arXiv:math-ph/0102032 26 Feb 2001

Bures Geometry of the Three-Level Quantum Systems. II

Paul B. Slater ISBER, University of California, Santa Barbara, CA 93106-2150 e-mail: slater@itp.ucsb.edu, FAX: (805) 893-7995 (February 26, 2001) For the eight-dimensional Riemannian manifold comprised by the three-level quantum systems endowed with the Bures metric, we numerically approximate the integrals over the manifold of several functions of the curvature and of its (anti-)self-dual parts. The motivation for pursuing this research is to elaborate upon the findings of Dittmann in his paper, “Yang-Mills equation and Bures metric” (Lett. Math. Phys. 46, 281-287 [1998]).

Keywords: Bures metric, Yang-Mills fields, three-level quantum systems, Pontryagin classes, action, numerical integration, octonionic instanton Mathematics Subject Classification (2000): 81T13, 53C07, 58Z05

PACS Numbers 03.65.-w, 02.40.Ky, 02.60.Jh

Contents

I Introduction 1

II Analyses 2 A Monte-Carlo numerical integrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 B Numerical integrations using regular lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 C Computation of Yang-Mills action functionals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 D Monopole equations with Spin(7)-holonomy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

III Discussion 9

I. INTRODUCTION

A metric of particular interest — the minimal member of the (nondenumerable) class of monotone metrics [1,2] — that can be attached to the (n^2 − 1)-dimensional convex sets of n-level quantum systems is the Bures metric [3–7] (cf. [8]). Dittmann [9] established that “the connection form (gauge field) related to the generalization of the Berry phase to mixed states proposed by Uhlmann satisfies the source-free Yang-Mills equation ∗D ∗ Dω, where the Hodge operator is taken with respect to the Bures metric on the space of finite-dimensional nondegenerate density matrices” (cf. [10, p. 207]). Let us also note that Bilge et al [11,12], amongst others [13–15] (cf. [16, sec. 3.f.3], [17,18]), have studied the properties of Yang-Mills fields in eight dimensions (in contrast to the original, principally studied case of four [19]). Since the three-level (n = 3) quantum systems do, in fact, form an eight-dimensional convex set [23] — the n × n density matrices, in general, forming (n^2 − 1)-dimensional convex sets — it is of obvious interest to attempt to apply the analyses of Bilge et al in light of these findings of Dittmann concerning the relation between Yang-Mills fields and the Bures metric [9]. Such an effort constitutes, by and large, the substance of this communication. In the presentation of our findings, we will conform to the notation and conventions employed in [11], as detailed in the appendix to that paper, although we should indicate that in a related paper [20], Bilge replaces the notation used in [11] for the inner product (F, F ) of an SO(n)-valued curvature form F = (F_{ab}) with < F, F >. We are compelled, however, to point out to the reader that in our computations we have not used the F_{ab}’s themselves, but rather as “proxies” for them, the R_{ab}’s, describing the curvature of the Riemannian manifold (cf. [21, eqs. (4), (5)] [22, eq. (8)]).

Dittmann had noted [9] “that in affine coordinates (e. g. using the Pauli matrices for n > 2) the [Bures] metric becomes very complicated for n > 2 and no good parameterization seems to be available for general n”. In the first part of this two-part paper [24], we attempted to fill this lacuna, by deriving the 8 × 8 Bures metric tensor making use of a recently-developed Euler-angle parameterization of the 3 × 3 density matrices [25,26]. Six Euler angles (denoted α, γ, a, β, b, θ), used in parameterizing an element of SU (3), are employed. Additionally, two (independent) eigenvalues (λ_1, λ_2) of the 3 × 3 density matrices enter into this “Schur-Schatten”-type parameterization of the 3 × 3 density matrices [27,28]. (Of course, by the requirement of unit trace, λ_3 = 1−λ_1 −λ_2.) Several of the tensor elements were then, in fact, found to be identically zero. (The 8 × 8 matrix tensor decomposes into a 6 × 6 block and a 2 × 2 one, in correspondence to the six Euler angles and the two independent eigenvalues.) However, we were not able to report concise symbolic expressions in [24] for all the tensor elements.

II. ANALYSES

Subsequent to the issuance of Part I [24], we have further pursued the analytical matters there, managing to derive symbolic expressions in relatively concise form for all the entries of the 8 × 8 Bures metric tensor (g_{ij}), as well as its inverse (g^{ij} ). Several of the entries, however, particularly two in the inverse, remain rather relatively cumbersome in nature, so far resisting further simplification. By way of illustration, making use of the LeafCount command in MATHEMATICA to measure the complexity of an expression, the largest leaf count (that is, the “total number of indivisible subexpressions”) for any single one of the g_{ij}’s is 352, while the largest for any of the g^{ij}’s is 233, aside from the two relatively complicated ones, having scores of 921 and 1,744. We note here that all these entries prove to be independent of the Euler angle α. Additionally, introducing the transformation γ = τ − a, all the entries also become independent of the Euler angle a. (The entry with the largest leaf count is g^{ττ} , and the second largest, g^{τa}.) Therefore, the two tensors are fully parameterizable with six, rather than eight variables. This reduction in dimensionality is exploited in the numerical integrations reported below.

