arXiv:math-ph/0106013 v2 16 Aug 2001

BOUNDARY ALGEBRAS OF HYPERBOLIC MONOPOLES

PAUL NORBURY

Abstract. We prove the conjecture that a monopole in three-dimensional anti-de Sitter space can be completely determined by its “holographic” image on the conformal boundary two-sphere.

1. Introduction

The concept of field theories being represented by observations at the boundary of space-time has gained much recent interest. In particular, the AdS-CFT correspondence proposes a relationship between string theory on anti-de Sitter spacetime and conformal field theory on the boundary, [14, 21], and this generalises to produce invariants of conformally compact Einstein manifolds with conformal boundary [7]. This paper will be concerned with a similar issue that arises from gauge theory on three-dimensional anti-de Sitter space.

Atiyah [1, 2], first studied monopoles over hyperbolic space H^3 = AdS_3, which is three-dimensional anti-de Sitter space with positive definite metric. Associated to an SU (2) monopole is its mass given by the norm of the Higgs field on the conformal boundary two-sphere. Austin and Braam [5] proved that for a half-integer mass monopole in H^3 the holographic image of the monopole on the conformal boundary two-sphere completely determines the monopole, and conjectured it to be true more generally. In this paper we will prove the conjecture for any positive real mass monopole in H^3 . The holography principle does not apply to monopoles in flat space, which can be regarded as the infinite mass limit of monopoles in anti-de Sitter space [13]. In flat space, the holographic image on the conformal boundary two-sphere of any two monopoles of the same charge (a topological quantity defined below) is the same.

The main tool in this paper is an n-point function ⟨P_{z1} . . . P_zn⟩ defined for a given monopole and any ordered collection of points on the conformal boundary two-sphere {z_1, .., z_n} ⊂ S^2_∞. Associated to the ordered collection of points is the set of geodesics in H^3 running from z_1 to z_2 and from z_2 to z_3 and so on until z_n to z_1. We can measure an interaction between the n points on the conformal boundary by solving a scattering equation involving the monopole along the geodesics. The n-point function is a complex number assigned to the sequence of geodesics continuously differentiable in its variables (z_1, .., z_n). The notation ⟨P_{z1} . . . P_zn⟩ is anticipating the construction of an algebra with expectation values given by the n-point function.

The calculation of an n-point function using solutions of the scattering equation along geodesics in H^3 is analogous to an approximation to the calculation of correlation functions using path integrals appearing in the AdS/CFT correspondence,

1991 Mathematics Subject Classification. 81T13, 53C07. 1

since the stationary phase approximation reduces the computation of the propagator to the study of the wave equation along geodesics in H^3 . (For a closer analogy, perhaps it would be necessary to integrate the n-point functions defined in this paper over the moduli space of monopoles. We will not do this here.)

The 2-point function is used to settle the open conjecture that the holographic image of the monopole on the conformal boundary two-sphere determines the monopole on hyperbolic space. The n-point function enables one to construct an abstract algebra freely generated by the points of S^2_∞, satisfying relations given in terms of the n-point function. The 3-point function is used to prove that the generators of the algebra behave like projections, and the 4-point function encodes the fact that the algebra is finite-dimensional.

Before describing the main results, we will define the objects of the paper. A hyperbolic monopole (A, Φ) is a solution of the non-linear Bogomolny equation d_AΦ = ∗F_A where A is a connection defined on a trivial rank two SU (2) bundle E over H^3 with L^2 curvature F_A and the Higgs field Φ : H^3 → su(2) satisfies lim_{r→∞} ||Φ|| = m, the mass of the monopole. The charge of the monopole is defined to be the topological degree of the map Φ_∞ : S^2_∞ → S^2_∞. The hyperbolic metric, featured in the Hodge star ∗, may be replaced by the Euclidean metric, giving rise to Euclidean monopoles. The gauge group of maps g : H^3 → SU (2) acts on the equations and we identify gauge equivalent monopoles. The construction of an n-point function from a monopole is a gauge invariant procedure. On the conformal boundary two-sphere, a monopole has a well-defined limit, given by a U (1) connection, [11, 19], which we call the holographic image of the monopole.

There is an integrable structure underlying hyperbolic monopoles, best seen on the complex surface of geodesics, CP^1 × CP^1 − Δ̄ (where Δ̄ ⊂ CP^1 × CP^1 is the anti-diagonal.) In the Euclidean case, over its surface of geodesics T CP^1, twistor space techniques are used in [8, 9] to understand the construction of monopoles, and the conserved quantities of monopoles. The main tool is the scattering equation

(∂^A_t − iΦ)s = 0 (1) defined for local sections s of E along a geodesic in R^3 parametrised by t. In particular, those geodesics along which an L^2 solution of (1) exists, form a compact algebraic curve inside T CP^1, called the spectral curve. Analogously, solutions of (1) along geodesics in H^3 are used to study hyperbolic monopoles [1, 2, 17] and to define the spectral curve of the monopole Σ ⊂ CP^1 × CP^1 − Δ̄.

For z_1 ≠ z_2, define the 2-point function ⟨P_{z1} P_{z2} ⟩ to be a positive real number associated to (A, Φ) and the geodesic in H^3 joining z_1 and z_2 on the conformal boundary two-sphere as follows. Along this geodesic, choose a solution s_+(t) of (1) that decays as t → ∞. Notice that the parameter t involves a choice of orientation of the geodesic. Choose a decaying solution r_+ of (1) along the same geodesic oriented in the opposite direction. In terms of the parameter t used for s_+(t), r_+(t) is a solution of the equation

(∂^A_t + iΦ)r = 0 (2) and r_+(t) decays as t → −∞. The inner product (r(t), s(t)) of any two solutions of (1) and (2) is independent of t. If we normalise r_+(t) and s_+(t) by

lim_{t→∞} exp(mt)‖s_+‖ = 1, lim_{t→−∞} exp(−mt)‖r_+‖ = 1. (3) then the decaying solutions are well-defined up to phase and the number |(r_+, s_+)|^2 depends only on the geodesic and (A, Φ). Define

⟨P_{z1}P_{z2} ⟩ = |(r_+, s_+)|^2 for r_+, s_+ defined along the geodesic joining z_1 and z_2. The n-point function is a complex number defined similarly using decaying solutions of (1) along the set of geodesics running between consecutive points of an ordered n-tuple of points in S^2_∞. For the definition of the n-point function and justification of parts of the definition of the 2-point function given here see Section 2.

Theorem 1. The 2-point function uniquely determines the spectral curve of (A, Φ).

The 2-point function also encodes the holographic image of the monopole on the conformal boundary two-sphere. The U (1) connection on the conformal boundary two-sphere is expressed with respect to a family of gauges related to the spectral curve of the monopole. More explicitly, for each point w ∈ S^2_∞, the 2-point function enables one to express the U (1) connection with respect to a gauge defined over the complement of the points {z_1, .., z_k} that satisfy (w, z_i) ∈ Σ, the spectral curve of the monopole. Each such gauge is determined uniquely by properties described in Proposition 2.11. The situation is rigid enough that the U (1) connection uniquely determines the 2-point function.

Theorem 2. The 2-point function determines and is determined by the holographic image of the monopole on the conformal boundary two-sphere.

The spectral curve determines the monopole over hyperbolic space up to gauge equivalence. This is a rather deep non-constructive property of monopoles. It uses the (non-constructive) existence of a trivialisation of a holomorphic line bundle over the spectral curve and sheaf cohomological constructions to retrieve the monopole. Using this we are able to conclude:

Corollary 3. The holographic image of the monopole on the conformal boundary two-sphere determines the monopole up to gauge equivalence.

The properties of the 2-point function given in Theorem 2 are proven using an algebra defined abstractly via the n-point functions.

An associative algebra can be studied via the values of a linear function, which we call expectation values, defined over the algebra. In some cases, the structure coefficients of the algebra, with respect to a generating set, can be retrieved from the expectation values, thus uniquely determining the algebra. Conversely, one may begin with an abstract set of generators with no a priori algebra structure and use expectation values to define the structure coefficients of the algebra.

