arXiv:math-ph/0203040 v1 20 Mar 2002

Ten Lectures on Jet Manifolds in Classical and Quantum Field Theory

Gennadi Sardanashvily

Department of Theoretical Physics, Physics Faculty, Moscow State University, 117234 Moscow, Russia E-mail: sard@grav.phys.msu.su

Abstract.

These Lectures summarize the relevant material on existent applications of jet manifold techniques to classical and quantum field theory. The following topics are included: 1. Fibre bundles, 2. Jet manifolds, 3. Connections, 4. Lagrangian field theory, 5. Gauge theory of principal connections, 6. Higher order jets, 7. Infinite order jets, 8. The variational bicomplex, 9. Geometry of simple graded manifolds, 10. Jets of ghosts and antifields.

Introduction

Finite order jet manifolds [24, 42] provide the adequate mathematical formulation of classical field theory [17, 36, 38]. Infinite order jets and jets of odd variables find applications to quantum field theory, namely, to the field-antifield BRST model [5, 6, 10, 11]. Therefore, we aim to modify our survey hep-th/9411089 and to complete it with the relevant facts on infinite order jets, the variational bicomplex, and jets of graded manifolds [19, 20, 30, 41].

All morphisms throughout are smooth and manifolds are real, smooth, and finitedimensional. Smooth manifolds are customarily assumed to be Hausdorff and secondcountable topological space (i.e., have a countable base for topology). Consequently, they are paracompact, separable (i.e., have a countable dense subset), and locally compact topological spaces, which are countable at infinity. Unless otherwise stated, manifolds are assumed to be connected, i.e., are also arcwise connected.

1 Fibre bundles

A fibred manifold (or a fibration) over an n-dimensional base X is defined as a manifold surjection

π : Y → X, (1.1)

where Y admits an atlas of fibred coordinates (x^λ, y^i) such that (x^λ) are coordinates on the base X, i.e., π : Y ∋ (x^λ, y^i) → (x^λ) ∈ X.

This condition is equivalent to π being a submersion, i.e., the tangent map T π : T Y → T X is a surjection. It follows that π is also an open map.

A. Smooth fibre bundles

A fibred manifold Y → X is said to be a (smooth) fibre bundle if there exist a manifold V , called a typical fibre, and an open cover U = {U_ξ} of X such that Y is locally diffeomorphic to the splittings

ψ_ξ : π^{−1}(U_ξ) → U_ξ × V, (1.2)

glued together by means of transition functions

ρ_{ξζ} = ψ_ξ ∘ ψ^{−1}_ζ : U_ξ ∩ U_ζ × V → U_ξ ∩ U_ζ × V (1.3)

on overlaps U_ξ ∩ U_ζ . It follows that fibres Y_x = π^{−1}(x), x ∈ X, of a fibre bundle are its closed imbedded submanifolds. Transition functions ρ_{ξζ} fulfil the cocycle condition

ρ_{ξζ} ∘ ρ_{ζι} = ρ_{ξι} (1.4)

on all overlaps U_ξ ∩ U_ζ ∩ U_ι. We will also use the notation

ψ_ξ(x) : Y_x → V, x ∈ U_ξ, (1.5) ρ_{ξζ} (x) : V → V, x ∈ U_ξ ∩ U_ζ . (1.6) Trivialization charts (U_ξ, ψ_ξ) together with transition functions ρ_{ξζ} (1.3) constitute a bundle atlas

Ψ = {(U_ξ, ψ_ξ), ρ_{ξζ} } (1.7)

of a fibre bundle Y → X. Two bundle atlases are said to be equivalent if their union is also a bundle atlas, i.e., there exist transition functions between trivialization charts of different atlases. A fibre bundle Y → X is uniquely defined by a bundle atlas, and all its atlases are equivalent.

Throughout, only proper coverings of manifolds are considered, i.e., U_ξ ≠ U_ζ if ζ ≠ ξ. A cover U^′ is said to be a refinement of a cover U if, for each U^′ ∈ U^′, there exists U ∈ U such that U^′ ⊂ U. Of course, if a fibre bundle Y → X has a bundle atlas over a cover U of X, it admits a bundle atlas over any refinement of U. The following two theorems describe the particular covers which one can choose for a bundle atlas.

Theorem 1.1. Every smooth fibre bundle Y → X admits a bundle atlas over a countable cover U of X where each member U_ξ of U is a domain (i.e., a contractible open subset) whose closure U_ξ is compact [21]. □

Proof. The statement at once follows from the fact that, for any cover U of an n-dimensional smooth manifold X, there exists a countable atlas {(U^′_i , ϕ_i)} of X such that: (i) the cover {U^′_i } refines U, (ii) ϕ_i(U^′_i ) = R^n, and (iii) U^′_i is compact, i ∈ N. QED

If the base X is compact, there is a bundle atlas of Y over a finite cover of X which obeys the condition of Theorem 1.1. In general, every smooth fibre bundle admits a bundle atlas over a finite cover of its base X, but its members need not be contractible and connected as follows.

Theorem 1.2. Every smooth fibre bundle Y → X admits a bundle atlas over a finite cover U of X. □

Proof. Let Ψ (1.7) be a bundle atlas of Y → X over a cover U of X. For any cover U of a manifold X, there exists its refinement {U_{ij} }, where j ∈ N and i runs through a finite set such that U_{ij} ∩ U_{ik} = ∅, j ≠ k. Let {(U_{ij} , ψ_{ij})} be the corresponding bundle atlas of the fibre bundle Y → X. Then Y has the finite bundle atlas

U_i^{def}= ∪_j U_{ij} , ψ_i(x)^{def}= ψ_{ij} (x), x ∈ U_{ij} ⊂ U_i. QED Without a loss of generality, we will further assume that a cover U for a bundle atlas of Y → X is also a cover for a manifold atlas of the base X. Then, given a bundle atlas Ψ (1.7), a fibre bundle Y is provided with the associated bundle coordinates

x^λ(y) = (x^λ ∘ π)(y), y^i(y) = (y^i ∘ ψ_ξ)(y), y ∈ π^{−1}(U_ξ),

where x^λ are coordinates on U_ξ ⊂ X and y^i are coordinates on the typical fibre V .

Morphisms of fibre bundles, by definition, preserve their fibrations, i.e., send a fibre to a fibre. Namely, a bundle morphism of a fibre bundle π : Y → X to a fibre bundle π^′ : Y^′ → X^′ is defined as a pair (Φ, f) of manifold morphisms which make up the commutative diagram Y^Φ−→ Y^′ π π ′ X^f−→ X^′ , π^′ ∘ Φ = f ∘ π,

i.e., Φ is a fibrewise morphism over f which sends a fibre Y_x, x ∈ X, to a fibre Y^′_{f (x)}. A bundle diffeomorphism is called an isomorphism, or an automorphism if it is an isomorphism to itself. In field theory, any automorphism of a fibre bundle is treated as a gauge transformation. For the sake of brevity, a bundle morphism over f = Id X is often said to be a bundle morphism over X, and is denoted by Y −→_X Y^′. In particular, an automorphism over X is called a vertical automorphism or a vertical gauge transformation. Two different fibre bundles over the same base X are said to be equivalent if there exists their isomorphism over X. A bundle monomorphism Φ : Y → Y^′ over X is called a subbundle of the fibre bundle Y^′ → X if Φ(Y ) is a submanifold of Y^′.

In particular, a fibre bundle Y → X is said to be trivial if it is equivalent to the Cartesian product of manifolds X × V^{pr1}−→ X. It should be emphasized that a trivial fibre bundle admits different trivializations Y ∼= X×V which differ from each other in surjections Y → V .

Theorem 1.3. A fibre bundle over a contractible base is always trivial [45]. □

Classical fields are described by sections of fibre bundles. A section (or a global section) of a fibre bundle Y → X is defined as a manifold injection s : X → Y such that π∘s = Id X, i.e., a section sends any point x ∈ X into the fibre Y_x over this point. A section s is an imbedding, i.e., s(X) ⊂ Y is both a submanifold and a topological subspace of Y . It is also a closed map, which sends closed subsets of X onto closed subsets of Y . In particular, π(X) is a closed submanifold of Y . Similarly, a section of a fibre bundle Y → X over a submanifold of X is defined. Let us note that by a local local section is customarily meant a section over an open subset of X. A fibre bundle admits a local section around each point of its base, but need not have a global section.

Theorem 1.4. A fibre bundle Y → X whose typical fibre is diffeomorphic to an Euclidean space R^m has a global section. More generally, its section over a closed imbedded submanifold (e.g., a point) of X is extended to a global section [45]. □

Given a bundle atlas Ψ and associated bundle coordinates (x^λ, y^i), a section s of a fibre bundle Y → X is represented by collections of local functions {s^i = y^i ∘ ψ_ξ ∘ s} on trivialization sets U_ξ.

In conclusion, let us describe two standard constructions of new fibre bundles from old ones.

• Given a fibre bundle π : Y → X and a manifold morphism f : X^′ → X, the pull-back of Y by f is defined as a fibre bundle

f^∗Y = {(x^′, y) ∈ X^′ × Y : π(y) = f(x^′)} (1.8)

over X^′ provided with the natural surjection (x^′, y) → x^′. Roughly speaking, its fibre over a point x^′ ∈ X^′ is that of Y over the point f(x^′) ∈ X.

• Let Y and Y^′ be fibre bundles over the same base X. Their fibred product Y × Y^′ is a fibre bundle over X whose fibres are the Cartesian products Y_x × Y^′_x of those of fibre bundles Y and Y^′.

B. Vector and affine bundles

Vector and affine bundles provide a standard framework in classical and quantum field theory. Matter fields are sections of vector bundles, while gauge potentials are sections of an affine bundle.

A typical fibre and fibres of a smooth vector bundle π : Y → X are vector spaces of some finite dimension (called the fibre dimension fdim Y of Y ), and Y admits a bundle atlas Ψ (1.7) where trivialization morphisms ψ_ξ(x) (1.5) and transition functions ρ_{ξζ} (x) (1.6) are linear isomorphisms of vector spaces. The corresponding bundle coordinates (y^i) possess a linear coordinate transformation law

y^{′i} = ρ^i_j (x)y^j .

We have the decomposition y = y^ie_i(π(y)), where {e_i(x)} = ψ^{−1}_ξ (x){v_i}, x = π(y) ∈ U_ξ, are fibre bases (or frames) for fibres Y_x of Y and {v_i} is a fixed basis for the typical fibre V of Y .

By virtue of Theorem 1.4, a vector bundle has a global section, e.g., the canonical zero section ^0(X) which sends every point x ∈ X to the origin 0 of the fibre Y_x over x.

The following are the standard constructions of new vector bundles from old ones.

• Given two vector bundles Y and Y^′ over the same base X, their Whitney sum Y ⊕ Y^′ is a vector bundle over X whose fibres are the direct sums of those of the vector bundles Y and Y^′.

• Given two vector bundles Y and Y^′ over the same base X, their tensor product Y ⊗Y^′ is a vector bundle over X whose fibres are the tensor products of those of the vector bundles Y and Y^′. Similarly, the exterior product Y ∧ Y of vector bundles is defined. We call

∧ Y = X × R ⊕_X Y ⊕_X^2∧ Y ⊕_X · · · ⊕_X^m∧ Y, m = fdim Y, (1.9)

the exterior bundle of Y .

• Let Y → X be a vector bundle. By Y^∗ → X is denoted the dual vector bundle whose fibres are the duals of those of Y . The interior product (or contraction) of Y and Y^∗ is defined as a bundle morphism ⌋ : Y ⊗ Y^∗ −→_X X × R.

Vector bundles are subject to linear bundle morphisms, which are linear fibrewise maps. They possess the following property. Given vector bundles Y^′ and Y over the same base X, every linear bundle morphism Φ : Y^′_x ∋ {e^′_i(x)} → {Φ^k_i (x)e_k(x)} ∈ Y_x over X defines a global section

Φ : x → Φ^k_i (x)e_k(x) ⊗ e^{′i}(x)

of the tensor product Y ⊗ Y^{′∗}, and vice versa.

Given a linear bundle morphism Φ : Y^′ → Y of vector bundles over X, its kernel Ker Φ is defined as the inverse image Φ^{−1}(^0(X)) of the canonical zero section ^0(X) of Y . If Φ is of constant rank, its kernel Ker Φ and its image Im Φ are subbundles of the vector bundles Y^′ and Y , respectively. For instance, monomorphisms and epimorphisms of vector bundles fulfil this condition. If Y^′ is a subbundle of the vector bundle Y → X, the factor bundle Y/Y^′ over X is defined as a vector bundle whose fibres are the quotients Y_x/Y^′_x, x ∈ X.

Let us consider a sequence Y^{′ i}−→ Y^j−→ Y^{′′} of vector bundles over X. It is called exact at Y if Ker j = Im i. Let

0 → Y^{′ i}−→ Y^j−→ Y^{′′} → 0 (1.10)

be a sequence of vector bundles over X, where 0 denotes the zero-dimensional vector bundle over X. This sequence is called a short exact sequence if it is exact at all terms Y^′, Y , and Y^{′′}. This means that i is a bundle monomorphism, j is a bundle epimorphism, and Ker j = Im i. Then Y^{′′} is the factor bundle Y/Y^′. One says that the short exact sequence (1.10) admits a splitting if there exists a bundle monomorphism s : Y^{′′} → Y such that j ∘ s = Id Y^{′′} or, equivalently, Y = i(Y^′) ⊕ s(Y^{′′}) ∼= Y^′ ⊕ Y^{′′}. Theorem 1.5. Every exact sequence of vector bundles (1.10) is split [22]. □

Given an exact sequence of vector bundles (1.10), we have the (dual) exact sequence of the dual bundles 0 → Y^{′′∗ j∗}−→ Y^{∗ i∗}−→ Y^{′∗} → 0. Let us turn to affine bundles. Given a vector bundle Y → X, an affine bundle modelled over Y → X is a fibre bundle Y → X whose fibres Y_x, x ∈ X, are affine spaces modelled over the corresponding fibres Y_x of the vector bundle Y , and Y admits a bundle atlas Ψ (1.7) whose trivialization morphisms ψ_ξ(x) and transition functions functions ρ_{ξζ} (x) are affine maps. The corresponding bundle coordinates (y^i) possess an affine coordinate transformation law

y^{′i} = ρ^i_j (x)y^j + ρ^i(x).

There are the bundle morphisms Y ×_X Y −→_X Y, (y^i, y^i) → y^i + y^i, Y ×_X Y −→_X Y , (y^i, y^{′i}) → y^i − y^{′i}, where (y^i) are linear bundle coordinates on the vector bundle Y . For instance, every vector bundle has a natural structure of an affine bundle.

By virtue of Theorem 1.4, every affine bundle has a global section. One can define a direct sum Y ⊕ Y^′ of a vector bundle Y^′ → X and an affine bundle Y → X modelled over a vector bundle Y → X. This is an affine bundle modelled over the Whitney sum of vector bundles Y^′ ⊕ Y .

Affine bundles are subject to affine bundle morphisms which are affine fibrewise maps. Any affine bundle morphism Φ : Y → Y^′ from an affine bundle Y modelled over a vector bundle Y to an affine bundle Y^′ modelled over a vector bundle Y^′, yields the linear bundle morphism of these vector bundles

Φ : Y → Y^′, y^{′i} ∘ Φ = ∂Φ^i ∂y^j y^j . (1.11)

The analogues of Theorems 1.1, 1.2 on a particular cover for atlases of vector and affine bundles hold.

C. Tangent and cotangent bundles

Tangent and cotangent bundles exemplify vector bundles. The fibres of the tangent bundle π_Z : T Z → Z of a manifold Z are tangent spaces to Z. The peculiarity of the tangent bundle T Z in comparison with other vector bundles over Z lies in the fact that, given an atlas Ψ_Z = {(U_ξ, ϕ_ξ)} of a manifold Z, the tangent bundle of Z is provided with the holonomic atlas Ψ = {(U_ξ, ψ_ξ = T ϕ_ξ)}, where by T ϕ_ξ is meant the tangent map to ϕ_ξ. Namely, given coordinates (z^λ) on a manifold Z, the associated bundle coordinates on T Z are holonomic coordinates (ż^λ) with respect to the holonomic frames {∂_λ} for tangent spaces T_zZ, z ∈ Z. Their transition functions read

ż^{′λ} = ∂z^{′λ} ∂z^μ ż^μ.

Every manifold morphism f : Z → Z^′ yields the linear bundle morphism over f of the tangent bundles T f : T Z −→_f T Z^′, ż^{′λ} ∘ T f = ∂f^λ ∂z^μ ż^μ. (1.12)

It is called the tangent map to f.

The cotangent bundle of a manifold Z is the dual π_{∗Z} : T^∗Z → Z of the tangent bundle T Z → Z. It is equipped with the holonomic coordinates (z^λ, ż_λ) with respect to the coframes {dz^λ} for T^∗Z which are the duals of {∂_λ}. Their transition functions read

ż^′_λ = ∂z^μ ∂z^{′λ} ż_μ. A tensor product

T = (^m⊗ T Z) ⊗ (^k⊗ T^∗Z), m, k ∈ N, (1.13)

over Z of tangent and cotangent bundles is called a tensor bundle.

Tangent, cotangent and tensor bundles belong to the category of natural fibre bundles which admit the canonical lift of any diffeomorphism f of a base to a bundle automorphism, called the natural automorphism [24]. For instance, the natural automorphism of the tangent bundle T Z over a diffeomorphism f of its base Z is the tangent map T f (1.12) to f. In view of the expression (1.12), natural automorphisms are also called holonomic transformations or general covariant transformations (in gravitation theory).

Let us turn now to peculiarities of tangent and cotangent bundles of fibre bundles. Let π_Y : T Y → Y be the tangent bundle of a fibre bundle π : Y → X. Given bundle coordinates (x^λ, y^i) on Y , the tangent bundle T Y is equipped with the holonomic coordinates (x^λ, y^i, ẋ^λ, ẏ^i). The tangent bundle T Y → Y has the subbundle V Y = Ker T π which consists of the vectors tangent to fibres of Y . It is called the vertical tangent bundle of Y , and is provided with the holonomic coordinates (x^λ, y^i, ẏ^i) with respect to the vertical frames {∂_i}.

Let T Φ be the tangent map to a bundle morphism Φ : Y → Y^′. Its restriction V Φ to V Y is a linear bundle morphism V Y → V Y^′ such that

ẏ^{′i} ∘ V Φ = ẏ^j∂_j Φ^i.

It is called the vertical tangent map to Φ.

In many important cases, the vertical tangent bundle V Y → Y of a fibre bundle Y → X is trivial, and is equivalent to the fibred product

V Y ∼= Y ×_X Y (1.14) of Y and some vector bundle Y → X. This means that V Y can be provided with bundle coordinates (x^λ, y^i, y^i) such that a transformation law of coordinates y^i is independent of coordinates y^i. One calls (1.14) the vertical splitting.

For instance, every affine bundle Y → X modelled over a vector bundle Y → X admits the canonical vertical splitting (1.14) with respect to the holonomic coordinates ẏ^i on V Y , whose transformation law coincides with that of the linear coordinates y^i on the vector bundle Y . If Y is a vector bundle, the vertical splitting (1.14) reads

V Y ∼= Y ×_X Y. (1.15)

The vertical cotangent bundle V^∗Y → Y of a fibre bundle Y → X is defined as the dual of the vertical tangent bundle V Y → Y . It is not a subbundle of the cotangent bundle T^∗Y , but there is the canonical surjection ζ : T^∗Y ∋ ẋ_λdx^λ + ẏ_idy^i → ẏ_idy^i ∈ V^∗Y, (1.16) where {dy^i} are the bases for the fibres of V^∗Y which are duals of the holonomic frames {∂_i} for the vertical tangent bundle V Y . It should be emphasized that coframes {dy^i} for T^∗Y and {dy^i} for V^∗Y are transformed in a different way.

With V Y and V^∗Y , we have the following two exact sequences of vector bundles over Y : 0 → V Y → T Y^{πT}→ Y ×_X T X → 0, (1.17a) 0 → Y ×_X T^∗X → T^∗Y^ζ→ V^∗Y → 0. (1.17b)

In accordance with Theorem 1.5, they have a splitting which, by definition, is a connection on a fibre bundle Y → X.

D. Composite fibre bundles

Let us consider the composition

π : Y → Σ → X, (1.18)

of fibre bundles

π_{Y Σ} : Y → Σ, (1.19) π_{ΣX} : Σ → X. (1.20)

It is called the composite fibre bundle. It is provided with bundle coordinates (x^λ, σ^m, y^i), where (x^λ, σ^m) are bundle coordinates on the fibre bundle (1.20), i.e., transition functions of coordinates σ^m are independent of coordinates y^i.

The following two assertions make composite fibre bundles useful for numerous physical applications [17, 30].

Proposition 1.6. Given a composite fibre bundle (1.18), let h be a global section of the fibre bundle Σ → X. Then the restriction

Y_h = h^∗Y (1.21)

of the fibre bundle Y → Σ to h(X) ⊂ Σ is a subbundle of the fibre bundle Y → X. □

Proposition 1.7. (i) Given a section h of the fibre bundle Σ → X and a section s_Σ of the fibre bundle Y → Σ, their composition s = s_Σ ∘ h is a section of the composite fibre bundle Y → X (1.18).

(ii) Conversely, every section s of the fibre bundle Y → X is a composition of the section h = π_{Y Σ} ∘ s of the fibre bundle Σ → X and some section s_Σ of the fibre bundle Y → Σ over the closed imbedded submanifold h(X) ⊂ Σ. □

In field theory, sections h of the fibre bundle Σ → X play the role, e.g., of a Higgs field and a gravitational field.

E. Vector fields

A vector field on a manifold Z is defined as a global section of the tangent bundle T Z → Z. The set T_1(Z) of vector fields on Z is a real Lie algebra with respect to the Lie bracket [v, u] = (v^λ∂_λu^μ − u^λ∂_λv^μ)∂_μ, v = v^λ∂_λ, u = u^λ∂_λ. Every vector field on a manifold Z can be seen as an infinitesimal generator of a local one-parameter group of diffeomorphisms of Z as follows [23]. Given an open subset U ⊂ Z and an interval (−ϵ, ϵ) of R, by a local one-parameter group of diffeomorphisms of Z defined on (−ϵ, ϵ) × U is meant a map G : (−ϵ, ϵ) × U ∋ (t, z) → G_t(z) ∈ Z such that:

• for each t ∈ (−ϵ, ϵ), the map G_t is a diffeomorphism of U onto the open subset G_t(U) ⊂ Z; • G_{t+t}′ (z) = (G_t ∘ G_t′ )(z) if t, t^′, t + t^′ ∈ (−ϵ, ϵ) and G_t′ (z), z ∈ U. If G is defined on (−ϵ, ϵ) × Z, it can be prolonged onto R × Z, and is called a one-parameter group of diffeomorphisms of Z. Any local one-parameter group of diffeomorphisms G on U ⊂ Z defines a local vector field u on U by setting u(z) to be the tangent vector to the curve z(t) = G_t(z) at t = 0. Conversely, if u is a vector field on a manifold Z, there exists a unique local one-parameter group G_u of diffeomorphisms on a neighbourhood of every point z ∈ Z which defines u. We will call G_u a flow of the vector field u. A vector field u on a manifold Z is called complete if its flow is a one-parameter group of diffeomorphisms of Z. For instance, every vector field on a compact manifold is complete [23].