We noted that the two expressions (both symmetric in λ_1 and λ_2)

A = 3 − 7λ_1 + 4λ^2_1 + 7(−1 + λ_1)λ_2 + 4λ^2 (1) and B = 4λ^3_1 + λ^2_1(−9 + 5λ_2) + λ_1(−1 + λ_2)(−7 + 5λ_2) + (−1 + λ_2)(2 + λ_2(−5 + 4λ_2)) (2)

frequently occurred in the tensor elements. These two expressions are displayed in Figs. 1 and 2, making use of the transformation employed in [25]: λ_1 = cos^2 ζ_1, λ_2 = sin^2 ζ_1 cos^2 ζ_2.

FIG. 1. The subexpression A — that is (1), after conversion to spherical coordinates — appearing in several tensor elements

FIG. 2. The subexpression B — that is (2), after conversion to spherical coordinates — appearing in several tensor elements

For example, g_{θθ} = − B + A(λ_1 − λ_2) cos 2b 2(−1 + λ_1)(−1 + λ_2)

, (3)

g^{ββ} = − (B + A(λ_1 − λ_2) cos 2b) csc^2 θ 8(−1 + 2λ_1 + λ_2)^2(−1 + λ_1 + 2λ_2)^2

, (4)

g^{αα} = g^{ββ} csc^2 β sec^2 β 4 . (5)

In the two 6 × 6 (Euler angle) blocks of the Bures metric tensor and its inverse, the identically zero elements are g_{τb}, g_{τθ}, g_{ab}, g_{aθ}, g_{bθ}, g^{αβ}, g^{ab} and g^{aθ}. The volume element of the Bures metric, in particular for the case n = 3, v.e. = √ |g|dαdadτ dβdbdθdλ_1dλ_2, (6) where √ |g| = sin 2b sin 2β sin^2 θ sin 2θ 8 √ λ_1λ_2λ_3

(λ_1 − λ_2)^2(λ_1 − λ_3)^2(λ_2 − λ_3)^2 (λ_1 + λ_2)(λ_1 + λ_3)(λ_2 + λ_3)

, (7)

has been determined from certain general considerations [29,30]. We were then able, using this formula as a test, to numerically validate our calculations of the g_{ij}’s to a very high degree of accuracy. Also, we were able to reproduce — using our intermediate computation of the Ricci tensor — the results of Dittmann [32] (cf. [33]) for the scalar curvature of the Bures metric, as applied to the n = 3 case, s.c. = 2(28e_3 − 49e_2 − 9) e_3 − e_2

, (8)

where use is made of the elementary symmetric polynomials,

e_3 = ∏ j=1,3 λ_j , e_2 = λ_1 − λ^2_1 + λ_2 − λ_1λ_2 − λ^2. (9)

While the convex set of n × n density matrices endowed with the Bures metric is of constant curvature for n = 2, it is not even a locally symmetric space for n > 2 [31] (cf. [34]). Dittmann [32] argues that the scalar curvature achieves its minimum for the fully mixed states, while others [35], using another monotone metric (the Kubo-Mori one), argue that the scalar curvature is maximum for the fully mixed states. This disparity is clearly a matter of convention, depending upon what sign is designated for the Ricci tensor. (Somewhat relatedly, Grasselli and Streater have shown that “in finite dimensions, the only monotone metrics on the space of invertible density matrices for which the (+1) and (-1) affine connections are mutually dual are constant multiples of the Kubo-Mori metric” [36].)

Additionally, it was interesting to observe that numerical evidence we adduced indicated that a certain necessary and sufficient condition for Riemannian connections to satisfy the Yang-Mills equation [37–39], (∇^g_X Ric)(Y, Z) = (∇^g_Y Ric)(X, Z), (10) was not fulfilled in our particular situation. Here X, Y, Z denote arbitrary smooth vector fields on the manifold in question — that is, the eight-dimensional convex set of 3 × 3 density matrices — which we will denote by M_8, and ∇^g_X the covariant derivative with respect to X.

We utilized our determination of the g_{ij}’s and g^{ij}’s in performing the same type of calculations that have been shown in [11] to provide upper bounds on Pontryagin numbers for SO(n) Yang-Mills fields. These bounds are ∫ M8 (F, F )^2 ≥ k ∫ M8 p_1(E)^2, (11)

where

(F, F ) = 2 8∑ a=1 8∑ b>a (F_{ab}, F_{ab}), (12) and ∫ M8 (F^2, F^2) ≥ k^′ ∫ M8 p_2(E). (13)

Here, the field strengths F_{ab}’s denote the skew-symmetric coordinate components of F , an SO(n)-valued curvature two-form on the Euclidean space R^8. For the ij-entry of an 8 × 8 matrix F_{ab} was computed by us as R_{ijab} — that is, an element of the fully covariant (0,4)-Riemann curvature tensor [40, eq. (6.6.1)] (cf. [21, eqs. (4), (5)]). Also, k and k^′ are certain constants, while p_1(E) and p_2(E) are the first and second Pontryagin classes for the bundle E in question. The principal U (n)-bundle E (n = 3) utilized by Dittmann [9] is Gl(n, C ) → Gl(n, C )/U (n), where Gl(n, C ) denotes the general linear group over the complex numbers C , that is the nonsingular n × n matrices with complex entries [41, ex. 5.1]. (The Pontryagin number for a four-dimensional compact manifold M_4 is equal to the integral over M_4 of a representative of the first, and unique Pontryagin class of the bundle, that is the Chern number ∫ M4 γ_2 of the complexified bundle [42].)