Consider the algebra freely generated by the points of the conformal boundary two-sphere, where we notate the generators by P_z, z ∈ S^2_∞, and add the relations ∃c = c(z_1, z_2, .., z_n) ∈ C , P_{z1} P_{z2} . . . P_zn = cP_{z1} P_zn, when ⟨P_{z1} P_zn⟩ ≠ 0. (4) We suppose that the n-point function defined by a monopole gives the expectation value of the product P_{z1} P_{z2} . . . P_zn and we extend this function linearly to the algebra. Then by taking the expectation values of each side of (4) we can calculate the scalar c. This essentially defines the algebra structure.

The boundary algebra of a monopole is a slight modification of the construction of the previous paragraph. We will add further relations to the algebra in the form of “non-degeneracy” conditions, and enlarge the algebra using derivations.

Definition 1. Define the boundary algebra S(A, Φ) = {A, ∗, P_z ∈ A, z ∈ S^2_∞, ⟨. . . ⟩} for any hyperbolic monopole (A, Φ), to consist of:

1. an involutive algebra (A, ∗) defined over C , 2. generators P_z = P^∗_z , for all z ∈ S^2_∞, 3. derivations [∂_z, ·] : A → A and [∂_{z̄}, ·] : A → A, 4. further generators [∂_z, P_z], [∂_{z̄}, P_z], [∂_z, [∂_z, P_z]], . . .

5. a linear function ⟨. . . ⟩ : A → C that restricts to the n-point function of (A, Φ) on products P_{z1} P_{z2} ..P_zn, and satisfies ⟨a^∗⟩ = ⟨a⟩, ∂_z⟨a⟩ = ⟨[∂_z, a]⟩, with the relations:

6. ⟨P_{z1} P_{z2}⟩ = 0 ⇒ P_{z1} P_{z2} = 0, 7. ⟨aP_z⟩ = 0 for almost all z ∈ S^2_∞ ⇒ a = 0, 8. ∃c = c(z_1, z_2, a, b) ∈ C , P_{z1} aP_{z2} = cP_{z1} bP_{z2} when P_{z1} bP_{z2} ≠ 0. where a, b ∈ A. Crucial properties of the algebra rely on limits of the n-point function. The geodesics in H^3 used to define the n-point function pass near to approximate locations of the monopole. As a geodesic moves out to infinity and away from the monopole, it feels little effect, and thus the limit of the n-point function as two consecutive points come together is the (n − 1)-point function. This is used together with other properties of monopoles to prove various features of the algebra:

• one can make sense of the 1-point function as the constant function ⟨P_z⟩ ≡ 1, • the 2-point function takes its values on the unit interval, • P^2_z = P_z, • P_{z1} ≠ P_{z2} for z_1 ≠ z_2, • P_z[∂_z, P_z] = 0.

Identities involving the 4-point function arise when trying to find a representation of the algebra in which the expectation values of observables are given by traces. We have been unable to directly prove these identities, described in the conclusion. Instead we use the fact that such a representation produces a holomorphic map S^2_∞ → CP^k, where k is the charge of (A, Φ). This enables us to compare S(A, Φ) to a similar algebra with a known representation.

Theorem 4. There exists a finite-dimensional representation of S(A, Φ) in which the expectation values are given by traces.

The holomorphic sphere S^2_∞ → CP^k, which is reminiscent of that arising in the work of Austin and Braam [5], proves to be the source of many further interesting properties. It can be obtained without the algebra and gives an alternative proof that the connection on the conformal boundary two-sphere determines the monopole up to gauge equivalence. It also uncovers further features. Amongst these is an application of geometric invariant theory to define the centre of a hyperbolic monopole. One also gets new information regarding rational maps associated to monopoles. Specifically, given a point at infinity, there is a one-to-one mapping between gauge equivalence classes of monopoles and degree k based rational maps S^2_∞ → S^2 well-defined up to a U (1) action. It has never been understood how the rational maps for different points at infinity are related. The holomorphic sphere gives such a relation. These results will appear elsewhere [15].

One can take finite-dimensional sub-algebras of S(A, Φ) and find further structure. In the conclusion we describe families of subalgebras parametrised by the spectral curve of the monopole. This is particularly interesting due to the conjecture of Atiyah and Murray [3, 4] that spectral curves of hyperbolic monopoles may parametrise solutions of the Yang-Baxter equation.

Acknowledgements. The author would like to thank Peter Bouwknegt, Michael Eastwood and Michael Murray for many useful conversations.

2. The n-point function

The function ⟨P_{z1} ..P_zn⟩ defined on n-tuples of points in S^2_∞ is invariant under cyclic permutations of the points (and hence behaves like a trace on the boundary algebra.) In what follows, we first define the n-point function ⟨P_{z1} ..P_zn⟩ for z_i ≠ z_{i+1}, z_n ≠ z_1. This is a fundamental quantity in that all other values of ⟨. . . ⟩ are derived from it. We use limits to remove the restriction on the n-tuples {z_1, ..., z_n}.

Along any geodesic of H^3 parametrised by t, the scattering equations

(∂^A_t − iΦ)s = 0, (∂^A_t + iΦ)r = 0 (5) are defined for local sections s, r of E. Any pair of solutions has the property that the inner product (r(t), s(t)) is independent of t, since

∂_t(r(t), s(t)) = ((∂^A_t + iΦ)r(t), s(t)) + (r(t), (∂^A_t − iΦ)s(t)) = 0.

It can be shown [9, 12] that that there are solutions s and r unique up to respective constants that decay like O(exp(−mt)) as t → ∞, respectively like O(exp(mt) as t → −∞. Thus two non-trivial solutions s_+, r_+ are uniquely determined up to phase by the conditions that

lim_{t→∞} exp(2mt)‖s_+‖^2 = 1, lim_{t→−∞} exp(−2mt)‖r_+‖^2 = 1. (6) ⟨P_{z1} . . . P_zn⟩, z_i ≠ z_{i+1}, z_n ≠ z_1 For distinct {z_1, . . . , z_n}, ⟨P_{z1} . . . P_zn⟩ is a complex number associated to (A, Φ) and the n oriented geodesics in H^3 traveling from z_1 to z_2, then z_2 to z_3 and so on, until z_n to z_1. Notate by r_{12}, s_{12} the solutions r_+, s_+ of (5) along the geodesic running from z_1 to z_2 and r_{23}, s_{23} the solutions r_+, s_+ along the geodesic running from z_2 to z_3 and so on up to r_{n1}, s_{n1}. Further, align the phases of each r_{i,i+1}, s_{i−1,i} as follows. The consecutive solutions s_{12} and r_{23} have the property that they define a common subspace of the fibre of E at z_2 at infinity, or in other words that

lim_{t→∞} exp(mt)s_{12} = c lim_t0_{→−∞} exp(−mt^′)r_{23}

for c ∈ C^∗ . Choose r_{23} so that c = 1. Similarly, choose a phase for r_{i,i+1} using s_{i−1,i} and for r_{12} using s_{n1}. Define

⟨P_{z1} . . . P_zn⟩ = (r_{12}, s_{12})(r_{23}, s_{23}) . . . (r_{n1}, s_{n1}) (7) which depends only on (A, Φ) and the oriented geodesics running in order through z_1, z_2, . . . , z_n, z_1. The 2-point function defined in the introduction can be obtained by setting n = 2 in this construction. In this case the function is real valued and independent of the orientation of the geodesic and the choice of phases.

Lemma 2.1. When z_i ≠ z_{i+1}, z_n ≠ z_1, the n-point function ⟨P_{z1} . . . P_zn⟩ is continuously differentiable in z_1, .., z_n.

Proof. Fix z_2, z_3, . . . , z_n and vary z_1 = z. The product on the right hand side of (7) defining ⟨P_zP_{z2} . . . P_zn⟩ contains the z dependent sections r_{12}(z), s_{12}(z), r_{n1}(z) and s_{n1}(z) with the others constant as z varies. In [9] (and [12] for hyperbolic monopoles) it was shown using a bijection between nearby solutions that the assignment of r_{12}(z), etc, is continuously differentiable in z. Thus, the same is true of inner products involving the z dependent sections, such as ⟨P_zP_{z2} . . . P_zn⟩.

For a general n-tuple of points {z_1, ...z_n}, we define ⟨P_{z1} . . . P_zn⟩ by continuity. Lemma 2.1 shows that such a definition is consistent. The following lemma explicitly calculates the limits that arise when two points z_i and z_{i+1} come together.

