arXiv:math-ph/0011049 28 Nov 2000

BONN–TH–2000–11

Comment on: Modular Theory and Geometry

K. Ebrahimi-Fard^1

Physikalisches Institut der Universität Bonn Nußallee 12, D–53115 Bonn, Germany

Abstract

In this note we comment on part of a recent article by B. Schroer and H.-W. Wiesbrock. Therein they calculate some new modular structure for the U(1)-current-algebra (Weyl-algebra). We point out that their findings are true in a more general setting.

1 e-mail: fard@th.physik.uni-bonn.de

I We would like to add a point to a recent inspiring work of B. Schroer

and H.-W. Wiesbrock [1]. For the U(1)-current-algebra in two-dimensional spacetime they construct states invariant under higher representations of the Möbius-group, generated by the modes L_{−n,0,n}. These new states fulfill the KMS-property with respect to modified dilations. Taking von Neumann algebras with disjoint localization regions these modified dilations are identified with the modular group associated to these algebras and states. The localization properties of the new states are different from the vacuumsetting. Regions, originally causally disjoint, become causally interdependent with respect to these states.

In section 2 we sketch briefly the ansatz and result concerning the modular structure in the case of the U(1)-current-algebra. Section 3 contains our point to add, providing a more general point of view of the aforementioned results of Schroer and Wiesbrock. We try in section 4 to clarify the localization properties of the new theories. Some additional remarks and a short summary are given in Section 5.

II Conformal field theory in two dimensions (CF T2) [12] provides a well

suited realm for algebraic quantum field theory [2]^2, especially for problems concerning the geometric identification of the modular structure [3, 4]. Minkowskian CF T_2 may be represented on the product of two circles, S^1 × S^1- spacetime (the ”compact- picture”). The global symmetry group of the CF T_2 is the Möbius-group P SU(1, 1) × P SU(1, 1). We will concentrate on one of the groups, being realized on one of the circles: P SU(1, 1) := SU(1, 1)/{±1}, SU(1, 1) := {( α β β̄ ᾱ ) | | | α, β ∈ C , |α|^2 − |β|^2 = 1 } . The spectrum generating algebra of reparametrizations of the circle is generated by the Virasoro algebra (with central charge c) L_c:

[L_n, L_m] = (n − m)L_{n+m} + c 12 (n^3 − n)δ_{n+m,0}, n ∈ Z. (1)

The globally realized group P SU(1, 1) has the underlying generators L_{−1}, L_0, L_1, fulfilling a sl(2, C )-algebra:

[L_1, L_{−1}] = 2L_0, [L_{±1}, L_0] = ±L_{±1}. (2)

2 For a very recent review of the current state of algebraic QFT see [5].

The Virasoro algebra L_c contains infinitely many further sl(2, C )-algebras, generated by the modes L_{−n}, L_0, L_n, n > 1: L_{−n} → L̃_{−n} :=^1_n L_{−n} L_0 → L̃_0 :=^1_n L_0 +^c_{24}^{(n2−1)}_n L_{+n} → L̃_{+n} :=^1_n L_{+n} −→ { [L̃_{+n}, L̃_{−n}] = 2L̃_0 [L̃_{±n}, L̃_0] = ±L̃_{±n} } sl(2, C ). (3)

The corresponding finite transformations are of the form:

g_n(z) := ( αz^n + β β̄zn + ᾱ ) 1_n , ( α β β̄ ᾱ ) ∈ P SU(1, 1). (4) They leave the unit-circle S^1 invariant.

One may equally well represent the CF T_2 on a product of lines, R × Rspacetime (the ”non-compact-picture”). The coordinate transformation from the circle to the line is provided by the stereographic projection (Cayleytransformation): S^1\{−1} ∋ z −→ x(z) := −i z − 1 z + 1 ∈ R, −1 −→ ∞. (5) The global symmetry group P SU(1, 1) transforms in this process isomorphically into the real group P SL(2, R) [6]: R ∋ x −→ ĝ(x) :=^{ax + b}_{cx + d}, ad − bc = 1. It is slightly more cumbersome to handle the transformations analogue to (4) in the non-compact picture. For this reason we perform the calculations in the compact picture representation. It will, however, be instructive to discuss aspects of multilocalization (see below) in the non-compact picture representation.