The first of the two bounds (11) was reported in [11] and the second (13) in [15]. The first is achieved by strongly [anti-] self-dual Yang-Mills fields, while the second is too restrictive in this regard [11]. An additional curvature invariant is (trF^2, trF^2), so a “generic action density” can be taken to be of the form [11, eq. (17)]

p(F, F )^2 + q(F^2, F^2) + r(trF^2, trF^2). (14)

(“The action density should be written in terms of the local curvature 2-form matrix in a way independent of the local trivialization of the bundle. Hence it should involve invariant polynomials of the local curvature matrix. We want to express the action as an inner product in the space of k-forms, which gives a quantity independent of the local coordinates” [11].)

A. Monte-Carlo numerical integrations

To evaluate the integrals over M_8 of the three curvature invariants occurring in the generic action (14), we pursued a Monte-Carlo strategy [43–45] in which we randomly selected points in the six-dimensional hyperrectangular domain determined by the six active parameters (four Euler angles — τ, β, b, θ — and two independent eigenvalues reexpressed using spherical coordinates, that is, λ_1 = cos^2 ζ_1, λ_2 = sin^2 ζ_1 cos^2 ζ_2 [25]). This six-dimensional domain has one side of length π (corresponding to the range of τ ), three sides (for β, b and θ) of length π/2, one side (for ζ_1) of length cos^{−1} π/3 ≈ .955317 and one (for ζ_2) of length π/4. [25]. The two remaining (seventh and eighth) sides — associated with the Euler angles α and a, which we have noted are absent from the simplified transformed expressions for the g_{ij}’s [24] — are of length π. At each of the randomly selected points, we computed the products of the volume element (6) with the quantities (F, F )^2, (F^2, F^2), (trF^2, trF^2) — as well as (F^3, F^3)^{2/3} and (F^4, F^4)^{1/2}. (In these MATHEMATICA computations, we utilized the relation det(I + tF ) = ∑_n k=0 σ_kt^k, where σ_k are invariants of the local trivialization [11, eq. (12)], [46].) We multiplied the averages of each of the five products over the randomly chosen points by the full eight-dimensional Euclidean hyperrectangular volume, which is^{π7}_{32} cos^{−1 1√}_3 ≈ 90.1668. For 21,238 randomly generated points, our set of five results (exactly as computed, without any “rounding”) is presented in the first line of Table I.

field R M8 (F, F )^2 R M8 (F^2, F^2) R M8 (trF^2, trF^2) R M8 (F^3, F^3)^{2/3} R M8 (F^4, F^4)^{1/2} Bures metric .00174878 9.91872 · 10�^{14} .00174878 7.90173 · 10�^{22} 5.07518 · 10�^{29} anti-self-dual part 2.0692 1.5519 3.62111 1.41 1.09736 self-dual part 18.6228 7.75951 26.3823 5.15961 3.29208

TABLE I. Curvature invariants approximated by evaluating the integrands at 21,238 points randomly selected in the six-dimensional hyperrectangle of active parameters

We also, following Baulieu and Shatashvili [47, eqs. (3.4)-(3.6)] (cf. [10, p. 207], [48, eq. (2.9)]), decomposed the curvature two-form for the 8 × 8 Bures metric tensor into two Spin(7)-irreducible components, according to 28 = 21 ⊗ 7, which can be called self-dual and anti-self-dual respectively. We then evaluated the same curvature norms. The corresponding Monte-Carlo results for the same set of 21,238 randomly selected points are presented in the second and third lines of Table I. It clearly appears, then, that the Yang-Mills field for the Bures metric on the three-level quantum systems is neither “self-dual” nor “anti-self-dual” (cf. [49–53]).

Since all the five integrands used in Table I are nonnegative in nature, it appears that for the Yang-Mills/Bures field (corresponding to the first line of the table), (F^3, F^3) and (F^4, F^4), at least, are themselves zero. Also, we see that in in this same first line (but not the second and third), the integral of (F, F )^2equals that of (trF^2, trF^2). Here [11, eq. (21)]

trF^2 = −2 8∑ a=1 8∑ b>a F^2_{ab}. (15)

(For the octonionic SO(7) instanton two-form F , the four-form TrF ∧ F is neither self-dual nor anti-self-dual [54].) The 8 × 8 skew-symmetric matrices F_{ab} must have four pairs of imaginary eigenvalues of opposite sign. (“Strong selfduality or strong anti-self-duality can be characterized by requiring the equality of the absolute values of the [eight] eigenvalues” [11].) For the eight-dimensional Yang-Mills field F over the three-level quantum systems, our analyses indicate that one of these four pairs is always (0,0) — clearly indicative of some form of degeneracy. (Riemannian manifolds the skew-symmetric curvature operators of which have constant eigenvalues have been the subject of study [55], including the case of eight-dimensional manifolds [56].) This ensures that the determinant (the product of the eigenvalues), as well as the (F^4_{ab}, F^4_{ab})’s themselves, and thus (F^4, F^4), are zero. The apparent zero nature of (F^2, F^2) and (F^3, F^3) can not be directly explained in this manner, that is, by the zero nature of one pair of eigenvalues. (Let us point out here the possible relevance for our study, yielding a “small action”, of [57].)