Lemma 2.2. The 2-point function satisfies lim_{z1→z2} ⟨P_{z1} P_{z2}⟩ = 1 and the n-point function satisfies lim_{z1→z2} ⟨P_{z1} P_{z2} P_{z3} . . . P_zn⟩ = ⟨P_{z2} P_{z3} . . . P_zn⟩.

Proof. We will prove only lim_{z1→z2} ⟨P_{z1} P_{z2} ⟩ = 1 since the proof of the limit of the n-point function is essentially the same. We define ⟨P_{z1} P_{z2} ⟩ = |(r_+, s_+)|^2 for solutions of (5) satisfying (6). If the connection is trivial and the Higgs field is constant, ∂^A_t ± iΦ = ∂_t ± i `_{im 0} 0 −im ´ (8) then r_+ = exp(mt)(1 0) and s_+ = exp(−mt)(1 0) so (r_+, s_+) = 1 as required.

As z_1 → z_2, the connection and Higgs field become more trivial and constant, respectively. More precisely, there exists a gauge in which ∂^A_t ± iΦ = ∂_t ± i `_{im 0} 0 −im ´_{+ ϵ · C exp(−m|t|)} (9) where C is constant and ϵ → 0 as z_1 → z_2. This follows from Rade [19].

Levinson’s theorem [6] uses a contraction mapping argument to show that solutions r_+ on (−∞, 0] and s_+ on [0, ∞) of (9) (using iΦ and −iΦ respectively) are in one-to-one correspondence with solutions of (8). Moreover, the norm of the difference between corresponding solutions is controlled by the L^1 norm of the perturbation term ϵ · C exp(−m|t|).

In other words, as z_1 → z_2, the solutions r_+ and s_+ tend uniformly to the solutions of (8) on (−∞, 0] and [0, ∞) respectively, and in fact on any (−∞, R] and [−R, ∞). The inner product (r_+, s_+) can be calculated at any point t ∈ R, in particular t ∈ [−R, R] so (r_+, s_+) → 1 uniformly.

Thus, we define ⟨P^2_{z2} ⟩ := 1

(10)

⟨P^2_{z2} P_{z3} . . . P_zn⟩ := ⟨P_{z2} P_{z3} . . . P_zn⟩.

(11)

Applying the relation 7 given in Definition 1 to (11), we get the relation

P^2_z = P_z, z ∈ S^2_∞

(12)

so (10) and (12) allow us to extend the definition of the n-point function to the 1-point function ⟨P_z⟩ := 1, (13) and from this it follows that ⟨[∂_z, P_z]⟩ = 0 = ⟨[∂_{z̄}, P_z]⟩. (14)

As described in the introduction, expectation values are used to calculate the constant c in relation 8. When P_{z1}P_{z2} = 0, the expectation values of both sides of 8 are zero, so we instead choose z_0 so that ⟨P_{z0} P_{z1} bP_{z2} ⟩ ≠ 0. (By relation 7, z_0 always exists.) Then ⟨P_{z0} P_{z1} aP_{z2} ⟩ = c(z_1, z_2, a, b)⟨P_{z0}P_{z1} bP_{z2} ⟩

(15) enables us to calculate c(z_1, z_2, a, b). This introduces the issue of consistency of the algebra since the constant c(z_1, z_2, a, b) can be calculated in different ways. The following lemma gives the required property of the n-point function. Lemma 2.3. For a ∈ A, ⟨P_{z0} P_{z2} ⟩⟨P_{z0} P_{z1} P_{z2}a⟩ = ⟨P_{z0} P_{z1}P_{z2} ⟩⟨P_{z2} aP_{z0} ⟩. Proof. For a = P_{z3} P_{z4} . . . P_zn, where z_i ≠ z_{i+1}, this follows simply from the definition. Taking limits and derivatives gives the result for general a ∈ A.

The Bogomolny equation implies that the Higgs field Φ satisfies a maximum principle ‖Φ‖ < m where m is the mass of the monopole. This leads to a type of dissipative behaviour of (∂^A_t − iΦ) which can be used to show: Lemma 2.4. For z_i ≠ z_{i+1}, z_n ≠ z_1, |⟨P_{z1} . . . P_zn⟩| < 1.

Proof. Since ⟨P_{z1} . . . P_zn⟩ = (r_{12}, s_{12})(r_{23}, s_{23}) . . . (r_{n1}, s_{n1}) it is sufficient to show along any geodesic that the solutions s_+, r_+ of (5) satisfy |(r_+, s_+)| < 1, and in fact |(r_+, s_+)|^2 = lim_{t→−∞} |(r_+(t), s_+(t))|^2 = lim_{t→−∞} |(exp(−mt)r_+(t), exp(mt)s_+(t))|^2 ≤ lim_{t→−∞} ‖ exp(−mt)r_+(t)‖^2‖ exp(mt)s_+ (t)‖^2 = lim_{t→−∞} ‖ exp(mt)s_+ (t)‖^2 so we will show that lim_{t→−∞} ‖ exp(mt)s_+(t)‖^2 < 1. We have |∂_t‖s_+‖^2| = |((∂^A_t + iΦ)s, s) + (s, (∂^A_t − iΦ)s)| = |(2iΦs, s)| < 2m‖s, s‖^2 where the last inequality uses the maximum principle |Φ| < m. Thus ∂_t‖ exp(mt)s_+ ‖^2 = (2m‖s, s‖^2 + ∂_t‖s_+‖^2) exp(2mt) > 0.

So the function ‖ exp(mt)s_+‖^2 is strictly increasing, and by construction of s_+, lim_{t→∞} ‖ exp(mt)s_+ (t)‖^2 = 1 yielding the required inequality lim t→−∞ ‖ exp(mt)s_+ (t)‖^2 < 1.

Corollary 2.5. P_{z1} ≠ P_{z2} for z_1 ≠ z_2.

Proof. If P_{z1} = P_{z2} then ⟨P_{z1} P_{z2}⟩ = ⟨P^2_{z2} ⟩ = 1 which contradicts Lemma 2.4.

Until now, we have only used the fact that (A, Φ) satisfies the Bogomolny equation very mildly via the maximum principle for Φ and Rade’s estimates for the monopole field. Using the full structure of the Bogomolny equation we can show that the assignment z → P_z possesses a holomorphic property. It is used to prove the most striking properties of the 2-point function and the existence of a useful finite dimensional representation of A.

With respect to particular local coordinate systems, the Bogomolny equation d_AΦ = ∗F_A decomposes into a holomorphic part and a “moment map” part. Specifically, this occurs for local coordinate systems that reflect the holomorphic structure on the variety of geodesics. Two examples of this are the local coordinates (t, z)

in H^3 obtained from a family of geodesics, each parametrised by t, traveling from

the fixed w ∈ S^2_∞ to the varying z ∈ S^2_∞, and the local coordinates (t, w) in H^3 obtained from a family of geodesics, each parametrised by t, traveling from the varying w ∈ S^2_∞ to the fixed z ∈ S^2_∞. The Bogomolny equation decomposes into [∂^A_{z̄} , ∂^A_t − iΦ] = 0, or equivalently, [∂^A_z , ∂^A_t + iΦ] = 0, and a second equation which we will omit. Similarly, [∂^A_w , ∂^A_t − iΦ] = 0 and the equivalent [∂^A_{w̄} , ∂^A_t + iΦ] = 0 are consequences of the Bogomolny equation. In particular, if r_+ and s_+ are decaying solutions of (5) then ∂^A_z r_+ = μ_1(w, z)r_+, ∂^A_{z̄} s_+ = λ_1(w, z)s_+ ∂^A_{w̄} r_+ = μ_2(w, z)r_+, ∂^A_w s_+ = λ_2(w, z)s_+.

(16)

for (scalar) coefficients μ_i, λ_i independent of t. (These are used to obtain a holomorphic bundle, with sub-line bundles on the variety of geodesics of H^3 , [2, 8].) Proposition 2.6. P_z[∂_{z̄}, P_z] = [∂_{z̄}, P_z]. Proof. Consider the 3-point function

⟨P_{z1} P_{z2}P_{z3} ⟩ = ⟨P_{z1} P_{z2}P_z⟩ = (r_{12}, s_{12})(r_{23}(z), s_{23}(z))(r_{31}(z), s_{31}(z))

(17) where z_3 = z is allowed to vary, z_1 and z_2 are fixed and different from z, and r_{ij}, s_{ij} are the solutions of (5) along the geodesic running from z_i to z_j . We have ∂_{z̄}⟨P_{z1} P_{z2} P_z⟩ = ⟨[∂_{z̄}, P_{z1}P_{z2} P_z]⟩ = ⟨P_{z1} P_{z2}[∂_{z̄}, P_z]⟩

(18) and this will be used to characterise P_z[∂_{z̄}, P_z].

