arXiv:math-ph/0112056 v1 23 Dec 2001

HADRONIC PRESS MONOGRAPHS IN MATHEMATICS

Interactions, Strings and Isotopies in Higher Order Anisotropic Superspaces

Sergiu Ion Vacaru

Institute of Applied Physics Academy of Sciences of Moldova 5, Academy Street Chişinǎu MD2028 Republic of Moldova and The Institute for Basic Research Box 1577 Palm Harbor, FL 34682–1577

HADRONIC PRESS

Copyright © 1998 by Sergiu Ion Vacaru

All rights reserved.

No part of this book may be reproduced, stored in a retrieval system or transmitted in any form or by any means without the written permision of the copyright owner.

U. S. Library of Congress Cataloging in Publication Data:

Vacaru, Sergiu Ion

Interactions, Strings and Isotopies in Higher Order Anisotropic Superspaces

Bibliography

Additional data supplied on request

I S B N 1 – 5 7 4 8 5 – 0 3 2 – 6

PRINTED IN THE U.S.A.

The cover illustration is from the fronticpiece of Leibniz’s Dissertation de arte combinatoria

ABOUT THE BOOK

This is the first monograph on the geometry of locally anisotropic physics. The main subjects are in the theory of field interactions, strings and diffusion processes on spaces, superspaces and isospaces with higher order anisotropy and inhomogeneity. The approach proceeds by developing the concept of higher order anisotropic (super)space which unify the logical and manthematical aspects of modern Kaluza–Klein theories and generalized Lagrange and Finsler geometry and leads to modelling of physical processes on higher order fiber (super)bundles provided with nonlinear and distinguished connections and metric structures. The view adopted is that a general field theory should incorporate all possible anisotropic and stochastic manifestations of classical and quantum interactions and, in consequence, a corresponding modification of basic principles and mathematical methods in formulation of physical theories. This book can be also considered as a pedagogical survey on the mentioned subjects.

ABOUT THE AUTHOR

Sergiu Ion Vacaru was born in 1958 in the Republic of Moldova. He was educated at the Universities and Research Institutes of the former URSS (in Tomsk, Moscow, Dubna and Kiev). After receiving his Ph.D. in theoretical physics in 1994 at ”Al. I. Cuza” University, Iaşi, Romania, he was employed as scientific worker and associate professor at various academic institutions. At the present time he is senior researcher at the Institute of Applied Physics, Academy of Sciences of Moldova, and full professor of theoretical physics at the Institute for Basic Research (Palm Harbour, FL, U. S. A. and Molise, Italy). He is a member of the American Mathematical and Physical Societies, and a referee and editor of various International Scientific Journals. He has published more than hundred scientific works and communications on generalized Finsler and Kaluza– Klein (super)gravity and strings, differential (super)geometry, spinors and twistors, locally anisotropic stochastic processes and conservation laws in curved spaces, quantum field and geometric methods in condensed matter physics, isogeometry and isogravity, geometric thermodynamics and kinetics. Dr. Vacaru is also deeply involved in the problems of Human Rights in the post–soviet New Independent States.

-

In memory of Viorica P. Vacaru (Fagurel)

Contents

0.1 Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 0.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

I Higher Order Anisotropic Supersymmetry 17

1 HA–Superspaces 18 1.1 Supermanifolds and D–Superbundles . . . . . . . . . . . . . 19 1.1.1 Supermanifolds and superbundles . . . . . . . . . . . 20 1.1.2 Distinguished vector superbundles . . . . . . . . . . . 23 1.2 Nonlinear Connections in DVS–Bundles . . . . . . . . . . . . 28 1.2.1 N-connections in vs–bundles . . . . . . . . . . . . . . 28 1.2.2 N–connections in dvs–bundles . . . . . . . . . . . . . 31 1.3 Geometric Objects in DVS–Bundles . . . . . . . . . . . . . . 36 1.3.1 D–tensors and d–connections in dvs–bundles . . . . . 36 1.3.2 Torsions and curvatures of d–connections . . . . . . 39 1.3.3 Bianchi and Ricci identities . . . . . . . . . . . . . . 44 1.3.4 Cartan structure equations in dvs–bundles . . . . . . 48 1.3.5 Metrics in dvs–bundles . . . . . . . . . . . . . . . . . 49 1.4 Higher Order Tangent S–bundles . . . . . . . . . . . . . . . 53 1.4.1 Supersymmetric extensions of Finsler spaces . . . . . 54 1.4.2 Prolongations of Lagrange s–spaces . . . . . . . . . . 57 1.4.3 Higher order Lagrange s–spaces . . . . . . . . . . . . 58 1.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2 HA–Supergravity 61 2.1 N–connection Superspaces . . . . . . . . . . . . . . . . . . . 62

2.1.1 Supervielbeins in N–connection s–spaces . . . . . . . 62 2.1.2 Locally anisotropic superfields . . . . . . . . . . . . . 64 2.1.3 Differential forms in N–connection spaces . . . . . . . 65 2.2 HA–Gauge S–Fields . . . . . . . . . . . . . . . . . . . . . . . 66 2.2.1 Gauge transforms in osculator s–bundles . . . . . . . 66 2.2.2 Abelian locally anisotropic s–fields . . . . . . . . . . 68 2.2.3 Nonabelian locally anisotropic gauge s–fields . . . . . 69 2.3 Supergravity in Osculator S–Bundles . . . . . . . . . . . . . 70 2.4 Bianchi Identities: Osculator S–Bundles . . . . . . . . . . . 75 2.4.1 Distinguiched Bianchi identities . . . . . . . . . . . . 75 2.4.2 Solution of distinguished Bianchi identities . . . . . . 77 2.5 Einstein–Cartan D–Structures . . . . . . . . . . . . . . . . . 79 2.6 Gauge Like Locally Anisotropic Supergravity . . . . . . . . . 84

3 Supersymmetric NA–Maps 89 3.1 NA–Maps of DVS–Bundles . . . . . . . . . . . . . . . . . . . 90 3.2 Classification of Na–Maps . . . . . . . . . . . . . . . . . . . 94 3.3 Na–Maps and Tensor–Integral . . . . . . . . . . . . . . . . . 108 3.4 Ds–Tensor Integral Conservation Laws . . . . . . . . . . . . 111 3.4.1 Divergence of energy–momentum ds–tensor . . . . . . 112 3.4.2 D–conservation laws . . . . . . . . . . . . . . . . . . 113 3.5 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . 114

4 HA–Superstrings 116 4.1 Superstrings in HA–Spaces . . . . . . . . . . . . . . . . . . . 117 4.1.1 Two dimensional ha–sigma s–models . . . . . . . . . 118 4.1.2 Locally anisotropic heterotic strings . . . . . . . . . . 123 4.2 Background D–Field Methods . . . . . . . . . . . . . . . . . 126 4.3 Green–Schwarz DVS–Action . . . . . . . . . . . . . . . . . 134 4.4 Fermi Strings in HA–Spaces . . . . . . . . . . . . . . . . . . 140 4.5 Anomalies in LAS–Models . . . . . . . . . . . . . . . . . . . 147 4.5.1 One–loop calculus . . . . . . . . . . . . . . . . . . . . 147 4.5.2 Two–loop calculus . . . . . . . . . . . . . . . . . . . 150 4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

5 Stochastics in LAS–Spaces 155 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 5.2 Fermionic Brownian LA–Motion . . . . . . . . . . . . . . . . 158 5.3 Stochastic D–Integration . . . . . . . . . . . . . . . . . . . 164 5.4 Supersymmetric Itô D–Formulas . . . . . . . . . . . . . . . 168 5.5 Feynman–Kac D–Formula . . . . . . . . . . . . . . . . . . . 173 5.6 S–Differential D–Forms . . . . . . . . . . . . . . . . . . . . . 177 5.7 Locally Anisotropic Brownian S–Paths . . . . . . . . . . . . 182 5.8 Atiyah–Singer D–Index Theorem . . . . . . . . . . . . . . . 187

II Higher Order Anisotropic Interactions 201

6 HA–Spinors 202 6.1 Basic Geometric Objects in Ha–Spaces . . . . . . . . . . . . 203 6.1.1 N–connections: distinguishing of geometric objects . 204 6.1.2 D–Torsions and d–curvatures . . . . . . . . . . . . . 214 6.1.3 Field equations for ha–gravity . . . . . . . . . . . . . 217 6.2 Distinguished Clifford Algebras . . . . . . . . . . . . . . . . 219 6.3 Clifford HA–Bundles . . . . . . . . . . . . . . . . . . . . . . 225 6.3.1 Clifford d–module structure in dv–bundles . . . . . . 225 6.3.2 Clifford fibration . . . . . . . . . . . . . . . . . . . . 227 6.4 Almost Complex Spinor Structures . . . . . . . . . . . . . . 229 6.5 D–Spinor Techniques . . . . . . . . . . . . . . . . . . . . . . 233 6.5.1 Clifford d–algebra, d–spinors and d–twistors . . . . . 234 6.5.2 Mutual transforms of d-tensors and d-spinors . . . . 240 6.6 Differential Geometry of D–Spinors . . . . . . . . . . . . . . 243 6.6.1 D-covariant derivation on ha–spaces . . . . . . . . . 244 6.6.2 Infeld–van der Waerden d–coefficients . . . . . . . . . 246 6.6.3 D–spinors of ha–space curvature and torsion . . . . . 248 6.7 Field Equations on Ha-Spaces . . . . . . . . . . . . . . . . . 251 6.7.1 Locally anisotropic scalar field interactions . . . . . 251 6.7.2 Proca equations on ha–spaces . . . . . . . . . . . . . 253 6.7.3 Higher order anisotropic gravitons . . . . . . . . . . 254 6.7.4 Higher order anisotropic Dirac equations . . . . . . . 254 6.7.5 D–spinor locally anisotropic Yang–Mills fields . . . . 255

6.7.6 D–spinor Einstein–Cartan equations . . . . . . . . . 257 6.8 Outlook on Ha–Spinors . . . . . . . . . . . . . . . . . . . . . 257

7 Gauge and Gravitational Ha–Fields 260 7.1 Gauge Fields on Ha-Spaces . . . . . . . . . . . . . . . . . . . 262 7.2 Yang-Mills Equations on Ha-spaces . . . . . . . . . . . . . . 266 7.3 Gauge HA–Gravity . . . . . . . . . . . . . . . . . . . . . . . 269 7.3.1 Bundles of linear ha–frames . . . . . . . . . . . . . . 270 7.3.2 Bundles of affine ha–frames and Einstein equations . 272 7.4 Nonlinear De Sitter Gauge Ha–Gravity . . . . . . . . . . . . 274 7.4.1 Nonlinear gauge theories of de Sitter group . . . . . . 274 7.4.2 Dynamics of the nonlinear S (η) ha–gravity . . . . . . 276 7.5 La–Gravitational Gauge Instantons . . . . . . . . . . . . . . 279 7.6 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

8 Na-Maps and Conservation Laws 284 8.1 Nearly Autoparallel Maps of La–Spaces . . . . . . . . . . . . 286 8.2 Classification of Na–Maps . . . . . . . . . . . . . . . . . . 290 8.3 Na-Tensor-Integral on La-Spaces . . . . . . . . . . . . . . . . 301 8.4 On Conservation Laws on La–Spaces . . . . . . . . . . . . . 304 8.4.1 Nonzero divergence of energy–momentum d-tensor . . 304 8.4.2 D–tensor conservation laws . . . . . . . . . . . . . . 306 8.5 Na–Conservation Laws in La–Gravity . . . . . . . . . . . . . 307 8.6 Na–maps in Einstein Gravity . . . . . . . . . . . . . . . . . 311 8.6.1 Nc–flat solutions of Einstein equations . . . . . . . . 311 8.6.2 Na–conservation laws in general relativity . . . . . . 314

9 HA–Strings 318 9.1 HA–σ–Models . . . . . . . . . . . . . . . . . . . . . . . . . . 318 9.1.1 Action of nonlinear σ–model and torsion of ha–space 319 9.1.2 The d–covariant method for ha–background fields . . 321 9.2 Regularization and β–Functions . . . . . . . . . . . . . . . . 326 9.2.1 Renormalization group beta functions . . . . . . . . . 326 9.2.2 1–loop divergences and ha–renorm group equations . 328 9.2.3 Two-loop β-functions for the HAS-model . . . . . . . 330 9.2.4 Low–energy effective action for la–strings . . . . . . . 334 9.3 Scattering of Ha–Gravitons . . . . . . . . . . . . . . . . . . . 337

9.3.1 Ha–string amplitudes for ha-gravitons scattering . . . 337 9.3.2 Duality of Ha–σ–models . . . . . . . . . . . . . . . . 340 9.4 Summary and Conclusions . . . . . . . . . . . . . . . . . . . 343

10 Stochastic Processes on HA–Spaces 345 10.1 Diffusion Processes on Euclidean Spaces . . . . . . . . . . . 346 10.1.1 Basic concepts and notations . . . . . . . . . . . . . 346 10.1.2 Stochastic differential equations . . . . . . . . . . . 352 10.1.3 Diffusion Processes . . . . . . . . . . . . . . . . . . . 354 10.2 Ha–Frames and Horizontal Lifts . . . . . . . . . . . . . . . . 356 10.3 Stochastic Differential D–Equations . . . . . . . . . . . . . 362 10.4 Heat Equations and Flows of Diffeomorfisms . . . . . . . . 366 10.5 Nondegenerate Diffusion in La–Spaces . . . . . . . . . . . . 372 10.6 Heat Equations for D–Tensor Fields . . . . . . . . . . . . . 379 10.6.1 Scalarized tensor d-fields and heat equations . . . . 379 10.6.2 Boundary conditions . . . . . . . . . . . . . . . . . . 381 10.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 384

III Generalized Isofinsler Gravity 385

11 Basic Notions on Isotopies 386 11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 386 11.2 Isotopies of the unit and isospaces . . . . . . . . . . . . . . . 387 11.3 Isocontinuity and isotopology . . . . . . . . . . . . . . . . . 390 11.4 Isodifferential and isointegral calculus . . . . . . . . . . . . . 391 11.5 Santilli’s isoriemannian isospaces . . . . . . . . . . . . . . . 393

12 Isobundle Spaces 397 12.1 Lie–Santilli isoalgebras and isogroups . . . . . . . . . . . . . 397 12.2 Fiber isobundles . . . . . . . . . . . . . . . . . . . . . . . . . 399 12.3 Nonlinear and Distinguished Isoconnections . . . . . . . . . 403 12.4 Isotorsions and Isocurvatures . . . . . . . . . . . . . . . . . 410 12.5 Isobianchi and Isoricci Identities . . . . . . . . . . . . . . . . 413 12.6 Structure Equations of a d–Isoconnection . . . . . . . . . . . 417

13 The Isogeometry of Tangent Isobundles 418 13.1 Notions of Isotopies of Generalized Lagrange and Finsler Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 418 13.2 The Isotopic Almost Hermitian Model of GIL–Spaces . . . . 421

14 Locally Anisotropic and Inhomogeneous Isogravity 423 14.1 Generalized Isofinsler gravity . . . . . . . . . . . . . . . . . . 424 14.2 Concluding Remarks and Further Possibilities . . . . . . . . 427

0.1 Preface

This monograph gives a general geometric background of the theory of field interactions, strings and diffusion processes on spaces, superspaces and isospaces with higher order anisotropy and inhomogenity. The last fifteen years have been attempted a number of extensions of Finsler geometry with applications in theoretical and mathematical physics and biology which go far beyond the original scope. Our approach proceeds by developing the concept of higher order anisotropic superspace which unify the logical and mathematical aspects of modern Kaluza–Klein theories and generalized Lagrange and Finsler geometry and leads to modelling of physical processes on higher order fiber bundles provided with nonlinear and distingushed connections and metric structures. The view adopted here is that a general field theory should incorporate all possible anisotropic and stochastic manifestations of classical and quantum interactions and, in consequence, a corresponding modification of basic principles and mathematical methods in formulation of physical theories. This monograph can be also considered as a pedagogical survey on the mentioned subjects.

There are established three approaches for modeling field interactions and spaces anisotropies. The first one is to deal with a usual locally isotropic physical theory and to consider anisotropies as a consequence of the anisotropic structure of sources in field equations (for instance, a number of cosmological models are proposed in the framework of the Einstein theory with the energy–momentum generated by anisotropic matter, as a general reference see [165]). The second approach to anisotropies originates from the Finsler geometry [78,55,213,159] and its generalizations [17,18,19,160,161,13,29, 256, 255, 264, 272] with a general imbedding into Kaluza–Klein (super) gravity and string theories [269,270,260,265,266,267], and speculates a generic anisotropy of the space–time structure and of fundamental field of interactions. The Santilli’s approach [217,219,220,218,221, 222,223,224] is more radical by proposing a generalization of Lie theory and introducing isofields, isodualities and related mathematical structures. Roughly speaking, by using corresponding partitions of the unit we can model possible metric anisotropies as in Finsler or generalized Lagrange geometry but the problem is also to take into account classes of anisotropies generated by nonlinear and distinguished connections.

In its present version this book addresses itself both to mathematicians and physicists, to researches and graduate students which are interested in geometrical aspects of fields theories, extended (super)gravity and (super)strings and supersymmetric diffusion. It presupposes a general background in the mentioned divisions of modern theoretical physics and assumes some familiarity with differential geometry, group theory, complex analysis and stochastic calculus.

The monograph is divided into three parts:

The first five Chapters cover the higher order anisotropic supersymmetric theories: Chapter 1 is devoted to the geometry of higher order anisotropic supersaces with an extension to supergravity models in Chapter 2. The supersymmetric nearly autoparallel maps of superbundles and higher order anisotropic conservation laws are considered in Chapter 3. Higher order anisotropic superstrings and anomalies are studied in Chapter 4. Chapter 5 contains an introduction into the theory of supersymmetric locally anisotropic stochastic processes.

The next five Chapters are devoted to the (non supersymmetric) theory of higher order anisotropic interactions and stochastic processes. Chapter 6 concerns the spinor formulation of field theories with locally anisotropic interactions and Chapter 7 considers anisotropic gauge field and gauge gravity models. Defining nearly autoparallel maps as generalizations of conformal transforms we analyze the problem of formulation of conservation laws in higher order anisotropic spaces in Chapter 8. Nonlinear sigma models and strings in locally anisotropic backgrounds are studied in Chapter 9. Chapter 10 is devoted to the theory of stochastic differential equations for locally anisotropic diffusion processes.

The rest four Chapters presents a study on Santilli’s locally anisotropic and inhomogeneous isogeometries, namely, an introduction into the theory of isobuncles and generalized isofinsler gravity. Chapter 11 is devoted to basic notations and definitions on Santilli and coauthors isotheory. We introduce the bundle isospaces in Chapter 12 where some necessary properties of Lie–Santilli isoalgebras and isogroups and corresponding isotopic extensions of manifolds are applied in order to define fiber isospaces and consider their such (being very important for modeling of isofield interactions) classes of principal isobundles and vector isobundles. In that Chapter there are also studied the isogeometry of nonlinear isoconnections in vector isobundles, the isotopic distinguishing of geometric objects, the isocurvatures and isotorsions of nonlinear and distinguished isoconnections and the structure equations and invariant conditions. The next Chapter 13 is devoted to the isotopic extensions of generalized Lagrange and Finsler geometries. In Chapter 14 the isofield equations of locally anisotropic and inhomogeneous interactions will be analyzed and an outlook and conclusions will be presented.

We have not attempted to give many details on previous knowledge of the subjects or complete list of references. Each Chapter contains a brief introduction, the first section reviews the basic results, original papers and monographs. If it is considered necessary, outlook and discussion are presented at the end of the Chapter.

We hope that the reader will not suffer too much from our insufficient mastery of the English language.

Acknowledgments.

It is a pleasure for the author to give many thanks especially to Professors R. Miron, M.Anastasiei, R. M. Santilli and A. Bejancu for valuable discussions, collaboration and necessary offprints.

The warmest thanks are extended to Drs E. Seleznev and L. Konopko for their help and support.

The author wish to express generic thanks to the referees for a detailed control and numerous constructive suggestions as well he should like to express his deep gratitude to the publishers for their unfailing support.

Sergiu I. Vacaru, June 1997; e-mail: vacaru@lises.asm.md

Academy of Sciences, Institute of Applied Physics, Chişinǎu MD2028, Republic of Moldova and Institute for Basic Research, Palm Harbor, USA & Molise, Italy

0.2 Notation

(1) Indices. Unfortunately it is impossible to elaborate a general system of labels of geometrical objects and coordinates when we a dealing with geometrical constructions in Finsler spaces and theirs higher order anisotropic, inhomogeneous and isotopic extensions. A number of various superspace, spinor, gauge field and another indices add complexity to this problem. The reader will have to consult the first sections in every Chapter in order to understand the meaning of various types of boldface and/or underlined Greek or Latin letters for operators, distinguished spinors and tensors. Here we present only the most important denotations for local parametizations of spaces, superspaces and isospaces which are used in our book.

The first Part of this monograph is devoted to higher order anisotropic superspaces (s–space). The base G^∞–supermanifold ~M of s–spaces is locally parametrized by coordinates x = (^x, θ) = {x^I = (^x^i, θ^^i)}, with a corresponding splitting of indices of type I = (i, ^i), J ( j, ^j ) , ..., where i, j, ... = 1, 2, ..., n, θ^^i are anticommuting coordinates and ^i = 1, 2, ..., k ((n, k) is the (even,odd) dimension of s–space.

For typical vector superspaces (vs–spaces) F of dimension (m, l) we shall use local coordinates y = (^y, ζ) = {y^A = (^y^a, ζ^^a)}, with splitting of indices of type A = (a, ^a), B = (b, ^b), where a, b, ... = 1, 2, ..., m and ^a, ^b, ... = 1, 2, ..., l, ζ^^a are anticommuting coordinates. There are also used sets of vs–spaces F_1, F_2, ..., F_p, ..., F_z (p = 1, 2, ..., z) prametrized correspondingly by coordinates {..., y_{(p)}, ...} = {..., (^y_{(p)}, ζ_{(p)}), ...} = {..., y^A_{(p)} = (^y^a_{(p)}, ζ^^a_{(p)}), ...} with splitting of indices of type {..., A_p, ...} = {..., (a_p, ^a_p), ...}, {..., B_p, ...} = {..., (b_p, ^b_p), ...}, where a_p, b_p, ... = 1, 2, ..., m_p and ^a_p, ^b_p, ... = 1, 2, ..., l_p for every value of p. Distinguished vector superspaces (dvs–spaces) ~E^{<z>} are parametrized by local coordinates u = ( x = y_{(0)}, y_{(1)}, y_{(2)}, ..., y_{(p)}, ..., y_{(z)} ) = ( u_{(p)}, ^y_{(p+1)}, ζ_{(p+1),...,} ^y_{(z)}, ζ_{(z)} ) =

( ^x^i, x^^i, ^y^{<a>}, y^<^^{a>} ) = ( x^I = y^{A0} , y^{A1} , ..., y^{Ap}, ..., y^{Az} ) = ( x^I , y^{<A>} ) = u^{<α>} = ( u^{<αp>}, y^{Ap+1} , ..., y^{Az} ) = ( ^x^i = ^y^{a0} , θ^^i = ζ^^{a0} , ^y^{a1} , ζ^^{a1} , ..., ^y^{az} , ζ^^{az} )

The terms distinguished superbundles, distinguished geometric objects, higher order anisotropic (super)bundle, locally anisotropic (super)space and so on (geometrical constructions distinguished by a N–connection structure and characterized by corresponding local anisotropies) will be used in theirs respective brief forms (d–superbundles, d–objects, ha–(super)bundle, la– superspace and so on). (see subsections 1.1.1 and 2.1.1 for details).

The second Part of the monograph contains geometric constructions and physical theories on higher order spaces (not superspaces) models on distinguished vector bundles E^{<z>} , dv–bundles (we omit ”tilde” on geometric objects), with local coordinates u = ( x = y_{(0)}, y_{(1)}, y_{(2)}, ..., y_{(p)}, ..., y_{(z)} ) = ( u_{(p)}, ^y_{(p+1)}, ..., ^y_{(z)} ) = ( ^x^i = x^i, ^y^{<a>} ) = ( x^i = y^{a0} , y^{a1} , ..., y^{ap}, ..., y^{az} ) = ( x^i, y^{<a>} ) = u^{<α>} = ^u^{<α>} = (u^{<αp>} = ^u^{<αp>}, y^{ap+1} , ..., y^{az}) = ( ^x^i = ^y^{a0} , ^y^{a1} , ..., ^y^{ap} , ..., ^y^{az} ) (in the first Part of the book we shall use ”hats” on geometrical objects in order to emphasize that we consider just the components of the even part of s–space; as a rule we shall omit such ”hats”, but maintain cumulative Greek indices of type < α >= (i = a_0, a_1, ..., a_p, ...a_z), in the second Part of our work were we are dealing with the geometric background base on vector bundles).

The underlined indices will be used for marks enumerating components with respect to distinguished locally adapted to N–connection frame decompositions; for instance, with respect to frames (for superspaces one uses the term supervielbeins, in brief, s–vielbeins) l^{<α>}_{<α>}(u) we shall consider decompositions of metric of type G_{<α><β>}(u) = l^{<α>}_{<α>} (u)l^{<β>}_{<β>}(u)G_{<α><β>} with a corresponding splitting of indices < α >= (I = A_0, A_1, ..., A_p, ..., A_z ). Different types of underlined indices for Maiorana, or Dirac spinors and objects of higher order anisotropic Clifford and (super)vector fibrations (defined for corresponding locally adapted spinor or s–vector bases) will be also considered.

We shall use such type of spinor parametrizations of anticommuting variables in higher order anisotropic supergravity: θ^i = ζ^{a0} = (θ^{i←−} = ζ^{a0←−}, θ^{i−→} = ζ^{a0−→}), ζ^{a1} = (ζ^{a1←−}, ζ^{a1−→}), ..., ζ^{ap} = (ζ^{ap←−}, ζ^{ap−→}), ..., ζ^{az} = (ζ^{az←−}, ζ^{az−→}). The two dimensional world sheets used in the theory of higher order anisotropic (super)strings are provided with local coordinates z = z^ü, two– metric γ_{äë} and zweibein e^ë_ë, where ü, ë, ä, ... = 1, 2. The Dirac matrices on the worlds sheets are denoted γ_ë; we shall also use matrix γ_5 with the property (γ_5)^2 = −1 (to follow usual denotations we use γ-index 5 as well for two dimensions). Maiorana spinors are denoted as θ_ã, χ_ñ.

On (1,0)–superspaces we shall use two Bose coordinates (z^±, z^=) and one Fermi coordinate θ^+, ü = (z^±, z^=, θ^+), (see details in subsection 4.1,2); standard derivatives on (1,0) locally anisotropic superspaces are denoted D¨_A = (D_+, ∂_‡, ∂_=), where index Ä = (+, ‡, =); s–vielbeins are written E^Ü_Ä . As Ψ^{|I|}, with indices of type |I|, |J|, ..., we shall denote heterotic Maiorana– Weyl fermions (see section 4).

The Santilli’s isotheory considered in the Part III of that monograph is based on the concept of fundamental isotopy which is the lifting I → ^I of the n–dimensional unit I = diag (1, 1, ..., 1) of the Lie’s theory into an n × n–dimensional matrix ^I = ( I^i_j ) = ^I ( t, x, ẋ, ẍ, ψ, ψ^+, ∂ψ, ∂ψ^+, ∂∂ψ, ∂∂ψ^+, ... ) called the isounit. ”Hats” on symbols in the third part will be used for distinguishing the isotopic objects from usual ones (non isotopic).

(2)Equations. For instance, equation (4.6) is the 6th equation in Chapter 4, so the first number of an equation points to the Chapter where that equation is introduced and the second numbers enumerates the equation into consideration with respect to that Chapter. The same holds true for theorems, definitions and so on (for example, Theorem 3.1; Definition 4.5).

(3) Differentiation. Ordinary partial differentiation with respect to a coordinate x^i will either be denoted by the operator ∂_i or by subscript i following a comma, for instance,^{∂Ai}_{∂xj} ≡ ∂_j A^i ≡ A^i_{,j} . We shall use the denotation^{δAi}_{δxj} ≡ δ_j A^i for partial derivations locally adapted to a nonlinear connection structure.

(4) Summation convention. We shall follow the Einstein summation rule for spinor and tensor indices.

(5) References. In the bibliography we cite the scientific journals in a generally accepted abbreviated form, give the volume, the year and the first page of the authors’ articles; the monographs and collections of works are cited completely. For the author’s works and communications, a part of them been published in journals and collection of papers from Countries of Easten Europe, the extended form (with the titles of articles and communications) is presented.

(6) Introductions and Conclusions. As a rule every Chapter starts with an introduction into the subject and ends, if it is necessary, with concluding remarks.

(7) Terminology ambiguities. We emphasize that the term ”higher order” is used as a general one for higher order tangent bundles [295], or higher order extensions of vector superbundles [270,260,265,266,267], in a number of lines alternative to jet bundles [226,225], and only under corresponding constraints one obtains the geometry of higher order Lagrangians [162]).

(8) The end of Proofs are denoted by □.

Part I Higher Order Anisotropic Supersymmetry

Chapter 1

HA–Superspaces

The differential supergeometry have been formulated with the aim of getting a geometric framework for the supersymmetric field theories (see the theory of graded manifolds [37,146,147,144], the theory of supermanifolds [290,203,27,127] and, for detailed considerations of geometric and topological aspects of supermanifolds and formulation of superanalysis, [63,49,157, 114,281,283]). In this Chapter we apply the supergeometric formalism for a study of a new class of (higher order anisotropic) superspaces.

The concept of local anisotropy is largely used in some divisions of theoretical and mathematical physics [282,119,122,163] (see also possible applications in physics and biology in [14,13]). The first models of locally anisotropic (la) spaces (la–spaces) have been proposed by P.Finsler [78] and E.Cartan [55] (early approaches and modern treatments of Finsler geometry and its extensions can be found, for instance, in [213,17,18,159]). In our works [256,255,258,259,260,264,272,279,276] we try to formulate the geometry of la–spaces in a manner as to include both variants of Finsler and Lagrange, in general supersymmetric, extensions and higher dimensional Kaluza–Klein (super)spaces as well to propose general principles and methods of construction of models of classical and quantum field interactions and stochastic processes on spaces with generic anisotropy.

We cite here the works [31,33] by A. Bejancu where a new viewpoint on differential geometry of supermanifolds is considered. The author introduced the nonlinear connection (N–connection) structure and developed a corresponding distinguished by N–connection supertensor covariant differential calculus in the frame of De Witt [290] approach to supermanifolds in the framework of the geometry of superbundles with typical fibres parametrized by noncommutative coordinates. This was the first example of superspace with local anisotropy. In our turn we have given a general definition of locally anisotropic superspaces (la–superspaces) [260]. It should be noted here that in our supersymmetric generalizations we were inspired by the R. Miron, M. Anastasiei and Gh. Atanasiu works on the geometry of nonlinear connections in vector bundles and higher order Lagrange spaces [160,161,162]. In this Chapter we shall formulate the theory of higher order vector and tangent superbundles provided with nonlinear and distinguished connections and metric structures (a generalized model of la–superspaces). Such superbundles contain as particular cases the supersymmetric extensions and various higher order prolongations of Riemann, Finsler and Lagrange spaces. We shall use instead the terms distinguished superbundles, distinguished geometric objects and so on (geometrical constructions distinguished by a N–connection structure) theirs corresponding brief denotations (d–superbundles, d–objects and so on).

The Chapter is organized as follows: Section 1.1 contains a brief review on supermanifolds and superbundles and an introduction into the geometry of higher order distinguished vector superbundles. Section 1.2 deals with the geometry of nonlinear and linear distinguished connections in vector superbundles and distinguished vector superbundles. The geometry of the total space of distinguished vector superbundles is studied in section 1.3; distinguished connection and metric structures, their torsions, curvatures and structure equations are considered. Generalized Lagrange and Finsler superspaces there higher order prolongations are defined in section 1.4 . Concluding remarks on Chapter 1 are contained in section 1.5.

1.1 Supermanifolds and D–Superbundles

In this section we establish the necessary terminology on supermanifolds (s– manifolds) [290,203,204,127,281,114,157,27,49,63] and present an introduction into the geometry of distinguished vector superbundles (dvs–bundles) [265]. Here we note that a number of different approaches to supermanifolds are broadly equivalent for local considerations. For simplicity, we shall restrict our study only with geometric constructions on locally trivial superspaces.

1.1.1 Supermanifolds and superbundles

To build up s–manifolds (see [203,127,281]) one uses as basic structures Grassmann algebra and Banach space. A Grassmann algebra is introduced as a real associative algebra Λ (with unity) possessing a finite (canonical) set of anticommutative generators β_Â, [β_Â, β_{B̂}]_+ = β_Âβ_Ĉ + β_Ĉ β_Â = 0, where Â, B̂, ... = 1, 2, ..., L̂. In this case it is also defined a Z_2-graded commutative algebra Λ_0 + Λ_1, whose even part Λ_0 (odd part Λ_1) is a 2^{L̂−1}–dimensional real vector space of even (odd) products of generators β_Â.After setting Λ_0 = R + Λ_0^′, where R is the real number field and Λ_0^′ is the subspace of Λ consisting of nilpotent elements, the projections σ : Λ → R and s : Λ → Λ_0^′ are called, respectively, the body and soul maps.

A Grassmann algebra can be provided with both structures of a Banach algebra and Euclidean topological space by the norm [203] ‖ξ‖ = Σ_{Âi} |a^{Â1...Âk} |, ξ = Σ^{L̂}_{r=0}a^{Â1...Âr} β_{Â1} ...β_{Âr} . A superspace is introduced as a product

Λ^{n,k} = Λ_0×...×Λ_0 n ×Λ_1×...×Λ_1 k which is the Λ-envelope of a Z_2-graded vector space V^{n,k} = V_0⊗V_1 = R^n ⊕ R^k is obtained by multiplication of even (odd) vectors of V on even (odd) elements of Λ. The superspace (as the Λ-envelope) posses (n + k) basis vectors {β̂_i, i = 0, 1, ..., n − 1, and β_î, î = 1, 2, ...k}. Coordinates of even (odd) elements of V^{n,k} are even (odd) elements of Λ. We can consider equivalently a superspace V^{n,k} as a (2^{L̂−1})(n + k)-dimensional real vector spaces with a basis {β̂_{i(Λ)}, β_{î(Λ)}}.

Functions of superspaces, differentiation with respect to Grassmann coordinates, supersmooth (superanalytic) functions and mappings are introduced by analogy with the ordinary case, but with a glance to certain specificity caused by changing of real (or complex) number field into Grassmann algebra Λ. Here we remark that functions on a superspace Λ^{n,k} which takes values in Grassmann algebra can be considered as mappings of the space R^{(2(L̂−1))(n+k)} into the space R^{2L̂}. Functions differentiable on Grassmann coordinates can be rewritten via derivatives on real coordinates, which obey a generalized form of Cauchy-Riemann conditions.

A (n, k)-dimensional s–manifold M̃ can be defined as a Banach manifold (see, for example, [148]) modeled on Λ^{n,k} endowed with an atlas ψ = {U_{(i)}, ψ_{(i)} : U_{(i)} → Λ^{n,k}, (i) ∈ J} whose transition functions ψ_{(i)} are supersmooth [203,127]. Instead of supersmooth functions we can use G^∞- functions [203] and introduce G^∞-supermanifolds (G^∞ denotes the class of superdifferentiable functions). The local structure of a G^∞–supermanifold is built very much as on a C^∞–manifold. Just as a vector field on a ndimensional C^∞-manifold written locally as

Σ^{n−1}_{i=0} f_i(x^j ) ∂ ∂x^i , where f_i are C^∞-functions, a vector field on an (n, k)–dimensional G^∞–supermanifold M̃ can be expressed locally on an open region U⊂M̃ as Σ^{n−1+k} I=0 f_I (x^J ) ∂ ∂x^I = Σ^{n−1}_{i=0} f_i(x^j , θ^ĵ ) ∂ ∂x^i + Σ^k_{î=1} f_î(x^j , θ^ĵ ) ∂ ∂θ^î , where x = (x̂, θ) = {x^I = (x̂^i, θ^î)} are local (even, odd) coordinates. We shall use indices I = (i,î), J = (j, ĵ), K = (k, k̂), ... for geometric objects on M̃. A vector field on U is an element X⊂End[G∞(U)] (we can also consider supersmooth functions instead of G^∞-functions) such that X(fg) = (Xf)g + (−)^{|f ||X|}fXg, for all f, g in G^∞(U), and X(af) = (−)^{|X||a|}aXf, where |X| and |a| denote correspondingly the parity (= 0, 1) of values X and a and for simplicity in this work we shall write (−)^{|f ||X|} instead of (−1)^{|f ||X|}.

A super Lie group (sl–group) [204] is both an abstract group and a s– manifold, provided that the group composition law fulfills a suitable smoothness condition (i.e. to be superanalytic, for short, sa [127]).

In our further considerations we shall use the group of automorphisms of Λ^{(n,k)}, denoted as GL(n, k, Λ), which can be parametrized as the super Lie group of invertible matrices Q = ( A B C D ) , where A and D are respectively (n×n) and (k×k) matrices consisting of even Grassmann elements and B and C are rectangular matrices consisting of odd Grassmann elements. A matrix Q is invertible as soon as maps σA and σD are invertible matrices. A sl-group represents an ordinary Lie group included in the group of linear transforms GL(2^{L̂−1}(n+k), R). For matrices of type Q one defines [37,146,147] the superdeterminant, sdetQ, supertrace, strQ, and superrank, srankQ. A Lie superalgebra (sl–algebra) is a Z_2-graded algebra A = A_0 ⊕ A_1 endowed with product [, } satisfying the following properties: [I, I^′} = −(−)^{|I||I ′|}[I^′, I}, [I, [I^′, I^{′′}}} = [[I, I^′}, I^{′′}} + (−)^{|I||I ′|}[I^′[I, I^{′′}}}, I∈A_{|I|}, I^′∈A_{|I} ′_|, where |I|, |I^′| = 0, 1 enumerates, respectively, the possible parity of elements I, I^′. The even part A_0 of a sl-algebra is a usual Lie algebra and the odd part A_1 is a representation of this Lie algebra. This enables us to classify sl–algebras following the Lie algebra classification [128]. We also point out that irreducible linear representations of Lie superalgebra

A are realized in Z_2-graded vector spaces by matrices ( A 0 0 D ) for even

elements and ( 0 B C 0 ) for odd elements and that, roughly speaking, A is

a superalgebra of generators of a sl–group.

A sl–module W (graded Lie module) [203] is introduced as a Z_2–graded left Λ-module endowed with a product [, } which satisfies the graded Jacobi identity and makes W into a graded-anticommutative Banach algebra over Λ. One calls the Lie module G the set of the left-invariant derivatives of a sl–group G.

The tangent superbundle (ts-bundle) T M̃ over a s-manifold M̃, π : T M̃ → M̃ is constructed in a usual manner (see, for instance, [148]) by taking as the typical fibre the superspace Λ^{n,k} and as the structure group the group of automorphisms, i.e. the sl-group GL(n, k, Λ).

Let us denote by F a vector superspace ( vs–space ) of dimension (m, l) (with respect to a chosen base we parametrize an element y ∈ E as y = (ŷ, ζ) = {y^A = (ŷ^a, ζ^â)}, where a = 1, 2, ..., m and â = 1, 2, ..., l). We shall use indices A = (a, â), B = (b, b̂), ... for objects on vs–spaces. A vector superbundle (vs–bundle) Ẽ over base M̃ with total superspace Ẽ, standard fibre F̂ and surjective projection π_E : Ẽ→M̃ is defined (see details and variants in [49,283]) as in the case of ordinary manifolds (see, for instance, [148,160,161]). A section of Ẽ is a supersmooth map s : U→Ẽ such that π_E·s = id_U . A subbundle of Ẽ is a triple (B̃, f, f^′), where B̃ is a vs–bundle on M̃, maps f : B̃→Ẽ and f^′ : M̃ →M̃ are supersmooth, and (i) π_E ∘f = f^′∘π_B; (ii) f : π^{−1}_B (x)→π^{−1}_E ∘f^′(x) is a vs–space homomorphism. We denote by

u = (x, y) = (x̂, θ, ŷ, ζ) = {u^α = (x^I , y^A) = (x̂^i, θ^î, ŷ^a, ζ^â) = (x̂^i, x^î, ŷ^a, y^â)}

the local coordinates in Ẽ and write their transformations as x^{I ′} = x^{I ′} (x^I ), srank( ∂x^{I ′} ∂x^I ) = (n, k), (1.1) y^{A′} = Y^{A′}_A (x)y^A, where Y^{A′}_A (x)∈G(m, l, Λ). For local coordinates and geometric objects on ts-bundle T M̃ we shall not distinguish indices of coordinates on the base and in the fibre and write, for instance,

u = (x, y) = (x̂, θ, ŷ, ζ) = {u^α = (x^I , y^I ) = (x̂^i, θ^î, ŷ^i, ζ^î) = (x̂^i, x^î, ŷ^i, y^î)}.

We shall use Greek indices for marking local coordinates on both s–vector and usual vector bundles (see the second part of the monograph).

1.1.2 Distinguished vector superbundles

Some recent considerations in mathematical physics are based on the so– called k–jet spaces (see, for instance, [226,225,19]). In order to formulate a systematic theory of connections and of geometric structures on k–jet bundles, in a manner following the approaches [295] and [160,161] R. Miron and Gh. Atanasiu [162] introduced the concept of k–osculator bundle for which a fiber of k-jets is changed into a k–osculator fiber representing an element of k–order curve. Such considerations are connected with geometric constructions on tangent bundles of higher order. On the other hand for developments in modern supersymmetric Kaluza–Klein theories (see, for instance, [215]) a substantial interest would present a variant of ”osculator” space for which the higher order tangent s–space distributions are of different dimensions. The second part of this section is devoted to the definition of such type distinguished vector superbundle spaces.

A vector superspace F^{<z>} of dimension (m, l) is a distinguished vector superspace ( dvs–space ) if it is decomposed into an invariant oriented direct sum F^{<z>} = F_{(1)} ⊕ F_{(2)} ⊕ ... ⊕ F_{(z)} of vs–spaces F_{(p)}, dim F_{(p)} = (m_{(p)}, l_{(p)}), where (p) = (1), (2), ..., (z), ∑_{p=z} p=1 m_{(p)} = m, ∑_{p=z} p=1 l_{(p)} = l.

Coordinates on F^{<p>} will be parametrized as

y^{<p>} = (y_{(1)}, y_{(2)}, ..., y_{(p)}) = (ŷ_{(1)}, ζ_{(1)}, ŷ_{(2)}, ζ_{(2)}, ..., ŷ_{(p)}, ζ_{(p)}) = {y^{<A>} = (ŷ^{<a>}, ζ^{<â>}) = (ŷ^{<a>}, y^{<â>})}, where bracketed indices are correspondingly split on F_{(p)}–components: < A >= ( A_{(1)}, A_{(2)}, ..., A_{(p)} ) , < a >= (a_{(1)}, a_{(2)}, ..., a_{(p)})

and < ^a >= (^a_{(1)}^a_{(2)}, ..., ^a_{(p)}), (1.2)

For simplicity, we shall also write (1.2) as < A >= (A_1, A_2, ..., A_p) , < a >= (a_1, a_2, ..., a_p) and < ^a >= (^a_1^a_2, ..., ^a_p) if this will give not rise to ambiguities.

A distinguished vector superbundle ( dvs–bundle ) ~E^{<z>} = (Ẽ^{<z>} , π^{<d>}, F^{<d>}, M̃ ), with surjective projection π^{<z>} : Ẽ^{<z>} → M̃, where M̃ and Ẽ^{<z>} are respectively base and total s–spaces and the dvs–space F^{<z>} is the standard fibre.

A dvs–bundle ~E^{<z>} is constructed as an oriented set of vs–bundles π^{<p>} : Ẽ^{<p>} → Ẽ^{<p−1>} (with typical fiber F^{<p>}, p = 1, 2, ..., z); Ẽ^{<0>} = M̃. We shall use index z (p) as to denote the total (intermediate) numbers of consequent vs–bundle coverings of M̃.

Local coordinates on ~E^{<p>} are denoted as

u_{(p)} = (x, y_{<p>}) = (x, y_{(1)}, y_{(2)}, ..., y_{(p)}) =

(x̂, θ, ŷ_{<p>}, ζ_{<p>}) = (x̂, θ, ŷ_{(1)}, ζ_{(1)}, ŷ_{(2)}, ζ_{(2)}, ..., ŷ_{(p)}, ζ_{(p)}) = {u^{<α>} = (x^I , y^{<A>}) = (x̂^i, θ^î, ŷ^{<a>}, ζ^{<â>}) = (x̂^i, x^î, ŷ^{<a>}, y^{<â>}) = (x^I = y^{A0} , y^{A1} , ..., y^{Ap} , ..., y^{Az} )} (in our further considerations we shall consider different variants of splitting of indices of geometric objects).

Instead of (1.1) the coordinate transforms for dvs–bundles {u^{<α>} = (x^I , y^{<A>})} → {u^{<α′>} = (x^{I ′} , y^{<A′>})} are given by recurrent maps: x^{I ′} = x^{I ′} (x^I ), srank( ∂x^{I ′} ∂x^I ) = (n, k), (1.3)

y^{A′1}_{(1)} = K^{A′1}_{A1} (x)y^{A1}_{(1)}, K^{A′1}_{A1} (x)∈G(m_{(1)}, l_{(1)}, Λ), .................................................. y^{A′p}_{(p)} = K^{A′p}_{Ap} (u_{(p−1)})y^{Ap}_{(p)}, K^{A′p}_{Ap} (u_{(p−1)})∈G(m_{(p)}, l_{(p)}, Λ), ................................................. y^{A′z}_{(z)} = K^{A′z}_{Az} (u_{(z−1)})y^{Az}_{(z)}, K^{A′z}_{Az} (u_{(z−1)})∈G(m_{(z)}, l_{(z)}, Λ). In brief we write transforms (1.3) as x^{I ′} = x^{I ′} (x^I ), y^{<A′>} = K^{<A′ >}_{<A>} y^{<A>}. More generally, we shall consider matrices K^{<α′>}_{<α>} = (K^{I ′}_I , K^{<A′ >}_{<A>} ), where K^{I ′}_I .=^{∂xI′}_{∂xI} . In consequence the local coordinate bases of the module of ds–vector fields Ξ( ~E^{<z>} ), ∂_{<α>} = (∂_I , ∂_{<A>}) = (∂_I , ∂_{(A1)}, ∂_{(A2)}, ..., ∂_{(Az)}) = ∂ ∂u^{<α>} = ( ∂ ∂x^I , ∂ ∂y^{A1}_{(1)} , ∂ ∂y^{A2}_{(2)} , ..., ∂ ∂y^{Az}_{(z)} ) (1.4)

(the dual coordinate bases are denoted as d^{<α>} = (d^I , d^{<A>} ) = (d^I , d^{(A1)}, d^{(A2 )}, ..., d^{(Az)}) = du^{<α>} = (dx^I , dy^{(A1 )}, dy^{(A2 )}, ..., dy^{(Az)}) ) (1.5) are transformed as ∂_{<α>} = (∂_I , ∂_{<A>}) = (∂_I , ∂_{(A1)}, ∂_{(A2)}, ..., ∂_{(Az)}) → ∂_{<α>} = (∂_I , ∂_{<A>}) = (∂_I , ∂_{(A1)}, ∂_{(A2)}, ..., ∂_{(Az)}) ∂ ∂x^I = K^{I ′}_I ∂ ∂x^{I ′} + Y^{A′1}_{(1,0)I} ∂ ∂y^{A′1}_{(1)} + Y^{A′2}_{(2,0)I} ∂ ∂y^{A′2}_{(2)} + ... + Y^{A′z}_{(z,0)I} ∂ ∂y^{A′z}_{(z)} , (1.6) ∂ ∂y^{A1}_{(1)}

= K^{A′1}_{A1} ∂ ∂y^{A′1}_{(1)} + Y^{A′2}_{(2,1)A1} ∂ ∂y^{A′2}_{(2)} + ... + Y^{A′z}_{(z,1)A1} ∂ ∂y^{A′z}_{(z)} , ∂ ∂y^{A2}_{(2)}

= K^{A′2}_{A2} ∂ ∂y^{A′2}_{(2)} + Y^{A′3}_{(3,2)A2} ∂ ∂y^{A′3}_{(3)} + ... + Y^{A′z}_{(z,2)A2} ∂ ∂y^{A′z}_{(z)} , ........................................................ ∂ ∂y^{Az−1}_{(z−1)} = K^{A′z−1}_{Az−1} ∂ ∂y^{A′z−1}_{(z−1)} + Y^{A′z}_{(z,z−1)As−1} ∂ ∂y^{A′z}_{(z)} , ∂ ∂y^{Az}_{(z)} = K^{A′z}_{Az} ∂ ∂y^{A′z}_{(z)} . Y –matrices from (1.6) are partial derivations of corresponding combinations of K–coefficients from coordinate transforms (1.3), Y^{A′p}_{Af} = ∂(K^{A′p}_{Ap} y^{Ap} ) ∂y^{Af} , f < p. In brief we denote respectively ds–coordinate transforms of coordinate bases (1.4) and (1.5) as ∂_{<α>} = (K^{<α′>}_{<α>} + Y^{<α′>}_{<α>} ) ∂_{<α}′_> and d^{<α>} = (K^{<α>}_{<α}′_> + Y^{<α>}_{<α}′_>)d^{<α′>}, where matrix K^{<α′>}_{<α>} , its s-inverse K^{<α>}_{<α}′_>, as well Y^{<α′>}_{<α>} and Y^{<α>}_{<α}′_> are parametrized according to (1.6). In order to illustrate geometric properties of some of our transforms it is useful to introduce matrix operators and to consider in explicit form the parametrizations of matrices under consideration. For instance, in operator form the transforms (1.6) ∂ =^Y∂^′, are characterized by matrices of type

∂ =∂_{<α>} = ∂_I ∂_{A1} ∂_{A2} ... ∂_{Az} =

∂ ∂x^I ∂ ∂y^{A1}_{(1)} ∂ ∂y^{A2}_{(2)} ..._∂ ∂y^{Az}_{(z)} , ∂^′=∂_{<α}′_> = ∂_I ′ ∂_A′_1 ∂_A′_2 ... ∂_A′_z =

∂ ∂x^{I′} ∂ ∂y^A ′ 1 (1) ∂ ∂y^A ′ 2 (2) ..._∂ ∂y^{A′z}_{(z)} and

^Y= ^Y^{<α′>}_{<α>} = K^{I ′}_I Y^{A′1}_{(1,0)I} Y^{A′2}_{(2,0)I} ... Y^{A′z}_{(z,0)I} 0 K^{A′1}_{A1} Y^{A′2}_{(2,1)A1} ... Y^{A′z}_{(z,1)A1} 0 0 K^{A′2}_{A2} ... Y^{A′z}_{(z,2)A2} ... ... ... ... ... 0 0 0 ... K^{A′z}_{Az} .

We note that we obtain a supersimmetric generalization of the Miron– Atanasiu [162] osculator bundle ( Osc^zM̃, π, M̃ ) if the fiber space in Definition 1.2 is taken to be a direct sum of z vector s-spaces of the same dimension dim F = dim ~M , i.e. F^{<d>} = F ⊕ F ⊕ ... ⊕ F. In this case the K and Y matrices from (1.3) and (1.6) satisfy identities: K^{A′1}_{A1} = K^{A′2}_{A2} = ... = K^{A′z}_{Az} , Y^{A′}_{(1,0)A} = Y^{A′}_{(2,1)A} = ... = Y^{A′}_{(z,z−1)A} , ............................. Y^{A′}_{(p,0)A} = Y^{A′}_{(p+1,1)A} = ... = Y^{A′}_{(z,z−1)A} , (p = 2, ..., z − 1). For s = 1 the Osc^1 ~M is the ts–bundle T ~M.

Introducing projection π^z_0 .= π^{<z>} : ~E^{<z>} → ~M we can also consider projections π^{p1}_{p2} : ~E^{<p1 >} → ~E^{<p2 >} (p_2 < p_1) defined as

π^{s1}_{s2} (x, y^{(1)}, ..., y^{(p1)}) = (x, y^{(1)}, ..., y^{(p2)}).

The s-differentials dπ^{p1}_{p2} : T ( ~E^{<p1>}) → T ( ~E^{<p2>}) of maps π^{p1}_{p2} in turn define vertical dvs-subbundles V_{h+1} = Kerdπ^{p1}_h (h = 0, 1, .., p_1 − 1) of the tangent dvs-bundle T ( ~E^{<z>} ) ( the dvs-space V_1 = V is the vertical dvs-subbundle on ~E^{<z>} . The local fibres of dvs-subbundles V_h determines this regular sdistribution V_{h+1} : u ∈ ~E^{<z>} → V_{h+1}(u) ⊂ T ( ~E^{<z>} ) for which one holds inclusions V_z ⊂ V_{z−1} ⊂ ... ⊂ V_1. The enumerated properties of vertical dvs–subbundles are explicitly illustrated by transformation laws (1.6) for distinguished local bases.

1.2 Nonlinear Connections in DVS–Bundles

The purpose of this section is to present an introduction into geometry of the nonlinear connection structures in dvs–bundles. The concept of nonlinear connection ( N–connection ) was introduced in the framework of Finsler geometry [56,55,134] (the global definition of N–connection is given in [26]). It should be noted here that the N–connection ( splitting ) field could play an important role in modeling various variants of dynamical reduction from higher dimensional to lower dimensional s–spaces with (or not) different types of local anisotropy. In monographs [160,161] there are contained detailed investigations of geometrical properties of N-connection structures in v–bundles and different generalizations of Finsler geometry and some proposals (see Chapter XII in [160], written by S. Ikeda) on physical interpretation of N–connection in the framework of ”unified” field theory with interactions nonlocalized by y–dependencies are discussed. We emphasize that N–connection is a different geometrical object from that introduced by using nonlinear realizations of gauge groups and supergroups (see, for instance, the collection of works on supergravity [215] and approaches to gauge gravity [240,194]).To make the presentation to aid rapid assimilation we shall have realized our geometric constructions firstly for vs–bundles then we shall extend them for higher order extensions, i.e. for general dvs– bundles.

1.2.1 N-connections in vs–bundles

Let consider the definitions of N–connection structure [260] in a vs-bundle Ẽ = (Ẽ, π_E, M̃) whose type fibre is F̂ and π^T : T Ẽ→T M̃ is the superdifferential of the map π_E (π^T is a fibre-preserving morphism of the ts-bundle (T Ẽ, τ_E , M̃) to Ẽ and of ts-bundle (T M̃, τ, M̃) to M̃). The kernel of this vs-bundle morphism being a subbundle of (T Ẽ, τ_E, Ẽ) is called the vertical subbundle over Ẽ and denoted by V Ẽ = (V Ẽ, τ_V , Ẽ). Its total space is V Ẽ = ⋃ u∈Ẽ Vu, where Vu = kerπ T , u∈Ẽ. A vector Y = Y^α ∂ ∂u^α = Y^I ∂ ∂x^I + Y^A ∂ ∂y^A = Y^i ∂ ∂x^i + Y^î ∂ ∂θ^î + Y^a ∂ ∂y^a + Y^â ∂ ∂ζ^â tangent to Ẽ in the point u ∈ Ẽ is locally represented as

(u, Y ) = (u^α, Y^α) = (x^I , y^A, Y^I , Y^A) = (x̂^i, θ^î, ŷ^a, ζ^â, Ŷ^i, Y^î, Ŷ^a, Y^â).

A nonlinear connection, N–connection, in vs–bundle Ẽ is a splitting on the left of the exact sequence 0−→V Ẽ^i−→ T Ẽ−→T Ẽ/V Ẽ−→0, (1.7) i.e. a morphism of vs-bundles N : T Ẽ ∈ V Ẽ such that N∘i is the identity on V Ẽ.

The kernel of the morphism N is called the horizontal subbundle and denoted by (HẼ, τ_E , Ẽ). From the exact sequence (1.7) one follows that N–connection structure can be equivalently defined as a distribution {Ẽ_u → H_uẼ, T_uẼ = H_uẼ⊕V_uẼ} on Ẽ defining a global decomposition, as a Whitney sum, T Ẽ = HẼ + V Ẽ. (1.8) To a given N-connection we can associate a covariant s-derivation on M̃ :

▽_X Y = X^I { ∂Y^A ∂x^I + N^A_I (x, Y )}s_A, (1.9)

where s_A are local independent sections of Ẽ, Y = Y^As_A and X = X^I s_I .

S–differentiable functions N^A_I from (1.3) written as functions on x^I and y^A, N^A_I (x, y), are called the coefficients of the N–connection and satisfy these transformation laws under coordinate transforms (1.1) in E: N^{A′}_I ′ ∂x^{I ′} ∂x^I = M^{A′}_A N^A_I − ∂M^{A′}_A (x) ∂x^I y^A.

If coefficients of a given N-connection are s–differentiable with respect to coordinates y^A we can introduce (additionally to covariant nonlinear sderivation (1.9)) a linear covariant s-derivation D̂ (which is a generalization for vs–bundles of the Berwald connection [39]) given as follows: D̂_{( ∂∂xI )}( ∂ ∂y^A ) = N̂^B_{AI} ( ∂ ∂y^B ), D̂_( ∂_{∂yA )}( ∂ ∂y^B ) = 0,

where N̂^A_{BI} (x, y) = ∂N^{AI} (x, y) ∂y^B (1.10) and N̂^A_{BC} (x, y) = 0. For a vector field on Ẽ Z = Z^{I ∂}_{∂xI} + Y^{A ∂}_{∂yA} and B = B^A(y)^∂_{∂yA} being a section in the vertical s–bundle (V Ẽ, τ_V , Ẽ) the linear connection (1.10) defines s–derivation (compare with (1.9)):

D̂_Z B = [Z^I (∂B^A ∂x^I + N̂^A_{BI} B^B) + Y^B ∂B^A ∂y^B ] ∂ ∂y^A . Another important characteristic of a N–connection is its curvature ( N–connection curvature ): Ω = 1 2 Ω^A_{IJ} dx^I ∧ dx^J ⊗ ∂ ∂y^A with local coefficients

Ω^A_{IJ} = ∂N^A_I ∂x^J − (−)^{|IJ|} ∂N^A_J ∂x^I + N^B_I N̂^A_{BJ} − (−)^{|IJ|}N^B_J N̂^A_{BI} , (1.11)

where for simplicity we have written (−)^{|K||J|} = (−)^{|KJ|}.

We note that linear connections are particular cases of N–connections locally parametrized as N^A_I (x, y) = N^A_{BI} (x)x^I y^B, where functions N^A_{BI} (x), defined on M̃, are called the Christoffel coefficients.

1.2.2 N–connections in dvs–bundles

In order to define a N–connection into dvs–bundle ~E^{<z>} we consider a s– subbundle N ( ~E^{<z>} ) of the ts-bundle T ( ~E^{<z>} ) for which one holds (see [226] and [162] respectively for jet and osculator bundles) the Whitney sum (compare with (1.8)) T ( ~E^{<z>} ) = N ( ~E^{<z>} ) ⊕ V ( ~E^{<z>} ) . N ( ~E^{<z>} ) can be also interpreted as a regular s–distribution (horizontal distribution being supplementary to the vertical s-distribution V ( ~E^{<z>} ) ) determined by maps N : u ∈ ~E^{<z>} → N(u) ⊂ T_u ( ~E^{<z>} ) . The condition of existence of a N–connection in a dvs–bundle ~E^{<z>} can be proved as in [160,161,162]: It is required that ~E^{<z>} is a paracompact s–differentiable (in our case) manifold.

Locally a N–connection in ~E^{<z>} is given by its coefficients

N^{A1}_{(01)I} (u), (N^{A2}_{(02)I}(u), N^{A2}_{(12)A1} (u)), ...(N^{Ap}_{(0p)I}(u), N^{Ap}_{(1p)A1} (u), ...N^{Ap}_{(p−1p)Ap−1}(u)), ..., (N^{Az}_{(0z)I}(u), N^{Az}_{(1z)A1} (u), ..., N^{Az}_{(pz)Ap}(u), ..., N^{Az}_{(z−1z)Az−1} (u)), where, for instance, (N^{Ap}_{(0p)I} (u), N^{Ap}_{(1p)A1} (u), ..., N^{Ap}_{(p−1p)Ap−1}(u)) are components of N–connection in vs-bundle π^{<p>} : Ẽ^{<p>} → Ẽ^{<p−1>}. Here we note that if a N-connection structure is defined we must correlate to it the local partial derivatives on ~E^{<z>} by considering instead of local coordinate bases (1.4) and (1.5) the so–called locally adapted bases (la–bases)

δ_{<α>} = (δ_I , δ_{<A>}) = (δ_I , δ_{(A1)}, δ_{(A2)}, ..., δ_{(As)}) = δ ∂u^{<α>} = ( δ ∂x^I , δ ∂y^{A1}_{(1)} , δ ∂y^{A2}_{(2)} , ..., δ ∂y^{Az}_{(z)} ) (1.12)

(the dual la–bases are denoted as

δ^{<α>} = (δ^I , δ^{<A>}) = (δ^I , δ^{(A1)}, δ^{(A2)}, ..., δ^{(Az)}) = δu^{<α>} = (δx^I , δy^{(A1)}, δy^{(A2)}, ..., δy^{(Az)}) ) (1.13) with components parametrized as

δ_I = ∂_I − N^{A1}_I ∂_{A1} − N^{A2}_I ∂_{A2} − ... − N^{Az−1}_I ∂_{Az−1} − N^{Az}_I ∂_{Az} , (1.14)

δ_{A1} = ∂_{A1} − N^{A2}_{A1} ∂_{A2} − N^{A3}_{A1} ∂_{A3} − ... − N^{Az−1}_{A1} ∂_{Az−1} − N^{Az}_{A1} ∂_{Az} ,

δ_{A2} = ∂_{A2} − N^{A3}_{A2} ∂_{A3} − N^{A4}_{A2} ∂_{A4} − ... − N^{Az−1}_{A2} ∂_{Az−1} − N^{Az}_{A2} ∂_{Az} , .............................................................. δ_{Az−1} = ∂_{Az−1} − N^{Az}_{Az−1} ∂_{Az} , δ_{Az} = ∂_{Az} , or, in matrix form, as δ_•=^N(u) × ∂_•, where

δ_•=δ_{<α>} = δ_I δ_{A1} δ_{A2} ... δ_{Az} =

δ ∂x^I δ ∂y^{A1}_{(1)} δ ∂y^{A2}_{(2)} ..._δ ∂y^{Az}_{(z)}

, ∂_•=∂_{<α>} = ∂_I ∂_{A1} ∂_{A2} ... ∂_{Az} =

∂ ∂x^I ∂ ∂y^{A1}_{(1)} ∂ ∂y^{A2}_{(2)} ..._∂ ∂y^{Az}_{(z)}

.

and

^N= 1 −N^{A1}_I −N^{A2}_I ... −N^{Az}_I 0 1 −N^{A2}_{A1} ... −N^{Az}_{A1} 0 0 1 ... −N^{Az}_{A2} ... ... ... ... ... 0 0 0 ... 1

In generalized index form we write the matrix (1.6) as ^N^{<α>}_{<β>} , where, for instance, ^N^I_J = δ^I_J , ^N^{A1}_{B1} = δ^{A1}_{B1} , ..., ^N^{A1}_I = −N^{A1}_I , ..., ^N^{Az}_{A1} = −N^{Az}_{A1} , ^N^{Az}_{A2} = −N^{Az}_{A2} , ... . So in every point u ∈ ~E^{<z>} we have this invariant decomposition: T_u ( ~E^{<d>} ) = N_0(u) ⊕ N_1(u) ⊕ ... ⊕ N_{z−1}(u) ⊕ V_z (u), (1.15) where δ_I ∈ N_0, δ_{A1} ∈ N_1, ..., δ_{Az−1} ∈ N_{z−1}, ∂_{Az} ∈ V_z . We note that for the osculator s–bundle ( Osc^zM̃, π, M̃ ) there is an additional (we consider the N–adapted variant) s–tangent structure J : χ ( Osc^zM̃ ) → χ ( Osc^zM̃ ) defined as δ ∂y^I_{(1)} = J ( δ ∂x^I ) , ..., δ ∂y^I_{(z−1)} = J δ ∂y^I_{(z−2)} , ∂ ∂y^I_{(z)} = J δ ∂y^I_{(z−1)} (1.16) (in this case I- and A–indices take the same values and we can not distinguish them), by considering vertical J–distributions

N_0 = N, N_1 = J (N_0) , ..., N_{z−1} = J (N_{z−2}) .

In consequence, for the la-adapted bases on ( Osc^zM̃, π, M̃ ) there is written this N–connection matrix:

N =N^{<J>}_{<I>} = 1 −N^J_{(1)I} −N^J_{(2)I} ... −N^J_{(z)I} 0 1 −N^J_{(1)I} ... −N^J_{(z−1)I} 0 0 1 ... −N^J_{(z−2)I} ... ... ... ... ... 0 0 0 ... 1

. (1.17)

There is a unique distinguished local decomposition of every s–vector X ∈ χ ( ~E^{<z>} ) on la–base (1.12):

X = X^{(H)} + X^{(V1)} + ... + X^{(Vz )}, (1.18)

by using the horizontal, h, and verticals, v_1, v_2, ..., v_z projections:

X^{(H)} = hX = X^I δ_I , X^{(V1)} = v_1X = X^{(A1 )}δ_{A1} , ..., X^{(Vz)} = v_z X = X^{(Az )}δ_{Az} .

With respect to coordinate transforms (1.4 ) the la–bases (1.12) and ds–vector components (1.18) are correspondingly transformed as δ ∂x^I = ∂x^{I ′} ∂x^I δ ∂x^{I ′} , δ ∂y^{Ap}_{(p)} = K^{A′p}_{Ap} δ ∂y^{A′p}_{(p)} , (1.19) and X^{I ′} = ∂x^{I ′} ∂x^I X^I , X^{(A′p )} = K^{A′p}_{Ap} X^{(A′p)}, ∀p = 1, 2, ...z. Under changing of coordinates (1.3) the local coefficients of a nonlinear connection transform as follows: Y^{<α′ >} <α> ^N^{<β′ >}_{<α}′_> = ^N^{<β>}_{<α>} (K^{<β′>}_{<β>} + Y^{<β′ >}_{<β>} ) (we can obtain these relations by putting (1.19) and (1.6) into (1.14) where ^N^{<β′>}_{<α}′_> satisfy δ_{<α}′_> = ^N^{<β′ >}_{<α}′_> ∂_{<β}′_>). For dual la-bases (1.13) we have these N–connection ”prolongations of differentials”: δx^I = dx^I , δy^{A1} = dy^{A1}_{(1)} + M^{A1}_{(1)I} dx^I , (1.20)

δy^{A2} = dy^{A2}_{(2)} + M^{A2}_{(2)A1} dy^{A1}_{(1)} + M^{A2}_{(2)I} dx^I , ................................ δy^{As} = dy^{As}_{(s)} + M^{As}_{(s)A1} dy^{A1}_{(1)} + M^{As}_{(s)A2} dy^{A2}_{(2)} + ... + M^{Az}_{(z)I} dx^I , where M^•_{(•)•} are the dual coefficients of the N-connection which can be expressed explicitly by recurrent formulas through the components of N– connection N^{<I>}_{<A>}. To do this we shall rewrite formulas (1.20) in matrix form:

δ^• = d^• × M(u), where

δ^• = ( δx^I δy^{A1} δy^{A2} ... δy^{As} ) , d^• = ( dx^I dy^{A1}_{(1)} δy^{A2}_{(2)} ... δy^{As}_{(s)} ) and

M = 1 M^{A1}_{(1)I} M^{A2}_{(2)I} ... M^{Az}_{(z)I} 0 1 M^{A2}_{(2)A1} ... M^{Az}_{(z)A1} 0 0 1 ... M^{Az}_{(z)A2} ... ... ... ... ... 0 0 0 ... 1 ,

and then, taking into consideration that bases ∂_•(δ_•) and d^•(δ^•) are mutually dual, to compute the components of matrix M being s–inverse to matrix N (see (1.17 )). We omit these simple but tedious calculus for general dvs-bundles and, for simplicity, we present the basic formulas for osculator s–bundle ( Osc^zM̃, π, M̃ ) when J–distribution properties (1.16) and (1.17) alleviates the problem. For common type of indices on M̃ and higher order extensions on Osc^zM̃ the dual la–base is expressed as δx^I = dx^I , δy^I_{(1)} = dy^I_{(1)} + M^I_{(1)J} dx^J , δy^I_{(2)} = dy^I_{(2)} + M^I_{(1)J} dy^J_{(1)} + M^I_{(2)J} dx^J , ................................ δy^I_{(z)} = dy^I_{(z)} + M^I_{(1)J} dy^J_{(s−1)} + M^I_{(2)J} dy^J_{(z−2)} + ... + M^I_{(z)J} dx^J , with M–coefficients computed by recurrent formulas: M^I_{(1)J} = N^I_{(1)J} , (1.21) M^I_{(2)J} = N^I_{(2)J} + N^I_{(1)K} M^K_{(1)J} , .............. M^I_{(s)J} = N^I_{(s)J} + N^I_{(s−1)K} M^K_{(1)J} + ... + N^I_{(2)K}M^K_{(z−2)J} + N^I_{(1)K} M^K_{(z−1)J} .

One holds these transformation law for dual coefficients (1.21) with respect to coordinate transforms (1.3) : M^K_{(1)J} Y^{I ′}_{(0,0)K} = M^{I ′}_{(1)K}′ Y^{K′}_{(0,0)J} + Y^{I ′}_{(1,0)J} , M^K_{(2)J} Y^{I ′}_{(0,0)K} = M^{I ′}_{(2)K}′ Y^{K′}_{(0,0)J} + M^{I ′}_{(1)K}′ Y^{K′}_{(1,0)J} + Y^{I ′}_{(2,0)J} , ................................ M^K_{(z)J} Y^{I ′}_{(0,0)K} = M^{I ′}_{(z)K}′ Y^{K′}_{(0,0)J} + M^{I ′}_{(z−1)K}′ Y^{K′}_{(1,0)J} + ... + M^{I ′}_{(1)K}′Y^{K′}_{(z−1,0)J} + Y^{I ′}_{(z,0)J} . (the proof is a straightforward regroupation of terms after we have put (1.3) into (1.21)).

Finally, we note that curvatures of a N-connection in a dvs-bundle ~E^{<z>} can be introduced in a manner similar to that for usual vs-bundles (see (1.11) by a consequent step by step inclusion of higher dimension anisotropies :

Ω_{(p)} = 1 2 Ω^{Ap}_{(p)αp−1βp−1} δu^{αp−1} ∧ δu^{βp−1} ⊗ δ ∂y^{Ap}_{(p)} , p = 1, 2, ..., z, with local coefficients Ω^{Ap}_{(p)βp−1γp−1} = δN^{Ap}_{βp−1} ∂u^{γp−1}_{(p−1)} − (−)^{|βp−1γp−1 |} δN^{Ap}_{γp−1} ∂u^{βp−1}_{(p−1)} +

N^{Dp}_{βp−1}N̂^{Ap}_{Dpγp−1} − (−)^{|βp−1γp−1|}N^{Dp}_{γp−1}N̂^{Ap}_{Dpβp−1} , where N̂^{Ap}_{Dpγp−1} =^{δN} Ap γp−1 ∂y^{Dp}_{(p)} (we consider y A_0 ≃ xI ). 1.3 Geometric Objects in DVS–Bundles

The geometry of the dvs–bundles is very rich and could have various applications in theoretical and mathematical physics. In this section we shall present the main results from the geometry of total spaces of dvs-bundles.

1.3.1 D–tensors and d–connections in dvs–bundles

By using adapted bases (1.12) and (1.13) one introduces algebra DT (Ẽ^{<z>} ) of distinguished tensor s–fields (ds–fields, ds–tensors, ds–objects) on Ẽ <z> , T = T pp1p2.... pz qq_1q_2...q_z , which is equivalent to the tensor algebra of vs- bundle π_{hv1 v2...vz} : HẼ^{<z>} ⊕V_1Ẽ^{<z>} ⊕V_2Ẽ^{<z>} ⊕ ...⊕V_sẼ^{<z>} →Ẽ^{<z>} , hereafter briefly denoted as Ẽ_{dz} . An element Q∈ T^{pp1p2.... pz}_{qq1q2...qz} , , ds-field of type ( p p_1 p_2 ... p_z q q_1 q_2 ... q_z ) , can be written in local form as Q = Q^{I1 ...IpA1 ...Ap1 E1...Ep2 ...D1....Dps} J_1 ...J_q B_1...B_{q1} C_1...C_{q2} ...F_1...F_{qs} (u)δI1 ⊗ . . . ⊗ δIp ⊗ d J_1 ⊗ . . . ⊗ dJ_q ⊗ ∂_{A1} ⊗ . . . ⊗ ∂_{Ap1} ⊗ δ^{B1} δ^{B1} ⊗ . . .⊗ δ^{Bq1} ⊗ ∂_{E1} ⊗ . . . ⊗ ∂_{Ep2} ⊗ δ^{C1} ⊗ . . . ⊗ δ^{Cq2} ⊗ ... ⊗∂_{D1} ⊗ . . . ⊗ ∂_{Dpz} ⊗ δ^{F1} ⊗ . . . ⊗ δ^{Fqz} . (1.22) In addition to ds–tensors we can introduce ds–objects with various s– group and coordinate transforms adapted to global splitting (1.15).

A linear distinguished connection, d–connection, in dvs–bundle Ẽ^{<z>} is a linear connection D on Ẽ^{<z>} which preserves by parallelism the horizontal and vertical distributions in Ẽ^{<z>} .

By a linear connection of a s–manifold we understand a linear connection in its tangent bundle.

Let denote by Ξ(M̃) and Ξ(Ẽ^{<p>}), respectively, the modules of vector fields on s-manifold M̃ and vs-bundle Ẽ^{<p>} and by F(M̃ ) and F(Ẽ^{<p>}), respectively, the s-modules of functions on M̃ and on Ẽ^{<p>}.

It is clear that for a given global splitting into horizontal and verticals s–subbundles (1.15) we can associate operators of horizontal and vertical covariant derivations (h- and v–derivations, denoted respectively as D^{(h)} and D^{(v1 v2...vz )}) with properties: D_X Y = (XD)Y = D_{hX} Y + D_{v1 X} Y + D_{v2 X} Y + ... + D_{vz X} Y, where D^{(h)}_X Y = D_{hX} Y, D^{(h)}_X f = (hX)f and D^{(vp )}_X Y = D_{vp X} Y, D^{(vp)}_X f = (v_pX)f, (p = 1, ..., z) for every f ∈ F(M̃) with decomposition of vectors X, Y ∈ Ξ(Ẽ^{<z>} ) into horizontal and vertical parts, X = hX + v_1X + .... + v_zX and Y = hY + v_1Y + ... + v_z Y. The local coefficients of a d–connection D in Ẽ^{<z>} with respect to the local adapted frame (1.5) separate into corresponding distinguished groups. We introduce horizontal local coefficients (L^I_{JK} , L^{<A>}_{<B>K} ) = (L^I_{JK} (u), L^{A1}_{B1K} (u), L^{A2}_{B2K} (u), ..., L^{Az}_{BzK} (u)) of D^{(h)} such that D^{(h)}_{( δδxK )} δ δx^J = L^I_{JK} (u) δ δx^I , D^{(h)}_{( δδxK )} δ δy^{Bp}_{(p)} = L^{Ap}_{BpK} (u) δ δy^{Ap}_{(p)} , (p = 1, ..., z),

D^{(h)}_{( δδxk )}q = δq δx^K , and p–vertical local coefficients (C^I_{J<C>} , C^{<A>}_{<B><C>}) = (C^I_{JCp} (u), C^{A1}_{B1Cp} (u), C^{A2}_{B2Cp} (u), ..., C^{Az}_{BzCp} (u))

(p = 1, ..., z) such that D^{(vp )}_{( δδyCp )} δ δx^J = C^I_{JCp} (u) δ δx^I , D^{(vp )}_{( δδyCp )} δ δy^{Bf}_{(f )} = C^{Af}_{Bf Cp} δ δy^{Af}_{(f )} , D^{(vp )}_{( δδyCp )}q = δq ∂y^{Cp} , where q ∈ F(Ẽ^{<z>} ), f = 1, ..., z. The covariant ds–derivation along vector X = X^I δ δx^I + Y^{A1} δ δy^{A1} + ... + Y^{Az} δ δy^{Az} of a ds–tensor field Q, for instance, of type ( p p_r q q_r ) , 1 ≤ r ≤ z, see (1.22), can be written as D_X Q = D^{(h)}_X Q + D^{(v1 )}_X Q + ... + D^{(vz )}_X Q, where h-covariant derivative is defined as D^{(h)}_X Q = X^K Q^{IAr}_{JBr |K} δ_I ⊗δ_{Ar} ⊗d^I ⊗δ^{Br} , with components Q^{IAr}_{JBr |K} = δQ^{IAr}_{JBr} ∂x^K + L^I_{HK} Q^{HAr}_{JBR} + L^{Ar}_{Ci K} Q^{ICr}_{JBi} − L^H_{JK} Q^{IAr}_{HBr} − L^{Cr}_{Br K} Q^{IAr}_{JCr} , and v_p-covariant derivatives defined as D^{(vp )}_X Q = X^{Cp} Q^{IAr}_{JBr ⊥Cp} δ_I ⊗∂_{Ar} ⊗d^I ⊗δ^{Br} , with components Q^{IAr}_{JBr ⊥Cp} = δQ^{IAr}_{JBR} ∂y^{Cp} + C^I_{HCp} Q^{HAr}_{JBR} + C^{Ar}_{Fr Cp} Q^{IFr}_{JBR} − C^H_{JCp} Q^{IAr}_{HFR} − C^{Fr}_{BrCp} Q^{IAr}_{JFR} .. The above presented formulas show that DΓ = (L, ..., L_{(p)}, ..., C, ..., C_{(p)}, ...) are the local coefficients of the d-connection D with respect to the local frame (^δ_{δxI} ,^∂_{∂ya} ). If a change (1.3) of local coordinates on Ẽ^{<z>} is performed, by using the law of transformation of local frames (1.19),we obtain the following transformation laws of the local coefficients of a d–connection:

L^{I ′}_J ′_M ′ = ∂x^{I ′} ∂x^I ∂x^J ∂x^{J ′} ∂x^M ∂x^{M ′} L^I_{JM} + ∂x^{I ′} ∂x^M ∂^2x^M ∂x^{J ′} ∂x^{M ′} , (1.23)

L^{A′f}_{(f )B}′_{f M} ′ = K^{A′f}_{Af} K^{Bf}_B′_f ∂x^M ∂x^{M ′} L A_f (f )B_f M + K^{A′f}_{Cf} ∂K^{Cf}_B′_f ∂x^{M ′} , ................ C^{I ′}_{(p)J} ′_C′_p = ∂x^{I ′} ∂x^I ∂x^J ∂x^{J ′} K^{C′p}_{Cp} C^I_{(p)JCp} , ..., C^{A′f}_B′_{fC′p} = K^{A′f}_{Af} K^{Bf}_B′_f K^{Cp}_C′_p C^{Af}_{Bf Cp} , .... As in the usual case of tensor calculus on locally isotropic spaces the transformation laws (1.23) for d–connections differ from those for ds-tensors, which are written (for instance, we consider transformation laws for ds– tensor (1.22)) as Q^{I ′1...I ′pA′1 ...A′p1 E′1...E′p2 ...D′1....D′ps} J^′_1...J^′_q B^′_1 ...B^′_{q1} C^′_1 ...C^′_{q2} ...F^′_1...F^′_{qs} = ∂x^{I ′1} ∂x^{I1} ∂x^{J1} ∂x^{J ′}1 . . .K^{A′1}_{A1} K^{B1}_B′_1 . . . K^{D′ps}_{Dps} K^{Fps}_F ′_{ps} Q^{I1...Ip A1...Ap1 E1...Ep2 ...D1....Dps} J_1...J_q B_1...B_{q1} C_1 ...C_{q2} ...F_1...F_{qs} . To obtain local formulas on usual higher order anisotropic spaces we have to restrict us with even components of geometric objects by changing, formally, capital indices (I, J, K, ...) into (i, j, k, a, ..) and s–derivation and s–commutation rules into those for real number fields on usual manifolds. We shall consider various applications in the theoretical and mathematical physics of the differential geometry of distinguished vector bundles in the second Part of this monograph.

1.3.2 Torsions and curvatures of d–connections

Let Ẽ^{<z>} be a dvs–bundle endowed with N-connection and d–connection structures. The torsion of a d–connection is introduced as T (X, Y ) = [X, DY } − [X, Y }, X, Y ⊂Ξ(M̃). One holds the following invariant decomposition (by using h– and v–projections associated to N): T (X, Y ) = T (hX, hY ) + T (hX, v_1Y ) + T (v_1X, hX) + T (v_1X, v_1Y ) + ...

+T (v_{p−1}X, v_{p−1}Y ) + T (v_{p−1}X, v_pY ) + T (v_pX, v_{p−1}X) + T (v_pX, v_pY ) + ... +T (v_{z−1}X, v_{z−1}Y ) + T (v_{z−1}X, v_z Y ) + T (v_zX, v_{z−1}X) + T (v_zX, v_z Y ). Taking into account the skewsupersymmetry of T and the equations h[v_pX, v_pY } = 0, ..., v_f [v_pX, v_pY } = 0, f ≠ p, we can verify that the torsion of a d–connection is completely determined by the following ds-tensor fields: hT (hX, hY ) = [X(D^{(h)}h)Y } − h[hX, hY }, ..., v_pT (hX, hY ) = −v_p[hX, hY }, ..., hT (hX, v_pY ) = −D^{(vp )}_Y hX − h[hX, v_pY }, ..., v_pT (hX, v_pY ) = D^{(h)}_X v_pY − v_p[hX, v_pY }, ..., v_f T (v_f X, v_f Y ) = [X(D^{(vf )}v_f )Y } − v_f [v_f X, v_f Y }, ..., v_pT (v_f X, v_f Y ) = −v_p[v_f X, v_f Y }, ..., v_f T (v_f X, v_pY ) = −D^{(vp )}_Y v_f X − v_f [v_f X, v_pY }, ..., v_pT (v_f X, v_pY ) = D^{(vf )}_X v_pY − v_p[v_f X, v_pY }, ..., f < p, v_{z−1}T (v_{z−1}X, v_{x−1}Y ) = [X(D^{(vz−1 )}v_{z−1})Y } − v_{z−1}[v_{z−1}X, v_{z−1}Y }, ..., v_z T (v_{z−1}X, v_{z−1} Y ) = −v_z [v_{z−1}X, v_{z−1}Y }, v_{z−1}T (v_{z−1}X, v_z Y ) = −D^{(vz )}_Y v_{z−1}X − v_{z−1}[v_{z−1}X, v_z Y }, ..., v_zT (v_{z−1}X, v_z Y ) = D^{(vz−1 )}_X v_zY − v_z [v_{z−1}X, v_z Y }. where X, Y ∈ Ξ(Ẽ^{<z>} ). In order to get the local form of the ds–tensor fields which determine the torsion of d–connection DΓ (the torsions of DΓ) we use equations [ δ ∂x^J , δ ∂x^K } = R^{<A>}_{JK} δ ∂y^{<A>} , [ δ ∂x^J , δ ∂y^{<B>} } = δN^{<A>}_J ∂y^{<B>} δ ∂y^{<A>} , where R^{<A>}_{JK} = δN^{<A>}_J ∂x^K − (−)^{|KJ |} δN^{<A>}_K ∂x^J , and introduce notations hT ( δ δx^K , δ δx^J ) = T^I_{JK} δ δx^I , (1.24)

v_1T ( δ δx^K , δ δx^J ) = T̃^{A1}_{KJ} δ ∂y^{A1} , hT ( δ ∂y^{<A>} , δ ∂x^J ) = P̃^I_{J<A>} δ δx^I , ..., v_pT ( δ ∂y^{Bp} , δ δx^J ) = P^{<A>}_{JBp} δ ∂y^{<A>} , ..., v_pT ( δ ∂y^{Cp} , δ ∂y^{Bf} ) = S^{<A>}_{Bf Cp} δ ∂y^{<A>} . Now we can compute the local components of the torsions, introduced in (1.24), with respect to a la–frame of a d–connection DΓ = (L, ..., L_{(p)}, ..., C, ..., C_{(p)}, ...) : T^I_{JK} = L^I_{JK} − (−)^{|JK|}L^I_{KJ} , (1.25) T̃^{<A>}_{JK} = R^{<A>}_{JK} , P̃^I_{J<B>} = C^I_{J<B>}, P^{<A>}_{J<B>} = δN^{<A>}_J ∂y^{<B>} − L^{<A>}_{<B>J} , S^{<A>}_{<B><C>} = C^{<A>}_{<B><C>} − (−)^{|<B><C>|} C^{<A>}_{<C><B>} . The even and odd components of torsions (1.25) can be specified in explicit form by using decompositions of indices into even and odd parts (I = (i,î), J = (j, ĵ), ..), for instance,

T^i_{jk} = L^i_{jk} − L^i_{kj} , T^i_{jk̂} = L^i_{jk̂} + L^i_{k̂j} , T^î_{jk} = L^î_{jk} − L^î_{kj} , . . ., and so on (see [160,161] and the second Part of this monograph for explicit formulas (6.24),(6.25) on torsions on a ha–space E^{<z>} , we shall omit ”tilde” for usual manifolds and bundles).

Another important characteristic of a d–connection DΓ is its curvature: R(X, Y )Z = D_{[X} D_{Y }} − D_{[X,Y }}Z, where X, Y, Z ∈ Ξ(Ẽ^{<z>} ). From the properties of h- and v-projections it follows that v_pR(X, Y )hZ = 0, ..., hR(X, Y )v_pZ = 0, v_f R(X, Y )v_pZ = 0, f ≠ p, (1.26) and R(X, Y )Z = hR(X, Y )hZ + v_1R(X, Y )v_1Z + ... + v_z R(X, Y )v_zZ, where X, Y, Z ∈ Ξ(Ẽ^{<z>} ). Taking into account properties (1.26) and the equations R(X, Y ) = −(−)^{|XY |}R(Y, X) we prove that the curvature of a d-connection D in the total space of a vs-bundle Ẽ^{<z>} is completely determined by the following ds-tensor fields: R(hX, hY )hZ = (D^{(h)}_{[X} D^{(h)}_{Y }} − D^{(h)}_{[hX,hY }} (1.27) −D^{(v1)}_{[hX,hY }} − ...D^{(vz−1)}_{[hX,hY }} − D^{(vz )}_{[hX,hY }})hZ, R(hX, hY )v_pZ = (D^{(h)}_{[X} D^{(h)}_{Y }} − D^{(h)}_{[hX,hY }}− D^{(v1 )}_{[hX,hY }})v_pZ − ... − D^{(vp−1 )}_{[hX,hY }})v_pZ − D^{(vp )}_{[hX,hY }})v_pZ, R(v_pX, hY )hZ = (D^{(vp )}_{[X} D^{(h)}_{Y }} − D^{(h)}_{[vp X,hY }}− D^{(v1 )}_{[vp X,hY }})hZ − ... − D^{(vp−1 )}_{[vpX,hY }} − D^{(vp )}_{[vp X,hY }})hZ, R(v_f X, hY )v_pZ = (D^{(vf )}_{[X} D^{(h)}_{Y }} − D^{(h)}_{[vf X,hY }}− D^{(v1 )}_{[vf X,hY }})v_1Z − ... − D^{(vp−1 )}_{[vf X,hY }})v_{p−1}Z − D^{(vp )}_{[vf X,hY }})v_pZ, R(v_f X, v_pY )hZ = (D^{(vf )}_{[X} D^{(vp)}_{Y }} − D^{(v1 )}_{[vf X,vpY }})hZ − ... −D^{(vz−1)}_{[vf X,vpY }} − D^{(vz )}_{[vf X,vpY }})hZ,

R(v_f X, v_q Y )v_pZ = (D^{(vf )}_{[X} D^{(vq )}_{Y }} − D^{(v1 )}_{[vf X,vq Y }})v_1Z − ... −D^{(vp−1 )}_{[vf X,vq Y }})v_{p−1}Z − D^{(vp )}_{[vf X,vqY }})v_pZ, where D^{(h)}_{[X} D^{(h)}_{Y }} = D^{(h)}_X D^{(h)}_Y − (−)^{|XY |}D^{(h)}_Y D^{(h)}_X , D^{(h)}_{[X} D^{(vp)}_{Y }} = D^{(h)}_X D^{(vp)}_Y − (−)^{|XvpY |}D^{(vp)}_Y D^{(h)}_X , D^{(vp)}_{[X} D^{(h)}_{Y }} = D^{(vp)}_X D^{(h)}_Y − (−)^{|vp XY |}D^{(h)}_Y D^{(vp )}_X , D^{(vf )}_{[X} D^{(vp )}_{Y }} = D^{(vf )}_X D^{(vp)}_Y − (−)^{|vf XvpY |}D^{(vp)}_Y D^{(vf )}_X . The local components of the ds–tensor fields (1.27) are introduced as follows: R(δ_K , δ_J )δ_H = R_H^I_{JK} δ_I , R(δ_K , δ_J )δ_{<B>} = R^{.<A>}_{<B>.JK} δ_{<A>}, (1.28) R(δ_{<C>}, δ_K )δ_J = P^I_{JK<C>} δ_I , R (δ_{<C>}, δ_K) δ_{<B>} = P^{.<A>}_{<B>.K<C>} δ_{<A>}, R(δ_{<C>}, δ_{<B>})δ_J = S^{.I}_{J.<B><C>} δ_I , R(δ_{<D>}, δ_{<C>})δ_{<B>} = S^{.<A>}_{<B>.<C><D>} δ_{<A>}. Putting the components of a d–connection DΓ = (L, ..., L_{(p)}, ..., C, ..., C_{(p)}, ...) in (1.28), by a direct computation, we obtain these locally adapted components of the curvature (curvatures): R_H^I_{JK} = δ_K L^I_{HJ} − (−)^{|KJ|}δ_J L^I_{HK} + L^M_{HJ} L^I_{M K} − (−)^{|KJ|}L^M_{HK}L^I_{M J} + C^I_{H<A>}R^{<A>}_{JK} , R^{·<A>}_{<B>·JK} = δ_KL^{<A>}_{<B>J} − (−)^{|KJ|}δ_J L^{<A>}_{<B>K} + L^{<C>}_{<B>J} L^{<A>}_{<C>K} − (−)^{|KJ|}L^{<C>}_{<B>K} + C^{<A>}_{<B><C>}R^{<C>}_{JK} , P^{·I}_{J·K<A>} = δ_{<A>}L^I_{JK} − C^I_{J<A>|K} + C^I_{J<B>}P^{<B>}_{K<A>} , (1.29) P_{<B>}^{<A>}_{K<C>} = δ_{<C>}L^{<A>}_{<B>K} − C^{<A>}_{<B><C>|K} + C^{<A>}_{<B><D>}P^{<D>}_{K<C>} ,

S^{·I}_{J·<B><C>} = δ_{<C>} C^I_{J<B>} − (−)^{|<B><C>|}δ_{<B>}C^I_{J<C>}+ C^{<H>}_{J<B>}C^I_{<H><C>} − (−)^{|<B><C>|}C^{<H>}_{J<C>} C^I_{<H><B>}, S_{<B>}^{<A>}_{<C><D>} = δ_{<D>}C^{<A>}_{<B><C>} − (−)^{|<C><D>|} δ_{<C>}C^{<A>}_{<B><D>}+ C^{<E>}_{<B><C>} C^{<A>}_{<E><D>} − (−)^{|<C><D>|} C^{<E>}_{<B><D>}C^{<A>}_{<E><C>} . Even and odd components of curvatures (1.29) can be written out by splitting indices into even and odd parts, for instance, R_h^i_{jk} = δ_kL^i_{hj} − δ_j L^i_{hk} + L^m_{hj} L^i_{mk} − L^m_{hk} L^i_{mj} + C^i_{h<a>}R^{<a>}_{jk}, R_h^i_{jk̂} = δ_{k̂}L^i_{hj} + δ_j L^i_{hk̂} + L^m_{hj} L^i_{mk̂} + L^m_{hk̂}L^i_{mj} + C^i_{h<a>}R^{<a>}_{jk̂} , . . .. (formulas for even components of curvatures are given in the Part II of this monograph, see (6.26)–(6.28)); we omit formulas for the even–odd components of curvatures because we shall not use them in this work).

1.3.3 Bianchi and Ricci identities

The torsions and curvatures of every linear connection D on a vs–bundle Ẽ <z> satisfy the following generalized Bianchi identities: ∑ SC [(D_X T )(Y, Z) − R(X, Y )Z + T (T (X, Y ), Z)] = 0, ∑ SC [(D_X R)(U, Y, Z) + R(T (X, Y )Z)U] = 0, (1.30) where ∑ SC means the respective supersymmretric cyclic sum over X, Y, Z and U. If D is a d–connection, then by using (1.26) and v_p(D_X R)(U, Y, hZ) = 0, h(D_X R(U, Y, v_pZ) = 0, v_f (D_X R)(U, Y, v_pZ) = 0, the identities (1.30) become ∑ SC [h(D_X T )(Y, Z) − hR(X, Y )Z + hT (hT (X, Y ), Z)+ hT (v_1T (X, Y ), Z) + ... + hT (v_zT (X, Y ), Z)] = 0,

∑ SC [v_f (D_X T )(Y, Z) − v_f R(X, Y )Z+ v_f T (hT (X, Y ), Z)+ ∑ p≥f v_f T (v_pT (X, Y ), Z)] = 0, ∑ SC [h(D_X R)(U, Y, Z) + hR(hT (X, Y ), Z)U+ hR(v_1T (X, Y ), Z)U + ... + hR(v_z T (X, Y ), Z)U] = 0, ∑ SC [v_f (D_X R)(U, Y, Z) + v_f R(hT (X, Y ), Z)U+ ∑ p≥f v_f R(v_pT (X, Y ), Z)U] = 0. (1.31) In order to get the component form of these identities we insert correspondingly in (1.31) these values of triples (X, Y, Z), (= (δ_J , δ_K, δ_L), or (δ_{<D>}, δ_{<C>}, δ_{<B>})), and put successively U = δ_H and U = δ_{<A>}. Taking into account (1.24),(1.25) and (1.27),(1.28) we obtain: ∑ SC[L,K,J} [T^I_{JK|H} + T^M_{JK} T^J_{HM} + R^{<A>}_{JK} C^I_{H<A>} − R_J^I_{KH} ] = 0, ∑ SC[L,K,J} [R^{<A>}_{JK|H} + T^M_{JK} R^{<A>}_{HM} + R^{<B>}_{JK} P^{<A>}_{H<B>}] = 0, C^I_{J<B>|K} − (−)^{|JK|}C^I_{K<B>|J} − T^I_{JK|<B>} + C^M_{J<B>}T^I_{KM} − (−)^{|JK|}C^M_{K<B>}T^I_{JM} + T^M_{JK} C^I_{M <B>} + P^{<D>}_{J<B>}C^I_{K<D>} −(−)^{|KJ|}P^{<D>}_{K<B>}C^I_{J<D>} + P_J^I_{K<B>} − (−)^{|KJ|}P_K^I_{J<B>} = 0, P^{<A>}_{J<B>|K} − (−)^{|KJ|}P^{<A>}_{K<B>|J} − R^{<A>}_{JK⊥<B>} + C^M_{J<B>}R^{<A>}_{KM} − (−)^{|KJ|}C^M_{K<B>}R^{<A>}_{JM} + T^M_{JK} P^{<A>}_{M <B>} + P^{<D>}_{J<B>}P^{<A>}_{K<D>}− (−)^{|KJ|}P^{<D>}_{K<B>}P^{<A>}_{J<D>} − R^{<D>}_{JK} S^{<A>}_{B<D>} + R^{·<A>}_{<B>·JK} = 0, C^I_{J<B>⊥<C>} − (−)^{|<B><C>|}C^I_{J<C>⊥<B>} + C^M_{J<C>} C^I_{M <B>}− (−)^{|<B><C>|} C^M_{J<B>}C^I_{M <C>} + S^{<D>}_{<B><C>} C^I_{J<D>} − S^{·I}_{J·<B><C>} = 0, P^{<A>}_{J<B>⊥<C>} − (−)^{|<B><C>|} P^{<A>}_{J<C>⊥<B>} +

S^{<A>}_{<B><C>|J} + C^M_{J<C>} P^{<A>}_{M <B>}− (−)^{|<B><C>|}C^M_{J<B>}P^{<A>}_{M <C>} + P^{<D>}_{J<B>}S^{<A>}_{<C><D>} − (−)^{|<C><B>|}P^{<D>}_{J<C>} S^{<A>}_{<B><D>} + S^{<D>}_{<B><C>} P^{<A>}_{J<D>}+ P_{<B>}^{<A>}_{J<C>} − (−)^{|<C><B>|}P_{<C>}^{<A>}_{J<B>} = 0, ∑ SC[<B>,<C>,<D>} [S^{<A>}_{<B><C>⊥<D>} + S^{<F >}_{<B><C>} S^{<A>}_{<D><F >} − S_{<B>}^{<A>}_{<C><D>} ] = 0, ∑ SC[H,J,L} [R_K^I_{HJ|L} − T^M_{HJ} R_K^I_{LM} − R^{<A>}_{HJ} P^{·I}_{K·L<A>}] = 0, ∑ SC[H,J,L} [R^{·<A>}_{<D>·HJ|L} − T^M_{HJ} R^{·<A>}_{<D>·LM} − R^{<C>}_{HJ} P_{<D>}^{<A>}_{L<C>}] = 0, P^{·I}_{K·J<D>|L} − (−)^{|LJ|}P^{·I}_{K·L<D>|J} + R_K^I_{LJ⊥<D>} + C^M_{L<D>}R_K^I_{JM} − (−)^{|LJ|}C^M_{J<D>}R_K^I_{LM} − T^M_{JL}P^{·I}_{K·M <D>}+ P^{<A>}_{L<D>}P^{·I}_{K·J<A>} − (−)^{|LJ|}P^{<A>}_{J<D>}P^{·I}_{K·L<A>} − R^{<A>}_{JL}S^{·I}_{K·<A><D>} = 0, P_{<C>}^{<A>}_{J<D>|L} − (−)^{|LJ|}P_{<C>}^{<A>}_{L<D>|J} + R^{·<A>}_{<C>·LJ|<D>} + C^M_{L<D>}R_{<C>}^{<A>}_{JM} − (−)^{|LJ|}C^M_{J<D>}R_{<C>}^{<A>}_{LM} − T^M_{JL}P_{<C>}^{<A>}_{M <D>} + P^{<F >}_{L<D>}P_{<C>}^{<A>}_{J<F >} − (−)^{|LJ|}P^{<F >}_{J<D>}P_{<C>}^{<A>}_{L<F >} − R^{<F >}_{JL}S_{<C>}^{<A>}_{F <D>} = 0, P^{·I}_{K·J<D>⊥<C>} − (−)^{|<C><D>|}P^{·I}_{K·J<C>⊥<D>} + S_K^I_{<D><C>|J} + C^M_{J<D>}P^{·I}_{K·M <C>} − (−)^{|<C><D>|}C^M_{J<C>} P^{·I}_{K·M <D>}+ P^{<A>}_{J<C>} S^{·I}_{K·<D><A>} − (−)^{|<C><D>|}P^{<A>}_{J<D>}S^{·I}_{K·<C><A>} + S^{<A>}_{<C><D>} P^{·I}_{K·J<A>} = 0, P_{<B>}^{<A>}_{J<D>⊥<C>} − (−)^{|<C><D>|}P_{<B>}^{<A>}_{J<C>⊥<D>} + S_{<B>}^{<A>}_{<C><D>|J} + C^M_{J<D>} P_{<B>}^{<A>}_{M <C>}− (−)^{|<C><D>|}C^M_{J<C>} P_{<B>}^{<A>}_{M <D>}+

P^{<F >}_{J<C>}S_{<B>}^{<A>}_{<D><F >} − (−)^{|<C><D>|}P^{<F >}_{J<D>}S_{<B>}^{<A>}_{<C><F >} + S^{<F >}_{<C><D>} P_{<B>}^{<A>}_{J<F >} = 0, ∑ SC[<B>,<C>,<D>} [S^{.I}_{K.<B><C>⊥<D>} − S^{<A>}_{.<B><C>}S^{.I}_{K.<D><A>} ] = 0, ∑ SC[<B>,<C>,<D>} [S^{.<A>}_{<F >.<B><C>⊥<D>} − S^{<E>}_{.<B><C>} S^{.<A>}_{<F >.<E><A>} ] = 0, where ∑ SC[<B>,<C>,<D>} is the supersymmetric cyclic sum over indices < B > , < C >, < D > . As a consequence of a corresponding arrangement of (1.27) we obtain the Ricci identities (for simplicity we establish them only for ds–vector fields, although they may be written for every ds-tensor field): D^{(h)}_{[X} D^{(h)}_{Y }} hZ = R(hX, hY )hZ + D^{(h)}_{[hX,hY }}hZ + z∑ f =1 D^{(vf )}_{[hX,hY }}hZ, (1.32)

D^{(vp )}_{[X} D^{(h)}_{Y }} hZ = R(v_pX, hY )hZ + D^{(h)}_{[vp X,hY }}hZ + z∑ f =1 D^{(vf )}_{[vpX,hY }}hZ,

D^{(vp )}_{[X} D^{(vP )}_{Y }} = R(v_pX, v_pY )hZ + z∑ f =1 D^{(vf )}_{[vpX,vpY }}hZ and D^{(h)}_{[X} D^{(h)}_{Y }} v_pZ = R(hX, hY )v_pZ + D^{(h)}_{[hX,hY }}v_pZ + z∑ f =1 D^{(vf )}_{[hX,hY }}v_pZ, (1.33)

D^{(vf )}_{[X} D^{(h)}_{Y }} v_pZ = R(v_f X, hY )v_pZ + z∑ q=1 D^{(vq )}_{[vf X,hY }}v_pZ + z∑ q=1 D^{(vq )}_{[vf X,hY }}v_pZ,

D^{(vq )}_{[X} D^{(vf )}_{Y }} v_pZ = R(v_qX, v_f Y )v_pZ + z∑ s=1 D^{(vs )}_{[vf X,vf Y }}v_pZ. Putting X = X^I (u)^δ_{δxI} + X^{<A>} (u)^δ_{∂y<A>} and taking into account the local form of the h- and v-covariant s-derivatives and (1.24),(1.25),(1.27),(1.28) we can express respectively identities (1.32) and (1.33) in this form: X^{<A>}_{|K|L} − (−)^{|KL|}X^{<A>}_{|L|K} =

R_{<B>}^{<A>}_{KL}X^{<B>} − T^H_{KL}X^{<A>}_{|H} − R^{<B>}_{KL}X^{<A>}_{⊥<B>}, X^I_{|K⊥<D>} − (−)^{|K<D>|}X^I_{⊥<D>|K} = P^{·I}_{H·K<D>}X^H − C^H_{K<D>}X^I_{|H} − P^{<A>}_{K<D>}X^I_{⊥<A>} , X^I_{⊥<B>⊥<C>} − (−)^{|<B><C>|}X^I_{⊥<C>⊥<B>} = S^{·I}_{H·<B><C>}X^H − S^{<A>}_{<B><C>}X^I_{⊥<A>} and X^{<A>}_{|K|L} − (−)^{|KL|}X^{<A>}_{|L|K} = R_{<B>}^{<A>}_{KL}X^{<B>} − T^H_{KL}X^{<A>}_{|H} − R^{<B>}_{KL}X^{<A>}_{⊥<B>}, X^{<A>}_{|K⊥<B>} − (−)^{|<B>K|}X^{<A>}_{⊥<B>|K} = P_{<B>}^{<A>}_{KC} X^C − C^H_{K<B>}X^{<A>}_{|H} − P^{<D>}_{K<B>}X^{<A>}_{⊥<D>} , X^{<A>}_{⊥<B>⊥<C>} − (−)^{|<C><B>|}X^{<A>}_{⊥<C>⊥<B>} = S_{<D>}^{<A>}_{<B><C>} X^{<D>} − S^{<D>}_{<B><C>} X^{<A>}_{⊥<D>}. We note that the above presented formulas [265] generalize for higher order anisotropy the similar ones for locally anisotropic superspaces [260].

1.3.4 Cartan structure equations in dvs–bundles

Let consider a ds–tensor field on Ẽ^{<z>} : t = t^I_{<A>}δ_I ⊗δ^{<A>}. The d-connection 1-forms ω^I_J and ω̃^{<A>}_{<B>} are introduced as Dt = (Dt^I_{<A>} )δ_I ⊗δ^{<A>} with Dt^I_{<A>} = dt^I_{<A>} + ω^I_J t^J_{<A>} − ω̃^{<B>}_{<A>} t^I_{<B>} = t^I_{<A>|J} dx^J + t^I_{<A>⊥<B>}δy^{<B>}. For the d-connection 1-forms of a d-connection D on Ẽ^{<z>} defined by ω^I_J and ω̃^{<A>}_{<B>} one holds the following structure equations: d(d^I ) − d^H ∧ ω^I_H = −Ω, d(δ^{<A>} ) − δ^{<B>} ∧ ω̃^{<A>}_{<B>} = −Ω̃^{<A>}, dω^I_J − ω^H_J ∧ ω^I_H = −Ω^I_J , dω̃^{<A>}_{<B>} − ω̃^{<C>}_{<B>} ∧ ω̃^{<A>}_{<C>} = −Ω̃^{<A>}_{<B>}, in which the torsion 2-forms Ω^I and Ω̃^{<A>} are given respectively by formulas:

Ω^I = 1 2 T^I_{JK} d^J ∧ d^K + 1 2 C^I_{J<C>} d^J ∧ δ^{<C>}, Ω̃^{<A>} = 1 2 R^{<A>}_{JK} d^J ∧ d^K + 1 2 P^{<A>}_{J<C>} d^J ∧ δ^{<C>} + 1 2 S^{<A>}_{<B><C>} δ^{<B>} ∧ δ^{<C>}, and Ω^I_J = 1 2 R_J^I_{KH} d^K ∧ d^H + 1 2 P^{·I}_{J·K<C>} d^K ∧ δ^{<C>} + 1 2 S^{·I}_{J·K<C>} δ^{<B>} ∧ δ^{<C>}, Ω̃^{<A>}_{<B>} = 1 2 R^{·<A>}_{<B>·KH} d^K ∧ d^H + 1 2 P_{<B>}^{<A>}_{K<C>} d^K ∧ δ^{<C>} + 1 2 S_{<B>}^{<A>}_{<C><D>} δ^{<C>} ∧ δ^{<D>}. We have defined the exterior product on s–space to satisfy the property δ^{<α>} ∧ δ^{<β>} = −(−)^{|<α><β>|}δ^{<β>} ∧ δ^{<α>}. 1.3.5 Metrics in dvs–bundles

The base M̃ of dvs–bundle Ẽ^{<z>} is considered to be a connected and paracompact s–manifold.

A metric structure on the total space Ẽ^{<z>} of a dvs-bundle Ẽ^{<z>} is a supersymmetric, second order, covariant s–tensor field G = G_{<α><β>} ∂^{<α>} ⊗ ∂^{<β>} which in every point u ∈ Ẽ^{<z>} is given by nondegenerate supersymmetric matrix G_{<α><β>} = G(∂_{<α>}, ∂_{<β>}) (with nonvanishing superdeterminant, sdetG ≠ 0). The metric and N–connection structures on Ẽ^{<z>} are compatible if there are satisfied conditions: G(δ_I , ∂_{<A>}) = 0, G(δ_{Af} , ∂_{Ap} ) = 0, z ≥ p > f ≥ 1, or, in consequence, G_{I<A>} − N^{<B>}_I h_{<A><B>} = 0, G_{Af Ap} − N^{Bp}_{Af} h_{Ap Bp} = 0, (1.34) where G_{I<A>} = G(∂_I , ∂_{<A>}), G_{Af Ap} = G(∂_{Af} , ∂_{Ap} ). From (1.34) one follows N^{<B>}_I = h^{<B><A>}G_{I<A>} , N^{Ap}_{Af} = h^{ApBp} G_{Af Bp} , ..., where matrices h^{<A><B>} , h^{ApBp} , ... are respectively s–inverse to matrices h_{<A><B>} = G(∂_{<A>} , ∂_{<B>}), h_{ApBp} = G(∂_{Ap} , ∂_{Bp} ). So, in this case, the coefficients of N-connection are uniquely determined by the components of the metric on Ẽ^{<z>} .

A compatible with N–connection metric on Ẽ^{<z>} is written in irreducible form as G(X, Y ) = G(hX, hY )+G(v_1X, v_1Y )+...+G(v_zX, v_z Y ), X, Y ∈ Ξ(Ẽ^{<z>} ), and looks locally as G = g_{αβ} (u)δ^α ⊗ δ^β = g_{IJ} d^I ⊗ d^J + h_{<A><B>} δ^{<A>} ⊗ δ^{<B>} = g_{IJ} d^I ⊗ d^J + h_{A1 B1} δ^{A1} ⊗ δ^{B1} + h_{A2 B2} δ^{A2} ⊗ δ^{B2} + ... + h_{AzBz} δ^{Az} ⊗ δ^{Bz} . (1.35) A d–connection D on Ẽ^{<z>} is metric, or compatible with metric G, if conditions D_{<α>}G_{<β><γ>} = 0 are satisfied.

A d–connection D on Ẽ^{<z>} provided with a metric G is a metric d–connection if and only if

D^{(h)}_X (hG) = 0, D^{(h)}_X (v_pG) = 0, D^{(vp )}_X (hG) = 0, D^{(vf )}_X (v_pG) = 0 (1.36) for every , f, p = 1, 2, ..., z, and X ∈ Ξ(Ẽ^{<z>} ). Conditions (1.36) are written in locally adapted form as g_{IJ|K} = 0, g_{IJ⊥<A>} = 0, h_{<A><B>|K} = 0, h_{<A><B>⊥<C>} = 0.

In every dvs–bundle provided with compatible N–connection and metric structures one exists a metric d-connection (called the canonical d– connection associated to G) depending only on components of G-metric and N–connection . Its local coefficients CΓ = (L̀^I_{JK} , L̀^{<A>}_{<B>K} , C̀^I_{J<C>}, C̀^{<A>}_{<B><C>}) are as follows:

L̀^I_{JK} = 1 2 g^{IH} (δ_K g_{HJ} + δ_J g_{HK} − δ_H g_{JK} ), (1.37) L̀^{<A>}_{<B>K} = δ_{<B>}N^{<A>}_K + 1 2 h^{<A><C>} × [δ_{<K>}h_{<B><C>} − (δ_{<B>}N^{<D>}_K )h_<˙_{D><C>} −(δ_{<C>}N^{<D>}_K )h_<˙_{D><B>}], C̀^I_{J<C>} = 1 2 g^{IK} δ_{<C>} g_{JK} , C̀^{<A>}_{<B><C>} = 1 2 h^{<A><D>} (δ_{<C>}h_{<D><B>}+ δ_{<B>}h_{<D><C>} − δ_{<D>}h_{<B><C>} . We emphasize that, in general, the torsion of CΓ–connection (1.37) does not vanish.

It should be noted here that on dvs-bundles provided with N-connection and d-connection and metric really it is defined a multiconnection ds–structure, i.e. we can use in an equivalent geometric manner different types of d- connections with various properties. For example, for modeling of some physical processes we can use an extension of the Berwald d–connection BΓ = (L^I_{JK} , δ_{<B>}N^{<A>}_K , 0, C^{<A>}_{<B><C>} ), (1.38) where L^I_{JK} = L̀^I_{JK} and C^{<A>}_{<B><C>} = C̀^{<A>}_{<B><C>} , which is hv-metric, i.e. satisfies conditions: D^{(h)}_X hG = 0, ..., D^{(vp)}_X v_pG = 0, ..., D^{(vz)}_X v_z G = 0 for every X ∈ Ξ(Ẽ^{<z>} ), or in locally adapted coordinates, g_{IJ|K} = 0, h_{<A><B>⊥<C>} = 0. As well we can introduce the Levi–Civita connection { < α > < β ><γ > } =

1 2 G^{<α><β>}(∂_{<β>}G_{<τ ><γ>} + ∂_{<γ>}G_{<τ ><β>} − ∂_{<τ >}G_{<β><γ>} ), constructed as in the Riemann geometry from components of metric G_{<α><β>} by using partial derivations ∂_{<α>} = ∂ ∂u^{<α>} = ( ∂ ∂x^I , ∂ ∂y^{<A>} ), which is metric but not a d-connection.

In our further considerations we shall largely use the Christoffel d– symbols defined similarly as components of Levi–Civita connection but by using la–partial derivations, Γ̃^{<α>}_{<β><γ>} = 1 2 G^{<α><τ >}(δ_{<β>}G_{<τ ><γ>} + δ_{<γ>}G_{<τ ><β>} − δ_{<τ >}G_{<β><γ>} ), (1.39) having components CΓ̃ = (L^I_{JK} , 0, 0, C^{<A>}_{<B><C>}), where coefficients L^I_{JK} and C^{<A>}_{<B><C>} must be computed as in formulas (1.38).

We can express arbitrary d–connection as a deformation of the background d–connection (1.38): Γ^{<α>}_{<β><γ>} = Γ̃^{<α>}_{·<β><γ>} + P^{<α>}_{<β><γ>} , (1.40) where P^{<α>}_{<β><γ>} is called the deformation ds-tensor. Putting splitting (1.40) into (1.25) and (1.29) we can express torsion T^{<α>}_{<β><γ>} and curvature R_{<β>}^{<α>}_{<γ><δ>} of a d-connection Γ^{<α>}_{<β><γ>} as respective deformations of torsion T̃^{<α>}_{<β><γ>} and torsion R̃^{·<α>}_{<β>·<γ><δ>} for connection Γ̃^{<α>}_{<β><γ>} : T^{<α>}_{<β><γ>} = T̃^{<α>}_{·<β><γ>} + T̈^{<α>}_{·<β><γ>} and R_{<β>}^{<α>}_{<γ><δ>} = R̃^{·<α>}_{<β>·<γ><δ>} + R̈^{·<α>}_{<β>·<γ><δ>} , where T̃^{<α>}_{<β><γ>} = Γ̃^{<α>}_{<β><γ>} − (−)^{|<β><γ>|}Γ̃^{<α>}_{<γ><β>} + w^{<α>}_{<γ><δ>} ,

T̈^{<α>}_{<β><γ>} = Γ̈^{<α>}_{<β><γ>} − (−)^{|<β><γ>|}Γ̈^{<α>}_{<γ><β>} , and R̃^{·<α>}_{<β>·<γ><δ>} = δ_{<δ>}Γ̃^{<α>}_{<β><γ>} − (−)^{|<γ><δ>|}δ_{<γ>}Γ̃^{<α>}_{<β><δ>} + Γ̃^{<φ>}_{<β><γ>}Γ̃^{<α>}_{<φ><δ>} − (−)^{|<γ><δ>|}Γ̃^{<φ>}_{<β><δ>}Γ̃^{<α>}_{<φ><γ>} + Γ̃^{<α>}_{<β><φ>} w^{<φ>}_{<γ><δ>} , R̈^{·<α>}_{<β>·<γ><δ>} = D̃_{<δ>} P^{<α>}_{<β><γ>} − (−)^{|<γ><δ>|}D̃_{<γ>} P^{<α>}_{<β><δ>}+ P^{<φ>}_{<β><γ>} P^{<α>}_{<φ><δ>} − (−)^{|<γ><δ>|}P^{<φ>}_{<β><δ>} P^{<α>}_{<φ><γ>} +P^{<α>}_{<β><φ>}w^{<φ>}_{<γ><δ>} , the nonholonomy coefficients w^{<α>}_{<β><γ>} are defined as [δ_{<α>}, δ_{<β>}} = δ_{<α>}δ_{<β>} − (−)^{|<α><β>|}δ_{<β>}δ_{<α>} = w^{<τ >}_{<α><β>}δ_{<τ >}. We emphasize that if from geometric point of view all considered d– connections are ”equal in rights”, the construction of physical models on la–spaces requires an explicit fixing of the type of d–connection and metric structures.

1.4 Higher Order Tangent S–bundles

The aim of this section is to present a study of supersymmetric extensions from ~M to T M̃ and Osc^{(z)} ~M and to consider corresponding prolongations of Riemann and generalized Finsler structures (on classical and new approaches to Finsler geometry, its generalizations and applications in physics se, for example, [78,56,213,160,161,17,18,159,163,13,14,41,29]).

The presented in the previous section basic results on dvs-bundles Ẽ^{<z>} provided with N-connection, d-connection and metric structures can be correspondingly adapted to the osculator s–bundle ( Osc^zM̃ , π, M̃ ) . In this case the dimension of the base space and typical higher orders fibre coincides and we shall not distinguish indices of geometrical objects.

Coefficients of a d–connection DΓ(N) = (L^I_{JM} , C^I_{(1)JM} , ..., C^I_{(z)JM} ) in Osc^zM̃ , with respect to a la–base are introduced as to satisfy equations D δ_{δxI} δ δy^I_{(f )} = L^M_{IJ} δ δy^M_{(f )} , D δ_{δyJ} (p) δ δy^I_{(f )} = C^M_{(p)IJ} δ δy^M_{(f )} , (1.41)

(f = 0, 1, ..., z; p = 1, ..., z, and y^I_{(0)} = x^I ). A metric structure on Osc^zM̃ is ds–tensor s–symmetric field g_{IJ} (u_{(z)}) = g_{IJ} (x, y_{(1)}, y_{(2)}, ..., y_{(z)}) of type (0, 2), srank|g_{ij} | = (n, m). The N–lift of Sasaki type of g_{IJ} is given by (see (1.35)) defines a global Riemannian s–structure (if ~M is a s–differentiable, paracompact s-manifold):

G = g_{IJ} (u_{(z)})dx^I ⊗ dx^J + g_{IJ} (u_{(z)})dy^I_{(1)} ⊗ dy^J_{(1)} + ... + g_{IJ} (u_{(z)})dy^I_{(z)} ⊗ dy^J_{(z)}. (1.42) The condition of compatibility of a d–connection (1.41) with metric (1.42) is expressed as D_X G = 0, ∀X ∈ Ξ(Osc^zM̃ ), or, by using d–covariant partial derivations |_{(p)} defined by coefficients (L^I_{JM} , C^I_{(1)JM} , ..., C^I_{(z)JM} ), g_{IJ|M =0,} g_{IJ|(p)M} = 0, (p = 1, ..., z). An example of compatible with metric d–connection is given by Christoffel d–symbols (see (1.39)): L^M_{IJ} = 1 2 g^{M K} ( δg_{KJ} ∂x^I + δg_{IK} ∂x^J − δg_{IJ} ∂x^K ) ,

C^M_{(p)IJ} = 1 2 g^{M K} δg_{KJ} ∂y^I_{(p)} + δg_{IK} ∂y^J_{(p)} − δg_{IJ} ∂y^K_{(p)} ; p = 1, 2, ..., z. 1.4.1 Supersymmetric extensions of Finsler spaces

We start our considerations with the ts-bundle T M̃. An s-vector X ∈ Ξ(T M̃) is decomposed with respect to la–bundles as

X = X(u)^I δ_I + Y (u)^I ∂_I ,

where u = u^α = (x^I , y^J ) local coordinates. The s–tangent structures (1.16) are transformed into a global map

J : Ξ(T M̃) → Ξ(T M̃) which does not depend on N-connection structure: J( δ δx^I ) = ∂ ∂y^I and J( ∂ ∂y^I ) = 0.

This endomorphism is called the natural ( or canonical ) almost tangent structure on T M̃; it has the properties: 1)J^2 = 0, 2)ImJ = KerJ = V T M̃ and 3) the Nigenhuis s–tensor, N_J (X, Y ) = [JX, JY } − J[JX, Y } − J[X, JY ] (X, Y ∈ Ξ(T N)) identically vanishes, i.e. the natural almost tangent structure J on T M̃ is integrable.

A generalized Lagrange superspace, GLS–space, is a pair GL^{n,m} = (M̃, g_{IJ} (x, y)), where g_{IJ} (x, y) is a ds–tensor field on T̃ M̃ = T M̃ − {0}, s–symmetric of superrank (n, m).

We call g_{IJ} as the fundamental ds–tensor, or metric ds–tensor, of GLS– space.