B. Numerical integrations using regular lattices

As somewhat of a “cross-check” on the Monte-Carlo analyses reported above in Table I (motivated, in part, by some apparent instabilities in early, preliminary analyses), we also undertook numerical integrations by evaluating the various curvature quantities not at randomly selected points in the six-dimensional hyperrectangle, but at the nodes of regular lattices superimposed on this hyperrectangle. For a 2^6 = 64-point lattice (dividing each parameter range into two equal segments and taking the midpoints of each segment as coordinates), we found

field R M8 (F, F )^2 R M8 (F^2, F^2) R M8 (trF^2, trF^2) R M8 (F^3, F^3)^{2/3} R M8 (F^4, F^4)^{1/2} Bures metric .00109779 1.399 · 10�^{26} .00109779 4.297 · 10�^{36} 7.231 · 10�^{44} anti-self-dual part 1.77679 1.3326 3.10939 1.21074 .942287 self-dual part 15.9911 6.66298 22.6541 4.43048 2.82686 SD part minus ASD part 28.4287 21.3215 49.7502 19.3719 15.0766

TABLE II. Curvature invariants approximated by evaluating the integrands at the nodes of a 64-point lattice imposed upon the six-dimensional hyperrectangle of active parameters

A fourth line is included in Table II for the difference [47, eq. (3.4)]

†F = F^+ − F^−, (16)

of the self-dual (F^+) and anti-self-dual (F^−) fields, so

F^± = 1 2 (F ±^† F ). (17)

For a (finer) 3^6 = 729-point lattice, we obtained

field R M8 (F, F )^2 R M8 (F^2, F^2) R M8 (trF^2, trF^2) R M8 (F^3, F^3)^{2/3} R m8 (F^4, F^4)^{1/2} Bures metric .00029131 1.22054 · 10�^{26} .00029131 1.15258 · 10�^{35} 1.17924 · 10�^{42} anti-self-dual part 2.11051 1.58288 3.69339 1.43814 1.11927 self-dual part 18.9946 7.9144 26.909 5.2626 3.3578

TABLE III. Curvature invariants approximated by evaluating the integrands at the nodes of a 729-point lattice imposed upon the six-dimensional hyperrectangle of active parameters

Additionally, for a 4^6 = 4096-point lattice, we computed

field R M8 (F, F )^2 R M8 (F^2, F^2) R M8 (trF^2, trF^2) R M8 (F^3, F^3)^{2/3} R M8 (F^4, F^4)^{1/2} Bures metric .000824594 5.54578 · 10�^{26} .000824594 3.95448 · 10�^{36} 9.09798 · 10�^{43} anti-self-dual part 2.08472 1.56354 3.64827 1.42057 1.10559 self-dual part 18.7625 7.81771 26.5802 5.19831 3.31677

TABLE IV. Curvature invariants approximated by evaluating the integrands at the nodes of a 4096-point lattice imposed upon the six-dimensional hyperrectangle of active parameters

We see that the results here, in their overall aspects, are supportive of our much more extensive (and thus we are inclined to believe more accurate) Monte-Carlo analysis in Table I — to which we are in the process of adding still more randomly selected points. (It might be noted that none of our tabulated results — for the anti-self-dual and self-dual components — when divided by π^n , for n = 4 or other small integers, gives indications of being integral in nature [58, eq. (7)]. Also, there might seem to be a question of whether our tabulated results should be “corrected” by a factor of 3! = 6, that is the number of ways of permuting the rows and columns of a 3 × 3 density matrix, but doing so would lead to density matrices that are simply permutations of one another being represented by distinct points in the manifold [25], [30, sec. III.B].)

C. Computation of Yang-Mills action functionals

For a G-bundle E− > X, with connections A, the Yang-Mills functional can be expressed in the eight-dimensional case as [48, eq. (2.4)]

S_{Y M} [A] = 1 2g^2 ∫ X d^8x √ gTrF_{μν}F^{μν} ≡ 1 2g^2 ||F ||^2, (18) where^1_{g2} represents the coupling constant of the gauge fields. For the Yang-Mills gauge field defining the Bures metric [9], based on 14,151 randomly chosen points in the six-dimensional hyperrectangle of active parameters, we obtained a value of .0145485 for ||F ||^2. For ||F^−||^2, the comparable value was much larger, that is 5.33255 · 10^6, and almost identical but slightly larger, that is 5.33268 · 10^6, for ||F^+||^2. “It can be shown that any self-dual 2- form defined by the above criteria [for self-duality in dimensions greater than 4] satisfies the Yang-Mills equations. However, the corresponding Yang-Mills action need not be extremal” [46, p. 4804]. “. . . it is no longer true that a configuration satisfying our duality equation [in arbitrary even dimensions] automatically corresponds to a minimum of the [Yang-Mills] action” [59, sec. 2.4].

Also Gao and Tian assert [48, eq. (2.5)]

S_{Y M} [A] = 1 g^2(B + √ B^2 + 8A) (2 ∫ X Ω ∧ Tr(F ∧ F ) + √ B^2 + 8A||F^+||^2), (19)

where [48, eq. (2.8)] A = 6, B = −4 and the four-form Ω is a “bispinor” [48, eq. (2.7)]. They state that “the Yang-Mills action can be written as a non-negative term proportional to ||F^+||^2, plus a topological invariant. Clearly, such an action will reach its minimal values at F^+ = 0” [48, p. 3] (cf. [49–53]).

In an exchange with Y. H. Gao on this matter, he has written: “Tentatively, the puzzle you mentioned (i. e. the Yang-Mills functional for the (anti) self-dual field is larger than for the full field) could stem from the problem of constructing a topological term using numerical methods. In the analytic world the difference between ||F ||^2 and 4||F_+||^2 is ’topological’ in the sense that its variation with respect to the connection vanishes. So, locally a minimum of ||F_+||^2 is also a minimum of the original Yang-Mills action, and ||F ||^2 should be larger than ||F_−||^2 provided F and F_− belong to the same ’topological class’ (namely the topological term has the same value). In numerical computations, however, manifestation of topological invariance for an integral might not be as easy as in the analytic world. It could be the case that when F is changed into F_−, the value of the “topological term” is also changed. In that case the argument in the analytic consideration would be no longer valid. Thus a naive suggestion is that during comparison between ||F ||^2 and ||F_−||^2 numerically, one should also monitor possible changes in the topological term, to rule out the possibility that F and F_− are not really in the same topological class.”