By (16) the Bogomolny equation implies that ∂^A_z r_{23}(z) = μ(z)r_{23}(z) with z dependent coefficient, and ∂^A_{z̄} s_{23}(z) = λ(z)s_{23}(z), since we are moving only one end of the geodesic. The limit lim_{t→−∞} r_{23}(z) is independent of z so we can multiply r_{23}(z) by a function depending on z and arrange that μ(z) = 0, whilst preserving its normalisation at t = −∞. (We cannot do the same for λ(z).) Thus ∂_{z̄}(r_{23}(z), s_{23}(z)) = (∂^A_z r_{23}(z), s_{23}(z)) + (r_{23}(z), ∂^A_{z̄} s_{23}(z)) = λ(z)(r_{23}(z), s_{23}(z)).

If we differentiate (17) then we get

⟨P_{z1} P_{z2} [∂_{z̄}, P_z]⟩ = λ(z)(r_{12}, s_{12})(r_{23}(z), s_{23}(z))(r_{31}(z), s_{31}(z)) +(r_{12}, s_{12})(r_{23}(z), s_{23}(z))∂_{z̄}(r_{31}(z), s_{31}(z)).

Let z_2 → z. Then as shown in the proof of Lemma 2.2, (r_{23}, s_{23}) → 1 so lim_{z2→z}⟨P_{z1} P_{z2} [∂_{z̄}, P_z]⟩ = λ(z)(r_{12}, s_{12})(r_{31}, s_{31}) + (r_{12}, s_{12})∂_{z̄}(r_{31}, s_{31}) = ⟨P_{z1} [∂_{z̄}, P_z]⟩. Hence ⟨P_{z1} P_z[∂_{z̄}, P_z]⟩ = ⟨P_{z1} [∂_{z̄}, P_z]⟩ for all z_1, so we get the relation P_z[∂_{z̄}, P_z] = [∂_{z̄}, P_z] as required.

The relation is equivalent to [∂_{z̄}, P_z]P_z = 0 = P_z[∂_z, P_z].

We call this a holomorphic relation since it gives a type of integrability condition whereby ¯∂ is preserved by P , and since it will translate precisely to an integrability condition when we construct a representation of A.

By Proposition 2.6 ∂_{z̄}⟨P_wP_z⟩ = ⟨P_wP_z[∂_{z̄}, P_z]⟩ so that ⟨P_wP_z⟩ = 0 ⇒ ∂_{z̄}⟨P_wP_z⟩ = 0. This suggests that it might be fruitful to take some type of log derivative of the 2-point function. In the remainder of this section we will show that the 2-point function, when viewed appropriately, is both a defining function for the spectral curve of the monopole and a Hermitian metric for the connection on the conformal boundary two-sphere.

Lemma 2.7. The function λ(w, z) = (1/2)∂_{z̄} ln⟨P_wP_z⟩ (19)

satisfies (i) λ(z, z) = 0, (ii) λ(w, z) is meromorphic in w, and (iii) ∂_z λ(w, z) is real and independent of w.

Proof. (i) We have 2λ(z, z) = lim_{w→z} ∂_{z̄} ln⟨P_wP_z⟩ = lim_{w→z}⟨P_w[∂_{z̄}, P_z]⟩/⟨P_wP_z⟩. This can be simplified to ⟨P_z[∂_{z̄}, P_z]⟩ = ⟨[∂_{z̄}, P_z]⟩ = 0 by Proposition 2.6 and (14).

(ii) In an open set of CP^1 × CP^1 choose solutions of (5) normalised by (6) so that lim_{t→∞} exp(mt)s_+ (w, z) is independent of w and lim_{t→−∞} exp(−mt)r_+(w, z) is independent of z. (To achieve this choose a normalised solution of (5) s_+(w_0, z) for a fixed w = w_0 and use lim_{t→∞} exp(mt)s_+(w_0, z) = lim_{t→∞} exp(mt)s_+(w, z) to define s_+(w, z) for nearby w. Do the same for r_+(w, z) around z_0.) Therefore, ∂^A_w s_+ = 0 = ∂^A_z r_+ and ∂^A_{z̄} s_+ = μ_1(z)s_+, ∂^A_{w̄} r_+ = μ_2(w)r_+ for μ_1(z) independent of w and μ_2(w) independent of z, since we can calculate the coefficients in (16) in the infinite limits. Then λ(w, z) is holomorphic away from it singular points:

∂_{w̄}∂_{z̄} ln⟨P_wP_z⟩ = ∂_{w̄}∂_{z̄} ln |(r_+, s_+)|^2 = ∂_{w̄}∂_{z̄}(ln(r_+, s_+) + ln(s_+, r_+)) = ∂_{w̄}μ_1(z) + ∂_{z̄}μ_2(w) = 0.

The meromorphicity of λ(w, z) at the singular points follows from Lemma 2.10 where it is shown that ⟨P_wP_z⟩ vanishes like |ψ(w, z)|^2 for a locally defined function ψ(w, z), anti-holomorphic in w and holomorphic in z, with the same zero set as ⟨P_wP_z⟩. Thus, ignoring the finite parts of λ(w, z) its singular part looks like ∂_{z̄} ln ψ(w, z) = ∂_{z̄}ψ(w, z)/ψ(w, z) which has a pole in the variable w.

(iii) For λ(w, z) defined in (19) we can choose a local gauge in which ∂^A_{z̄} s_+(w, z) = λ(w, z)s_+(w, z) as follows. Choose r_+(w, z) so that ∂^A_z r_+(w, z) = 0 (as in (ii).) Now choose s_+(w, z) so that (r_+(w, z), s_+(w, z)) is real. This uniquely determines s_+ up to a constant U (1) gauge transformation given by the ambiguity in the phase of r_+. Then

∂_{z̄}⟨P_wP_z⟩ = ∂_{z̄}|(r_+, s_+)|^2 = ∂_{z̄}(r_+, s_+)^2 = 2(r_+, s_+)(r_+, ∂^A_{z̄} s_+) = 2λ(w, z)(r_+, s_+)^2 = 2λ(w, z)⟨P_wP_z⟩.

For w^′ ≠ w choose the solutions of (5) normalised by (6) along each family of geodesics, respectively r^′_+(z), s^′_+(z), r_+(z) and s_+(z), so that ∂^A_z r_+(z) = 0 and

(r_+(z), s_+(z)) ∈ R, and ∂^A_z r^′_+(z) = 0 and ∂^A_{z̄} s^′_+(z) = λ(w, z)s^′_+(z) (define s^′_+ via lim_{t→∞} exp(mt)s^′_+(z, t) = lim_{t→∞} exp(mt)s_+(z, t).) We can compare λ(w^′, z) and λ(w, z) by defining θ(z) so that (r^′_+(z), exp(iθ(z))s^′_+ (z)) ∈ R, then λ(w^′, z) = λ(w, z) + i∂_{z̄} θ(z). In particular the expression in (iii) is independent of w: ∂_z∂_{z̄} ln⟨P_w0P_z⟩dzdz̄ = 2(∂_zλ(w^′, z) + ∂_{z̄}λ̄(w^′, z))dzdz̄ = 2(∂_zλ(w, z) + ∂_{z̄}λ̄(w, z) + i∂_{z̄}∂_zθ − i∂_z∂_{z̄}θ)dzdz̄ = ∂_z∂_{z̄} ln⟨P_wP_z⟩dzdz̄ and real since it is the Laplacian of a real-valued function.