A vector field u on a fibre bundle Y → X is an infinitesimal generator of a local oneparameter group G_u of isomorphisms of Y → X if and only if it is a projectable vector field on Y . A vector field u on a fibre bundle Y → X is called projectable if it projects onto a vector field on X, i.e., there exists a vector field τ on X which makes up the commutative diagram Y^u−→ T Y π T^π X^τ−→ T X , τ ∘ π = T π ∘ u.

A projectable vector field has the coordinate expression

u = u^λ(x^μ)∂_λ + u^i(x^μ, y^j )∂_i, τ = u^λ∂_λ,

where u^λ are local functions on X. A projectable vector field is said to be vertical if it projects onto the zero vector field τ = 0 on X, i.e., u = u^i∂_i takes its values in the vertical tangent bundle V Y .

In field theory, projectable vector fields on fibre bundles play a role of infinitesimal generators of local one-parameter groups of gauge transformations.

In general, a vector field τ = τ^λ∂_λ on a base X of a fibre bundle Y → X gives rise to a vector field on Y by means of a connection on this fibre bundle (see the formula (3.6) below). Nevertheless, every natural fibre bundle Y → X admits the canonical lift ~τ onto Y of any vector field τ on X. For instance, if Y is the tensor bundle (1.13), the above mentioned canonical lift reads ~τ = τ^μ∂_μ + [∂_ν τ^{α1}ẋ^{να2 ···αm}_{β1···βk} + . . . − ∂_{β1} τ^νẋ^{α1···αm}_{νβ2 ···βk} − . . .] ∂ ∂ẋ^{α1···αm} β_1···β_k . (1.22)

In particular, we have the canonical lift

~τ = τ^μ∂_μ + ∂_ν τ^αẋ^ν ∂ ∂ẋ^α (1.23)

onto the tangent bundle T X, and that

~τ = τ^μ∂_μ − ∂_β τ^νẋ_ν ∂ ∂ẋ_β (1.24)

onto the cotangent bundle T^∗X.

F. Exterior forms

An exterior r-form on a manifold Z is a section ϕ = 1 r! ϕ_{λ1...λr} dz^{λ1} ∧ · · · ∧ dz^{λr} of the exterior product^r∧ T^∗Z → Z. Let O^r(Z) denote the vector space of exterior r-forms on a manifold Z. By definition, O^0(Z) = C^∞(Z) is the ring of smooth real functions on Z. All exterior forms on Z constitute the N-graded exterior algebra O^∗(Z) of global sections of the exterior bundle ∧T^∗Z (1.9) with respect to the exterior product ∧. This algebra is provided with the exterior differential

d : O^r(Z) → O^{r+1}(Z), dϕ = dz^μ ∧ ∂_μϕ = 1 r! ∂_μϕ_{λ1...λr} dz^μ ∧ dz^{λ1} ∧ · · · dz^{λr} , which is nilpotent, i.e., d ∘ d = 0, and obeys the relation d(ϕ ∧ σ) = d(ϕ) ∧ σ + (−1)^{|ϕ|}ϕ ∧ d(σ). The symbol |ϕ| stands for the form degree.

Given a manifold morphism f : Z → Z^′, any exterior k-form ϕ on Z^′ yields the pull-back exterior form f^∗ϕ on Z by the condition f^∗ϕ(v^1, . . . , v^k)(z) = ϕ(T f(v^1), . . . , T f(v^k))(f(z)) for an arbitrary collection of tangent vectors v^1, · · · , v^k ∈ T_z Z. The following relations hold: f^∗(ϕ ∧ σ) = f^∗ϕ ∧ f^∗σ, df^∗ϕ = f^∗(dϕ). In particular, given a fibre bundle π : Y → X, the pull-back onto Y of exterior forms on X by π provides the monomorphism of exterior algebras

π^∗ : O^∗(X) → O^∗(Y ).

Elements of its image π^∗O^∗(X) are called basic forms. Exterior forms on Y such that u⌋ϕ = 0 for an arbitrary vertical vector field u on Y are said to be horizontal forms. They are generated by horizontal one-forms {dx^λ}. For instance, basic forms are horizontal forms with coefficients in C^∞(X) ⊂ C^∞(Y ). A horizontal form of degree n = dim X is called a density. For instance, Lagrangians in field theory are densities. We will use the notation ω = dx^1 ∧ · · · ∧ dx^n, ω_λ = ∂_λ⌋ω, ω_{μλ} = ∂_μ⌋∂_λ⌋ω. (1.25) The interior product (or contraction) of a vector field u = u^μ∂_μ and an exterior r-form ϕ on a manifold Z is given by the coordinate expression u⌋ϕ = r∑ k=1 (−1)^{k−1} r! u^{λk} ϕ_{λ1...λk...λr} dz^{λ1} ∧ · · · ∧ ^dz^{λk} ∧ · · · ∧ dz^{λr} = (1.26) 1 (r − 1)! u^μϕ_{μα2...αr} dz^{α2} ∧ · · · ∧ dz^{αr} , where the caret ^ denotes omission. The following relations hold:

ϕ(u_1, . . . , u_r) = u_r⌋ · · · u_1⌋ϕ, (1.27) u⌋(ϕ ∧ σ) = u⌋ϕ ∧ σ + (−1)^{|ϕ|}ϕ ∧ u⌋σ, (1.28) [u, u^′]⌋ϕ = u⌋d(u^′⌋ϕ) − u^′⌋d(u⌋ϕ) − u^′⌋u⌋dϕ, ϕ ∈ O^1(Z). (1.29) The Lie derivative of an exterior form ϕ along a vector field u is defined as L_uϕ = u⌋dϕ + d(u⌋ϕ), and fulfils the relation

L_u(ϕ ∧ σ) = L_uϕ ∧ σ + ϕ ∧ L_uσ. In particular, if f is a function, then L_uf = u(f) = u⌋df. It is important for physical applications that an exterior form ϕ is invariant under a local one-parameter group of diffeomorphisms G_t of Z (i.e., G^∗_t ϕ = ϕ) if and only if its Lie derivative L_uϕ along the vector field u, generating G_t, vanishes.

G. Tangent-valued forms A tangent-valued r-form on a manifold Z is a section ϕ = 1 r! ϕ^μ_{λ1...λr} dz^{λ1} ∧ · · · ∧ dz^{λr} ⊗ ∂_μ (1.30) of the tensor bundle^r∧ T^∗Z ⊗ T Z → Z. Tangent-valued forms play a prominent role in jet formalism and theory of connections on fibre bundles.

In particular, there is one-to-one correspondence between the tangent-valued one-forms ϕ on a manifold Z and the linear bundle endomorphisms ^ϕ : T Z → T Z, ^ϕ : T_zZ ∋ v → v⌋ϕ(z) ∈ T_zZ, (1.31) ^ϕ^∗ : T^∗Z → T^∗Z, ^ϕ^∗ : T^∗_z Z ∋ v^∗ → ϕ(z)⌋v^∗ ∈ T^∗_z Z, (1.32) over Z. For instance, the canonical tangent-valued one-form

θ_Z = dz^λ ⊗ ∂_λ (1.33) on Z corresponds to the identity morphisms (1.31) and (1.32).

The space O^∗(Z) ⊗ T_1(Z) of tangent-valued forms is provided with the Frölicher– Nijenhuis bracket

[ , ]_{FN} : O^r(Z) ⊗ T_1(Z) × O^s(Z) ⊗ T_1(Z) → O^{r+s}(Z) ⊗ T_1(Z), [ϕ, σ]_{FN} = 1 r!s! (ϕ^ν_{λ1...λr} ∂_ν σ^μ_{λr+1...λr+s} − σ^ν_{λr+1...λr+s} ∂_ν ϕ^μ_{λ1...λr} − (1.34) rϕ^μ_{λ1...λr−1ν} ∂_{λr} σ^ν_{λr+1...λr+s} + sσ^μ_{νλr+2 ...λr+s} ∂_{λr+1} ϕ^ν_{λ1...λr} )dz^{λ1} ∧ · · · ∧ dz^{λr+s} ⊗ ∂_μ.

The following relations hold:

[ϕ, ψ]_{FN} = (−1)^{|ϕ||ψ|+1}[ψ, ϕ]_{FN}, (1.35) [ϕ, [ψ, θ]_{FN}]_{FN} = [[ϕ, ψ]_{FN}, θ]_{FN} + (−1)^{|ϕ||ψ|}[ψ, [ϕ, θ]_{FN}]_{FN}. (1.36) Given a tangent-valued form θ, the Nijenhuis differential on O^∗(Z) ⊗ T_1(Z) along θ is defined as

d_θ σ = [θ, σ]_{FN}. (1.37) By virtue of the relation (1.36), it has the property

d_ϕ[ψ, θ]_{FN} = [d_ϕψ, θ]_{FN} + (−1)^{|ϕ||ψ|}[ψ, d_ϕθ]_{FN}.

In particular, if θ = u is a vector field, the Nijenhuis differential is the Lie derivative of tangent-valued forms

L_uσ = d_uσ = [u, σ]_{FN} = (u^ν ∂_ν σ^μ_{λ1...λs} − σ^ν_{λ1...λs} ∂_ν u^μ + (1.38) sσ^μ_{νλ2...λs} ∂_{λ1} u^ν )dx^{λ1} ∧ · · · ∧ dx^{λs} ⊗ ∂_μ, σ ∈ O^s(M) ⊗ T (M). Let Y → X be a fibre bundle. In the sequel, we will deal with the following classes of tangent-valued forms on Y :

• tangent-valued horizontal forms ϕ : Y →^r∧ T^∗X ⊗_Y T Y, ϕ = 1 r! dx^{λ1} ∧ . . . ∧ dx^{λr} ⊗ [ϕ^μ_{λ1...λr} (y)∂_μ + ϕ^i_{λ1...λr} (y)∂_i]; • vertical-valued horizontal forms ϕ : Y →^r∧ T^∗X ⊗_Y V Y, ϕ = 1 r! ϕ^i_{λ1...λr} (y)dx^{λ1} ∧ . . . ∧ dx^{λr} ⊗ ∂_i; • vertical-valued horizontal one-forms, called soldering forms,

σ = σ^i_λ(y)dx^λ ⊗ ∂_i; (1.39) • basic vertical-valued horizontal forms ϕ = 1 r! ϕ^i_{λ1...λr} (x)dx^{λ1} ∧ . . . ∧ dx^{λr} ⊗ ∂_i on an affine bundle which are constant along its fibres.

Any tangent valued form ϕ (1.30) on a manifold Z defines the vertical-valued form ϕ = 1 r! ϕ^μ_{λ1...λr} dz^{λ1} ∧ · · · ∧ dz^{λr} ⊗ ˙∂_μ, ˙∂_μ = ∂ ∂ż^μ , on the tangent bundle T Z. For instance, the canonical tangent-valued form θ_Z (1.33) on a manifold Z yields the canonical vertical-valued form

θ̇_Z = dz^λ ⊗ ˙∂_λ (1.40)

on the tangent bundle T Z. By this reason, tangent-valued one-forms on a manifold Z are also called soldering forms.

2 Jet manifolds

Jet manifolds provide the standard language for theory of (non-linear) differential operators, the calculus of variations, Lagrangian and Hamiltonian formalisms [13, 17, 26, 34]. Here, we restrict our consideration to the notion of jets of sections of fibre bundles.

A. First order jet manifolds

Given a fibre bundle Y → X with bundle coordinates (x^λ, y^i), let us consider the equivalence classes j^1_xs of its sections s, which are identified by their values s^i(x) and the values of their first order derivatives ∂_μs^i(x) at a point x ∈ X. They are called the first order jets of sections at x. One can justify that the definition of jets is coordinate-independent. The key point is that the set J^1Y of first order jets j^1_xs, x ∈ X, is a smooth manifold with respect to the adapted coordinates (x^λ, y^i, y^i_λ) such that

y^i_λ(j^1_xs) = ∂_λs^i(x), y^{′i}_λ = ∂x^μ ∂x^{′λ} (∂_μ + y^j_μ∂_j )y^{′i}. (2.1)

It is called the first order jet manifold of the fibre bundle Y → X.

The jet manifold J^1Y admits the natural fibrations

π^1 : J^1Y ∋ j^1_xs → x ∈ X, (2.2) π^1_0 : J^1Y ∋ j^1_xs → s(x) ∈ Y. (2.3)

A glance at the transformation law (2.1) shows that π^1_0 is an affine bundle modelled over the vector bundle T^∗X ⊗_Y V Y → Y. (2.4) It is convenient to call π^1 (2.2) the jet bundle, while π^1_0 (2.3) is said to be the affine jet bundle.

Let us note that, if Y → X is a vector or an affine bundle, the jet bundle π_1 (2.2) is so. Jets can be expressed in terms of familiar tangent-valued forms as follows. There are the canonical imbeddings

λ_1 : J^1Y →_Y T^∗X ⊗_Y T Y, λ_1 = dx^λ ⊗ (∂_λ + y^i_λ∂_i) = dx^λ ⊗ d_λ, (2.5) θ_1 : J^1Y → T^∗Y ⊗_Y V Y, θ_1 = (dy^i − y^i_λdx^λ) ⊗ ∂_i = θ^i ⊗ ∂_i, (2.6) where d_λ are said to be total derivatives, and θ^i are called contact forms. Identifying the jet manifold J^1Y to its images under the canonical morphisms (2.5) and (2.6), one can represent jets j^1_xs = (x^λ, y^i, y^i_μ) by tangent-valued forms

dx^λ ⊗ (∂_λ + y^i_λ∂_i) and (dy^i − y^i_λdx^λ) ⊗ ∂_i. (2.7) Sections and morphisms of fibre bundles admit prolongations to jet manifolds as follows. Any section s of a fibre bundle Y → X has the jet prolongation to the section (J^1s)(x)^{def}= j^1_xs, y^i_λ ∘ J^1s = ∂_λs^i(x), of the jet bundle J^1Y → X. A section s of the jet bundle J^1Y → X is called holonomic or integrable if it is the jet prolongation of some section of the fibre bundle Y → X.

Any bundle morphism Φ : Y → Y^′ over a diffeomorphism f admits a jet prolongation to a bundle morphism over Φ of affine jet bundles

J^1Φ : J^1Y −→_Φ J^1Y^′, y^{′i}_λ ∘ J^1Φ =

∂(f^{−1})^μ ∂x^{′λ} d_μΦ^i.

Any projectable vector field u = u^λ∂_λ + u^i∂_i on a fibre bundle Y → X has a jet prolongation to the projectable vector field

J^1u = r_1 ∘ J^1u : J^1Y → J^1T Y → T J^1Y, J^1u = u^λ∂_λ + u^i∂_i + (d_λu^i − y^i_μ∂_λu^μ)∂^λ_i , (2.8) on the jet manifold J^1Y . In order to obtain (2.8), the canonical bundle morphism r_1 : J^1T Y → T J^1Y, ẏ^i_λ ∘ r_1 = (ẏ^i)_λ − y^i_μẋ^μ_λ is used. In particular, there is the canonical isomorphism

V J^1Y = J^1V Y, ẏ^i_λ = (ẏ^i)_λ. (2.9)

B. Second order jet manifolds Taking the first order jet manifold of the jet bundle J^1Y → X, we obtain the repeated jet manifold J^1J^1Y provided with the adapted coordinates (x^λ, y^i, y^i_λ, ^y^i_μ, y^i_{μλ}), with transition functions ^y^{′i}_λ = ∂x^α ∂x^{′λ} d_αy^{′i}, y^{′i}_{μλ} = ∂x^α ∂x^{′μ} d_αy^{′i}_λ, d_α = ∂_α + ^y^j_α∂_j + y^j_{να}∂^ν_j .

There exist two different affine fibrations of J^1J^1Y over J^1Y :

• the familiar affine jet bundle (2.3):

π_{11} : J^1J^1Y → J^1Y, y^i_λ ∘ π_{11} = y^i_λ, (2.10)

• and the affine bundle

J^1π^1_0 : J^1J^1Y → J^1Y, y^i_λ ∘ J^1π^1_0 = ^y^i_λ. (2.11)

In general, there is no canonical identification of these fibrations. The points q ∈ J^1J^1Y , where π_{11}(q) = J^1π^1_0(q), form the affine subbundle ^J^2Y → J^1Y of J^1J^1Y called the sesquiholonomic jet manifold. It is given by the coordinate conditions ^y^i_λ = y^i_λ, and is coordinated by (x^λ, y^i, y^i_λ, y^i_{μλ}).

The second order jet manifold J^2Y of a fibre bundle Y → X can be defined as the affine subbundle of the fibre bundle ^J^2Y → J^1Y given by the coordinate conditions y^i_{λμ} = y^i_{μλ}. It is coordinated by (x^λ, y^i, y^i_λ, y^i_{λμ} = y^i_{μλ}). The second order jet manifold J^2Y can also be introduced as the set of the equivalence classes j^2_xs of sections s of the fibre bundle Y → X, which are identified by their values and the values of their first and second order partial derivatives at points x ∈ X, i.e.,

y^i_λ(j^2_xs) = ∂_λs^i(x), y^i_{λμ}(j^2_xs) = ∂_λ∂_μs^i(x).

Let s be a section of a fibre bundle Y → X, and let J^1s be its jet prolongation to a section of the jet bundle J^1Y → X. The latter gives rise to the section J^1J^1s of the repeated jet bundle J^1J^1Y → X. This section takes its values into the second order jet manifold J^2Y . It is called the second order jet prolongation of the section s, and is denoted by J^2s.

Proposition 2.1. Let s be a section of the jet bundle J^1Y → X, and let J^1s be its jet prolongation to the section of the repeated jet bundle J^1J^1Y → X. The following three facts are equivalent: (i) s = J^1s where s is a section of the fibre bundle Y → X, (ii) J^1s takes its values into ^J^2Y , (iii) J^1s takes its values into J^2Y . □

C. Higher order jet manifolds

The notion of first and second order jet manifolds is naturally extended to higher order jets (see Lecture 6 for a detailed exposition). The r-order jet manifold J^rY of a fibre bundle Y → X is defined as the disjoint union of the equivalence classes j^r_xs of sections s of Y → X identified by the r + 1 terms of their Taylor series at points of X. It is a smooth manifold endowed with the adapted coordinates (x^λ, y^i_Λ), 0 ≤| Λ |≤ r, where Λ = (λ_k . . . λ_1) denotes a multi-index modulo permutations and y^i_{λk ···λ1} (j^r_xs) = ∂_{λk} · · · ∂_{λ1} s^i(x), 0 ≤ k ≤ r.

The transformation law of these coordinates reads

y^{′i}_{λ+Λ} = ∂x^μ ∂^′x^λ d_μy^{′i}_Λ, (2.12) where λ + Λ = (λλ_k . . . λ_1) and

d_λ = ∂_λ + ∑ |Λ|<r y^i_{λ+Λ}∂^Λ_i = ∂_λ + y^i_λ∂_i + y^i_{λμ}∂^μ_i + · · ·

are higher order total derivatives. These derivatives act on exterior forms on J^rY and obey the relations d_λ(ϕ ∧ σ) = d_λ(ϕ) ∧ σ + ϕ ∧ d_λ(σ), d_λ(dϕ) = d(d_λ(ϕ)). For instance,

d_λ(dx^μ) = 0, d_λ(dy^i_Λ) = dy^i_{λ+Λ}.

Let us also mention the following two operations: the horizontal projection h_0 given by the relations h_0(dx^λ) = dx^λ, h_0(dy^i_{λk ···λ1} ) = y^i_{μλk...λ1} dx^μ, (2.13) and the horizontal differential

d_H (ϕ) = dx^λ ∧ d_λ(ϕ), (2.14) d_H ∘ d_H = 0, h_0 ∘ d = d_H ∘ h_0.

D. Differential equations and differential operators Let us now formulate the notions of a (non-linear) differential equation and a differential operator in terms of jets.

Definition 2.2. A k-order differential equation on a fibre bundle Y → X is defined as a closed subbundle E of the jet bundle J^kY → X. Its classical solution is a (local) section s of Y → X whose k-order jet prolongation J^ks lives in E. □

One usually considers differential equations associated to differential operators. Definition 2.3. Let E → X be a vector bundle coordinated by (x^λ, v^A), A = 1, . . . , m. A bundle morphism E : J^kY →_X E, v^A ∘ E = E^A(x^λ, y^i, y^i_λ, . . . , y^i_{λk···λ1} ), (2.15) is called a k-order differential operator on a fibre bundle Y → X. It sends each section s of Y → X onto the section (E ∘ J^ks)^A(x) = E^A (x^λ, s^i(x), ∂_λs^i(x), . . . , ∂_{λk} · · · ∂_{λ1} s^i(x)) of the vector bundle E → X. □

Let us suppose that the canonical zero section ^0(X) of the vector bundle E → X belongs to the image E(J^kY ). Then the kernel operator of a differential operator E is defined as Ker E = E^{−1}(^0(X)) ⊂ J^kY. (2.16) If Ker E (2.16) is a closed subbundle of the jet bundle J^kY → X, it is a k-order differential equation, associated to the differential operator E. It is written in the coordinate form E^A(x^λ, y^i, y^i_λ, . . . , y^i_{λk···λ1} ) = 0, A = 1, . . . , m. 3 Connections on fibre bundles

Connections play a prominent role in classical field theory because they enable one to deal with invariantly defined objects. Partial derivatives of sections of fibre bundles (i.e., of classical fields) are ill defined. One need connections in order to replace them with covariant derivatives. Gauge theory shows clearly that this is a basic physical principle.

We start from the traditional geometric notion of a connection as a horizontal lift, but then follow its equivalent definition as a jet field [17, 24, 30, 42]. It enables us to include connections in an natural way in field dynamics.

A. Connections as tangent-valued forms A connection on a fibre bundle Y → X is customarily defined as a linear bundle monomorphism

Γ : Y ×_X T X →_Y T Y, Γ : ẋ^λ∂_λ → ẋ^λ(∂_λ + Γ^i_λ(y)∂_i), (3.1) which splits the exact sequence (1.17a), i.e.,

π_T ∘ Γ = Id (Y ×_X T X).

The image HY of Y ×_X T X by a connection Γ is called the horizontal distribution. It splits the tangent bundle T Y as T Y = HY ⊕_Y V Y, (3.2) ẋ^λ∂_λ + ẏ^i∂_i = ẋ^λ(∂_λ + Γ^i_λ∂_i) + (ẏ^i − ẋ^λΓ^i_λ)∂_i.

By virtue of Theorem 1.5, a connection on a fibre bundle always exists.

A connection Γ (3.1) defines the horizontal tangent-valued one-form

Γ = dx^λ ⊗ (∂_λ + Γ^i_λ∂_i) (3.3) on Y such that Γ(∂_λ) = ∂_λ⌋Γ. Conversely, every horizontal tangent-valued one-form on a fibre bundle Y → X which projects onto the canonical tangent-valued form θ_X (1.33) on X defines a connection on Y → X.

In an equivalent way, the horizontal splitting (3.2) is given by the vertical-valued form Γ = (dy^i − Γ^i_λdx^λ) ⊗ ∂_i, (3.4) which determines the epimorphism

Γ : T Y ∋ ẋ^λ∂_λ + ẏ^i∂_i → (ẋ^λ∂_λ + ẏ^i∂_i)⌋Γ = (ẏ^i − ẋ^λΓ^i_λ)∂_i ∈ V Y.

Given a connection Γ, a vector field u on a fibre bundle Y → X is called horizontal if it lives in the horizontal distribution HY , i.e., takes the form

u = u^λ(y)(∂_λ + Γ^i_λ(y)∂_i). (3.5) Any vector field τ on the base X of a fibre bundle Y → X admits the horizontal lift Γτ = τ ⌋Γ = τ^λ(∂_λ + Γ^i_λ∂_i) (3.6) onto Y by means of a connection Γ (3.3) on Y → X.