So, it appears that it would be of interest in this matter to, in addition to our other computations, attempt to numerically approximate the term ∫ X Ω ∧ Tr(F ∧ F ), (20)

in (19) by itself, as well as with F replaced in it by F_+ as well as F_−.

D. Monopole equations with Spin(7)-holonomy

Motivated by the Seiberg-Witten equations [60], Bilge et al formulated eight-dimensional monopole equations as follows [61, eq. (24)]:

D_A(Ψ) = 0, ρ^+(F^+_A ) = (ΨΨ^∗)^+. (21)

Here (in the notation of [61]) (ΨΨ^∗)^+ is the orthogonal projection of ΨΨ^∗ onto the spinor subbundle spanned by ρ^+(f_i), i = 2 . . . 7. We numerically solved the second set of equations (21) for the components of the spinor [16, eqs. (3a.57), (3f.102), (3f.103)] (cf. [61, p. 30]) Ψ = 1 2 (e_1 + e_4i, e_2 + e_5i, e_3 + e_6i, e_0 + e_7i, e_1 − e_4i, e_2 − e_5i, e_3 − e_6i, e_0 − e_7i), (22)

. Only for what we have termed the “anti-self-dual” component (F^−) did we obtain solutions, which always came in one of two forms. The first was e_2 =^ui_{e4} , with u equal to a real constant, and the other six e’s all set to zero, while the second solution was e_0 = e_3 = e_6 = e_7 = 0,

e_1 = uie_5 e^2_4 + e^2_5

, e_2 = uie_4 e^2_4 + e^2_5

, (23)

where u is the same as in the first solution.

It remains for us to attempt to solve the first of the two sets of equations in (21), that is the Dirac equation, together with the Coulomb gauge condition.

III. DISCUSSION

What we have considered to be the “anti-self-dual” part (F^−) of the Yang-Mills field over the eight-dimensional convex set of three-level quantum systems satisfies the “set b” of twenty-one equations in [12],

F_{12} − F_{34} = 0; F_{12} − F_{56} = 0; F_{12} − F_{78} = 0; F_{13} + F_{24} = 0; F_{13} − F_{57} = 0; F_{13} + F_{68} = 0 (24)

F_{14} − F_{23} = 0; F_{14} + F_{67} = 0; F_{14} + F_{58} = 0; F_{15} + F_{26} = 0; F_{15} + F_{37} = 0; F_{15} − F_{48} = 0

F_{16} − F_{25} = 0; F_{16} − F_{38} = 0; F_{16} − F_{47} = 0; F_{17} + F_{28} = 0; F_{17} − F_{35} = 0; F_{17} + F_{46} = 0

F_{18} − F_{27} = 0; F_{18} + F_{36} = 0; F_{18} + F_{45} = 0

that is, to the negative eigenvalue, -3, of a fourth rank tensor invariant under SO(7). (A skew-symmetric matrix satisfying the set (24) must have all its [imaginary] eigenvalues equal in absolute value [11].)

The “self-dual” part (F^+) of the Yang-Mills/Bures field satisfies the “set a” of seven equations [12],

F_{12} + F_{34} + F_{56} + F_{78} = 0; F_{13} − F_{24} + F_{57} − F_{68} = 0; F_{14} + F_{23} − F_{67} − F_{58} = 0; F_{15} − F_{26} − F_{37} + F_{48} = 0

(25)

F_{16} + F_{25} + F_{38} + F_{47} = 0; F_{17} − F_{28} + F_{35} − F_{46} = 0; F_{18} + F_{27} − F_{36} − F_{45} = 0

that is to the positive eigenvalue 1.

“The solutions of set a and set b can be viewed as analogues of self-dual 2-forms in four dimensions from different aspects. The strongly self-dual 2-forms, hence the solutions of set b saturate various topological lower bounds . . . , but they form an overdetermined system . . . we show that the solutions of set b for an N -dimensional gauge group, depend exactly on N arbitrary constants, provided that the system is consistent. Thus the set b lacks the rich structure of the self-duality equations in four dimensions. On the other hand, the solutions of set a do not saturate the topological bounds . . . but these equations form an elliptic system under the Coulomb gauge condition” [12].

“In fact, one often finds in the literature that [our] equations (25) and (24) are referred to as the self-duality and anti-self-duality equations respectively. This nomenclature suggests a symmetry between these equations which is not present in the octonionic case since, for example, the spaces have different dimension. In our opinion, self-duality and anti-self-duality correspond to which way the division algebra A acts: if on the left or on the right, and are hence related by a change of orientation on the manifold. Although there has been some work in the literature concerning equation (24), we believe this equation is not as fundamental as (25). This can also be seen not just in the results of the present paper but also, for example in [62], where it is shown that supersymmetry singles out equation (25)” [63]. (In our examination of various papers, it even appears that what one author calls the “self-dual” part, another author may call the “anti-self-dual” part — for example, [10,48].)