If we replace w in λ(w, z) by its antipodal point ŵ = −1/w̄ then although λ(ŵ, z) is defined only outside the set ⟨P_ŵP_z⟩ = 0, the 2-form (1/2)∂ ¯∂ ln⟨P_ŵP_z⟩ = ∂_zλ(ŵ, z)dzdz̄ + ∂_wλ̄(z, ŵ)dwdŵ +∂_wλ(ŵ, z)dwdz̄ + ∂_zλ̄(z, ŵ)dzdŵ is well-defined everywhere. To see this, first notice that the term ∂_wλ(ŵ, z) vanishes by Lemma 2.7 (ii) and for the same reason ∂_zλ̄(z, ŵ)dzdŵ vanishes. The term ∂_zλ(ŵ, z) is independent of w by Lemma 2.7 (iii) so in particular it is well-defined everywhere since for any z we can choose a w such that ⟨P_wP_z⟩ ≠ 0, and the same is true of ∂_wλ̄(z, ŵ)dwdŵ. Thus the 2-form ∂ ¯∂ ln⟨P_ŵP_z⟩ is a well-defined closed (1, 1) form. We can use this to prove that the zero set of the real-valued function ⟨P_ŵP_z⟩ is holomorphic, but instead we will rely on known facts about the spectral curve of the monopole.

Proposition 2.8. The spectral curve of the monopole is encoded in the 2-point function. It is given by

Σ = {(w, z) ∈ CP^1 × CP^1 | ⟨P_ŵP_z⟩ = 0}

for ŵ the antipodal point of w in CP^1.

Proof. This follows from the simple fact that ⟨P_ŵP_z⟩ = 0 precisely when the solutions r_+, s_+ of (5) decay at both ends, which is the same condition for a geodesic to lie in the spectral curve. Notice that the invariance of Σ under the real structure (w, z) → (ẑ, ŵ) extends to the 2-point function since ⟨P_ŵP_z⟩ = ⟨P_zP_ŵ⟩.

We could have equivalently stated Proposition 2.8 in terms of the multiplication operation of the algebra S(A, Φ) in place of the 2-point function since P_ŵP_z = 0 is equivalent to ⟨P_ŵP_z⟩ = 0.

Proposition 2.9. The connection on the conformal boundary two-sphere is encoded in the 2-point function by λ(w, z) = (1/2)∂_{z̄} ln⟨P_wP_z⟩ and A_∞ = λ(w, z)dz̄ − λ̄(w, z)dz where w is fixed and gives a choice of gauge. The curvature on the conformal boundary two-sphere is given by F_A1 = −⟨[∂_z, P_z][∂_{z̄}, P_z]⟩dzdz̄.

Proof. Fix w and vary z. The Bogomolny equation implies that the solution s_+ of (5) normalised by (6) also satisfies ∂^A_{z̄} s_+(z, t) = λ(z)s_+ (z, t) for λ(z) independent of t. In the limit, the section lim_{t→∞} exp(mt)s_+ (z, t) gives a unitary gauge for the connection on the conformal boundary two-sphere, and hence λ(z)dz̄ is the dz̄ component of A_∞. Any other choice of s_+(z, t) satisfying (6) differs by exp(iθ(z)) and hence λ(z) → λ(z) + i∂_{z̄}θ(z) which is a change of the U (1) gauge. In fact, without the normalisation (6), the λ(z) that arises gives the connection on the conformal boundary two-sphere which is Hermitian with respect to a Hermitian metric defined by lim_{t→∞} ‖ exp(mt)s_+(z, t)‖^2. As in the proof of Lemma 2.7 we can choose r_+(z) and s_+(z) so that ∂^A_z r_+(z) = 0 and (r_+(z), s_+(z)) is real. Then ∂^A_{z̄} s_+ = λ(w, z)s_+ so λ(w, z)dz̄ gives the (0, 1) part of A_∞ with respect to a well-defined U (1) gauge (up to a constant gauge transformation) determined by the choice of w. Thus the first part of the proposition is proven.

The curvature is given by F_A1 = (∂_z λ(w, z) + ∂_{z̄}λ̄(w, z))dzdz̄ = ∂_z∂_{z̄} ln⟨P_wP_z⟩dzdz̄ since ∂_zλ(w, z) is real-valued, and ∂_z∂_{z̄} ln⟨P_wP_z⟩ = (∂_z∂_{z̄}⟨P_wP_z⟩)/⟨P_wP_z⟩ − (∂_{z̄}⟨P_wP_z⟩∂_z⟨P_wP_z⟩)/⟨P_wP_z⟩^2 = ⟨P_w[∂_z, [∂_{z̄}, P_z]]⟩)/⟨P_wP_z⟩ − ⟨P_w[∂_{z̄}, P_z]⟩⟨P_w[∂_z, P_z]⟩/⟨P_wP_z⟩^2. This is independent of w, since it is a gauge invariant 2-form or we see it explicitly in Lemma 2.7. Thus we can take the limit w → z and since P_z[∂_z, P_z] = 0 the second term disappears to leave ∂_z∂_{z̄} ln⟨P_wP_z⟩ = ⟨P_z[∂_z, [∂_{z̄}, P_z]]⟩. Since 0 = ⟨[∂_{z̄}, P_z]]⟩ = ⟨P_z[∂_{z̄}, P_z]]⟩ then

0 = ∂_z⟨P_z[∂_{z̄}, P_z]]⟩ = ⟨[∂_z, P_z][∂_{z̄}, P_z]⟩ + ⟨P_z[∂_z, [∂_{z̄}, P_z]]⟩ thus F_A1 = ∂_z ∂_{z̄} ln⟨P_wP_z⟩dzdz̄ = −⟨[∂_z, P_z][∂_{z̄}, P_z]⟩dzdz̄.

The construction of the gauge in which A_∞ = λ(w, z)dz̄ − λ̄(w, z)dz breaks down if ⟨P_wP_z⟩ = 0. In that case, once r_+(z) is chosen, there is not a unique choice of s_+(z) that satisfies (r_+(z), s_+(z)) is real. This simply says that the U (1) gauge defined by w is well-defined, up to locally constant gauge transformations, on the complement of the finite set of points {z_1, . . . , z_k} determined by ⟨P_wP_zi⟩ = 0, or in other words, w defines a flat structure on a line bundle over S^2 − {z_1, . . . , z_k}.

An understanding of the behaviour of A_∞ with respect to the gauge in Proposition 2.9 near its singularities is a key ingredient in the proof that the connection on the conformal boundary two-sphere uniquely determines the 2-point function. Equivalently, we must understand the behaviour of the 2-point function near its zero set.

Lemma 2.10. Near a point (w_0, z_0) in the zero set, ⟨P_{ŵ0} P_{z0} ⟩ = 0, the function ⟨P_ŵP_z⟩ vanishes like |ψ(w, z)|^2, where ψ(w, z) is a local holomorphic defining function for the zero set.

Proof. In order to study the vanishing at ⟨P_{ŵ0} P_{z0} ⟩, we may ignore the normalisation condition (6) of solutions r_+(ŵ, z) and s_+(ŵ, z) of (5) since that simply involves multiplying the solutions by non-vanishing functions. Thus we may choose the solutions so that ∂^A_z r_+ = 0 = ∂^A_{z̄} s_+ and ∂^A_{w̄} r_+ = 0 = ∂^A_w s_+. The inner product

(r_+(ŵ, z), s_+(ŵ, z)) is generically a transverse local section of the line bundle O(k, k) so |(r_+(ŵ, z), s_+(ŵ, z))|^2 vanishes like |ψ(w, z)|^2 and so too does ⟨P_ŵP_z⟩.

We will summarise the properties of the gauge for A_∞ in the following proposition.

Proposition 2.11. The (0, 1) part of A_∞, given by η_w(z) = λ(w, z)dz̄, satisfies the properties:

1. η_w(z) is well-defined outside a set of points {z_1, . . . , z_k}; 2. η_w(z) ∼ ln |z − z_i|^2dz̄ at each z_i; 3. dη_w(z) is an imaginary valued 2-form; 4. η_w|_{z=z0} is meromorphic in w; 5. η_w(w) = 0.

Furthermore, this U (1) gauge is the unique gauge (up to a constant gauge transformation) satisfying properties 1-3.

Proof. The points {z_1, . . ., z_k} are determined by ⟨P_wP_zi⟩ = 0 and Lemma 2.10 determines the behaviour of the singularities there. Properties 3, 4 and 5 follow from Lemma 2.7. Any other 1-form with these properties must differ from η(z) by i∂_{z̄}θ(z)dz̄ for a real-valued function θ(z). By 1, θ(z) is a function defined outside the set of points {z_1, . . . , z_k} and by 2 and 3 it is bounded and harmonic and hence constant. Thus i∂_{z̄}θ(z)dz̄ = 0 and the properties uniquely determine η.