Schroer and Wiesbrock take as a paradigm of their discussion the U(1)- current-algebra on the circle. The constituting relation of this U(1)-algebra is the current-current commutation-relation (with the circle as base-space): [J(z), J(w)] = −∂_zδ(z − w). In order to bring the algebraic ansatz [13] to the stage one has to smear the currents by real testfunctions on the circle:

J(f) := ∫ S^1 dz 2πi f(z) J(z). The bounded operators e^{iJ(f )} give rise to a von Neumann algebra, i.e. weakly closed algebra of bounded operators:

W(I) := { W (f) := e^{iJ(f )} | | |supp(f) ⊆ I ⊂ S^1 }_{′′} , which is called (local) Weyl-algebra [7, 14]. The double prime indicates here the double-commutant which after a theorem by von Neumann (doublecommutant-theorem [14]) equals the weak closure of the algebra generated by the e^{iJ(f )}. The net of Weyl-algebras {S^1 ⊃ I → W(I)} fulfills the postulates of algebraic quantum field theory, in particular locality [8]. The one-parameter group of dilations in P SU(1, 1) has the following form: Dil(t)z = ch(πt)z + sh(πt) sh(πt)z + ch(πt) , t ∈ R, z ∈ S^1. (6) These mappings have the points {1, −1} ∈ S^1 as fixpoints. The upper and lower semicircle, S^1_+ respectively S^1_−, are mapped by dilations onto themself. A dilation-group attached to an arbitrary, proper interval I ⊂ S^1 (mapping this interval onto itself) is constructed as follows:

P SU(1, 1) ∋ Dil_I(t) := g^{−1}_I Dil(t)g_I , g_I ∈ P SU(1, 1), g_I I = S^1_+. (7)

The interval I is mapped bijectively to the upper semicircle, dilated and mapped back as one can see in the following diagram:

S^1_+ S^1_+- Dil I I- Dil_I

?^{gI}

       6_{g−1I}

The representation of the one-parameter group of dilations (7) gives (a geometric realization of) the unique modular group {Δ^{it}_I ; t ∈ R} [13, 14] of the tuple (W(I), |ω_0⟩). For the case of the upper and lower semicircle which in the non-compact picture become positive and negative lightrays this follows from the work of Bisognano and Wichmann [3]. It is a peculiarity of CF T_2 that arbitrary intervals can be mapped onto the upper (or lower) semicircle which therefore allows to identify the modular group of algebras localized in these regions with the above constructed dilations (7).

The vacuum expectation values of Weyl-operators obey the KMS-condition [9, 13, 14] with respect to (the representation of) the one-parameter group of dilations [10]: ⟨ω_0|W (f) U_{DilI (t)}[W (g)]|ω_0⟩^{KMS}= ⟨ω_0|U_{DilI (t+i)}[W (g)] W (f)|ω_0⟩, (8) W (f), W (g) ∈ W(I). In the case of the vacuum state this is a necessary and sufficient condition to identify uniquely the one-parameter group of dilations as the modular group [15] mentioned above.

By a simple reparametrization of the unit-circle S^1 ⊂ C in terms of the conformal mapping S^1 ∋ z −→ z^n, 1 < n ∈ N, Schroer and Wiesbrock construct for the case n = 2 a geometrical state |ω_2⟩. This state is shown to be invariant under transformations of the form (4) for n = 2:

g_2(z) := ( αz^2 + β β̄z2 + ᾱ ) 1_2 , ( α β β̄ ᾱ ) ∈ P SU(1, 1). (9) For intervals:

I^{12} := I_1 ∪ I_2, I_i^{z2}−→ I, i = 1, 2, where I^{12} is defined as the image of the square root of the proper interval I ⊂ S^1 they define Weyl-algebras localized in I^{12} :

W(I^{12} ) := W(I_1) ∨ W(I_2). (10)

The state |ω_2⟩ may be defined in the following manner:

