arXiv:math-ph/0009036 28 Sep 2000

Quantization of Damped Harmonic Oscillator, Thermal Field Theoris and q-Groups

Alfredo Iorio and Giuseppe Vitiello Dipartimento di Fisica - Università di Salerno and INFN–Napoli I84100 Salerno, Italy E{mail: iorio@sa.infn.it vitiello@sa.infn.it

Invited lecture at the Third International Workshop on Thermal Field Theories, Banff, Canada, August 1993

Abstract

We study the canonical quantization of the damped harmonic oscillator by resorting to the realization of the q-deformation of the Wheyl-Heisenberg algebra (q-WH) in terms of finite difference operators. We relate the damped oscillator hamiltonian to the q-WH algebra and to the squeezing generator of coherent states theory. We also show that the q-WH algebra is the natural candidate to study thermal field theory. The well known splitting, in the infinite volume limit, of the space of physical states into unitarily inequivalent representations of the canonical commutation relations is briefly commented upon in relation with the von Neumann theorem in quantum mechanics and with q-WH algebra.

In recent years much attention has been devoted to quantum deformations[1],[2] of Lie algebras in view of their great physical interest. It has been recognized[3] that qdeformations appear whenever a discrete (space or time) length characterizes the system under study.

In this report we present recent results which relate the hamiltonian of the damped harmonic oscillator (dho) to the q-WH algebra[4] and to the squeezing generator for coherent states (CS)[5]. We also discuss the relation of q-WH algebra with thermal field theory.

In refs. 5-7 some aspects of dissipation in quantum field theory (QFT) have been studied by considering the canonical quantization of dho

mz̈ + γż + κz = 0 (1)

and it has been proven that the space of the physical states splits into unitarily inequivalent representations of the canonical commutation relations (ccr). Also, it has been realized that canonical quantization of the dho leads to SU(1, 1) time-dependent CS, which are well known in high energy physics as well as in quantum optics and thermal field theories. Moreover, dissipation phenomena and squeezed CS have been mathematically related, thus showing their common physical features[5].

The hamiltonian describing an (infinite) collection of damped harmonic oscillators, is[6] H = H_0 + H_I where

H_0 = ∑ κ h̄Ω_κ ( A^†_κA_κ − B^†_κB_κ) and H_I = i ∑ κ h̄Γ_κ(A^†_κB^†_κ − A_κB_κ) (2)

where κ labels the field degrees of freedom, e.g. spatial momentum. As usual in QFT, we work at finite volume V and perform at the end of the computations the limit V → ∞. As well known, in order to set up the canonical formalism for a dissipative system, the doubling of the degrees of freedom is required; thus the system A is ”doubled” by the system B in Eq. (2). The commutation relations are:

[ A_κ, A^†_λ ] = δ_{κ,λ} = [ B_κ, B^†_λ ] ; [ A_κ, B^†_λ ] = 0 = [ A_κ, B_λ ] (3)

The group structure is ⨂ κ SU(1, 1)_κ. We have [ H_0, H_I ] = 0 and the ground state is

(formally, at finite volume V ) |0(t) >= ∏ κ 1 cosh (Γ_κt) exp ( tanh (Γ_κt)J^{(κ)}_+ ) |0 > (4)

with J^{(κ)}_+ ≡ A^†_κB^†_κ. Moreover, < 0(t)|0(t) >= 1 , ∀t , and

< 0(t)|0 >= exp ( − ∑ κ ln cosh (Γ_κt) ) (5) which shows how, provided ∑ κ Γ_κ > 0,

lim_{t→∞} < 0(t)|0 > ∝ lim_{t→∞} exp (−t ∑ κ Γ_κ) = 0 (6)

Using the customary continuous limit relation ∑ κ →^V_{(2π)3} ∫ d^3κ, in the infinite-volume limit we have (for ∫ d^3κ Γ_κ finite and positive) < 0(t)|0 >→ 0 as V → ∞ ∀ t , < 0(t)|0(t^′) >→ 0 as V → ∞ ∀ t and t^′ , t^′ ≠ t (7) Time-evolution transformations for creation and annihilation operators are