There exists an unique d-connection CΓ(N) which is compatible with g_{IJ} (u) and has vanishing torsions T^I_{JK} and S^I_{JK} (see formulas (1.25) rewritten for ts-bundles). This connection, depending only on g_{IJ} (u) and N^I_J (u) is called the canonical metric d-connection of GLS-space. It has coefficients L^I_{JK} = 1 2 g^{IH} (δ_J g_{HK} + δ_H g_{JK} − δ_H g_{JK} ), C^I_{JK} = 1 2 g^{IH} (∂_J g_{HK} + ∂_H g_{JK} − ∂_H g_{JK} ). There is a unique normal d-connection DΓ(N) = (L̄^I_{·JK} , C̄^I_{·JK} ) which is metric and has a priori given torsions T^I_{JK} and S^I_{JK} . The coefficients of DΓ(N) are the following ones: L̄^I_{·JK} = L^I_{JK} − 1 2 g^{IH} (g_{JR}T^R_{HK} + g_{KR}T^R_{HJ} − g_{HR}T^R_{KJ} ),

C̄^I_{·JK} = C^I_{JK} − 1 2 g^{IH} (g_{JR}S^R_{HK} + g_{KR}S^R_{HJ} − g_{HR}S^R_{KJ} ), where L^I_{JK} and C^I_{JK} are the same as for the CΓ(N)–connection (1.41).

The Lagrange spaces were introduced [136] in order to geometrize the concept of Lagrangian in mechanics (the Lagrange geometry is studied in details in [160,161]). For s-spaces we present this generalization:

A Lagrange s–space, LS–space, L^{n,m} = (M̃, g_{IJ} ), is defined as a particular case of GLS-space when the ds–metric on M̃ can be expressed as

g_{IJ} (u) = 1 2 ∂^2L ∂y^I ∂y^J , (1.43)

where L : T M̃ → Λ, is a s-differentiable function called a s-Lagrangian on M̃. Now we consider the supersymmetric extension of Finsler space: A Finsler s–metric on M̃ is a function F_S : T M̃ → Λ having the properties:

1. The restriction of F_S to T̃ M̃ = T M̃ \ {0} is of the class G^∞ and F is only supersmooth on the image of the null cross–section in the ts-bundle to M̃. 2. The restriction of F to T̃ M̃ is positively homogeneous of degree 1 with respect to (y^I ), i.e. F (x, λy) = λF (x, y), where λ is a real positive number.

3. The restriction of F to the even subspace of T̃ M̃ is a positive function. 4. The quadratic form on Λ^{n,m} with the coefficients

g_{IJ} (u) = 1 2 ∂^2F^2 ∂y^I ∂y^J defined on T̃ M̃ is nondegenerate.

A pair F^{n,m} = (M̃ , F ) which consists from a supersmooth s-manifold M̃ and a Finsler s–metric is called a Finsler superspace, FS–space.

It’s obvious that FS–spaces form a particular class of LS–spaces with s-Lagrangian L = F^2 and a particular class of GLS–spaces with metrics of type (1.58).

For a FS–space we can introduce the supersymmetric variant of nonlinear Cartan connection [56,213]:

N^I_J (x, y) = ∂ ∂y^J G^{∗I} , where G^{∗I} = 1 4 g^{∗IJ} ( ∂^2ε ∂y^I ∂x^K y^K − ∂ε ∂x^J ), ε(u) = g_{IJ} (u)y^I y^J , and g^{∗IJ} is inverse to g^∗_{IJ} (u) =^1_2^{∂2ε}_{∂yI ∂yJ} . In this case the coefficients of canonical metric d-connection (1.25) gives the supersymmetric variants of coefficients of the Cartan connection of Finsler spaces. A similar remark applies to the Lagrange superspaces.

1.4.2 Prolongations of Lagrange s–spaces

The geometric constructions on T ~M from the previus subsection have corresponding generalizations to the Osc^{(z)} ~M s–bundle. The basic idea is similar to that used for prolongations of geometric structures (see [168] for prolongations on tangent bundle). Having defined a metric structure g_{IJ} (x) on a s-manifold ~M we can extend it to the Osc^zM̃ s–bundle by considering g_{IJ} (u_{(z)}) = g_{IJ} (x) in (1.42). R. Miron and Gh. Atanasiu [162] solved the problem of prolongations of Finsler and Lagrange structures on osculator bundle. In this subsection we shall analyze supersymmetric extensions of Finsler and Lagrange structures as well present a brief introduction into geometry of higher order Lagrange s-spaces.

Let F^{n,m} = (M̃, F ) be a FS–space with the fundamental function F_S : T M̃ → Λ on ~M. A prolongation of F on Osc^zM̃ is given by a map

(F ∘ π^z_1 )(u_{(z)}) = F (u_{(1)})

and corresponding fundamental tensor

g_{IJ} (u_{(1)}) = 1 2 ∂^2F^2 ∂y^I_{(1)}∂y^J_{(1)} , for which (g_{IJ} ∘ π^z_1)(u_{(z)}) = g_{IJ} (u_{(1)}).

So, g_{IJ} (u_{(1)}) is a ds–tensor on ~ Osk^z ~M = Osc^zM̃/{0} = {(u_{(z)}) ∈ Osc^zM̃, srank|y^I_{(1)}| = 1}.

The Christoffel d–symbols

γ^M_{IJ} (u^{(1)}) = 1 2 g^{M K}(u_{(1)})(

∂g_{KI} (u_{(1)}) ∂x^J + ∂g_{JK} (u_{(1)}) ∂x^I − ∂g_{IJ} (u_{(1)}) ∂x^K ) define the Cartan nonlinear connection [55]:

G^I_{(N )J} = 1 2 ∂ ∂y^J_{(1)}

(γ^I_{KM} y^K_{(1)}y^M_{(1)}). (1.44)

The dual coefficients for the N-connection (1.21) are recurrently computed by using (1.44) and operator

Γ = y^I_{(1)} ∂ ∂x^I + 2 y^I_{(2)} ∂ ∂y^I_{(1)} + ... + z y^I_{(z)} ∂ ∂y^I_{(z−1)} , M^I_{(1)J} = G^I_{(N )J} ,

M^I_{(2)J} = 1 2 [ΓG^I_{(N )J} + G^I_{(N )K}M^K_{(1)J} ], .............. M^I_{(z)J} = 1 z [ΓM^I_{(z−1)J} + G^I_{(N )K}M^K_{(z−1)J} ].

The prolongations of FS–spaces can be generalized for Lagrange s–spaces (on Lagrange spaces and theirs higher order extensions see [160,161,162] and on supersymmetric extensions of Finsler geometry see [260]). Let L^{n,m} = (M̃, g_{IJ} ) be a Lagrange s–space. The Lagrangian L : T ~M → Λ can be extended on Osc^zM̃ by using maps of the Lagrangian, (L ∘ π^z_1)(u_{(z)}) = L ( u_{(1)} ) , and, as a consequence, of the fundamental tensor (1.43), (g_{IJ} ∘ π^z_1)(u_{(z)}) = g_{IJ} ( u_{(1)} ) . 1.4.3 Higher order Lagrange s–spaces

We introduce the notion of Lagrangian of z–order on a differentiable s– manifold ~M as a map L^z : Osc^zM̃ → Λ. In order to have concordance with the definitions proposed by [162] we require the even part of the fundamental ds–tensor to be of constant signature. Here we also note that questions to considered in this subsection, being an supersymmetric approach, are connected with the problem of elaboration of the so–called higher order analytic mechanics (see, for instance, [64,150,149,226]).

A Lagrangian s–differentiable of order z (z = 1, 2, 3, ...) on s-differenti-able s–manifold ~M is an application L^{(z)} : Osc^z ~M → Λ, s–differentiable on ~ Osk^z ~M and smooth in the points of Osc^z ~M where y^I_{(1)} = 0.

It is obvious that g_{IJ} (x, y_{(1)}, ..., y_{(z)}) = 1 2 ∂^2L^{(z)} ∂y^I_{(z)}∂y^J_{(z)} is a ds–tensor field because with respect to coordinate transforms (1.3) one holds transforms K^{I ′}_I K^{J ′}_J g_I ′_J ′ = g_{IJ.} A Lagrangian L is regular if srank|g_{IJ} | = (n, m).

A Lagrange s–space of z–order is a pair L^{(z,n,m)} = ( ~M, L^{(z)}), where L^{(z)} is a s–differentiable regular Lagrangian of z–order, and with ds–tensor g_{IJ} being of constant signature on the even part of the basic s–manifold.

For details on nonsupersymmetric osculator bundles we cite [162].

1.5 Discussion

We have explicitly constructed a new class of superspaces with higher order anisotropy. The status of the results in this Chapter and the relevant open questions are discussed as follows.

From the generally mathematical point of view it is possible a definition of a supersymmetric differential geometric structure imbedding both type of supersymmetric extensions of Finsler and Lagrange geometry as well various Kaluza–Klein superspaces. The first type of superspaces, considered as locally anisotropic, are characterized by nontrivial nonlinear connection structures and corresponding distinguishing of geometric objects and basic structure equations. The second type as a role is associated to trivial nonlinear connections and higher order dimensions. A substantial interest for further considerations presents the investigations of physical consequences of models of field interactions on higher and/or lower dimensional superspaces provided with N–connection structure.

It worth noticing that higher order derivative theories are one of currently central division in modern theoretical and mathematical physics. It is necessary a rigorous formulation of the geometric background for developing of higher order analytic mechanics and corresponding extensions to classical quantum field theories. Our results do not only contain a supersymmetric extension of higher order fiber bundle geometry, but also propose a general approach to the ”physics” with local anisotropic interactions. The elaborated in this Chapter formalism of distinguished vector superbundles highlights a scheme by which supergravitational and superstring theories with higher order anisotropy can be constructed.

Chapter 2

HA–Supergravity

In this Chapter we shall analyze three models of supergravity with higher order anisotropy. We shall begin our considerations with N–connection s– spaces in section 2.1. Such s–spaces are generalizations of flat s–spaces containing a nontrivial N–connection structure but with vanishing d–connection. We shall introduce locally adapted s–vielbeins and define s–fields and differential forms in N–connection s–spaces. Sections 2.2 and 2.3 are correspondingly devoted to gauge s-field and s–gravity theory in osculator s–bundles. In order to have the possibility to compare our model with usual N=1 ( one dimensional supersymmetric extensions; see, for instance, 286,170,215]) supergravitational models we develop a supergavity theory on osculator s–bundle Osc^z ~M_{(M )} where the even part of s–manifold ~M_{(M )} has a local structure of Minkowski space with action of Poincare group. In this case we do not have problems connected with definition of spinors (Lorentz, Weyl or Maiorana type) for spaces of arbitrary dimensions and can solve Bianchi identities. As a matter of principle, by using our results on higher dimensional and locally anisotropic spaces, see [256,255] we can introduce distinguished spinor stuctures and develop variants of extended supergravity with general higher order anisotropy. This approach is based on global geometric constructions and allows us to avoid tedious variational calculations and define the basic field equations and conservation laws on s–spaces with local anisotropy. That why, in section 2.5, we introduce Einstein–Cartan equations on distinguished vector superbundles (locally parametrized by arbitrary both type commuting and anticommuting coordinates) in a geometric manner, in some line following the geometric background for Einstein realtivity, but in our case on dvs-bundels provided with arbitrary N–connection and distinguished torsion and metric structures. We can consider different models, for instance, with prescribed N–connection and torsions, to develop a Einstein–Cartan like theory, or to follow approaches from gauge gravity. In section 2.6 we propose a variant of gauge like higher anisotropic supergravity being a generalization to dvs– bundles of models of locally anisotropic gauge gravity [258,259,272] (see also Chapter 7 in this monograph).

2.1 N–connection Superspaces

Before we continue our analysis of the locally anisotropic superspace, we shall first consider dvs–spaces provided with N–connection structure, having trivial (flat like with respect to la–frames) d–connection and d–metric. Such spaces will be called as N–connection superspaces and denoted as ~E^{<z>}_N .

2.1.1 Supervielbeins in N–connection s–spaces

Coordinates on s–space ~E^{<z>}_N are denoted u^{<α>} = (u^{αp} , y^{Ap+1} , ..., y^{Az} ) = (x^I , y^{<A>}) = (^x^i, θ^^i, ^y^{a1} , ζ^^{a1} , ..., ^y^{ap} , ζ^^{ap} , ..., ^y^{az} , ζ^^{az} ) We shall use la–frame decompositions of metric on ~E^{<z>}_N : G_{<α><β>}(u) = l^{<α>}_{<α>}(u)l^{<β>}_{<β>}(u)G_{<α><β>}. (2.1) Indices of type < α >, < β >, ... are considered as abstract ones [180,181, 182] s–vielbein indices. On N-connection s–spaces we can fix la–frames and s–coordinates when s–vielbein components l^{<α>}_{<α>} and d–metrics G_{<α><β>} and G_{<α><β>} are constant.

We suppose that s–space ~E^{<z>}_N is provided with a set of σ–matrices σ^i_{i←− i−→} = σ^{a0}a_{0←−} a_{0−→} = l^iσ^i_{i←− i−→} = l^{a0}a_0 σ^{a0}_{a0←− a0−→}, σ^{a1}a_{1←−} a_{1−→} = l^{a1}a_1 σ^{a1}_{a1←− a1−→}, ..., σ^{ap}a_{p←−} a_{p−→} = l^{ap}a_p σ^{ap}_{ap←− ap−→}, ..., σ^{az}a_{z←−} a_{z−→} = l^{az}a_z σ^{az}_{az←− az−→} necessary for spinor parametizations of anticommuting variables

θ^i = ζ^{a0} = (θ^{i←−} = ζ^{a0←−} , θ^{i−→} = ζ^{a0−→}), ζ^{a1} = (ζ^{a1←−}, ζ^{a1−→}), ..., ζ^{ap} = (ζ^{ap←−} , ζ^{ap−→}), ..., ζ^{az} = (ζ^{az←−}, ζ^{az−→}) (for simplicity, in sections 2.1–2.4 we consider Lorentz like spinor indices ( ..., (a_p ←− , a_p −→ ), ... ) , p = 0, 1, 2, ..., z for a 4–dimensional even component of a s–space, but in our case provided with N–connection structure). For symplicity, we shall omit dots before and after indices enabled with subindex p if this will not give rise to ambiguities.

The locally adapted to N–connection partial s–derivations are introduced in this manner: δ_{ap} = δ ∂y^{ap} , δ_{ap←−} = δ ∂ζ^{ap←−} + iσ^{ap}_{ap←− ap−→}ζ^{ap−→} δ ∂y^{ap} , δ_{ap−→} = − δ ∂ζ^{ap←−} − iζ^{ap←−}σ^{ap}_{ap←− ap−→} δ ∂y^{ap} , (2.2) where i is the imaginary unity and, for instance, δ_{a0} =^δ_{∂y}a_0 = δ_i =^δ_{∂xi} . La– derivations from (2.2) are consturcted by using operators (1.12). In brief we denote (2.2) as δ_{<α>} = l^{<α>}_{<α>}δ_{<α>}, where matrix l^{<α>}_{<α>} is parametrized as l^{<α>}_{<α>} = δ^i 0 0 ... 0 0 0 ... iσ^i^_{i←− i−→}θ^{i−→} δ^{i←−}^_{i←−} 0 ... 0 0 0 ... −iθ^{i←−}σ^i_{i←−} ^_{j−→}ε ^j_{−→} ^i_{−→} 0 −δ ^i_{−→} i−→ ... 0 0 0 ... ... ... ... ... ... ... ... ... 0 0 0 ... δ^{ap}_{ap} 0 0 ... 0 0 0 ... iσ^{ap}^_{ap←− ap−→}ζ^{ap−→} δ^{ap←−}^_{ap←−} 0 ... 0 0 0 ... −iζ^{ap←−}σ^{ap}_{ap←−} ^_{bp−→}ε ^_{bp−→}^_{ap−→} 0 −δ ^ap_{−→} a_p −→ ... ... ... ... ... ... ... ... ...

, ε–objects of type ε ^_{bp−→}^_{ap−→} are spinor metrics. The inverse matrix l^{<α>}_{<α>} satisfies conditions l^{<α>}_{<α>}l^{<α>}_{<β>} = δ^{<α>}_{<β>} , l^{<α>}_{<α>} l^{<α>}_{<β>} = δ^{<α>}_{<β>} and are parametrized as l^<^^{α>}_{<α>} = δ^i 0 0 ... 0 0 0 ... −iσ^i_{i←− i−→}θ^{i−→} δ ^i_{←−} i←− 0 ... 0 0 0 ... −iθ^{i←−}σ^i_{i←− j−→}ε^{j−→ i−→} 0 −δ^{i−→}^_{i−→} ... 0 0 0 ... ... ... ... ... ... ... ... ... 0 0 0 ... δ^{ap}a_p 0 0 ... 0 0 0 ... −iσ^{ap}a_{p←−} a_{p−→}ζ^{ap−→} δ ^ap_{←−} a_p ←− 0 ... 0 0 0 ... −iζ^{ap←−}σ^{ap}_{ap←− bp−→}ε^{bp−→ap−→} 0 −δ^{ap−→}^_{ap−→} ... ... ... ... ... ... ... ... ...

.

We call l^{<α>}_{<α>} ( l^{<α>}_{<α>} ) generalized supervielbien, s–vielbein, (inverse s–vielbein) of N–connection s–space. Additionally to (2.2) we shall use differential operators: P_{ap} = δ ∂y^^{ap} , Q_{ap←−} = δ ∂θ^{ap←−} − iσ^{ap}_{ap←− ap−→}ζ^{ap−→} δ ∂y^{ap} , Q_{ap−→} = − δ ∂θ^{ap←−} + iζ^{ap←−}σ^{ap}_{ap←− ap−→} δ ∂y^{ap} . (2.3) For a trivial N–connection operators (2.2) and (2.3) are transformed respectively into ”covariant” and infinitesimal generators on flat s–spaces [286,170,215].

2.1.2 Locally anisotropic superfields

Functions on u^{<α>} are called superfields (s–fields) in ~E^{<z>}_N . For simplicity we consider a real valued s–field on dvs–bundle ~E^{<1>}_N : V (u_{(p−1)}, ..., y_{(p)}, ζ_{(p)}, ..., y_{(z−1)}, ζ_{(z−1)}, y_{(z)}, ζ_{(z)}) = V^+(u_{(p−1)}, ..., y_{(p)}, ζ_{(p)}, ..., y_{(z−1)}, ζ_{(z−1)}, y_{(z)}, ζ_{(z)}), where by ”+” is denoted the Hermitian conjugation. Every s–field is a poly-

nomial decomposition on variables (θ^i, ..., ζ^{ap}, ...) . For instance, with respect to (ζ^{az←−}, ζ^{az−→}) = (ζ_{(z)} ←− , ζ_{(z)} −→ ) we have a such type polynom (for simplicity, here

we omit spinor indices): V (u_{(z−1)}, y_{(z)}, ζ^{az←−}, ζ^{az−→}) = C(u_{(z−1)}, y_{(z)})+ iζ_{(z)} ←− χ(u_{(z−1)}, y_{(z)}) − iζ_{(z)} −→ χ(u_{(z−1)}, y_{(z)})+ i 2 ζ_{(z)} ←− ζ_{(z)} ←− (μ(u_{(z−1)}, y_{(z)}) + iν(u_{(z−1)}, y_{(z)})) − i 2 ζ_{(z)} ←− ζ_{(z)} ←− (μ(u_{(z−1)}, y_{(z)})−

iν(u_{(z−1)}, y_{(z)})) − ζ_{(z)} ←− σ^iζ_{(z)} −→ v_i(u_{(z−1)}, y_{(z)}) + iζ_{(z)} ←− ζ_{(z)} ←− ζ_{(z)} −→ λ(u_{(z−1)}, y_{(z)})− iζ_{(z)} −→ ζ_{(z)} −→ ζ_{(z)} ←− λ(u_{(z−1)}, y_{(z)}) − 1 2 ζ_{(z)} ←− ζ_{(z)} ←− δ_iχ(u_{(z−1)}, y_{(z)})σ^iζ_{(z)} −→ + 1 2 ζ_{(z)} −→ ζ_{(z)} −→ ζ_{(z)} ←− σ^iδ_iχ(u_{(z−1)}, y_{(z)})+ ζ_{(z)} ←− ζ_{(z)} ←− ζ_{(z)} ←− ζ_{(z)} ←− ( 1 2 P (u_{(z−1)}, y_{(z)}) + 1 4 (δ^I δ_I )C(u_{(z−1)}, y_{(z)}) ) , ... (in a similar manner we shall decompose on spinor variables (ζ_{(z−1)} ←−−− , ζ_{(z−1)} −−−→ ), ..., (ζ_{(1)} ←− , ζ_{(1)} −→ ), ( θ←−, θ−→)). 2.1.3 Differential forms in N–connection spaces

For locally adapted differntials (1.13) we introduce the supersymmetric com-

mutation rules δu^{<α>}Λδu^{<β>} = −(−)^{|αβ|}δu^{<β>}Λδu^{<α>}. For every integer q we introduce the linear space generated by basis elements

δu^{<α1>}, δu^{<α2>}, ..., δu^{<αq>} where every multiple satisfies the above presented

s–commutation rules. So, a function Φ(u) on ~E^{<z>}_N is a 0–form, δu^{<α>}Φ_{<α>}

is a 1–form, δu^{<α>}Λδu^{<β>}Φ_{<α><β>} is a 2–form and so on. Forms can be

multiplied by taking into account that u^{<α>}δu^{<β>} = (−)^{|αβ|}u^{<β>}δu^{<α>}. Let ϖ = δu^{<α1>}Λδu^{<α2>}Λ...Λδu^{<αq>} be a q–form. The N–connection adapted differntial δϖ = δu^{<α1>}Λδu^{<α2>}Λ...Λδu^{<αq>}Λδu^{<αq+1>} δϖ ∂u^{<αq+1>} is a (q+1)–form. One holds the Poincare lemma: δδ = 0. Under some topological restrictions [203,63,147] the inverse Poincare lemma also holds: from δρ = 0 one follos that ρ = δϖ (it should be noted here that on dvs–bundles we must take into account the condition of existence of a N– connection structure).

An arbitrary locally adapted basis l^<^^{α>} in the space of 1–forms can be described by its s–vielbein matrix (generally being different from the (2.3)): δu^{<α>}l^{<α>}_{<α>} (u_{(z)}) = l^{<α>}. The inverse matrix l^{<α>}_{<α>}(u_{(z)}) is defined in a usual manner.

2.2 HA–Gauge S–Fields

This section is devoted to the geometric background of gauge theory on curved s–spaces provided with N–connection structure.

2.2.1 Gauge transforms in osculator s–bundles

The structural group is a Lie group, acting on q–forms: U = exp{iΨ(u_{(z−1)}, y_{(z)}, ζ^{az←−} , ζ^{az−→})}, Ψ(u_{(z−1)}, y_{(z)}, ζ^{az←−} , ζ^{az−→}) = ∑ ^e γ^^e(u_{(z−1)}, y_{(z)}, ζ^{az←−}, ζ^{az−→})T^_e, where T^_e are generators of group : ς^′ = ςU. The connection form φ = δu^{<α>}φ_{<α>}(u_{(z−1)}, y_{(z)}, ζ^{az←−}, ζ^{az−→}) = l^{<α>}φ_{<α>}(u_{(z−1)}, y_{(z)}, ζ^{az←−}, ζ^{az−→}) (2.4) takes values in Lie algebra, i.e. φ_{<α>}(u_{(z−1)}, y_{(z)}, ζ^{az←−}, ζ^{az−→}) = ∑ ^e φ^^e_{<α>}(u_{(z−1)}, y_{(z)}, ζ^{az←−}, ζ^{az−→})T^_e. This s–field is a higher order anisotropic generalization of Yang–Mills s– potential. We have these transformation rules φ^′ = U^{−1}φU + U^{−1}δU, φ^′_{<α>} = U^{−1}φ_{<α>}U + U^{−1}δ_{<α>}U, where δ_{<α>} = l^{<α>}_{<α>} δ_{<α>}. The equation K = δφ − φ · φ shows that we can construct ds–tensor values from connection s–potential (2.4). Computing expressions δφ = l^{<α>}δφ_{<α>} + δl^{<α>} φ_{<α>}, δφ_{<α>} = l^{<β>}δ_{<β>}φ_{<α>}, δl^{<α>} = l^{<β>}δ_{<β>}l^{<α>}and φ · φ = l^{<α>}l^{<β>}φ_{<α>}φ_{<β>}, we get for the coefficients of K = l^{<α>}Λl^{<β>}K_{<α><β>}, where K_{<β><α>} = −(−)^{|αβ|}K_{<α><β>} the formula: K_{<β><α>} = δ_{<β>}φ_{<α>} − (−)^{|αβ|}δ_{<α>}φ_{<β>}+ (−)^{|<β>(<α>+<μ>)|}l^{<α>}_{<α>} (δ_{<β>}l^{<γ>}_{<α>})φ_{<γ>} −(−)^{|<β><μ>|}l^{<α>}_{<β>} (δ_{<α>}l^{<γ>}_{<α>})φ_{<γ>}− φ_{<β>}φ_{<α>} + (−)^{|αβ|}φ_{<α>}φ_{<β>} + w^{<γ>}_{<β><α>}φ_{<γ>}, where w^{<γ>}_{<β><α>} unholonomy coefficients are defined as in subsection 1.3.5. As an example, we present the structure of ds–components of the coefficients : K_{apbp} = δ_{ap} φ_{bp} − δ_{bp} φ_{ap} + [φ_{ap} , φ_{bp} ] + w^{<α>}_{apbp} φ_{<α>},

K_{ap bp←−} = δ_{ap} φ_{bp←−} − δ_{bp←−}φ_{ap} + [φ_{ap} , φ_{b←−}] + w^{<α>}_{ap bp←−} φ_{<α>}, K_{ap bp−→} = δ_{ap} φ_{bp−→} − δ_{bp−→}φ_{ap} + [φ_{ap} , φ_{bp−→}] + w^{<α>}_{ap bp−→} φ_{<α>}, K_{ap←− bp←−} = δ_{ap←−}φ_{bp←−} + δ_{bp←−}φ_{ap←−} + {φ_{ap←−}, φ_{bp←−}} + w^{<α>}_{ap←− bp←−}φ_{<α>}, K_{ap−→bp−→} = δ_{ap−→}φ_{bp−→} + δ_{bp−→}φ_{ap−→} + {φ_{ap−→}, φ_{bp−→}} + w^{<α>}_{ap−→bp−→}φ_{<α>}, K_{ap←− bp−→} = δ_{ap←−}φ_{bp−→} + δ_{bp−→}φ_{ap←−} + 2iσ^^{ap}_{ap←− bp−→}φ^_{ap} + {φ_{ap←−}, φ_{bp−→}} + w^{<α>}_{ap←− bp−→}φ_{<α>}, where p = 0, 1, 2, ..., z. In the next subsections we shall analyze constraints substantially decreasing the number of independent fields containing components of s–field φ_<^_{α>} without restrictions on theirs dependence on coordinates u^{<α>}.

2.2.2 Abelian locally anisotropic s–fields

This class of s–fields satisfy conditions [φ_{<α>}φ_{<β>}} = 0. If constraints K_{ap←− bp←−} = δ_{ap←−}φ_{bp←−} +δ_{bp←−}φ_{ap←−} +w^{<α>}_{ap←− bp←−}φ_{<α>}, K_{ap−→ bp−→} = δ_{ap−→}φ_{bp−→} +δ_{bp−→}φ_{ap−→} +w^{<α>}_{ap−→bp−→}φ_{<α>} are imposed, there are such s–fields A (u) , B (u) that φ_{ap←−} = −iδ_{ap←−}A, φ_{ap−→} = δ_{ap−→}B, With resect to gauge shifts by a s–function κ(u)

A → A + κ + S^+, S is a s–function satisfying δ_{i−→}S = 0, ..., δ_{ap−→}S = 0, B → B − κ + T, T is a s–function satisfying δ_{i−→}T = 0, ..., δ_{ap−→}T = 0 one holds these transformation laws: φ_{ap←−} → φ_{ap←−} − iδ_{ap←−}κ, φ_{ap−→} = φ_{ap−→} − iδ_{ap−→}κ. If (additionally) equations K_{ap←− bp−→} = δ_{ap←−}φ_{bp−→} + δ_{bp−→}φ_{ap←−} + 2iσ^^{ap}_{ap←− bp−→}φ^_{ap} + w^{<α>}_{ap←− bp−→}φ_{<α>} = 0 (2.5) are satisfied, the s–functions φ^_i, ..., φ^_{ap}, ... can be expressed through A and B; gauge transforms of these fields are parametrized as φ_{<α>} → φ_{<α>} − iδ_{<α>}κ. So we can express s–field φ_{<α>}, as well curvatures K_{ij} , ..., K_{apbp} , ..., K_{i j←−}, K_{i j−→}, ..., K_{ap bp←−}, K_{ap bp−→}, ... as functions on A, B. All in- variants can be expressed through values W_{ap←−} = ε^{bp−→ cp−→}δ_{bp−→}δ_{cp−→}δ_{ap←−}(A + B), ..., W_{ap−→} = ε^{bp←− cp←−}δ_{bp←−}δ_{cp←−}δ_{ap−→}(A + B), K_{ap bp←−} = 1 8 σ^{cp−→ dp←−}a_p ε_{dp←− bp←−}W_{cp−→}, K_{ap bp−→} = − 1 8 ε_{bp−→ cp−→}σ^{cp−→ dp←−}a_p W_{dp←−}, K_{apbp} = i 64 {(εσ_{ap} σ_{bp} )^{cp←− dp←−} (δ_{dp←−}W_{cp←−} + δ_{cp←−}W_{dp←−} ) + (εσ_{ap} σ_{bp} )^{cp−→ dp−→}(δ_{cp−→}W_{dp−→} + δ_{dp−→}W_{cp−→})} . From definition of W_{i←−} , W_{i−→}, ..., W_{ap←−}, W_{ap−→}, ... one follows that δ_{dp−→}W_{cp←−} = 0, δ_{cp←−}W_{dp−→} = 0, δ^{ap←−}W_{ap←−} − δ_{bp−→}W^{bp−→} = 0. The reality conditions for our theory are specified by conditions φ = φ^+ within a gauge transform when A + B = (A + B)^+ W_{i−→} and S = T. In this case the corresponding Lagrangian is chosen as L ∼ W^{i←−} W_{i←−} +W^{a1←−} W_{a1←−} +...+W^{az←−} W_{az←−} +W^{i−→}W_{i−→} +W^{a1−→}W_{ap−→} +...+W^{az−→}W_{az−→}. (2.6) In a similar manner we consider nonabelian gauge s–fields of s–spaces with local anisotropy.

2.2.3 Nonabelian locally anisotropic gauge s–fields

Constraints are imposed as in the Abelian case: K_{ap←− bp←−} = K_{ap−→ bp−→} = K_{ap←− bp−→} = 0.

From K_{i←− j←−} = ... = K_{ap←− bp←−} = ...0 and K_{i−→ j−→} = ... = K_{ap−→ bp−→} = ...0 we respectively obtain φ_{ap←−} = −e^{−A}δ_{ap←−}e^A (2.7) and φ_{ap−→} = −e^{−A}δ_{ap−→}e^A. Considering transforms e^A → e^{S+} e^Ae^κ and e^{−U} → e^{−T} e^{−A}e^κ, (2.8) from which one follows transformation laws for A and B : A → A + κ + S^+ + ... and B → B − κ + T + ..., and imposing constraints of type (2.5) we can express, similarly as in Abelian case, the s–field φ_{<α>}, and curvatures K_{ij} , ..., K_{apbp} , ..., K_{i j←−}, K_{i j−→}, ..., K_{ap bp←−}, K_{ap bp−→}, ... as functions on A, B, and, as a consequence, as functions of invariants W_{i←−}, W_{i−→}, ..., W_{ap←−}, W_{ap−→}. Finally, in this subsection we remark that traces T r(W^{i←−} W_{i←−}), T r(W^{a1←−} W_{a1←−}), ..., T r(W^{az←−}W_{az←−}) are gauge invariant and δ_{i−→}T r(W^{i←−}W_{i←−}) = ... = δ_{ap−→}T r(W^{ap←−}W_{ap←−}) = ... = 0. So, we can use these traces and theirs complex conjugations in order to define Lagrangians of type (2.6) for nonabelian gauge theories. Reality conditions and gauge transforms can be considered as in the Abelian case but by taking into account changings (2.7) and (2.8).

2.3 Supergravity in Osculator S–Bundles

The generalized s–vielbein E^{<α>}_{<α>} and connection form Φ^{<α>}_{<β><μ>} , the last takes values in a Lie algebra, are considered as basic variables on osculator bundle Osc^z ~M with base ~M being of dimension ((3, 1), 1) where (3, 1) denotes respectively the dimension and signature of the even subspace and 1 is the dimention of the odd subspace. Our aim is to find respectively a higher order extension of d–covarant equations for the field of spin 2 and spin 3/2. As a posible structural group we choose, for instance, the Lorentz subgroup (locally the action of this group is split according to the fixed N–connection structure). With respect to coordinate d–transforms δu^{<μ′>} = δu^{<ν>} δu^{<μ′>} ∂u^{<ν>} one holds the transformation laws E^{<α>}_{<α}′_> = E^{<α>}_{<α>} δu^{<α>} ∂u^{<α′>} and Φ^{<α>}_{<β><μ}′_> = δu^{<ν>} ∂u^{<μ′>} Φ^{<α>}_{<β><ν>} . Let introduce 1–forms E^{<α>} = E^{<α>}_{<μ>} δu^{<μ>} and Φ^{<α>}_{<β>} = Φ^{<α>}_{<β><μ>}δu^{<μ>} satisfying transformation laws of type: E^{<α′>} = E^{<α>}X^{<α′>}_{<α>} and Φ^{<α′>}_{<β}′_> = X^{−1 <α>}_{<β}′_> Φ^{<β>}_{<α>}X^{<α′>}_{<β>} + X^{−1 <α>}_{<β}′_> δX^{<α′>}_{<α>} . The torsion and curvature are defined respectively by the first and second structure equations Ω^{<α>} = δE^{<α>} − E^{<β>}Φ^{<α>}_{<β>}, and R^{<β>}_{<α>} = δΦ^{<β>}_{<α>} − Φ^{<γ>}_{<α>}Φ^{<β>}_{<γ>}. The coefficients with values in Lie algebra are written in this form: Ω^{<α>}_{<β><γ>} = (−)^{|<β>(<γ>+<μ>)|}E^{<μ>}_{<γ>} E^{<ν>}_{<β>}δ_{<ν>}E^{<α>}_{<μ>} − (−)^{|<γ><μ>)|}E^{<μ>}_{<β>} E^{<ν>}_{<γ>} δ_{<ν>}E^{<α>}_{<μ>} − Φ^{<α>}_{<γ><β>} + (−)^{|<β><γ>|}Φ^{<α>}_{<β><γ>} (2.9) and R^{<β>}_{<δ><ε><α>} = (−)^{|<δ>(<ε>+<μ>)|}E^{<μ>}_{<ε>} E^{<ν>}_{<δ>} δ_{<ν>} Φ^{<β>}_{<α><μ>} −

(−)^{|<ε><μ>|}E^{<μ>}_{<δ>} E^{<ν>}_{<ε>} δ_{<ν>}Φ^{<β>}_{<α><μ>} − (−)^{|<δ>(<ε>+<α>+<γ>)|}Φ^{<γ>}_{<α><ε>}Φ^{<β>}_{<γ><δ>}+ (−)^{|<ε>(<α>+<γ >)|}Φ^{<γ>}_{<α><δ>}Φ^{<β>}_{<γ><ε>}. Putting E^{<α>} = l^{<α>}, with l^{<α>}_{<α>} from (2.3), Φ^{<α>}_{<β><γ>} = 0 in (2.9) and for a vanishing N–connection we obtain that torsion for a trivial osculator s–space has components: Ω^{(0)ap}_{bp←− cp−→} = Ω^{(0)ap}_{bp−→ cp←−} = 2iσ^{ap}_{bp←− cp−→} = 0, (2.10) the rest of components are zero.

In order to consider the linearized osculator s–gravity we substitute E^{<α>}_{<α>} = l^{<α>}_{<α>} + kh^{<α>}_{<α>} in (2.3), where k is the interaction constant and h^{<α>}_{<α>} is linear perturbation of a ds–frame in N–connection s–space. By straightfoward calculations we can verify that from equations (2.10) and Ω^{ap}_{bp cp} = Ω^{ap←−}_{bp←− cp←−} = Ω^{ap−→}_{bp←− cp←−} = Ω^{ap←−}_{bp−→ cp−→} = Ω^{ap}_{bp←− cp←−} = Ω^{ap}_{bp←− cp} = 0 one follows only algebraic relations. In this case on the base s–space of the osculator s–bundle we obtain exactly a dynamical system of equations for spin 2 and spin 3/2 fields (for usual supergravity see [70,81,93,47,288,215]). We can also solve nonlinear equations. It is convenient to introduce the special gauge when for θ←− = θ−→ = ... = ζ_{(p)} ←− = ζ_{(p)} −→ = ... = 0 the s–vielbein and ds–connection are prametrized E^i_i = l^i (u) , ..., E^{ap}a_p = l^{ap}a_p ( u_{(p−1)}, x_{(p)} ) , ..., E ^i_{←−} i←− = δ ^i_{←−} i←− , ..., E ^ap_{←−} a_p ←− = δ ^ap_{←−} a_p ←− , ..., ... (2.11) E^{i←−}_i = 1 2 ψ^{i←−}_i (x), ..., E^{ap←−}a_p = 1 2 ψ^{ap←−}a_p (u_{(p−1)}, y_{(p)}), ..., E_{i i−→} = 1 2 ψ_{i j−→}(u_{(p−1)}, x_{(p)}), ..., E_{apap−→} = 1 2 ψ_{apap−→}(u_{(p−1)}, y_{(p)}), ..., the rest of components of the s–vielbein are zero, and Φ^{i←−}_{j←− k} = φ^{i←−}_{j←− k} (x), ..., Φ^{ap←−}_{bp←− cp} = φ^{ap←−}_{bp←− cp} (u_{(p−1)}, y_{(p)}), ..., (2.12) the rest of components of ds–connection are zero. Fields l^i (u) , ..., l^{ap}a_p ( u_{(p−1)} ) , ..., ψ^{i←−}_i (x), ..., ψ^{ap←−}a_p (u_{(p−1)}, y_{(p)}), ... and φ^{i←−}_{j←− k} (x), ...φ^{ap←−}_{bp←− cp} (u_{(p−1)}, y_{(p)}), ... from (2.11) and (2.12) are corresponding extensions of the tetrad, Rarita–Schwinger and connectiom fields on osculator bundle [162].

We note that equations Ω^{j−→}_{i←− k} = Ω^{j−→}_{i←− k} = 0 ( ..., Ω^{ap−→}_{bp←− cp} = Ω^{ap−→}_{bp←− cp} = 0, ... )

defines the dynamics in x–space ( in ( u_{(p−1)}, x_{(p)} ) –space).The rest of nonvanishing components of torsion are computed by putting components (2.11) and (2.12) into (2.9) : Ω^^k_{ij| θ←−= θ−→=0} = T ^^k_{ij} = i 2 (ψ_iσ^^kψ_j − ψ_j σ^^kψ_i), ..., Ω^^{ap}_{bpcp |ζ(p)←−=ζ(p)−→=0} = T ^^{ap}_{bpcp} = i 2 (ψ_{bp} σ^^kψ_{cp} − ψ_{cp} σ^^kψ_{bp} ), ..., which shows that torsion in dvs–bundles can be generated by a corresponding distribution of spin density, and Ω^{i←−}_{ij| θ←−= θ−→=0} = T^{i←−}_{ij} = 1 2 (D_iψ^{i←−}_j − D_j ψ^{i←−}_i ), ..., Ω^{ap←−}_{bpcp |ζ(p)←−=ζ(p)−→=0} = T^{ap←−}_{bpcp} = 1 2 (D_{bp} ψ^{ap←−}c_p − D_{cp} ψ^{i←−}_{bp} ), ..., where D_i, ..., D_{bp} , ... are usual d–covariant derivatives on the base of osculator space.

We note that in this and next sections we shall omit tedious calculations being similar to those from [288]; we shall present the final results and emphasize that we can verify them straightforward manner by taking into account the distinguished character of geometical objects and the interactions with the N–connection fields).

The Bianchi identities in osculator s–bundle are written as δΩ^{<α>} + Ω^{<β>}Φ^{<α>}_{<β>} − E^{<β>}R^{<α>}_{<β>} = 0, δR^{<β>}_{<α>} + R^{<γ>}_{<α>}R^{<β>}_{<γ>} − Φ^{<γ>}_{<α>}Φ^{<β>}_{<γ>} = 0, or, in coefficient form, as E^{<γ>}E^{<β>}E^{<α>}(E^{<μ>}_{<α>} D_{<μ>}Ω^{<δ>}_{<β><γ>}+ Ω^{<τ >}_{<α><β>}Ω^{<δ>}_{<τ ><γ>} − R^{<δ>}_{<α><β><γ>} = 0, (2.13) E^{<γ>}E^{<β>}E^{<α>} ( E^{<μ>}_{<α>} D_{<μ>}R^{<τ >}_{<β><γ><δ>} + Ω^{<ε>}_{<α><β>}R^{<τ >}_{<ε><γ><δ>} ) = 0, where the supersymmetric gauge d–covariant derivation D_{<μ>} acts, for instance, as D_{<μ>}X^{<α>} = δ_{<μ>}X^{<α>} + (−)^{|<β><μ>|} X^{<β>}Φ^{<α>}_{<β><μ>}, and D_{<μ>} X_{<α>} = δ_{<μ>}X_{<α>} − Φ^{<β>}_{<α><μ>} X_{<β>}. Introducing parametrizations (2.11) (the special gauge) in (2.13) we find equations: σ^{ap}_{bp←− cp−→}l^{dp}_{ap} l^{ep}_{ep} ( D_{dp} ψ^{cp−→}e_p − D_{ep} ψ^{cp−→}_{dp} ) = 0 (2.14) (the Rarita–Shwinger equations on osculator bundle) and R^{bp}_{ap cp bp} + il^{bp dp} ψ^{ep←−}_{dp} σ_{ap ep←− fp−→}T^{fp−→}_{bp cp} + il^{bpdp} ψ^{fp−→}_{dp} σ_{ap ep←− fp−→}T^{ep←−}_{bp cp} = 0, (2.15) where components of sourse are T^{cp−→}_{ap bp} = 1 2 l^{ap}_{ap} l^{bp}_{bp} (D_{ap} ψ^{cp−→}_{bp} − D_{bp} ψ^{cp−→}a_p ), and curvature (in the special gauge) is expressed as R_{apbpcpdp} = l^{ep}c_p l^{fp}_{dp} R_{apbpep fp} − i(l^{fp}c_p ψ^{sp←−}_{dp} − l^{fp}_{dp} ψ^{sp←−}c_p )σ_{fp sp←− tp−→}Ω^{tp−→}_{ap bp} − i(l^{fp}_{dp} ψ_{cp sp−→} − l^{fp}c_p ψ_{dp sp−→})σ^{tp←− sp−→}_{fp} Ω_{ap bp tp←−|ζ(p)←−=ζ(p)−→=0}, R^{ap}_{bpcpdp} = E^{cp}c_p E^{dp}_{dp} R^{ap}_{bpcp dp} + E^{sp←−}c_p E^{dp}_{dp} R^{ap}_{bp sp←−dp} +

E^{cp}c_p E^{sp←−}_{dp} R^{ap}_{bp sp←−cp} + E_{cp tp−→}E^{dp}_{dp} R^{ap . tp−→}_{.bp .dp} + E^{cp}c_p E_{dp tp−→}R^{ap.. tp−→}_{bpcp} = δ_{dp} Φ^{ap}_{bpcp} − δ_{cp} Φ^{ap}_{bp dp} + Φ^{fp}_{bpdp} Φ^{ap}_{fpcp} − Φ^{fp}_{bp cp} Φ^{ap}_{fpdp} + w^{ep}_{cpdp} Φ^{ap}_{ep bp} . Finally, in this section, we note that for trivial N–connection sructures and on vector superbundles the equations (2.14) and (2.15) are transformed into dynamical field equations for the model of supergravity developed by S. Deser and B. Zumino [70].

2.4 Bianchi Identities: Osculator S–Bundles

The purpose of this section is the analyse of Bianci identities in the framework of locally anisotropic supergraviry theory on osculator s–bundle. We shall impose s–gravitational constraints and solve these identities with respect to s–fields and theirs ds–covariant derivations.

2.4.1 Distinguiched Bianchi identities

The Bianchi identities are written as (2.13). Constraints on torsion are imposed in general form as (2.11) with the rest of components being zero. By using the technique developed in [95] we shall solve in explicit form the system (2.13) with the mentioned type of constraints on osculator s–bundle in explicit form. We note that to do this we shall not use an explicit form of ds–covariant derivation; the necessary information is contained in the s–symmetric commutator [D_{<α>}, D_{<β>}} = −R^•_{•<α><β>} − Ω^{<γ>}_{<α><β>}D_{<γ>} . In order to find solutions we distinguish identities (2.13) in this form: R_{ap←− bp←− cd←− ep←−} + R_{bp←− cd←−ap←− ep←−} + R_{cd←−ap←− bp←− ep←−} = 0, (2.16)

R_{ap←− bp−→cp←−dp←−} + R_{bp−→cp←−ap←−dp←−} + 2iσ^{ep}_{cp←− bp−→}Ω_{ap←−ep dp←−} + 2iσ^{ep}_{ap←− bp−→}Ω_{cp←−ep dp←−} = 0, (2.17)

R_{ap←− bp←− cp−→dp−→} = −2iσ^{ep}_{bp←− cp−→}Ω_{ap←−ep dp−→} − 2iσ^{ep}_{ap←− cp−→}Ω_{bp←−ep dp−→}, (2.18)

R_{ap−→bp−→cp dp} = −2iσ_{dp sp←− bp−→}Ω^{sp←−}a_{p−→}c_p − 2iσ_{dp sp←−ap−→}Ω^{sp←−}_{bp−→cp} , (2.19) R_{ap←− bp−→cp dp} = −2iσ_{dp sp←− bp−→}Ω^{sp←−}a_{p←−}c_p − 2iσ_{dp sp←−ap←−}Ω^{sp←−}_{bp−→cp} , (2.20) R_{apbpcp dp} + R_{bpcp apdp} + R_{cpapbpdp} = 0, (2.21) (linear equations without derivatives) R_{ap←−bp cp←−dp←−} + R_{c←−bp ap←−dp←−} + D_{cp←−}Ω_{ap←−bp dp←−} + D_{ap←−} Ω_{cp←−bp dp←−} = 0, (2.22)

R_{ap bp←− cp−→dp−→} = D_{bp←−} Ω_{cp−→ap dp−→} + D_{cp−→}Ω_{bp←−ap dp−→} + 2iσ^{mp}_{bp←− cp−→}Ω_{mp ap dp−→}, (2.23)

D_{k−→}Ω_{j−→i l−→} + D_{j−→}Ω_{k−→i l−→} = 0, (2.24) (linear identities containing derivations) and R_{apbp cp−→dp−→} = D_{ap} Ω_{bp cp−→dp−→} + D_{bp} Ω_{cp−→ap dp−→} + D_{cp−→}Ω_{apbp dp−→}+ (2.25) Ω^{mp←−}_{bp cp−→}Ω_{mp←−ap dp−→} + Ω^{mp−→}_{bp cp−→}Ω_{mp−→ap dp−→} + Ω^{mp←−}c_{p−→}a_p Ω_{mp←−bp dp−→} + Ω^{mp−→}c_{p−→}a_p Ω_{mp−→bp dp−→}, ..., R_{apbp cp−→dp−→} = D_{ap} Ω_{bp cp−→dp←−} + D_{bp} Ω_{cp−→ap dp←−} + D_{cp−→}Ω_{apbp dp←−}+ (2.26) Ω^{mp←−}_{bp cp−→}Ω_{mp←−ap dp←−} + Ω^{mp−→}_{bp cp−→}Ω_{mp−→ap dp←−} + Ω^{mp←−}c_{p−→}a_p Ω_{mp←−bp dp←−} + Ω^{mp−→}c_{p−→}a_p Ω_{mp−→bp dp←−} = 0, ...,

D_{ap} Ω_{bp cp dp←−} +D_{bp} Ω_{cp ap dp←−} +D_{cp} Ω_{apbp dp←−} +Ω^{mp←−}_{apbp} Ω_{mp←−cp dp←−} +Ω^{mp−→}_{apbp} Ω_{mp−→cp dp←−}+ (2.27) Ω^{mp←−}_{bpcp} Ω_{mp←−ap dp←−} + Ω^{mp−→}_{bp cp} Ω_{mp−→ap dp←−} + Ω^{mp←−}c_pa_p Ω_{mp←−bp dp←−} + Ω^{mp−→}c_p a_p Ω_{mp−→bp dp←−}, ... (nonlinear identities).

For a trivial osculator s–bundle Osc^0 ~M = ~M, dim ~M = (4, 1), ~M being a s–simmetric extension of the Lorentz bundle formulas (2.16)–(2.27) are transformed into the Bianchi identities for the locally isotropic s–gravity model considered by [95].

2.4.2 Solution of distinguished Bianchi identities

It is convinient to use spinor decompositions of curvatures and torsions (see, for instance, [180,181,182]) R_{ap−→ bp−→ cp←−dp−→ep←−fp−→} = σ^{dp}_{cp←−dp−→}σ^{fp}_{ep←−fp−→}R_{ap−→bp−→dpfp} , Ω_{ap−→ bp←− cp−→dp←−} = σ^{ep}_{bp←− cp−→}Ω_{ap−→ep dp←−} and R_{ap−→bp−→cp←−dp−→ep←−fp−→} = −2ε_{cp←−ep←−}R_{ap−→ bp−→dp−→fp−→} + 2ε_{dp−→fp−→}R_{ap−→ bp−→ cp←−ep←−}, ... . Let start with the solutions of linear equations without derivatives. By straightforward calculations we can verify that Ω_{i−→ j←− k−→ l←−} = −2iε_{i−→ k−→}ε_{j←− l←−}R_{(0)}, ..., Ω_{ap−→bp←− cp−→dp←−} = −2iε_{ap−→cp−→}ε_{bp←−dp←−}R_{(p)}, ... (2.28) and R_{i−→ j−→ k−→ l−→} = 4 ( ε_{i−→ l−→}ε_{j−→ k−→} + ε_{j−→ l−→}ε_{i−→ k−→} ) R_{(0)}, ..., R_{ap−→ bp−→cp−→dp−→} = 4 ( ε_{ap−→dp−→}ε_{bp−→cp−→} + ε_{bp−→dp−→}ε_{ap−→cp−→} ) R_{(p)}, ..., where R_{(0)} = g^{kl}R^i_{kli}, ..., R_{(p)} = g^{apcp} R^{bp}_{apcpbp} , ..., satisfy correspondingly identities (2.18) and (2.19).

Similarly we can check that spinor decompositions Ω_{ap←− bp←− cp−→dp←−} = i 4 ( ε_{bp←−dp←−}Q_{ap←− cp−→} − 3ε_{ap←− bp←−} Q_{dp←−cp−→} − 3ε_{ap←−dp←−}Q_{bp←− cp−→} ) , R_{ap←− bp−→cp←−dp←−=}ε_{cpap} Q_{dp←−bp−→} + ε_{dpap} Q_{cp←− bp−→}, Q^∗_{ap←− bp−→} = Q_{ap←− bp−→} solve identities (2.16),(2.17) and (2.20).

The identity (2.21) allows as to express a part of curvature components through some components of torsion: R_{ap←−bpcpdp} = i(σ_{bp ap←−ep−→}Ω^{ep−→}_{cp dp} − σ_{dp ap←− ep−→}Ω^{ep−→}_{bp cp} − σ_{cp ap←− ep−→}Ω^{ep−→}_{dpbp} ).

Now we consider these spinor decompositions of curvatures: R_{ap←−ap−→bp←− bp−→cp←− cp−→dp←−dp−→} = ε_{ap←− bp←−}ε_{cp←−dp←−} χ_{ap−→bp−→cp−→dp−→} + ε_{ap−→bp−→}ε_{cp−→dp−→}χ_{ap←− bp←− cp←−dp←−}− ε_{ap←− bp←−}ε_{cp−→dp−→}φ_{ap−→bp−→cp←−dp←−} − ε_{ap−→bp−→}ε_{cp←−dp←−} φ_{ap←− bp←− cp−→dp−→}. The identity (2.21) is satisfied if φ_{ap←− bp←− cp−→dp−→} = φ_{cp−→dp−→ap←− bp←−}, χ^{ap←−}_{bp←−ap←− cp←−} = ε_{bp←− cp←−}Λ (Λ is real). The next step is the solution of linear identities (2.22),(2.23) and (2.24) containing derivatives. Putting (2.28) into (2.24) we find D_{ap−→}R_{(p)} = 0. The d–spinor Ω_{ep−→ap←− bp−→cp←−dp−→} = σ^{ap}_{ap←− bp−→}σ^{bp}_{cp←−dp−→}Ω_{ep−→apbp} can be decomposed into irreducible parts [180,181] Ω_{ep−→ap←− bp−→cp←−dp−→} = −ε_{ap←− cp←−}(W_{bp−→cp−→ep←−} + ε_{ep−→dp−→}τ_{bp−→} + ε_{ep−→bp−→}τ_{dp−→}) + ε_{ap−→cp−→}τ_{ap←− cp←− ep−→}, where W_{bp−→cp−→ep←−} is an arbitrary d–spinor and τ_{bp−→} and τ_{ap←− cp←−ep−→} are expressed through derivations of Q_{ap←− bp−→} (see below ). A tedious but trivial calculus can convinse us that the solution of (2.22) can be expressed as Ω_{ep−→ap←− bp−→ cp←−dp−→} = −ε_{ap←−cp←−} W_{bp−→cp−→ep←−} + 1 2 ε_{ap−→cp−→}(D_{ap←−} Q_{cp←−ep−→} + D_{cp←−} Q_{bp←−ep−→})− 1 2 ε_{ap←− cp←−} (ε_{ep−→dp−→}D^{fp←−} Q_{fp←− bp−→} + ε_{ep−→bp−→}D^{fp←−} Q_{fp←−dp−→}), R_{ap←− bp←− cp−→dp←−ep←−} = i 2 (ε_{ap←− bp←−}D_{dp←−} Q_{ep←− cp−→} + ε_{ap←−dp←−} D_{bp←−}Q_{ep←− cp−→}+ ε_{ap←− bp←−}D_{ep←−} Q_{dp←−cp−→} + ε_{ap←−dp←−}D_{ep←−} Q_{bp←− cp−→}) + i(ε_{dp←−ap←−}ε_{bp←−ep←−} + ε_{ep←−ap←−} ε_{bp←−dp←−})D^{fp←−} Q_{fp←− cp−→}, R_{ap←− bp←− cp−→dp−→ep−→} = 2iε_{ap←− bp←−}W_{dp−→ep−→cp−→} + i 2 (ε_{cp−→dp−→}D_{ap←−} Q_{bp←−ep−→} + ε_{cp−→ep−→}D_{ap←−} Q_{bp←−dp−→}).

This solution is compatible with (2.23) if D^{cp} Q_{cp←−ep−→} = D_{ep←−} R^∗_{(p)}. So we have solved all linear identities.

Nonlinear relations (2.25),(2.26) and (2.27) can be transformed into linear ones by using commutators of d–covariant derivations. Omitting such algebraic transforms we present expressions χ_{ap−→bp−→cp−→dp−→} = 1 4 (D_{ap−→}W_{bp−→cp−→dp−→} + D_{bp−→}W_{cp−→dp−→ap−→} + D_{cp−→}W_{dp−→ap−→bp−→} + D_{dp−→}W_{ap−→bp−→ cp−→})+ (ε_{ap−→dp−→}ε_{cp−→ bp−→} + ε_{bp−→dp−→}ε_{cp−→ap−→})× [ 1 16 (D_{ep−→}D^{ep−→}R^∗_{(p)} + D^{ep←−} D_{ep←−} R_{(p)}) + 1 8 Q_{ep←−ep−→}Q^{ep←−ep−→} − 2RR^∗] and φ_{ap←− bp←− cp−→dp−→} = φ_{cp−→dp−→ap←− bp←−} = 1 4 (Q_{ap←−dp−→}Q_{bp←−cp−→} + Q_{bp←−dp−→}Q_{ap←− cp−→})+ i 8 (D_{bp←− cp−→}Q_{ap←−dp−→} + D_{ap←− cp−→}Q_{bp←−dp−→} + D_{bp←−dp−→}Q_{ap←− cp−→} + D_{ap←−dp−→}Q_{bp←− cp−→}+ D_{cp−→}D_{bp←−} Q_{ap←−dp−→} + D_{cp−→}D_{ap←−} Q_{bp←−dp−→} + D_{dp−→}D_{bp←−} Q_{ap←− cp−→} + D_{dp−→}D_{ap←−} Q_{bp←− cp−→}) which solves (2.25); if conditions D_{ap−→}W_{bp−→cp−→dp−→} = 0 are satisfied we obtaine solutions (2.26) and (2.27).

2.5 Einstein–Cartan D–Structures

In this section we shall introduce a set of Einstein like gravitational equations, i.e. we shall formulate a variant of higher order anisotropic supergravity on dsv-bundle E^{<z>} over a supersmooth manifold ~M. This model will contain as particular cases the Miron and Anastasiei locally anisotropic gravity [9,160,161] on vector bundles (they considered prescribed components of N-connection and h(hh)- and v(vv)–torsions; in our supesymmetric approach [260] we used algebraic equations for torsion and its source in order to close the system of field equations). There are two ways in developing supergravitational models. We can try to maintain similarity to Einstein’s general relativity (see in [16,172] an example of such type locally isotropic supergravity) and to formulate a variant of Einstein–Cartan theory on dvs– bundles, this will be the aim of this section, or to introduce into consideration generalized supervielbein variables and to formulate a supersymmetric gauge like model of la–supergravity (this approach is more accepted in the usual locally isotropic supergravity, see as reviews [215,288,170]). The second variant will be analysed in the next section by using the s-bundle of supersymmetric affine adapted frames on la-superspaces.

Let consider a dvs–bundle E^{<z>} provided with some compatible nonlinear connection N, d–connection D and metric G structures (see detailes and conventions in section 1.3). For a locally N-adapted frame we write D_( δ_{δu<γ> )} δ δu^{<β>} = Γ^{<α>}_{<β><γ>} δ δu^{<α>} , where the d–connection D has the following coefficients:

Γ^I_{JK} = L^I_{JK} , Γ^I_{J<A>} = C^I_{J<A>} , Γ^I_{<A>J} = 0, Γ^I_{<A><B>} = 0, (2.29) Γ^{<A>}_{JK} = 0, Γ^{<A>}_{J<B>} = 0, Γ^{<A>}_{<B>K} = L^{<A>}_{<B>K} , Γ^{<A>}_{<B><C>} = C^{<A>}_{<B><C>} . The nonholonomy coefficients w^{<γ>}_{<α><β>} of d–connection (2.29), defined as [δ_{<α>}, δ_{<β>}} = w^{<γ>}_{<α><β>}δ_{<γ>}, are computed as follows: w^K_{IJ} = 0, w^K_{<A>J} = 0, w^K_{I<A>} = 0, w^K_{<A><B>} = 0, w^{<A>}_{IJ} = R^{<A>}_{IJ} , w^{<B>}_{<A>I} = −(−)^{|I<A>|} ∂N^B_I ∂y^{<A>} , w^{<B>}_{I<A>} = ∂N^{<B>}_I ∂y^{<A>} , w^{<C>}_{<A><B>} = 0. By straightforward calculations we obtain respectively these components of torsion, T (δ_{<γ>}, δ_{<β>}) = T^{<α>}_{·<β><γ>}δ_{<α>}, and curvature, R(δ_{<β>}, δ_{<γ>})δ_{<τ >} = R^{<α>}_{.<β><γ><τ >} δ_{<α>}, ds–tensors: T^I_{·JK} = T^I_{JK} , T^I_{·J<A>} = C^I_{J<A>} , T^I_{·J<A>} = −C^I_{J<A>} , T^I_{·<A><B>} = 0, T^{<A>}_{·IJ} = R^{<A>}_{IJ} , T^{<A>}_{·I<B>} = −P^{<A>}_{<B>I} , T^{<A>}_{·<B>I} = P^{<A>}_{<B>I} , T^{<A>}_{·<B><C>} = S^{<A>}_{<B><C>} and R^J_{·IKL} = R^J_{IKL}, R^J_{·BKL} = 0, R^{<A>}_{·JKL} = 0, R^{<A>}_{·<B>KL} = R^{<A>}_{·<B>KL}, R^I_{J·K<D>} = P_J^I_{K<D>}, R^I_{<B>K<D>} = 0, R^{<A>}_{JK<D>} = 0, R^{<A>}_{<B>K<D>} = P^{<A>}_{<B>K<D>}, R^I_{J<D>K} = −(−)^{|<D>K|}P^I_{JK<D>} , R^I_{<B><D>K} = 0, R^{<A>}_{J<D>K} = 0, R^{<A>}_{<B><D>K} = (−)^{|K<D>|}P^{<A>}_{<B>K<D>}, R^I_{J<C><D>} = S^I_{J<C><D>} , R^I_{<B><C><D>} = 0, R^{<A>}_{J<C><D>} = 0, R^{<A>}_{<B><C><D>} = S^A_{BCD} ( see formulas (1.25) and (1.29)).

The locally adapted components R_{<α><β>} = Ric(D)(δ_{<α>}, δ_{<β>}) (we point that in general on dvs-bundles R_{<α><β>} ≠ (−)^{|<α><β>|}R_{<β><α>}) of the Ricci tensor are as follows: R_{IJ} = R^K_{IJK} , R_{I<A>} = −^{(2)}P_{I<A>} = −P^K_{IK<A>} R_{<A>I} =^{(1)}P_{<A>I} = P^{<B>}_{<A>I<B>} , R_{<A><B>} = S^{<C>}_{<A><B><C>} = S_{<A><B>}. For the scalar curvature, Ř = Sc(D) = G^{<α><β>}R_{<α><β>}, we have Sc(D) = R + S, where R = g^{IJ} R_{IJ} and S = h^{<A><B>}S_{<A><B>} . The Einstein–Cartan equations on dvs–bundles are written as R_{<α><β>} − 1 2 G_{<α><β>}Ř + λG_{<α><β>} = κ_1J_{<α><β>}, (2.30) and T^{<α>}_{<β><γ>} + G_{<β>}^{<α>}T^{<τ >}_{<γ><τ >} − (−)^{|<β><γ>|}G_{<γ>}^{<α>}T^{<τ >}_{<β><τ >} = κ_2Q^{<α>}_{<β><γ>} , (2.31) where J_{<α><β>} and Q^{<α>}_{<β><γ>} are respectively components of energy–momentum and spin–density of matter ds–tensors on la–space, κ_1 and κ_2 are the corresponding interaction constants and λ is the cosmological constant. To write in a explicit form the mentioned matter sources of la–supergravity in (2.30) and (2.31) there are necessary more detailed studies of models of interaction of superfields on locally anisotropic superspaces (in previous sections we presented details for a class of osculator s–bundles; further generalizations with an explicit writing out of terms higher order anisotropic interactions of s–fields on an arbitrary dvs–bundle is connected with combersome calculations and formulas; we omit such considerations in this monograph).

Equations (2.30), can be split into base- and fibre–components, R_{IJ} − 1 2 (R + S − λ)g_{IJ} = κ_1J_{IJ} ,^{(1)}P_{<A>I} = κ_1^{(1)}J_{<A>I} , (2.32) S_{<A><B>} − 1 2 (S + R − λ)g_{<A><B>} = κ_2J̃_{<A><B>},^{(2)}P_{I<A>} = −κ_2^{(2)}J_{I<A>}, are a supersymmetric higher order, with cosmological term, generalization of the similar ones presented in [9,160,161], with prescribed N-connection and h(hh)– and v(vv)–torsions. We have added algebraic equations (2.31) in order to close the system of s–gravitational field equations (realy we have also to take into account the system of constraints (1.34) if locally anisotropic s–gravitational field is associated to a ds–metric (1.35)).

We point out that on la–superspaces the divergence D_{<α>} J^{<α>} does not vanish (this is a consequence of generalized Bianchi and Ricci identities (1.30), (1.31) and (1.39)). The d–covariant derivations of the left and right parts of (2.30), equivalently of (2.32), are as follows: D_{<α>}[R^{·<α>}_{<β>} − 1 2 (Ř − 2λ)δ^{·<α>}_{<β>} ] =

{ [R_J^I −^1_2 (R + S − 2λ)δ_J^I ]_{|I} +^{(1)}P^{<A>}_{I⊥<A>} = 0, [S_{<B>}^{<A>} −^1_2 (R + S − 2λ)δ_{<B>}^{<A>} ]_{⊥<A>} −^{(2)}P^I_{<B>|I} = 0, where

(1)P^{<A>}_J =^{(1)}P_{<B>J} g^{<A><B>} ,^{(2)}P^I_{<B>} =^{(2)}P_{J<B>}g^{IJ} , R^I_J = R_{KJ} g^{IK} , S^{<A>}_{<B>} = S_{<C><B>} h^{<A><C>} , and D_{<α>}J^{<α>}_{·<β>} = U_{<α>}, (2.33) where D_{<α>}J^{<α>}_{·<β>} = { J^I_{·J|I} +^{(1)}J^{<A>}_{·J⊥<A>} =^1_{κ1} U_J , (2)J^I_{·<A>|I} + J^{<B>}_{·<A>⊥<B>} =^1_{κ1} U_{<A>} , and U_{<α>} = 1 2 (G^{<β><δ>} R^{<γ>}_{<δ><φ><β>} T^{<φ>}_{·<α><γ>} − (2.34) (−)^{|<α><β>|}G^{<β><δ>} R^{<γ>}_{<δ><φ><α>} T^{<φ>}_{·<β><γ>} + R^{<β>}_{·<φ>}T^{<φ>}_{·<β><α>}). So, it follows that ds-vector U_α vanishes if d-connection (2.29) is torsionless.

No wonder that conservation laws for values of energy–momentum type, being a consequence of global automorphisms of spaces and s–spaces, or, respectively, of theirs tangent spaces and s–spaces (for models on curved spaces and s–spaces), on la–superspaces are more sophisticate because, in general, such automorphisms do not exist for a generic local anisotropy. We can construct a higher order model of supergravity, in a way similar to that for the Einstein theory if instead an arbitrary metric d–connection the generalized Christoffel symbols Γ̃^α_{·βγ} (see (1.39)) are used. This is a locally anisotropic supersymmetric model on the base s-manifold ~M which looks like locally isotropic on the total space of a dvs–bundle. More general supergravitational models which are locally anisotropic on the both base and total spaces can be generated by using deformations of d-connections of type (1.40). In this case the vector U_α from (2.34) can be interpreted as a corresponding source of generic local anisotropy satisfying generalized conservation laws of type (2.33).

More completely the problem of formulation of conservation laws for both locally isotropic and anisotropic higher order supergravity can be solved in the frame of the theory of nearly autoparallel maps of dvs-bundles (with specific deformations of d-connections (1.40) and in consequence of torsion and curvature), which have to generalize our constructions from [249,250,251,263,278,279], see section 3.4 and Chapter 8)

We end this section with the remark that field equations of type (2.30), equivalently (2.32), for higher order supergravity can be similarly introduced for the particular cases of higher order anisotropic s–spaces provided with metric structure of type (1.35) with coefficients parametrized as for higher order prolongations of the Lagrange, or Finsler, s–spaces (subsection 1.4.2).

2.6 Gauge Like Locally Anisotropic Supergravity

The aim of this section is to introduce a set of gauge like gravitational equations (wich are equivalent to Einstein equations on dvs–bundels (2.30) if well defined conditions are satisfied). This model will be a higher order anidotopic supersymmetric extension of our constructions for gauge la–gravity [260,272,258,259] and of affine–gauge interpretation of the Einstein gravity [195,196,194,240,246].

The great part of theories of locally isotropic s–gravity are formulated as gauge supersymmetric models based on supervielbein formalism (see [174,215,286,288]). A similar model of supergravity on osculator s–bundles have been considered in section 2.3. Here we shall analyse a geometric background for such theories on dvs–bundles. Let consider an arbitrary adapted to N-connection frame l_{<α>}(u) = (l_I (u), l_{<C>}(u)) on E^{<z>} and s-vielbein matrix

l^{<α>}_{<α>} = l^I 0 ... 0 ... 0 0 l^{A1}_{A1} ... 0 ... 0 ... ... ... 0 ... 0 0 0 0 l^{Ap}_{Ap} ... 0 0 0 0 0 ... 0 0 0 0 0 ... l^{Az}_{Az}

⊂ GL^{<m,l>}_{n,k} (Λ) =

GL(n, k, Λ) ⊕ GL(m_1, l_1, Λ) ⊕ ... ⊕ GL(m_p, l_p, Λ) ⊕ ... ⊕ GL(m_z , l_z, Λ) for which δ δu^{<α>} = l_{<α>}^{<α>}(u)l_{<α>}(u), or, equivalently,^δ_{∂xI} = l_I^I (u)l_I (u) and^δ_{∂y<C>} = l_{<C>}^{<C>}l_{<C>}(u), and G_{<α><β>} (u) = l_{<α>}^{<α>}(u)l_{<β>}^{<β>}(u)η_{<α><β>}, where, for simplicity, η_{<α><β>} is a constant metric on vs–space V^{n,k} ⊕ V^{<l,m>}. By LN(E^{<z>} ) is denoted the set of all locally adapted frames in all points of sv–bundle E^{<z>} . For a surjective s–map π_L from LN(E^{<z>} ) to E^{<z>} and treating GL^{<m,l>}_{n,k} (Λ) as the structural s–group we define a principal s–bundle, LN(E^{<z>} ) = (LN(E^{<z>} ), π_L : LN(E^{<z>} ) → E^{<z>} , GL^{<m,l>}_{n,k} (Λ)), called as the s–bundle of linear adapted frames on E^{<z>} .

Let I_{<α̂>} be the canonical basis of the sl–algebra G^{<m,l>}_{n,k} for a s–group GL^{<m,l>}_{n,k} (Λ) with a cumulative index < α̂ >. The structural coefficients f_{<α̂><β̂>}^{<γ̂>} of G^{<m,l>}_{n,k} satisfy s–commutation rules [I_{<α̂>}, I_{<β̂>}} = f_{<α̂><β̂>}^{<γ̂>}I_{<γ̂>}. On E^{<z>} we consider the connection 1–form Γ = Γ^{<α>}_{<β><γ>}(u)I^{<β>}_{<α>} du^{<γ>}, (2.35) where Γ^{<α>}_{<β><γ>} (u) = l^{<α>}_{<α>}l^{<β>}_{<β>}Γ^{<α>}_{<β><γ>} + l^{<α>} δ ∂u^γ l^{<α>}_{<β>}(u), Γ^{<α>}_{<β><γ>} are the components of the metric d–connection, s-matrix l^{<β>}_{<β>} is inverse to the s-vielbein matrix l^{<β>}_{<β>}, and I^{<α>}_{<β>} = δ^{<α>}_{<β>} is the standard distinguished basis in SL–algebra G^{<m,l>}_{n,k} .

The curvature B of the connection (2.35), B = dΓ + Γ ∧ Γ = R^{<β>}_{<α><γ><δ>} I^{<α>}_{<β>} δu^{<γ>} ∧ δu^{<δ>} has coefficients R^{<β>}_{<α><γ><δ>} = l^{<α>}_{<α>}(u)l^{<β>}_{<β>}(u)R^{<β>}_{<α><γ><δ>} , where R^{<β>}_{<α><γ><δ>} are the components of the ds–tensor (1.29).

In addition with LN(E^{<z>} ) we consider another s–bundle, the s–bundle of locally adapted affine frames AN(E^{<z>} ) = (AN(E^{<z>} ), π_A : AN(E^{<z>} ) → E^{<z>} , AF^{<m,l>}_{n,k} (Λ)) with the structural s–group AN^{<m,l>}_{n,k} (Λ) = GL^{<m,l>}_{n,k} (Λ) ⊙ Λ^{n,k} ⊕ Λ^{<m,l>} being a semidirect product (denoted by ⊙ ) of GL^{<m,l>}_{n,k} (Λ) and Λ^{n,k} ⊕Λ^{<m,l>}. Because the LS–algebra Af^{<m,l>}_{n,k} of s–group AF^{<m,l>}_{n,k} (Λ), is a direct sum of G^{<m,l>}_{n,k} and Λ^{n,k} ⊕ Λ^{<m,l>} we can write forms on AN(E^{<z>} ) as Θ = (Θ_1, Θ_2), where Θ_1 is the G^{<m,l>}_{n,k} –component and Θ_2 is the (Λ^{n,k} ⊕ Λ^{<m,l>})– component of the form Θ. The connection (2.35) in LN(E^{<z>} ) induces a Cartan connection Γ in AN(E^{<z>} ) (see the case of usual affine frame bundles in [40,195,196,194] and generalizations for locally anisotropic gauge gravity and supergravity in [272,260]). This is the unique connection on dvs–bundle AN(E^{<z>} ) represented as i^∗Γ = (Γ, χ), where χ is the shifting form and i : AN(E^{<z>} ) → LN(E^{<z>} ) is the trivial reduction of dvs–bundles. If l = (l_{<α>}) is a local adapted frame in LN(E^{<z>} ) then l = i ∘ l is a local section in AN(E^{<z>} ) and

Γ = lΓ = (Γ, χ), B = BB = (B, T ), (2.36)

where χ = e_{<α>} ⊗ l^{<α>}_{<α>}du^{<α>}, e_{<α>} is the standard basis in Λ^{n,k} ⊕ Λ^{<m,l>} and torsion T is introduced as T = dχ + [Γ ∧ χ} = T^{<α>}_{·<β><γ>} e_{<α>}du^{<β>} ∧ du^{<γ>}, T^{<α>}_{·<β><γ>} = l^{<α>}_{<α>}T^{<α>}_{·<β><γ>} are defined by the components of the torsion ds–tensor (1.25).

By using metric G (1.35) on dvs–bundle E^{<z>} we can define the dual ( Hodge ) operator ∗_G : Λ^{q,s}(E^{<z>} ) → Λ^{n−q,k−s}(E^{<z>} ) for forms with values in LS–algebras on E^{<z>} (see details, for instance, in [288]), where Λ^{q,s}(E^{<z>} ) denotes the s–algebra of exterior (q,s)–forms on E^{<z>} .

Let operator ∗^{−1}_G be the inverse to operator ∗ and δ̂_G be the adjoint to the absolute derivation d (associated to the scalar product for s–forms) specified for (r,s)–forms as

δ_G = (−1)^{r+s}∗^{−1}_G ∘ d ∘ ∗_G.

The both introduced operators act in the space of LS–algebra–valued forms as ∗_G(I_{<α̂>} ⊗ ϕ^{<α̂>}) = I_{<α̂>} ⊗ (∗_Gϕ^{<α̂>}) and δ_G(I_{<α̂>} ⊗ ϕ^{<α̂>}) = I_{<α̂>} ⊗ δ_Gϕ^{<α̂>}. If the supersymmetric variant of the Killing form for the structural s–group of a s–bundle into consideration is degenerate as a s–matrix (for instance, this holds for s–bundle AN(E^{<z>} ) ) we use an auxiliary nondegenerate bilinear s–form in order to define formally a metric structure G_A in the total space of the s–bundle. In this case we can introduce operator δ_E acting in the total space and define operator Δ .= Ĥ ∘ δ_A, where Ĥ is the operator of horizontal projection. After Ĥ–projection we shall not have dependence on components of auxiliary bilinear forms.

Methods of abstract geometric calculus, by using operators ∗_G, ∗_A, δ_G, δ_A and Δ, are illustrated, for instance, in [195,196] for locally isotropic spaces and in [260,272,258,259] for locally anisotropic, spaces. Because on superspaces these operators act in a similar manner we omit tedious intermediate calculations and present the final necessary results. For ΔB one computers ΔB = (ΔB, Rτ + Ri), where Rτ = δ_GJ + ∗^{−1}_G [Γ, ∗J } and Ri = ∗^{−1}_G [χ, ∗_GR} = (−1)^{n+k+l1 +m1 +...+lz +mz} R_{<α><μ>}G^{<α><α̂>}e_{<α̂>}δu^{<μ>}. (2.37) Form Ri from (2.37) is locally constructed by using the components of the Ricci ds–tensor (see Einstein equations (2.30) as one follows from the decomposition with respect to a locally adapted basis δu^{<α>} (1.12)).

Equations ΔB = 0 (2.38) are equivalent to the geometric form of Yang–Mills equations for the connection Γ (see (2.36)). D.A. Popov and L.I. Dikhin proved 196,197] that such gauge equations coincide with the vacuum Einstein equations if as components of connection form (2.35) the usual Christoffel symbols are used. For spaces with local anisotropy the torsion of a metric d–connection in general is not vanishing and we have to introduce the source 1–form in the right part of (2.38) even gravitational interactions with matter fields are not considered [272,258,259].

Let us consider the locally anisotropic supersymmetric matter source J constructed by using the same formulas as for ΔB when instead of R_{<α><β>} from (2.37) is taken κ_1(J_{<α><β>} −^1_2 G_{<α><β>} J ) − λ(G_{<α><β>} − 1 2 G_{<α><β>}G^{·<τ >}_{<τ >} ). By straightforward calculations we can verify that Yang– Mills equations ΔB = J (2.40)

for torsionless connection Γ = (Γ, χ) in s-bundle AN(E^{<z>} ) are equivalent to Einstein equations (2.30) on dvs–bundle E^{<z>} . But such types of gauge like la-supergravitational equations, completed with algebraic equations for torsion and s–spin source, are not variational in the total space of the s– bundle AL(E^{<z>} ). This is a consequence of the mentioned degeneration of the Killing form for the affine structural group [40,195,196] which also holds for our la-supersymmetric generalization. We point out that we have introduced equations (2.39) in a ”pure” geometric manner by using operators ∗, δ and horizontal projection Ĥ.

We end this section by emphasizing that to construct a variational gauge like supersymmetric la–gravitational model is possible, for instance, by considering a minimal extension of the gauge s–group AF^{m,l}_{n,k} (Λ) to the de Sitter s–group S^{m,l}_{n,k} (Λ) = SO^{m,l}_{n,k} (Λ), acting on space Λ^{m,l}_{n,k} ⊕ R, and formulating a nonlinear version of de Sitter gauge s–gravity (see: [240,194] for locally isotropic gauge gravity, [272] for a locally anisotropic variant and Chapter 7 in this monograph for higher order anisotropic generalizations of gauge gravity).

Chapter 3

Supersymmetric NA–Maps

The study of models of classical and quantum field interactions in higher dimension superspaces with, or not, local anisotropy is in order of the day. The development of this direction entails great difficulties because of problematical character of the possibility and manner of definition of conservation laws on la–spaces. It will be recalled that conservation laws of energy– momentum type are a consequence of existence of a global group of automorphisms of the fundamental Mikowski spaces. As a rule one considers the tangent space’s automorphisms or symmetries conditioned by the existence of Killing vectors on curved (pseudo)Riemannian spaces. There are not any global or local automorphisms on generic la–spaces and in result of this fact, at first glance, there are a lot of substantial difficulties with formulation of conservation laws and, in general, of physical consistent field theories with local anisotropy. R. Miron and M. Anastasiei investigated the nonzero divergence of the matter energy–momentum d–tensor, the source in Einstein equations on la–spaces, and considered an original approach to the geometry of time–dependent Lagrangians [12,160,161]. In a series of papers [249,276,263,273,274,278,279,252,275,277] we attempt to solve the problem of definition of energy-momentum values for locally isotropic and anisotropic gravitational and matter fields interactions and of conservation laws for basic physical values on spaces with local anisotropy in the framework of the theory of nearly geodesic and nearly autoparallel maps.

In this Chapter a necessary geometric background (the theory of nearly autoparallel maps, in brief na-maps, and tensor integral formalism) for formulation and investigation of conservation laws on higher order isotropic and anisotropic superspaces is developed. The class of na–maps contains as a particular case the conformal transforms and is characterized by corresponding invariant conditions for generalized Weyl tensors and Thomas parameters [227,230]. We can connect the na–map theory with the formalism of tensor integral and multitensors on distinguished vector superbundles. This approaches based on generalized conformal transforms of superspaces with or not different types of higher order anisotropy consist a new division of differential supergeometry with applications in modern theoretical and mathematical physics.

We note that in most cases proofs of our theorems are mechanical but rather tedious calculations similar to those presented in [230,252,263]. Some of them will be given in detail, the rest will be sketched. We shall omit splitting of formulas into even and odd components (see Chapter 8 on nearly autoparallel maps and conservation laws for higher order (non supersymmetric) anisotropic spaces).

Section 3.1 is devoted to the formulation of the theory of nearly autoparallel maps of dvs–bundles. The classification of na–maps and formulation of their invariant conditions are given in section 3.2. In section 3.3 we define the nearly autoparallel tensor–integral on locally anisotropic multispaces. The problem of formulation of conservation laws on spaces with local anisotropy is studied in section 3.4. Some conclusions are presented in section 3.5.

3.1 NA–Maps of DVS–Bundles

This section is devoted to an extension of the ng– [230] and na–map [249, 250,252,273,274,278] theories by introducing into consideration maps of dvs– bundles provided with compatible N–connection, d–connection and metric structures.

We shall use pairs of open regions (U, U) of higher order anisotropic s– spaces, U⊂E^{<z>} , U⊂E^{<z>} , and 1–1 local maps f : U→U given by necessary class supersmooth functions f^{<a>}(u) and their inverse functions f^{<a>}(u) nondegenerated in every point u∈U and u∈U.

Two open regions U and U are attributed to a common for f–map coordinate system if this map is realized on the principle of coordinate equality q(u^α)→q(u^α) for every point q∈U and its f–image q∈U . We note that all calculations included in this work will be local in nature and taken to refer to open subsets of mappings of type ξ⊃U−→U ⊂ξ. For simplicity, we suppose that in a fixed common coordinate system for U and U spaces E^{<z>} and E^{<z>} are characterized by a common N–connection structure (in consequence of (1.34) by a corresponding concordance of d–metric structure), i.e. N^{Af}_{Ap} (u) = N^{Af}_{Ap} (u) = N^{Af}_{Ap} (u), which leads to the possibility to establish common local bases, adapted to a given N–connection, on both regions U and U. Let denote by Γ^{<α>}_{.<β><γ>} a compatible with metric structure d–connection on the dvs–bundle E^{<z>} . The linear d–connection on the dvs–bundle E^{<z>} is considered to be a general one with torsion T^{<α>}_{.<β><γ>} = Γ^{<α>}_{.<β><γ>} − Γ^{<α>}_{.<γ><β>} + w^{<α>}_{.<β><γ>}. and nonmetricity K_{<α><β><γ>} = D_{<α>}G_{<β><γ>}. (3.1) Geometrical objects on E^{<z>} are parametrized by underlined symbols, for example, A^{<α>}, B^{<α><β>}, or underlined indices, for example, A^a, B^{ab} (in this Chapter we shall not underline indices for s–vielbein decompositions as in Chapters 1 and 2).

It is convenient to use auxiliary s–symmetric d–connections, γ^{<α>}_{.<β><γ>} = (−)^{|<β><γ>|}γ^{<α>}_{.<γ><β>} on E^{<z>} and γ^{<α>}_{.<β><γ>} = (−)^{|<β><γ>|}γ^{<α>}_{.<γ><β>} on E^{<z>} defined respectively as Γ^{<α>}_{.<β><γ>} = γ^{<α>}_{.<β><γ>} + T^{<α>}_{.<β><γ>} and Γ^{<α>}_{.<β><γ>} = γ^{<α>}_{.<β><γ>} + T^{<α>}_{.<β><γ>}. We are interested in definition of local 1–1 maps from U to U characterized by s–symmetric, P^{<α>}_{.<β><γ>}, and s–antisymmetric, Q^{<α>}_{.<β><γ>}(Q^{<α>}_{.<β><γ>} = −(−)^{|<β><γ>|}Q^{<α>}_{.<γ><β>} deformations: γ^{<α>}_{.<β><γ>} = γ^{<α>}_{.<β><γ>} + P^{<α>}_{.<β><γ>} (3.2) and T^{<α>}_{.<β><γ>} = T^{<α>}_{.<β><γ>} + Q^{<α>}_{.<β><γ>}. (3.3) The auxiliary linear covariant derivations induced by γ^{<α>}_{.<β><γ>} and γ^{<α>}_{.<β><γ>} are denoted respectively as^{(γ)}D and^{(γ)}D.

Locally adapted coordinate parametrizations of curves on U are written in form: u^{<α>} = u^{<α>}(η) = (x^{<I>}(η), y^{<A>}(η)), η_1 < η < η_2, where corresponding tangent vector fields are defined as v^{<α>} = du^{<α>} dη = ( dx^I (η) dη , dy^{<A>}(η) dη ).

Definition 3.1 A curve l is auto parallel, a–parallel, on E^{<z>} if its tangent ds–vector field v^α satisfies a–parallel equations : vDv^{<α>} = v^{<β>(γ)}D_{<β>}v^{<α>} = ρ(η)v^{<α>}, (3.4) where ρ(η) is a scalar function on E^{<z>} .

We consider a curve l⊂ E^{<z>} is given in parametric form as u^{<α>} = u^{<α>}(η), η_1 < η < η_2 with tangent vector field v^{<α>} =^{du<α>}_{dη} ≠0 and suppose that a 2–dimensional s–distribution E_2(l) is defined along l, i.e. in every point u∈l is fixed a 2-dimensional ds–vector space E_2(l)⊂ξ. The introduced distribution E_2(l) is coplanar along l if every ds–vector p^{<α>}(u^{<β>}_{(0)} )⊂E_2(l), u^{<β>}_{(0)} ⊂l rests contained in the same s–distribution after parallel transports along l, i.e. p^{<α>}(u^{<β>}(η))⊂E_2(l).

Definition 3.2 A curve l is nearly autoparallel, or in brief na–parallel, on space E^{<z>} if a coplanar along l distribution E_2(l) containing tangent to l vector field v^{<α>}(η), i.e. v^{<α>}(η)⊂E_2(l), is defined.

We can define nearly autoparallel maps of la–spaces as an anisotropic generalization (see [279,276], for ng– [230] and na–maps [249,273, 278,274,247]):

Definition 3.3 Nearly autoparallel maps, na–maps, of higher order anisotropic s–spaces are defined as local 1–1 mappings of dvs—bundles, E^{<z>} → E^{<z>} , changing every a–parallel on E^{<z>} into a na–parallel on E^{<z>} .

Let formulate the general conditions when deformations (3.2) and (3.3) characterize na-maps : An a–parallel l⊂U is given by functions u^{<α>} = u^{<α>}(η), v^{<α>} =^{du<α>}_{dη} , η_1 < η < η_2, satisfying equations (3.4). We consider that to this a–parallel corresponds a na–parallel l ⊂ U given by the same parameterization in a common for a chosen na–map coordinate system on U and U. This condition holds for vectors v^{<α>}_{(1)} = vDv^{<α>} and v^{<α>}_{(2)} = vDv^{<α>}_{(1)} satisfying equality

v^{<α>}_{(2)} = a(η)v^{<α>} + b(η)v^{<α>}_{(1)} (3.5)

for some scalar s–functions a(η) and b(η), see definitions 3.4 and 3.5. Introducing (3.2) and (3.3) into expressions for v^{<α>}_{(1)} and v^{<α>}_{(2)} in (3.5) we obtain: v^{<β>}v^{<γ>}v^{<δ>}(D_{<β>}P^{<α>}_{.<γ><δ>} + P^{<α>}_{.<β><τ >}P^{<τ >}_{.<γ><δ>} + Q^{<α>}_{.<β><τ >}P^{<τ >}_{.<γ><δ>}) = (3.6) bv^{<γ>}v^{<δ>}P^{<α>}_{.<γ><δ>} + av^{<α>}, where b(η, v) = b − 3ρ, and a(η, v) = a + bρ − v^{<α>}δ_{<α>}ρ − ρ^2 (3.7) are called the deformation parameters of na–maps.

The deformation of torsion Q^{<α>}_{.<β><τ >} must satisfy algebraic compatibility conditions for a given nonmetricity tensor K_{<α><β><γ>} (see (3.1)) on E^{<z>}

( or metricity conditions if d–connection D_α on E^{<z>} is required to be metric) : D_{<α>}G_{<β><γ>} −P^{<δ>}_{.<α>(<β>}G_{<γ>}<δ>} −K_{<α><β><γ>} = Q^{<δ>}_{.<α>(<β>}G_{<γ>}<δ>}, (3.8) where { ] denotes the s–symmetric alternation satisfying, for instance, conditions Q^{<δ>}_{.<α>(<β>}G_{<γ>}<δ>} = Q^{<δ>}_{.<α><β>}G_{<γ><δ>} + (−)^{|<β><γ>|}Q^{<δ>}_{.<α><γ>}G_{<β><δ>}; we shall use also operation [...} defined, for instance, as A_{[<α>}B_{<β>}} = A_{<α>}B_{<β>} − (−)^{|<α><β>|}A_{<β>}B_{<α>}. So, we have proved the Theorem 3.1 The na–maps from a dvs–bundle E^{<z>} to a dvs–bundle E^{<z>} with a fixed common nonlinear connection structure N^{Af}_{Ap} (u) = N^{Af}_{Ap} (u) and given d–connections, Γ^{<α>}_{.<β><γ>} on E^{<z>} and Γ^α_{.βγ} on E^{<z>} , are locally parametrized by the solutions of equations (3.6) and (3.8) for every point u^{<α>} and direction v^{<α>} on U⊂ E^{<z>}.

We call (3.6) and (3.8) the basic equations for na–maps of higher order anisotropic s–spaces. They are a generalization for such s–spaces of corresponding Sinyukov’s equations [230] for isotropic spaces provided with symmetric affine connection structure.

3.2 Classification of Na–Maps

We can classify na–maps by considering possible polynomial parametrizations on variables v^{<α>} of deformations parameters a and b from (3.6) and (3.7) ).

Theorem 3.2 There are four classes of na–maps characterized by corresponding deformation parameters and deformation ds–tensors and basic equations:

1. for na_{(0)}–maps, π_{(0)}–maps, P^{<α>}_{<β><γ>}(u) = ψ_{(<β>}δ^{<α>}_{<γ>}} (δ^{<α>}_{<β>} is the Kronecker symbol and ψ_{<β>} = ψ_{<β>}(u) is a covariant ds–vector field);

2. for na_{(1)}–maps a(u, v) = a_{<α><β>}(u)v^{<α>}v^{<β>}, b(u, v) = b_{<α>}(u)v^{<α>} and P^{<α>}_{.<β><γ>}(u) is the solution of equations D_{(<α>}P^{<δ>}_{.<β><γ>}} +P^{<τ >}_{(<α><β>}P^{<δ>}_{.<γ>}<τ >} −P^{<τ >}_{(<α><β>}Q^{<δ>}_{.<γ>}<τ >} = (3.9) b_{(<α>}P^{<δ>}_{.<β><γ>}} + a_{(<α><β>}δ^{<δ>}_{<γ>}}; 3. for na_{(2)}–maps a(u, v) = a_{<β>}(u)v^{<β>}, b(u, v) = b_{<α><β>}v^{<α>}v^{<β>} σ_{<α>}(u)v^{<α>} , σ_{<α>}v^{<α>}≠0, P^{<τ >}_{.<α><β>}(u) = ψ_{(<α>}δ^{<τ >}_{<β>}} + σ_{(<α>}F^{<τ >}_{<β>}} and F^{<α>}_{<β>} (u) is the solution of equations D_{(<γ>} F^{<α>}_{<β>}} + F^{<α>}_{<δ>} F^{<δ>}_{(<γ>}σ_{<β>}} − Q^{<α>}_{.<τ >(<β>}F^{<τ >}_{<γ>}} = (3.10) μ_{(<β>}F^{<α>}_{<γ>}} + ν_{(<β>}δ^{<α>}_{<γ>}} (μ_{<β>}(u), ν_{<β>}(u), ψ_{<α>}(u), σ_{<α>}(u) are covariant ds–vectors) ;

4. for na_{(3)}–maps b(u, v) = α_{<β><γ><δ>}v^{<β>}v^{<γ>}v^{<δ>} σ_{<α><β>}v^{<α>}v^{<γ>} , P^{<α>}_{.<β><γ>}(u) = ψ_{(<β>}δ^{<α>}_{<γ>}} + σ_{<β><γ>}φ^{<α>}, where φ^{<α>} is the solution of equations D_{<β>}φ^{<α>} = νδ^{<α>}_{<β>} + μ_{<β>}φ^{<α>} + φ^{<γ>}Q^{<α>}_{.<γ><δ>}, (3.11) where α_{<β><γ><δ>}(u), σ_{<α><β>}(u), ψ_{<β>}(u), ν(u) and μ_{<β>}(u) are ds—tensors.

Proof. We sketch respectively:

1. Using a ds–tensor P^{<α>}_{<β><γ>} (u) = ψ_{(<β>}δ^{<α>}_{<γ>}} one can show that a–parallel equations (3.4) on E^{<z>} transform into similar ones on E^{<z>} if and only if deformations of type (3.2) are considered.

2. From corresponding to na_{(1)}–maps parametrizations of a(u, v) and b(u, v) (see conditions of the theorem) for a v^α ≠ 0 on U ∈ E^{<z>} and after a redefinition of deformation parameters we obtain that equations (3.6) hold if and only if P^{<α>}_{<β><γ>} satisfies (3.3).

3. In a similar manner we obtain basic na_{(2)}–map equations (3.10) from (3.6) by considering na_{(2)}–parametrizations of deformation parameters and d–tensor.

4. For na_{(3)}–maps we must take into consideration deformations of torsion (3.3) and introduce na_{(3)}–parametrizations for b(u, v) and P^{<α>}_{<β><γ>} into the basic na–equations (3.6). The last ones, for na_{(3)}–maps, are equivalent to equations (3.11) (with a corresponding redefinition of deformation parameters). □

We point out that for π_{(0)}-maps we have not differential equations on P^{<α>}_{.<β><γ>} (in the isotropic case one considers a first order system of differential equations on metric [230]; we omit constructions with deformation of metric in this section).

To formulate invariant conditions for reciprocal na–maps (when every a-parallel on E^{<z>} is also transformed into na–parallel on E^{<z>} ) we introduce into consideration the curvature and Ricci tensors defined for auxiliary connection γ^{<α>}_{.<β><γ>} : r^{<δ>}_{<α><β><τ >} = δ_{[<β>}γ^{<δ>}_{.<τ >}<α>}+ γ^{<δ>}_{.<ρ>[<β>}γ^{<ρ>}_{.<τ >}<α>} + γ^{<δ>}_{<α><ϕ>} w^{<ϕ>}_{<β><τ >} and, respectively, r_{<α><τ >} = r^{<γ>}_{<α><τ ><γ>} , where [ } denotes antisymmetric s–alternation of indices. We define values: (0)T^{<μ>}_{.<α><β>} = Γ^{<μ>}_{.<α><β>} −T^{<μ>}_{.<α><β>} − 1 n_E (δ^{<μ>}_{(<α>}Γ^{<δ>}_{.<β>}<δ>} −δ^{<μ>}_{(<α>}T^{<δ>}_{.<β>}<γ>}),

(0)W^{<τ >}_{<α><β><γ>} = r^{<τ >}_{<α><β><γ>} + 1 n_E [γ^{<τ >}_{·<φ><τ >}δ^{<τ >}_{(<α>}w^{<φ>}_{<β>}<γ>}− (δ^{<τ >}_{<α>}r_{[<γ><β>}} + δ^{<τ >}_{<γ>} r_{[<α><β>}} − δ^{<τ >}_{<β>}r_{[<α><γ>}})]− 1 (n_E )^2 [δ^{<τ >}_{<α>}(2γ^{<τ >}_{·<φ><τ >} w^{<φ>}_{[<γ><β>}} − γ^{<τ >}_{·<τ >[<γ>}w^{<φ>}_{<β>}<φ>})+ δ^{<τ >}_{<γ>} (2γ^{<τ >}_{·<φ><τ >}w^{<φ>}_{<α><β>} − γ^{<τ >}_{·<α><τ >} w^{<φ>}_{<β><φ>})− δ^{<τ >}_{<β>}(2γ^{<τ >}_{·<φ><τ >} w^{<φ>}_{<α><γ>} − γ^{<τ >}_{·<α><τ >}w^{<φ>}_{<γ><φ>} )], (3)T^{<δ>}_{.<α><β>} = γ^{<δ>}_{.<α><β>} + ϵφ^{<τ >(γ)}D_{<β>}q_{<τ >} + 1 n_E (δ^{<γ>}_{<α>}− ϵφ^{<δ>}q_{<α>})[γ^{<τ >}_{.<β><τ >} + ϵφ^{<τ >(γ)}D_{<β>}q_{<τ >}+ 1 n_E − 1 q_{<β>}(ϵφ^{<τ >}γ^{<λ>}_{.<τ ><λ>} + φ^{<λ>}φ^{<τ >(γ)}D_{<τ >}q_{<λ>})]− 1 n_E (δ^{<δ>}_{<β>} − ϵφ^{<δ>}q_{<β>})[γ^{<τ >}_{.<α><τ >} + ϵφ^{<τ >(γ)}D_{<α>}q_{<τ >}+ 1 n_E − 1 q_{<α>}(ϵφ^{<τ >}γ^{<λ>}_{.<τ ><λ>} + φ^{<λ>}φ^{<τ >(γ)}D_{<τ >}q_{<λ>})], (3)W^{<α>}_{<β><γ><δ>} = ρ^{.<α>}_{<β>.<γ><δ>} + ϵφ^{<α>}q_{<τ >}ρ^{.<τ >}_{<β>.<γ><δ>}+ (δ^{<α>}_{<δ>} − ϵφ^{<α>}q_{<δ>})p_{<β><γ>}−

(δ^{<α>}_{<γ>} − ϵφ^{<α>}q_{<γ>})p_{<β><δ>} − (δ^{<α>}_{<β>} − ϵφ^{<α>}q_{<β>})p_{[<γ><δ>}}, (n_E −2)p_{<α><β>} = −ρ_{<α><β>} −ϵq_{<τ >}φ^{<γ>}ρ^{.<τ >}_{<α>.<β><γ>} + 1 n_E [ρ^{.<τ >}_{<τ >.<β><α>}+ ϵq_{<β>}φ^{<τ >}ρ_{<α><τ >} − ϵq_{<τ >}φ^{<γ>}ρ^{.<τ >}_{<γ>.<β><α>}+ ϵq_{<α>}(−φ^{<γ>}ρ^{.<τ >}_{<τ >.<β><γ>} + ϵq_{<τ >}φ^{<γ>}φ^{<δ>}ρ^{.<τ >}_{<γ>.<β><⃗δ>})], where q_{<α>}φ^{<α>} = ϵ = ±1, n_E is the dimension of dvs–bundle, ρ^{<α>}_{<β><γ><δ>} = r^{·<α>}_{<β>·<γ><δ>} + 1 2 (ψ_{(<β>}δ^{<α>}_{<φ>}} + σ_{<β><φ>}φ^{<τ >})w^{<φ>}_{<γ><δ>} ( we write ρ^{<α>}_{·<β><γ><δ>} = r^{·<α>}_{<β>·<γ><δ>} − 1 2 (ψ_{(<β>}δ^{<α>}_{<φ>}} − σ_{<β><φ>}φ^{<τ >})w^{<φ>}_{<γ><δ>} for a corresponding value on E^{<z>} ) and ρ_{<α><β>} = ρ^{<τ >}_{·<α><β><τ >} .

Similar values, (0)T^{<α>}_{.<β><γ>},^{(0)} W^{<ν>}_{.<α><β><γ>}, T̂^{<α>}_{.<β><γ>}, Ť^{<α>}_{.<β><τ >}, Ŵ^{<δ>}_{.<α><β><γ>}, W̌^{<δ>}_{.<α><β><γ>},^{(3)} T^{<δ>}_{.<α><β>},^{(3)} W^{<α>}_{.<β><γ><δ>}, are given, correspondingly, by auxiliary connections Γ^{<μ>}_{.<α><β>}, ⋆γ^{<α>}_{.<β><λ>} = γ^{<α>}_{.<β><λ>} + ϵF^{<α>}_{<τ >}^{(γ)}D_{(<β>}F^{<τ >}_{<λ>}}, γ̌^{<α>}_{.<β><λ>} = ~γ^{<α>}_{.<β><λ>} + ϵF^{<λ>}_{<τ >} ~D_{(<β>}F^{<τ >}_{<λ>}}, ~γ^{<α>}_{.<β><τ >} = γ^{<α>}_{.<β><τ >} + σ_{(<β>}F^{<α>}_{<τ >}}, γ̂^{<α>}_{.<β><λ>} = ⋆γ^{<α>}_{.<β><λ>} + ~σ_{(<β>}δ^{<α>}_{<λ>}}, where ~σ_{<β>} = σ_{<α>}F^{<α>}_{<β>} . Theorem 3.3 Four classes of reciprocal na–maps of higher order anisotropic s–spaces are characterized by corresponding invariant criterions:

1. for a–maps^{(0)}T^{<μ>}_{.<α><β>} =^{(0)} T^{<μ>}_{.<α><β>}, (0)W^{<δ>}_{.<α><β><γ>} =^{(0)} W^{<δ>}_{.<α><β><γ>}; (3.12) 2. for na_{(1)}–maps 3(^{(γ)}D_{<λ>}P^{<δ>}_{.<α><β>} + P^{<δ>}_{.<τ ><λ>}P^{<τ >}_{.<α><β>}) = r^{.<δ>}_{(<α>.<β>}<λ>} − r^{.<δ>}_{(<α>.<β>}<λ>} + [T^{<δ>}_{.<τ >(<α>}P^{<τ >}_{.<β><λ>}}+ Q^{<δ>}_{.<τ >(<α>}P^{<τ >}_{.<β><λ>}} + b_{(<α>}P^{<δ>}_{.<β><λ>}} + δ^{<δ>}_{(<α>}a_{<β><λ>}}]; 3. for na_{(2)}–maps T̂^{<α>}_{.<β><τ >} = ⋆T^{<α>}_{.<β><τ >}, Ŵ^{<δ>}_{.<α><β><γ>} = ⋆W^{<δ>}_{.<α><β><γ>}; 4. for na_{(3)}–maps^{(3)}T^{<α>}_{.<β><γ>} =^{(3)} T^{<α>}_{.<β><γ>}, (3)W^{<α>}_{.<β><γ><δ>} =^{(3)} W^{<α>}_{.<β><γ><δ>}. (3.13) Proof.

1. First we prove that a–invariant conditions (3.12) hold. Deformations of d—connections of type (0)γ^{<μ>}_{·<α><β>} = γ^{<μ>}_{<α><β>} + ψ_{(<α>}δ^{<μ>}_{<β>}} (3.14) define a–maps. Contracting indices < μ > and < β > we can write ψ_{<α>} = 1 n_E (γ^{<β>}_{<α><β>} − γ^{<β>}_{<α><β>}). (3.15) Introducing d–vector ψ_{<α>} into previous relation and expressing γ^{<α>}_{<β><τ >} = −T^{<α>}_{<β><τ >} + Γ^{<α>}_{<β><τ >} and similarly for underlined values we obtain the first invariant conditions from (3.12).

Putting deformation (3.14) into the formula for r^{·<τ >}_{<α>·<β><γ>} and r_{<α><β>} = r^{·<τ >}_{<α><β><τ >} we obtain respectively relations r^{·<τ >}_{<α>·<β><γ>} − r^{·<τ >}_{<α>·<β><γ>} = δ^{<τ >}_{<α>}ψ_{[<γ><β>}}+ ψ_{<α>[<β>}δ^{<τ >}_{<γ>}} + δ^{<τ >}_{(<α>}ψ_{<φ>}}w^{<φ>}_{<β><γ>} and r_{<α><β>} − r_{<α><β>} = ψ_{[<α><β>}} +(n_E −1)ψ_{<α><β>} +ψ_{<φ>}w^{<φ>}_{<β><α>} +ψ_{<α>}w^{<φ>}_{<β><φ>}, (3.16) where ψ_{<α><β>} =^{(γ)}D_{<β>}ψ_{<α>} − ψ_{<α>}ψ_{<β>}. Putting (3.14) into (3.16) we can express ψ_{[<α><β>}} as

ψ_{[αβ}} = 1 n_E + 1 [r_{[<α><β>}} + 2 n_E + 1 γ^{<τ >}_{·<φ><τ >}w^{<φ>}_{[<α><β>}}− (3.17) 1 n_E + 1 γ^{<τ >}_{·<τ >[<α>}w^{<φ>}_{<β>}<φ>}] − 1 n_E + 1 [r_{[<α><β>}}+ 2 n_E + 1 γ^{<τ >}_{<φ><τ >}w^{<φ>}_{[<α><β>}}− 1 n_E + 1 γ^{<τ >}_{<τ >[<α>}w^{<φ>}_{<β>}<φ>}]. To simplify our consideration we can choose an a–transform, parametrized by corresponding ψ–vector from (3.14), (or fix a local coordinate cart) the antisymmetrized relations (3.17) to be satisfied by the ds– tensor ψ_{<α><β>} = 1 n_E + 1 [r_{<α><β>} + 2 n_E + 1 γ^{<τ >}_{·<φ><τ >}w^{<φ>}_{<α><β>}− 1 n_E + 1 γ^{<τ >}_{·<α><τ >}w^{<φ>}_{<β><φ>} − r_{<α><β>}−

2 n_E + 1 γ^{<τ >}_{<φ><τ >}w^{<φ>}_{<α><β>} + 1 n_E + 1 γ^{<τ >}_{<α><τ >}w^{<φ>}_{<β><φ>} ] (3.18) Introducing expressions (3.14),(3.17) and (3.18) into deformation of curvature (3.15) we obtain the second conditions (3.12) of a-map invariance:_{(0)} W^{·<δ>}_{<α>·<β><γ>} =^{(0)}W^{·<δ>}_{<α>·<β><γ>} , where the Weyl d–tensor on E^{<z>} (the extension of the usual one for geodesic maps on (pseudo)–Riemannian spaces to the case of dvs— bundles provided with N–connection structure) is defined as (0)W^{·<τ >}_{<α>·<β><γ>} = r^{·<τ >}_{<α>·<β><γ>} + 1 n_E [γ^{<τ >}_{·<φ><τ >}δ^{<τ >}_{(<α>}w^{<φ>}_{<β>}<γ>} − (δ^{<τ >}_{<α>}r_{[<γ><β>}} + δ^{<τ >}_{<γ>} r_{[<α><β>}} − δ^{<τ >}_{<β>}r_{[<α><γ>}})]− 1 (n_E )^2 [δ^{<τ >}_{<α>}(2γ^{<τ >}_{·<φ><τ >}w^{<φ>}_{[<γ><β>}} − γ^{<τ >}_{·<τ >[<γ>}w^{<φ>}_{<β>}<ψ>})+ δ^{<τ >}_{<γ>} (2γ^{<τ >}_{·<φ><τ >}w^{<φ>}_{<α><β>} − γ^{<τ >}_{·<α><τ >}w^{<φ>}_{<β><φ>} )− δ^{<τ >}_{<β>}(2γ^{<τ >}_{·<φ><τ >}w^{<φ>}_{<α><γ>} − γ^{<τ >}_{·<α><τ >}w^{<φ>}_{<γ><φ>} )] The formula for^{(0)}W^{·<τ >}_{<α>·<β><γ>} written similarly with respect to non– underlined values is presented in section 1.2.

2. To obtain na_{(1)}–invariant conditions we rewrite na_{(1)}–equations (3.9) as to consider in explicit form covariant derivation^{(γ)}D and deformations (3.2) and (3.3): 2(^{(γ)}D_{<α>}P^{<δ>}_{<β><γ>} +^{(γ)}D_{<β>}P^{<δ>}_{<α><γ>} +^{(γ)}D_{<γ>}P^{<δ>}_{<α><β>}+ P^{<δ>}_{<τ ><α>}P^{<τ >}_{<β><γ>} + P^{<δ>}_{<τ ><β>}P^{<τ >}_{<α><γ>}+ P^{<δ>}_{<τ ><γ>}P^{<τ >}_{<α><β>}) = T^{<δ>}_{<τ >(<α>}P^{<τ >}_{<β><γ>}}+ H^{<δ>}_{<τ >(<α>}P^{<τ >}_{<β><γ>}}+ b_{(<α>}P^{<δ>}_{<β><γ>}} + a_{(<α><β>}δ^{<δ>}_{<γ>}}. (3.19) Alternating the first two indices in (3.19) we have 2(r^{·<δ>}_{(<α>·<β>}<γ>} − r^{·<δ>}_{(<α>·<β>}<γ>} ) = 2(^{(γ)}D_{<α>}P^{<δ>}_{<β><γ>} +

(γ)D_{<β>}P^{<δ>}_{<α><γ>} − 2^{(γ)}D_{<γ>}P^{<δ>}_{<α><β>}+ P^{<δ>}_{<τ ><α>}P^{<τ >}_{<β><γ>}+ P^{<δ>}_{<τ ><β>}P^{<τ >}_{<α><γ>} − 2P^{<δ>}_{<τ ><γ>}P^{<τ >}_{<α><β>}). Substituting the last expression from (3.19) and rescalling the deformation parameters and d–tensors we obtain the conditions (3.9).

3. We prove the invariant conditions for na_{(0)}–maps satisfying conditions ϵ ≠ 0 and ϵ − F^{<α>}_{<β>} F^{<β>}_{<α>} ≠ 0 Let define the auxiliary d–connection γ̃^{<α>}_{·<β><τ >} = γ^{<α>}_{·<β><τ >} − ψ_{(<β>}δ^{<α>}_{<τ >)} = γ^{<α>}_{<β><τ >} + σ_{(<β>}F^{<α>}_{<τ >}} (3.20) and write D̃_{<γ>} =^{(γ)}D_{<γ>}F^{<α>}_{<β>} + σ̃_{<γ>}F^{<α>}_{<β>} − ϵσ_{<β>}δ^{<α>}_{<γ>} , where σ̃_{<β>} = σ_{<α>}F^{<α>}_{<β>} , or, as a consequence from the last equality, σ_{(<α>}F^{<τ >}_{<β>}} = ϵF^{<τ >}_{<λ>} (^{(γ)}D_{(<α>}F^{<α>}_{<β>}} − D̃_{(<α>}F^{<λ>}_{<β>}}) + σ̃_{(<α>}δ^{<τ >}_{<β>}}. Introducing auxiliary connections ⋆γ^{<α>}_{·<β><λ>} = γ^{<α>}_{·<β><λ>} + ϵF^{<α>}_{<τ >}^{(γ)}D_{(<β>}F^{<τ >}_{<λ>}} and γ̌^{<α>}_{·<β><λ>} = γ̃^{<α>}_{·<β><λ>} + ϵF^{<α>}_{<τ >} D̃_{(<β>}F^{<τ >}_{<λ>}} we can express deformation (3.20) in a form characteristic for a–maps: γ̂^{<α>}_{·<β><γ>} = ⋆γ^{<α>}_{·<β><γ>} + σ̃_{(<β>}δ^{<α>}_{<λ>}}. (3.21) Now it’s obvious that na_{(2)}–invariant conditions (3.21) are equivalent with a–invariant conditions (3.12) written for d–connection (3.21).

4. Finally, we prove the last statement, for na_{(3)}–maps, of the theorem 3.3. Let q_{<α>}φ^{<α>} = e = ±1, (3.22) where φ^{<α>} is contained in γ^{<α>}_{·<β><γ>} = γ^{<α>}_{<β><γ>} + ψ_{(<β>}δ^{<α>}_{<γ>}} + σ_{<β><γ>}φ^{<α>}. (3.23) Acting with operator^{(γ)}D_{<β>} on (3.23) we write (γ)D_{<β>}q_{<α>} =^{(γ)}D_{<β>}q_{<α>} − ψ_{(<α>}q_{<β>}} − eσ_{<α><β>}. (3.24) Contracting (3.24) with φ^{<α>} we can express eφ^{<α>}σ_{<α><β>} = φ^{<α>}(^{(γ)}D_{<β>}q_{<α>} −^{(γ)}D_{<β>}q_{<α>}) − φ_{<α>}q^{<α>}q_{<β>} − eψ_{<β>}. Introducing the last formula in (3.23), contracted on indices < α > and < γ >, we obtain n_E ψ_{<β>} = γ^{<α>}_{·<α><β>} − γ^{<α>}_{<α><β>} + eψ_{<α>}φ^{<α>}q_{<β>}+ eφ^{<α>}φ^{<β>}(^{(γ)}D_{<β>} −^{(γ)}D_{<β>}). (3.25) From these relations and (3.22), we have n_Eψ_{<α>}φ^{<α>} = φ^{<α>}(γ^{<α>}_{·<α><β>} − γ^{<α>}_{<α><β>})+ eφ^{<α>}φ^{<β>}(^{(γ)}D_{<β>}q_{<α>} −^{(γ)}D_{<β>}q_{<α>}). Using the equalities and identities (3.24) and (3.25) we can express deformations (3.23) as the first na_{(3)}–invariant conditions from (3.13). To prove the second class of na_{(3)}–invariant conditions we introduce two additional ds–tensors: ρ^{<α>}_{<β><γ><δ>} = r^{·<α>}_{<β>·<γ><δ>} + 1 2 (ψ_{(<β>}δ^{<α>}_{<φ>}} + σ_{<β><φ>}φ^{<τ >})w^{<φ>}_{<γ><δ>} and ρ^{<α>}_{·<β><γ><δ>} = r^{·<α>}_{<β><γ><δ>} − 1 2 (ψ_{(<β>}δ^{<α>}_{<φ>}} − σ_{<β><φ>}φ^{<τ >})w^{<φ>}_{<γ><δ>} . (3.26) Considering deformation (3.23) and (3.26) we write relation σ̃^{<α>}_{·<β><γ><δ>} = ρ^{<α>}_{·<β><γ><δ>} − ρ^{<α>}_{·<β><γ><δ>} = (3.27) ψ_{<β>[<δ>}δ^{<α>}_{<γ>}} − ψ_{[<γ><δ>}}δ^{<α>}_{<β>} − σ_{<β><γ><δ>} φ^{<α>}, where ψ_{<α><β>} =^{(γ)}D_{<β>}ψ_{<α>} + ψ_{<α>}ψ_{<β>} − (ν + φ^{<τ >}ψ_{<τ >})σ_{<α><β>}, and σ_{<α><β><γ>} =^{(γ)}D_{[<γ>}σ_{<β>}<α>}+ μ_{[<γ>}σ_{<β>}<α>} − σ_{<α>[<γ>}σ_{<β>}<τ >}φ^{<τ >}. Multiplying (3.27) on q_{<α>} we can write (taking into account relations (3.22)) the relation eσ_{<α><β><γ>} = −q_{<τ >}σ̃^{<τ >}_{·<α><β><δ>} +ψ_{<α>[<β>}q_{<γ>}} −ψ_{[<β><γ>}}q_{<α>}. (3.28) The next step is to express ψ_{<α><β>} in terms of ds–objects on E^{<z>} . To do this we contract indices < α > and < β > in (3.27) and obtain n_E ψ_{[<α><β>}} = −σ^{<τ >}_{·<τ ><α><β>}+ eq_{<τ >}φ^{<λ>}σ^{<τ >}_{·<λ><α><β>} − eψ̃_{[<α>}ψ̃_{<β>}}. Then contracting indices < α > and < δ > in (3.27) and using (3.28) we write (n_E − 2)ψ_{<α><β>} = σ̃^{<τ >}_{·<α><β><τ >}− eq_{<τ >}φ^{<λ>}σ̃^{<τ >}_{·<α><β><λ>} + ψ_{[<β><α>}} + e(ψ̃_{<β>}q_{<α>} − ψ̂_{(<α>}q_{<β>}}, (3.29) where ψ̂_{<α>} = φ^{<τ >}ψ_{<α><τ >}. If the both parts of (3.29) are contracted with φ^{<α>}, one follows that (n_E − 2)ψ̃_{<α>} = φ^{<τ >}σ^{<λ>}_{·<τ ><α><λ>}− eq_{<τ >}φ^{<λ>}φ^{<δ>}σ^{<τ >}_{<λ><α><δ>} − eq_{<α>}, and, in consequence of σ^{<α>}_{<β>(<γ><δ>}} = 0, we have (n_E − 1)φ = φ^{<β>}φ^{<γ>}σ^{<α>}_{·<β><γ><α>}. By using the last expressions we can write (n_E − 2)ψ_{<α>} = φ^{<τ >}σ^{<λ>}_{·<τ ><α><λ>} − eq_{<τ >}φ^{<λ>}φ^{<δ>}σ^{<τ >}_{·<λ><α><δ>} − (3.30) e(n_E −1)^{−1}q_{<α>}φ^{<τ >}φ^{<λ>}σ^{<δ>}_{·<τ ><λ><δ>}. Contracting (3.29) with φ^{<β>} we have (n_E )ψ̂_{<α>} = φ^{<τ >}σ^{<λ>}_{·<α><τ ><λ>} + ψ̃_{<α>} and taking into consideration (3.30) we can express ψ̂_{<α>} through σ^{<α>}_{·<β><γ><δ>} . As a consequence of (3.28)–(3.30) we obtain this formulas for d–tensor ψ_{<α><β>} : (n_E − 2)ψ_{<α><β>} = σ^{<τ >}_{·<α><β><τ >} − eq_{<τ >}φ^{<λ>}σ^{<τ >}_{·<α><β><λ>}+ 1 n_E {−σ^{<τ >}_{·<τ ><β><α>} + eq_{<τ >}φ^{<λ>}σ^{<τ >}_{·<λ><β><α>}− q_{<β>}(eφ^{<τ >}σ^{<λ>}_{·<α><τ ><λ>}− q_{<τ >}φ^{<λ>}φ^{<δ>}σ^{<τ >}_{·<α><λ><δ>} ) + eq_{<α>}[φ^{<λ>}σ^{<τ >}_{·<τ ><β><λ>}− eq_{<τ >}φ^{<λ>}φ^{<δ>}σ^{<τ >}_{·<λ><β><δ>} − e n_E − 1 q_{<β>}(φ^{<τ >}φ^{<λ>}σ^{<δ>}_{·<τ ><γ><δ>} − eq_{<τ >}φ^{<λ>}φ^{<δ>}φ^{<ε>}σ^{<τ >}_{·<λ><δ><ε>} )]}. Finally, putting the last formula and (3.28) into (3.27) and after a rearrangement of terms we obtain the second group of na_{(3)}–invariant conditions (3.13). If necessary we can rewrite these conditions in terms of geometrical objects on E^{<z>} and E^{<z>} . To do this we mast introduce splittings (3.26) into (3.13). □

For the particular case of na_{(3)}–maps when ψ_{<α>} = 0, φ_{<α>} = g_{<α><β>}φ^{<β>} = δ δu^{<α>} (ln Ω), Ω(u) > 0 and σ_{<α><β>} = g_{<α><β>} we define a subclass of conformal transforms g_{<α><β>}(u) = Ω^2(u)g_{<α><β>} which, in consequence of the fact that d–vector φ_{<α>} must satisfy equations (3.11), generalizes the class of concircular transforms (see [230] for references and details on concircular mappings of Riemannaian spaces).

The basic na–equations (3.9)–(3.11) are systems of first order partial differential equations. The study [278] of their geometrical properties and definition of integral varieties, general and particular solutions are possible by using the formalism of Pffaf systems [57]. We point out that by using algebraic methods we can always verify if systems of na–equations of type (3.9)–(3.11) are, or not, involute, even to find their explicit solutions it is a difficult task (see more detailed considerations for isotropic ng–maps in [230] and, on language of Pffaf systems for na–maps, in [247]). We can also formulate the Cauchy problem for na–equations on E^{<z>} and choose deformation parameters (3.7) as to make involute mentioned equations for the case of maps to a given background space E^{<z>} . If a solution, for example, of na_{(1)}–map equations exists, we say that space E^{<z>} is na_{(1)}– projective to space E^{<z>} . In general, we have to introduce chains of na–maps in order to obtain involute systems of equations for maps (superpositions of na-maps) from E^{<z>} to E^{<z>} : U^{ng<i1 >}−→ U_1^{ng<i2 >}−→ · · ·^{ng<ik−1 >}−→ U_{k−1}^{ng<ik >}−→ U where U ⊂ E^{<z>} , U_1 ⊂ E^{<z>}_1 , . . . , U_{k−1} ⊂ E^{<z>}_{k−1} , U ⊂ E^{<z>}_k with corresponding splittings of auxiliary symmetric connections γ^{<α>}_{.<β><γ>} =_{<i1 >} P^{<α>}_{.<β><γ>} +_{<i2 >} P^{<α>}_{.<β><γ>} + · · · +_{<ik >} P^{<α>}_{.<β><γ>} and torsion T^{<α>}_{.<β><γ>} = T^{<α>}_{.<β><γ>} +_{<i1 >} Q^{<α>}_{.<β><γ>} +_{<i2>} Q^{<α>}_{.<β><γ>} + · · · +_{<ik >} Q^{<α>}_{.<β><γ>} where cumulative indices < i_1 >= 0, 1, 2, 3, denote possible types of na– maps.

Definition 3.4 A dvs–bundle E^{<z>} is nearly conformally projective to dvs– bundle E^{<z>} , nc : E^{<z>} →E^{<z>} , if there is a finite chain of na–maps from E^{<z>} to E^{<z>} .

