharacter Π and then the character σ(Z) = θ(Z)π(Z), so that θπσ = 1, σ_p = θ_pπ_p, p = 2, 3, . . . , σ^′_p = θ^′_pπ^′_p, p ∈ P_d. (3.12) Denote by R, R^′, R^{′′} and F, F^′, F^{′′} the sets of ramified and unramified points of the characters θ, π, and σ, respectively.

The beta functions of local fields are defined as the following products of three gamma functions:

B_ω (α, ν; β, μ; γ, η) = Γ_ω(α; ν)Γ_ω(β; μ)Γ_ω(γ; η), α + β + γ = 1, ν + μ + η = 0, ν, μ, η ∈ Z, (3.13)

for the quasicharacters z^ν (zz)^{−ν/2+α} and ζ^μ(ζζ)^{−μ/2+β} , ν, μ ∈ Z, of the field C ; B_∞(α, ν; β, μ; γ, η) = Γ_∞(α; ν)Γ_∞(β; μ)Γ_∞(γ; η), α + β + γ = 1, ν + μ + η = 0, ν, μ, η ∈ F_2, (3.14)

for the quasicharacters sgn^ν x|x|^α and sgn^μ y|y|^β , ν, μ ∈ F_2, of the field R; and B(α, θ; β, π; γ, σ) = Γ(α; θ)Γ(β; π)Γ(γ; σ), α + β + γ = 1, θπσ = 1, (3.15) for the local quasicharacters |x|^αθ(x) and |y|^βπ(y) of the p-fields.

In particular, for the principal quasicharacters |x|^α_p , |y|^β_p , p ∈ P_d ∩ F , |XX|^α_p , |Y Y |^β_p , p ∈ S_d ∩ F , of the p-fields with the module q = q_p, the beta function is defined as B_q (α, β, γ) = Γ_q(α)Γ_q(β)Γ_q (γ). (3.16) By virtue of (3.1) and (3.13)–(3.15), the local beta functions defined by the quasicharacters Θ(X; α) and Π(Y ; β) of the idele group A^×_d /Q^×( √ d) satisfy the following adelic equality (for α + β + γ = 1):

1 = reg [_∞ ∏ p=2 B(α + iα_p, θ_p; β + iβ_p, π_p; γ + iγ_p, σ_p)

× ∏ p∈P_d ∩(F ∪F^0 ∪F^{00})

B(α + iα^♯_p, θ^♯_p; β + iβ^♯_p, π^♯_p; γ + iγ^♯_p, σ^♯_p)

× { B_ω (α, ν; β, μ; γ, η), ν + μ + η = 0, ν, μ, η ∈ Z, d < 0, B_∞(α + ia, ν; β + ib, μ; γ + ic, η)B_∞(α, ν^′; β, μ^′; γ, η^′), ν + μ + η = ν^′ + μ^′ + η^′ = 0, ν, μ, η, ν^′, μ^′, η^′ ∈ F_2, a + b + c = 0, a, b, c ∈ R, d > 0;

(3.17)

here, α^♯_p = α^′_p and θ^♯_p = θ^′_p if p ∈ F , α^♯_p = α_p and θ^♯_p = θ_p if p ∈ R, etc. The real numbers α_p, β_p, γ_p, α^′_p, β^′_p, and γ^′_p in (3.17) must satisfy the relations

α_p + β_p + γ_p = 0, p = 2, 3, . . . , α^′_p + β^′_p + γ^′_p = 0, p ∈ P_d.