⟨ω_2|W (f) W (g)|ω_2⟩ := ⟨ω_0|W (f 1_2 ) W (g 1_2 )|ω_0⟩, W (f), W (g) ∈ W(I^{12} ) (11)

with f 1_2 (•) := f((•)^{12} ), supp(f 1_2 ) ⊂ I. It amounts to the following pointwise prescription for the current two-point-function:

⟨ω_2|J(z)J(w)|ω_2⟩ := 2z 2w⟨ω_0|J(z^2)J(w^2)|ω_0⟩. (12)

Schroer and Wiesbrock identify the modular group of the tuple (W(I^{12} ), |ω_2⟩) with the transformations:

Dil_{2,I} 1_2 (t) (•) := ( Dil_I 1_2 (t) (•)^2

) 1_2 = ( g^{−1}_I Dil(t) g_I (•)^2

) 1_2 (13)

(see the following diagram) I^12 (•)^2@@R

S^1_+ S^1_+- Dil I I-^{Dil}I

?^{gI}

      6_{g−1I}

I^12 I (•)^12

�`

 -

Dil_{2,I} 1_2

by showing the KMS-property for the state |ω_2⟩:

⟨ω_2|W (f) U_{Dil2,I 12 (t)}[W (g)]|ω_2⟩^{KMS}= ⟨ω_2|U_{Dil2,I 12 (t+i)}[W (g)] W (f)|ω_2⟩. (14)

Using equation (11) this may be reduced to the vacuum case:

⟨ω_0|W (f 1_2 ) U_{DilI (t)}[W (g 1_2 )]|ω_0⟩^{KMS}= ⟨ω_0|U_{DilI (t+i)}[W (g 1_2 )] W (f 1_2 )|ω_0⟩. (15)

We want to point out in the following section that the above results of Schroer and Wiesbrock concerning the invariance of the modified states with respect to the modified P SU(1, 1) group and the KMS-property of these states with respect to the modified dilations are general properties for any CF T_2 since the mentioned properties can -as we will show- be drawn through the substitutions z −→ z^n, ∀n ∈ N.

III In the following we keep the pointwise prescription of fields. We

generalize to arbitrary n ∈ N, defining states |ω_n⟩ for local chiral primary fields ϕ(z) on S^1 by the identity: ⟨ω_n| l∏ k=1 ϕ_k(z_k)|ω_n⟩ := l∏ s=1 (nz^{n−1}_s )^{Δs} ⟨ω_0| l∏ k=1 ϕ_k(z^n_k )|ω_0⟩. (16)

Using the Möbius-invariance of the vacuum |ω_0⟩ one can show the invariance of |ω_n⟩ under transformations of the form (eq. 4) as follows:

ϕ_i(z_i) −→ (∂_z{g_n(z)}|_{z=zi} )^{Δi} ϕ_i(g_n(z_i)) ⟨ω_n| l∏ k=1 ϕ_k(z_k)|ω_n⟩ −→ l∏ i=1 (∂_z{g_n(z)}|_{z=zi} )^{Δi} ⟨ω_n| l∏ j=1 ϕ_j(g_n(z_j))|ω_n⟩ (16) = l∏ i=1 (∂_z{g_n(z)}|_{z=zi} )^{Δi} l∏ j=1 (n{g_n(z_j)}^{n−1})^{Δj} ⟨ω_0| l∏ k=1 ϕ_k({g_n(z_k)}^n)|ω_0⟩

(4) = l∏ i=1 (∂_z{g_n(z)}|_{z=zi} )^{Δi} l∏ j=1 (n{g_n(z_j)}^{n−1})^{Δj} ⟨ω_0| l∏ k=1 ϕ_k(g(z^n_k ))|ω_0⟩, g ∈ P SU(1, 1)

= l∏ i=1 (∂_z{g_n(z)}|_{z=zi} )^{Δi} l∏ j=1 (n{g_n(z_j)}^{n−1})^{Δj} × l∏ r=1 1 (∂_z{g(z)}|_{z=z}n_r )^{Δr} ⟨ω_0| l∏ k=1 ϕ_k(z^n_k )|ω_0⟩ (17)

(16) = ⟨ω_n| l∏ i=1 ϕ_i(z_i)|ω_n⟩.

