arXiv:math-ph/0103003 5 Mar 2001

Fuzzy Line Bundles, Chern Classes and Topological Charges over the Fuzzy Sphere

Harald Grosse^∗ and Christian W. Rupp^†

Institut für Theoretische Physik, Universität Wien, Boltzmanng. 5, A–1090 Wien, Austria, Institut für Theoretische Physik, Universität Leipzig Augustusplatz 10–11, D–04109 Leipzig, Germany

Abstract

We construct certain projective modules over the fuzzy sphere and calculate their topological charges (Chern numbers). These turn out to have corrections—compared to the commutative limit—induced by the noncommutative structure of the three coordinates.

1 Introduction and Overview

Classical gauge field theories exhibit interesting features connected with the geometry and topology of nontrivial fiber bundles (over space or space–time). Examples are monopole and instanton solutions. In noncommutative geometry the situation is similar since the algebraic aspect of nontriviality is nothing but the projectivity of certain algebra modules. For the fuzzy sphere this case has first been analyzed by one of us (HG) et. al. in [1] (see also [2]), leading to scalar and spinor field configurations in monopole backgrounds. A different approach using spectral triples and their Dirac operators has been used in [3] and [4]. Recently [5] there have been attempts to calculate Chern numbers applying a noncommutative version of the projectors for the 2-sphere used in [6] and [7]. In our present analysis we use this setup with different projection operators (related to those in [4], but in contrast without Dirac operator based differential calculus) to show that the Chern classes obtained in this way give rise to non-integer (fuzzy) topological charges, becoming integers in the commutative limit.

�E-mail: grosse@thp.univie.ac.at yE-mail: cwrupp@itp.uni-leipzig.de

In section 2 we briefly review Chern classes on projective modules over algebras equipped with a differential calculus, primarily to settle notation. Further information can be found e.g. in [8], [9] and [10]. Then in section 3 we re-derive the complex line bundles over the 2-sphere, which will be generalized in section 4 to the fuzzy sphere, resulting in fuzzy line bundles, their Chern classes and Chern numbers. Section 5 gives a short summary.

2 Chern Classes of Projective Modules

The Serre–Swan theorem [11] leads to a complete equivalence (cf. [12]) between the category of continuous vector bundles over compact manifolds M and finitely generated projective modules over unital commutative C^⋆-algebras A. The algebra A corresponds via the Gelfand isomorphism to the continuous functions over M. This circumstance can be generalized to the smooth case [10]. In noncommutative geometry one proceeds by defining vector bundles as finitely generated projective—left, right, bi—modules over some noncommutative algebra. Now let A be a complex unital not necessarily commutative C^⋆-algebra and denote A⊗C^n by A^n. Then any projector (selfadjoint idempotent) p ∈ M_n(A), the n×n-matrices with coefficients in A, defines a (finitely generated) projective right A-module E = pA^n. Elements ψ of E can be viewed as ψ ∈ A^n with pψ = ψ. If A is further endowed with a differential calculus (Ω^∗(A), d), the Grassmann connection ∇ : E → E ⊗_A Ω^1(A) of E is defined by ∇ = p ∘ d. It satisfies ∇(ψf) = (∇ψ)f + ψ ⊗_A df for all f ∈ A, ψ ∈ E. After extending ∇ to E ⊗_A Ω^1(A) one can define the A-linear map

∇^2 : E → E ⊗_A Ω^2(A), (1)

called the curvature of ∇. Evaluating ∇^2 one finds ∇^2 = p(dp)(dp), whereupon if we write (p_{ij} ) = p ∈ M_n(A), (dp) is the n × n-matrix with coefficients dp_{ij} and the entries of p(dp)(dp) are p_{il}dp_{lk} ∧ dp_{kj} . The curvature can be viewed as ∇^2 ∈ End_A(E) ⊗_A Ω^2(A), where End_A(E) denotes the left A–module of endomorphisms of E, i.e. A–linear mappings from E to E. The trace Tr_E : End_A(E) → A mod^1 [A, A], η → Tr_E (η) of a module endomorphism η can be evaluated as the matrix trace Tr of End_A(A^n) of the free module A^n with some attention. However all our equations are formulated in a manner to avoid possible pitfalls. Now we are prepared to define F := Tr p(dp)(dp) ∈ Ω^2(A), (2)

which is a cocycle. To see this, notice that

p(dp)p = p(d(p^2))p = 2p(dp)p = 0 implies (dp)(dp)p = p(dp)(dp) (3)