Using the adelic formula (3.5), we rewrite (3.17) in expanded form in terms of the reduced beta function B_q ; the real numbers α_p, β_p, γ_p, α^′_p, β^′_p, and γ^′_p are eliminated from these beta functions by the following relations: B_p(α + iα_p, β + iβ_p, γ + iγ_p) = G_p[p^αθ(p)p^{ih(d)a}]G_p[p^βπ(p)p^{ih(d)b}]G_p[p^γ σ(p)p^{ih(d)c}], p ∈ P_d ∩ F, (3.18) B_p(α + iα^′_p, β + iβ^′_p, γ + iγ^′_p) = G_p[p^αθ(p)p^{ih(d)a}]G_p[p^βπ(p)p^{ih(d)b}]G_p[p^γ σ(p)p^{ih(d)c}], p ∈ P_d ∩ F, (3.19) B_q(α + iα_p, β + iβ_p, γ + iγ_p) = G_q[q^αθ(p)p^{ih(d)a}]G_q[q^βπ(p)p^{ih(d)b}]G_q[q^γ σ(p)p^{ih(d)c}], p ∈ S_d ∩ F. (3.20) Note that, for d > 0, the following equalities hold in (3.17) in accordance with the formulas (2.21) and (3.12):

Ω^{ia} = θ(Ω), Ω^{ib} = π(Ω), Ω^{ic} = σ(Ω) = θ(Ω)π(Ω); (3.21) therefore, a + b + c = 0 in this case as well.

For the principal quasicharacters |X|^α and |Y |^β (ν = μ = η = 0, ν^′ = μ^′ = η^′ = 0, a = b = c = 0, α_p = β_p = γ_p = 0, α^′_p = β^′_p = γ^′_p = 0, ¶ = 1, N (J) = 1, and R is an empty set), the adelic formula (3.17) for an arbitrary quadratic field Q( √ d) is rewritten as [19] √ |D| = reg ∏ p∈P_d B^2_p(α, β, γ) ∏ p∈S_d B_q (α, β, γ) { B_ω (α, β, γ), α + β + γ = 1, d < 0, B^2_∞(α, β, γ), α + β + γ = 1, d > 0, (3.22)

where B_∞(α, β, γ) = B_∞(α, 0; β, 0; γ, 0), (3.23) B_ω(α, β, γ) = B_ω(α, 0; β, 0; γ, 0). (3.23^′)

In particular, for the Gauss field Q( √ −1), this formula is represented as

B_ω(α, β, γ)B_2(α, β, γ) reg ∏ p≡1(4) B^2_p(α, β, γ) ∏ p≡3(4) B_p2 (α, β, γ) = 2, α + β + γ = 1. (3.24)

For the field Q of rational numbers, we proceed similarly and in a more simple manner. By Theorem 1 (see Section 2), the adelic formula for the gamma functions of the field Q that are determined by the quasicharacter Θ(X; α) of the form (2.15) is given by [16, 17] (cf. (3.5))

Γ_∞(α; ν) reg ∏ p∈F Γ_p(α + iα_p) = θ(−1) ∏ p∈R ¶(θ_p)p^{−iαpρp} N^{1/2−α}, (3.25) where

Γ_p(α + iα_p) = 1 − p^{α−1}θ(p) 1 − p^{−α}θ(p) , p ∈ F. (3.26) (The character θ(X) is defined by (2.17).)

For the quasicharacters Θ(X; α) and Π(Y ; β) of the form (2.15), the adelic formula for the beta functions of the field Q is given by [16, 17] B_∞(α, ν; β, μ; γ, η) reg ∏ p∈F ∩F^0 ∩F^{00} B_p(α + iα_p, β + iβ_p, γ + iγ_p) = ¶(N N^′N^{′′})^{1/2−α}, α + β + γ = 1, ν + μ + η = 0, ν, μ, η ∈ F_2, (3.27)

where the characters θ and π are constructed by the quasicharacters Θ and Π by formula (2.17), θπσ = 1; ρ_p, ρ^′_p, ρ^{′′}_p and N, N^′, N^{′′} are the ranks and the norms of the leading ideals of the characters θ, π, and σ of the field Q, respectively; and ¶ = ∏ p∈R ¶(θ_p)p^{−iαpρp} ∏ p∈F^0 ¶(π_p)p^{−iβpρ0p} ∏ p∈F^{00} ¶(σ_p)p^{−iγp ρ00p} , |¶| = 1. (3.28) By virtue of (2.16), (3.16), and (3.26),

B_p(α + α_p, β + β_p, γ + γ_p) = 1 − p^{α−1}θ(p) 1 − p^{−α}θ(p) 1 − p^{β−1}π(p) 1 − p^{−β}π(p) 1 − p^{γ−1}σ(p) 1 − p^{−γ} σ(p) , p ∈ F, (3.29)

in formula (3.27).