Properties 4 and 5 are automatically satisfied by any η(z) satisfying 1, 2 and 3. This suggests that the connection on the conformal boundary two-sphere in some sense feels the spectral curve. The next proposition will prove that the connection on the conformal boundary two-sphere does determine the 2-point function and hence the spectral curve.

Proposition 2.12. The connection on the conformal boundary two-sphere uniquely determines the 2-point function.

Proof. Suppose we have two monopoles (A, Φ) and (A^′, Φ^′) with respective algebras consisting of elements P_z and P^′_z. Fix w and vary z. The two monopoles have the same connection on the conformal boundary two-sphere precisely when ln⟨P_wP_z⟩ − ln⟨P^′_wP^′_z⟩ (20)

is harmonic in z, z̄, since the curvatures of the connections on the conformal boundary two-sphere must coincide.

With respect to a local trivialisation of O(k, k) in the neighbourhood of a point on Δ̄ denote by Ψ(w, z) a section with zero set the spectral curve of (A, Φ), and similarly Ψ^′(w, z) for (A^′, Φ^′). (We are using the fact that a section of O(k, k) over

CP^1 × CP^1 −^¯Δ extends to a section over CP^1 × CP^1. This follows from considering

the kth formal neighbourhood of the diagonal Δ ⊂ CP^1 × CP^1 − Δ̄.) Then

ln⟨P_ŵP_z⟩ − ln⟨P^′_ŵP^′_z⟩ + ln |Ψ^′(w, z)|^2/|Ψ(w, z)|^2 = ln |Ψ^′(w, ŵ)|^2/|Ψ(w, ŵ)|^2

(21)

since the left hand side of (21) is well-defined everywhere, i.e. we have canceled singularities, and for fixed w it is harmonic in z, z̄. Hence it is constant in z and when we evaluate at z = ŵ we get the right hand side.

Now fix z and take ∂_w∂_{w̄} of both sides of (21). The left hand side vanishes since (20) is also harmonic in w, w̄ by symmetry. Thus ln |Ψ(w, ŵ)|^2 − ln |Ψ^′(w, ŵ)|^2 is harmonic in w, w̄. If ξ(w) is harmonic then it is the sum of a holomorphic and antiholomorphic function since ξ + iρ is holomorphic for some (locally defined ρ(w)) and ξ − iρ is anti-holomorphic. We can choose Ψ to be real and positive on Δ̄ so ln |Ψ(w, ŵ)|^2 = 2 ln Ψ(w, ŵ) and similarly for Ψ^′. Thus

Ψ(w, ŵ) = g_1(w)g_2(ŵ)Ψ^′(w, ŵ)

for g_1(w) holomorphic and g_2(ŵ) anti-holomorphic. We conclude that

Ψ(w, z) = g_1(w)g_2(z)Ψ^′(w, z)

since the real analytic function Ψ(w, ŵ) on Δ̄ has a unique extension in a neighbourhood of Δ̄ ⊂ CP^1 × CP^1. But then g_1 and g_2 are both constant since Ψ_|¯_Δ ≠ 0 so the zero set of Ψ cannot contain lines w = w_0 or z = z_0.

Thus, ⟨P_wP_z⟩ − ⟨P^′_wP^′_z⟩ is constant and hence 0 since they agree on w = z.

Remark. This completes the proof of Theorem 2 and Corollary 3. On closer observation, one soon realises that one of the key facts in the proof of Proposition 2.12—Ψ(w, ŵ), defined up to multiplication by the norm squared of a holomorphic function, uniquely determines Ψ(w, z) up to a constant—leads to another proof of Corollary 3. This viewpoint is taken in [15].

3. Representation

Consider a representation of S(A, Φ) on a Hilbert space H that satisfies

⟨a⟩ = tr a and a^∗ is the adjoint of a,

(22)

where we abuse notation and denote a ∈ A to also mean its image in the space of endomorphisms of H. The properties P^2_z = P_z = P^∗_z and tr P_z = ⟨P_z⟩ = 1 imply that P_z is a projection with one-dimensional image. The image of each projection is a line in H so each P_z corresponds to a point in PH and we have a map q : S^2_∞ → PH defined by q(z) = im P (z). In this section we will describe the properties of A in terms of the map q. We will defer the proof of existence of a representation until the end of the section. Let k be the charge of the monopole.

Proposition 3.1. A representation of S(A, Φ) on a Hilbert space H satisfying (22) gives rise to a 1-1 degree k holomorphic map q : S^2_∞ → CP^k.

Proof. We will use |q(z)⟩ to label a unit vector in the line q(z) = im P (z) ⊂ H, and ⟨q(z)| its conjugate transpose, so ⟨q(z)|q(z)⟩ = 1. Thus |q(z)⟩ is still ambiguous up to a phase, although |q(z)⟩⟨q(z)| = P_z is well-defined.

To show that q(z) is smooth at z_0, choose a w so that P_wP_{z0} ≠ 0 and choose a neighbourhood U of z_0 so that P_wP_z ≠ 0 for z ∈ U . Then fix a unit vector |q(w)⟩ and for each z ∈ U choose a unit vector |q(z)⟩ so that ⟨q(w)|q(z)⟩ is real. Then by Lemma 2.1 ⟨P_wP_z⟩ = tr P_wP_z = ⟨q(w)|q(z)⟩^2 is smooth in z so ⟨q(w)|q(z)⟩ is smooth in z. Thus the component P_wq(z) of q(z) is smooth. This is true for almost all w so q(z) is smooth on the linear span of the image of q. We may replace H by this linear span, since the representation annihilates the complement. Thus q(z) is a smooth map.

The holomorphicity of q(z) is equivalent to the property P_z[∂_{z̄}, P_z] = [∂_{z̄}, P_z] proven in Proposition 2.6. This can be seen by setting P_z = |q(z)⟩⟨q(z)|. Then |q(z)⟩⟨q(z)|(|∂_{z̄}q(z)⟩⟨q(z)| + |q(z)⟩⟨∂_zq(z)|) = (|∂_{z̄}q(z)⟩⟨q(z)| + |q(z)⟩⟨∂_zq(z)|) ⇒ |q(z)⟩⟨q(z)|∂_{z̄}q(z)⟩⟨q(z)| = |∂_{z̄}q(z)⟩⟨q(z)| and by acting on the left by any vector orthogonal to |q(z)⟩ we see that ∂_{z̄}|q(z)⟩ = λ(z)|q(z)⟩ for some function λ(z), so q(z) is holomorphic. (We use ∂_{z̄}|q(z)⟩ and |∂_{z̄}q(z)⟩ to mean the same thing.)

The degree of q(z) is obtained by intersecting its image with a hyperplane. This corresponds to asking for the number of solutions z to P_wP_z = 0 for a generic w, which is k, the charge of the monopole. Furthermore, the degree of q(z) determines an upper bound for the dimension of the span of its image, thus q : S^2_∞ → CP^k ⊂

PH. The map q(z) is one-to-one since the proof of Corollary 2.5 shows not only

that P_w ≠ P_z in A but also that their images under the representation are unequal via tr P_wP_z < 1.

Proposition 3.2. The spectral curve of a charge k SU (2) hyperbolic monopole with associated holomorphic sphere q : S^2_∞ → CP^k is given by

Σ = {(w, z) ∈ CP^1 × CP^1 | (q(ŵ), q(z)) = 0}

where ŵ is the antipodal point of w and (·, ·) is the natural Hermitian product on

C^{k+1} . Equivalently, w^k(q(ŵ), q(z)) = ψ(w, z), the defining polynomial of Σ.

Proof. This is simply a restatement of Proposition 2.8 since the product of two projections is zero precisely when their images are orthogonal. The function (q(ŵ), q(z)) is quite different from the corresponding function ⟨P_ŵP_z⟩. In particular it is holomorphic, and hence can be represented by a polynomial.

Recall from [5] that to an SU (2) integral mass charge k hyperbolic monopole one can associate a solution of the discrete Nahm equations. In the following

m ∈ Z+ 1/2.