1This is the quotient of C {vector spaces, in particular is [A, A] the C {vector space generated by elements of the form ab − ba.

and therefore dF = Tr (dp)(dp)(dp) = 0 (4) after a short manipulation using (3) and the cyclicity of the trace. So F defines a cohomology class [F ] ∈ H^2(A), called the first Chern class, more generally the q-th Chern class (Chern form) of E is defined by

Ch_q(p) := 1 q! Tr p(dp)^{2q} ,

which provides an equivalence class in H^{2q}(A). Ch_0(p) = Tr p simply gives the rank of the module. In the case of the 2-sphere and the fuzzy sphere the highest non-vanishing Chern forms are Ch_1 with the property

Ch_1(E_1 ⊗_A E_2) = ∑ i+j=1 Ch_i(E_1)Ch_j (E_2) (5)

on tensor products of modules (line bundles of higher topological charge in our case).

3 Line Bundles over the 2-Sphere

In this section we give an instant derivation of all inequivalent complex line bundles over S^2. This will do half of the work for the fuzzy sphere. Define the 2-sphere by

(x_1, x_2, x_3) ∈ R^3 with (x_1)^2 + (x_2)^2 + (x_3)^2 = 1

and denote by A = C^∞(S^2) the commutative C -algebra of smooth functions on it. The Bott projector p = p^2 = p^† is p = 1 2 (1 + σ_ax_a) ∈ M_2(A), (6)

a 2 × 2-matrix with coefficients in A, where σ_a are the three Pauli matrices. p defines a line bundle—note that Tr p = 1—over S^2 through the right A-module of smooth sections E = pA^2. The first Chern form F ∈ Ω^2(S^2) of E is given by F = Tr p(dp)(dp) = 1 8 Tr (1 + σ_ax_a)(σ_bdx_b)(σ_cdx_c) = 1 8 Tr (σ_bσ_c + σ_ax_aσ_bσ_c)dx_b ∧dx_c.

Using σ_bσ_c = δ_{bc} +iϵ_{bcd}σ_d and the tracelessness of the Pauli matrices this expression can be seen to be equal to F = 1 4 iϵ_{abc}x_adx_b ∧dx_c. (7)

Since^1_2 ϵ_{abc}x_adx_b ∧dx_c = sin θdθ∧dϕ it holds that ∫ S2 1 8π ϵ_{abc}x_adx_b ∧dx_c = 1, and therefore the first Chern number (topological charge) c_1(p) of the bundle E is found to be c_1(p) = 1 2πi ∫ S2 F = 1. (8)

Notice that c_1(p^t) = −1. Bundles of higher topological charge can be constructed through the tensor product E_{(k)} := E ⊗_A · · · ⊗_A E. In fact E_{(k)} = p_k(A)^2 k , where p_k := p ⊗ · · · ⊗ p ∈ M_2k(A) is again a projector with Tr p_k = 1, i.e. the bundles are complex line bundles, rank_C E_{(k)} = 1. Now dp_k = k∑ i=1 p ⊗ · · · ⊗ dp ⊗ · · · ⊗ p, where dp appears once at the i-th position. With help of the relations (3) and Tr (a ⊗ b) = Tr a Tr a we get for the Chern forms of E_{(k)}

F_k = Tr p_k (dp_k )(dp_k ) = kTr p(dp)(dp), (9)

i.e. simply k times the Chern form of charge one, and consequently for the associated topological charges

c_1(p_k) = 1 2πi ∫ S2 F_k = k. (10)

The transposed projectors provide the negative Chern numbers c_1(p^t_k ) = −k.