A_κ → A_κ(t) = e^{−i t̄h HI} A_κe^{i t̄h HI} = A_κ cosh (Γ_κt) − B^†_κ sinh (Γ_κt) (8) B_κ → B_κ(t) = e^{−i t̄h HI} B_κe^{i t̄h HI} = −A^†_κ sinh (Γ_κt) + B_κ cosh (Γ_κt)

and their hermitian conjugates. They can be implemented for every κ, as inner automorphism for the algebra su(1, 1)_κ. Such an automorphism is nothing but the well known Bogolubov transformations. The transformations (8) are canonical, as they preserve the ccr (3). In other words, at every time t we have a copy {A_κ(t), A^†_κ(t), B_κ(t), B^†_κ(t) ; |0(t) > | ∀κ} of the original algebra and of its highest weight vector {A_κ, A^†_κ, B_κ, B^†_κ ; |0 > | ∀κ}, induced by the time evolution operator (i.e we have a bona fide quantum realization of the operator algebra at each time t, which can be implemented by Gel’fand-Naimark-Segal construction in the C*-algebra formalism). The time evolution operator can therefore be thought of as a generator of the group of automorphisms of ⨁ κ su(1, 1)_κ parametrized by time t.

Let us point out that the various copies become unitarily inequivalent in the infinitevolume limit, as shown by Eqs.(7).

One can easily verify that A_κ(t)|0(t) >= 0 = B_κ(t)|0(t) > , for all t.

The commutativity of H_0 with H_I ensures that under time evolution the number (n_{Aκ} − n_{Bκ} ) is a constant of motion for any κ. The number of modes A_κ is given, at each instant t, by N_{Aκ} ≡< 0(t)|A^†_κA_κ|0(t) >= sinh^2(Γ_κt) (9) and similarly for the modes B_κ. Moreover, A^†_κ(t)|0(t) > = 1 cosh (Γ_κt) A^†_κ|0(t) > = 1 sinh (Γ_κt) B_κ|0(t) > (10) B^†_κ(t)|0(t) > = 1 cosh (Γ_κt) B^†_κ|0(t) > = 1 sinh (Γ_κt) A_κ|0(t) > Eq. (4) shows that |0(t) > is a two-mode Glauber coherent state with equal numbers of modes A_κ and B_κ condensed in it for each κ and each t. Eqs. (10) show that the creation of a mode A_κ is equivalent to the destruction of a mode B_κ and vice-versa. This leads us to interpreting the B_κ modes as the holes for the modes A_κ, and thus the B-system can be considered as the sink where the energy dissipated by the A-system flows. We turn now our attention to the realization of q-WH algebra in terms of finite difference operators[3] in order to establish a formal relation with the dho hamiltonian. Since we want to preserve the analytic properties of Lie algebra in the deformation procedure, we adopt as a framework the Fock-Bargmann representation (FBR) in Quantum Mechanics (QM)[8] (we observe that, by working in the FBR, q-WH algebra is incorporated into the theory of the (entire) analytical functions, a result which is by itself interesting).

The quantum version of the WH algebra [a, a^†] = II , [N, a] = −a , [N, a^†] = a^†, is realized in terms of the operators {a_q, â_q, N; q ∈ C}, with relations

[N, a_q] = −a_q , [N, â_q] = â_q , [a_q, â_q] ≡ a_qâ_q − â_qa_q = q^N (11)

The FBR operators, solution of the WH commutation relations are N → z^d_{dz} , a^† → z , a →^d_{dz} . The Hilbert space F is identified with the space of the entire analytic functions and wave functions ψ(z) are expressed as ψ(z) = ∑_∞ n=0 c_nu_n(z) , u_n(z) = z^n√ n! , (n ∈ I_+). The set {u_n(z)} provides an orthonormal basis in F. The realization of Eqs.(11) in the space F is obtained as: N → z d dz , â_q → z , a_q → D_q (12)

with z ∈ C and the finite difference operator D_q defined by:

D_q f(z) = f(qz) − f(z) (q − 1) z = q^{z ddz} − 1 (q − 1) z f(z) (13)

with f ∈ F , q = e^ζ, ζ ∈ C. D_q is the well known q-derivative operator and, for q → 1 (i.e. ζ → 0), it reduces to the standard derivative. Note that â_q = â_{q=1} = a^† and lim_{q→1} a_q = a. We can show that commutator [a_q, â_q] acts in F as follows[3] [a_q, â_q]f(z) = q^{z ddz} f(z) = f(qz) (14) The q-deformation of the WH algebra is thus strictly related with the finite difference operator D_q (q ≠ 1). This suggests to us that the q-deformation of the operator algebra should arise whenever we are in the presence of lattice or discrete structure. Next, we show that the commutator [a_q, â_q] acts as squeezing generator, a result which confirms the conjecture by which q-groups are the natural candidates to study the squeezed CS[9].