γ_j = γ^T_{−j} −2m + 2 ≤ j ≤ 2m − 2, j odd β_j = β^T_{−j} −2m + 1 ≤ j ≤ 2m − 1, j even β_{j−1}γ_j − γ_j β_{j+1} = 0 −2m + 2 ≤ j ≤ 2m − 2, j odd [β^∗_j , β_j ] + γ^∗_{j−1}γ_{j−1} − γ_{j+1}γ^∗_{j+1} = 0 −2m + 3 ≤ j ≤ 2m − 3, j even [β_{2m−1}, β^∗_{2m−1}] + vv̄^T − γ^∗_{2m−2}γ_{2m−2} = 0

where β_i, γ_j ∈ gl(k, C ) and v ∈ C^k admit an action of {g_j ∈ U (k) | j = −2m + 1, −2m + 3, . . . , 0, . . ., 2m − 3, 2m − 1, g_j = ḡ_{−j}} by β_j → g_jβ_j g^{−1}_j γ_j → g_{j−1}γ_j g^{−1}_{j+1} v → g_{2m−1}v (Note that we have replaced v with v^T from [5] so that the vector v is a column vector and matrices act on its left.) The pair (β_{−2m+1}, v) determines the full solution of the discrete Nahm equations. It was shown in [5] that the map `_{β−2m+1 − z} v^T ´_:

C^k → C^{k+1}

(23)

is a monad on S^2 which determines the boundary value of the hyperbolic monopole. The monad can be interpreted as a degree k holomorphic map β : S^2 → CP^k given explicitly by β(z) = `_{− det(β−2m+1 − z) · (βT−2m+1 − z)−1v} det(β_{−2m+1} − z)

´_.

(24)

The map is well-defined up to the U (k) action on the first k coordinates, since β_{−2m+1} admits a U (k) action. The map β has the properties that the pull-back of the Kähler form β^∗ω gives the curvature of the monopole on the conformal boundary two-sphere (and hence its gauge equivalence class). Furthermore, by a theorem of Calabi the pull-back of the Kähler form, and hence the curvature of the monopole on the conformal boundary two-sphere, uniquely determines the map β. Thus the boundary value of the monopole determines the monopole.

Proposition 3.3. The spectral curve of (A, Φ) is given by

Σ = {(w, z) ∈ CP^1 × CP^1 | (β(ŵ), β(z)) = 0}.

Proof. This is a simple result from linear algebra. For any two vectors u, v ∈ C^n ,

det(1 + uv̄^T ) = 1 + (v, u)

(25)

since (u, v) → (g^{−1}u, ḡ^T v) preserves (25) for any g ∈ GL(n, C ), so we may assume u = (1, 0, 0, . . .), in which case (25) is easy.

Put d(w, z) = det(β̄_{−2m+1} + 1/w) det(β_{−2m+1} − z) for ease in reading the next set of formulae.

(β(ŵ), β(z)) = d(w, z)(v̄^T (β̄_{−2m+1} + 1/w)^{−1}(β^T_{−2m+1} − z)v + 1) = d(w, z) det(1 + (β^T_{−2m+1} − z)vv̄^T (β̄_{−2m+1} + 1/w)^{−1}) by (25) = det((β_{−2m+1} − z)(β̄_{−2m+1} + 1/w) + vv̄^T )

and the last expression defines the spectral curve by specialising the expression in [16] to the boundary value of the discrete Nahm equations.

Corollary 3.4. For half-integer mass, the holomorphic map q : S^2_∞ → CP^k associated to the algebra S(A, Φ) coincides up to the action of U (k + 1) on its image with the holomorphic map β : S^2 → CP^k arising from the discrete Nahm equations.

Strictly, we should say that in the U (k + 1) orbit of the map q : S^2_∞ → CP^k associated to the algebra S, there is a U (k) orbit of the map β.

Proof. The expressions

w^k(β(ŵ), β(z)) and w^k(q(ŵ), q(z))

coincide since they both define holomorphic sections of O(k, k) with the same zero set. Thus β(z) = uq(z) for some u ∈ U (k + 1).

Remark. Another corollary of Proposition 3.3 is a new proof of the fact that the boundary value of the monopole determines the monopole when the mass is a half integer.

Proposition 3.5. There exists a representation of S(A, Φ) on a Hilbert space H that satisfies ⟨a⟩ = tr a and a^∗ is the adjoint of a for a ∈ A.

Proof. In [15] it is proven that for each charge k monopole (A, Φ) there exists a holomorphic map q : S^2_∞ → CP^k with two key properties. It determines and is determined by the spectral curve of (A, Φ) and satisfies the statement of Proposition 3.2, and it determines and is determined by the boundary value A_∞ of (A, Φ). The curvature of A_∞ is obtained as the pull-back of the Kahler form on CP^k by q.

As in the proof of Proposition 3.1, use |q(z)⟩ to label a unit vector in the line q(z), and ⟨q(z)| its conjugate transpose, so |q(z)⟩⟨q(z)| = R_z is well-defined. We will prove that R_z = R^∗_z is the image of P_z in a representation of A acting on C^{k+1} satisfying ⟨Pz_1 ..Pz_n⟩ = tr Rz_1 ..Rz_n = ⟨q(z1)|q(z2)⟩⟨q(z2)|q(z3)⟩..⟨q(zn)|q(z1)⟩. Since ⟨a⟩ for any a ∈ A is obtained from derivatives and limits of such quantities, this is enough to show the representation satisfies (22).

The functions ⟨P_wP_z⟩ and |⟨q(w)|q(z)⟩|^2 vanish to the same order on (an image under w → ŵ of) the spectral curve of (A, Φ) and vanish nowhere else. Thus, ⟨P_wP_z⟩ = ξ(w, z)|⟨q(w)|q(z)⟩|^2 for a real valued nowhere vanishing function ξ(w, z). Fix q(w) and choose q(z) so that ⟨q(w)|q(z)⟩ ∈ R for each z. Take the derivative of each side with respect to ∂_{z̄} so 2λ(w, z)⟨P_wP_z⟩ = (2λ(w, z) + ∂_{z̄} ln ξ(w, z))ξ(w, z)|⟨q(w)|q(z)⟩|^2 since both ⟨P_wP_z⟩ and |⟨q(w)|q(z)⟩|^2 define A_∞ = λ(z)dz̄ − λ̄(z)dz. Hence

∂_{z̄} ln ξ(w, z) = 0

so ξ(w, z) is constant. It is identically 1 since ⟨P^2_z ⟩ = 1 = |⟨q(z)|q(z)⟩|^2.

Note that our assumption that ⟨P_wP_z⟩ and |⟨q(w)|q(z)⟩|^2 define the same gauge for A_∞ is unnecessary since if they differ by the gauge transformation λ(w, z) → λ(w, z) + i∂_{z̄} θ(w, z) for a real-valued θ(w, z), then we are left with ∂_{z̄} ln ξ(w, z) = −2i∂_{z̄} θ(w, z) in which case ξ is harmonic and hence constant, thus θ ≡ 0.

The general case is proved analogously. Again since we know the vanishing behaviour of the respective functions, we have ⟨P_{z1} ..P_zn⟩ = ξ(z_1, ..z_n)⟨q(z_1)|q(z_2)⟩⟨q(z_2)|q(z_3)⟩..⟨q(z_n)|q(z_1)⟩ for a nowhere vanishing ξ. Vary z_1 and fix the other variables. Choose q(z_1) so that ⟨q(z_1)|q(z_2)⟩ ∈ R for each z_1. Then again

2λ(z_2, z_1)⟨P_{z1} ..P_zn⟩ = (2λ(z_2, z_1) + (∂_{z̄1} ln ξ))⟨P_{z1} ..P_zn⟩

and ∂_{z̄1} ln ξ(z_1, .., z_n) = 0. Thus ξ is constant and it is 1 on the diagonal z_i = z_1, so it is identically 1.

Corollary 3.6. ⟨a^∗a⟩ ≥ 0 for any a ∈ A, with equality precisely when a = 0.

We have been unable to prove this property directly, requiring instead Proposition 3.5 and the positivity of the trace on the product of a matrix with its adjoint.