Given the splitting (3.1), the dual splitting of the exact sequence (1.17b) is Γ : V^∗Y ∋ dy^i → Γ⌋dy^i = dy^i − Γ^i_λdx^λ ∈ T^∗Y, (3.7) where Γ is the vertical-valued form (3.4).

B. Connections as jet fields There is one-to-one correspondence between the connections on a fibre bundle Y → X and the jet fields, i.e., global sections of the affine jet bundle J^1Y → Y [17, 42]. Indeed, given a global section Γ of J^1Y → Y , the tangent-valued form

λ_1 ∘ Γ = dx^λ ⊗ (∂_λ + Γ^i_λ∂_i) provides the horizontal splitting (3.2) of T Y . Accordingly, the vertical-valued form θ_1 ∘ Γ = (dy^i − Γ^i_λdx^λ) ⊗ ∂_i leads to the dual splitting (3.7).

It follows immediately from this definition that connections on a fibre bundle Y → X constitute an affine space modelled over the vector space of soldering forms σ (1.39). One also deduces from (2.1) the coordinate transformation law of connections Γ^{′i}_λ = ∂x^μ ∂x^{′λ} (∂_μ + Γ^j_μ∂_j )y^{′i}.

The following are two standard constructions of new connections from old ones.

• Let Y and Y^′ be fibre bundles over the same base X. Given a connection Γ on Y → X and a connection Γ^′ on Y^′ → X, the fibred product Y ×_X Y^′ is provided with the product connection

Γ × Γ^′ = dx^λ ⊗ (∂_λ + Γ^i_λ ∂ ∂y^i + Γ^{′j}_λ ∂ ∂y^{′j} ). (3.8)

• Given a fibre bundle Y → X, let f : X^′ → X be a manifold morphism and f^∗Y the pull-back of Y over X^′. Any connection Γ (3.4) on Y → X yields the pull-back connection

f^∗Γ = (dy^i − Γ^i_λ(f^μ(x^{′ν} ), y^j) ∂f^λ ∂x^{′μ} dx^{′μ}) ⊗ ∂_i (3.9)

on the pull-back fibre bundle f^∗Y → X^′.

The key point for physical applications lies in the fact that every connection Γ on a fibre bundle Y → X yields the first order differential operator

D^Γ : J^1Y →_Y T^∗X ⊗_Y V Y, (3.10) D^Γ = λ_1 − Γ ∘ π^1_0 = (y^i_λ − Γ^i_λ)dx^λ ⊗ ∂_i, called the covariant differential relative to the connection Γ. If s : X → Y is a section, one defines its covariant differential

∇^Γs^{def}= D_Γ ∘ J^1s = (∂_λs^i − Γ^i_λ ∘ s)dx^λ ⊗ ∂_i (3.11) and its covariant derivative

∇^Γ_τ s = τ ⌋∇^Γs (3.12) along a vector field τ on X. A (local) section s of Y → X is said to be an integral section of a connection Γ (or parallel with respect to Γ) if s obeys the equivalent conditions ∇^Γs = 0 or J^1s = Γ ∘ s. (3.13) Furthermore, if s : X → Y is a global section, there exists a connection Γ such that s is an integral section of Γ. This connection is defined as an extension of the local section s(x) → J^1s(x) of the affine jet bundle J^1Y → Y over the closed imbedded submanifold s(X) ⊂ Y in accordance with Theorem 1.4.

C. Curvature and torsion

Let Γ be a connection on a fibre bundle Y → X. Given vector fields τ , τ^′ on X and their horizontal lifts Γτ and Γτ^′ (3.6) on Y , let us compute the vertical vector field R(τ, τ^′) = Γ[τ, τ^′] − [Γτ, Γτ^′] = τ^λτ^{′μ}R^i_{λμ}∂_i, (3.14) R^i_{λμ} = ∂_λΓ^i_μ − ∂_μΓ^i_λ + Γ^j_λ∂_j Γ^i_μ − Γ^j_μ∂_j Γ^i_λ. (3.15) It can be seen as the contraction of vector fields τ and τ^′ with the vertical-valued horizontal two-form R = 1 2 R^i_{λμ}dx^λ ∧ dx^μ ⊗ ∂_i (3.16) on Y , called the curvature of the connection Γ. In an equivalent way, the curvature (3.16) is defined as the Nijenhuis differential R = 1 2 d_ΓΓ = 1 2 [Γ, Γ]_{FN} : Y →^2∧ T^∗X ⊗ V Y. (3.17) Then we at once obtain from (1.35) – (1.36) the identities

[R, R]_{FN} = 0, (3.18) d_ΓR = [Γ, R]_{FN} = 0. (3.19) Given a soldering form σ (1.39) on Y → X, one defines the soldered curvature ρ = 1 2 d_σ σ = 1 2 [σ, σ]_{FN} : Y →^2∧ T^∗X ⊗ V Y, (3.20) ρ = 1 2 ρ^i_{λμ}dx^λ ∧ dx^μ ⊗ ∂_i, ρ^i_{λμ} = σ^j_λ∂_j σ^i_μ − σ^j_μ∂_j σ^i_λ, which fulfils the identities

[ρ, ρ]_{FN} = 0, d_σ ρ = [σ, ρ]_{FN} = 0.

Given a connection Γ and a soldering form σ, the torsion of Γ with respect to σ is defined as

T = d_Γσ = d_σ Γ : Y →^2∧ T^∗X ⊗ V Y, T = (∂_λσ^i_μ + Γ^j_λ∂_j σ^i_μ − ∂_j Γ^i_λσ^j_μ)dx^λ ∧ dx^μ ⊗ ∂_i. (3.21) In particular, if Γ^′ = Γ + σ, we have the important relations

T^′ = T + 2ρ, (3.22) R^′ = R + ρ + T. (3.23)

D. Linear connections

Any vector bundle Y → X admits a linear connection. This is defined as a section of the affine jet bundle J^Y → Y which is a linear morphism of vector bundles over X. A linear connection is given by the tangent-valued form

Γ = dx^λ ⊗ (∂_λ + Γ_λ^i_j (x)y^j∂_i). (3.24) There are the following standard constructions of new linear connections from old ones. • Let Y → X be a vector bundle, coordinated by (x^λ, y^i), and Y^∗ → X its dual, coordinated by (x^λ, y_i). Any linear connection Γ (3.24) on the vector bundle Y → X defines the dual linear connection

Γ^∗ = dx^λ ⊗ (∂_λ − Γ_λ^j_i(x)y_j ∂^i) (3.25) on Y^∗ → X.

• Let Γ and Γ^′ be, respectively, linear connections on vector bundles Y → X and Y^′ → X over the same base X. The direct sum connection Γ ⊕ Γ^′ on the Whitney sum Y ⊕ Y^′ of these vector bundles is defined as the product connection (3.8).

• Let Y coordinated by (x^λ, y^i) and Y^′ coordinated by (x^λ, y^a) be vector bundles over the same base X. Their tensor product Y ⊗Y^′ is endowed with the bundle coordinates (x^λ, y^{ia}). Any linear connections Γ and Γ^′ on Y → X and Y^′ → X define the linear tensor product connection

Γ ⊗ Γ^′ = dx^λ ⊗ [∂_λ + (Γ_λ^i_j y^{ja} + Γ^′_λ^a_by^{ib}) ∂ ∂y^{ia} ] (3.26)

on Y ⊗ Y^′ → X.

The curvature of a linear connection Γ (3.24) on a vector bundle Y → X is usually written as a Y -valued two-form R = 1 2 R_{λμ}^i_j (x)y^jdx^λ ∧ dx^μ ⊗ e_i, R_{λμ}^i_j = ∂_λΓ_μ^i_j − ∂_μΓ_λ^i_j + Γ_λ^h_j Γ_μ^i_h − Γ_μ^h_j Γ_λ^i_h, (3.27) due to the canonical vertical splitting (1.15), where {∂_i} = {e_i}. For any two vector fields τ and τ^′ on X, this curvature yields the 0-order differential operator

R(τ, τ^′) ∘ s = (∇^Γ_{[τ,τ} ′_] − [∇^Γ_τ , ∇^Γ_τ ′ ])s (3.28) on section s of the vector bundle Y → X.

E. World connections

An important example of linear connections is a connection

K = dx^λ ⊗ (∂_λ + K_λ^μ_νẋ^ν ˙∂_μ) (3.29) on the tangent bundle T X of a manifold X. It is called a world connection or, simply, a connection on a manifold X. The dual connection (3.25) on the cotangent bundle T^∗X is K^∗ = dx^λ ⊗ (∂_λ − K_λ^μ_νẋ_μ ˙∂^ν ). (3.30) Then, using the tensor product connection (3.26), one can introduce the corresponding linear connection on an arbitrary tensor bundle (1.13).

A world connection (3.29) is called symmetric if K_μ^ν_λ = K_λ^ν_μ. Of course, this property is coordinate-independent. Let us note that, given a world connection K (3.29), the tangentvalued form

K_r = dx^λ ⊗ (∂_λ + (rK_λ^μ_ν + (1 − r)K_ν^μ_λ)ẋ^ν ˙∂_μ), 0 ≤ r ≤ 1, (3.31) is also a world connection. For instance, K_{1/2} is a symmetric connection, called the symmetric part of the connection K.

Remark 3.1. It should be emphasized that the expressions (3.29) – (3.30) for a world connection differ in a minus sign from those usually used in the physics literature. • Due to the canonical vertical splitting V T X ∼= T X × T X, (3.32) the curvature of a world connection K (3.29) on the tangent bundle T X can be written as the T X-valued two-form (3.27) on X: R = 1 2 R_{λμ}^α_βẋ^βdx^λ ∧ dx^μ ⊗ ∂_α, R_{λμ}^α_β = ∂_λK_μ^α_β − ∂_μK_λ^α_β + K_λ^γ_β K_μ^α_γ − K_μ^γ_β K_λ^α_γ . (3.33) Its Ricci tensor R_{λβ} = R_{λμ}^μ_β is introduced.

A torsion of a world connection is defined as the torsion (3.21) of the connection Γ (3.29) on the tangent bundle T X with respect to the canonical vertical-valued form θ̇_X (1.40). Due to the vertical splitting (3.32), it is also written as a tangent-valued two-form T = 1 2 T_μ^ν_λdx^λ ∧ dx^μ ⊗ ∂_ν , (3.34) T_μ^ν_λ = K_μ^ν_λ − K_λ^ν_μ, on X. A world connection is symmetric if and only if its torsion (3.34) vanishes.

For instance, every manifold X can be provided with a non-degenerate fibre metric g ∈^2∨ O^1(X), g = g_{λμ}dx^λ ⊗ dx^μ, in the tangent bundle T X, and with the dual metric

g ∈^2∨ T^1(X), g = g^{λμ}∂_λ ⊗ ∂_μ in the cotangent bundle T^∗X. It is called a world metric on X. For any world metric g, there exists a unique symmetric world connection

K_λ^ν_μ = {_λ^ν_μ} = − 1 2 g^{νρ}(∂_λg_{ρμ} + ∂_μg_{ρλ} − ∂_ρg_{λμ}) (3.35)

such that g is an integral section of K, i.e. ∇_λg^{αβ} = ∂_λ g^{αβ} − g^{αγ} {_λ^β_γ } − g^{βγ} {_λ^α_γ } = 0. This is the Levi–Civita connection, and its components (3.35) are called Christoffel symbols.

F. Affine connections

Any affine bundle Y → X modelled over a vector bundle Y → X admits an affine connection. This is defined as a section of the affine jet bundle J^1Y → Y which is an affine morphism of affine bundles over X. An affine connection is given by the tangent-valued form

Γ^i_λ = Γ_λ^i_j (x)y^j + σ^i_λ(x). (3.36) For any affine connection Γ : Y → J^1Y (3.36), the corresponding linear derivative Γ : Y → J^1Y (1.11) defines a unique linear connection

Γ^i_λ = Γ_λ^i_j (x)y^j , (3.37) on the vector bundle Y → X, where (x^λ, y^i) are the associated linear bundle coordinates on Y .

Of course, since every vector bundle has a natural structure of an affine bundle, any linear connection on a vector bundle is also an affine connection.

Affine connections on an affine bundle Y → X constitute an affine space modelled over basic soldering forms on Y → X. In view of the vertical splitting (1.14), these soldering forms can be seen as global sections of the vector bundle T^∗X ⊗ Y → X. If Y → X is a vector bundle, both the affine connection Γ (3.36) and the associated linear connection Γ are connections on the same vector bundle Y → X, and their difference is also a basic soldering form on Y . Thus, every affine connection on a vector bundle Y → X is the sum Γ = Γ + σ of a linear connection G and a basic soldering form σ on Y → X. Furthermore, let R and R be the curvatures of an affine connection Γ and the associated linear connection Γ, respectively. It is readily observed that R = R + T , where the V Y -valued two-form

T = d_Γσ = d_σ Γ : X →^2∧ T^∗X ⊗_X V Y, T = 1 2 T^i_{λμ}dx^λ ∧ dx^μ ⊗ ∂_i, (3.38) T^i_{λμ} = ∂_λσ^i_μ − ∂_μσ^i_λ + σ^h_λΓ_μ^i_h − σ^h_μΓ_λ^i_h, is the torsion (3.21) of the connection Γ with respect to the basic soldering form σ.

In particular, let us consider the tangent bundle T X of a manifold X and the canonical soldering form σ = θ̇_X (1.40) on T X. Given an arbitrary world connection Γ (3.29) on T X, the corresponding affine connection

A = Γ + θ_X , A^μ_λ = Γ_λ^μ_νẋ^ν + δ^μ_λ, (3.39)

on T X is called the Cartan connection. Since the soldered curvature ρ (3.20) of θ̇_X equals to zero, the torsion (3.22) of the Cartan connection coincides with the torsion T (3.34) of the world connection Γ, while its curvature (3.23) is the sum R + T of the curvature and the torsion of Γ.

G. Composite connections

Let us consider a composite fibre bundle Y → Σ → X (1.18), coordinated by (x^λ, σ^m, y^i). We aim studying the relations between connections on fibre bundles Y → X, Y → Σ and Σ → X. These connections are given respectively by the tangent-valued forms

γ = dx^λ ⊗ (∂_λ + γ^m_λ ∂_m + γ^i_λ∂_i), (3.40) A_Σ = dx^λ ⊗ (∂_λ + A^i_λ∂_i) + dσ^m ⊗ (∂_m + A^i_m∂_i), (3.41) Γ = dx^λ ⊗ (∂_λ + Γ^m_λ ∂_m). (3.42)

A connection γ (3.40) on the fibre bundle Y → X is said to be projectable over a connection Γ (3.42) on the fibre bundle Σ → X if, for any vector field τ on X, its horizontal lift γτ on Y by means of the connection γ is a projectable vector field over the horizontal lift Γτ of τ on Σ by means of the connection Γ. This property takes place if and only if γ^m_λ = Γ^m_λ , i.e., components γ^m_λ of the connection γ (3.40) must be independent of the fibre coordinates y^i.

A connection A_Σ (3.41) on the fibre bundle Y → Σ and a connection Γ (3.42) on the fibre bundle Σ → X define a connection on the composite fibre bundle Y → X as the composition of bundle morphisms

γ : Y ×_X T X^{(Id ,Γ)}−→ Y ×_Σ T Σ^{AΣ}−→ T Y.

This composite connection reads

γ = dx^λ ⊗ (∂_λ + Γ^m_λ ∂_m + (A^i_λ + A^i_mΓ^m_λ )∂_i). (3.43)

It is projectable over Γ. Moreover, this is a unique connection such that the horizontal lift γτ on Y of a vector field τ on X by means of the composite connection γ (3.43) coincides with the composition A_Σ(Γτ ) of horizontal lifts of τ on Σ by means of the connection Γ and then on Y by means of the connection A_Σ. For the sake of brevity, let us write γ = A_Σ ∘ Γ.

Given a composite fibre bundle Y (1.18), there are the exact sequences 0 → V_ΣY → V Y → Y ×_Σ V Σ → 0, (3.44) 0 → Y ×_Σ V^∗Σ → V^∗Y → V^∗_Σ Y → 0 (3.45) of vector bundles over Y , where V_ΣY and V^∗_Σ Y are the vertical tangent and the vertical cotangent bundles of the fibre bundle Y → Σ which are coordinated by (x^λ, σ^m, y^i, ẏ^i) and (x^λ, σ^m, y^i, ẏ_i), respectively. Let us consider a splitting of these exact sequences B : V Y ∋ ẏ^i∂_i + σ̇^m∂_m → (ẏ^i∂_i + σ̇^m∂_m)⌋B = (3.46) (ẏ^i − σ̇^mB^i_m)∂_i ∈ V_ΣY, B : V^∗_Σ Y ∋ dy^i → B⌋dy^i = dy^i − B^i_mdσ^m ∈ V^∗Y, (3.47) given by the form

B = (dy^i − B^i_mdσ^m) ⊗ ∂_i. (3.48) Then a connection γ (3.40) on Y → X and a splitting B (3.46) define the connection A_Σ = B ∘ γ : T Y → V Y → V_ΣY, A_Σ = dx^λ ⊗ (∂_λ + (γ^i_λ − B^i_mγ^m_λ )∂_i) + dσ^m ⊗ (∂_m + B^i_m∂_i), (3.49) on the fibre bundle Y → Σ.

Conversely, every connection A_Σ (3.41) on the fibre bundle Y → Σ provides the splitting A_Σ : T Y ⊃ V Y ∋ ẏ^i∂_i + σ̇^m∂_m → (ẏ^i − A^i_mσ̇^m)∂_i (3.50) of the exact sequence (3.44). Using this splitting, one can construct the first order differential operator

~D : J^1Y → T^∗X ⊗_Y V_ΣY, ~D = dx^λ ⊗ (y^i_λ − A^i_λ − A^i_mσ^m_λ )∂_i, (3.51) called the vertical covariant differential, on the composite fibre bundle Y → X. It can also be defined as the composition

~D = pr_1 ∘ D^γ : J^1Y → T^∗X ⊗_Y V Y → T^∗X ⊗_Y V Y_Σ, where D^γ is the covariant differential (3.10) relative to some composite connection A_Σ ∘ Γ (3.43), but ~D does not depend on the choice of the connection Γ on the fibre bundle Σ → X.

The vertical covariant differential (3.51) possesses the following important property. Let h be a section of the fibre bundle Σ → X and Y_h → X the restriction (1.21) of the fibre bundle Y → Σ to h(X) ⊂ Σ. This is a subbundle i_h : Y_h → Y of the fibre bundle Y → X. Every connection A_Σ (3.41) induces the pull-back connection

A_h = i^∗_hA_Σ = dx^λ ⊗ [∂_λ + ((A^i_m ∘ h)∂_λh^m + (A ∘ h)^i_λ)∂_i] (3.52) on Y_h → X. Then the restriction of the vertical covariant differential ~D (3.51) to J^1i_h(J^1Y_h) ⊂ J^1Y coincides with the familiar covariant differential D^{Ah} (3.10) on Y_h relative to the pullback connection A_h (3.52).

4 Lagrangian field theory

Let us apply the above mathematical formalism to formulation of Lagrangian field theory on fibre bundles. Here, we restrict our consideration to first order Lagrangian formalism since the most contemporary field models are of this type.

The configuration space of first order Lagrangian field theory on a fibre bundle Y → X, coordinated by (x^λ, y^i, y^i_λ), is the first order jet manifold J^1Y of Y → X, coordinated by (x^λ, y^i, y^i_λ). Accordingly, a first order Lagrangian is defined as a density

L = L(x^λ, y^i, y^i_λ)ω : J^1Y →^n∧ T^∗X, n = dim X, (4.1)

on J^1Y (see the notation (1.25)). Let us follow the standard formulation of the variational problem on fibre bundles where deformations of sections of a fibre bundle Y → X are induced by local one-parameter groups of automorphisms of Y → X over X (i.e., vertical gauge transformations). Here, we will not study the calculus of variations in depth, but apply in a straightforward manner the first variational formula.

Since a projectable vector field u on a fibre bundle Y → X is an infinitesimal generator of a local one-parameter group of gauge transformations of Y → X, one can think of its jet prolongation J^1u (2.8) as being the infinitesimal generator of gauge transformations of the configuration space J^1Y . Let

L_J 1_uL = [∂_λu^λL + (u^λ∂_λ + u^i∂_i + (d_λu^i − y^i_μ∂_λu^μ)∂^λ_i )L]ω (4.2)

be the Lie derivative of a Lagrangian L along J^1u. The first variational formula provides its canonical decomposition in accordance with the variational problem. This decomposition reads

L_J 1_uL = u_V ⌋E_L + d_H h_0(u⌋H_L) (4.3) = (u^i − y^i_μu^μ)(∂_i − d_λ∂^λ_i )Lω − d_λ[π^λ_i (u^μy^i_μ − u^i) − u^λL]ω,

where u_V = (u⌋θ^i)∂_i,

E_L : J^2Y → T^∗Y ∧ (^n∧ T^∗X), E_L = (∂_iL − d_λπ^λ_i )θ^i ∧ ω, π^λ_i = ∂^λ_i L, (4.4)

is the Euler–Lagrange operator associated to the Lagrangian L, and

H_L : J^1Y → Z_Y = T^∗Y ∧ (^{n−1}∧ T^∗X), (4.5) H_L = L + π^λ_i θ^i ∧ ω_λ = π^λ_i dy^i ∧ ω_λ + (L − π^λ_i y^i_λ)ω, (4.6)

is the Poincaré–Cartan form (see the notation (1.25), (2.13) and (2.14)).

The kernel of the Euler-Lagrange operator E_L (4.4) defines the system of second order Euler–Lagrange equations, given by the coordinate equalities

(∂_i − d_λ∂^λ_i )L = 0, (4.7)

A solution of these equations is a section s of the fibre bundle X → Y , whose second order jet prolongation J^2s lives in (4.7), i.e.,

∂_iL ∘ s − (∂_λ + ∂_λs^j ∂_j + ∂_λ∂_μs^j ∂^μ_j )∂^λ_i L ∘ s = 0. (4.8) Remark 4.1. The kernel (4.7) of the Euler–Lagrange operator E_L need not be a closed subbundle of the second order jet bundle J^2Y → X. Therefore, it may happen that the Euler– Lagrange equations are not differential equations in a strict sense. • Remark 4.2. Different Lagrangians L and L^′ can lead to the same Euler–Lagrange operator if their difference L_0 = L − L^′ is a variationally trivial Lagrangian, whose Euler–Lagrange operator vanishes identically. A Lagrangian L_0 is variationally trivial if and only if

L_0 = h_0(φ) (4.9) where φ is a closed n-form on Y (see Lecture 8). We have at least locally φ = dξ, and then L_0 = h_0(dξ) = d_H (h_0(ξ)) = d_λh_0(ξ)^λω, h_0(ξ) = h_0(ξ)^λω_λ. • The Poincaré–Cartan form H_L (4.6) is a particular Lepagean equivalent of a Lagrangian L (i.e., h_0(H_L) = L). In contrast with other Lepagean forms, it is a horizontal form on the affine jet bundle J^1Y → Y . The fibre bundle Z_Y (4.5), called the homogeneous Legendre bundle, is endowed with holonomic coordinates (x^λ, y^i, p^λ_i , p), possessing the transition functions

p^{′λ}_i = det( ∂x^ε ∂x^{′ν} ) ∂y^j ∂y^{′i} ∂x^{′λ} ∂x^μ p^μ_j , p^′ = det( ∂x^ε ∂x^{′ν} )(p − ∂y^j ∂y^{′i} ∂y^{′i} ∂x^μ p^μ_j ). (4.10) Relative to these coordinates, the morphism (4.5) reads

(p^μ_i , p) ∘ H_L = (π^μ_i , L − π^μ_i y^i_μ).