For the principal quasicharacters |X|^α and |Y |^β (ν = μ = η = 0, α_p = β_p = γ_p = 0, and N = 1) formula (3.27) takes the form [20]

B_∞(α, β, γ) reg ∞∏ p=2 B_p(α, β, γ) = 1, α + β + γ = 1. (3.30)

To sum up, we present the following theorems.

Theorem 3 (see [17]). Suppose that the quasicharacters Θ and Π of the form (2.15) are given on the idele class group of the field Q, and let θ, π, and σ, θπσ = 1, be the characters, of the form (2.17), of the idele group of the field Q. Then, the adelic formulas (3.25), (3.27) are valid for local gamma and beta functions.

Theorem 4. Suppose that the quasicharacters Θ and Π of the form (2.1) are given on the idele class group of the one-class field Q( √ d), and let θ, π, and σ, θπσ = 1, be the characters, of the form (2.25), of the idele group of the field Q( √ d). Then, the adelic formulas (3.5) and (3.17) are valid for local gamma and beta functions.

Remark 4. The adelic formulas (3.1) and (3.17) for the gamma function Γ_{Ad} (α; . . . ) and the beta function B_{Ad} (α, β, γ; . . . ) of the adele ring A_d of the field Q( √ d) imply that Γ_{Ad} (α; . . .) = θ(−1) and B_{Ad} (α, β, γ; . . . ) = 1, α + β + γ = 1. Similar expressions are valid for the field Q.

Remark 5. In [17, 16], I established the adelic formulas under the condition that the ranks of the local characters θ_p, π_p, and σ_p, p = 2, 3, . . ., and θ^′_p, π^′_p, and σ^′_p, p ∈ P_d, are identical:

ρ(θ_p ) = ρ(π_p) = ρ(σ_p), p = 2, 3, . . . ; ρ(θ^′_p) = ρ(π^′_p) = ρ(σ^′_p), p ∈ P_d.

In the present work, this requirement is removed at the expense of complicating the adelic formulas.

Example of characters θ, π, and σ = θπ with identical ranks for p = 5: x_5 = 2^k, a ∈ Z^×_5 , |1 − a|_5 < 1,

θ_5(x_5) = π_5(x_5) = exp(2πik/5), k = 0, 1, 2, 3; ρ(θ_5) = ρ(π_5) = ρ(θ_5) = 1.

4 APPLICATION TO 4-PARTICLE STRING AMPLITUDES

Suppose that s, t, and u are the Mandelstam variables for a 4-particle scattering process with the momenta (p_1, p_2, p_3, p_4), p_1 + p_2 + p_3 + p_4 = 0, p^2_i = m^2_i in an n-dimensional space R^n with the Minkowskian metric p^2 = (p^0)^2 − (p^1)^2 − . . . − (p^{n−1})^2, so that

s = (p_1 + p_2)^2, t = (p_2 + p_3)^2, u = (p_1 + p_3)^2, s + t + u = ∑ m^2_i . (4.1)

In the general case of 4-particle scattering processes with the Regge trajectory α(s) = α+α^′s, we define the generalized crossing-symmetric Veneziano V and Virasoro W amplitudes and their p-adic analogues V_p and W_p by the following formulas (s + t + u = ∑ m^2_i ) [21]: V (s, t, u) = B_∞(−α − α^′s, −α − α^′t, −α − α^′u); (4.2) V_p(s, t, u) = B_q(−α − α^′s, −α − α^′t, −α − α^′u); (4.3) W (s, t, u) = B_ω(−α/2 − α^′/2s, −α/2 − α^′/2t, −α/2 − α^′/2u); (4.4) W_p(s, t, u) = B_q(−α/2 − α^′/2s, −α/2 − α^′/2t, −α/2 − α^′/2u). (4.5) The slope α^′ and the intercept α of the trajectory α(s) = α + α^′s must satisfy the following condition: 3α + α^′ ∑ m^2_i =

{ −1 for amplitude V,

−2 for amplitude W.