Of obvious research interest would be companion studies to that (eight-dimensional one) here of the Bures metric on various four-dimensional convex sets of density matrices — such as those examined in [7,64]. In line with this we have sought to calculate the Yang-Mills functionals, as in sec. II C, for the four-dimensional convex set of 3 × 3 density matrices studied in [64] endowed with the Bures metric

ρ = 1 2 v + z 0 x − iy 0 2 − 2v 0 x + iy 0 v − z (26)

The Yang-Mills functionals for the original and self-dual and anti-self-dual fields turn out to be infinite in this case, though.

In the context of D-dimensional Euclidean gravity, Acharya and O’Loughlin have defined a generalization of the self-dual Yang-Mills equations as duality conditions on the curvature two-form R of a Riemannian manifold [21]. For D = 8, solutions to these self-duality equations are provided by manifolds of Spin(7) holonomy [65–67], which are necessarily Ricci-flat. The holonomy group is then 21-dimensional. Acharya and O’Loughlin replaced the field strengths in the self-dual Yang-Mills equation F_{μν} = 1 2 ϕ_{μνλρ}F_{λρ} (27) by the components R_{ab} of the curvature two-form (as we have above).

Using the technique of embedding the spin connection in the gauge connection (cf. [68, sec. 10.5]), they construct a self-dual gauge field directly from the self-dual metric. They let “G_{ab} be the generators of one of SU (2), SU (3), G_2 or Spin(7). The ansatz for the gauge field is A = γG_{ab}ω_{ab}. The form index of A comes from the form index of ω while the Lie algebra structure of A comes from that of G. One sees then that

F = dA + A ∧ A (28) = γG_{ab}dω_{ab} + κγ^2G_{ab}ω_{ac} ∧ ω_{cb} (29) where κ is a constant that depends upon the group generated by G_{ab}. In each case it is trivial to solve for γ giving F = γG_{ab}R_{ab}. Duality of F follows from that of R and the symmetry of R_{μνλρ} between the first pair and second pair of indices” [21]. We shall attempt to follow this prescription in our continuing research on the topic of this paper.

The duality operator, ϕ_{abcd} for D = 8, is the unique Spin(7)-invariant four-index antisymmetric tensor which is Hodge self-dual. Proposition 10.6.7 of [67] relates the first Pontryagin class of a manifold M with a Spin-(7) structure (Ω, g) to the integral over M of |R|^2, where R is the Riemann curvature of g. Also, if (M, Ω, g) is a compact Spin(7)- mainfold, then g has holonomy Spin(7) if and only if M is simply connected and the Betti numbers of M satisfy b^3 + b^4_+ = b^2 + 2b^4_− + 25 [67, Thm. 10.6.8].

It has been known for some time that the Bures metric on the two-level quantum systems is isometric to the standard metric on the three-sphere [4,69]. “The Bures metric for a two-dimensional system corresponds to the surface of a unit four-ball, i. e., to the maximally symmetric three-dimensional space of positive curvature (and may be recognized as the spatial part of the Robertson-Walker metric in general relativity). This space is homogeneous and isotropic, and hence the Bures metric does not distinguish a preferred location or direction in the space of density operators. Indeed, as well as rotational symmetry in Bloch co-ordinates (corresponding to unitary invariance), the metric has a further set of symmetries generated by the infinitesimal transformations

r → r + ϵ(1 − r2 )1^/2 r (30)

(where r is an arbitrary three-vector)” [29, p. 128], r being the radial distance — the length of r — in the Bloch sphere of two-level systems (from the fully mixed state, r = 0). Petz and Súdar observe that “in the case of the [Bures] metric, the tangential component is independent of r” [1, p. 2667].

Contrastingly, Dittmann [31] established that the Bures metric on the three-level quantum systems is not a space of constant curvature nor even locally symmetric. (Neither, is the Einstein-Yang-Mills equation fulfilled with a certain cosmological constant [9], as it is for the two-level quantum systems [70].) Nevertheless, we have obtained in Tables

I-IV, strong indications that the curvature (known to satisfy the Yang-Mills equation [9]) of the Bures metric on the three-level quantum systems is quite flat in character. (“quantum information manifolds are equipped with two natural flat connections: the mixture connection, obtained from the linear structure of trace class operators themselves, and the exponential connection, obtained when combinations of states are performed by adding their logarithms...the Bogoliubov-Kubo-Mori metric is, up to a factor, the unique monotone Riemannian metric with respect to which the exponential and mixture connections are dual [36].)

Due to the relative complexity (high leaf count) of our current formulas for the entries of the 8 × 8 Bures metric tensor and its inverse, we have had to have recourse here, by and large, to numerical calculations in order to gain insights into the nature of the associated Yang-Mills field. If further progress in simplifying these entries can be achieved, it may be possible to proceed further with more highly desirable exact symbolic computations.

ACKNOWLEDGMENTS

I would like to express appreciation to the Institute for Theoretical Physics for computational support in this research, as well as to A. Uhlmann, A. Bilge, R. Montgomery, D. V. Alekseevskij, Yi-hong Gao, D. Eardley and D. Holz for various helpful communications.

[1] Petz, D. and Sudár, C.: Geometries of quantum states. J. Math. Phys. 37, 2662-2673 (1996). [2] Lesniewski, A. and Ruskai, M. B.: Monotone Riemannian metrics and relative entropy on noncommutative probability spaces. J. Math. Phys. 40, 5702-5724 (1999).