A glance at the transition functions (4.10) shows that Z_Y is a one-dimensional affine bundle π_{ZΠ} : Z_Y → Π (4.11) over the Legendre bundle

Π =^n∧ T^∗X ⊗_Y V^∗Y ⊗_Y T X = V^∗Y ∧_Y (^{n−1}∧_Y T^∗X), (4.12) endowed with holonomic coordinates (x^λ, y^i, p^λ_i ). Then the composition

^L = π_{ZΠ} ∘ H_L : J^1Y →_Y Π, (x^λ, y^i, p^λ_i ) ∘ ^L = (x^λ, y^i, π^λ_i ), (4.13) is the well-known Legendre map. One can think of p^λ_i as being the covariant momenta of field functions, and the Legendre bundle Π (4.12) plays the role of a finite-dimensional momentum phase space of fields in the covariant Hamiltonian field theory [17, 18, 38].

The first variational formula (4.3) provides the standard procedure for the study of differential conservation laws in Lagrangian field theory as follows.

Let u be a projectable vector field on a fibre bundle Y → X treated as the infinitesimal generator of a local one-parameter group G_u of gauge transformations. On-shell, i.e., on the kernel (4.7) of the Euler–Lagrange operator E_L, the first variational formula (4.3) leads to the weak identity

L_J 1_uL ≈ −d_λT^λω, (4.14) where

T = T^λω_λ, T^λ = π^λ_i (u^μy^i_μ − u^i) − u^λL, (4.15) is the symmetry current along the vector field u. Let a Lagrangian L be invariant under the gauge group G_u. This implies that the Lie derivative L_J 1_uL (4.2) vanishes. Then we obtain the weak conservation law

d_λT^λ ≈ 0 (4.16) of the symmetry current T (4.15).

Remark 4.3. It should be emphasized that, the first variational formula defines the symmetry current (4.15) modulo the terms d_μ(c^{μλ}_i (y^i_ν u^ν −u^i)), where c^{μλ}_i are arbitrary skew-symmetric functions on Y [17]. Here, we set aside these boundary terms which are independent of a Lagrangian. • The weak conservation law (4.16) leads to the differential conservation law ∂_λ(T^λ ∘ s) = 0 (4.17) on solutions of the Euler–Lagrange equations (4.8). It implies the integral conservation law ∫ ∂N s^∗T = 0, (4.18)

where N is a compact n-dimensional submanifold of X with the boundary ∂N. Remark 4.4. In gauge theory, a symmetry current T (4.15) takes the form T = W + d_H U = (W^λ + d_μU^{μλ})ω_λ, (4.19) where the term W depends only on the variational derivatives

δ_iL = (∂_i − d_λ∂^λ_i )L, (4.20) i.e., W ≈ 0 and

U = U^{μλ}ω_{μλ} : J^1Y →^{n−2}∧ T^∗X is a horizontal (n − 2)-form on J^1Y → X. Then one says that T reduces to the superpotential U [14, 17, 39]. On-shell, such a symmetry current reduces to a d_H -exact form (4.19). Then the differential conservation law (4.17) and the integral conservation law (4.18) become tautological. At the same time, the superpotential form (4.19) of T implies the following integral relation ∫ N^{n−1} s^∗T = ∫ ∂N^{n−1} s^∗U, (4.21)

where N^{n−1} is a compact oriented (n − 1)-dimensional submanifold of X with the boundary ∂N^{n−1}. One can think of this relation as being a part of the Euler–Lagrange equations written in an integral form. • Remark 4.5. Let us consider conservation laws in the case of gauge transformations which preserve the Euler–Lagrange operator E_L, but not necessarily a Lagrangian L. Let u be a projectable vector field on Y → X, which is the infinitesimal generator of a local one-parameter group of such transformations, i.e.,

L_J 2_uE_L = 0, where J^2u is the second order jet prolongation of the vector field u. There is the useful relation L_J 2_uE_L = E_{LJ1 u L} (4.22) [17]. Then, in accordance with (4.9), we have locally

L_J 1_uL = d_λh_0(ξ)^λω. (4.23) In this case, the weak identity (4.14) reads

0 ≈ d_λ(h_0(ξ)^λ − T^λ), (4.24) where T is the symmetry current (4.15) along the vector field u. • Remark 4.6. Background fields, which do not live in the dynamic shell (4.7), violate conservation laws as follows. Let us consider the product

Y_{tot} = Y ×_X Y^′ (4.25) of a fibre bundle Y , coordinated by (x^λ, y^i), whose sections are dynamic fields and of a fibre bundle Y^′, coordinated by (x^λ, y^A), whose sections are background fields which take the background values y^B = ϕ^B(x), y^B_λ = ∂_λϕ^B (x).

A Lagrangian L of dynamic and background fields is defined on the total configuration space J^1Y_{tot}. Let u be a projectable vector field on Y_{tot} which also projects onto Y^′ because gauge transformations of background fields do not depend on dynamic fields. This vector field takes the coordinate form

u = u^λ(x^μ)∂_λ + u^A(x^μ, y^B)∂_A + u^i(x^μ, y^B, y^j)∂_i. (4.26) Substitution of u (4.26) in the formula (4.3) leads to the first variational formula in the presence of background fields:

∂_λu^λL + [u^λ∂_λ + u^A∂_A + u^i∂_i + (d_λu^A − y^A_μ ∂_λu^μ)∂^λ_A + (4.27) (d_λu^i − y^i_μ∂_λu^μ)∂^λ_i ]L = (u^A − y^A_λ u^λ)∂_AL + π^λ_Ad_λ(u^A − y^A_μ u^μ) + (u^i − y^i_λu^λ)δ_iL − d_λ[π^λ_i (u^μy^i_μ − u^i) − u^λL].

Then the weak identity

∂_λu^λL + [u^λ∂_λ + u^A∂_A + u^i∂_i + (d_λu^A − y^A_μ ∂_λu^μ)∂^λ_A +

(d_λu^i − y^i_μ∂_λu^μ)∂^λ_i ]L ≈ (u^A − y^A_λ u^λ)∂_AL + π^λ_Ad_λ(u^A − y^A_μ u^μ) − d_λ[π^λ_i (u^μy^i_μ − u^i) − u^λL] holds on the shell (4.7). If a total Lagrangian L is invariant under gauge transformations of Y_{tot}, we obtain the weak identity

(u^A − y^A_μ u^μ)∂_AL + π^λ_Ad_λ(u^A − y^A_μ u^μ) ≈ d_λT^λ, (4.28) which is the transformation law of the symmetry current T in the presence of background fields. •

5 Gauge theory of principal connections

The reader is referred, e.g., to [23] for the standard exposition of geometry of principal bundles and to [31] for the customary geometric formulation of gauge theory. Here, gauge theory of principal connections is phrased in terms of jet manifolds on the same footing as other Lagrangian field theories on fibre bundles [17, 30].

A. Principal bundles Let π_P : P → X be a principal bundle with a real structure Lie group G of finite nonzero dimension. For the sake of brevity, we call P a principal G-bundle. By definition, a principal bundle P → X is provided with the free transitive right action R_G : P ×_X G → P, (5.1) R_g : p → pg, p ∈ P, g ∈ G, of its structure group G on P . It follows that the typical fibre of a principal G-bundle is isomorphic to the group space of G, and that P/G = X. The structure group G acts on the typical fibre by left multiplications which do not preserve the group structure of G. Therefore, the typical fibre of a principal bundle is only a group space, but not a group (cf. the group bundle P^G (5.47) below). Since the left action of transition functions on the typical fibre G commutes with its right multiplications, a principal bundle admits the global right action (5.1) of the structure group.

A principal G-bundle P is equipped with a bundle atlas

Ψ_P = {(U_α, ψ^P_α , ρ_{αβ} )}, (5.2)

whose trivialization morphisms

ψ^P_α : π^{−1}_P (U_α) → U_α × G

obey the equivariance condition

(pr_2 ∘ ψ^P_α )(pg) = (pr_2 ∘ ψ^P_α )(p)g, ∀g ∈ G, ∀p ∈ π^{−1}_P (U_α). (5.3)

Due to this property, every trivialization morphism ψ^P_α determines a unique local section z_α of P over U_α such that

pr_2 ∘ ψ^P_α ∘ z_α = 1,

where 1 is the unit element of G. The transformation rules for z_α read

z_β(x) = z_α(x)ρ_{αβ}(x), x ∈ U_α ∩ U_β , (5.4)

where ρ_{αβ}(x) are G-valued transition functions (1.6) of the atlas Ψ_P . Conversely, the family {(U_α, z_α)} of local sections of P with the transition functions (5.4) determines a unique bundle atlas of P .

In particular, it follows that only trivial principal bundles have global sections. Let us note that the pull-back of a principal bundle is also a principal bundle with the same structure group.

The quotient of the tangent bundle T P → P and that of the vertical tangent bundle V P of P by the tangent prolongation T R_G of the canonical action R_G (5.1) are vector bundles T_GP = T P/G, V_GP = V P/G (5.5) over X. Sections of T_GP → X are naturally identified with G-invariant vector fields on P , while those of V_GP → X are G-invariant vertical vector fields on P . Accordingly, the Lie bracket of G-invariant vector fields on P goes to the quotients (5.5), and induces the Lie brackets of their sections. Let us write these brackets in an explicit form.

Owing to the equivariance condition (5.3), any bundle atlas (5.2) of P yields the associated bundle atlases {U_α, T ψ^P_α /G)} of T_GP and {U_α, V ψ^P_α /G)} of V_GP . Given a basis

{ε_p} for the right Lie algebra g_r, let {∂_λ, e_p} and {e_p}, where e_p = (ψ^P_α /G)^{−1}(ε_p), be the corresponding local fibre bases for the vector bundles T_GP and V_GP , respectively. Relative to these bases, the Lie bracket of sections

ξ = ξ^λ∂_λ + ξ^pe_p, η = η^μ∂_μ + η^qe_q of the vector bundle T_GP → X reads

[ξ, η] = (ξ^μ∂_μη^λ − η^μ∂_μξ^λ)∂_λ + (ξ^λ∂_λη^r − η^λ∂_λξ^r + c^r_{pq}ξ^pη^q)e_r. (5.6) Putting ξ^λ = 0 and η^μ = 0, we obtain the Lie bracket

[ξ, η] = c^r_{pq}ξ^pη^qe_r (5.7) of sections of the vector bundle V_G → P .

A glance at the expression (5.7) shows that V_GP → X is a finite-dimensional Lie algebra bundle, whose typical fibre is the right Lie algebra g_r of the group G. The structure group G acts on this typical fibre by the adjoint representation. In the physical literature, V_GP is often called the gauge algebra bundle because, if the base X is compact, a suitable Sobolev completion of the space of sections of V_GP → X is the Lie algebra of the gauge Lie group.

Let J^1P be the first order jet manifold of a principal G-bundle P → X. Its quotient C = J^1P/G (5.8) by the jet prolongation of the canonical action R_G (5.1) is a fibre bundle over X. Bearing in mind the canonical imbedding

λ_1 : J^1P → T^∗X ⊗ T P (2.5) and passing to the quotient by G, we obtain the corresponding canonical imbedding λ_C : C → T^∗X ⊗ T_GP (5.9) of the fibre bundle C (5.8). It follows that C is an affine bundle modelled over the vector bundle

C = T^∗X ⊗_X V_GP → X. (5.10) Given a bundle atlas of P and the associated bundle atlas of V_GP , the affine bundle C is provided with affine bundle coordinates (x^λ, a^q_λ), and its elements are represented by T_GP -valued one-forms

a = dx^λ ⊗ (∂_λ + a^q_λe_q) (5.11) on X. One calls C (5.8) the connection bundle because its sections are naturally identified with principal connections on the principal bundle P → X as follows.

B. Principal connections

In the case of a principal bundle P → X, the exact sequence (1.17a) reduces to the exact sequence

0 → V_GP →_X T_GP → T X → 0 (5.12)

over X by taking the quotient with respect to the right action of the group G. The exact sequence of vector bundles (5.12) yields the exact sequence of the structure modules of their sections

0 → V_GP (X) −→ T_GP (X) −→ T_1(X) → 0. (5.13)

Principal connections split these exact sequences as follows.

A principal connection A on a principal bundle P → X is defined as a global section A of the affine jet bundle J^1P → P which is equivariant under the right action (5.1) of the group G on P , i.e.,

J^1R_g ∘ A = A ∘ R_g , ∀g ∈ G. (5.14)

Due to this equivariance condition, there is one-to-one correspondence between the principal connections on a principal bundle P → X and the global sections of the affine bundle C → X (5.8). In view of the imbedding (5.9), a principal connection splits the exact sequence (5.12), and is represented by a T_GP -valued form

A = dx^λ ⊗ (∂_λ + A^q_λ(x)e_q) (5.15)

on X. Since the connection bundle C → X is affine, principal connections on a principal bundle always exist.

Hereafter, we agree to identify gauge potentials in gauge theory on a principal G-bundle P to global sections of the connection bundle C → X (5.8).

Remark 5.1. Let us relate the T_GP -valued connection form (5.15) with the familiar connection form on P and the local connection form on X, associated to a principal connection in [23]. Let us first recall that, since the tangent bundle of a Lie group admits the canonical trivialization along left-invariant vector fields, the vertical tangent bundle V P → P of a principal bundle P → X also possesses the canonical trivialization α : V P ∼= P × g_l such that α^{−1}(ϵ_m) are the familiar fundamental vector fields on P corresponding to the basis elements ϵ_m of the left Lie algebra g_l of the Lie group G. Let a principal connection on a principal bundle P → X be represented by the vertical-valued form A (3.4). Then ~A : P^A−→ T^∗P ⊗ P V P^{Id ⊗α}−→ T^∗P ⊗ g_l (5.16) is the above mentioned g_l-valued connection form on the principal bundle P . Given a trivialization chart (U_ζ, ψ^P_ζ , z_ζ) of P , this form reads

~A = ψ^{P ∗}_ζ (θ_l − ~A^q_λdx^λ ⊗ ϵ_q ), (5.17)

where θ_l is the canonical g_l-valued one-form on G and ~A^p_λ are equivariant functions on P such that

~A^q_λ(pg)ϵ_q = ~A^q_λ(p)Ad g^{−1}(ϵ_q).

The pull-back A_ζ = z^∗_ζ ~A of the connection form ~A onto U_ζ is the above-mentioned g_l-valued local connection one-form

A_ζ = −A^q_λdx^λ ⊗ ϵ_q = A^q_λdx^λ ⊗ ε_q (5.18)

on X, where A^q_λ = ~A^q_λ ∘ z_ζ are coefficients of the form (5.15). We have A_ζ = ψ^P_ζ A, where

A = A − θ_X = A^q_λdx^λ ⊗ e_q (5.19)

is the local V_GP -valued part of the form A (5.15). We will refer to A (5.19) as a local connection form. •

The following theorems [23] state the pull-back and push-forward operations of principal connections.

Theorem 5.1. Let P → X be a principal fibre bundle and f^∗P → X^′ (1.8) the pull-back principal bundle with the same structure group. If A is a principal connection on P → X, then the pull-back connection f^∗A (3.9) on f^∗P → X^′ is a principal connection. □

Theorem 5.2. Let P^′ → X and P → X be principle bundles with structure groups G^′ and G, respectively. Let Φ : P^′ → P be a principal bundle morphism over X with the corresponding homomorphism G^′ → G. For every principal connection A^′ on P^′, there exists a unique principal connection A on P such that the tangent map T Φ to Φ sends the horizontal subspaces relative to A^′ into those relative to A. □

C. The strength of a principal connection

Given a principal G-bundle P → X, the Frölicher–Nijenhuis bracket (1.34) on the space O^∗(P )⊗T_1(P ) of tangent-valued forms on P is compatible with the canonical action R_G (5.1) of G on P , and yields the induced Frölicher–Nijenhuis bracket on the space O^∗(X)⊗T_GP (X) of T_GP -valued forms on X. Its coordinate form issues from the Lie bracket (5.6).

Then any principal connection A ∈ O^1(X) ⊗ T_GP (X) (5.15) sets the Nijenhuis differential

d_A : O^r(X) ⊗ T_GP (X) → O^{r+1}(X) ⊗ V_GP (X), d_Aϕ = [A, ϕ]_{FN}, ϕ ∈ O^r(X) ⊗ T_GP (X), (5.20) on the space O^∗(X) ⊗ T_GP (X). Similarly to the curvature R (3.17), let us put F_A = 1 2 d_AA = 1 2 [A, A]_{FN} ∈ O^2(X) ⊗ V_GP (X), (5.21) F_A = 1 2 F^r_{λμ}dx^λ ∧ dx^μ ⊗ e_r, F^r_{λμ} = ∂_λA^r_μ − ∂_μA^r_λ + c^r_{pq}A^p_λA^q_μ, (5.22) It is called the strength of a principal connection A, and is given locally by the expression F_A = dA + 1 2 [A, A] = dA + A ∧ A, (5.23) where A is the local connection form (5.19). By definition, the strength (5.21) of a principal connection obeys the second Bianchi identity

d_AF_A = [A, F_A]_{FN} = 0. (5.24) It should be emphasized that the strength F_A (5.21) is not the standard curvature (3.16) of a connection on P , but there are the local relations ψ^P_ζ F_A = z^∗_ζ Θ, where Θ = d ~A + 1 2 [ ~A, ~A] (5.25) is the g_l-valued curvature form on P (see the expression (5.29) below). In particular, a principal connection is flat if and only if its strength vanishes.

D. Associated bundles Given a principal G-bundle π_P : P → X, let V be a manifold provided with an effective left action G × V ∋ (g, v) → gv ∈ V of the Lie group G. Let us consider the quotient

Y = (P × V )/G (5.26) of the product P × V by identification of elements (p, v) and (pg, g^{−1}v) for all g ∈ G. We will use the notation (pG, G^{−1} v) for its points. Let [p] denote the restriction of the canonical surjection P × V → (P × V )/G (5.27) to the subset {p} × V so that [p](v) = [pg](g^{−1}v). Then the map Y ∋ [p](V ) → π_P (p) ∈ X, makes the quotient Y (5.26) to a fibre bundle over X.

Let us note that, for any G-bundle, there exists an associated principal G-bundle [45]. The peculiarity of the G-bundle Y (5.26) is that it appears canonically associated to a principal bundle P . Indeed, every bundle atlas Ψ_P = {(U_α, z_α)} of P determines a unique associated bundle atlas

Ψ = {(U_α, ψ_α(x) = [z_α(x)]^{−1})}

of the quotient Y (5.26), and each automorphism of P also yields the corresponding automorphism (5.43) of Y .

Therefore, unless otherwise stated, by a fibre bundle associated to a principal bundle P → X (or, simply, a P -associated fibre bundle) we will mean the quotient (5.26).

Every principal connection A on a principal bundle P → X induces a unique connection on the associated fibre bundle Y (5.26). Given the horizontal splitting of the tangent bundle T P relative to A, the tangent map to the canonical morphism (5.27) defines the horizontal splitting of the tangent bundle T Y of Y and, consequently, a connection on Y → X [23]. This is called the associated principal connection or, simply, a principal connection on a P -associated bundle Y → X. If Y is a vector bundle, this connection takes the form

A = dx^λ ⊗ (∂_λ − A^p_λI_p^i_j y^j ∂_i), (5.28)

where I_p are generators of the linear representation of the Lie algebra g_r in the vector space V . The curvature (3.16) of this connection reads R = − 1 2 F^p_{λμ}I_p^i_j y^j dx^λ ∧ dx^μ ⊗ ∂_i, (5.29)

where F^p_{λμ} are coefficients (5.22) of the strength of a principal connection A.

In particular, any principal connection A yields the associated linear connection on the gauge algebra bundle V_GP → X. The corresponding covariant differential ∇^Aξ (3.11) of its sections ξ = ξ^pe_p reads ∇^Aξ : X → T^∗X ⊗ V_GP, ∇^Aξ = (∂_λξ^r + c^r_{pq}A^p_λξ^q )dx^λ ⊗ e_r. (5.30)

It coincides with the Nijenhuis differential

d_Aξ = [A, ξ]_{FN} = ∇^Aξ (5.31)

(5.20) of ξ seen as a V_GP -valued 0-form, and is given by the local expression ∇^Aξ = dξ + [A, ξ], (5.32) where A is the local connection form (5.19).

E. The configuration space of classical gauge theory Since gauge potentials are represented by global sections of the connection bundle C → X (5.8), its first order jet manifold J^1C plays the role of a configuration space of classical gauge theory. The key point is that the jet manifold J^1C admits the canonical splitting over C which leads to a unique canonical Yang–Mills Lagrangian of gauge theory on J^1C.

Let us describe this splitting. One can show that the principal G-bundle J^1P → J^1P/G = C (5.33) is canonically isomorphic to the trivial pull-back bundle

P_C = C ×_X P → C, (5.34) and that the latter admits the canonical principal connection

A = dx^λ ⊗ (∂_λ + a^p_λe_p) + da^r_λ ⊗ ∂^λ_r ∈ O^1(C) ⊗ T_G(P_C )(C) (5.35) [15, 17, 30]. Since C (5.8) is an affine bundle modelled over the vector bundle C (5.10), the vertical tangent bundle of C possesses the canonical trivialization

V C = C ×_X T^∗X ⊗ V_GP, (5.36) while

V_GP_C = V_G(C ×_X P ) = C ×_X V_GP.

Then the strength F_A of the connection (5.35) is the V_GP -valued horizontal two-form F_A = 1 2 d_AA = 1 2 [A, A]_{FN} ∈ O^2(C) ⊗ V_GP (X), F_A = (da^r_μ ∧ dx^μ + 1 2 c^r_{pq}a^p_λa^q_μdx^λ ∧ dx^μ) ⊗ e_r, (5.37) on C. It is readily observed that, given a global section connection A of the connection bundle C → X, the pull-back A^∗F_A = F_A is the strength (5.21) of the principal connection A. Let us take the pull-back of the form F_A onto J^1C with respect to the fibration (5.33), and consider the V_GP -valued horizontal two-form

F = h_0(F_A) = 1 2 F^r_{λμ}dx^λ ∧ dx^μ ⊗ e_r, F^r_{λμ} = a^r_{λμ} − a^r_{μλ} + c^r_{pq}a^p_λa^q_μ, (5.38) where h_0 is the horizontal projection (2.13). It is readily observed that

F/2 : J^1C → C ×_X^2∧ T^∗X ⊗ V_GP (5.39) is an affine morphism over C of constant rank. Hence, its kernel C_+ = Ker F is the affine subbundle of J^1C → C, and we have a desired canonical splitting

J^1C = C_+ ⊕_C C_− = C_+ ⊕(C ×_X^2∧ T^∗X ⊗ V_GP ), (5.40) a^r_{λμ} = 1 2 (a^r_{λμ} + a^r_{μλ} − c^r_{pq}a^p_λa^q_μ) + 1 2 (a^r_{λμ} − a^r_{μλ} + c^r_{pq}a^p_λa^q_μ), (5.41) over C of the jet manifold J^1C. The corresponding canonical projections are pr_1 = S : J^1C → C_+, S^r_{λμ} = 1 2 (a^r_{λμ} + a^r_{μλ} − c^r_{pq}a^p_λa^q_μ), (5.42) and pr_2 = F/2 (5.39).