(4.6)

By virtue of (3.21), the amplitudes (4.2)–(4.5) satisfy the following adelic relations (provided that s + t + u = ∑ m^2_i ):

V^2(s, t, u) reg ∏ p∈P_d V^2_p (s, t, u) ∏ p∈S_d V_p(s, t, u) = √ |D|, d > 0, (4.7)

W (s, t, u) reg ∏ p∈P_d W^2_p (s, t, u) ∏ p∈S_d W_p(s, t, u) = √ |D|, d < 0. (4.8)

Formulas (4.7), (4.8) are well known [13, 19]. They provide a decomposition of generalized Veneziano V (d > 0) and Virasoro W (d < 0) amplitudes into the infinite product of the inverses V^{−1}_p and W^{−1}_p of the p-adic amplitudes V_p and W_p, respectively.

Let us present certain important particular cases of the generalized amplitudes introduced. These are, first of all, 4-tachyon crossing-symmetric string amplitudes for tree orientable diagrams—the Veneziano and Virasoro amplitudes [11–13, 21–25].

The Veneziano amplitude for open strings in R^{26}.

There exist only one tree orientable diagram that is conformally equivalent to a unit circle with four punctured points on its boundary. This diagrams corresponds to the crossing-symmetric Veneziano amplitude (for α = 1, α^′ = 1/2, m^2_i = −2, see formula (4.2)) V (s, t, u) = B_∞(−1 − s/2, −1 − t/2, −1 − u/2), s + t + u = −8. (4.9) The amplitudes V_p are determined similarly by formula (4.3).

The Virasoro amplitude for closed strings in R^{26}.

There exists only one tree orientable diagram that is conformally equivalent to a unit sphere with four punctured points. This diagrams corresponds to the crossing-symmetric Virasoro amplitude (for α = 2, α^′ = 1/4, m^2_i = −8, see formula (4.4)) W (s, t, u) = B_ω(−1 − s/8, −1 − t/8, −1 − u/8), s + t + u = −32. (4.10) The amplitudes W_p are determined similarly by formula (4.5).

The Veneziano and Virasoro amplitudes are generalized to the case of ramified quasicharacters by the formulas (under conditions (4.1) and (4.6)) V_{νμη}(s, t, u) = B_∞(−α − α^′s, ν; −α − α^′t, μ; −α − α^′u, η), ν + μ + η = 0, ν, μ, η ∈ F_2, d > 0; (4.11) W_{νμη}(s, t, u) = B_ω(−α − α^′s, ν; −α − α^′t, μ; −α − α^′u, η), ν + μ + η = 0, ν, μ, η ∈ Z, d < 0. (4.12)

These amplitudes are crossing symmetric with respect to the permutations of the variables (s, ν), (t, μ), and (u, η) and satisfy the adelic formulas of Section 3 (for one-class quadratic fields and a field of rational numbers).

The massless 4-particle amplitude of the Ramond{Neveu{Schwarz superstring in R^{10}.

This amplitude is proportional to [11, 21]

A_∞(s, t, u) = Γ_∞(−s/2; 1)Γ_∞(−t/2; 1)Γ_∞(−u/2; 1), s + t + u = 0. (4.13)

The corresponding simple adelic formula for ν = μ = η = 1 and ρ_p = ρ(θ_p) = ρ(π_p) = ρ(σ_p), p ∈ R = R^′ = R^{′′}, is rewritten as (see (3.25)) A_∞(s, t, u) reg ∏ p∈F Γ_p(−s/2 + iα_p)Γ_p(−t/2 + iβ_p)Γ_p(−u/2 + iγ_p) = ¶N √ N , s + t + u = 0, (4.14)

where ¶ is defined by (3.28); the functions Γ_p(−s/2 + iα_p), . . . are calculated by (3.26), and the quantities p^{−iαp} , . . . , by formulas of the type (2.16).

