arXiv:math-ph/0105029 23 May 2001

General Relativistic Models for the Electron

S. M. BLINDER University of Michigan Ann Arbor, MI 48109-1055 USA (sblinder@umich.edu)

Abstract

A model is proposed for the classical electron as a point charge with finite electromagnetic self-energy. Modifications of the Reissner-Nordstrøm (spin 0) and Kerr-Newman (spin^1_2 ) solutions of the Einstein-Maxwell equations are derived. It is conjectured that spacetime curvature very close to the point charge deforms the electric and magnetic fields such as to reduce the self-energy to a finite value by means of Hawking polarization of the vacuum, much like that around a black hole.

1 Introduction

In a recent paper[1], we showed how a phenomenological representation of vacuum polarization could be introduced into the formalism of classical electrodynamics. Modification of the classical theory is significant only within the classical radius of the electron (r_0 = e^2/mc^2 ≈ 2.8 × 10^{−13} cm) but this makes possible a consistent model for point charges with finite electromagnetic selfenergies. Further, the self-interaction of a charged particle with its own electromagnetic field was shown to be equivalent to its reaction to the vacuum polarization.

In this paper, we reformulate these results in the context of general relativity. We obtain two new solutions of the Einstein-Maxwell equations for a point charge by modification of the Reissner-Nordstrøm and Kerr-Newman metrics. In contrast to the originals, our solutions possess finite electromagnetic self-energies. The stress-energy tensors in our solutions imply the presence of finite charge distributions. These are conjectured to represent vacuum polarization produced by the ultrastrong electromagnetic fields in the vicinity of point charges, analogous to the phenomena proposed by Hawking[2] for strong gravitational fields.

It was shown in [1] that, for the electron treated as a point charge and point mass, an effective dielectric constant for the surrounding vacuum

ϵ(r) = exp(r_0/2r) (1)

leads to a self-energy entirely electromagnetic in origin, viz W = 1 8π ∫ E · D d^3r = 1 8π ∫_∞ 0 e^2 ϵ(r) r^4 4πr^2 dr = mc^2 (2)

The net charge density (polarization plus free) around an isolated electron is accordingly given by ϱ(r) = er_0 8πr^4 exp(−r_0/2r) (3)

Previous applications of general relativity to the structure of the electron have usually been based on perfect fluid models involving additional non-electro-magnetic forces[3]-[5]. A number of other workers have considered elementary particles from the viewpoint of general relativity[6]-[10]. In some instances negative gravitational mass was introduced in the interior of the particle in order to achieve a finite rest energy. We find such assumptions unappealing. In this paper, we propose a model for the electron based on the following premises: 1. The electron is a point charge; 2. The electromagnetic self-energy is finite and accounts for the total rest mass. We thus reject any non-electromagnetic contributions to the electron mass. This is consistent with the nearly zero rest mass of the electron’s uncharged weak isodoublet partner—the neutrino; 3. Very close to the electron, for distances r ≪ r_0, the electromagnetic energy density becomes sufficiently massive to fall within the scope of general relativity. Specifically, the curvature of spacetime deforms the electromagnetic fields sufficiently to reduce the self-energy to a finite value.

2 Scalar Point Charge

We consider first the hypothetical electron without spin or magnetic moment, described by a static, spherically-symmetrical metric of the form

ds^2 = −f(r) dt^2 + 1 f(r) dr^2 + r^2 dθ^2 + r^2 sin^2 θ dϕ^2 (4)

The Reissner-Nordstrøm metric[11, 12] has this structure with

f_{RN} (r) = 1 − 2M r + Q^2 r^2 (5) where M and Q are mass and charge in geometrized units: M = Gm/c^2, Q = √ Ge/c^2 Solution of the Einstein-Maxwell equations R_{λμ} − 1 2 R g_{λμ} = 8πG c^4

T_{λμ} (6)

gives the stress-energy tensor

T^0_0 = T^1_1 = −T^2_2 = −T^3_3 = − e^2 8πr^4 (7) This represents a point charge since 4πT^λ_μ = F^{λν}F_{μν} − 1 4 g^λ_μF^{νσ}F_{νσ} (8) implies that the only non-zero field tensor components are

F_{10} = −F_{01} = E_r = e/r^2 (9)

The electromagnetic self-energy, given by W = − ∫_∞ 0 T^0_0 4πr^2 dr (10)

remains divergent. For the case Q > M , which obtains here, g_{00} in the metric (4) has no real roots, indicating the absence of a horizon. The electron is not a conventional black hole, despite the singularity at r = 0.