[3] Uhlmann. A.: Density operators as an arena for differential geometry. Rep. Math. Phys. 33, 253-263 (1993). [4] Hübner, M.: Explicit computation of the Bures distance for density matrices. Phys. Lett. A 163, 239-242 (1992). [5] Hübner, M.: Computation of Uhlmann’s parallel transport for density matrices and the Bures metric on three-dimensional Hilbert space. Phys. Lett. A 179, 226-230 (1993).

[6] Braunstein, S. L., Caves, C. M.: Statistical distance and the geometry of quantum states. Phys. Rev. Lett. 72, 3439-3443 (1994).

[7] Slater, P. B.: Exact Bures probabilities that two quantum bits are classically correlated. Euro. Phys. J. 17, 471-480 (2000). [8] Sjöqvist, E, Pati, A. K., Ekert, A., Anandan, J. S. et al: Geometric phases for mixed states in interferometry. Phys. Rev.

Lett. 85, 2845-2849 (2000).

[9] Dittmann, J.: Yang-Mills equation and Bures metric. Lett. Math. Phys. 46, 281-287 (1998). [10] Tian, G.: Gauge theory and calibrated geometry, I. Ann. Math. 151, 193-268 (2000).

[11] Bilge, A. H., Dereli, T., Koçak, Ş.: Self-dual Yang-Mills fields in eight dimensions. Lett. Math. Phys. 36, 301-309 (1996). [12] Bilge, A. H.: Solution and ellipticity properties of the self-duality equations of Corrigan et al in eight dimensions. Intl. J.

Theor. Phys. 35, 2507-2515 (1996).

[13] Tchrakian, D. H.: N-dimensional instantons and monopoles. J. Math. Phys. 21, 166-169 (1980). [14] Corrigan, E., Devchand, C., Fairlie, D. B., Nuyts, J.: First-order equations for gauge fields in spaces of dimension greater than four. Nucl. Phys. B 214, 452-464 (1983).

[15] Grossman, B., Kephart, T. W., Stasheff, J. D.: Solutions to Yang-Mills equations in eight dimensions and the last Hopf map. Commun. Math. Phys. 96, 431-437 (1984).

[16] Gúrsey, F., Tze, C.-H.: On the role of division, Jordan and related algebras in particle physics. Singapore: World Scientific, 1996.

[17] Chandia, O., Zanelli, J.: Topological invariants, instantons, and the chiral anomaly on spaces with torsion. Phys. Rev. D 55, 7580-7585 (1997).

[18] Kim, J.: ‘8-dimensional Einstein-Thorpe manifolds. J. Austral. Math. Soc. A 68, 278-294 (2000). [19] O’Raifeartaigh, L.: The dawning of gauge theory. Princeton: Princeton University Press, 1997. [20] Bilge, A. H.: Self-duality in dimensions 2n > 4: Equivalence of various definitions and an upper bound for p2, quantph/9604002.

[21] Acharya, B. S., O’Loughlin, M.: Self-duality in D ≤ 8-dimensional Euclidean gravity. Phys. Rev. D 55, R4521-4524 (1997). [22] Kozameh, C., Newman, E. T.: The O(3, 1) Yang-Mills equations and the Einstein equations. Gen. Rel. Gravit. 23, 87-98 (1991).

[23] Bloore, F. J.: Geometrical description of the convex sets of states for systems with spin-1/2 and spin-1. J. Phys. A 9, 2059-2067 (1976).

[24] Slater, P. B.: Bures geometry of the three-level quantum systems, quant-ph/0008069 (2000) (to appear in J. Geom. Phys.).

[25] Byrd, M., Slater, P. B.: Bures measures over the spaces of two and three-dimensional density matrices. quant-ph/0004055 (2000) (to appear in Phys. Lett. A).

[26] Boya, L. J., Byrd, M., Mims, M. and Sudarshan, E. C. G.: Density matrices and geometric phases for n-state systems.

quant-ph/9810084 (1998).

[27] Twamley, J.: Bures and statistical distance for squeezed thermal states. J. Phys. A 29, 3723-3731 (1996). [28] Hasegawa, H.: Exponential and mixture families in quantum statistics: dual structure and unbiased parameter estimation.

Rep. Math. Phys. 39, 49-68 (1997).

[29] Hall, M. J. W.: Random quantum correlations and density operator distributions. Phys. Lett. A 242, 123-129 (1998). [30] Slater, P. B.: Hall normalization constants for the Bures volumes of the n-state quantum systems. J. Phys. A 32, 8231-8246 (1999).

[31] Dittmann, J.: On the Riemannian geometry of finite-dimensional mixed states. Sem. Sophus Lie 3, 73-87 (1993). [32] Dittmann, J.: The scalar curvature of the Bures metric on the space of density matrices. J. Geom. Phys. 31, 16-24 (1999). [33] Dittmann, J.: On the curvature of monotone metrics and a conjecture concerning the Kubo-Mori metric. Lin. Alg. Applics.

315, 83-112 (2000).

[34] Tanno, S.: Euler-Poincaré characteristic of eight-dimensional locally symmetric spaces. Kyushu J. Math. 49, 321-330 (1995).

[35] Michor, P. W., Petz, D., Andai, A.: On the curvature of a certain Riemannian space of matrices. Vienna: Schrödinger Institute, 1999.

[36] Grasselli, M. R. and Streater, R. F.: On the uniqueness of the Chentsov metric in quantum information geometry. mathph/0006030 (2000).

[37] Alekseevskij, D. V.: Yang-Mills fields. In Hazewinkel, M. (ed.) Encyclopaedia of mathematics. Dordrecht: D. Reidel, 1988, vol. 9, p. 515.