F. Gauge transformations In classical gauge theory, several classes of gauge transformations are examined [17, 31, 43]. A most general gauge transformation is defined as an automorphism Φ_P of a principal G-bundle P which is equivariant under the canonical action (5.1) of the group G on G, i.e., R_g ∘ Φ_P = Φ_P ∘ R_g, ∀g ∈ G. Such an automorphism of P yields the corresponding automorphism

Φ_Y : (pG, G^{−1}v) → (Φ_P (p)G, G^{−1}v) (5.43) of the P -associated bundle Y (5.26) and the corresponding automorphism Φ_C : J^1P/G → J^1Φ_P (J^1P )/G (5.44) of the connection bundle C.

Hereafter, we deal with only vertical automorphisms of the principal bundle P , and agree to call them gauge transformations in gauge theory. Accordingly, the group G(P ) of vertical automorphisms of a principal G-bundle P is called the gauge group.

Every vertical automorphism of a principal bundle P is represented as Φ_P (p) = pf(p), p ∈ P, (5.45) where f is a G-valued equivariant function on P , i.e., f(pg) = g^{−1}f(p)g, ∀g ∈ G. (5.46)

There is one-to-one correspondence between these functions and the global sections s of the group bundle

P^G = (P × G)/G, (5.47)

whose typical fibre is the group G, subject to the adjoint representation of the structure group G. Therefore, P^G (5.47) is also called the adjoint bundle. There is the canonical fibre-to-fibre action of the group bundle P^G on any P -associated bundle Y by the law P^G ×_X Y → Y, ((pG, G^{−1}gG), (pG, G^{−1} v)) → (pG, G^{−1}gv). Then the above-mentioned correspondence is given by the relation P^G ×_X P ∋ (s(π_P (p)), p) → pf(p) ∈ P, where P is considered as a G-bundle associated to itself. Hence, the gauge group G(P ) of vertical automorphisms of a principal G-bundle P → X is isomorphic to the group of global sections of the P -associated group bundle (5.47).

In order to study the gauge invariance of one or another object in gauge theory , it suffices to examine its invariance under an arbitrary one-parameter subgroup [Φ_P ] of the gauge group. Its infinitesimal generator is a G-invariant vertical vector field ξ on a principal bundle P or, equivalently, a section

ξ = ξ^p(x)e_p (5.48)

of the gauge algebra bundle V_GP → X (5.5). We will call it a gauge vector field. One can think of its components ξ^p(x) as being gauge parameters. Gauge vector fields (5.48) are transformed under the infinitesimal generators of gauge transformations (i.e., other gauge vector fields) ξ^′ by the adjoint representation L_ξ′ ξ = [ξ^′, ξ] = c^p_{rq}ξ^{′r}ξ^q e_p, ξ, ξ^′ ∈ V_GP (X). Accordingly, gauge parameters are subject to the coadjoint representation ξ^′ : ξ^p → −c^p_{rq}ξ^{′r}ξ^q. (5.49) Given a gauge vector field ξ (5.48) seen as the infinitesimal generator of a one-parameter gauge group [Φ_P ], let us obtain the gauge vector fields on a P -associated bundle Y and the connection bundle C.

The corresponding gauge vector field on the P -associated vector bundle Y → X issues from the relation (5.43), and reads

ξ_Y = ξ^pI^i_p∂_i, where I_p are generators of the group G, acting on the typical fibre V of Y .

The gauge vector field ξ (5.48) acts on elements a (5.11) of the connection bundle by the law

L_ξa = [ξ, a]_{FN} = (−∂_λξ^r + c^r_{pq}ξ^pa^q_λ)dx^λ ⊗ e_r.

In view of the vertical splitting (5.36), this quantity can be regarded as the vertical vector field

ξ_C = (−∂_λξ^r + c^r_{pq}ξ^pa^q_λ)∂^λ_r (5.50) on the connection bundle C, and is the infinitesimal generator of the one-parameter group [Φ_C ] of vertical automorphisms (5.44) of C, i.e., a desired gauge vector field on C.

G. Lagrangian gauge theory Classical gauge theory of unbroken symmetries on a principal G-bundle P → X deals with two types of fields. These are gauge potentials identified to global sections of the connection bundle C → X (5.8) and matter fields represented by global sections of a P - associated vector bundle Y (5.26), called a matter bundle. Therefore, the total configuration space of classical gauge theory is the product of jet bundles

J^1Y_{tot} = J^1Y ×_X J^1C. (5.51) Let us study a gauge invariant Lagrangian on this configuration space.

A total gauge vector field on the product C ×_X Y reads

ξ_{Y C} = (−∂_λξ^r + c^r_{pq}ξ^pa^q_λ)∂^λ_r + ξ^pI^i_p∂_i = (u^{Aλ}_p ∂_λξ^p + u^A_p ξ^p)∂_A, (5.52) where we utilize the collective index A, and put the notation

u^{Aλ}_p ∂_A = −δ^r_p∂^λ_r , u^A_p ∂_A = c^r_{qp}a^q_λ∂^λ_r + I^i_p∂_i.

A Lagrangian L on the configuration space (5.51) is said to be gauge-invariant if its Lie derivative L_J 1_{ξY C} L along any gauge vector field ξ (5.48) vanishes. Then the first variational formula (4.3) leads to the strong equality

0 = (u^A_p ξ^p + u^{Aμ}_p ∂_μξ^p)δ_AL + d_λ[(u^A_p ξ^p + u^{Aμ}_p ∂_μξ^p)π^λ_A], (5.53) where δ_AL are the variational derivatives (4.20) of L and the total derivative reads d_λ = ∂_λ + a^p_{λμ}∂^μ_p + y^i_λ∂_i.

Due to the arbitrariness of gauge parameters ξ^p, this equality falls into the system of strong equalities

u^A_p δ_AL + d_μ(u^A_p π^μ_A) = 0, (5.54a) u^{Aμ}_p δ_AL + d_λ(u^{Aμ}_p π^λ_A) + u^A_p π^μ_A = 0, (5.54b) u^{Aλ}_p π^μ_A + u^{Aμ}_p π^λ_A = 0. (5.54c) Substituting (5.54b) and (5.54c) in (5.54a), we obtain the well-known constraints u^A_p δ_AL − d_μ(u^{Aμ}_p δ_AL) = 0 for the variational derivatives of a gauge-invariant Lagrangian L.

Treating the equalities (5.54a) – (5.54c) as the equations for a gauge-invariant Lagrangian, let us solve these equations for a Lagrangian

L = L(x^λ, a^r_μ, a^r_{λμ})ω : J^1C →^n∧ T^∗X (5.55) without matter fields. In this case, the equations (5.54a) – (5.54c) read

c^r_{pq}(a^p_μ∂^μ_r L + a^p_{λμ}∂^{λμ}_r L) = 0, (5.56a) ∂^μ_q L + c^r_{pq}a^p_λ∂^{μλ}_r L = 0, (5.56b) ∂^{μλ}_p L + ∂^{λμ}_p L = 0. (5.56c) Let rewrite them relative to the coordinates (a^q_μ, S^r_{μλ}, F^r_{μλ}) (5.38) and (5.42), associated to the canonical splitting (5.40) of the jet manifold J^1C. The equation (5.56c) reads ∂L ∂S^r_{μλ} = 0. (5.57)

Then a simple computation brings the equation (5.56b) into the form

∂^μ_q L = 0. (5.58) A glance at the equations (5.57) and (5.58) shows that the gauge-invariant Lagrangian (5.55) factorizes through the strength F (5.38) of gauge potentials. As a consequence, the equation (5.56a) takes the form c^r_{pq}F^p_{λμ} ∂L ∂F^r_{λμ} = 0.

It admits a unique solution in the class of quadratic Lagrangians which is the conventional Yang-Mills Lagrangian L_{YM} of gauge potentials on the configuration space J^1C. In the presence of a background world metric g on the base X, it reads

L_{YM} = 1 4ε^2 a^G_{pq}g^{λμ}g^{βν} F^p_{λβ}F^q_{μν} √ | g |ω, g = det(g_{μν} ), (5.59) where a^G is a G-invariant bilinear form on the Lie algebra of g_r and ε is a coupling constant.

H. Gauge conservation laws

On-shell, the strong equality (5.53) becomes the weak Noether conservation law 0 ≈ d_λ[(u^A_p ξ^p + u^{Aμ}_p ∂_μξ^p)π^λ_A] (5.60) of the Noether current

T^λ = −(u^A_p ξ^p + u^{Aμ}_p ∂_μξ^p)π^λ_A. (5.61) Accordingly, the equalities (5.54a) – (5.54c) on-shell lead to the familiar Noether identities d_μ(u^A_p π^μ_A) ≈ 0, (5.62a) d_λ(u^{Aμ}_p π^λ_A) + u^A_p π^μ_A ≈ 0, (5.62b) u^{Aλ}_p π^μ_A + u^{Aμ}_p π^λ_A = 0 (5.62c) for a gauge-invariant Lagrangian L. They are equivalent to the weak equality (5.60) due to the arbitrariness of the gauge parameters ξ^p(x).

A glance at the expressions (5.60) and (5.61) shows that both the Noether conservation law and the Noether current depend on gauge parameters. The weak identities (5.62a) – (5.62c) play the role of the necessary and sufficient conditions in order that the Noether conservation law (5.60) is maintained under changes of gauge parameters. This means that, if the equality (5.60) holds for gauge parameters ξ, it does so for arbitrary deviations ξ + δξ of ξ. In particular, the Noether conservation law (5.60) is maintained under gauge transformations, when gauge parameters are transformed by the coadjoint representation (5.49).

It is easily seen that the equalities (5.62a) – (5.62c) are not mutually independent, but (5.62a) is a corollary of (5.62b) and (5.62c). This property reflects the fact that, in accordance with the strong equalities (5.54b) and (5.54c), the Noether current (5.61) is brought into the superpotential form T^λ = ξ^pu^{Aλ}_p δ_AL − d_μ(ξ^pu^{Aμ}_p π^λ_A), U^{μλ} = −ξ^pu^{Aμ}_p π^λ_A, (4.19). Since a matter field Lagrangian is independent of the jet coordinates a^p_{λμ}, the Noether superpotential U^{μλ} = ξ^pπ^{μλ}_p depends only on gauge potentials. The corresponding integral relation (4.21) reads ∫ N^{n−1} s^∗T^λω_λ = ∫ ∂N^{n−1} s^∗(ξ^pπ^{μλ}_p )ω_{μλ}, (5.63) where N^{n−1} is a compact oriented (n−1)-dimensional submanifold of X with the boundary ∂N^{n−1}. One can think of (5.63) as being the integral relation between the Noether current (5.61) and the gauge field, generated by this current. In electromagnetic theory seen as a U(1) gauge theory, the similar relation between an electric current and the electromagnetic field generated by this current is well known. However, it is free from gauge parameters due to the peculiarity of Abelian gauge models.

It should be emphasized that the Noether current (5.61) in gauge theory takes the superpotential form (4.19) o because the infinitesimal generators of gauge transformations (5.52) depend on derivatives of gauge parameters.

6 Higher order jets

As was mentioned in Lecture 2, there is a natural higher order generalization of the first and second order jet manifolds [17, 24, 29, 42]. Recall the notation. Given bundle coordinates (x^λ, y^i) of a fibre bundle Y → X, by Λ, | Λ |= r, is meant a collection of numbers (λ_r ...λ_1) modulo permutations. By Λ + Σ we denote the collection

Λ + Σ = (λ_r · · · λ_1σ_k · · · σ_1)

modulo permutations, while ΛΣ is the union of collections

ΛΣ = (λ_r · · · λ_1σ_k · · · σ_1),

where the indices λ_i and σ_j are not permuted. Recall the symbol of the total derivative

d_λ = ∂_λ + k∑ |Λ|=0 y^i_{Λ+λ}∂^Λ_i . (6.1)

We will use the notation

∂_Λ = ∂_{λr} ∘ · · · ∘ ∂_{λ1} , d_Λ = d_{λr} ∘ · · · ∘ d_{λ1} , Λ = (λ_r ...λ_1).

The r-order jet manifold J^rY of a fibre bundle Y → X is defined as the disjoint union

J^rY = ⋃ x∈X j^r_xs (6.2)

of the equivalence classes j^r_xs of sections s of Y so that sections s and s^′ belong to the same equivalence class j^r_xs if and only if s^i(x) = s^{′i}(x), ∂_Λs^i(x) = ∂_Λs^{′i}(x), 0 <| Λ |≤ r. In brief, one can say that sections of Y → X are identified by the r +1 terms of their Taylor series at points of X. The particular choice of a coordinate atlas does not matter for this definition. Given an atlas of bundle coordinates (x^λ, y^i) of a fibre bundle Y → X, the set (6.2) is endowed with an atlas of the adapted coordinates

(x^λ, y^i_Λ), 0 ≤| Λ |≤ r, (6.3) (x^λ, y^i_Λ) ∘ s = (x^λ, ∂_Λs^i(x)), together with transition functions (2.12). The coordinates (6.3) bring the set J^rY into a smooth manifold of finite dimension

dim J^rY = n + m r∑ i=0 (n + i − 1)! i!(n − 1)! . The coordinates (6.3) are compatible with the natural surjections π^r_l : J^rY → J^lY, r > l, which form the composite bundle π^r : J^rY^{πr−1}−→ J^{r−1}Y^π r−1 r−2−→ · · ·^{π10}−→ Y^π−→ X with the properties

π^k_h ∘ π^r_k = π^r_h, π^h ∘ π^r_h = π^r.

A glance at the transition functions (2.12) when | Λ |= r shows that the fibration π^r_{−1} : J^rY → J^{r−1}Y is an affine bundle modelled over the vector bundle r ∨ T^∗X ⊗_{J r−1 Y} V Y → J^{r−1}Y. (6.4) Remark 6.1. To introduce higher order jet manifolds, one can use the construction of the repeated jet manifolds. Let us consider the r-order jet manifold J^rJ^k Y of the jet bundle J^k Y → X. It is coordinated by (x^μ, y^i_{ΣΛ}), | Λ |≤ k, | Σ |≤ r. There is the canonical monomorphism σ_{rk} : J^{r+k} Y → J^rJ^k Y given by the coordinate relations

y^i_{ΣΛ} ∘ σ_{rk} = y^i_{Σ+Λ} . •

In the calculus in r-order jets, we have the r-order jet prolongation functor such that, given fibre bundles Y and Y^′ over X, every bundle morphism Φ : Y → Y^′ over a diffeomorphism f of X admits the r-order jet prolongation to the morphism

J^rΦ : J^rY ∋ j^r_xs → j^r_{f (x)}(Φ ∘ s ∘ f^{−1}) ∈ J^rY^′ (6.5)

of the r-order jet manifolds. The jet prolongation functor is exact. If Φ is an injection [surjection], so is J^rΦ. It also preserves an algebraic structure. In particular, if Y → X is a vector bundle, so is J^rY → X. If Y → X is an affine bundle modelled over the vector bundle Y → X, then J^rY → X is an affine bundle modelled over the vector bundle J^rY → X. Every section s of a fibre bundle Y → X admits the r-order jet prolongation to the section

(J^rs)(x) = j^r_xs

of the jet bundle J^rY → X. Such a section of J^rY → X is called holonomic.

Every exterior form ϕ on the jet manifold J^kY gives rise to the pull-back form π^{k+i}_k^∗ϕ on the jet manifold J^{k+i}Y . Let O^∗_k = O^∗(J^kY ) be the algebra of exterior forms on the jet manifold J^kY . We have the direct system of R-algebras O^∗(X)^{π∗}−→ O^∗(Y )^{π10 ∗}−→ O^∗_1^{π21 ∗}−→ · · ·^{πr−1 ∗}−→ O^∗_r −→ · · · . (6.6) The subsystem of (6.6) is the direct system C^∞(X)^{π∗}−→ C^∞(Y )^{π10 ∗}−→ O^0_1^{π21 ∗}−→ · · ·^{πr−1 ∗}−→ O^0_r −→ · · · (6.7) of the R-rings of real smooth functions O^0_k = C^∞(J^kY ) on the jet manifolds J^kY . Therefore, one can think of (6.6) and (6.7) as being the direct systems of C^∞(X)-modules.

Given the k-order jet manifold J^kY of Y → X, there exists the canonical bundle morphism

r_{(k)} : J^kT Y → T J^kY

over J^kY ×_X J^kT X → J^kY ×_X T X whose coordinate expression is

(x^λ, y^i_Λ, ẋ^λ, ẏ^i_Λ) ∘ r_{(k)} = (x^λ, y^i_Λ, ẋ^λ, (ẏ^i)_Λ − ∑ (ẏ^i)_{μ+Σ}(ẋ^μ)_Ξ), 0 ≤| Λ |≤ k,

where the sum is taken over all partitions Σ + Ξ = Λ and 0 <| Ξ |. In particular, we have the canonical isomorphism over J^kY

r_{(k)} : J^kV Y → V J^kY, (ẏ^i)_Λ = ẏ^i_Λ ∘ r_{(k)}. (6.8)

As a consequence, every projectable vector field u = u^μ∂_μ + u^i∂_i on a fibre bundle Y → X has the following k-order jet prolongation to the vector field on J^kY :

J^ku = r_{(k)} ∘ J^ku : J^kY → T J^kY, (6.9) J^ku = u^λ∂_λ + u^i∂_i + u^i_Λ∂^Λ_i , 0 <| Λ |≤ k, u^i_{λ+Λ} = d_λu^i_Λ − y^i_{μ+Λ}∂_λu^μ, 0 <| Λ |< k, (cf. (2.8) for k = 1). In particular, the k-order jet lift (6.9) of a vertical vector field on Y → X is a vertical vector field on J^kY → X due to the isomorphism (6.8).

A vector field u_r on an r-order jet manifold J^rY is called projectable if, for any k < r, there exists a projectable vector field u_k on J^kY such that u_k ∘ π^r_k = T π^r_k ∘ u_r. A projectable vector field υ on J^rY has the coordinate expression

υ = u_λ∂_λ + u^i_Λ∂^Λ_i , 0 ≤ |Λ| ≤ r, such that u_λ depends only on the coordinates x^μ and every component u^i_Λ is independent of the coordinates y^i_Ξ, |Ξ| > |Λ|.

Let us denote by P^k the vector space of projectable vector fields on the jet manifold J^kY . It is easily seen that P^r is a Lie algebra over R and that the morphisms T π^r_k, k < r, constitute the inverse system P^{0 T π10}←− P^{1 T π21}←− · · ·^{T π} r−1 r−2←− P^{r−1 T πr−1}←− P^r ←− · · · (6.10) of these Lie algebras.

Proposition 6.1. [4, 46]. The k-order jet lift (6.9) is the Lie algebra monomorphism of the Lie algebra P^0 of projectable vector fields on Y → X to the Lie algebra P^k of projectable vector fields on J^kY such that

T π^r_k(J^ru) = J^ku ∘ π^r_k. (6.11) □ The jet lift J^ku (6.9) is said to be an integrable vector field on J^kY . Every projectable vector field u_k on J^kY is decomposed into the sum

u_k = J^k(T π^k_0 (u_k)) + v_k (6.12) of the integrable vector field J^k(T π^k_0 (u_k)) and the projectable vector field v_r which is vertical with respect to some fibration J^kY → Y .

Similarly to the exact sequences (1.17a) – (1.17b) over J^0Y = Y , we have the exact sequences 0 → V J^kY → T J^kY → T X ×_X J^kY → 0, (6.13) 0 → J^kY ×_X T^∗X → T J^kY → V^∗J^kY → 0, (6.14) of vector bundles over J^kY . They do not admit a canonical splitting. Nevertheless, their pull-backs onto J^{k+1}Y are split canonically due to the following canonical bundle monomorphisms over J^kY : λ_{(k)} : J^{k+1}Y → T^∗X ⊗_{J k Y} T J^kY, λ_{(k)} = dx^λ ⊗ d^{(k)}_λ , (6.15) θ_{(k)} : J^{k+1}Y → T^∗J^kY ⊗_{J k Y} V J^kY, θ_{(k)} = ∑ (dy^i_Λ − y^i_{λ+Λ}dx^λ) ⊗ ∂^Λ_i , (6.16) where the sum is over all multi-indices Λ, | Λ |≤ k. The forms

θ^i_Λ = dy^i_Λ − y^i_{Λ+λ}dx^λ (6.17) are also called the contact forms. The monomorphisms (6.15) and (6.16) yield the bundle monomorphisms over J^{k+1}Y

^λ_{(k)} : T X ×_X J^{k+1}Y → T J^kY ×_{J k Y} J^{k+1}Y, (6.18) ^θ_{(k)} : V^∗J^kY ×_{J k Y} → T^∗J^kY ×_{J k Y} J^{k+1}Y. (6.19) These monomorphisms split the exact sequences (6.13) and (6.14) over J^{k+1}Y and define the canonical horizontal splittings of the pull-backs

π^{k+1∗}_k T J^kY = ^λ_{(k)}(T X ×_X J^{k+1}Y ) ⊕_{J k+1 Y} V J^kY, (6.20) ẋ^λ∂_λ + ∑ ẏ^i_Λ∂^Λ_i = ẋ^λd^{(k)}_λ + ∑ (ẏ^i_Λ − ẋ^λy^i_{λ+Λ})∂^Λ_i ,

π^{k+1∗}_k T^∗J^kY = T^∗X ⊕_{J k+1 Y} ^θ_{(k)}(V^∗J^kY ×_{J k Y} J^{k+1}Y ), (6.21) ẋ_λdx^λ + ∑ ẏ^Λ_i dy^i_Λ = (ẋ_λ + ∑ ẏ^Λ_i y^i_{λ+Λ})dx^λ + ∑ ẏ^Λ_i θ^i_Λ, where summation are over all multi-indices | Λ |≤ k.

In accordance with the canonical horizontal splitting (6.20), the pull-back u_k : J^{k+1}Y^π k+1 k ×Id −→ J^kY × J^{k+1 uk ×Id}−→ T J^kY ×_{J k Y} J^{k+1} onto J^{k+1}Y of any vector field u_k on J^kY admits the canonical horizontal splitting u = u_H + u_V = (u^λd^{(k)}_λ + ∑ y^i_{λ+Λ}∂^Λ_i ) + ∑ (u^i_Λ − u^λy^i_{λ+Λ})∂^Λ_i , (6.22) where the sums are over all multi-indices |Λ| ≤ k. By virtue of the canonical horizontal splitting (6.21), every exterior 1-form ϕ on J^kY admits the canonical splitting of its pullback

π^{k+1∗}_k ϕ = h_0ϕ + (ϕ − h_0(ϕ)), (6.23) where h_0 is the horizontal projection (2.13).

7 Infinite order jets

The direct system (6.6) of R-algebras of exterior forms and the inverse system (6.10) of the real Lie algebras of projectable vector fields on jet manifolds admit the limits for r → ∞ in the category of modules and that of Lie algebras, respectively. Intuitively, one can think of elements of these limits as being the objects defined on the projective limit of the inverse system X^π←− Y^{π10}←− · · · ←− J^{r−1}Y^{πr−1}←− J^rY ←− · · · (7.1) of finite order jet manifolds J^rY .