To obtain the desired electromagnetic self energy mc^2, we do some reverse engineering on the Reissner-Nordstrøm (RN) metric, replacing the function (5) by f(r) = 1 − 2M r exp(−Q^2/2M r) (11)

This is actually a very small change, differing from the original form by less than 1 percent down to the Planck length ( √ h̄G/c^3 ≈ 1.6 × 10^{−33} cm). With removal of the singularity at r = 0, the metric now becomes Lorentz flat as r → 0 (as well as r → ∞). Note that

Q^2/2M r = e^2/2mc^2r = r_0/2r (12)

where r_0 is the classical electron radius. The modified metric in the Einstein- Maxwell equations can be solved for a stress-energy tensor with the nonvanishing components:

T^0_0 = T^1_1 = − e^2 e^{−r0 /2r} 8πr^4 , T^2_2 = T^3_3 = e^2 e^{−r0 /2r} 8πr^4 (1 − r_0 4r ) (13)

The electromagnetic energy is now given by W = − ∫_∞ 0 T^0_0 4πr^2 dr = ∫_∞ 0 e^2 e^{−r0 /2r} 8πr^4 4πr^2 dr = e^2 r_0

= mc^2 (14)

As advertised, we obtain a finite electron rest mass, entirely electromagnetic in origin, the result originally sought by Lorentz.

The Ricci scalar for our metric is nonvanishing: R = Q^4 2M r^5 e^{−Q2 /2Mr} (15) impling a gaussian curvature of spacetime absent in the original RN solution, which is Ricci flat.

The original Reissner-Nordstrøm model can be interpreted as a point charge in a hypothetical “bare” vacuum. The modified metric implies some sort of finite electron charge distribution. We conjecture that this represents quantumelectrodynamic vacuum polarization. The field tensor G_{λμ} for a polarizable medium is obtained from F_{λμ} by the substitutions E → D and B → H, such that (8) generalizes to Minkowski’s stress-energy tensor: 4πT^λ_μ = F^{λν}G_{μν} − 1 4 g^λ_μF^{νσ}G_{νσ} (16)

In particular, T^0_0 = − 1 8π E_rD_r (17)

The stress-energy tensor (13) is consistent with

D_r = e r^2

, E_r = e r^2 e^{−r0 /2r} (18)

as already anticipated in Eq (1). The electric displacement D corresponds to the Reissner-Nordstrøm field from the “free” electron point charge, while the electric field E takes account of all charges including those induced in the vacuum. In this way we preserve the point-charge structure of the bare electron, namely the validity of Gauss’ law ∫ D(r) · dS = e r^2

4πr^2 = 4πe (19)

for arbitrarily small radius r. The introduction of an inhomogeneous dielectric constant ϵ(r) = exp(r_0/2r) follows a suggestion by Weisskopf[13]. As in the case of a dense plasma, the dielectric constant increases with charge density. In this case, the “plasma” is made of virtual positron-electron pairs produced by vacuum polarization[14].

The nonvanishing trace of the stress-energy tensor (13) indicates contributions other than the electromagnetic-field. One might interpret the additional terms in T^2_2 and T^3_3 as the presence of a viscous fluid, with components p_θ and p_ϕ, representing tangential pressure exerted by the virtual particles. Accordingly, the fields (18) do not represent a solution of Maxwell’s equations, except in the limit r_0 → 0.

3 Electron with Spin

We extend our model to include electron spin by drawing from the theory of rotating black holes. Kerr[15] first solved Einstein’s equations for a black hole with angular momentum. Newman[16] generalized this result to include electrical charge. The metric in Kerr-Newman geometry, in the coordinates introduced by Boyer and Lindquist[17], can be written

ds^2 = − Δ ρ^2 [ dt − a sin^2 θ dϕ ]_2

+ sin^2 θ ρ^2 [ (r^2 + a^2)dϕ − a dt

]_2 + ρ^2 Δ dr^2 + ρ^2 dθ^2 (20) where ρ^2 ≡ r^2 + a^2 cos^2 θ (21) and Δ ≡ a^2 + r^2f(r) The spin angular momentum per unit mass is represented by the parameter a ≡ S/M For the original Kerr-Newman metric, f(r) is given by Eq (5), and

Δ_{KN} = r^2 − 2M r + a^2 + Q^2

Computation of the electromagnetic self energy W with this metric gives a divergent result, just as in the Reissner-Nordstrøm case.

It is therefore suggested that we try the modified functional form for f(r) in Eq (11). Following are explicit expressions for the nonvanishing elements of the metric tensor (20):

g_{00} = −1 − r^2[f(r) − 1]

ρ^2 g_{11} = ρ^2 a^2 + r^2f(r)

g_{22} = ρ^2 g_{33} = (a^2 + r^2) sin^2 θ − a^2r^2[f(r) − 1]

ρ^2 sin^4 θ

g_{30} = g_{03} = ar^2[f(r) − 1] ρ^2 sin^2 θ (22)

The corresponding Jacobian is √ −g = ρ^2 sin θ (23)

independent of f(r).

The stress-energy tensor follows after a lengthy computation. We display only the^0 component:

T^0_0 = c^4/G 16πρ^6 [( − 4a^2r^2 − 4r^4 + 2a^2ρ^2 + 4r^2ρ^2 − 2ρ^4 ) + ( 4a^2r^2 + 4r^4 − 2a^2ρ^2 − 4r^2ρ^2 + 2ρ^4 ) f(r) + ( 4a^2r^3 + 4r^5 − 4a^2rρ^2 − 6r^3ρ^2 + 4rρ^4 ) f^′(r) + ( − a^2r^2ρ^2 − r^4ρ^2 + r^2ρ^4 ) f^{′′}(r) ] (24)

with ρ defined in Eq (21).