4 Fuzzy Line Bundles

The fuzzy sphere [13], [14] is defined by the relations [X_a, X_b] = iκϵ_{abc}X_c, 3∑ a=1 (X_a)^2 = 1, (11)

where {X_a}^3_{a=1} generate the irreducible spin j representation of su(2) and κ is not a continuous parameter but restricted to κ = 1 √ j(j + 1)

. (12)

The associative C -algebra generated by the X_a’s is M_N (C ) =: A_N , the algebra of N ×N-matrices with N = 2j + 1. The differential calculus on A_N to make it the fuzzy sphere is derivation based: One chooses the three derivations defined by e_a := (1/κ) ad X_a, satisfying [e_a, e_b] = iϵ_{abc}e_c, as analogue of the set of vector fields on the 2-sphere. One-forms df for f ∈ A_N are given through

df(u) = u(f), where u = u^ae_a,

and u^a ∈ C . Particularly dX_a(u) = u(X_a). One can choose a basis θ^a of Ω^1(A_N ) completely determined by θ^a(e_b) = δ^a_b such that df = e_a(f)θ^a.

4.1 Lowest Topological Charges

To proceed analogously to the commutative case we define p ∈ M_2(A_N ) through

p := α + β σ_a ⊗ X_a, (13)

with α, β ∈ R. Then p is a projector if and only if β = ± 1 √ 4 + κ^2 and α = 1 + βκ 2 . (14)

Accordingly—with this choice for α and β—p defines a projective module E = pA^2_N . Note that Tr p = 1 + βκ = 1 ± 1 N , which is unequal 1 as long as κ ≠ 0. We shall refer therefore to this noncommutative “line” bundles as fuzzy line bundles, their “fiber dimension” deviating slightly^2 from 1. The first Chern form of E is given by

F = Tr p(dp)(dp) = Tr β^2(α + β σ_a ⊗ X_a)(σ_b ⊗ dX_b)(σ_c ⊗ dX_c).

A calculation very similar to the commutative case plus taking into account the commutator of the coordinates leads to

F = ± iϵ_{abc}X_adX_b ∧dX_c 4(1 + (κ/2)^2)^{3/2}

. (15)

Now for f ∈ A_N and

ω := ϵ_{abc}X_adX_b ∧dX_c 8π ∈ Ω^2(A_N )

define the integral trough ∫_⋆ fω = Tr_N f, where Tr_N (·) = 1 N Tr (·), (16)

2We prefer to think of the noncommutativity as κ ≪ 1.

with ∫_⋆ ω = 1. The 2-form ω is our noncommutative volume form, in the commutative limit it converges to the normalized volume form on S^2. Consequently the first Chern number of the fuzzy line bundle E is given by

c_1(p) = 1 2πi ∫_⋆ F, and one finds Q ≡ c_1(p) = ± 1 [1 + (κ/2)^2]^{3/2}

(17)

for the topological charge Q. Expressed up to order κ^2 we have Q ≃ ± ( 1 − 3 8 κ^2 ) , in the commutative limit κ → 0 the topological charge is ±1.

4.2 Higher Charges

For k ≥ 2 define analogously p_k = p ⊗ · · · ⊗ p ∈ M_2k(A_N ), obviously then p_k^2 = p_k = p_k^†. Note, however, that Tr p_k = (2α)^k = (1 + βκ)^k, so the deviation from being a line bundle increases with k. The first Chern form of the projective module E_{(k)} := E ⊗_AN · · · ⊗_AN E = p_k (A_N )^2 k defined by p_k is F_k = Tr p_k(dp_k )(dp_k ), (18) the trace is understood in M_2k. Using again Tr (a ⊗ b) = Tr a Tr b and relations (3), it can be seen straight forwardly that F_k = k(2α)^{k−1}Tr p(dp)(dp) = k(2α)^{k−1}F. (19) Since α →^1_2 for κ → 0, we immediately recover for the topological charge ±k in the commutative limit. For the noncommutative case we evaluate