In the Hilbert space F let us consider the harmonic oscillator hamiltonian H = h̄ω ( α^†α + 1 2 ) (15) α = 1 √ 2h̄ω ( √ mωz + ip_z √ m ), α^† = 1 √ 2h̄ω ( √ mωz − ip_z √ m ), [α, α^†] = II (16)

where z ∈ C, p_z = −ih̄^d_{dz} and [z, p_z] = ih̄. We have 2z^d_{dz} f(z) = (α^2 −α^{†2})f(z)−f(z), f ∈ F , and on any state ψ(z)

[a_q, â_q]ψ(z) = exp ( ζz d dz ) ψ(z) = 1 √ q exp ( ζ 2 (α^2 − α^{†2}) ) ψ(z) = 1 √ q Ŝ(ζ)ψ(z) = 1√ q ψ_s(z) (17)

with q = e^ζ, ψ_s(z) denoting the squeezed state and Ŝ(ζ) the squeezing generator. We thus conclude that ζ = log q plays the rôle of the squeezing parameter and the commutator [a_q, â_q] is, up to a factor, the squeezing generator with respect to the α and α^† operators: √ q[a_q, â_q] = Ŝ(ζ) = exp (ζ 2 (α^2 − α^{†2}) ) (18)

On the other hand we also observe that the right hand side of (18) is an SU(1, 1) group element. In fact by defining^1_2 α^2 = K_−,^1_2 α^{†2} = K_+,^1_2 (α^†α +^1_2 ) = K_z =^1_{2h̄ω} H, we easily check they close the su(1, 1) algebra. Let us now observe that the operator √ q[a_q, â_q] = Ŝ(ζ) generates the Bogolubov transformations α(ζ) = Ŝ(ζ)^{−1}αŜ(ζ) = α cosh ζ − α^† sinh ζ (19)

and h.c. By inverting Eqs.(16) and by using Eq.(19) we obtain

z(ζ) = z_0 exp(−ζ) (20)

By setting ζ =^γ_{2m} t ≡ Γt, from the squeezed z(ζ), Eq.(20), we obtain the damped amplitude of the classical dho with motion equation (1).

Summarizing, in quantizing the dho, Eq.(1), one may proceede as follows: start by considering the classical harmonic oscillator equation

mz̈ + κz = 0 (21)

Quantize it in the standard way by introducing the creation and annihilation operators (cf. Eqs.(16)). Next, introduce the q-deformation of the WH algebra in FBR and the associated Ŝ(ζ) operator as in Eq.(18), with ζ =^γ_{2m}t ≡ Γt . Ŝ(ζ) is thus the time evolution generator of the quantized dho α(t) (cf. the Bogolubov transformations (19), see also Eqs.(8)). Finally, introduce the shifted frequency Ω^2 =^κ_m −^{γ2}_{4m2} for the damped solution.

The finite life-time τ =^1_Γ , which characterizes the damping, acts as discrete time-length for the system (time-energy uncertainty relation implies Δt ≥^1_Γ ) and thus requires the use of the q-WH algebra according to the above conclusions on the occurrence of q-deformations in the presence of a finite (time) length.