For nearly conformal maps we formulate :

Theorem 3.4 For every fixed triples (N^{Af}_{Ap} , Γ^{<α>}_{.<β><γ>}, U ⊂ E^{<z>} ) and (N^{Af}_{Ap} , Γ^{<α>}_{.<β><γ>}, U ⊂ E^{<z>} ), of components of nonlinear connection, d– connection and d–metric being of class C^r(U), C^r(U), r > 3, there is a finite chain of na–maps nc : U → U .

Proof is similar to that for isotropic maps [249,273,252] (we have to introduce a finite number of na-maps with corresponding components of deformation parameters and deformation tensors in order to transform step by step coefficients of d-connection Γ^{<α>}_{<γ><δ>} into Γ^{<α>}_{<β><γ>}).

We introduce the concept of the Category of la–spaces, C(E^{<z>} ). The elements of C(E^{<z>} ) consist from ObC(E^{<z>} ) = {E^{<z>} , E^{<z>}_{<i1 >}, E^{<z>}_{<i2>}, . . ., } be- ing dvs–bundles, for simplicity in this work, having common N–connection structures, and MorC(E^{<z>} ) = {nc(E^{<z>}_{<i1 >}, E^{<z>}_{<i2>})} being chains of na–maps interrelating higher order anisotropic s–spaces. We point out that we can consider equivalent models of physical theories on every object of C(E^{<z>} ) (see details for isotropic gravitational models in [249,252,278,273,274] and anisotropic gravity in [263,276,279]). One of the main purposes of this chapter is to develop a ds—tensor and variational formalism on C(E^{<z>} ), i.e. on higher order anisotropic multispaces, interrelated with nc–maps. Taking into account the distinguished character of geometrical objects on dvs— spaces we call tensors on C(E^{<z>} ) as distinguished tensors on dvs–bundle Category, or dc–tensors.

Finally, we emphasize that presented in that section definitions and theorems can be generalized for dvs—bundles with arbitrary given structures of nonlinear connection, linear d–connection and metric structures. Proofs are similar to those from [251,230].

3.3 Na–Maps and Tensor–Integral

Our aim in this section is to define ds–tensor integration not only for ds– bitensors, objects defined on the same dvs–bundle, but for dc–tensors, defined on two dvs–bundles, E^{<z>} and E^{<z>} , even it is necessary on higher order anisotropic multispaces. A. Moór tensor–integral formalism having a lot of applications in classical and quantum gravity [234,289,100] was extended for locally isotropic multispaces in [278,273]. The unispacial locally anisotropic version is given in [258,102].

Let T_uE^{<z>} and T_uE^{<z>} be tangent spaces in corresponding points u∈U⊂ E^{<z>} and u∈U⊂ E^{<z>} and, respectively, T^∗_u E^{<z>} and T^∗_u E^{<z>} be their duals (in general, in this section we shall not consider that a common coordinatization is introduced for open regions U and U ). We call as the dc–tensors on the pair of dvs–bundles (E^{<z>} , E^{<z>} ) the elements of distinguished tensor algebra (⊗_αT_uE^{<z>} )⊗(⊗_β T^∗_u E^{<z>} )⊗(⊗_γ T_uE^{<z>} )⊗(⊗_δT^∗_u E^{<z>} ) defined over the dvs–bundle E^{<z>} ⊗E^{<z>}, for a given nc : E^{<z>} → E^{<z>} .

We admit the convention that underlined and non–underlined indices refer, respectively, to the points u and u. Thus Q^{<β>}_{.<α>}, for instance, are the components of dc–tensor Q∈T_uE^{<z>} ⊗T_uE^{<z>} .

Let open regions U and U be homeomorphic to a superspace sphere R^{2nE} and introduce an isomorphism μ_{u,u} between T_uE^{<z>} and T_uE^{<z>} (given by a map nc : U→U ). We consider that for every ds–vector v^α∈T_uE^{<z>} corresponds the vector μ_{u,u}(v^{<α>}) = v^{<α>}∈T_uE^{<z>} , with components v^{<α>} being linear functions of v^{<α>}: v^{<α>} = h^{<α>}_{<α>}(u, u)v^{<α>}, v_{<α>} = h^{<α>}_{<α>}(u, u)v_{<α>}, where h^{<α>}_{<α>}(u, u) are the components of dc–tensor associated with μ^{−1}_{u,u} . In a similar manner we have v^{<α>} = h^{<α>}_{<α>}(u, u)v^{<α>}, v_{<α>} = h^{<α>}_{<α>}(u, u)v_{<α>}. In order to reconcile just presented definitions and to assure the identity for trivial maps E^{<z>} →E^{<z>} , u = u, the transport dc–tensors must satisfy conditions : h^{<α>}_{<α>}(u, u)h^{<β>}_{<α>}(u, u) = δ^{<β>}_{<α>}, h^{<α>}_{<α>}(u, u)h^{<α>}_{<β>}(u, u) = δ^{<α>}_{<β>} and lim_{(u→u)}h^{<α>}_{<α>}(u, u) = δ^{<α>}_{<α>} , lim_{(u→u)}h^{<α>}_{<α>}(u, u) = δ^{<α>}_{<α>} . Let S_p⊂U⊂E^{<z>} is a homeomorphic to p-dimensional sphere and suggest that chains of na–maps are used to connect regions: U^{nc(1)}−→ S_p^{nc(2)}−→ U.

Definition 3.5 The tensor integral in u∈S_p of a dc–tensor N^{.<γ>.<κ>} <φ>.<τ >.<α_1>···<α_p> (u, u), completely antisymmetric on the indices

< α_1 >, . . ., < α_p >, over domain S_p, is defined as N^{.<γ>.<κ>} <φ>.<τ> (u, u) = I U (S_p)N .<γ>.<κ> <φ>.<τ >.<α_1>...<α_p>(u, u)dS <α_1 >...<α_p> = ∫ (S_p) h^{<τ >}_{<τ >}(u, u)h^{<κ>}_{<κ>}(u, u)N^{.<γ>.<κ>}_{<φ>.<τ>.<α1 >···<αp>}(u, u)dS^{<α1>···<αp>}, (3.31) where dS^{<α1>···<αp>} = δu^{<α1>}∧· · ·∧δu^{<α>}_p . We note that in this work we a dealing only with locally trivial geometric constructions so ambiguities connected with global definition of integration and Stoke formulas on different types of s–superspaces [203,204] are avoided. Let suppose that transport dc–tensors h^{<α>}_{<α>} and h^{<α>}_{<α>} admit covariant derivations of order two and postulate existence of deformation dc–tensor B^{..<γ>}_{<α><β>}(u, u) satisfying relations D_{<α>}h^{<β>}_{<β>}(u, u) = B^{..<γ>}_{<α><β>}(u, u)h^{<β>}_{<γ>} (u, u) (3.32) and, taking into account that D_{<α>}δ^{<β>}_{<γ>} = 0, D_{<α>}h^{<β>}_{<β>}(u, u) = −B^{..<β>}_{<α><γ>}(u, u)h^{<γ>}_{<β>}(u, u). By using formulas (1.25) and (1.29) for torsion and curvature of d–connection Γ^{<α>}_{<β><γ>} we calculate s–commutators: D_{[<α>}D_{<β>}}h^{<γ>}_{<γ>} = −(R^{<λ>}_{<γ><α><β>} + T^{<τ >}_{.<α><β>}B^{..<λ>}_{<τ ><γ>})h^{<γ>}_{<λ>}. (3.33)

On the other hand from (3.32) one follows that D_{[<α>}D_{<β>}}h^{<γ>}_{<γ>} = (D_{[<α>}B^{..<λ>}_{<β>}<γ>}+B^{..<λ>}_{[<α>|<τ >|.}B^{..<τ >}_{<β>}<γ>.})h^{<γ>}_{<λ>}, (3.34) where | <τ >| denotes that index < τ > is excluded from the action of s–antisymmetrization [ }. From (3.33) and (3.34) we obtain D_{[<α>}B^{..<λ>}_{<β>}<γ>} + B_{[<β>|<γ>|}B^{..<λ>}_{<α>}<τ >} = (R^{.<λ>}_{<γ>.<α><β>} + T^{<τ >}_{.<α><β>}B^{..<λ>}_{<τ ><γ>}). Let S_p be the boundary of S_{p−1}. The Stoke’s formula for tensor–integral (3.31) is defined as I_{Sp} N^{.<γ>.<κ>} <φ>.<τ >.<α_1 >...<α_p>dS <α_1>...<α_p> = I_{Sp+1}^{⋆(p)}D_{[<γ>|}N^{.<γ>.<κ>} <φ>.<τ >.|<α_1>...<α_p>}dS <γ><α_1>...<α_p>, where ⋆(p)D [<γ>|N .<γ>.<κ> <φ>.<τ >.|<α_1>...<α_p>} = D[<γ>|N .<γ>.<κ> <φ>.<τ >.|<α_1>...<α_p>}− B^{..<ϵ>}_{[<γ>|<τ>}N^{.<γ>.<κ>} <φ>.<ϵ>.|<α_1 >...<α_p>} + pT <ϵ> .[<γ><α_1>|N .<γ>.<κ> <φ>.<τ>.<ϵ>|<α_2 >...<α_p>}+ B^{..<κ>}_{[<γ>|<ϵ>}N^{.<γ>.<ϵ>} <φ>.<τ>.|<α_1>...<α_p>}. We define the dual element of the hypersurfaces element dS^{<α1 >...<αp>} as dS_{<β1 >...<βq−p>} = 1 p! ϵ_{<β1>...<βk−p><α1 >...<αp>}dS^{<α1>...<αp>}, (3.35) where ϵ_{<γ1>...<γq >} is completely s–antisymmetric on its indices and ϵ_{12...(nE )} = √ |G|, G = s det |G_{<α><β>}|, G_{<α><β>} is taken from (1.35). The dual of dc–tensor N^{.<γ><κ>}_{<φ>.<τ>.<α1>...<αp>} is defined as the dc–tensor N^{.<γ>.<κ><β1>...<βnE −p>} <φ>.<τ> satisfying N^{.<γ>.<κ>} <φ>.<τ >.<α_1>...<α_p> = 1 p! N^{.<γ>.<κ><β1 >...<βnE −p>} <φ>.<τ > ϵ<β_1>...<β_{nE −p}><α_1 >...<α_p>. (3.36)

Using (3.14), (3.35) and (3.36) we can write I_{Sp} N^{.<γ>.<κ>} <φ>.<τ >.<α_1 >...<α_p>dS <α_1>...<α_p> = (3.37) ∫ S_{p+1} pD_{<γ>}N^{.<γ>.<κ><β1 >...<βnE −p−1><γ>} <φ>.<τ > dS<β_1>...<β_{nE −p−1}>, where_p D_{<γ>}N^{.<γ>.<κ><β1 >...<βnE −p−1 ><γ>} <φ>.<τ > = D_{<γ>}N^{.<γ>.<κ><β1 >...<βnE −p−1 ><γ>} φ.τ + (−1)^{(nE −p)}(n_E − p + 1)T^{[<ϵ>}_{.<γ><ϵ>}N^{.|<γ>.<κ>|<β1>...<βnE −p−1>}<γ>} <φ>.<τ> − B^{..<ϵ>}_{<γ><τ >}N^{.<γ>.<κ><β1>...<βnE −p−1><γ>} <φ>.<ϵ> + B^{..<κ>}_{<γ><ϵ>}N^{.<γ>.<ϵ><β1>...<βnE −p−1><γ>} <φ>.<τ> . The equivalence of (3.36) and (3.37) is a consequence of equalities D_{<γ>} ϵ_{<α1>...<αk >} = 0 and ϵ_{<β1>...<βnE −p ><α1>...<αp>}ϵ^{<β1>...<βnE −p><γ1 >...<γp>} = p!(n_E − p)!δ^{[<γ1>}_{<α1>} · · ·δ^{<γp>}}_{<αp>} . The developed in this section tensor integration formalism will be used in the next section for definition of a class of conservation laws on s–spaces with higher order anisotropy.

3.4 Ds–Tensor Integral Conservation Laws

There are not global and local groups of automorphisms on generic higher order anisotropic s–spaces and, in consequence, the definition of conservation laws on such s–spaces is a challenging task. Our main idea is to use chains of na–maps from a given, called hereafter as the fundamental higher order anisotropic s–space, dvs–bundle, to an auxiliary one with trivial curvatures and torsions admitting a global group of automorphisms. The aim of this section is to formulate conservation laws for higher order anisotropic s–gravitational fields by using dc–objects and tensor–integral values, na– maps and variational calculus on the Category of dvs–bundle.

3.4.1 Divergence of energy–momentum ds–tensor

R. Miron and M. Anastasiei [160,161] pointed to this specific form of conservation laws of matter on la–spaces. Calculating the divergence of the energy–momentum ds—tensor from equations (2.31) on dvs–bundle E^{<z>} we find D_{<α>} E^{<α>}_{<β>} = 1 κ_1 U_{<β>}, (3.38) and concluded that ds–vector U_{<α>} = 1 2 (G^{<β><δ>}R^{<γ>}_{<δ><ϕ><β>} T^{<ϕ>}_{·<α><γ>} − G^{<β><δ>} R^{<γ>}_{<δ><ϕ><α>} T^{<ϕ>}_{·<β><γ>} + R^{<β>}_{<ϕ>} T^{<ϕ>}_{·<β><α>}) vanishes if and only if d–connection D is without torsion.

Here we note the multiconnection character of higher order anisotropic s–spaces. For example, for a ds–metric (1.35) on E^{<z>} we can equivalently introduce another (see (1.39)) metric linear connection D̃. The Einstein equations R̃_{<α><β>} − 1 2 G_{<α><β>}R̃ = κ_1Ẽ_{<α><β>} (3.39) constructed by using connection (3.20) have vanishing divergences D̃^{<α>} (R̃_{<α><β>} − 1 2 G_{<α><β>}R̃) = 0 and D̃^{<α>}Ẽ_{<α><β>} = 0, similarly as those on (pseudo)Riemannian spaces. We conclude that by using the connection (1.39) we construct a model of higher order anisotropic s–gravity which looks like locally isotropic on the total space of E^{<z>} . More general s–gravitational models with higher order anisotropy can be obtained by using deformations of connection Γ̃^{<α>}_{·<β><γ>} , Γ^{<α>}_{<β><γ>} = Γ̃^{<α>}_{·<β><γ>} + P^{<α>}_{<β><γ>} + Q^{<α>}_{<β><γ>} , were, for simplicity, Γ^{<α>}_{<β><γ>} is chosen to be also metric and satisfy Einstein equations (2.31). We can consider deformation d–tensors P^{<α>}_{<β><γ>} generated (or not) by deformations of type (3.9),(3.10) and (3.11) for na– maps. In this case ds—vector U_{<α>} can be interpreted as a generic source of local anisotropy on E^{<z>} satisfying generalized conservation laws (3.38).

3.4.2 D–conservation laws

From (3.31) we obtain a tensor integral on C(E^{<z>} ) of a d–tensor : N^{.<κ>}_{<τ >} (u) = I_{Sp} N^{..<κ>}_{<τ >..<α1>...<αp>}(u)h^{<τ >}_{<τ >}(u, u)h^{<κ>}_{<κ>}(u, u)dS^{<α1>...<αp>}. We note that tensor–integral can be defined not only for dc–tensors but and for d–tensors on E^{<z>} . Really, suppressing indices φ and γ in (3.36) and (3.37), considering instead of a deformation dc–tensor a deformation tensor B^{..<γ>}_{<α><β>}(u, u) = B^{..<γ>}_{<α><β>}(u) = P^{<γ>}_{.<α><β>}(u) (3.40) (we consider deformations induced by a nc–transform) and integration I_{Sp} . . .dS^{<α1 >...<αp>} in la–space E^{<z>} we obtain from (3.31) a tensor–integral on C(E^{<z>} ) of a ds—tensor: N^{.<κ>}_{<τ >} (u) = I_{Sp} N^{.<κ>}_{<τ >.<α1>...<αp>}(u)h^{<τ >}_{<τ>}(u, u)h^{<κ>}_{<κ>}(u, u)dS^{<α1 >...<αp>}. Taking into account (3.39) and using formulas (1.25),(1.29) and (3.3) we can calculate that curvature R^{<λ>}_{<γ><α><β>} = D_{[<β>}B^{..<λ>}_{<α>}<γ>} + B^{..<τ >}_{[<α>|<γ>|}B^{..<λ>}_{<β>}<τ >} + T^{<τ >..}_{.<α><β>}B^{..<λ>}_{<τ ><γ>} of connection Γ^{<γ>}_{.<α><β>}(u) = Γ^{<γ>}_{.<α><β>}(u)+B^{..<γ>}_{<α><β>.}(u), with B^{..<γ>}_{<α><β>}(u) taken from (3.40), vanishes, R^{.<λ>}_{<γ>.<α><β>} = 0. So, we can conclude that la– space E^{<z>} admits a tensor integral structure on C(E^{<z>} ) for ds—tensors associated to deformation tensor B^{..<γ>}_{<α><β>}(u) if the nc–image E^{<z>} is locally parallelizable. That way we generalize the one space tensor integral constructions in [100,102,258] were the possibility to introduce tensor integral structure on a curved space was restricted by the condition that this space is locally parallelizable. For q = n_E relations (3.37), written for ds—tensor N^{.<β><γ>} <α> (we change indices < α >, < β >, . . . into < α >, < β >, . . .) extend the Gauss formula on C(E^{<z>} ): I_{Sq−1} N^{.<β><γ>} <α> dS_{<γ>} = I_{Sq}^{q−1}D_{<τ >}N^{.<β><τ >}_{<α>} dV , (3.41) where dV = √ |G_{<α><β>}|du^1. . .du^q and q−1D_{<τ >}N^{.<β><τ>} <α> = D_{<τ >}N^{.<β><τ >} <α> − T^{<ϵ>}_{.<τ><ϵ>}N^{<β><τ >}_{<α>} −

B^{..<ϵ>}_{<τ ><α>}N^{.<β><τ >} <ϵ> + B^{..<β>}_{<τ ><ϵ>}N^{.<ϵ><τ>}_{<α>} . (3.42) Let consider physical values N^{.<β>}_{<α>} on E^{<z>} defined on its density N^{.<β><γ>} α , i. e. N^{.<β>}_{<α>} = I_{Sq−1} N^{.<β><γ>} <α> dS_{<γ>} (3.43) with this conservation law (due to (3.41) and (3.42)): q−1D_{<γ>}N^{.<β><γ>} <α> = 0. (3.44) We note that these conservation laws differ from covariant conservation laws for well known physical values such as density of electric current or of energy– momentum tensor. For example, taking density E^{.<γ>}_{<β>} , with corresponding to (3.42) and (3.44) conservation law, q−1D_{<γ>}E^{<γ>}_{<β>} = D_{<γ>}E^{<γ>}_{<β>} − T^{<τ>}_{.<ϵ><τ>}E^{.<ϵ>}_{<β>} − B^{..<ϵ>}_{<τ ><β>}E^{<τ >}_{<ϵ>} = 0, we can define values (see (3.42) and (3.43)) P_{<α>} = I_{Sq−1} E^{.<γ>}_{<α>} dS_{<γ>}. Defined conservation laws (3.42) for E^{.<ϵ>}_{<β>} have nothing to do with those for energy–momentum tensor E^{.<γ>}_{<α>} from Einstein equations for la–gravity [160,161] or with Ẽ_{<α><β>} from (3.44), (3.42) and (3.43) with vanishing divergence D_{<γ>}Ẽ^{.<γ>}_{<α>} = 0. So Ẽ^{.<γ>}_{<α>} ≠E^{.<γ>}_{<α>} . A similar conclusion was made in [100] for unispacial locally isotropic tensor integral. In the case of multispatial tensor integration we have another possibility (firstly pointed in [278,258] for Einstein-Cartan spaces), namely, to identify E^{.<γ>}_{<β>} from (3.43) with the na-image of E^{.<γ>}_{<β>} on dvs–bundle E^{<z>} (we shall consider this construction for a nonsupersymmetric case in Chapter 6, subsection 6.7.6).

3.5 Concluding Remarks

We defined a new class (a generalization of conformal transforms) of maps of distinguished vector superbundles with deformation of linear d–connection.

This class consists from nearly autoparallel maps transforming every autoparallel on the first s–space into nearly autoparallel on the second s– space. There are four types of na–maps characterized by corresponding basic equations and invariant conditions (see Theorems 3.2 and 3.3). We proved that by using chains of na–maps ( nearly conformal transforms ) every d–connection on a given dvs–bundle can be transformed into another given d–connection on a second dvs–bundle. In consequence one follows that we can equivalently modelate physical processes on all types of higher order anisotropic s–spaces being connected by chains of nonsingular na–maps. This result can be applied for definition of conservation laws on s–spaces where such laws and equations of motion takes a more simplified form.

The problem of formulation of conservation laws for supersymmertic interactions with higher order anisotropy have been also considered by using the formalism of tensor integral. We introduced Stoke’s and Gauss type formulas on distinguished vector s–bundles and found that tensor integral conservation laws can be formulated for values on auxiliary s–spaces connected with the fundamental one with a chain of na–maps.

Finally, we note that Chapter 8 is devoted to a detailed investigation of na–maps and conservation laws on (non supersymmetric) higher order anisotropic spaces of energy–momentum type values for gravitational models with local anisotropy.

Chapter 4

HA–Superstrings

The superstring theory holds the greatest promise as the unification theory of all fundamental interactions. The superstring models contains a lot a characteristic features of Kaluza–Klein approaches, supersymmetry and supergravity, local field theory and dual models. We note that in the string theories the nonlocal one dimensional quantum objects (strings) mutually interacting by linking and separating together are considered as fundamental values. Perturbations of the quantized string are identified with quantum particles. Symmetry and conservation laws in the string and superstring theory can be considered as sweeping generalizations of gauge principles which consists the basis of quantum field models. The new physical concepts are formulated in the framework a ”new” for physicists mathematical formalism of the algebraic geometry and topology [106].

The relationship between two dimensional σ-models and strings has been considered [153,80,53,229,7] in order to discuss the effective low energy field equations for the massless models of strings. Nonlinear σ-models makes up a class of quantum field systems for which the fields are also treated as coordinates of some manifolds. Interactions are introduced in a geometric manner and admit a lot of applications and generalizations in classical and quantum field and string theories. The geometric structure of nonlinear sigma models manifests the existence of topological nontrivial configuration, admits a geometric interpretation of conterterms and points to a substantial interrelation between extended supersymmetry and differential supergeometry. In connection to this a new approach based on nonlocal, in general, higher order anisotropic constructions seem to be emerging [254,269,261]. We consider the reader to be familiar with basic results from supergeometry (see, for instance, [63,147,290,203]), supergravity theories [86,215,288,286,287] and superstrings [115,289,139,140].

In this Chapter we shall present an introduction into the theory of higher order anisotropic superstrings being a natural generalization to locally anisotropic (la) backgrounds (we shall write in brief la-backgrounds, la-spaces and la-geometry) of the Polyakov’s covariant functional-integral approach to string theory [193]. Our aim is to show that a corresponding low-energy string dynamics contains the motion equations for field equations on higher order anisotropic superspaces and to analyze the geometry of the perturbation theory of the locally anisotropic supersymmetric sigma models. We note that this Chapter is devoted to supersymmetric models of locally anisotropic superstrings (details on the so called bosonic higher order anisotropic strings are given in the Chapter 9).

The plan of presentation in the Chapter is as follows. Section 4.1 contains an introduction into the geometry of two dimensional higher order anisotropic sigma models and an locally anisotropic approach to heterotic strings. In section 4.2 the background field method for σ-models is generalized for a distinguished calculus locally adapted to the N–connection structure in higher order anisotropic superspaces. Section 4.3 is devoted to a study of Green–Schwartz action in distinguished vector superbundles. Fermi strings in higher order anisotropic spaces are considered in section 4.4. An example of one–loop and two–loop calculus for anomalies of locally anisotropic strings is presented in section 4.5. Conclusions are drawn in section 4.6.

4.1 Superstrings in HA–Spaces

This section considers the basic formalism for superstrings in dvs–bundles. We shall begin our study with nonsupersymmetric two dimensional higher order anisotropic sigma models. Then we shall analyze supersimmetric extensions and locally anisotropic generalizations of the Green–Schvarz action.

4.1.1 Two dimensional ha–sigma s–models

Let ^E^{<z>} be a higher order anisotropic space (not superspace) with coor- dinates ^u^{<α>} = ^u(z) = (^x^i = ^x(z), ^y^{<a>} = ^y(z)) = (x^i, y^{a1} , ...., y^{ap}, ..., y^{az)}, d–metric ^g_{<α><β>} ; we use denotation (N_2, γ_{äë}) for a two dimensional world sheet with metric γ_{äë}(z^ü) of signature (+,-) and local coordinates z = z^ü, where ä, ë, ü, ... = 1, 2. The action of a bosonic string in a dv–bundle ^E^{<z>} is postulated as

I_σ = 1 λ^2 ∫ d^2z{ 1 2 √ γγ^{äë}∂_ä ^u^{<α>}(z)∂_ë ^u^{<β>}(z)}, (4.1) which defines the so called two dimensional sigma model (σ–model) with d–metric ^g_{<α><β>} in higher order anisotropic spaces (dv–bundles with N– connection) and λ being constant. We shall give a detailed study of different modifications of the model (4.1) in Chapter 9, see also [269,261]. Here we shall consider a supersymmetric generalization of the string action by applying the techniques of two dimensional (1,1)–supersymmetry by changing of scalar fields u(z) into real N=1 s–fields (without constraints; for locally isotropic constructions see [24,45,68,87,111,176]) ^u(z, θ) which are polynoms with respect to Maiorana anticommuting spinor coordinate θ : ^u^{<α>}(z, θ) = ^u^{<α>}(z) + θλ^{<α>}(z) + 1 2 θθF^{<α>}(z). (4.2) We adopt next conventions and denotations with respect to 2–dimension Dirac matrices γ_ä and matrix of charge conjugation C :

{γ_ä, γ_ë} = 2η_{äë}1, tr(γ_ëγ_ä) = 2η_{ëä}, (γ_5)^2 = 1;

^∂ = γ^ë∂_ë; Cγ^T_ä C^{−1} = −γ_ä, C = −C^T = C^{−1}.

For Maiorana spinors θ_ã, χ_ñ, ... one holds relations

θ = θ^+γ^0, θ^ã = C^{ãñ}θ_ñ, θχ = χθ, θγ_äχ = −χγ_äθ, θγ_5χ = −χγ_5θ. Let introduce in the two dimensional (1,1)–superspace the covariant derivations D_ñ = ∂ ∂θ^ñ − i( ^∂θ)_ñ, satisfying algebra {D_ñ, D_õ} = 2i( ^∂C)_{ñõ} ≡ 2i∂_{ñõ} and the integration measure on anticommuting variables with properties ∫ dθ_ñ = 0, ∫ dθ_ñθ^ã = δ^ã_ñ, 1 2i ∫ d^2θ(θθ) = 1.

The (1,1)–supersymmetric generalization of (4.1) in terms of s–fields (4.2) is written as I_{σS} = 1 8iπα^′ ∫ d^2z ∫ d^2θ{^g_{<α><β>} (^u) − ^b_{<α><β>}(^u)}D ^u^{<α>}(1 + γ_5)D ^u^{<β>}, where λ^2 = 2πα^′ which is a higher order anisotropic generalization of the Curtright–Zachos [68] nonlinear sigma model. Integrating on θ and excluding auxiliary fields F^{<α>} according to theirs algebraic equations we obtain from the last expression: I_{σS} = 1 2 ∫ d^2z{^g_{<α><β>}∂^ë ^u^{<α>}∂_ë ^u^{<β>}+ (4.3) ε^{ëï}^b_{<α><β>}∂_ë ^u^{<α>}∂_ï ^u^{<β>} + i^g_{<α><β>}λ^{<α>}γ^ë ^D^{(−)}_ë λ^{<β>}+ 1 8 ^R^{(−)}_{<β><α><γ><δ>} λ^{<α>}(1 + γ_5)λ^{<γ>}λ^{<β>}(1 + γ_5)λ^{<δ>}}, where ^D^{(±)}_ë λ^{<β>} = [δ^{<β>}_{<α>}∂_ë + ^~Γ^{<β>}_{<α><γ>} ∂_ë ^u^{<γ>} ± ^B^{<β>}_{<α><γ>}ε_{ëö}∂^ö ^u^{<γ>}]λ^{<γ>}, ^~Γ^{<β>}_{<α><γ>} are Christoffel d–symbols (1.39) on dv–bundle. In order to have compatible with the N–connection structure motions of la–strings we consider [269,261] these relations between ds–tensor b_{<α><β>}, strength ^B_{<α><β><γ>} = δ_{[<α>}^b_{<β><γ>}} and torsion T^{<β>}_{<α><γ>} (see (1.29)): δ_{<α>}^b_{<β><γ>} = ^g_{<α><δ>} ^T^{<δ>}_{<β><γ>}, (4.4) with s–integrability conditions Ω^{af}_{apas} δ_{af} ^b_{<β><γ>} = δ_{[ah} ^T_{as}<β><γ>}, (f < p, s; p, s = 0, 1, ..., z), (4.5) where Ω^{af}a_pa_s are the coefficients of the N–connection curvature (1.11). In this case we can express ^B_{<α><β><γ>} = ^T_{[<α><β><γ>}}. Conditions (4.4) and (4.5) define a model of higher order anisotropic superstrings when the σ–modes s–antisymmetric strength is introduced from the higher order anisotropic background torsion. More general constructions are possible by using normal coordinates locally adapted to both N–connection and torsion structures on background s–spaces. For simplicity, we omit such considerations in this work.

Ds–tensor ^R_{<α><β><γ><δ>} from (4.3) denotes the curvature with torsion B : ^R^{(±)}_{<β><α><γ><δ>} [^Γ^{(±)}] = ~R_{<β><α><γ><δ>} ∓ D_{<γ>} ^B_{<α><β><δ>} ± D_{<δ>} ^B_{<α><β><γ>} + ^B_{<τ ><α><γ>} ^B^{<τ >}_{<δ><β>} − ^B_{<τ ><α><δ>} ^B^{<τ >}_{<γ><β>}, where ~R_{<β><α><γ><δ>} is the curvature of the torsionless Christoffel d– symbols (1.39), ^Γ^{<α>(±)} <β><γ> = ^g <α><τ > ^Γ(±) <τ ><β><γ> , ^Γ^{(±)}_{<τ ><β><γ>} = ^~Γ_{<τ ><β><γ>} ± B^{(±)}_{<τ ><β><γ>} , ~Γ_{<τ ><β><γ>} = 1 2 (δ_{<β>} ~g_{<τ ><γ>} + δ_{<γ>} ~g_{<β><τ >} − δ_{<τ >} ~g_{<β><γ>}). In order to define a locally supersymmetric generalization of the model (4.3) we consider a supersymmetric calculus of the set of (1,1)–multiplets of higher order anisotropic matter ( ^φ^{<α>}, ^λ^{<α>} = λ^{<α>}) with the multiplet of (1,1)–supergravity ( e^ë_ë, ψ_ë ) in two dimensions (see [137,139,140] for locally isotropic constructions).

The global supersymmetric variant of action (4.3), for 2πα^′ = 1, is written as

I_0[φ, λ] = 1 2 ∫ d^2z[^g_{<α><β>}∂^ë ^u^{<α>}∂_ë ^u^{<β>} + ^b_{<α><β>}ε^{ë ä}∂_ë ^u^{<α>}∂_ä ^u^{<β>}+ (4.6) i^g_{<α><β>}λ^{<α>}γ^ë(D_ëλ)^{<β>} + i ^B_{<α><β><γ>} λ^{<α>}γ_5γ^ë(∂_ë ^u^{<β>})λ^{<γ>} + 1 6 ^~R_{<β><α><γ><δ>} (λ^{<α>}λ^{<γ>})(λ^{<β>}λ^{<δ>} )− 1 4 ^~D_{<ε>} B_{<α><β><τ >}(λ^{<α>}γ_5λ^{<β>})(λ^{<τ >}λ^{<ε>} )− 1 4 ~B_{<α><β><τ >} ~B^{<τ >}_{<γ><δ>} (λ^{<α>}γ_5λ^{<β>})(λ^{<γ>}γ_5λ^{<δ>})], where covariant derivation ^~D_{<ε>} is defined by torsionless Christoffel d– symbols.

The action (4.6) is invariant under global s–transforms with Maiorana spinor parameter ε : △ ^φ^{<α>} = ε λ^{<α>}, △λ^{<α>} = −i( ^∂ ^φ^{<α>})ε + ε 2 (^~Γ^{<α>}_{<β><γ>}λ^{<β>}λ^{<γ>} − ~B^{<α>}_{<β><γ>} λ^{<β>}γ_5λ^{<γ>}). Defining Maiorana–Weyl spinors λ^{<α>}_± (MW–spinors) instead of λ^{<α>} we can rewrite the action (4.6) in a more convenient form:

I_0[φ, λ_±] = 1 2 ∫ d^2z[~g_{<α><β>}∂^ë ~u^{<α>}∂_ë ~u^{<β>} + ^b_{<α><β>}ε^{ë ä}∂_ë ^u^{<α>}∂_ä ^u^{<β>}+ (4.6a) i^g_{<α><β>}λ^{<α>}_+ (^D^+ λ_+)^{<β>} + i^g_{<α><β>}λ^{<α>}_− (^D^− λ_−)^{<β>}+ 1 4 ^~R^+_{<β><α><γ><δ>} (λ^{<α>}γ_5λ^{<β>})(λ^{<γ>}γ_5λ^{<δ>})], with s–symmetric transformation law △φ^{<α>} = △_+φ^{<α>} + △_−φ^{<α>} = ε_+ λ^{<α>}_− + ε_− λ^{<α>}_+ , △λ^{<α>}_± = −i( ^∂u^{<α>})ε_∓ − ~Γ^{<α>(±)}_{<β><γ>} λ^{<β>}_± △_± φ^{<γ>}. For simplicity, in the rest of this Chapter we shall omit ”hats” on geometrical objects if ambiguities connected with indices for manifolds and supermanifolds will not arise.

In string theories one considers variations of actions of type (4.6) with respect to s–symmetric transformation laws and decompositions with respect to powers of λ. Coefficients proportional to λ^5 vanishes because they do not contain derivations of ε(z)–parameters. In order to compensate the therms proportional to λ and λ^3 one adds the so–called Nether term

I^{(N )} = 1 2 ∫ d^2z[2g_{<α><β>}(∂_ëφ^{<α>})(λ^{<β>}γ^öγ^ëψ_ö)− i 3 B_{<α><β><γ>} (λ^{<α>}γ_5γ^ëλ^{<β>})(λ^{<γ>}ψ_ë)− i 3 B_{<α><β><γ>} (λ^{<α>}γ^ëλ^{<β>})(λ^{<γ>} γ_5ψ_ë), where ψ_ë is the higher order anisotropic generalization of Maiorana gravitino with s–symmetric transformation law △ψ_ë = −∂_ëε + ... From the standard variation, but locally adapted to the N–connection, of the I^{(N )} with a next covariantization (with respect to ( e^ë_ë, ψ_ë ) ) of the theory. In result (it’s convenient to use MW–spinors) we introduce this action: I = 1 2 ∫ d^2z e [γ^{äü}g_{<α><β>}∂_äu^{<α>}∂_üu^{<β>} + e^{−1}ε^{äü}b_{<α><β>}∂_äu^{<α>}∂_üu^{<β>}+ (4.7) ig_{<α><β>}λ^{<α>}_+ (^D^+ λ_+)^{<β>} + ig_{<α><β>}λ^{<α>}_− (^D^− λ_−)^{<β>}+ 1 4 ~R^+_{<β><α><γ><δ>} (λ^{<α>}γ_5λ^{<β>})(λ^{<γ>}γ_5λ^{<δ>})]+ g_{<α><β>}(2∂_äu^{<α>} + ψ_äλ^{<α>}_+ + ψ_äλ^{<α>}_− )× (λ^{<β>}_+ {γ^{äü} + e^{−1}ε^{äü}}ψ_ü + (λ^{<β>}_− {γ^{äü} − e^{−1}ε^{äü}}ψ_ü)+ 2i 3 B_{<α><β><γ>} {(λ^{<α>}_+ γ^äλ^{<β>}_+ )(λ^{<γ>}_+ ψ_ä) − (λ^{<α>}_− γ^äλ^{<β>}_− )(λ^{<γ>}_− ψ_ä)}], where e = det |e^ë_ë|, for which the higher order anisotropic laws of supersymmetric transforms holds:

△e^ë_ë = 2iεγ^ëψ_ë, △ψ_ë = −D_ëε, (4.8) △φ^{<α>} = △_+φ^{<α>} + △_−φ^{<α>} = ε_+ λ^{<α>}_− + ε_− λ^{<α>}_+ ,

△λ^{<α>}_± = −i( ^∂u^{<α>} + {λ^{<α>}_+ ψ_ä + λ^{<α>}_− ψ_ä}γ^ä)ε_∓ − ~Γ^{<α>(±)}_{<β><γ>} λ^{<β>}_± △_± φ^{<γ>}. Restricting our considerations in (4.7) and (4.8) only with λ^{<α>}_+ –spinors and ε_−–parameters, when ε_+, λ^{<α>}_− = 0, we obtain the action for the heterotic higher order anisotropic string on background (g_{<α><β>}, b_{<α><β>}) with (1,0)–local supersymmetry ( ψ_ä → ψ_{ä(−)} ) . This action can be interpreted as the ”minimal” interaction of the higher order anisotropic (1,0)– matter ( φ^{<α>}, λ^{<α>}_+ ) with (1,0)–supergravity ( e^ë_ë, ψ_ë ) . 4.1.2 Locally anisotropic heterotic strings

As an illustration of application of s–field methods in locally anisotropic s– spaces we shall construct the action for a model of higher order anisotropic s–string.

The (1,0)–superspaces can be parametrized by two Bose coordinates (z^‡, z^=) and one Fermy coordinate θ^+; ü = (z^‡, z^=, θ^+). One represents vector indices as (++, −−) ≡ (‡, =) taking into account that by (+, −) there are denoted spirality ±1/2.

The standard derivations

D¨_A = {D_+, ∂_‡, ∂_=}; D_+ = ∂ ∂θ^+ + iθ^+∂_+,

in the flat (1,0)–superspace [214] satisfy algebra

{D_+, D_+} = 2i∂_‡, ∂_‡∂_= = □, [∂_a, D_+] = [∂_a, ∂_b] = 0,

and s–space integration measure ∫ dθ_+ = ∂ ∂θ^+ , d^3ü^− = d^2zdθ_+.

In the flat (1,0)–superspace one defines scalar and spinor s–fields

φ(z, θ) = A(z) + θ^+λ_+(z), ψ_−(z, θ) = η_−(z) + θ^+F (z)

and action I = ∫ d^3üL = ∫ d^2z(D_+L)_{|θ=0}

with a charged Lagrangian, L = L_−, in order to have the Lorentz invariance.

The (1,0)–multiplet of supergravity is described by a set of covariant derivations ▽¨_A = E^Ü_Ä D¨_U + ω^{(M )}_Ä ≡ E¨_A + Ω¨_A, (4.9)

where E^Ü_Ä is a s–vielbein and ω^{(M )}_Ä is the Lorentz connection with L– generator M : [M, λ_±] = ± 1 2 λ_±. The covariant constraints in s–space (for (1,0)–supergravity [46,85]) are given by relations:

{∇_+, ∇_+} = 2i∇_‡, [∇_+, ∇_=] = −2iΣ^+M, (4.10)

[∇_+, ∇_‡] = 0, [∇_‡, ∇_=] = −Σ^+∇_+ − R^{(2)}M, where R^{(2)} = 2∇_+Σ^+ and Σ^+ defines the covariant strength of (1,0)–supergravity in s–space.

As a consequence of (4.10) only E^=_+ , E^‡_=, E^‡_+, E^+_+ and E^=_= are independent s–fields; the rest of components of vielbein and connection can be expressed through them. The conditions of covariance of derivations (4.9) lead to these transformation laws with respect to d–coordinate and local Lorentz transforms with corresponding parameters K^Ü and Λ_l :

▽^′_Ä = e^K ▽¨_A e^{−K} , K = K^Ü D¨_U + Λ_lM;

for vielbeins we have

△E^Ü_Ä = −∇¨_AK^Ü + K^Ï D¨_I E^Ü_Ä + E^Ö_Ä K^Ï [D¨_I , D¨_O}^Ü + Λ_l[M, E^Ü_Ä ],

from which one follows that

△E^‡_+ = K^Ü D¨_U E^‡_+ + 2iE^+_+ K^+ − E^Ü_+ D¨_U K^‡ + 1 2 Λ_lE^‡_+.

It is convenient to use the s–symmetric gauge (when E^‡_+ = 0),

K^+ = − i 2 ( E^+_+ )_{−1} ∇_+K^‡, and to introduce the Lorentz–invariant scalar s–field S and Lorentz compensator L satisfying correspondingly conditions E^+_+ (E^=_= )^{1/2} = e^{−S} and E^+_+ (E^=_= )^{−1/2} = e^L.

In a Lorentz invariant theory we can always choose the gauge L = 0; in this gauge the s–conformal transforms are accompanied by a corresponding compensating Lorentz transform with parameter

Λ_l = (E^+_+ )^{−1}∇_+K^+ − 1 2 (E^=_= )^{−1}∇_=K^= = 1 2 (∇_‡K^‡ − ∇_=K^=) + ...

The solution of constraints (4.10) in the s–symmetric gauge E^‡_+ = L = 0 and in the linear approximation is [85]

∇_+ = (1 − S 2 )D_+ + H^=_+ ∂_= − (D_+S + ∂_=H^=_+ )M,

∇_‡ = (1 − S)∂_‡ + i[ 1 2 (∂_=H^=_+ ) + (D_+S)]D_+−

i[D_+H^=_+ ]∂_= − (∂_‡S − iD_+∂_=H^=_+ )M,

∇_= = (1 − S)∂_= − i 2 [(D_+H^‡_=)]D_+ + H^‡_=∂_‡ + (∂_=S + ∂_‡H^‡_=)M,

Σ^+ = i 2 [D_+(∂_‡H^‡_= + 2∂_=S) + ∂^2_=H^=_+ ] + ...,

where s–fields ( H^=_+ , H^‡_= ) and S are prepotentials of the system. These s– potentials have to be used in the quantum field theory.

The linearized expression for s–field density E^{−1} = Ber(E^Ü_Ä ) is computed as E^{−1} = s det(E^Ü_Ä ) = e^{3S/2}[1 + iH^‡_=(D_+H^=_+ + H^=_+ ∂_=H^=_+ )]^{−1}.

The action for heterotic string in higher order anisotropic (1,0)–superspace accounting for the background of massless modes of locally anisotropic graviton, antisymmetric d–tensor, dilaton and gauge bosons is introduced in a manner similar to locally isotropic models [105,116,139,140] but with corresponding extension to distinguished and locally adapted to N–connection geometric objects: I_{HS} = 1 4πα^′ ∫ d^3ü^−E^{−1}{i∇_+u^{<α>}∇_=u^{<β>}[g_{<α><β>}(u) + b_{<α><β>}(u)]+ (4.11)

Ψ^{|I|}_{(−)}[δ_{|I||J|}∇_+ + A^+_{|I||J|}(u)]Ψ^{|J|}_{(−)} + α^′Φ(u)Σ^+}, where A^+_{|I||J|}(u) = A_{|I||J|<α>}∇_+u^{<α>} is the gauge boson background, Φ(u) is the dilaton field and Ψ^{|I|}_{(−)} are hetrotic fermions, |I|, |J|, ... = 1, 2, ..., , N.

4.2 Background D–Field Methods

The background–quantum decomposition of superfields of (1,0) higher order anisotropic supergravity considered in previous section can be performed in a standard manner [85] by taking into account the distinguished character of geometrical objects on locally anisotropic s–spaces; constraints (4.10) should be solved in terms of background–covariant derivations and quantum s–fields ( H^=_+ , H^‡_=, S ) , quantum s–fields L and E^‡_+ are gauged in an algebraic manner (not introducing into considerations ghosts) and note that by using quantum scale transforms we can impose gauge S = 0 (also without Faddeev–Popov ghosts). Finally, after a background–quantum decomposition of superfields of (1.0) higher order anisotropic supergravity in the just pointed out manner we can fix the quantum gauge invariance, putting zero values for quantum fields (in absences of supergravitational and conformal anomalies and for topological trivial background configurations). In this case all (1,0) supergravity fields can be considered as background ones.

The fixing of gauge symmetry as a vanishing of quantum s–fields induces the ghost action

I_{F P} = ∫ d^3z^−E{b^‡_=∇_+c^= + b^=_+∇_=c^‡}. (4.12)

The aim of this section is to compute the renormalized effective action, more exactly, it anomaly part on the background of s–fields (1,0) higher order anisotropic supergravity for the model defined by the action (4.11).

In order to integrate on quantum fields in (4.11) in a d—covariant manner we use background–quantum decompositions of the action with respect to normal locally adapted coordinates along autoparallels (see details in Chapter III ) defined by Christoffel d–symbols (1.39). We emphasize the multiconnection character of locally anisotropic spaces; every geometric construction with a fixed d–connection structure (from some purposes considered as a simple or more convenient one) can be transformed, at least locally, into a another similar one for a corresponding d–connection by using deformations of connections (1.40) (or (3.2) and (3.3) if we are interested in na–map deformations). Let δ^2X^{<α>} ∂s^2 + { < α > < β >< γ > } δX^{<β>} ∂s δX^{<γ>} ∂s = 0,

where X^{<α>}(s = 0) = X^{<α>}, X^{<α>}(s = 1) = X^{<α>} + π^{<α>} and π^{<α>} are quantum fluctuations with respect to background X^{<α>}. Covariant quantum fields ζ^{<α>} (”normal fields”) are defined as ζ^{<α>} = δX^{<α>} ∂s |_{s=0}≡ ζ^{<α>}(s) |_{s=0} . We shall use covariantized in a σ–model manner derivations in (1,0) higher order anisotropic s–space

D¨_A ≡ (D_+, D_=) = ∇¨_A + Γ¨_A, Γ^{<α>}_{Ä<β>} ≡ { < α > < γ >< β > }∇¨_AX^{<γ>}, on properties of derivation ∇¨_A see (4.3) and (4.4), into distinguished autoparallel (in a σ–model manner) d–covariant derivation with properties D (s) T_{<α>...} = ζ^{<β>}D_{<β>}T_{<α>...}, D(s)ζ^{<α>}(s) = 0. The derivation D_‡ is defined as

2iD_‡ ≡ {D_+, D_+};

we note that D_‡ ≠ ∇^{cov}_‡ . One holds the next relations:

D_+ζ^{<β>} = ∇_+ζ^{<β>} + { < β > < τ >< σ > }∇_+X^{<σ>} ζ^{<τ >}, D_=ζ^{<β>} = ∇_=ζ^{<β>} + { < β > < τ >< σ > }∇_=X^{<σ>} ζ^{<τ >}, D_‡ζ^{<β>} = ∇^{cov}_‡ ζ^{<β>} − i 2 R^{<β>}_{<τ ><σ><ν>} ∇_+X^{<σ>} ∇_+X^{<ν>} ζ^{<τ >}, D(s)D¨_Aζ^{<β>}(s) = ζ^{<ν>} (s)ζ^{<τ >}(s)R^{<β>}_{<τ ><σ><ν>} ∇¨_AX^{<σ>}, where ∇^{cov}_‡ ζ^{<β>} = ∇_‡ζ^{<β>} + { < β > < τ >< σ > }∇_‡X^{<τ >}ζ^{<σ>}. For heterotic fermions the d–covariant and gauge–covariant formalism of computation of quantum–background decomposition of action can be performed by using the prescription

Ψ^{|I|}_{(−)}(s) : Ψ^{|I|}_{(−)}(0) = Ψ^{|I|}_{(−)}, Ψ^{|I|}_{(−)}(s = 1) = Ψ^{|I|}_{(−)} + Δ^{|I|}_{(−)}, D^2_{(−)}Ψ^{|I|}_− (s) = 0,

where Δ^{|I|}_− are quantum fluctuations with respect to background Ψ; functions Ψ^{|I|}_{(−)}(s) interpolate in a gauge–covariant manner with Ψ^{|I|}_{(−)} + Δ^{|I|}_− because of definition of the operator D(s) : D(s)Ψ^{|I|}_{(−)} = [δ^{|I||J|} δ ∂s + A^{|I||J|}_{<α>} δX^{<α>} ∂s ]Ψ^{|J|}_{(−)} = δΨ^{|I|}_{(−)} ∂s + A^{|I||J|}_{<α>} ζ^{<α>}Ψ^{|J|}_{(−)}. As d–covariant and gauge–covariant quantum s–fields we use spinors χ^{|J|}_{(−)} ≡ D(s)Ψ^{|J|}_{(−)}(s) |_{s=0} satisfying conditions D(s)χ^{|J|}_{(−)}(s) = 0. We also define the next derivation in (1,0) higher order anisotropic s– superspace (D_+Ψ_{(−)})^{|I|} ≡ (δ^{|I|}_{|J|}∇_+ + A^{|I|}_{|J|<α>}∇_+X^{<α>})Ψ_{(−)}^{|J|} for which one holds identities D(s)D_+ Ψ_{(−)}^{|I|} = D_+χ_{(−)}^{|I|} + F^{|I|}_{|J|<α><β>}ζ^{<α>}∇_+X^{<β>}Ψ_{(−)}^{|I|}, D(s)F^{|I|}_{|J|<α><β>} = ζ^{<γ>}D_{<γ>}F^{|I|}_{|J|<α><β>}, where D_{<γ>} is both d-covariant and gauge invariant derivation and the strength d–tensor of gauge fields is defined by using la–derivation operators, F^{|I|}_{|J|<α><β>} = δ_{<α>}A^{|I|}_{|J|<β>}−δ_{<β>}A^{|I|}_{|J|<α>}+A^{|I|}_{|K|<α>}A^{|K|}_{|J|<β>}−A^{|I|}_{|K|<β>}A^{|K|}_{|J|<α>}.

The action (4.11) consist from four groups of terms of different nature:

I_{HS} = I^{(1)} + I^{(2)} + I^{(3)} + I^{(4)}. (4.13)

The first term

I^{(1)} = − i 4πα^′ ∫ d^3z^−Eg_{<α><β>}(X)∇_+X^{<α>}∇_=X^{<β>} is associated to the higher order anisotropic gravitational sector and has the next background–quantum decomposition

I^{(1)}[X + π(ζ)] = I^{(1)}_0 + I^{(1)}_1 + I^{(1)}_2 + ...,

where I^{(1)}_b = 1 b! d^bI^{(1)} ds^b |_{s=0}; b = 0, 1, 2, .... Thes terms are computed in a usual (but distinguished to the N–connection structure) manner:

I^{(1)}_1 = − i 2πα^′ ∫ d^3z^−Eg_{<α><β>}(D_+ζ^{<α>})∇_=X^{<β>}, (4.14) I^{(1)}_2 = − i 4πα^′ ∫ d^3z^−E{g_{<α><β>}D_+ζ^{<α>}D_=ζ^{<β>}+ R_{<λ><σ><τ ><ν>} ∇_+X^{<σ>} ∇_=X^{<ν>} ζ^{<λ>}ζ^{<τ >}}, I^{(1)}_3 = − i 4πα^′ ∫ d^3z^−E{ 2 3 (R_{<λ><σ><τ ><ν>} ∇_+X^{<σ>} D_=ζ^{<ν>} + R_{<λ><σ><τ ><ν>} ∇_=X^{<σ>} D_+ζ^{<ν>})ζ^{<λ>}ζ^{<τ >}+ 1 3 D_{<μ>} R_{<λ><σ><τ ><ν>} ∇_+X^{<σ>} ∇_=X^{<ν>} ζ^{<μ>}ζ^{<λ>}ζ^{<τ >}, I^{(1)}_4 = − i 4πα^′ ∫ d^3z^−E{ 1 4 (D_{<μ>}R_{<λ><σ><τ ><ν>} ∇_+X^{<σ>} D_=ζ^{<ν>}+ D_{<μ>} R_{<λ><σ><τ ><ν>} ∇_=X^{<σ>}D_+ζ^{<ν>} )ζ^{<μ>}ζ^{<λ>}ζ^{<τ >}+ 1 3 R_{<λ><σ><τ ><ν>} ζ^{<λ>}ζ^{<τ >}D_+ζ^{<σ>}D_=ζ^{<ν>} +

[ 1 3 R_{<λ><σ><τ ><ν>} R^{<ν>} <δ><ε> · <γ>+ 1 12 D_{<δ>}D_{<γ>} R_{<λ><σ><ε><τ >} ]∇_+X^{<σ>} ∇_=X^{<ε>}ζ^{<λ>}ζ^{<τ >}ζ^{<δ>}ζ^{<γ>} , I^{(1)}_5 = − i 4πα^′ ∫ d^3z^−E× { 1 6 (D_{<μ>}R_{<λ><σ><ν><τ >} D_+ζ^{<σ>}D_=ζ^{<ν>} ζ^{<μ>}ζ^{<λ>}ζ^{<τ >} + ...}, I^{(1)}_6 = − i 4πα^′ ∫ d^3z^−E{ 1 20 D_{<α>}D_{<μ>} R_{<λ><σ><ν><τ >} + 2 45 R_{<λ><γ><ν><τ >} R^{<γ>} <α><σ> · <μ> D+ζ <σ>D_=ζ^{<ν>}ζ^{<α>}ζ^{<μ>}ζ^{<λ>}ζ^{<τ >} + ...}, where by dots, in this section, are denoted those terms (containing multiples (∇X)) which are not important for calculation of anomalies, see section 4.5.

The second term in (4.13)

I^{(2)} = − i 4πα^′ ∫ d^3z^−Eb_{<α><β>}(X)∇_+X^{<α>} ∇_=X^{<β>} having the next background–quantum decomposition

I^{(2)}[X + π(ζ)] = I^{(2)}_0 + I^{(2)}_1 + I^{(2)}_2 + ...,

where I^{(2)}_b = 1 b! d^bI^{(2)} ds^b |_{s=0}; b = 0, 1, 2, .... describes a Wess–Zumino–Witten like model of interactions (in a higher order anisotropic variant). The diagram vertexes depends only on intensity H of antisymmetric d–tensor b : H_{<τ ><μ><ν>} = 3 2 δ_{[<τ >}b_{<μ><ν>]} = 1 2 (δ_{<τ >}b_{<μ><ν>} + δ_{<μ>}b_{<ν><τ >} − δ_{<ν>}b_{<μ><τ >}). By straightforward calculations we find the coefficients:

I^{(2)}_1 = − i 2πα^′ ∫ d^3z^−Eζ^{<τ >}∇_+X^{<α>}∇_=X^{<β>}H_{<τ ><α><β>} ,

I^{(2)}_2 = − i 4πα^′ ∫ d^3z^−E{ζ^{<τ >}D_+ζ^{<α>}∇_=X^{<β>}H_{<τ ><α><β>} + ζ^{<τ >}∇_+X^{<α>}D_=ζ^{<β>}H_{<τ ><α><β>} + ζ^{<λ>}ζ^{<τ >}∇_+X^{<α>}∇_=X^{<β>}D_{<λ>}H_{<τ ><α><β>} }, I^{(2)}_3 = − i 4πα^′ ∫ d^3z^−E{ 2 3 ζ^{<τ >}D_+ζ^{<μ>}D_=ζ^{<ν>}H_{<τ ><μ><ν>} + 2 3 ζ^{<τ >}ζ^{<ρ>} ζ^{<γ>}R^{<μ>}_{·<γ><ρ>[<δ>} H_{<ν>]<τ ><μ>} ∇_+X^{<δ>}∇_=X^{<ν>} + 2 3 ζ^{<τ >}ζ^{<λ>}(D_+ζ^{<μ>}∇_=X^{<ν>} + D_=ζ^{<ν>}∇_+X^{<μ>} )D_{<λ>}H_{<τ ><μ><ν>} + 1 3 ζ^{<σ>} ζ^{<λ>}ζ^{<τ >}∇_+X^{<α>}∇_=X^{<β>}D_{<σ>}D_{<λ>}H_{<τ ><α><β>} }, I^{(2)}_4 = − i 4πα^′ ∫ d^3z^−E{ 1 2 ζ^{<τ >}ζ^{<λ>}D_+ζ^{<μ>}D_=ζ^{<ν>} H_{<τ ><μ><ν>} + 1 6 ζ^{<λ>}ζ^{<τ >}ζ^{<ρ>}ζ^{<γ>}∇_+X^{<δ>}∇_=X^{<ν>} D_{<λ>}(R^{<μ>}_{·<γ><ρ>[<δ>} H_{<ν>]<τ ><μ>} )+ 2 3 ζ^{<τ >}ζ^{<ρ>}ζ^{<γ>}R^{<μ>}_{·<γ><ρ>[<δ>} H_{<ν>]<τ ><μ>} × (∇_+X^{<δ>}D_=X^{<ν>} + D_+X^{<ν>} ∇_=X^{<δ>}) + ζ^{<λ>}ζ^{<τ >}ζ^{<α>}ζ^{<β>}∇_+X^{<ν>} ∇_=X^{<ρ>} × ( 1 3 D_{<λ>}H_{<τ ><μ>[<ρ>} R^{<μ>} <ν><α> · <β> − 1 12 D_{<α>}D_{<β>}D_{<γ>}H_{<τ ><ν><ρ>} )+ 1 4 ζ^{<τ >}ζ^{<λ>}ζ^{<γ>} (D_+ζ^{<μ>} ∇_=X^{<ν>} + D_=ζ^{<ν>} ∇_+X^{<μ>} )D_{<γ>}D_{<λ>}H_{<τ ><μ><ν>} }, I^{(2)}_5 = − i 4πα^′ ∫ d^3z^−E{ 1 2 ζ^{<τ >}ζ^{<λ>}ζ^{<γ>}D_+ζ^{<μ>} D_=ζ^{<ν>}× [ 1 5 D_{<γ>}D_{<λ>}H_{<τ ><μ><ν>} + 2 15 R^{<ρ>}_{·<γ><λ>[<μ>} H_{<ν>]<τ ><ρ>} } + ..., I^{(2)}_6 = − i 4πα^′ ∫ d^3z^−Eζ^{<τ >}ζ^{<λ>}ζ^{<α>}ζ^{<β>}D_+ζ^{<ρ>}D_=ζ^{<ν>} × [ 1 9 D_{<λ>}H_{<τ ><μ>[<ρ>} R^{<μ>} <ν>]<α> · <β> + 1 18 D_{<λ>}R^{<μ>}_{·<γ><ρ>[<δ>} H_{<ν>]<τ ><μ>} +

1 18 D_{<α>}D_{<β>}D_{<λ>}H_{<τ ><ρ><ν>} ] + ..., where by dots are denoted terms not being important for calculation of anomalies and operations of symmetrization ( ) and antisymmetrization are taken without coefficients.

The third term in (4.13) I^{(3)} = I^{(3)}_0 + I^{(3)}_1 + I^{(3)}_2 + ... + I^{(3)}_s + ...

is of Fradkin–Tseitlin dilaton type with coefficients I^{(3)}_0 = − 1 4πα^′ ∫ d^3z^−Eα^′Σ^+Φ,

I^{(3)}_1 = − 1 4πα^′ ∫ d^3z^−Eα^′Σ^+ζ^{<α>}δ_{<α>}Φ, I^{(3)}_2 = − 1 4πα^′ ∫ d^3z^−Eα^′Σ^+ 1 2! ζ^{<β>}ζ^{<α>}D_{<α>}D_{<β>}Φ, ..., I^{(3)}_s = − 1 4πα^′ ∫ d^3z^−Eα^′Σ^+ 1 s! ζ^{<α1>}...ζ^{<αs>}D_{<α1 >}...D_{<αs>}Φ. The forth term in (4.13) I^{(4)} = − 1 4πα^′ ∫ d^3z^−E Ψ_{(−)}^{|I|}D_+Ψ_{(−)}^{|I|} has the next background–quantum decomposition I^{(4)}[Ψ + Δ(χ), X + π(ζ)] = I^{(4)}_0 + I^{(4)}_1 + I^{(4)}_2 + ..., with coefficients

I^{(4)}_1 = − 1 4πα^′ ∫ d^3z^−E {χ_{(−)}^{|I|}D_+χ_{(−)}^{|I|} + Ψ_{(−)}^{|I|}D_+Ψ_{(−)}^{|I|}+ (4.15) Ψ_{(−)}^{|I|}F_{|I||J|<μ><ν>} ζ^{<μ>}∇_+X^{<ν>} Ψ_{(−)}^{|J|}}, I^{(4)}_2 = − 1 4πα^′ ∫ d^3z^−E {χ_{(−)}^{|I|}D_+χ_{(−)}^{|I|}+ 2χ_{(−)}^{|I|}F_{|I||J|<μ><ν>}ζ^{<μ>} ∇_+X^{<ν>} Ψ_{(−)}^{|J|}−

1 2 ζ^{<ν>} ζ^{<μ>}Ψ_{(−)}^{|I|}Ψ_{(−)}^{|J|}D_{<λ>}F_{|I||J|<μ><ν>} ∇_+X^{<ν>} − 1 2 Ψ_{(−)}^{|I|}Ψ_{(−)}^{|J|}F_{|I||J|<μ><ν>}ζ^{<μ>} D_+ζ^{<ν>}}, I^{(4)}_3 = − 1 4πα^′ ∫ d^3z^−E {χ_{(−)}^{|I|}F_{|I||J|<μ><ν>} ζ^{<μ>}∇_+X^{<ν>} χ_{(−)}^{|J|}+ ζ^{<λ>}ζ^{<μ>}χ_{(−)}^{|I|}D_{<λ>}F_{|I||J|<μ><ν>} ∇_+X^{<ν>} Ψ_{(−)}^{|J|}+ χ_{(−)}^{|I|}F_{|I||J|<μ><ν>}ζ^{<μ>} D_+ζ^{<ν>}Ψ_{(−)}^{|J|}− 1 3 ζ^{<λ>}ζ^{<ν>} Ψ_{(−)}^{|I|}D_{<λ>}F_{|I||J|<μ><ν>} Ψ_{(−)}^{|J|}D_+ζ^{<μ>}− 1 6 ζ^{<λ>}ζ^{<τ >}ζ^{<μ>}Ψ_{(−)}^{|I|}Ψ_{(−)}^{|J|}∇_+X^{<ν>}× (D_{<τ >}D_{<λ>}F_{|I||J|<μ><ν>} − R^{<γ>} <λ>]<ν> · <τ >F|I||J|<μ><ν> ), I^{(4)}_4 = − 1 4πα^′ ∫ d^3z^−E { 1 2 χ_{(−)}^{|I|}F_{|I||J|<μ><ν>} χ_{(−)}^{|J|}ζ^{<ν>}D_+ζ^{<μ>}− 1 2 ζ^{<λ>}ζ^{<μ>}χ_{(−)}^{|I|}(D_{<λ>}F_{|I||J|<μ><ν>} )χ_{(−)}^{|J|}∇_+X^{<ν>}+ 2 3 ζ^{<λ>}ζ^{<μ>}χ_{(−)}^{|I|}(D_{<λ>}F_{|I||J|<μ><ν>})Ψ_{(−)}^{|J|}D_+ζ^{<ν>} + 1 3 ζ^{<γ>} ζ^{<λ>}ζ^{<μ>}χ_{(−)}^{|I|}× (D_{<γ>}D_{<λ>}F_{|I||J|<μ><ν>} + R^{<ρ>} <γ><ν> · <λ>F|I||J|<μ><ρ>)∇+X <ν> Ψ_{(−)}^{|J|}− 1 24 ζ^{<λ>}ζ^{<μ>}ζ^{<γ>} Ψ_{(−)}^{|I|}Ψ_{(−)}^{|J|}(3D_{<μ>} D_{<λ>}F_{|I||J|<γ><ν>} + R^{<ρ>} <λ><ν> · <γ>F|I||J|<τ ><ρ>)D+ζ <ν> − 1 24 ζ^{<τ >}ζ^{<λ>}ζ^{<μ>}ζ^{<γ>}Ψ_{(−)}^{|I|}Ψ_{(−)}^{|J|}× [D_{<γ>}D_{<τ >}D_{<λ>}F_{|I||J|<μ><ν>} + (D_{<γ>} R^{<ρ>}_{<λ><ν> · <μ>})F_{|I||J|<τ ><ρ>}+ 3(D_{<γ>} F_{|I||J|<τ ><ρ>})R^{<ρ>} <λ><ν> · <μ>]∇+X <ν> }, I^{(4)}_5 = − 1 4πα^′ ∫ d^3z^−E {− 1 3 ζ^{<μ>}ζ^{<λ>}χ_{(−)}^{|I|} (D_{<λ>}F_{|I||J|<μ><ν>} )χ_{(−)}^{|J|}D_+ζ^{<μ>} + ...},

I^{(4)}_6 = − 1 4πα^′ ∫ d^3z^−E {− 1 24 ζ^{<γ>}ζ^{<μ>}ζ^{<λ>}χ_{(−)}^{|I|}χ_{(−)}^{|J|}× (3D_{<γ>}D_{<λ>}F_{|I||J|<μ><ν>} + F_{|I||J|<γ><ρ>}R^{<ρ>}_{<λ><ν> · <μ>})D_+ζ^{<ν>}} + ... The kinetic terms for quantum fields ζ^{<μ>} and χ_{(−)}^{|J|} in the decompositions (2.14) and (2.15) define the propagators (2πα^′ = 1) < ζ^{<μ>}(ü)ζ^{<ν>}(ü^′) >= g^{<μ><ν>} D_+ □ δ^3_{(−)}(ü, ü^′) = g^{<μ><ν>} 1 (2π)^2 ∫ d^{d2} p 1 (−p^2) D_+[e^{ip(z−z′ )}δ_{(−)}(θ − θ^′)], < χ_{(−)}^{|I|}(ü)χ_{(−)}^{|J|}(ü^′) >= iδ^{|I||J|} ∂_=D_+ □ δ^3_{(−)}(ü, ü^′) = δ^{|I||J|} (2π)^2 ∫ d^{d2} p p_= p^2

D_+ [e^{ip(z−z′)}δ^3_{(−)}(ü, ü^′)].

Finally, we remark that background–quantum decompositions of the action (4.11) for heterotic string define the Feynman rules (vertixes and propagators) for the corresponding generalization of the two–dimensional sigma model which are basic for a perturbation quantum formalism in higher order anisotropic spaces.

4.3 Green–Schwarz DVS–Action

The Green–Scwarz covariant action ( GS–action ) for superstrings can be considered as a two dimensional σ–model with Wess–Zumino–Witten term and flat, dimension d = 10, s–space as the tangent space [91,109,110,158]. The GS–action was generalized for the curved background N=1, d = 10 of the superspace under the condition that motion equations hold [293] and under similar conditions for N=2, d = 10 supergravity [96].

The GS–action in dimensions d = 3, 4, 6, 10 can be represented as I = 1 2 ∫ d^2z √ −γγ^{ëï}∂_ëu^{<α>}∂_ïu^{<β>}(l^{<α>}_{<α>}l^{<β>}_{<β>})^η_{<α><β>}+ (4.16) 1 2 ∫ d^2zε^{ëï}∂_ëu^{<α>}∂_ïu^{<β>}B_{<α><β>} by using of the flat vielbein l^{<α>}_{<α>} and 2–form B = 1 2 δu^{<α>}Λδu^{<β>}B_{<α><β>} in the flat d = 10 s–space with coordinates u^{<α>}. An important role in formulation of the GS–action plays the fact that 3–form H = dB is closed, dH = 0. Because H is s–invariant the 2–form B changes on complete derivation under s–transforms δ^⋆H = 0, δ^⋆dB = dδ^⋆B = 0, δ^⋆B = dΛ, where δ^⋆ is dual to d, which ensures the s–invariance of the GS–action.

We generalize the action (4.16) for higher order anisotropic s–spaces by changing the flat vielbein l^{<α>}_{<α>} into the locally anisotropic, ^E^{<α>}_{<α>} , with a possible dependence of the Lagrangian on scalar fields (see [202] for locally isotropic spaces), I = 1 2 ∫ d^2z[ √ −γγ^{ëï}∂_ëu^{<α>}∂_ïu^{<β>}(E^{<α>}_{<α>} E^{<β>}_{<β>} )^η_{<α><β>}+ (4.17) ε^{ëï}∂_ëu^{<α>}∂_ïu^{<β>}E^{<α>}_{<α>} E^{<β>}_{<β>} B_{<α><β>}+ V V^ë_ë Ψ^{|I|}γ^ë(∂_ëδ_{|I||J|} + E^{<α>}_ë A_{|I||J|<α>})Ψ^{|J|}], where P is a scalar function, γ_{ëï} = V^ë_ë V^i_ï γ_{ëï}, V = det(V^ë_ë ), u^{<α>} are coordinates of the higher order anisotropic s–space and Ψ^{|J|} are two dimensional (heterotic) MW–fermions in the fundamental representation of the interior symmetry group Gr.

As background s–fields we shall consider E^{<α>} = d^u^{<β>}E^{<α>}_{<β>} (z), B = 1 2 E^{<α>}E^{<β>}B_{<α><β>}(z), A_{|I||J|} = A_{|I||J|<α>}E^{<α>}, where E^{<α>}_ä ≡ ∂_äu^{<α>}E^{<α>}_{<α>} = ( ^E^{<α>}_ä , E^{<α>}_ä = E^ä_ä ). S–fields A_{|I||J|} belong to the adjoint representation of the interior symmetry group Gr.

The action (4.17) is invariant under transforms ( △E^{<α>} ≡ △u^{<α>}E^{<α>}_{<α>} ) : △ ^E^{<α>} = 0, △E^ë = 2(Γ_{<α>})^{ëö} ^E^{<α>}_ë V^ë_ë k^ö_ö , (4.18) △Ψ^{|I|} = −(△E^{<α>})A^{|I||J|}_{<α>} Ψ^{|J|}, △V^ë_ë = − 1 2 (γ_{ëï} + ε_{ëï})M^{öï}k^ë_ö ,

where ε_{ëï} is defined as a two–dimensional tensor, parameter k^ë_{<α>} is anti– self–dual as a two–vector, juggling of indices of d –dimensional Dirac matrices is realized by using the d–dimensional matrix of charge conjugation and , for simplicity, we can consider matrices (Γ_{<α>})^{ëö} as symmetric; we shall define below the value M^{<α>ï}.

The variation of action (4.17) under transforms (4.18) can be written as △I = ∫ d^2z 1 2 [e^P △(V γ^{ëï}) ^E^{<α>}_ë ^E^{<β>}_ï η_{<α><β>}+ (4.19) △E^ö(e^P (V γ^{ëï}) ^E^{<α>}_ë ^E^{<β>}_ï η_{<α><β>}D_öP −2e^P △(V γ^{ëï})E^{<α>}_ë E^{<β>}_ï T_{<α>ö<β>}+ ε^{ëï}E^{<α>}_ë E^{<β>}_ï H_{<α><β>ö} − V Ψ^{|I|}γ^ëΨ^{|J|}E^{<α>}_ë F_{<α>ö|I||J|})+ △(V V^ë_ë )Ψ^{|I|}γ^ë(D_ëΨ)^{|J |}, where D_ë is the Gr–covariant derivation and the torsion 2–form T^{<α>}, the strength 3–form H and the supersymmetric Yang–Mills strength 2–form F^{|I||J|} are respectively defined by relations T^{<α>} = dE^{<α>} + E^{<β>}Ω^{<α>}_{<β>} = 1 2 E^{<β>}E^{<γ>}T^{<α>}_{<β><γ>}, H = dB = 1 6 E^{<γ>}E^{<β>}E^{<α>}H_{<α><β><γ>}, F^{|I||J|} = dA^{|I||J|} + A^{|I||K|}A^{|K||J|} = 1 2 E^{<β>}E^{<γ>}F^{|I||J|}_{<β><γ>}. The variation of action (4.19) under transforms (4.18) vanishes if and only if there are satisfied the next conditions:

1) 3–form H is closed under condition

(Γ^{<α>})_{ëï}(Γ_{<α>})_{öü} + (Γ^{<α>})_{ïö}(Γ_{<α>})_{ëü} + (Γ^{<α>})_{öë}(Γ_{<α>})_{ïü} = 0, which holds for dimensions d = 3, 4, 6, 10;

2) there are imposed constraints ^T^{<α>}_{ëï} = −i(^Γ^{<α>})_{ëï}, ^η_{<γ>(<α>} ^T^{<γ>}_{<β>)ä} = ^η_{<α><β>}B_ä, F^{|I||J|}_{ëï} = 0, (4.20) F^{|I||J|}_{<α>ï} = (^Γ_{<α>})_{ëï}w^{ë|I||J|}, H_{ëïö} = 0, H_{ëï<α>} = −ie^P (^Γ_{<α>})_{ëï}, ^H_{ü<α><β>} = 2e^P (Γ_{<α>})^ë_ö(Γ_{<β>})^ö_üH_ë;

3) The coefficient M^{öï} from (4.18) is taken in the form M^{öï} = 4iE^{öï} − 4 ^E^ï_{<α>}(^Γ^{<α>})^{öü}H_ü − Ψ^{|I|}γ^ïΨ^{|J|}w^ö_{|I||J|}e^{−P} , where D_üP + 2H_ü − 2B_ü = 0;

4) The last term in (4.19) vanishes because of conditions of chirality, Ψ^{|I|} = −γ_5Ψ^{|I|}. In the locally isotropic s–gravity it is known [86,175,21] that s–field equations of type (4.20) are compatible with Bianchi identities and can be interpreted as standard constraints defining supergravity in the superspace. Considering locally adapted to N–connections geometric objects end equations (4.20) we obtain a variant of higher order anisotropic supergravity (see sections 2.3 and 2.6 in this monograph [260,265,266,267] for details on locally anisotropic supergravity) which for dimensions d = n + m = 10 contain, distinguished by the N–connection structure, motion equations of N=1 of higher order anisotropic supergravity and super–Yang–Mills matter.

The above presented constructions can be generalized in order to obtain a variant of higher order anisotropic N=2, d = 10 supergravity from so– called IIB–superstrings [96] (which, in our case, will be modified to be locally anisotropic). To formulate the model we use a locally adapted s–vielbein 1–form E^{<α>} = δu^{<α>}E^{<α>}_{<α>} , a SO(1, 9) ⊗ U(1) connection 1–form Ω^{<β>}_{<α>}, a 2–form of complex potential A and one real 4–form B. Strengths are defined in a standard manner: T^{<α>} = DE^{<α>} = δE^{<α>} + E^{<β>}Ω^{<α>}_{<β>} , (4.21)

R^{<β>}_{<α>} = δΩ^{<β>}_{<α>} + Ω^{<γ>}_{<α>}Ω^{<β>}_{<γ>} , F = δA, G = δB + AF − AF. On the mass shell (on locally anisotropic spaces we shall consider distinguished metrics) ds–tensors (4.21) are expressed in terms of one scalar s–field V ∈ SU(1, 1) : V = ( q s u v ) , qq − ss = 1. Excluding a scalar by using the local U(1)–invariance we can use the first components of complex s–fields (q, s) as physical scalar fields of the theory.

The constraints defining IIB supergravity in d = n + m = 10 higher order anisotropic s–space contain equations (on every anisotropic ”shell”, in locally adapted frames, they generalize constraints of IIB supergavity [113]; see sections 2.2 and 2.3 for denotations on higher order anisotropic s–spaces): T^{ap}_{bp←− cp←−} = T^{ap}_{bp−→cp−→} = 0, T^{ap}_{bp←− cp−→} = −iσ^{ap}_{bp←−cp−→}, T^{ap}_{bp←−cp} = T^{ap}_{bp−→cp} = 0, (4.22) F_{ap←− bp←− cp←−} = F_{ap←− bp←− cp−→} = F_{ap←− bp−→cp−→} = F_{ap−→bp−→cp−→} = F_{ap bp←− cp−→} = 0, F_{ap bp←− cp←−} = −iq(σ_{ap} )_{bp←− cp←−}, F_{apbp cp−→} = −q(σ_{apbp} )^{dp−→}c_{p−→}Λ_{dp−→}, F_{ap bp−→cp−→} = −is(σ_{ap} )_{bp−→cp−→}, F_{apbp cp←−} = s(σ_{apbp} )^{dp←−}c_{p←−}Λ_{dp←−}, H_{ap bp←− cp←−} = −i(q − s)(σ_{ap} )_{bp←− cp←−}, H_{ap bp−→cp−→} = −i(q − s)(σ_{ap} )_{bp−→cp−→}, H_{apbp cp−→} = −(q − s)(σ_{apbp} )^{dp−→}c_{p−→}Λ_{dp−→}, H_{ap bp−→ cp−→} = −i(q − s)(σ_{apbp} )^{dp←−}c_{p←−}Λ_{dp←−}, where (σ_{ap} σ_{bp} )^{dp−→}c_{p−→} = (σ_{apbp} )^{dp−→}c_{p−→} + η_{apbp} δ^{dp−→}c_{p−→} , (4.23) the same formula holds for ”←−”–underlined spinors, spinor Λ_{dp−→} will be used below for fixing of U(1) gauge and 3–form H ≡ F + F = δ ~B is real and closed (this condition is crucial in the construction of the GS–action on the background of IIB–supergravity, with respect to usual isotropic string model see [96]).

The action (4.16) can be generalized for N=2 higher order anisotropic s–spaces in this manner:

I_S = ∫ d^2z{ √ −γγ^{ïü}P (q, s) ^E^{<α>}_ï ^E^{<β>}_ü ^η_{<α><β>} + 1 2 ε^{ïü}E^{<α>}_ï E^{<β>}_ü ~B_{<α><β>}, (4.24) where P (q, s) is a function of scalar fields q and s, and E^{<α>}_ï ≡ ∂_ïu^{<α>}E^{<α>}_{<α>} = ( ^E^{<α>}_ï , ..., E^{ap←−}_ï , ..., E^{bp−→}_ï , ...). The variation of the Lagrangian in (4.23) under respective k–transforms of type (4.18) can be written as △L = √ −γγ^{ïü}P E^{<γ>}_ï △E^{<β>}T^{<δ>}_{<β><γ>}E^{<β>}_ü ^η_{<δ><β>}+ (4.25) 1 2 ε^{ïü}E^{<γ>}_ï E^{<β>}_ü △E^{<τ >}H_{<τ ><β><γ>} + 1 2 [△( √ −γγ^{ïü}P ) + √ −γγ^{ïü}△P ] ^E^{<α>}_ï ^E^{<β>}_ü ^η_{<α><β>}. Taking into account constraints (4.22) we can express variation (4.25) as △L = ({−i(ε^{ïü}γ^{ëä}(q − s) + γ^{ïü}ε^{ëä}P ) ^E^{<γ>}_ë ^E^{<β>}_ï (σ_{<β>}σ_{<γ>})^{δ←−}τ_{←−}E^{τ←−}_ü k_{ä δ←−} − i[(−γ)^{−1/2}ε^{ïü}ε^{ëä}(q − s) + √ −γγ^{ïü}γ^{ëä}P ] ^E^{<γ>}_ë ^E^{<β>}_ï (σ_{<β>}σ_{<γ>})^{δ←−}τ_{←−}E^{τ←−}_ü k_{ä δ←−}+ ^E^{<γ>}_ï ( ^E^{<β>}_ü ^E^{<α>}_ë ^η_{<β><α>})(σ_{<γ>})^{α←− β←−}[ε^{ïü}γ^{ëä}(q − s)Λ_{α←−}+ (−γ)^{−1/2}ε^{ïü}ε^{ëä}(q − s)Λ_{α←−}]k_{ä β←−}} + h.c.)+ 1 2 △( √ −γγ^{ïü}) ^E^{<γ>}_ï ^E^{<β>}_ü ^η_{<γ><β>} P + 1 2 √ −γγ^{ïü} ^E^{<γ>}_ï ^E^{<β>}_ü ^η_{<γ><β>}△P, where h.c. denotes Hermitian conjugation.

Using relation (4.23) and fixing the U(1)–gauge as to have P = q − s = q − s and △P = (q − s)(△E^{α←−}Λ_{α←−} − △E^{α←−} Λ_{α←−}) we can obtain zero values of the coefficients before (σ_{apbp} )–terms. The rest of terms in △L vanish for a corresponding fixing of the variation △( √ −γγ^{ïü}). So, in this section we have constructed a model of higher order anisotropic IIB–superstring on the background of IIB supergravity with broken chiral U(1)–subgroup of the supersymmetry SU(1, 1)–group of automorphisms of N = 2, d = n + m = 10 supergravity. We omit in this Chapter calculus for supersymmetric β–functions; we shall present similar details in sections 9.1 and 9.2 for higher order anisotropic nonsupersymmetric σ–models.

4.4 Fermi Strings in HA–Spaces

There are some types of Fermi strings in dependence of the number N=0, 1, 2, 4 of supersymmetry generators (see, for instance, [115,139,140] for reviews and basic references on this classification for locally isotropic strings). The aim of this section is to present basic results on Fermi and heterotic strings on higher order anisotropic backgrounds: the construction of actions and calculation of superconformal anomalies.

We note that there are two possible interpretations of models considered in this Chapter. On one hand they can be considered as locally anisotropic supersymmetric two dimensional supersymmetric nonlinear sigma models connected with supergravity. Under quantization of such type theories the superconformal invariance is broken; the two point functions of graviton and gravitino, computed from the quantum effective action can became nontrivial in result (this conclusion was made [1] for locally isotropic sigma models and, in general, holds good for locally anisotropic generalizations). On the other hand our models can be interpreted as Fermi strings on higher order anisotropic background. We shall follow the second treatment.

The effective ”off–shell” action Γ for a (infinite) set of locally anisotropic fields is introduced (in a manner similar to [80]) as Γ[G, H, ...] = ∑ χ e~^{σχ} ∫ [Dγ^{(e)}_{ëï} ][Du^{<α>}] exp(−I),

I = 1 2πα^′ ∫ d^2z{ 1 2 √ γ^{(e)}γ^{äï}_{(e)}∂_ä ^u^{<α>}∂_ï ^u^{<β>}G_{<α><β>}(u)+ ε^{äï}∂_ä ^u^{<α>}∂_ï ^u^{<β>}H_{<α><β>}(u) + ...}, where dots are used instead of possible sources (with higher order derivations), compatible with the reparametrization invariance, of another types of perturbations and γ^{(e)}_{ëï} is the Euclid two dimensional metric. In (4.26) we consider in explicit form the components of locally anisotropic graviton and antisymmetric d–tensor and, for simplicity, omit the dilaton field and topological considerations.

a) σ σ b) σ σ α^′R

c) σ σ α^′R d) σ σ α^′R e) σ σ √ α^′S √ α^′S

f) σ σ √ α^′S

√ α^′S

Figure 4.1: The diagrams defining the conformal anomaly of a closed boson string in a ha–space

The problem of calculation of Γ is split into two steps: the first is the calculation of the effective action on an higher order anisotropic with fixed Euler characteristic χ then the averaging on all metrics and topologies. In order to solve the first task we shall compute exp{−W [G, H, g]} = ∫ [Dη] exp{−I[u + υ(z), g]}. The general structure W is constructed from dimension and symmetry considerations [193] W = − β(u) ε ∫ R(z) √ γ_{(e)}d^2z+γ(u) ∫ (R(z) √ γ_{(e)})_z □^{−1}_{zz}′ (R(z) √ γ_{(e)})_z′ d^2zd^2z^′, (4.27) where the dimensional regularization (ε = 2 − d_2 on world sheet), γ_{(e)} is the determinant of the two dimensional metric, R = R^{äï}_{äï}, one holds the relation β(u) = 4γ(u) for dimensionless functions (we can computer them as perturbations on α^′) and note that the second term in (4.27) is the Weyl anomaly which shall be computed by using normal locally adapted to N– connection coordinates on higher order anisotropic space.

For a two–dimensional conformal flat two–dimensional, d_2 = 2, metric γ^{(e)}_{ëï} we find

γ^{(e)}_{ëï} = e^{2σ}δ_{ëï}, R (u) = −2e^{−2σ} □σ, γ^{äï}_{(e)} = e^{−2σ}δ^{äï}, √ γ_{(e)} = e^{2σ}.

From decomposition γ^{(e)}_{ëï} = δ_{ëï} + h_{ëï} with respect to first and second order terms on h we have √ γ^{(e)}γ^{äï}_{(e)} = [1 + εσ(z) + ε 2 (d − 4)σ^2(z)]δ^{äï}

when h_{ëï} = 2σh_{ëï}, h ≡ h^ä_ä = 2σd_{(2)}. We give similar formulas for the frame decomposition of two metric

e^{1/2}e^ë_ë = (1 + 1 2 εσ)δ^ë_ë, e^{−1/2}e_{ëë} = (1 − 1 2 εσ)δ_{ëë}, which are necessary for dealing with spinors in curved spaces.

Transforming the quantum field ζ → √ 2πα^′ζ, where ζ is the tangent d–vector in the point u ∈ E^{<z>} of the higher order anisotropic space and using the conformal–flat part of the two dimensional metric we obtain this effective action necessary for further calculations I^{ef f}_{int} = ∫ d^2z[ 1 3 (2πα^′)^{1/2}ε^{ëï}H_{<α><β><γ>} (u)∂_ëζ^{<α>}∂_ïζ^{<β>}ζ^{<γ>}+ (4.28) 2πα^′ 6 εσ(z)R_{<α><β><γ><δ>} (u)∂_ëζ^{<α>}∂_ëζ^{<δ>}ζ^{<β>}ζ^{<γ>}+ 1 2 εσ(z)∂_ëζ^{<α>}∂_ëζ^{<α>} + 2πα^′ 6 R_{<α><β><γ><δ>} (u)∂_ëζ^{<α>}∂_ëζ^{<δ>}ζ^{<β>}ζ^{<γ>}+ 2πα^′ 4 D_{<α>}H_{<α><β><γ>} (u)ε^{ëï}∂_ëζ^{<β>}∂_ïζ^{<γ>}ζ^{<α>}ζ^{<δ>}, where (u) higher order anisotropic space coordinates not depending on two coordinates z. So, the anomaly in (4.27) takes the form 4ϑ ∫ d^2z σ(z)□σ(z) (4.29) If ~σ in (4.26) is the connection on topologies constant the first term in (4.27) can be absorbed by the renormalization of this connection constant. The set of two–loop diagrams defining (4.29) is illustrated in the figure 4.1. We note that we must take into account tedpoles because of the compactness of the string world sheet there are not infrared divergences.

In the one–loop approximation (figure 4.1) we find

β^{(1)} = 1 24π (n + m_1 + ... + m_z ), γ^{(1)} = 1 96π (n + m_1 + ... + m_z);

there is correspondence with classical results [193] if we consider a trivial distinguishing of the space–time dimension n_E = n + m_1 + ... + m_z.

The two–loop terms (figure 4.1) from (4.29) are computed as b) = − πα^′ε^2R 3(2π)^6 ∫ d^2kσ(k)σ(−k) ∫ d^{d2} pd^{d2} q× (p · k − p^2)^2(q · k − q^2) + (p · k − p^2)^2(p · q)(q · k − q^2) p^2(k − p)^2q^2(k − q)^2 , c) = πα^′ε^2R 3(2π)^4

G(0) ∫ d^2kσ(k)σ(−k) ∫ d^{d2} p (p · k − p^2)^2 p^2(k − p)^2 , d) = − πα^′ε^2R 3(2π)^4

G(0) ∫ d^2kσ(k)σ(−k) ∫ d^{d2} p (p · k − p^2)^2 p^2(k − p)^2 , e) + f) = 2ε^2πα^′H^2_{<α><β><γ>} (2π)^6 ε^{ëï}ε^{äü} ∫ d^2kσ(k)σ(−k) ∫ d^{d2} pd^{d2} q× 1 p^2(k − p)^2q^2(k − p − q)^2 × { (k · p − p^2)(k · q − q^2)p_ë(k − q)_ï(k − q)_äq_ü (k − q)^2 +

(k · p − p^2)^2q_ë(k − q)_ïq_ä(k − p)_ü (k − p)^2 }, where σ(z) ≡ 1 (2π)^2 ∫ d^2pσ(p) exp(−ipx). The contributions of tedpole nonvanishing diagrams mutually compensate. The sum of the rest of contributions results in the anomaly

γ^{(2)} = α^′ 64π (−R + 1 3 H^2) = α^′ 64π (− ^R − 2 3 H^2),

where H^2 = H_{<α><β><γ>} H^{<α><β><γ>} and ^R is the scalar curvature with torsion.

Computing W in the leading order on α^′ for the closed boson string, it is not difficult to find the effective action Γ for massless perturbations of the string (of the metric G_{<α><β>} and field H_{<α><β>} ) on the tree (χ = 2) level. Taking into account the identity ∫ (R(z) √ γ_{(e)})_z □^{−1}_{zz}′ (R(z) √ γ_{(e)})_z′ d^2zd^2z^′ = 16π

for the metric on sphere we find

Γ^{(0)}[G, H] ∼ ∫ δ^{nE} u (2πα^′)^{nE /2} √ G(u)[1 + α^′ 4 (−R + 1 3 H^2)], (4.30)

where n_E = n + m_1 + ... + m_z is the dimension of higher order anisotropic space. Formula (4.30) generalizes for such type of spaces (scalar curvature R and torsion H are for, distinguished by N–connection, on la–space) of that presented in [53,54]. The cosmological constant in (4.30) arises due to the taxion modes in the spectrum of boson strings and is absent for superstrings. From vanishing of β–functions for ^R and tacking into account the contributions of reparametrization ghosts [193] into the anomaly of boson string we obtain into the leading approximation β = n_E − 8 24π + α^′ 16π (− ^R − 2 3 H^2) + ..., γ = n_E − 26 96π + α^′ 64π (− ^R − 2 3 H^2) + ....

In consequence, the correction to the critical dimension is

D_c = 26 + α^′H^2 + O([α^′]^2). (4.31)

We emphasize that torsion in (4.31) can be interpreted in a different manner that in the case of locally isotropic theories where H_{...} is considered as an antisymmetric strength of a specific gauge field (see the Wess–Zumino– Witten model [287,293]). For locally anisotropic spaces we suggested the idea that the H_{...}–terms are induced by the distinguished components of torsions of, in our case, higher order anisotropic spaces.

H H

Figure 4.2: The diagrams defining supergravitational and superconformal anomalies in the theory of higher order anisotropic superstrings

The presented in this section constructions can be generalized for the case of N=1 and N=2 higher order anisotropic Fermi strings. Let decompose action I_S [e^ë_ë, u + ζ(z), ψ(z)] to within forth order on quantum fields ζ^{<α>} and ψ^{<α>}_ë (z). After redefinition ζ → √ 2πα^′ζ, ψ → e^{−1/4} √ 2πα^′ψ we obtain the next additional to (4.28) term: I_{F (int)} = ∫ d^2z[ i 4 εσψ^{<α>}γ^ë∂_ëψ^{<α>}− i 2 √ 2πα^′(1 − ε 2 σ)H_{<α><β><γ>} ψ^{<α>}γ^ë(∂_ëζ^{<γ>})ψ^{<β>}+ i πα^′ 2 (1 + ε 2 σ)R_{<α><β><γ><δ>} ψ^{<α>}γ^ë(∂_ëζ^{<δ>})ψ^{<β>}ζ^{<γ>}+ πα^′ 16 ^R_{<α><β><γ><δ>} ψ^{<α>}(1 + γ_5)ψ^{<γ>}ψ^{<β>}(1 + γ_5)ψ^{<δ>}]. Fixing the gauges

N = 1 : e^ë_ë = e^σδ^ë_ë ψ_ë = 1 2 γ_ëλ,

N = 2 : e^ë_ë = e^σδ^ë_ë ψ_ë = 1 2 γ_ëλ, A^ë = 1 2 ε^{ëü}∂_üρ, where λ is the Maiorana (N = 1 ) or Dirac (N = 2 ) spinor. Because of supersymmetry it is enough [80] to compute only the coefficient before Weyl anomaly in order to get the superconformal anomalies. The one–loop results are N = 1 : β^{(1)} = n_E 16π , γ^{(1)} = n_E 64π , N = 2 : β^{(1)} = n_E 8π , γ^{(1)} = n_E 32π , from which, taking into account the reparametrization and superconformal ghosts we obtain these values of critical dimension (γ = 0) :

N = 1 : β^{(1)}_t = n_E − 2 16π , γ^{(1)} = n_E − 10 64π , N = 2 : β^{(1)} = n_E 8π , γ^{(1)} = n_E − 2 32π . From formal point of view in the two–loop approximation we must consider diagrams b)–m) from fig. 4.2. By straightforward calculations by using methods similar to those presented in [80] we conclude that all two–loop contributions b)–m) vanish. In result we conclude that for Fermi strings one holds the next formulas:

N = 1 : β = n_E − 2 16π − α^′H^2 24π + ..., γ = n_E − 10 64π − α^′H^2 96π , N = 2 : β = n_E 8π − α^′H^2 24π + ..., γ = n_E − 2 32π − α^′H^2 96π or N = 1 : D_c = 10 + 2 3 α^′H^2 + ..., N = 2 : D_c = 2 + 1 3 α^′H^2... in the leading order on α^′.

Finally, we note that because H^2 contains components of N–connection and torsion of d–connection on higher order anisotropic space we conclude that a possible local anisotropy of space–time can change the critical dimension of Fermi strings.

4.5 Anomalies in LAS–Models

Anomalies in quantum field theories are considered beginning with works [2] and [35]. Conformal and gravitational anomalies have been analyzed in [61,72,6] (see also reviews [298,169,139,140,92]). The aim of this section is to investigate anomalies in higher order anisotropic (1,0)–superspaces.

4.5.1 One–loop calculus

Supergravitational and conform anomalies of heterotic locally anisotropic σ–models connected with (1,0) higher order anisotropic supergravity are defined by the finite (anomaly) parts of diagrams of self–energy type (fig. 4.2). In order to compute anomalies it is necessary to consider all the vertexes of the theory with no more than the linear dependence on potentials H^=_+ , H^‡_= (see subsection 4.1.2 and section 4.4 for denotations on higher order anisotropic heterotic superstrings). We consider this ”effective” action (without ghosts):

I = I_0 + I_{int}, I_{int} = I^′_0 + I_1, (4.32) where

I_0 = − ∫ d^3z^−[iD_+ζ^{<α>}∂_=ζ^{<β>} ^g_{<α><β>} + χ^{|I|}_− D_+χ^{|I|}_− ], I^′_0 = − 1 2 ∫ d^3z^−{iD_+ζ^{<α>}∂_=ζ^{<β>}(ζ^{<γ>} ^A_{<γ><α><β>} + ζ^{<δ>}ζ^{<γ>} ^B_{<δ><γ><α><β>} + ζ^{<ε>}ζ^{<δ>}ζ^{<γ>} ^D_{<ε><δ><γ><α><β>} + ζ^{<τ >}ζ^{<ε>} ζ^{<δ>}ζ^{<γ>} ^M_{<ε><δ><γ><τ ><α><β>} ) + χ^{|I|}_{(−)}χ^{|J|}_{(−)}D_+ζ^{<β>}× (ζ^{<α>} ^C^{|I||J|}_{<α><β>} + ζ^{<γ>}ζ^{<α>} ^E^{|I||J|}_{<γ><α><β>} + ζ^{<ε>}ζ^{<γ>}ζ^{<α>} ^K^{|I||J|}_{<ε><γ><α><β>} ), I_1 = − 1 2 ∫ d^3z^−{(^g_{<α><β>} + ζ^{<γ>} ^A_{<γ><α><β>} + ζ^{<δ>}ζ^{<γ>} ^B_{<δ><γ><α><β>} + ζ^{<ε>}ζ^{<δ>}ζ^{<γ>} ^D_{<ε><δ><γ><α><β>} + ζ^{<τ >}ζ^{<ε>}ζ^{<δ>}ζ^{<γ>} ^M_{<ε><δ><γ><τ ><α><β>} ) + [iH^=_+ ∂_=ζ^{<α>}∂_=ζ^{<β>}+ 1 2 D_+ζ^{<α>}(D_+H^‡_=)D_+ζ^{<β>} + i(D_+ζ^{<α>})H^‡_=(∂_‡ζ^{<β>})]+

χ^{|I|}_{(−)}H^=_+ ∂_=χ^{|J|}_{(−)} + χ^{|I|}_{(−)}χ^{|J|}_{(−)}H^=_+ ∂_=ζ^{<β>}×

(ζ^{<α>} ^C^{|I||J|}_{<α><β>} + ζ^{<γ>}ζ^{<α>} ^E^{|I||J|}_{<γ><α><β>} + ζ^{<ε>}ζ^{<γ>}ζ^{<α>} ^K^{|I||J|}_{<ε><γ><α><β>} )+ i 4π 6∑ p 1 p! ζ^{<α1>}...ζ^{<αp>} ^D_{<α1 >}... ^D_{<αp>}Φ(D_+∂_‡H^‡_= + ∂^2_=H^=_+ )}, where ^A_{<γ><α><β>} = 2 3 ^H_{<γ><α><β>} , ^B_{<δ><γ><α><β>} = 1 3 ^R_{<δ><α><β><γ>} + 1 2 ^D_{<δ>} ^H_{<γ><α><β>} , ^D_{<ε><δ><γ><α><β>} = 1 5 ^D_{<ε>} ^D_{<δ>} ^H_{<γ><α><β>} + 1 6 ^D_{<ε>} ^R_{<δ><α><β><γ>} + 2 15 R^{<τ >}_{<δ><ε>[<α>} ^H_{<β>]<γ><τ >} , ^M_{<ε><δ><γ><τ ><α><β>} = 1 20 ^D_{<ε>} ^D_{<δ>} ^R_{<γ><α><β><τ >} + 2 45 ^R_{<β><τ ><γ><ϑ>} R^{<ϑ>}_{<δ><ε><α>} + ^D_{<ε>} ^D_{<δ>} ^D_{<γ>} ^H_{<τ ><α><β>} + 1 18 ^D_{<ε>} ^R^{<ϑ>}_{<γ><δ>[<α>} ^H_{<β>]<τ ><ϑ>} + 1 9 ^D_{<γ>} ^H_{<τ ><ϑ>[<α>} ^R^{<ϑ>}_{|<δ><ε>|<β>]} , ^C^{|I||J|}_{<α><β>} = − 1 2 ^F^{|I||J|}_{<α><β>}, ^E^{|I||J|}_{<γ><α><β>} = − 1 3 ^D_{<γ>} ^F^{|I||J|}_{<α><β>}, ^K^{|I||J|}_{<ε><γ><α><β>} = − 1 24 (3 ^D_{<ε>} ^D_{<γ>} ^F^{|I||J|}_{<α><β>} + ^F^{|I||J|}_{<ε><τ >}R^{<τ >}_{<α><γ><β>} . For simplicity, in this section we shall omit tilde ”~” over geometric objects (such as curvatures and torsions computed for Christoffel distinguished symbols (1.39)) but maintain hats ”^” in order to point out even components on the s–space).

We write the supergravitational anomaly in this general form (see [287] for locally isotropic models): 1 32π ∫ d^3z^−{γ_1D_+H^=_+

∂^4_= □ H^=_+ − iγ_2D_+H^‡_=

∂^3_= □ H^‡_=}, where background depending coefficients will be defined from a perturbation calculus on α^′ by using (4.32).

H H p p ∂_= ∂_=

∂_= ∂_=

Figure 4.3: (1, 0) supergraf defining the one–loop anomaly

H^‡_=

H^‡_= ∂_‡ ∂_‡

D_+

H^=_+

H^=_+

∂^2_= ∂_=

∂_=

H^=_+

H^=_+

∂_= ∂_=

∂_= ∂_=

Figure 4.4: (1, 0) supergrafs defining the 1–loop dilaton contribution to the anomaly

For computation of supergrafs we use a standard techniques [85] of reducing to integrals in momentum space which is standard practice in quantum field theory. For instance, the one loop diagram corresponding to figure 4.3 is computed

H^‡_=

H^=_+

Figure 4.5: The diagrams being unessential for calculation of anomalies

1 (2π)^2 ∫ d^2k k^2_=(k_= + p_=)^2 k^2(k + p)^2 = − i 24π p^4_= p^2 . Diagrams of type illustrated on fig. 4.4 give rise only to local contributions in the anomaly and are not introduced because of dimensional considerations.

D_+ B ∂_=

a)

D_+ B

∂_= b) Figure 4.6: B–depending 2–loop corrections to the anomaly

We note that comparing with similar locally isotropic results [140] the torsions H^·_· are generated by components of the distinguished torsion of the higher order anisotropic background.

4.5.2 Two–loop calculus

The two–loop B–depending corrections to the anomaly are defined by diagrams illustrated in fig. 4.6. The one–loop results including ghosts (4.12) are similar to locally isotropic ones [85]. Thus we present a brief summary (we must take into account the splitting of dimensions in higher order anisotropic spaces): W^{1−loop} ef f = 1 96π ∫ d^3z^−{(n + m_1 + ... + m_z − 26 + N_E 2 )D_+H^=_+

∂^4_= □ H^=_+ − 3i 2 (n + m_1 + ... + m_z − 10)D_+ H^‡_=

∂^3_‡ □ H^‡_=}. (4.33)

If the action (4.33) is completed by local conterterms

H^=_+ □H^‡_=, S∂^2_=H^=_+ , S∂_‡D_+H^‡_=, S∂_=D_+S

and conditions N_E − (n + m_1 + ... + m_z) = 22 and γ_1 = γ_2 ≡ γ are satisfied, we obtain from (4.33) a gauge invariant action: W_{ef f} + W_{loc} = 1 16π (n + m_1 + ... + m_z − 10) ∫ d^3z^−Σ^+(

D_+ □ )Σ^+, (4.34)

The action (4.34) is the conformal anomaly of our model (Σ^+ depends on S). The critical parameters of the higher order anisotropic heterotic string

n + m_1 + ... + m_z = 10 and N_E = 32

D_+ a) ∂_= D+

∂_= b) ∂_=

∂_= D_+

D_+ c) ∂_= D+

D_+ ∂_= d)

D_+ ∂_=

D_+ ∂_= e)

D_+ ∂_=

D_+ ∂_= f) D_+

∂_=

∂_= D+ i)

D_+ ∂_=

∂_= D+ j)

∂_= D_+

∂_=

D_+ k)

D_+ D_+ ∂_=

∂_= l) D_+

∂_=

D_+ ∂_= m) D_+ D_+ ∂_= ∂_=

Figure 4.7: A^2–depending 2–loop corrections to the anomaly make up the conditions of cancelation of it anomalies (the original locally isotropic result was obtained in [97]). We can also compute and add the one–loop dilaton (see fig. 4.5) contribution to (4.34):

W^{(1,Φ)}_{ef f} =

D^2Φ 128π^2 ∫ d^3z^−[iD_+H^‡_=

∂^3_‡ □ H^‡_= − D_+H^=_+

∂^4_= □ H^=_+ ],

γ^{(1,Φ)} = − 1 4π D^2Φ.

computed

a) = I_1(p) =

∫ d^2kd^2q 16π^4 q^2_=(q_= + p_=)(k_= + p_=) (q^2 − μ^2)[(q + p)^2 − μ^2] × k^2 (k^2 − μ^2)[(k + p)^2 − μ^2] = 1 64π^2 p^4_= p^2 + O ( μ^2 ) , b) = I_2(p) =

∫ d^2kd^2q 16π^4 q_=(q_= + p_=) (q^2 − μ^2)[(q + p)^2 − μ^2] × k^2(k_= + p_=)^2 (k^2 − μ^2)[(k + p)^2 − μ^2] = − 1 32π^2 p^4_= p^2 + O ( μ^2 ) , where the mass parameter μ^2 is used as a infrared regulator.

Two–loop A^2–dependent diagrams are illustrated in fig.4.7. The supergrafs f),i) and j) are given by the momentum integral I_f = I_i = I_j = I(p) : I(p) = ∫ d^2kd^2q

(2π)^4 k_=q_=(k_= + q_= + p_=)^2 k^2q^2(k + q + p)^2 = p^4_= 96π^2p^2 ; to this integral there are also proportional the anomaly parts of diagrams a)-e),k),l) and m). The rest of possible A^2–type diagrams do not contribute to the anomaly part of the effective action. After a straightforward computation of two loop diagrams we have γ^{2−loop} = 1 16π (− ~R + 1 3 H^2);

there are not dilaton contributions in the two–loop approximation.

The anomaly coefficient γ is connected with the central charge of Virasoro superalgebra of heterotic string on the background of massless modes

(under the conditions of vanishing of β-functions or, equivalently, if the motion equations are satisfied, see [241,243,231,178,67,173,48]):

2γ + α^′ (D_{<β>}Φ)^2 = ~β^Φ ≡ β^Φ − 1 4 β^g_{<α><β>}g^{<α><β>} = n + m_1 + ... + m_z − 10 2 + α^′ 2 L_{ef f} , < T >_−= 1 4π ~β^ΦΣ^+ + ...,

where < T >_−is the averaged supertrace, β^g_{<α><β>} is the metric β-function, ~β^Φ is the dilaton β-function and by dots there are denoted the terms vanishing on the motion equations. We note that the β-functions and effective Lagrangian are defined in the string theory only with the exactness of redefinition of fields [48]. From a standard calculus according the perturbation theory on α^′ we have β^g_{<α><β>} = α^′( ~R_{<α><β>} − H^2_{<α><β>} ) and S^{(0)}_{ef f} ≡ ∫ d^{10}X √ |g|L^{(0)}_{ef f} = 1 2 ∫ d^{10}X √ |g|{− ~R − 4D^2Φ + 4(D_{<α>}Φ)^2 + 1 3 H^2}, where H^2_{<α><β>} ≡ H_{<α><γ><δ>} H^{<γ><δ>} <β> , which is a higher order anisotropic generalization of models developed in [38,58,36].

4.6 Conclusions

To develop in a straightforward manner self–consistent physical theories, define local conservation laws,give a corresponding treatment of geometrical objects and so on, on different extensions on Finsler spaces with nonlinear structure of metric form and of connections, torsions and curvatures is a highly conjectural task. Only the approach on modeling of geometric models of the mentioned type (super)spaces on vector (super)bundles provided with compatible nonlinear and distinguished connections and metric structures make ”visible” the possibility (see, for instance, [160,161,256,272,255,258, 259,264,267]), manner of elaboration, as well common features and differences of models of fundamental physical fields with generic locally anisotropic interactions. From viewpoint of the string theory fundamental ideas only some primarily changes in established material have been introduced in this Chapter. But we did not try to a simple straightforward repetition of standard material in context of some sophisticate geometries. Our main purposes were to illustrate that the higher order anisotropic supergravity is also naturally contained in the framework of low energy superstring dynamics and to develop a corresponding geometric and computational technique for supersymmetric sigma models in locally anisotropic backgrounds.

The above elaborated methods of perturbative calculus of anomalies of hetrotic sigma models in higher order anisotropic superspaces, as a matter of principle, can be used in every finite order on α^′ (for instance, by using the decomposition (4.32) for effective action we can, in a similar manner as for one- and two–loop calculations presented in section 4.5, find corrections of anomalies up to fifth order inclusive) and are compatible with the well known results for locally isotropic strings and sigma models. We omit such considerations in this work (which could make up a background for a monograph on locally anisotropic string theory).

Chapter 5

Stochastics in LAS–Spaces

We shall describe the analytic results which combine the fermionic Brownian motion with stochastic integration in higher order anisotropic spaces. It will be shown that a wide class of stochastic differential equations in locally anisotropic superspaces have solutions. Such solutions will be than used to derive a Feynman–Kac formula for higher order anisotropic systems. We shall achieve this by introducing locally anisotropic superpaths parametrized by a commuting and an anticommuting time variable. The supersymmetric stochastic techniques employed in this Chapter was developed by A. Rogers in a series of works [206,207,205,209,210] (superpaths have been also considered in papers [103,82] and [198]). One of the main our purposes is to extend this formalism in order to formulate the theory of higher order anisotropic processes in distinguished vector superbundles [260,262,265,266,267,253,268]. Stochastic calculus for bosonic and fermionic Brownian paths will provide a geometric approach to Brownian motion in locally anisotropic superspaces.

Sections 5.1 and 5.2 of this Chapter contain correspondingly a brief introduction into the subject and a brief review of fermionic Brownian motion and path integration. Section 5.3 considers distinguished stochastic integrals in the presence of fermionic paths. Some results on calculus on a (1,1)–dimensional superspace and two supersymmetric formulae for superpaths are described in section 5.4 and than, in section 5.5, the theorem on the existence of unique solutions to a useful class of distinguished stochastic differential equations is proved and the distinguished supersymmetric

Feynman–Kac formula is established. Section 5.6 defines some higher order anisotropic manifolds which can be constructed from a vector bundle over a vector bundle provided with compatible nonlinear and distinguished connection and metric structures. In section 5.7 a geometric formulation of Brownian paths on higher order anisotropic manifolds is contained; these paths are used to give a Feynman–Kac formula for the Laplace–Beltrami operator for twisted differential forms. This formula is used to give a proof of the index theorem using supersymmetry of the higher order anisotropic superspaces in section 5.8 (we shall apply the methods developed in [4,82] and [209,210].

5.1 Introduction

The stochastic calculus have been recently generalized to various extensions of Finsler geometry and has many applications in modern theoretical and mathematical physics and biology [13,14,131,141,189,253,262] (see also constructions connected with path integration techniques for Euclidean spaces and Riemannian manifolds [71,74,75,76,90,123,124,125,132]). We intend to present a manifestly supersymmetric formalism for investigation of diffusion processes in superspaces with higher order anisotropy. Stochastic calculus is characterized by many uses in modern physics (see, for instance, 131,141,282,73,74,75,76]), biology [14,13] and economy [189] and became more familiar to theoretical physics. There are a lot monographs and textbooks where the stochastic processes and diffusion are considered from a rigorous mathematical view point or with the aim to make the presentation more accessible for applications in different branches of science and economy. In section 10.1 a brief introduction into the theory of stochastic differential equations in Euclidean spaces and necessary basic definitions are presented (one can consult the Chapter 10 and some of the just cited monographs if this is necessary). Here we do not assume any prior knowledge of stochastic calculus and consider the reader oriented to differential geometry and supergravity theories.

In their simplest form, path integrals can be defined on Euclidean space R^q, parametrized by coordinates x, with respect to Hamiltonians of the form H = − 1 2 q∑ i=s ∂_i∂_i + V (x), where V (x) is the interaction potential, which leads to the Feynman–Kac formula

exp(Ht)φ(x) = ∫ dμ exp(− t∫ 0 V (x + b_s)ds)φ(x + b_s), where b_s denotes a Brownian paths and the Wiener measure is often written in the physics literature as dμ ∼= Dx exp(− 1 2 t∫ 0

( dx ds )_2 ds. The Feynman–Kac formula can be constructed for every Hamiltonian which is a second–order elliptic differential operator. The range of possible Hamiltonians used in the definition of stochastic calculus can be extended by including terms of the form exp ( −^t ∫ 0 q∑ a=1 φ_a(s)db^a_s ) in the integrand or by replacing the simple Brownian paths b_s by paths x_t which satisfy the stochastic differential equation dx^j = φ^j (t)dt + q∑ a=1 c^j_a(s)db^a_s . In this case the Feynman–Kac formula can be defined for Hamiltonians which are arbitrary second–order elliptic operators having the second–order part of form − 1 2 q∑ a,j,k=1 c^j_a(x)c^k_a(x) ∂^2 ∂x^j∂x^k . In our considerations we shall use the main results of the paper [209] where a supersymmetric Feynman–Kac formula for Hamiltonians H which are the square of a supercharge Q being a Dirac–like operator. We shall generalize this approach (see also applications of a companion paper [210]) in order to obtain Feynman–Kac like formulas for the heat kernels of the

Laplace–Beltrami operators in locally anisotropic superspaces). Here we also note that because the canonical anticommutation relations are also the defining relations of a Clifford algebra, the methods developed in this Chapter are also applicable to various geometrical operators on Clifford and spinor bundles and various bundles of differential forms on distinguished vector (super)bundles [160,161,162,256,255,258,259,264,267].

5.2 Fermionic Brownian LA–Motion

The geometry of higher order anisotropic (super)spaces is considered in detail in Chapters 1 and 2 of this book. This section introduces notation, and summarizes some necessary aspects in order to develop an approach to higher order anisotropic Brownian motion.

For each positive integer l, B_l denotes the Grassmann algebra on R^l. B_l is defined over reals with generators 1,β_{(1)}, ..., β_{(l)} satisfying anticommuting relations

β_{(i)}β_{(j)} = −β_{(j)}β_{(i)}, 1β_{(i)} = β_{(i)}1, (i), (j) = 1, ..., l.

The Grassmann algebra B_l is Z_2–graduated, B_l = B_{l,0} ⊕ B_{l,1} (the elements of B_{l,0} and B_{l,1} are respectively even and odd elements which in turn can be represented as sums of terms containing the product of an even and, correspondingly, odd numbers of anticommuting generators. Any two odd elements anticommute, while even elements commute both with one another and with odd elements. We introduce denotation R^{n,k}_l .= R^n × (B_{l,1})^k . For every set we write R^{n,k[J]}_l = ∏ j∈J R^{n,k}_{|j|l} , where R^{n,k}_{|j|)l} .= R^n × ( B_{|j|l,1} )_k , with B_{|j|l} being the Grassmann algebra with l anticommuting generators β_{|j|(1)}, ..., β_{|j|(l)} in addition to the commuting generator 1. We note that it is necessary to use different anticommuting generators for every j ∈ J.

We parametrize elements of R^{n,k}_l by coordinates

x = (x, θ) = x^I = ( x^i = ^x^i, θ^^i ) = ( x^1, ..., x^n, θ^^1, ..., θ^^k ) . For our further considerations we shall also use s–space R^{n,2k[J]}_l (where J is a finite set containing K elements) provided with coordinates of type (x^1, ..., x^K , θ^1, ..., θ^K , ρ^1, ..., ρ^K ) =

(x^{1,1}, ..., x^{K,n}, θ^{1,1}, ..., θ^{1,k}, ..., θ^{K,k}, ρ^{1,k}, ..., ρ^{K,k}). Having defined classes of functions C^∞ (R^n, R) or L^2 (R^n, C) on R^n we can in a similar manner introduce corresponding analogous of classes of functions on R^{n,k}_l , denoted C^{′∞} (R^n, R) or L^{′2} (R^n, C) . For a Banach space S by C^{′∞} (R^n, S) we denote the class of functions f : R^{n,k}_l → B_l ⊗ S (5.1) such that f(x^1, ..., x^n, θ^^1, ..., θ^^k) = ∑ {μ}∈M_k f_{{i}}(x^1, ..., x^n)θ^^{i1} ...θ^^{lw} , where f_{{μ}} ∈ C^∞ (R^n, S) , {i} = ^i_1, ...^i_w is a multi–index with 1 ≤ ^i_1 < ... < ^i_w < k and M_k is the set of multi–indices, including the empty one. A function on R^{n,k}_l is bounded if each of the coefficients functions f_{{μ}} are bounded. Differentiation of a function of R^{n,k}_l with respect i the even element will be denoted as ∂_i and differentiation with respect to the ^jth odd element will be denoted as ∂^_j . Details on analysis of functions of Grassmann variables may be found in [203,205].

The class of functions (5.1) can be extended on trivial distinguished vector bundles (dvs–bundles) if we consider distinguished sets of indices; in this case we write f : (R^{n,k}_l , R^{m1,l1}_l , ..., R^{mp,lp}_l , ..., R^{mz,lz}_l ) → B_l ⊗ S, f(u^{<α>}) = f(u^{αp} ) = ∑ {<^ap>}∈M_k f_{^_{ap}}(^u^1, ..., ^u^{n+m1 +...+mz} )ζ ^^{ap1} ...ζ ^^{apw} , where p labels the number of distinguished ”shells”, f_{^_{ap}} ∈ C^∞(R^{nE}_l , S),(n_E = n+m_1 +...+m_p)), {< ^a_p >} = {^a_{p1}, ^a_{p2}, ..., ^a_{pw}} are multi–indices with 1 ≤ ^a_{p1} < ... < ^a_{pw} ≤ l_p and M_k = {M_{k1}, ..., M_{kp}}. If all coefficients f_{^_{ap}} are bounded the function f on (R^{n,k}_l , R^{m1 ,l1}_l , ..., R^{mp,lp}_l , ..., R^{mz,lz}_l ) is said to be bounded.

We shall also use distinguishings of indices and denote corresponding spaces and local coordinates respectively by R^{nE ,kE}_{lE} = (..., R^{np,kp}_{lp} , ...) and (x^1, ..., x^K , θ^1, ..., θ^K , ρ^1, ..., ρ^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ζ^1_{(p)}, ..., ζ^{Kp}_{(p)} , ρ^1_{(p)}, ..., ρ^{Kp}_{(p)} , ...) = (x^{1,1}, ..., x^{K,n}, θ^{1,1}, ..., θ^{1,k}, ..., θ^{K,k}, ρ^{1,k}, ..., ρ^{K,k}, ..., y^{1,1}_{(p)}, ..., y^{Kp,mp}_{(p)} , ζ^{1,1}_{(p)} , ..., ζ^{1,k}_{(p)} , ..., ζ^{Kp,k}_{(p)} , ρ^{1,k}_{(p)}, ..., ρ^{Kp,k}_{(p)} , ...). The usual partial derivations with respect to coordinates u^{<α>} will be denoted ∂_{<α>} =^∂_{∂u<α>} and the locally adapted to the N–connection derivations will be denoted δ_{<α>} =^δ_{∂u<α>} .

The integration of a function of w commuting variables ζ ^^{ap1} , ..., ζ ^^{apw} is defined according the rule [37] ∫ d^wf(ζ) = f_{1...w}, if f(ζ) = f^_{ap1...}^_{apw} ζ ^^{ap1} , ..., ζ ^^{apw} + terms of lower order in ζ. The necessary details on the analysis of functions of Grassmann variables may be found, for instance, in [203,205,146,147].

Because R^{n,2k[J]}_l is not a simply product of copies of R^{n,2k}_l we have a quite sophisticate definition of distinguished Grassmann random variables: Definition 5.1 Let be finite subsets of I_p, with J_{Mp} ⊂ J_{Mp+1} for each M_p = 1, 2, ..., (p = 0, 1, ..., z), M_E = {M_p}, J_E = {J_{Mp} }, Gr_{Mp} ∈ L^{2′} ( R^{n,2k[JMp ]} l , C ) , Gr_{ME} ∈ L^{2′} ( R^{nE ,2kE [JME ]} l_E , C ) , C is the complex number field, and I_{ME} (Gr) = ∫ d^{♯(JME )}ζd^{♯(JME )}ρ × (5.2) f_{JE} (x^1, ..., x^K , θ^1, ..., θ^K , ρ^1, ..., ρ^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)}, ζ^1_{(p)}, ..., ζ^{Kp}_{(p)} , ρ^1_{(p)}, ..., ρ^{Kp}_{(p)} , ...) × Gr_{ME} (θ^1, ..., θ^K , ρ^1, ..., ρ^K , ..., ζ^1_{(p)}, ..., ζ^{Kp}_{(p)} , ρ^1_{(p)}, ..., ρ^{Kp}_{(p)} , ...); a) a collection (J_{ME} , G_{ME} ) is called a distinguished random variable on Grassmann Wiener space of the sequences {..., I_{Mp}, ...} tends to limits (denoted as ∫ dμ_{f (p)}GrM_p or E_F (Gr_{Mp} ) as M_p tends to infinity for every p = 0, 1, ..., z; b) a sequence of pairs (J_{ME} , G_{ME} ) for which distinguished integrals (5.2) do not necessarily satisfy the divergence condition is called a generalized random variable.

For finite sets I_{ME} the defined distinguished Grassmann random variables (in brief dr–variables) are said to be finitely defined. There are 2n_E finitely defined dr–variables ζ^{<α>}_r , ρ^{<α>}_r for every r ∈ I_E and corresponding J = {r} : ζ^{<α>}_r (..., ζ^1_{(p)}, ..., ζ^{mp}_{(p)} , ρ^1_{(p)}, ..., ρ^{mp}_{(p)} , ...) = ζ^{<α>}, ρ^{<α>}_r (..., ζ^1_{(p)}, ..., ζ^{mp}_{(p)} , ρ^1_{(p)}, ..., ρ^{mp}_{(p)} , ...) = ρ^{<α>}. Definition 5.2 The (0, 2n_E )–dimensional process (..., ζ^1_{r(p)}, ..., ζ^{mp}_{r(p)}, ρ^1_{r(p)}, ..., ρ^{mp}_{r(p)}, ...) is called distinguished fermionic Brownian motion.