For the one-parameter group of modified dilations: Dil_n(t)z := (Dil(t)z^n)^{1n} = ( ch(πt)z^n + sh(πt) sh(πt)z^n + ch(πt) ) 1_n (18)

one would like the following KMS-relation to be satisfied: (∂_v {Dil_n(t)v}|_{v=zl} )^{Δl} ⟨ω_n| l−1∏ k=1 ϕ_k(z_k) ϕ_l(Dil_n(t)z_l)|ω_n⟩ (16) = l−1∏ i=1 (nz^{n−1}_i )^{Δi} [ (∂_v{Dil_n(t)v}|_{v=zl} )^{Δl} (n{Dil_n(t)z_l}^{n−1})^{Δl} ] ×

⟨ω_0| l−1∏ k=1 ϕ_k(z^n_k ) ϕ_l(Dil(t)z^n_l )|ω_0⟩

= l∏ i=1 (nz^{n−1}_i )^{Δi} (∂_v{Dil(t)v}|_{v=z}n_l )^{Δl} ⟨ω_0| l−1∏ k=1 ϕ_k(z^n_k ) ϕ_l(Dil(t)z^n_l )|ω_0⟩ !_{(KMS)} = l∏ i=1 (nz^{n−1}_i )^{Δi} (∂_v{Dil(t + i)v}|_{v=z}n_l )^{Δl} ×

⟨ω_0|ϕ_l(Dil(t + i)z^n_l ) l−1∏ k=1 ϕ_k(z^n_k )|ω_0⟩

(16) = (∂_v{Dil_n(t + i)v}|_{v=zl} )^{Δl} ⟨ω_n|ϕ_l(Dil_n(t + i)z_l) l−1∏ k=1 ϕ_k(z_k)|ω_n⟩. (19)

We have managed here to prove the KMS-condition for the chiral part of the correlation function in the modified (|ω_0⟩ → |ω_n⟩) theory provided that the KMS-condition holds in the unmodified theory. But the later is not precisely true. One picks in general a monodromy shift in the analytic continuation t → t + is, s ∈ [0, 1]^3, which amounts to a full circle in complex space -returning to the same point on a different Riemann sheet. We may assume that the monodromy under consideration is diagonalized in a suitably chosen basis of conformal blocks and that the ensuing phase factors are compensated by the inverse phase factors of the anti-chiral block function (we assume the ϕ_{(i,j)}(z, z̄) to be scalar operators). The general situation is, what concerns the cancellation of phasefactors, faithfully represented by the simplified situation in the case of two-point-functions. The (vacuum-)

3 In statistical physics one has the interval [0, β], β the inverse temperature, and the states are called β-KM S-states [13, 14].

2-point-functions are already defined by conformal invariance (and locality: Δ̄ = Δ) to be of the form [12]: ⟨ω_0|ϕ_1(z, z̄)ϕ_2(w, w̄)|ω_0⟩ = C_{12} |z − w|^{4Δ} . (20)

This 2-point-function fulfills the KMS-condition with respect to the oneparameter group of dilations Dil(t) ∈ P SU(1, 1) (6) as one can show by direct calculation. In the case of arbitrary n-point-functions of local conformal fields ϕ_{(i,j)}(z, z̄) the above argument which holds for a rational conformal field theory [12] reduces the analytic structure essentially to the U(1)-vertexform, i.e. eq. (20). Since the KMS-property holds for (eq. 20) it follows for the n-point-functions as well. Here it is important that one needs both, the chiral and anti-chiral part.