The electromagnetic energy is given by W = − ∫ T^0_0 √ −g dr dθ dϕ (25)

Integrating over angles and putting in the explicit form (11) for f(r) W = c^4 G ∫_∞ 0 Q^2 e^{−Q2 /2Mr} 8aM r^4 [ (4aM r^2 + aQ^2r)

−(Q^2r^2 − 4a^2M r + a^2Q^2) arctan ( a r ) ] dr (26)

This works out simply to W = c^4 G M = mc^2 (27)

implying again that the electron rest mass is purely electromagnetic.

For distances r ≫ a, r_0, the dominant components of the electric and magnetic fields closely approximate a rotating ring of charge with radius a, as previously shown in the analysis of Israel[18] and of Pekeris and Frankowski[19]: E_r ≈ e r^2 − 3ea^2 cos^2 θ r^4 , E_θ ≈ − 2ea^2 cos θ sin θ

r^4 B_r ≈ 2μ r^3 cos θ, B_θ ≈ μ r^3 sin θ (28)

neglecting terms of higher order in a/r and r_0/r. We have used the following conversions from geometrized units: M = Qa = QS/M = √ Gμ/c^2, Q = √ Ge/c^2 and S = Gs/c^3. The magnetic moment is given by μ = eh̄ 2mc (29)

for spin angular momentum s = h̄/2. Remarkably, this corresponds to a spin g-factor of 2, in agreement with Dirac theory, as first noted by Carter[20].

One might imagine, in concept, the spherically-symmetrical polarization charge distribution of Eq (3) set into rapid rotation, causing parallel current elements to attract, thus compressing the distribution into a disc and ultimately into a Kerr-Newman ring.

In summary, we have proposed a plausible resolution of the long-standing paradox for the classical electron—how it can be a point charge yet have finite electromagnetic self-energy[21]. The suggested mechanism involves warping of spacetime in ultrastrong fields, leading to Hawking polarization of the vacuum. We note that this further connection between general relativity and quantum mechanics might contribute to a realization of a unified theory extensively discussed by many workers, notably Wheeler[22] and Sachs[23].

References

[1] S. M. Blinder, Repts. Math. Phys., 47, 269 (2001).

[2] S. Hawking, Commun. Math. Phys. 43, 199 (1975).

[3] R. N. Tiwari, J. R. Rao and R. R. Kanakamedala, Phys. Rev. D 30, 489 (1983).

[4] A. L. Mehra and B. S. Singhvi, Gen. Relativ. and Gravit. 8, 723 (1977). [5] M. Bailyn and D. Eimarl, Phys. Rev. D 5, 1897 (1972); M. Bailyn, Phys.

Rev. D 8, 1036 (1973).

[6] R. Arnowitt, S. Deser and C. W. Misner, Phys. Rev. Lett. 4, 375 (1960);

Phys. Rev. 120 313 (1960).

[7] C. L. Pekeris, Phys. Rev. A 35, 14 (1987).

[8] W. B. Bonnor and F. I. Cooperstock, Phys. Lett. A 139, 442 (1989). [9] R. B. Mann and M. S. Morris, Phys. Lett. A 181, 443 (1993). [10] L. Herrera and V. Varela, Phys. Lett. A 189, 11 (1994). [11] H. Reissner, Ann. Phys. (Germany) 50, 106 (1916); G. Nordstrøm, Proc.

Kon. Ned. Akad. Wet. 20, 1238 (1918).

[12] All required results in general relativity can be found in C. W. Misner, K.

S. Thorne and J. A. Wheeler, Gravitation (W. H. Freeman, San Francisco, 1973) (“The Telephone Book”).

[13] V. F. Weisskopf, Det. Kgl. Danske Videnskab. Selskab. Mat.-Fys. Medd.

14, 1 (1936). Reprinted in J. Schwinger, Quantum Electrodynamics (Dover, New York, 1958).

[14] See the artist’s conception of the electron’s structure on the AIP Physics News website:

http://www.aip.org/physnews/graphics/html/bare.htm [15] R. P. Kerr, Phys. Rev. Lett. 11, 237 (1963). [16] E. T. Newman et al, J. Math. Phys. 6, 918 (1965). [17] R. H. Boyer and R. W. Lindquist, J. Math. Phys. 8, 2651 (1967). [18] W. Israel, Phys. Rev. D 2, 641 (1970).

[19] C. L. Pekeris and K. Frankowski, Phys. Rev. A 36, 5118 (1987). [20] B. Carter, Phys. Rev. 174, 1559 (1968).

[21] A definitive review of classical electron theories is given by F. Rohrlich, Classical Charged Particles (Addison-Wesley, Reading, MA, 1990).

[22] J. A. Wheeler, At Home in the Universe (American Institute of Physics, Woodbury, NY, 1994).

[23] M. Sachs, General Relativity and Matter : A Spinor Field Theory from Fermis to Light-Years (Reidel, Dordrecht, 1982); Quantum Mechanics from General Relativity : An Approximation for a Theory of Inertia (Reidel, Dordrecht, 1987).