For some applications it is necessary to combine distinguished fermionic path integrals with ordinary bosonic path integrals using the usual Wiener measure and Brownian motion. We can obtain a distinguished super Wiener measure by defining a measure (in generalized sense) on the (n_E , k_E )– dimensional super Wiener space R^{nE ,2kE [IE ]}_{lE} of paths in superspace by defining finite distributions on R^{nE ,2kE [JE ]}_{lE} (where J_E is a finite subset of I_E containing K_E elements) to be F_{JE} (x^1, ..., x^K , θ^1, ..., θ^K , ρ^1, ..., ρ^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ζ^1_{(p)}, ..., ζ^{Kp}_{(p)} , ρ^1_{(p)}, ..., ρ^{Kp}_{(p)} , ...) = f_{JE} (x^1, ..., x^K , y^1_{(p)}, ..., y^{Kp}_{(p)} , ...)× ϕ(θ^1, ..., θ^K , ρ^1, ..., ρ^K , ..., ζ^1_{(p)}, ..., ζ^{Kp}_{(p)} , ρ^1_{(p)}, ..., ρ^{Kp}_{(p)} , ...), where f_{JE} (x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ...) = f_{JE} (u) = P_t1 (0, u^1)...P_tK_{−t}K−1 (u^{K−1}, u^K ) with P_t(u_1, u_2) = ( 2π t )_{nE /2} exp ( − (u_1 − u_2)^2 2t )

and dμ^{(r)}_E = ϕ_{JE} (θ^1, ..., θ^K , ρ^1, ..., ρ^K , ..., ζ^1_{(p)}, ..., ζ^{Kp}_{(p)} , ρ^1_{(p)}, ..., ρ^{Kp}_{(p)} , ...) = (5.3) exp[−i(ρ^1 · θ^1 + ρ^2 · (θ^2 − θ^1) + ... + ρ^K · (θ^K − θ^{K−1}) + ...+

ρ^1_{(p)} · ζ^1 + ρ^2_{(p)} · (ζ^2_{(p)} − ζ^1_{(p)}) + ... + ρ^{Kp}_{(p)} · (ζ^{Kp}_{(p)} − ζ^{Kp−1}_{(p)} ) + ...)]

is the distinguished super Wiener measure.

Our aim is to relate fermionic Wiener integrals to purely bosonic integrals. In order to do this we introduce definitions:

Definition 5.3 a) Let {F_s : 0 ≤ s ≤ t}, where t is a positive number, is a collection of random variables on R^{nE ,2kE [0,t]}_{lE} . Than F_s is said to be a distinguished stochastic process on this space.

b) If to the set of random variables F_s, for each s ∈ I = [0, t], one corresponds a sequence of pairs (J_{s,A}, F_{s,A} : A = 1, 2, ...) , and J_{s,A} ⊂ [0, s], the stochastic process F_s is adapted.

We note that a usual definition of adapted stochastic processes was not possible because on super Wiener spaces we are not dealing directly with sets of σ algebras of measurable sets.

Definition 5.4 Let J_E be a finite subset of I_E containing K_E elements and function f(x^1, ..., x^K , θ^1, ..., θ^K , ρ^1, ..., ρ^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ζ^1_{(p)}, ..., ζ^{Kp}_{(p)} , ρ^1_{(p)}, ..., ρ^{Kp}_{(p)} , ...) =

∑ <μ>∈M_{nKE} ∑ <ν>∈M_{nKE} f^{<ν>}_{<μ>} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)}, ... ) ζ^{<μ>}ρ^{<ν>}

∈ L^{2′} ( R^{nE ,2kE [JME ]} l_E , C ) . The functions |f|_1 ∈ L^2 ( R^{nE KE} , R ) and |f|_2 ∈ L^1 ( R^{nE KE} , R ) are defined by |f|_1 ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) = ∑ <μ>∈M_{nKE} ∑ <ν>∈M_{nKE} |f^{<ν>}_{<μ>} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) | and (|f|_2 ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) )^2 = ∑ <μ>∈M_{nKE} ∑ <ν>∈M_{nKE} |f^{<ν>}_{<μ>} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) |^2.

For instance, if a distinguished random variable Gr on super Wiener space, defined finitely on J_E ⊂ I_E, is written as Gr(x^1, ..., x^K , θ^1, ..., θ^K , ρ^1, ..., ρ^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ζ^1_{(p)}, ..., ζ^{Kp}_{(p)} , ρ^1_{(p)}, ..., ρ^{Kp}_{(p)} , ...) = (5.4) ∑ <μ>∈M_{nKE} ∑ <ν>∈M_{nKE} Gr^{<ν>}_{<μ>} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) ζ^{<μ>} ρ_{<ν>} the expectation E_b(|Gr|_1) with respect to bosonic Wiener measure is computed by using formula E_b(|Gr|_1) = ∑ <μ>∈M_{nKE} ∫ du^{nE KE} ∑ <ν>∈M_{nKE} f_{JE} (x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ...)

×|Gr^{<ν>}_{<μ>} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) |. (5.5) Lemma 5.1 Let E_s(Gr) be the expectation of variable (3.4) with respect to distinguished super Wiener measure (3.3) and E_b(|Gr|_1) is the bosonic expectation (3.5). Then |E_s(Gr)| ≤ E_b(|Gr|_1).

Proof. One holds the inequality E_b(|Gr|) ≤ ∑ <μ>∈M_{nKE} ∑ <ν>∈M_{nKE} | ∫ d^u^{nE KE} dζ^{nE KE} dρ^{nE KE} ×

f_{JE} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) × Gr^{<ν>}_{<μ>} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)}, ... ) ζ^{<μ>}ρ_{<ν>} dμ^{(r)}_E | ≤ ∑ <μ>∈M_{nKE} ∑ <ν>∈M_{nKE} | ∫ d^u^{nE KE} f_{JE} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) × Gr^{<ν>}_{<μ>} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) because for even Grassmann elements on every distinguished ”shell”, whose squares are zero, theirs Taylor expansions contain each non–zero element with coefficient exactly 1. Thus |E_s(Gr)| ≤ ∑ <μ>∈M_{nKE} ∫ d^u^{nE KE} ∑ <ν>∈M_{nKE} f_{JE} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... )

×|Gr^{<ν>}_{<μ>} ( x^1, ..., x^K , ..., y^1_{(p)}, ..., y^{Kp}_{(p)} , ... ) | = E_b(|Gr|_1). □ We conclude this section by emphasizing that on distinguished vector superbundles with trivial N–connection structures we can apply the Rogers’ supersymmetric stochastic calculus [209,210,206,207] in a straightforward manner, step by step, on every ”shell” of local anisotropy.

5.3 Stochastic D–Integration

The aim of this section is to generalize the It^o theorem [123,124,125] in a manner as to obtain the chain rule for the distinguished supersymmetric stochastic differentiation.

The It^o formula in a special case of k–dimensional Brownian motion can be written as f(b_t, t)−f(b_0, 0) = t∫ 0 k∑ i=1 ∂_if(b_s, s)db^i_s + ∫_t 0 ∂_sf(b_s, s)ds+ 1 2 t∫ 0 k∑ i=1 ∂_i∂_if(b_s)ds, where f is a suitable well–behaved function of R^k × R^+. In the case of purely fermionic Brownian motion one writes

f(θ_t, t) − f(θ_0, 0) =_I t∫ 0 ∂_sf(θ_s, s)ds,

where ”=_I ” means that there are two random variables on R^{(0,2nE )[(0,t)]} with equal expectations. For, simplicity we shall consider k = 2n_E .

Let F_s be a [0,t]–adapted process on the distinguished super Wiener space R^{nE ,2kE [[0,t]]} l_E . We suppose that for ∀s ∈ IE Fs corresponds to the

sequence of pairs of subsets and functions (J_{s,A}, F_{s,A}; A = 1, 2, ...) , J_A = 2^A−1⋃ r=1 J_{tr, A}, where for r = 1, ..., 2^A − 1, t_r =^{rt}_{2A} , and consider functions K_A = (_{2A−1} ∑ r=1 F_{tr ,A}^t_{2A} ) on R^{nE ,2kE [JA]} l_E . Definition 5.5 a) One says that the sequence (J_A, K_A) defines a distinguished Grassmann random variable which is denoted ∫_t 0 F_sds, i.e. F_s has a time integral if E_s(K_A) tends to a limit as A tends to infinity.

b) Let 0 < u < t, p(A, u) is the greatest integer such that p(A, u)t/2^A

and L^u_A =^{p(A,u)} ∑ r=1 F_{tr ,A}^t_{2A} . Than, if E_s(L^u_A) tends to a limit as A → ∞, the

sequence of pairs (J_A, L^u_A : A = 1, 2, ...) defines a distinguished Grassmann random variable which is denoted ∫_u 0 F_sds. The definition 5.5 holds also good for distinguished generalized random variables.

We introduce the next denotations: M^{1′}_Ω [0, t] is the set of all [0, t]–adapted processes F_s on the distinguished super Wiener space R^{nE ,2kE [[0,t]]}_{lE} such that ∫_t 0 |F_s|_1ds exists and is finite and E_b(|F_s|_1) is bounded on [0, t]; M^{2′}_Ω [0, t] denotes the set of all [0,t]–adapted processes F_s on the distinguished super Wiener space R^{nE ,2kE [[0,t]]}

l_E such that ∫_t 0 |F_s|^2ds exists and is finite and E_b(|F_s|^2) is bounded on [0, t] (we use correspondingly sequences (J_{s,A}, |F_{s,A}|_1 : A = 1, 2, ...) and ( J_{s,A}, |F_{s,A}|^2 : A = 1, 2, ... ) as in the definition 5.3 and note that following definition 5.5 the time integrals are Riemann integrals).

Theorem 5.1 Let F^{<α>} ∈ M^{2′}_Ω [0, t] for < α >= 1, 2, ...k, for each A = 1, 2, ... let J_A = {t_1, ..., t_2A_{−1}} with t_r = rt/2^A for r = 1, ..., 2^A − 1 and consider G_A ( ^u^1, ..., ^u^{2A−1}, ζ^1, ..., ζ^{2A−1}, ρ^1, ..., ρ^{2A−1} ) = n_E∑ <α>=1 2^A−1∑ r=1 F^{A,<α>} ( ^u^1, ..., ^u^r, ζ^1, ..., ζ^r, ρ^1, ..., ρ^r ) ( ^u^{r+1,<α>} − ^u^{r,<α>} )

∈ L^{2′} ( R^{nE ,2kE [JME ]} l_E , C ) . Then the sequence (J_A, G_A) defines a distinguished Grassmann random variable denoted ∫_t 0 ∑_{nE} <α>=1 F <α> s db^{<α>}_s , where | ∫_t 0 ∑_{nE} <α>=1 F <α> s db^{<α>}_s |^2 is also a distinguished random variable, and one holds the equality E ( | ∫_t 0 n_E∑ <α>=1 F^{<α>}_s db^{<α>}_s |^2 ) = E (∫_t 0 n_E∑ <α>=1 |F^{<α>}_s |^2ds ) . Proof. We note that ∫ dμ_f (G_A) converges to a random variable on n_E – dimensional distinguished Wiener space and, as a consequence (J_A, G_A) defines a distinguished super random variable. From the standard results

E_b ((b_t − b_s)(b_t − b_s)) = |s − t|

and using that, if q < r, F_{tr ,A<μ><ν>} ( ^u^1, ..., ^u^r ) F_{tq,A<μ><ν>} ( ^u^1, ..., ^u^q ) (u^{q+1} − u^q)

is independent of (u^{r+1} − u^r) we obtain E_b ( |G_A|^2 ) = E_b 2^A−1∑ r=1 |F_{tr,A}|^2(t_{r+1} − t_r) which tends to a correct limit as A → ∞ since F is in M^{2′}_Ω [0, t].□ Combining both type of integrations we obtain the following definition of distinguished stochastic integral.

Definition 5.6 Let t be a positive real number and consider a stochastic process on distinguished super Wiener space R^{nE ,2kE [[0,t]]}_{lE} such that

Z_{t1} − Z_{t2} =

t_2∫

t_1 A_sds + t_2∫

t_1 n_E∑ <α>=1 C^{<α>}_s db^{<α>}_s , where 0 ≤ t_1 ≤ t_2 ≤ t and A_s ∈ M^{1′}_Ω [0, t] and C^{<α>}_s ∈ M^{2′}_Ω [0, t] are [0,t]– adapted processes on the distinguished Wiener space.Then Z_s is said to be a distinguished stochastic integral.

Now we formulate the key result of this section (the generalized for distinguished superspaces Itô theorem):

Theorem 5.2 Consider distinguished stochastic integrals Z^{<β>}_s (< β >= 1, 2, ..., n_E) on the distinguished super Wiener space R^{nE ,2kE [[0,t]]}_{lE} with Z^{<β>}s − Z^{<β>}_0 = t∫ 0 A^{<β>}s dt + t_2∫

t_1 n_E∑ <α>=1 C^{<α><β>} s db^{<α>}_s (s)

and suppose that E ( A^{<β>}s )_2

is bounded for ∀s ∈ [0, t]. Then, if H ∈ C^{5′} ( R^{(nE ,kE )}, C ) and Z^{<β>}_{s,A} is the Ath term in the sequence defining the random variable Z^{<β>}s , the sequence H(Z^{<β>}_{s,A} ) defines a distinguished stochastic process according the stochastic integral

H_s − H_0 =_I t∫ 0 n_E +k_E ∑ <β> n_E∑ <α> δ_{<β>}H (Z_s) C^{<α><β>} s db^{<α>}_s + t∫ 0 ( n_E +k_E ∑ <β> A^{<β>}s δ_{<β>}H (Z_s) + 1 2 n_E∑ <α> n_E +k_E ∑ <β> n_E +k_E ∑ <γ> C^{<α><β>} s C^{<α><γ>} s δ_{<γ>}δ_{<β>}H (Z_s))ds.

Proof. From

H (Z_{t,A}) = H (Z_{0,A}) + 2^A−1∑ r=1 ( H ( Z_{tr+1 ,A} ) − H (Z_{tr ,A}) )

we have H ( Z_{tr+1 ,A} ) − H (Z_{tr ,A}) = n_E +k_E ∑ <β> Δ^{rA} ( Z^{<β>} ) δ_{<β>}H (Z_{tr ,A}) + n_E +k_E ∑ <β> n_E +k_E ∑ <γ> Δ^{rA} ( Z^{<β>} ) Δ^{rA} (Z^{<γ>}) δ_{<β>}δ_{<γ>}H (Z_{tr ,A}) + R_r, where Δ^{rA} ( Z^{<β>} ) = Z^{<β>}_{tr+1 ,A} − Z^{<β>}_{tr ,A} and R_r is the remainder term to be analyzed. As in the classical case (see a similar considerations in [209]) by using truncated Taylor series) one finds that |R_r| ≤ const/2^{2A}, where const is independent of A, and using lemma 5.1 we obtain E (H (Z_{t,A}) − H (Z_{0,A})) = E( 2^A−1∑ r=1 ( n_E +k_E ∑ <β> Δ^{rA} ( Z^{<β>} ) δ_{<β>}H (Z_{tr ,A}) +

1 2 n_E +k_E ∑ <β> n_E +k_E ∑ <γ> Δ^{rA} ( Z^{<β>} ) Δ^{rA} (Z^{<γ>}) δ_{<β>}δ_{<γ>}H (Z_{tr ,A}))) + R^′_A, where |R^′_A| < C/2^A for some C independent of A. So the result follows on taking limits as A → ∞.□

5.4 Supersymmetric Itô D–Formulas

The purpose of the section is to derive some It^o formulas for random variables on (m, m)–dimensional distinguished super Wiener space (in brief, we call Itô d–formulas). We shall develop a stochastic version of calculus on a (1, 1)–dimensional superspace (parametized by a real variable t and an odd Grassmann variable τ ). One defines the superderivative D_T by the operator

D_T = ∂ ∂τ + τ ∂ ∂t which acts on functions of the form F (t, τ ) = A(t) + τ B(t), (5.6) where A(t) has a time derivative (A and B may have either Grassmann parity and A(t) has a time derivative). If B(t) is also differentiable, we have D^2_T = ∂/∂t and for a system where the Hamiltonian H is the square of a supercharge Q, which is an odd operator, the imaginary–time Schrödinger equation^{∂f}_{∂t} = −Hf has a square root D_T f = Qf. In our further considerations we shall use the formula D_T (exp(−Ht − Qτ )) = (exp(−Ht − Qτ )) (Q − 2τ H). (5.7) Now we define an integral with respect to a (1, 1)–dimensional variable S = (s, σ) including both odd and even limits [208]: τ∫ 0 dσ t∫ 0 dsF (s, σ) .= ∫ dσ t+στ∫

0 dsF (s, σ), where the even integral on the right–hand side os evaluated by regarding ∫_u 0 dsF (s, σ) as a function of u (evaluating this expression when u = t + στ by Taylor expansion about t = u) and the integration with respect to the odd variable σ is then carried out as Berezin integration. For a function of type (5.6) we have τ∫ 0 dσ t∫ 0 dsF (s, σ) = τ A(t) + t∫ 0 B(s)ds. From the above definition of integration one follows the next important for calculations result: τ∫ 0 dσ t∫ 0 dsD_S F (s, σ) = F (t, τ ) − F (0, 0) and (the rules for the superderivatives of such integral with respect to its upper limits) D_T τ∫ 0 dσ t∫ 0 dsG(s, σ) = G(t, τ ).

Definition 5.7 Let G_s and H_s are adapted stochastic processes on distinguished super Wiener spaces and H_s ∈ M^{1′}_Ω [0, t]. Then, if F_s = G_s + σH_s, τ∫ 0 dσ t∫ 0 dsF_S .= t∫ 0 dsH_s + τ G_t. We note that in this monograph we follow the convention that repeated indices are to be summed over their range. The superpaths u_S and ζ_S defined below are the stochastic version of the standard superfields used in supersymmetric quantum mechanics.

Theorem 5.3 Let u^{<β>}_s and f^{<β>}_{(s)<α>} be adapted stochastic processes on (k, k)–dimensional distinguished super Wiener space (in this section indices takes values < β >= 1, 2, ..., n_E and < α >= 1, 2, ..., k) and ϕ be a function in C^{5′} ( R^{nE ,k} ) which is linear in the odd argument and let ( u, ζ ) ∈ R^{(nE ,k)}_l . For any q ∈ C^{5′} (R) let q_{t,τ} (^u, ζ) .= q τ∫ 0 dσ t∫ 0 ds ϕ ( u + u_S + i √ 2 ση_s, ζ + ζ_S )

where u^{<β>}_S = u^{<β>}_s + i √ 2 σξ^{<α>}_s f^{<β>}_{(s)<α>}, ζ^{<α>}_S = ξ^{<α>}_s + √ 2iσä^{<α>}_s , η^{<β>}_s = ζ^{<α>}f^{<β>}_{(s)<α>}, ξ^{<α>}_s = ζ^{<α>}_s − iρ^{<α>}_s and the notation ä^{<α>}_s is to be interpreted in combination with ds as ä^{<α>}_s ds = da_s. Then q_{t,τ} (^u, ζ) − q_{0,0} =_I τ∫ 0 dσ t∫ 0 ds {q^′_{s,σ} (^u, ζ) ϕ ( u + u_S + i √ 2 ση_s, ζ + ζ_S ) −

[2σq^{′′}_{s,σ} (^u, ζ) δ_{<α>}ϕ ( u + u_S + i √ 2 ση_s, ζ + ζ_S )

δ_{<α>}ϕ ( u + u_S + i √ 2 ση_s, ζ + ζ_S ) ]}.

Proof. We have q_{t,τ} (^u, ζ) − q_{0,0} (^u, ζ) = q_{t,0} (^u, ζ) + τ ϕ(u + u_t, ζ + ξ_t)q^′_{t,0} − q_{0,0} = τ ϕ(u + u_t, ζ + ξ_t)q^′_{t,0}+ q( t∫ 0 ds ( i √ 2 (ζ^{<α>} + ξ^{<α>}_s )f^{<β>}_{(s)<α>} ) δ_{<β>}ϕ(u + u_s, ζ + ξ_s))+ √ 2i t∫ 0 da^{<α>}_s δ_{<α>}ϕ(u + u_s, ζ + ξ_s) − q_{0,0} (^u, ζ) =_I

τ ϕ(u + u_t, ζ + ξ_t)q^′_{t,0} (^u, ζ) + √ 2i t∫ 0 da^{<α>}_s q^′_{0,s} (^u, ζ) δ_{<α>}ϕ(u + u_s, ζ + ξ_s)+ t∫ 0 ds( i √ 2 q^′_{s,0}(ζ^{<α>} + ξ^{<α>}_s )f^{<β>}_{(s)<α>}δ_{<β>}ϕ(u + u_s, ζ + ξ_s)− q^{′′}_{s,0}δ_{<α>}ϕ(u + u_s, ζ + ξ_s)δ_{<α>}ϕ(u + u_s, ζ + ξ_s)) and (using theorem 5.2) τ∫ 0 dσ t∫ 0 ds q^′_{s,σ} (^u, ζ) ϕ ( u + u_S + i √ 2 ση_s, ζ + ζ_S ) =_I

τ ϕ(u + u_t, ζ + ξ_t)q^′_{t,0} (^u, ζ) + √ 2i t∫ 0 da^{<α>}_s q^′_{0,s} (^u, ζ) δ_{<α>}ϕ(u + u_s, ζ + ξ_s)+ i √ 2 t∫ 0 dsq^′_{s,0}(ζ^{<α>} + ξ^{<α>}_s )f^{<β>}_{(s)<α>}δ_{<β>}ϕ(u + u_s, ζ + ξ_s)+ t∫ 0 ds ϕ(u + u_s, ζ + ξ_s)q^{′′}_{s,0} (^u, ζ) ϕ(u + u_s, ζ + ξ_s). The final result follows from the relation t∫ 0 ds ϕ(u + u_s, ζ + ξ_s)q^{′′}_{s,0} (^u, ζ) ϕ(u + u_s, ζ + ξ_s) =_I

t∫ 0 dsq^{′′}_{s,0} (^u, ζ) n_E∑ <α> δ_{<α>}ϕ(u + u_s, ζ + ξ_s)δ_{<α>}ϕ(u + u_s, ζ + ξ_s). □ The second basic result in this section is a distinguished supersymmetric version of the restricted Itô theorem.

Theorem 5.4 Let ^u^{<α>}_s be an adapted distinguished stochastic process such that ^u^{<α>}_s − ^u^{<α>}_0 = t∫ 0 l^{<α>}_{<β>} (^u_s)da^{<β>}s + t∫ 0 L^{<α>}_{<β>} ds, where for < α >= 1, ..., n_E and < β >= 1, ..., k (we can consider, for instance, k = n_E ), l^{<α>}_{<β>} (^u_s) is a function on R^{nE} and L^{<α>}_{<β>} is an adapted distinguished stochastic process on (k, k)–dimensional distinguished super Wiener space. Then, using notations of theorem 5.3, there is a function f ∈ C^{5′} ( R^{nE ,k} ) satisfying conditions f ( ^u + ^u_T + i √ 2 τ η, ζ + ζ_s ) − f(^u, ζ) =_I τ∫ 0 dσ t∫ 0 ds[ψ^{<β>}l^{<α>}_{<β>} (^u + ^u_s)δ_{<α>}f ( ^u + ^u_S + i √ 2 τ η, ζ + ζ_s ) +

σl^{<α>}_{<β>} (^u + ^u_s)l^{<β>}_{<β>} (^u + ^u_s)δ_{<α>}δ_{<β>}f ( ^u + ^u_S + i √ 2 τ η, ζ + ζ_s ) + τ∫ 0 dσ t∫ 0 du^{<α>}_s σ δ_{<α>}f ( ^u + ^u_S + i √ 2 τ η, ζ + ζ_s ) . Proof. Applying the Itô formula from the theorem 5.3 we write f ( ^u + ^u_T + i √ 2 τ η, ζ + ζ_s ) − f(^u, ζ) =_I τ∫ 0 dσ t∫ 0 du^{<α>}_s σ δ_{<α>}f (^u + ^u_s, ζ + ζ_s) + i √ 2 τ (ζ^{<α>} + ξ^{<α>}_t )l^{<α>}_{<α>} (^u + ^u_s)δ_{<α>}f (^u + ^u_t, ζ + ζ_t) + 1 2 τ∫ 0 dσ t∫ 0 du^{<α>}_s σ l^{<α>}_{<α>}(^u + ^u_s)l^{<β>}_{<α>}(^u + ^u_s)δ_{<α>}δ_{<β>}f (^u + ^u_s, ζ + ζ_s) . The result follows from a simple integration on s and a corresponding regroupation of terms.□

The theorems 5.3 and 5.4 (which are extensions for distinguished classes of indices of similar results proved by Alice Rogers [209]) will be used in section 5.5 for a proof of a variant of Feynman–Kac formula for locally anisotropic stochastic processes.

5.5 Feynman–Kac D–Formula

The subject of this section is to show that a reasonable class of stochastic differential equations on locally anisotropic superspaces can be solved. The main theorem will establish that distinguished differential equations of the form dU^{<α>}_s = A^{<α>}_{<α>}(U_s, ζ_s, ρ_s, s)da^{<α>}_s + B^{<α>}(U_s, ζ_s, ρ_s, s)ds (5.8) have unique solutions if coefficients A^{<α>}_{<α>} and B^{<α>} satisfy some regularity conditions.

We explain precisely what we mean by a distinguished stochastic differential equation (in brief, stochastic d–equation) of form (5.8):

Definition 5.8 Let coefficients B^{<α>}(U_s, ζ_s, ρ_s, s) and A^{<α>}_{<α>}(U_s, ζ_s, ρ_s, s) take correspondingly values in M^{1′}_Ω [0, t] and M^{2′}_Ω [0, t] and A ∈ C^{nE} . Than if U^{<α>}_s is a distinguished stochastic process in M^{2′}_Ω [0, t] such that U^{<α>}_s − U^{<α>}_0 = t∫ 0 A^{<α>}_{<α>}(U_s, ζ_s, ρ_s, s)da^{<α>}_s + t∫ 0 B^{<α>}(U_s, ζ_s, ρ_s, s)ds, (5.9a) U_0 = A, (5.9b) where (a_s, ζ_s, ρ_s) are Brownian paths in (k, k_E )–dimensional distinguished super Wiener space one says that U_s satisfies the stochastic differential d– equation (5.9a) with initial conditions (5.9b).

We note that two random variables F and G are said to be equal if E(|F − G|_2) = 0. The basic result of this section is formulated as

Theorem 5.5 Suppose that under conditions of definition 5.8 and all s ∈ [0, t] and all (< μ >, < ν >) ∈ (A_{kE} × A_{kE} )the coefficient functions of A^{<α>}_{<α>} and B^{<α>} satisfy conditions | | |A^{<α><μ>} <α><ν> (^u1, s) − A <α><μ> <α><ν> (^u2, s) | | | ≤ C |^u_1 − ^u_2| n_E k × 2^{2kE} , | |A^{<α><μ>} <α><ν> (^u1, s) | | ≤ C 1 + |^u_1| n_E k × 2^{2kE} , |B^{<α><μ>} <ν> (^u_1, s) − B^{<α><μ>}_{<ν>} (^u_2, s)| ≤ C |^u_1 − ^u_2| n_E × 2^{2kE} , |B^{<α><μ>} <ν> (^u_1, s)| ≤ C 1 + |^u_1| n_E × 2^{2kE} , for some fixed positive number C. Then there exists a unique solution to the stochastic differential d–equation dU^{<α>}_s = A^{<α>}_{<α>}(U_s, ζ_s, ρ_s, s)da^{<α>}_s + B^{<α>}(U_s, ζ_s, ρ_s, s)ds, (5.10) U_0 = A.

Proof. Supposing that ^u_s and ^v_s are two solutions of (5.10) and using theorem 5.1 we can write E|^u_s − ^v_s|^2 ≤ 2 s∫ 0 |B^{<α>}(^u_z, ζ_z , ρ_z , z) − B^{<α>}(^v_z, ζ_z , ρ_z , z)|^2 dz+

2 s∫ 0 | |A^{<α>}_{<β>}(^u_z , ζ_z , ρ_z , z) − A^{<α>}_{<β>} (^v_z, ζ_z , ρ_z , z) | |^2 dz ≤

2C^2(1 + s) s∫ 0 |^u_s − ^v_s|^2 dz, i.e. E|^u_s − ^v_s|^2 = 0 ∀s ∈ [0, t], and thus any solution which exists is unique.

The existence of solutions is established by considering the sequence U^{<α>}_{s(r)} (r = 1, 2, ...) of stochastic processes on the distinguished super Wiener space R^{(nE ,2kE )[[0,t]]} l with U^{<α>}_{s(0)} = 0 and, for r > 0,

U^{<α>}_{s(r)} = A + s∫ 0 B^{<α>}(U_{s(r−1)}, ζ_z , ρ_z, z)dz + s∫ 0 A^{<α>}_{<β>}(U_{s(r−1)}, ζ_z , ρ_z , z)da^{<β>}s . The next step is the following inductive hyposes, for all integers q up to and including some fixed integer r :

a) U^{<α>}_{s(r)} take values in M^{2′}_Ω [0, t];

b) E(|U^{<α>}_{s(q)} − U^{<α>}_{s(q−1)}|^2) ≤^{(C1s)q}_{q!} , where C_1 is a positive constant. So, U^{<α>}_{s(1)} is well defined and

E|U^{<α>}_{s(1)} −U^{<α>}_{s(0)} |^2 ≤ 2| s∫ 0 B^{<α>}(u_0, ζ_z , ρ_z , z)dz|^2+2 s∫ 0 |A^{<α>}_{<β>} (u_0, ζ_z , ρ_z, z)|^2dz, from which one follows

E|U^{<α>}_{s(1)} −U^{<α>}_{s(0)} |^2 ≤ 2C^2s^2 +C^2s(1+|A|^2) ≤ C_1 if C_1 ≥ 2C^2(t+1)(1+|A|^2).

The inductive step E|U^{<α>}_{s(r+1)} − U^{<α>}_{s(r)} |^2 ≤ C_1 t∫ 0 E|U^{<α>}_{s(r)} −

U^{<α>}_{s(r−1)}|^2ds ≤ C_1 t∫ 0 (C_1s)^r r! ds = (C_1t)^{r+1} (r + 1)!

implies that U^{<α>}_{s(r+1)} takes values in M^{2′}_Ω [0, t], i.e. the inductive hypothesis is satisfied and the sequence U^{<α>}_{s(r)} converges in the manner required by the theorem.□

Now we formulate the distinguished variant of the main theorem from [209] establishing a Feynman–Kac formula for a Hamiltonian H which in our case is considered for locally anisotropic interactions.

Let (a_s, ζ_s, ρ_s) denotes Brownian motion in (k, k)–dimensional distinguished super Wiener space, g is a C^5 Riemannian metric on R^k which has components g_{<α><β>} and consider an orthonormal basis e^{<α>} of distinguished 1–forms with components e^{<α>}_{<α>} satisfying conditions ^g_{<α><β>} (^u) = e^{<α>}_{<α>}(^u)e^{<α>}_{<β>}(^u). We consider that all derivatives of e^{<α>}_{<α>} up to fifth order are required to be uniformaly bounded on R^k . and consider ^u_s to be the unique solution to the distinguished stochastic differential equation d^u^{<α>}_s = e^{<α>}_{<α>}(^u + u_s)da^{<α>}_s + 1 2 (δ^{<α><β>} + ζ^{<α>}_s ζ^{<β>}s )e^{<β>}_{<α>}(^u + u_s)δ_{<β>}e^{<α>}_{<α>}(^u + u_s)ds, ^u^{<α>}_0 = 0, where e^{<α>}_{<α>} and e^{<β>}_{<α>}δ_{<β>}e^{<α>}_{<β>} are to be extended to even Grassmann elements by Taylor expansion truncated at the first–derivative term, and introduce variables ^u^{<α>}_S = ^u^{<α>}_s + i √ 2 σζ^{<α>}_s e^{<α>}_{<α>} (^u + ^u_s) , ζ^{<α>}_S = ζ^{<α>}_s + √ 2iσa^{<a>}_s and η^{<α>}_s = ζ^{<α>}e^{<α>}_{<α>} (^u + ^u_s) . Theorem 5.6 Consider the operator ψ^{<α>} = ζ^{<α>} +^δ_{∂ζ}<α> acting on the spaces L^{2′} (R^{(k,k)}_l ) and φ being a C^5 function on R^{(k,k)} which is linear in the odd argument and has all derivatives up to fifth order uniformly bounded. Then if Q = ψ^{<α>} ( e^{<α>}_{<α>} (^u) δ_{<β>} ) + φ (^u, ψ) acts on L^{2′} (R^{(k,k)}_l ), where H = Q^2, F ∈ C^{5′} ( R^{(k,k)}_l ) and (^u, ζ) ∈ R^{(nE ,k)}_l , one holds the formula exp(−Ht − Qτ )F (^u, ζ) = E{exp[ τ∫ 0 dσ t∫ 0 ds φ ( ^u + ^u_S + i √ 2 ση_s, ζ + ζ_S ) ]×

F ( ^u + ^u_T + i √ 2 ση_t, ζ + ζ_t ) }.

Proof. We introduce on L^{2′} (R^{(k,k)}_l ) the operator V_{t,τ} defined by completion of V_{t,τ} : C^{∞′}_0 (R^{(k,k)}_l ) → L^{2′} (R^{(k,k)}_l ) with V_{t,τ} P (^u, ζ) = E{exp[ τ∫ 0 dσ t∫ 0 ds φ ( ^u + ^u_S + i √ 2 ση_s, ζ + ζ_S ) ]×

P ( ^u + ^u_T + i √ 2 ση_t, ζ + ζ_t ) }, where P ∈ C^{∞′}_0 (R^{(k,k)}_l ). Applying the Itô formula for products to the integrand in V_{t,τ} f(^u, ζ), taking expectations and after some algebraic transforms we obtain V_{t,τ} P (^u, ζ) − P (^u, ζ) = τ∫ 0 dσ t∫ 0 ds V_{s,σ} QP (^u, ζ) − 2σV_{s,σ} HP (^u, ζ). As a consequence, D_T V_{t,τ} P (^u, ζ) = V_{t,τ} (Q − 2τ H) P (^u, ζ), using equation (5.7) and taking into account the uniqueness of solutions to such differential equations we deduce as required by the conditions of the theorem that V_{t,τ} P (^u, ζ) = exp(−Ht − Qτ )P (^u, ζ). □ 5.6 S–Differential D–Forms

The section is devoted to a geometric approach to supermanifolds which will provide the appropriate arena for the Brownian paths (see sections 5.3 and 5.4) in locally anisotropic superspaces. We shall consider a class of superspaces which can be constructed in a natural way from vector bundles over higher order anisotropic space provided with a Riemannian metric structure.

Let ~E_N be a smooth, compact n_E –dimensional real distinguished vector bundle (n_E = n + m_1 + ... + m_z ) provided with N- and d–connection and

Riemannian metric structures and let E_H be a smooth m_H –dimensional Hermitian vector bundle over ~E_N . Suppose that {U α| α ∈ Λ} by sets which are both coordinate neighborhoods of ~E_N and local trivializations of E_H . For each α, β, ... ∈ Λ we consider coordinate maps on ~E_N of type ϕ α : U α → R^n and transition functions of the bundle E_H of type h α β : U α ∩ U β → U(m^H ) (for every point q ∈ U α ∩ U β the transition functions are parametrized by unitary m_H × m_H matrices distinguished correspondingly to shells of anisotropy). We denote by {τ α β : ϕ β U α ∩ U β → ϕ α U α ∩ U β }

the coordinate transition functions on ~M with τ α β = ϕ α ∘ ϕ^{−1}β and by (m α β)^{<γ><ε>}(^u) = ∂ ^u^{<γ>}α/∂ ^u^{<ε>}β be the corresponding Jacobian matrix.

In our further considerations we shall use the (n_E , m_H + n_E )–dimensional distinguished supermanifold S (E_H ) built over ~E_N with local coordinates

(x^1 α , ..., x^nα , θ^1α , ..., θ^nα , η^1α , ..., η^{mH}α, ..., y^1_{(p)} α , ..., y^{mp}_{(p)} α , ζ^1_{(p)} α , ..., ζ^{mp}_{(p)} α , η^1_{(p)} α , ..., η^{mH}_{(p)} α , ...), where p = 1, ..., z, and transition functions T α β : (x^1α, ..., x^nα, θ^1α, ..., θ^nα, η^1α, ..., η^{mH}α, ..., (5.11) y^1_{(p)} α , ..., y^{mp}_{(p)} α , ζ^1_{(p)} α , ..., ζ^{mp}_{(p)} α , η^1_{(p)} α , ..., η^{mH}_{(p)} α , ...) → (τ^1α β(^u β), ..., τ^nα β(^u β), (m α β)^{<1>}<i>(^u β)θ^{<i>}α, ..., (m α β)^{<n>}<i>(^u β)θ^{<i>}α,

(h α β)^1r ϕ^{−1}β (^u β ) η^r β , ..., (h α β)^{mH}r ϕ^{−1}β (^u β ) η^r β , ..., (τ^1_{(p)} α β(^u β), ..., τ^{mp}(p) α β (^u β ), (m α β)^{<1><a}p^>(^u β)θ^{<ap >}α , ..., (m α β)^{<mp><ap >}(^u β)θ^{<ap>}α , (h α β)^1r ϕ^{−1}β (^u β ) η^r_{(p)} β , ...,

(h α β)^{mH}r ϕ^{−1}β (^u β ) η^r_{(p)} β , ...). (We shall omit indices of type α, β in our further considerations if this will not give rise to ambiguities).

We denote by C^{∞′} (S (E_H )) the space of functions f which locally take the form f ( ^u, ...ζ_{(p)}..., η ) = ∑ <μ^p >∈ ^M_{nE} m_H∑ r=1 f_<^_μp_{>r} (^u)ζ^<^^{μp >}η^r, where < ^μ^p >= ^μ^p_1...^μ^p_kp is a multi–index with 1 ≤ ^μ^p_1 < ... < ^μ^p_kp ≤ m_p, the symbol ^M_{nE} is used for the set of all such multi–indices (including the empty one), ζ^<^^{μp>} = ζ^^{μp1} ...ζ^^{μpkp} and each f_<^_μp_{>r} take values in C^∞ (R^{nE} , C) , such functions are linear in the η^r but multilinear in the ζ^^{μpn} . As a result of choise of the transition functions (5.11), there is a globally defined map I : Γ(Ω( ~M ) ⊗ E_H ) → C^{∞′} (S(E_H ), C) which may be obtained from the local prescription I(s)(^u, ζ, η) = ∑ <μ>∈ ^M_{nE} m_H∑ r=1 f_<^_μp_{>r} (^u)ζ^<^^{μp>}η^r, if s(^u) = ∑ <^μ>∈ ^Mn_E m_H∑ r=1 f_<^_μp_{>r} (^u)δ ^u^<^^{μp>}η^r, where Ω( ~M) is the bundle of smooth forms on ~M and (e^1, ..., e^{mh}) is the appropriate basis of the fibre of the bundle E_H . This map is also an isomorphism of vector spaces and of sheaves. For simplicity we shall omit ”hats” on indices and consider < ^α >=< α > in this section.

The aim of our constructions in this section is to allow one to express the Hodge–de Rham operator on twisted differential forms on ~M as a differential operator on the extended space of functions C^{∞′} (S(E_H ), C). In explicit form we introduce the Hodge–de Rham operator in the form d + δ = ψ^{<α>}(δ_{<α>} − ~Γ^{<β>}_{<α><γ>} ζ^{<γ>}δ_{<β>} − A^s_{<α>r}η^r ∂ ∂η^s ), (5.12)

where ψ^{<α>} = ζ^{<α>} − g^{<α><β>}δ_{<β>}, ~Γ^{<β>}_{<α><γ>} are the Christoffel d–symbols (1.39) of the Riemannian metric on a dv–bundle E_N . For simplicity, in this chapter we shall analyze locally anisotropic supersymmetric stochastic processes on higher order anisotropic spaces provided with d–connections of type; a further generalization is possible by introducing deformations of connections of type (1.40), for instance in (5.12) in order to define a deformed variant of the Hodge–de Ram operator.

Lemma 5.2 Let L =^1_2 (d + δ)^2 be the Laplace–Beltrami operator on the space of functions C^{∞′} (S(E_H ), C). Then we can write this operator as L = − 1 2 (B − ~R^{<β>}_{<α>}(^u)ζ^{<α>}δ_{<α>} − 1 2 ~R^<^^{γ><}^^{δ>} <α><β> ζ <β>ζ^{<α>}δ_<^_{γ>}δ_<^_{δ>}+ (5.13) 1 4 [ψ^{<α>}, ψ^{<β>}]F^s_{<α><β>r}η^r ∂ ∂η^s ), where ~R^<^^{γ><}^^{δ>} <α><β> are the components of the curvature of ( ~M , g ) , F^s_{<α><β>r} is the curvature of the connection on E_H , and B is the twisted Bochner Laplacian, B = g^{<α><β>} ( D_{<α>}D_{<β>} − ~Γ^{<γ>}_{<α><β>} D_{<γ>} )

with D_{<α>} = δ_{<α>} − ~Γ^{<γ>}_{<α><β>}ζ^{<β>} δ δζ^{<γ>} − A^s_{<α>r}η^r ∂ ∂η^s . Proof. We have L = 1 2 (ψ^{<α>}D_{<α>}ψ^{<β>}D_{<β>}) = (5.14) 1 2 ( ( 1 2 {ψ^{<α>}ψ^{<β>}} + 1 2 [ψ^{<α>}ψ^{<β>}]) ) D_{<α>}D_{<β>} + ψ^{<α>}[D_{<α>}ψ^{<β>}]D_{<β>} and 1 2 {ψ^{<α>}ψ^{<β>}} = −g^{<α><β>}. Calculating in explicit form we obtain 1 2 [ψ^{<α>}ψ^{<β>}]D_{<α>}D_{<β>} = − 1 2 [ψ^{<α>}ψ^{<β>}]((δ_{<α>} ~Γ^{<γ>}_{<β><δ>} − ~Γ^{<ε>}_{<α><δ>} ~Γ^{<γ>}_{<β><ε>} )ζ^{<δ>} δ ∂ζ^{<γ>} + δ_{<α>}A^s_{<β>r} − A^t_{<α>r}A^s_{<β>t})η^r ∂ ∂η^s = ~R^{<α>}_{<β>} (^u)ζ^{<β>} δ ∂ζ^{<α>} + 1 2 ~R^{<α><β>} <γ><δ> (^u)ζ <δ>ζ^{<γ>} δ ∂ζ^{<α>} δ ∂ζ^{<β>} − 1 4 [ψ^{<α>}ψ^{<β>}]F^s_{<α><β>r}η^r ∂ ∂η^s . Taking into account that [D_{<α>}, ψ^{<β>}] = −~Γ^{<β>}_{<α><δ>}ψ^{<δ>} and ψ^{<α>}[D_{<α>}, ψ^{<β>}]D_{<β>} = −ψ^{<α>}ψ^{<β>} ~Γ^{<δ>}_{<α><β>}D_{<δ>} = ^g^{<α><β>} ~Γ^{<δ>}_{<α><β>} . we obtain from (5.14) the result (5.13) required by the theorem.□ In our stochastic considerations we shall also apply is the super extension S(O( ~E_N ), E) of the bundle of orthonormal distinguished frames of the higher order anisotropic base space (see [262,268] and Chapter 10 for details on nonsupersymmetric locally anisotropic stochastic processes) defined similarly as the Hermitian vector bundle,of course, with corresponding coordinate and local trivialization neighborhoods. Let (u^{<α>}β , b^{<μ|}β ), where indices run as < α >, < β >, ... = 1, ..., n_E and < μ|, < ν|, ... = 1, ...,^1_2 n_E (n_E −1), be local coordinates on O( ~E_N )|_U α

. Then S(O( ~E_N ), E) is the [_1

2 n_E(n_E + 1), n_E + m_H ] –dimensional distinguished supermanifold with local coordinates (u^{<α>}β , b^{<μ|}β , ζ^{<α>}β , η^r β ). On overlapping neighborhoods U α and U β the coordinates (u^{<α>}β , ζ^{<α>}β , η^r β ) have the transition func-

tions defined by (5.11) while the coordinates b^{<μ|}β transform as on the bundle

of orthonormalized distinguished frames O( ~E_N ).

5.7 Locally Anisotropic Brownian S–Paths

In this section we construct Brownian paths on the higher order anisotropic superspaces. We shall use two approaches developed for Riemannian spaces and correspondingly generalize them for locally anisotropic curved spaces. The first one has been used in conjunction with fermionic Brownian motion [207] in order to analyse the Hodge–de Rham operator on a Riemann manifold and to prove the Gauss–Bonnet–Cern formula. The second approach to Brownian paths on manifolds [74,117] is to use paths which are solutions of stochastic differential equations. An elegant way to do this is to introduce the symmetric product for the Stratonovich integral, which in our case is defined in a distinguished manner:

Definition 5.9 Let X_s and Y_s are stochastic integrals with dX_s = f_{<α>}da^{<α>}_s + f_{0,s}ds and dY_s = g_{<α>,s}da^{<α>}_s + g_{0,s}ds, where a^{<α>}_s (< α >= 1, ..., n_E denotes a n_E –dimensional Brownian motion and da^{<α>}_s denotes the Itô differential. Then Y_s ∘ dX_s .= Y_s(f_{<α>,s}da^{<α>}_s + f_{0,s}ds) + 1 2 f_{<α>,s}g_{<α>,s}ds.

Let A_{<α>} be a system of n_E –dimensional d–vector field on a dvs–bundle ~E_N . In a locally adapted to N-connection coordinate system we can write A_{<α>} = A^{<α>}_{<α>}^δ_{∂u<α>} and consider the distinguished stochastic differential equations du^{<α>}_s = A^{<α>}_{<α>}(u_s) ∘ da^{<α>}_s + A^{<α>}_0 (u_s)ds. (5.15) It is known that the solution to such an equation exists globally on usual manifolds [74,117]; such equations enable one to define a notion of stochastic flow on a manifold and to construct functions on ~E_N × R^+ which satisfy the differential equation ∂f ∂t = 1 2 A_{<α>}A_{<α>}f with f(u, 0) = h(u), (5.16) where h is a smooth function on ~E_N and A_{<α>} has suitable properties as in the following theorem:

Theorem 5.7 Let u^{<α>}_s be a solution of (5.15) with initial conditions x_0 = x ∈ ~E_N . Then f(u, t) = E(h(u_t)) satisfies the distinguished differential equation (5.16).

Proof. We schetch the proof by using the Itô formula and omit details of the patching of solutions over different coordinate neighborhoods. Having

E (h(u_t)) − h(u) = E( t∫ 0 δ_{<α>}h (u_s) du^{<α>}_s +

1 2 t∫ 0 A^{<α>}_{<α>}(u_s)A^{<β>}_{<α>}(u_s)δ_{<α>}δ_{<β>}h (u_s) ds) we write du^{<α>}_s = A^{<α>}_{<α>}(u_s)da^{<α>} + 1 2 A^{<β>}_{<α>}(u_s) ( δ_{<β>}A^{<α>}_{<α>}(u_s) ) ds. Because da^{<α>}_s have zero expectation and are independent of a^{<α>} when u ≤ s we compute

E (h(u_t)) − h(u) = 1 2 E( t∫ 0 A^{<α>}_{<α>}(u_s)(δ_{<α>}A^{<β>}_{<α>}(u_s))δ_{<β>}h (u_s) +

t∫ 0 A^{<α>}_{<α>}(u_s)A^{<β>}_{<α>}(u_s)δ_{<α>}δ_{<β>}h (u_s) ds) = 1 2 t∫ 0 A_{<α>}A_{<α>}h(u_s)ds. So, for a suitable A_{<α>}, we have E (h(u_t)) = e^{12} (^{A<α>A<α>})h(u) and thus f(u, t) = E (h(u_t)) solves (5.15).□

No we shall construct paths on dv–bundles provided with distinguished Riemannian metric structure, which help in the study of the Laplacian and related operators. We shall use O ( ~E_N ) , the bundle of orthonarmal distinguished frames on ~E_N , and consider canonical d–vector fields on this bundle as the d–vector fields A_{<α>}. Let ( u, l_{<α>} ) be a point in O ( ~E_N ) , u ∈ ~E_N and l_{<α>} is a orthonormal basis of the tangent spaces at u̇. With respect to locally adapted bases l_{<α>} = l^{<α>}_{<α>}^δ_{∂<α>} we introduce the canonical vector fields on O ( ~E_N ) : V_{<a>} = l_{<α>} − l^{<α>}_{<α>} l^{<β>}_{<β>} ~Γ^{<γ>}_{<α><β>}(u) ∂ ∂l^{<γ>}_{<β>} , where ~Γ^{<γ>}_{<α><β} are the Christoffel d–symbols (1.39). In this case from (5.15), one follows the stochastic differential equations du^{<α>}_s = l^{<α>}_{<α>,s} ∘ da^{<α>}_s , dl^{<α>}_{<α>,s} = −l^{<τ >}_{<α>,s}l^{<ε>}_{<β>,s} ~Γ^{<α>}_{<τ ><ε>} (u_s) ∘ da^{<β>}s . If f is a smooth function on O ( ~E_N ) ,

E (f (u_t, l_t)) − f (u, l) = 1 2 t∫ 0 V_{<a>}V_{<a>}f (u_s, l_s) ds.

When f depends on u only, i.e. f = φ ∘ π where π : O ( ~E_N ) → ~E_N is the projection map, and φ ∈ C^∞ ( ~E_N ) ),

E (φ (u_t, )) − φ (u) = − t∫ 0 L_{scal} φ (u_s) ds, where L_{scal} = −^1_2 ( g^{<α><β>}δ_{<α>}δ_{<β>} + g^{<α><β>} ~Γ^{<τ >}_{<α><β>} δ_{<τ >} ) is the scalar Laplacian. This holds since 1 2 V_{<a>}V_{<a>}f (u) = −L_{scal}f (u) and l^{<α>}_{<α>,s}l^{<β>}_{<α>,s} = ^g^{<α><β>} (u_s) almost certainly (a.c.) (in Chapter 10 we shall use also the term almost sure, a.s.). Hence one finds that f (u, t) = E (φ (u_t, )) satisfies ∂f ∂t = −L_{scal}f. We shall define the Brownian paths in superspace which lead to Feynman–Kac formula for the Laplace–Beltrami operator

L = (d + δ)^2

acting on C^{∞′} (S(E_H ), C). Denoting by ( ζ^{<α>}_t , ρ^{<α>}_t ) the n_E –dimensional fermionic Brownian paths and by ( u^{<α>}, l^{<α>}_{<α>}, ζ^{<α>}, η^r ) the coordinates of a pont in the extended bundle of orthogonal distinguished frames S(O( ~E_N ), E) we consider n_E + n^2_E + m_H stochastic differential equations u^{<α>}_t = u^{<α>} + t∫ 0 l^{<α>}_{<α>,s} ∘ da^{<α>}_s , (5.17)

l^{<α>}_{<α>,t} = l^{<α>}_{<α>} − t∫ 0 l^{<γ>}_{<α>,s} ~Γ^{<α>}_{<τ ><β>} (u_s) l^{<β>}_{<β>,s} ∘ da^{<β>}s ,

ξ^{<α>}_t = ζ^{<α>} + ζ^{<α>}_t l^{<α>}_{<α>,t} + t∫ 0 (−ζ^{<α>}_t dl^{<α>}_{<α>,s}−

−ξ^{<τ >}_s ~Γ^{<α>}_{<τ ><β>} (u_s) l^{<β>}_{<β>,s} ∘ da^{<β>}s + i 4 ξ^{<β>}_s ~R^{<α>}_{<β><τ ><ε>} (u_s) ξ^{<τ >}_s π^{<ε>}_s ds), η^p_t = η^p + t∫ 0 (−l^{<γ>}_{<α>,s}η^q_s A^p_{<γ>q} (u_s) ∘ da^{<α>}_s +

1 4 η^q_s (ξ^{<α>}_s + iπ^{<α>}_s ) ( ξ^{<β>}_s + iπ^{<β>}_s ) F^p_{<α><β>q} (u_s) ds), where π^{<α>}_s = l^{<γ>}_{<α>,s}ρ^{<α>}_s . The existence of local solutions of distinguished stochastic differential equations of type (5.17) is a consequence of theorem 5.5; a usual patching techniques allow a global solution to be constructed since they transforms d–covariantly under coordinates changes.

For our further purposes it is convenient to introduce into consideration d–vector fields W_{<α>} on S(O( ~E_N ), E), written in the form W_{<α>} = l^{<γ>}_{<α>} δ ∂u^{<γ>} − l^{<τ >}_{<α>}l^{<β>}_{<α>} ~Γ^{<γ>}_{<τ ><β>} ∂ ∂l^{<γ>}_{<α>} −

l^{<τ >}_{<α>}ζ^{<β>} ~Γ^{<γ>}_{<τ ><β>} δ ∂ζ^{<γ>} − l^{<τ >}_{<α>}η^rA^s_{<γ>r} ∂ ∂η^s , which are the canonical vector fields on S(O( ~E_N ), E). The d–vectors W_{<α>} when acting on functions on S(O( ~E_N ), E) which are independent of the l^{<γ>}_{<α>}, i.e. on functions of the form f = φ ∘ π_s where π_s is the canonical projection of S(O( ~E_N ), E) onto S (E) , are related to the Laplace–Beltrami operator L =^1_2 (d + δ)^2 by formula L = − 1 2 (W_{<α>}W_{<α>} − ~R^{<α>}_{<β>} ζ^{<β>} δ ∂ζ^{<α>} − 1 2 ~R^{<α><β>} <γ><δ> (^u)ζ <δ>ζ^{<γ>} δ ∂ζ^{<α>} δ ∂ζ^{<β>} + 1 4 [ψ^{<α>}ψ^{<β>}]F^s_{<α><β>r}η^r ∂ ∂η^s ) (a consequence from lemma 5.2).

Now, applying the theorem 5.7 we establish the Feynman–Kac formula:

Theorem 5.8 For a distinguished stochastic process ( u^{<α>}_t , l^{<α>}_{<α>,t}, η^r_t ) satisfying equations (5.17) one holds the formula exp(−Lt)φ(u, ζ, η) = E (φ(u_t, ξ_t, η_t)) where L =^1_2 (d + δ)^2 is the Laplace–Beltrami operator acting on C^{∞′} (S(E_H ), C).

Proof. From the distinguished superspace Itô formula (see theorem 5.2) and using properties of fermionic paths (see section 5.2) we have E (φ(u_t, ξ_t, η_t)) − φ(u, ζ, η) = E( 1 2 t∫ 0 W_{<α>}W_{<α>}φ(u_s, ξ_s, η_s)− i 4 ~R^{<α>}_{<β><γ><δ>} (u_s)ξ^{<γ>}_s π^{<δ>}_s ξ^{<β>}_s δ ∂ζ^{<α>} φ(u_s, ξ_s, η_s)+ 1 4 (ξ^{<α>}_s + iπ^{<α>}_s )(ξ^{<β>}_s + iπ^{<β>}_s )F^q_{<α><β>p}η^p_t ∂ ∂η^q φ(u_s, ξ_s, η_s)ds) =

E( 1 2 t∫ 0 (W_{<α>}W_{<α>} − ~R^{<α>}_{<β>} ζ^{<β>} δ ∂ζ^{<α>} − 1 2 ~R^{<α><β>} <γ><δ> (^u)ζ <δ>ζ^{<γ>} δ ∂ζ^{<α>} δ ∂ζ^{<β>} + 1 4 [ψ^{<α>}ψ^{<β>}]F^s_{<α><β>r}η^r ∂ ∂η^s . Putting f(u, ζ, η, t) = E (φ(u_t, ξ_t, η_t)) , and writing f(u, ζ, η, t) − f(u, ζ, η, 0) = − t∫ 0 Lf(u, ζ, η, s)ds we obtain the result of the theorem.□

5.8 Atiyah–Singer D–Index Theorem

Our aim is to extend the Atiyah–Singer index theorem [23,135] in order to include contributions of the N–connection structure. For simplicity, the basic formulas will be written with respect to the components of curvatures of Christoffel d–symbols (1.39) in dvs–bundles. Different generalizations can be obtained by using deformations of d–connections (1.40), but we shall omit them in this monograph. Although such formulas in the simplest case of torsionless connections defined by Christoffel d–symbols contain contributions from components of N–connection the geometric constructions connected with the proof of the Atiyah–Singer theorem hold good for higher order anisotropic s–spaces having the even part provided with a distinguished Riemannian metric and corresponding Christoffel like (containing locally adapted partial derivations instead of usual derivation) d–connection. For instance, the formula of McKean [135] and Witten [291] expressing the index of the complex in terms of the heat kernel of the Laplacian.

Let consider ( ~E_N , g_{<α><β>} ) a compact distinguished Riemannian manifold of dimension n_E = 2n^′_E and a m_H –dimensional Hermitian vector bundle over ~E_N . By using corresponding extensions on ~E_N of the Hodge–de Rham operator d + δ and the Laplace–Beltrami operator L =^1_2 (d + δ)^2 can write the McKean and Singer formula Index (d + δ) = Str exp(−Lt), (5.18) where Str denotes the supertrace. Identifying the space of twisted forms on ~E_N with the space of functions C^{∞′} (S(E_H ), C) on the supermanifold S(E_H ) we can define the supertrace in this manner: The standard involution τ may be defined on C^{∞′} (S(E_H ), C) by the formula τ ∑ <μ^p>∈ ^M_{nE} m_H∑ r=1 f_<^_μp_{>r}(^u)ζ^<^^{μp >}η^r = ∑ <μ^p >∈ ^M_{nE} m_H∑ r=1 ∫ B d^{nE} ρ √ det (g_{<α><β>} ) × exp ( iρ^{<α>}ζ^{<β>} ^g_{<α><β>} (u) f_<^_μp_{>r}ρ^{<μp >}η^r ) , where ρ^1, ..., ρ^{nE} are anticommuting variables and ∫ B denotes the Berezin integration. The supertrace can be defined for a suitable operator O on C^{∞′} (S(E_H ), C) by the formula StrO = T rτ O, where T r denotes the conventional trace.

The extension to higher order anisotropic spaces of the Atiyah–Singer index theorem for the twisted Hirzebruch signature complex is formulated in this form:

Theorem 5.9 One holds the formula Index (d + δ) = ∫ ~_{EN} tr exp ( − F 2π ) det ( iΩ/2π tanh(iΩ/2π) )_{1/2} ,

where F is the curvature 2–form of a connection on the bundle E_H , Ω is the Riemann d–curvature form of ( ~E_N , g_{<α><β>} ) and the square brackets indicate projection onto the n_E –form component of the integrand. An equivalent result (combining with (5.18)) is Str exp (−Ht) = ∫ ~_{EN} tr exp ( − F 2π ) det ( iΩ/2π tanh(iΩ/2π) )_{1/2} ,

which holds for all t.

One also can present a stronger local version of the just formulated theorem:

Theorem 5.10 With the notation of the theorem 5.9, if p ∈ ~E_N , there is the limit lim_{t→0} str exp (−Ht) (p, p)dvol = tr exp ( − F 2π ) det ( iΩ/2π tanh(iΩ/2π) )_{1/2} |_p, where str denotes the 2^{nE} m_H × 2^{nE} m_H matrix supertrace, as opposed to the full operator supertrace Str, so that str exp(−Ht)(p, q) is then the kernel of the operator on C^∞ ( ~E_N ) obtained by this partial supertrace.

Proof. To prove this theorem we shall use the distinguished Feynman– Kac formula (see theorem 5.8), to analyse the operator exp(−Ht) and by using Duhamel’s formula, to investigate the kernel and show that in the limit as t → 0 only the required terms survive (in general we shall follow the methods developed in [89] and [210] but a considerable attention will be given to the contribution of N–connection structure and of distinguishing of indices).

The matrix supertrace of an operator can be expressed in terms of a Berezin integral of its kernel. Let denote by P (q) the 2^p–dimensional space of polynomial functions of q anticommuting variables. A linear operator O on this space has a kernel O (ξ, ζ) = O (ξ_1, ..., ξ_q, ζ_1, ..., ζ_q) being a function of 2p anticommuting variables and satisfying Of (ξ) = ∫ B d^q O (ξ, ζ) f (ζ) for every functions f in P (q) . By direct calculation we can obtain trO = ∫ B d^qξO (ξ, −ξ) . In a similar manner for Q being an operator on C^{∞′} (S(E_H ), C) one has the local coordinate expression strQ(u, v) = trQ(u, v) = (5.19) ∫ B d^{nE} ρd^{nE} ζd^{mH} ηQ(u, v, ρ, −ζ, η, −η) exp ( iρ^{<α>}ζ^{<β>}g_{<α><β>}(u) ) √ det (g_{<α><β>}(u)) . As a next step we construct a locally equivalent d–metric and d–connection on the distinguished superextension of R^{nE} ×C. Here we note that this theorem has a local character and is sufficient to replace the dv–bundle ~E_N by R^{nE} and the Hermitian bundle E_H over ~E_N by the trivial bundle R^{nE} ×C^{mH} over R^{nE} with metric and connection satisfying certain conditions. We shall construct a suitable metric and connection. Consider an open subset W ⊂ ~E_N , containing w ∈ W, which has compact closure and is both a coordinate neighborhood of M and local trivialization neighborhood of the bundle E_H and that U is also an open subset of ~E_N containing w with U ⊂ W. Let ϕ : W → R^{nE} be a system of normal coordinates centered in w, which satisfy conditions det (g_{<α><β>}) |_U = 1, ϕ(w) = 0, and choose a local trivialization of the bundle E_H such that A^s_{<γ>r} (0) = 0. The required metric and connection on R^{nE} are introduced respectively as satisfying conditions ( g )_{<α><β>} ( u^1, ..., u^{nE} ) = g_{<α><β>}(ϕ^{−1} ( u^1, ..., u^{nE} ) ) when u ∈ ϕ (U) , g <α><β> ( u^1, ..., u^{nE} ) = δ_{<α><β>} when u /∈ ϕ (U) and det ( ( g )_{<α><β>} ) = 1 through R^{nE} and ( A )^s_{<γ>r} (u^1, ..., u^{nE} ) = A^s_{<γ>r} (ϕ^{−1}(u^1, ..., u^{nE} )) when u ∈ ϕ (U) , ( A )^s_{<γ>r} (u^1, ..., u^{nE} ) = 0 when u /∈ ϕ (U) We note with ” ” geometric objects on R^{nE} and R^{nE} ×C^{mH} , ( R )^{<α>}_{<β><γ><δ>} (^u) = R^{<α>}_{<β><γ><δ>} ( ϕ^{−1}(^u) ) and ( F )^p_{<α><β>q} (^u) = F^p_{<α><β>q} ( ϕ^{−1}(^u) ) on ϕ (U) . From standard Taylor expansions in normal coordinates ( g )_{<α><β>} (^u) = δ_{<α><β>} − 1 3 ^u^{<γ>} ^u^{<δ>} ~R_{<γ><α><δ><β>} (0) + ... ( Γ )^{<γ>}_{<α><β>}(^u) = 1 3 ^u^{<δ>}(( R )^{<γ>}_{<α><δ><β>} (0) + ( R )^{<γ>}_{<β><δ><α>} (0)) + ... ( A )^s_{<γ>r} (^u) = − 1 2 ^u^{<δ>}F^s_{<γ><δ>r} (0) + ...., cutting and pasting arguments we obtain lim_{t→0} (str exp(−Ht)) (w, w) − str exp(− H t(0, 0)) = 0, (5.20) i.e. in the rest of this section it will be sufficient to consider objects on S (R^{nE} ×C^{mH} ) . Let denote by ( H )_0

= −^1_2 δ_{<α>}δ_{<β>} the trivial N–connection flat Laplacian in S (R^{nE} ×C^{mH} ) and ( K ) t (u, u^′, ζ, ζ^′, η, η^′) and ( K )_0 t (u, u^′, ζ, ζ^′, η, η^′) be the heat kernels

exp ( − ( H ) t (u, u^′, ζ, ζ^′, η, η^′) ) and exp ( − ( H )_0 t (u, u^′, ζ, ζ^′, η, η^′) )

satisfying the Duhamel’s formula (see [89]) ( K ) t (u, u^′, ζ, ζ^′, η, η^′) − ( K )_0 t (u, u^′, ζ, ζ^′, η, η^′) =

t∫ 0 dse −(t−s) ( H ) (( H ) − ( H )_0) ( K )_0 s (u, u^′, ζ, ζ^′, η, η^′) where all differential operators act with respect to variables u, ζ and η. Expressing ( K )_0 s (u, u^′, ζ, ζ^′, η, η^′) = ∫ B d^{nE} ζd^{nE} ζ^′d^{mH} η t∫ 0 ds{(e −(t−s) ( H ) × (( H ) − ( H )_0) ( K )_0 s (0, 0, ζ, ζ^′, η, η^′)) |_η′_{=−η} exp[−iζζ]}. Applying the Feynman–Kac formula (see theorem 5.8)

e −(t−s) ( H ) (( H ) − ( H )_0) ( K )_0 s (0, 0, ζ, ζ^′, η, η^′) =

E ∫ B d^{nE} ρd^{mH} k (2πs)^{−nE /2} F_s ( ( u )_{t−s}, ( ξ )_{t−s}, ρ, ( η )_{t−s}, k )

exp(−iρζ^′) exp (−ikη^′) , where F_s(u, ζ, ρ, η, k) = (( H ) − ( H )_0) × [ exp(−(u^2/2s)) exp(−iρζ) exp (−ikη) ]

and ( u ) s , ( ζ ) s and ( η ) s satisfy the distinguished stochastic equations (5.17) (in normal coordinates with initial conditions ( u ) 0 = 0,

( l )_{<α>} <α>0 = δ^{<α>}_{<α>} , ( ξ ) 0 = ζ and ( η ) 0 = η) we can write

str ( K ) t (0, 0) = E[ ∫ B d^{nE} ζd^{nE} ζ^′d^{nE} ρd^{mH} k t∫ 0 ds (2πs)^{−nE /2} ×

F_s ( ( u )_{t−s}, ( ξ )_{t−s}, ρ, ( η )_{t−s}, k ) exp(−iζζ^′) exp(−iρζ^′) exp (−ikη)]. Integrating the last expression on ζ^′ and ρ^′ we obtain str ( K ) t (0, 0) = E[ ∫ B d^{nE} ζd^{mH} ηd^{mH} k t∫ 0 ds (2πs)^{−nE /2} ×

F_s ( ( u )_{t−s}, ( ξ )_{t−s}, ζ, ( η )_{t−s}, k ) exp (−ikη)]. Now we construct a simpler Hamiltonian ( H )_1

on S (R^{nE} ×C^{mH} ) with heat kernel ( K )_1 t (u, u^′, ζ, ζ^′, η, η^′) such that lim_{t→0} str ( K )_1 t (0, 0) = lim_{t→0} str ( K ) t (0, 0) which allows us to calculate the required supertrace. Considering a simplification of distinguished stochastic differential equations (5.17) ^u^{1<α>}_t = a^{<α>}_t , ( ξ )^{1<α>}_{t−s} = ζ^{<α>} + ζ^{<α>}_t δ^{<α>}_{<α>} + 1 3 ( ξ )^{1<β>}_s ~R^{<α>}_{<β>} ds− 1 3 t∫ 0 (( ξ )^{1<α>}_s ^u^{1<γ>}_s ( ~R^{<α>} <γ><δ><β> + ~R^{<α>} <γ><β><δ> )da <β> s + i 4 ( ξ )^{1<β>}_s ( ξ )^{1<γ>}_s ( π )^{1<δ>}_s ~R^{<α>} <β><γ> <δ>ds), ( η )^{1r}_t = η^r + 1 4 t∫ 0 ( η )^{1q}_t (ζ^{<α>}_s − iπ^{<α>}_s ) ( ζ^{<β>}_s − iπ^{<β>}_s ) F^r_{<α><β>q} ds, where π^{1<β>}_s = ρ^{<α>}_s δ^{<β>}_{<α>}, R_{<γ><α><δ><β>} = ( R )^1_{<γ><α><δ><β>} (0) and F^r_{<α><β>q} = ( F )^r_{<α><β>q} (0), with indices raised and lowered by ( g )_1 <α><β> (0) = δ <α><β>, we introduce the modified Hamiltonian ( H )_1

satisfying conditions E ( f ( ^u^1_t , ( ξ )^1_t , ( η )^1_t )) − f (0, ζ, η) = (5.21)

E − t∫ 0 ( H )_1 f ( ^u^1_s, ( ξ )^1_s, ( η )^1_s ) ds where f ∈ C^{∞′} (S (R^{nE} ×C^{mH} )) and ( H )_1 = − 1 2 δ_{<α>}δ_{<α>} + 1 3 ~R^{<α>}_{<β>} (^u) ^ζ^{<β>} δ ∂ζ^{<α>} + 1 4 ~R^{<α><β>} <δ><γ> (^u) ^ζ^{<δ>} ^ζ^{<γ>} δ ∂ζ^{<α>} δ ∂ζ^{<β>} − + 1 2 ~R^{<α>}_{<β>} (^u) ^ζ^{<β>} δ ∂ζ^{<α>} − 1 4 ψ^{<α>}ψ^{<β>}F^s_{<α><β>r} η^r ∂ ∂η^s + 1 3 ^ζ^{<δ>} ^u^{<γ>} ( ~R^{<α> <β>} <γ> <δ> + ~R^{<α><β>} <γ><δ> ) δ ∂ζ^{<β>} δ_{<α>}+ 1 18 ^ζ^{<ε>} ^ζ^{<δ>} ^u^{<τ >} ^u^{<γ>}( ~R^{<α>} <τ ><δ><ε> + ~R^{<α>} <τ ><ε><δ> )× ( ~R^{<β> <γ>} <γ> <δ> + ~R^{<β><γ>} <γ><δ> ) δ ∂ζ^{<α>} δ ∂ζ^{<β>} (in this formulas the objects enabled with ”hats” are operators).

Applying again the Duhamel’s formula and introducing variable G_s(u, ξ, ζ, η, k) = exp(−( u^2 2s + iζξ + ikη) we find that

~K_t(0, 0) − ~K^1_t (0, 0) = E ∫ B d^{nE} ζd^{mH} ηd^{mH} k t∫ 0 ds (2πs)^{−nE /2} ×

[ (( H ) − ( H )_0) G_s(u, ξ, ζ, η, k) |_{u=} ^ut−s ,ξ=( ξ )t−s,η=( η )t−s − 1 H − ( H )_0 G_s(u, ξ, ζ, η, k) |_{u=} ^u^1_{t−s},ξ=( ξ )^1_{t−s},η=( η )^1_{t−s} ]. It is convenient to introduce scaled variables ω = √ 2πtζ and then after the Berezin integration we find

~K_t(0, 0) − ~K^1_t (0, 0) = A(t) + B(t),

where A(t) = E ∫ B d^{nE} ωd^{mH} ηd^{mH} k (2πt)^{−nE /2} t∫ 0 ds (2πs)^{−nE /2} ×

[( ( H ) − ( H )_1 )G_s(u, ξ, ω √ 2πt , η, k) |_{u=} ^u^1_{t−s} ,ξ=( ξ )^1_{t−s},η=( η )^1_{t−s} ] and B(t) = E ∫ B d^{nE} ωd^{mH} ηd^{mH} k (2πt)^{−nE /2} t∫ 0 ds (2πs)^{−nE /2} ×

[( ( H ) − ( H )_0 )G_s(u, ξ, ω √ 2πt , η, k) |_{u=} ^ut−s ,ξ=( ξ )t−s,η=( η )t−s − ( ( H ) − ( H )_0 )G_s(u, ξ, ω √ 2πt , η, k) |_{u=} ^u^1_{t−s} ,ξ=( ξ )^1_{t−s},η=( η )^1_{t−s} ]. Using the standard flat space Brownian motion techniques we can show that for any suitable regular function f on S (R^{nE} ×C^{mH} ) we write Ef ( ^u^1_{t−s}, ( ξ )^1_{t−s}, ( η )^1_{t−s} ) = exp [ − ( H )_1 (t − s) ] f ( u, ω √ 2πt , η ) = (5.22) (taking into account (5.21) ) =

E[exp( t−s∫ 0 (− i 4 (ζ^{<α>}_s − iπ^{<α>}_s ) ( ζ^{<β>}_s − iπ^{<β>}_s ) F^r_{<α><β>q} η^{0q}_s k^0_{rs}ds−

1 4 ~R_{<α><β><γ><δ>} ζ^{<α>}_s ζ^{<β>}_s ρ^{<γ>}_s ρ^{<δ>}_s + i 3 ~R_{<α><β>}ζ^{<α>}_s ρ^{<β>}_s ds− i 3 ζ^{<ε>}_s ρ^{<δ>}_s a^{<τ >}_s ( ~R_{<τ ><δ><ε><α>} + ~R_{<τ ><ε><δ><α>} )da^{<α>}_s ))× f ( b_{t−s}, ω √ 2πt + ζ_{t−s}, η − η^0_{t−s} ) ]. Estimations of solutions in a manner similar to that presented in [209, 210] enable us to show that A(t) → 0 as t → 0 and B (t) → 0 as t → 0. Thus

lim_{t→0} str exp [ − ( H ) t(0, 0) ] = lim_{t→0} str exp [ − ( H )_1

t(0, 0) ] . (5.23)

Now we begin the final step in the proof of this theorem by using the standard flat–space path–integral techniques. Applying once again the Duhamel’s formula and using (5.22) we obtain str exp[− ( H )_1

t(0, 0)] = E[ ∫ B d^{nE} ωd^{mH} ηd^{mH} k (2πt)^{−nE /2} × t∫ 0 ds (2πs)^{−nE /2} d^{nE} ζ^′{exp [ − ( H )_1 (t − s) ] ( ( H )_1 − ( H )_0 )

G_s(0, ω √ 2πt , ζ^′, η, −η) exp(−(ikη) exp ( −i ω √ 2πt ζ^′ ) }] =

E[ ∫ B d^{nE} ωd^{mH} ηd^{mH} k t∫ 0 ds (2πs)^{−nE /2} ×

[exp( t−s∫ 0 ( 1 4 (ζ^{<α>}_s − iπ^{<α>}_s ) ( ζ^{<β>}_s − iπ^{<β>}_s ) F^r_{<α><β>q}η^{0q}_s k^0_{rs}ds− 1 4 ~R_{<α><β><γ><δ>} ζ^{<α>}_s ζ^{<β>}_s ρ^{<γ>}_s ρ^{<δ>}_s + i 3 ~R_{<α><β>} ζ^{<α>}_s ρ^{<β>}_s ds+ i 3 ζ^{<ε>}_s ρ^{<δ>}_s a^{<τ >}_s ( ~R_{<τ ><δ><ε><α>} + ~R_{<τ ><ε><δ><α>} )da^{<α>}_s ))×

( ( H )_1 − ( H )_0 )G_s(u, ξ, ω √ 2πt , α, k) |_{u=}^_{at−s,ξ=ξt−s,α=η}0_{t−s} exp(ikη)]]. After some usual estimates for flat space Brownian paths it can be seen that

lim_{t→0} str exp [ − ( H )_1

t(0, 0) ] = E{ lim_{t→0} ∫ B d^{nE} ωd^{mH} ηd^{mH} k (2πt)^{−nE /2} × t∫ 0 ds (2πs)^{−nE /2} [( ( H )_2 − ( H )_0 ) G_s(u, ξ, ω √ 2πt , α, k) |_{u=}^_{at−s,ξ=ξt−s,α=η}0_{t−s} exp(ikη)]}, where ( H )_2

= −( 1 2 δ_{<α>}δ_{<α>}− 1 3 ω^{<α>} √ 2πt ω^{<β>} √ 2πt ( ~R^{<δ>} <γ> <β><α> + ~R^{<δ>} <γ><β> <α> ) ^u^{<γ>}δ_{<δ>}− 1 18 ω^{<ε>} √ 2πt ω^{<β>} √ 2πt ω^{<α>} √ 2πt ω^{<ν>} √ 2πt ( ~R_{<τ ><μ><ε><α>} + ~R_{<τ ><ε><μ><α>} )× ( ~R^{<μ>} <γ> <β><ν> + ~R^{<μ>} <γ><β> <ν> ) ^u^{<τ >} ^u^{<γ>}+ 1 4 ω^{<α>} √ 2πt ω^{<β>} √ 2πt ~R_{<α><β><ε><δ>} ^χ^{<ε>} ^χ^{<δ>} + ω^{<α>} √ 2πt ω^{<β>} √ 2πt F^s_{<α><β>r} ^η^r ∂ ∂η^s , where ^χ^{<ε>} = ζ^{<ε>} +^δ_{∂ζ<ε>} . Thus

lim_{t→0} str exp [ − ( H )_1

t(0, 0) ] = lim_{t→0} str exp [ − ( H )_2

t(0, 0) ] . (5.24)

The operator ( H )_2

decouples into operators acting separately on the u-

ζ- and η–variables: ( H )_2 = ( H )_2 u + ( H )_2 ζ + ( H )_2 η , where ( H )_2 u = −( 1 2 δ_{<α>}δ_{<α>} + 1 2 ω^{<α>} √ 2πt ω^{<β>} √ 2πt ~R^{<μ>} <α><β><ν> ^u <ν>δ_{<μ>}+ 1 8 ω^{<ν>} √ 2πt ω^{<β>} √ 2πt ω^{<τ >} √ 2πt ω^{<α>} √ 2πt ~R_{<τ ><ν><ε><μ>} ~R^{<μ>} <α><β><γ> ^u <ε> ^u^{<γ>}), ( H )_2 ζ = − 1 4 ω^{<α>} √ 2πt ω^{<β>} √ 2πt ~R_{<α><β><ε><δ>} ^χ^{<ε>} ^χ^{<δ>} and ( H )_2 η = − ω^{<α>} √ 2πt ω^{<β>} √ 2πt F^s_{<α><β>r} ^η^r ∂ ∂η^s . In order to evaluate exp [ − ( H )_2 u t(0, 0) ] we use result given in [69]

for R^2 : L = − 1 2 δ_{<α>}δ_{<α>} + iB 2 ( x^1∂_2 − x^2∂_1 ) + 1 8 B^2 [ (x^1)^2 + (x^2)^2 ]

then exp[−Lt(0, 0)] =^B_{4π sinh}(_{12 Bt}). Let introduce Ω^{<β>}_{<α>} =^1_2 ω^{<ε>}ω^{<τ >} ~R^{<β>} <ε><τ ><α> a distinguished nE × nE matrix, skew–diagonalized as Ω = ( Ω^{<β>} <α> ) = 0 Ω^{(0)}_1 ... 0 0 ... 0 0 ... 0 0 ...

−Ω^{(0)}_1 0 ... 0 0 ... 0 0 ... 0 0 ... ... ... ... ... ... ... ... ... ... ... ... ... 0 0 ... 0 Ω^{(0)}_{n/2} ... 0 0 ... 0 0 ... 0 0 ... −Ω^{(0)}_{n/2} 0 ... 0 0 ... 0 0 ... ... ... ... ... ... ... ... ... ... ... ... ... 0 0 ... 0 0 ... 0 Ω^{(p)}_1 ... 0 0 ... 0 0 ... 0 0 ... −Ω^{(p)}_1 0 ... 0 0 ... ... ... ... ... ... ... ... ... ... ... ... ... 0 0 ... 0 0 ... 0 0 ... 0 Ω^{(p)}_{mp /2} ... 0 0 ... 0 0 ... 0 0 ... −Ω^{(p)}_{mp /2} 0 ... ... ... ... ... ... ... ... ... ... ... ... ...

Now we can compute exp [ − ( H )_2 u t(0, 0) ] = n/2∏ k_{(0)} =1 ... m_{(p)}/2∏

k_{(p)} =1 ... m_{(z)}/2∏

k_{(z)} =1 ×

iΩ^{(0)}_{k(0)} 2πt 1 sinh(iΩ^{(0)}_{k(0)} /2π) .... iΩ^{(p)}_{k(p)} 2πt 1 sinh(iΩ^{(p)}_{k(p)} /2π) ... iΩ^{(z)}_{k(z)} 2πt 1 sinh(iΩ^{(z)}_{k(z)} /2π) . Using fermion path [206] by direct calculation we find exp [ − ( H )_2 ζ (ζ, ζ^′) ] = ∫ B d^nρ_{(0)}...d^{mp} ρ_{(p)}...d^{mz} ρ_{(z)} {exp[−iρ_{(0)}(θ − θ^′)]... exp[−iρ_{(p)}(ζ_{(p)} − ζ^′_{(p)})]... exp[−iρ_{(z)}(ζ_{(z)} − ζ^′_{(z)})]× n/2∏ k_{(0)}=1

[cosh( iΩ_{k(0)} 2π ) + ( θ^{2k(0)−1} + iρ^{2k(0)−1} ) ( θ^{2k(0)} + iρ^{2k(0)} ) sinh( iΩ_{k(0)} 2π )] × ...

× m_p /2∏

k_{(p)}=1

[cosh( iΩ_{k(p)} 2π ) + ( ζ^{2k(p) −1} + iρ^{2k(p)−1} ) ( ζ^{2k(p)} + iρ^{2k(p)} ) sinh( iΩ_{k(p)} 2π )]...

× m_z /2∏

k_{(z)}=1

[cosh( iΩ_{k(z)} 2π ) + ( ζ^{2k(z)−1} + iρ^{2k(z)−1} ) ( ζ^{2k(z)} + iρ^{2k(z)} ) sinh( iΩ_{k(z)} 2π )] and str exp [ − ( H )_2

t(0, 0) ] = ∫ B d^nω_{(0)}...d^{mp} ω_{(p)}...d^{mz} ω_{(z)} n/2∏ k_{(0)}=1 ... m_{(p)}/2∏

k_{(p)} =1 ... m_{(z)}/2∏

k_{(z)}=1 × iΩ^{(0)}_{k(0)} 2πt 1 sinh(iΩ^{(0)}_{k(0)} /2π) .... iΩ^{(p)}_{k(p)} 2πt 1 sinh(iΩ^{(p)}_{k(p)} /2π) ... iΩ^{(z)}_{k(z)} 2πt 1 sinh(iΩ^{(z)}_{k(z)} /2π)

cosh( iΩ_{k(0)} 4π )... cosh( iΩ_{k(p)} 4π )... cosh( iΩ_{k(z)} 4π )tr [ exp ( −ω^{<α>}ω^{<β>} ) F_{<α><β>} 2π ] .

Using (5.20),(5.23) and (5.24) we obtain the required result of the theorem str exp [−H(w, w)] dvol = tr exp ( − F 2π ) det ( iΩ/2π tanh(iΩ/2π) )_{1/2} |_w . □

Part II Higher Order Anisotropic Interactions

Chapter 6

HA–Spinors

Some of fundamental problems in physics advocate the extension to locally anisotropic and higher order anisotropic backgrounds of physical theories [159,161,13,29,18,162,272,265,266,267]. In order to construct physical models on higher order anisotropic spaces it is necessary a corresponding generalization of the spinor theory. Spinor variables and interactions of spinor fields on Finsler spaces were used in a heuristic manner, for instance, in works [18,177], where the problem of a rigorous definition of la-spinors for la-spaces was not considered. Here we note that, in general, the nontrivial nonlinear connection and torsion structures and possible incompatibility of metric and connections makes the solution of the mentioned problem very sophisticate. The geometric definition of la-spinors and a detailed study of the relationship between Clifford, spinor and nonlinear and distinguished connections structures in vector bundles, generalized Lagrange and Finsler spaces are presented in refs. [256,255,264].

The purpose of the Chapter is to summarize and extend our investigations [256,255,264,272,260] on formulation of the theory of classical and quantum field interactions on higher order anisotropic spaces. We receive primary attention to the development of the necessary geometric framework: to propose an abstract spinor formalism and formulate the differential geometry of higher order anisotropic spaces . The next step is the investigation of higher order anisotropic interactions of fundamental fields on generic higher order anisotropic spaces (in brief we shall use instead of higher order anisotropic the abbreviation ha-, for instance, ha–spaces, ha–interactions and ha–spinors).

In order to develop the higher order anisotropic spinor theory it will be convenient to extend the Penrose and Rindler abstract index formalism [180,181,182] (see also the Luehr and Rosenbaum index free methods [154]) proposed for spinors on locally isotropic spaces. We note that in order to formulate the locally anisotropic physics usually we have dimensions d > 4 for the fundamental, in general higher order anisotropic space–time and to take into account physical effects of the nonlinear connection structure. In this case the 2-spinor calculus does not play a preferential role.

Section 6.1 of this Chapter contains an introduction into the geometry of higher order anisotropic spaces, the distinguishing of geometric objects by N–connection structures in such spaces is analyzed, explicit formulas for coefficients of torsions and curvatures of N- and d–connections are presented and the field equations for gravitational interactions with higher order anisotropy are formulated. The distinguished Clifford algebras are introduced in section 6.2 and higher order anisotropic Clifford bundles are defined in section 6.3. We present a study of almost complex structure for the case of locally anisotropic spaces modeled in the framework of the almost Hermitian model of generalized Lagrange spaces in section 6.4. The d–spinor techniques is analyzed in section 6.5 and the differential geometry of higher order anisotropic spinors is formulated in section 6.6. The section 6.7 is devoted to geometric aspects of the theory of field interactions with higher order anisotropy (the d–tensor and d–spinor form of basic field equations for gravitational, gauge and d–spinor fields are introduced). Finally, an outlook and conclusions on ha–spinors are given in section 6.8.

6.1 Basic Geometric Objects in Ha–Spaces

We review some results and methods of the differential geometry of vector bundles provided with nonlinear and distinguished connections and metric structures [160,161,162,265,266,267]. This section serves the twofold purpose of establishing of abstract index denotations and starting the geometric backgrounds which are used in the next sections of the Chapter. We note that a number of formulas can be obtained as even components of similar geometric objects and equations introduced in Chapters 1 and 2 of the first part of the monograph (for locally trivial considerations we can formally omit ”tilde” on denotations of s-bundles, change s-indices into even ones and supersimmetric commutation rules into usual ones).

6.1.1 N–connections: distinguishing of geometric objects

Let E^{<z>} = (E^{<z>} , p, M, Gr, F^{<z>} ) be a locally trivial distinguished vector bundle, dv-bundle, where F^{<z>} = R^{m1} ⊕ ... ⊕ R^{mz} (a real vector space of dimension m = m_1 + ... + m_z, dim F = m, R denotes the real number field) is the typical fibre, the structural group is chosen to be the group of automorphisms of R^m , i.e. Gr = GL (m, R) , and p : E^{<z>} → M (defined by intermediar projections p_{<z,z−1>} : E^{<z>} → E^{<z−1>} , p_{<z−1,z−2>} : E^{<z−1>} → E^{<z−2>} , ...p : E^{<1>} → M) is a differentiable surjection of a differentiable manifold E (total space, dim E = n + m) to a differentiable manifold M (base space, dim M = n). Local coordinates on E^{<z>} are denoted as u^{<α>} = ( x^i, y^{<a>} ) = ( x^i .= y^{a0} , y^{a1} , ...., y^{az} ) = (..., y^{a(p)}, ...) = {y^{a(p)}_{(p)} } = {y^{a(p)} }, or in brief u = u_{<z>} = (x, y_{(1)}, ..., y_{(p)}, ..., y_{(z)}) where boldfaced indices will be considered as coordinate ones for which the Einstein summation rule holds (Latin indices i, j, k, ... = a_0, b_0, c_0, ... = 1, 2, ..., n will parametrize coordinates of geometrical objects with respect to a base space M, Latin indices a_p, b_p, c_p, ... = 1, 2, ..., m_{(p)} will parametrize fibre coordinates of geometrical objects and Greek indices α, β, γ, ... are considered as cumulative ones for coordinates of objects defined on the total space of a vbundle). We shall correspondingly use abstract indices α = (i, a), β = (j, b), γ = (k, c), ... in the Penrose manner [180,181,182] in order to mark geometical objects and theirs (base, fibre)-components or, if it will be convenient, we shall consider boldfaced letters (in the main for pointing to the operator character of tensors and spinors into consideration) of type A ≡A = ( A^{(h)}, A^{(v1)}, ..., A^{(vz)} ) , b = ( b^{(h)}, b^{(v1)}, ..., b^{(vz)} ) , ..., R, ω, Γ, ... for geometrical objects on E and theirs splitting into horizontal (h), or base, and vertical (v), or fibre, components. For simplicity, we shall prefer writing out of abstract indices instead of boldface ones if this will not give rise to ambiguities.

Coordinate transforms u^{<α′>} = u^{<α′>} (u^{<α>}) on E^{<z>} are written as {u^{<α>} = ( x^i, y^{<a>} ) } → {u^{<α′>} = ( x^{i′} , y^{<a′>} ) } and written as recurrent maps

x^{i′} = x^{i′} (x^i), rank ( ∂x^{i′} ∂x^i ) = n, (6.1)

y^{a′1}_{(1)} = K^{a′1}_{a1} (x^i )y^{a1}_{(1)}, K^{a′1}_{a1} (x^i ) ∈ GL (m_1, R) , ............ y^{a′p}_{(p)} = K^{a′p}a_p (u_{(p−1)})y^{ap}_{(p)}, K^{a′p}a_p (u_{(p−1)}) ∈ GL (m_p, R) , ............. y^{a′z}_{(z)} = K^{a′z}_{az} (u_{(z−1)})y^{az}_{(z−1)}, K^{a′z}_{az} (u_{(z−1)}) ∈ GL (m_z , R) where matrices K^{a′1}a_1 (x^i ), ..., K^{a′p}a_p (u_{(p−1)}), ..., K^{a′z}_{az} (u_{(z−1)}) are functions of necessary smoothness class. In brief we write transforms (6.1) in the form x^{i′} = x^{i′} (x^i), y^{<a′>} = K^{<a′>}_{<a>} y^{<a>}.

In general form we shall write K–matrices K^{<α′>}_{<α>} = ( K^{i′}_i , K^{<a′>}_{<a>} ) , where K^{i′}_i =^{∂xi′}_{∂xi} .

A local coordinate parametrization of E^{<z>} naturally defines a coordinate basis of the module of d–vector fields Ξ (E^{<z>} ) , ∂_{<α>} = (∂_i, ∂_{<a>}) = (∂_i, ∂_{a1} , ..., ∂_{ap}, ..., ∂_{az} ) = (6.2) ∂ ∂u^{<α>} = ( ∂ ∂x^i , ∂ ∂y^{<a>} ) = ( ∂ ∂x^i , ∂ ∂y^{a1} , ... ∂ ∂y^{ap} , ..., ∂ ∂y^{az} ) , and the reciprocal to (6.2) coordinate basis d^{<α>} = (d^i, d^{<a>}) = (d^i, d^{a1} , ..., d^{ap} , ..., d^{az} ) = (6.3) du^{<α>} = (dx^i, dy^{<a>}) = (dx^i, dy^{a1} , ..., dy^{ap}, ..., dy^{az} ), which is uniquely defined from the equations d^{<α>} ∘ ∂_{<β>} = δ^{<α>}_{<β>} , where δ^{<α>}_{<β>} is the Kronecher symbol and by ”∘” we denote the inner (scalar) product in the tangent bundle T E^{<z>}.

The concept of nonlinear connection, in brief, N–connection, is fundamental in the geometry of locally anisotropic and higher order anisotropic spaces (see a detailed study and basic references in [160,161,162] and Chapter 1 of this monograph for a supersymmetric definition of N–connection). In a dv–bundle E^{<z>} it is defined as a distribution {N : E_u → H_uE, T_uE = H_uE ⊕V^{(1)}_u E ⊕...⊕V^{(p)}_u E...⊕V^{(z)}_u E} on E^{<z>} being a global decomposition, as a Whitney sum, into horizontal,HE, and vertical, VE^{<p>},p = 1, 2, ..., z subbundles of the tangent bundle T E : T E = HE ⊕ V E^{<1>} ⊕ ... ⊕ V E^{<p>} ⊕ ... ⊕ V E^{<z>} . (6.4) Locally a N-connection in E^{<z>} is given by it components N^{<ap >}_{<af >} (u), z ≥ p > f ≥ 0 (in brief we shall write N^{<ap >}_{<af >} (u) ) with respect to bases (6.2) and (6.3)): N = N^{<ap>}_{<af >} (u)δ^{<af >} ⊗ δ_{<ap>}, (z ≥ p > f ≥ 0), We note that a linear connection in a dv-bundle E^{<z>} can be considered as a particular case of a N-connection when N^{<a>}_i (u) = K^{<a>}_{<b>i} (x) y^{<b>}, where functions K^{<b>}_{<a>i} (x) on the base M are called the Christoffel coefficients.

To coordinate locally geometric constructions with the global splitting of E^{<z>} defined by a N-connection structure, we have to introduce a locally adapted basis ( la–basis, la–frame ): δ_{<α>} = (δ_i, δ_{<a>}) = (δ_i, δ_{a1} , ..., δ_{ap}, ..., δ_{az}), (6.5) with components parametrized as δ_i = ∂_i − N^{a1}_i ∂_{a1} − ... − N^{az}_i ∂_{az} , δ_{a1} = ∂_{a1} − N^{a2}_{a1} ∂_{a2} − ... − N^{az}_{a1} ∂_{az} ,

................ δ_{ap} = ∂_{ap} − N^{ap+1}_{ap} ∂_{ap+1} − ... − N^{az}_{ap} ∂_{az} , ............... δ_{az} = ∂_{az} and it dual la–basis δ^{<α>} = (δ^i, δ^{<a>}) = ( δ^i, δ^{a1} , ..., δ^{ap}, ..., δ^{az} ) , (6.6) δx^i = dx^i, δy^{a1} = dy^{a1} + M^{a1}_i dx^i, δy^{a2} = dy^{a2} + M^{a2}_{a1} dy^{a1} + M^{a2}_i dx^i, ................. δy^{ap} = dy^{ap} + M^{ap}_{ap−1} dy^{p−1} + M^{ap}_{ap−2} dy^{ap−2} + ... + M^{ap}_i dx^i, ................... δy^{az} = dy^{az} + M^{az}_{az−1} dy^{z−1} + M^{az}_{az−2} dy^{az−2} + ... + M^{az}_i dx^i (for details on expressing of coefficients M^{ap}_{af} , the dual coefficients of a N– connections, by recurrent formulas through the components N^{ap}_{af} , see subsection 1.22; we have to consider the even part for the calculus presented there).

The nonholonomic coefficients w = {w^{<α>}_{<β><γ>} (u)} of locally adapted to the N–connection structure frames are defined as [δ_{<α>}, δ_{<β>}] = δ_{<α>}δ_{<β>} − δ_{<β>}δ_{<α>} = w^{<α>}_{<β><γ>} (u) δ_{<α>}. The algebra of tensorial distinguished fields DT (E^{<z>} ) (d–fields, d–tensors, d–objects) on E^{<z>} is introduced as the tensor algebra T = {T^{pr1...rp...rz} qs_1 ...s_p...s_z } of the dv-bundle E <z> (d) , p_d : HE^{<z>} ⊕V^1E^{<z>} ⊕...⊕V^pE^{<z>} ⊕...⊕V^z E^{<z>} → E^{<z>}.

An element t ∈ T^{pr1...rz}_{qs1 ...sz} , d-tensor field of type ( p r_1 ... r_p ... r_z q s_1 ... s_p ... s_z ) , can be written in local form as t = t^{i1...ipa(1)1 ...a(1)r1 ...a(p)1 ...a(p)rp ...a(z)1 ...a(z)rz} j_1...j_q b^{(1)}_1 ...b^{(1)}_{r1} ...b^{(p)}_1 ...b^{(p)}_{rp} ...b^{(z)}_1 ...b^{(z)}_{rz} (u) δi^1 ⊗ ... ⊗ δi^p ⊗ d j_1 ⊗ ... ⊗ dj_q ⊗

δ_a(1)_1 ⊗ ... ⊗ δ_a(1)_{r1} ⊗ δ^{b(1)1} ... ⊗ δ^{b(1)s1} ⊗ ... ⊗ δ_a(p)_1 ⊗ ... ⊗ δ_a(p)_{rp} ⊗ ...⊗ δ^{b(p)1} ... ⊗ δ^{b(p)sp} ⊗ δ_a(z)_1 ⊗ ... ⊗ δ_a(z)_{rz} ⊗ δ^{b(z)1} ... ⊗ δ^{b(z)sz} . We shall respectively use denotations X(E^{<z>} ) (or X(M)), Λ^p (E^{<z>} ) (or Λ^p (M)) and F(E^{<z>} ) (or F (M)) for the module of d-vector fields on E^{<z>} (or M ), the exterior algebra of p-forms on E^{<z>} (or M) and the set of real functions on E^{<z>} (or M).

In general, d–objects on E^{<z>} are introduced as geometric objects with various group and coordinate transforms coordinated with the N–connection structure on E^{<z>} . For example, a d–connection D on E^{<z>} is defined as a linear connection D on E^{<z>} conserving under a parallelism the global decomposition (6.4) into horizontal and vertical subbundles of T E^{<z>} .

A N-connection in E^{<z>} induces a corresponding decomposition of dtensors into sums of horizontal and vertical parts, for example, for every d-vector X ∈ X (E^{<z>} ) and 1-form ~X ∈ Λ^1 (E^{<z>} ) we have respectively X = hX + v_1X + ... + v_z X and ~X = h ~X + v_1 ~X + ... v_z ~X. (6.7) In consequence, we can associate to every d-covariant derivation along the d-vector (6.7), D_X = X ∘D, two new operators of h- and v-covariant derivations defined respectively as

D^{(h)}_X Y = D_{hX} Y and D^{(v1)}_X Y = D_{v1 X} Y , ..., D^{(vz )}_X Y = D_{vz X}Y ∀Y ∈X (E^{<z>} ),

for which the following conditions hold:

D_X Y =D^{(h)}_X Y + D^{(v1 )}_X Y + ... + D^{(vz )}_X Y, (6.8)

D^{(h)}_X f = (hX)f and D^{(vp )}_X f = (v_pX)f, X, Y ∈X (E) ,f ∈ F (M) , p = 1, 2, ...z. We define a metric structure G in the total space E^{<z>} of dv-bundle E^{<z>} = (E^{<z>} , p, M) over a connected and paracompact base M as a symmetric covariant tensor field of type (0, 2), G_{<α><β>,} being nondegenerate and of constant signature on E^{<z>} .

Nonlinear connection N and metric G structures on E^{<z>} are mutually compatible it there are satisfied the conditions: G ( δ_{af} , δ_{ap} ) = 0, or equivalently, G_{af ap} (u)−N^{<b>}_{af} (u) h_{af <b>} (u) = 0, (6.9)

where h_{apbp} = G ( ∂_{ap} , ∂_{bp} ) and G_{bf ap} = G ( ∂_{bf} , ∂_{ap} ) , 0 ≤ f < p ≤ z, which gives N^{bp}_{cf} (u) = h^{<a>bp} (u) G_{cf <a>} (u) (6.10) (the matrix h^{apbp} is inverse to h_{apbp} ). In consequence one obtains the following decomposition of metric :

G(X, Y )= hG(X, Y ) + v_1G(X, Y ) + ... + v_zG(X, Y ), (6.11)

where the d-tensor hG(X, Y )= G(hX, hY ) is of type ( 0 0 2 0 ) and the d-

tensor v_pG(X, Y ) = G(v_pX, v_pY ) is of type ( 0 ... 0(p) ... 0 0 ... 2 ... z ) . With

respect to la–basis (6.6) the d–metric (6.11) is written as G = g_{<α><β>} (u) δ^{<α>} ⊗ δ^{<β>} = g_{ij} (u) d^i ⊗ d^j + h_{<a><b>} (u) δ^{<a>} ⊗ δ^{<b>}, (6.12) where g_{ij} = G (δ_i, δ_j ) .

A metric structure of type (6.11) (equivalently, of type (6.12)) or a metric on E^{<z>} with components satisfying constraints (6.9), equivalently (6.10)) defines an adapted to the given N-connection inner (d–scalar) product on the tangent bundle T E^{<z>} .

We shall say that a d-connection ^D_X is compatible with the d-scalar product on T E^{<z>} (i.e. is a standard d-connection) if

^D_X (X · Y) = ( ^D_X Y ) · Z + Y· ( ^D_X Z ) , ∀X, Y, Z∈X (E^{<z>} ).

An arbitrary d–connection D_X differs from the standard one ^D_X by an operator ^P_X (u) = {X^{<α>} ^P^{<γ>}_{<α><β>} (u)}, called the deformation d-tensor with respect to ^D_X , which is just a d-linear transform of E^{<z>}_u , ∀u ∈ E^{<z>} . The explicit form of ^P_X can be found by using the corresponding axiom defining linear connections [154] ( D_X − ^D_X ) fZ = f ( D_X − ^D_X ) Z, written with respect to la-bases (6.5) and (6.6). From the last expression we obtain ^P_X (u) = [ (D_X − ^D_X )δ_{<α>} (u) ] δ^{<α>} (u) , therefore D_X Z = ^D_X Z + ^P_X Z. (6.13) A d-connection D_X is metric (or compatible with metric G) on E^{<z>} if D_X G = 0, ∀X∈X (E^{<z>}). (6.14) Locally adapted components Γ^{<α>}_{<β><γ>} of a d-connection D_{<α>} = (δ_{<α>} ∘ D) are defined by the equations D_{<α>}δ_{<β>} = Γ^{<γ>}_{<α><β>}δ_{<γ>}, from which one immediately follows Γ^{<γ>}_{<α><β>} (u) = (D_{<α>}δ_{<β>}) ∘ δ^{<γ>}. (6.15) The operations of h- and v_{(p)}-covariant derivations, D^{(h)}_k = {L^i_{jk}, L^{<a>}_{<b>k} } and D^{(vp )}_{cp} = {C^i_{jcp} , C^i_{<b>cp} , C^{<a>}_{jcp} , C^{<a>}_{<b>cp} } (see (6.8)), are introduced as corresponding h- and v_{(p)}-parametrizations of (6.15): L^i_{jk} = (D_k δ_j ) ∘ d^i, L^{<a>}_{<b>k} = (D_k δ_{<b>}) ∘ δ^{<a>} (6.16) and C^i_{jcp} = ( D_{cp} δ_j ) ∘ δ^i, C^{<a>}_{<b>cp} = ( D_{cp} δ_{<b>} ) ∘ δ^{<a>} (6.17) C^i_{<b>cp} = ( D_{cp} δ_{<b>} ) ∘ δ^i, C^{<a>}_{jcp} = ( D_{cp} δ_j ) ∘ δ^{<a>}.

A set of components (6.16) and (6.17), DΓ = ( L^i_{jk} , L^{<a>}_{<b>k} , C^i_{j<c>} , C^{<a>}_{<b><c>} ) , completely defines the local action of a d-connection D in E^{<z>} . For instance, taken a d-tensor field of type ( 1 ... 1(p) ... 1 ... 1(p) ... ) , t = t^{iap}_{jbp} δ_i ⊗ δ_{ap} ⊗ δ^j ⊗ δ^{bp} , and a d-vector X = X^iδ_i + X^{<a>}δ_{<a>} we have

D_X t =D^{(h)}_X t+D^{(v1 )}_X t + .. + .D^{(vp)}_X t + ... + D^{(vz )}_X t = ( X^k t^{iap}_{jbp|k} + X^{<c>} t^{iap}_{jbp⊥<c>} ) δ_i ⊗ δ_{ap} ⊗ d^j ⊗ δ^{bp} , where the h–covariant derivative is written as t^{iap}_{jbp|k} = δt^{iap}_{jbp} δx^k + L^i_{hk} t^{hap}_{jbp} + L^{ap}_{cp k}t^{icp}_{jbp} − L^h_{jk} t^{iap}_{hbp} − L^{cp}_{bpk} t^{iap}_{jcp} and the v–covariant derivatives are written as t^{iap}_{jbp⊥<c>} = ∂t^{iap}_{jbp} ∂y^{<c>} + C^i_{h<c>}t^{hap}_{jbp} + C^{ap}_{dp<c>} t^{idp}_{jbp} − C^h_{j<c>}t^{iap}_{hbp} − C^{dp}_{bp<c>}t^{iap}_{jdp} . For a scalar function f ∈ F(E^{<z>} ) we have

D^{(h)}_i = δf δx^i = ∂f ∂x^i − N^{<a>}_i ∂f ∂y^{<a>} , D^{(vf )}_{af} = δf δx^{af} = ∂f ∂x^{af} − N^{ap}_{af} ∂f ∂y^{ap} , 1 ≤ f < p ≤ z − 1, and D^{(vz )}_{cz} f = ∂f ∂y^{cz} . We emphasize that the geometry of connections in a dv-bundle E^{<z>} is very reach. If a triple of fundamental geometric objects (N^{ap}_{af} (u) , Γ^{<α>}_{<β><γ>} (u) , G_{<α><β>} (u)) is fixed on E^{<z>} , a multiconnection structure (with corresponding different rules of covariant derivation, which are, or not, mutually compatible and with the same, or not, induced d-scalar products in T E^{<z>} ) is defined on this dv-bundle. For instance, we enumerate some of connections and covariant derivations which can present interest in investigation of locally anisotropic gravitational and matter field interactions:

1. Every N-connection in E^{<z>} , with coefficients N^{ap}_{af} (u) being differentiable on y-variables, induces a structure of linear connection ~N^{<α>}_{<β><γ>}, where ~N^{ap}_{bpcf} = ∂N^{ap}_{cf} ∂y^{bp} and ~N^{ap}_{bpcp} (u) = 0. For some Y (u) = Y^i (u) ∂_i + Y^{<a>} (u) ∂_{<a>} and B (u) = B^{<a>} (u) ∂_{<a>} one writes

D^( ~_{N )} Y B = [ Y^{cf} ( ∂B^{ap} ∂y^{cf} + ~N^{ap}_{bpi}B^{bp} ) + Y^{bp} ∂B^{ap} ∂y^{bp} ] ∂ ∂y^{ap} (0 ≤ f < p ≤ z).

2. The d–connection of Berwald type [39] Γ^{(B)<α>} <β><γ> = ( L^i_{jk} , ∂N^{<a>}_k ∂y^{<b>} , 0, C^{<a>}_{<b><c>} ) , (6.18)

where L^i_{.jk} (u) = 1 2 g^{ir} ( δg_{jk} ∂x^k + δg_{kr} ∂x^j − δg_{jk} ∂x^r ) ,

C^{<a>}_{.<b><c>} (u) = 1 2 h^{<a><d>} ( δh_{<b><d>} ∂y^{<c>} + δh_{<c><d>} ∂y^{<b>} − δh_{<b><c>} ∂y^{<d>} ) , (6.19) which is hv-metric, i.e. D^{(B)}_k g_{ij} = 0 and D^{(B)}_{<c>} h_{<a><b>} = 0.

3. The canonical d–connection Γ^{(c)} associated to a metric G of type (6.12) Γ^{(c)<α>}_{<β><γ>} = ( L^{(c)i}_{jk} , L^{(c)<a>}_{<b>k} , C^{(c)i}_{j<c>}, C^{(c)<a>}_{<b><c>} ) , with coefficients L^{(c)i}_{jk} = L^i_{.jk}, C^{(c)<a>}_{<b><c>} = C^{<a>}_{.<b><c>} (see (6.19)

L^{(c)<a>} <b>i = ~N^{<a>}_{<b>i}+ 1 2 h^{<a><c>} ( δh_{<b><c>} δx^i − ~N^{<d>}_{<b>i}h_{<d><c>} − ~N^{<d>}_{<c>i} h_{<d><b>} ) , C^{(c)i}_{j<c>} = 1 2 g^{ik} ∂g_{jk} ∂y^{<c>} . (6.20) This is a metric d–connection which satisfies conditions D^{(c)}_k g_{ij} = 0, D^{(c)}_{<c>} g_{ij} = 0, D^{(c)}_k h_{<a><b>} = 0, D^{(c)}_{<c>} h_{<a><b>} = 0. 4. We can consider N-adapted Christoffel d–symbols ~Γ^{<α>}_{<β><γ>} = 1 2 G^{<α><τ >} (δ_{<γ>}G_{<τ ><β>} + δ_{<β>}G_{<τ ><γ>} − δ_{<τ >}G_{<β><γ>} ) , (6.21) which have the components of d-connection ~Γ^{<α>}_{<β><γ>} = ( L^i_{jk} , 0, 0, C^{<a>}_{<b><c>} )

with L^i_{jk} and C^{<a>}_{<b><c>} as in (6.19) if G_{<α><β>} is taken in the form (6.12).

Arbitrary linear connections on a dv–bundle E^{<z>} can be also characterized by theirs deformation tensors (see (6.13)) with respect, for instance, to d–connection (6.21): Γ^{(B)<α>} <β><γ> = ~Γ^{<α>}_{<β><γ>} + P^{(B)<α>}_{<β><γ>} , Γ^{(c)<α>}_{<β><γ>} = ~Γ^{<α>}_{<β><γ>} + P^{(c)<α>}_{<β><γ>} or, in general, Γ^{<α>}_{<β><γ>} = ~Γ^{<α>}_{<β><γ>} + P^{<α>}_{<β><γ>} , where P^{(B)<α>} <β><γ> , P (c)<α> <β><γ> and P <α> <β><γ> are respectively the deformation d–

tensors of d-connections (6.18), (6.20), or of a general one.

6.1.2 D–Torsions and d–curvatures

The curvature Ω of a nonlinear connection N in a dv-bundle E^{<z>} can be defined as the Nijenhuis tensor field N_v (X, Y ) associated to N [160,161]: Ω = N_v = [vX, vY] + v [X, Y] − v [vX, Y] − v [X, vY] , X, Y ∈ X (E^{<z>} ), where v = v_1 ⊕ ... ⊕ v_z. In local form one has Ω = 1 2 Ω^{ap}_{bf cf} δ^{bf} ⋀ δ^{cf} ⊗ δ_{ap} , (0 ≤ f < p ≤ z), where Ω^{ap}_{bf cf} = δN^{ap}_{cf} ∂y^{bf} − ∂N^{ap}_{bf} ∂y^{cf} + N^{<b>}_{bf} ~N^{ap}_{<b>cf} − N^{<b>}_{cf} ~N^{ap}_{<b>bf} . (6.22) The torsion T of d–connection D in E^{<z>} is defined by the equation T (X, Y) = XY^∘ T .=D_X Y−D_Y X − [X, Y] . (6.23) One holds the following h- and v_{(p)}−–decompositions

T (X, Y) = T (hX, hY) + T (hX, vY) + T (vX, hY) + T (vX, vY) . (6.24) We consider the projections: hT (X, Y) , v_{(p)}T (hX, hY) , hT (hX, hY) , ... and say that, for instance, hT (hX, hY) is the h(hh)-torsion of D , v_{(p)}T (hX, hY) is the v_p(hh)-torsion of D and so on.

The torsion (6.23) is locally determined by five d-tensor fields, torsions, defined as T^i_{jk} = hT (δ_k, δ_j) · d^i, T^{ap}_{jk} = v_{(p)}T (δ_k, δ_j ) · δ^{ap} , P^i_{jbp} = hT ( δ_{bp} , δ_j ) · d^i, P^{ap}_{jbf} = v_{(p)}T ( δ_{bf} , δ_j ) · δ^{ap} , S^{ap}_{bf cf} = v_{(p)}T ( δ_{cf} , δ_{bf} ) · δ^{ap} . Using formulas (6.5),(6.6),(6.22) and (6.23) we can computer in explicit form the components of torsions (6.24) for a d–connection of type (6.16) and (6.17): T^i_{.jk} = T^i_{jk} = L^i_{jk} − L^i_{kj} , T^i_{j<a>} = C^i_{.j<a>}, T^i_{<a>j} = −C^i_{j<a>}, (6.25)

T^i_{.j<a>} = 0, T^{<a>}_{.<b><c>} = S^{<a>}_{.<b><c>} = C^{<a>}_{<b><c>} − C^{<a>}_{<c><b>} , T^{ap}_{.bf cf} = δN^{ap}_{cf} ∂y^{bf} − δN^{ap}_{bf} ∂y^{cf} , T^{<a>}_{.<b>i} = P^{<a>}_{.<b>i} = δN^{<a>}_i ∂y^{<b>} − L^{<a>}_{.<b>j} , T^{<a>}_{.i<b>} = −P^{<a>}_{.<b>i}. The curvature R of d–connection in E^{<z>} is defined by the equation R (X, Y) Z = XY^•R • Z = D_X D_Y Z − D_Y D_X Z−D_{[X,Y ]}Z. (6.26) One holds the next properties for the h- and v-decompositions of curvature:

v_{(p)}R (X, Y) hZ = 0, hR (X, Y) v_{(p)}Z = 0, v_{(f )}R (X, Y) v_{(p)}Z = 0, R (X, Y) Z = hR (X, Y) hZ + vR (X, Y) vZ, where v = v_1+...+v_z. From (6.26) and the equation R (X, Y) = −R (Y, X) we get that the curvature of a d-connection D in E^{<z>} is completely determined by the following d-tensor fields: R^{.i}_{h.jk} = δ^i · R (δ_k, δ_j) δ_h, R^{.<a>}_{<b>.jk} = δ^{<a>} · R (δ_k, δ_j ) δ_{<b>}, (6.27) P^{.i}_{j.k<c>} = d^i · R (δ_{<c>}, δ_{<k>}) δ_j , P^{.<a>}_{<b>.<k><c>} = δ^{<a>} · R (δ_{<c>}, δ_{<k>}) δ_{<b>}, S^{.i}_{j.<b><c>} = d^i · R (δ_{<c>}, δ_{<b>}) δ_j , S^{.<a>}_{<b>.<c><d>} = δ^{<a>} · R (δ_{<d>}, δ_{<c>}) δ_{<b>}. By a direct computation, using (6.5),(6.6),(6.16),(6.17) and (6.27) we get : R^{.i}_{h.jk} = δL^i_{.hj} δx^h − δL^i_{.hk} δx^j + L^m_{.hj} L^i_{mk} − L^m_{.hk}L^i_{mj} + C^i_{.h<a>}R^{<a>}_{.jk} , (6.28)

R^{.<a>}_{<b>.jk} = δL^{<a>}_{.<b>j} δx^k − δL^{<a>}_{.<b>k} δx^j + L^{<c>}_{.<b>j} L^{<a>}_{.<c>k} − L^{<c>}_{.<b>k} L^{<a>}_{.<c>j} + C^{<a>}_{.<b><c>} R^{<c>}_{.jk} , P^{.i}_{j.k<a>} = δL^i_{.jk} ∂y^{<a>} + C^i_{.j<b>}P^{<b>}_{.k<a>}− ( ∂C^i_{.j<a>} ∂x^k + L^i_{.lk}C^l_{.j<a>} − L^l_{.jk} C^i_{.l<a>} − L^{<c>}_{.<a>k} C^i_{.j<c>} ) , P^{.<c>}_{<b>.k<a>} = δL^{<c>}_{.<b>k} ∂y^{<a>} + C^{<c>}_{.<b><d>}P^{<d>}_{.k<a>} −

( ∂C^{<c>}_{.<b><a>} ∂x^k + L^{<c>}_{.<d>k} C^{<d>}_{.<b><a>} − L^{<d>}_{.<b>k} C^{<c>}_{.<d><a>} − L^{<d>}_{.<a>k} C^{<c>}_{.<b><d>} ) , S^{.i}_{j.<b><c>} = δC^i_{.j<b>} ∂y^{<c>} − δC^i_{.j<c>} ∂y^{<b>} + C^h_{.j<b>}C^i_{.h<c>} − C^h_{.j<c>}C^i_{h<b>}, S^{.<a>}_{<b>.<c><d>} = δC^{<a>}_{.<b><c>} ∂y^{<d>} − δC^{<a>}_{.<b><d>} ∂y^{<c>} +C^{<e>}_{.<b><c>} C^{<a>}_{.<e><d>} − C^{<e>}_{.<b><d>} C^{<a>}_{.<e><c>} . We note that torsions (6.25) and curvatures (6.28) can be computed by particular cases of d-connections when d-connections (6.17), (6.20) or (6.22) are used instead of (6.16) and (6.17).

The components of the Ricci d–tensor R_{<α><β>} = R^{.<τ >}_{<α>.<β><τ >} with respect to locally adapted frame (6.6) are as follows: R_{ij} = R^{.k}_{i.jk} , R_{i<a>} = −^2P_{i<a>} = −P^{.k}_{i.k<a>}, (6.29) R_{<a>i} =^1 P_{<a>i} = P^{.<b>}_{<a>.i<b>} , R_{<a><b>} = S^{.<c>}_{<a>.<b><c>} . We point out that because, in general,^1P_{<a>i} ≠^2P_{i<a>} the Ricci d–tensor is non symmetric.

Having defined a d–metric of type (6.12) in E^{<z>} we can introduce the scalar curvature of d–connection D: ←− R = G^{<α><β>} R_{<α><β>} = R + S, where R = g^{ij} R_{ij} and S = h^{<a><b>} S_{<a><b>} . For our further considerations it will be also useful to use an alternative way of definition torsion (6.23) and curvature (6.26) by using the commutator Δ_{<α><β>} .= ∇_{<α>}∇_{<β>} − ∇_{<β>}∇_{<α>} = 2∇_{[<α>}∇_{<β>]}. For components (6.25) of d–torsion we have Δ_{<α><β>}f = T^{<γ>}_{.<α><β>}∇_{<γ>}f (6.30) for every scalar function f on E^{<z>} . Curvature can be introduced as an operator acting on arbitrary d–vector V^{<δ>} : (Δ_{<α><β>} − T^{<γ>}_{.<α><β>}∇_{<γ>})V^{<δ>} = R^{.<δ>}_{<γ>.<α><β>}V^{<γ>} (6.31) (we note that in this Chapter we shall follow conventions of Miron and Anastasiei [160,161] on d–tensors; we can obtain corresponding Penrose and Rindler abstract index formulas [181,182] just for a trivial N-connection structure and by changing denotations for components of torsion and curvature in this manner: T^γ_{.αβ} → T^γ_{αβ} and R^{.δ}_{γ.αβ} → R^δ_{αβγ} ).

Here we also note that torsion and curvature of a d–connection on E^{<z>} satisfy generalized for ha–spaces Ricci and Bianchi identities which in terms of components (6.30) and (6.31) are written respectively as R^{.<δ>}_{[<γ>.<α><β>]} + ∇_{[<α>}T^{<δ>}_{.<β><γ>]} + T^{<ν>}_{.[<α><β>}T^{<δ>}_{.<γ>]<ν>} = 0 (6.32) and ∇_{[<α>}R^{·<σ>}_{|<ν>|<β><γ>]} + T^{<δ>}_{·[<α><β>}R^{·<σ>}_{|<ν>|.<γ>]<δ>} = 0. Identities (6.32) can be proved similarly as in [181] by taking into account that indices play a distinguished character.

We can also consider a ha-generalization of the so-called conformal Weyl tensor (see, for instance, [181]) which can be written as a d-tensor in this form: C^{<γ><δ>}_{<α><β>} = R^{<γ><δ>}_{<α><β>} − 4 n + m_1 + ... + m_z − 2 R^{[<γ>}_{[<α>} δ^{<δ>]}_{<β>]}+ (6.33) 2 (n + m_1 + ...m_z − 1)(n + m_1 + ... + m_z − 2) ←− R δ^{[<γ>}_{[<α>} δ^{<δ>]}_{<β>]}. This object is conformally invariant on ha–spaces provided with d–connection generated by d–metric structures.

6.1.3 Field equations for ha–gravity

The Einstein equations in some models of higher order anisotropic supergravity have been considered in [267]. Here we note that the Einstein equations and conservation laws on v–bundles provided with N-connection structures were studied in detail in [160,161,9,10,279,276,263]. In ref. [272] we proved that the la-gravity can be formulated in a gauge like manner and analyzed the conditions when the Einstein la-gravitational field equations are equivalent to a corresponding form of Yang-Mills equations. In this subsection we shall write the higher order anisotropic gravitational field equations in a form more convenient for theirs equivalent reformulation in ha-spinor variables.

We define d-tensor Φ_{<α><β>} as to satisfy conditions −2Φ_{<α><β>} .= R_{<α><β>} − 1 n + m_1 + ... + m_z ←− R g_{<α><β>} which is the torsionless part of the Ricci tensor for locally isotropic spaces [181,182], i.e. Φ^{<α>}_{<α>} .= 0. The Einstein equations on ha–spaces ←− G_{<α><β>} + λg_{<α><β>} = κE_{<α><β>}, (6.34) where ←− G_{<α><β>} = R_{<α><β>} − 1 2 ←− R g_{<α><β>} is the Einstein d–tensor, λ and κ are correspondingly the cosmological and gravitational constants and by E_{<α><β>} is denoted the locally anisotropic energy–momentum d–tensor, can be rewritten in equivalent form: Φ_{<α><β>} = − κ 2 (E_{<α><β>} − 1 n + m_1 + ... + m_z E^{<τ >}_{<τ >} g_{<α><β>} ). (6.35) Because ha–spaces generally have nonzero torsions we shall add to (6.35) (equivalently to (6.34)) a system of algebraic d–field equations with the source S^{<α>}_{<β><γ>} being the locally anisotropic spin density of matter (if we consider a variant of higher order anisotropic Einstein–Cartan theory ): T^{<γ>}_{<α><β>} + 2δ^{<γ>}_{[<α>}T^{<δ>}_{<β>]<δ>} = κS^{<γ>}_{<α><β>.} (6.36) From (6.32 ) and (6.36) one follows the conservation law of higher order anisotropic spin matter: ∇_{<γ>}S^{<γ>}_{<α><β>} − T^{<δ>}_{<δ><γ>} S^{<γ>}_{<α><β>} = E_{<β><α>} − E_{<α><β>}. Finally, in this section, we remark that all presented geometric constructions contain those elaborated for generalized Lagrange spaces [160,161] (for which a tangent bundle T M is considered instead of a v-bundle E^{<z>} ) and for constructions on the so called osculator bundles with different prolongations and extensions of Finsler and Lagrange metrics [162]. We also note that the Lagrange (Finsler) geometry is characterized by a metric of type (6.12) with components parametized as g_{ij} =^1_2^{∂2L}_{∂yi ∂yj} ( g_{ij} =^1_2^{∂2Λ2}_{∂yi ∂yj} ) and h_{ij} = g_{ij} , where L = L (x, y) (Λ = Λ (x, y)) is a Lagrangian (Finsler metric) on T M (see details in [160,161,159,29].