Another adelic formula for the amplitude A_∞(s, t, u) was proposed in [26].

Massless amplitudes for four charged particles of a heterotic superstring

in R^{10}.

There are four basic types of such amplitudes; namely [21], A^{(k)}_∞ (s, t, u) = B_∞(−1 − s/8 − S/2, −1 − t/8 − T /2, −1 − u/8 − U/2), (4.15) where s + t + u = 0 and S + T + U = −8; here, k = 1 corresponds to the set of indices (S = −8, T = 0, and U = 0); k = 2, to (S = −6, T = −2, and U = 0); k = 3, to

(S = −4, T = −4, and U = 0); and k = 4, to (S = −4, T = −2, U = −2). The other amplitudes are obtained by the permutation of indices S, T , and U , S + T + U = 0 (that assume the values 0, −2, −4, −6, and −8).

The amplitudes A^{(k)}_∞ (s, t, u), k = 1, 2, 3, 4, are the beta functions of the field R (which are not crossing symmetric). Therefore, they satisfy any adelic formula from Section 3.

Another type of adelic formulas for these amplitudes is obtained if we represent them as the products of the three gamma functions Γ_∞(−s/8; ν), Γ_∞(−t/8; μ), Γ_∞(−u/8; η), s + t + u = 0, ν + μ + η = 1, ν, μ, η ∈ F_2, and apply the adelic formula (3.25) to each.

For the calculations, we first apply formulas (3.3):

S = −8, Γ_∞(−1 − s/8 + 4) = −(16π)^{−3}i(16 − s)(8 − s)sΓ_∞(−s/8; 1), (4.16) S = −6, Γ_∞(−1 − s/8 + 3) = (16π)^{−2}(8 − s)sΓ_∞(−s/8; 0), (4.17) S = −4, Γ_∞(−1 − s/8 + 2) = (16π)^{−1}isΓ_∞(−s/8; 1), (4.18) S = −2, Γ_∞(−1 − s/8 + 1) = Γ_∞(−s/8; 0), (4.19)

S = 0, Γ_∞(−1 − s/8 + 0) = 16πi 8 + s

Γ_∞(−s/8; 1), (4.20)

and then formulas (3.23). As a result, we obtain

A^{(1)}_∞ (s, t, u) = −i 16π (16 − s)(8 − s)s (8 + t)(8 + u)

Γ_∞(−s/8; 1)Γ_∞(−t/8; 1)Γ_∞(−u/8; 1), (4.21)

A^{(2)}_∞ (s, t, u) = i 16π (8 − s)s 8 + u

Γ_∞(−s/8; 0)Γ_∞(−t/8; 0)Γ_∞(−u/8; 1), (4.22)

A^{(3)}_∞ (s, t, u) = −i 16π st 8 + u

Γ_∞(−s/8; 1)Γ_∞(−t/8; 1)Γ_∞(−u/8; 1), (4.23)

A^{(4)}_∞ (s, t, u) = is 16π Γ_∞(−s/8; 1)Γ_∞(−t/8; 0)Γ_∞(−u/8; 0). (4.24)

Formulas (4.21)–(4.24) and (4.13) show that the amplitudes A^{(1)}_∞ (s, t, u) and A^{(3)}_∞ (s, t, u) are proportional to the massless superstring amplitude A_∞(s/4, t/4, u/4).

Thus, we established a relation between the scattering amplitudes in the theory of a heterotic string and the Ramond–Neveu–Schwarz superstring. Remark 6. A function of the form (see (4.13), (4.21)–(4.24))

B^′_∞(α, ν; β, μ; γ, η) = Γ_∞(α; ν)Γ_∞(β; μ)Γ_∞(γ; η), α + β + γ = 0, ν + μ + η = 1, ν, μ, η ∈ F_2, is not a beta function of the type B_∞ that was considered in Section 3. It as if complements B_∞. We denote this function by B^′_∞ and call a primed beta function. As we have seen, it describes the superstring amplitudes. The integral representation of this function is given by B^′_∞(α, ν; β, μ; γ, η) = −πi ( sgn^ν x|x|^{α−1} ) ∗ ( sgn^μx|x|^{β−1} ) ∗ ( sgn^η x|x|^{γ−1} )| |_{x=1}, where ∗ denotes convolution. We will dwell on this point in a different time and different place.