Remark 7.1. Recall that, by a projective limit of the inverse system (7.1) is meant a set J^∞Y such that, for any k, there exist surjections π^∞ : J^∞Y → X, π^∞_0 : J^∞Y → Y, π^∞_k : J^∞Y → J^k Y, (7.2) which make up the commutative diagrams J^∞Y π^∞_k ↙↘ π^∞_r J^k Y −→_{πkr} J^rY for any admissible k and r < k [32]. • The projective limit of the inverse system (7.1) exists. It is called the infinite order jet space. This space consists of those elements (. . . , q_i, . . . , q_j, . . .), q_i ∈ J^iY, q_j ∈ J^j Y, of the Cartesian product ∏ k J^kY which satisfy the relations q_i = π^j_i (q_j ) for all j > i. Thus, elements of the infinite order jet space J^∞Y really represent ∞-jets j^∞_x s of local sections of Y → X. These sections belong to the same jet j^∞_x s if and only if their Taylor series at a point x ∈ X coincide with each other.

Remark 7.2. The space J^∞Y is also the projective limit of the inverse subsystem of (7.1) which starts from any finite order J^rY . • The infinite order jet space J^∞Y is provided with the weakest topology such that the surjections (7.2) are continuous. The base of open sets of this topology in J^∞Y consists of the inverse images of open subsets of J^kY , k = 0, . . ., under the mappings (7.2). This topology makes J^∞Y a paracompact Fréchet manifold [47]. A bundle coordinate atlas {U, (x^λ, y^i)} of Y → X yields the manifold coordinate atlas

{(π^∞_0 )^{−1}(U_Y ), (x^λ, y^i_Λ)}, 0 ≤ |Λ|, (7.3) of J^∞Y , together with the transition functions

y^{′i}_{λ+Λ} = ∂x^μ ∂x^{′λ} d_μy^{′i}_Λ, (7.4)

where Λ = (λ_k . . . λ_1), λ + Λ = (λλ_k . . . λ_1) are multi-indices and d_λ denotes the total derivative

d_λ = ∂_λ + ∑ |Λ|≥0 y^i_{λ+Λ}∂^Λ_i . (7.5)

Though J^∞Y fails to be a smooth manifold, one can introduce the differential calculus on J^∞Y as follows.

Let us consider the direct system (6.6) of R-modules O^∗_k of exterior forms on finite order jet manifolds J^kY . The limit O^∗_∞ of this direct system, by definition, obeys the following conditions [32]:

• for any r, there exists an injection O^∗_r → O^∗_∞; • the diagrams O^∗_k^{πr∗k}−→ O^∗_r π^{∞∗}_k ↘↙ π^{∞∗}_r O^∗_∞ are commutative for any r and k < r.

Such a direct limit exists. This is the quotient of the direct sum ⨁ k O^∗_k with respect to identification of the pull-back forms π^{∞∗}_r ϕ = π^{∞∗}_k σ, ϕ ∈ O^∗_r , σ ∈ O^∗_k, if ϕ = π^{r∗}_k σ. In other words, O^∗_∞ consists of all the exterior forms on finite order jet manifolds module pull-back identification. Therefore, we will denote the image of O^∗_r in O^∗_∞ by O^∗_r and the elements π^{∞∗}_r ϕ of O^∗_∞ simply by ϕ.

Remark 7.3. Obviously, O^∗_∞ is the direct limit of the direct subsystem of (6.6) which starts from any finite order r. •

The R-module O^∗_∞ possesses the structure of the filtered module as follows [26]. Let us consider the direct system (6.7) of the commutative R-rings of smooth functions on the jet manifolds J^rY . Its direct limit O^0_∞ consists of functions on finite order jet manifolds modulo pull-back identification. This is the R-ring filtered by the R-rings O^0_k ⊂ O^0_{k+i}. Then O^∗_∞ has the filtered O^0-module structure given by the O^0_k-submodules O^∗_k of O^∗_∞.

An endomorphism Δ of O^∗_∞ is called a filtered morphism if there exists i ∈ N such that the restriction of Δ to O^∗_k is the homomorphism of O^∗_k into O^∗_{k+i} over the injection O^0_k → O^0_{k+i} for all k.

Theorem 7.1. [32]. Every direct system of endomorphisms {γ_k} of O_k such that

π^j_i^∗ ∘ γ_i = γ_j ∘ π^j_i^∗

for all j > i has the direct limit γ_∞ in filtered endomorphisms of O^∗_∞. If all γ_k are monomorphisms (resp. epimorphisms), then γ_∞ is also a monomorphism (resp. epimorphism). This result also remains true for the general case of morphism between two different direct systems. □

Corollary 7.2. [32]. The operation of taking homology groups of chain and cochain complexes commutes with the passage to the direct limit. □

The operation of multiplication ϕ → fϕ, f ∈ C^∞(X), ϕ ∈ O^∗_r has the direct limit, and O^∗_∞ possesses the structure of C^∞(X)-algebra. The operations of the exterior product ∧ and the exterior differential d also have the direct limits on O^∗_∞. We will denote them by the same symbols ∧ and d, respectively. They provide O^∗_∞ with the structure of a Z-graded exterior algebra:

O^∗_∞ = ∞⨁ m=0 O^m_∞, where O^m_∞ are the direct limits of the direct systems O^m(X)^{π∗}−→ O^m_0^{π10 ∗}−→ O^m_1 −→ · · · O^m_r^{πr+1r ∗}−→ O^m_{r+1} −→ · · · of R-modules O^m_r of exterior m-forms on r-order jet manifolds J^rY . We agree to call lements of O^m_∞ the exterior m-forms on the infinite order jet space. The familiar relations of an exterior algebra take place: O^i_∞ ∧ O^j_∞ ⊂ O^{i+j}_∞ , d : O^i_∞ → O^{i+1}_∞ , d ∘ d = 0. As a consequence, we have the following De Rham complex of exterior forms on the infinite order jet space 0 −→ R −→ O^0_∞^d−→ O^1_∞^d−→ · · · . (7.6) Let us consider the cohomology group H^m(O^∗_∞) of this complex. By virtue of Corollary 7.2, this is isomorphic to the direct limit of the direct system of homomorphisms

H^m(O^∗_r ) −→ H^m(O^∗_{r+1}) −→ · · ·

of the cohomology groups H^m(O^∗_r ) of the cochain complexes 0 −→ R −→ O^0_r^d−→ O^1_r^d−→ · · ·^d−→ O^l_r → 0, l = dim J^rY, i.e., of the De Rham cohomology groups H^m(O^∗_r ) = H^m(J^rY ) of jet manifolds J^rY . The following assertion completes our consideration of cohomology of the complex (7.6).

Proposition 7.3. The De Rham cohomology H^∗(J^rY ) of jet manifolds J^rY coincide with the De Rham cohomology H^∗(Y ) of the fibre bundle Y → X [3, 4]. □

The proof is based on the fact that the fibre bundle J^rY → J^{r−1}Y is affine, and it has the same De Rham cohomology than its base. It follows that the cohomology groups H^m(O^∗_∞), m > 0, of the cochain complex (7.6) coincide with the De Rham cohomology groups H^m(Y ) of Y → X.

Given a manifold coordinate atlas (7.3) of J^∞Y , the elements of the direct limit O^∗_∞ can be written in the coordinate form as exterior forms on finite order jets. In particular, the basic 1-forms dx^λ and the contact 1-forms θ^i_Λ (6.17) constitute the set of local generating elements of the O^0_∞-module O^1_∞ of 1-forms on J^∞Y . Moreover, the basic 1-forms dx^λ and the contact 1-forms θ^i_Λ have independent coordinate transformation laws. It follows that there is the canonical splitting

O^1_∞ = O^{0,1}_∞ ⊕ O^{1,0}_∞ (7.7)

of the module O^1_∞ in the O^0_∞-submodules O^{0,1}_∞ and O^{1,0}_∞ generated separately by basic and contact forms. The splitting (7.7) provides the canonical decomposition O^∗_∞ = ⊕_{k,s} O^{k,s}_∞ , 0 ≤ k, 0 ≤ s ≤ n, of O^∗_∞ into O^0_∞-modules O^{k,s}_∞ of k-contact and s-horizontal forms, together with the corresponding projections h_k : O^∗_∞ → O^{k,∗}_∞ , 0 ≤ k, h^s : O^∗_∞ → O^{∗,s}_∞ , 0 ≤ s ≤ n. Accordingly, the exterior differential on O^∗_∞ is split into the sum d = d_H + d_V of horizontal and vertical differentials such that d_H ∘ h_k = h_k ∘ d ∘ h_k, d_H (ϕ) = dx^λ ∧ d_λ(ϕ), d_V ∘ h^s = h^s ∘ d ∘ h^s, d_V (ϕ) = θ^i_Λ ∧ ∂^Λ_i ϕ, ϕ ∈ O^∗_∞.

The operators d_H and d_V obey the familiar relations d_H (ϕ ∧ σ) = d_H (ϕ) ∧ σ + (−1)^{|ϕ|}ϕ ∧ d_H (σ), ϕ, σ ∈ O^∗_∞, d_V (ϕ ∧ σ) = d_V (ϕ) ∧ σ + (−1)^{|ϕ|}ϕ ∧ d_V (σ), and possess the nilpotency property

d_H ∘ d_H = 0, d_V ∘ d_V = 0, d_V ∘ d_H + d_H ∘ d_V = 0. (7.8) Recall also the relation

h_0 ∘ d = d_H ∘ h_0.

The horizontal differential can be written in the form

d_H ϕ = dx^λ ∧ d_λ(ϕ), (7.9) where d_λ (7.5) are the total derivatives in infinite order jets. It should be emphasized that, though the sum in the expression (7.5) is taken with respect to an infinite number of collections Λ, the operator (7.5) is well defined since, given any form ϕ ∈ O^∗_∞, the expression d_λ(ϕ) involves only a finite number of the terms ∂^Λ_i . The total derivatives satisfy the relations d_λ(ϕ ∧ σ) = d_λ(ϕ) ∧ σ + ϕ ∧ d_λ(σ), d_λ(dϕ) = d(d_λ(ϕ)), [d_λ, d_α] = 0, and, in contrast with partial derivatives ∂_λ, they have the coordinate transformation law d^′_λ = ∂x^μ ∂x^{′λ} d_μ. The operators d_H and d_V take the following coordinate form:

d_H f = d_λfdx^λ, d_V f = ∂^Λ_i fθ^i_Λ, f ∈ O^0_∞, d_H (dx^μ) = 0, d_V (dx^i) = 0, d_H (θ^i_Λ) = dx^λ ∧ θ^i_{λ+Λ}, d_V (θ^i_Λ) = 0 0 ≤| Λ | .

One can think of the splitting (7.7) as being the canonical horizontal splitting. It is similar both to the horizontal splitting (3.7) of the cotangent bundle of a fibre bundle by means of a connection and the canonical horizontal splittings (6.23) of 1-forms on finite order jet manifolds. Therefore, one can say that the splitting (7.7) defines the canonical connection on the infinite order jet space J^∞Y .

Given a vector field τ on X, let us consider the map

∇_τ : O^0_∞ ∋ f → τ ⌋(d_H f) ∈ O^0_∞. (7.10)

This is a derivation of the ring O^0_∞. Moreover, if O^0_∞ is regarded as a C^∞(X)-ring, the map (7.10) satisfies the Leibniz rule. Hence, the assignment

∇ : τ → τ ⌋d_H = τ^λd_λ (7.11)

is the canonical connection on the C^∞(X)-ring O^0_∞ [30]. One can think of ∇_τ (7.11) as being the horizontal lift τ^λ∂_λ → τ^λd_λ onto J^∞Y of a vector field τ on X by means of a canonical connection on the (topological) fibre bundle J^∞Y → X.

However, ∇_τ (7.11) on J^∞Y is not a projectable vector field on J^∞Y , though they projected over vector fields on X. Projectable vector fields on J^∞Y (their definition is a repetition of that for finite order jet manifolds) are elements of the projective limit P^∞ of the inverse system (6.10). This projective limit exists. Its definition is a repetition of that of J^∞Y . This is a Lie algebra such that the surjections

T π^∞_k : P^∞ → P^k

are Lie algebra morphisms which constitute the commutative diagrams P^∞ T π^∞_k ↙↘ T π^∞_r P^k −→_{T πkr} P^r for any k and r < k. In brief, we will say that elements of P^∞ are vector fields on the infinite order jet space J^∞Y .

In particular, let u be a projectable vector field on Y . There exists an element J^∞u ∈ P^∞ such that T π^∞_k (J^∞u) = J^ku, ∀k ≥ 0. One can think of J^∞u as being the ∞-order jet prolongation of the vector field u on Y . It is given by the recurrence formula (6.9) where 0 ≤ |Λ|. Then any element of P^∞ is decomposed into the sum similar to (6.12) where k = ∞. Of course, it is not the horizontal decomposition. Given a vector field υ on J^∞Y , projected onto a vector field τ on X, we have its horizontal splitting

υ = υ_H + υ_V = τ^λd_λ + (υ − τ^λd_λ) by means of the canonical connection ∇ (7.11) (cf. (6.22)). Note that the component υ_V of this splitting is not a projectable vector field on J^∞Y , but is a vertical vector field with respect to the fibration J^∞Y → X.

Though ∇_τ (7.11) on J^∞Y is not an element of the projective limit P^∞, it is also a vector field on J^∞Y as follows.

A real function f : J^∞Y → R is said to be smooth if, for every q ∈ J^∞Y , there exists a neighbourhood U of q and a smooth function f^{(k)} on J^kY for some k such that

f|_U = f^{(k)} ∘ π^∞_k |_U .

Then the same equality takes place for any r > k. Smooth functions on J^∞Y constitute an R-ring C^∞(J^∞Y ). In particular, the pull-back π^{∞∗}_r f of any smooth function on J^rY is a smooth function on J^∞Y , and there is a monomorphism O^0_∞ → C^∞(J^∞Y ). The key point is that the paracompact space J^∞Y admits partition of unity by elements of the ring C^∞(J^∞Y ) [47].

Vector fields on J^∞Y can be defined as derivations of the ring C^∞(J^∞Y . Since a derivation of O^0_∞ is a local operation and J^∞Y admits a smooth partition of unity, the derivations (7.10) can be extended to the ring C^∞(J^∞Y ) of smooth functions on the infinite order jet space J^∞Y . Accordingly, the connection ∇ (7.11) is extended to the canonical connection on the C^∞(X)-ring C^∞(J^∞Y ). Extended to C^∞(J^∞Y ), the derivations (7.10), by definition, are vector fields on the infinite order jet space J^∞Y .

8 The variational bicomplex

The algebra O^∗_∞ together with the horizontal differential d_H and the variational operator δ constitute the variational bicomplex of exterior forms on J^∞Y . Cohomology of this bicomplex provide solution of the global inverse problem of the calculus of variations in field theory. Moreover, extended to the jet space of ghosts and antifields, the algebra O^∗_∞ is the main ingredient in the field-antfield BRST theory for studying BRST cohomology modulo d_H . Passing to the direct limit of the de Rham complexes of exterior forms on finite order jet manifolds, the de Rham cohomology has been found in Proposition 7.3. However, this is not a way of studying other cohomology of the algebra O^∗_∞.

To solve this problem, we enlarge O^∗_∞ to the graded differential algebra Q^∗_∞ of exterior forms which are locally the pull-back of exterior forms on finite order jet manifolds. The de Rham cohomology, d_H - and δ-cohomology of Q^∗_∞ have been investigated in [2, 47]. Then one can show that the graded differential algebra O^∗_∞ has the same d_H - and δ-cohomology as Q^∗_∞ [18, 19].

We follow the terminology of [12, 22], where a sheaf S is a particular topological bundle, S denotes the canonical presheaf of sections of the sheaf S, and Γ(S) is the group of global sections of S.

A. The variational bicomplex

Let O^∗_r be a sheaf of germs of exterior forms on the r-order jet manifold J^rY and O^∗_r its canonical presheaf. There is the direct system of canonical presheaves O^∗_X^{π∗}−→ O^∗_0^{π10 ∗}−→ O^∗_1^{π21 ∗}−→ · · ·^{πr−1 ∗}−→ O^∗_r −→ · · · , where π^r_{−1}^∗ are the pull-back monomorphisms. Its direct limit O^∗_∞ is a presheaf of graded differential R-algebras on J^∞Y . Let Q^∗_∞ be a sheaf constructed from O^∗_∞, Q^∗_∞ its canonical presheaf, and Q^∗_∞ = Γ(Q^∗_∞) the structure algebra of sections of the sheaf Q^∗_∞. In particular, Q^0_∞ = C^∞(J^∞Y ). There are R-algebra monomorphisms O^∗_∞ → Q^∗_∞ and O^∗_∞ → Q^∗_∞. The key point is that, since the paracompact space J^∞Y admits a partition of unity by elements of the ring Q^0_∞, the sheaves of Q^0_∞-modules on J^∞Y are fine and, consequently, acyclic. Therefore, the abstract de Rham theorem on cohomology of a sheaf resolution [22] can be called into play in order to obtain cohomology of the graded differential algebra Q^∗_∞.

For short, we agree to call elements of Q^∗_∞ the exterior forms on J^∞Y , too. Restricted to a coordinate chart (π^∞_0 )^{−1}(U) of J^∞Y , they as like as elements of O^∗_∞ can be written in a coordinate form, where horizontal forms {dx^λ} and contact 1-forms {θ^i_Λ = dy^i_Λ − y^i_{λ+Λ}dx^λ} provide local generators of the algebra Q^∗_∞. There is the canonical decomposition Q^∗_∞ = ⊕_{k,s} Q^{k,s}_∞ , 0 ≤ k, 0 ≤ s ≤ n, of Q^∗_∞ into Q^0_∞-modules Q^{k,s}_∞ of k-contact and s-horizontal forms. Accordingly, the exterior differential on Q^∗_∞ is split into the sum d = d_H + d_V of horizontal and vertical differentials.

Being nilpotent, the differentials d_V and d_H provide the natural bicomplex {Q^{k,m}_∞ } of the sheaf Q^∗_∞ on J^∞Y . To complete it to the variational bicomplex, one defines the projection R-module endomorphism τ = ∑ k>0 1 k τ ∘ h_k ∘ h^n, τ(ϕ) = (−1)^{|Λ|}θ^i ∧ [d_Λ(∂^Λ_i ⌋ϕ)], 0 ≤| Λ |, ϕ ∈ O^{>0,n}_∞ ,

of O^∗_∞ such that τ ∘ d_H = 0, τ ∘ d ∘ τ − τ ∘ d = 0. Introduced on elements of the presheaf O^∗_∞ (see, e.g., [4, 17, 48]), this endomorphism is induced on the sheaf Q^∗_∞ and its structure algebra Q^∗_∞. Put

E_k = τ (Q^{k,n}_∞ ), E_k = τ (Q^{k,n}_∞ ), k > 0.

Since τ is a projection operator, we have isomorphisms

E_k = τ (Q^{k,n}_∞ ), E_k = Γ(E_k ).

The variational operator on Q^{∗,n}_∞ is defined as the morphism δ = τ ∘ d. It is nilpotent, and obeys the relation δ ∘ τ − τ ∘ d = 0. (8.1) Let R and O^∗_X denote the constant sheaf on J^∞Y and the sheaf of exterior forms on X, respectively. The operators d_V , d_H , τ and δ give the following variational bicomplex of sheaves of differential forms on J^∞Y :

d_V d_V d_V d_V −δ 0 → Q^{k,0}_∞^{dH}−→ Q^{k,1}_∞^{dH}−→ · · · Q^{k,m}_∞^{dH}−→ · · · Q^{k,n}_∞^τ−→ E_k → 0 . . . . . . . . . . d_V d_V d_V d_V −δ

0 → Q^{1,0}_∞^{dH}−→ Q^{1,1}_∞^{dH}−→ · · · Q^{1,m}_∞^{dH}−→ · · · Q^{1,n}_∞^τ−→ E_1 → 0

d_V d_V d_V d_V −δ 0 → R→ Q^0_∞^{dH}−→ Q^{0,1}_∞^{dH}−→ · · · Q^{0,m}_∞^{dH}−→ · · · Q^{0,n}_∞ ≡ Q^{0,n}_∞ π^{∞∗} π^{∞∗} π^{∞∗} π^{∞∗} 0 → R→ O^0_X^d−→ O^1_X^d−→ · · · O^m_X^d−→ · · · O^n_X^d−→ 0

0 0 0 0

(8.2)

The second row and the last column of this bicomplex form the variational complex

0 → R → Q^0_∞^{dH}−→ Q^{0,1}_∞^{dH}−→ · · ·^{dH}−→ Q^{0,n}_∞^δ−→ E_1^δ−→ E_2 −→ · · · . (8.3)

The corresponding variational bicomplexes and variational complexes of graded differential algebras Q^∗_∞ and O^∗_∞ take place.

There are the well-known statements summarized usually as the algebraic Poincaré lemma (see, e.g., [33, 48]).

Lemma 8.1. If Y is a contactible bundle R^{n+p} → R^n, the variational bicomplex of the graded differential algebra O^∗_∞ is exact. □

It follows that the variational bicomplex (8.2) and, consequently, the variational complex (8.3) are exact for any smooth bundle Y → X. Moreover, the sheaves Q^{k,m}_∞ in this bicomplex are fine, and so are the sheaves E_k in accordance with the following lemma.

Lemma 8.2. Sheaves E_k are fine. □

Proof. Though the R-modules E_{k>1} fail to be Q^0_∞-modules [48], one can use the fact that the sheaves E_{k>0} are projections τ(Q^{k,n}_∞ ) of sheaves of Q^0_∞-modules. Let {U_i}_{i∈I} be a locally finite open covering of J^∞Y and {f_i ∈ Q^0_∞} the associated partition of unity. For any open subset

U ⊂ J^∞Y and any section φ of the sheaf Q^{k,n}_∞ over U, let us put h_i(φ) = f_iφ. The endomorphisms h_i of Q^{k,n}_∞ yield the R-module endomorphisms

h_i = τ ∘ h_i : E_k^{in}−→ Q^{k,n}_∞^{hi}−→ Q^{k,n}_∞^τ−→ E_k of the sheaves E_k. They possess the properties required for E_k to be a fine sheaf. Indeed, for each i ∈ I, supp f_i ⊂ U_i provides a closed set such that h_i is zero outside this set, while the sum ∑ i∈I h_i is the identity morphism. QED Thus, the columns and rows of the bicomplex (8.2) as like as the variational complex (8.3) are sheaf resolutions, and the abstract de Rham theorem can be applied to them. Here, we restrict our consideration to the variational complex.

B. Cohomology of Q^∗_∞ The variational complex (8.3) is a resolution of the constant sheaf R on J^∞Y . Let us start from the following lemma. Lemma 8.3. There is an isomorphism

H^∗(J^∞Y, R) = H^∗(Y, R) = H^∗(Y ) (8.4) between cohomology H^∗(J^∞Y, R) of J^∞Y with coefficients in the constant sheaf R, that H^∗(Y, R) of Y , and the de Rham cohomology H^∗(Y ) of Y . □ Proof. Since Y is a strong deformation retract of J^∞Y [3], the first isomorphism in (8.4) follows from the Vietoris–Begle theorem [12], while the second one results from the familiar de Rham theorem. QED Let us consider the de Rham complex of sheaves

0 → R → Q^0_∞^d−→ Q^1_∞^d−→ · · · (8.5) on J^∞Y and the corresponding de Rham complex of their structure algebras 0 → R → Q^0_∞^d−→ Q^1_∞^d−→ · · · . (8.6) The complex (8.5) is exact due to the Poincaré lemma, and is a resolution of the constant sheaf R on J^∞Y since sheaves Q^r_∞ are fine. Then, the abstract de Rham theorem and Lemma 8.3 lead to the following.