6.2 Distinguished Clifford Algebras

The typical fiber of dv-bundle ξ_d , π_d : HE ⊕ V_1E ⊕ ... ⊕ V_z E → E is a d-vector space, F = hF ⊕ v_1F ⊕ ... ⊕ v_zF, split into horizontal hF and verticals v_pF,p = 1, ..., z subspaces, with metric G(g, h) induced by v-bundle metric (6.12). Clifford algebras (see, for example, Refs. [133,245,182]) formulated for d-vector spaces will be called Clifford d-algebras [256,255,275]. In this section we shall consider the main properties of Clifford d–algebras. The proof of theorems will be based on the technique developed in ref. [133] correspondingly adapted to the distinguished character of spaces in consideration.

Let k be a number field (for our purposes k = R or k = C, R and C, are, respectively real and complex number fields) and define F, as a d-vector space on k provided with nondegenerate symmetric quadratic form (metric) G. Let C be an algebra on k (not necessarily commutative) and j : F → C a homomorphism of underlying vector spaces such that j(u)^2 = G(u)·1 (1 is the unity in algebra C and d-vector u ∈ F). We are interested in definition of the pair (C, j) satisfying the next universitality conditions. For every k-algebra A and arbitrary homomorphism φ : F → A of the underlying dvector spaces, such that (φ(u))^2 → G (u)·1, there is a unique homomorphism of algebras ψ : C → A transforming the diagram 1 into a commutative one. The algebra solving this problem will be denoted as C (F, A) [equivalently as C (G) or C (F)] and called as Clifford d–algebra associated with pair (F, G) . Theorem 6.1 The above-presented diagram has a unique solution (C, j) up to isomorphism.

F C

A j φ τ

Figure 6.1: Diagram 1

Proof: (We adapt for d-algebras that of ref. [133], p. 127.) For a universal problem the uniqueness is obvious if we prove the existence of solution C (G) . To do this we use tensor algebra L^{(F )} = ⊕L^{pr}_{qs} (F) =⊕^∞_{i=0}T^i (F) , where T^0 (F) = k and T^i (F) = k and T^i (F) = F ⊗ ... ⊗ F for i > 0. Let I (G) be the bilateral ideal generated by elements of form ϵ (u) = u ⊗ u − G (u) · 1 where u ∈ F and 1 is the unity element of algebra L (F) . Every element from I (G) can be written as ∑ i λ_iϵ (u_i) μ_i, where λ_i, μ_i ∈ L(F) and u_i ∈ F. Let C (G) =L(F)/I (G) and define j : F → C (G) as the composition of monomorphism i : F → L^1(F) ⊂ L(F) and projection p : L (F) → C (G) . In this case pair (C (G) , j) is the solution of our problem. From the general properties of tensor algebras the homomorphism φ : F → A can be extended to L(F) , i.e., the diagram 2 is commutative, F L(F)

A i φ ρ

Figure 6.2: Diagram 2

where ρ is a monomorphism of algebras. Because (φ (u))^2 = G (u) · 1, then ρ vanishes on ideal I (G) and in this case the necessary homomorphism τ is defined. As a consequence of uniqueness of ρ, the homomorphism τ is unique.

Tensor d-algebra L(F) can be considered as a Z/2 graded algebra. Really, let us introduce L^{(0)}(F) = ∑_∞ i=1 T^{2i} (F) and L^{(1)}(F) = ∑_∞ i=1 T^{2i+1} (F) .

Setting I^{(α)} (G) = I (G) ∩ L^{(α)}(F). Define C^{(α)} (G) as p ( L^{(α)}(F) ) , where p : L (F) → C (G) is the canonical projection. Then C (G) = C^{(0)} (G) ⊕ C^{(1)} (G) and in consequence we obtain that the Clifford d-algebra is Z/2 graded.

It is obvious that Clifford d-algebra functorially depends on pair (F, G) . If f : F → F^′ is a homomorphism of k-vector spaces, such that G^′ (f(u)) = G (u) , where G and G^′ are, respectively, metrics on F and F^′, then f induces an homomorphism of d-algebras

C (f) : C (G) → C (G^′)

with identities C (φ · f) = C (φ) C (f) and C (Id_F ) = Id_{C(F)}.

If A^α and B^β are Z/2–graded d–algebras, then their graded tensorial product A^α ⊗ B^β is defined as a d-algebra for k-vector d-space A^α ⊗ B^β with the graded product induced as (a ⊗ b) (c ⊗ d) = (−1)^{αβ} ac ⊗ bd, where b ∈ B^α and c ∈ A^α (α, β = 0, 1) .

Now we reformulate for d–algebras the Chevalley theorem [60]:

Theorem 6.2 The Clifford d-algebra C (hF ⊕ v_1F ⊕ ... ⊕ v_zF, g + h_1 + ... + h_z ) is naturally isomorphic to C(g) ⊗ C (h_1) ⊗ ... ⊗ C (h_z ) .

Proof. Let n : hF → C (g) and n^′_{(p)} : v_{(p)}F → C ( h_{(p)} ) be canonical maps and map m : hF ⊕ v_1F... ⊕ v_zF → C(g) ⊗ C (h_1) ⊗ ... ⊗ C (h_z ) is defined as m(x, y_{(1)}, ..., y_{(z)}) = n(x) ⊗ 1 ⊗ ... ⊗ 1 + 1 ⊗ n^′(y_{(1)}) ⊗ ... ⊗ 1 + 1 ⊗ ... ⊗ 1 ⊗ n^′(y_{(z)}),

x ∈ hF, y_{(1)} ∈ v_{(1)}F, ..., y_{(z)} ∈ v_{(z)}F. We have ( m(x, y_{(1)}, ..., y_{(z)}) )_2 = [ (n (x))^2 + ( n^′ ( y_{(1)} ))_2 + ... + ( n^′ ( y_{(z)} ))_2] · 1 =

[g (x) + h ( y_{(1)} ) + ... + h ( y_{(z)} ) ].

Taking into account the universality property of Clifford d-algebras we conclude that m_1 + ... + m_z induces the homomorphism ζ : C (hF ⊕ v_1F ⊕ ... ⊕ v_z F, g + h_1 + ... + h_z ) → C (hF, g) ^⊗C (v_1F, h_1) ^⊗...C (v_z F, h_z ) . We also can define a homomorphism υ : C (hF, g) ^⊗C ( v_1F, h_{(1)} ) ^⊗... ^⊗C ( v_z F, h_{(z)} ) → C ( hF ⊕ v_1F ⊕ ... ⊕ v_z F, g + h_{(1)} + ... + h_{(z)} ) by using formula υ ( x ⊗ y_{(1)} ⊗ ... ⊗ y_{(z)} ) = δ (x) δ^′_{(1)} ( y_{(1)} ) ...δ^′_{(z)} ( y_{(z)} ) , where homomorphysms δ and δ^′_{(1)}, ..., δ^′_{(z)} are, respectively, induced by imbeddings of hF and v_1F into hF ⊕ v_1F ⊕ ... ⊕ v_z F : δ : C (hF, g) → C ( hF ⊕ v_1F ⊕ ... ⊕ v_zF, g + h_{(1)} + ... + h_{(z)} ) , δ^′_{(1)} : C ( v_1F, h_{(1)} ) → C ( hF ⊕ v_1F ⊕ ... ⊕ v_zF, g + h_{(1)} + ... + h_{(z)} ) , ................................... δ^′_{(z)} : C ( v_zF, h_{(z)} ) → C ( hF ⊕ v_1F ⊕ ... ⊕ v_z F, g + h_{(1)} + ... + h_{(z)} ) . Superpositions of homomorphisms ζ and υ lead to identities υζ = Id_{C(hF,g)}^_{⊗C}(_{v1F,h(1)} )^_{⊗...}^_{⊗C}(_{vz F,h(z)}), (6.37) ζυ = Id_{C(hF,g)}^_{⊗C}(_{v1F,h(1)} )^_{⊗...}^_{⊗C}(_{vz F,h(z)}). Really, d–algebra C ( hF ⊕ v_1F ⊕ ... ⊕ v_z F, g + h_{(1)} + ... + h_{(z)} ) is generated by elements of type m(x, y_{(1)}, ...y_{(z)}). Calculating υζ ( m ( x, y_{(1)}, ...y_{(z)} )) = υ(n (x) ⊗ 1 ⊗ ... ⊗ 1 + 1 ⊗ n^′_{(1)} ( y_{(1)} ) ⊗ ... ⊗ 1 + ...+

1 ⊗ .... ⊗ n^′_{(z)} ( y_{(z)} ) ) = δ (n (x)) δ ( n^′_{(1)} ( y_{(1)} )) ...δ ( n^′_{(z)} ( y_{(z)} )) = m (x, 0, ..., 0) + m(0, y_{(1)}, ..., 0) + ... + m(0, 0, ..., y_{(z)}) = m ( x, y_{(1)}, ..., y_{(z)} ) , we prove the first identity in (6.37).

On the other hand, d-algebra C (hF, g) ^⊗C ( v_1F, h_{(1)} ) ^⊗... ^⊗C ( v_zF, h_{(z)} ) is generated by elements of type n (x) ⊗ 1 ⊗ ...⊗, 1 ⊗ n^′_{(1)} ( y_{(1)} ) ⊗ ... ⊗ 1, ...1 ⊗ .... ⊗ n^′_{(z)} ( y_{(z)} ) , we prove the second identity in (6.37).

Following from the above–mentioned properties of homomorphisms ζ and υ we can assert that the natural isomorphism is explicitly constructed.□ In consequence of theorem 6.2 we conclude that all operations with Clifford d–algebras can be reduced to calculations for C (hF, g) and C ( v_{(p)}F, h_{(p)} ) which are usual Clifford algebras of dimension 2^n and, respectively, 2^{mp} [133,22].

Of special interest is the case when k = R and F is isomorphic to vector space R^{p+q,a+b} provided with quadratic form −x^2_1 −...−x^2_p +x^2_{p+q} −y^2_1 −...− y^2_a + ... + y^2_{a+b}. In this case, the Clifford algebra, denoted as ( C^{p,q}, C^{a,b} ) , is generated by symbols e^{(x)}_1 , e^{(x)}_2 , ..., e^{(x)}_{p+q}, e^{(y)}_1 , e^{(y)}_2 , ..., e^{(y)}_{a+b} satisfying properties (e_i)^2 = −1 (1 ≤ i ≤ p) , (e_j )^2 = −1 (1 ≤ j ≤ a) , (e_k)^2 = 1 (p + 1 ≤ k ≤ p + q), (e_j )^2 = 1 (n + 1 ≤ s ≤ a + b), e_ie_j = −e_je_i, i ≠ j. Explicit calculations of C^{p,q} and C^{a,b} are possible by using isomorphisms [133,182] C^{p+n,q+n} ≃ C^{p,q} ⊗ M_2 (R) ⊗ ... ⊗ M_2 (R) ∼= C^{p,q} ⊗ M_2n (R) ∼= M_2n (C^{p,q}) , where M_s (A) denotes the ring of quadratic matrices of order s with coefficients in ring A. Here we write the simplest isomorphisms C^{1,0} ≃ C, C^{0,1} ≃ R ⊕ R, and C^{2,0} = H, where by H is denoted the body of quaternions. We summarize this calculus as (as in ref. [22])

C^{0,0} = R, C^{1,0} = C, C^{0,1} = R ⊕ R, C^{2,0} = H, C^{0,2} = M_2 (R) ,

C^{3,0} = H ⊕ H, C^{0,3} = M_2 (R) , C^{4,0} = M_2 (H) , C^{0,4} = M_2 (H) ,

C^{5,0} = M_4 (C) , C^{0,5} = M_2 (H) ⊕ M_2 (H) , C^{6,0} = M_8 (R) , C^{0,6} = M_4 (H) ,

C^{7,0} = M_8 (R)⊕M_8 (R) , C^{0,7} = M_8 (C) , C^{8,0} = M_{16} (R) , C^{0,8} = M_{16} (R) .

One of the most important properties of real algebras C^{0,p} (C^{0,a}) and C^{p,0} (C^{a,0}) is eightfold periodicity of p(a).

Now, we emphasize that H^{2n}-spaces admit locally a structure of Clifford algebra on complex vector spaces. Really, by using almost Hermitian structure J^β_α and considering complex space C^n with nondegenarate quadratic form ∑_n a=1 |z_a|^2 , z_a ∈ C^2 induced locally by metric (2.12) (rewritten in complex coordinates z_a = x_a + iy_a) we define Clifford alge- bra ←− C^n = ←− C^1 ⊗ ... ⊗ ←− C^1 n , where ←− C^1 = C⊗_RC = C ⊕ C or in consequence, ←− C^n ≃ C^{n,0} ⊗_R C ≈ C^{0,n} ⊗_R C. Explicit calculations lead to isomorphisms ←− C^2 = C^{0,2} ⊗_R C ≈ M_2 (R) ⊗_R C ≈ M_2 (←− C^n ) , C^{2p} ≈ M_2p (C) and ←− C^{2p+1} ≈ M_2p (C) ⊕ M_2p (C) , which show that complex Clifford algebras, defined locally for H^{2n}-spaces, have periodicity 2 on p.

Considerations presented in the proof of theorem 6.2 show that map j : F → C (F) is monomorphic, so we can identify space F with its image in C (F, G) , denoted as u → u, if u ∈ C^{(0)} (F, G) ( u ∈ C^{(1)} (F, G) ) ; then u = u ( respectively, u = −u).

Definition 6.1 The set of elements u ∈ C (G)^∗ , where C (G)^∗ denotes the multiplicative group of invertible elements of C (F, G) satisfying uFu^{−1} ∈ F, is called the twisted Clifford d-group, denoted as ~Γ (F) .

Let ~ρ : ~Γ (F) → GL (F) be the homorphism given by u → ρ~u, where ~ρ_u (w) = uwu^{−1}. We can verify that ker ~ρ = R^∗is a subgroup in ~Γ (F) .

Canonical map j : F → C (F) can be interpreted as the linear map F → C (F)^0 satisfying the universal property of Clifford d-algebras. This leads to a homomorphism of algebras, C (F) → C (F)^t , considered by an anti-involution of C (F) and denoted as u →^tu. More exactly, if u_1...u_n ∈ F, then t_u = u_n...u_1 and^tu =^tu = (−1)^n u_n...u_1.

Definition 6.2 The spinor norm of arbitrary u ∈ C (F) is defined as S (u) =^tu · u ∈ C (F) .

It is obvious that if u, u^′, u^{′′} ∈ ~Γ (F) , then S(u, u^′) = S (u) S (u^′) and S (uu^′u^{′′}) = S (u) S (u^′) S (u^{′′}) . For u, u^′ ∈ FS (u) = −G (u) and S (u, u^′) = S (u) S (u^′) = S (uu^′) .

Let us introduce the orthogonal group O (G) ⊂ GL (G) defined by metric G on F and denote sets SO (G) = {u ∈ O (G) , det |u| = 1}, P in (G) = {u ∈ ~Γ (F) , S (u) = 1} and Spin (G) = P in (G) ∩ C^0 (F) . For F ∼= R^{n+m} we write Spin (n_E ) . By straightforward calculations (see similar considerations in ref. [133]) we can verify the exactness of these sequences: 1 → Z/2 → P in (G) → O (G) → 1, 1 → Z/2 → Spin (G) → SO (G) → 0, 1 → Z/2 → Spin (n_E ) → SO (n_E ) → 1. We conclude this section by emphasizing that the spinor norm was defined with respect to a quadratic form induced by a metric in dv-bundle E^{<z>} . This approach differs from those presented in Refs. [18] and [177].

6.3 Clifford HA–Bundles

We shall consider two variants of generalization of spinor constructions defined for d-vector spaces to the case of distinguished vector bundle spaces enabled with the structure of N-connection. The first is to use the extension to the category of vector bundles. The second is to define the Clifford fibration associated with compatible linear d-connection and metric G on a vector bundle. We shall analyze both variants.

6.3.1 Clifford d–module structure in dv–bundles

Because functor F → C(F) is smooth we can extend it to the category of vector bundles of type ξ^{<z>} = {π_d : HE^{<z>} ⊕ V_1E^{<z>} ⊕ ... ⊕ V_z E^{<z>} → E^{<z>} }. Recall that by F we denote the typical fiber of such bundles. For ξ^{<z>} we obtain a bundle of algebras, denoted as C (ξ^{<z>} ) , such that C (ξ^{<z>} )_u = C (F_u) . Multiplication in every fibre defines a continuous map C (ξ^{<z>} ) × C (ξ^{<z>} ) → C (ξ^{<z>} ) . If ξ^{<z>} is a vector bundle on number field k, the structure of the C (ξ^{<z>} )-module, the d-module, the d-module, on ξ^{<z>} is given by the continuous map C (ξ^{<z>} ) ×_E ξ^{<z>} → ξ^{<z>} with every fiber F_u provided with the structure of the C (F_u) −module, correlated with its k-module structure, Because F ⊂ C (F) , we have a fiber to fiber map F ×_E ξ^{<z>} → ξ^{<z>} , inducing on every fiber the map F_u ×_E ξ^{<z>}_{(u)} → ξ^{<z>}_{(u)} (R-linear on the first factor and k-linear on the second one ). Inversely, every such bilinear map defines on ξ^{<z>} the structure of the C (ξ^{<z>} )- module by virtue of universal properties of Clifford d-algebras. Equivalently, the above-mentioned bilinear map defines a morphism of v-bundles m : ξ^{<z>} → HOM (ξ^{<z>} , ξ^{<z>} ) [HOM (ξ^{<z>} , ξ^{<z>} ) denotes the bundles of homomorphisms] when (m (u))^2 = G (u) on every point.

Vector bundles ξ^{<z>} provided with C (ξ^{<z>} )-structures are objects of the category with morphisms being morphisms of dv-bundles, which induce on every point u ∈ ξ^{<z>} morphisms of C (F_u) −modules. This is a Banach category contained in the category of finite-dimensional d-vector spaces on filed k. We shall not use category formalism in this work, but point to its advantages in further formulation of new directions of K-theory (see , for example, an introduction in Ref. [133]) concerned with la-spaces.

Let us denote by H^s (E^{<z>} , GL_{nE} (R)) , where n_E = n + m_1 + ... + m_z , the s-dimensional cohomology group of the algebraic sheaf of germs of continuous maps of dv-bundle E^{<z>} with group GL_{nE} (R) the group of automorphisms of R^{nE} (for the language of algebraic topology see, for example, Refs. [133] and [98]. We shall also use the group SL_{nE} (R) = {A ⊂ GL_{nE} (R) , det A = 1}. Here we point out that cohomologies H^s(M, Gr) characterize the class of a principal bundle π : P → M on M with structural group Gr. Taking into account that we deal with bundles distinguished by an N-connection we introduce into consideration cohomologies H^s (E^{<z>} , GL_{nE} (R)) as distinguished classes (d-classes) of bundles E^{<z>} provided with a global N-connection structure.

For a real vector bundle ξ^{<z>} on compact base E^{<z>} we can define the orientation on ξ^{<z>} as an element α_d ∈ H^1 (E^{<z>} , GL_{nE} (R)) whose image on map H^1 (E^{<z>} , SL_{nE} (R)) → H^1 (E^{<z>} , GL_{nE} (R))

is the d-class of bundle E^{<z>} .

Definition 6.3 The spinor structure on ξ^{<z>} is defined as an element β_d ∈ H^1 (E^{<z>} , Spin (n_E )) whose image in the composition

H^1 (E^{<z>} , Spin (n_E )) → H^1 (E^{<z>} , SO (n_E )) → H^1 (E^{<z>} , GL_{nE} (R))

is the d-class of E^{<z>} .

The above definition of spinor structures can be reformulated in terms of principal bundles. Let ξ^{<z>} be a real vector bundle of rank n+m on a compact base E^{<z>} . If there is a principal bundle P_d with structural group SO(n_E ) [ or Spin(n_E )], this bundle ξ^{<z>} can be provided with orientation (or spinor) structure. The bundle P_d is associated with element α_d ∈ H^1 (E^{<z>} , SO(n_{<z>} )) [or β_d ∈ H^1 (E^{<z>} , Spin (n_E )) .

We remark that a real bundle is oriented if and only if its first Stiefel- Whitney d–class vanishes,

w_1 (ξ_d) ∈ H^1 (ξ, Z/2) = 0,

where H^1 (E^{<z>} , Z/2) is the first group of Chech cohomology with coefficients in Z/2, Considering the second Stiefel–Whitney class w_2 (ξ^{<z>} ) ∈ H^2 (E^{<z>} , Z/2) it is well known that vector bundle ξ^{<z>} admits the spinor structure if and only if w_2 (ξ^{<z>} ) = 0. Finally, in this subsection, we emphasize that taking into account that base space E^{<z>} is also a v-bundle, p : E^{<z>} → M, we have to make explicit calculations in order to express cohomologies H^s (E^{<z>} , GL_{n+m} ) and H^s (E^{<z>} , SO (n + m)) through cohomologies H^s (M, GL_n ) , H^s (M, SO (m_1)) , ...H^s (M, SO (m_z )) , , which depends on global topological structures of spaces M and E^{<z>} . For general bundle and base spaces this requires a cumbersome cohomological calculus.

6.3.2 Clifford fibration

Another way of defining the spinor structure is to use Clifford fibrations. Consider the principal bundle with the structural group Gr being a subgroup of orthogonal group O (G) , where G is a quadratic nondegenerate form (see(2.12)) defined on the base (also being a bundle space) space E^{<z>} . The fibration associated to principal fibration P (E^{<z>} , Gr) with a typical fiber having Clifford algebra C (G) is, by definition, the Clifford fibration

P C (E^{<z>} , Gr) . We can always define a metric on the Clifford fibration if every fiber is isometric to P C (E^{<z>} , G) (this result is proved for arbitrary quadratic forms G on pseudo-Riemannian bases [245]). If, additionally, Gr ⊂ SO (G) a global section can be defined on P C (G) .

Let P (E^{<z>} , Gr) be the set of principal bundles with differentiable base E^{<z>} and structural group Gr. If g : Gr → Gr^′ is an homomorphism of Lie groups and P (E^{<z>} , Gr) ⊂ P (E^{<z>} , Gr) (for simplicity in this section we shall denote mentioned bundles and sets of bundles as P, P^′ and respectively, P, P^′), we can always construct a principal bundle with the property that there is as homomorphism f : P^′ → P of principal bundles which can be projected to the identity map of E^{<z>} and corresponds to isomorphism g : Gr → Gr^′. If the inverse statement also holds, the bundle P^′ is called as the extension of P associated to g and f is called the extension homomorphism denoted as ~g.

Now we can define distinguished spinor structures on bundle spaces (compare with definition 6.3 ).

Definition 6.4 Let P ∈ P (E^{<z>} , O (G)) be a principal bundle. A distinguished spinor structure of P, equivalently a ds-structure of E^{<z>} is an extension ~P of P associated to homomorphism h : P inG → O (G) where O (G) is the group of orthogonal rotations, generated by metric G, in bundle E^{<z>} . So, if ~P is a spinor structure of the space E^{<z>} , then ~P ∈ P (E^{<z>} , P inG) . The definition of spinor structures on varieties was given in ref. [65]. In Refs. [65] and [66] it is proved that a necessary and sufficient condition for a space time to be orientable is to admit a global field of orthonormalized frames. We mention that spinor structures can be also defined on varieties modeled on Banach spaces [8]. As we have shown in this subsection, similar constructions are possible for the cases when space time has the structure of a v-bundle with an N-connection.

Definition 6.5 A special distinguished spinor structure, ds-structure, of principal bundle P = P (E^{<z>} , SO (G)) is a principal bundle ~P = ~P (E^{<z>} , SpinG) for which a homomorphism of principal bundles ~p : ~P → P, projected on the identity map of E^{<z>} and corresponding to representation R : SpinG → SO (G) , is defined.

In the case when the base space variety is oriented, there is a natural bijection between tangent spinor structures with a common base. For special ds–structures we can define, as for any spinor structure, the concepts of spin tensors, spinor connections, and spinor covariant derivations (see subsection 6.6.1 and Refs. [255,275,264]).

6.4 Almost Complex Spinor Structures

Almost complex structures are an important characteristic of H^{2n}-spaces and of osculator bundles Osc^{k=2k1} (M), where k_1 = 1, 2, ... . For simplicity in this section we restrict our analysis to the case of H^{2n}-spaces. We can rewrite the almost Hermitian metric [160,161], H^{2n}-metric ( see considerations from subsection 6.1.1 with respect to metrics and conditions of type (6.12) and correspondingly (6.14) ), in complex form [256]: G = H_{ab} (z, ξ) dz^a ⊗ dz^b, (6.38) where z^a = x^a + iy^a, z^a = x^a − iy^a, H_{ab} (z, z) = g_{ab} (x, y) |^{x=x(z,z)}_{y=y(z,z)} , and define almost complex spinor structures. For given metric (6.38) on H^{2n}-space there is always a principal bundle P^U with unitary structural group U(n) which allows us to transform H^{2n}-space into v-bundle ξ^U ≈ P^U ×_{U (n)} R^{2n}. This statement will be proved after we introduce complex spinor structures on oriented real vector bundles [133].

U(n) SO(2n)

Spin^c(2n) i (6.39) σ ρ^c

Figure 6.3: Diagram 3

Let us consider momentarily k = C and introduce into consideration [instead of the group Spin(n)] the group Spin^c ×_{Z/2} U (1) being the factor group of the product Spin(n) × U (1) with the respect to equivalence (y, z) ∼ (−y, −a) , y ∈ Spin(m). This way we define the short exact sequence 1 → U (1) → Spin^c (n)^{Sc}→ SO (n) → 1, where ρ^c (y, a) = ρ^c (y) . If λ is oriented , real, and rank n, γ-bundle π : E_λ → M^n, with base M^n, the complex spinor structure, spin structure, on λ is given by the principal bundle P with structural group Spin^c (m) and isomorphism λ ≈ P ×_{Spin}c_{(n)} R^n. For such bundles the categorial equivalence can be defined as ϵ^c : E^T_C (M^n) → E^λ_C (M^n) , (6.40)

where ϵ^c (E^c) = P △_{Spin}c_{(n)} E^c is the category of trivial complex bundles on M^n, E^λ_C (M^n) is the category of complex v-bundles on M^n with action of Clifford bundle C (λ) , P △_{Spin}c_{(n)} and E^c is the factor space of the bundle product P ×_M E^c with respect to the equivalence (p, e) ∼ (p^g^{−1}, ^ge) , p ∈ P, e ∈ E^c, where ^g ∈ Spin^c (n) acts on E by via the imbedding Spin (n) ⊂ C^{0,n} and the natural action U (1) ⊂ C on complex v-bundle ξ^c, E^c = totξ^c, for bundle π^c : E^c → M^n.

Now we return to the bundle ξ = E^{<1>}. A real v-bundle (not being a spinor bundle) admits a complex spinor structure if and only if there exist a homomorphism σ : U (n) → Spin^c (2n) making the diagram 3 commutative. The explicit construction of σ for arbitrary γ-bundle is given in refs. [133] and [22]. For H^{2n}-spaces it is obvious that a diagram similar to (6.39) can be defined for the tangent bundle T M^n, which directly points to the possibility of defining the^cSpin-structure on H^{2n}-spaces.

Let λ be a complex, rank n, spinor bundle with

τ : Spin^c (n) ×_{Z/2} U (1) → U (1) (6.41)

the homomorphism defined by formula τ (λ, δ) = δ^2. For P_s being the principal bundle with fiber Spin^c (n) we introduce the complex linear bundle L (λ^c) = P_S ×_{Spin}c_{(n)} C defined as the factor space of P_S × C on equivalence relation (pt, z) ∼ ( p, l (t)^{−1} z ) , where t ∈ Spin^c (n) . This linear bundle is associated to complex spinor structure on λ^c.

If λ^c and λ^{c′} are complex spinor bundles, the Whitney sum λ^c ⊕ λ^{c′} is naturally provided with the structure of the complex spinor bundle. This follows from the holomorphism ω^′ : Spin^c (n) × Spin^c (n^′) → Spin^c (n + n^′) , (6.42) given by formula [(β, z) , (β^′, z^′)] → [ω (β, β^′) , zz^′] , where ω is the homomorphism making the following diagram 4 commutative. Here, z, z^′ ∈ U (1) . It Spin(n) × Spin(n^′) Spin(n + n^′)

O(n) × O(n^′) O(n + n^′)

Figure 6.4: Diagram 4

is obvious that L ( λ^c ⊕ λ^{c′} ) is isomorphic to L (λ^c) ⊗ L ( λ^{c′} ) . We conclude this section by formulating our main result on complex spinor structures for H^{2n}-spaces:

Theorem 6.3 Let λ^c be a complex spinor bundle of rank n and H^{2n}-space considered as a real vector bundle λ^c ⊕ λ^{c′} provided with almost complex structure J^α_β; multiplication on i is given by ( 0 −δ^i_j δ^i_j 0 ) . Then, the diagram 5 is commutative up to isomorphisms ϵ^c and ~ϵ^c defined as in (6.40), H is functor E^c → E^c ⊗L (λ^c) and E^{0,2n}_C (M^n) is defined by functor E_C (M^n) → E^{0,2n}_C (M^n) given as correspondence E^c → Λ (C^n) ⊗ E^c (which is a categorial equivalence), Λ (C^n) is the exterior algebra on C^n. W is the real bundle λ^c ⊕ λ^{c′} provided with complex structure.

E^{0,2n}_C (M^{2n}) E^{λc⊕λc}_C (M^n)

E^W_C (M^n) ϵ^c ε̃^c H

Figure 6.5: Diagram 5

Proof: We use composition of homomorphisms μ : Spin^c (2n)^π→ SO (n)^r→ U (n)^σ→ Spin^c (2n) ×_{Z/2} U (1) , commutative diagram 6 and introduce composition of homomorphisms μ : Spin^c (n)^Δ→ Spin^c (n) × Spin^c (n)^{ωc}→ Spin^c (n) , where Δ is the diagonal homomorphism and ω^c is defined as in (6.42). Using homomorphisms (6.41) and (6.42) we obtain formula μ (t) = μ (t) r (t) .

Now consider bundle P ×_{Spin}c_{(n)} Spin^c (2n) as the principal Spin^c (2n)- bundle, associated to M ⊕ M being the factor space of the product P × Spin^c (2n) on the equivalence relation (p, t, h) ∼ ( p, μ (t)^{−1} h ) . In this case the categorial equivalence (6.40) can be rewritten as ϵ^c (E^c) = P ×_{Spin}c_{(n)} Spin^c (2n) Δ_{Spin}c_{(2n)}E^c and seen as factor space of P × Spin^c (2n) ×_M E^c on equivalence relation (pt, h, e) ∼ ( p, μ (t)^{−1} h, e ) and (p, h_1, h_2, e) ∼ ( p, h_1, h^{−1}_2 e )

Spin(2n) Spin^c(2n)

SO(n) SO(2n) β ⊂

Figure 6.6: Diagram 6

(projections of elements p and e coincides on base M). Every element of ϵ^c (E^c) can be represented as P Δ_{Spin}c_{(n)}E^c, i.e., as a factor space P ΔE^c on equivalence relation (pt, e) ∼ (p, μ^c (t) , e) , when t ∈ Spin^c (n) . The complex line bundle L (λ^c) can be interpreted as the factor space of P ×_{Spin}c_{(n)} C on equivalence relation (pt, δ) ∼ ( p, r (t)^{−1} δ ) . Putting (p, e) ⊗ (p, δ) (p, δe) we introduce morphism

ϵ^c (E) × L (λ^c) → ϵ^c (λ^c)

with properties (pt, e) ⊗ (pt, δ) → (pt, δe) = ( p, μ^c (t)^{−1} δe ) , ( p, μ^c (t)^{−1} e ) ⊗ ( p, l (t)^{−1} e ) → ( p, μ^c (t) r (t)^{−1} δe ) pointing to the fact that we have defined the isomorphism correctly and that it is an isomorphism on every fiber. □

6.5 D–Spinor Techniques

The purpose of this section is to show how a corresponding abstract spinor technique entailing notational and calculations advantages can be developed for arbitrary splits of dimensions of a d-vector space F = hF ⊕ v_1F ⊕ ... ⊕ v_zF, where dim hF = n and dim v_pF = m_p. For convenience we shall also present some necessary coordinate expressions.

The problem of a rigorous definition of spinors on la-spaces (la-spinors, d-spinors) was posed and solved [256,255,275] (see previous sections 6.2–6.4 for generalizations on higher order anisotropic superspaces) in the framework of the formalism of Clifford and spinor structures on v-bundles provided with compatible nonlinear and distinguished connections and metric.

We introduced d-spinors as corresponding objects of the Clifford d-algebra C (F, G), defined for a d-vector space F in a standard manner (see, for instance, [22]) and proved that operations with C (F, G) can be reduced to calculations for C (hF, g) , C (v_1F, h_1) , ... and C (v_zF, h_z ) , which are usual Clifford algebras of respective dimensions 2^n, 2^{m1} , ... and 2^{mz} (if it is necessary we can use quadratic forms g and h_p correspondingly induced on hF and v_pF by a metric G (6.12)). Considering the orthogonal subgroup O(G) ⊂ GL(G) defined by a metric G we can define the d-spinor norm and parametrize d-spinors by ordered pairs of elements of Clifford algebras C (hF, g) and C (v_pF, h_p) , p = 1, 2, ...z. We emphasize that the splitting of a Clifford d-algebra associated to a dv-bundle E^{<z>} is a straightforward consequence of the global decomposition (6.3) defining a N-connection structure in E^{<z>} . In this section we shall omit detailed proofs which in most cases are mechanical but rather tedious. We can apply the methods developed in [180,181,182,154] in a straightforward manner on h- and v-subbundles in order to verify the correctness of affirmations.

6.5.1 Clifford d–algebra, d–spinors and d–twistors

In order to relate the succeeding constructions with Clifford d-algebras [256,255] we consider a la-frame decomposition of the metric (6.12): G_{<α><β>} (u) = l^<^^{α>}_{<α>} (u) l^<^^{β>}_{<β>} (u) G_<^_{α><}^_{β>}, where the frame d-vectors and constant metric matrices are distinguished as

l^<^^{α>}_{<α>} (u) = l^^j (u) 0 ... 0 0 l^^{a1}_{a1} (u) ... 0 ... ... ... ... 0 0 .. l^^{az}_{az} (u) ,

G_<^_{α><}^_{β>} = g^_i^_j 0 ... 0 0 h^_{a1}^_{b1} ... 0 ... ... ... ... 0 0 0 h^_{az}^_{bz} , g^_i^_j and h^_{a1}^_{b1} , ..., h^_{az}^_{bz} are diagonal matrices with g^_i^_i = h^_{a1}^_{a1} = ... = h^_{az}^_{bz} = ±1. To generate Clifford d-algebras we start with matrix equations σ_<^_{α>}σ_<^_{β>} + σ_<^_{β>}σ_<^_{α>} = −G_<^_{α><}^_{β>}I, (6.43) where I is the identity matrix, matrices σ_<^_{α>} (σ-objects) act on a d-vector space F = hF ⊕ v_1F ⊕ ... ⊕ v_z F and theirs components are distinguished as

σ_<^_{α>} = (σ_<^_{α>})^{·γ}_β = (σ^_i)^{·k}_j 0 ... 0 0 (σ^_{a1} )^{·c1}_{b1} ... 0 ... ... ... ... 0 0 ... (σ^_{az} )^{·cz}_{bz} , (6.44)

indices β,γ,... refer to spin spaces of type S = S_{(h)} ⊕ S_{(v1)} ⊕ ... ⊕ S_{(vz )} and underlined Latin indices j,k, ... and b_1, c_1, ..., b_z , c_z ... refer respectively to h-spin space S_{(h)} and v_p-spin space S_{(vp)}, (p = 1, 2, ..., z) which are correspondingly associated to a h- and v_p-decomposition of a dv-bundle E^{<z>} . The irreducible algebra of matrices σ_<^_{α>} of minimal dimension N × N, where N = N_{(n)} + N_{(m1)} + ... + N_{(mz )}, dim S_{(h)}=N_{(n)} and dim S_{(vp)}=N_{(mp)}, has these dimensions

N_{(n)} = { 2^{(n−1)/2}, n = 2k + 1 2^{n/2}, n = 2k; and N_{(mp)}= { 2^{(mp −1)/2}, m_p = 2k_p + 1 2^{mp} , m_p = 2k_p , where k = 1, 2, ..., k_p = 1, 2, .... The Clifford d-algebra is generated by sums on n + 1 elements of form A_1I + B^^iσ^_i + C^^i^^j σ^_i^_j + D^^i^^j^^kσ^_i^_j^_k + ... (6.45) and sums of m_p + 1 elements of form A_{2(p)}I + B^^{ap} σ^_{ap} + C^^{ap}^^{bp} σ^_{ap}^_{bp} + D^^{ap}^^{bp}^^{cp} σ^_{ap}^_{bp}^_{cp} + ...

with antisymmetric coefficients C^^i^^j = C^[^^i^^{j]}, C^^{ap}^^{bp} = C^[^^{ap}^^{bp]}, D^^i^^j^^k = D^[^^i^^j^^{k]}, D^^{ap}^^{bp}^^{cp} = D^[^^{ap}^^{bp}^^{cp]}, ... and matrices σ^_i^_j = σ_[^_iσ^_{j]}, σ^_{ap}^_{bp} = σ_[^_{ap} σ^_{bp]}, σ^_i^_j^_k = σ_[^_iσ^_j σ^_{k]}, ... . Really, we have 2^{n+1} coefficients ( A_1, C^^i^^j , D^^i^^j^^k , ... ) and 2^{mp +1} coefficients (A_{2(p)}, C^^{ap}^^{bp} , D^^{ap}^^{bp}^^{cp} , ...) of the Clifford algebra on F.

For simplicity, in this subsection, we shall present the necessary geometric constructions only for h-spin spaces S_{(h)} of dimension N_{(n)}. Considerations for a v-spin space S_{(v)} are similar but with proper characteristics for a dimension N_{(m)}.

In order to define the scalar (spinor) product on S_{(h)} we introduce into consideration this finite sum (because of a finite number of elements σ_[^_i^_{j...}^_{k]}) : (±)E^{ij}_{km} = δ^i_kδ^jm+ 2 1! (σ^_i)^{.i}_k (σ^^i)^{.j}m+ 2^2 2! (σ^_i^_j )^{.i}_k (σ^^i^^j )^{.j}m+

2^3 3! (σ^_i^_j^_k)^{.i}_k (σ^^i^^j^^k)^{.j}m+... (6.46) which can be factorized as

(±)E^{ij}_{km} = N_{(n)}^{(±)}ϵ_{km}^{(±)}ϵ^{ij} for n = 2k (6.47)

and_{(+)}

E^{ij}_{km} = 2N_{(n)}ϵ_{km}ϵ^{ij} ,^{(−)}E^{ij}_{km} = 0 for n = 3(mod4), (6.48)

(+)E^{ij}_{km} = 0,^{(−)}E^{ij}_{km} = 2N_{(n)}ϵ_{km}ϵ^{ij} for n = 1(mod4).

Antisymmetry of σ^_i^_j^_{k...} and the construction of the objects (6.45),(6.46), (6.47) and (6.48) define the properties of ϵ-objects^{(±)}ϵ_{km} and ϵ_{km} which have an eight-fold periodicity on n (see details in [182] and, with respect to la-spaces, [256]).

For even values of n it is possible the decomposition of every h-spin space S_{(h)}into irreducible h-spin spaces S_{(h)} and S^′_{(h)} (one considers splitting of h-indices, for instance, l= L ⊕ L^′, m = M ⊕ M^′, ...; for v_p-indices we shall write a_p = A_p ⊕ A^′_p, b_p = B_p ⊕ B^′_p, ...) and defines new ϵ-objects ϵ^{lm} = 1 2 (_{(+)}

ϵ^{lm} +^{(−)} ϵ^{lm} ) and ~ϵ^{lm} = 1 2 (_{(+)} ϵ^{lm} −^{(−)} ϵ^{lm} ) (6.49)

We shall omit similar formulas for ϵ-objects with lower indices.

We can verify, by using expressions (6.48) and straightforward calculations, these parametrizations on symmetry properties of ϵ-objects (6.49) ϵ^{lm} = ( ϵ^{LM} = ϵ^{M L} 0 0 0 ) and ~ϵ^{lm} = ( 0 0 0 ~ϵ^{LM} = ~ϵ^{M L} ) for n = 0(mod8);

(6.50) ϵ^{lm} = − 1 2 (−)ϵ^{lm} = ϵ^{ml}, where^{(+)}ϵ^{lm} = 0, and ~ϵ^{lm} = − 1 2 (−)ϵ^{lm} = ~ϵ^{ml} for n = 1(mod8); ϵ^{lm} = ( 0 0 ϵ^{L′M} 0 ) and ~ϵ^{lm} = ( 0 ~ϵ^{LM ′} = −ϵ^{M ′L} 0 0 ) for n = 2(mod8); ϵ^{lm} = − 1 2 (+)ϵ^{lm} = −ϵ^{ml}, where^{(−)}ϵ^{lm} = 0, and ~ϵ^{lm} = 1 2 (+)ϵ^{lm} = −~ϵ^{ml} for n = 3(mod8); ϵ^{lm} = ( ϵ^{LM} = −ϵ^{M L} 0 0 0 )

and ~ϵ^{lm} = ( 0 0 0 ~ϵ^{LM} = −~ϵ^{M L} ) for n = 4(mod8); ϵ^{lm} = − 1 2 (−)ϵ^{lm} = −ϵ^{ml}, where^{(+)}ϵ^{lm} = 0, and ~ϵ^{lm} = − 1 2 (−)ϵ^{lm} = −~ϵ^{ml} for n = 5(mod8); ϵ^{lm} = ( 0 0 ϵ^{L′M} 0 ) and ~ϵ^{lm} = ( 0 ~ϵ^{LM ′} = ϵ^{M ′L} 0 0 ) for n = 6(mod8); ϵ^{lm} = 1 2 (−)ϵ^{lm} = ϵ^{ml}, where^{(+)}ϵ^{lm} = 0, and ~ϵ^{lm} = − 1 2 (−)ϵ^{lm} = ~ϵ^{ml} for n = 7(mod8). Let denote reduced and irreducible h-spinor spaces in a form pointing to the symmetry of spinor inner products in dependence of values n = 8k + l

(k = 0, 1, 2, ...; l = 1, 2, ...7) of the dimension of the horizontal subbundle (we shall write respectively △ and ∘ for antisymmetric and symmetric inner products of reduced spinors and ♦ = (△, ∘) and ~♦ = (∘, △) for corresponding parametrizations of inner products, in brief i.p., of irreducible spinors; properties of scalar products of spinors are defined by ϵ-objects (6.50); we shall use ◇ for a general i.p. when the symmetry is not pointed out):

S_{(h)} (8k) = S_∘ ⊕ S^′_∘; (6.51)

S_{(h)} (8k + 1) = S^{(−)}_∘ (i.p. is defined by an^{(−)}ϵ-object);

S_{(h)} (8k + 2) = {

S_◇ = (S_◇, S_◇), or S^′_◇ = (S^′~_◇, S^′~_◇);

S_{(h)} (8k + 3) = S^{(+)}_△ (i.p. is defined by an^{(+)}ϵ-object);

S_{(h)} (8k + 4) = S_△ ⊕ S^′_△;

S_{(h)} (8k + 5) = S^{(−)}_△ (i.p. is defined by an^{(−)}ϵ-object),

S_{(h)} (8k + 6) = {

S_◇ = (S_◇, S_◇), or S^′_◇ = (S^′~_◇, S^′~_◇);

S_{(h)} (8k + 7) = S^{(+)}_∘ (i.p. is defined by an^{(+)}ϵ-object).

We note that by using corresponding ϵ-objects we can lower and rise indices of reduced and irreducible spinors (for n = 2, 6(mod4) we can exclude primed indices, or inversely, see details in [180,181,182]).

The similar v-spinor spaces are denoted by the same symbols as in (6.51) provided with a left lower mark ”|” and parametrized with respect to the values m = 8k^′ + l (k’=0,1,...; l=1,2,...,7) of the dimension of the vertical subbundle, for example, as

S_{(vp )}(8k^′) = S_{|∘} ⊕ S^′_{|∘}, S_{(vp)} (8k + 1) = S^{(−)}_{|∘} , ... (6.52)

We use ” ~ ”-overlined symbols,

~S_{(h)} (8k) = ~S_∘ ⊕ ~S^′_∘, ~S_{(h)} (8k + 1) = ~S^{(−)}_∘ , ... (6.53) and ~S_{(vp)}(8k^′) = ~S_{|∘} ⊕ ~S^′_{|∘}, ~S_{(vp)} (8k^′ + 1) = ~S^{(−)}_{|∘} , ... (6.54) respectively for the dual to (6.50) and (6.51) spinor spaces.

The spinor spaces (6.50)-(6.54) are called the prime spinor spaces, in brief p-spinors. They are considered as building blocks of distinguished, for simplicity we consider (n, m_1)–spinor spaces constructed in this manner:

S(_{∘∘,∘∘}) = S_∘ ⊕ S^′_∘ ⊕ S_{|∘} ⊕ S^′_{|∘},S(_{∘∘,∘}|^∘) = S_∘ ⊕ S^′_∘ ⊕ S_{|∘} ⊕ ~S^′_{|∘}, (6.55)

S(_{∘∘,}|^{∘∘}) = S_∘ ⊕ S^′_∘ ⊕ ~S_{|∘} ⊕ ~S^′_{|∘},S(_∘|^{∘∘∘}) = S_∘ ⊕ ~S^′_∘ ⊕ ~S_{|∘} ⊕ ~S^′_{|∘}, ............................................... S(_△,_△ ) = S^{(+)}_△ ⊕ S^{(+)}_{|△} , S(_△,^△ ) = S^{(+)}_△ ⊕ ~S^{(+)}_{|△} , ................................ S(_△|^∘,_♦ ) = S_△ ⊕ ~S_∘^′ ⊕ S_{|♦}, S(_△|^∘,^♦ ) = S_△ ⊕ ~S_∘^′ ⊕ ~S^♦_| , ................................ Considering the operation of dualization of prime components in (6.55) we can generate different isomorphic variants of distinguished (n, m_1)-spinor spaces. If we add anisotropic ”shalls” with m_2, ..., m_z, we have to extend correspondingly spaces (6.55), for instance, S(_{∘∘,∘∘(1)}, ...,_{∞(p)} , ...,_{∞(z)} ) = S_∘ ⊕ S^′_∘ ⊕ S_{|(1)∘} ⊕ S^′_{|(1)∘} ⊕ ... ⊕S_{|(p)∘} ⊕ S^′_{|(p)∘} ⊕ ... ⊕ S_{|(z)∘} ⊕ S^′_{|(z)∘,} and so on.

We define a d-spinor space S_{(n,m1 )} as a direct sum of a horizontal and a vertical spinor spaces of type (6.55), for instance,

S_{(8k,8k}′_) = S_∘ ⊕ S^′_∘ ⊕ S_{|∘} ⊕ S^′_{|∘}, S_{(8k,8k}′_{+1)} = S_∘ ⊕ S^′_∘ ⊕ S^{(−)}_{|∘} , ...,

S_{(8k+4,8k}′_{+5)} = S_△ ⊕ S^′_△ ⊕ S^{(−)}_{|△} , ...

The scalar product on a S_{(n,m1)} is induced by (corresponding to fixed values of n and m_1 ) ϵ-objects (6.50) considered for h- and v_1-components. We present also an example for S_{(n,m1+...+mz )} : S_{(8k+4,8k(1)+5,...,8k(p)+4,...8k(z))} =

S_△ ⊕ S^′_△ ⊕ S^{(−)}_{|(1)△} ⊕ ... ⊕ S_{|(p)△} ⊕ S^′_{|(p)△} ⊕ ... ⊕ S_{|(z)∘} ⊕ S^′_{|(z)∘}. Having introduced d-spinors for dimensions (n, m_1 + ... + m_z) we can write out the generalization for ha–spaces of twistor equations [181] by using the distinguished σ-objects (6.44): (σ_{(<}^_{α>})^{..γ}_{|β|} δω^β δu^<^^{β>)} = 1 n + m_1 + ... + m_z G_<^_{α><}^_{β>}(σ^^ϵ)^{..γ}_β δω^β δu^^ϵ , (6.56)

where | | |β | | | denotes that we do not consider symmetrization on this index.

The general solution of (6.56) on the d-vector space F looks like as

ω^β = Ω^β + u^<^^{α>}(σ_<^_{α>})^{..β}ϵ Π^ϵ, (6.57)

where Ω^β and Π^ϵ are constant d-spinors. For fixed values of dimensions n and m = m_1+...m_z we mast analyze the reduced and irreducible components of h- and v_p-parts of equations (6.56) and their solutions (6.57) in order to find the symmetry properties of a d-twistor Z^α defined as a pair of d-spinors

Z^α = (ω^α, π^′_β),

where π_β′ = π^{(0)}_β′ ∈ ~S_{(n,m1,...,mz )} is a constant dual d-spinor. The problem of definition of spinors and twistors on ha-spaces was firstly considered in [275] (see also [246,250]) in connection with the possibility to extend the equations (6.57) and theirs solutions (6.58), by using nearly autoparallel maps, on curved, locally isotropic or anisotropic, spaces. In this subsection the definition of twistors have been extended to higher order anisotropic spaces with trivial N– and d–connections.

6.5.2 Mutual transforms of d-tensors and d-spinors

The spinor algebra for spaces of higher dimensions can not be considered as a real alternative to the tensor algebra as for locally isotropic spaces of dimensions n = 3, 4 [180,181,182]. The same holds true for ha-spaces and we emphasize that it is not quite convenient to perform a spinor calculus for dimensions n, m >> 4. Nevertheless, the concept of spinors is important for every type of spaces, we can deeply understand the fundamental properties of geometical objects on ha-spaces, and we shall consider in this subsection some questions concerning transforms of d-tensor objects into d-spinor ones.

Transformation of d-tensors into d-spinors In order to pass from d-tensors to d-spinors we must use σ-objects (6.44) written in reduced or irreduced form (in dependence of fixed values of dimensions n and m ): (σ_<^_{α>})^{·γ}_β , (σ^<^^{α>})^{βγ} , (σ^<^^{α>})_{βγ} , ..., (σ_<^_{a>})^{bc}, ..., (σ^_i)_{jk}, ..., (σ_<^_{a>})^{AA′} , ..., (σ^^i)_{II} ′ , .... (6.58) It is obvious that contracting with corresponding σ-objects (6.58) we can introduce instead of d-tensors indices the d-spinor ones, for instance, ω^{βγ} = (σ^<^^{α>})^{βγ} ω_<^_{α>}, ω_{AB}′ = (σ^<^^{a>})_{AB}′ ω_<^_{a>}, ..., ζ^i_{·j} = (σ^^k)^i_{·j} ζ^_k , .... For d-tensors containing groups of antisymmetric indices there is a more simple procedure of theirs transforming into d-spinors because the objects (σ^_α^_{β...}^_γ)^{δν} , (σ^^a^^{b...}^^c)^{de}, ..., (σ^^i^^{j...}^^k)_{II} ′ , ... (6.59) can be used for sets of such indices into pairs of d-spinor indices. Let us enumerate some properties of σ-objects of type (6.59) (for simplicity we consider only h-components having q indices ^i, ^j, ^k, ... taking values from 1 to n; the properties of v_p-components can be written in a similar manner with respect to indices ^a_p, ^b_p, ^c_p... taking values from 1 to m): (σ^_{i...}^_j)^{kl} is { symmetric on k, l for n − 2q ≡ 1, 7 (mod 8); antisymmetric on k, l for n − 2q ≡ 3, 5 (mod 8) } (6.60)

for odd values of n, and an object (σ^_{i...}^_j )^{IJ} ( (σ^_{i...}^_j )^{I ′J ′} )

is { symmetric on I, J (I^′, J^′) for n − 2q ≡ 0 (mod 8);

antisymmetric on I, J (I^′, J^′) for n − 2q ≡ 4 (mod 8) } (6.61) or (σ^_{i...}^_j )^{IJ ′} = ±(σ^_{i...}^_j )^{J ′ I} { n + 2q ≡ 6(mod8); n + 2q ≡ 2(mod8), (6.62)

with vanishing of the rest of reduced components of the d-tensor (σ^_{i...}^_j)^{kl} with prime/unprime sets of indices.

Transformation of d-spinors into d-tensors; fundamental d-spinors

We can transform every d-spinor ξ^α = (ξ^i, ξ^{a1} , ..., ξ^{az} ) into a corresponding d-tensor. For simplicity, we consider this construction only for a hcomponent ξ^i on a h-space being of dimension n. The values

ξ^αξ^β (σ^^{i...}^^j )_{αβ} (n is odd) (6.63) or ξ^I ξ^J (σ^^{i...}^^j )_{IJ} ( or ξ^{I ′} ξ^{J ′} (σ^^{i...}^^j)_I ′_J ′ ) (n is even) (6.64)

with a different number of indices ^i...^j, taken together, defines the h-spinor ξ^i to an accuracy to the sign. We emphasize that it is necessary to choose only those h-components of d-tensors (6.63) (or (6.64)) which are symmetric on pairs of indices αβ (or IJ (or I^′J^′ )) and the number q of indices ^i...^j satisfies the condition (as a respective consequence of the properties (6.60) and/or (6.61), (6.62)) n − 2q ≡ 0, 1, 7 (mod 8). (6.65) Of special interest is the case when q = 1 2 (n ± 1) (n is odd) (6.66) or q = 1 2 n (n is even) . (6.67)

If all expressions (6.63) and/or (6.64) are zero for all values of q with the exception of one or two ones defined by the conditions (6.65), (6.66) (or (6.67)), the value ξ^^i (or ξ^I (ξ^{I ′} )) is called a fundamental h-spinor. Defining in a similar manner the fundamental v-spinors we can introduce fundamental d-spinors as pairs of fundamental h- and v-spinors. Here we remark that a h(v_p)-spinor ξ^^i (ξ^^{ap} ) (we can also consider reduced components) is always a fundamental one for n(m) < 7, which is a consequence of (6.67)).

Finally, in this section, we note that the geometry of fundamental h- and v-spinors is similar to that of usual fundamental spinors (see Appendix to the monograph [182]). We omit such details in this work, but emphasize that constructions with fundamental d-spinors, for a la-space, must be adapted to the corresponding global splitting by N-connection of the space.

6.6 Differential Geometry of D–Spinors

This section is devoted to the differential geometry of d–spinors in higher order anisotropic spaces. We shall use denotations of type v^{<α>} = (v^i, v^{<a>}) ∈ σ^{<α>} = (σ^i, σ^{<a>}) and ζ^{αp} = (ζ^{ip} , ζ^{ap} ) ∈ σ^{αp} = (σ^{ip} , σ^{ap} )

for, respectively, elements of modules of d-vector and irreduced d-spinor fields (see details in [256]). D-tensors and d-spinor tensors (irreduced or reduced) will be interpreted as elements of corresponding σ–modules, for instance, q^{<α>}_{<β>...} ∈ σ^{<α>}_{<β>....}, ψ^{αp γp}_{βp ...} ∈ σ^{αp γp}_{βp ...} , ξ^{Ip I ′p}_{JpK}′_{pN} ′_p ∈ σ^{IpI ′p}_{JpK}′_{pN} ′_p , ... We can establish a correspondence between the la-adapted metric g_{αβ} (6.12) and d-spinor metric ϵ_{αβ} ( ϵ-objects (6.50) for both h- and v_p-subspaces of E^{<z>} ) of a ha-space E^{<z>} by using the relation g_{<α><β>} = − 1 N(n) + N(m_1) + ... + N(m_z)

× (6.68) ((σ_{(<α>}(u))^{αβ}(σ_{<β>)}(u))^{δγ} )ϵ_{αγ} ϵ_{βδ}, where (σ_{<α>}(u))^{νγ} = l^<^^{α>}_{<α>}(u)(σ_<^_{α>})^{<ν><γ>}, (6.69) which is a consequence of formulas (6.43)-(6.50). In brief we can write (6.68) as g_{<α><β>} = ϵ_{α1α2} ϵ_{β1β2} (6.70) if the σ-objects are considered as a fixed structure, whereas ϵ-objects are treated as caring the metric ”dynamics ” , on la-space. This variant is used, for instance, in the so-called 2-spinor geometry [181,182] and should be preferred if we have to make explicit the algebraic symmetry properties of d-spinor objects by using metric decomposition (6.70). An alternative way is to consider as fixed the algebraic structure of ϵ-objects and to use variable components of σ-objects of type (6.69) for developing a variational d-spinor approach to gravitational and matter field interactions on ha-spaces ( the spinor Ashtekar variables [20] are introduced in this manner).

We note that a d–spinor metric

ϵ_{ντ} = ϵ_{ij} 0 ... 0 0 ϵ_{a1b1} ... 0 ... ... ... ... 0 0 ... ϵ_{az bz} on the d-spinor space S = (S_{(h)}, S_{(v1)}, ..., S_{(vz)}) can have symmetric or antisymmetric h (v_p) -components ϵ_{ij} (ϵ_{apbp} ) , see ϵ-objects (6.50). For simplicity, in this section (in order to avoid cumbersome calculations connected with eight-fold periodicity on dimensions n and m_p of a ha-space E^{<z>} ) we shall develop a general d-spinor formalism only by using irreduced spinor spaces S_{(h)} and S_{(vp)}.

6.6.1 D-covariant derivation on ha–spaces

Let E^{<z>} be a ha-space. We define the action on a d-spinor of a d-covariant operator ∇_{<α>} = (∇_i, ∇_{<a>}) = (σ_{<α>})^{α1α2} ∇^α1^α2 = ( (σ_i)^{i1i2} ∇i_1i_2 , (σ_{<a>})^{a1 a2} ∇^a1^a2 ) = ( (σ_i)^{i1i2} ∇i_1 i_2 , (σ_{a1} )^{a1a2} ∇_{(1)}^a1^a2 , ..., (σ_{ap})^{a1a2} ∇_{(p)}^a1^a2 , ..., (σ_{az} )^{a1a2} ∇_{(z)}^a1^a2 ) (in brief, we shall write

∇_{<α>} = ∇^α1^α2 = ( ∇i_1 i_2 , ∇_{(1)}^a1^a2 , ..., ∇_{(p)}^a1^a2 , ..., ∇_{(z)}^a1^a2 ) ) as maps ∇_{α1 α2} : σ^β → σ^β_{<α>} = σ^βα_1 α_2 = ( σ^β_i = σ^β_{i1i2} , σ^β_{(1)a1} = σ^β_{(1)α1 α2} , ..., σ^β_{(p)ap} = σ^β_{(p)α1α2} , ..., σ^β_{(z)az} = σ^β_{(z)α1α2} )

satisfying conditions ∇_{<α>}(ξ^β + η^β) = ∇_{<α>}ξ^β + ∇_{<α>}η^β , and ∇_{<α>}(fξ^β ) = f∇_{<α>}ξ^β + ξ^β ∇_{<α>}f for every ξ^β , η^β ∈ σ^β and f being a scalar field on E^{<z>} . It is also required that one holds the Leibnitz rule (∇_{<α>}ζ_β )η^β = ∇_{<α>}(ζ_β η^β) − ζ_β ∇_{<α>}η^β and that ∇_{<α>} is a real operator, i.e. it commuters with the operation of complex conjugation: ∇_{<α>}ψ_{αβγ...} = ∇_{<α>}(ψ_{αβγ...}). Let now analyze the question on uniqueness of action on d-spinors of an operator ∇_{<α>} satisfying necessary conditions . Denoting by ∇^{(1)}_{<α>} and ∇_{<α>} two such d-covariant operators we consider the map

(∇^{(1)}_{<α>} − ∇_{<α>}) : σ^β → σ^βα_∞ α_∈ . (6.71) Because the action on a scalar f of both operators ∇^{(1)}_α and ∇_α must be identical, i.e. ∇^{(1)}_{<α>}f = ∇_{<α>}f, the action (6.71) on f = ω_β ξ^β must be written as

(∇^{(1)}_{<α>} − ∇_{<α>})(ω_β ξ^β ) = 0.

In consequence we conclude that there is an element Θ^γ_{α1 α2 β} ∈ σ^γ_{α1α2β} for which ∇^{(1)}_{α1α2} ξ^γ = ∇_{α1α2} ξ^γ + Θ^γ_{α1α2β} ξ^β (6.72) and ∇^{(1)}_{α1α2} ω_β = ∇_{α1α2} ω_β − Θ^γ_{α1 α2 β} ω_γ .

The action of the operator (6.71) on a d-vector v^{<β>} = v^β1^β2 can be written by using formula (6.72) for both indices β_1 and β_2 :

(∇^{(1)}_{<α>} − ∇_{<α>})v^β1^β2 = Θ^{β1}_{<α>γ} v^{γβ}2 + Θ^{β2}_{<α>γ} v^β1^γ =

(Θ^{β1}_{<α>γ 1} δ^{β2}γ_2 + Θ^{β2}_{<α>γ1} δ^{β1}γ_2 )v^γ1^γ 2 = Q^{<β>}_{<α><γ>} v^{<γ>}, where

Q^{<β>}_{<α><γ>} = Q^{β1 β2} α_1α_2 γ_1γ_2 = Θ^{β1}_{<α>γ 1} δ^{β2}γ_2 + Θ^{β2}_{<α>γ 1} δ^{β1}γ_2 . (6.73) The d-commutator ∇_{[<α>}∇_{<β>]} defines the d-torsion (see (6.23)-(6.25) and (6.30)). So, applying operators ∇^{(1)}_{[<α>}∇^{(1)}_{<β>]} and ∇_{[<α>}∇_{<β>]} on f = ω_β ξ^β we can write T^{(1)<γ>}_{<α><β>} − T^{<γ>}_{<α><β>} = Q^{<γ>}_{<β><α>} − Q^{<γ>}_{<α><β>} with Q^{<γ>}_{<α><β>} from (6.73).

The action of operator ∇^{(1)}_{<α>} on d-spinor tensors of type χ^{β1β2...}α_1α_2α_3... must be constructed by using formula (6.72) for every upper index β_1β_2... and formula (6.73) for every lower index α_1α_2α_3... .

6.6.2 Infeld–van der Waerden d–coefficients Let δ^α_α = ( δ^i_1 , δ^i_2 , ..., δ^i_{N(n)}, δ^a_1 , δ^a_2 , ..., δ^i_{N(m)} ) be a d–spinor basis. The dual to it basis is denoted as

δ^α_α = ( δ^1_i , δ^2_i , ..., δ^{N(n)}_i , δ^1_i , δ^2_i , ..., δ^{N(m)}_i ) . A d-spinor κ^α ∈ σ^α has components κ^α = κ^αδ^α_α . Taking into account that δ^α_α δ^β_β ∇_{αβ} = ∇_{αβ}, we write out the components ∇_{αβ} κ^γ as

δ^α_α δ^β_β δ^γγ ∇_{αβ} κ^γ = δ^τ_ϵ δ^γτ ∇_{αβ}κ^ϵ + κ^ϵ δ^γϵ ∇_{αβ}δ^ϵ_ϵ = ∇_{αβ} κ^γ + κ^ϵγ^γ_{αβϵ}, (6.74) where the coordinate components of the d–spinor connection γ^γ_{αβϵ} are defined as γ^γ_{αβϵ} .= δ^γτ ∇_{αβ}δ^τ_ϵ . (6.75)

We call the Infeld - van der Waerden d-symbols a set of σ-objects (σ_α)^{αβ} parametrized with respect to a coordinate d-spinor basis. Defining ∇_{<α>} = (σ_{<α>})^{αβ} ∇_{αβ}, introducing denotations γ^γ_{<α>τ} .= γ^γ_{αβτ} (σ_{<α>})^{αβ} and using properties (6.74) we can write relations l^{<α>}_{<α>} δ^β_β ∇_{<α>}κ^β = ∇_{<α>}κ^β + κ^δ γ^β_{<α>δ} (6.76) and l^{<α>}_{<α>} δ^β_β ∇_{<α>} μ_β = ∇_{<α>} μ_β − μ_δ γ^δ_{<α>β} (6.77) for d-covariant derivations ∇_ακ^β and ∇_α μ_β .

We can consider expressions similar to (6.76) and (6.77) for values having both types of d-spinor and d-tensor indices, for instance, l^{<α>}_{<α>} l^{<γ>}_{<γ>} δ^δ_δ ∇_{<α>}θ^{<γ>}_δ = ∇_{<α>}θ^{<γ>}_δ −θ^{<γ>}_ϵ γ^ϵ_{<α>δ} +θ^{<τ >}_δ Γ^{<γ>}_{<α><τ >} (we can prove this by a straightforward calculation).

Now we shall consider some possible relations between components of d-connections γ^ϵ_{<α>δ} and Γ^{<γ>}_{<α><τ >} and derivations of (σ_{<α>})^{αβ} . According to definitions (6.12) we can write Γ^{<α>}_{<β><γ>} = l^{<α>}_{<α>} ∇_{<γ>}l^{<α>}_{<β>} = l^{<α>}_{<α>} ∇_{<γ>}(σ_{<β>})^{ϵτ} = l^{<α>}_{<α>} ∇_{<γ>}((σ_{<β>})^{ϵτ} δ^ϵ_ϵ δ^τ_τ ) = l^{<α>}_{<α>} δ^α_α δ^ϵ_ϵ ∇_{<γ>}(σ_{<β>})^{αϵ} + l^{<α>}_{<α>} (σ_{<β>})^{ϵτ} (δ^τ_τ ∇_{<γ>}δ^ϵ_ϵ + δ^ϵ_ϵ ∇_{<γ>}δ^τ_τ ) = l^{<α>}_{ϵτ} ∇_{<γ>}(σ_{<β>})^{ϵτ} + l^{<α>}_{μν} δ^μϵ δ^ν_τ (σ_{<β>})^{ϵτ} (δ^τ_τ ∇_{<γ>}δ^ϵ_ϵ + δ^ϵ_ϵ ∇_{<γ>}δ^τ_τ ), where l^{<α>}_{<α>} = (σ_{ϵτ} )^{<α>} , from which it follows (σ_{<α>})^{μν} (σ_{αβ})^{<β>}Γ^{<α>}_{<γ><β>} = (σ_{αβ})^{<β>}∇_{<γ>}(σ_{<α>})^{μν} + δ^ν_β γ^μ_{<γ>α} + δ^μα γ^ν_{<γ>β} .

Connecting the last expression on β and ν and using an orthonormalized d-spinor basis when γ^β_{<γ>β} = 0 (a consequence from (6.75)) we have γ^μ_{<γ>α} = 1 N(n) + N(m_1) + ... + N(m_z) (Γ^{μβ}_{<γ> αβ} − (σ_{αβ})^{<β>}∇_{<γ>}(σ_{<β>})^{μβ}), (6.78) where Γ^{μβ}_{<γ> αβ} = (σ_{<α>})^{μβ} (σ_{αβ} )^βΓ^{<α>}_{<γ><β>}. (6.79) We also note here that, for instance, for the canonical (see (6.18) and (6.19)) and Berwald (see (6.20)) connections, Christoffel d-symbols (see (6.21)) we can express d-spinor connection (6.79) through corresponding locally adapted derivations of components of metric and N-connection by introducing corresponding coefficients instead of Γ^{<α>}_{<γ><β>} in (6.79) and than in (6.78).

6.6.3 D–spinors of ha–space curvature and torsion

The d-tensor indices of the commutator (6.29), Δ_{<α><β>}, can be transformed into d-spinor ones:

□_{αβ} = (σ^{<α><β>})_{αβ}Δ_{αβ} = (□_{ij} , □_{ab}) = (6.80) (□_{ij} , □_{a1b1} , ..., □_{apbp} , ..., □_{az bz} ), with h- and v_p-components, □_{ij} = (σ^{<α><β>})_{ij} Δ_{<α><β>} and □_{ab} = (σ^{<α><β>})_{ab}Δ_{<α><β>}, being symmetric or antisymmetric in dependence of corresponding values of dimensions n and m_p (see eight-fold parametizations (6.50) and (6.51)). Considering the actions of operator (6.80) on d-spinors π^γ and μ_γ we introduce the d-spinor curvature X^γ_{δ αβ} as to satisfy equations

□_{αβ} π^γ = X^γ_{δ αβ} π^δ (6.81) and □_{αβ} μ_γ = X^δ_{γ αβ} μ_δ. The gravitational d-spinor Ψ_{αβγδ} is defined by a corresponding symmetrization of d-spinor indices: Ψ_{αβγδ} = X_{(α|β|γδ)}. (6.82) We note that d-spinor tensors X^γ_{δ αβ} and Ψ_{αβγδ} are transformed into similar 2-spinor objects on locally isotropic spaces [181,182] if we consider vanishing of the N-connection structure and a limit to a locally isotropic space.

Putting δ^γγ instead of μ_γ in (6.81) and using (6.82) we can express respectively the curvature and gravitational d-spinors as X_{γδαβ} = δ_{δτ} □_{αβ} δ^τ_γ and Ψ_{γδαβ} = δ_{δτ} □_{(αβ} δ^τ_{γ)} . The d-spinor torsion T^{γ1γ 2}_{αβ} is defined similarly as for d-tensors (see (6.30)) by using the d-spinor commutator (6.80) and equations

□_{αβ} f = T^{γ1 γ2}_{αβ}∇_{γ1γ2} f. (6.82)

The d-spinor components R^{δ1 δ2}_{γ 1γ2 αβ} of the curvature d-tensor R^δ_{γ αβ} can be computed by using relations (6.79), and (6.80) and (6.82) as to satisfy the equations (the d-spinor analogous of equations (6.31) )

(□_{αβ} − T^{γ1γ2}_{αβ} ∇_{γ1γ2} )V^{δ1 δ2} = R^{δ1δ2}_{γ1γ2 αβ}V^γ1^γ2 ,

here d-vector V^γ1^γ2 is considered as a product of d-spinors, i.e. V^γ1^γ2 = ν^γ1 μ^γ2 . We find R^{δ1δ2} γ_1 γ_2 αβ = ( X^{δ1}_{γ 1 αβ} + T^{τ1 τ 2}_{αβ} γ^{δ1}_{τ 1 τ 2γ 1} ) δ^{δ2}_{γ2} + ( X^{δ2}_{γ2 αβ} + T^{τ 1τ 2}_{αβ} γ^{δ2}_{τ 1τ 2γ2} ) δ^{δ1}_{γ1} . (6.83)

It is convenient to use this d-spinor expression for the curvature d-tensor R^{δ1 δ2} γ_1γ_2 α_1α_2β_1 β_2 = ( X^{δ1}_{γ1 α1α2β1 β2} + T^{τ1 τ 2}_{α1 α2 β1β2} γ^{δ1}_{τ 1τ 2γ1} ) δ^{δ2}_{γ2} + ( X^{δ2}_{γ 2 α1α2β1β2} + T^{τ 1τ 2}_{α1α2β1β2} γ^{δ2}_{τ 1τ 2γ2} ) δ^{δ1}_{γ1} in order to get the d–spinor components of the Ricci d-tensor R_{γ1γ2 α1 α2} = R^{δ1δ2}

γ_1 γ_2 α_1 α_2 δ_1δ_2 =

X^{δ1}_{γ 1 α1α2δ1γ2} +T^{τ 1τ 2}_{α1α2δ1γ2} γ^{δ1}_{τ 1τ 2γ1} +X^{δ2}_{γ 2 α1α2δ1γ 2} +T^{τ1τ 2}_{α1α2γ 1δ2} γ^{δ2}_{τ 1τ 2γ2} (6.84) and this d-spinor decomposition of the scalar curvature: q ←− R = R^{α1α2}_{α1 α2} = X^{α1 δ1 α2}_{α1 δ1α2} + T^{τ 1τ 2α1 α2}_{α2 δ1} γ^{δ1}_{τ 1τ 2α1} + X^{α2 δ2 α1}_{α2δ2α1} + T^{τ 1τ 2 α2 α1}_{α1 δ2} γ^{δ2}_{τ 1 τ 2 α2} . (6.85) Putting (6.84) and (6.85) into (6.34) and, correspondingly, (6.35) we find the d–spinor components of the Einstein and Φ_{<α><β>} d-tensors: ←− G_{<γ><α>} = ←− G_{γ1γ 2α1α2} = X^{δ1}_{γ 1 α1 α2 δ1 γ2} + T^{τ 1τ 2}_{α1α2δ1 γ2} γ^{δ1}_{τ 1τ 2γ1} +

X^{δ2}_{γ 2 α1α2δ1 γ2} + T^{τ 1τ 2}_{α1α2γ1 δ2} γ^{δ2}_{τ 1τ 2γ2} − 1 2 ε_{γ1α1} ε_{γ2α2} [X^{β1μ1 β2}_{β1 μ1 β2} + T^{τ 1τ 2 β1 β2}_{β2μ1} γ^{μ1}_{τ 1τ 2β1} + X^{β2 μ2ν 1}_{β2μ2 ν1} + T^{τ 1 τ 2 β2 β1}_{β1 δ2} γ^{δ2}_{τ 1τ 2 β2} ] (6.86) and Φ_{<γ><α>} = Φ_{γ1 γ2α1α2} = 1 2(n + m_1 + ... + m_z ) ε_{γ1α1} ε_{γ2 α2} [X^{β1μ1 β2}_{β1 μ1β2} +

T^{τ 1τ 2 β1 β2}_{β2μ1} γ^{μ1}_{τ 1 τ 2β1} + X^{β2μ2ν 1}_{β2μ2ν 1} + T^{τ 1 τ 2 β2 β1}_{β1 δ2} γ^{δ2}_{τ 1 τ 2β2} ]− 1 2 [X^{δ1}_{γ1 α1α2δ1γ2} + T^{τ1 τ 2}_{α1 α2 δ1 γ2} γ^{δ1}_{τ 1τ 2γ1} +

X^{δ2}_{γ 2 α1α2δ1γ 2} + T^{τ 1τ 2}_{α1α2γ1δ2} γ^{δ2}_{τ 1τ 2 γ2} ]. (6.87)

The components of the conformal Weyl d-spinor can be computed by putting d-spinor values of the curvature (6.83) and Ricci (6.84) d-tensors into corresponding expression for the d-tensor (6.33). We omit this calculus in this work.

6.7 Field Equations on Ha-Spaces

The problem of formulation gravitational and gauge field equations on different types of la-spaces is considered, for instance, in [161,29,18] and [272]. In this section we shall introduce the basic field equations for gravitational and matter field la-interactions in a generalized form for generic higher order anisotropic spaces.

6.7.1 Locally anisotropic scalar field interactions

Let φ (u) = (φ_1 (u) , φ_2 (u) ˙,..., φ_k (u)) be a complex k-component scalar field of mass μ on ha-space E^{<z>} . The d-covariant generalization of the conformally invariant (in the massless case) scalar field equation [181,182] can be defined by using the d’Alambert locally anisotropic operator [11,262] □ = D^{<α>}D_{<α>}, where D_{<α>} is a d-covariant derivation on E^{<z>} satisfying conditions (6.14) and (6.15) and constructed, for simplicity, by using Christoffel d–symbols (6.21) (all formulas for field equations and conservation values can be deformed by using corresponding deformations d–tensors P^{<α>}_{<β><γ>} from the Cristoffel d–symbols, or the canonical d–connection to a general d-connection into consideration):

(□ + n_E − 2 4(n_E − 1) ←− R + μ^2)φ (u) = 0, (6.88)

where n_E = n + m_1 + ... + m_z.We must change d-covariant derivation D_{<α>} into^⋄D_{<α>} = D_{<α>} + ieA_{<α>} and take into account the d-vector current J^{(0)}_{<α>} (u) = i((φ (u) D_{<α>}φ (u) − D_{<α>}φ (u))φ (u)) if interactions between locally anisotropic electromagnetic field ( d-vector potential A_{<α>} ), where e is the electromagnetic constant, and charged scalar field φ are considered. The equations (6.88) are (locally adapted to the N-connection structure) Euler equations for the Lagrangian

L^{(0)} (u) = √ |g| [ g^{<α><β>}δ_{<α>}φ (u) δ_{<β>}φ (u) − ( μ^2 + n_E − 2 4(n_E − 1) ) φ (u) φ (u) ] , (6.89) where |g| = detg_{<α><β>}. The locally adapted variations of the action with Lagrangian (6.89) on variables φ (u) and φ (u) leads to the locally anisotropic generalization of the energy-momentum tensor, E^{(0,can)} <α><β> (u) = δ<α>φ (u) δ<β>φ (u) + δ_{<β>}φ (u) δ_{<α>}φ (u) − 1 √ |g| g_{<α><β>} L^{(0)} (u) , (6.90) and a similar variation on the components of a d-metric (6.12) leads to a symmetric metric energy-momentum d-tensor, E^{(0)}_{<α><β>} (u) = E^{(0,can)}_{(<α><β>)} (u) − (6.91) n_E − 2 2(n_E − 1) [ R_{(<α><β>)} + D_{(<α>}D_{<β>)} − g_{<α><β>} □ ] φ (u) φ (u) . Here we note that we can obtain a nonsymmetric energy-momentum dtensor if we firstly vary on G_{<α><β>} and than impose constraints of type (6.10) in order to have a compatibility with the N-connection structure. We also conclude that the existence of a N-connection in dv-bundle E^{<z>} results in a nonequivalence of energy-momentum d-tensors (6.90) and (6.91), nonsymmetry of the Ricci tensor (see (6.29)), nonvanishing of the d-covariant derivation of the Einstein d-tensor (6.34), D_{<α>} ←− G^{<α><β>} ≠ 0 and, in consequence, a corresponding breaking of conservation laws on ha-spaces when D_{<α>}E^{<α><β>} ≠ 0 . The problem of formulation of conservation laws on laspaces is discussed in details and two variants of its solution (by using nearly autoparallel maps and tensor integral formalism on locally anisotropic and higher order multispaces) are proposed in [262] (see Chapter 8). In this section we shall present only straightforward generalizations of field equations and necessary formulas for energy-momentum d-tensors of matter fields on E^{<z>} considering that it is naturally that the conservation laws (usually being consequences of global, local and/or intrinsic symmetries of the fundamental space-time and of the type of field interactions) have to be broken on locally anisotropic spaces.

6.7.2 Proca equations on ha–spaces

Let consider a d-vector field φ_{<α>} (u) with mass μ^2 (locally anisotropic Proca field ) interacting with exterior la-gravitational field. From the Lagrangian

L^{(1)} (u) = √ |g| [ − 1 2 f_{<α><β>} (u) f^{<α><β>} (u) + μ^2φ_{<α>} (u) φ^{<α>} (u) ] , (6.92) where f_{<α><β>} = D_{<α>}φ_{<β>} − D_{<β>}φ_{<α>}, one follows the Proca equations on higher order anisotropic spaces D_{<α>}f^{<α><β>} (u) + μ^2φ^{<β>} (u) = 0. (6.93) Equations (6.93) are a first type constraints for β = 0. Acting with D_{<α>} on (6.93), for μ ≠ 0 we obtain second type constraints D_{<α>}φ^{<α>} (u) = 0. (6.94) Putting (6.94) into (6.93) we obtain second order field equations with respect to φ_{<α>} : □φ_{<α>} (u) + R_{<α><β>}φ^{<β>} (u) + μ^2φ_{<α>} (u) = 0. (6.95) The energy-momentum d-tensor and d-vector current following from the (6.95) can be written as E^{(1)}_{<α><β>} (u) = −g^{<ε><τ >} ( f_{<β><τ >}f_{<α><ε>} + f_{<α><ε>} f_{<β><τ >} ) + μ^2 ( φ_{<α>}φ_{<β>} + φ_{<β>}φ_{<α>} ) − g_{<α><β>} √ |g| L^{(1)} (u) .

and J^{(1)}_{<α>} (u) = i ( f_{<α><β>} (u) φ^{<β>} (u) − φ^{<β>} (u) f_{<α><β>} (u) ) . For μ = 0 the d-tensor f_{<α><β>} and the Lagrangian (6.92) are invariant with respect to locally anisotropic gauge transforms of type φ_{<α>} (u) → φ_{<α>} (u) + δ_{<α>}Λ (u) , where Λ (u) is a d-differentiable scalar function, and we obtain a locally anisotropic variant of Maxwell theory.

6.7.3 Higher order anisotropic gravitons

Let a massless d-tensor field h_{<α><β>} (u) is interpreted as a small perturbation of the locally anisotropic background metric d-field g_{<α><β>} (u) . Considering, for simplicity, a torsionless background we have locally anisotropic Fierz–Pauli equations □h_{<α><β>} (u) + 2R_{<τ ><α><β><ν>} (u) h^{<τ ><ν>} (u) = 0 and d–gauge conditions D_{<α>}h^{<α>}_{<β>} (u) = 0, h (u) ≡ h^{<α>}_{<β>} (u) = 0, where R_{<τ ><α><β><ν>} (u) is curvature d-tensor of the la-background space (these formulae can be obtained by using a perturbation formalism with respect to h_{<α><β>} (u) developed in [94]; in our case we must take into account the distinguishing of geometrical objects and operators on ha–spaces).

6.7.4 Higher order anisotropic Dirac equations

Let denote the Dirac d–spinor field on E^{<z>} as ψ (u) = (ψ^α (u)) and consider as the generalized Lorentz transforms the group of automorphysm of the metric G_<^_{α><}^_{β>} (see the ha-frame decomposition of d-metric (6.12), (6.68) and (6.69) ).The d-covariant derivation of field ψ (u) is written as −−−→ ∇_{<α>}ψ = [ δ_{<α>} + 1 4 C^_α^_β^_γ (u) l^^α_{<α>} (u) σ^^βσ^^γ ] ψ, (6.96) where coefficients C^_α^_β^_γ = ( D_{<γ>}l^{<α>}^_α ) l^_{β<α>}l^{<γ>}^_γ generalize for ha-spaces the corresponding Ricci coefficients on Riemannian spaces [79]. Using σobjects σ^{<α>} (u) (see (6.44) and (6.60)–(6.62)) we define the Dirac equations on ha–spaces: (iσ^{<α>} (u) −−−→ ∇_{<α>} − μ)ψ = 0, which are the Euler equations for the Lagrangian

L^{(1/2)} (u) = √ |g|{[ψ^+ (u) σ^{<α>} (u) −−−→ ∇_{<α>}ψ (u) − ( −−−→ ∇_{<α>}ψ^+ (u))σ^{<α>} (u) ψ (u)] − μψ^+ (u) ψ (u)}, (6.97)

where ψ^+ (u) is the complex conjugation and transposition of the column ψ (u) . From (6.97) we obtain the d-metric energy-momentum d-tensor E^{(1/2)}_{<α><β>} (u) = i 4 [ψ^+ (u) σ_{<α>} (u) −−−→ ∇_{<β>}ψ (u)+ψ^+ (u) σ_{<β>} (u) −−−→ ∇_{<α>}ψ (u) − ( −−−→ ∇_{<α>}ψ^+ (u))σ_{<β>} (u) ψ (u) − ( −−−→ ∇_{<β>}ψ^+ (u))σ_{<α>} (u) ψ (u)] and the d-vector source

J^{(1/2)}_{<α>} (u) = ψ^+ (u) σ_{<α>} (u) ψ (u) .

We emphasize that la-interactions with exterior gauge fields can be introduced by changing the higher order anisotropic partial derivation from (6.96) in this manner: δ_α → δ_α + ie^⋆B_α, where e^⋆ and B_α are respectively the constant d-vector potential of locally anisotropic gauge interactions on higher order anisotropic spaces (see [272] and the next subsection).

6.7.5 D–spinor locally anisotropic Yang–Mills fields

We consider a dv-bundle B_E , π_B : B → E^{<z>} , on ha-space E^{<z>} . Additionally to d-tensor and d-spinor indices we shall use capital Greek letters, Φ, Υ, Ξ, Ψ, ... for fibre (of this bundle) indices (see details in [181,182] for the case when the base space of the v-bundle π_B is a locally isotropic spacetime). Let ∇_{<α>} be, for simplicity, a torsionless, linear connection in B_E satisfying conditions:

∇_{<α>} : Υ^Θ → Υ^Θ_{<α>} [ or Ξ^Θ → Ξ^Θ_{<α>} ] , ∇_{<α>} ( λ^Θ + ν^Θ ) = ∇_{<α>}λ^Θ + ∇_{<α>}ν^Θ,

∇_{<α>} (fλ^Θ) = λ^Θ∇_{<α>}f + f∇_{<α>}λ^Θ, f ∈ Υ^Θ [or Ξ^Θ],

where by Υ^Θ ( Ξ^Θ ) we denote the module of sections of the real (complex) vbundle B_E provided with the abstract index Θ. The curvature of connection ∇_{<α>} is defined as

K^Θ <α><β>Ω λ Ω = ( ∇_{<α>}∇_{<β>} − ∇_{<β>}∇_{<α>} ) λ^Θ.

For Yang-Mills fields as a rule one considers that B_E is enabled with a unitary (complex) structure (complex conjugation changes mutually the upper and lower Greek indices). It is useful to introduce instead of K^Θ_{<α><β>Ω} a Hermitian matrix F^Θ_{<α><β>Ω} = i K^Θ_{<α><β>Ω} connected with components of the Yang-Mills d-vector potential B^Φ_{<α>Ξ} according the formula: 1 2 F^Φ <α><β>Ξ = ∇[<α>B Φ <β>]Ξ − iB Φ [<α>|Λ|B Λ <β>]Ξ, (6.98) where the la-space indices commute with capital Greek indices. The gauge transforms are written in the form:

B^Φ_{<α>Θ} → B ^^Φ_{<α>}^_Θ = B^Φ_{<α>Θ} s ^^Φ_Φ q^Θ^_Θ + is ^^Φ_Θ ∇_{<α>} q^Θ^_Θ ,

F^Φ <α><β>Ξ → F ^_Φ <α><β>^Ξ = F Φ <α><β>Ξs ^_Φ

Φ q^Ξ^_Ξ ,

where matrices s ^^Φ_Φ and q^Ξ^_Ξ are mutually inverse (Hermitian conjugated in the unitary case). The Yang-Mills equations on torsionless la-spaces [272] (see details in the next Chapter) are written in this form: ∇^{<α>}F^Ψ <α><β>Θ = J Ψ <β> Θ , (6.99) ∇_{[<α>}F^Ξ <β><γ>]Θ = 0. (6.100)

We must introduce deformations of connection of type ∇^⋆_α −→ ∇_α+P_α, (the deformation d-tensor P_α is induced by the torsion in dv-bundle B_E ) into the definition of the curvature of ha-gauge fields (6.98) and motion equations (6.99) and (6.100) if interactions are modeled on a generic ha-space.

6.7.6 D–spinor Einstein–Cartan equations

Now we can write out the field equations of the Einstein-Cartan theory in the d-spinor form. So, for the Einstein equations (6.34) we have ←− G_{γ1γ2 α1 α2} + λε_{γ1α1} ε_{γ2 α2} = κE_{γ 1γ2α1α2} ,

with ←− G_{γ 1γ2α1α2} from (6.86), or, by using the d-tensor (6.87),

Φ_{γ1 γ2α1α2} + ( ←− R 4 − λ 2 )ε_{γ1α1} ε_{γ2α2} = − κ 2 E_{γ1γ2 α1 α2} , which are the d-spinor equivalent of the equations (6.35). These equations must be completed by the algebraic equations (6.36) for the d-torsion and d-spin density with d-tensor indices changed into corresponding d-spinor ones.

6.8 Outlook on Ha–Spinors

We have developed the spinor differential geometry of distinguished vector bundles provided with nonlinear and distinguished connections and metric structures and shown in detail the way of formulation the theory of fundamental field (gravitational, gauge and spinor) interactions on generic locally anisotropic spaces.

We investigated the problem of definition of spinors on spaces with higher order anisotropy. Our approach is based on the formalism of Clifford d-algebras. We introduced spinor structures on ha-spaces as Clifford d-module structures on dv-bundles. We also proposed the second definition, as distinguished spinor structures, by using Clifford fibrations. It was shown that H^{2n}-spaces admit as a proper characteristic the almost complex spinor structures. We argued that one of the most important properties of spinors in both dv-bundles with compatible N-connection, d-connection and metric and in H^{2n}-spaces is the periodicity 8 on the dimension of the base and on the dimension of the typical fiber spaces.

It should be noted that we introduced [256,255,275] d-spinor structures in an algebraic topological manner, and that in our considerations the compatibility of d-connection and metric, adapted to a given N-connection, plays a crucial role. The Yano and Ishihara method of lifting of geometrical objects in the total spaces of tangent bundles [295] and the general formalism for vector bundles of Miron and Anastasiei [160,161] clearing up the possibility and way of definition of spinors on higher order anisotropic spaces. Even a straightforward definition of spinors on Finsler and Lagrange spaces, and, of course, on various theirs extensions, with general noncompatible connection and metric structures, is practically impossible (if spinors are introduced locally with respect to a given metric quadratic form, the spinor constructions will not be invariant on parallel transports), we can avoid this difficulty by lifting in a convenient manner the geometric objects and physical values from the base of a la-space on the tangent bundles of v- and t-bundles under consideration. We shall introduce corresponding discordance laws and values and define nonstandard spinor structures by using nonmetrical d-tensors (see such constructions for locally isotropic curved spaces with torsion and nonmetricity in [154]).

The distinguishing by a N-connection structure of the multidimensional space into horizontal and vertical subbundles points out to the necessity to start up the spinor constructions for la-spaces with a study of distinguished Clifford algebras for vector spaces split into h- and v-subspaces. The d-spinor objects exhibit a eight-fold periodicity on dimensions of the mentioned subspaces. As it was shown in [256,255], see also the sections 6.2 -6.4 of this work, a corresponding d-spinor technique can be developed, which is a generalization for higher dimensional with N-connection structure of that proposed by Penrose and Rindler [180,181,182] for locally isotropic curved spaces, if the locally adapted to the N-connection structures d-spinor and d-vector frames are used. It is clear the d-spinor calculus is more tedious than the 2-spinor one for Einstein spaces because of multidimensional and multiconnection character of generic ha-spaces. The d-spinor differential geometry formulated in section 6.6 can be considered as a branch of the geometry of Clifford fibrations for v-bundles provided with N-connection, d-connection and metric structures. We have emphasized only the features containing d-spinor torsions and curvatures which are necessary for a d-spinor formulation of la-gravity. To develop a conformally invariant dspinor calculus is possible only for a particular class of ha-spaces when the Weyl d-tensor (6.33) is defined by the N-connection and d-metric structures. In general, we have to extend the class of conformal transforms to that of nearly autoparallel maps of ha-spaces (see [275,276,279,263] and Chapter 8 in this monograph).

Having fixed compatible N-connection, d-connection and metric structures on a dv–bundle E^{<z>} we can develop physical models on this space by using a covariant variational d-tensor calculus as on Riemann-Cartan spaces (really there are specific complexities because, in general, the Ricci d-tensor is not symmetric and the locally anisotropic frames are nonholonomic). The systems of basic field equations for fundamental matter (scalar, Proca and Dirac) fields and gauge and gravitational fields have been introduced in a geometric manner by using d-covariant operators and la-frame decompositions of d-metric. These equations and expressions for energymomentum d-tensors and d-vector currents can be established by using the standard variational procedure, but correspondingly adapted to the Nconnection structure if we work by using la-bases.

Chapter 7

Gauge and Gravitational Ha–Fields

Despite the charm and success of general relativity there are some fundamental problems still unsolved in the framework of this theory. Here we point out the undetermined status of singularities, the problem of formulation of conservation laws in curved spaces, and the unrenormalizability of quantum field interactions. To overcome these defects a number of authors (see, for example, refs. [240,285,194,3]) tended to reconsider and reformulate gravitational theories as a gauge model similar to the theories of weak, electromagnetic, and strong forces. But, in spite of theoretical arguments and the attractive appearance of different proposed models of gauge gravity, the possibility and manner of interpretation of gravity as a kind of gauge interaction remain unclear.

The work of Popov and Daikhin [195,196] is distinguished among other gauge approaches to gravity. Popov and Dikhin did not advance a gauge extension, or modification, of general relativity; they obtained an equivalent reformulation (such as well-known tetrad or spinor variants) of the Einstein equations as Yang-Mills equations for correspondingly induced Cartan connections [40] in the affine frame bundle on the pseudo-Riemannian space time. This result was used in solving some specific problems in mathematical physics, for example, for formulation of a twistor-gauge interpretation of gravity and of nearly autoparallel conservation laws on curved spaces [246,250,252,249,233]. It has also an important conceptual role. On one hand, it points to a possible unified treatment of gauge and gravitational fields in the language of linear connections in corresponding vector bundles. On the other, it emphasizes that the types of fundamental interactions mentioned essentially differ one from another, even if we admit for both of them a common gauge like formalism, because if to Yang-Mills fields one associates semisimple gauge groups, to gauge treatments of Einstein gravitational fields one has to introduce into consideration nonsemisimple gauge groups.

Recent developments in theoretical physics suggest the idea that a more adequate description of radiational, statistical, and relativistic optic effects in classical and quantum gravity requires extensions of the geometric background of theories [282,163,13,14,15,28,29,118,119,120,122,212,235,236,238, 280,41] by introducing into consideration spaces with local anisotropy and formulating corresponding variants of Lagrange and Finsler gravity and theirs extensions to higher order anisotropic spaces [295,162,266,267,268].

The aim of this Chapter is twofold. The first objective is to present our results [272,258,259] on formulation of a geometrical approach to interactions of Yang-Mills fields on spaces with higher order anisotropy in the framework of the theory of linear connections in vector bundles (with semisimple structural groups) on ha-spaces. The second objective is to extend the formalism in a manner including theories with nonsemisimple groups which permit a unique fiber bundle treatment for both locally anisotropic Yang-Mills field and gravitational interactions. In general lines, we shall follow the ideas and geometric methods proposed in refs. [240,195,196,194,40] but we shall apply them in a form convenient for introducing into consideration geometrical constructions[160,161] and physical theories on ha-spaces.

There is a number of works on gauge models of interactions on Finsler spaces and theirs extensions(see, for instance, [17,18,19,28,164,177]). One has introduced different variants of generalized gauge transforms, postulated corresponding Lagrangians for gravitational, gauge and matter field interactions and formulated variational calculus (here we note the approach developed by A. Bejancu [30,32,29]). The main problem of such models is the dependence of the basic equations on chosen definition of gauge ”compensation” symmetries and on type of space and field interactions anisotropy. In order to avoid the ambiguities connected with particular characteristics of possible la-gauge theories we consider a ”pure” geometric approach to gauge theories (on both locally isotropic and anisotropic spaces) in the framework of the theory of fiber bundles provided in general with different types of nonlinear and linear multiconnection and metric structures. This way, based on global geometric methods, holds also good for nonvariational, in the total spaces of bundles, gauge theories (in the case of gauge gravity based on Poincare or affine gauge groups); physical values and motion (field) equations have adequate geometric interpretation and do not depend on the type of local anisotropy of space-time background. It should be emphasized here that extensions for higher order anisotropic spaces which will be presented in this Chapter can be realized in a straightforward manner.

The presentation in the Chapter is organized as follows: In section 7.1 we give a geometrical interpretation of gauge (Yang-Mills) fields on general ha-spaces. Section 7.2 contains a geometrical definition of anisotropic Yang-Mills equations; the variational proof of gauge field equations is considered in connection with the ”pure” geometrical method of introducing field equations. In section 7.3 the ha–gravity is reformulated as a gauge theory for nonsemisimple groups. A model of nonlinear de Sitter gauge gravity with local anisotropy is formulated in section 7.4. We study gravitational gauge instantons with trivial local anisotropy in section 7.5. Some remarks are given in section 7.6.

7.1 Gauge Fields on Ha-Spaces

This section is devoted to formulation of the geometrical background for gauge field theories on spaces with higher order anisotropy.

Let (P, π, Gr, E^{<z>} ) be a principal bundle on base E^{<z>} (being a haspace) with structural group Gr and surjective map π : P → E^{<z>} . At every point u = ( x, y_{(1)}, ..., y_{(z)} ) ∈ E^{<z>} there is a vicinity U ⊂ E^{<z>} ,u ∈ U, with trivializing P diffeomorphisms f and φ : f_U : π^{−1} (U) → U×Gr, f (p) = (π (p) , φ (p)) , φ_U : π^{−1} (U) → Gr, φ(pq) = φ (p) q, ∀q ∈ Gr, p ∈ P. We remark that in the general case for two open regions U, V ⊂ E^{<z>} , U ∩ V ≠ ∅, f_{U|p} ≠ f_{V|p} , even p ∈ U ∩ V.

Transition functions g_{UV} are defined as g_{UV} : U ∩ V →Gr, g_{UV} (u) = φ_U (p) ( φ_V (p)^{−1} ) , π (p) = u. Hereafter we shall omit, for simplicity, the specification of trivializing regions of maps and denote, for example, f ≡ f_U , φ ≡ φ_U , s ≡ s_U , if this will not give rise to ambiguities.

Let θ be the canonical left invariant 1-form on Gr with values in algebra Lie G of group Gr uniquely defined from the relation θ (q) = q, ∀q ∈ G, and consider a 1-form ω on U ⊂ E^{<z>} with values in G. Using θ and ω, we can locally define the connection form Ω in P as a 1-form:

Ω = φ^∗θ + Ad φ^{−1} (π^∗ω) (7.1)

where φ^∗θ and π^∗ω are, respectively, forms induced on π^{−1} (U) and P by maps φ and π and ω = s^∗Ω. The adjoint action on a form λ with values in G is defined as ( Ad φ^{−1}λ ) p = ( Ad φ^{−1} (p) ) λ_p where λ_p is the value of form λ at point p ∈ P.

Introducing a basis {Δ^_a} in G (index ^a enumerates the generators making up this basis), we write the 1-form ω on E^{<z>} as ω = Δ^_aω^^a (u) , ω^^a (u) = ω^^a_{<μ>} (u) δu^{<μ>} (7.2) where δu^{<μ>} = (dx^i, δy^{<a>}) and the Einstein summation rule on indices ^a and < μ > is used. Functions ω^^a_{<μ>} (u) from (7.2) will be called the components of Yang-Mills fields on ha-space E^{<z>} . Gauge transforms of ω can be geometrically interpreted as transition relations for ω_U and ω_V , when u ∈ U ∩ V, (ω_U )_u = (g^∗_{UV} θ)_u + Ad g_{UV} (u)^{−1} (ω_V )_u . (7.3)

To relate ω^^a_{<μ>} with a covariant derivation we shall consider a vector bundle Υ associated to P. Let ρ : Gr → GL (R^s) and ρ^′ : G → End (E^s) be, respectively, linear representations of group Gr and Lie algebra G (in a more general case we can consider C^s instead of R^s). Map ρ defines a left action on Gr and associated vector bundle Υ = P ×R^s/Gr, π_E : E → E^{<z>} . Introducing the standard basis ξ_i = {ξ_1, ξ_2, ..., ξ_s} in R^s, we can define the right action on P × R^s, ((p, ξ) q = (pq, ρ (q^{−1}) ξ) , q ∈ Gr) , the map induced from P p : R^s → π^{−1}_E (u) , (p (ξ) = (pξ) Gr, ξ ∈ R^s, π (p) = u) and a basis of local sections e_i : U → π^{−1}_E (U) , e_i (u) = s (u) ξ_i. Every section ς : E^{<z>} →Υ can be written locally as ς = ς^ie_i, ς^i ∈ C^∞ (U) . To every vector field X on E^{<z>} and Yang-Mills field ω^^a on P we associate operators of covariant derivations: ∇_X ζ = e_i [ Xζ^i + B (X)^i_j ζ^j ]

where B (X) = (ρ^′X)^_a ω^^a (X) . (7.4)

Transformation laws (7.3) and operators (7.4) are interrelated by these transition transforms for values e_i, ζ^i, and B_{<μ>} :

e^V_i (u) = [ρg_{UV} (u)]^j_i e^U_i , ζ^i_U (u) = [ρg_{UV} (u)]^j_i ζ^i_V ,

B^V_{<μ>} (u) = [ρg_{UV} (u)]^{−1} δ_{<μ>} [ρg_{UV} (u)] + [ρg_{UV} (u)]^{−1} B^U_{<μ>} (u) [ρg_{UV} (u)] , (7.5) where B^U_{<μ>} (u) = B^{<μ>} (δ/du^{<μ>}) (u) . Using (7.5), we can verify that the operator ∇^U_X , acting on sections of π_Υ : Υ → E^{<z>} according to definition (7.4), satisfies the properties

∇^U_{f1X+f2Y} = f_1∇^U_X + f_2∇^U_X , ∇^U_X (fζ) = f∇^U_X ζ + (Xf) ζ, ∇^U_X ζ = ∇^V_X ζ, u ∈ U ∩ V,f_1, f_2 ∈ C^∞ (U) . So, we can conclude that the Yang–Mills connection in the vector bundle π_Υ : Υ → E^{<z>} is not a general one, but is induced from the principal bundle π : P → E^{<z>} with structural group Gr.

The curvature K of connection Ω from (7.1) is defined as K = DΩ, D = ^H ∘ d (7.6) where d is the operator of exterior derivation acting on G-valued forms as d ( Δ^_a ⊗ χ^^a ) = Δ^_a ⊗ dχ^^a and ^H is the horizontal projecting operator acting, for example, on the 1-form λ as ( ^Hλ ) P (X_p) = λ_p (H_pX_p) , where H_p projects on the horizontal subspace H_p ∈ P_p[X_p ∈ H_p is equivalent to Ω_p (X_p) = 0]. We can express (7.6) locally as

K = Ad φ^{−1}_U (π^∗K_U ) (7.7)

where K_U = dω_U + 1 2 [ω_U , ω_U ] . (7.8)

The exterior product of G-valued form (7.8) is defined as [ Δ^_a ⊗ λ^^a, Δ^_b ⊗ ξ^^b ] = [ Δ^_a, Δ^_b ] ⊗ λ^^a ⋀ ξ^^b, where the antisymmetric tensorial product is λ^^a ⋀ ξ^^b = λ^^aξ^^b − ξ^^bλ^^a. Introducing structural coefficients f ^^a^_b^_c of G satisfying [ Δ^_b, Δ^_c ] = f ^^a^_b^_c Δ^_a

we can rewrite (7.8) in a form more convenient for local considerations: K_U = Δ^_a ⊗ K^^a_{<μ><ν>} δu^{<μ>} ⋀ δu^{<ν>} (7.9) where K^^a_{<μ><ν>} = δω^^a_{<ν>} ∂u^{<μ>} − δω^^a_{<μ>} ∂u^{<ν>} + 1 2 f ^^a^_b^_c ( ω^^b_{<μ>} ω^^c_{<ν>} − ω^^b_{<ν>}ω^^c_{<μ>} ) . This section ends by considering the problem of reduction of the local anisotropic gauge symmetries and gauge fields to isotropic ones. For local trivial considerations we suppose that the vanishing of dependencies on y variables leads to isotropic Yang-Mills fields with the same gauge group as in the anisotropic case. Global geometric constructions require a more rigorous topological study of possible obstacles for reduction of total spaces and structural groups on anisotropic bases to their analogous on isotropic (for example, pseudo-Riemannian) base spaces.

7.2 Yang-Mills Equations on Ha-spaces

Interior gauge (nongravitational) symmetries are associated to semisimple structural groups. On the principal bundle (P, π, Gr, E^{<z>} ) with nondegenerate Killing form for semisimple group Gr we can define the generalized Lagrange metric

h_p (X_p, Y_p) = G_{π(p)} (dπ_P X_P , dπ_P Y_P ) + K (Ω_P (X_P ) , Ω_P (X_P )) , (7.10) where dπ_P is the differential of map π : P → E^{<z>} , G_{π(p)} is locally generated as the ha-metric (6.12), and K is the Killing form on G : K ( Δ^_a, Δ^_b ) = f ^^c^_b^_d f ^^d^_a^_c = K^_a^_b. Using the metric G_{<α><β>} on E^{<z>} [h_P (X_P , Y_P ) on P ] , we can introduce operators ∗_G and ^δ_G acting in the space of forms on E^{<z>} (∗_H and ^δ_H acting on forms on E^{<z>} ). Let e_{<μ>} be orthonormalized frames on U ⊂ E^{<z>} and e^{<μ>} the adjoint coframes. Locally G = ∑ <μ> η (< μ >) e^{<μ>} ⊗ e^{<μ>}, where η_{<μ><μ>} = η (< μ >) = ±1, < μ >= 1, 2, ..., n_E, n_E = 1, ..., n + m_1 + ... + m_z, and the Hodge operator ∗_G can be defined as ∗_G : Λ^′ (E^{<z>} ) → Λ^{n+m1 +...+mz} (E^{<z>} ) , or, in explicit form, as ∗_G ( e^{<μ1>} ⋀ ... ⋀ e^{<μr >} ) = η (ν_1) ...η (ν_{nE −r}) × (7.11) sign ( 1 2 ...r r + 1 ...n_E < μ_{1>} < μ_2 > ... < μ_r > < ν_1 > ...ν_{nE −r} ) × e^{<ν1>} ⋀ ... ⋀ e^{<νnE −r >}. Next, define the operator ∗^{−1}_G = η (1) ...η (n_E ) (−1)^{r(nE −r)} ∗_G and introduce the scalar product on forms β_1, β_2, ... ⊂ Λ^r (E^{<z>} ) with compact carrier:

(β_1, β_2) = η (1) ...η (n_E ) ∫ β_1 ⋀ ∗_Gβ_2.

The operator ^δ_G is defined as the adjoint to d associated to the scalar product for forms, specified for r-forms as

^δ_G = (−1)^r ∗^{−1}_G ∘d ∘ ∗_G. (7.12)

We remark that operators ∗_H and δ_H acting in the total space of P can be defined similarly to (7.11) and (7.12), but by using metric (7.10). Both these operators also act in the space of G-valued forms: ∗ ( Δ^_a ⊗ φ^^a ) = Δ^_a ⊗ (∗φ^^a), ^δ ( Δ^_a ⊗ φ^^a ) = Δ^_a ⊗ (^δφ^^a). The form λ on P with values in G is called horizontal if ^Hλ = λ and equivariant if R^∗ (q) λ = Ad q^{−1}φ, ∀g ∈ Gr, R (q) being the right shift on P. We can verify that equivariant and horizontal forms also satisfy the conditions λ = Ad φ^{−1}_U (π^∗λ) , λ_U = S^∗_U λ, (λ_V )_U = Ad (g_{UV} (u))^{−1} (λ_U )_u .

Now, we can define the field equations for curvature (7.7) and connection (7.1) :

ΔK = 0, (7.13)

∇K = 0, (7.14)

where Δ = ^H ∘ ^δ_H . Equations (7.13) are similar to the well-known Maxwell equations and for non-Abelian gauge fields are called Yang-Mills equations. The structural equations (7.14) are called Bianchi identities.

The field equations (7.13) do not have a physical meaning because they are written in the total space of bundle Υ and not on the base anisotropic space-time E^{<z>} . But this dificulty may be obviated by projecting the mentioned equations on the base. The 1-form ΔK is horizontal by definition and its equivariance follows from the right invariance of metric (7.10). So, there is a unique form (ΔK)_U satisfying

ΔK =Ad φ^{−1}_U π^∗(ΔK)_U .

Projection of (7.13) on the base can be written as (ΔK)_U = 0. To calculate (ΔK)_U , we use the equality [40,196] d ( Ad φ^{−1}_U λ ) = Ad φ^{−1}_U dλ − [ φ^∗_U θ, Ad φ^{−1}_U λ ] where λ is a form on P with values in G. For r-forms we have ^δ ( Ad φ^{−1}_U λ ) = Ad φ^{−1}_U ^δλ − (−1)^r ∗_H { [ φ^∗_U θ, ∗_H Ad φ^{−1}_U λ ] and, as a consequence, ^δK = Ad φ^{−1}_U {^δ_H π^∗K_U + ∗^{−1}_H [π^∗ω_U , ∗_H π^∗K_U ]}− − ∗^{−1}_H [ Ω, Ad φ^{−1}_U ∗_H (π^∗K) ] . (7.15) By using straightforward calculations in the adapted dual basis on π^{−1} (U) we can verify the equalities [ Ω, Ad φ^{−1}_U ∗_H (π^∗K_U ) ] = 0, ^Hδ_H (π^∗K_U ) = π^∗ ( ^δ_GK ) , ∗^{−1}_H [π^∗ω_U , ∗_H (π^∗K_U )] = π^∗{∗^{−1}_G [ω_U , ∗_GK_U ]}. (7.16) From (7.15) and (7.16) it follows that (ΔK)_U = ^δ_GK_U + ∗^{−1}_G [ω_U , ∗_GK_U ] . (7.17) Taking into account (7.17) and (7.12), we prove that projection on E of equations (7.13) and (7.14) can be expressed respectively as ∗^{−1}_G ∘ d ∘ ∗_GK_U + ∗^{−1}_G [ω_U , ∗_GK_U ] = 0. (7.18) dK_U + [ω_U , K_U ] = 0.

Equations (7.18) (see (7.17)) are gauge-invariant because (ΔK)_U = Ad g^{−1}_{UV} (ΔK)_V .

By using formulas (7.9)-(7.12) we can rewrite (7.18) in coordinate form D_{<ν>} ( G^{<ν><λ>} K^^a_{<λ><μ>} ) + f ^^a^_b^_c G^{<v><λ>} ω ^^b_{<λ>}K^^c_{<ν><μ>} = 0, (7.19) where D_{<ν>} is, for simplicity, a compatible with metric covariant derivation on ha-space E^{<z>} .

We point out that for our bundles with semisimple structural groups the Yang-Mills equations (7.13) (and, as a consequence, their horizontal projections (7.18) or (7.19)) can be obtained by variation of the action I = ∫ K^^a_{<μ><ν>} K^^b_{<α><β>}G^{<μ><α>} G^{<ν><β>} K^_a^_b× (7.20) |G_{<α><β>} |^{1/2} dx^1...dx^nδy^1_{(1)}...δy^{m1}_{(1)} ...δy^1_{(z)}...δy^{mz}_{(z)} . Equations for extremals of (7.20) have the form K^_r^_bG^{<λ><α>}G^{<κ><β>} D_{<α>}K^^b_{<λ><β>}− K^_a^_bG^{<κ><α>} G^{<ν><β>} f ^^a^_r^_l ω^^l_{<ν>} K^^b_{<α><β>} = 0, which are equivalent to ”pure” geometric equations (7.19) (or (7.18) due to nondegeneration of the Killing form K^_r^_b for semisimple groups.

To take into account gauge interactions with matter fields (section of vector bundle Υ on E ) we have to introduce a source 1–form J in equations (7.13) and to write them as ΔK = J (7.21)

Explicit constructions of J require concrete definitions of the bundle Υ; for example, for spinor fields an invariant formulation of the Dirac equations on la-spaces is necessary. We omit spinor considerations in this Chapter (see section 6.7), but we shall present the definition of the source J for gravitational interactions (by using the energy-momentum tensor of matter on la–space) in the next section.

7.3 Gauge HA–Gravity

A considerable body of work on the formulation of gauge gravitational models on isotropic spaces is based on using nonsemisimple groups, for example, Poincare and affine groups, as structural gauge groups (see critical analysis and original results in [285,240,155,194]. The main impediment to developing such models is caused by the degeneration of Killing forms for nonsemisimple groups, which make it impossible to construct consistent variational gauge field theories (functional (7.20) and extremal equations are degenarate in these cases). There are at least two possibilities to get around the mentioned difficulty. The first is to realize a minimal extension of the nonsemisimple group to a semisimple one, similar to the extension of the Poincare group to the de Sitter group considered in [195,196,240] (in the next section we shall use this operation for the definition of locally anisotropic gravitational instantons). The second possibility is to introduce into consideration the bundle of adapted affine frames on la-space E^{<z>} , to use an auxiliary nondegenerate bilinear form a^_a^_b instead of the degenerate Killing form K^_a^_b and to consider a ”pure” geometric method, illustrated in the previous section, of defining gauge field equations. Projecting on the base E^{<z>} , we shall obtain gauge gravitational field equations on ha-space having a form similar to Yang-Mills equations.

The goal of this section is to prove that a specific parametrization of components of the Cartan connection in the bundle of adapted affine frames on E^{<z>} establishes an equivalence between Yang-Mills equations (7.21) and Einstein equations on ha-spaces.

7.3.1 Bundles of linear ha–frames

Let (X_{<α>})_u = (X_i, X_{<a>})_u = (X_i, X_{a1} , ..., X_{az} )_u be an adapted frame (see (7.4) at point u ∈ E^{<z>} . We consider a local right distinguished action of matrices

A^{<α>} <α^′> = A^i_i′ 0 ... 0 0 B^{a1}_a′_1 ... 0 ... ... ... ... 0 0 ... B^{az}_a′_z ⊂ GL_{nE} =

GL (n, R) ⊕ GL (m_1, R) ⊕ ... ⊕ GL (m_z , R) . Nondegenerate matrices A^i_i′ and B^j_j′ respectively transforms linearly X_{i|u} into X_i′_{|u} = A^i_i′ X_{i|u} and X_a′_{p|u} into X_a′_{p |u} = B^{ap}_a′_p X_{ap|u}, where X_{<α}′_{>|u} = A^{<α>} <α^′> X<α> is also an adapted frame at the same point u ∈ E <z> . We denote by La (E^{<z>} ) the set of all adapted frames X_{<α>} at all points of E^{<z>} and consider the surjective map π from La (E^{<z>} ) to E^{<z>} transforming every adapted frame X_{α|u} and point u into point u. Every X_{<α}′_{>|u} has a unique representation as X_{<α}′_> = A^{<α>}_{<α}′_> X^{(0)}_{<α>}, where X^{(0)}_{<α>} is a fixed distinguished basis in tangent space T (E^{<z>} ) . It is obvious that π^{−1} (U) , U ⊂ E^{<z>} , is bijective to U × GL_{nE} (R) . We can transform La (E^{<z>} ) in a differentiable manifold taking ( u^{<β>}, A^{<α>} <α^′> ) as a local coordinate system on π^{−1} (U) . Now, it is easy to verify that La(E^{<z>} ) = (La(E^{<z>} , E^{<z>} , GL_{nE} (R))) is a principal bundle. We call La(E^{<z>} ) the bundle of linear adapted frames on E^{<z>} . The next step is to identify the components of, for simplicity, compatible d-connection Γ^{<α>}_{<β><γ>} on E^{<z>} : Ω^^a_U = ω^^a = {ω^^α^^β_{<λ>} .= Γ^{<α>}_{<β><γ>} }. (7.22) Introducing (7.22) in (7.17), we calculate the local 1-form ( ΔR^{(Γ)} ) U = Δ^_α^_{α1} ⊗ (G^{<ν><λ>} D_{<λ>}R^<^^{α><}^^{γ>}_{<ν><μ>} + f^<^^{α><}^^{γ>}_<^_{β><}^_{δ><}^_{γ><}^_{ε>}G^{<ν><λ>} ω^<^^{β><}^^{δ>}_{<λ>}R^<^^{γ><}^^{ε>}_{<ν><μ>} )δu^{<μ>}, (7.23) where

Δ^_α^_β = Δ^_i^_j 0 ... 0 0 Δ^_{a1}^_{b1} ... 0 ... ... ... ... 0 0 ... Δ^_{az}^_{bz} is the standard distinguished basis in Lie algebra of matrices Gl_{nE} (R) with ( Δ^_i^_k ) jl = δ_{ij}δ_{kl} and ( Δ^_{ap}^_{cp} ) b_p d_p = δ a_pb_p δc_pd_p being respectively the stand-

ard bases in Gl (R^{nE} ) . We have denoted the curvature of connection (7.22), considered in (7.23), as R^{(Γ)}_U = Δ^_α^_{α1} ⊗ R^^α^^{α1}_{<ν><μ>} X^{<ν>} ⋀ X^{<μ>} , where R^^α^^{α1}_{<ν><μ>} = R^{<α>}_{<α1> <ν><μ>} (see curvatures (6.28)).

7.3.2 Bundles of affine ha–frames and Einstein equations

Besides La (E^{<z>} ) with ha-space E^{<z>} , another bundle is naturally related, the bundle of adapted affine frames with structural group Af_{nE} (R) = GL_{nE} (E^{<z>} ) ⊗R^{nE} . Because as linear space the Lie Algebra af_{nE} (R) is a direct sum of Gl_{nE} (R) and R^{nE} , we can write forms on Aa (E^{<z>} ) as Θ = (Θ_1, Θ_2) , where Θ_1 is the Gl_{nE} (R) component and Θ_2 is the R^{nE} component of the form Θ. Connection (7.22), Ω in La (E^{<z>} ) , induces the Cartan connection Ω in Aa (E^{<z>} ) ; see the isotropic case in [195,196,40]. This is the unique connection on Aa (E^{<z>} ) represented as i^∗Ω = (Ω, χ) , where χ is the shifting form and i : Aa → La is the trivial reduction of bundles. If s^{(a)}_U is a local adapted frame in La (E^{<z>} ) , then s^{(0)}_U = i ∘ s_U is a local section inAa (E^{<z>} ) and ( Ω_U ) = s_U Ω = (Ω_U , χ_U ) , (7.24) ( R_U ) = s_U R = ( R^{(Γ)}_U , T_U ) , where χ = e^_α ⊗ χ^^α_{<μ>}X^{<μ>} , G_{<α><β>} = χ^^α_{<α>}χ^^β_{<β>}η^_α^_β (η^_α^_β is diag- onal with η^_α^_α = ±1) is a frame decomposition of metric (6.12) on E^{<z>} , e^_α is the standard distinguished basis on R^{nE} , and the projection of torsion , T_U , on base E^{<z>} is defined as

T_U = dχ_U + Ω_U ⋀ χ_U + χ_U ⋀ Ω_U = (7.25) e^_α ⊗ ∑ <μ><<ν> T ^^α_{<μ><ν>} X^{<μ>} ⋀ X^{<ν>} . For a fixed local adapted basis on U ⊂ E^{<z>} we can identify components T ^^a_{<μ><ν>} of torsion (7.25) with components of torsion (6.25) on E^{<z>} , i.e. T ^^α_{<μ><ν>} = T^{<α>}_{<μ><ν>} . By straightforward calculation we obtain

(ΔR)_U = [(ΔR^{(Γ)})_U , (Rτ )_U + (Ri)_U ], (7.26)

where

(Rτ )_U = ^δ_GT_U + ∗^{−1}_G [Ω_U , ∗_GT_U ] , (Ri)_U = ∗^{−1}_G [ χ_U , ∗_GR^{(Γ)}_U ] .

Form (Ri)_U from (7.26) is locally constructed by using components of the Ricci tensor (see (6.29)) as follows from decomposition on the local adapted basis X^{<μ>} = δu^{<μ>} : (Ri)_U = e^_α ⊗ (−1)^{nE +1} R_{<λ><ν>} G^^{α<λ>}δu^{<μ>} We remark that for isotropic torsionless pseudo-Riemannian spaces the requirement that ( ΔR ) U = 0, i.e., imposing the connection (7.22) to satisfy Yang-Mills equations (7.13) (equivalently (7.18) or (7.19) we obtain [195,196,3] the equivalence of the mentioned gauge gravitational equations with the vacuum Einstein equations R_{ij} = 0. In the case of ha–spaces with arbitrary given torsion, even considering vacuum gravitational fields, we have to introduce a source for gauge gravitational equations in order to compensate for the contribution of torsion and to obtain equivalence with the Einstein equations.

Considerations presented in previous two subsections constitute the proof of the following result

Theorem 7.1 The Einstein equations (6.34) for la-gravity are equivalent to Yang-Mills equations ( ΔR ) = J (7.27)

for the induced Cartan connection Ω (see (7.22), (7.24)) in the bundle of local adapted affine frames Aa (E) with source J_U constructed locally by using the same formulas (7.26) (for ( ΔR ) ), where R_{<α><β>} is changed by the matter source Ẽ_{<α><β>} −^1_2 G_{<α><β>}Ẽ, where Ẽ_{<α><β>} = kE_{<α><β>} − λG_{<α><β>} . We note that this theorem is an extension for higher order anisotropic spaces of the Popov and Dikhin results [196] with respect to a possible gauge like treatment of the Einstein gravity. Similar theorems have been proved for locally anisotropic gauge gravity [258,259,272] and in the framework of some variants of locally (and higher order) anisotropic supergravity [260,267].

7.4 Nonlinear De Sitter Gauge Ha–Gravity

The equivalent reexpression of the Einstein theory as a gauge like theory implies, for both locally isotropic and anisotropic space-times, the nonsemisimplicity of the gauge group, which leads to a nonvariational theory in the total space of the bundle of locally adapted affine frames. A variational gauge gravitational theory can be formulated by using a minimal extension of the affine structural group Af_{nE} (R) to the de Sitter gauge group S_{nE} = SO (n_E ) acting on distinguished R^{nE +1} space.