The amplitudes V_{νμη} .

In total, there exist four solutions to the equation ν + μ + η = 0, ν, μ, η ∈ F_2: 000, 110, 101, and 011. Therefore, by (4.11), there exist four different amplitudes V_{νμη}. One of them,

V_{000} = V , is the Veneziano amplitude, and the rest three quantities V_{110}, V_{101}, and V_{011} form a 3-vector in which each component is expressed in terms of another, for example,

V_{101}(s, t, u) = V_{110}(s, u, t) = V_{011}(t, s, u);

and all of them are expressed in terms of the Veneziano amplitude V , for example

V_{110}(s, t, u) =

1 + α + α^′t α + α^′s V ( s − 1 α^′ , t + 1 α^′ , u ) , (4.25)

by virtue of the easily verifiable relation

B_∞(α, 1; β, −1; γ, 0) = β − 1 α B_∞(α + 1, β − 1, γ), α + β + γ = 1.

The amplitudes W_{νμη}.

There exist an infinite number of amplitudes W_{νμη} (4.12), exactly as many as there are integer solutions to the equation ν + μ + η = 0, ν, μ, η ∈ Z: W_{000} = W is the Virasoro amplitude; the quantities W_{ννμ}, W_{νμν}, and W_{ηνν}, 2ν + η = 0, ν ≠ η, form a 3-vector; and the quantities W_{νμη}, W_{νημ}, . . . , W_{ημν} , ν + μ + η = 0, ν ≠ μ ≠ η ≠ ν, form a 6-vector. In each of these groups of vectors, each component is expressed in terms of another, for example, W_{μνη}(s, t, u) = W_{νμη}(t, s, u) = . . . = W_{ημν} (u, s, t). The physical sense of these amplitudes is note yet clear.

Everything that was said in this section concerning one-class quadratic fields may also apply to any one-class fields of algebraic numbers. The appropriate adelic formulas were obtained in [14–17].

ACKNOWLEDGMENTS

I am grateful to I.V. Volovich for fruitful discussions.

This work was supported by the Russian Foundation for Basic Research (project no. 96- 01-01008) and the Program “Leading Scientific Schools of the Russian Federation” (project no. 96-15-96131).

References

[1] Bogolyubov, N.N., Izbrannye trudy v trekh tomakh (Selected Works in Three Volumes), Kiev:

Naukova Dumka, 1969–1971.

[2] Bogolyubov, N.N., Selected Works in Four Parts, Pt. I: Dynamical Theory, Pt. II: Quantum and Classical Statistical Mechanics, Pt. III: Nonlinear Mechanics and Pure Mathematics, Pt. IV: Quantum Field Theory, New York: Gordon & Breach, 1990–1995.

[3] Hensel, K., Über eine neue Begründung der Theorie der algebraischen Zahlen, Jahresber.

Dtsch. Math.-Ver., 1897, vol. 6, no. 1, pp. 83–88.

[4] Borevich, Z.I. and Shafarevich, I.R., Teoriya chisel (Number Theory), Moscow: Nauka, 1985. Engl. Transl.: New York: Academic, 1966.

[5] Schikhof, W.H., Ultrametric Calculus: An Introduction to p-Adic Analysis, Cambridge:

Cambridge Univ. Press, 1984.

[6] Koblitz, N., p-Adic Numbers, p-Adic Analysis, and Zeta-Function, New York: Springer, 1977. Translated under the title p-Adicheskie chisla, p- adicheskii analiz i dzeta-funktsiya, Moscow: Mir, 1982.

[7] Weil, A., Basic Number Theory, Berlin: Springer, 1967. Translated under the title Osnovy teorii chisel, Moscow: Mir, 1972.