Proposition 8.4. The de Rham cohomology H^∗(Q^∗_∞) of the graded differential algebra Q^∗_∞ is isomorphic to that H^∗(Y ) of the bundle Y . □

It follows that every closed form ϕ ∈ Q^∗_∞ is split into the sum ϕ = φ + dξ, ξ ∈ Q^∗_∞, (8.7) where φ is a closed form on the fiber bundle Y .

Similarly, from the abstract de Rham theorem and Lemma 8.3, we obtain the following. Proposition 8.5. There is an isomorphism between d_H - and δ-cohomology of the variational complex 0 → R → Q^0_∞^{dH}−→ Q^{0,1}_∞^{dH}−→ · · ·^{dH}−→ Q^{0,n}_∞^δ−→ E_1^δ−→ E_2 −→ · · · (8.8) and the de Rham cohomology of the fiber bundle Y , namely,

H^{k<n} (d_H ; Q^∗_∞) = H^{k<n}(Y ), H^{k−n}(δ; Q^∗_∞) = H^{k≥n} (Y ). □ This isomorphism recovers the results of [2, 47], but notes also the following. The relation (8.1) for τ and the relation h_0d = d_H h_0 for h_0 define a homomorphism of the de Rham complex (8.6) of the algebra Q^∗_∞ to its variational complex (8.8). The corresponding homomorphism of their cohomology groups is an isomorphism by virtue of Proposition 8.4 and Proposition 8.5. Then, the splitting (8.7) leads to the following decompositions. Proposition 8.6. Any d_H -closed form σ ∈ Q^{0,m}, m < n, is represented by a sum σ = h_0φ + d_H ξ, ξ ∈ Q^{m−1}_∞ , (8.9) where φ is a closed m-form on Y . Any δ-closed form σ ∈ Q^{k,n}, k ≥ 0, is split into σ = h_0φ + d_H ξ, k = 0, ξ ∈ Q^{0,n−1}_∞ , (8.10) σ = τ (φ) + δ(ξ), k = 1, ξ ∈ Q^{0,n}_∞ , (8.11) σ = τ (φ) + δ(ξ), k > 1, ξ ∈ E_{k−1}, (8.12) where φ is a closed (n + k)-form on Y . □

C. Cohomology of O^∗_∞

Theorem 8.7. Graded differential algebra O^∗_∞ has the same d_H - and δ-cohomology as Q^∗_∞. □ Proof. Let the common symbol D stand for d_H and δ. Bearing in mind decompositions (8.9) – (8.12), it suffices to show that, if an element ϕ ∈ O^∗_∞ is D-exact in the algebra Q^∗_∞, then it is so in the algebra O^∗_∞. Lemma 8.1 states that, if Y is a contractible bundle and a D-exact form ϕ on

J^∞Y is of finite jet order [ϕ] (i.e., ϕ ∈ O^∗_∞), there exists an exterior form φ ∈ O^∗_∞ on J^∞Y such that ϕ = Dφ. Moreover, a glance at the homotopy operators for d_H and δ [33] shows that the jet order [φ] of φ is bounded by an integer N([ϕ]), depending only on the jet order of ϕ. Let us call this fact the finite exactness of the operator D. Given an arbitrary bundle Y , the finite exactness takes place on J^∞Y |_U over any domain (i.e., a contractible open subset) U ⊂ Y . Let us prove the following.

(i) Given a family {U_α} of disjoint open subsets of Y , let us suppose that the finite exactness takes place on J^∞Y |_{Uα} over every subset U_α from this family. Then, it is true on J^∞Y over the union ∪_α U_α of these subsets.

(ii) Suppose that the finite exactness of the operator D takes place on J^∞Y over open subsets U, V of Y and their non-empty overlap U ∩ V . Then, it is also true on J^∞Y |_{U ∪V} . Proof of (i). Let ϕ ∈ O^∗_∞ be a D-exact form on J^∞Y . The finite exactness on (π^∞_0 )^{−1}(∪U_α) holds since ϕ = Dφ_α on every (π^∞_0 )^{−1}(U_α) and [φ_α] < N([ϕ]).

Proof of (ii). Let ϕ = Dφ ∈ O^∗_∞ be a D-exact form on J^∞Y . By assumption, it can be brought into the form Dφ_U on (π^∞_0 )^{−1}(U) and Dφ_V on (π^∞_0 )^{−1}(V ), where φ_U and φ_V are exterior forms of bounded jet order. Let us consider their difference φ_U − φ_V on (π^∞_0 )^{−1}(U ∩ V ). It is a Dexact form of bounded jet order [φ_U − φ_V ] < N([ϕ]) which, by assumption, can be written as φ_U − φ_V = Dσ where σ is also of bounded jet order [σ] < N(N([ϕ])). Lemma 8.8 below shows that σ = σ_U + σ_V where σ_U and σ_V are exterior forms of bounded jet order on (π^∞_0 )^{−1}(U) and (π^∞_0 )^{−1}(V ), respectively. Then, putting

φ^′|_U = φ_U − Dσ_U , φ^′|_V = φ_V + Dσ_V ,

we have the form ϕ, equal to Dφ^′_U on (π^∞_0 )^{−1}(U) and Dφ^′_V on (π^∞_0 )^{−1}(V ), respectively. Since the difference φ^′_U − φ^′_V on (π^∞_0 )^{−1}(U ∩ V ) vanishes, we obtain ϕ = Dφ^′ on (π^∞_0 )^{−1}(U ∪ V ) where

φ^{′ def}= { φ^′|_U = φ^′_U , φ^′|_V = φ^′_V

is of bounded jet order [φ^′] < N(N([ϕ])).

To prove the finite exactness of D on J^∞Y , it remains to choose an appropriate cover of Y . A smooth manifold Y admits a countable cover {U_ξ} by domains U_ξ, ξ ∈ N, and its refinement {U_{ij} }, where j ∈ N and i runs through a finite set, such that U_{ij} ∩ U_{ik} = ∅, j ≠ k [21]. Then Y has a finite cover {U_i = ∪_j U_{ij} }. Since the finite exactness of the operator D takes place over any domain U_ξ, it also holds over any member U_{ij} of the refinement {U_{ij} } of {U_ξ} and, in accordance with item (i) above, over any member of the finite cover {U_i} of Y . Then by virtue of item (ii) above, the finite exactness of D takes place over Y . QED

Lemma 8.8. Let U and V be open subsets of a bundle Y and σ ∈ O^∗_∞ an exterior form of bounded jet order on (π^∞_0 )^{−1}(U ∩ V ) ⊂ J^∞Y . Then, σ is split into a sum σ_U + σ_V of exterior forms σ_U and σ_V of bounded jet order on (π^∞_0 )^{−1}(U) and (π^∞_0 )^{−1}(V ), respectively. □

Proof. By taking a smooth partition of unity on U ∪ V subordinate to the cover {U, V } and passing to the function with support in V , one gets a smooth real function f on U ∪ V which is 0 on a neighborhood of U − V and 1 on a neighborhood of V − U in U ∪ V . Let (π^∞_0 )^∗f be the pull-back of f onto (π^∞_0 )^{−1}(U ∪ V ). The exterior form ((π^∞_0 )^∗f)σ is 0 on a neighborhood of (π^∞_0 )^{−1}(U) and, therefore, can be extended by 0 to (π^∞_0 )^{−1}(U). Let us denote it σ_U . Accordingly, the exterior form (1 − (π^∞_0 )^∗f)σ has an extension σ_V by 0 to (π^∞_0 )^{−1}(V ). Then, σ = σ_U + σ_V is a desired decomposition because σ_U and σ_V are of the jet order which does not exceed that of σ. QED D. The global inverse problem

The expressions (8.10) – (8.11) in Proposition 8.6 provide a solution of the global inverse problem of the calculus of variations on fiber bundles in the class of Lagrangians L ∈ Q^{0,n}_∞ of locally finite order [2, 47] (which is not so interesting for physical applications). These expressions together with Theorem 8.7 give a solution of the global inverse problem of the finite order calculus of variations.

Corollary 8.9. (i) A finite order Lagrangian L ∈ O^{0,n}_∞ is variationally trivial, i.e., δ(L) = 0 iff

L = h_0φ + d_H ξ, ξ ∈ O^{0,n−1}_∞ , (8.13)

where φ is a closed n-form on Y . (ii) A finite order Euler–Lagrange-type operator satisfies the Helmholtz condition δ(E) = 0 iff E = δ(L) + τ (ϕ), L ∈ O^{0,n}_∞ , where ϕ is a closed (n + 1)-form on Y . □

Note that item (i) in Corollary 8.9 contains the particular result of [49]. A solution of the global inverse problem of the calculus of variations in the class of exterior forms of bounded jet order has been suggested in [2] by a computation of cohomology of a fixed order variational sequence. However, this computation requires rather sophisticated ad hoc technique in order to be reproduced (see [27, 28, 50] for a different variational sequence). The theses of Corollary 8.9 also agree with those of [2], but the proof of Theorem 8.7 does not give a sharp bound on the order of a Lagrangian.

9 Geometry of simple graded manifolds

The most of odd fields in quantum field theory can be described in terms of graded manifolds. These are fermions and odd ghosts and antifields. It should be emphasized that graded manifolds are not supermanifolds, though every graded manifold determines a De- Witt H^∞-supermanifold, and vice versa. Referring the reader to [7, 25, 44] for a general theory of graded manifolds, we here focus on the most physically relevant case of simple graded manifolds. We do not restrict a class of graded manifolds in question, but an arbitrary graded manifold can be brought into a certain explicit form (see Batchelor’s Theorem 9.1 below) which, of course, narrows the class of automorphisms of a graded manifold. n physical applications, graded manifolds are usually given in this form from the beginning.

By a graded manifold of dimension (n, m) is meant a locally ringed space (Z, A) where Z is an n-dimensional smooth manifold Z and A = A_0 ⊕ A_1 is a sheaf of graded commutative algebras of rank m such that [7]:

• there is the exact sequence of sheaves

0 → R → A^σ→ C^∞_Z → 0, R = A_1 + (A_1)^2, (9.1)

where C^∞_Z is the sheaf of smooth functions on Z;

• R/R^2 is a locally free C^∞_Z -module of finite rank (with respect to pointwise operations), and the sheaf A is locally isomorphic to the exterior algebra (or the exterior bundle) ∧_C∞_Z (R/R^2).

The sheaf A is called a structure sheaf of the graded manifold (Z, A), while the manifold Z is said to be a body of (Z, A). Global sections of the sheaf A are called graded functions. They constitute the structure module A(Z) of the sheaf A.

A graded manifold (Z, A), by definition, has the following local structure. Given a point z ∈ Z, there exists its open neighbourhood U, called a splitting domain, such that

A(U) ∼= C^∞(U) ⊗ ∧R^m. (9.2)

It means that the restriction A |_U of the structure sheaf A to U is isomorphic to the sheaf C^∞_U ⊗ ∧R^m of sections of some exterior bundle ∧E^∗_U = U × ∧R^m → U.

The well-known Batchelor’s theorem [7, 8] states that such a structure of graded manifolds is global.

Theorem 9.1. Let (Z, A) be a graded manifold. There exists a vector bundle E → Z with an m-dimensional typical fibre V such that the structure sheaf A of (Z, A) is isomorphic to the structure sheaf A_E = C^∞_Z ⊗ ∧V^∗ of sections of the exterior bundle ∧E^∗, whose typical fibre is the Grassmann algebra ∧V^∗. □

It should be emphasized that Batchelor’s isomorphism in Theorem 9.1 fails to be canonical. At the same time, there are many physical models where a vector bundle E is introduced from the beginning. In this case, it suffices to consider the structure sheaf A_E of the exterior bundle ∧E^∗ [16, 30, 40]. We agree to call the pair (Z, A_E ) a simple graded manifold. Its automorphisms are restricted to those, induced by automorphisms of the vector bundle E → Z. This is called the characteristic vector bundle of the simple graded manifold (Z, A_E ). Accordingly, the structure module A_E(Z) = ∧E^∗(Z) of the sheaf A_E (and of the exterior bundle ∧E^∗) is said to be the structure module of the simple graded manifold (Z, A_E ).

Given a simple graded manifold (Z, A_E), every trivialization chart (U; z^A, y^a) of the vector bundle E → Z is a splitting domain of (Z, A_E). Graded functions on such a chart are Λ-valued function f = m∑ k=0 1 k! f_{a1...ak} (z)c^{a1} · · · c^{ak} , (9.3) where f_{a1···ak} (z) are smooth functions on U, {c^a} is the fibre basis for E^∗, and we omit the symbol of the exterior product of elements c. In particular, the sheaf epimorphism σ in (9.1) is induced by the body morphism of Λ. We agree to call {z^A, c^a} the local basis for the graded manifold (Z, A_E). Transition functions y^{′a} = ρ^a_b (z^A)y^b of bundle coordinates on E → Z induce the corresponding transformation

c^{′a} = ρ^a_b (z^A)c^b (9.4)

of the associated local basis for the graded manifold (Z, A_E) and the according coordinate transformation law of graded functions (9.3).

Let us note that general transformations of a graded manifold take the form

c^{′a} = ρ^a(z^A, c^b), (9.5)

where ρ^a(z^A, c^b) are local graded functions. Considering only simple graded manifolds, we actually restrict the class of graded manifold transformations (9.5) to the linear ones (9.4), compatible with a given Batchelor’s isomorphism.

Remark 9.1. Although graded functions are locally represented by Λ-valued functions (9.3), they are not Λ-valued functions on a manifold Z because of the transformation law (9.4) (or (9.5)). • Given a graded manifold (Z, A), by the sheaf dA of graded derivations of A is meant a subsheaf of endomorphisms of the structure sheaf A such that any section u of dA over an open subset U ⊂ Z is a graded derivation of the graded algebra A(U), i.e.

u(ff^′) = u(f)f^′ + (−1)^{[u][f ]}fu(f^′) (9.6)

for all homogeneous elements u ∈ dA(U) and f, f^′ ∈ A(U). Conversely, one can show that, given open sets U^′ ⊂ U, there is a surjection of the derivation modules d(A(U)) → d(A(U^′)) [7]. It follows that any graded derivation of the local graded algebra A(U) is also a local section over U of the sheaf dA. Sections of dA are called graded vector fields on the graded manifold (Z, A). The graded derivation sheaf dA is a sheaf of Lie superalgebras with respect to the bracket

[u, u^′] = uu^′ + (−1)^{[u][u′ ]+1}u^′u. (9.7)

In comparison with general theory of graded manifolds, an essential simplification is that graded vector fields on a simple graded manifold (Z, A_E ) can be seen as sections of a vector bundle as follows [30, 40].

Due to the vertical splitting V E ∼= E × E (1.15), the vertical tangent bundle V E of E → Z can be provided with the fibre bases {∂/∂c^a}, which are the duals of the bases {c^a}. These are the fibre bases for pr_2V E ∼= E. Then graded vector fields on a trivialization chart (U; z^A, y^a) of E read

u = u^A∂_A + u^a ∂ ∂c^a , (9.8)

where u^λ, u^a are local graded functions on U [7, 30]. In particular, ∂ ∂c^a ∘ ∂ ∂c^b = − ∂ ∂c^b ∘ ∂ ∂c^a , ∂_A ∘ ∂ ∂c^a = ∂ ∂c^a ∘ ∂_A. The derivations (9.8) act on graded functions f ∈ A_E(U) (9.3) by the rule u(f_{a...b}c^a · · · c^b) = u^A∂_A(f_{a...b})c^a · · · c^b + u^kf_{a...b} ∂ ∂c^k ⌋(c^a · · · c^b). (9.9)

This rule implies the corresponding coordinate transformation law

u^{′A} = u^A, u^{′a} = ρ^a_j u^j + u^A∂_A(ρ^a_j )c^j

of graded vector fields. It follows that graded vector fields (9.8) can be represented by sections of the vector bundle V_E → Z which is locally isomorphic to the vector bundle V_E|_U ≈ ∧E^∗ ⊗_Z (E ⊕_Z T Z)|_U , and is characterized by an atlas of bundle coordinates (z^A, z^A_{a1...ak} , v^i_{b1...bk} ), k = 0, . . . , m, possessing the transition functions z^{′A}_{i1...ik} = ρ^{−1a1}_{i1} · · · ρ^{−1ak}_{ik} z^A_{a1...ak} , v^{′i}_{j1...jk} = ρ^{−1b1}_{j1} · · · ρ^{−1bk}_{jk} [ ρ^i_j v^j_{b1...bk} + k! (k − 1)! z^A_{b1...bk−1} ∂_Aρ^i_{bk} ] , (9.10)

which fulfil the cocycle condition (1.4).

Remark 9.2. One tries to construct a graded tangent bundle over a graded manifold (Z, A) whose sheaf of sections is the graded derivation sheaf dA. Nevertheless, the transformation law (9.10) shows that the projection

V_E |_U → pr_2V E ⊕_Z T Z

is not global, i.e., V_E is not an exterior bundle. It means that the sheaf of derivations dA is not a structure sheaf of a graded manifold. •

There is the exact sequence

0 → ∧E^∗ ⊗_Z E → V_E → ∧E^∗ ⊗_Z T Z → 0 (9.11)

of vector bundles over Z. Its splitting ~γ : ż^A∂_A → ż^A(∂_A + ~γ^a_A ∂ ∂c^a ) (9.12)

transforms every vector field τ on Z into the graded vector field

τ = τ^A∂_A → ∇_τ = τ^A(∂_A + ~γ^a_A ∂ ∂c^a ), (9.13)

which is a graded derivation of the sheaf A_E satisfying the Leibniz rule ∇_τ (sf) = (τ ⌋ds)f + s∇_τ (f), f ∈ A_E(Z), s ∈ C^∞(Z). Therefore, one can think of the splitting (9.12) of the exact sequence (9.11) as being a graded connection on the simple graded manifold (Z, A_E ) [30, 40]. In particular, this connection provides the corresponding horizontal splitting

u = u^A∂_A + u^a ∂ ∂c^a = u^A(∂_A + ~γ^a_A ∂ ∂c^a ) + (u^a − u^A ~γ^a_A) ∂ ∂c^a of graded vector fields.

In accordance with Theorem 1.5, a graded connection (9.12) always exists. Remark 9.3. By virtue of the isomorphism (9.2), any connection ~γ on a graded manifold (Z, A), restricted to a splitting domain U, takes the form (9.12). Given two splitting domains U and U^′ of (Z, A) with the transition functions (9.5), the connection components ~γ^a_A obey the transformation law ~γ^{′a}_A = ~γ^b_A ∂ ∂c^b ρ^a + ∂_Aρ^a. (9.14)

If U and U^′ are the trivialization charts of the same vector bundle E in Theorem 9.1 together with the transition functions (9.4), the transformation law (9.14) takes the form

~γ^{′a}_A = ρ^a_b (z)~γ^b + ∂_Aρ^a_b (z)c^b. (9.15) • Remark 9.4. It should be emphasized that the above notion of a graded connection differs from that of a connection on a graded fibre bundle (Z, A) → (X, B) in [1]. The latter is a section of the jet graded bundle J^1(Z/X) → (Z, A) of sections of the graded fibre bundle (Z, A) → (X, B) (see [35] for formalism of jets of graded manifolds). •

Example 9.5. Every linear connection

γ = dz^A ⊗ (∂_A + γ_A^a_by^b∂_a) on the vector bundle E → Z yields the graded connection

γ_S = dz^A ⊗ (∂_A + γ_A^a_bc^b ∂ ∂c^a ) (9.16) on the simple graded manifold (Z, A_E). In view of Remark 9.3, γ_S is also a graded connection on the graded manifold (Z, A) ∼= (Z, A_E), but its linear form (9.16) is not maintained under the transformation law (9.14). •

The curvature of the graded connection ∇_τ (9.13) is defined by the expression:

R(τ, τ^′) = [∇_τ , ∇_τ ′ ] − ∇_{[τ,τ} ′_], R(τ, τ^′) = τ^Aτ^{′B}R^a_{AB} ∂ ∂c^a : A_E → A_E , R^a_{AB} = ∂_A ~γ^a_B − ∂_B ~γ^a_A + ~γ^k_A ∂ ∂c^k ~γ^a_B − ~γ^k_B ∂ ∂c^k ~γ^a_A. (9.17) It can also be written in the form R = 1 2 R^a_{AB} dz^A ∧ dz^B ⊗ ∂ ∂c^a . (9.18) Let now V^∗_E → Z be a vector bundle which is the pointwise ∧E^∗-dual of the vector bundle V_E → Z. It is locally isomorphic to the vector bundle

V^∗_E|_U ≈ ∧E^∗ ⊗_Z (E^∗ ⊕_Z T^∗Z)|_U .

With respect to the dual bases {dz^A} for T^∗Z and {dc^b} for pr_2V^∗E ∼= E^∗, sections of the vector bundle V^∗_E take the coordinate form ϕ = ϕ_Adz^A + ϕ_adc^a, together with transition functions

ϕ^′_a = ρ^{−1b}_aϕ_b, ϕ^′_A = ϕ_A + ρ^{−1b}_a∂_A(ρ^a_j )ϕ_bc^j .

They are regarded as graded exterior one-forms on the graded manifold (Z, A_E ).

The sheaf O^1A_E of germs of sections of the vector bundle V^∗_E → Z is the dual of the graded derivation sheaf dA_E, where the duality morphism is given by the graded interior product

u⌋ϕ = u^Aϕ_A + (−1)^{[ϕa]}u^aϕ_a. (9.19)

In particular, the dual of the exact sequence (9.11) is the exact sequence 0 → ∧E^∗ ⊗_Z T^∗Z → V^∗_E → ∧E^∗ ⊗_Z E^∗ → 0. (9.20) Any graded connection ~γ (9.12) yields the splitting of the exact sequence (9.20), and determines the corresponding decomposition of graded one-forms

ϕ = ϕ_Adz^A + ϕ_adc^a = (ϕ_A + ϕ_a ~γ^a_A)dz^A + ϕ_a(dc^a − ~γ^a_Adz^A).

Graded exterior k-forms ϕ are defined as sections of the graded exterior bundle^k∧_Z V^∗_E such that ϕ ∧ σ = (−1)^{|ϕ||σ|+[ϕ][σ]}σ ∧ ϕ, (9.21) where |.| denotes the form degree. For instance, dz^A ∧ dc^i = −dc^i ∧ dz^A, dc^i ∧ dc^j = dc^j ∧ dc^i. (9.22) The graded interior product (9.19) is extended to higher graded exterior forms by the rule u⌋(ϕ ∧ σ) = (u⌋ϕ) ∧ σ + (−1)^{|ϕ|+[ϕ][u]}ϕ ∧ (u⌋σ). (9.23) The graded exterior differential d of graded functions is introduced by the condition u⌋df = u(f) for an arbitrary graded vector field u. It is extended uniquely to graded exterior forms by the rule d(ϕ ∧ σ) = dϕ ∧ σ + (−1)^{|ϕ|}ϕ ∧ dσ, d ∘ d = 0, (9.24) and is given by the coordinate expression dϕ = dz^A ∧ ∂_Aϕ + dc^a ∧ ∂ ∂c^a ϕ, where the left derivatives ∂_λ, ∂/∂c^a act on coefficients of graded exterior forms by the rule (9.9), and they are graded commutative with the forms dz^A, dc^a [16, 25]. The Lie derivative of a graded exterior form ϕ along a graded vector field u is defined by the familiar formula L_uϕ = u⌋dϕ + d(u⌋ϕ). (9.25) It possesses the property

L_u(ϕ ∧ ϕ^′) = L_u(ϕ) ∧ ϕ^′ + (−1)^{[u][ϕ]}ϕ ∧ L_u(ϕ^′).