One has the following KMS-condition for general local conformal fields: (∂_v{Dil(t)v}|_{v=zl} )^{Δil} (∂_ū{Dil(−t)ū}|_{ū=z̄l} )^{Δjl} × ⟨ω_0| l−1∏ k=1 ϕ_{(ik,jk)}(z_k, z̄_k) ϕ_{(il,jl)}(Dil(t)z_l, Dil(−t)z̄_l)|ω_0⟩ KMS= (∂_v{Dil(t + i)v}|_{v=zl} )^{Δil} (∂_ū{Dil(−t − i)ū}|_{ū=z̄l} )^{Δjl} × ⟨ω_0|ϕ_{(il,jl)}(Dil(t + i)z_l, Dil(−t − i)z̄_l) l−1∏ k=1 ϕ_{(ik,jk)}(z_k, z̄_k) |ω_0⟩. (21)

A sufficient condition for locality is Δ_{ip} = Δ_{jp} , p = 1, . . . , l.

Going now to the Schroer-Wiesbrock ansatz, one has the freedom to choose different n, m ∈ N on the chiral and anti-chiral sector, respectively, and therefore the states |ω_{n,m}⟩: ⟨ω_{n,m}| l∏ k=1 ϕ_{(ik,jk)}(z_k, z̄_k)|ω_{n,m}⟩ := l∏ s=1 (nz^{n−1}_s )^{Δis} l∏ q=1 (mz̄^{m−1}_q )^{Δjq} ⟨ω_0| l∏ k=1 ϕ_{(ik,jk)}(z^n_k , z̄^m_k )|ω_0⟩.(22) Again, the KMS-condition with respect to Dil_n(t)z := (Dil(t)z^n)^{1n} (18) on both sectors ”goes through covariantly” as in equation (19). An illustration of what had been said above in a non-trivial setting (the U(1)- current-algebra is a quasifree theory [7]) is provided by the theory of nonabelian currents [12]. The central relation is the current-current commutation relation (Kac-Moody-algebra, with the circle as base space): [J^a(z), J^b(w)] = if^{abc}J^c(z)δ(z − w) − kδ^{ab}∂_zδ(z − w). (23)

This relation allows it to calculate the m-point correlation function recursively by using the m-1- and m-2-point-function: ⟨ω_0| m∏ i=1 J^{ai}(z_i)|ω_0⟩^{(23)}= m∑ j=2 kδ^{a1aj} (z_1 − z_j)^2 ⟨ω_0| m∏ k=2 k≠j J^{ak} (z_k)|ω_0⟩ + m∑ j=2 if^{a1ajd} (z_1 − z_j) ⟨ω_0| j−1∏ k=2 J^{ak} (z_k)J^d(z_j) m∏ l=j+1 J^{al}(z_l)|ω_0⟩. (24)

One can therefore verify the KMS-property inductively since the 2-point function has the KMS-property. For the |ω_n⟩ state one gets the following recurrence relation: ⟨ω_n| m∏ i=1 J^{ai} (z_i)|ω_n⟩^{(16)}= m∑ j=2 (nz^{n−1}_1 ) (nz^{n−1}_j ) kδ^{a1aj} (z^n_1 − z^n_j )^2 ⟨ω_n| m∏ k=2 k≠j J^{ak} (z_k)|ω_n⟩ + m∑ j=2 (nz^{n−1}_1 ) if^{a1ajd} (z^n_1 − z^n_j ) ⟨ω_n| j−1∏ k=2 J^{ak} (z_k)J^d(z_j) m∏ l=j+1 J^{al} (z_l)|ω_n⟩.

The KMS-condition with respect to Dil_n(t)z := (Dil(t)z^n)^{1n} (18) can be shown inductively as well, since the substitution z −→ z^n goes through covariantly and therefore the KMS-property for the vacuum carries over to the new state.

For the identification with the modular group mentioned above one needs von Neumann algebras. It is a subtle problem to proceed from smeared unbounded field operators to local algebras of bounded operators. By using bounded functions of unbounded local operators as in the case of the U(1)- current-algebra one has to ensure locality which might be not conserved by this mapping. Bisognano and Wichmann gave certain sufficient conditions to identify the von Neumann algebras to which the (Wightman-) field-algebras are affiliated [3, 14]. Generally it is a non-trivial task to verify these conditions. In the case of non-abelian currents, this is possible and one can therefore speak of von Neumann algebras, respectively the associated modular group.