Proposition 2.9 shows that F_A1 = −⟨[∂_z, P_z][∂_{z̄}, P_z]⟩dzdz̄ so a consequence of Corollary 3.6 is the fact that F_A1/2πi is non-negative with respect to the orientation idzdz̄. Furthermore, we can also understand the singularities of q in terms of this curvature. Since ∂_{z̄}|q(z)⟩ = λ(z)|q(z)⟩, then q is singular at z_0 if and only if ∂_z|q(z)⟩_{|z0} = μ|q(z_0)⟩ for some μ ∈ C . Now 0 = ∂_z ⟨q(z)|q(z)⟩_{|z0} = ⟨∂_{z̄}q(z)|q(z)⟩_{|z0} + ⟨q(z)|∂_z q(z)⟩_{|z0} = λ(z_0) + μ thus [∂_z, P_z]_{|z0} = ∂_z|q(z)⟩⟨q(z)|_{|z0} = (λ(z_0) + μ)|q(z_0)⟩⟨q(z_0)| = 0. So by Corollary 3.6, q has a singularity at z_0 if and only if F_A1(z_0) = 0.

4. Conclusion

The important features of S(A, Φ) have thus far used the bounded, real-valued 2-point function ⟨P_wP_z⟩. The 3-point function was needed to prove some of the properties of ⟨P_wP_z⟩. Since the 2-point function determines the algebra it might be that one need look not much further to the n-point functions. On the other hand, there are features of S(A, Φ) that have yet to be understood and may require the higher order functions.

(i) The existence of a finite-dimensional representation of S(A, Φ) with expectation values of observables given by the trace implies relations amongst the 4-point functions. More precisely, for a charge k monopole, choose a generic set of points {z_i|i = 0, .., N } (where N is the dimension of the span of the image of q(z), so N = k if q is “full”) and set P_i = P_zi. Then the finite dimensional representation allows any P_w to be expressed as α^{ij}(w)P_iP_j (sum repeated indices) where the α^{ij}(w) are determined via ⟨P_wP_kP_l⟩ = α^{ij}(w)⟨P_iP_jP_kP_l⟩. Set g_{ijkl} = ⟨P_iP_jP_kP_l⟩. Then (for generic choice {z_i|i = 0, .., N }) there exists an “inverse” g^{ijkl} satisfying g^{ijkl}g_{klmn} = δ_{im}δ_{jn}, so α^{ij}(w) = g^{ijkl}⟨P_wP_kP_l⟩. Then, ⟨P_wP_z⟩ = g^{ijkl}⟨P_wP_kP_l⟩⟨P_zP_iP_j⟩. If we multiply both sides by the “determinant” of g_{ijkl} then the relation holds for all sets {z_i|i = 0, .., N }, and not just generic sets. It would be more satisfying to be able to prove the relations directly and use this to get the representation.

(ii) It would be interesting to recognise the mass of the monopole in S(A, Φ). The mass is encoded in the spectral curve but it is difficult to extract.

(iii) Since S(A, Φ) brings the spectral curve of (A, Φ) and the connection on the conformal boundary two-sphere closer together, one might hope to understand both the metrics of Austin and Braam [5] and Hitchin [10] from a similar perspective.

(iv) One can take finite-dimensional subalgebras of S(A, Φ) to possibly uncover further structure. In the case k = 2, define S_w(A, Φ) ⊂ S(A, Φ) to be the sub-algebra generated by P_1(w) = P_{z1} and P_2(w) = P_{z2} where P_wP_zi = 0. This is a finite-dimensional algebra, generated as a vector space by P_1(w), P_2(w), P_1(w)P_2(w) and P_2(w)P_1(w). The algebra S_w(A, Φ) actually depends on a point in the spectral curve of the monopole, since the elements P_1(w) and P_2(w) are ordered. Each point of the spectral curve stores information such as the structure coefficients of the finitely generated sub-algebras. The interaction of the sub-algebras at different points also encodes information. Another interesting class of sub-algebras parametrised by the spectral curve arises from monopoles invariant under a Z_kaction. For any point of the spectral curve, take its orbit of k (ordered) points and take the forward endpoints w_1, w_2, .., w_k say, defining the subalgebra to be generated by P_i = P_wi. Algebras depending on a spectral parameter arise in many parts of mathematics. It would be interesting to understand how these families of algebras depending on points of the spectral curve fit into other constructions.

18 PAUL NORBURY

(v) The algebra S(A, Φ) of an SU (2) hyperbolic monopole generalises to any gauge group. In such a case, the scattering equations (5) admit solutions with various rates of decay. To each point z ∈ S^2_∞ we associate finitely many operators, one for each level of decay of solutions of the scattering equation, with given relations. The n-point functions are obtained from pairing solutions of the scattering equations with specified decay in each direction. For higher rank Lie groups, just as the operators P_z define one-dimensional subspaces of a very large vector space to give a holomorphic map q : S^2_∞ → CP^k, the finitely many operators associated to z ∈ S^2_∞ will define a flag inside a very large vector space with a corresponding holomorphic map. The dimension of the vector space will be determined by the charge of the monopole, as in Proposition 3.1.

References

[1] M.F. Atiyah. Instantons in two and four dimensions. Comm. Math. Phys., 93, 437-451 (1984). [2] M.F. Atiyah. Magnetic monopoles in hyperbolic space. Proc. Bombay colloq. on vector bundles on algebraic varieties, 1-34 (1987).

[3] M.F. Atiyah. Magnetic monopoles and the Yang-Baxter equation Int. J. Mod. Phys. A 6 (1991), 2761–2774.

[4] M.F. Atiyah and M.K. Murray. Monopoles and Yang-Baxter equations Further advances in twistor theory. Volume II: Integrable systems, conformal geometry and gravitation. (1994), 13-14.

[5] D.M. Austin and P.J. Braam. Boundary values of hyperbolic monopoles. Nonlinearity, 3, 809-823 (1990).

[6] Coddington E A and Levinson N Theory of Ordinary Differential Equations New York:

McGraw-Hill (1953).

[7] C. Robin Graham. Volume and area renormalizations for conformally compact Einstein metrics. The Proceedings of the 19th Winter School ”Geometry and Physics”. Rend. Circ. Mat. Palermo (2) Suppl. No. 63 (2000), 31–42.

[8] N.J. Hitchin. On the construction of monopoles. Comm. Math. Phys., 89, 145-190 (1983). [9] N.J. Hitchin. Monopoles and geodesics. Comm. Math. Phys., 83, 579-602 (1982). [10] N.J. Hitchin. A new family of Einstein metrics. Manifolds and geometry (Pisa, 1993), 190–222, Sympos. Math., XXXVI, Cambridge Univ. Press, Cambridge, 1996.

[11] Arthur Jaffe and Clifford Taubes. Vortices and monopoles. Birkhäuser, Boston, 1980. [12] Stuart Jarvis and Paul Norbury. Compactification of hyperbolic monopoles. Nonlinearity, 10, 1073-1092 (1997).

[13] Stuart Jarvis and Paul Norbury. Zero and infinite curvature limits of hyperbolic monopoles.

Bull. LMS 29, 737-744, (1997).

[14] Juan Maldacena. The large N limit of superconformal field theories and supergravity. Adv.

Theor. Math. Phys. 2, 231-252, (1998).

[15] Michael Murray and Paul Norbury. Hyperbolic monopoles and holomorphic spheres. Preprint (2001).

[16] Michael Murray and Michael Singer. On the complete integrability of the discrete Nahm equations. Comm. Math. Phys., 210, 497-519 (2000).

[17] Michael Murray and Michael Singer. Spectral curves of hyperbolic monopoles. Nonlinearity,

9, 973-997 (1996).

[18] Paul Norbury. Asymptotic values of hyperbolic monopoles. To appear in Journal of the LMS. [19] Johan Rade. Singular Yang-Mills fields. Local theory. I. J. Reine Angew. Math. 452 (1994), 111–151 [20] Leonard Susskind. Holography in the flat space limit. General relativity and relativistic astrophysics, 98–112, AIP Conf. Proc., 493, Amer. Inst. Phys., Melville, NY, 1999 [21] Edward Witten. Anti de Sitter space and holography. Adv. Theor. Math. Phys. 2, 253-291, (1998).

Department of Pure Mathematics, University of Adelaide, Australia 5005 E-mail address: pnorbury@maths.adelaide.edu.au