7.4.1 Nonlinear gauge theories of de Sitter group

Let us consider the de Sitter space Σ^{nE} as a hypersurface given by the equations η_{AB} u^Au^B = −l^2 in the (n+m)-dimensional spaces enabled with diagonal metric η_{AB} , η_{AA} = ±1 (in this section A, B, C, ... = 1, 2, ..., n_E + 1), (n_E = n + m_1 + ... + m_z ), where {u^A} are global Cartesian coordinates in R^{nE +1}; l > 0 is the curvature of de Sitter space. The de Sitter group S_{(η)} = SO_{(η)} (n_E + 1) is defined as the isometry group of Σ^{nE} -space with n_E 2 (n_E + 1) generators of Lie algebra so_{(η)} (n_E + 1) satisfying the commutation relations [M_{<AB} , M_{CD}] = η_{AC} M_{BD} − η_{BC} M_{AD} − η_{AD} M_{BC} + η_{BD}M_{AC} . (7.28) Decomposing indices A, B, ... as A = ( ^α, n_E + 1) , B = ( ^β, n_E + 1 ) , ..., the metric η_{AB} as η_{AB} = ( η^_α^_β , η_{(nE +1)(nE +1)} ) , and operators M_{AB} as M^_α^_β = F^_α^_β and P^_α = l^{−1}M_{nE +1,}^_α, we can write (7.28) as [ F^_α^_β , F^_γ^_δ ] = η^_α^_γ F^_β^_δ − η^_β^_γ F^_α^_δ + η^_β^_δF^_α^_γ − η^_α^_δF^_β^_γ , [ P^_α, P^_β ] = −l^{−2}F^_α^_β, [ P^_α, F^_β^_γ ] = η^_α^_β P^_γ − η^_α^_γ P^_β , where we have indicated the possibility to decompose so_{(η)} (n_E + 1) into a direct sum, so_{(η)} (n_E + 1) = so_{(η)}(n_E ) ⊕ V_{nE} , where V_{nE} is the vector space stretched on vectors P^_α. We remark that Σ^{nE} = S_{(η)}/L_{(η)}, where L_{(η)} = SO_{(η)} (n_E ) . For η_{AB} = diag (1, −1, −1, −1) and S_{10} = SO (1, 4) , L_6 = SO (1, 3) is the group of Lorentz rotations.

Let W ( E, R^{nE +1}, S_{(η)}, P ) be the vector bundle associated with principal bundle P ( S_{(η)}, E ) on la-spaces. The action of the structural group S_{(η)} on E can be realized by using (n_E ) × (n_E ) matrices with a parametrization distinguishing subgroup L_{(η)} :

B = bB_L, (7.29)

where B_L = ( L 0 0 1 ) , L ∈ L_{(η)} is the de Sitter bust matrix transforming the vector (0, 0, ..., ρ) ∈ R^{nE +1} into the arbitrary point (V^1, V^2, ..., V^{nE +1}) ∈ Σ^{nE}_ρ ⊂ R^{nE +1} with curvature ρ ( V_AV^A = −ρ^2, V^A = t^Aρ ) . Matrix b can be expressed as

b = δ^^α ^_β +^t ^α_t ^β (1+t^{nE +1}) t ^α t^_β t^{nE +1} .

The de Sitter gauge field is associated with a linear connection in W , i.e., with a so_{(η)} (n_E + 1)-valued connection 1-form on E^{<z>} :

~Ω = ω^^α ^_β ~θ^^α ~θ^_β 0 , (7.30) where ω^^α ^_β ∈ so(n_E )_{(η)}, ~θ^^α ∈ R^{nE} , ~θ^_β ∈ η^_β^_α ~θ^^α. Because S_{(η)}-transforms mix ω^^α ^_β and ~θ^^α fields in (7.30) (the introduced parametrization is invariant on action on SO_{(η)} (n_E ) group we cannot identify ω^^α ^_β and ~θ^^α, respectively, with the connection Γ^{<α>}_{<β><γ>} and the fundamental form χ^{<α>} in E^{<z>} (as we have for (7.22) and (7.24)). To avoid this difficulty we consider [240,194] a nonlinear gauge realization of the de Sitter group S_{(η)}, namely, we introduce into consideration the nonlinear gauge field Ω = b^{−1}Ωb + b^{−1}db = Γ^^α^_β θ^^α θ^_β 0 , (7.31) where Γ^^α ^_β = ω^^α ^_β − ( t^^αDt^_β − t^_βDt^^α ) / ( 1 + t^{nE +1} ) , θ^^α = t^{nE +1} ~θ^^α + Dt^^α − t^^α ( dt^{ne+1} + ~θ^_γ t^^γ ) / ( 1 + t^{nE +1} ) , Dt^^α = dt^^α + ω^^α ^_β t^^β. The action of the group S (η) is nonlinear, yielding transforms Γ^′ = L^′Γ (L^′)^{−1} + L^′d (L^′)^{−1} , θ^′ = Lθ, where the nonlinear matrix-valued function L^′ = L^′ (t^{<α>}, b, B_T ) is defined from B_b = b^′B_L′ (see parametrization (7.29)).

Now, we can identify components of (7.31) with components of Γ^{<α>}_{<β><γ>} and χ^^α_{<α>} on E^{<z>} and induce in a consistent manner on the base of bundle W ( E, R^{nE +1}, S_{(η)}, P ) the la-geometry.

7.4.2 Dynamics of the nonlinear S (η) ha–gravity

Instead of the gravitational potential (7.22), we introduce the gravitational connection (similar to (7.31)) Γ = Γ^^α ^_β l^{−1}_0 χ^^α l^{−1}_0 χ^_β 0 (7.32) where Γ^^α ^_β = Γ^^α ^_{β<μ>}δu^{<μ>}, Γ^^α ^_{β<μ>} = χ^^α_{<α>}χ^^β_{<β>}Γ^{<α>}_{<β><γ>} + χ^^α_{<α>}δ_{<μ>}χ^{<α>}^_β , χ^^α = χ^^α_μδu^μ, and G_{αβ} = χ^^α_αχ^^β_β η^_α^_β, and η^_α^_β is parametrized as

η^_α^_β = η_{ij} 0 ... 0 0 η_{a1b1} ... 0 ... ... ... ... 0 0 ... η_{az bz} ,

η_{ij} = (1, −1, ..., −1) , ...η_{ij} = (±1, ±1, ..., ±1) , ..., l_0 is a dimensional con- stant.

The curvature of (7.32), R^{(Γ)} = dΓ + Γ ⋀ Γ, can be written as

R^{(Γ)} =

R^^α ^_β + l^{−1}_0 π^^α^_β l^{−1}_0 T ^^α

l^{−1}_0 T ^^β 0 , (7.33) where π^^α^_β = χ^^α ⋀ χ^_β, R^^α ^_β = 1 2 R^^α ^_{β<μ><ν>} δu^{<μ>} ⋀ δu^{<ν>}, and R^^α ^_{β<μ><ν>} = χ^{<β>}^_β χ ^^α_{<α>}R^{<α>}_{<β><μ><ν>} (see (6.27) and (6.28), the components of d-curvatures). The de Sitter gauge group is semisimple and we are able to construct a variational gauge gravitational locally anisotropic theory (bundle metric (7.10) is nondegenerate). The Lagrangian of the theory is postulated as L = L_{(G)} + L_{(m)} where the gauge gravitational Lagrangian is defined as

L_{(G)} = 1 4π T r ( R^{(Γ)} ⋀ ∗_GR^{(Γ)} ) = L_{(G)} |G|^{1/2} δ^{nE} u, L_{(G)} = 1 2l^2 T ^^α_{<μ><ν>} T^{<μ><ν>} ^α + (7.34) 1 8λ R^^α ^_{β<μ><ν>} R^^{β <μ><ν>} ^α − 1 l^2 (←− R (Γ) − 2λ_1 ) , T ^^α_{<μ><ν>} = χ^^α_{<α>}T^{<α>}_{<μ><ν>} (the gravitational constant l^2 in (7.34) satisfies the relations l^2 = 2l^2_0λ, λ_1 = −3/l_0], T r denotes the trace on ^α, ^β indices, and the matter field Lagrangian is defined as

L_{(m)} = −1 1 2 T r ( Γ ⋀ ∗_GI ) = L_{(m)} |G|^{1/2} δ^{nE} u, L_{(m)} = 1 2 Γ^^α ^_{β<μ>} S ^^{β <μ>}_{<α>} − t^{<μ>}^_α l^^α_{<μ>}. (7.35) The matter field source I is obtained as a variational derivation of L_{(m)} on Γ and is parametrized as I = S^^α ^_β −l_0t^^α −l_0t^_β 0 (7.36) with t^^α = t^^α_{<μ>}δu^{<μ>} and S^^α ^_β = S^^α ^_{β<μ>}δu^{<μ>} being respectively the canonical tensors of energy-momentum and spin density. Because of the contraction of the ”interior” indices ^α, ^β in (7.34) and (7.35) we used the Hodge operator ∗_G instead of ∗_H (hereafter we consider ∗_G = ∗).

Varying the action S = ∫ |G|^{1/2} δ^{nE} u ( L_{(G)} + L_{(m)} )

on the Γ-variables (7.26), we obtain the gauge-gravitational field equations: d ( ∗R^{(Γ)} ) + Γ ⋀ ( ∗R^{(Γ)} ) − ( ∗R^{(Γ)} ) ⋀ Γ = −λ (∗I) . (7.37)

Specifying the variations on Γ^^α ^_β and l^^α-variables, we rewrite (7.37) as ^D ( ∗R^{(Γ)} ) + 2λ l^2 ( ^D (∗π) + χ ⋀ ( ∗T^T ) − (∗T ) ⋀ χ^T ) = −λ (∗S) , (7.38)

^D (∗T ) − ( ∗R^{(Γ)} ) ⋀ χ − 2λ l^2 (∗π) ⋀ χ = l^2 2 ( ∗t + 1 λ ∗ τ ) , (7.39)

where

T^t = {T^_α = η^_α^_β T ^^β, T ^^β = 1 2 T ^^β_{<μ><ν>} δu^{<μ>} ⋀ δu^{<ν>}}, χ^T = {χ^_α = η^_α^_β χ^^β, χ^^β = χ^^β_{<μ>}δu^{<μ>}}, ^D = d + ^Γ (^Γ acts as Γ^^α ^_{β<μ>} on indices ^γ, ^δ, ... and as Γ^{<α>}_{<β><μ>} on indices < γ >, < δ >, ...). In (7.39), τ defines the energy-momentum tensor of the S_{(η)}-gauge gravitational field ^Γ : τ_{<μ><ν>} ( ^Γ ) = 1 2 T r ( R_{<μ><α>} R^{<α>}_{<ν>} − 1 4 R_{<α><β>} R^{<α><β>}G_{<μ><ν>} ) . (7.40) Equations (7.37) (or equivalently (7.38),(7.39)) make up the complete system of variational field equations for nonlinear de Sitter gauge gravity with higher order anisotropy. They can be interpreted as a generalization of gauge like equations for la-gravity [272] (equivalently, of gauge gravitational equations (7.27)] to a system of gauge field equations with dynamical torsion and corresponding spin-density source.

A. Tseytlin [240] presented a quantum analysis of the isotropic version of equations (7.38) and (7.39). Of course, the problem of quantizing gravitational interactions is unsolved for both variants of locally anisotropic and isotropic gauge de Sitter gravitational theories, but we think that the generalized Lagrange version of S_{(η)}-gravity is more adequate for studying quantum radiational and statistical gravitational processes. This is a matter for further investigations.

Finally, we remark that we can obtain a nonvariational Poincare gauge gravitational theory on la-spaces if we consider the contraction of the gauge potential (7.32) to a potential with values in the Poincare Lie algebra Γ = Γ^^α ^_β l^{−1}_0 χ^^α l^{−1}_0 χ^_β 0 → Γ = Γ^^α ^_β l^{−1}_0 χ^^α 0 0 . Isotropic Poincare gauge gravitational theories are studied in a number of papers (see, for example, 285,240,155,194]). In a manner similar to considerations presented in this work, we can generalize Poincare gauge models for spaces with local anisotropy.

7.5 La–Gravitational Gauge Instantons

The existence of self-dual, or instanton, topologically nontrivial solutions of Yang-Mills equations is a very important physical consequence of gauge theories. All known instanton-type Yang-Mills and gauge gravitational solutions (see, for example, [240,194]) are locally isotropic. A variational gauge-gravitational extension of la-gravity makes possible a straightforward application of techniques of constructing solutions for first order gauge equations for the definition of locally anisotropic gravitational instantons. This section is devoted to the study of some particular instanton solutions of the gauge gravitational theory on la-space.

Let us consider the Euclidean formulation of the S_{(η)}-gauge gravitational theory by changing gauge structural groups and flat metric: SO_{(η)}(n_E + 1) → SO(n_E + 1), SO_{(η)}(n_E ) → SO(n_E ), η_{AB} → −δ_{AB}.

Self-dual (anti-self-dual) conditions for the curvature (7.33)

R^{(Γ)} = ∗R^{(Γ)} (− ∗ R^{(Γ)})

can be written as a system of equations ( R^^α ^_β − l^{−2}_0 π^^α ^_β ) = ± ∗ ( R^^α ^_β − l^{−2}_0 π^^α ^_β ) (7.41)

T ^^α = ± ∗ T ^^α (7.42) (the ”-” refers to the anti-self-dual case), where the ”-” before l^{−2}_0 appears because of the transition of the Euclidean negatively defined metric −δ_{<α><β>}, which leads to χ^^α_{<α>} → iχ^^α_{<α>|(E)}, π → −π_{(E)} (we shall omit the index (E) for Euclidean values).

For solutions of (7.41) and (7.42) the energy-momentum tensor (7.40) is identically equal to zero. Vacuum equations (7.37) and (7.38), when source is I ≡ ′ (see (7.36)), are satisfied as a consequence of generalized Bianchi identities for the curvature (7.33). The mentioned solutions of (7.41) and (7.42) realize a local minimum of the Euclidean action S = 1 8λ ∫ | | |G^{1/2} | | | δ^{nE} {(R (Γ) − l^{−2}_0 π)^2 + 2T^2}, where T^2 = T ^^α_{<μ><ν>} T^{<μ><ν>} ^α is extremal on the topological invariant (Pontryagin index)

p_2 = − 1 8π^2 ∫ T r ( R^{(Γ)} ⋀ R^{(Γ)} ) = − − 1 8π^2 ∫ T r ( ^R ⋀ ^R ) . For the Euclidean de Sitter spaces, when R = 0 {T = 0, R^^α^^β_{<μ><ν>} = − 2 l^2_0 χ^{[α}_{<μ>}χ^{β]}_{<ν>}} (7.43) we obtain the absolute minimum, S = 0.

We emphasize that for R^{<α>} <β> <μ><β> = ( 2/l^2_0 ) δ^{<α>}_{[<μ>}G_{<ν>]<β>} torsion vanishes. Torsionless instantons also have another interpretation. For T^{<α>}_{<β><γ>} = 0 contraction of equations (7.41) leads to Einstein equations with cosmological λ-term (as a consequence of generalized Ricci identities): R_{<α><β><μ><ν>} − R_{<μ><ν><α><β>} = 3 2 {R_{[<α><β><μ>]<ν>} − R_{[<α><β><ν>]<μ>} + R_{[<μ><ν><α>]<β>} − R_{[<μ><ν><β>]<α>} }. So, in the Euclidean case the locally anisotropic vacuum Einstein equations are a subset of instanton solutions.

Now, let us study the SO (n_E ) solution of equations (7.41) and (7.42). We consider the spherically symmetric ansatz (in order to point out the connection between high-dimensional gravity and la-gravity the N-connection structure is chosen to be trivial, i.e. N^a_j (u) ≡ 0) : Γ^^α ^_{β<μ>} = a (u) ( u^^αδ^_{β<μ>} − u^_β δ^^α_{<μ>} ) + q (u) ϵ^^α ^_{β<μ><ν>} u^{<μ>}, χ^^α_{<α>} = f (u) δ^^α_{<α>} + n (u) u^^αu_α, (7.44) where u = u^{<α>}u^{<β>}G_{<α><β>} = x^^ix^_i + y^^ay^_a, and a (u) , q (u) , f (u) and n (u) are some scalar functions. Introducing (7.44) into (7.41) and (7.42), we obtain, respectively, u ( ± dq du − a^2 − q^2 ) + 2 (a ± q) + l^{−1}_0 f^2, (7.45)

2d (a ∓ q) /du + (a ∓ q)^2 − l^{−1}_0 fn = 0, (7.46) 2 df du + f (a ∓ 2q) + n (au − 1) = 0. (7.47)

The traceless part of the torsion vanishes because of the parametrization (7.44), but in the general case the trace and pseudo-trace of the torsion are not identical to zero: T^μ = q^{(0)}u^μ (−2df/du + n − a (f + un)) , μ T = q^{(1)}u^μ (2qf) , q^{(0)} and q^{(0)} are constant. Equation (7.42) or (7.47) establishes the propor-

tionality of T^μ and μ T . As a consequence we obtain that the SO (n + m) solution of (3.52) is torsionless if q (u) = 0 of f (u) = 0.

Let first analyze the torsionless instantons, T^{<μ>}_{<α><β>} = 0. If f = 0, then from (7.46) one has two possibilities: (a) n = 0 leads to nonsense because χ^^α = 0 or G_{αβ} = 0. b) a = u^{−1} and n (u) is an arbitrary scalar function; we have from (7.46) a ∓ q = 2/ (a + C^2) or q = ±2/u (u + C^2) , where C = const. If q (u) = 0, we obtain the de Sitter space (7.43) because equations (7.45) and (7.46) impose vanishing of both self-dual and anti-self-dual parts of ( R^^α ^_β − l^2_0π^^α ^_β ) , so, as a consequence, R^^α ^_β − l^2_0π^^α ^_β ≡ 0.

There is an infinite number of SO (n_E )-symmetric solutions of (7.43):

f = l_0 [a (2 − au)]^{1/2} , n = l_0{2 da du + a^2 [a (2 − au)]^{1/2} }, a(u) is a scalar function.

To find instantons with torsion, T^α_{βγ} ≠ 0, is also possible. We present the SO (4) one-instanton solution, obtained in [194] (which in the case of H^4-space parametrized by local coordinates ( x^^1, x^^2, y^^1, y^^2 ) , with u = x^^1x^_1 + x^^2x^_2 + y^^1y^_1 + y^^2y^_2) :

a = a_0 ( u + c^2 )_{−1} , q = ∓q_0 ( u + c^2 )_{−1}

f = l_0 (αu + β)^{1/2} / ( u + c^2 ) , n = c_0/ ( u + c^2 ) (γu + δ)^{1/2} where a_0 = −1/18, q_0 = 5/6, α = 266/81, β = 8/9, γ = 10773/11858, δ = 1458/5929.

We suggest that local regions with

T^α_{βγ} ≠ 0

are similarly to Abrikosv vortexes in superconductivity and the appearance of torsion is a possible realization of the Meisner effect in gravity (for details and discussions on the superconducting or Higgs-like interpretation of gravity see [240,194]). In our case we obtain a locally anisotropic superconductivity and we think that the formalism of gauge locally anisotropic theories may even work for some models of anisotropic low- and high-temperature superconductivity [248].

7.6 Remarks

In this Chapter we have reformulated the fiber bundle formalism for both Yang-Mills and gravitational fields in order to include into consideration space-times with higher order anisotropy. We have argued that our approach has the advantage of making manifest the relevant structures of the theories with local anisotropy and putting greater emphasis on the analogy with anisotropic models than the standard coordinate formulation in Finsler geometry.

Our geometrical approach to higher order anisotropic gauge and gravitational interactions are refined in such a way as to shed light on some of the more specific properties and common and distinguishing features of the Yang-Mills and Einstein fields. As we have shown, it is possible to make a gauge like treatment for both models with local anisotropy (by using correspondingly defined linear connections in bundle spaces with semisimple structural groups, with variants of nonlinear realization and extension to semisimple structural groups, for gravitational fields). Here, we note that same geometric approach holds good for superbundles; some models of gauge higher order anisotropic supergravity proposed in Chapter 2 are constructed in a similar manner as for gauge la-fields.

We have extended our models proposed in [272,258,259] for generalized Lagrange spaces to the case on ha-spaces modeled as higher order vector bundles provided with N-connection, d-connection and d-metric structures. The same geometric machinery can be used for developing of gauge field theories on spaces with higher order anisotropy [162,295] or on Jet bundles [19].

Chapter 8

Na-Maps and Conservation Laws

Theories of field interactions on locally anisotropic curved spaces form a new branch of modern theoretical and mathematical physics. They are used for modelling in a self–consistent manner physical processes in locally anisotropic, stochastic and turbulent media with beak radiational reaction and diffusion [161,13,14,282]. The first model of locally anisotropic space was proposed by P.Finsler [78] as a generalization of Riemannian geometry; here we also cite the fundamental contribution made by E. Cartan [55] and mention that in monographs [213,159,17,19,29] detailed bibliographies are contained. In this Chapter we follow R. Miron and M. Anastasiei [160,161] conventions and base our investigations on their general model of locally anisotropic (la) gravity (in brief we shall write la-gravity) on vector bundles, v–bundles, provided with nonlinear and distinguished connection and metric structures (we call a such type of v–bundle as a la-space if connections and metric are compatible).

The study of models of classical and quantum field interactions on laspaces is in order of the day. For instance, the problem of definition of spinors on la-spaces is already solved (see [256,275,264] and Chapter 6 and some models of locally anisotropic Yang–Mills and gauge like gravitational interactions are analyzed (see [272,263] and Chapter 7 and alternative approaches in [17,29,122,119]). The development of this direction entails great difficulties because of problematical character of the possibility and manner of definition of conservation laws on la-spaces. It will be recalled that, for instance, the conservation laws of energy–momentum type are a consequence of existence of a global group of automorphisms of the fundamental Mikowski spaces (for (pseudo)Riemannian spaces the tangent space’ automorphisms and particular cases when there are symmetries generated by existence of Killing vectors are considered). No global or local automorphisms exist on generic la-spaces and in result of this fact the formulation of la-conservation laws is sophisticate and full of ambiguities. R. Miron and M. Anastasiei firstly pointed out the nonzero divergence of the matter energy-momentum d–tensor, the source in Einstein equations on la-spaces, and considered an original approach to the geometry of time–dependent Lagrangians [12,160,161]. Nevertheless, the rigorous definition of energymomentum values for la-gravitational and matter fields and the form of conservation laws for such values have not been considered in present–day studies of the mentioned problem.

The aim of this Chapter is to develop a necessary geometric background (the theory of nearly autoparallel maps, in brief na-maps, and tensor integral formalism on la-multispaces) for formulation and a detailed investigation of conservation laws on locally isotropic and anisotropic curved spaces. We shall summarize our results on formulation of na-maps for generalized affine spaces (GAM-spaces) [249,251,273], Einstein-Cartan and Einstein spaces [250,247,278] bundle spaces [250,247,278] and different classes of la-spaces [279,276,102,263] and present an extension of the na-map theory for superspaces. For simplicity we shall restrict our considerations only with the ”first” order anisotropy (the basic results on higher order anisotropies are presented in a supersymmetric manner in Chapter 3. Comparing the geometric constructions from both Chapters on na–map theory we assure ourselves that the developed methods hold good for all type of curved spaces (with or not torsion, locally isotropic or even with local anisotropy and being, or not, supesymmetric). In order to make the reader more familiar with na–maps and theirs applications and to point to some common features, as well to proper particularities of the supersymmetric and higher order constructions, we shall recirculate some basic definitions, theorems and proofs from Chapter 3.

The question of definition of tensor integration as the inverse operation of covariant derivation was posed and studied by A.Moór [167]. Tensor– integral and bitensor formalisms turned out to be very useful in solving certain problems connected with conservation laws in general relativity [100,247]. In order to extend tensor–integral constructions we have proposed [273,278] to take into consideration nearly autoparallel [249,247,250] and nearly geodesic [230] maps, ng–maps, which forms a subclass of local 1–1 maps of curved spaces with deformation of the connection and metric structures. A generalization of the Sinyukov’s ng–theory for spaces with local anisotropy was proposed by considering maps with deformation of connection for Lagrange spaces (on Lagrange spaces see [136,160,161]) and generalized Lagrange spaces [263,279,276,275,101]. Tensor integration formalism for generalized Lagrange spaces was developed in [255,102,263]. One of the main purposes of this Chapter is to synthesize the results obtained in the mentioned works and to formulate them for a very general class of la–spaces. As the next step the la–gravity and analysis of la–conservation laws are considered.

We note that proofs of our theorems are mechanical, but, in most cases, they are rather tedious calculations similar to those presented in [230,252,263]. Some of them, on la-spaces, will be given in detail the rest, being similar, or consequences, will be only sketched or omitted.

Section 8.1 is devoted to the formulation of the theory of nearly autoparallel maps of la–spaces. The classification of na–maps and formulation of their invariant conditions are given in section 8.2. In section 8.3 we define the nearly autoparallel tensor–integral on locally anisotropic multispaces. The problem of formulation of conservation laws on spaces with local anisotropy is studied in section 8.4 . We present a definition of conservation laws for la–gravitational fields on na–images of la–spaces in section 8.5. Finally, in this Chapter, section 8.6, we analyze the locally isotropic limit, to the Einstein gravity and it generalizations, of the na-conservation laws.

8.1 Nearly Autoparallel Maps of La–Spaces

In this section we shall extend the ng– [230] [249,250,252,273,274,278] theory by introducing into consideration maps of vector bundles provided with compatible N–connection, d–connection and metric structures.

Our geometric arena consists from pairs of open regions (U, U) of la– spaces, U⊂ξ, U⊂ξ, and 1–1 local maps f : U→U given by functions f^a(u) of smoothly class C^r(U) (r > 2, or r = ω for analytic functions) and their inverse functions f^a(u) with corresponding non–zero Jacobians in every point u∈U and u∈U. We consider that two open regions U and U are attributed to a common for f–map coordinate system if this map is realized on the principle of coordinate equality q(u^α)→q(u^α) for every point q∈U and its f–image q∈U. We note that all calculations included in this work will be local in nature and taken to refer to open subsets of mappings of type ξ⊃U−→U⊂ξ. For simplicity, we suppose that in a fixed common coordinate system for U and U spaces ξ and ξ are characterized by a common N–connection structure (in consequence of (6.10) by a corresponding concordance of d–metric structure), i.e.

N^a_j (u) = N^a_j (u) = N^a_j (u),

which leads to the possibility to establish common local bases, adapted to a given N–connection, on both regions U and U . We consider that on ξ it is defined the linear d–connection structure with components Γ^α_{.βγ} . On the space ξ the linear d–connection is considered to be a general one with torsion T^α_{.βγ} = Γ^α_{.βγ} − Γ^α_{.γβ} + w^α_{.βγ} and nonmetricity K_{αβγ} = D_αG_{βγ}. (8.1) Geometrical objects on ξ are specified by underlined symbols (for example, A^α, B^{αβ}) or underlined indices (for example, A^a, B^{ab}).

For our purposes it is convenient to introduce auxiliary symmetric d– connections, γ^α_{.βγ} = γ^α_{.γβ} on ξ and γ^α_{.βγ} = γ^α_{.γβ} on ξ defined, correspondingly, as Γ^α_{.βγ} = γ^α_{.βγ} + T^α_{.βγ} and Γ^α_{.βγ} = γ^α_{.βγ} + T^α_{.βγ} . We are interested in definition of local 1–1 maps from U to U characterized by symmetric, P^α_{.βγ}, and antisymmetric, Q^α_{.βγ}, deformations: γ^α_{.βγ} = γ^α_{.βγ} + P^α_{.βγ} (8.2) and T^α_{.βγ} = T^α_{.βγ} + Q^α_{.βγ}. (8.3) The auxiliary linear covariant derivations induced by γ^α_{.βγ} and γ^α_{.βγ} are denoted respectively as^{(γ)}D and^{(γ)}D.

Let introduce this local coordinate parametrization of curves on U :

u^α = u^α(η) = (x^i(η), y^i(η), η_1 < η < η_2,

where corresponding tangent vector field is defined as

v^α = du^α dη = ( dx^i(η) dη , dy^j (η) dη ).

Definition 8.1 Curve l is called auto parallel, a–parallel, on ξ if its tangent vector field v^α satisfies a–parallel equations:

vDv^α = v^{β(γ)}D_β v^α = ρ(η)v^α, (8.4)

where ρ(η) is a scalar function on ξ.

Let curve l⊂ξ is given in parametric form as u^α = u^α(η), η_1 < η < η_2 with tangent vector field v^α =^{duα}_{dη} ≠0. We suppose that a 2–dimensional distribution E_2(l) is defined along l, i.e. in every point u∈l is fixed a 2- dimensional vector space E_2(l)⊂ξ. The introduced distribution E_2(l) is coplanar along l if every vector p^α(u^b_{(0)})⊂E_2(l), u^β_{(0)}⊂l rests contained in the same distribution after parallel transports along l, i.e. p^α(u^β(η))⊂E_2(l).

Definition 8.2 A curve l is called nearly autoparallel, or in brief an na– parallel, on space ξ if a coplanar along l distribution E_2(l) containing tangent to l vector field v^α(η), i.e. v^α(η)⊂E_2(l), is defined.

We can define nearly autoparallel maps of la–spaces as an anisotropic generalization (see also ng–[230] and na–maps [249,273,278,274,247]:

Definition 8.3 Nearly autoparallel maps, na–maps, of la–spaces are defined as local 1–1 mappings of v–bundles, ξ→ξ, changing every a–parallel on ξ into a na–parallel on ξ.

Now we formulate the general conditions when deformations (8.2) and (8.3) characterize na-maps : Let a-parallel l⊂U is given by functions u^α = u^{(α)}(η), v^α =^{duα}_{dη} , η_1 < η < η_2, satisfying equations (8.4). We suppose that to this a–parallel corresponds a na–parallel l ⊂ U given by the same parameterization in a common for a chosen na–map coordinate system on U and U . This condition holds for vectors v^α_{(1)} = vDv^α and v^α_{(2)} = vDv^α_{(1)} satisfying equality v^α_{(2)} = a(η)v^α + b(η)v^α_{(1)} (8.5) for some scalar functions a(η) and b(η) (see Definitions 8.4 and 8.5). Putting splittings (8.2) and (8.3) into expressions for

v^α_{(1)} and v^α_{(2)}

in (8.5) we obtain: v^βv^γ v^δ(D_β P^α_{.γδ} + P^α_{.βτ} P^τ_{.γδ} + Q^α_{.βτ} P^τ_{.γδ}) = bv^γv^δP^α_{.γδ} + av^α, (8.6) where b(η, v) = b − 3ρ, and a(η, v) = a + bρ − v^b∂_bρ − ρ^2 (8.7) are called the deformation parameters of na–maps.

The algebraic equations for the deformation of torsion Q^α_{.βτ} should be written as the compatibility conditions for a given nonmetricity tensor K_{αβγ} on ξ ( or as the metricity conditions if d–connection D_α on ξ is required to be metric) : D_αG_{βγ} − P^δ_{.α(β}G_{γ)δ} − K_{αβγ} = Q^δ_{.α(β}G_{γ)δ} , (8.8) where ( ) denotes the symmetric alternation.

So, we have proved this

Theorem 8.1 The na–maps from la–space ξ to la–space ξ with a fixed common nonlinear connection N^a_j (u) = N^a_j (u) and given d–connections, Γ^α_{.βγ} on ξ and Γ^α_{.βγ} on ξ are locally parametrized by the solutions of equations (8.6) and (8.8) for every point u^α and direction v^α on U⊂ξ.

We call (8.6) and (8.8) the basic equations for na–maps of la–spaces. They generalize the corresponding Sinyukov’s equations [230] for isotropic spaces provided with symmetric affine connection structure.

8.2 Classification of Na–Maps

Na–maps are classed on possible polynomial parametrizations on variables v^α of deformations parameters a and b (see (8.6) and (8.7) ). Theorem 8.2 There are four classes of na–maps characterized by corresponding deformation parameters and tensors and basic equations:

1. for na_{(0)}–maps, π_{(0)}–maps, P^α_{βγ} (u) = ψ_{(β}δ^α_{γ)} (δ^α_β is Kronecker symbol and ψ_β = ψ_β(u) is a covariant vector d– field);

2. for na_{(1)}–maps a(u, v) = a_{αβ}(u)v^αv^β, b(u, v) = b_α(u)v^α and P^α_{.βγ} (u) is the solution of equations

D_{(α}P^δ_{.βγ)} + P^τ_{(αβ}P^δ_{.γ)τ} − P^τ_{(αβ}Q^δ_{.γ)τ} = b_{(α}P^δ_{.βγ)} + a_{(αβ}δ^δ_{γ)}; (8.9) 3. for na_{(2)}–maps a(u, v) = a_β(u)v^β, b(u, v) = b_{αβ}v^αv^β σ_α(u)v^α , σ_αv^α≠0, P^τ_{.αβ}(u) = ψ_{(α}δ^τ_{β)} + σ_{(α}F^τ_{β)} and F^α_β (u) is the solution of equations

D_{(γ} F^α_{β)} + F^α_δ F^δ_{(γ}σ_{β)} − Q^α_{.τ (β}F^τ_{γ)} = μ_{(β} F^α_{γ)} + ν_{(β}δ^α_{γ)} (8.10) (μ_β (u), ν_β(u), ψ_α(u), σ_α(u) are covariant d–vectors);

4. for na_{(3)}–maps b(u, v) = α_{βγδ}v^βv^γ v^δ σ_{αβ}v^αv^γ ,

P^α_{.βγ} (u) = ψ_{(β}δ^α_{γ)} + σ_{βγ}φ^α, where φ^α is the solution of equations

D_β φ^α = νδ^α_β + μ_β φ^α + φ^γ Q^α_{.γδ}, (8.11) α_{βγδ}(u), σ_{αβ}(u), ψ_β(u), ν(u) and μ_β (u) are d–tensors.

Proof. We sketch the proof respectively for every point in the theorem (see similar considerations for Theorem 3.2 for supersymmetric formulas):

1. It is easy to verify that a–parallel equations (8.4) on ξ transform into similar ones on ξ if and only if deformations (8.2) with deformation d–tensors of type P^α_{βγ} (u) = ψ_{(β} δ^α_{γ)} are considered.

2. Using corresponding to na_{(1)}–maps parametrizations of a(u, v) and b(u, v) (see conditions of the theorem) for arbitrary v^α ≠ 0 on U ∈ ξ and after a redefinition of deformation parameters we obtain that equations (8.6) hold if and only if P^α_{βγ} satisfies (8.3).

3. In a similar manner we obtain basic na_{(2)}–map equations (8.10) from (8.6) by considering na_{(2)}–parametrizations of deformation parameters and d–tensor.

4. For na_{(3)}–maps we mast take into consideration deformations of torsion (8.3) and introduce na_{(3)}–parametrizations for b(u, v) and P^α_{βγ} into the basic na–equations (8.6). The last ones for na_{(3)}–maps are equivalent to equations (8.11) (with a corresponding redefinition of deformation parameters). □

We point out that for π_{(0)}-maps we have not differential equations on P^α_{.βγ} (in the isotropic case one considers a first order system of differential equations on metric [230]; we omit constructions with deformation of metric in this section).

To formulate invariant conditions for reciprocal na–maps (when every a-parallel on ξ is also transformed into na–parallel on ξ ) it is convenient to introduce into consideration the curvature and Ricci tensors defined for auxiliary connection γ^α_{.βγ} : r^{.δ}_{α.βτ} = ∂_{[β}γ^δ_{.τ ]α} + γ^δ_{.ρ[β}γ^ρ_{.τ ]α} + γ^δ_{αϕ}w^ϕ_{βτ} and, respectively, r_{ατ} = r^{.γ}_{α.γτ} , where [ ] denotes antisymmetric alternation of indices, and to define values: (0)T^μ_{.αβ} = Γ^μ_{.αβ} − T^μ_{.αβ} − 1 (n + m + 1) (δ^μ_{(α}Γ^δ_{.β)δ} − δ^μ_{(α}T^δ_{.β)γ}),

(0)W^{·τ}_{α·βγ} = r^{·τ}_{α·βγ} + 1 n + m + 1

[γ^τ_{·φτ} δ^τ_{(α}w^φ_{β)γ} − (δ^τ_αr_{[γβ]} + δ^τ_γ r_{[αβ]} − δ^τ_βr_{[αγ]})]− 1 (n + m + 1)^2 [δ^τ_α(2γ^τ_{·φτ} w^φ_{[γβ]} − γ^τ_{·τ [γ} w^φ_{β]φ}) + δ^τ_γ (2γ^τ_{·φτ} w^φ_{αβ} − γ^τ_{·ατ} w^φ_{βφ})− δ^τ_β(2γ^τ_{·φτ} w^φ_{αγ} − γ^τ_{·ατ} w^φ_{γφ})],

(3)T^δ_{.αβ} = γ^δ_{.αβ} + ϵφ^{τ (γ)}D_β q_τ + 1 n + m (δ^γ_α − ϵφ^δq_α)[γ^τ_{.βτ} + ϵφ^{τ (γ)}D_βq_τ + 1 n + m − 1 q_β(ϵφ^τ γ^λ_{.τ λ} + φ^λφ^{τ (γ)}D_τ q_λ)]− 1 n + m (δ^δ_β − ϵφ^δq_β)[γ^τ_{.ατ} + ϵφ^{τ (γ)}D_αq_τ + 1 n + m − 1 q_α(ϵφ^τ γ^λ_{.τ λ} + φ^λφ^{τ (γ)}D_τ q_λ)], (3)W^α.βγδ = ρ^{.α}_{β.γδ} + ϵφ^αq_τ ρ^{.τ}_{β.γδ} + (δ^α_δ − ϵφ^αq_δ)p_{βγ} − (δ^α_γ − ϵφ^αq_γ )p_{βδ} − (δ^α_β − ϵφ^αq_β)p_{[γδ]}, (n + m − 2)p_{αβ} = −ρ_{αβ} − ϵq_τ φ^γ ρ^{.τ}_{α.βγ} + 1 n + m [ρ^{.τ}_{τ.βα} − ϵq_τ φ^γ ρ^{.τ}_{γ.βα} + ϵq_βφ^τ ρ_{ατ} + ϵq_α(−φ^γ ρ^{.τ}_{τ.βγ} + ϵq_τ φ^γ φ^δρ^{.τ}_{γ.βδ}]), where q_αφ^α = ϵ = ±1, ρ^α_{βγδ} = r^{·α}_{β·γδ} + 1 2 (ψ_{(β}δ^α_{φ)} + σ_{βφ}φ^τ )w^φ_{γδ}

( for a similar value on ξ we write ρ^α_{·βγδ} = r^{·α}_{β·γδ} −^1_2 (ψ_{(β}δ^α_{φ)} −σ_{βφ}φ^τ )w^φ_{γδ} ) and ρ_{αβ} = ρ^τ_{·αβτ} .

Similar values, (0)T^α_{.βγ} ,^{(0)} W^ν_{.αβγ} , T̂^α_{.βγ}, Ť^α_{.βτ} , Ŵ^δ_{.αβγ}, W̌^δ_{.αβγ},^{(3)} T^δ_{.αβ}, and^{(3)}W^α_{.βγδ} are given, correspondingly, by auxiliary connections Γ^μ_{.αβ}, ⋆γ^α_{.βλ} = γ^α_{.βλ} + ϵF^α_τ^{(γ)}D_{(β}F^τ_{λ)}, γ̌^α_{.βλ} = ~γ^α_{.βλ} + ϵF^λ_τ ~D_{(β} F^τ_{λ)}, ~γ^α_{.βτ} = γ^α_{.βτ} + σ_{(β}F^α_{τ )}, γ̂^α_{.βλ} = ⋆γ^α_{.βλ} + ~σ_{(β}δ^α_{λ)}, where ~σ_β = σ_αF^α_β .

Theorem 8.3 Four classes of reciprocal na–maps of la–spaces are characterized by corresponding invariant criterions:

1. for a–maps^{(0)}T^μ_{.αβ} =^{(0)} T^μ_{.αβ}, (0)W^δ_{.αβγ} =^{(0)} W^δ_{.αβγ}; (8.12) 2. for na_{(1)}–maps 3(^{(γ)}D_λP^δ_{.αβ} + P^δ_{.τ λ}P^τ_{.αβ} ) = r^{.δ}_{(α.β)λ} − r^{.δ}_{(α.β)λ}+ (8.13) [T^δ_{.τ (α}P^τ_{.βλ)} + Q^δ_{.τ (α}P^τ_{.βλ)} + b_{(α}P^δ_{.βλ)} + δ^δ_{(α}a_{βλ)}];

3. for na_{(2)}–maps T̂^α_{.βτ} = ⋆T^α_{.βτ} , Ŵ^δ_{.αβγ} = ⋆W^δ_{.αβγ}; (8.14) 4. for na_{(3)}–maps^{(3)}T^α_{.βγ} =^{(3)} T^α_{.βγ}, (3)W^α_{.βγδ} =^{(3)} W^α_{.βγδ}. (8.15) Proof.

We note that Theorem 3.3 is a supersymmetric higher order generalization of this one. Nevetheless we consider a detailed proof of this particular (non supersymmetric) case because a number of formulas are important in formulation of conservation laws in general relativity and different variants of gravitation with torsion and nonmetricity in locally isotropic spaces.

1. Let us prove that a–invariant conditions (8.12) hold. Deformations of d–connections of type (0)γ^μ_{·αβ} = γ^μ_{αβ} + ψ_{(α}δ^μ_{β)} (8.16) define a–applications. Contracting indices μ and β we can write ψ_α = 1 m + n + 1

(γ^β_{αβ} − γ^β_{αβ}). (8.17) Introducing d–vector ψ_α into previous relation and expressing γ^α_{βτ} = −T^α_{βτ} + Γ^α_{βτ} and similarly for underlined values we obtain the first invariant conditions from (8.12).

Putting deformation (8.16) into the formula for r^{·τ}_{α·βγ} and r_{αβ} = r^{·τ}_{ατ βτ} we obtain respectively relations r^{·τ}_{α·βγ} − r^{·τ}_{α·βγ} = δ^τ_αψ_{[γβ]} + ψ_{α[β}δ^τ_{γ]} + δ^τ_{(α}ψ_{φ)}w^φ_{βγ} (8.18) and r_{αβ} − r_{αβ} = ψ_{[αβ]} + (n + m − 1)ψ_{αβ} + ψ_φw^φ_{βα} + ψ_αw^φ_{βφ}, (8.19) where ψ_{αβ} =^{(γ)}D_β ψ_α − ψ_αψ_β .

Putting (8.16) into (8.19) we can express ψ_{[αβ]} as

ψ_{[αβ]} = 1 n + m + 1

[r_{[αβ]}+ 2 n + m + 1 γ^τ_{·φτ} w^φ_{[αβ]} − 1 n + m + 1 γ^τ_{·τ [α}w^φ_{β]φ}] − 1 n + m + 1

[r_{[αβ]}+ 2 n + m + 1 γ^τ_{φτ} w^φ_{[αβ]} − 1 n + m + 1 γ^τ_{τ [α}w^φ_{β]φ}]. (8.20)

To simplify our consideration we can choose an a–transform, parametrized by corresponding ψ–vector from (8.16), (or fix a local coordinate cart) the antisymmetrized relations (8.20) to be satisfied by d–tensor ψ_{αβ} = 1 n + m + 1

[r_{αβ} + 2 n + m + 1 γ^τ_{·φτ} w^φ_{αβ}− 1 n + m + 1 γ^τ_{·ατ} w^φ_{βφ} − r_{αβ}− 2 n + m + 1 γ^τ_{φτ} w^φ_{αβ} + 1 n + m + 1 γ^τ_{ατ} w^φ_{βφ}] (8.21)

Introducing expressions (8.16),(8.20) and (8.21) into deformation of curvature (8.17) we obtain the second conditions (8.12) of a-map invariance:_{(0)} W^{·δ}_{α·βγ} =^{(0)}W^{·δ}_{α·βγ}, where the Weyl d–tensor on ξ (the extension of the usual one for geodesic maps on (pseudo)–Riemannian spaces to the case of v–bundles provided with N–connection structure) is defined as (0)W^{·τ}_{α·βγ} = r^{·τ}_{α·βγ} + 1 n + m + 1 [γ^τ_{·φτ} δ^τ_{(α}w^φ_{β)γ}− (δ^τ_αr_{[γβ]} + δ^τ_γ r_{[αβ]} − δ^τ_βr_{[αγ]})]− 1 (n + m + 1)^2 [δ^τ_α(2γ^τ_{·φτ} w^φ_{[γβ]}−γ^τ_{·τ [γ}w^φ_{β]φ})+δ^τ_γ (2γ^τ_{·φτ} w^φ_{αβ} −γ^τ_{·ατ} w^φ_{βφ})− δ^τ_β(2γ^τ_{·φτ} w^φ_{αγ} − γ^τ_{·ατ} w^φ_{γφ})] The formula for^{(0)}W^{·τ}_{α·βγ} written similarly with respect to non–underlined values is presented in subsection 2.1.2 .

2. To obtain na_{(1)}–invariant conditions we rewrite na_{(1)}–equations (8.9) as to consider in explicit form covariant derivation^{(γ)}D and deformations (8.2) and (8.3):

2(^{(γ)}D_αP^δ_{βγ} +^{(γ)}D_β P^δ_{αγ} +^{(γ)}D_γ P^δ_{αβ} + P^δ_{τ α}P^τ_{βγ} +

P^δ_{τ β} P^τ_{αγ} + P^δ_{τ γ} P^τ_{αβ}) = T^δ_{τ (α}P^τ_{βγ)}+

H^δ_{τ (α}P^τ_{βγ)} + b_{(α}P^δ_{βγ)} + a_{(αβ}δ^δ_{γ)}. (8.22) Alternating the first two indices in (8.22) we have 2(r^{·δ}_{(α·β)γ} − r^{·δ}_{(α·β)γ}) = 2(^{(γ)}D_αP^δ_{βγ}+ (γ)D_β P^δ_{αγ} − 2^{(γ)}D_γ P^δ_{αβ} + P^δ_{τ α}P^τ_{βγ} + P^δ_{τ β} P^τ_{αγ} − 2P^δ_{τ γ}P^τ_{αβ}).

Substituting the last expression from (8.22) and rescalling the deformation parameters and d–tensors we obtain the conditions (8.9).

3. Now we prove the invariant conditions for na_{(0)}–maps satisfying conditions ϵ ≠ 0 and ϵ − F^α_β F^β_α ≠ 0 Let define the auxiliary d–connection γ̃^α_{·βτ} = γ^α_{·βτ} − ψ_{(β}δ^α_{τ )} = γ^α_{βτ} + σ_{(β}F^α_{τ )} (8.23) and write D̃_γ =^{(γ)}D_γ F^α_β + σ̃_γ F^α_β − ϵσ_βδ^α_γ , where σ̃_β = σ_αF^α_β , or, as a consequence from the last equality, σ_{(α}F^τ_{β)} = ϵF^τ_λ (^{(γ)}D_{(α}F^α_{β)} − D̃_{(α}F^λ_{β)}) + σ̃_(αδ^τ_{β)}.

Introducing auxiliary connections ⋆γ^α_{·βλ} = γ^α_{·βλ} + ϵF^α_τ^{(γ)}D_{(β} F^τ_{λ)} and γ̌^α_{·βλ} = γ̃^α_{·βλ} + ϵF^α_τ D̃_{(β} F^τ_{λ)} we can express deformation (8.23) in a form characteristic for a–maps: γ̂^α_{·βγ} = ⋆γ^α_{·βγ} + σ̃_{(β}δ^α_{λ)}. (8.24) Now it’s obvious that na_{(2)}–invariant conditions (8.24) are equivalent with a–invariant conditions (8.12) written for d–connection (8.24). As a matter of principle we can write formulas for such na_{(2)}–invariants in terms of ”underlined” and ”non–underlined” values by expressing consequently all used auxiliary connections as deformations of ”prime” connections on ξ and ”final” connections on ξ. We omit such tedious calculations in this work.

4. Let us prove the last statement, for na_{(3)}–maps, of the theorem 8.3.

We consider q_αφ^α = e = ±1, (8.25) where φ^α is contained in γ^α_{·βγ} = γ^α_{βγ} + ψ_{(β}δ^α_{γ)} + σ_{βγ} φ^α. (8.26) Acting with operator^{(γ)}D_β on (8.25) we write (γ)D_βq_α =^{(γ)}D_β q_α − ψ_{(α}q_{β)} − eσ_{αβ}. (8.27) Contracting (8.27) with φ^α we express

eφ^ασ_{αβ} = φ^α(^{(γ)}D_β q_α −^{(γ)}D_βq_α) − φ_αq^αq_β − eψ_β.

Putting the last formula in (8.26) and contracting on indices α and γ we obtain (n + m)ψ_β = γ^α_{·αβ} − γ^α_{αβ} + eψ_αφ^αq_β + eφ^αφ^β(^{(γ)}D_β −^{(γ)}D_β ). (8.28) From these relations, taking into consideration (8.25), we have (n + m − 1)ψ_αφ^α = φ^α(γ^α_{·αβ} − γ^α_{αβ}) + eφ^αφ^β (^{(γ)}D_β q_α −^{(γ)}D_β q_α) Using the equalities and identities (8.27) and (8.28) we can express deformations (8.26) as the first na_{(3)}–invariant conditions from (8.15). To prove the second class of na_{(3)}–invariant conditions we introduce two additional d–tensors: ρ^α_{βγδ} = r^{·α}_{β·γδ} + 1 2 (ψ_{(β}δ^α_{φ)} + σ_{βφ}φ^τ )w^φ_{γδ} and ρ^α_{·βγδ} = r^{·α}_{β·γδ} − 1 2 (ψ_{(β}δ^α_{φ)} − σ_{βφ}φ^τ )w^φ_{γδ}. (8.29) Using deformation (8.26) and (8.29) we write relation σ̃^α_{·βγδ} = ρ^α_{·βγδ} − ρ^α_{·βγδ} = ψ_{β[δ}δ^α_{γ]} − ψ_{[γδ]}δ^α_β − σ_{βγδ}φ^α, (8.30) where ψ_{αβ} =^{(γ)}D_β ψ_α + ψ_αψ_β − (ν + φ^τ ψ_τ )σ_{αβ}, and σ_{αβγ} =^{(γ)}D_{[γ} σ_{β]α} + μ_{[γ} σ_{β]α} − σ_{α[γ}σ_{β]τ} φ^τ .

Let multiply (8.30) on q_α and write (taking into account relations (8.25)) the relation eσ_{αβγ} = −q_τσ̃^τ_{·αβδ} + ψ_{α[β}q_{γ]} − ψ_{[βγ]}q_α. (8.31) The next step is to express ψ_{αβ} trough d–objects on ξ. To do this we contract indices α and β in (8.30) and obtain (n + m)ψ_{[αβ]} = −σ^τ_{·τ αβ} + eq_τ φ^λσ^τ_{·λαβ} − eψ̃_{[α}ψ̃_{β]}. Then contracting indices α and δ in (8.30) and using (8.31) we write (n + m − 2)ψ_{αβ} = σ̃^τ_{·αβτ} − eq_τ φ^λσ̃^τ_{·αβλ} + ψ_{[βα]} + e(ψ̃_βq_α − ψ̂_{(α}q_{β)}, (8.32) where ψ̂_α = φ^τ ψ_{ατ} . If the both parts of (8.32) are contracted with φ^α, it results that (n + m − 2)ψ̃_α = φ^τ σ^λ_{·τ αλ} − eq_τ φ^λφ^δσ^τ_{λαδ} − eq_α, and, in consequence of σ^α_{β(γδ)} = 0, we have (n + m − 1)φ = φ^βφ^γ σ^α_{·βγα}. By using the last expressions we can write (n + m − 2)ψ_α = φ^τ σ^λ_{·τ αλ} − eq_τ φ^λφ^δσ^τ_{·λαδ} − e(n + m − 1)^{−1}q_αφ^τ φ^λσ^δ_{·τ λδ}. (8.33) Contracting (8.32) with φ^β we have (n + m)ψ̂_α = φ^τ σ^λ_{·ατ λ} + ψ̃_α and taking into consideration (8.33) we can express ψ̂_α through σ^α_{·βγδ}. As a consequence of (8.31)–(8.33) we obtain this formulas for d–tensor ψ_{αβ} : (n + m − 2)ψ_{αβ} = σ^τ_{·αβτ} − eq_τ φ^λσ^τ_{·αβλ}+

1 n + m {−σ^τ_{·τ βα} + eq_τ φ^λσ^τ_{·λβα} − q_β(eφ^τ σ^λ_{·ατ λ} − q_τ φ^λφ^δσ^τ_{·αλδ})+ eq_α[φ^λσ^τ_{·τ βλ} − eq_τ φ^λφ^δσ^τ_{·λβδ}− e n + m − 1 q_β(φ^τ φ^λσ^δ_{·τ γδ} − eq_τ φ^λφ^δφ^εσ^τ_{·λδε})]}. Finally, putting the last formula and (8.31) into (8.30) and after a rearrangement of terms we obtain the second group of na_{(3)}-invariant conditions (8.15). If necessary we can rewrite these conditions in terms of geometrical objects on ξ and ξ. To do this we mast introduce splittings (8.29) into (8.15). □

For the particular case of na_{(3)}–maps when

ψ_α = 0, φ_α = g_{αβ}φ^β = δ δu^α (ln Ω), Ω(u) > 0 and σ_{αβ} = g_{αβ} we define a subclass of conformal transforms g_{αβ}(u) = Ω^2(u)g_{αβ} which, in consequence of the fact that d–vector φ_α must satisfy equations (8.11), generalizes the class of concircular transforms (see [230] for references and details on concircular mappings of Riemannaian spaces) .

We emphasize that basic na–equations (8.9)–(8.11) are systems of first order partial differential equations. The study of their geometrical properties and definition of integral varieties, general and particular solutions are possible by using the formalism of Pffaf systems [278]. Here we point out that by using algebraic methods we can always verify if systems of na–equations of type (8.9)–(8.11) are, or not, involute, even to find their explicit solutions it is a difficult task (see more detailed considerations for isotropic ng–maps in [230] and, on language of Pffaf systems for na–maps, in 247]). We can also formulate the Cauchy problem for na–equations on ξ and choose deformation parameters (8.7) as to make involute mentioned equations for the case of maps to a given background space ξ. If a solution, for example, of na_{(1)}–map equations exists, we say that space ξ is na_{(1)}– projective to space ξ. In general, we have to introduce chains of na–maps in order to obtain involute systems of equations for maps (superpositions of na-maps) from ξ to ξ : U^{ng<i1 >}−→ U_1^{ng<i2 >}−→ · · ·^{ng<ik−1 >}−→ U_{k−1}^{ng<ik >}−→ U where U ⊂ ξ, U_1 ⊂ ξ_1, . . . , U_{k−1} ⊂ ξ_{k−1}, U ⊂ ξ_k with corresponding splittings of auxiliary symmetric connections γ^α_{.βγ} =_{<i1 >} P^α_{.βγ} +_{<i2 >} P^α_{.βγ} + · · · +_{<ik >} P^α_{.βγ} and torsion T^α_{.βγ} = T^α_{.βγ} +_{<i1 >} Q^α_{.βγ} +_{<i2 >} Q^α_{.βγ} + · · · +_{<ik >} Q^α_{.βγ} where cumulative indices < i_1 >= 0, 1, 2, 3, denote possible types of na– maps.

Definition 8.4 Space ξ is nearly conformally projective to space ξ, nc : ξ→ξ, if there is a finite chain of na–maps from ξ to ξ.

For nearly conformal maps we formulate :

Theorem 8.4 For every fixed triples (N^a_j , Γ^α_{.βγ} , U ⊂ ξ and (N^a_j , Γ^α_{.βγ} , U ⊂ ξ), components of nonlinear connection, d–connection and d–metric being of class C^r(U), C^r(U), r > 3, there is a finite chain of na–maps nc : U → U.

Proof is similar to that for isotropic maps [249,273,252] (we have to introduce a finite number of na-maps with corresponding components of deformation parameters and deformation tensors in order to transform step by step coefficients of d-connection Γ^α_{γδ} into Γ^α_{βγ}).

Now we introduce the concept of the Category of la–spaces, C(ξ). The elements of C(ξ) consist from ObC(ξ) = {ξ, ξ_{<i1 >}, ξ_{<i2 >}, . . ., } being la–spaces, for simplicity in this work, having common N–connection structures, and MorC(ξ) = {nc(ξ_{<i1 >}, ξ_{<i2 >})} being chains of na–maps interrelating la– spaces. We point out that we can consider equivalent models of physical theories on every object of C(ξ) (see details for isotropic gravitational models in [249,252,278,250,273,274] and anisotropic gravity in [263,276,279]).

One of the main purposes of this chapter is to develop a d–tensor and variational formalism on C(ξ), i.e. on la–multispaces, interrelated with nc–maps. Taking into account the distinguished character of geometrical objects on la–spaces we call tensors on C(ξ) as distinguished tensors on la–space Category, or dc–tensors.

Finally, we emphasize that presented in that section definitions and theorems can be generalized for v–bundles with arbitrary given structures of nonlinear connection, linear d–connection and metric structures. Proofs are similar to those from [251,230].

8.3 Na-Tensor-Integral on La-Spaces

The aim of this section is to define tensor integration not only for bitensors, objects defined on the same curved space, but for dc–tensors, defined on two spaces, ξ and ξ, even it is necessary on la–multispaces. A. Moór tensor–integral formalism having a lot of applications in classical and quantum gravity [234,289,100] was extended for locally isotropic multispaces in [278,273]. The unispacial locally anisotropic version is given in [258,102].

Let T_uξ and T_uξ be tangent spaces in corresponding points u∈U⊂ξ and u∈U⊂ξ and, respectively, T^∗_u ξ and T^∗_u ξ be their duals (in general, in this section we shall not consider that a common coordinatization is introduced for open regions U and U ). We call as the dc–tensors on the pair of spaces (ξ, ξ ) the elements of distinguished tensor algebra (⊗_αT_uξ)⊗(⊗_β T^∗_u ξ)⊗(⊗_γ T_uξ)⊗(⊗_δT^∗_u ξ) defined over the space ξ⊗ξ, for a given nc : ξ→ξ.

We admit the convention that underlined and non–underlined indices refer, respectively, to the points u and u. Thus Q^β_{.α}, for instance, are the components of dc–tensor Q∈T_uξ⊗T_uξ.

Now, we define the transport dc–tensors. Let open regions U and U be homeomorphic to sphere R^{2n} and introduce isomorphism μ_{u,u} between T_uξ and T_uξ (given by map nc : U→U). We consider that for every d–vector v^α∈T_uξ corresponds the vector μ_{u,u}(v^α) = v^α∈T_uξ, with components v^α being linear functions of v^α: v^α = h^α(u, u)v^α, v_α = h^α(u, u)v_α, where h^α(u, u) are the components of dc–tensor associated with μ^{−1}_{u,u} . In a similar manner we have v^α = h^α(u, u)v^α, v_α = h^α(u, u)v_α. In order to reconcile just presented definitions and to assure the identity for trivial maps ξ→ξ, u = u, the transport dc-tensors must satisfy conditions : h^α(u, u)h^β_α(u, u) = δ^β_α, h^α(u, u)h^α_β (u, u) = δ^α_β and lim_{(u→u)}h^α(u, u) = δ^α, lim_{(u→u)}h^α(u, u) = δ^α.

Let S_p⊂U⊂ξ is a homeomorphic to p-dimensional sphere and suggest that chains of na–maps are used to connect regions : U^{nc(1)}−→ S_p^{nc(2)}−→ U.

Definition 8.5 The tensor integral in u∈S_p of a dc–tensor N^{.γ.κ}_{φ.τ.α1 ···αp} (u, u), completely antisymmetric on the indices α_1, . . ., α_p, over domain S_p, is defined as N^{.γ.κ}_{φ.τ} (u, u) = I^U_{(Sp)}N^{.γ.κ}_{φ.τ.α1 ...αp} (u, u)dS^{α1 ...αp} = ∫ (S_p) h^τ (u, u)h^κ(u, u)N^{.γ.κ}_{φ.τ.α1 ···αp} (u, u)dS^{α1···αp} , (8.34) where dS^{α1 ···αp} = δu^{α1} ∧· · ·∧δu^α_p . Let suppose that transport dc–tensors h^α and h^α admit covariant derivations of order two and postulate existence of deformation dc–tensor B^{..γ}_{αβ}(u, u) satisfying relations D_αh^β(u, u) = B^{..γ}_{αβ} (u, u)h^βγ (u, u) (8.35) and, taking into account that D_αδ^β_γ = 0,

D_αh^β (u, u) = −B^{..β}_{αγ} (u, u)h^γ_β (u, u). By using formulas for torsion and, respectively, curvature of connection Γ^α_{βγ} we can calculate next commutators: D_{[α}D_{β]}h^γ = −(R^{.λ}_{γ.αβ} + T^τ_{.αβ}B^{..λ}_{τ γ} )h^γ_λ. (8.36) On the other hand from (8.35) one follows that D_{[α}D_{β]}h^γ = (D_{[α}B^{..λ}_{β]γ} + B^{..λ}_{[α|τ |.}B^{..τ}_{β]γ.})h^γ_λ, (8.37) where |τ | denotes that index τ is excluded from the action of antisymmetrization [ ]. From (8.36) and (8.37) we obtain D_{[α}B^{..λ}_{β]γ.} + B_{[β|γ|}B^{..λ}_{α]τ} = (R^{.λ}_{γ.αβ} + T^τ_{.αβ}B^{..λ}_{τ γ} ). (8.38) Let S_p be the boundary of S_{p−1}. The Stoke’s type formula for tensor– integral (8.34) is defined as I_{Sp} N^{.γ.κ}_{φ.τ.α1...αp} dS^{α1 ...αp} = I_{Sp+1}^{⋆(p)}D_{[γ|}N^{.γ.κ}_{φ.τ.|α1...αp]}dS^{γα1...αp} , (8.39) where_{⋆(p)} D_{[γ|}N^{.γ.κ}_{φ.τ.|α1 ...αp]} = D_{[γ|}N^{.γ.κ}_{φ.τ .|α1...αp ]}+ pT^ϵ_{.[γα1|}N^{.γ.κ}_{φ.τ .ϵ|α2...αp]} − B^{..ϵ}_{[γ|τ} N^{.γ.κ}_{φ.ϵ.|α1...αp ]} + B^{..κ}_{[γ|ϵ}N^{.γ.ϵ}_{φ.τ.|α1 ...αp]}. (8.40) We define the dual element of the hypersurfaces element dS^{j1 ...jp} as dS_{β1 ...βq−p} = 1 p! ϵ_{β1...βk−pα1...αp} dS^{α1...αp} , (8.41) where ϵ_{γ1...γq} is completely antisymmetric on its indices and ϵ_{12...(n+m)} = √ |G|, G = det|G_{αβ|}, G_{αβ} is taken from (6.12). The dual of dc–tensor N^{.γκ}_{φ.τ .α1...αp} is defined as the dc–tensor N^{.γ.κβ1...βn+m−p} φ.τ satisfying N^{.γ.κ}_{φ.τ .α1...αp} = 1 p! N^{.γ.κβ1...βn+m−p} φ.τ ϵ_{β1 ...βn+m−pα1...αp} . (8.42)

Using (8.16), (8.41) and (8.42) we can write I_{Sp} N^{.γ.κ}_{φ.τ.α1 ...αp} dS^{α1...αp} = ∫ S_{p+1} pD_γ N^{.γ.κβ1...βn+m−p−1 γ} φ.τ dS_{β1 ...βn+m−p−1} , (8.43) where_p D_γ N^{.γ.κβ1...βn+m−p−1 γ} φ.τ = D_γ N^{.γ.κβ1...βn+m−p−1 γ} φ.τ + (−1)^{(n+m−p)}(n + m − p + 1)T^{[ϵ}_{.γϵ}N^{.|γ.κ|β1...βn+m−p−1 ]γ} φ.τ − B^{..ϵ}_{γτ} N^{.γ.κβ1...βn+m−p−1 γ} φ.ϵ + B^{..κ}_{γϵ} N^{.γ.ϵβ1 ...βn+m−p−1 γ} φ.τ . To verify the equivalence of (8.42) and (8.43) we must take in consideration that D_γ ϵ_{α1...αk} = 0 and ϵ_{β1...βn+m−pα1...αp} ϵ^{β1...βn+m−pγ1 ...γp} = p!(n + m − p)!δ^{[γ1}_{α1} · · ·δ^{γp]}_{αp} . The developed in this section tensor integration formalism will be used in the next section for definition of conservation laws on spaces with local anisotropy.

8.4 On Conservation Laws on La–Spaces

To define conservation laws on locally anisotropic spaces is a challenging task because of absence of global and local groups of automorphisms of such spaces. Our main idea is to use chains of na–maps from a given, called hereafter as the fundamental la–space to an auxiliary one with trivial curvatures and torsions admitting a global group of automorphisms. The aim of this section is to formulate conservation laws for la-gravitational fields by using dc–objects and tensor–integral values, na–maps and variational calculus on the Category of la–spaces.

8.4.1 Nonzero divergence of energy–momentum d-- tensor

R. Miron and M. Anastasiei [160,161] pointed to this specific form of conservation laws of matter on la–spaces: They calculated the divergence of the energy–momentum d–tensor on la–space ξ,

D_αE^α_β = 1 κ_1

U_α, (8.44)

and concluded that d–vector

U_α = 1 2 (G^{βδ}R_δ^γ_{ϕβ} T^ϕ_{·αγ} − G^{βδ}R_δ^γ_{ϕα}T^ϕ_{·βγ} + R^β_ϕT^ϕ_{·βα}) vanishes if and only if d–connection D is without torsion.

No wonder that conservation laws, in usual physical theories being a consequence of global (for usual gravity of local) automorphisms of the fundamental space–time, are more sophisticate on the spaces with local anisotropy. Here it is important to emphasize the multiconnection character of la–spaces. For example, for a d–metric (6.12) on ξ we can equivalently introduce another (see (6.21)) metric linear connection D̃ The Einstein equations R̃_{αβ} − 1 2 G_{αβ}R̃ = κ_1Ẽ_{αβ} (8.45)

constructed by using connection (8.23) have vanishing divergences

D̃^α(R̃_{αβ} − 1 2 G_{αβ}R̃) = 0 and D̃^αẼ_{αβ} = 0,

similarly as those on (pseudo)Riemannian spaces. We conclude that by using the connection (6.21) we construct a model of la–gravity which looks like locally isotropic on the total space E. More general gravitational models with local anisotropy can be obtained by using deformations of connection Γ̃^α_{·βγ} , Γ^α_{βγ} = Γ̃^α_{·βγ} + P^α_{βγ} + Q^α_{βγ} ,

were, for simplicity, Γ^α_{βγ} is chosen to be also metric and satisfy Einstein equations (8.45). We can consider deformation d–tensors P^α_{βγ} generated (or not) by deformations of type (8.9)–(8.11) for na–maps. In this case d–vector U_α can be interpreted as a generic source of local anisotropy on ξ satisfying generalized conservation laws (8.44).

8.4.2 D–tensor conservation laws

From (8.34) we obtain a tensor integral on C(ξ) of a d–tensor: N^{.κ}_τ (u) = I_{Sp} N^{..κ}_{τ ..α1...αp} (u)h^τ (u, u)h^κ(u, u)dS^{α1...αp} . We point out that tensor–integral can be defined not only for dc–tensors but and for d–tensors on ξ. Really, suppressing indices φ and γ in (8.42) and (8.43), considering instead of a deformation dc–tensor a deformation tensor B^{..γ}_{αβ} (u, u) = B^{..γ}_{αβ} (u) = P^γ_{.αβ} (u) (8.46) (we consider deformations induced by a nc–transform) and integration I_{Sp} . . .dS^{α1 ...αp} in la–space ξ we obtain from (8.34) a tensor–integral on C(ξ) of a d–tensor: N^{.κ}_τ (u) = I_{Sp} N^{.κ}_{τ.α1...αp} (u)h^τ (u, u)h^κ(u, u)dS^{α1...αp} . Taking into account (8.38) we can calculate that curvature R^{.λ}_{γ.αβ} = D_{[β} B^{..λ}_{α]γ} + B^{..τ}_{[α|γ|}B^{..λ}_{β]τ} + T^{τ ..}_{.αβ}B^{..λ}_{τ γ} of connection Γ^γ_{.αβ} (u) = Γ^γ_{.αβ}(u) + B^{..γ}_{αβ.}(u), with B^{..γ}_{αβ}(u) taken from (8.46), vanishes, R^{.λ}_{γ.αβ} = 0. So, we can conclude that la–space ξ admits a tensor integral structure on C(ξ) for d–tensors associated to deformation tensor B^{..γ}_{αβ}(u) if the nc–image ξ is locally parallelizable. That way we generalize the one space tensor integral constructions in [100,102,258], were the possibility to introduce tensor integral structure on a curved space was restricted by the condition that this space is locally parallelizable. For q = n + m relations (8.43), written for d–tensor N^{.βγ}α (we change indices α, β, . . . into α, β, . . .) extend the Gauss formula on C(ξ): I_{Sq−1} N^{.βγ}α dS_γ = I_{Sq}^{q−1}D_τ N^{.βτ}α dV , (8.47) where dV = √ |G_{αβ}|du^1. . .du^q and q−1D_τ N^{.βτ}α = D_τ N^{.βτ}α − T^ϵ_{.τϵ}N^{βτ}α − B^{..ϵ}_{τα}N^{.βτ}ϵ + B^{..β}τ ϵ N^{.ϵτ}_α . (8.48)

Let consider physical values N^{.β}α on ξ defined on its density N^{.βγ}α , i. e. N^{.β}α = I_{Sq−1} N^{.βγ}α dS_γ (8.49) with this conservation law (due to (8.47)): q−1D_γ N^{.βγ}α = 0. (8.50) We note that these conservation laws differ from covariant conservation laws for well known physical values such as density of electric current or of energy– momentum tensor. For example, taking density E^{.γ}_β , with corresponding to (8.48) and (8.50) conservation law, q−1D_γ E^γ_β = D_γ E^γ_β − T^τ_{.ϵτ} E^{.ϵ}_β − B^{..ϵ}_{τ β}E^τ_ϵ = 0, (8.51) we can define values (see (8.47) and (8.49)) P_α = I_{Sq−1} E^{.γ}α dS_γ . Defined conservation laws (8.51) for E^{.ϵ}_β have nothing to do with those for energy–momentum tensor E^{.γ}_α from Einstein equations for the almost Hermitian gravity [160,161] or with Ẽ_{αβ} from (8.45) with vanishing divergence D_γẼ^{.γ}_α = 0. So Ẽ^{.γ}_α ≠E^{.γ}_α . A similar conclusion was made in [100] for unispacial locally isotropic tensor integral. In the case of multispatial tensor integration we have another possibility (firstly pointed in [278,258] for Einstein- Cartan spaces), namely, to identify E^{.γ}_β from (8.51) with the na-image of E^{.γ}_β on la–space ξ. We shall consider this construction in the next section.

8.5 Na–Conservation Laws in La–Gravity

It is well known that the standard pseudo–tensor description of the energy– momentum values for the Einstein gravitational fields is full of ambiguities. Some light was shed by introducing additional geometrical structures on curved space–time (bimetrics [211,143], biconnections [59], by taking into account background spaces [94,289], or formulating variants of general relativity theory on flat space [152,99]). We emphasize here that rigorous mathematical investigations based on two (fundamental and background) locally anisotropic, or isotropic, spaces should use well–defined, motivated from physical point of view, mappings of these spaces. Our na–model largely contains both attractive features of the mentioned approaches; na–maps establish a local 1–1 correspondence between the fundamental la–space and auxiliary la–spaces on which biconnection (or even multiconnection) structures are induced. But these structures are not a priory postulated as in a lot of gravitational theories, we tend to specify them to be locally reductible to the locally isotropic Einstein theory [94,152].

Let us consider a fixed background la–space ξ with given metric G_{αβ} = (g_{ij} , h_{ab}) and d–connection Γ̃^α_{·βγ} , for simplicity in this subsection we consider compatible metric and connections being torsionless and with vanishing curvatures. Supposing that there is an nc–transform from the fundamental la–space ξ to the auxiliary ξ. we are interested in the equivalents of the Einstein equations (8.45) on ξ.

We consider that a part of gravitational degrees of freedom is ”pumped out” into the dynamics of deformation d–tensors for d–connection, P^α_{βγ} , and metric, B^{αβ} = (b^{ij} , b^{ab}). The remained part of degrees of freedom is coded into the metric G_{αβ} and d–connection Γ̃^α_{·βγ}.

Following [94,252] we apply the first order formalism and consider B^{αβ} and P^α_{βγ} as independent variables on ξ. Using notations

P_α = P^β_{βα}, Γ_α = Γ^β_{βα},

B̂^{αβ} = √ |G|B^{αβ}, Ĝ^{αβ} = √ |G|G^{αβ} , Ĝ^{αβ} = √ |G|G^{αβ} and making identifications

B̂^{αβ} + Ĝ^{αβ} = Ĝ^{αβ} , Γ^α_{·βγ} − P^α_{βγ} = Γ^α_{βγ},

we take the action of la–gravitational field on ξ in this form:

S^{(g)} = −(2cκ_1)^{−1} ∫ δ^quL^{(g)}, (8.52)

where

L^{(g)} = B̂^{αβ}(D_β P_α − D_τ P^τ_{αβ}) + (Ĝ^{αβ} + B̂^{αβ})(P_τ P^τ_{αβ} − P^α_{ακ}P^κ_{βτ} ) and the interaction constant is taken κ_1 =^{4π}_{c4} k, (c is the light constant and k is Newton constant) in order to obtain concordance with the Einstein theory in the locally isotropic limit.

We construct on ξ a la–gravitational theory with matter fields (denoted as φ_A with A being a general index) interactions by postulating this Lagrangian density for matter fields

L^{(m)} = L^{(m)}[Ĝ^{αβ} + B̂^{αβ}; δ δu^γ (Ĝ^{αβ} + B̂^{αβ}); φ_A; δφ_A δu^τ ]. (8.53)

Starting from (8.52) and (8.53) the total action of la–gravity on ξ is written as S = (2cκ_1)^{−1} ∫ δ^quL^{(g)} + c^{−1} ∫ δ^{(m)}L^{(m)}. (8.54)

Applying variational procedure on ξ, similar to that presented in [94] but in our case adapted to N–connection by using derivations (2.4) instead of partial derivations, we derive from (8.54) the la–gravitational field equations

Θ_{αβ} = κ_1(t_{αβ} + T_{αβ}) (8.55)

and matter field equations △L^{(m)} △φ_A = 0, (8.56)

where^△_{△φA} denotes the variational derivation.

In (8.55) we have introduced these values: the energy–momentum d– tensor for la–gravitational field

κ_1t_{αβ} = ( √ |G|)^{−1} △L^{(g)} △G^{αβ} = K_{αβ} + P^γ_{αβ} P_γ − P^γ_{ατ} P^τ_{βγ} + 1 2 G_{αβ}G^{γτ} (P^ϕ_{γτ} P_ϕ − P^ϕ_{γϵ}P^ϵ_{ϕτ} ), (8.57) (where K_{αβ} = D_γ K^γ_{αβ} , 2K^γ_{αβ} = −B^{τ γ}P^ϵ_{τ (α}G_{β)ϵ} − B^{τ ϵ}P^γ_{ϵ(α}G_{β)τ} + G^{γϵ}h_{ϵ(α}P_{β)} + G^{γτ} G^{ϵϕ}P^φ_{ϕτ} G_{φ(α}B_{β)ϵ} + G_{αβ}B^{τ ϵ}P^γ_{τ ϵ} − B_{αβ}P^γ ),

2Θ = D^τ D_{tau}B_{αβ} + G_{αβ} D^τ D^ϵB_{τ ϵ} − G^{τ ϵ}D_ϵD_{(α}B_{β)τ} and the energy–momentum d–tensor of matter

T_{αβ} = 2 △L^{(m)} △Ĝ^{αβ} − G_{αβ}G^{γδ} △L^{(m)} △Ĝ^{γδ} . (8.58)

As a consequence of (8.56)–(8.58) we obtain the d–covariant on ξ conservation laws D_α(t^{αβ} + T^{αβ}) = 0. (8.59)

We have postulated the Lagrangian density of matter fields (8.53) in a form as to treat t^{αβ} + T^{αβ} as the source in (8.55).

Now we formulate the main results of this section:

Proposition 8.1 The dynamics of the Einstein la–gravitational fields, modeled as solutions of equations (8.45) and matter fields on la–space ξ, can be equivalently locally modeled on a background la–space ξ provided with a trivial d-connection and metric structures having zero d–tensors of torsion and curvature by field equations (8.55) and (8.56) on condition that deformation tensor P^α_{βγ} is a solution of the Cauchy problem posed for basic equations for a chain of na–maps from ξ to ξ.

Proposition 8.2 Local, d–tensor, conservation laws for Einstein la–gravitational fields can be written in form (8.59) for la–gravitational (8.57) and matter (8.58) energy–momentum d–tensors. These laws are d–covariant on the background space ξ and must be completed with invariant conditions of type (8.12)-(8.15) for every deformation parameters of a chain of na–maps from ξ to ξ.

The above presented considerations consist proofs of both propositions. We emphasize that nonlocalization of both locally anisotropic and isotropic gravitational energy–momentum values on the fundamental (locally anisotropic or isotropic) space ξ is a consequence of the absence of global group automorphisms for generic curved spaces. Considering gravitational theories from view of multispaces and their mutual maps (directed by the basic geometric structures on ξ such as N–connection, d–connection, d– torsion and d–curvature components, see coefficients for basic na–equations

(8.9)-(8.11)), we can formulate local d–tensor conservation laws on auxiliary globally automorphic spaces being related with space ξ by means of chains of na–maps. Finally, we remark that as a matter of principle we can use d–connection deformations in order to modelate the la–gravitational interactions with nonvanishing torsion and nonmetricity. In this case we must introduce a corresponding source in (8.59) and define generalized conservation laws as in (8.44) (see similar details for locally isotropic generalizations of the Einstein gravity in Refs [274,278,250]).

8.6 Na–maps in Einstein Gravity

The nearly autoparallel map methods plays also an important role in formulation of conversation laws for locally isotropic gravity [249,233,274] (Einstein gravity), [252] (Einstein-Cartan theory), [273,278] (gauge gravity and gauge fields), and [273,251] (gravitation with torsion and nonmetricity). We shall present some examples of na-maps for solutions of Einstein equations (for trivial N-connection structures the equations (8.45) are usual gravitational field equations in general relativity) and analyze the problem of formulation laws on curved locally anisotropic spaces).

8.6.1 Nc–flat solutions of Einstein equations

In order to illustrate some applications of the na-map theory we consider three particular solutions of Einstein equations.

Example 1.

In works [42,43] one introduced te metric

ds^2 = g_{ij} dx^idx^j = exp(2Ω(q))(dt^2 − dx^2)− q^2(exp(2β(q))dy^2 + exp(−2β(q))dz^2), (8.60) where q = t − x. If functions Ω(q) and β(q), depending only the variable q, solve equations 2dΩ/dq = q(dβ(q)/dq), the metric (8.60) satisfies the vacuum Einstein equations. In general this metric describes curved spaces, but if function β(q) is a solution of equations q(d^2β/dq^2) + 2dβ/dq = q^2(dβ/dq)^3 we have a flat space, i. e. R^i_{j kl} = 0.

1a) Let us show that metric (8.60) admits also na_{(3)} + na_{(1)}-maps to Minkowski space. If q = 0, using conformal rescaling g̃_{ij} = q^{−2}exp(−2β)g̃_{ij} , and introducing new variables x^a = (p, v, y, z)(a = 0, 1, 2, 3), where v = t + p, p = 1 2 ∫ dqq^{−2}exp[2(Ω − β)] and S(p) = −4β(q)_{|q=q(p)}, we obtain

na_{(3)} : ds^2 → ds̃^2 = 2dpdv − dy^2 − expS(p)dz^2 (8.61)

with one non-zero component of connection Γ̃^3_{03} =^1_2 (dS/dp) =^1_2Ṡ. A next possible step will be a na-map to the flat space with metric ds^2 = dp^2 − dv^2 − dy^2 − dz^2. Really, the set of values P̃^3_{03} = −^1_2Ṙ, the rest of components of the deformation tensor being equal to zero, and b_0 = [2S̈ − (Ṡ)^2]/S, b_1 = b_2 = 0, b_3 = −Ṡ, a_{ij} = 0, Q^i_{jk} = 0 solves equations (8.45) for a map na_{(1)} : ds̃^2 → ds^2.

1b)The metric ds̃ from (8.61) also admits a na_{(2)}-map to the flat space (as N. Sinyukov pointed out [230] intersections of type of na-maps are possible). For example, the set of values r = (r_0(p), 0, 0, 0), ν_b = 0, σ = (0, 0, 0, σ_3),

σ_3 = −(2F^3_{0(0)})^{−1}Ṡexp[− ∫ r_0(p)dp + S(p)], F^3_0 = F^3_{0(0)}exp[ ∫ r_0(p)dp − S(p)], constant F^3_{0(0)} ≠ 0, the rest of the affinor components being equal to zero, and r(p) is an arbitrary function on p satisfies basic equations with e = 0 for a map na_{(2)} : ds^2 → ds̃^2.

1c) Metric ds̃^2 from (8.61) does not admit na_{(3)}-maps to the flat space because, in general, conditions^{(3)}W̃^a_{bcd} = 0, are not satisfied, for example, (3)W̃^1_{001} =^1_4 (S̈ +^1_2Ṡ).

Example 2.

The Peres’s solution of Einstein equations [183] is given by metric ds^2 = −dx^2 − dy^2 + 2dηdλ − Q(x, y)N(ζ)dζ^2, (8.62) where x = x^1, y = x^2, λ = x^3, ζ = x^4. Parametrizing Q(x, y) =^1_4 (x^2 − y^2), N(ζ) = sinζ we obtain plane wave solution of Einstein equations. Choosing Q(x, y) = − xy 2(x^2 + y^2)^2 and N (ζ) = { exp [(b^2 − ζ^2)] , if |ζ| < b; 0 , if |ζ| ≥ 0, where b is a real constant, we obtain a wave packed solutions of Einstein equations. By straightforward calculations we can convince ourselves that values

σ_1 = 1 2 Q_1N, σ_2 = 1 2 Q_2N, σ_3 = 0, σ_4 = 1 2 QṄ, r_b = 0, ν_b = 0,

Q_1 = ∂Q ∂x , Ṅ = dN/dζ solve basic equations for a map na_{(2)} : ds^2 → ds^2, where g_{ij} = diag(−1, −1, −1, 1). So, metrics of type (8.62), being of type II, according to Petrov’s classification [185], admits na_{(2)}-maps to the flat space.

Example 3.

Now, we shall show that by using superpositions of na-maps and imbeddings into pseudo–Riemannian spaces with dimension d > 2 we can construct metrics satisfying Einstein equations. Let consider a 2-dimensional metric

ds^2_{(2)} = −d^2(lnt) + (m − n)^{−2}dt^2,

where m and n (only in this subsection) are constants and t > 0. Firstly, we use the conformal rescaling:

na_{(3)} : ds^2_{(2)} → ds̃^2_{(2)} = e^{2x}t^{2(m+n−1)}ds^2_{(2)} and the canonical imbedding into a 3-dimensional space,

ds̃^2_{(2)} ⊂ ds^2_{(3)} = e^{2x}t^{2(m+n+1)}(−d^2(lnt) + (m − n)^{−2}dx^2) + dy^2.

Then we consider a conformal rescaling of this 3-dimensional space,

na_{(3)} : ds^2_{(3)} → ds̃^2_{(3)} = e^{−4x}ds^2_{(3)}

and, the next, the canonical imbedding into a 4 dimensional pseudo–Riemannian space ds̃^2_{(3)} ⊂ ds̃^2_{(4)} =

e^{−4x}[e^{2x}t^{2(m+n+1)}(−d^2(lnt) + (m − n)^{−2}dx^2) + dy^2] + dz^2.

Finally, after a conformal mapping from ds̃^2_{(4)},

na_{(3)} : ds̃^2_{(4)} → ds^2 =

e^{2x}t^{−2(n+m)}{e^{−4x}[t^{2(m+n+1)}(−d^2lnt) + (m − n)^{−2}dx^2) + dy^2] + dz^2},

we obtain a metric ds^2 describing a class of space-times with ideal liquid matter (as a rule, some relations between constants n and m and the physical parameters of the liquid medium are introduced, see details in [145]).

Similar considerations, but in general containing investigations of more complicated systems of first order Pfaff equations, show that a very large class of the Einstein equations solutions can be locally generated by using imbeddings and chains of na-maps from flat auxiliary background spaces of lower dimensions than that of the fundamental space-time.

8.6.2 Na–conservation laws in general relativity

We have considered two central topics in the Chapter 8: the first was the generalization of the nearly autoparallel map theory to the case of spaces with local anisotropy and the second was the formulation of the gravitational models on locally anisotropic (or in particular cases, isotropic) nabackgrounds. For trivial N-connection and d-torsion structures and pseudo– Riemannian metric the la-gravitational field equations (8.45) became usual Einstein equations for general relativity. The results of section 8.5 hold good in simplified locally isotropic version. In this subsection we pay a special attention to the very important problem of definition of conservation laws for gravitational fields.

A brief historical note is in order. A. Z. Petrov at the end of 60th initiated [184,186,187,188] a programme of modeling field interactions and modeling general relativity on arbitrary pseudo–Riemannian spaces. He advanced an original approach to the gravitational energy-momentum problem. After Petrov’s death (1972) N. S. Sinykov finally elaborated [230] the geometrical theory of nearly geodesics maps (ng-maps; on (pseudo- ) Riemannian spaces geodesics coincide with autoparallels) of affine connected spaces as an extension for the (n-2)-projective space theory [284,166], concircular geometry [294], holomorphic projective mappings of Kahlerian spaces [179] and holomorphic projective correspondences for almost complex spaces [121,237]. A part of Petrov’s geometric purposes have been achieved, but Sinyukov’s works practically do not contain investigations and applications in gravitational theories. In addition to the canonical formulation of the general relativity theory in the framework of the pseudo- Riemannian geometry, we tried to elaborate well-defined criterions for conditions when for gravitational (locally isotropic or anisotropic) field theories equivalent reformulations in arbitrary (curved or flat) spaces are possible [249,233,274,278,273,251].

The concept of spaces na-maps implies a kind of space-field Poincare conventionality [191,192] which, in our case, states the possibility to formulate physical theories equivalently on arbitrary curved, or flat, spaces (na-backgrounds, being the images of na-map chains) with a further choice of one of them to be the space-time from a view of convenience or simplicity. If the existence of ideal probing bodies (not destroying the space-time structure by measurements) is postulated, the fundamental pseudo-Riemannian, or a corresponding generalization, structure can be established experimentally. Mappings to other curved or flat spaces would be considered as mathematical ”tricks” for illustrating some properties and possible transformations of field equations. We remark a different situation in quantum gravity where ideal probing bodies are not introduced and one has to consider all na-backgrounds as equal in rights. Perhaps, it is preferred to concern quantum gravitational problems on the space-time category C(η) (see section 8.2, Theorem 8.4 ; to analyze the renormalization of field interactions we shall extend our considerations on the tangent bundle, or bundles of higher tangence) in order to develop quantum field theories with gravitational interactions on multispaces interrelated with ”quantized” na-maps, on the category theory see [51].

In spite of some common features between our approach and those based on background methods [289,94,99] the na-method gives rise to a different class of gravitational theories. As a rule, background investigations are carried out in the linear approximation and do not take into consideration the ”back reaction” of perturbations. Sometimes one uses successive approximations. In the framework of the na-map theory we do not postulate the existence of any a priori given background space-time. The auxiliary spaces (curved, or flat) being considered by us, should belong to the set of spaces which are images of na-map chains from the fundamental spacetime. As a matter of principle such nc-transforms can be constructed as to be directed by solutions of the Einstein equations; if the Cauchy problem is posed for both field and basic na-maps equations the set of possible na-backgrounds can be defined exactly and without any approximations and additional suppositions. Physical processes can be modeled locally equivalently on every admissible na-background space. According to A. Z. Petrov [184,186,187,188], if we tend to model the gravitational interactions, for example, in the Minkowski space, the space-time curvature should be ”pumped out” into a ”gravitational force”. Free gravitating ideal probing bodies do not ”fall” along geodesics in a such auxiliary flat space. We have to generalize the concept of geodesics by introducing nearly geodesics or, more generally, nearly autoparallels in order to describe equivalently trajectories of point probing mass as well field interactions on the fundamental space-time and auxiliary na-backgrounds.

So, we can conclude that to obtain an equivalent formulation of the general relativity theory on na-backgrounds one has to complete the gravitational field equations (8.55) with equations for na-map chains (minimal chains are preferred). Of course, one also has to consider two types of conservation laws: for values of energy-momentum type, for gravitational fields, see (8.59), and conditions of type (8.12),(8.13),(8.14) and (8.15) for na–maps invariants.

We point out the solitarity of mappings to the Minkowski space-time. This space is not only a usual and convenient arena for developing new variants of theoretical models and investigating conservation laws in already known manners. Perhaps, the ”simplest” pseudo-Euclidean background should be considered as a primary essence from which, by using different types of maps, more generalized curved spaces (auxiliary, or being fundamental Einstein space-times) can be constructed. Here the question arises: May be the supplementary relations to the background field equations and conservation laws are motivated only by our requirement that mappings from the curved space-time to a flat space to be obtained only by the mean of na-maps and do not reflect any, additional to the background formulations, properties of the Einstein gravitational fields? The answer is related with the problem of concordance of geometrical structures on all spaces taken into consideration. Really, on backgrounds we have biconnection (or even multi–connection structures). So, various types of geodesics, nearly geodesics, motion and field equations, and a lot of other properties, being characteristic for such spaces, can be defined. That is why, we need a principle to base and describe the splitting of geometrical structures by 1-1 local mappings from one space to another (which we have advocated to be the transformation of geodesics into nearly autoparallels). Of course, other types of space mappings can be advanced. But always equations defined for maps splittings of geometrical structures and corresponding invariants must be introduced. This is the price we shall pay if the general relativity is considered out of its natural pseudo-Riemannian geometry. Sometimes such digressions from the fundamental space-time geometry are very useful and, as it was illustrated, gives us the possibility to formulate, in a well-known for flat spaces manner, the conservation laws for gravitational fields. However, all introduced ma-map equations and invariant conditions are not only motivated by a chosen type of mappings’ and auxiliary spaces’ artifacts. Being determined by the fundamental objects on curved spacetime, such as metric, connection and curvature, these na-relations pick up a part of formerly unknown properties and symmetries of gravitational fields an can be used (see section 8.4) for a new type (with respect to na-maps flexibility) classification of curved spaces.

Finally, we remark that because na-maps consists a class of nearest extensions of conformal rescalings we suppose them to play a preferred role among others being more sophisticate and, at present time, less justified from physical point of view.

Chapter 9

HA–Strings

The relationship between two dimensional σ-models and strings has been considered [153,80,53,229,7] in order to discuss the effective low energy field equations for the massless models of strings. In this Chapter we shall study some of the problems associated with the theory of higher order anisotropic strings being a natural generalization to higher order anisotropic backgrounds (we shall write in brief ha–backgrounds, ha–spaces and ha– geometry) of the Polyakov’s covariant functional–integral approach to string theory [193]. Our aim is to show that a corresponding low–energy string dynamics contains the motion equations for field equations on ha-spaces; models of ha–gravity could be more adequate for investigation of quantum gravitational and Early Universe cosmology.

The plan of the Chapter is as follows. We begin, section 9.1, with a study of the nonlinear σ–model and ha–string propagation by developing the d–covariant method of ha–background field. Section 9.2 is devoted to problems of regularization and renormalization of the locally anisotropic σ– model and a corresponding analysis of one- and two–loop diagrams of this model. Scattering of ha-gravitons and duality are considered in section 9.3, and a summary and conclusions are drawn in section 9.4.

9.1 HA–σ–Models

In this section we present a generalization of some necessary results on nonlinear σ–model and string propagation to the case of ha–backgrounds.

Calculations on both type of locally anisotropic and isotropic spaces are rather similar if we accept the Miron and Anastasiei [160,161] geometric formalism. We emphasize that on ha–backgrounds we have to take into account the distinguished character, by N–connection, of geometric objects.

9.1.1 Action of nonlinear σ–model and torsion of ha– space

Let a map of a two–dimensional (2d), for simplicity, flat space M^2 into ha-space ξ defines a σ–model field u^{<μ>} (z) = ( x^i (z) , y^{<a>} (z) ) = ( x^i (z) , y^{a1} (z) , ..., y^{az} (z) ) , where z = { z^A, A = 0, 1 } are two–dimensional complex coordinates on M^2.

The moving of a bosonic string in ha–space is governed by the nonlinear σmodel action (see, for instance, [153,80,53,229] for details on locally isotropic spaces): I = 1 λ^2 ∫ d^2z[ 1 2 √ γγ^{AB} ∂_Au^{<μ>} (z) ∂_Bu^{<ν>} (z) G_{<μ><ν>} (u) + ~n 3 ϵ^{AB} ∂_Au^{<μ>}∂_Bu^{<ν>}b_{<μ><ν>} (u) + λ^2 4π √ γR^{(2)}Φ (u)], (9.1)

where λ^2 and ~n are interaction constants, Φ (u) is the dilaton field, R^{(2)} is the curvature of the 2d world sheet provided with metric γ_{AB} , γ = det (γ_{AB} ) and ∂_A =^∂_{∂zA} , tensor ϵ^{AB} and d-tensor b_{<μ><ν>} are antisymmetric.

From the viewpoint of string theory we can interpret b_{<α><β>} as the vacuum expectation of the antisymmetric, in our case locally anisotropic, d-tensor gauge field B_{<α><β><γ>} (see considerations for locally isotropic models in [244,115] and the Wess-Zumino-Witten model [292,287], which lead to the conclusion [44] that ~n takes only integer values and that in the perturbative quantum field theory the effective quantum action depends only on B_{...} and does not depend on b_{...} ).

In order to obtain compatible with N–connection motions of ha–strings we consider these relations between d–tensor b_{<α><β>}, strength B_{<α><β><γ>} = δ_{[<α>}b_{<β><γ>]} and torsion T^{<α>}_{.<β><γ>} : δ_{<α>}b_{<β><γ>} = T_{<α><β><γ>} , (9.2) with the integrability conditions Ω^{<ap >}_{af bf} δ_{<ap>}b_{<β><γ>} = δ_{[af} T_{af ]<β><γ>}, (0 ≤ f < p ≤ z), (9.3) where Ω^{<ap>}_{af bf} are the coefficients of the N-connection curvature. In this case we can express B_{<α><β><γ>} = T_{[<α><β><γ>]}. Conditions (9.2) and (9.3) define a simplified model of ha–strings when the σ-model antisymmetric strength is induced from the ha–background torsion. More general constructions are possible by using normal coordinates adapted to both Nconnection and torsion structures on ha–background space. For simplicity, we omit such considerations in this work.

Choosing the complex (conformal) coordinates z = ι^0 + iι^1, z = ι^0 − iι^1, where ι^A, A = 0, 1 are real coordinates, on the world sheet we can represent the two-dimensional metric in the conformally flat form: ds^2 = e^{2φ}dzdz, (9.4) where γ_{zz} =^1_2 e^{2φ} and γ_{zz} = γ_{zz} = 0.

Let us consider an ha-field U (u) , u ∈ E^{<z>} taking values in G being the Lie algebra of a compact and semi simple Lie group,

U (u) = exp[iφ (u)], φ (u) = φ^α (u) q^α,

where q^α are generators of the Lie algebra with antisymmetric structural constants f^{αβγ} satisfying conditions [q^α, q^β] = 2if^{αβγ} q^γ, tr(q^αq^β) = 2δ^{αβ} . The action of the Wess-Zumino-Witten type ha–model should be written as I (U) = 1 4λ^2 ∫ d^2z tr ( ∂_AU∂^AU^{−1} ) + ~nΓ [U] , (9.5)

where Γ [U] is the standard topologically invariant functional [44]. For perturbative calculations in the framework of the model (9.1) it is enough to know that as a matter of principle we can represent the action of our theory as (9.5) and to use d-curvature r^{.<α>}_{<β>.<γ><δ>} for a torsionless d-connection τ^{<α>}_{.<β><γ>}, and strength B_{<α><β><γ>} respectively expressed as R_{<α><β><γ><δ>} = f_{αβτ} f_{γδτ} V^α_{<α>}V^β_{<β>}V^γ_{<γ>}V^δ_{<δ>} and B_{<α><β><γ>} = ηf_{αβτ} V^α_{<α>}V^β_{<β>}V^τ_τ , where a new interaction constant η ≡ ~^{nλ2}_{2π} is used and V^α_{<α>} is a locally adapted vielbein associated to the metric (6.12): G_{<α><β>} = V^α_{<α>}V^β_{<β>}δ^{αβ} and G^{<α><β>} V^α_{<α>}V^β_{<β>} = δ^{αβ} . (9.6) For simplicity, we shall omit underlining of indices if this will not give rise to ambiguities.

Finally, in this subsection, we remark that for η = 1 we obtain a conformally invariant two-dimensional quantum field theory (being similar to those developed in [34]).

9.1.2 The d–covariant method for ha–background fields

Suggesting the compensation of all anomalies we can fix the gauge for the two–dimensional metric when action (9.1) is written as

I [u] = 1 2λ^2 ∫ d^2z{G_{<α><β>}η^{AB} + 2 3 b_{<α><β>}ϵ^{AB}}∂_Au^{<α>}∂_Bu^{<β>}, (9.1a) where η^{AB} and ϵ^{AB} are, respectively, constant two-dimensional metric and antisymmetric tensor. The covariant method of background field, as general references see [139,140,290,5] can be extended for ha–spaces. Let consider a curve in E^{<z>} parameterized as ρ^{<α>} (z, s) , s ∈ [0, 1], satisfying autoparallel equations d^2ρ^{<α>} (z, s) ds^2 + Γ^{<α>}_{.<β><γ>} [ρ] dρ^{<β>} ds dρ^{<γ>} ds = d^2ρ^{<α>} (z, s) ds^2 + τ^{<α>}_{.<β><γ>} [ρ] dρ^{<β>} ds dρ^{<γ>} ds = 0, with boundary conditions ρ (z, s = 0) = u (z) and ρ (z, s = 1) u (z) + v (z) .

For simplicity, hereafter we shall consider that d-connection Γ^{<α>}_{<β><γ>} is defined by d–metric (6.12) and N-connection structures, i.e. Γ^{<α>}_{<β><γ>} =^∘Γ^{<α>}_{<β><γ>} . The tangent d-vector ζ^{<α>} =^d_{ds} ρ^{<α>}, where ζ^{<α>} |_{s=0}= ζ^{<α>}_{(0)} is chosen as the quantum d-field. Then the expansion of action I[u + v (ζ)], see (9.1a), as power series on ζ, I[u + v (ζ)] = ∞∑ k=0 I_k, where I_k = 1 k! d^k ds^k I [ρ (s)] |_{s=0}, defines d-covariant, depending on the background d-field, interaction vortexes of locally anisotropic σ-model.

In order to compute I_k it is useful to consider relations d ds ∂_Aρ^{<α>} = ∂_Aζ^{<α>}, d ds G_{<α><β>} = ζ^{<τ >}δ_{<τ >}G_{<α><β>} , ∂_AG_{<α><β>} = ∂_Aρ^{<τ >}δ_{<τ >}G_{<α><β>} , to introduce auxiliary operators ( ^∇_Aζ )_{<α>} = (∇_Aζ)^{<α>} − G^{<α><τ >} T_{[<α><β><γ>]} [ρ] ϵ_{AB}∂^Bρ^{<γ>}ζ^{<β>}, (∇_Aζ)^{<α>} = [ δ^{<α>}_{<β>} ∂_A + τ^{<α>}_{.<β><γ>}∂_Aρ^{<γ>} ] ζ^{<β>}, ∇ (s) ξ^{<λ>} = ζ^{<α>}∇_{<α>}ξ^{<λ>} = d ds ξ^{<λ>} + τ^{<λ>}_{.<β><γ>} [ρ (s)] ζ^{<β>}ξ^{<γ>} , (9.7) having properties ∇ (s) ζ^{<α>} = 0, ∇ (s) ∂_Aρ^{<α>} = (∇_Aζ)^{<α>} ,

∇^2 (s) ∂_Aρ^{<α>} = r^{.<α>}_{<β>.<γ><δ>} ζ^{<β>}ζ^{<γ>}∂_Aρ^{<δ>}, and to use the curvature d-tensor of d-connection (9.7), ^r_{<β><α><γ><δ>} = r_{<β><α><γ><δ>} − ∇_{<γ>}T_{[<α><β><δ>]} + ∇_{<δ>}T_{[<α><β><γ>]}− T_{[<τ ><α><γ>]} G^{<τ ><λ>} T_{[<λ><δ><β>]} + T_{[<τ ><α><δ>]}G^{<τ ><λ>} T_{[<λ><γ><β>]} . Values I_k can be computed in a similar manner as in [115,44,34] but in our case by using corresponding d-connections and d-objects. Here we present the first four terms in explicit form:

I_1 = 1 2λ^2 ∫ d^2z2G_{<α><β>} ( ^∇_Aζ )_{<α>} ∂^Au^{<β>}, (9.8) I_2 = 1 2λ^2 ∫ d^2z{ ( ^∇_Aζ )_2 + ^r_{<β><α><γ><δ>} ζ^{<β>}ζ^{<γ>} ( η^{AB} − ϵ^{AB} ) ∂_Au^{<α>}∂_Bu^{<β>}}, I_3 = 1 2λ^2 ∫ d^2z{ 4 3 (r_{<β><α><γ><δ>} − G^{<τ ><ϵ>} T_{[<ϵ><α><β>]} T_{[<τ ><γ><δ>]} )∂_Au^{<α>}(^∇^Aζ^{<δ>})ζ^{<β>}ζ^{<γ>}+ 4 3 ∇_{<α>}T_{[<δ><β><γ>]} ∂_Au^{<β>}ϵ^{AB}(^∇_Bζ^{<γ>})ζ^{<α>}ζ^{<δ>}+ 2 3 T_{[<α><β><γ>]} (^∇_Aζ^{<α>})ϵ^{AB}(^∇ζ^{<β>})ζ^{<γ>}+ 1 3 ( ∇_{<λ>}r_{<β><α><γ><δ>} + 4G^{<τ ><ϵ>} T_{[<ϵ><λ><α>]} ∇_{<β>}T_{[<γ><δ><τ >]} ) × ∂_Au^{<α>}∂^Au^{<δ>}ζ^{<γ>}ζ^{<λ>}+ 1 3 (∇_{<α>}∇_{<β>}T_{[<τ ><γ><δ>]} + 2G^{<λ><ϵ>} G^{<φ><ϕ>} T_{[<α><λ><φ>]} T_{[<ϵ><β><δ>]} T_{[<ϕ><τ ><γ>]} + 2r^{.<λ>}_{<α>.<β><γ>} T_{[<α><τ ><δ>]})∂_Au^{<γ>}ϵ^{AB} (∂_Bζ^{<τ >}) ζ^{<α>}ζ^{<β>}}, I_4 = 1 4λ^2 ∫ d^2z{( 1 2 ∇_{<α>}r_{<γ><β><δ><τ >} −

G^{<λ><ϵ>} T_{[<ϵ><β><γ>]} ∇_{<α>}T_{[<λ><δ><τ >]} )× ∂_Au^{<β>}(^∇^Aζ^{<τ >})ζ^{<α>}ζ^{<γ>}ζ^{<δ>}+ 1 3 r_{<β><α><γ><δ>} (^∇_Aζ^{<α>})(^∇^Aζ^{<δ>})ζ^{<β>}ζ^{<γ>}+ ( 1 12 ∇_{<α>}∇_{<β>}r_{<δ><γ><τ ><λ>} + 1 3 r^{.<κ>}_{<δ>.<τ ><γ>} r_{<β><κ><α><λ>} − 1 2 (∇_{<α>}∇_{<β>}T_{[<γ><τ ><ϵ>]} )G^{<ϵ><π>} T_{[<π><δ><λ>]} − 1 2 r^{.<κ>}_{<α>.<β><γ>}T_{[<κ><τ ><ϵ>]} G^{<ϵ><π>} T_{[<π><δ><λ>]} + 1 6 r^{.<κ>}_{<α>.<β><ϵ>} T_{[<κ><γ><τ >]} G^{<ϵ><π>} T_{[<ϵ><δ><λ>]} )× ∂_Au^{<γ>}∂^Au^{<λ>}ζ^{<α>}ζ^{<β>}ζ^{<δ>}ζ^{<τ >}+ [ 1 12 ∇_{<α>}∇_{<β>}∇_{<γ>}T_{[<λ><δ><τ >]}+ 1 2 ∇_{<α>} ( G^{<κ><ϵ>} T_{[<ϵ><λ><δ>]} ) r_{<β><κ><γ><τ >} + 1 2 ( ∇_{<α>}T_{[<π><β><κ>]} ) G^{<π><ϵ>} G^{<κ><ν>} T_{[<ϵ><γ><δ>]} T_{[<ν><λ><τ >]} − 1 3 G^{<κ><ϵ>} T_{[<ϵ><λ><δ>]} ∇_{<α>}r_{<β><κ><δ><τ >} ]× ∂_Au^{<δ>}ϵ^{AB} ∂_Bu^{<τ >}ζ^{<λ>}ζ^{<α>}ζ^{<β>}ζ^{<γ>}+ 1 2 [∇_{<α>}∇_{<β>}T_{[<τ ><γ><δ>]} + T_{[<κ><δ><τ >]} r^{.<κ>}_{<α>.<β><γ>} + r^{.<κ>}_{<α>.<β><δ>} T_{[<κ><γ><τ >]} ] ×∂_Au^{<γ>}ϵ^{AB}(^∇_Bζ^{<δ>})ζ^{<α>}ζ^{<β>}ζ^{<τ >}+ 1 2 ∇_{<α>}T_{[<δ><β><γ>]} (^∇_Aζ^{<β>})ϵ^{AB} (^∇_Bζ^{<γ>} )ζ^{<α>}ζ^{<δ>}}.

Now we construct the d-covariant ha-background functional (we use methods, in our case correspondingly adapted to the N-connection structure, developed in [115,140,112]). The standard quantization technique is based on the functional integral

Z [J] = exp (iW [J]) = ∫ d[u] exp{i (I + uJ)}, (9.9) with source J^{<α>} (we use condensed denotations and consider that computations are made in the Euclidean space). The generation functional Γ of one-particle irreducible (1PI) Green functions is defined as Γ [u] = W [J (u)] − u · J [u] , where u =^{ΔW}_{δJ} is the mean field. For explicit perturbative calculations it is useful to connect the source only with the covariant quantum d-field ζ and to use instead of (9.9) the new functional

exp (iW [u, J]) = ∫ [dζ] exp{i (I [u + v (ζ)] + J · ζ)}. (9.10)

It is clear that Feynman diagrams obtained from this functional are d-covariant.

Defining the mean d-field ζ (u) =^{ΔW}_{δJ(u)} and introducing the auxiliary d-field ζ^′ = ζ − ζ we obtain from (6.9) a double expansion on both classical and quantum ha–backgrounds: exp ( iΓ[u, ζ] ) = ∫ [dζ^′] exp{i ( I [ u + v ( ζ^′ + ζ )] − ζ^′ ΔΓ δζ ) }. (9.11) The manner of fixing the measure in the functional (9.10) (and as a consequence in (9.11) ) is obvious : [dζ] = ∏ u √ | G (u) | n_E −1∏ <α>=0 dζ^{<α>} (u) . (9.12) Using vielbein fields (9.6) we can rewrite the measure (9.12) in the form [dζ] = ∏ u n_E −1∏ α=0 dζ^α (u) . The structure of renormalization of σ-models of type (9.10) (or (9.11)) is analyzed, for instance, in [115,140,112]. For ha–spaces we must take into account the N–connection structure.

9.2 Regularization and β–Functions

The aim of this section is to study the problem of regularization and quantum ambiguities in β–functions of the renormalization group and to present the results on one- and two–loop calculus for the ha–σ–model (HAS–model).

9.2.1 Renormalization group beta functions

Because our σ-model is a two-dimensional and massless locally anisotropic theory we have to consider both types of infrared and ultraviolet regularizations (in brief, IR- and UV-regularization). In order to regularize IR-divergences and distinguish them from UV-divergences we can use a standard mass term in the action (9.1) of the HAS–model

I_{(m)} = − m̃^2 2λ^2 ∫ d^2zG_{<α><β>}u^{<α>}u^{<β>}. For regularization of UF-divergences it is convenient to use the dimensional regularization. For instance, the regularized propagator of quantum d–fields ζ looks like

< ζ^{<α>} (u_1) ζ^{<β>} (u_2) >= δ^{<α><β>}G (u_1 − u_2) = iλ^2δ^{<α><β>} ∫ d^q p (2π)^q exp [−ip (u_1 − u_2)] (p^2 − m̃^2 + i0) , where q = 2 − 2ϵ.

The d-covariant dimensional regularization of UF-divergences is complicated because of existence of the antisymmetric symbol ϵ^{AB} . One introduces [137,140] this general prescription: ϵ^{LN} η_{N M} ϵ^{M R} = ψ (ϵ) η^{LR} and ϵ^{M N} ϵ^{RS} = ω (ϵ) [ η^{M S} η^{N R} − η^{M R}η^{N S} ] , where η^{M N} is the q-dimensional Minkowski metric, and ψ (ϵ) and ω (ϵ) are arbitrary d-functions satisfying conditions ψ (0) = ω (0) = 1 and depending on the type of renormalization.

We use the standard dimensional regularization , with dimensionless scalar d-field u^{<α>} (z) , when expressions for unrenormalized G^{(ur)}_{<α><β>} and B^{(k,l)}_{<α><β>} have a d-tensor character, i.e. they are polynoms on d-tensors of curvature and torsion and theirs d-covariant derivations (for simplicity in this subsection we consider λ^2 = 1; in general one-loop 1PI-diagrams must be proportional to (λ^2)^{l−1}).

RG β-functions are defined by relations (for simplicity we shall omit index R for renormalized values) μ d dμ G_{<α><β>} = β^G_{(<α><β>)} (G, B) , μ d dμ B_{[<α><β>]} = β^B_{[<α><β>]} (G, B) , β_{<α><β>} = β^G_{(<α><β>)} + β^B_{[<α><β>]}. By using the scaling property of the one–loop counter–term under global conformal transforms G^G_{<α><β>} → Λ^{(l−1)}G^{(k,l)}_{<α><β>} , B^{(k,l)}_{<α><β>} → Λ^{(l−1)}B^{(k,l)}_{<α><β>} we obtain β^G_{(<α><β>)} = − (1,l)∑

l=1 lG^{(1,l)}_{(<α><β>)}, β^B_{[<α><β>]} = − ∞∑ l=1 lB^{(1,l)}_{[<α><β>]} in the leading order on ϵ (compare with the usual perturbative calculus from [107]).

The d-covariant one-loop counter-term is taken as

ΔI^{(l)} = 1 2 ∫ d^2zT^{(l)}_{<α><β>} ( η^{AB} − ϵ^{AB} ) ∂_Au^{<α>}∂_Bu^{<β>}, where T^{(l)}_{<α><β>} = l∑ k=1 1 (2ϵ^k) T^{(k,l)}_{<α><β>} (G, B) . (9.13) For instance, in the three-loop approximation we have β_{<α><β>} = T^{(1,1)}_{<α><β>} + 2T^{(1,2)}_{<α><β>} + 3T^{(1,3)}_{<α><β>}. (9.14) In the next subsection we shall also consider constraints on the structure of β-functions connected with conditions of integrability (caused by conformal invariance of the two-dimensional world-sheet).

9.2.2 1–loop divergences and ha–renorm group equations

We generalize the one-loop results to the case of ha-backgrounds. If in locally isotropic models one considers an one-loop diagram, for the HAS-model the distinguished by N-connection character of ha-interactions leads to the necessity to consider one-loop diagrams (see Fig. 1).To these diagrams one corresponds counter-terms:

I^{(c)}_1 = I^{(c,x2)}_1 + I^{(c,y2)}_1 + I^{(c,xy)}_1 + I^{(c,yx)}_1 = − 1 2 I_1 ∫ d^2z ^r_{ij} ( η^{AB} − ϵ^{AB} ) ∂_Ax^i∂_Bx^j − 1 2 I_1 ∫ d^2z ^r_{<a><b>} ( η^{AB} − ϵ^{AB} ) ∂_Ay^{<a>}∂_B y^{<b>}− 1 2 I_1 ∫ d^2z ^r_{i<a>} ( η^{AB} − ϵ^{AB} ) ∂_Ax^i∂_By^{<a>}− 1 2 I_1 ∫ d^2z ^r_{<a>i} ( η^{AB} − ϵ^{AB} ) ∂_Ay^{<a>}∂_Bx^i, where I_1 is the standard integral

I_1 =

G (0) λ^2 = i ∫ d^qp (2π)^2 1 p^2 − m̃^2 = Γ (ϵ) 4π^{q2} (m̃^2)^ϵ = 1 4πϵ − 1 π ln m̃ + finite counter terms.

There are one–loops on the base and fiber spaces or describing quantum interactions between fiber and base components of d-fields. If the ha-background d-connection is of distinguished Levi-Civita type we obtain only two one-loop diagrams (on the base and in the fiber) because in this case the Ricci d-tensor is symmetric. It is clear that this four-multiplying (doubling for the Levi-Civita d-connection) of the number of one-loop diagrams is caused by the ”indirect” interactions with the N-connection field. Hereafter, for simplicity, we shall use a compactified (non-distinguished on x- and y-components) form of writing out diagrams and corresponding formulas and emphasize that really all expressions containing components of d-torsion generate irreducible types of diagrams (with respective interaction constants) and that all expressions containing components of d-curvature give rise in a similar manner to irreducible types of diagrams. We shall take into consideration these details in the subsection where we shall write the two-loop effective action.

I^{(m,x2)} 1 r̂∂x^2 I^{(m,y2)} 1 r̂∂y^2

I^{(m,xy)} 1 1r̂(∂x)(∂y) I^{(m,yx)} 1 1r̂(∂y)(∂x)

Figure 9.1: Feynman diagrams for 1–loop β–functions

Subtracting in a trivial manner I_1, I_1 + subtractions = 1 4πϵ , we can write the one-loop β-function in the form: β^{(1)}_{<α><β>} = 1 2π ^r_{<α><β>} = 1 2π (r_{<α><β>}− G_{<α><τ >} T^{[<τ ><γ><ϕ>]} T_{[<β><γ><ϕ>]} + G^{<τ ><μ>} ∇_{<μ>}T_{[<α><β><τ >]}). We also note that the mass term in the action generates the mass oneloop counter-term

ΔI^{(m)}_1 = m̃^2 2 I_1 ∫ d^2z{ 1 3 r_{<α><β>}u^{<α>}u^{<β>} − u_{<α>}τ^{<α>}_{.<β><γ>} G^{<β><γ>} }. The last two formulas can be used for a study of effective charges as in [44] where some solutions of RG-equations are analyzed. We shall not consider in this work such methods connected with the theory of differential equations.

9.2.3 Two-loop β-functions for the HAS-model

In order to obtain two–loops of the HAS–model we add to the list (9.9) the expansion

ΔI^{(c)}_{1|2} = − 1 2 I_1 ∫ d^2z{^r_{<α><β>} ( η^{AB} − ϵ^{AB} ) ( ^∇_Aζ^{<α>} ) ( ^∇_Bζ^{<β>} ) + (∇_τ ^r_{<α><β>} + ^r_{<α><γ>} G^{<γ><δ>} T_{[<δ><β><τ >]} )× ( η^{AB} − ϵ^{AB} ) ζ^{<τ >}(^∇_Aζ^{<α>})∂_Bu^{<β>}+ ( ∇_{<τ >} ^r_{<α><β>} − T_{[<α><τ ><γ>]} ^r^{<γ>}_{.<β>} ) (η^{AB} − ϵ^{AB})∂_Au^{<α>} ( ^∇_Bζ^{<β>} ) ζ^{<τ >}+ ( η^{AB} − ϵ^{AB} ) ( 1 2 ∇_{<γ>}∇_{<τ >} ^r_{<α><β>} + 1 2 ^r_{<ϵ><β>} r^{.<ϵ>}_{<γ>.<τ ><α>} + 1 2 ^r_{<α><ϵ>} r^{.<ϵ>}_{<γ>.<τ ><β>} + T_{[<α><τ ><ϵ>]} ^r^{<ϵ><δ>} T_{[<δ><γ><β>]} + G^{<μ><ν>} T_{[<ν><β><γ>]} ∇_{<τ >} ^r_{<α><μ>} − G^{<μ><ν>} T_{[<α><γ><ν>]} ∇_{<τ >} ^r_{<μ><β>} )∂_Au^{<α>}∂_B u^{<β>}ζ^{<τ >}ζ^{<γ>}} and the d–covariant part of the expansion for the one–loop mass counterterm ΔI^{(m)}_{1|2} =

(m̃)^2 2 I_1 ∫ d^2z 1 3 r_{<α><β>}ζ^{<α>}ζ^{<β>}. The non-distinguished diagrams defining two–loop divergences are illustrated in Fig.2. We present the explicit form of corresponding counter-terms computed by using, in our case adapted to ha-backgrounds, methods developed in [140,137]:

For counter-term of the diagram (α) we obtain

(α) = − 1 2 λ^2(I_i)^2 ∫ d^2z{( 1 4 Δr_{<δ><φ>} − 1 12 ∇_{<δ>}∇_{<φ>}←−r + 1 2 r_{<δ><α>}r^{<α>}_{<φ>} − 1 6 r^{<α>.<β>} .<δ>.<ψ> r<α><β>+ 1 2 r^{<α>.<β><γ>} .<δ> r<α><φ><β><γ> + 1 2 G_{<δ><τ >} T^{[<τ ><α><β>]}ΔT_{[<φ><α><β>]} +

1 2 G_{<φ><τ >} r^{<α>}_{<δ>} T_{[<α><β><γ>]} T^{[<τ ><β><γ>]} − 1 6 G^{<β><τ >}T_{[<δ><α><β>]}T_{[<φ><γ><τ >]} r^{<α><γ>} + G^{<γ><τ >} T_{[<δ><α><τ >]}∇^{(<α>}∇^{<β>)}T_{[<φ><β><γ>]} + 3 4 G^{<κ><τ >} r^{<α>.<β><γ>} .<δ> T[<β><γ><κ>] T[<α><φ><τ >] − 1 4 r^{<κ><α><β><γ>} T_{[<δ><β><γ>]} T_{[<κ><α><φ>]} )∂_Au^{<δ>}∂^Au^{<φ>}+ 1 4 [∇^{<β>}ΔT_{[<δ><φ><β>]} − 3r^{<γ><β><α>} ...<δ> ∇<α>T[<β><γ><φ>] − 3T_{[<α><β><δ>]}∇^{<γ>}r^{<β><α>}_{..<γ><ψ>} + 1 4 r^{<α><γ>} ∇_{<α>}T_{[<γ><δ><φ>]} + 1 6 T_{[<δ><φ><α>]} ∇^{<α>}r− 4G^{<γ><τ >} T_{[<τ ><β><δ>]} T_{[<α><κ><φ>]} ∇^{<β>}(G_{<γ><ϵ>} T^{[<α><κ><ϵ>]} )+ 2G_{<δ><τ >} G^{<β><ϵ>} ∇_{<α>}(G^{<α><ν>} T_{[<ν><β><γ>]} )× T^{[<γ><κ><τ >]} T_{[<ϵ><κ><φ>]} ]ϵ^{AB}∂_Au^{<δ>}∂_Bu^{<φ>}}. In order to computer the counter-term for diagram (β) we use integrals: lim_{u→v} i < ∂_Aζ (u) ∂^Aζ (v) >= i ∫ d^qp (2π)^q p^2 p^2 − m̃^2

= m̃^2I_1

(containing only a IR-divergence) and J ≡ i ∫ d^2p (2π)^2 1 (p^2 − m̃^2)^2 = − 1 (2π)^2 ∫ d^2k_E 1 (k^2_E + m̃^2)^2 . (being convergent). In result we can express

(β) = 1 6 λ^2 ( I^2_1 + 2m̃I_1J ) × ∫ d^2z ^r_{<β><α><γ><δ>} r^{<β><γ>} ( η^{AB} − ϵ^{AB} ) ∂_Au^{<α>}∂_Bu^{<β>}.