IV As one can see in equation (22), what changes drastically are the

localization properties of the fields ϕ_{(i,j)}(z, z̄) with respect to the new set of states {|ω_{n,m}⟩; n, m ∈ N}. The mappings z −→ z^k, z̄ −→ z̄^l for the chiral and anti-chiral sector, respectively, imply a multilocalization of the fields since k points {z_i; i = 1, . . . , k} and l points {z̄_j; j = 1, . . . , l}, congruent modulo 2π/k and 2π/l, respectively, are mapped onto one point (in each sector).

In the sense of intervals I (=regions) on the unit-circle and field-algebras A(I) containing local fields smeared by testfunctions localized in these intervals, one gets the following locality-property on each sector: Locality (on one sector):

Let A_1(I_1), A_2(I_2) be field-algebras, localized in the interval I_1 ⊂ S^1 and I_2 ⊂ S^1, respectively. Locality with respect to the state |ω_k⟩ means:

I_1 ∩ I_2 = ∅ and ∀z ∈ I_1, w ∈ I_2 : arg(z) − arg(w) ≠ 0 mod(^{2π}_k ) ⇒ [A_1(I_1), A_2(I_2)] = 0. (25)

Taking the non-compact representation (eq. 5) of both sectors one finds a tiling of the euclidean plane into regions, which are causally independent in the vacuum sector but get causally connected with respect to the set of states {|ω_{n,m}⟩; n, m ∈ N} (Fig.2). Some words of explanation might be helpful in this place.

We start in the compact picture (S^1 × S^1) and choose to fix the ideas on the chiral sector the square-root of the upper semicircle and on the antichiral sector the 3rd-root of the upper semicircle as localization regions of the field-algebras (Fig.1):

(chiral) A(S^{1 12}_+ ) := A(I^′_1) ∪ A(I^′_2)

(anti-chiral) Ā(S^{1 13}_+ ) := Ā(I_1) ∪ Ā(I_2) ∪ Ā(I_3).

&%’$&^{• ••} •^{I′1}_I′_2^× &%’$^{• •• •} •^{I3 I2}_{I1FIG.1: I 01 ∪ I 02 × I1 ∪ I2 ∪ I3 ⊂ S1 × S1}

In the non-compact picture (R × R) the formal notation (R^{x̂±}_{≥ 0})^1n means the nth-root of the upper semicircle after stereographic projection. We use the same notation I^′_i, I_j, i = 1, 2, j = 1, 2, 3 for the localization regions of the field-algebras in the non-compact picture, A((R^{x̂+}_{≥ 0})^{12} ) and Ā((R^{x̂−}_{≥ 0})^{13} ) respectively. Mapped to the real line, the intervals lose their nice geometrical arrangement which they have on the circle. In particular, the easy characterization of causally connected points by the congruence-relation gets lost. In the compact picture the localization regions I^′_1 ∪ I^′_2 × I_1 ∪ I_2 ∪ I_3 are mapped under (z, z̄) −→ (z^2, z̄^3) onto {S^1_+ × S^1_+}. The same situation in the non-compact picture corresponds to the mapping of the shaded regions in Fig.2 onto the so called right-wedge (that is regions which are therefore causally connected with each other):

Wr :=^{x ∈ R^2| x^1 ≥ |x^0|^} .

x̂^0 ↑

x̂^1 → x̂^+ ↗

x̂^− ↘

I^′_1

I^′_2

I_1

I_2

I_3

Wr � � � � �

� � � � �

@@ @@ @@ @@ @

@@ @@ @@ @@ @

� � @@� @@@@@@@@@@@@

@@@@@@ � � @@ @ @@ @@ @ @ @ @@ @@ @@ @@ @@ @@ @@ @@@ @

� � @@ @ � � @@ @ @ @@@ @@@ @@@ @@@ @

@@ @@@ @@@ � � � @@ @� � @ @@ @@ @ @ @@@@@@@@@@@@@@@ @@ @ @ @@@@@@@@@@@@@ @@ @@ � � � � � � � � � � � @@@@@@@ @@@@@@@@@@ @@@@@@@@@@ @@@@@@@@ � � � @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @ @@ @ @@ @ @ @@ @@@@@@@@@@@@

FIG.2: "Causal tiling": n = 2, m = 3, ı R^{x̂+}_{≥ 0}^{ȷ 12} = I^0_1 ∪ I^0_2,^ıR^{x̂�}_{≥ 0}^{ȷ 13} = I1 ∪ I2 ∪ I3.