[8] Gel’fand, I.M., Graev, M.M., and Pyatetskii-Shapiro, I.I., Teoriya predstavlenii i avtomorfnye funktsii (Representation Theory and Automorphic Functions), Moscow: Nauka, 1966. Engl. Transl.: London: Sanders, 1966.

[9] Vladimirov, V.S., Volovich, I.V., and Zelenov, E.I., p-Adicheskii analiz i matematicheskaya fizika (p-Adic Analysis and Mathematical Physics), Moscow: Nauka, 1994. Engl. Transl.: Singapore: World Sci., 1994.

[10] Khrennikov, A., p-Adic Valued Distributions in Mathematical Physics, Dordrecht: Kluwer, 1994.

[11] Brekke, L. and Freund, P.G.O., p-Adic Numbers in Physics, Phys. Rep. Rev. Sect. Phys.

Lett., 1993, vol. 233, no. 1, pp. 1–66.

[12] Freund, P.G.O. and Witten, E., Adelic String Amplitudes, Phys. Lett. B., 1987, vol. 199, no. 2, pp. 191–194.

[13] Volovich, I.V., Harmonic Analysis and p-Adic Strings, Lett. Math. Phys., 1988, vol. 16, pp. 61–67.

[14] Vladimirov, V.S. and Sapuzhak, T.M., Adelic Formulas for String Amplitudes in Fields of Algebraic Numbers, Lett. Math. Phys., 1996, vol. 37, pp. 233–242.

[15] Vladimirov, V.S., Adelic Formulas for Gamma and Beta Functions of Completions of Algebraic Number Fields and Their Applications to String Amplitudes, Izv. Ross. Akad. Nauk, Ser. Mat., 1996, vol. 60, no. 3, pp. 63–86.

[16] Vladimirov, V.S., Adelic Formulas for Gamma and Beta Functions in Algebraic Number Fields, Dokl. Akad. Nauk, 1996, vol. 347, no. 1, pp. 11–15.

[17] Vladimirov, V.S., Adelic Formulas for Gamma- and Beta-Functions in Algebraic Number Fields, in p-Adic Functional Analysis, New York: Dekker, 1997, pp. 383–395. (Lect. Notes Pure Appl. Math., vol. 192).

[18] Vladimirov, V.S., On Ramified Characters of a Group of Ideles of One-Class Quadratic Fields, Trudy Mat. Inst. Ross. Akad. Nauk, 1999, vol. 224, pp. 122–129.

[19] Vladimirov, V.S., The Freund–Witten Adelic Formulas for Veneziano and Virasoro–Shapiro Amplitudes, Usp. Mat. Nauk, 1993, vol. 48, no. 6, pp. 3–38.

[20] Vladimirov, V.S., On the Freund–Witten Adelic Formula for Veneziano Amplitudes, Lett.

Math. Phys., 1993, vol. 27, pp. 123–131.

[21] Green, M.B., Schwarz, J.H., and Witten, E., Superstring Theory, Cambridge: Cambridge Univ. Press, 1987. Translated under the title Teoriya superstrun, Moscow: Mir, 1990, vols. 1, 2.

[22] Freund, P.G.O. and Olson, N., Non-Archimedean Strings, Phys. Lett. B, 1987, vol. 199, no. 2, pp. 186–190.

[23] Frampton, P.H. and Nishino, H., Theory of p-Adic Closed Strings, Phys. Rev. Lett., 1989, vol. 62, no. 17, pp. 1960–1963.

[24] Frampton, P.H. and Okada, Y., p-Adic String N -Point Function, Phys. Rev. Lett., 1988, vol. 60, no. 6, pp. 484–486.

[25] Aref’eva, I.Ya., Dragovic, B.G., and Volovich, I.V., Open and Closed p-Adic Strings and Quadratic Extensions of Number Fields, Phys. Lett. B, 1988, vol. 212, no. 3, pp. 283–291.

[26] Ruelle, Ph., Thiran, E., Verstegen, D., and Weyers, J., Adelic String and Superstring Amplitudes, Mod. Phys. Lett. A, 1989, vol. 4, no. 18, pp. 1745–1752.