In our further considerations we shall use identities (we can verify them by straightforward calculations): ^r^{.[<γ>.<δ>]} (<α>.<β>) = −∇(<α>(G<β>)<τ >T [<τ ><γ><δ>]), ^r_{[<β><α><γ><δ>]} = 2G^{<κ><τ >} T_{[<τ >[<α><β>]}T_{[<γ><δ>]<κ>],} in the last expression we have three type of antisymmetrizations on indices, [< τ >< α >< β >] , [< γ >< δ >< κ >] and [< α >< β >< γ >< δ >] , ^∇_{<δ>}T_{[<α><β><γ>]} ^∇_{<φ>}T^{[<α><β><γ>]} = 9 16 ( ^r_{[βαγ]δ} − ^r_{δ[αβγ]} ) × (9.15) ( ^r^{[<β><α><γ>]} ...........<φ> − ^r .[<α><β><γ>] ...........<φ> ) − 9 4 ^r_{[<α><β><γ><δ>]} ^r^{[<α><β><γ>} .........<φ>] + 9 4 ^r^{<α><β><γ>} ......[<δ> ^r[<φ>]<α><β><γ>] + 9 4 ^r^{<α>.<β><γ>} .[<δ> ^r[<φ>]<α><β><γ>] . The momentum integral for the first of diagrams (γ) ∫ d^qpd^q p^′ (2π)^{2q} p_Ap_B (p^2 − m̃^2)([k + q]^2 − m̃^2)([p + q]^2 − m̃^2) diverges for a vanishing exterior momenta k_{<μ>}.The explicit calculus of the corresponding counter-term results in

γ_1 = −

2λ^2 3q I^2_1 ∫ d^2z{(r_{<α>(<β><γ>)<δ>} + (9.16) G^{<φ><τ >} T_{[<τ ><α>(<β>]}T_{[<γ>)<δ><φ>]} ) × (r^{<β>.<γ><δ>}_{.<μ>} − G_{<μ><τ >} G_{<κ><ϵ>} T^{[<τ ><β><κ>]} T^{[<γ><δ><ϵ>]} )∂^Au^{<α>}∂_Au^{<μ>}+ (∇_{(<β>}T_{[<δ>)<α><γ>]} )∇^{<β>}(G_{<μ><τ >} T^{[<τ ><γ><δ>]}) ϵ^{LN} η_{N M} ϵ^{M R}∂_Lu^{<α>}∂_Ru^{<μ>}− 2(r_{<α>(<β><γ>)<δ>} + G^{<φ><τ >} T_{[<α><τ >(<β>]}T_{[<γ>)<δ><φ>]} )× ∇^{<β>}(G_{<μ><ϵ>} T^{[<ϵ><δ><γ>]} )ϵ^{M R}∂_M u^{<α>}∂_Ru^{<μ>}}.

The counter-term of the sum of next two (γ)-diagrams is chosen to be the ha-extension of that introduced in [140,137]

γ_2 + γ_3 = −λ^2ω (ϵ)

10 − 7q 18q I^2_1 × (9.17) ∫ d^2z{^∇_AT_{[<α><β><γ>]}^∇^AT^{[<α><β><γ>]}+ 6G^{<τ ><ϵ>} T_{[<δ><α><τ >]}T_{[<ϵ><β><γ>]} ^∇_{<φ>}T^{[<α><β><γ>]}× ( η^{AB} − ϵ^{AB} ) ∂_Au^{<δ>}∂_Bu^{<φ>}}. In a similar manner we can computer the rest part of counter-terms: δ = 1 2 λ^2(I^2_1 + m^2I_1J)× ∫ d^2z ^r_{<α>(<β><γ>)<δ>} ^r^{<β><γ>} ( η^{AB} − ϵ^{AB} ) ∂_Au^{<α>}∂_Bu^{<δ>}, ϵ = 1 4 λ^2I^2_1 ∫ d^2z ( η^{AB} − ϵ^{AB} ) × [Δ^r_{<δ><φ>} + r^{<α>}_{<δ>} ^r_{<α><φ>} + r^{<α>}_{<φ>} ^r_{<δ><α>} −2(G^{<α><τ >} T_{[<δ><β><α>]} T_{[<φ><γ><τ >]} ^r^{<β><γ>} − G_{<φ><τ >} T^{[<τ ><α><β>]} ∇_{<α>} ^r_{<δ><β>}+ G_{<δ><τ >} T^{[<τ ><α><β>]}∇_{<α>} ^r_{<β><φ>} ]∂_Au^{<δ>}∂_Bu^{<φ>}, ι = 1 6 λ^2m̃^2I_1J× ∫ d^2z ^r_{<β><α><γ><δ>} r^{<β><γ>} ( η^{AB} − ϵ^{AB} ) ∂_Au^{<α>}∂_Bu^{<δ>}, η = 1 4 λ^2ω (ϵ) ( I^2_1 + 2m̃^2I_1J ) × ∫ d^2z ^r^{<β>}_{.<α><γ><δ>} T_{[<β><φ><τ >]} T^{[<γ><φ><τ >]} ( η^{AB} − ϵ^{AB} ) ∂_Au^{<α>}∂_Bu^{<δ>}.

By using relations (9.5) we can represent terms (9.6) and (9.7) in the canonical form (9.1) from which we find the contributions in the β_{<δ><φ>}- function (9.2):

γ_1 : − 2 3(2π)^2 ^r_{<δ>(<α><β>)<γ>} ^r^{<γ>(<α><β>)} ........<φ> − (9.18) (ω_1 − 1) (2π)^2 { 4 3 ^r_{[<γ>(<α><β>)<δ>]} ^r^{[<γ>(<α><β>)} ........<φ>] + ^r_{[<α><β><γ><δ>]} ^r^{[<α><β><γ>} .......<φ>] }, γ_2 + γ_3 :

(4ω_1 − 5) 9(2π)^2 {^∇_{<δ>}T_{[<α><β><γ>]} ^∇_{<φ>}T^{[<α><β><γ>]} + 6G^{<τ ><ϵ>} T_{[<δ><α><τ >]} T_{[<ϵ><β><γ>]} ^∇_{<φ>}T^{[<α><β><γ>]} − (ω_1 − 1) (2π)^2 ^r_{[<α><β><γ><δ>]} ^r^{[<α><β><γ>} .......<φ>] }, η : ω_1 (2π)^2 ^r^α._{δβφ}T_{[ατ ϵ]}T^{[βτ ϵ]}. Finally, in this subsection we remark that two-loop β-function can not be written only in terms of curvature ^r_{<α><β><γ><δ>} and d-derivation ^∇_{<α>} (similarly as in the locally isotropic case [140,137] ).

9.2.4 Low–energy effective action for la–strings

The conditions of vanishing of β-functions describe the propagation of string in the background of ha-fields G_{<α><β>} and b_{<α><β>}. (in this section we chose the canonic d-connection^∘Γ^{<α>}_{·<β><γ>} on E^{<z>} ). The β-functions are proportional to d-field equations obtained from the on–shell string effective action I_{ef f} = ∫ du √ |γ|L_{ef f} (γ, b) . (9.19) The adapted to N-connection variations of (9.17) with respect to G^{<μ><ν>} and b^{<μ><ν>} can be written as ΔI_{ef f} δG^{<α><β>} = W_{<α><β>} + 1 2 G_{<α><β>}(L_{ef f} + complete derivation)), m^2r̂ r̂(η − ε)∂u^2

Diagram (ι)

Diagram (ε) r̂(η − ε)^2(∂u)^2 r̂(η − ε)

Diagram (δ)

(∇^2r̂ + rr̂ + T^2r̂ + T ∇r̂) (η − ε)(∂u)^2

εT εT (η − ε)(∂u)^2 Diagram (η) εT (∂u) εT εT

+ εT εT +

Diagrams (γ)

(r + T^2 + ε∇T )∂u (r + T^2 + ε∇T )∂u

(∇^2r + r^2 + T ∇^2T = rT^2)(∂u)^2+ ε(∇^3T + r∇T + T^2∇T + T ∇r)(∂u)^2

Diagram (α)

Diagram (β) r r̂(η − ε)(∂u)_2

Figure 9.2: Two-loops diagrams for HAS-models

ΔI_{ef f} δb^{<α><β>} = 0.

The invariance of action (9.17) with respect to N-adapted diffeomorfisms gives rise to the identity ∇_{<β>}W^{<α><β>} − T^{[<α><β><γ>]} ΔI_{ef f} δb^{<β><γ>} = − 1 2 ∇^{<α>}(L_{ef f} + complete derivation)

(in the locally isotropic limit we obtain the well-known results from [297, 54]). This points to the possibility to write out the integrability conditions as ∇^{<β>}β_{(<α><β>)} −G_{<α><τ >}T^{[<τ ><β><γ>]} β_{[<β><γ>]} = − 1 2 ∇_{<α>}L_{ef f} . (9.20) For one-loop β-function, β^{(1)}_{<α><β>} =^1_{2π} ^r_{<α><β>}, we find from the last equations ∇^{<β>}β^{(1)}_{(<δ><β>)} − G_{<δ><τ >} T^{[<τ ><β><γ>]}β^{(1)}_{[<β><γ>]} = 1 4π ∇_{<δ>} (←− R + 1 3 T_{[<α><β><γ>]}T^{[<α><β><γ>]} )

We can take into account two-loop β–functions by fixing an explicit form of

ω(ϵ) = 1 + 2ω_1ϵ + 4ω_2ϵ^2 + ...

when ω_{HV B} (ϵ) = 1 (1 − ϵ)^2

, ω^{HV B}_1 = 1, ω^{HV B}_2 = 3 4 (the t’Hooft-Veltman-Bos prescription [108]). Putting values (9.18) into (9.20) we obtain the two–loop approximation for ha–field equations ∇^{<β>}β^{(2)}_{(<δ><β>)} − G_{<δ><τ >} T^{[<τ ><β><γ>]}β^{(2)}_{[<β><γ>]} = 1 2(2π)^2 ∇_δ[− 1 8 r_{<α><β><γ><δ>} r^{<α><β><γ><δ>} + 1 4 r_{<α><β><γ><δ>} G_{<τ ><ϵ>} T^{[<α><β><τ >]}T^{[<ϵ><γ><δ>]} +

1 4 G^{<β><ϵ>} G_{<α><κ>} T^{[<α><τ ><σ>]}T_{[<ϵ><τ ><σ>]} T^{[<κ><μ><ν>]} T_{[<β><μ><ν>]} − 1 12 G^{<β><ϵ>} G_{<γ><λ>} T_{[<α><β><τ >]}T^{[<α><γ><φ>]}T_{[<ϵ><φ><κ>]} T^{[<λ><τ ><κ>]}], which can be obtained from effective action I^{ef f} ∼ ∫ δ^{nE} u √ |γ|[−←−r + 1 3 T_{[<α><β><γ>]}T^{[<α><β><γ>]}− α^′ 4 ( 1 2 r_{<α><β><γ>δ} r^{<α><β><γ><δ>} − G_{<τ ><ϵ>} r_{<α><β><γ><δ>} T^{[<α><β><τ >]}T^{[<ϵ><γ><δ>]} − G^{<β><ϵ>} G_{<α><υ>} T^{[<α><γ><κ>]}T_{[<ϵ><γ><κ>]} T^{[<υ><σ><ς>]} T_{[<β><σ><ς>]}+ 1 3 G^{<β><ϵ>} G_{<δ><κ>} T_{[<α><β><γ>]}T^{[<α><δ><φ>]}T_{[<φ><υ><ϵ>]} T^{[<γ><υ><κ>]} )] (9.21) The action (9.21) (for 2πα^′ = 1 and in locally isotropic limit) is in good concordance with the similar ones on usual closed strings [91,140].

We note that the existence of an effective action is assured by the Zamolodchikov c-theorem [296] which was generalized [242] for the case of bosonic nonlinear σ-model with dilaton connection. In a similar manner we can prove that such results hold good for ha-backgrounds.

9.3 Scattering of Ha–Gravitons

The quantum theory of ha-strings can be naturally considered by using the formalism of functional integrals on ”hypersurfaces” (see Polyakov’s works [193]). In this section we study the structure of scattering amplitudes of hagravitons. Questions on duality of ha-string theories will be also analyzed.

9.3.1 Ha–string amplitudes for ha-gravitons scatter- ing We introduce the Green function of ha–tachyons, the fundamental state of ha–string, as an integral ( after Weeck rotation in the Euclidean space ) G_t(p_{1,...,}p_N ) =

∫ [Dγ_{AB} (ζ)][Du^{<α>}(z)] exp(− 1 4πα^′ ∫ d^2z √ |γ|γ^{AB} ∂_Au^{<α>}∂_Bu^{<α>}) ∫ [∏ A D^2z_A ] √ |γ(z_B)| exp(ip^{<α>}_B u(z_B)), (9.22) where the integration measure on γ_{AB} includes the standard ghost Fadeev- Popov determinant corresponding to the fixation of the reparametrization invariance and [ ∏ A D^2z_A ] = ∏ A≠M,N,K d^2z_A|z_M − z_N |^2 |z_K − z_M |^2 |z_K − z_N |^2 .

Because the string quantum field theory can be uncontradictory formulated for spaces of dimension d=26 we consider that in formula (9.22) α takes values from 0 to 25. Formula (9.22) leads to dual amplitudes for ha-tachyon scatterings for p^2 =^4_{α′} (see [228] for details and references on usual locally isotropic tachyon scattering).

The generating functional of Green functions (9.22) in the coordinate u-representation can be formally written as a hyper surface mean value

Γ^0 [Φ] =< exp ( − 1 2πα^′ ∫ d^2z √ |γ|Φ [u (z)] ) > . In order to conserve the reparametrization invariance we define the hagraviton source as

Γ^0 [G] =< exp ( − 1 4πα^′ ∫ d^2z √ |γ|γ^{AB} ∂_Au^{<α>}∂_Bu^{<β>}G_{<α><β>} [u (z)] ) > from which we obtain the Green function of a number of K elementary perturbations of the closed ha-string (K ha–gravitons) G_g (u_1, ..., u_K) =< 1 2 ∫ [ ∏ [j] D^2z_{[j]}] √ |γ(z)|G^{AB} (z_{[j]})

∂_Au^{<α>}(z_{[j]})∂_Bu^{<β>}(z_{[j]} )χ^{(j)}_{<α><β>}δ^{(d)}(u_{[j]} − u(z_{[j]})) >, where χ^{(j)}_{<α><β>} are polarization d-tensors of exterior ha-gravitons and [j] = 1, 2, ...K. Applying the Fourier transform we obtain G_g (p_1, ..., p_K) =

∫ [Dγ_{AB} (z)][Du^{<α>} (z)] exp ( − 1 2πα^′ ∫ d^2z √ |γ| 1 2 G^{AB} ∂_Au^{<α>}∂_Bu^{<α>} )

∫ ∏ [j] D^2z_{[j]} 1 2 √ |γ(z_{[j])}|γ^{AB} (z_{[j]})∂_Au^{<β>}(z_{[j]})∂_Bu^{<γ>}(z_{[j]})χ^{(j)}_{<α><β>} exp[ip^δ_{[j]}u^δ(z)].

Integrating the last expression on G_{<μ><ν>} and u^{<α>} for d=26, when there are not conformal anomalies, we have G_g(p_1, ..., p_K) = ∫ ∏ [j] D^2z_{[j]} (∂_A ∂ ∂p_{[j]} · χ^{(j)}.∂^A ∂ ∂p_{[j]} )× ∫ [Dσ(z)] exp[−πα^′ ∑ [i,j] p_{[i]}p_{[j]}V (z_{[i]}, z_{[j]}, σ)], (9.23)

where V is the Green function of the Laplacian for the conformally-flat metric G_{AB} = e^σδ_{AB} :

∂_A( √ |γ|γ^{AB} ∂_A)V = −δ^2(z_{[i]} − z_{[j]})

which can be represented as

V (z_{[i]}, z_{[j]}, σ) = − 1 4π ln |z_{[i]} − z_{[j]}|^2, z_{[i]} ≠ z_{[j]}, V ( z_{[k]}, z^p_{[k]}, σ ) = 1 4π (σ(z_{[k]}) − ln( 1 ϵ )), for ϵ being the cutting parameter. Putting the last expression into (9.23) we compute the Green function of ha-gravitons:

G_g (p_1, ...p_K) = ∫ ∏ [j]≠[p],[q],[s] d^2z_{[j]}|z_{[q]} − z_{[p]}|^2|z_{[s]} − z_{[q]}|^2|z_{[s]} − z_{[p]}|^2(∂_A ∂ ∂p_{[j]} · χ^{(j)} · ∂^A ∂ ∂p_{[j]} ) ∫ dσ(z) ∏ [i]<[m] |z_{[i]} − z_{[m]}|^{α′p[i]p[j]} exp − 1 4 α^′ ∑ [k] p^2_{[k]}σ(z_{[k]}) exp α^′ 4 ln( 1 ϵ ) ∑ [k] p^2_{[k]} , where the definition of integration on σ(z) is extended as ∫ dσ(z) ≡ σ_s(z_{[j]})→+∞ lim σ_d(z_{[j]})→−∞ ∏ [j] ∫_{σs(z[j])} σ_d (z_{[j]}) dσ(z_{[j]}). So the scattering amplitude

A_g(p_1, ..., p_K) = lim_{p2[j]→0} ∏ [j] p^2_{[j]}G_g (p_{1,}..., p_K)

is finite if lim σ_d(z_{[j]})→−∞,p^2_{[j]}→0 |p^2_{[j]}σ(z_{[j]})| = const < ∞. G_g (p_1, ..., p_{K)} has poles on exterior momenta corresponding to massless higher order anisotropic modes of spin 2 (ha-gravitons). The final result for the scattering amplitute of ha-gravitons is of the form A_g(p_1, ..., p_K) ∼ ∫ ∏ [j]≠[p],[q],[s] d^2z_{[j]}|z_{[p]} − z_{[q]}|^2|z_{[s]} − z_{[q]}|^2|z_{[s]} − z_{[p]}|^2

∂_A ∂ ∂p^{<α>}_{[j]} χ^{(j)}_{<α><β>}∂^A ∂ ∂p^{<β>}_{[j]} ∏ [m]<[n] |z_{[m]} − z_{[n]}|^{α′p[m]·p[n]} . If instead of polarization d-tensor χ^{(j)}_{<α><β} the graviton polarization tensor χ^{(j)}_{ik} is taken we obtain the well known results on scattering of gravitons in the framework of the first quantization of the string theory [80,138]

9.3.2 Duality of Ha–σ–models

Two theories are dual if theirs non-equivalent second order actions can be generated by the same first order action. The action principle assures the equivalence of the classical dual theories. But, in general, the duality transforms affects the quantum conformal properties [52]. In this subsection we shall prove this for the ha-σ-model (9.1) when metric γ and the torsion potential b on ha-background E^{<z>} do not depend on coordinate u^0. If such conditions are satisfied we can write for (9.1) the first order action I = 1 4πα^′ ∫ d^2z{ n_E −1∑ <α>,<β>=1 [ √ |γ|γ^{AB}(G_{00}V_AV_B + 2G_{0α}V_A (∂_B u^{<α>}) +

(9.24) G_{<α><β>}(∂_Au^{<α>}) ( ∂_Bu^{<β>} ) ) + ϵ^{AB}(b_{0<α>}V_B (∂_Au^{<α>})+ b_{<α><β>}(∂_Au^{<α>})(∂_Bu^{<β>}))] + ϵ^{AB} ^u^0(∂_AV_B ) + α^′ √ |γ|R^{(2)}Φ(u)}, where string interaction constants from (9.1) and (9.24) are related as λ^2 = 2πα^′. This action will generate an action of type (9.1) if we shall exclude the Lagrange multiplier ^u^0. The dual to (9.24) action can be constructed by substituting V_A expressed from the motion equations for fields V_A (also obtained from action (9.23)): ^I = 1 4πα^′ ∫ d^2z{ √ |γ|γ^{AB} ^G_{<α><β>} (∂_A ^u^{<α>})(∂_B ^u^{<β>})+ ϵ^{AB}^b_{<α><β>}(∂_A ^u^{<α>})(∂_B ^u^{<β>}) + α^′ √ |γ|R^{(2)}Φ(u)}, where the knew metric and torsion potential are introduced respectively as

^G_{00} = 1 G_{00} , ^G_{0<α>} = b_{0<α>} G_{00} ,

^G_{<α><β>} = G_{<α><β>} − G_{0<α>}G_{0<β>} − b_{0<α>}b_{0<β>} G_{00} and ^b_{0<α>} = −^b_{<α>0} = G_{0<α>} G_{00} , ^b_{<α><β>} = b_{<α><β>} + G_{0<α>}b_{0<β>} − b_{0<α>}G_{0<β>} G_{00} (in the formulas for the new metric and torsion potential indices α and β take values 1, 2, ...n_E − 1).

If the model (9.1) satisfies the conditions of one–loop conformal invariance (see details for locally isotropic backgrounds in [53], one holds these ha-field equations 1 α^′ n_E − 25 3 + [4(∇Φ)^2 − 4∇^2Φ − r − 1 3 T_{[<α><β><γ>]}T^{[<α><β><γ>]}] = 0, ^r_{(<α><β>)} + 2∇_{(<α>}∇_{<β>)}Φ = 0, ^r_{[<α><β>]} + 2T_{[<α><β><γ>]}∇^{<γ>}Φ = 0. (9.25) By straightforward calculations we can show that the dual theory has the same conformal properties and satisfies the conditions (9.25) if the dual transform is completed by the shift of dilaton field ^Φ = Φ −^1_2 log G_{00}.

The system of ha–field equations (9.25), obtained as a low-energy limit of the ha–string theory, is similar to Einstein–Cartan equations (6.34) and (6.36). We note that the explicit form of locally anisotropic energy–momentum source in (9.25) is defined from well defined principles and symmetries of string interactions and this form is not postulated, as in usual locally isotropic field models, from some general considerations in order to satisfy the necessary conservation laws on ha-space whose formulation is very sophisticated because of nonexistence of global and even local group of symmetries of such type of spaces. Here we also remark that the higher order anisotropic model with dilaton field interactions does not generate in the low-energy limit the Einstein-Cartan ha-theory because the first system of equations from (9.25) represents some constraints (being a consequence of the two-dimensional symmetry of the model) on torsion and scalar curvature which can not be interpreted as some algebraic relations of type (6.36) between locally anisotropic spin-matter source and torsion. As a matter of principle we can generalize our constructions by introducing interactions with gauge ha-fields and considering a variant of locally anisotropic chiral σ-model [126] in order to get a system of equations quite similar to (6.36). However, there are not exhaustive arguments for favoring the Einstein-Cartan theory and we shall not try in this work to generate it necessarily from ha-strings.

9.4 Summary and Conclusions

Let us try to summarize our results, discuss their possible implications and make the basic conclusions. Firstly, we have shown that the Einstein-Cartan theory has a natural extension for a various class of ha-spaces. Following the R. Miron and M. Anastesiei approach [160,161] to the geometry of la-spaces it becomes evident the possibility and manner of formulation of classical and quantum field theories on such spaces. Here we note that in latheories we have an additional geometric structure, the N-connection. From physical point of view it can be interpreted, for instance, as a fundamental field managing the dynamics of splitting of high-dimensional space-time into the four-dimensional and compactified ones. We can also consider the Nconnection as a generalized type of gauge field which reflects some specifics of ha-field interactions and possible intrinsic structure of ha-spaces. It was convenient to analyze the geometric structure of different variants of haspaces (for instance, Finsler, Lagrange and generalized Lagrange spaces) in order to make obvious physical properties and compare theirs perspectives in developing of new physical models.

According to modern-day views the theories of fundamental field interactions should be a low energy limit of the string theory. One of the main results of this work is the proof of the fact that in the framework of ha-string theory is contained a more general, locally anisotropic, gravitational physics. To do this we have developed the locally anisotropic nonlinear sigma model and studied it general properties. We shown that the condition of self consistent propagation of string on ha-background impose corresponding constraints on the N-connection curvature, ha-space torsion and antisymmetric d-tensor. Our extension of background field method for ha-spaces has a distinguished by N-connection character and the main advantage of this formalism is doubtlessly its universality for all types of locally isotropic or anisotropic spaces.

The presented one- and two-loop calculus for the higher order anisotropic string model and used in this work d-covariant dimensional regularization are developed for ha-background spaces modelled as vector bundles provided with compatible N-connection, d-connection and metric structures. In the locally isotropic limit we obtain the corresponding formulas for the usual nonlinear sigma model.

Finally, it should be stressed that we firstly calculated the amplitudes for scattering of ha-gravitons and that the duality properties of the formulated in this work higher order anisotropic models are similar to those of models considered for locally isotropic strings

Chapter 10

Stochastic Processes on HA–Spaces

The purpose of investigations in this Chapter [253,262] is to extend the formalism of stochastic calculus to the case of spaces with higher order anisotropy (distinguished vector bundles with compatible nonlinear and distinguished connections and metric structures and generalized Lagrange and Finsler spaces). We shall examine nondegenerate diffusions on the mentioned spaces and theirs horizontal lifts.

Probability theorists, physicists, biologists and financiers are already familiar with classical and quantum statistical and geometric methods applied in various branches of science and economy [13,14,171,189,131,84,141]. We note that modeling of diffusion processes in nonhomogerneous media and formulation of nonlinear thermodynamics in physics, or of dynamics of evolution of species in biology, requires a more extended geometrical background than that used in the theory of stochastic differential equations and diffusion processes on Riemann, Lorentz manifolds [117,74,75,76] and in Rieman–Cartan–Weyl spaces [197,199].

Our aim is to formulate the theory of diffusion processes on spaces with local anisotropy. As a model of such spaces we choose vector bundles on space-times provided with nonlinear and distinguished connections and metric structures [160,161]. Transferring our considerations on tangent bundles we shall formulate the theory of stochastic differential equations on generalized Lagrange spaces which contain as particular cases Lagrange and

Finsler spaces [213,17,18,29,159].

The plan of the presentation in the Chapter is as follow: We present a brief introduction into the theory of stochastic differential equations and diffusion processes on Euclidean spaces in section 10.1. In section 10.2 we give a brief summary of the geometry of higher order anisotropic spaces. Section 10.3 is dedicated to the formulation of the theory of stochastic differential equations in distinguished vector bundle spaces. This section also concerns the basic aspects of stochastic calculus in curved spaces. In section 10.4 the heat equations in bundle spaces are analyzed. The nondegenerate diffusion on spaces with higher order anisotropy is defined in section 10.5. We shall generalize in section 10.6 the results of section 10.4 to the case of heat equations for distinguished tensor fields in vector bundles with (or not) boundary conditions. Section 10.7 contains concluding remarks and a discussion of the obtained results.

10.1 Diffusion Processes on Euclidean Spa- ces We summarize the results necessary for considerations in the next sections. Details on stochastic calculus and diffusion can be found, for example, in works [117,62,90,132,123,124,71].

10.1.1 Basic concepts and notations

Let consider the probability space (Ω, F, P ) , where (Ω, F) is a measurable space, called the sample space, on which a probability measure P can be placed. A stochastic process is a collection of random variables X = {X_L; 0 ≤ t < ∞} on (Ω, F) , which take values in a second measurable space (S, B ) , called the state space. For our purposes we suggest that (S, B ) is locally a r-dimensional Euclidean space equipped with a σ-field of Borel sets, when we have the isomorphism S ∼= R^r and B ∼= B (R^r) , where B (U) denotes the smallest σ-field containing all open sets of a topological space U. The index t ∈ [0, ∞) of the random variables X_t will admit a convenient interpretation as time.

We equip the sample space(Ω, F) with a filtration, i.e. we consider a non decreasing family {F, t ≥ 0} of sub σ-fields of F : F_s ⊆ F_t ⊆ F for

0≤ s < t < ∞. We set F_∞ = σ ( ⋃ t≥0 F ) . One says that a sequence X_n converges almost surely (one writes in brief a.s.) to X if for all ω ∈ Ω, excepting subsets of zero probability, one holds the convergence lim_{n→∞} X_n (ω) = X (ω) .

A random variable X_t is called p-integrable if ∫ Ω |X (ω)|^p P (dω) < ∞, p > 0, ω ∈ Ω, a.s. (10.1) (X_t is integrable if (10.1) holds for p = 1). For an integrable variable X the number E (X) = ∫ Ω X (w) P (dω) is the mathematical expectation of X with respect to the probability measure P on (Ω, F) .

Using a sub- σ-field G of σ-field F we can define the value E (X, G) = ∫ G X (ω) dω called as the conditional mathematical expectation of X with respect to G.

Smooth random processes are modeled by the set of all smooth functions w : [0, ∞) ∋ t → w (t) ∈ R^r, denoted as W^r = C ([0, ∞) → R^r ) . Set W^r is complete and separable with respect to the metric

ρ (w_1, w_2) = ∞∑ n=1 2^{−n} [( max 0≤t≤n |w 1 (t) − w_2 (2)| ) ⋀ 1 ] , w_1, w_2 ∈ W^r, where a ⋀ 1 = min{a, 1}. Let B (W^r) be a topological σ-field. As a Borel cylindrical set we call a set B ⊂ W^r, defined as B = {w : (w (t_1) , w (t_2) , ..., w (t_n)) and E ⊂ B (R^{nr} ) . We define as C ⊂ B (W^r) the set of all Borel cylindrical sets.

Definition 10.1 A process {X_t, F_t, 0 ≤ t < ∞} is said to be a submartingale (or supermartingale ) if for every 0 ≤ s < t < ∞, we have Ṗ −a.s. E (X_t|F) ≥ X_s ( or E (X_t|F) ≤ X_s). We shall say that {X_t, F_t, 0 ≤ t < ∞} is a martingale if it is both a submartingale and a supermartingale.

Let the function p (t, x) , t > 0, x ∈ R^r is defined as

p (t, x) = (2πt)^{− r2} exp [ − |x|^2 2t ]

and X = (X_t)_{t∈[0,∞)} is a r-dimensional process that for all 0 < t_1 < ... < t_m and E_i ∈ B (R^r ) , i = 1, 2, ..., m, P {X_{t1} ∈ E_1, X_{t2} ∈ E_2, ..., X_{tm} ∈ E_m} = ∫ R^∇ μ (dx) ∫ E_1

p (t_1, x_1 − x) dx_1 ∫ E_2

p (t_2 − t_1, x_2 − x_1) dx_2... ∫ E_m p (t_m − t_{m−1}, x_m − x_{m−1}) dx_m, (10.2) where μ is the probability measure on(R^r, B (R^r)) .

Definition 10.2 A process X = (X_t) with the above stated properties is called a r–dimensional Brownian motion (or a Wiener process with initial distribution μ. A probability P^X on (W^r, B (W^r)) , where P {w : w (t_1) ∈ E_1, w (t_2) ∈ E_2, ..., w (t_m) ∈ E_m} is given by the right part of (10.2) is called a r-dimensional Wiener distribution with initial distribution μ.

Now, let us suggest that on the probability space (Ω, F, P ) a filtration (F_t) , t ∈ [0, ∞ ) is given. We can introduce a r–dimensional (F_t)–Brownian motion as a d–dimensional smooth process X = (X (t))_{t∈[0,∞)} , (F_t)–coordinated and satisfying condition

E [exp [i < ξ, X_t − X_s >] |F_s ] = exp [ − (t − s) |ξ|^2 /2 ] a.s. for every ξ ∈ R^r and 0 ≤ s < t.

The next step is the definition of the Ito stochastic integral [123,117,62, 90,132]. Let denote as L_2 the space of all real measurable processes Φ = {Φ (t, u)}_{t≥0} on Ω, (F_t) -adapted for every T > 0, ‖ Φ ‖^2_{,T} .= E T∫ 0 Φ^2 (s, ω) ds < ∞ , where ” .= ” means ”is defined to be”. For Φ ∈ L_2 we write ‖ Φ ‖_2 .= ∞∑ n=1 2^{−2} ( ‖ Φ ‖_{2,n} ⋀ 1 ) . We restrict our considerations to processes of type Φ (t, ω) = f_0 (ω) I_{{t=0}} + ∞∑ i=0 f_i (ω) I_{(titi+1 ]} (t) , (10.3) where I_A (B) = 1, if A ⊂ B and I_A (B) = 0, if A ⊆ B.

Let denote M_2 = {X = (X_t)_{t≥0} ; X is a quadratic integrable martingale on (Ω, F,P ) referring to (F_t)_{t≥0} and X_0 = 0 a.s. } and M^c_2 = { X ∈ M_2; t → X is smooth a.s.}. For X ∈ M_2 we use denotations |X|_T .= E [ X^2_T

] 1_2 , T > 0, and |X| =^∞ ∑ n=1 2^{−n} (|X|_n ⋀ 1) .

Now we can define stochastic integral on (F_t)-Brownian motion B (t) on (Ω, F, P ) as a map L_2∋Φ → I (Φ) ∈ M^c_2.

For a process of type (10.3) we postulate I (Φ) (t, ω) = n−1∑ i=0 [f_i (ω) (B (t_{i+1}, ω) − B (t_i, ω)) + f_n (ω) (B (t, w) −

B (t_n, ω))] = ∞∑ i=0 f_i ( B ( t ⋀ t_{i+1} ) − B ( t ⋀ t_i )) (10.4) for t_n ≤ t ≤ t_{n+1}, n = 0, 1, 2, ....

Process I (Φ) ∈ M^c_2 defined by (10.4) is called the stochastic integral of Φ ∈ L_2 on Brownian motion B (t) and is denoted as

I (Φ) (t) = t∫ 0 Φ (s, ω) dB (s, w) = t∫ 0 Φ (s) dB (s) . (10.5)

It is easy to verify that the integral (10.5) satisfies properties:

|I (Φ)|_T =‖ Φ ‖_{2,T} =‖ Φ ‖_2,

E ( I (Φ) (t)^2 ) = ∞∑ i=0 E [ f^2_i ( t ⋀ t_{i+1} − t ⋀ t_i )] = E t∫ 0 Φ^2 (s, w) ds and I (αΦ + βΨ) (t) = αI (Φ) (t) + βI (Ψ) (t) ,

for every Φ, Ψ ∈ L_2 (α, β ∈ R) and t ≥ 0.

Consider a measurable space (Ω, F) equipped with a filtration (F_t ) . A random time T is a stopping time of this filtration if the event {T ≤ t} belongs to the σ-field(F_t ) for every t ≥ 0. A random time is an optional time of the given filtration if {T ≤ t} ∈ (F_t ) for every t ≥ 0. A real random process X = (X_t)_{t>0} on (Ω, F,P ) is called a local (F_t) -martingale if it is adapted to (F_t ) and there is a sequence of stopping (F_t )-moments σ_n with σ_n < ∞, σ_n ↑ ∞ and X_n = (X_n(t)) is a (F_t )-martingale for every n = 1, 2, ..., where X_n = X (t ⋀ σ_n) . If X_n is a quadratic integrable martingale for every n, than X is called a local quadratic integrable (F_t )- martingale .

Let denote M^{loc}_2 = { X = (X_t)_{t≥0} , X is a locally quadratic integrable (F_t )-martingale and X_0 = 0 a.s.} and M^{c,loc}_2 ={X ∈ M^{loc}_2 : t → X_t is smooth a.s.}. In a similar manner with the Brownian motion we can define stochastic integrals for processes Φ ∈ L_2 and Φ ∈ L^{loc}_2 on M ⊂ M^{loc}_2 (we have to introduce M (t_j , ω) instead of B (t_j, ω) respectively for t_j = t_{i+1}, t_j = t_i, t_i = t_n, t_j = 1 in formulas (10.4)). In this case one denotes the stochastic integral as

I^M (Φ) (t) = t∫ 0 Φ (s) dM (s) .

A great part of random processes can be expressed as a sum of a mean motion and fluctuations ( Itô processes )

X (t) = X (0) + t∫ 0 f (s) ds + t∫ 0 g (s) dB (s) ,

where^t ∫ 0 f (s) ds defines a mean motion ,^t ∫ 0 g (s) dB (s) defines fluctuations and ∫ dB is a stochastic integral on Brownian motion B (t) . In general such processes are sums of processes with limited variations and martingales. Here we consider the so-called smooth semimartingales introduced on a probability space with a given filtration (F_t)_{t≥0} , M^i (t) ∈ M^{c,loc}_2 and A^i (t) being smooth (F_t)-adapted processes with trajectories having a limited variation and A^i(0) = 0 (i=1,2,...,r). So a smooth r-dimensional semimartingale can be written as

X^i (t) = X^i (0) + M^i (t) + A^i (t) . (10.6)

For processes of type (10.6) one holds the Itô formula [123,117,62,90,132] which gives us a differential-integral calculus for paths of random processes:

F (X (t)) − F (X (0)) = t∫ 0 F^′_i (X (s)) dM^i (s) + 1 2 t∫ 0 F^{′′}_{ij} (X (s)) d < M^iM^j > (s, ) , (10.7)

where F^′_i =^{∂F}_{∂xi} , F^{′′}_{ij} =^{∂2F}_{∂xi∂xj} , < M^iM^j > is the quadratic covariation of processes M^i ,M^j ∈ M_2, which really represents a random process A = A_t, parametrized as a difference of two natural integrable processes with the property that M_tN_t − A_t is a (F_t)-martingale. Here we remark that a process Q = Q_t is an increasing integrable process if it is (F_t)-adapted, Q_0 = 0, the map t → Q_1 is left-continuous , Q_t ≥ 0 and E (Q_t) < ∞ for every t ∈ [0, ∞). A process Q is called natural if for every bounded martingale M = (M_t) and every t ∈ [0, ∞) E τ∫ 0 M_sdA_s = E t∫ 0 M_sdA_s .

There is another way of definition of stochastic integration instead of Itô integral, the so-called Fisk–Stratonovich integral, which obeys the usual rules of mathematical analysis. Let introduce denotations : A is the set of all such smooth (F_t)-adapted processes A = (A_t) that A_0 = 0 and t → A_t is a function with limited variation on every finite integral a.s.; B is the set of all such (F_t)-predictable processes Φ = (Φ_t) that with the probability one the function t → Φ_t is a bounded function on every finite interval and (t, ω) → X_t (ω) is C/B (R^r)-measurable; O is the set of quasimartingales (for every X ⊂ O we have the martingale part M_X and the part with limited variation ). For every Φ ∈ B and X ∈ O one defines the scalar product

(Φ ∘ X) = X (0) + t∫ 0 Φ (s, w) dM_X (s) + t∫ 0 Φ (s, w) dA_X (s) , t ≥ 0, as an element of O . One introduces an element Φ ∘ dX ∈ dO as ΦdX = Φ ∘ dX = d (Φ ∘ X) in order to define the symmetric Q-product : Y ∘ dX = Y dX + 1 2 dXdY for dX ∈ dO and Y ∈ O. The stochastic integral^t ∫ 0 Y ∘ dX is called the

symmetric Fisk-Stratonovich integral.

10.1.2 Stochastic differential equations

Let denote as A^{c,r} the set of functions satisfying the conditions : α (t, w) : [0, ∞) × W^r → R^r × R^r are B ([0, ∞)) × B (W^r) /B (R^r ⊗ R^r)-measurable, for every t ∈ [0, ∞) a function W^r ∋ w → α (t, w) ∈ R^r × R^r is B_t (W^r) /B ( R^d ⊗ R^c ) -measurable, where R^r × R^c denotes the set of r × c matrices, B (R^r ⊗ R^r) is the topological σ-field on R^r × R^c , obtained in the result of identification of R^r × R^c with rc-dimensional Euclidean space.

Suppose that values α ∈ A^{r,c} and β ∈ A^{r,1} are given and consider the next stochastic differential equations for a r-dimensional smooth process X = (X (t))_{t≥0} :

dX^ϵ_t = r∑ j=1 α^ϵ_γ (t, X) dB^γ (t) + β^ϵ (t, X) dt, (10.8) (ϵ = 1, 2, ..., r), for simplicity also written as dX_t = α (t, X) dB (t) + β (t, X) dt. As a weak solution (with respect to a c–dimensional Brownian motion B (t) , B (0) = 0 a.s.) of the equations (10.8) we mean a r–dimensional smooth process X = (X (t))_{t≥0} , defined on the probability space (Ω, F, P ) with such a filtration of σ–algebras (F_t)_{t≥0} that X = X (t) is adapted to (F_t)_{t≥0} , i.e. a map ω ∈ Ω → X(ω) ∈ W^r is defined and for every t ∈ [0, ∞) this map is F_t/B_t (W^r )–measurable; we can define processes Φ^δ_β (t, ω) = α^δ_β (t, X (ω)) ⊂ L^{loc}_2 and Ψ^δ (t, ω) = β^δ (t, X (ω)) ⊂ L^{loc}_1 ; values X (t) = (X^1 (t) , X^2 (t) , ..., X^r (t)) and B (t) = (B^1 (t) , B^2 (t) , ..., B^c (t)) satisfy equations

X^i (t) − X^i (0) = c∑ β=1 t∫ 0 α^δ_β (s, X) dB^β (s) + t∫ 0 β^δ (s, X) ds, (10.9)

with the unit probability, where the integral on dB^β (s) is considered as the Itô integral (10.7). The first and the second terms in (10.9) are called correspondingly as the martingale and drift terms.

Let σ (t, x) = σ^i_j (t, x) be a Borel function (t, x) ∈ [0, ∞)×R^r → R^r ⊗R^r and b (t, x) = {b^i (t, x)} be a Borel function (t, x) ∈ [0, ∞)×R^r → R^r. Then α (t, w) = σ (t, w (t)) ⊂ A^{r,c} and β (t, w) = b (t, w (t)) ∈ A^{r,1}. In this case the stochastic differential equations (10.8) are of the Markov type and can be written in the form

dX^i (t) = r∑ k=1 σ^i_k (t, X (t)) dB^k (t) + b^i (t, X (t)) dt.

If σ and b depend only on x ∈ R^⌋ we obtain a equation with homogeneous in time t coefficients.

Function

Φ (x, w) : R^r × W^c_0 → W^r, W^c_0 = {w ∈ C ([0, ∞) → R^r) ; w (0) = 0}

is called ^E (R^r × W^c_0 )–measurable if for every Borel probability measure μ on R^r there is a function ~Φ_μ (x, w) : R^r × W^c_0 → W^c, which is B(R^r × W^c_0 )^{μ×P W} /B (W^r)–measurable for all x (μ) , Φ (x, w) = ~Φ_μ (x, w) and P^W –almost all w (P^W is the c–dimensional Wiener measure on W^c_0 , i.e. a distribution B ).

A solution X = (X (t)) of the equations (10.8) with a Brownian motion B = B (t) is called a strong solution if there is a function F (x, w) : R^r ×W^c_0 → W^r, which is ^E (R^r × W^c_0 )–measurable for every x ∈ R^r , w → F (x, w) is B_t (W^c_0 )^{P W} /B_t (W^c)–measurable for every t ≥ 0 and X = F (X (0) , B) a.s.

We obtain a unique strong solution if for every r–dimensional (F_t)– Brownian motion B = B (t) (B (0) = 0) on the probability space with the filtration (F_t) and arbitrary (F_0)–measurable R^r–valued random vector X = F (ξ, B) is a solution of (10.8) on this space with X (0) = ξ a.s. So, a strong solution can be considered as a function F (x, w) which generates a solution X of equation (10.8) if and only if we shall fix the initial value X (0) and Brownian motion B.

10.1.3 Diffusion Processes

As the diffusion processes one names the class of processes which are characterized by the Markov property and smooth paths (see details in [124,71, 117]. Here we restrict ourselves with the definition of diffusion processes generated by second order differential operators on R^r :

Af (x) = 1 2 r∑ i,j=1 a^{ij} (x) ∂^2f ∂x^i∂x^j (x) + r∑ i=1 b^i (x) ∂f ∂x (x) , (10.10)

where a^{ij} (x) and b^i (x) are real smooth functions on R^r , matrix a^{ij} (x) is symmetric and positively defined . Let denote by ^R^r = R^r ∪{Δ} the point compactification of R^r. Every function f on R^r is considered as a function on ^R^r with f (Δ) = 0. The region of definition of the operator (10.10) is taken the set of doubly differentiable functions with compact carrier, denoted as C^2_K (R^r ) . Let B ( ^W^r ) be the σ-field generated by the Borel cylindrical sets, where ^W^r = {w : [0, ∞) ∋ t → w (t) ∈ ^R^r is smooth and if w (t) = Δ , then w (t^′) = Δ for all t^′ ≥ t. The value e (w) = inf{t; w (t) = Δ, w ∈ ^W^r} is called the explosion time of the path w.

Definition 10.3 A system of Markov probability distributions {P_x, x ∈ R^r } on ( ^W^r, B ( ^W^r )) , which satisfy conditions : P_X {w : w(0) = x} = 1 for

every x ∈ R^r; f (w (t)) − f (w (0)) −^t ∫ 0 (Af) (w (s)) ds is a ( P_x, B_t ( ^W^r) ) – martingale for every f ∈ C^2_K (R^r ) and x ∈ R^r defines a diffusion measure generated by an operator A ( or A- diffusion).

Definition 10.4 A random process X = (X (t)) on R^r is said to be a diffusion process, generated by the operator A ( or simply a A–diffusion process) if almost all paths [t → X (t)] ∈ ^W^r and probability law of the process X coincides with P_μ (·) = ∫ R^r P_x (·) μ (dx) , where μ is the diffusion

measure generated by the operator A and {P_x} is the probability law of X (0) .

To a given A-diffusion we can associate a corresponding stochastic differential equation. Let the matrix function σ (x) = ( σ^i_j (x) ) ∈ R^r × R^r defines a^{ij} (x) =^r ∑ k=1 σ^i_k (x) σ^j_k (x) and consider the equations

dX^i (t) = r∑ k=1 σ^i_k (X (t)) dB^k (t) + b^i (X (t)) dt. (10.11)

There is an extension of (Ω, F,P ) with a filtration (F_t) of the probability space ( ^W^r, B ( ^W^r ) , P_X ) and with a filtration B_t ( ^W^r ) and a (F_t)-Brownian motion B (t) (see [117] and the previous subsections) that putting X (t) = w (t) and e = e (w) one obtains for t ∈ [0, e)

X^i (t) = x^i + r∑ k=1 t∫ 0 σ^i_k (X (s)) dB^k (s) + t∫ 0 b^i (X (s)) ds. So (X (t) , B (t)) is the solution of the equations (10.11) with X (0) = x.

If bounded regions are considered, diffusion is described by second order partial differential operators with boundary conditions. Let denote D = R^r_t = {x = (x^1, x^2, ....x^r); x^r ≥ 0}, ∂D = {x ∈ D, x^r = 0}, D^0 = {x ∈ D; x^r > 0}. The Wentzell bound operator is defined as a map from C^2_K (L) to the space of smooth functions on ∂D of this type: Lf (x) = 1 2 r−1∑ i,j=1 α^{ij} (x) ∂^2f ∂x^i∂x^j (x) + r−1∑ i=1 β^i (x) ∂f ∂x (x) + μ (x) ∂f ∂x^r (x) − ρ (x) Af (x) , (10.12)

where x ∈ ∂D, α^{ij} (x) , β^i (x) , μ (x) and ρ (x) are bounded smooth functions on ∂D, α^{ij} (x) is a symmetric and nondegenerate matrix, μ (x) ≥ 0 and ρ (x) ≥ 0. A diffusion process defined by the operators (10.10) and (10.12) is called a (A, L)-diffusion.

10.2 Ha–Frames and Horizontal Lifts

We emphasize that in this Chapter all geometric constructions and results on stochastic calculus will be formulated for the general case of ha-spaces.

On a ha–space E^{<z>} we can consider arbitrary compatible with metric G d-conne-tions Γ^{<α>}_{<β><γ>} , which are analogous of the affine connections on locally isotropic spaces (with or not torsion). On E^{<z>} it is defined the canonical d-structure −→ Γ^{<α>}_{<β><γ>} with coefficients generated by components of metric and N-connection (we shall consider the metric and d–connection to be induced in a Riemannian manner but on a ha–space) −→ Γ^i_{jk} = L^i_{jk} , −→ Γ^i_{j<a>} = C^i_{j<a>}, −→ Γ^i_{<a>j} = 0, −→ Γ^i_{<a><b>} = 0, (10.13)

−→ Γ^{<a>}_{jk} = 0, −→ Γ^{<a>}_{j<b>} = 0, −→ Γ^{<a>}_{<b>k} = L^{<a>}_{<b>k} , −→ Γ^{<a>}_{<b><c>} = C^{<a>}_{<b><c>,} where L^i_{jk} = 1 2 g^{ip}(δ_kg_{pi} + δ_jg_{pk} − δ_pg_{jk} ), L^{ap}_{bP df} = δ_{bp} N^{ap}_{df} + 1 2 h^{ap<c>} (δ_{df} h_{bp <c>} − δ_{bp} N^{dp}_{df} h_{dp<c>} − δ_{<c>}N^{dp}_{df} h_{dpbf} ), C^{ap}_{bpcf} = 1 2 g^{ap<k>}δ_{cf} g_{bp <k>}, C^{ap}_{bpcp} = 1 2 h^{apdp} (δ_{cp} h_{dp bp} + δ_{bp} h_{dpcp} − δ_{dp} h_{bp cp} ), where 0 ≤ f < p < z. In formulas (10.13) we have used matrices g^{ij} and h^{<a><b>} which are respectively inverse to matrices g_{ij} and h_{<a><b>} .

We also present the explicit formulas for unholonomy coefficients w^{<α>}_{<β><γ>}, of the adapted frame basis (6.4): w^k_{ij} = 0, w^{bf}_{apcp} = 0, w^{bf}_{cf ap} = 0, w^{cf}_{apbp} = 0, w^{cp}_{apbp} = 0, (10.14) w^{ap}_{bf cf} = R^{ap}_{bf cf} , w^{bp}_{apcf} = −δ_{ap} N^{bp}_{cf} , w^{bp}_{cf ap} = δ_{ap} N^{bp}_{cf} . Putting (10.13) and (10.14) into, correspondingly, (6.25) and (6.28) we can computer the components of canonical torsion −→ T^{<α>}_{<β><γ>} and curvature −→ R^{<α>}_{<β><γ><δ>} with respect to the locally adapted bases (6.5) and (6.6) [160,161].

Really, on every la-space E^{<z>} a linear multiconnection d-structure is defined. We can consider at the same time some ways of local transports of d-tensors by using, for instance, an arbitrary d-connection Γ^{<α>}_{<β><γ>} , the canonical one −→ Γ^{<α>}_{<β><γ>}, or the so-called Christoffel d–symbols (see (1.49) for arbitrary signatures) defined as { < α > < β >< γ > } = (10.15) 1 2 G^{<α><τ >}(δ_{<γ>}G_{<β><τ >} + δ_{<β>}G_{<γ><τ >} − δ_{<τ >}G_{<β><γ>} ).

Every compatible with metric d-connection Γ^{<α>}_{<β><γ>} can be characterized by a corresponding deformation d-tensor with respect, for simplicity, to {^{<α>} <β><γ> } : P^{<α>}_{<β><γ>} = Γ^{<α>}_{<β><γ>} − { < α > < β >< γ > } (10.16)

(the deformation of the canonical d-connection is written as −→ P^{<α>}_{<β><γ>} = −→ Γ^{<α>}_{<β><γ>} − { < α > < β >< γ > }). (10.17)

Perhaps, it is more convenient to consider physical models and geometric constructions with respect to the torsionless d-connection {^{<α>}_{<β><γ>} }. The more general ones will be obtained by using deformations of connections of type (10.16). But sometimes it is possible to write out d-covariant equations on E^{<z>} by changing respectively components {^{<α>}_{<β><γ>} } on Γ^{<α>}_{<β><γ>} . This holds for definition of stochastic differential equations on la-spaces (see, in particular, [13,14] on diffusion on Finsler spaces) and in our works we use the last way.

Let suppose that E^{<z>} is locally trivial and σ-compact. In this case E^{<z>} is a paracompact manifold and has a countable open base. We denote as F (E^{<z>} ) the set of all real C^∞-functions on E^{<z>} and as F_0 (E^{<z>} ) the subclass of F (E^{<z>} ) consisting from functions with compact carriers. F_0 (E^{<z>} ) and F (E^{<z>} ) are algebras on the field of real numbers R with usual operations f + q, fq and λf(f, q ∈ F (E^{<z>} ) or F_0 (E^{<z>} ) , λ ∈ R).

Vector fields on E^{<z>} are defined as maps V : u ∈ E^{<z>} → V (u) ∈ T_u (E^{<z>} ) . Vectors (∂_{<α>})_u , (< α >= 0, 1, 2, ..., n_E − 1), form a local linear basis in T_u (E^{<z>} ) . We shall also use decompositions on locally adapted basis, (δ_{<α>}) , and denote by X(E^{<z>} ) the set of C^∞-vector fields on E^{<z>} .

Now, let introduce the bundle of linear adapted frames GL (E^{<z>} ) on E^{<z>} . As a linear adapted frame e = [e_{<α>}], (< α >= 0, 1, ..., n_E − 1), in point u ∈ E_N we mean a linear independent system of vectors e_{<α>} ∈ T_u (E^{<z>} ) obtained as a linear distinguished transform of local adapted basis, i.e. e_{<α>} = e^{<α>}_{<α>}δ_{<α>}, where e^{<α>}_{<α>} ∈ GL^d (R) = GL (n, R ) ⊕ GL (m_1, R) ⊕ ... ⊕ GL (m_z , R) . Then GL (E^{<z>} ) is defined as the set of all linear adapted frames in all points u ∈ E^{<z>} :

GL (E^{<z>} ) = {r = (u, e), u ∈ E^{<z>} and e is a linear adapted frame in the point u}.

Local coordinate carts on GL (E^{<z>} ) are defined as ( ~U_{<α>}, ~φ_{<α>} ) , where ~U_{<α>} = {r = (u, e) ∈ GL (E^{<z>} ) , u ∈ U_α ⊂ E^{<z>} and e is a linear adapted frame in the point u} , ~φ_{<α>} (r) = ( φ_{<α>} (u) = (u^{<α>}), e^{<α>}_{<α>} ) and e_{<α>} = e^{<α>}_{<α>}δ_{<α>} |_u . So GL (E^{<z>} ) has the structure of C^∞-manifold of dimension n + m_1 + ... + m_z + n^2 + m^2_1 + ... + m^2_z. Elements a ∈ GL^d (R) act on GL (E^{<z>} ) according the formula T_a(u, e) = (u, ea), where (ea)_{<α>} = a^{<β>}_{<α>}e_{<β>}. The surjective projection π : GL (E^{<z>} ) → E^{<z>} is defined in a usual manner by the equality π(u, e) = u.

Every vector field L ∈ X(E^{<z>} ) induces a vector field ~L on GL (E^{<z>} ) . Really, for f ∈ X(E^{<z>} ) we can consider ( ~Lf ) (r) = d dt f ((exp tL)u, (exp tL)_∗e) |_{t=0}, (10.18)

where r = (u, e) and

(exp tL)_∗e = [(exp tL)_∗e_1, (exp tL)_∗e_2, ..., (exp tL)_∗e_{nE} ],

is the differential (an isomorphism T_u (E^{<z>} ) → T_{(exp tL)u} E^{<z>} for every u ∈ E^{<z>} ) of exp tL and the local diffeomorphism u → v(t, u) is defined by differential equations dv^{<α>} dt (t, u) = a^{<α>}(v(t, u)), (10.19) (L = a^{<α>}(u)δ_{<α>}) , v(0, u) = u. Let L ∈ X(E^{<z>} ) and introduce functions f^{<α>}_L (r) ∈ F (GL(E^{<z>} )) for every α = 0, 1, 2, ..., n_E − 1 by the equalities f^{<α>}_L (r) = ( e^{−1} )_{<α>} <α> a^{<α>}(u) (10.20) written in locally adapted coordinates r = ( u^{<α>}, e = (e^{<α>}_{<α>}) ) on the manifold GL (E^{<z>} ) , where L = a^{<α>}(u)δ_{<α>} and e^{−1} is the matrix inverse to e. Because the equality (10.20) does not depend on local coordinates, we have defined a global function on GL (E^{<z>} ) . It’s obvious that for L_{(1)}, L_{(2)} ∈ X(E^{<z>} ) we have ( ~L_{(1)}f^{<α>}_{L(2)} ) (r) = f^{<α>}_{[L(1) L(2)]} (r) ,

where ~L_{(1)} and ~L_{(2)} are constructed similarly to operator (10.18), and

[L_{(1)}, L_{(2)}] = L_{(1)}L_{(2)} − L_{(2)}L_{(1)}.

A distinguished connection Γ^{<α>}_{<β><γ>} defines the covariant derivation of dtensors in E^{<z>} in a usual manner. For example, we can introduce a dcovariant derivation DB of a d-tensor field B (u) = B^{<α1><α2 >...<αp>} <β_1 ><β_2 >...<β_q > (u) in the form D_{<γ>} B^{<α1><α2 >...<αp>} <β_1><β_2 >...<β_q > (u) = B <α_1><α_2 >...<α_p> <β_1><β_2 >...<β_q >;<γ> (u) = δ_{<γ>}B^{<α1><α2 >...<αp>} <β_1 ><β_2 >...<β_q > (u) + p∑ <ϵ>=1 Γ^{<αϵ >}_{<γ><δ>} (u) B^{<α1><α2 >...<δ>...<αp>} <β_1><β_2 >...<β_q > (u)− q∑ τ =1 Γ^{<δ>}_{<γ><βτ >} (u) B^{<α1><α2 >...<αp>} <β_1 ><β_2 >...<δ>...<β_q >(u), (10.21) or the covariant derivative D_Y B in the direction Y = Y^{<α>}δ_{<α>} ∈ X(E^{<z>} ) , (D_Y B)^{<α1><α2 >...<αp>} <β_1><β_2 >...<β_q > (u) = Y <δ>B^{<α1><α2 >...<αp>} <β_1 ><β_2 >...<β_q >;<δ>(u) and the parallel transport along a (piecewise) smooth curve c : R ⊃ I = (t_{1,}t_2) ∋ t → c (t) (considering B (t) = B (c(t)) ) d dt B^{<α1><α2 >...<αp>} <β_1><β_2 >...<β_q > (t)+ (10.22) p∑ ϵ=1 Γ^{<αϵ >}_{<γ><δ>} (c(t)) B^{<α1><α2 >...<δ>...<αp>} <β_1 ><β_2 >...<β_q > (c(t)) dc^{<γ>} dt − q∑ τ =1 Γ^{<δ>}_{<γ><βτ >} (c(t)) B^{<α1><α2>...<αp>} <β_1><β_2 >...<δ>...<β_q >(c(t)) dc^{<γ>} dt = 0.

For every r ∈ GL (E^{<z>} ) we can define the horizontal subspace H_r = {U = a^{<α>}δ_{<α>} |_u −Γ^{<α>}_{<β><γ>} (u) e^{<γ>}_{<γ>}a^{<β>} < ∂ > < ∂e^α_γ > , a^{<α>} ∈ R^{nE} } of T_u (GL(E^{<z>} )) . Vector U ∈ H_r is called horizontal. Let ξ ∈ T_u (E^{<z>,} ) , then ~ξ ∈ T_r (GL(E^{<z>} )) is a horizontal lift of ξ if the vector ~ξ is horizontal, i.e. π (r) = u and (dπ)_r ~ξ = ξ. If r is given as to satisfy π (r) = u the ~ξ is uniquely defined. So, for given U ∈ X(E^{<z>} )there is a unique ~U ∈ X (GL (E^{<z>} )) , where ~U_r is the horizontal lift U_{π(r)} for every r ∈ GL (E^{<z>} ) . ~U is called the horizontal lift of vector field U. In local co- ordinates ~U = U^{<α>} (u) δ_{<α>} − Γ^{<δ>}_{<α><β>} (u) U^{<α>} (u) e^{<β>}_{<ϵ>}^∂_{∂e<δ><ϵ>} if U = U^{<α>} (u) δ_{<α>}. In a similar manner we can define the horizontal lift ~c (t) = (c(t), e(t)) = [e_0(t), e_1(t), ..., e_{q−1}(t)] ∈ GL (E^{<z>} ) of a curve c (t) ∈ E^{<z>} with the property that π (~c(t)) = c(t) for t ∈ I and^d~^c_{dt} (t) is horizontal. For every < α >= 0, 1, ...q − 1 there is a unique vector field ~L ∈ X (GL(E^{<z>} )) , for which ( ~L_α ) r is the horizontal lift of vector e_{<α>} ∈ T_u (E^{<z>} ) for every r = (u, e = [e_0, e_1, ..., e_{q−1}]) . In coordinates ( u^{<α>}, e^{<β>}_{<β>} ) we can express ~L_{<α>} = e^{<α>}_{<α>}δ_{<α>} − Γ^{<α>}_{<β><γ>} e^{<β>}_{<α>}e^{<γ>}_{<β>} ∂ ∂e^{<α>}_{<β>} . Vector fields ~L_{<α>} form the system of canonical horizontal vector fields. Let B (u) = B^{<α1><α2 >...<αp>} <β_1 ><β_2 >...<β_s> (u) be a (p,s)–tensor field and define a

system of smooth functions F_B (r) = {F^{<α1><α2 >...<αp>} B<β_1><β_2 >...<β_s> (r) = B^{<γ1 ><γ2 >...<γp >} <δ_1 ><δ_2>...<δ_s> (u) e <α_1> <γ_1 > e <α_2> <γ_2> ...e <α_p> <γ_p> e <δ_1> <β_1 >e <δ_2> <β_2>...e <δ_s> <β_s>} (the scalarization of the d–tensor field B (r) with the respect to the locally adapted basis e) on GL (E^{<z>} ) , where we consider that

B (u) =

F^{<α1><α2>...<αp>} B<β_1><β_2 >...<β_s> (u) e<α1> ⊗ e<α2> ⊗ ...e<αp> ⊗ e <β_1> ∗ ⊗ e^{<β2>}∗ ... ⊗ e^{<βs>}∗ , the matrix e^{<δ>}_{<β>} is inverse to the matrix e^{<α>}_{<γ>} , basis e_∗ is dual to e and r = (u, e). It is easy to verify that ~L_{<α>}(F^{<α1><α2>...<αp>} B<β_1><β_2 >...<β_s>) (r) = (F∇B ) <α_1><α_2 >...<α_p> <β_1><β_2 >...<β_s>;<α> (r) (10.23) where the covariant derivation ∇_{<α>}A^{<β>} = A^{<β>}_{;<α>} is taken by using connection Γ^{<α>}_{<β><γ>} = e^{<α>}_{<α>}e^{<β>}_{<β>}e^{<γ>}_{<γ>}Γ^{<α>}_{<β><γ>} + e^{<γ>}_{<γ>}e^{<α>}_{<σ>} δ_{<γ>}e^{<σ>}_{<β>} in GL (E^{<z>} ) (induced from E^{<z>} ).

In our further considerations we shall also use the bundle of orthonormalized adapted frames on E^{<z>} , defined as a subbundle of GL (E^{<z>} ) satisfying conditions:

O (E^{<z>} ) = {r = (u, e) ∈ GL (E^{<z>} ) , e is a orthonormalized basis in T_u (E^{<z>} )}. So r = (u^{<α>}, e^{<α>}_{<α>} ∈ O (E^{<z>} )) if and only if G_{<α><β>}e^{<α>}_{<α>}e^{<β>}_{<β>} = δ_{<α><β>} (10.24) or, equivalently,_{q−1} ∑ α=0 e^{<α>}_{<α>}e^{<β>}_{<α>} = G^{<α><β>} , where the matrix G^{<α><β>} is inverse to the matrix G_{<α><β>} from (6.12).

10.3 Stochastic Differential D–Equations

In this section we assume that the reader is familiar with the concepts and basic results on stochastic calculus, Brownian motion and diffusion processes (an excellent presentation can be found in [117,74,75,62,90,132], see also a brief introduction into the mentioned subjects in the previous section of this Chapter and considerations for the higher order anisotropic diffusion in Chapter 5. The purpose of the section is to extend the theory of stochastic differential equations on Riemannian spaces [117,74,75] to the case of spaces with general anisotropy, defined in the previous section as v-bundles.

Let A^_0, A^_1, ..., A^_r ∈ X(E^{<z>} ) and consider stochastic differential equations dU (t) = A_<^_{α>} ∘ dB^<^^{α>} (t) + A^_0 (U(t)) dt, (10.25) where < ^α >= 1, 2, ..., r and ∘ is the symmetric Q-product (see subsection 10.1.1). We shall use the point compactification of space E^{<z>} and write ^E^{<z>} = E^{<z>} or ^E^{<z>} = E^{<z>} ∪{Δ} in dependence of that if E^{<z>} is compact or noncompact. By ^W (E^{<z>} ) we denote the space of paths in E^{<z>} , defined as

^W (E^{<z>} ) = {w : w is a smooth map [0,∞) → ^E^{<z>} with the property that w (0) ∈ E^{<z>} and w(t) = Δ, w(t^′) = Δ for all t^′ ≥ t}

and by B ( ^W (E^{<z>} ) ) the σ-field generated by Borel cylindrical sets.

The explosion moment e(w) is defined as e (w) = inf{t, w(t) = Δ}

Definition 10.5 The solution U = U (t) of equation (10.25) in v-bundle space E^{<z>} is defined as such a (F_t)-compatible ^W (E^{<z>} )-valued random element (i.e. as a smooth process in E^{<z>} with the trap Δ), given on the probability space with filtration (F_t) and r-dimensional F_t)- Brownian motion B = B(t), with B(0) = 0, for which

f (U (t)) − f (U (0)) = ∫_t 0 A_<^_{α>} (t) (U (s)) δB^<^^{α>} (s) + ∫_t 0 (A ∘ f) (U (s)) ds (10.26)

for every f ∈ F_0 (E^{<z>} ) (we consider f (Δ) = 0), where the first term is understood as a Fisk-Stratonovich integral.

In (10.26) we use δB^<^^{α>} (s) instead of dB^<^^{α>} (s) because on E^{<z>} the Brownian motion must be adapted to the N-connection structure.

In a manner similar to that for stochastic equations on Riemannian spaces [117] we can construct the unique strong solution to the equations (10.25). To do this we have to use the space of paths in R^r starting in point 0, denoted as W^r_0 , the Wiener measure P^W on W^r_0 , σ-field B_t (W^r_0 )- generated by Borel cylindrical sets up to moment t and the similarly defined σ-field.

Theorem 10.1 There is a function F : E^{<z>} × W^r_0 → ^W (E^{<z>} ) being ⋂ μ B (E^{<z>} ) × B_t (W^r_0 )^{μ×P W} /B_t ( ^W (F_t) ) -measurable (index μ runs all probabilities in (E^{<z>} B(E^{<z>})) ) for every t ≥ 0 and having properties:

1) For every U(t) and Brownian motion B = B (t) the equality U = F (U (0) , B) a.s. is satisfied.

2) For every r-dimensional (F_t)–Brownian motion B = B (t) with B = B (0) , defined on the probability space with filtration F_t, and E^{<z>} –valued F_′–measurable random element ξ, the function U = F (ξ, B) is the solution of the differential equation (10.26) with U (0) = ξ, a.s.

Sketch of the proof. Let take a compact coordinate vicinity V with respect to a locally adapted basis δ_{<α>} and express A_{<α>} = σ^{<α>}_{<α>} (u) δ_{<α>}, where functions σ^{<α>}_{<α>} (u) are considered as bounded smooth functions in R^{nE} , and consider on V the stochastic differential equation dU^{<α>}_t = σ^{<α>}_<^_{α>} (U^{<α>}_t ) ∘ δB^<^^{α>} (t) + σ^{<α>}_0 (U_t) dt, (10.27) U^{<α>}_0 = u^{<α>}, (< α >= 0, 1, ...q − 1). Equations (10.27) are equivalent to dU^{<α>}_t = σ^{<α>}_<^_{α>} (U^{<α>}_t ) dB^<^^{α>} (t) + σ^{<α>}_0 (U_t) dt, U^{<α>}_0 = u^{<α>}, where σ^{<α>}_0 (u) = σ^{<α>}_0 (u) +^1_2 ∑_r <^α>=1 (_{δσ<α>} <^α>^{(u)} δu^{<β>} ) σ^<^^{α>}_{<β>} (u) . It’s known

[117] that (10.27) has a unique strong solution F : R^{nE} × W_0 → ^W^{nE} or F (u, w) = (U(t, u, w)) . Taking τ_V (w) = inf{t : U(t, u, w) ∈ V } we define U_V (t, u, w) = U(t ⋀ τ_V (w) , u, w) (10.28)

In a point u ∈ V ∩ ~V, where ~V is covered by local coordinates u^<~^{α>}, we have to consider transformations σ^<~^{α>}_{<α>} (~u (u)) = σ^{<α>}_{<α>} (u) ∂u^<~^{α>} ∂u^{<α>} , where coordinate transforms u~^α (u^α) satisfy the properties (6.1). The global solution of (10.27) can be constructed by gluing together functions (10.28) defined on corresponding coordinate regions covering E^{<z>} . □ Let P_u be a probability law on ^W (E^{<z>} ) of a solution U = U (t) of equation (10.25) with initial conditions U_{(0)} = u. Taking into account the uniqueness of the mentioned solution we can prove that U = U (t) is a A– diffusion and satisfy the Markov property [117] (see also subsection 10.1.3). Really, because for every f ∈ F_0 (E^{<z>} )

df (U (t)) = (A_<^_{α>}f) (U (t)) ∘ dw^<^^{α>} + (A_0f) (U (t)) dt =

(A_<^_{α>}f) (U (t)) dw^<^^{α>} + (A_0f) (U (t)) d + 1 2 d (A_<^_{α>}f) (U (t)) · dw^<^^{α>} (t) and d ( A_<^_{β>}f ) (U (t)) = A_<^_{α>} ( A_<^_{β>}f ) (U (t)) ∘ dw^<^^{α>} (t) + ( A^_0A_<^_{β>}f ) (U (t)) dt, we have d (A_<^_{α>}f) (U (t)) · dw^<^^{α>} (t) = r∑ <^α>=1 A_<^_{α>} (A_<^_{α>}f) (U (t)) dt. Consequently, it follows that df (U (t)) = (A_<^_{α>}f) (U (t)) dw^<^^{α>} (t) + (Af) (U (t)) dt, i.e. the operator (Af) , defined by the equality Af = 1 2 r∑ <^α>=1 A_<^_{α>} (A_<^_{α>}f) + A_0f (10.29)

generates a diffusion process {P_u}, u ∈ E^{<z>} .

The above presented results are summarized in this form: Theorem 10.2 A second order differential operator Af generates a A–diffusion on ^W (E^{<z>} ) of a solution U = U (t) it of the equation (10.29) with initial condition U (0) = u.

Using similar considerations as in flat spaces [117] on carts covering E^{<z>} , we can prove the uniqueness of A–diffusion {P_u}, u ∈ E^{<z>} on ^W (E^{<z>} ). 10.4 Heat Equations and Flows of Diffeomorfisms

Let v-bundle E^{<z>} be a compact manifold of class C^∞. We consider operators A_0, A_1, ..., A_r ∈ X(E^{<z>} ) and suppose that the property E[Sup_{t∈[0,1]}Sup_{u∈U} |D^{<α>}{f (U (t, u, w))}|] < ∞ is satisfied for all f ∈ F_0 (E^{<z>} ) and every multiindex < α > in the coordinate vicinity U with U being compact for every T > 0. The heat equation in F_0 (E^{<z>} ) is written as ∂ν ∂t (t, u) = Aν(t, u), (10.30) lim t↓0,u→u ν(t, u) = f (u) , where operator A acting on F (F_0 (E^{<z>} )) is defined in (10.29).

We denote by C^{1,2} ([0, ∞) × F_0 (E^{<z>} )) the set of all functions f(t, u) on [0, ∞) × E^{<z>} being smoothly differentiable on t and twice differentiable on u. The existence and properties of solutions of equations (10.30) are stated according the theorem:

Theorem 10.3 The function ζ(t, u) = E[f(U(t, u, w)] ∈ C^∞[0.∞) × E^{<z>} ], f ∈ F_0 (E^{<z>} ) satisfies heat equation (10.30). Inversely, if a bounded function ν(t, u) ∈ C^{1,2} ([0, ∞) × E^{<z>} ) solves equation (10.30) and satisfies the condition lim_{k↑∞} E[ν(t − σ_k, U (σ_k, u, w)) : σ_k ≤ t] = 0 (10.31) for every t > 0 and u ∈ E^{<z>} , where σ_k = inf{t, U(t, u, w) ∈ D_k } and D_k is an increasing sequence with respect to closed sets in E^{<z>} , ⋃ k D_k = E^{<z>} . Sketch of the proof. The function ζ(t, u) is a function on E^{<z>} , because u → f (U (t, u, w)) ∈ C^∞ and in this case the derivation under mathematical expectation symbol is possible. According to (10.26) we have f (U (t, u, w)) − f (u) = martingale + ∫_t 0 (At) (U (s, u, w)) ds for every u ∈ E^{<z>} , i.e. ζ(t, u) = f (u) + ∫_t 0 E[(Af) (U (s, u, w)) ds. (10.32) Because A^nf ∈ F_0 (E^{<z>} ) , (n = 1, 2, ...) , we can write ζ(t, u) = f (u) + t (Af) (u) + ∫_t 0 dt_1 ∫_{t1} 0 E [( A^2f ) (U (t_2, u, w)) ] dt_2 =

f (u) + t (Af) (u) + t^2 2 ( A^2f ) (u) + ∫_t 0 dt_1 ∫_{t1} 0 dt_2 ∫_{t2} 0 E[ ( A^3f ) (U (t_3, u, w))]dt_3 = f (u) + t (Af) (u) + t^2 2 ( A^2f ) (u) + ... + ∫_t 0 dt_1 ∫_{t1} 0 dt_2... ∫_{tn−1} 0 E[(A^nf) (U (t_n, u, w)) dt_n from which it is clear that ζ (t, u) ∈ C^∞ ([0, ∞) × E^{<z>} ) . In Chapter V, section 3 of the monograph [117] it is proved the equality (Aζ_t) (u) = E[(Af)U (t, u, w))] (10.33) for every t ≥ 0, where ζ_t (u) = ζ (t, u) .

From (10.32) and (10.33) one follows that ζ (t, u) = f (u) + ∫_t 0 (Aζ) (s, u) ds and ∂ζ ∂t (t, u) = Aζ (t, u) , i.e. ζ = ζ (t, u) satisfies the heat equation (10.30).

Inversely, let ν (t, u) ∈ C^{1,2} ([0, ∞) × E^{<z>} ) be a bounded solution of the equation (10.30). Taking into account that P (e[U (·, u, w))] = ∞) = 1 for every u ∈ E^{<z>} and using the Itô formula (see (10.6) ) we obtain that for every t_0 > 0 and 0 ≤ t ≤ t_0 . E[ν ( t_0 − t ⋀ σ_n, U ( t ⋀ σ_n, u, w )) ] − ν (t_0, u) = E[ ∫_t ⋀_{σn} 0 {(Aν) (t_0 − s, U (s, u, w)) − ∂ν ∂t (t_0 − s, U (s, u, w))}ds]. Supposing that conditions (10.31) are satisfied and considering n ↑ ∞ we obtain E = {ν (t_0 − t, U (t, u, w)) ; e[U (·, u, w)] > t} = ν (t_0, u) . For t ↑ t_0 we have E[f (U (t_0, u, w))] = ζ (t_0, u) , i.e. ν (t, u) = ζ (t, u) .□ Remarks; 1. The conditions (10.31) are necessary in order to select a unique solution of (10.30).

2. Defining ζ (t, u) = E[exp{ ∫_t 0 C (U (s, u, w)) ds}f (U (t, u, w))] instead of (10.30) we generate the solution of the generalized heat equation in E^{<z>} : ∂ν ∂t (t, u) = (Aν) (t, u) + C (u) ν (t, u) , lim t↓0,u→u ν (t, u) = f (u) . For given vector fields A_{(α)} ∈ X(E^{<z>} , (α) = 0, 1, ..., r in section 10.4 we have constructed the map U = (U (t, u, w)) : E^{<z>} ×W^r_0 ∋ (u, w) → U (·, u, w) ∈ ^W (E^{<z>} , which can be constructed as a map of type [0, ∞) × E^{<z>} ×W^r_0 ∋ (u, w) → U (t, u, w) ∈ ^E^{<z>} . Let us show that map u ∈ E^{<z>} → U (t, u, w) ∈ ^E^{<z>} is a local diffeomorphism of the manifold E^{<z>} for every fixed t ≥ 0 and almost every w that ∈ E^{<z>} . We first consider the case when E^{<z>} ∼= R^{nE} , σ (u) = ( σ^{<α>}_{<β>} (u) ) ∈ R^{nE} ⊗ R^{nE} and b (u) = (b^{<α>} (u)) ∈ R^{nE} are given smooth functions (i.e. C^∞-functions) on R^{nE} , ‖ σ (u) ‖ + ‖ b (u) ‖≤ K (1 + |u|) for a constant K > 0 and all derivations of σ^{<α>} and b^{<α>} are bounded. It is known [117] that there is a unique solution U = U (t, u, w) , with the property that E[(U (t))^p] < ∞ for all p > 1, of the equation dU^{<α>}_t = σ^{<α>}_<^_{α>} (U_t) dw^<^^{α>} (t) + b^{<α>} (U_t) dt, (10.34) U_0 = u, (α = 1, 2, ..., n_E − 1), defined on the space ( W^r_0 , P^W ) with the flow (F^0_t ) .

In order to show that the map u → U (t, u, w) is a diffeomorphism of R^{nE} it is more convenient to use the Fisk-Stratonovich differential and to write the equation (10.34) equivalently as dU^{<α>}_t = σ^{<α>}_<^_{α>} (U_t) ∘ δw^<^^{α>} (t) + b^{<α>} (U_t) dt, (10.35) U_0 = u, by considering that b^{<α>} (u) = b^{<α>} (u) + 1 2 r∑ <^α>=1 ( δ_{<β>}σ^{<α>}_<^_{α>} ) σ^{<β>}_<^_{α>} (u) . We emphasize that for solutions of equations of type (10.35) one holds the usual derivation rules as in mathematical analysis.

Let introduce matrices σ^′_<^_{α>} = ( σ^′ (u)^{<α>}_<^_{α><β>} = δ δu^{<β>} σ^{<α>}_<^_{α>} (u) ) , b^′ (u) = ( b^′ (u)^{<α>}_{<β>} = δb^{<α>} ∂u^{<β>} ) ,

I = δ^{<α>}_{<β>} and the Jacobi matrix

Y (t) = ( Y^{<α>}_{<β>} (t) = δU^{<α>} δu^{<β>} (t, u, w) ) , which satisfy the matrix equation

Y (t) = I + ∫_t 0 σ^′_<^_{α>} (U (s)) Y (s) ∘ dw^<^^{α>} (s) + ∫_t 0 b^′ (U (s)) Y (s) ds. (10.36) As a modification of a process U (t, u, w) one means a such process ^U (t, u, w) that P^W { ^U (t, u, w) = U (t, u, w) for all t ≥ 0} = 1 a.s.

It is known this result for flows of diffeomorphisms of flat spaces [83,156, 74]:

Theorem 10.4 Let U (t, u, w) be the solution of the equation (10.35) (or (10.34)) on Wiener space ( W^r_0 , P^W ) . Then we can choose a modification ^U (t, u, w) of this solution when the map u → U (t, u, w) is a diffeomorphism R^{nE} a.s. for every t ∈ [0, ∞).

Process u = ^U (t, u, w) is constructed by using equations dU^{<α>}_t = σ^{<α>}_<^_{α>} (U_t) ∘ δw^<^^{α>} (t) − b^{<α>} (U_t) dt, U_0 = u.

Then for every fixed T > 0 we have U (T − t, u, w) = ^U (t, U (T, u, w) , ^w) for every 0≤ t ≤ T and u P^W -a.s., where the Wiener process ^w is defined as ^w (t) = w (T − t) − w (T ) , 0 ≤ t ≤ T. Now we can extend the results on flows of diffeomorphisms of stochastic processes to v-bundles. The solution U (t, u, w) of the equation (10.25) can be considered as the set of maps U_t : u → U (t, u, w) from E^{<z>} to Ê<z> = E <z> ∪{△}.

Theorem 10.5 A process |U| (t, u, w) has such a modification, for simplicity let denote it also as U (t, u, w) , that the map U_t(w) : u → U (t, u, w) belongs to the class C^∞ for every f ∈ F_0 (E^{<z>} ) and all fixed t ∈ [0, ∞) a.s. In addition, for every u ∈ U and t ∈ [0, ∞) the differential of map u → U (t, u, w) , U (t, u, w)_∗ : T_u (U (t, u, w)) → T_{U (t,u,w)} (E^{<z>} ) , is an isomorphism, a.s., in the set {w : U (t, u, w) ∈ E^{<z>} }.

Proof. Let u_0 ∈ E^{<z>} and fix t ∈ [0, ∞) . We can find a sequence of coordinate carts U_1, U_2, ..., U_p ⊂ E^{<z>} that for almost all w that U (t, u_0 ⊂ w) ∈ E^{<z>} there is an integer p > 0 that {U (s, u_0, w) : s ∈ [(k − 1) t/p, kt/p]} ⊂ U_‖ , (k = 1, 2, ...p) . According to the theorem 10.2 we can conclude that for every coordinate cart U and {U (s, u_0, w) ; s ∈ [0, 1]} ⊂ U a map v → U (t_0, v, w) is a diffeomorphism in the neighborhood of v_{0.} The proof of the theorem follows from the relation U (t, w_0, w) = [U_{t/p} ( θ_{(p−1)t/p}w ) ∘ ... ∘ U_{t/p} ( θ_{t/p}w ) ∘ U_{t/p}] (u_0) , where θ_t : W^r_0 → W^r_0 is defined as (θ_tw) (s) = w (t + s) − w (t) .□ Let A_0, A_1, ..., A_r ∈ X(E^{<z>} ) and U_t = (U (t, u, w)) is a flow of diffeomorphisms on E^{<z>} . Then ~A_0, ~A_1, ..., ~A_r ∈ X (GL (E^{<z>} )) define a flow of diffeomorphisms r_t = (r (t, r, w)) on GL (E^{<z>} ) with (r (t, r, w)) = (U (t, u, w) , e (t, u, w)) , where r = (u, e) and e (t, r, u) = U (t, u, w)_∗ e is the differential of the map u → U (t, u, w) satisfying the property U (t, u, w)_∗ e = [U (t, u, w)_∗ e_0, U (t, u, w)_∗ e_1, ..., U (t, u, w)_∗ e_{q−1}]. In local coordinates A_<^_{α>} (u) = σ^{<α>}_<^_{α>} δ_{<α>}, (< α >= 1, 2, ..., r) , A_0 (u) = b^{<α>} (u) δ_{<α>}, e^{<α>}_{<β>} (t, u, w) = Y^{<α>}_{<γ>} (t, u, w) e^{<γ>}_{<β>}, where Y^{<α>}_{<γ>} (t, u, w) is defined from (10.36). So we can construct flows of diffeomorphisms of the bundle E^{<z>} .

10.5 Nondegenerate Diffusion in La–Spaces

Let a dv-bundle E^{<z>} be provided with a positively defined metric of type (6.12) being compatible with a d- connection D = {Γ^{<α>}_{<β><γ>} }. The connection D allows us to roll E^{<z>} along a curve γ (t) ⊂ R^{nE} in order to draw the curve c (t) on E^{<z>} as the trace of γ (t) . More exactly, let γ : [0, ∞) ∋ t → γ (t) ⊂ R^{nE} be a smooth curve in R^{nE} , r = (u, e) ∈ O (E^{<z>} ) . We define a curve ~c (t) = (c (t) , e (t)) in O (E^{<z>} ) by using the equalities dc^{<α>} (t) dt = e^{<α>}_{<α>} (t) dγ^{<α>} dt , (10.37) de^{<α>}_{<α>} (t) dt = −Γ^{<α>}_{<β><γ>} (c (t)) e^{<γ>}_{<α>} (t) dc^{<β>} dt , c^{<α>} (0) = u^{<α>}, e^{<α>}_{<α>} (0) = e^{<α>}_{<α>}. Equations (10.37) can be written as d~c (t) dt = ~L_{<α>} (~c (t)) dγ^{<α>}, ~c (0) = r, where{ ~L_{<α>}} is the system of canonical horizontal vector fields (see (10.29)). Curve c (t) = π (~c (t)) on E^{<z>} depends on fixing of the initial frame p in a point u; this curve is parametrized as c (t) = c (t, r, γ) , r = r (u, e) .

Let w (t) = (w^α (t)) is the canonical realization of a n+m-dimensional Wiener process. We can define the random curve U (t) ⊂ E^{<z>} in a similar manner. Consider r (t) = (r (t, r, w)) as the solution of stochastic differential equations dr (t) = ~L_{<α>} (r (t)) ∘ δw^{<α>} (t) , (10.38) r (0) = r, where r (t, r, w) is the flow of diffeomorphisms on O (E^{<z>} ) corresponding to the canonical horizontal vector fields ~L_1, ~L_2, ..., ~L_{q−1} and vanishing drift field ~L_0 = 0. In local coordinates the equations (10.38) are written as dU^{<α>} (t) = e^{<α>}_{<α>} (t) ∘ δw^{<α>} (t) , de^{<α>}_{<α>} (t) = −Γ^{<α>}_{<β><γ>} (U (t)) e^{<γ>}_{<α>} ∘ δu^{<β>}, where r (t) = ( U^{<α>} (t) , e^{<α>}_{<α>} (t) ) . It is obvious that

r (t) = ( U^{<α>} (t) , e^{<α>}_{<α>} (t) ) ∈ O (E^{<z>} ) if r (0) ∈ O (E^{<z>} ) because ~L_{<α>} are vector fields on O (E^{<z>} ) . The random curve {U^{<α>} (t)} on E^{<z>} is defined as U (t) = π [r (t)] . We point out that aw = (aw (t)) is another n_E -dimensional Wiener process and as a consequence the probability law U (·, r, w) does not depend on a ∈ O (n_E ) . It depends only on u = π (r) . This law is denoted as P_w and should be mentioned that it is a Markov process because a similar property has r (·, r, w) .

Remark 10.1. We can define r (t, r, w) as a flow of diffeomorphisms on GL (E^{<z>} ) for every d-connection on E^{<z>} . In this case π [r (·, r, w)] does not depend only on u = π (t) and in consequence we do not obtain a Markov process by projecting on E^{<z>} . The Markov property of diffusion processes on E^{<z>} is assumed by the conditions of compatibility of metric and d–connection (10.13) (or linear connection (10.15)) and of vanishing of torsion.

Now let us show that a diffusion {P_u} on E^{<z>} can be considered as an A-diffusion process with the differential operator A = 1 2 Δ_E + b, (10.39)

where Δ_E is the Laplace–Beltrami operator on E^{<z>} , Δ_E f = G^{<α><β>} −→ D_{<α>} −→ D_{<β>}f = (10.40) G^{<α><β>} δ^2f δu^{<α>}δu^{<β>} − { < α > < γ >< β > } δf δu^{<α>} , where operator −→ D_α is constructed by using Christoffel d–symbols (10.15) and b is the vector d-field with components b^{<α>} = 1 2 G^{<β><γ>} ( { < α > < β >< γ > } − Γ^{<α>}_{<β><γ>} ) (10.41)

Theorem 10.6 The solution of stochastic differential equation (10.38) on O (E^{<z>} ) defines a flow of diffeomorphisms r (t) = (r (t, r, w)) on O (E^{<z>} ) and its projection U (t) = π (r (t)) defines a diffusion process on E^{<z>} corresponding to the differential operator (10.39).

Proof. Considering f (r) ≡ f (u) for r = (u, e) we obtain

f (U(t)) − f (U (0)) = f (r (t)) − f (r (0)) = ∫_r 0 ( ~L_{<α>}f ) (r (s)) ∘ δw^{<α>} = ∫_t 0 ~L_{<α>}f (r (s)) δw^{<α>} + 1 2 ∫_t 0 q−1∑ α=0 ~L_{<α>} ( ~L_{<α>}f ) (r (s)) ds. Let us show that^1_2^{q−1} ∑ <α>=0 ~L_{<α>} ( ~L_{<α>}f ) = Af. Really, because the operator (10.39) can be written as A = 1 2 G^{<α><β>} −→ D_{<α>} −→ D_{<β>} = 1 2 (G^{<α><β>} δ^2 δu^{<α>}δu^{<β>} − { < α > < γ >< β > } δ δu^{<α>} ) and taking into account (10.32) we have ~L_{<α>} ( ~L_{<α>}f ) = ~L_{<α>} (F_{∇f} )_{<α>} = (F_{∇∇f} )_{<α><α>} = (∇_{<γ>}∇_{<δ>}f) e^{<γ>}_{<α>}e^{<δ>}_{<α>}. Now we can write_{q−1} ∑ <α>=0 ~L_{<α>} ( ~L_{<α>}f ) = q−1∑ <α>=0 ( −→ D_{<α>} −→ D_{<β>}f )e^{<α>}_{<α>}e^{<β>}_{<β>} = G^{<α><β>} −→ D_{<α>} −→ D_{<β>}f (see (10.33)), which complete our proof. □

Definition 10.6 The process r (t) = (r (t, r, w)) from the theorem 10.5 is called the horizontal lift of the A–diffusion U (t) on E^{<z>} .

Proposition 10.1 For every d-vector field b = b^{<α>} (u) δ_{<α>} on E^{<z>} provided with the canonical d–connection structure there is a d-connection D = {Γ^{<α>}_{<β><γ>} } on E^{<z>} , compatible with d–metric G_{<α><β>} , which satisfies the equality (10.41).

Proof. Let define Γ^{<α>}_{<β><γ>} = { < α > < β >< γ > } + 2 q − 1 ( δ^{<α>}_{<β>} b_{<γ>} − G_{<β><γ>} b^{<α>} ) , (10.42)

where b_{<α>} = G_{<α><β>}b^{<β>}. By straightforward calculations we can verify that d-connection (10.42) satisfies the metricity conditions δ_{<γ>}G_{<α><β>} − G_{<τ ><β>} Γ^{<τ >}_{<γ><α>} − G_{<α><τ >}Γ^{<τ >}_{<γ><β>} = 0 and that 1 2 G^{<α><β>} ( { < γ > < α >< β > } − Γ^{<γ>}_{<α><β>} ) = b^{<γ>}. □ We note that a similar proposition is proved in [117] for, respectively, metric and affine connections on Riemannian and affine connected manifolds: M. Anastasiei proposed [11] to define Laplace-Beltrami operator (10.40) by using the canonical d–connection (6.21) in generalized Lagrange spaces. Taking into account (10.16) and (10.17) and a corresponding redefinition of components of d-vector fields (10.41), because of the existence of multiconnection structure on the space E^{<z>} , we conclude that we can equivalently formulate the theory of d–diffusion on E^{<z>} –space by using both variants of Christoffel d–symbols and canonical d–connection.

Definition 10.7 For A =^1_2 Δ_E an A-diffusion U (t) is called a Riemannian motion on E^{<z>} .

Let an A-differential operator on E^{<z>} is expressed locally as Af (u) = 1 2 a^{<α><β>} (u) δ^2f δu^{<α>}δu^{<β>} (u) + b^{<α>} (u) δf δu^{<α>} (u) , where f ∈ F (E^{<z>} ) , matrix a^{<α><β>} is symmetric and nonegatively defined . If a^{<α><β>} (u) ξ_{<α>}ξ_{<β>} > 0 for all u and ξ = (ξ_{<α>}) ∈ R^q \{0}, than the operator A is nondegenerate and the corresponding diffusion is called nondegenerate.

By using a vector d-field b_{<α>} we can define the 1-form ω_{(b)} = b_{<α>} (u) δu^{<α>}, where b = b^{<α>}δ_{<α>} and b_{<α>} = G_{<α><β>} b^{<β>} in local coordinates. According the de Rham-Codaira theorem [201] we can write ω_{(b)} = dF + ^δβ + α (10.43) where F ∈ F (E^{<z>} ) , β is a 2-form and α is a harmonic 1-form. The scalar product of p-forms Λ_p (E^{<z>} ) on E^{<z>} is introduced as (α, β)_B = ∫ E^{<z>} < α, β > δu, where α = ∑ <γ_1><<γ_2 ><...<<γ_p > α_{<γ1 ><γ2 >...<γp>} δu^{<γ1>} ⋀ δu^{<γ2>} ⋀ ... ⋀ δu^{<γp>}, β = ∑ <γ_1 ><<γ_2 ><...<<γ_p > β_{<γ1><γ2 >...<γp >} δu^{<γ1>} ⋀ δu^{<γ2>} ⋀ ... ⋀ δu^{<γp>}, β^{<γ1><γ2 >...<γp >} = G^{<γ1 ><τ1>}G^{<γ2 ><τ2 >}...G^{<γp><τp >}β_{<τ1><τ2>...<τp>}, < α, β >= ∑ <γ_1 ><<γ_2 ><...<<γ_p > α_{<γ1 ><γ2 >...<γp>} (u) β^{<γ1><γ2 >...<γp>} (u) , δu = √ | det G_{<α><β>}|δu^0δu^1...δu^{q−1}. The operator ^δ : Λ_p (E^{<z>} ) → Λ_{p−1} (E^{<z>} ) from (10.43) is defined by the equality (dα, β)_p = ( α, ^δβ ) p−1 , α ∈ Λ_{p−1} (E^{<z>} ) , β ∈ Λ_p (E^{<z>} ) .

De Rham–Codaira Laplacian □ : Λ_p (E_N ) → Λ_p (E_N ) is defined by the equality □ = − ( d^δ + ^δd ) . (10.44)

A form α ∈ Λ_p (E^{<z>} ) is called as harmonic if □α = 0 . It is known that □α = 0 if and only if dα = 0 and ^δα = 0.For f ∈ F (E^{<z>} ) and U ∈ X (E^{<z>} ) we can define the operators gradf ∈ X (E^{<z>} ) and divU ∈ F (E^{<z>} ) by using correspondingly the equalities gradf = G^{<α><β>}δ_{<α>}δ_{<β>}f and divU = −^δω_U = 1 √ | det G| δ_{<α>} ( U^{<α>} √ | det G| ) . The Laplace-Beltrami operator (10.39) can be also written as △_E f = div(gradf) = −^δ^δf (10.45) for F (M) .

Let suggest that E^{<z>} is compact and oriented and {P_u} be the system of diffusion measures defined by a A–operator (10.39). Because E^{<z>} is compact P_u is the probability measure on the set ^W (E^{<z>} ) = W (E^{<z>} ) of all continuous paths in E^{<z>} .

Definition 10.8 The transition semigroup T_t of A–diffusion is defined by the equality

(T_tf) (u) = ∫ W (E^{<z>}) f (w (t)) P_u (dw) , f ∈ C (E^{<z>} ) .

For a connected open region Ω ⊂ E^{<z>} we define ρ^Ωw ∈ ^W (Ω) , w ∈ ^W (E^{<z>} ) by the equality (ρ^Ωw) (t) = ⟨^{w(t),if t<τΩ(w),} Δ,if t≥τ_Ω(w), where τ_Ω (w) = inf{t : w (t) /∈ Ω}. We denote the image-measure P_u (u ∈ Ω) on map ρ^Ω as P^Ω_u ; this way we define a probability measure on ^W (Ω) which will be called as the minimal A-diffusion on Ω. The transition group of this diffusion is introduced as ( T^Ω_t f ) (u) = ∫ W (Ω)

f (w (t)) P^Ω_u (dw) = ∫ W (E^{<z>} ) f (w (t)) I_{{τΩ(w)>t}}P_u (dw) , f ∈ C_p (Ω) .

Definition 10.9 The Borel measure μ (du) on E^{<z>} is called an invariant measure on A-diffusion {P_u} if ∫ E^{<z>} T_tf (u) μ (du) = ∫ E^{<z>} f (u) μ (du)

for all f ∈ C (E^{<z>} ) .

Definition 10.10 An A–diffusion {P_u} is called symmetrizable (locally symmetrizable) if there is a Borel measure ν (du) on E^{<z>} (ν^Ω (du)) on (Ω) that ∫ E^{<z>} T_tf (u) g (u) ν (du) = ∫ E^{<z>} f (u) T_tg (u) ν (du) for all f, g ∈ C (E^{<z>} ) and ( ∫ Ω T^Ω_t f (u) g (u) ν^Ω (du) = ∫ Ω f (u) T^Ω_t g (u) ν^Ω (du)

for all f, g ∈ C (Ω)).

The fundamental properties of A-diffusion measures are satisfied by the following theorem and corollary:

Theorem 10.7 a) An A-diffusion is symmetrizable if and only if ^δβ = α = 0 (see (10.44)); this condition is equivalent to the condition that b = gradF, F ∈ F (E^{<z>} ) and in this case the invariant measures are of type C exp[2F (u)]du, where C = const. b) An A-diffusion is locally symmetrizable if and only if ^δβ = 0 (see (10.19)) or, equivalently, dw_{(b)} = 0.

c) A measure cdu (constant c > 0) is an invariant measure of an Adiffusion if and only if dF = 0 (see (10.44)) or, equivalently, ^δw_{(b)} = −divb = 0.

Corolarry 10.1 An A–diffusion is symmetric with respect to a Riemannian volume du (i.e. is symmetrizable and the measure ν in (10.45) coincides with du) if and only if it is a Brownian motion on E^{<z>} .

We omit the proofs of the theorem 10.6 and corollary 10.1 because they are similar to those presented in [117] for Riemannian manifolds. In our case we have to change differential forms and measures on Riemannian spaces into similar objects on E^{<z>}

10.6 Heat Equations for D–Tensor Fields

To generalize the results presented in section 10.5 to the case of d-tensor fields in E^{<z>} we use the Itô idea of stochastic parallel transport [201,125] (correspondingly adapted to transports in vector bundles provided with Nconnection structure).

10.6.1 Scalarized tensor d-fields and heat equations

Consider a compact bundle E^{<z>} and the bundle of orthonormalized adapted frames on E^{<z>} denoted as O (E^{<z>} ) . Let { ~L_0, ~L_1, ..., ~L_{q−1}} be the system of canonical horizontal vector fields on O (E^{<z>} ) (with respect to canonical d–connection −→ Γ^{<α>}_{<β><γ>}. The flow of diffeomorphisms r (t) = r (t, r, w) on O (E^{<z>} ) is defined through the solution of equations dr (t) = ~L_{<α>} (r (t)) ∘ δw^{<α>} (t) , r (0) = r, and this flow defines a diffusion process, the horizontal Brownian motion on O (E^{<z>} ) , which corresponds to the differential operator 1 2 Δ_{O(E} <z>_) = 1 2 ∑ <α> ~L_{<α>} ( ~L_{<α>} ) . (10.46) For a tensor d-field S (u) = S^{<α1><α2 >...<αp>} <β_1><β_2 >...<β_q > (u) we can define its scalariza- tion F_S (r) = F^{<α1><α2 >...<αp>} S<β_1><β_2>...<β_q > (a system of smooth functions on O (E <z> )) similarly as we have done in section 10.3, but in our case by using frames satisfying conditions (10.22) in order to deal with bundle O (E^{<z>} ) .

The action of Laplace-Beltrami operator on d-tensor fields is defined as (ΔT )^{<α1><α2 >...<αp>} <β_1><β_2 >...<β_q > = G^{<α><β>} (−→ D_{<α>} (−→ D_{<β>}T ))_{<α1 ><α2>...<αp>} <β_1 ><β_2 >...<β_q > = G^{<α><β>} T^{<α1><α2>...<αp >} <β_1><β_2 >...<β_q >;<α><β> , where −→ D T is the covariant derivation with respect to −→ Γ^{<α>}_{<β><γ>}. We can calculate (by putting formula (10.21) into (10.46) that Δ_{O(E} <z>_)(F^{<α1><α2 >...<αp>} S<β_1><β_2 >...<β_q >) = (FΔS ) <α_1><α_2 >...<α_p> <β_1><β_2 >...<β_q > . For a given d-tensor field S = S (u) let be defined this system of functions on [0, ∞) × O (E^{<z>} ): V^{<α1><α2 >...<αp>} <β_1 ><β_2 >...<β_q > (t, r) = E [ F^{<α1><α2 >...<αp>} S<β_1 ><β_2 >...<β_q > (r (t, r, w)) ] . According to the theorem 10.5 V^{<α1><α2 >...<αp>}

<β_1 ><β_2 >...<β_q > is a unique solution of

heat equation ∂V ∂t = 1 2 Δ_{O(E} <z>_)V, (10.47) V_{|t=0} = F^{<α1><α2 >...<αp>} S<β_1 ><β_2 >...<β_q >. In a similar manner we can construct unique solutions of heat equations (10.47) for the case when instead of differential forms one considers R^{nE} - tensors (see [117] for details concerning Riemannian manifolds). We have to take into account the torsion components of the canonical d-connection on E^{<z>} .

10.6.2 Boundary conditions

We analyze the heat equations for differential forms on a bounded space E^{<z>} : ∂α ∂t = 1 2 □α, (10.48) α_{|t=0} = f, α_{norm} = 0, (dα)_{norm} = 0, (10.49) where □ is the de Rham-Codaira Laplacian (10.44), α_{norm} = θ_{q−1} (u) du^{q−1}, (dα)_{norm} = q∑ γ=1 ( δα δu^{q−1} − δα_{q−1} δu^{<γ>} ) δu^{q−1} ⋀ δu^{<γ>}. We consider the boundary of E^{<z>} to be a manifold of dimension q = n_E and denote by

E_N the interior part of E^{<z>} and as ∂E_N the boundary of E^{<z>} . In the vicinity

U of the boundary we introduce the system of local coordinates u = {(u^α) , u^{q−1} ≥ 0} for every u ∈ U and u ∈ U ∩ ∂E_N if and only if u^{q−1} = 0.

The scalarization of 1-form α is defined as [F_{<α>}]_{<β>} (r) = θ_{<β>} (u) e^{<β>}_{<β>}, r = ( u^{<β>}, e^{<β>}_{<β>} ) ∈ O(E^{<z>} ). Conditions (10.49) are satisfied if and only if e^{<α>}_{q−1} [F_{<α>}]_{<α>} (r) = 0 and e^{<β>}_{<β>} δ δu^{q−1} [F_{<α>}]_{<β>} (r) = 0, α=0,1,2,...,q-1, where e^{<α>}_{<β>} is inverse to e^{<α>}_{<β>.}.

Now we can formulate the Cauchy problem for differential 1-forms (10.48) and (10.49) as a corresponding problem for R^{nE} –valued equivariant functions V_{<α>} (t, r) on O(E^{<z>} : ∂V_{<α>} ∂r (t, r) = 1 2 {Δ_{O(E}<z>_)V_{<α>} (t, r) + R^{<β>}_{<α>} (r) V_{<β>} (t, r) , (10.50)

V_{<α>} (0, r) = (F_f )_{<α>} (r) , (< β >= 0, 1, ..., q − 2), (< α >, < β > = 0, 1, ..., q − 1), e^{<β>}_{<β>} δ δu^{q−1} V_{<β>} (t, r)_{|∂O(EN )} = 0, f^β_{q−1}V_β (t, r)_{|∂O(EN )} = 0, where R^{<β>}_{<α>} (r) is the scalarization of the Ricci d-tensor and ∂O (E_N ) = {r = (u, e) ∈ O(E^{<z>}, u ∈ ∂E_N }. The Cauchy problem (10.50) can be solved by using the stochastic differential equations for the process (U (t) , c (t)) on R^{nE}_+ × R^{(nE )2} : dU^{<α>}_t = e^{<α>}_<^_{β>} (t) ∘ δB^<^^{β>} (t) + δ^{<α>}_{q−1} δφ (t) , de^{<α>}_{<β>} (t) = − −→ Γ^{<α>}_{<β><γ>} (U (t)) e^{<γ>}_{<β>} (t) ∘ δU^{<β>} (t) = − −→ Γ^{<α>}_{<β><γ>} (U (t)) e^{<γ>}_{<β>} (t) e^{<β>}_<^_{τ>} (t) ∘ δB^<^^{τ>} (t) − −→ Γ^{<α>}_{q−1<τ >} (U (t)) e^{<τ >}_{<β>} (t) δφ (t) , ( < ^β >, < ^τ >= 1, 2, ..., q − 1 ) where B^{<α>} (t) is a (n_E )-dimensional Brownian motion, U (t) is a nondecreasing process which increase only if U (t) ∈ ∂E_N . In [117] (Chapter IV,7) it is proved that for every Borel probability measure μ on R^{nE}_+ ×R^{(nE )2} there is a unique solution (U (t) , c (t)) of equations (10.6) with initial distribution μ. Because if G_{<α><β>} (U (0)) e^{<α>}_{<α>} (0) e^{<β>}_{<β>} (0) = δ_{<α><β>} then for every t ≥ 0 G_{<α><β>} (U (t)) e^{<α>}_{<α>} (t) e^{<β>}_{<β>} (t) = δ_{<α><β>}a.s. (this is a consequence of the metric compatibility criterions of type (1.34) or (1.36)) we obtain a diffusion process r (t) = (U (t) , c (t)) on O(E^{<z>}). This process is called the horizontal Brownian motion on the bundle O(E^{<z>}) with a reflecting bound. Let introduce the canonical horizontal fields (as in (10.21)) ( ~L_{<α>}F ) (r) = e^{<α>}_{<α>} δF (r) ∂u^{<α>} − −→ Γ^{<α>}_{<β><γ>} (u) e^{<γ>}_{<α>}e^{<β>}_{<τ >} ∂F (r) ∂e^{<α>}_{<τ>} , r = (u, e) , define the Bochner Laplacian as

Δ_{O(E}<z>_) = q∑ α=1 ~L_{<α>} ( ~L_{<α>} )

and put α^{q−1q−1} (r) = G^{q−1q−1}(u), α^{q−1<β>}_{<β>} = −e^{<τ >}_{<β>} −→ Γ^{<β>}_{q−1<τ >} (u) G^{q−1q−1}. Theorem 10.8 Let r (t) = (U (t) , c (t)) be a horizontal Brownian motion with reflecting bound giving as a solution of equations (7.60). Then for every smooth function S (t, r) on [0, ∞)× O(E^{<z>})) we have dS (t, r(t)) = ~L_<^_{α>}S (t, r (t)) δB^<^^{α>}+ { 1 2 ( Δ_{O(E}<z>_)S ) (t, r (t)) + ∂S ∂t (t, r (t))}dt + ( ~U_{q−1}S ) (t, r (t)) δφ (t) , where ~U_{q−1} is the horizontal lift of the vector field U_{q−1} =^δ_{δuq−1} defined as ( ~U_{q−1}S ) (t, r) = δS δu^{q−1} (t, r) + α^{q−1<β>} <β> α^{q−1q−1} (r) ∂S ∂e^{<β>}_{<β>} (t, r) and δU^{q−1} (t) δU^{q−1} (t) = α^{q−1q−1} (r (t)) dt, δU^{q−1} (t) δe^{<β>}_{<β>} (t) = α^{q−1<β>}_{<β>} (r (t)) dt. The proof of this theorem is a straightforward consequence of the Itô formula (see (10.6) ) and of the property that ∑ <α> e^{<α>}_{<α>} (t) e^{<β>}_{<α>} (t) = G^{<α><β>} (U (t)) (see (10.24)).

Finally, in this subsection, we point out that for diffusion processes we are also dealing with the so-called (A,L)-diffusion for bounded manifolds (see, for example, [117] and formula (10.11)) which is defined by second order operators A and L given correspondingly on E_N and ∂E_N .

10.7 Discussion

In the present Chapter we have given a geometric evidence for a generalization of stochastic calculus on spaces with higher order anisotropy . It was possible a consideration rather similar to that for Riemannian manifolds by using adapted to nonlinear connection lifts to tangent bundles [295] and restricting our analysis to the case of v-bundles provided with compatible N-connection, d-connection and metric structures. As a matter of principle we can construct diffusion processes on every space E^{<z>} provided with arbitrary d-connection structure. In this case we can formulate all results with respect to an auxiliary convenient d-connection, for instance, induced by the Christoffel d-symbols (10.15), and then by using deformations of type (10.16) (or (10.17)) we shall find the deformed analogous of stochastic differential equations and theirs solutions.

We cite here the pioneer works on the theory of diffusion on Finsler manifolds with applications in biology by P. L. Antonelli and T. J. Zastavniak [13,14] and remark that because on Finsler spaces the metric in general is not compatible with connection the definition of stochastic processes is very sophisticate. Perhaps, the uncompatible metric and connection structures are more convenient for modeling of stochastic processes in biology and this is successfully exploited by the mentioned authors in spite of the fact that in general it is still unclear the possibility and manner of definition of metric relations in biology. As for formulation of physical models of diffusion in anisotropic media and on locally anisotropic spaces we have to pay a due attention to the mutual concordance of the laws of transport (i.e. of connections) and of metric properties of the space, which in physics plays a crucial role. This allows us to define the Laplace-Beltrami, gradient and divergence operators and in consequence to give the mathematical definition of diffusion process on la-spaces in a standard manner.

Part III Generalized Isofinsler Gravity

Chapter 11

Basic Notions on Isotopies

11.1 Introduction

This Part is devoted to a generalization [271] of the geometry of Santilli’s locally anisotropic and inhomogeneous isospaces [217,219,220,218,221,222, 223,224] to the geometry of vector isobundles provided with nonlinear and distinguished isoconnections and isometric structures. We present, apparently for the first time, the isotopies of Lagrange, Finsler and Kaluza–Klein spaces. We also continue the study of the interior, locally anisotropic and inhomogeneous gravitation by extending the isoriemannian space’s constructions and presenting a geometric background for the theory of isofield interactions in generalized isolagrange and isofinsler spaces.

The main purpose of this Part is to formulate a synthesis of the Santilli isotheory and the approach on modeling locally anisotropic geometries and physical models on bundle spaces provided with nonlinear connection and distinguished connection and metric structures [160,161,295]. The isotopic variants of generalized Lagrange and Finsler geometry will be analyzed. Basic geometric constructions such as nonlinear isoconnections in vector isobundles, the isotopic curvatures and torsions of distinguished isoconnections and theirs structure equations and invariant values will be defined. A model of locally anisotropic and inhomogeneous gravitational isotheory will be constructed.

Our study of Santilli’s isospaces and isogeometries over isofields will be treated via the isodifferential calculus according to their latest formulation [224] (we extend this calculus for isospaces provided with nonlinear isoconnection structure). We shall also use Kadeisvili’s notion of isocontinuity [129,130] and the novel Santilli–Tsagas–Sourlas isodifferential topology [223,239,232].

After reviewing the basic elements for completeness as well as for notational convenience, we shall extend Santilli’s foundations of the isosympletic geometry [223] to isobundles and related aspects (by applying, in an isotopic manner, the methods summarized in Miron and Anastasiei [160,161] and Yano and Ishihara [295] monographs). We shall apply our results on isotopies of Lagrange, Finsler and Kaluza–Klein geometries to further studies of the isogravitational theories (for isoriemannian spaces firstly considered by Santilli [223]) on vector isobundle provided with compatible nonlinear and distinguished isoconnections and isometric structures. Such isogeometrical models of isofield interaction isotheories are in general nonlinear, nonlocal and nonhamiltonian and contain a very large class of local anisotropies and inhomogeneities induced by four fundamental isostructures: the partition of unity, nonlinear isoconnection, distinguished isoconnections and isometric.

The novel geometric profile emerging from all the above studies is rather remarkable inasmuch as the first class of all isotopies herein considered (called Kadeisvili’s Class I [129,130]) preserves the abstract axioms of conventional formulations, yet permits a clear broadening of their applicability, and actually result to be ”directly universal” [223] for a number of possible well behaved nonlinear, nonlocal and nonhamiltonian systems. In turn, this permits a number of geometric unification such as that of all possible metrics (on isospaces with trivial nonlinear isoconnection structure) of a given dimension into Santilli’s isoeuclidean metric, the unification of exterior and interior gravitational problems despite their sizable structural differences and other unification.

11.2 Isotopies of the unit and isospaces

A number of physical problems connected with the general interior dynamics of deformable particles while moving within inhomogeneous and anisotropic physical media result in a study of the most general known systems which are nonlinear in coordinates x and their derivatives ẋ, ẍ, ..., on wave functions and ψ and their derivatives ∂ψ, ∂∂ψ, .... Such systems are also nonlocal because of possible integral dependencies on all of the proceeding quantities and noncanonical with violation of integrability conditions for the existence of a Lagrangian or a Hamiltonian [217,219,220,218].

The mathematical methods for a quantitative treatment of the latter nonlinear, nonlocal and nonhamiltonian systems have been identified by Santilli in a series of contributions beginning the late 1970’s [217,219,220, 218,221,222,223,224]. under the name of isotopies, and include axiom preserving liftings of fields of numbers, vector and metric spaces, differential and integral calculus, algebras and geometries. These studies were then continued by a number of authors (see ref. [25] for a comprehensive literature up to 1985, and monographs [129,130,151,217,219,220,218,222,224,226] for subsequent literature).

In this section we shall mainly recall some necessary fundamental notions and refer to works [223,129,130] for details and references on Lie–Santilli isotheory.

For simplicity, we consider that maps I → ^I are of necessary Kadeisvili Class I (II), the Class III being considered as the union of the first two, i. e. they are sufficiently smooth, bounded, nowhere degenerate, Hermitian and positive (negative) definite, characterizing isotopies (isodualities).

One demands a compatible lifting of all associative products AB of some generic quantities A and B into the isoproduct A ∗ B satisfying the properties: AB ⇒ A ∗ B = A ^T B, IA = AI ≡ A → ^I ∗ A = A ∗ ^I ≡ A, A (BC) = (AB) C → A ∗ (B ∗ C) = (A ∗ B) ∗ C, where the fixed and invertible matrix ^T is called the isotopic element.

To follow our outline, a conventional field F (a, +, ×) , for instance of real, complex or quaternion numbers, with elements a, conventional sum + and product a×b .= ab, must be lifted into the so–called isofield ^F (^a, +, ∗) , satisfying properties F (a, +, ∗) → ^F (^a, +, ∗) , ^a = a ^I ^a ∗ ^b = ^a ^T ^b = (ab) ^I, ^I = ^T^{−1} with elements ^a called isonumbers, + and ∗ are conventional sum and isoproduct preserving the axioms of the former field F (a, +, ×) . All operations in F are generalized for ^F , for instance we have isosquares ^a^^2 = ^a ∗ ^a = ^A ^T ^a = a^2 ^I, isoquotient ^a^/^b = (a/b) ^I, isosquare roots ^a^{1/2} = a^{1/2} ^I, ...; ^a ∗ A ≡ aA. We note that in the literature one uses two types of denotation for isotopic product ∗ or ^× (in our work we shall consider ∗ ≡ ^×).

Let us consider, for example, the main lines of the isotopies of a n–dimensional Euclidean space E^n (x, g, R) , where R (n, +, ×) is the real number field, provided with a local coordinate chart x = {x^k}, k = 1, 2, ..., n, and n–dimensional metric ρ = (ρ_{ij} ) = diag (1, 1, ..., 1) . The scalar product of two vectors x, y ∈ E^n is defined as

(x − y)^2 = ( x^i − y^i ) ρ_{ij} ( x^j − y^j ) ∈ R (n, +, ×) were the Einstein summation rule on repeated indices is assumed hereon.

The Santilli’s isoeuclidean spaces ^E ( ^x, ^ρ, ^R ) of Class III are introduced as n–dimensional metric spaces defined over an isoreal isofield ^R ( ^n, +, ^× ) with an n × n–dimensional real–valued and symmetrical isounit ^I = ^I^t of the same class, equipped with the ”isometric” ^ρ (t, x, v, a, μ, τ, ...) = ( ^ρ_{ij} ) = ^T (t, x, v, a, μ, τ, ...) × ρ = ^ρ^t, where ^I = ^T^{−1} = ^I^t.

A local coordinate cart on ^E ( ^x, ^ρ, ^R ) can be defined in contravariant ^x = {^x^k = x^^k } = {x^k × ^I^^k_k} or covariant form ^x_k = ^ρ_{kl} ^x^l = ^T^r_k ρ_{ri}x^i × ^I, where x^k, x_k ∈ ^E. The square of ”isoeuclidean distance” between two points ^x, ^y ∈ ^E is defined as (^x − ^y)^^2 = [( ^x^i − ^y^i ) × ^ρ_{ij} × ( ^x^j − ^y^j )] × ^I ∈ ^R and the isomultiplication is given by ^x^^2 = ^x^k ^×^x_k = ( x^k × ^I ) × ^T × ( x_k × ^I ) = ( x^k × x_k ) × ^I = n × ^I.

Whenever confusion does not arise isospaces can be practically treated via the conventional coordinates x^k rather than the isotopic ones ^x^k = x^k × ^I. The symbols x, v, a, ... will be used for conventional spaces while symbols ^x, ^v, ^a, ... will be used for isospaces; the letter ^ρ (x, v, a, ...) refers to the projection of the isometric ^ρ in the original space.

We note that an isofield of Class III, explicitly denoted as ^F_{III} ( ^a, +, ^× ) is a union of two disjoint isofields, one of Class I, ^F_I ( ^a, +, ^× ) , in which the isounit is positive definite, and one of Class II, ^F_{II} ( ^a, +, ^× ) , in which the isounit is negative–definite. The Class II of isofields is usually written as ^F^d ( ^a^d, +, ^×^d ) and called isodual fields with isodual unit ^I^d = − ^I < 0, isodual isonumbers ^a^d = a × ^I^d = −^a, isodual isoproduct ^×^d = × ^T^d× = − ^×, etc. For simplicity, in our further considerations we shall use the general terms isofields, isonumbers even for isodual fields, isodual numbers and so on if this will not give rise to ambiguities.

11.3 Isocontinuity and isotopology

The isonorm of an isofield of Class III is defined as ↑^a↑ = |a| × ^I where |a| is the conventional norm. Having defined a function ^f (^x) on isospace ^E ( ^x, ^δ, ^R ) over isofield ^R ( ^n, +, ^× ) one introduces (see details and references in [129,130]) the isomodulus ^f (^x) = | | ^f (^x) | | × ^I where | | | ^f (^x) | | | is the conventional modulus.

One says that an infinite sequence of isofunctions of Class I ^f_1, ^f_2, ... is ”strongly isoconvergent” to the isofunction ^f of the same class if lim_{k→∞} ^f_k − ^f = ^0. The Cauchy isocondition is expressed as ^f_m − ^f_n < ^ρ = ρ × ^I where δ is real and m and n are greater than a suitably chosen N (ρ) . Now the isotopic variants of continuity, limits, series, etc, can be easily constructed in a traditional manner.

The notion of n–dimensional isomanifold was studied by Tsagas and Sourlas (we refer the reader for details in [239,232]). Their constructions are based on idea that every isounit of Class III can always be diagonalized into the form ^I = diag (B_1, B_2, ..., B_n) , B_k (x, ...) ≠ 0, k = 1, 2, ..., n. In result of this one defines an isotopology ^τ on ^R^n which coincides everywhere with the conventional topology τ on R^n except at the isounit ^I. In particular, ^τ is everywhere local–differential, except at ^I which can incorporate integral terms. The above structure is called the Tsagas–Sourlas isotopology or an integro–differential topology. Finally, in this subsection, we note that Prof. Tsagas and Sourlas used a conventional topology on isomanifolds. The isotopology was first introduced by Prof. Santilli in ref. [223].

11.4 Isodifferential and isointegral calculus

Now we are able to introduce isotopies of the ordinary differential calculus, i.e. the isodifferential calculus (for short).

The isodifferentials of Class I of the contravariant and covariant coordinates ^x^k = x^^k and ^x_k = x^_k on an isoeuclidean space ^E of the same class is given by ^d^x^k = ^I^k_i (x, ...) dx^i, ^d^x_k = ^T^i_k (x, ...) dx_i (11.1) where ^d^x^k and ^d^x_k are defined on ^E while the ^I^k_idx^i and ^T^i_k dx_i are the projections on the conventional Euclidean space.