V In the case of the Weyl-algebras (10), the transformations (eq. 13)

can be identified with the modular group of the tuple (W(I^{1n} ), |ω_n⟩). Following the program of algebraic quantum field theory this result underlines the special rôle played by modular theory in general local quantum field theory. Schroer and Wiesbrock suggest using their result as a further indication for a general and deeper connection between modular theory and local symmetries. They also propose to investigate the relation of their findings with the notion of halfsided-modular-inclusion(intersections) [2, 4, 11]. See [5] for a recent account and further references to the results in [2, 4, 11]. To investigate the latter was out of scope of the present work. Here, we showed that a new ansatz of Schroer and Wiesbrock can be dealt with from a more general point of view, since the KMS-property of the vacuum state (a general property for local fields in the vacuum-setting) carries over covariantly to the set of new states. The argument for the general validity of the KMS-property given above is true for rational conformal field theories. The new states have localization properties quite different from the vacuum state. They connect causally disjoint regions (on each sector) in a non-point like fashion and might therefore be named multilocalized states. The ”causaltiling” of the two-dimensional plane becomes even more interesting since one can choose different reparametrizations of the chiral and anti-chiral sector.

Acknowledgements: The author is grateful to Prof. Dr. R. Flume for suggesting this work. Also, he would like to thank Kayhan Ülker and Nicolai von Rummell for help and wise comments when preparing this work. I thank also H. Gutmann for a careful reading of the manuscript.

References

[1] B. Schroer, H.-W. Wiesbrock, ”Modular Theory and Geometry”, Rev.

Math. Phys. 12 (2000) 139.

[2] H.-W. Wiesbrock, ”Conformal quantum field theory and half-sided modular inclusions of von-Neumann algebras”, Commun. Math. Phys. 158 (1993) 537

[3] J. Bisognano, E. Wichmann, ”On the duality condition for a hermitian scalar field”, J. Math. Phys.16 (1975) 985.

[4] H.-J. Borchers, ”On the use of modular groups in quantum field theory”, Ann. Inst. Henri Poincaré 63 n^o4(1995) 331

[5] D. Buchholz, ”Algebraic Quantum Field Theory: A Status Report” preprint math-ph/0011044

[6] F. Gabbiani, J. Fröhlich, ”Operator Algebras and Conformal Field Theory”, App.I, Commun. Math. Phys. 155 (1993) 569

[7] D. Buchholz, G. Mack, I. Todorov, ”The current algebra on the circle as a germ of local field theories”, Nucl. Phys.B, Proc. Suppl. 56 (1988) 20

[8] D. Buchholz, H. Schulz-Mirbach, ”Haag Duality in conformal quantum field theory”, Rev. Math. Phys. 2 (1990) 105

[9] R. Haag, N. Hugenholtz, M. Winnink, ”On the equilibrium state in quantum statistical mechanics”, Commun. Math. Phys. 5 (1967) 215

[10] J. Yngvason, ”A note on essential duality”, Lett. Math.

Phys.31 (1995) 127

[11] H.-W. Wiesbrock, ”Symmetries and half-sided modular inclusions of von-Neumann algebras”, Lett. Math. Phys.29 (1993) 107

[12] P. Di Francesco, P. Mathieu, D. Sénéchal, ”Conformal Field Theory”, Springer Verlag (Heidelberg 1997)

[13] R. Haag, ”Local Quantum Physics”, 2nd ed., Springer Verlag (Berlin 1996)

[14] O. Bratelli, D. W. Robinson, ”Operator Algebras and Quantum Statistical Mechanics”, Vol.1, 2, 2nd ed., TMP Springer Verlag (Berlin 1996)

[15] R. V. Kadison, J. R. Ringrose, ”Fundamentals of the Theory of Operator Algebras II”, Academic Press (New York 1986)