c_1(p_k) = 1 2πi ∫_⋆ F_k

and obtain

Q ≡ c_1(p_k ) = ±k ( 1 ± κ/2 √ 1 + (κ/2)^2 )_{k−1} ( 1 + (κ 2 )_2)−3/2 (20)

for the Chern numbers of the bundles E_{(k)}. Expanding again up to order κ^2 one finds Q ≃ ±k ( 1 ± k − 1 2 κ + (k − 1)(k − 2) − 3 8 κ^2 ) . (21)

One can explicitly check that F_k is a cocycle: Applying d to ϵ_{abc}X_adX_b∧dX_c gives 0 after a straightforward calculation, i.e. dF_k = 0. It is also clear that relations (5) for first Chern classes of tensor products are satisfied.

5 Conclusion

Using projection operators p_k to define fuzzy line bundles E_{(k)} over the fuzzy sphere and introducing the appropriate notion of integration, we obtain the corresponding first Chern forms F_k and calculate their Chern numbers c_1(p_k). In contrast to the commutative case these turn out to be non-integer, the “corrections” depending on the parameter κ of noncommutativity of the fuzzy sphere. For κ → 0 the well known topological charges of the complex line bundles over the 2-sphere are recovered.

6 Acknowledgements

HG wants to thank the Center for Advanced Studies (ZHS) and the Institute for Theoretical Physics, Leipzig University, for the Leibniz–Professorship 2000/2001. Both authors want to thank A. Strohmaier for fruitful discussions and CWR thanks S. Kolb for helpful remarks. This work was partly supported by the “Deutsche Forschungsgemeinschaft” within the scope of the “Graduiertenkolleg Quantenfeldtheorie” of the University of Leipzig.

References

[1] H. Grosse, C. Klimcik and P. Presnajder, “Topologically Nontrivial Field Configurations in Noncommutative Geometry”, Commun. Math. Phys. 178 (1996) 507.

[2] H. Grosse and P. Presnajder, “A Noncommutative Regularization of the Schwinger Model”, Lett. Math. Phys. 46 (1998) 61.

[3] S. Baez, A. P. Balachandran, B. Idri and S. Vaidya, “Monopoles and Solitons in Fuzzy Physics”, Commun. Math. Phys. 208 (2000) 787.

[4] A. P. Balachandran and S. Vaidya, “Instantons and Chiral Anomaly in Fuzzy Physics”, Int. J. Mod. Phys. A 16 (2001) 17.

[5] P. Valtancoli, “Projectors for the Fuzzy Sphere”, Preprint, hep-th/0101189.

[6] G. Landi, “Deconstructing Monopoles and Instantons”, Rev. Math. Phys. 12 (2000) 1367.

[7] G. Landi, “Projective Modules of Finite Type and Monopoles over S(2)”, J.

Geom. Phys. 37 (2001) 47.

[8] G. Landi, “An Introduction to Noncommutative Spaces and their Geometries”, Lecture Notes in Physics m51, Springer-Verlag, 1997.

[9] M. Karoubi and C. Leruste, “Algebraic Topology via Differential Geometry”, London Mathematical Society Lecture Notes Series 99, Cambridge University Press, 1989.

[10] A. Connes, “Noncommutative Geometry”, Academic Press, 1994.

[11] R.G. Swan, “Vector Bundles and Projective Modules”, Trans. Amer. Math.

Soc. 105 (1962) 264.

[12] J. C. Varilly, “An Introduction to Noncommutative Geometry”, Lecture Notes, Preprint, physics/9709045.

[13] J. Madore, “The Fuzzy Sphere”, Class. Quant. Grav. 9 (1992) 69.

[14] J. Madore, “An Introduction to Noncommutative Differential Geometry and its Physical Applications”, London Mathematical Society Lecture Note Series 257, Cambridge University Press, 2nd Ed., 1999.