For a sufficiently smooth isofunction ^f (^x) on a closed domain ^U ( ^x^k ) covered by contravariant isocoordinates ^x^k we can define the partial isoderivatives ^∂^_k = ^^∂^_∂^_{xk} at a point ^x^k_{(0)} ∈ ^U ( ^x^k ) by considering the limit

^f^′ ( ^x^k_{(0)} ) = ^∂^_k ^f (^x) |^_xk_{(0)} = ^∂ ^f (^x) ^∂ ^x^k |^_xk_{(0)} = ^T^i_k ∂f (x) ∂x^i |^_xk_{(0)} = (11.2) lim ^_d^_x^k_→^_0^k ^f ( ^x^k_{(0)} + ^d ^x^k ) − ^f ( ^x^k_{(0)} ) ^dx^k where ^∂ ^f (^x) / ^∂ ^x^k is computed on ^E and ^T^i_k ∂f (x) /∂x^i is the projection in E. In a similar manner we can define the partial isoderivatives ^∂^^k = ^^∂^_∂^_{xk} with respect to a covariant variable ^x_k : ^f^′ ( ^x_{k(0)} ) = ^∂^^k ^f (^x) |^_{xk(0)} = ^∂ ^f (^x) ^∂ ^x_k |^_{xk(0)} = ^T^i_k ∂f (x) ∂x^i |^_{xk(0)} = (11.3)

lim ^_d^_x^_{k →}^_{0k} ^f ( ^x_{k(0)} + ^d^x_k ) − ^f ( ^x_{k(0)} ) ^dx_k . The isodifferentials of an isofunction of contravariant or covariant coordinates, ^x^k or ^x_k, are defined according the formulas ^d ^f (^x) |_{contrav}= ^∂^_k ^f ^d^x^k = ^T^i_k ∂f (x) ∂x^i ^I^k_j dx^j = ∂f (x) ∂x^k dx^k = ∂f (x) ∂x^i ^T^i_j dx^j and ^d ^f (^x) |_{covar}= ^∂^^k ^f ^d^x_k = ^I^k_i ∂f (x) ∂x_i ^T^j_k dx_j = ∂f (x) ∂x_k dx_k = ∂f ∂x_j ^I^i_j dx_i. The second order isoderivatives there are introduced by iteration of the notion of isoderivative: ^∂^2^_i^_j ^f (^x) = ^∂^2 ^f(^x) ^∂ ^x^i ^∂ ^x^j = ^T^i^_i ^T^j^_j ∂^2f (x) ∂x^i∂x^j ,

^∂^2^^i^^j ^f(^x) = ^∂^2 ^f(^x) ^∂ ^x_i ^∂ ^x_j = ^I^^i_i ^I^^j_j ∂^2f (x) ∂x_i∂x_j ,

^∂^2 ^^j^_i ^f(^x) = ^∂^2 ^f (^x) ^∂ ^x^i ^∂ ^x^_j = ^T^i^_i ^I ^^j_j ∂^2f (x) ∂x^i∂x_j . The Laplace isooperator on Euclidean space ^E ( ^x, ^δ, ^R ) is given by ^Δ = ^∂_k ^∂^k = ^∂^iρ_{ij} ^∂^j = ^I^^i_k∂^kρ_{ij} ∂^j (11.4) where there are also used usual partial derivatives ∂^j = ∂/∂x_j and ∂_k = ∂/∂x^k. The isodual isodifferential calculus is characterized by the following isodual differentials and isodual isoderivatives ^d^{(d)} ^x^{(d)k} = ^I^{(d)k}_i d^x^{(d)i} ≡ ^dx^k, ^∂^{(d)}/ ^∂ ^x^{(d)i} ^T^{i(d)}_k ∂/∂ ^x^{i(d)} ≡ ^T^i_k ∂/∂ ^x^i. The formula (11.4) is different from the expression for the Laplace operator Δ = ^ρ^{−1/2}∂_i ^ρ^{1/2} ^ρ^{ij} ∂_j even though the Euclidean isometric ^ρ (x, v, a, ...) is more general than the Riemannian metric g (x) . For partial isoderivations one follows the next properties: ^∂ ^x^i ^∂ ^x^j = δ^i_j , ^∂ ^x_i ^∂ ^x_j = δ^j_i , ^∂ ^x_i ^∂ ^x^j = ^T^j_i , ^∂ ^x^i ^∂ ^x_j = ^I^i_j . Here we remark that isointegration (the inverse to isodifferential) is defined [223] as to satisfy conditions

∫_^ ^d^x = ∫ ^T ^Idx = ∫ dx = x, where

∫_^ = ∫ ^ T . 11.5 Santilli’s isoriemannian isospaces

Let consider R = R (x, g, R) a (pseudo) Riemannian space over the reals R (n, +, ×) with local coordinates x = {x^μ} and nonwere singular, symmetrical and real–valued metric g (x) = (g_{μν} ) = g^t and the tangent flat space M (x, η, R) provided with flat real metric η (for a corresponding signature and dimension we can consider M as the well known Minkowski space). The metric properties of the Riemannian spaces are defined by scalar square of a tangent vector x, x^2 = x^μg_{μν} (x) x^v ∈ R or, in infinitesimal form by the line element ds^2 = dx^μg_{μν} (x) dx^ν and related formalism of covariant derivation (see for instance [165]).

The isotopies of the Riemannian spaces and geometry, were first studied and applied by [223] and are called Santilli’s isoriemannian spaces and geometry. In this section we consider isoriemannian spaces equipped with the Santilli–Tsagas–Sourlas isotopology [223,239,232] in a similar manner as we have done in the previous subsection for isoeuclidean spaces but with respect to a general, non flat, isometric. A isoriemannian space ^R= ^R ( ^x, ^g, ^R ) , over the isoreals ^R = ^R (^n, +, ^x) with common isounits ^I = ( ^I^μ_ν ) = ^T^{−1}, is provided with local isocoordinates ^x = {^x^μ} = {x^μ} and isometric ^g (x, v, a, μ, τ, ...) = ^T (x, v, μ, τ, ...) g (x) , where ^T = ( ^T^ν_μ ) is nowhere singular, real valued and symmetrical matrix of Class I with C^∞ elements. The corresponding isoline and infinitesimal elements are written as ^x^^2 = [^x^μ ^g_{μν} (x, v, a, μ, τ, ...) ^x^ν ] × ^I ∈ ^R with infinitesimal version d^s^2 = ( ^d^x^μ ^g_{μν} (x) ^d^x^ν ) × ^I ∈ ^R. The covariant isodifferential calculus has been introduced in ref.

[223] via the expression ^D ^X^β = ^d ^X^β + ^Γ^β_{αγ} ^X^α ^d^x^γ with corresponding covariant isoderivative ^X^β_{↑μ} = ^∂_μ ^X^β + ^Γ^β_{αμ} ^X^α with the isocristoffel symbols written as ^ {αβγ} = 1 2 ( ^∂_α ^g_{βγ} + ^∂_γ ^g_{αβ} − ^∂_β ^g_{αγ} ) = ^{γβα}, (11.5) ^Γ^β_{αγ} = ^g^{βρ} ^{αργ} = ^Γ^β_{αγ} , where ^g^{βρ} is inverse to ^g_{αβ} .

The crucial difference between Riemannian spaces and isospaces is obvious if the corresponding auto–parallel equations Dx_β Ds = dv_β ds + {αβγ} (x) dx^α ds dx^γ ds = 0 (11.6) and auto–isoparallel equations ^D ^x_β ^D^s = ^dv_β ^d^s + ^{αβγ} (^x, ^v, ^a, ...) ^d^x^α ^d^s ^d^x^γ ^d^s = 0 (11.7)

where ^v = ^d^x/ ^d^s = ^I_S × dx/ds, ^s is the proper isotime and ^I_S is the related one–dimensional isounit, can be identified by observing that equations (11.6) are at most quadratic in the velocities while the isotopic equations (11.7) are arbitrary nonlinear in the velocities and another possible variables and parameters (^a, ...) .

By using coefficients ^Γ^β_{αγ} we introduce the next isotopic values [223]: the isocurvature tensor

^R^β_{α γδ} = ^∂_δ ^Γ^β_{αγ} − ^∂_γ ^Γ^β_{αδ} + ^Γ^β_{εδ} ^Γ^ε_{αγ} − ^Γ^β_{εγ} ^Γ^ε_{αδ}; (11.8)

the isoricci tensor ^R_{αγ} = ^R^β_{α γβ}; the isocurvature scalar ^R = ^g^{αγ} ^R_{αγ} ; the isoeinstein tensor ^G_{μν} = ^R_{μν} − 1 2 ^g_{μν} ^R (11.9) and the istopic isoscalar ^Θ = ^g^{αβ} ^g^{γδ} ( ^ {ραδ}^Γ^ρ_{γβ} − ^{ραβ}^Γ^ρ_{γδ} ) (11.10)

(the later is a new object for the Riemannian isometry).

The isotopic lifting of the Einstein equations (see the history, details and references in [223]) is written as ^R^{αβ} − 1 2 ^g^{αβ}( ^R + ^Θ) = ^t^{αβ} − ^τ^{αβ}, (11.11) where ^t^{αβ} is a source isotensor and ^τ^{αβ} is the stress–energy isotensor and there is satisfied the Freud isoidentity [223] ^G^α_β − 1 2 δ^α_β ^Θ = ^U^α_β + ^∂_ρ ^V^{αρ}_β , (11.12) ^U^α_β = − 1 2 ^∂ ^Θ ^∂ ^g^{γδ}_{↑α} ^g^{γδ}_{↑β},

^V^{αρ}_β = 1 2 [^g^{γδ} ( δ^α_β ^Γ^ρ_{αδ} − δ^α_δ ^Γ^ρ_{αβ} ) + ^g^{ργ} ^Γ^α_{βγ} − ^g^{αγ} ^Γ^ρ_{βγ} + ( δ^ρ_β ^g^{αγ} − δ^α_β ^g^{ργ} ) ^Γ^ρ_{γρ}]. Finally, we remark that for antiautomorphic maps of isoduality we have to modify correspondingly the above presented formulas holding true for Riemannian isodual spaces ^R^{(d)} = ^R^{(d)} ( ^x^{(d)}, ^g^{(d)}, ^R^{(d)} ) , over the isodual reals ^R^{(d)} = ^R^{(d)} ( ^n^{(d)}, +, ^×^{(d)} ) with curvature, Ricci, Einstein and so on isodual tensors. For simplicity we omit such details in this work.

Chapter 12

Isobundle Spaces

This chapter serves the twofold purpose of establishing of abstract index denotations and starting the geometric backgrounds of isotopic locally anisotropic extensions of the isoriemannian spaces which are used in the next chapters of the work.

12.1 Lie–Santilli isoalgebras and isogroups

The Lie–Santilli isotheory is based on a generalization of the very notion of numbers and fields. If the Lie’s theory is centrally dependent on the basic n– dimensional unit I = diag (1, 1, ..., 1) in, for instance, enveloping algebras, Lie algebras, Lie groups, representation theory, and so on, the Santilli’s main idea is the reformulation of the entire conventional theory with respect to the most general possible, integro–differential isounit. In this section we introduce some necessary definitions and formulas on Lie–Santilli isoalgebra and isogroups following [129,130] where details, developments and basic references on Santilli original result are contained. A Lie–Santilli algebra is defined as a finite–dimensional isospaces ^L over the isofield ^F of isoreal or isocomplex numbers with isotopic element T and isounit ^I = T^{−1}. In brief one uses the term isoalgebra (when there is not confusion with isotopies of non–Lie algebras) which is defined by isolinear isocommutators of type [A, ^B] ∈ ^L satisfying the conditions: [A, ^B] = −[B, ^A],

[A, ^[B, ^C]] + [B, ^[C, ^A]] + [C, ^[A, ^B]] = 0, [A ∗ B, ^C] = A ∗ [B, ^C] + [A, ^C] ∗ B for all A, B, C ∈ ^L. The structure functions ^C of the Lie–Santilli algebras are introduced according the relations [X_i, ^X_j ] = X_i ∗ X_j − X_j ∗ X_i = X_iT (x, ...) X_j − X_j T (x, ...) X_i = ^C^k_{ij} (x, ẋ, ẍ, ...) ∗ X_k . It should be noted that, in fact, the basis e_k, (k = 1, 2, ..., N) of a Lie algebra L is not changed under isotopy except the renormalization factors ^e_k : the isocommutation rules of the isotopies ^L are [^e_i, ^e_j ] = ^e_iT ^e_j − ^e_j T ^e_i = ^C^k_{ij} (x, ẋ, ẍ, ...) ^e_k where ^C = CT. An isomatrix M̂ is and ordinary matrix whose elements are isoscalars.

All operations among isomatrices are therefore isotopic.

The isotrace of a isomatrix A is introduced by using the unity ^I : ^T rA = (T rA) ^I ∈ ^F where T rA is the usual trace. One holds properties ^T r(A ∗ B) = ( ^T rA ) ∗ ( ^T rB ) and ^T rA = ^T r ( BAB^{−1} ) . The Killing isoform is determined by the isoscalar product (A, ^B) = ^T r [( ^AdX ) ∗ ( ^AdB )]

where the isolinear maps are introduced as ^adA (B) = [A, ^B], ∀A, B ∈ ^L. Let e_k, k = 1, 2, ..., N be the basis of a Lie algebra with an isomorphic map e_k → ^e_k to the basis ^e_k of a Lie–Santilli isoalgebra ^L. We can write the elements in ^L in local coordinate form. For instance, considering A = x^i ^e_i, B = y^j ^e_j and C = z^k ^e_k = [A, ^B] we have C = z^k ^e_k = [A, ^B] = x^iy^j[^e_i, ^^e_j ] = x^ix^j ^C^k_{ij} ^e_k and [ ^AdA (B) ]_k = [A, ^B]^k = x^ix^j ^C^k_{ij} .

In standard manner there is introduced the isocartan tensor ^q_{ij} (x, ẋ, ẍ, ...) = ^C^k_{ip} ^C^p_{ik} ∈ ^L via the definition (A, ^B) = ^q_{ij} x^iy^j . Considering that ^L is an isoalgebra with generators X_k and isounit ^I = T^{−1} > 0 the isodual Lie–Santilli algebras ^L^d of ^L (we note that ^L and ^L^d are (anti) isomorphic).

The conventional structure of the Lie theory admits a conventional isotopic lifting. Let give some examples. The general isolinear and isocomplex Lie–Santilli algebras ^gl ( n, ^C ) are introduced as the vector isospaces of all n × n isocomplex matrices over ^C. For the isoreal numbers ^R we shall write ^gl ( n, ^R ) . By using ”hats” we denote respectively the special, isocomplex, isolinear isoalgebra ^sl ( n, ^C ) and the isoorthogonal algebra ^o (n) .

A right Lie–Santilli isogroup ^Gr on an isospace ^S ( x, ^F ) over an isofield ^F , ^I = T^{−1} (in brief isotransformation group or isogroup) is introduced in standard form but with respect to isonumbers and isofields as a group which maps each element x ∈ ^S ( x, ^F ) into a new element x^′ ∈ ^S ( x, ^F ) via the isotransformations x^′ = ^U ∗ x = ^U T x, where T is fixed such that 1. The map (U, x) → ^U ∗ x of ^Gr × ^S ( x, ^F ) onto ^S ( x, ^F ) is isodifferentiable; 2. ^I ∗ ^U = ^U ∗ ^I = ^U, ∀ ^U ∈ ^Gr; 3. ^U_1 ∗ ( ^U_2 ∗ x) = ( ^U_1 ∗ ^U_2 ) ∗ x, ∀x ∈ ^S ( x, ^F ) and ^U_1, ^U_2 ∈ ^Gr. We can define accordingly a left isotransformation group.

12.2 Fiber isobundles

Prof. Santilli identified the foundations of the isosympletic geometry in the work [223]. In this section we present, apparently for the first time, the isotopies of fibre bundles and related topics.

The notion of locally trivial fiber isobundle naturally generalizes that of the isomanifold. The fiber isobundles will be used to get some results in isogeometry as well as to build geometrical models for physical isotheories. In general the proofs, being corresponding reformulation in isotopic manner of standard results, will be omitted. The reader is referred to some well– known books containing the theory of fibre bundles and the mathematical foundations of the Lie–Santilli isotheory.

Let ^Gr be a Lie–Santilli isogroup which acts isodifferentiably and effectively on a isomanifold ^V , i.e. every element ^q ∈ ^Gr defines an isotopic diffeomorphism L ^_{Gr} : ^V → ^V .

As a rule, all isomanifolds are assumed to be isocontinuous, finite dimensional and having the isotopic variants of the conditions to be Hausdorff, paracompact and isoconnected; all isomaps are isocontinous.

A locally trivial fibre isobundle is defined by the data ( ^E, ^p, ^M, ^V , ^Gr ) , where ^M (the base isospace) and ^E (the total isospace) are isomanifolds, ^E, ^p : ^E → ^M is a surjective isomap and the following conditions are satisfied:

1/ the isomanifold ^M can be covered by a set E of open isotopic sets ^U, ^W , ... such that for every open set ^U there exist a bijective isomap ^φ^_U : ^p^{−1} ( ^U ) → ^U × ^V so that ^p ( φ^{−1}^_U (^x, ^y) ) = ^x, ∀^x ∈ ^U , ∀^y ∈ ^V ; 2/ if ^x ∈ ^U ∩ ^W ≠ ⊘, than ^φ ^_{W ,x} ∘ ^φ^{−1}^_{U ,x} : ^V → ^V is an isotopic diffeomorphism L^_{gr} with ^gr ∈ ^Gr where ^φ^_{U,x} denotes the restriction of ^φ^_U to p^{−1} (^x) and ^U, ^W ∈ E; 3/ the isomap q^_U ^_V : ^U ∩ ^V → ^Gr defined by structural isofunctions q^_U ^_V (^x) = ^φ ^_{W ,x} ∘ ^φ^{−1}^_{U,x} is isocontinous.

Let In_U and In_V be sets of indices and denote by ( ^U_α, ^φ_α ) α∈In_U and ( ^V_β , ^ψ_β ) β∈In_V be correspondingly isocontinous atlases on

^U_α and ^V_β . One

obtains an isotopic topology on ^E for which the bijections ^φ^_U , ^φ ^_{W ,x}... become isotopic homeomorphisms. Denoting respectively by n and m the dimensions of the isomanifolds ^M and ^V we can define the isotopic maps ϕ_{αβ} : ϖ_{αβ} → ^R^{n+m} , ϕ_{αβ} = ( ^φ_α × ^ψ_β ) ∘ φ^{αβ}^_U where φ^{αβ}^_U is the restriction to the isomap ^φ^_U to ϖ_{αβ} . Than the set

(ϖ_{αβ}, ϕ_{αβ})_{(α,β)∈InU ×InV} is a isocontinous atlas on ^E.

A locally trivial principal isobundle ( ^P , ^π, ^M, ^Gr ) is a fibre isobun- dle ( ^E, ^p, ^M , ^V , ^Gr ) for which the type fibre coincides with the structural group, ^V = ^Gr and the action of ^Gr on ^Gr is given by the left isotransform ^L_q (a) = qa, ∀q, a ∈ ^Gr. The structural functions of the principal isobundle ( ^P , ^π, ^M, ^Gr ) are q^_U ^_W : ^U , ^W → ^Gr, q^_U ^_W (^π (u)) = ^φ ^_W (u) ∘ ^φ^{−1}^_U (u) , u ∈ ^π^{−1} ( ^U ∩ ^W ) . A morphism of principal isobundles ( ^P , ^π, ^M , ^Gr ) and ( ^P^′, ^π^′, ^M^′, ^Gr^′ ) is a pair ( ^f, ^f^′ ) of isomaps for which the following conditions hold:

1/ ^f : ^P → ^P^′ is a isocontinous isomap, 2/ ^f : ^Gr → ^Gr^′ is an isotopic morphism of Lie–Santilli isogroups. 3/ ^f (^u^q) = f (^u) f^′ (^q) , ^u ∈ ^P , ^q ∈ ^Gr. We can define isotopic isomorphisms, automorphisms and subbundles in a usual manner but with respect to isonumbers, isofields, isogroups and isomanifold when corresponding isotopic transforms and maps provide the isotopic properties.

A isotopic subbundle ( ^P , ^π, ^M , ^Gr ) of the principal isobundle ( ^P^′, ^π^′, ^M^′, ^Gr^′ ) is called a reduction of the structural isogroup ^Gr^′ to ^Gr.

An isotopic frame (isoframe) in a point ^x ∈ ^M is a set of n linearly independent isovectors tangent to ^M in ^x. The set ^L ( ^M ) of all isoframes in all points of ^M can be naturally provided (as in the non isotopic case, see, for instance, [142]) with an isomanifold structure. The principal isobun- dle ( ^L ( ^M ) , ^π, ^M , ^Gl ( n, ^R )) of isoframes on ^M , denoted in brief also by ^L ( ^M ) , has ^L ( ^M ) as the total space and the general linear isogroup ^Gl ( n, ^R ) as the structural isogroup.

Having introduced the isobundle ^L ( ^M ) we can give define an isotopic G–structure on a isomanifold ^M is a subbundle ( ^P , ^π, ^M , ^Gr ) of the principal isobundle ^L ( ^M ) being an isotopic reduction of the structural isogroup ^Gl ( n, ^R ) to a isotopic subgroup ^Gr of it.

A very important class of bundle spaces used for modeling of locally anisotropic interactions is that of vector bundles. We present here the necessary isotopic generalizations.

An locally trivial isovector bundle (equivalently, vector isobundle, v–isobundle) ( ^E, ^p, ^M, ^V , ^Gr ) is defined as a corresponding fibre isobundle if ^V is a linear isospace and ^Gr is the Lie–Santilli isogroup of isotopic authomorphisms of ^V . For ^V = ^R^m and ^Gr = ^Gl ( m, ^R ) the v–isobundle ( ^E, ^p, ^M, ^R^m, ^Gl ( m, ^R )) is denoted shortly as ^ξ = ( ^E, ^p, ^M ) . Here we also note that the transformations of the isocoordinates ( ^x^k, ^y^a ) → ( ^x^{k′} , ^y^{a′} ) on ^ξ are of the form ^x^{k′} = ^x^{k′} ( ^x^1, ..., ^x^n ) , rank ( ^ ∂ ^x^{k′} ^∂ ^x^k ) = n ^y^{a′} = ^Y^{a′}_a (x) y^a, ^Y^{a′}_a (x) ∈ ^Gl ( m, ^R ) . A local isocoordinate parametrization of ^ξ naturally defines an isocoordinate basis ∂ ∂ ^u^α = ( ∂ ∂x^i , ∂ ∂y^a ) , (12.1)

in brief we shall write ^∂_α = ( ^∂_i, ^∂_a), and the reciprocal to (12.1) coordinate basis d^u^α = (d^x^i, d^y^a), or, in brief, ^d^α = ( ^d^i, ^d^a), which is uniquely defined from the equations ^d^α ∘ ^∂_β = δ^α_β , where δ^α_β is the Kronecher symbol and by ”∘” we denote the inner (scalar) product in the isotangent isobundle ^T ξ (see the definition of isodifferentials and partial isoderivations in (11.1)–(11.3)). Here we note that the tangent isobundle (in brief t–isobundle) of a isomanifold ^M, denoted as ^T M = ∪_{x∈} ^_M ^T_xM, where ^T_xM is tangent isospaces of tangent isovectors in the point ^x ∈ ^M, is defined as a v–isobundle ^E = ^T M. By ^T M^∗ we define the dual (not confusing with isotopic dual) of the t–isobundle ^T M. We note that for ^T M and ^T M^∗ isobundles the fibre and the base have both the same dimension and it is not necessary to distinguish always the fiber and base indices by different letters.

12.3 Nonlinear and Distinguished Isoconnections

The concept of nonlinear connection, in brief, N–connection, is fundamental in the geometry of locally anisotropic spaces (in brief, la–spaces, see a detailed study and basic references in [160,161]). Here it should be noted that we consider the term la–space in a more general context than G. Yu. Bogoslovsky [41] which uses it for a class of Finsler spaces and Finsler gravitational theories. In our works [272,258,259,256,255,264,269,261,254,260, 265,266,267,262,268,249,250, 251,252,279,263,278,277] the la–spaces and la– superspaces are respectively modelled on vector bundles and vector superbundles enabled with compatible nonlinear and distinguished connections and metric structures (as particular cases, on tangent bundles and superbundles, for corresponding classes of metrics and nonlinear connections, one constructs generalized Lagrange and Finsler spaces and superspaces). The geometrical objects on a la–space are called distinguished (see detailes in [160,161]) if they are compatible with the N–connection structure (one considers, for instance, distinguished connections and distinguished tensors, in brief, d–connections and d–tensors).

In this section we study, apparently for the first time, the isogeometry of N–connection in vector isobundle. We note that a type of generic nonlinearity is contained by definition in the structure of isospace (it can be associated to a corresponding class of nonlinear isoconnections which can be turned into linear ones under corresponding isotopic transforms). As to a general N–connection introduced as a global decompositions of a vector isobundle into horizontal and vertical isotopic subbundles (see below) it can not be isolinearized if its isocurvature is nonzero.

Let consider a v–isobundle ^ξ = ( ^E, ^p, ^M ) whose type fibre is ^R^m and ^p^T : ^T E → ^T M is the isodifferential of the isomap ^p. The kernel of the isomap ^p^T (which is a fibre–preserving isotopic morphism of the t–isobundle

( ^T E, ^τ_E , ^E ) to ^E and of t–isobundle ( ^T M, ^τ_M , ^M ) to ^M ) defines the vertical isotopic subbundle ( ^V E, ^τ_V , ^E ) over ^E being an isovector subbundle of the v–isobundle ( ^T E, ^τ_E , ^E ) . An isovector ^X_u tangent to ^E in a point ^u ∈ ^E locally defined by the decomposition ^X^i ^∂_i + ^Y^a ^∂_a is locally represented by the isocoordinates ^X_u = ( ^x, ^y, ^X, ^Y ) = ( ^x^i, ^y^a, ^X^i, ^Y^a ) . Since ^p^T ( ^∂_a ) = 0 it results that ^p^T ( ^x, ^y, ^X, ^Y ) = ( ^x, ^X ) . We also consider the isotopic imbedding map ^i : ^V E → ^T E and the isobundle of inverse image ^p^∗ ^T M of the ^p : ^E → ^M and define in result the isomap ^p! : ^T E → ^p^∗ ^T M, ^p! ( ^X_u ) = ( ^u, ^p^T ( ^X_u )) for which one holds Ker ^p! = Ker ^p^T = ^V E.

A nonlinear isoconnection, (in brief, N–isoconnection) in the isovector bundle ^ξ = ( ^E, ^p, ^M ) is defined as a splitting on the left of the exact sequence of isotopic maps 0 −→ ^V E ^i −→ ^T E ^p! −→ ^T E/ ^V E −→ 0 that is an isotopic morphism of vector isobundles ^C : ^T E → ^V E such that ^C ∘ ^i is the identity on ^V E.

The kernel of the isotopic morphism ^C is a isovector subbundle of ( ^T E, ^τ_E , ^E ) and will be called the horizontal isotopic subbundle ( ^HE, ^τ_H , ^E ) . As a consequence of the above presented definition we can consider that a N–isoconnection in v–isobundle ^E is a isotopic distribution { ^N : ^E_u → H_u ^E, T_u ^E = H_u ^E ⊕ V_u ^E} on ^E such that it is defined a global decomposition, as a Whitney sum, into horizontal, ^HE, and vertical, ^V E, subbundles of the tangent isobundle ^T E : ^T E = ^HE ⊕ ^V E. (12.2) Locally a N–isoconnection in ^ξ is given by its components ^N^a_i (^u) = ^N^a_i (^x, ^y) = N^^a^_i (^x, ^y) with respect to local isocoordinate bases (11.14) and (11.15)): ^N = ^N^a_i (^u) ^d^i ⊗ ^∂_a.

We note that a linear isoconnection in a v–isobundle ^ξ can be considered as a particular case of a N–isoconnection when ^N^a_i (^x, ^y) = ^K^a_{bi} (^x) ^y^b, where isofunctions ^K^b_{ai} (^x) on the base ^M are called the isochristoffel coefficients.

To coordinate locally geometric constructions with the global splitting of isobundle defined by a N–isoconnection structure, we have to introduce a locally adapted isobasis (la—isobasis, la—isoframe): ^δ δ ^u^α = ( ^ δ δ ^x^i = ^∂_i − ^N^a_i (^u) ^∂_a, ^∂ ∂ ^y^a ) , (12.3)

or, in brief, ^δ_α = δ^_α = ( ^δ_i, ^∂_a ) , and its dual la-isobasis ^δ ^u^α = ( ^δ ^x^i = ^d^x^i, ^δ ^y^a + ^N^a_i (^u) ^d^x^i ) , (12.4)

or, in brief, ^δ^α = ( ^d^i, ^δ^a ) . We note that isooperators (12.3) and (12.4) generalize correspondingly the partial isoderivations and isodifferentials (11.1)– (11.3) for the case when a N–isoconnection is defined.

The nonholonomic isocoefficients ^w = { ^w^α_{βγ} (^u)} of la–isoframes are defined as [ ^δ_α, ^δ_β ] = ^δ_α ^δ_β − ^δ_β ^δ_α = ^w^α_{βγ} (^u) ^δ_α. The algebra of tensorial distinguished isofields D ^T ( ^ξ ) (d–isofields, d–isotensors, d–tensor isofield, d–isobjects) on ^ξ is introduced as the tensor algebra T = { ^T^{pr}_{qs} } of the v–isobundle ^ξ_{(d)}, ^p_d : ^HE ⊕ ^V E → ^E. An

element ^t ∈ ^T^{pr}_{qs} , d–tensor isofield of type ( p r q s ) , can be written in local form as ^t = ^t^{i1...ipa1...ar} j_1...j_q b_1 ...b_r (u) ^δ_{i1} ⊗ ... ⊗ ^δ_{ip} ⊗ ^∂_{a1} ⊗ ... ⊗ ^∂_{ar} ⊗ ^d^{j1} ⊗ ... ⊗ ^d^{jq} ⊗ ^δ^{b1} ... ⊗ ^δ^{br} . We shall respectively use denotations X ( ^ξ ) (or X ( ^M ) ), Λ^p ( ^ξ ) (or Λ^p ( ^M ) ) and F ( ^ξ ) (or F ( ^M ) ) for the isotopic module of d-vector isofields on ^ξ (or ^M ), the exterior algebra of p-forms on ^ξ (or ^M ) and the set of real functions on ^ξ (or ^M ).

In general, d–objects on ^ξ are introduced as geometric objects with various isogroup and isocoordinate transforms coordinated with the N– connection isostructure on ^ξ. For example, a d–connection ^D on ^ξ is defined as a isolinear connection ^D on ^E conserving under a parallelism the global decomposition (12.2) into horizontal and vertical subbundles of ^T E.

A N–connection in ^ξ induces a corresponding decomposition of d–isotensors into sums of horizontal and vertical parts, for example, for every d–isovector ^X ∈ X ( ^ξ ) and 1–form ~X ∈ Λ^1 ( ^ξ ) we have respectively ^X = ^hX + ^vX and ~X = h ~X + v ~X . In consequence, we can associate to every d–covariant isoderivation ^D_X = ^X ∘ ^D two new operators of h- and v-covariant isoderivations defined respectively as ^D^{(h)}_X ^Y = ^D_{hX} ^Y and ^D^{(v)}_X ^Y = ^D_{vX} ^Y , ∀ ^Y ∈X ( ^ξ ) for which the following conditions hold: ^D_X ^Y =^D^{(h)}_X ^Y +^D^{(v)}_X ^Y , (12.5) ^D^{(h)}_X f = (h ^X)f and ^D^{(v)}_X f = (v ^X)f, ^X, ^Y ∈X ( ^ξ ) , f ∈ F ( ^M ) . An isometric structure ^G in the total space ^E of v–isobundle ^ξ = ( ^E, ^p, ^M ) over a connected and paracompact base ^M is introduced as a symmetrical covariant tensor isofield of type (0, 2), ^G_{αβ,} being nondegenerate and of constant signature on ^E.

Nonlinear isoconnection ^N and isometric ^G structures on ^ξ are mutually compatible it there are satisfied the conditions: ^G ( ^δ_i, ^∂_a ) = 0 which in component form are written as ^G_{ia} (^u) − ^N^b_i (^u) ^h_{ab} (^u) = 0, (12.6) where ^h_{ab} = ^G ( ^∂_a, ^∂_b ) and ^G_{ia} = ^G ( ^∂_i, ^∂_a ) (the matrix ^h^{ab} is inverse to ^h_{ab}).

In consequence one obtains the following decomposition of isotopic metric : ^G( ^X, ^Y )= ^hG( ^X, ^Y ) + ^vG( ^X, ^Y ) where the d-tensor ^hG( ^X, ^Y )=^G( ^hX, ^hY ) is of type ( 0 0 2 0 ) and the

d–isotensor ^vG( ^X, ^Y )=^G(v ^X, v ^Y ) is of type ( 0 0 0 2 ) . With respect to la–isobasis (12.4) the d–isometric is written as ^G = ^g_{αβ} (^u) ^δ^α ⊗ ^δ^β = ^g_{ij} (^u) ^d^i ⊗ ^d^j + ^h_{ab} (^u) ^δ^a ⊗ ^δ^b, (12.7) where ^g_{ij} = ^G ( ^δ_i, ^δ_j ) . A metric isostructure of type (12.7) on ^E with components satisfying constraints (12.4)) defines an adapted to the given N–isoconnection inner (d–scalar) isoproduct on the tangent isobundle ^T E.

A d–isoconnection ^D_X is compatible with an isometric ^G on ^ξ if ^D_X ^G = 0, ∀ ^X∈ ^X ( ^ξ ) . Locally adapted components ^Γ^α_{βγ} of a d–isoconnection ^D_α = (^δ_α ∘ ^D) are defined by the equations ^D_α ^δ_β = ^Γ^γ_{αβ} ^δ_γ , from which one immediately follows ^Γ^γ_{αβ} (^u) = ( ^D_α ^δ_β ) ∘ ^δ^γ . (12.8) The operations of h- and v–covariant isoderivations, ^D^{(h)}_k = { ^L^i_{jk}, ^L^a_{bk} } and ^D^{(v)}_c = { ^C^i_{jk}, ^C^a_{bc}} (see (4.4)), are introduced as corresponding h– and v– parametrizations of (4.7): ^L^i_{jk} = ( ^D_k ^δ_j ) ∘ ^d^i, ^L^a_{bk} = ( ^D_k ^∂_b ) ∘ ^δ^a (12.9) and ^C^i_{jc} = ( ^D_c ^δ_j ) ∘ ^d^i, ^C^a_{bc} = ( ^D_c ^∂_b ) ∘ ^δ^a. (12.10)

Components (12.9) and (12.10), ^D ^Γ = ( ^L^i_{jk} , ^L^a_{bk} , ^C^i_{jc}, ^C^a_{bc} ) , completely defines the local action of a d–isoconnection ^D in ^ξ. For instance, taken a d–tensor isofield of type ( 1 1 1 1 ) , ^t = ^t^{ia}_{jb} ^δ_i ⊗ ^∂_a ⊗ ^∂^j ⊗ ^δ^b, and a d-vector ^X = ^X^i ^δ_i + ^X^a ^∂_a we have

^D_X ^t=^D^{(h)}_X ^t+^D^{(v)}_X ^t= ( ^X^k ^t^{ia}_{jb|k} + ^X^c ^t^{ia}_{jb⊥c} ) ^δ_i ⊗ ^∂_a ⊗ ^d^j ⊗ ^δ^b, where the h–covariant and v–covariant isoderivatives are written respectively as ^t^{ia}_{jb|k} = ^δ^t^{ia}_{jb} δ ^x^k + ^L^i_{hk} ^t^{ha}_{jb} + ^L^a_{ck} ^t^{ic}_{jb} − ^L^h_{jk} ^t^{ia}_{hb} − ^L^c_{bk} ^t^{ia}_{jc} and ^t^{ia}_{jb⊥c} = ^∂^t^{ia}_{jb} ∂ ^y^c + ^C^i_{hc} ^t^{ha}_{jb} + ^C^a_{dc} ^t^{id}_{jb} − ^C^h_{jc} ^t^{ia}_{hb} − ^C^d_{bc} ^t^{ia}_{jd}. For a scalar isofunction f ∈ F( ^ξ) we have

^D^{(h)}_k = ^δf δ ^x^k = ^∂f ∂ ^x^k − ^N^a_k ^∂f ∂ ^y^a and ^D^{(v)}_c f = ^∂f ∂ ^y^c . We emphasize that the geometry of connections in a v–isobundle ^ξ is very reach. For instance, if a triple of fundamental isogeometric objects ( ^N^a_i (^u) , ^Γ^α_{βγ} (^u) , ^G_{αβ} (^u)) is fixed on ^ξ, a multi–isoconnection structure (with corresponding rules of covariant isoderivation, which are, or not, mutually compatible and with the same, or not, induced d–scalar products in ^T E) is defined.

Let enumerate some of isoconnections and covariant isoderivations which can present interest in investigation of locally anisotropic and homogeneous gravitational and matter field isotopic interactions:

1. Every N–isoconnection in ^ξ with coefficients ^N^a_i (^x, ^y) being isodifferentiable on y-variables induces a structure of isolinear isoconnection ~N^α_{βγ}, where ~N^a_{bi} = ^_∂ ^_N^a_i ∂^y^b and ~N^a_{bc} (^x, ^y) = 0. For some ^Y (^u) =

^Y^i (^u) ^∂_i + ^Y^a (^u) ^∂_a and ^B (^u) = ^B^a (^u) ^∂_a one writes ^D^( ~_{N )} Y ^B = [ ^Y^i ( ^ ∂ ^B^a ∂ ^x^i + ~N^a_{bi} ^B^b ) + ^Y^b ^∂ ^B^a ∂ ^y^b ] ^ ∂ ∂ ^y^a . 2. The d–isoconnection of Berwald type [39]

^Γ^{(B)α}_{βγ} = ( ^L^i_{jk}, ^∂ ^N^a_k ∂ ^y^b , 0, ^C^a_{bc} ) , where ^L^i_{.jk} (^x, ^y) = 1 2 ^g^{ir} ( ^ δ^g_{jk} δ ^x^k + ^δ^g_{kr} δ ^x^j − ^δ^g_{jk} δ ^x^r ) , (12.11) ^C^a_{.bc} (^x, ^y) = 1 2 ^h^{ad} ( ^ ∂^h_{bd} ∂ ^y^c + ^∂^h_{cd} ∂ ^y^b − ∂^h_{bc} ∂ ^y^d ) , is hv-isometric, i.e. ^D^{(B)}_k ^g_{ij} = 0 and ^D^{(B)}_c ^h_{ab} = 0.

3. The isocanonical d–isoconnection ^Γ^{(c)} is associated to a isometric ^G of type (12.6) ^Γ^{(c)α}_{βγ} = ( ^L^{(c)i}_{jk} , ^L^{(c)a}_{bk} , ^C^{(c)i}_{jc} , ^C^{(c)a}_{bc} ), with coefficients (see (12.11)) ^L^{(c)i}_{jk} = ^L^i_{.jk} , ^C^{(c)a}_{bc} = ^C^a_{.bc} (12.12)) ^L^{(c)a}_{bi} = ~N^a_{bi} + 1 2 ^h^{ac} ( ^ δ^h_{bc} δ ^x^i − ~N^d_{bi} ^h_{dc} − ~N^d_{ci}^h_{db} ) , ^C^{(c)i}_{jc} = 1 2 ^g^{ik} ^∂^g_{jk} ∂ ^y^c . This is a isometric d–isoconnection which satisfies compatibility conditions ^D^{(c)}_k ^g_{ij} = 0, ^D^{(c)}_c ^g_{ij} = 0, ^D^{(c)}_k ^h_{ab} = 0, ^D^{(c)}_c ^h_{ab} = 0. 4. We can consider N–adapted isochristoffel distinguished symbols (as in (11.5))

~Γ^α_{βγ} = 1 2 ^G^{ατ} ( ^δ_γ ^G_{τ β} + ^δ_β ^G_{τ γ} − ^δ_τ ^G_{βγ} ) , (12.13)

which have the components of d–connection ~Γ^α_{βγ} = ( ^L^i_{jk} , 0, 0, ^C^a_{bc} ) , with ^L^i_{jk} and ^C^a_{bc} as in (12.11) if ^G_{αβ} is taken in the form (12.7).

Arbitrary isolinear isoconnections on a v–isobundle ^ξ can be also characterized by theirs deformation isotensors with respect, for instance, to d–isoconnection (12.13): ^Γ^{(B)α}_{βγ} = ~Γ^α_{βγ} + ^P^{(B)α}_{βγ} , ^Γ^{(c)α}_{βγ} = ~Γ^α_{βγ} + ^P^{(c)α}_{βγ} or, in general, ^Γ^α_{βγ} = ~Γ^α_{βγ} + ^P^α_{βγ} , (12.14)

where ^P^{(B)α}_{βγ} , ^P^{(c)α}_{βγ} and ^P^α_{βγ} are corresponding deformation d–isotensors of d–isoconnections.

12.4 Isotorsions and Isocurvatures

The notions of isotorsion and isocurvature were introduced in the ref. [223] for an isoriemannian spaces. In this section we reformulate these notions on isobundles provided with N–isoconnection and d–isoconnection structures.

The isocurvature ^Ω of a nonlinear isoconnection ^N in a v–isobundle ^ξ can be defined as the Nijenhuis tensor isofield ^N_v ( ^X, ^Y ) associated to ^N (this is an isotopic transform for N–curvature considered, for instance, in [160,161]):

^Ω = ^N_v = [ v^X, v^Y ] + v [ ^X, ^Y ] − v [ v^X, ^Y ] − v [ ^X, v^Y ] ,^X,^Y ∈ X ( ^ξ ) having this local representation

^Ω = 1 2 ^Ω^a_{ij} ^d^i ⋀ ^d^j ⊗ ^∂_a, where ^Ω^a_{ij} = ^∂ ^N^a_i ∂ ^x^j − ^∂ ^N^a_j ∂ ^x^i + ^N^b_i ~N^a_{bj} − ^N^b_j ~N^a_{bi}. (12.15) The isotorsion ^T of a d–isoconnection ^D in ^ξ is defined by the equation ^T ( ^X, ^Y ) =^D_X ^Y−^D_Y ^X − [ ^X, ^Y ] . (12.16)

One holds the following h- and v–decompositions ^T ( ^X, ^Y ) = ^T ( h^X, h^Y ) + ^T ( h^X, v^Y ) + ^T ( v^X, h^Y ) + ^T ( v^X, v^Y ) . (12.17) We consider the projections:

h ^T ( ^X, ^Y ) , v ^T ( h^X, h^Y ) , h ^T ( h^X, h^Y ) , ... and say that, for instance, h ^T ( h^X, h^Y ) is the h(hh)–isotorsion of ^D, v ^T ( h^X, h^Y ) is the v(hh)–isotorsion of ^D and so on.

The isotorsion (12.16) is locally determined by five d–tensor isofields, isotorsions, defined as ^T^i_{jk} = h ^T ( ^δ_k, ^δ_j ) · ^d^i, ^T^a_{jk} = v ^T ( ^δ_k, ^δ_j ) · ^δ^a, ^P^i_{jb} = h ^T ( ^∂_b, ^δ_j ) · ^d^i, ^P^a_{jb} = v ^T ( ^∂_b, ^δ_j ) · ^δ^a, ^S^a_{bc} = v ^T ( ^∂_c, ^∂_b ) · ^δ^a. Using formulas (12.3), (12.4), (12.14) and (12.16) we compute in explicit form the components of isotorsions (12.17) for a d–isoconnection of type (12.9) and (12.10): ^T^i_{.jk} = ^T^i_{jk} = ^L^i_{jk} − ^L^i_{kj} , ^T^i_{ja} = ^C^i_{.ja}, ^T^i_{aj} = − ^C^i_{ja}, (12.18) ^T^i_{.ja} = 0, ^T^a_{.bc} = ^S^a_{.bc} = ^C^a_{bc} − ^C^a_{cb}, ^T^a_{.ij} = ^δN^a_i δ ^x^j − ^δ ^N^a_j δ ^x^i , ^T^a_{.bi} = ^P^a_{.bi} = ^∂ ^N^a_i ∂ ^y^b − ^L^a_{.bj} , ^T^a_{.ib} = − ^P^a_{.bi}. The isocurvature ^R of a d–isoconnection in ^ξ is defined by the equation ^R ( ^X, ^Y ) ^Z=^D_X ^D_Y ^Z − ^D_Y ^D_X ^Z−^D_{[X,Y ]} ^Z. (12.19) One holds the next properties for the h- and v–decompositions of isocurvature: v^R ( ^X, ^Y ) h ^Z= 0, h^R ( ^X, ^Y ) v ^Z= 0, ^R ( ^X, ^Y ) ^Z= h^R ( ^X, ^Y ) h ^Z+v^R ( ^X, ^Y ) v ^Z.

From (12.19) and the equation ^R ( ^X, ^Y ) = −^R ( ^Y, ^X ) we conclude that the curvature of a d-connection ^D in ^ξ is completely determined by the following six d–tensor isofields: ^R^{.i}_{h.jk} = ^d^i · ^R ( ^δ_k, ^δ_j ) ^δ_h, ^R^{.a}_{b.jk} = ^δ^a · ^R ( ^δ_k, ^δ_j ) ^∂_b, (12.20) ^P^{.i}_{j.kc} = ^d^i · ^R ( ^∂_c, ^∂_k ) ^δ_j , ^P^{.a}_{b.kc} = ^δ^a · ^R ( ^∂_c, ^∂_k ) ^∂_b, ^S^{.i}_{j.bc} = ^d^i · ^R ( ^∂_c, ^∂_b ) ^δ_j , ^S^{.a}_{b.cd} = ^δ^a · ^R ( ^∂_d, ^∂_c ) ^∂_b. By a direct computation, using (12.3),(12.4),(12.9),(12.10) and (12.20) we get: ^R^{.i}_{h.jk} = ^δ ^L^i_{.hj} δ ^x^h − ^δ ^L^i_{.hk} δ ^x^j + ^L^m_{.hj} ^L^i_{mk} − ^L^m_{.hk} ^L^i_{mj} + ^C^i_{.ha} ^R^a_{.jk}, (12.21)

^R^{.a}_{b.jk} = ^δ ^L^a_{.bj} δ ^x^k − ^δ ^L^a_{.bk} δ ^x^j + ^L^c_{.bj} ^L^a_{.ck} − ^L^c_{.bk} ^L^a_{.cj} + ^C^a_{.bc} ^R^c_{.jk}, ^P^{.i}_{j.ka} = ^∂ ^L^i_{.jk} ∂ ^y^k − ^∂ ^C^i_{.ja} ∂ ^x^k + ^L^i_{.lk} ^C^l_{.ja} − ^L^l_{.jk} ^C^i_{.la} − ^L^c_{.ak} ^C^i_{.jc} + ^C^i_{.jb} ^P^b_{.ka},

^P^{.c}_{b.ka} = ^∂ ^L^c_{.bk} ∂ ^y^a − ( ^ ∂ ^C^c_{.ba} ∂ ^x^k + ^L^c_{.dk} ^C^d_{.ba} − ^L^d_{.bk} ^C^c_{.da} − ^L^d_{.ak} ^C^c_{.bd} ) + ^C^c_{.bd} ^P^d_{.ka},

^S^{.i}_{j.bc} = ^∂ ^C^i_{.jb} ∂ ^y^c − ^∂ ^C^i_{.jc} ∂ ^y^b + ^C^h_{.jb} ^C^i_{.hc} − ^C^h_{.jc} ^C^i_{hb}, ^S^{.a}_{b.cd} = ^∂ ^C^a_{.bc} ∂ ^y^d − ^∂ ^C^a_{.bd} ∂ ^y^c + ^C^e_{.bc} ^C^a_{.ed} − ^C^e_{.bd} ^C^a_{.ec}. We note that isotorsions (12.18) and isocurvatures (12.21) can be computed by particular cases of d–isoconnections when d–isoconnections (12.12), or (12.13) are used instead of (12.9) and (12.10). The above presented formulas are similar to (11.8),(11.9) and (11.10) being distinguished (in the case of locally anisotropic and inhomogeneous isospaces) by N– isoconnection structure.

For our further considerations it is useful to compute deformations of isotorsion (12.16) and isocurvature (12.19) under deformations of d–connections (12.14). Putting the splitting (12.14), ^Γ^α_{βγ} = Γ̃^α_{·βγ} + ^P^α_{βγ},into

(12.16) and (12.19) we can express isotorsion ^T^α_{βγ} and isocurvature ^R_β^α_{γδ} of a d–isoconnection ^Γ^α_{βγ} as respective deformations of isotorsion T̃^α_{βγ} and isotorsion R̃^{·α}_{β·γδ} for connection Γ̃^α_{βγ} : T^α_{βγ} = T̃^α_{·βγ} + T̈^α_{·βγ} and R_β^α_{γδ} = R̃^{·α}_{β·γδ} + R̈^{·α}_{β·γδ}, where T̃^α_{βγ} = Γ̃^α_{βγ} − Γ̃^α_{γβ} + w^α_{γδ}, T̈^α_{βγ} = Γ̈^α_{βγ} − Γ̈^α_{γβ} , and R̃^{·α}_{β·γδ} = δ_δΓ̃^α_{βγ} − δ_γΓ̃^α_{βδ} + Γ̃^φ_{βγ}Γ̃^α_{φδ} − Γ̃^φ_{βδ}Γ̃^α_{φγ} + Γ̃^α_{βφ}w^φ_{γδ}, R̈^{·α}_{β·γδ} = D̃_δ P^α_{βγ} − D̃_γ P^α_{βδ} + P^φ_{βγ}P^α_{φδ} − P^φ_{βδ}P^α_{φγ} + P^α_{βφ}w^φ_{γδ}. 12.5 Isobianchi and Isoricci Identities

The isobianchi and isoricci identities were first studied by Santilli [223] on an isoriemannian space. On spaces with N–connection structures the general formulas for Bianchi and Ricci identities (for osculator and vector bundles, generalized Lagrange and Finsler geometry) have been considered by Miron and Anastasiei [160,161] and Miron and Atanasiu [162]. We have extended the Miron–Anastasiei–Atanasiu constructions for superspaces with local and higher order anisotropy in refs. [260,265,266,267,270]. The purpose of this section is to consider distinguished isobianchi and isorichi for vector isobundles.

The isotorsion and isocurvature of every linear isoconnection ^D on a v–isobundle satisfy the following generalized isobianchi identities: ∑ [(^D ^_X ^T )( ^Y , ^Z)− ^R( ^X, ^Y ) ^Z+ ^T ( ^T ( ^X, ^Y ), ^Z)] = 0, (12.22) ∑ [(^D ^_X ^R)( ^U, ^Y , ^Z)+ ^R( ^T ( ^X, ^Y ) ^Z) ^U] = 0, where ∑ means the respective cyclic sum over ^X, ^Y , ^Z and ^U . Using the property that v(^D_X ^R)( ^U, ^Y , h ^Z) = 0, h(^D_X ^R( ^U, ^Y , v ^Z) = 0, the identities (12.22) become ∑ [h(^D_X ^T )( ^Y , ^Z) − h ^R( ^X, ^Y ) ^Z+ (12.23) h ^T (h ^T ( ^X, ^Y ), ^Z) + h ^T (v ^T ( ^X, ^Y ), ^Z)] = 0, ∑ [v(^D_X ^T )( ^Y , ^Z) − v ^R( ^X, ^Y ) ^Z+ v ^T (h ^T ( ^X, ^Y ), ^Z) + v ^T (v ^T ( ^X, ^Y ), ^Z)] = 0, ∑ [h(^D_X ^R)( ^U, ^Y , ^Z) + h ^R(h ^T ( ^X, ^Y ), ^Z) ^U+h ^R(v ^T ( ^X, ^Y ), ^Z) ^U] = 0, ∑ [v(^D_X ^R)( ^U , ^Y , ^Z) + v ^R(h ^T ( ^X, ^Y ), ^Z) ^U+v ^R(v ^T ( ^X, ^Y ), ^Z) ^U] = 0. The local adapted form of these identities is obtained by inserting in (12.23) the necessary values of triples ( ^X, ^Y , ^Z),(= (^δ_i, ^δ_k , ^δ_l), or ( ^∂_d, ^∂_c, ^∂_b),) and putting successively ^U = ^δ_h and ^U = ^∂_a. Taking into account (12.3),(12.4) and (12.23) we obtain: ∑ [ ^T^i_{jk|h}+ ^T^m_{jk} ^T^j_{hm} + ^R^a_{jk} ^C^i_{ha} − ^R_j^i_{kh}] = 0, (12.24) ∑ [ ^R^a_{jk|h} + ^T^m_{jk} ^R^a_{hm} + ^R^b_{jk} ^P^a_{hb}] = 0, ^C^i_{jb|k} − ^C^i_{kb|j} − ^T^i_{jk|b} + ^C^m_{jb} ^T^i_{km} − ^C^m_{kb} ^T^i_{jm} + ^T^m_{jk} ^C^i_{mb}+ ^P^d_{jb} ^C^i_{kd} − ^P^d_{kb} ^C^i_{jd} + ^P_j^i_{kb} − ^P_k^i_{jb} = 0, ^P^a_{jb|k} − ^P^a_{kb|j} − ^R^a_{jk⊥b} + ^C^m_{jb} ^R^a_{km} − ^C^m_{kb} ^R^a_{jm}+ ^T^m_{jk} ^P^a_{mb} + ^P^d_{db} ^P^a_{kd} − ^P^d_{kb} ^P^a_{jd} − ^R^d_{jk} ^S^a_{bd} + ^R^{·a}_{b·jk} = 0, ^C^i_{jb⊥c} − ^C^i_{jc⊥b} + ^C^m_{jc} ^C^i_{mb}− ^C^m_{jb} ^C^i_{mc} + ^S^d_{bc} ^C^i_{jd} − ^S^{·i}_{j·bc} = 0, ^P^a_{jb⊥c} − ^P^a_{jc⊥b} + ^S^a_{bc|j} + ^C^m_{jc} ^P^a_{mb} − ^C^m_{jb} ^P^a_{mc}+ ^P^d_{jb} ^S^a_{cd} − ^P^d_{jc} ^S^a_{bd} + ^S^d_{bc} ^P^a_{jd} + ^P_b^a_{jc} − ^P_c^a_{jb} = 0, ∑ [ ^S^a_{bc⊥d} + ^S^f_{bc} ^S^a_{df} − ^S_f^a_{cd}] = 0, ∑ [ ^R_k^i_{hj|l} − ^T^m_{hj} ^R_k^i_{lm} − ^R^a_{hj} ^P^{·i}_{k·la}] = 0, ∑ [ ^R^{·a}_{d·hj|l} − ^T^m_{hj} ^R^{·a}_{d·lm} − ^R^c_{hj} ^P_d^a_{lc}] = 0,

^P^{·i}_{k·jd|l} − ^P^{·i}_{k·ld|j} + R_k^i_{lj⊥d} + C^m_{ld}R_k^i_{jm} − C^m_{jd}R_k^i_{lm}− ^T^m_{jl} ^P^{·i}_{k·md} + ^P^a_{ld} ^P^{·i}_{k·jl} − ^P^a_{jd} ^P^{·i}_{k·la} − ^R^a_{jl} ^S^{·i}_{k·ad} = 0, ^P_c^a_{jd|l} − ^P_c^a_{ld|j} + ^R^{·a}_{c·lj|d} + ^C^m_{ld} ^R_c^a_{jm} − ^C^m_{jd} ^R_c^a_{lm}− ^T^m_{jl} ^P_c^a_{md} + ^P^f_{ld} ^P_c^a_{jf} − ^P^f_{jd} ^P_c^a_{lf} − ^R^f_{jl} ^S_c^a_{f d} = 0, ^P^{·i}_{k·jd⊥c} − ^P^{·i}_{k·jc⊥d} + ^S_k^i_{dc|j} + ^C^m_{jd} ^P^{·i}_{k·mc} − ^C^m_{jc} ^P^{·i}_{k·md}+ ^P^a_{jc} ^S^{·i}_{k·da} − ^P^a_{jd} ^S^{·i}_{k·ca} + ^S^a_{cd} ^P^{·i}_{k·ja} = 0, ^P_b^a_{jd⊥c} − ^P_b^a_{jc⊥d} + ^S_b^a_{cd|j} + ^C^m_{jd} ^P_b^a_{mc}− ^C^m_{jc} ^P_b^a_{md} + ^P^f_{jc} ^S_b^a_{df} − ^P^f_{jd} ^S_b^a_{cf} + ^S^f_{cd} ^P_b^a_{jf} = 0, ∑ [b,c,d] ^S_k^i_{bc⊥d}− ^S^a_{bc} ^S_k^i_{da} ∑ [b,c,d] [ ^S_f^a_{bc⊥d}− ^S^e_{bc} ^S_f^a_{de}] = 0, where, for instance, ∑ [b,c,d] means the cyclic sum over indices b, c, d.

Identities (12.24) are isotopic generalizations of the corresponding formulas presented in [160,161], or equivalently, an extension of Santilli’s [223] formulas to the case of d–isoconnections.

As a consequence of a corresponding rearrangement of (12.23) we obtain the isoricci identities (for simplicity we establish them only for distinguished vector isofields, although they may be written for every distinguished tensor isofield): ^D^{(h)}_{[X} ^D^{(h)}_{Y }}h ^Z = ^R(h ^X, h ^Y )h ^Z + ^D^{(h)}_{[hX,hY }}h ^Z + ^D^{(v)}_{[hX,hY }}h ^Z, (12.25) ^D^{(v)}_{[X} D^{(h)}_{Y }} h ^Z = ^R(v ^X, h ^Y )h ^Z + ^D^{(h)}_{[vX,hY }}h ^Z + ^D^{(v)}_{[vX,hY }}h ^Z, ^D^{(v)}_{[X} ^D^{(v)}_{Y }}h ^Z = ^R(v ^X, v ^Y )h ^Z + ^D^{(v)}_{[vX,vY }}h ^Z and ^D^{(h)}_{[X} ^D^{(h)}_{Y }}v ^Z = ^R(h ^X, h ^Y )v ^Z + D^{(h)}_{[hX,hY }}v ^Z + D^{(v)}_{[hX,hY }}v ^Z, (12.26) ^D^{(v)}_{[X} ^D^{(h)}_{Y }} v ^Z = ^R(v ^X, h ^Y )v ^Z + ^D^{(v)}_{[vX,hY }}v ^Z + ^D^{(v)}_{[vX,hY }}v ^Z,

^D^{(v)}_{[X} ^D^{(v)}_{Y }}v ^Z = ^R(v ^X, v ^Y )v ^Z + ^D^{(v)}_{[vX,vY }}v ^Z. For ^X = ^X^i(^u) ^^δ_δ^_{xi} + ^X^a(^u) ^^∂_∂^_{xa} and (12.3),(12.4),(12.18) and (12.21) we can express respectively identities (12.25) and (12.26) in this form: ^X^a_{|k|l} − ^X^a_{|l|k} = ^R_B^a_{kl} ^X^b − ^T^h_{kl} ^X^a_{|h} − ^R^b_{kl} ^X^a_{⊥b}, ^X^i_{|k⊥d} − ^X^i_{⊥d|k} = ^P^{·i}_{h·kd} ^X^h − ^C^h_{kd} ^X^i_{|h} − ^P^a_{kd} ^X^i_{⊥a}, ^X^i_{⊥b⊥c} − ^X^i_{⊥c⊥b} = ^S^{·i}_{h·bc} ^X^h − ^S^a_{bc} ^X^i_{⊥a} and ^X^a_{|k|l} − ^X^a_{|l|k} = ^R_b^a_{kl} ^X^b − ^T^h_{kl} ^X^a_{|h} − ^R^b_{kl} ^X^a_{⊥b}, ^X^a_{|k⊥b} − ^X^a_{⊥b|k} = ^P_b^a_{kc} ^X^c − ^C^h_{kb} ^X^a_{|h} − ^P^d_{kb} ^X^a_{⊥d}, ^X^a_{⊥b⊥c} − ^X^a_{⊥c⊥b} = ^S_d^a_{bc} ^X^d − ^S^d_{bc} ^X^a_{⊥d}. For some considerations it is useful to use an alternative way of definition isotorsion (12.16) and isocurvature (12.19) by using the commutator ^Δ_{αβ} .= ^∇_α^∇_β − ^∇_β^∇_α = 2^∇_{[α}^∇_{β]}. (12.27) For components (12.27) of d–isotorsion we have ^Δ_{αβ} ^f = ^T^γ_{.αβ}^∇_γ ^f for every scalar function ^f on ^ξ. Curvature can be introduced as an operator acting on arbitrary d–isovector ^V^δ : ( ^Δ_{αβ} − ^T^γ_{.αβ}^∇_γ ) ^V^δ = ^R^{.δ}_{γ.αβ} ^V^γ (in this work we are following conventions similar to Miron and Anastasiei [160,161] on d–isotensors; we can obtain corresponding Penrose and Rindler abstract index formulas [180,181,182] just for a trivial N–connection structure and by changing denotations for components of isotorsion and isocurvature in this manner: T^γ_{.αβ} → T^γ_{αβ} and R^{.δ}_{γ.αβ} → R^δ_{αβγ} ).

12.6 Structure Equations of a d–Isoconnection

Let us, for instance, consider d–tensor isofield: ^t = ^t^i_a ^δ_I ⊗^δ^a. We introduce the so–called d–connection 1–forms ω^i_j and ω̃^a_b as ^D^t = (^D^t^i_a)^δ_I ⊗^δ^a with ^D^t^i_a = ^d^t^i_a + ω^i_j ^t^j_a − ω̃^b_a ^t^i_b = ^t^i_{a|j} ^d^x^j + ^t^I_{a⊥b} ^δ ^y^b. For the d–isoconnection 1–forms of a d–isoconnection ^D on ^ξ defined by ω^i_j and ω̃^a_b one holds the following structure isoequations: d( ^d^i) − ^d^h ∧ ω^i_h = − ^Ω, d(^δ^a) − ^δ^a ∧ ω^a_b = − ^Ω^a, dω^i_j − ω^h_j ∧ ω^i_h = − ^Ω^i_j , dω^a_b − ω^c_b ∧ ω^a_c = − ^Ω^a_b , in which the isotorsion 2–forms ^Ω^i and ^Ω^i are given respectively by formulas:

^Ω^i = 1 2 ^T^i_{jk} ^d^j ∧ ^d^k + 1 2 ^C^i_{jk} ^d^j ∧ ^δ^c, ^Ω^a = 1 2 ^R^a_{jk} ^d^j ∧ ^d^k + 1 2 ^P^a_{jc} ^d^j ∧ ^δ^c + 1 2 ^S^s_{bc} ^δ^b ∧ ^δ^c, and ^Ω^i_j = 1 2 ^R_j^i_{kh} ^d^k ∧ ^d^h + 1 2 ^P^{·i}_{j·kc} ^d^k ∧ ^δ^c + 1 2 ^S^{·i}_{j·kc} ^δ^b ∧ ^δ^c, ^Ω^a_b = 1 2 ^R^{·a}_{b·kh} ^d^k ∧ ^d^h + 1 2 ^P^{.a}_{b.kc} ^d^k ∧ ^δ^c + 1 2 ^S^{.a}_{b.cd} ^δ^c ∧ ^δ^d The just presented formulas are very similar to those for usual locally anisotropic spaces [160,161] but in our case they are written for isotopic values and generalize the isoriemannian Santilli’s formulas [223].

Chapter 13

The Isogeometry of Tangent Isobundles

The aim of this Chapter is to formulate some results in the isogeometry of tangent isobundle, t–isobundle, ^T M and to use them in order to develop the geometry of Finsler and Lagrange isospaces.

13.1 Notions of Isotopies of Generalized Lagrange and Finsler Spaces

All results presented in the preceding Chapter on v–isobundles provided with N–isoconnection, d–isoconnection and isometric structures hold good for ^T M. In this case the dimension of the base isospace and of typical isofibre coincides and we can write locally, for instance, isovectors as ^X = ^X^i ^δ_i + ^Y^i ^∂_i = ^X^i ^δ_i + ^Y^{(i)} ^∂_{(i)},

where ^u^α = (^x^i, ^y^j) = (^x^i, ^y^{(j)}).

On t-isobundles we can define a global map ^J : X ( ^T M ) → X ( ^T M ) (13.1)

which does not depend on N–isoconnection structure: ^J( ^δ δ ^x^i ) = ^∂ ∂ ^y^i and ^J( ^∂ ∂ ^y^i ) = 0.

This endomorphism is called the natural (or canonical) almost tangent isostructure on ^T M; it has the properties: 1) ^J^2 = 0, 2)Im ^J = Ker ^J = V ^T M and 3) the Nigenhuis isotensor, N_J ( ^X, ^Y ) = [J ^X, J ^Y } − J[J ^X, ^Y } − J[ ^X, J ^Y ] ( ^X, ^Y ∈ X ( ^T M ) ) identically vanishes, i.e. the natural almost tangent isostructure J on ^T M is isointegrable.

Let ^M be a isosmooth (2n)–dimensional isomanifold and ( ^T M, τ, ^M) its t–isobundle. For isospaces we define a generalized isolagrange space, GIL–space, as a pair G ^L^{n,m} = ( ^M, ^g_{ij} (^x, ^y)), where ^g_{ij} (^x, ^y) is a d–tensor isofield on T̃ M = ^T M−{0}, of isorank (2n), and is called as the fundamental d–isotensor, or metric d–isotensor, of GIL–space.

Let denote as a normal d–isoconnection that defined by using N and being adapted to the almost tangent isostructure (6.1) as ^DΓ = ( ^L^a_{jk}, ^C^a_{jk} ). This d–isoconnection is compatible with isometric ^g_{ij} (^x, ^y) if ^g_{ij|k} = 0 and ^g_{ij⊥k} = 0. There exists an unique d–isoconnection C ^Γ(N) which is compatible with ^g_{ij} (^u) and has vanishing isotorsions ^T^i_{jk} and ^S^i_{jk} (see formulas (5.4) rewritten for t–isobundles). This isoconnection, depending only on ^g_{ij} (^u) and ^N^i_j (^u) is called the canonical metric d–isoconnection of GIL–space. It has coefficients ^L^i_{jk} = 1 2 ^g^{ih}(^δ_j ^g_{hk} + ^δ_h ^g_{jk} − ^δ_h ^g_{jk}), (13.2) ^C^i_{jk} = 1 2 ^g^{ih}( ^∂_j ^g_{hk} + ^∂_h ^g_{jk} − ^∂_h ^g_{jk} ). Of course, metric d–isoconnections different from C ^Γ(N) may be found. For instance, there is a unique normal d–isoconnection ^DΓ(N) = (L̄^i_{·jk}, C̄^i_{·jk}) which is metric and has a priori given isotorsions ^T^i_{jk} and ^S^i_{jk}. The coefficients of ^DΓ(N) are the following ones: L̄^i_{·jk} = ^L^i_{jk} − 1 2 ^g^{ih}(^g_{jr} ^T^r_{hk} + ^g_{kr} ^T^r_{hj} − ^g_{hr} ^T^r_{kj} ),

C̄^i_{·jk} = ^C^i_{jk} − 1 2 ^g^{ih}(^g_{jr} ^S^r_{hk} + ^g_{kr} ^S^r_{hj} − ^g_{hr} ^S^r_{kj} ), where ^L^i_{jk} and ^C^i_{jk} are the same as for the C ^Γ(N)–isoconnection (13.2).

The Lagrange spaces were introduced in order to geometrize the concept of Lagrangian in mechanics (the Lagrange geometry is studied in details, see also basic references, in Miron and Anastasiei [160,161]). For isospaces we present this generalization:

A isolagrange space, IL–space, ^L^n = ( ^M, ^g_{ij} ), is defined as a particular case of GIL–space when the d–isometric on ^M can be expressed as ^g_{ij} (^u) = 1 2 ^∂^2L ∂ ^y^i∂ ^y^j , (13.3)

where L : ^T M → ^Λ, is a isodifferentiable function called a iso–Lagrangian on ^M. Now we consider the isotopic extension of the Finsler space: A isofinsler isometric on ^M is a function F_S : ^T M → ^Λ having the properties:

1. The restriction of F_S to T̃ M = ^T M \ {0} is of the class G^∞ and F is only isosmooth on the image of the null cross–section in the t–isobundle to ^M. 2. The restriction of ^F to T̃ M is positively homogeneous of degree 1 with respect to (^y^i), i.e. ^F (^x, ^λ^y) = ^λ ^F (^x, ^y), where ^λ is a real positive number.

3. The restriction of ^F to the even subspace of T̃ M is a positive function. 4. The quadratic form on Λ^n with the coefficients ^g_{ij} (^u) = 1 2 ^∂^2 ^F^2 ∂ ^y^i∂ ^y^j (13.4)

defined on T̃ M is nondegenerate.

A pair ^F^n = ( ^M, ^F ) which consists from a continuous isomanifold ^M and a isofinsler isometric is called a isofinsler space, IF–space.

It’s obvious that IF–spaces form a particular class of IL–spaces with iso- Lagrangian L = ^F^2 and a particular class of GIL–spaces with metrics of type (13.4).

For a IF–space we can introduce the isotopic variant of nonlinear Cartan connection [160,161]: ^N^i_j (^x,^y) = ^∂ ∂ ^y^j ^G^{∗I} , where ^G^{∗i} = 1 4 ^g^{∗ij} ( ^∂^2ε ∂ ^y^i∂ ^x^k ^y^k − ^∂ε ∂ ^x^j ), ε(^u) = ^g_{ij} (^u)^y^i ^y^j , and ^g^{∗ij} is inverse to ^g^∗_{ij} (^u) =^1_2 ^^{∂2ε}_∂^_{yi∂}^_{yj} . In this case the coefficients of canonical metric d–isoconnection (13.2) gives the isotopic variants of coefficients of the Cartan connection of Finsler spaces. A similar remark applies to the isolagrange spaces.

13.2 The Isotopic Almost Hermitian Model of GIL–Spaces

Consider a GIL–space endowed with the canonical metric d–isoconnection C ^Γ(N). Let ^δ_α = (^δ_α, ^˙∂_I ) be a usual adapted frame (13.2) on TM and ^δ^α = ( ^∂^I , ^δ̇^I ) its dual, see (13.3). The linear operator ^F : Ξ(T̃ M) → Ξ(T̃ M), acting on ^δ_α by ^F (^δ_i) = − ^∂_i, ^F (^˙∂_i) = ^δ_i, defines an almost complex isostructure on T ^M. We shall obtain a complex isostructure if and only if the even component of the horizontal distribution ^N is integrable. For isospaces, in general with even and odd components, we write the isotopic almost Hermitian property (almost Hermitian isostructure) as ^F^α_β ^F^β_δ = −δ^α_β . The isometric ^g_{ij} (^x,^y) on GIL–spaces induces on Ṫ ^M the following isometric: ^G = ^g_{ij} (^u) ^d^x^i ⊗ ^d^x^j + ^g_{ij} (^u)^δ ^y^i ⊗ ^δ ^y^j . (13.5)

We can verify that pair ( ^G, ^F ) is an almost Hermitian isostructure on Ṫ ^M with the associated supersymmetric 2–form ^θ = ^g_{ij} (^x,^y)^δ ^y^i ∧ ^d^x^j . The almost Hermitian isospace ^H^{2n} = (T ^M, ^G, ^F ), provided with a isometric of type (13.5) is called the lift on T ^M, or the almost Hermitian isomodel, of GIL–space G ^L^n. We say that a linear isoconnection ^D on Ṫ ^M is almost Hermitian isotopic of Lagrange type if it preserves by parallelism the vertical distribution V and is compatible with the almost Hermitian isostructure ( ^G, ^F ), i.e. ^D_X ^G = 0, ^D_X ^F = 0, (13.6) for every X ∈ ^X ( T ^M ) . There exists an unique almost Hermitian isoconnection of Lagrange type ^D^{(c)} having h(hh)- and v(vv)–isotorsions equal to zero. We can prove (similarly as in [160,161]) that coefficients ( ^L^i_{jk} , ^C^i_{jk}) of ^D^{(c)} in the adapted basis (^δ_i, ^δ̇_j ) are just the coefficients (13.2) of the canonical metric d–isoconnection C ^Γ(N) of the GIL–space G ^L^n. Inversely, we can say that C ^Γ(N)–connection determines on T̃ M and isotopic almost Hermitian connection of Lagrange type with vanishing h(hh)- and v(vv)-isotorsions. If instead of GIL–space isometric ^g_{ij} in (13.4) the isolagrange (or isofinsler) isometric (13.2) (or (13.3)) is taken, we obtain the almost Hermitian isomodel of isolagrange (or isofinsler) isospaces ^L^n (or ^F^n).

We note that the natural compatibility conditions (13.6) for the isometric (13.5) and C ^Γ(N)–connections on ^H^{2n}–spaces plays an important role for developing physical models on la–isospaces. In the case of usual locally anisotropic spaces geometric constructions and d–covariant calculus are very similar to those for the Riemann and Einstein–Cartan spaces. This is exploited for formulation in a selfconsistent manner the theory of spinors on la–spaces [256,255,264] for introducing a geometric background for locally anisotropic Yang–Mills and gauge like gravitational interactions [272,258,259] and for extending the theory of stochastic processes and diffusion to the case of locally anisotropic spaces and interactions on such spaces [257,262,268]. In a similar manner we can introduce N–lifts to vand t–isobundles in order to investigate isotopic gravitational la–models.

Chapter 14

Locally Anisotropic and Inhomogeneous Isogravity

The conventional Riemannian geometry can be generally assumed to be exactly valid for the exterior gravitational problem in vacuum where bodies can be well approximated as being massive points, thus implying the validity of conventional and calculus.

On the contrary, there have been serious doubt dating back to E. Cartan on the same exact validity of the Riemannian geometry for interior gravitational problem because the latter imply internal effects which are arbitrary nonlinear in the velocities and other variables, nonlocal integral and of general non–(first)–order Lagrangian type.

Santilli [221,222,224,223] constructed his isoriemannian geometry and proposed the related isogravitation theory precisely to resolve the latter shortcoming. In fact, the isometric acquires an arbitrary functional; dependence thus being able to represent directly the locally anisotropic and inhomogeneous character of interior gravitational problems.

A remarkable aspect of the latter advances is that they were achieved by preserving the abstract geometric axioms of the exterior gravitation. In fact, exterior and interior gravitation are unified in the above geometric approach and are merely differentiated by the selected unit, the trivial value I = diag(1, 1, 1, 1) yielding the conventional gravitation in vacuum while more general realization of the unit yield interior conditions under the same abstract axioms (see ref. [129,130] for an independent study).

A number of applications of the isogeometries for interior problems have already been identified, such as (see ref. [224] for an outline): the representation of the local variation of the speed of light within physical media such as atmospheres or chromospheres; the representation of the large difference between cosmological redshift between certain quasars and their associated galaxies when physically connected according to spectroscopic evidence; the initiation of the study of the origin of the gravitation via its identification with the field originating the mass of elementary constituents.

As we have shown [269,261,254,270] the low energy limits of string and superstring theories give also rise to models of (super)field interactions with locally anisotropic and even higher order anisotropic interactions. The N– connection field can be treated as a corresponding nonlinear gauge field managing the dynamics of ”step by step” splitting (reduction) of higher dimensional spaces to lower dimensional ones. Such (super)string induced (super)gravitational models have a generic local anisotropy and, in consequence, a more sophisticate form of field equations and conservation laws and of corresponding theirs stochastic and quantum modifications. Perhaps similar considerations are in right for isotopic versions of sting theories. That it is why we are interested in a study of models of isogravity with nonvanishing nonlinear isoconnection, distinguished isotorsion and, in general, non–isometric fields.

14.1 Generalized Isofinsler gravity

To begin our presentation let us consider a v–isobundle ^ξ = ( ^E, π, ^M) provided with some compatible nonlinear isoconnection ^N, d–isoconnection ^D and isometric ^G structures.For a locally N–adapted isoframe we write ^D_( δ_{δuγ )} ^δ δ ^u^β = ^Γ^α_{βγ} ^δ δ ^u^α , where the d–isoconnection ^D has the following coefficients:

^Γ^i_{jk} = ^L^i_{jk} , ^Γ^i_{ja} = ^C^i_{ja}, ^Γ^i_{aj} = 0, ^Γ^i_{ab} = 0, (14.1) ^Γ^a_{jk} = 0, ^Γ^a_{jb} = 0, ^Γ^a_{bk} = ^L^a_{bk}, ^Γ^a_{bc} = ^C^a_{bc}.

The nonholonomy isocoefficients ^w^γ_{αβ} are as follows: ^w^k_{ij} = 0, ^w^k_{aj} = 0, ^w^k_{ia} = 0, ^w^k_{ab} = 0, ^w^a_{ij} = ^R^a_{ij} , ^w^b_{ai} = − ^∂ ^N^b_a ∂ ^y^a , ^w^b_{ia} = ^∂ ^N^b_a ∂ ^y^a , ^w^c_{ab} = 0. By straightforward calculations we can obtain respectively these components of isotorsion, T (^δ_γ , ^δ_β) = T^α_{·βγ} ^δ_α, and isocurvature, R(^δ_β, ^δ_γ )^δ_τ = R^{·α}_{β·γτ} ^δ_α, d–isotensors: T^i_{·jk} = ^T^i_{jk}, T^I_{·ja} = ^C^i_{ja}, T^I_{·ja} = − ^C^i_{ja}, T^i_{·ab} = 0, (14.2) T^a_{·ij} = ^R^a_{ij} , T^a_{·ib} = − ^P^a_{bi}, T^a_{·bi} = ^P^a_{bi}, T^a_{·bc} = ^S^a_{bc} and R^{·j}_{i·kl} = ^R_j^i_{kl}, R^{·j}_{b·kl} = 0, R^{·a}_{j·kl} = 0, R^{·a}_{b·kl} = ^R^{·a}_{b·kl}, (14.3) R^{·i}_{j·kd} = ^P_j^i_{kd}, R^{·a}_{b·kd} = 0, R^{·a}_{j·kd} = 0, R^{·a}_{b·kd} = ^P_b^a_{kd}, R^{·i}_{j·dk} = − ^P_j^i_{kd}, R^{·i}_{b·dk} = 0, R^{·a}_{j·dk} = 0, R^{·h}_{b·dk} = − ^P_b^a_{kd}, R^{·i}_{j·cd} = ^S_j^i_{cd}, R^{·i}_{b·cd} = 0, R^{·a}_{j·cd} = 0, R^{·a}_{b·cd} = ^S_b^a_{cd} (for explicit dependencies of components of isotorsions and isocurvatures on components of d–isoconnection see formulas (12.8) and (12.21)).

The locally adapted components R_{αβ} = Ric(D)(^δ_α, ^δ_β) (we point that in general on t–isobundles R_{αβ} ≠ R_{βα}) of the isoricci tensor are as follows: R_{ij} = ^R_i^k_{jk} , R_{ia} = −^{(2)} ^P_{ia} = − ^P^{·k}_{i·ka} (14.4) R_{ai} = ^P_{ai} = ^P^{·b}_{a·ib}, R_{ab} = ^S_a^c_{bc} = ^S_{ab}. For scalar curvature, ←− R = Sc(^D) = ^G^{αβ} ^R_{αβ} , we have Sc(^D) = ^R + ^S, (14.5) where ^R = ^g^{ij} ^R_{ij} and ^S = ^h^{ab} ^S_{ab}.

The isoeinstein–isocartan equations with prescribed N–isoconnection and h(hh)– and v(vv)–isotorsions on v–isobundles (compare with isoeinstein isoequations (11.11)) are written as ^R^{αβ} − 1 2 ^g^{αβ} ( ←− R + ^Θ − λ) = κ_1(^t^{αβ} − ^τ^{αβ}), (14.6) and ^T^α_{·βγ} + G_β^α ^T^τ_{γτ} − G_γ^α ^T^τ_{βτ} = κ_2 ^Q^α_{βγ} , (14.7)

where ^Q^α_{βγ} spin–density of matter d–isotensors on locally anisotropic and homogeneous isospace, κ_1 and κ_2 are the corresponding interaction constants and λ is the cosmological constant, ^t^{αβ} is a source isotensor and ^τ^{αβ} is the stress–energy isotensor and there is satisfied the generalized Freud isoidentity ^G^α_β − 1 2 δ^α_β ( ^Θ − λ) = ^U^α_β + ^δ_ρ ^V^{αρ}_β, (14.8)

where ^G^α_β = ^R^α_β − 1 2 δ^α_β ←− R , ^U^α_β = − 1 2 ^δ ^Θ ^∂(^D_α ^g^{γδ}) ^D_β ^g^{γδ} and ^V^{αρ}_β = 1 2 [^g^{γδ} ( δ^α_β ^Γ^ρ_{αδ} − δ^α_δ ^Γ^ρ_{αβ} ) + ^g^{ργ} ^Γ^α_{βγ} − ^g^{αγ} ^Γ^ρ_{βγ} + ( δ^ρ_β ^g^{αγ} − δ^α_β ^g^{ργ} ) ^Γ^ρ_{γρ}]. By using decompositions (14.1)–(15.5) it is possible an explicit projection of equations (14.6)–(14.8) into vertical and horizontal isocomponents (for simplicity we omit such formulas in this work).

Equations (14.6) constitute the fundamental field equations of Santilli isogravitation [221,222,224,223] written in this case for vector isobundles provided with compatible N- and d–isoconnection and isometric structures. The algebraic equations (14.7) have been here added, apparently for the first time for isogravity with isotorsion (see also [272,258,259,249,250,251,252, 279,263,275,277,260,265,266,267] for locally anisotropic gravity and supergravity) in order to close the system of gravitational isofield equations (really we have also to take into account the system of constraints (14.5) if locally anisotropic inhomogeneous gravitational isofield is associated to a d–isometric (14.6), or to a d–isometric (13.5) if the isogravity is modelled on a tangent isobundle). It should be noted here that the system of isogravitational field equations (14.8) presents a synthesis for vector isobundles of equations introduced by Anastasiei, [9,10] and [160,161], and of equations (11.11) and (11.12) considered in the Santilli isotheory.

We note that on la–isospaces the divergence D_α[ ^G^α_β − 1 2 δ^α_β ( ^Θ − λ)] = ^U_β (14.9)

does not vanish (this is a consequence of generalized isobianchi (12.22), or (12.23), and isoricci isoidentities (12.25), or (12.26)). The problem of nonvanishing of such divergences for gravitational models on vector bundles provided with nonlinear connection structures was analyzed in [9,10] and [160,161].

The problem of total conservation laws on isospaces has been studied in detail in ref. [221] by reformulating all isospaces considered in that paper in terms of the isominkowskian space, with consequential elimination of curvature which permits the construction of a universal symmetry and related total conservation laws for all possible isometric.

The latter studies concerning vector isobundles with N–isoconnections will be considered in some future works.

We end this subsection by emphasizing that isofield equations of type (14.6)–(14.8) can be similarly introduced for the particular cases of locally anisotropic isospaces with metric (13.5) on T̃ M with coefficients parametrized as for the isolagrange, (13.3), or isofinsler, (13.4), isospaces.

14.2 Concluding Remarks and Further Possibilities

One of the most important aspects we attempted to convey in this Part of the monograph is the possiblity to formulate isotopic variants of extended Finsler geometry and the application of this isogeometric background in contemporary theoretical and mathematical physics. The approach adopted here provides us an essentially self–contained, concise and significantly simple treatment of the material on bundle isospaces enabled with compatible isotopic nonlinear and distinguished isoconnections and isometric structures.

A remarkable features worth recalling is that the considerable broadening of the capabilities of the isotheory via the additional of nonlinear, nonlocal and noncanonical effects, is done via the same abstract axioms of the conventional formulations.

In this Part we have discussed the basic geometric constructions for isotopic spaces with inhomogeneity and local anisotropy. We have computed the distinguished isotorsions and isocurvatures. It was shown how to write a manifestly isotopic model of gravity with locally anisotropic and inhomogeneous interactions of isofields. The assumptions made in deriving the results are similar to those for the geometry of isomanifolds and to the isofield theory.

There are various possible developments of the ideas presented here. One of the necessary steps is the definition of locally anisotropic and inhomogeneous isotopic spinors and explicit constructions of physical models with isospinor, isogauge and isogravitational interactions on locally anisotropic isospaces. The problem of formulation of conservation laws on locally anisotropic and inhomogeneous isospaces and for locally anisotropic and inhomogeneous isofield interactions presents a substantial intrested for investigations. Here we add the theory of isostochastic processes, the supersymmetric extension of the concept of isotheory as well possible generalizations of the mentioned constructions for higher order anisotropies in string theories. These tasks remain for future research.

Bibliography

[1] E. Abdala and R. S. Jasinschi, Nucl. Phys. B232 (1984) 426 [2] S. Adler, Phys. Rev. 177 (1969) 2426 [3] R. Aldovandi and E. Stedile, Int. J. Theor. Phys. 23 (1984) 301 [4] L. Alvarez–Gaume, Commun. Math. Phys. 90 (1983) 161 [5] L. Alvarez-Gaume, D. Z. Freedman and S. Mukhi, Ann. Phys. 134 (1981) 85 [6] L. Alvarez–Gaume and E. Witten, Nucl. Phys. Nucl. Phys. 234 (1983) 269 [7] S. P. de Alwis, Phys. Rev. D34 (1986) 3760 [8] M. Anastasiei, C. R. Acad. Sci. Paris A284, (1977) 943 [9] M. Anastasiei, An. şt. Univ. Iaşi, s I a 32 (1986) 17 [10] M. Anastasiei, Tensor, N. S. 46 (1987) 323 [11] M. Anastasiei, in Coloquium on Differential Geometry, 25-30 July 1994 (Lajos Kossuth University, Debrecen, Hungary, 1994) p.1 [12] M. Anastasiei and H. Kawaguchi, Tensor, N. S. 49 (1990) 296 [13] P. L. Antonelli and R. Miron (eds), Lagrange and Finsler Geometry, Applications to Physics and Biology (Kluwer Academic Publishers, Dordrecht, Boston, London, 1996)

[14] P. L. Antonelli and T. J. Zastavniak (guest eds), Lagrange Geometry, Finsler Spaces and Noise Applied in Biology and Physics., in Mathematical and Computer Modelling, ed. Rolin, E. Y. 20. N415 (Plenum Press, 1994) [15] A. K. Aringazin and G. S. Asanov, Rep. Math. Phys. 25 (1988) 35 [16] R. Arnowitt, P. Nath and B. Zumino, Phys. Lett. B56 (1975) 81 [17] G. S. Asanov, Finsler Geometry, Relativity and Gauge Theories (Reidel, Boston, 1985) [18] G. S. Asanov and S. F. Ponomarenko, Finsler Bundle on Space–Time.

Associated Gauge Fields and Connections (Ştiinţa, Chişinău, 1988) [in Russian] [19] G. S. Asanov, Fibered Generalization of the Gauge Field Theory. Finslerian and Jet Gauge Fields (Moscow University Press, Moscow, 1989) [in Russian] [20] A. Ashtekar, Phys. Rev. D36 (1987) 1587 [21] J. Atick, A. Dhar and B. Ratra, Phys. Rev. D33 (1986) 2824 [22] M. F. Atiyah, R. Bott and A. Shapiro, Topology 3 (1964) 3 [23] M. Atiyah, R. Bott and V. K. Patodi, Invent. Math. 19 (1973) 279 [24] J. Bagger, in Supersymmetry: Proc. NATO Adv. Study Inst., Bonn, Aug. 20–31, 1984 (New York, London, 1985) 45 [25] K. Baltzer et all., Tomber’s Bibilography and Index in Nonassociative Algebras (Hadronic Press, Palm Harbor, FL, 1984) [26] W. Barthel, J. Reine Angew. Math. 212 (1963) 120 [27] C. Bartocci, U. Bruzzo and D. Hermándes–Ruipérez, The Geometry of Supermanifolds (Kluwer Academic Publishers, Dordrecht, Boston, London, 1991) [28] G. G. Beil, Int. J. Theor. Phys. 31 (1992) 1025

[29] A. Bejancu, Finsler Geometry and Applications (Ellis Horwood, Chichester, England, 1990) [30] A. Bejancu, Generalized Gauge Theories, in Colloquia Mathematica Societatis János Bolyai. 56. Differential geometry (EGER, Hungary, 1989) p. 101 [31] A. Bejancu, A New Viewpoint on Differential Geometry of Supermanifolds, I (Timişoara University Press, Romania, 1990) [32] A. Bejancu, An. Şt. Univ. ”Al. I. Cuza” Iaşi (new ser., fasc.2) 36 (1991) 123 [33] A. Bejancu, A New Viewpoint on Differential Geometry of Supermanifolds, II (Timişoara University Press, Romania, 1991) [34] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Nucl. Phys.

B241 (1984) 333 [35] J. S. Bell and R. A. Jackiv, Nuovo Cim. 60 47 [36] S. Bellucci, Progr. Theor. Phys. 79 (1988) 1288 [37] F. A. Berezin and D. A. Leites, Doklady Academii Nauk SSSR 224 (1975) 505 [in Russian]; Sov. Math. Dokl. 16 (1975) 1218 [38] E. Bergshoeff, M. de Roo, B. de Wit and P. Nieuwenhuizen, Nucl.

Phys. B195 (1982) 97 [39] L. Berwald, Math. Z. 25 (1926) 40; Correction, Math. Z. 26 (1927) 176 [40] R. D. Bishop and R. J. Crittenden, Geometry of Manifolds (Academic Press, 1964) [41] G. Yu. Bogoslovsky, Theory of Locally-Anisotropic Space-Time (Izdatel’stvo Moscovskogo Universiteta, Moscow, 1992) [in Russian] [42] H. Bondi, Nature (1979) 1072

[43] H. Bondi, F. Pirani and I. Robinson, Proc. Roy. Soc. London. A251 (259) (1959) 519 [44] E. Braaten, T. L. Curtright, C. K. and Zachos, Nucl. Phys. B260 (1985) 630 [45] H. W. Braden, Ann. Phys. 171 (1986) 433 [46] R. Brooks, F. Muhammad and S. J. Gates, Nucl. Phys B268 (1986) 599 [47] P. Breitenloher, Phys. Lett. B67 (1977) 49 [48] R. Brustein, D. Nemershansky and S. Yankielowicz, Nucl. Phys. B301 (1988) 224 [49] U. Bruzzo and R. Cianci, Class. Quant. Grav. 1 (1984) 213 [50] H. Buchdahl, Nouvo Cim. 10 (1950) 96 [51] I. Bucur and A. Deleanu, Introduction to the Theory of Categories and Functors (John Wiley and Sons LTD, London, New York, Sydney, 1969); (Mir, Moscow, 1972) [in Russian] [52] T. H. Busher, Phys. Lett. B201 (1988) 466 [53] C. G. Callan, D. Friedan, E. J. Martinec and M. J. Perry, Nucl. Phys.

B262 (1985) 593 [54] C. G. Callan, I. R. Klebanov, and M. J. Perry, Nucl. Phys. B278 (1986) 78 [55] E. Cartan, Les Espaces de Finsler (Hermann, Paris, 1935) [56] E. Cartan, Exposés de Géométrie in Series Actualités Scientifiques et Industrielles 79 (1936); reprinted (Herman, Paris, 1971) [57] E. Cartan, Les Systems Differentielles Exterieurs et Lewrs Application Geometricques, (Herman and Cie Editeur, Paris, 1945) [58] G. F. Chapline and N. S. Manton, Phys. Lett. 120 (1983) 105

[59] N. A. Chernikov, Preprint JINR P2-88-27, Dubna, 1988 [in Russian] [60] C. Chevalley, The Construction and Study of Certain Important Algebras, (Publications of Mathematical Society, Tokyo, 1955) [61] S. M. Christensen and M. J. Duff, Phys. Lett. B76 (1978) 571 [62] L. Chung and R. Williams, Introduction to Stochastic Integration (Birkhaster, Boston, 1983) [63] R. Cianci, Introduction to Supermanifolds (Napoli, Bibliopolis, 1990) [64] M. Crampin, W. Sarlet, and F. Cantrijin, Math. Proc. Camb. Phil.

Soc. 99 (1986) 565 [65] A. Crumeyrolle, Ann. Inst. H. Poincare 11 (1969) 19 [66] A. Crumeyrolle, Ann. Inst. H. Poincare 14 (1971) 309 [67] G. Curci and G. Paffuti, Nucl. Phys. B286 (1988) 399 [68] T. L. Curtright and C. K. Zachos, Phys. Rev. Lett. 53 (1984) 1799 [69] H. L. Cycon, R. G. Froese, W. Kirsch and B. Simon, Schrodinger Operators with Aplications to Quantum Mecanics and Global Geometry (Springer–Verlag, Berlin, 1987) [70] D. Z. Deser, B. Zumino, Phys. Lett. B62 (1976) 335 [71] E. B. Dynkin, Markov Processes, vol 1 and 2, (Springer-Verlag, Berlin, 1965) [72] M. J. Duff, Nucl. Phys. B215 (1977) 334 [73] K. D. Elworthy, in Stochastic Dynamical Systems and Their Flows.

Stochastic Analysis, eds. A. Friedman and M. Pinsky (New York, Academic Press, 1978) p.95.

[74] K. D. Elworthy, Stochastic Differential Equations on Manifolds, London Math. Soc. Lecture Notes 70 (Cambridge University Press, 1982)

[75] K. D. Elworthy, From Local Times to Global Geometry, Control and Physics. Emanations from the Warwich Simposion on Stochastic Differential Equations and Applications, 1984/1985. Pitman Research Notes in Mathematics. Series N151, (Longman, Scientific and Technical, 1986)

[76] M. Emery, Stochasic Calculus in Manifolds (Springer-Verlag, Berlin, Heidelberg, 1989)

[77] S. V. Finnikov, The Method of the Cartan Exterior Differential Forms in Differential Geometry (Gostehizdat, Moscow, 1948) [in Russian]

[78] P. Finsler, Über Kurven und Flächen in Allgemeiner Rämen (Dissertation, Göttingen, 1918); reprinted (Birkhäuser, Basel, 1951).

[79] V. Fock, Zs. f. Phys. 57 (1929) 261

[80] S. Fradkin and A. A. Tseytlin, Phys. Lett. B158 (1985) 316; Nucl.

Phys. B261 (1985) 1

[81] D. Z. Freedman, P. van Nieuwenhuizen and S. Ferrara, Phys. Rev.

D13 (1976) 3214

[82] D. Friedan and P. Windey, Nucl. Phys. B235 (1984) 395

[83] T. Funaki, J. Math. Soc. Japan, 31 (1979) 719

[84] C. W. Gardiner, Handbook of Stochastic Methods for Physics, Chemistry and Natural Sciences (Springer-Verlag, Berlin, 1981); Russian translation: (Mir, Moscow, 1986)

[85] S. J. Gates, M. T. Grisaru, L. Mezincescu and P. K. Townsed, Nucl.

Phys., B286 (1986) 1

[86] S. J. Gates, M. T. Grisaru, M. Rocek and W. Siegel, Superspace or One Thousand and One Lessons in Supersymmetry (Cummings Publ. Comp. Inc., Benjamin, 1983)

[87] S. J. Gates, C. M. Hull and M. Rocek, Nucl. Phys., B248 (1984) 157

[88] R. Geroch, J. Math. Phys. 9 (1958) 1739 ; 23 (1970) 324

[89] E. Getzler, Topology 25 (1986) 111

[90] I. I. Gihman and A. V. Skorohod, Stochastic Differential Equations (Springer-Verlag, Berlin, 1979)

[91] M. B. Green and J. H. Schwarz, Nucl. Phys. B243 (1984) 285

[92] M. B. Green, J. H. Schwarz and E. Witten, Superstring Theory, vol.

1 and 2 (Cambridge University Press, Cambridge, 1987)

[93] M. T. Grisaru, P. van Nieuwenhuizen and J. A. M. Vermaseren, Phys.

Rev. Lett, 37 (1976) 1662

[94] L. P. Grishchuk, A. N. Petrov and A. D. Popova, Commun. Math.

Phys. 94 (1984) 379

[95] R. Grimm, J. Wess and B. Zumino, Nucl. Phys. B152 (1979) 255

[96] M. T. Grisaru, P. Howe, L. Mezinchescu e.a., Phys. Lett. B162 (1985) 116 [97] D. J. Gross, J. A. Harvey, E. Martinec and R. Rohm, Phys. Rev.

Lett. 54 (1985) 502

[98] A. Godbillon, Elements de Topologie Algebraique (Herman, Paris, 1971)

[99] I. Gottlieb and N. Ionescu–Pallas, Rev. Roum. Phys. 35 (1990) 25

[100] J. Gottlieb, V. Oproiu and G. Zet, An. Şti. Univ. ”Al. I. Cuza” Iasi, Sect. Ia. Mat. (N.S.) 20 (1974) 123

[101] I. Gottlieb and S. Vacaru, A. Moor’s integral and nearly autoparallel maps, in Colloquium on Differential Geometry, 25-30 July, 1994, Debrecen, Hungary (Lajos Kossuth University, Debrecen, Hungary, 1994), p. 9

[102] I. Gottlieb and S. Vacaru, A. Moor’s tensorial integration in generalized Lagrange spaces, in Lagrange and Finsler Geometry, Applications to Physics and Biology, eds. P. L. Antonelli and Radu Miron (Kluwer Academic Publishers, Dordrecht, Boston, London, 1996), p. 209

[103] Z. Haba, Supersymmetric Brownian Motion (Bielefeld University Preprint, 1986) [104] M. Haimovichi, Selected Papers, Finsler Geometry (”Al.I. Cuza” Univ., Iasi, Romania, 1984) [105] J. C. Henty, C. M. Hull and P. K. Townsed, Phys. Lett. B185 (1987) 73 [106] E. d’Hoker and D. H. Phong, Rev. Mod. Phys. 60 (1988) 917 [107] G. t’Hooft, Nucl. Phys. B61 (1973) 455 [108] G. t’Hooft and M. Veltman, Nucl. Phys. B44 (1971) 189; M. Bos, Ann. Phys. (USA) 181 (1988) 177 [109] P. S. Howe, Phys. Lett. B70 (1977) 453 [110] P. S. Howe, J. Phys. A12 (1979) 393 [111] P. S. Howe, G. Sierra, Phys. Lett. 148 (1984) 451 [112] R. S. Howe and K. S. Stelle, The Background Field Method and the Nonlinear σ-model (Preprint IAS, 1986) [113] P. Howe and P. West, Nucl. Phys. B238 (1984) 181 [114] J. Hoyos, M. Quiros, J. Ramirez Mittelbrunn and F. J. De Uries, J.

Math. Phys. 25 (1984) 833; 841; 847 [115] C. M. Hull, Lectures on Non-linear Sigma Models and Strings (DAMPT, Cambridge, England, 1987) [116] C. M. Hull and P. K. Townsed, Nucl. Phys. B301 (1988) 197 [117] N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion Processes (Noth Holland Publishing Company, Amsterdam at all, 1981); Russian translation: (Nauka, Moskow, 1986) [118] S. Ikeda, An. Phys. 47 (1990) 1

[119] R. S. Ingarden, Tensor N.S. 30 (1976) 201 [120] R. S. Ingarden, Tensor N. S. 46 (1987) 354 [121] S. Ishihara, Thoku Math. J. 9 (1957) 273 [122] H. Ishikawa, J. Math. Phys. 22 (1981) 995 [123] K. Itô, Nagoya Math. J. 1 (1950) 35 [124] K. Itô and H. P. Mc Kean, Jr., Diffusion Processes and Their Sample Paths (Springer-Verlag, Berlin,1974) [125] K. Itô, in Probalistic Methods in Differential Equations, Lecture Notes in Math. 451 (Springer-Verlag, Berlin, 1975) p.1 [126] I. Jack, Nucl. Phys. B234 (1984) 365 [127] A. Jadczic and K. Pilch, Commun. Math. Phys. 78 (1981) 373 [128] V. Kac, Commun. Math. Phys. 53 (1977) 31 [129] J. V. Kadeisvili, Rendiconti del Circolo matematico di Palermo (supplimento), serie II – numero 42 – anno 1996, 83 [130] J. V. Kadeisvili, Santilli’s Isotopies of Contemporary Algebras, Geometries and Relativities. Second Edition. Ukraine Academy of Scieces, Kiev, in press (first edition 1992) [131] N. G. Van Kampen, Stochastic Processes in Physics and Chemistry (North-Holland Physics Publishing Company, 1984) [132] I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calculus, Graduate Texsts in Mathematics 113 (Springer-Verlag, Berlin, 1988) [133] M. Karoubi, K-Theory (Springer-Verlag, Berlin, 1978) [134] A. Kawaguchi, Tensor N. S. 6 (1956) 596 [135] H. P. McKean and I. M. Singer, J. Diff. Geom. 1 43

[136] J. Kern, Arch. Math. 25 (1974) 438 [137] S. V. Ketov, Nucl. Phys. 294 (1987) 813 [138] S. V. Ketov, Izvestya Vuzov. Fizica 31 (1988) 17 [in Russian] [139] S. V. Ketov, Introduction into Quantum Theory of Strings and Superstrings (Nauka, Novosibirsk, 1990) [in Russian] [140] S. V. Ketov, Nonlinear Sigma-Models in Quantum Field Theory and String Theory (Nauka, Novosibirsk, 1992) [in Russian] [141] Yu. L. Klimontovich, Turbulent Motion and Chaos Structure: A New Approach to the Statistical Theory of Open Systems (Nauka, Moscow, 1990) [in Russian] [142] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, I, II, (Wiley, Interscience, New York, 1963 and 1969) [143] Z. Kohler, Z. Physik 134 (1954) 286 [144] B. Konstant, in Differential Geometric Methods in Mathematical Physics, Lecture Notes in Mathematics 570 (1977) 177 [145] D. Kramer, H. Stephani, M. McCalum and E. Hert, Exact Solutions of the Einstein’s Field Equations, E. Schmutzer, ed., (Berlin, 1980) [146] D. A. Leites, Usp. Math. Nauk 35 (1980) 3 [in Russian] [147] D. A. Leites, The Theory of Supermanifolds (Petrozavodsk, URSS, 1980) [in Russian] [148] S. Leng, Differential Manifolds (Reading, Mass, Addison–Wesley, 1972) [149] M. de Leon and P. Rodrigues, Generalized Classical Mechanics and Field Theory (North–Holland, 1985) [150] P. Libermann and Ch. M. Marle, Sympletic Geometry and Analytical Mechanics (D. Reidel Publ. Comp., 1987)

[151] J. Lohmus, E. Paal, and L. Sorgsepp, Nonassociative Algebras in Physics (Hadronic Press, Palm Harbor, FL, 1994)

[152] A. A. Logunov and M. A. Mestvirishvily, Relativistic Theory of Gravitation (Nauka, Moscow, 1989) [in Russian]

[153] C. Lovelace, Phys. Lett. B35 (1984) 75

[154] C. P. Luehr and M. Rosenbaum, J. Math. Phys. 15 (1974) 1120

[155] C. P. Luehr and M. Rosenbaum, J. Math. Phys. 21 (1980) 1432

[156] P. Malliavin, in Proc. Int. Symp. Kioto 1976, ed. K. Itô (Kinokuniya, Tokyo, 1978) p. 195

[157] Yu. I. Manin, Gauge Fields and Complex Geometry (Nauka, Moscow, 1984) [in Russian]

[158] E. Martinec, Phys. Rev. D28 (1983) 2604

[159] M. Matsumoto, Foundations of Finsler Geometry and Special Finsler Spaces (Kaisisha, Shigaken, 1986)

[160] R. Miron and M. Anastasiei, Vector Bundles. Lagrange Spaces. Application in Relativity (Academiei, Romania, 1987) [in Romanian]; English translation: (Geometry Balkan Press, 1996)

[161] R. Miron and M. Anastasiei, The Geometry of Lagrange Spaces:

Theory and Applications (Kluwer Academic Publishers, Dordrecht, Boston, London, 1994)

[162] R. Miron and Gh. Atanasiu, Compendium sur les Espaces Lagrange D’ordre Supérieur, Seminarul de Mecanicǎ. Universitatea din Timişoara. Facultatea de Matematicǎ, 1994; R. Miron and Gh. Atanasiu, Revue Roumaine de Mathematiques Pures et Appliquees XLI N^{os} 3–4 (1996) 205; 237; 251;

R. Miron, The Geometry of Higher Order Lagrange Spaces: Applications to Mechanics and Physics (Kluwer Academic Publishers, Dordrecht, Boston, London, 1997);

R. Miron, The Geometry of Higher Order Finsler Spaces (Hadronic Press, Instituto per la Ricerca di Base, Italy, 1997)

[163] R. Miron and T. Kavaguchi, Int. J. Theor. Phys. 30 (1991) 1521 [164] R. Miron, R. K. Tavakol, V. Balan and I. Roxburgh, Geometry of Space-Time and Generalized Lagrange Gauge Theory, Publicationes Mathematicae, Debrecen, Hungary 42 (1993) 215 [165] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (W. H.

Freeman and Company, San Francisco, 1973) [166] P. Mocanu, Spaţii Parţial Proiective, v. 6, N 3-4, Academia R. P.

Române, (Bucureşti, 1955) [167] A. Moór, Acta Math. 86 (1951) 71 [168] A. Morimoto, Prolongations of Geometric Structures, (Nagoya Univ., 1969) [169] A. Yu. Morozov, Uspehy Fizicheskih Nauk, 150 (1986) 337 [170] M. Müller, Consistent Classical Supergravity Theories, Lecture Notes in Physics 336 (Springer–Verlag, 1989) [171] J. D. Murray, Nonlinear-Differential-Equation Models in Biology.

Reader in Mathematics (Calendon Press, Oxford, 1977); Russian translation: (Mir, Moscow, 1990) [172] P. Nath, R. Arnowitt, Phys. Lett. B56 (1975) 177; B78 (1978) 581 [173] M. Niedermaier, Phys. Lett. B207 (1988) 145 [174] P. van Nieuwenhuizen and P. West, Principles of Supersymmetry and Supergravity (Cambridge University Press, 1986) [175] B. E. W. Nilsson, Nucl. Phys. B188 (1981) 176 [176] D. Olivier, Phys. Rev. D33 (1986) 2462 [177] T. Ono and Y. Takano, Tensor N. S. 52 (1993) 56 [178] H. Osborn, Nucl. Phys. 308 (1988) 629

[179] T. Otsuki and Y. Tashiro, Math. J. Okayama Univ. 4 (1954) 57

[180] R. Penrose, Structure of Space-time, in: Battelle Rencontres, Lectures in Mathematics and Physics, eds. C. M. DeWitt and J. A. Wheeler (Benjamin, New York, 1967)

[181] R. Penrose and W. Rindler, Spinors and Space-Time, vol. 1, Two- Spinor Calculus and Relativistic Fields (Cambridge University Press, Cambridge, 1984)

[182] R. Penrose and W. Rindler, Spinors and Space-Time, vol. 2, Spinor and Twistor Methods in Space-Time Geometry (Cambridge University Press, Cambridge, 1986)

[183] A. Peres, Phys. Rev. Lett. 3 (1959) 571

[184] A. Z. Petrov, (ed) Modeling of physical fields Gravitatsia i teoria otnositelinosti, vip. 4-5 (Izdatelistvo Kazanskog Univeriteta, 1968) p. 7 [in Russian]

[185] A. Z. Petrov, Einstein Spaces (Pergamon Press, Oxford, 1969)

[186] A. Z. Petrov, Doklady Academii Nauk SSSR 186 (1969) 1302 [in Russian]

[187] A. Z. Petrov, Doklady Academii Nauk SSSR 190 (1970) 305 [in Russian]

[188] A. Z. Petrov, On modelling of gravitational fields. Preprint ITF-71- 14R, Kiev, 1971 [in Russian]

[189] Phylosophycal Transections of the Royal Society, London. A347, N1684 (1993)

[190] J. Plebanski, Acta Polon. 27 (1965) 361

[191] H. Poincare, Science and Hypothesis (Walter Scott, London, 1905);

(Dover, New York, 1952)

[192] H. Poincare, Oeuvres de Henry Poincare, vol. 9, (Gauther-Villars, Paris, 1954)

[193] A. M. Polyakov, Phys. Lett. B103 (1981) 207; 211; Gauge Fields and Strings, Contemporary Concepts in Physics (Harwood Acad. Publ., Chur e. a., Switzerland, 1987)

[194] V. N. Ponomarev, A. O. Barvinsky and Yu. N. Obukhov, Geometrodynamical Methods and Gauge Approach to Gravity Theory (Energoatomizdat, Moscow, 1985) [in Russian]

[195] D. A. Popov, On the theory of Yang–Mills fields, Theor. Math. Phys.

24 (1975) 347 [in Russian]

[196] D. A. Popov and L. I. Dikhin, Einstein spaces and Yang–Mills fields, Doklady Academii Nauk SSSR 225 (1975) 347 [in Russian]

[197] D. Rapoport, Stochastic processes in conformal Riemann–Cartan– Weyl gravitattion, Int. J. Theor. Phys. 30 (1991) 1497

[198] D. Rapoport, Riemannian–Cartan–Weyl quantum geometries; I. Laplacians and supersymmetric systems, Int. J. Theor. Phys. 35 (1996) 287 [199] D. Rapoport, W. Rodrigues, Q. de Souza and J. Vaz, The Riemann– Cartan Weyl geometry generated by a Dirac–Hestanes spinor field, Algebras, Groups and Geometries, 11 (1994) 23

[200] P. K. Rashevsky, Geometric Theory of Differential Equations (Gostehizdat, Moscow, 1947) [in Russian]

[201] G. de Rham, Varietes Differentiable (Paris, Herman, 1960)

[202] T. D. Robb and J. G. Taylor, Phys. Lett. B176 (1986) 355

[203] A. Rogers, J. Math. Phys. 21 (1980) 1352

[204] A. Rogers, J. Math. Phys. 22 (1981) 939

[205] A. Rogers, Intergation and global aspects of supermanifolds, in Topological Properties and Global Structure of Spacetime, eds P. Bergmann and V. de Sabatta (Plenum, New York, 1985)

[206] A. Rogers, Commun. Math. Phys. 113 (1987) 353

[207] A. Rogers, J. Geom. Phys. 4 (1987) 417 [208] A. Rogers, Phys. Lett. 193B (1987) 48 [209] A. Rogers, J. Phys. A: Math. Gen. 25 (1992) 447 [210] A. Rogers, J. Phys. A: Math. Gen. 25 (1992) 6043 [211] N. Rosen, Phys. Rev. 57 (1940) 147 [212] I. W. Roxburgh, Tensor N. S., 51 (1992) 59 [213] H. Rund, The Differential Geometry of Finsler Spaces (Springer– Verlag, Berlin, 1959) [214] M. Sakamoto, Phys. Lett B151 (1985) 115 [215] A. Salam and E. Sezgin (eds), Supergravities in Diverse Dimensions, vol. 1 and 2, (Word Scientific, Amsterdam, Singapore, 1989) [216] R. M. Santilli, Hadronic J. 1 (1978) 574 [217] R. M. Santilli, Foundations of Theoretical Mechanics, vol. 1 (1978), vol. 2 (1983) (Springer–Verlag, Berlin) [218] R. M. Santilli, Hadronic J. Suppl. 1 (1985) 662 [219] R. M. Santilli, Phys. Rev. D20 (1979) 555 [220] R. M. Santilli, Hadronic J. 2 (1980); 1460; addendum ibidem 3 (1980) 854 [221] R. M. Santilli, Journal Moscow Phys. Soc. 3 (1993) 255 [222] R. M. Santilli, Elements of Hadronic Mechanics, vols 1 and 2 (Ukraine Academy of Sciences, Kiev, 1995) [223] R. M. Santilli, Rendiconti del Circolo matematico di Palermo (supplimento), serie II – numero 42 – anno 1996, pp. 7

[224] R. M. Santilli, Relativistic hadronic mechanics: Nonunitarity, axiompreserving completition of relativistic quantum mechanics, Foundations of Physics, in press (1997)

[225] G. Sardanashvily, Gauge Theory in Jet Manifolds (Hadronic Press, Palm Harbor, 1993); Five Lectures on the Jet Manifold. Methods in Field Theory E–print: hep–th/9411089

[226] D. J. Saunders, The Geometry of Jet Bundles (Cambridge Univ. Press, 1989)

[227] S. A. Schouten and D. Struik, Einfihung in die Neucren Medoden den Differentiol Geometrie, Bund 1, 2 (1938)

[228] J. H. Schwarz (ed), Superstrings: the first 15 years of superstring theory: reprints & commentary, (World Scientific, Singapore e. a., 1985)

[229] A. Sen, Phys. Rev. Lett. 55 (1986) 1846

[230] N. S. Sinyukov, Geodesic Maps of Riemannian Spaces (Nauka, Moscow, 1979) [in Russian]

[231] G. M. Shore, Nucl. Phys. B286 (1987) 349

[232] D. S. Sourlas and Gr. Tsagas, Mathematical Foundations of the Lie– Santilli theory (Ukraine Academy of Sciences, Kiev, 1993)

[233] Dorina Stancu and S. Vacaru, Nearly Geodesic Mappings of Curved Spaces and Biconnection Structures, in Quantum Field Methods in Investigations of High Temperature Superconductivity and Unordered Systems, ed. K. K. Gudima and all ( Ştiinţa, Chişinǎu, 1992) p. 74

[234] J. L. Synge, Relativity: The General Theory (North-Holland Publishing Company, Amsterdam, 1960)

[235] Y. Takano, Progr. Theor. Phys. 40 (1968), 1159

[236] Y. Takano, Nuovo Cimento 10 (1974) 747

[237] Y. Tashiro, Math. J. Okayama Univ. 6 (1957) 147

[238] R. K. Tavakol, N. Van der Bergh, Gen. Rel. Grav. 18 (1986) 849

[239] G. Tsagas and D. S. Sourlas, Algebras, Groups and Geometries, 12 (1995) 1; 66

[240] A. A. Tseytlin, Phys. Rev. D26 (1982) 3327

[241] A. A. Tseytlin, Phys. Lett. B178 (1986) 34

[242] A. A. Tseytlin, Phys. Lett. B194 (1987) 63

[243] A. A. Tseytlin, Nucl. Phys. B294 (1987) 383

[244] A. A. Tseytlin, Int. J. Mod. Phys. A4 (1989) 1257

[245] A. Turtoi, Applications of Algebra and Geometry in Spinors Theory (Editura Tehnocǎ, Bucureşti, 1989) [in Romanian]

[246] S. Vacaru, Twistor-gauge interpretation of the Einstein-Hilbert equations, Vestnik Moscovskogo Universiteta, Fizica i Astronomia 28 (1987) 5 [in Russian]

[247] S. Vacaru, Minisuperspace twistor quantum cosmology, Studia Universitatis Babes-Bolyai, Cluj-Napoca, Romania XXXV, 2 (1990) 36

[248] S. Vacaru, On gauge models of spin glass, in Methods of Quantum Field Theory in Condenced Matter Physics, ed. P.I. Hadji (Stiinţa, Chişinau, Moldova, 1991) p.98 [in Russian]

[249] S. Vacaru, Nearly geodesic mappings, twistors and conservation laws in gravitational theories, in Contr. Int. Conf. ” Lobachevski and Modern Geometry ”, Part II, ed. V. Bajanov et all (Kazani, University Press, 1992) p. 64

[250] S. Vacaru, Nearly autoparallel maps and twistor transforms of bundle spaces, Buletinul Academiei de Ştiinţe a Republicii Moldova, Fizica şi Tehnica 3 (12) (1993) 17

[251] S. Vacaru, Applications of Nearly Autoparallel Maps and Twistor– Gauge Methods in Gravity and Condensed States, Ph D Thesis (”Al. I. Cuza” University, Iaşi, România, 1993) [in Romanian]

[252] S. Vacaru, Nearly autoparallel maps and conservation laws on curved spaces, Romanian Journal of Physics 39 (1994) 37

[253] S. Vacaru, Stochastic calculus on generalized Lagrange spaces, in Zilele Academice Ieşene, 6-9 Octombrie, 1994 Program. (Academia Românǎ, Iaşi, Romǎnia, 1994) p.30

[254] S. Vacaru, Localy anisotropic gravity and strings, in ”Foundations of Gravitation and Cosmology”, Contributions to the International School-Seminar, Odessa, September 4-10, 1995 (Russian Gravitational Society, Moscow, 1995) p.131

[255] S. Vacaru, Clifford structures and spinors on spaces with local anisotropy, Buletinul Academiei de Ştiinţe a Republicii Moldova, Fizica şi Tehnica 3 (1995) 53

[256] S. Vacaru, Spinor structures and nonlinear connections in vector bundles, generalized Lagrange and Finsler spaces, J. Math. Phys 37 (1996) 508

[257] S. Vacaru, Buletinul Academiei de Stiinte a Republicii Moldova, Fizica si Tehnica, 3 (1996) 13;

[258] S. Vacaru, Yang–Mills Fields on Spaces with Local Anisotropy, Buletinul Academiei de Ştiinţe a Republicii Moldova, Fizica şi Tehnica, 3 (1996) 26

[259] S. Vacaru, Gauge like treatment of generalized Lagrange and Finsler gravity, Buletinul Academiei de Ştiinţe a Republicii Moldova, Fizica şi Tehnica, 3 (1996) 31

[260] S. Vacaru, Generalized Lagrange and Finsler Supergravity; E-print:

gr-qc/9604016.

[261] S. Vacaru, Locally anisotropic strings, E–print: gr–qc/9604013.

[262] S. Vacaru, Locally Anisotropic Stochastic Processes in Fiber Bundles, in Global Analysis, Differential Geoemetry and Lie Algebras, Proc. Workshop December 16–18, 1995, Thessaloniki, Greece, ed. Gr.

Tsagas, (Geometry Balkan Press, Bucharest–Romania, 1997) 123; Eprint: gr-qc/9604014.

[263] S. Vacaru, Nearly autoparallel maps, tensor integral and conservation laws on locally anisotropic spaces; E–print: gr-qc/9604017.

[264] S. Vacaru, Spinors in higher dimensional and locally anisotropic spaces; E-print: gr-qc/9604015

[265] S. Vacaru, Locally anisotropic interactions: I. Nonlinear connections in higher order anisotropic superspaces; E–print: hep–th/9607194.

[266] S. Vacaru, Locally anisotropic interactions: II. Torsions and curvatures of higher order anisotropic superspaces; E–print: hep–th/9607195

[267] S. Vacaru, Locally anisotropic interactions:

III. Higher order anisotropic supergravity; E–print: hep–th/9607196

[268] S. Vacaru, Stochastic processes in higher order anisotropic superspaces (in preparation, 1997)

[269] S. Vacaru, Locally anisotropic gravity and strings, Ann. Phys (N. Y.), 256 (1997) 39.

[270] S. Vacaru, Superstrings in Higher Order Extensions of Finsler Superspaces Nucl. Phys. B, 434 (1997) 590; E–print: hep–th/9611034

[271] S. Vacaru, Studies on Santilli’s Locally Anisotropic and Inhomogeneous Isogeometries: I. Isobundles and Generalized Isofinsler Gravity, Algebras, Groups and Geometries 14 (1997) 211

[272] S. Vacaru and Yu. Goncharenko, Yang-Mills fields and gauge gravity on generalized Lagrange and Finsler spaces, Int. J. Theor. Phys. 34 (1995) 1955

[273] S. Vacaru and S. Ostaf, Nearly autoparallel mappings in gravitational theories with torsion and nonmetricity, Buletinul Academiei de Ştiinţe a Republicii Moldova, Fizica şi Tehnica 3 (1993) 4

[274] S. Vacaru and S. Ostaf, Nearly geodesic tensor integration on bispaces: formuation of conservation laws for gauge gravity, Buletinul Academiei de Ştiinţe a Republicii Moldova, Fizica şi Tehnica 1 (1994) 64 [275] S. Vacaru and S. Ostaf, Twistors and nearly autoparallel maps, in Coloquium on Differential Geometry, 25-30 July 1994 (Lajos Kossuth University, Debrecen, Hungary) p.56

[276] S. Vacaru and S. Ostaf, Nearly autoparallel maps of Lagrange and Finsler spaces, in Lagrange and Finsler Geometry, eds. P. L. Antonelli and R. Miron, ( Kluwer Academic Publishers, Dordrecht, Boston, London, 1996) 241

[277] S. Vacaru and S. Ostaf, Twistors and nearly autoparallel maps, Rep.

Math. Phys. 37 (1996) 309; E-print: gr-qc/9602010

[278] S. Vacaru, S. Ostaf and Yu. Goncharenko, Nearly autoparallel maps and modeling of field interactions, Romanian J. Physics 39 (1994) 199

[279] S. Vacaru, S. Ostaf, Yu. Goncharenko and A. Doina, Nearly autoparallel maps of Lagrange spaces, Buletinul Academiei de Ştiinţe a Republicii Moldova, Fizica şi Tehnica 3 (1994) 42

[280] J. Vargas and D. G. Torr, J. Math. Phys. 34 (1993) 4898.

[281] V. S. Vladimirov and I. V. Volovich, Theor. Math. Phys. 59 (1984) 317 [in Russian]

[282] A. A. Vlasov, Statistical Distribution Functions (Nauka, Moscow, 1966) [in Russian]

[283] I. V. Volovich, Doklady Academii Nauk SSSR 269 (1975) 524 [in Russian]

[284] G. Vrǎnceanu, Lecţii de Geometrie Differentialǎ, vol. 2 (Ed. Didacticǎ şi Pedagogicǎ, Bucureşti, 1977) [in Romanian]

[285] R. P. Walner, General Relativity and Gravitation 17 (1985) 1081

[286] J. Wess and J. Bagger, Supersymmetry and Supergravity (Princeton University Press, 1983) [287] J. Wess and B. Zumino, Phys. Lett. 37 (1971) 95 [288] P. West, Introduction to Supersymmetry and Supergravity (World Scientific, 1986) [289] B. S. DeWitt, Dynamical Theory of Groups and Fields (Gordon and Breach, New York, 1965) [290] B. DeWitt, Supermanifolds (Cambridge University Press, 1984) [291] E. Witten, Nucl. Phys. B202 (1982) 253 [292] E. Witten, Commun. Math. Phys. 92 (1984) 455 [293] E. Witten, Nucl. Phys. B266 (1986) 245 [294] K. Yano, Proc. Imp. Acad. Tokyo, 16 (1940) 195; 354; 442; 505 [295] K. Yano and S. I. Ishihara, Tangent and Cotangent Bundles. Differential Geometry (Marcel Dekker, New York, 1973) [296] A. B. Zamolodchikov, Pis’ma J. T. P. 43 (1986) 565 [in Russian] [297] D. Zanon, Phys. Lett. B191 (1987) 363 [298] B. Zumino, Y. S. Wu and A. Zee, Nucl. Phys. 239 (1984)