To see the relation with the QFT hamiltonian, eq.(2), we label with κ the operators α and α^†, the decay constant Γ and other appropriate quantities and introduce convenient summations over κ in the exponentials. Then, we introduce the ”doubled” degree of freedom β_κ (commuting with α_κ). The corresponding q-WH algebra for b_{κ,q}0 operators (commuting with a_{κ,q}) is introduced with q^′ = exp(−ζ_κ). Next, we consider the double mode squeezing operator [a_{κ,q}, â_{κ,q}][b_{κ,q}0 , b̂_{κ,q}0 ] = exp ( ζ_κ 2 [(α_κ^2 − α_κ^{†2}) − (β_κ^2 − β_κ^{†2})]) (22)

We observe that the right hand side of Eq.(22) is an SU(1, 1) group element. In fact, by using the linear canonical transformations

A_κ = ( 1 √ 2 )(α_κ + β_κ), B_κ = ( 1 √ 2 )(α_κ − β_κ) (23)

we have [(α_κ^2 − α_κ^{†2}) − (β_κ^2 − β_κ^{†2})] = −(A_κ^†B_κ^† − A_κB_κ) = −(J_+ − J_−) , which together with J_3 =^1_2 (A_κ^†A_κ + B_κ^†B_κ + 1) close the su(1, 1) algebra.

By setting ζ_κ = Γ_κt, Eq. (22) leads to nothing but the time evolution operator associated to the hamiltonian H_I (cf.eq.(2)): ∏ κ [a_{κ,q}, â_{κ,q}][b_{κ,q}0 , b̂_{κ,q}0 ] = exp ( i h̄ H_I t) (24)

thus recovering the QFT formalism of quantum dho[6].

We conclude that q-deformation turns out to be a powerful tool in the discussion of dissipative phenomena in QFT. We note that inequivalent representations |O(t) > are parametrized by the q-deformation parameter through the time dependence of ζ(t). By recalling that the representation |O(t) > for the dho has been shown[5]-[7] to be the same as the TFD[10] representation |O(β(t)) >, we also recognize the strict relation between q-WH algebra and finite temperature QFT. As a matter of fact, even independently of the above discussion of the dho quantization, the derivation of Eq.(22) holds in full generality and by setting ζ_κ = θ_κ(β) we see that the operator [a_{κ,q}, â_{κ,q}][b_{κ,q}0 , b̂_{κ,q}0 ] is indeed the generator of the Bogolubov transformations in conventional TFD[10]: q-WH algebra thus appears as the natural candidate to study thermal field theories. A further relation which can be established[11] is the one between q-WH algebra and the canonical quantization in curved space-time background, e.g. in the presence of classical gravitational background[12]. It is interesting to note that in such a case the q-deformation can be thought as induced by the gravitational background. The above remarks strongly suggest to us that q-deformations are mathematical structures which are charateristic of basic, deep features of QFT. As a preliminary investigation in this direction we have studied the relation of q-deformation with the von Neumann theorem in QM: we can show[13] that in the infinite volume limit each one of the unitarily inequivalent representations of the ccr is associated with a given value of the q-deformation parameter of the q-WH algebra.

References

[1] L.C Biedenharn, J. Phys. A22 (1989) L873. [2] A.J. Macfarlane, J. Phys. A22 (1989) 4581.

[3] E. Celeghini, S. De Martino, S. De Siena, M. Rasetti and G. Vitiello, Firenze preprint DFF188/9/93, 1993.

[4] A.Iorio and G.Vitiello, Ann. Phys. (N.Y.) 241 (1995) 496. [5] E. Celeghini, M. Rasetti and G. Vitiello, Mod. Phys. Lett. B3 (1989) 1213. [6] E. Celeghini, M. Rasetti and G. Vitiello, Annals of Physics (N.Y.) 215 (1992) 156. [7] E. Celeghini, M. Rasetti and G. Vitiello, in Thermal Field Theories, eds. H.Ezawa, T.Arimitsu and Y.Hashimoto (Elsevier Sc. Publ., Amsterdam 1991) p.189.

[8] A. Perelomov, Generalized Coherent States and Their Applications (Springer, Berlin 1986).

[9] E. Celeghini, M. Rasetti and G. Vitiello, Phys. Rev. Lett. 66 (1991) 2056. [10] Y. Takahashi and H. Umezawa, Collect. Phenom. 2 (1975) 55. [11] G. Vitiello,q-Groups and vacuum structure in curved space-time, Salerno preprint 1993.

[12] M. Martellini, P. Sodano and G. Vitiello, Nuovo Cimento A48 (1978) 341. [13] A.Iorio and G.Vitiello, Mod. Phys. Lett. B8 (1994) 269