[38] Alekseevskij, D. V., Vinogradov, A. M., Lychagin, V. V.: Basic ideas and concepts of differential geometry. Berlin: Springer, 1991, p. 166.

[39] Chaohao, G.: On classical Yang-Mills fields. Phys. Rep. 80, 251-337 (1981). [40] Weinberg, S.: Gravitation and cosmology. New York: Wiley, 1972.

[41] Kobayashi, S., Nomizu, K.: Foundations of differential geometry. New York: Interscience, 1963. [42] Choquet-Bruhat, Y., DeWitt-Morette, C., Dillard-Bleick, M.: Analysis, manifolds and physics. Amsterdam: North- Holland, 1987, p. 396.

[43] Halton, J. H.: A retrospective and prospective survey of the Monte Carlo method. SIAM Rev. 12, 1-63 (1970). [44] James, F.: Monte Carlo theory and practice. Rep. Prog. Phys. 43, 1145-1189 (1980). [45] Krommer, A. R. and Überhuber, C. W.: Computational integration. Philadelphis: SIAM, 1998. [46] Bilge, A. H., Dereli, T., Koçak, Ş.: The geometry of self-dual two-forms. J. Math. Phys. 38, 4804-4814 (1997). [47] Baulieu, L., Shatashvili, S. L.: Duality from topological symmetry. J. High Energy Phys. 3, paper 11 (1999). [48] Gao, Y. H., Tian, G.: Instantons and the monopole-like equations in eight dimensions. J. High. Energ. Phys. 05, 036 (2000).

[49] Sibner, L. M., Sibner, R. J., Uhlenbeck, K.: Solutions to Yang-Mills equations that are not self-dual. Proc. Natl. Acad.

Sci. U.S.A. 86, 8610-8613 (1989).

[50] Wang, H.-Y.: The existence of nonminimal solutions to the Yang-Mills equation with group SU(2) on S^2 ×S^2 and S^1 ×S^3.

J. Diff. Geom. 34, 701-767 (1991).

[51] Sadun, L., Segert, J.: Nonself-dual Yang-Mills connections with quadrupole symmetry. Commun. Math. Phys. 145, 363-391 (1992).

[52] Bor, G.: Yang-Mills fields which are not self-dual. Commun. Math. Phys. 145, 393-410 (1992). [53] Burzlaff, J., Tchrakian, D. H.: Non-self-dual solutions of gauge field models in 2n dimensions. J. Phys. A 26, L1053-1060 (1993).

[54] Duff, M. J., Evans, M. J., Khuri, R. R., Lu, J. X., Minasian, R.: The octonionic membrane. Phys. Lett. B 412, 281-287 (1997).

[55] Gilkey, P. B., Leahy, J. V., Sadofsky, H.: Riemannian manifolds whose skew-symmetric curvature operator has constant eigenvalues. Indiana Univ. Math. J. 48, 615-634 (1999).

[56] Gilkey, P. B., Riemannian manifolds whose skew-symmetric curvature operator has constant eigenvalues. II. In Differential geometry and applications. Brno: Masaryk Univ., 1998, pp. 73-87.

[57] Yunmei, C., Chun-Li, S.: Monotonicity formula and small action regularity for Yang-Mills flows in higher dimensions.

Calc. Var. Partial Differential Equations 2, 389-403 (1994).

[58] Chandia, O., Zanelli, J.: Torsional toplogical invariants (and their relevance to real life). In Trends in theoretical physics.

New York: American Institute of Physics, 1998, pp. 251-264.

[59] Bais, F. A., Batenburg, P.: Fermion dynamics in the Kaluza-Klein monopole geometry. Nucl. Phys. B 245, 469-480 (1984). [60] Seiberg, N., Witten, E.: Electric-magnetic duality, monopole condensation, and confinement in supersymmetric Yang-Mills theory. Nucl. Phys. B 426, 19-52 (1994).

[61] Bilge, A. H., Dereli, T., Koçak, Ş.: Monopole equations on 8-manifolds with Spin(7)-holonomy. Commun. Math. Phys.

203, 21-30 (1999).

[62] Acharya, B. S., Figueroa-O’Farrill, J. M., Spence, B., O’Loughlin, M.: Euclidean D-branes and higher-dimensional gauge theory. Nucl. Phys. B 23, 583-602 (1998).

[63] Figueroa-O’Farrill, J. M.: Gauge theory and the division algebras. J. Geom. Phys., 32, 227-240 (1999). [64] Slater, P. B.: Quantum Fisher-Bures information of two-level systems and a three-level extension. J. Phys. A 29, L271-275 (1996).

[65] Joyce, D. D.: Compact 8-manifolds with holonomy Spin(7). Invent. Math. 123, 507-552.

[66] Joyce, D. D.: A new construction of compact 8-manifolds with holonomy Spin(7). J. Differential. Geom. 53, 89-130 (1999). [67] Joyce, D. D.: Compact manifolds with special holonomy. Oxford: Oxford University Press, 2000. [68] Kaku, M.: Introduction to superstrings and M-theory. New York: Springer, 1998.

[69] Braunstein, S. L., Milburn, G. J.: Dynamics of statistical distance: quantum limits for two-level clocks. Phys. Rev. A 51, 1820-1826 (1995).

[70] Rudolph, G., Tok, T.: A certain class of Einstein-Yang-Mills-systems. Rep. Math. Phys. 39, 433-446 (1997).