With the graded exterior differentiald, graded exterior forms constitute an N-, Z_2-graded differential algebra O^∗A_E , where O^∗A_E = A_E = A_E(Z) denotes the structure module of graded functions on Z. It is called a graded commutative differential algebra. The corresponding graded de Rham complex is 0 → R → A_E^d−→ O^1A_E^d−→ · · · O^k A_E^d−→ · · · . (9.26) Cohomology H^q_{GR}(Z) of the graded de Rham complex (9.26) is called graded de Rham cohomology of the graded manifold (Z, A_E). One can compute this cohomology with the aid of the abstract de Rham theorem. Let O^k A_E denote the sheaf of germs of graded kforms on (Z, A_E ). Its structure module is O^k A_E = O^kA_E (Z). These sheaves make up the complex

0 → R −→ A_E^d−→ O^1A_E^d−→ · · · O^k A_E^d−→ · · · . (9.27)

All O^kA_E are sheaves of C^∞_Z -modules on Z and, consequently, are fine and acyclic. Furthermore, the Poincaré lemma for graded exterior forms holds [7, 25]. It follows that the complex (9.27) is a fine resolution of the constant sheaf R on the manifold Z. Then, by virtue of the abstract de Rham theorem, there is an isomorphism

H^∗_{GR}(Z) = H^∗(Z; R) = H^∗(Z) (9.28)

of the graded de Rham cohomology H^∗_{GR}(Z) to the de Rham cohomology H^∗(Z) of the smooth manifold Z [25]. Moreover, the cohomology isomorphism (9.28) accompanies the cochain monomorphism O^∗(Z) → O^∗A_E of the de Rham complex O^∗(Z) of smooth exterior forms on Z to the graded de Rham complex (9.26). Hence, any closed graded exterior form is split into a sum ϕ = dσ + φ of an exact graded exterior form dσ ∈ O^∗A_E and a closed exterior form φ ∈ O^∗(Z) on Z.

10 Jets of ghosts and antifields

In field-antifield BRST theory, the antibracket is defined by means of the variational operator. This operator can be introduced in a rigorous algebraic way as the coboundary operator of the variational complex of exterior forms on the infinite jet space of physical fields, ghosts and antifields [5, 6, 10, 11]. Herewith, the antibracket and the BRTS operator are expressed in terms of jets of ghosts and physical fields. For example, the BRST transformation of gauge potentials a^r_λ in Yang–Mills theory reads

sa^r_λ = C^r_λ + c^r_{pq}a^p_λC^q,

where C^r_λ are jets of ghosts C^r introduced in a heuristic way.

Furthermore, the variational complex in BRST theory on a contractible manifold X = R^n is exact. It follows that the kernel of the variational operator δ equals the image of the horizontal differential d_H . Therefore, several objects in field-antifield BRST theory on R^n are determined modulo d_H -exact forms. In particular, let us mention the iterated cohomology H^{k,p}(s|d_H ) of the BRST bicomplex, defined with respect to the BRST operator s and the horizontal differential d_H , and graded by the ghost number k and the form degree p. The iterated cohomology of form degree p = n = dim X coincides with the local BRST cohomology (i.e., the s-cohomology modulo d_H ). If X = R^n, an isomorphism of the local BRST cohomology H^{k,n}(s|d_H ), k ≠ −n, to the cohomology H^{k+n}_{tot} of the total BRST operator s + d_H has been proved by constructing the descent equations [10]. This result has been generalized to an arbitrary connected manifold X [19, 41]. For this purpose, we provide a (global) differential geometric definition of jets of odd ghosts and antifields, and extend the variational complex to the space of these jets.

For the sake of simplicity, we consider BRST theory of even physical fields and finitely reducible gauge transformations. Its finite classical basis consists of even physical fields of zero ghost number, even and odd ghosts (including ghosts-for-ghosts) of strictly positive ghost number, and even and odd antifields of strictly negative ghost number. For instance, this is the case of Yang–Mills theory.

A. Jets of odd ghosts

There exist different geometric models of ghosts. For instance, ghosts in Yang–Mills theory are often represented by the Maurer–Cartan form on the gauge group [9]. This representation, however, is not extended to other gauge models. We describe all odd fields as elements of simple graded manifolds [30, 40, 41].

Let Y → X be the characteristic vector bundle of a simple graded manifold (X, A_Y ). The r-order jet manifold J^rY of Y is also a vector bundle over X. Let us consider the simple graded manifold (X, A_J r_Y ), determined by the characteristic vector bundle J^rY → X. Its local basis is {x^λ, c^a_Λ}, 0 ≤ |Λ| ≤ r, where Λ = (λ_k, . . . , λ_1) are multi-indices. It possesses the transition functions

c^{′a}_{λ+Λ} = d_λ(ρ^a_j c^j_Λ), d_λ = ∂_λ + ∑ |Λ|<r c^a_{λ+Λ} ∂ ∂c^a_Λ , (10.1)

where d_λ is the graded total derivative. In view of the transition functions (10.1), one can think of (X, A_J r_Y ) as being a graded r-order jet manifold of the simple graded manifold (X, A_Y ).

Let O^∗A_J r_Y be the differential algebra of graded exterior forms on the graded jet manifold (X, A_J r_Y ). Since Y → X is a vector bundle, the canonical fibration π^r_{−1} : J^rY → J^{r−1}Y is a linear morphism of vector bundles over X and, thereby, yields the corresponding morphism of graded jet manifolds (X, A_J r_Y ) → (X, A_J r−1_Y ) accompanied by the pull-back monomorphism of differential algebras O^∗A_J r−1_Y → O^∗A_J r_Y . Then we have the direct system of differential algebras O^∗A_Y −→ O^∗A_J 1_Y −→ · · · O^∗A_J r_Y^{πr+1∗r}−→ · · · .

Its direct limit O^∗_∞A_Y consists of graded exterior forms on all graded jet manifolds (X, A_J r_Y ) modulo the pull-back identification. It is a locally free graded C^∞(X)-algebra generated by the elements

(1, c^a_Λ, dx^λ, θ^a_Λ = dc^a_Λ − c^a_{λ+Λ}dx^λ), 0 ≤ |Λ|,

where dx^λ and θ^a_Λ are called horizontal and contact forms, respectively. In particular, O^0_∞A_Y is the graded commutative ring of graded functions on all graded jet manifolds (X, A_J r_Y ) modulo the pull-back identification.

Let us consider the sheaf Q^0_∞A_Y of germs of graded functions ϕ ∈ O^∗_∞A_Y . It is a sheaf of graded commutative algebras on X, and the pair (X, Q^0_∞A_Y ) is a graded manifold. This graded manifold is the projective limit of the inverse system of graded jet manifolds

(X, A_Y ) ←− (X, A_J 1_Y ) ←− · · · (X, A_J r_Y ) ←− · · · ,

and is called the graded infinite jet manifold. Then one can think of elements of the algebra O^∗_∞A_Y as being graded exterior forms on the graded manifold (X, Q^0_∞A_Y ).

There is the canonical splitting of O^∗_∞A_Y = ⊕_{k,s} O^{k,s}_∞ A_Y , 0 ≤ k, 0 ≤ s ≤ n, into O^0_∞A_Y -modules O^{k,s}_∞ A_Y of k-contact and s-horizontal graded forms. Accordingly, the graded exterior differential d on O^∗_∞A_Y is split into the sum d = d_H + d_V , where d_H is the nilpotent graded horizontal differential d_H (ϕ) = dx^λ ∧ d_λ(ϕ) : O^{k,s}_∞ A_Y → O^{k,s+1}_∞ A_Y . With respect to the BRST operator s, the graded exterior forms ϕ ∈ O^∗_∞A_Y are characterized by the ghost number

gh(dc^a_Λ) = gh(c^a_Λ) = gh(c^a),

and one puts s ∘ d_H + d_H ∘ s = 0.

B. Even physical fields and ghosts

In order to describe odd and even elements of the classical basis of field-antifield BRST theory on the same footing, we will generalize the notion of a graded manifold to graded commutative algebras generated both by odd and even elements [41].

Let Y = Y_0 ⊕ Y_1 be the Whitney sum of vector bundles Y_0 → X and Y_1 → X. We regard it as a bundle of graded vector spaces with the typical fibre V = V_0 ⊕ V_1. Let us consider the quotient of the tensor bundle

⊗Y^∗ =^∞⊕_{k=0}(^k⊗_X Y^∗) by the elements

y_0y^′_0 − y^′_0y_0, y_1y^′_1 + y^′_1y_1, y_0y_1 − y_1y_0

for all y_0, y^′_0 ∈ Y^∗_{0x}, y_1, y^′_1 ∈ Y^∗_{1x}, and x ∈ X. It is an infinite-dimensional vector bundle, further denoted by ∧Y^∗. Global sections of ∧Y^∗ constitute a graded commutative algebra A_Y , which is the product over C^∞(X) of the commutative algebra A_0 of global sections of the symmetric bundle ∨Y^∗_0 → X and the graded algebra A_1 of global sections of the exterior bundle ∧Y^∗_1 → X.

Let A, A_0 and A_1 be the sheaves of germs of sections of the vector bundles ∧Y^∗, ∨Y^∗_0 and ∧Y^∗_1 , respectively. The pair (X, A_1) is a familiar simple graded manifold. Therefore, we agree to call (X, A) the graded commutative manifold, determined by the characteristic graded vector bundle Y . Given a bundle coordinate chart (U; x^λ, y^i_0, y^a_1 ) of Y , the local basis for (X, A) is (x^λ, c^i_0, c^a_1), where {c^i_0} and {c^a_1} are the fibre bases for the vector bundles Y^∗_0 and Y^∗_1 , respectively. Then a straightforward repetition of all the above constructions for a simple graded manifold provides us with the differential algebra O^∗_∞A of graded commutative exterior forms on the graded commutative infinite jet manifold (X, Q^0_∞A). This is a C^∞(X)-algebra generated locally by the elements

(1, c^i_{0Λ}, c^a_{1Λ}, dx^λ, θ^i_{0Λ}, θ^a_{1Λ}), 0 ≤ |Λ|.

Its C^∞(X)-subalgebra O^∗_∞A_1, generated locally by the elements (1, c^i_{1Λ}, dx^λ, θ^i_{1Λ}), is exactly the differential algebra of graded exterior forms on the graded manifold (X, Q^0A_1). The C^∞(X)-subalgebra O^∗_∞A_0 of O^∗_∞A generated locally by the elements (1, c^i_{0Λ}, dx^λ, θ^i_{0Λ}), 0 ≤ |Λ|, is isomorphic to the polynomial subalgebra P^∗_∞ of the differential algebra O^∗_∞ of exterior forms on the infinite jet manifold J^∞Y_0 of the vector bundle Y_0 → X after its pull-back onto X [19, 20]. The algebra O^∗_∞ provides the differential calculus in classical field theory.

C. Antifields

The jet formulation of field-antifield BRST theory enables one to introduce antifields on the same footing as physical fields and ghosts. Let Φ^A be a collective symbol for physical fields and ghosts. Let E be the characteristic graded vector bundle of the graded commutative manifold, generated by Φ^A. Treated as source coefficients of BRST transformations, antifields Φ^∗_A with the ghost number

gh Φ^∗_A = −gh Φ^A − 1

are represented by elements of the graded commutative manifold, determined by the characteristic graded vector bundle^n∧ T^∗X ⊗ E^∗. Then the total characteristic graded vector bundle of a graded commutative manifold for a classical basis of field-antifield BRST theory is Y = E ⊕ (^n∧ T^∗X ⊗ E^∗).

In particular, gauge potentials a^r_λ in Yang–Mills theory on a principal bundle P → X are represented by sections of the affine bundle J^1P/G → X, modelled on the vector bundle T^∗X ⊗ V_GP → X. Accordingly, the characteristic vector bundle for their odd antifields is n ∧ T^∗X ⊗ T X ⊗ V^∗_G P → X. As was mentioned above, the characteristic vector bundle for ghosts C^r in Yang–Mills theory is the Lie algebra bundle V_GP → X. Then the characteristic vector bundle for their even antifields is n ∧ T^∗X ⊗ V^∗_G P → X. Thus, the total characteristic graded vector bundle for BRST Yang–Mills theory is

Y = Y_0 ⊕ Y_1 = [(T^∗X ⊗ V_GP ) ⊕ (^n∧ T^∗X ⊗ V^∗_G P )] ⊕ [V_GP ⊕ (^n∧ T^∗X ⊗ T X ⊗ V^∗_G P )]. The jets Φ^∗_{AΛ} of antifields Φ^∗_A are introduced similarly to jets Φ^A_Λ of physical fields and ghosts Φ^A.

D. The variational complex in BRST theory

The differential algebra O^∗_∞A gives everything for global formulation of Lagrangian field-antifield BRST theory on a manifold X. We restrict our consideration to the short variational complex 0 −→ R −→ O^0_∞A^{dH}−→ O^{0,1}_∞ A · · ·^{dH}−→ O^{0,n}_∞ A^δ−→ Im δ → 0, (10.2) where δ is the variational operator such that δ ∘ d_H = 0. It is given by the expression

δ(L) = (−1)^{|Λ|}θ^a ∧ d_Λ(∂^Λ_a L), L ∈ O^{0,n}_∞ A,

with respect to a physical basis (ζ^a) = (Φ^A, Φ^∗_A).

The variational complex (10.2) provides the algebraic approach to the antibracket technique, where one can think of elements L of O^{0,n}_∞ A as being Lagrangians of fields, ghosts and antifields. Note that, to be well-defined, a global BRST Lagrangian should factorize through covariant differentials of physical fields, ghosts and antifields D_λζ^a = ζ^a_λ − ~γ^a_λ, where ~γ is a connection on the graded commutative manifold (X, A).

In order to obtain cohomology of the variational complex (10.2), let us consider the sheaf Q^∗_∞A of germs of elements ϕ ∈ O^∗_∞A and the graded differential algebra P^∗_∞A of global sections of this sheaf. Note that P^∗_∞A ≠ O^∗_∞A. Roughly speaking, any element of O^∗_∞A is of bounded jet order, whereas elements of P^∗_∞A need not be so.

We have the short variational complex of sheaves

0 −→ R −→ Q^0_∞A^{dH}−→ Q^{0,1}_∞ A · · ·^{dH}−→ Q^{0,n}_∞ A^δ−→ Im δ → 0. (10.3)

Graded commutative exterior forms ϕ ∈ O^∗_∞A are proved to satisfy the algebraic Poincaré lemma, i.e., any closed graded commutative exterior form on the graded manifold (R^n, Q^0_∞A) is exact [10]. Consequently, the complex (10.3) is exact. Since Q^{0,∗}_∞ A are sheaves of C^∞(X)- modules on X, they are fine and acyclic. Without inspecting the acyclicity of the sheaf Im δ, one can apply a minor modification of the abstract de Rham theorem [20] to the complex (10.3), and obtains that cohomology of the complex 0 −→ R −→ P^0_∞A^{dH}−→ P^{0,1}_∞ A · · ·^{dH}−→ P^{0,n}_∞ A^δ−→ Im δ → 0 (10.4) is isomorphic to the de Rham cohomology of a manifold X.

Following suit of Theorem 8.7 and replacing exterior forms on J^∞Y with graded commutative forms on (X, Q^0_∞A), one can show that cohomology of the short variational complex (10.2) is isomorphic to that of the complex (10.4) and, consequently, to the de Rham cohomology of X. Moreover, this isomorphism is performed by the natural monomorphism of the de Rham complex O^∗ of exterior forms on X to the complex (10.4). It follows that:

(i) every d_H -closed graded form ϕ ∈ O^{0,m<n}_∞ A is split into the sum ϕ = φ + d_H ξ, where φ is a closed exterior m-form on X;

(ii) every δ-closed graded form ϕ ∈ O^{0,n}_∞ A is split into the sum ϕ = φ + d_H ξ, where φ is an exterior n-form on X.

One should mention the important case of BRST theory where Lagrangians are independent on coordinates x^λ. Let us consider the subsheaf Q^∗_∞A of the sheaf Q^∗_∞A which consists of germs of x-independent graded commutative exterior forms. Then we have the subcomplex

0 −→ R −→ Q^0_∞A^{dH}−→ Q^{0,1}_∞ A · · ·^{dH}−→ Q^{0,n}_∞ A^δ−→ Im δ → 0 (10.5)

of the complex (10.3) and the corresponding subcomplex 0 −→ R −→ P^0_∞A^{dH}−→ P^{0,1}_∞ A · · ·^{dH}−→ P^{0,n}_∞ A^δ−→ Im δ → 0 (10.6) of the complex (10.4). Clearly, P^{0,∗}_∞ A ⊂ O^{0,∗}_∞ A, i.e., the complex (10.6) is also a subcomplex of the short variational complex (10.2).

The key point is that the complex of sheaves (10.5) fails to be exact. The obstruction to its exactness at the term Q^{0,k}_∞ consists of the germs of constant exterior k-forms on X [6]. Let us denote their sheaf by S^k_X . We have the short exact sequences of sheaves

0 → Im d_H → Ker d_H → S^k_X → 0, 0 < k < n, 0 → Im d_H → Ker δ → S^n_X → 0

and the corresponding sequences of modules of their global sections

0 → Im d_H (X) → Ker d_H (X) → S^k_X (X) → 0, 0 < k < n, 0 → Im d_H (X) → Ker δ(X) → S^n_X (X) → 0.

The latter are exact because S^{k<n}_X and S^n_X are subsheaves of the sheaves Ker d_H and Ker δ, respectively. Therefore, the kth cohomology group of the complex (10.6) is isomorphic to the R-module S^k_X (X) of constant exterior k-forms, 0 < k ≤ n, on the manifold X. Consequently, any d_H -closed graded commutative k-form, 0 < k < n, and any δ-closed graded commutative n-form ϕ, constant on X, are split into the sum ϕ = φ + d_H ξ where φ is a constant exterior form on X.

References

[1] A.Almorox, Supergauge theories in graded manifolds, In: Differential Geometric Methods in Mathematical Physics, Lect. Notes in Mathematics, 1251 (Springer- Verlag, Berlin, 1987), p.114.

[2] I. Anderson and T. Duchamp, On the existence of global variational principles,Amer.

J. Math., 102 (1980), 781-868.

[3] I. Anderson, Introduction to the variational bicomplex, Contemp. Math., 132 (1992), 51-74.

[4] M.Bauderon, Differential geometry and Lagrangian formalism in the calculus of variations, in Differential Geometry, Calculus of Variations, and their Applications, Lecture Notes in Pure and Applied Mathematics, 100 (Marcel Dekker, Inc., N.Y., 1985), p. 67.

[5] G.Barnish, F.Brandt and M.Henneaux, Local BRST cohomology in the antifield formalism. 1. General theorems, Commun. Math. Phys. 174 (1995) 57.

[6] G.Barnish, F. Brandt and M. Henneaux, Local BRST cohomology in gauge theories, Phys. Rep. 338 (2000) 439.

[7] C.Bartocci, U.Bruzzo and D.Hernández Ruipérez, The Geometry of Supermanifolds (Kluwer Academic Publ., Dordrecht, 1991).

[8] M.Batchelor, The structure of supermanifolds, Trans. Amer. Math. Soc. 253 (1979) 329.

[9] L.Bonora and P.Cotta-Ramusino, Some remarks on BRS transformations, anomalies and the cohomology of the Lie algebra of the group of gauge transformations, Commun. Math. Phys. 87 (1983) 589.

[10] F.Brandt, Local BRST cohomology and covariance, Commun. Math. Phys. 190 (1997) 459.

[11] F.Brandt, Jet coordinates for local BRST cohomology, Lett. Math. Phys. 55 (2001) 149.

[12] G. Bredon, Sheaf Theory (McGraw-Hill Book Company, New York, 1967).

[13] R.Bryant, S.Chern, R.Gardner, H.Goldschmidt and P.Griffiths, Exterior Differential Systems (Springer-Verlag, Berlin, 1991).

[14] L.Fatibene, M.Ferraris and M.Francaviglia, Nöther formalism for conserved quantities in classical gauge field theories, II, J. Math. Phys. 35 (1994) 1644.

[15] P.García, Gauge algebras, curvature and symplectic structure, J. Diff. Geom. 12 (1977) 209.

[16] K.Gawedski, Supersymmetries-mathematics of supergeometry, Ann. Inst. Henri Poincaré XXVII (1977) 335.

[17] G.Giachetta, L.Mangiarotti and G.Sardanashvily, New Lagrangian and Hamiltonian Methods in Field Theory (World Scientific, Singapore, 1997).

[18] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Covariant Hamilton equations for field theory, J. Phys. A 32 (1999) 6629.

[19] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Iterated BRST cohomology, Lett.

Math. Phys. 53 (2000) 143.

[20] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Cohomology of the infinite-order jet space and the inverse problem, J. Math. Phys. 42 (2001) 4272.

[21] W.Greub, S.Halperin and R.Vanstone, Connections, Curvature, and Cohomology, Vol. 1 (Academic Press, New York, 1972).

[22] F.Hirzebruch, Topological Methods in Algebraic Geometry (Springer-Verlag, Berlin, 1966).

[23] S.Kobayashi and K.Nomizu, Foundations of Differential Geometry, Vol.1,2. (Interscience Publ., N.Y., 1963, 1969).

[24] I.Kolář, P.Michor and J.Slovák, Natural Operations in Differential Geometry (Springer-Verlag, Berlin, 1993).

[25] B.Kostant, Graded manifolds, graded Lie theory, and prequantization, In: Differential Geometric Methods in Mathematical Physics, Lect. Notes in Mathematics, 570 (Springer-Verlag, Berlin, 1977) p. 177.

[26] I.Krasil’shchik, V.Lychagin and A.Vinogradov, Geometry of Jet Spaces and Nonlinear Partial Differential Equations (Gordon and Breach, Glasgow, 1985).

[27] D.Krupka, Variational sequences on finite order jet spaces, in Proceeding of the Conference on Differential Geometry and its Applications (Brno, 1989) (World Scientific, Singapore, 1990) p. 236.

[28] D.Krupka and J.Musilova, Trivial Lagrangians in field theory, Diff. Geom. Appl. 9 (1998) 293.

[29] L.Mangiarotti and M.Modugno, Fibered spaces, jet spaces and connections for field theories, in Proceedings of the International Meeting on Geometry and Physics (Florence, 1982), ed. M. Modugno (Pitagora Editrice, Bologna, 1983), p. 135.

[30] L.Mangiarotti and G.Sardanashvily, Connections in Classical and Quantum Field Theory (World Scientific, Singapore, 2000).

[31] K.Marathe and G.Martucci, The Mathematical Foundations of Gauge Theories (North-Holland, Amsterdam, 1992).

[32] W.Massey, Homology and cohomology theory (Marcel Dekker, Inc., N.Y., 1978).

[33] P. Olver, Applications of Lie Groups to Differential Equations (Springer-Verlag, Berlin, 1997).

[34] R.Palais, Foundations of Global Non-Linear Analysis (W.A. Benjamin, New York, 1968)

[35] D.Ruipérez and J.Masqué, Global variational calculus on graded manifolds, J. Math.

Pures et Appl. 63 (1984) 283; 64 (1985) 87.

[36] G.Sardanashvily, Gauge Theory in Jet Manifolds (Hadronic Press, Palm Harbor, FL, 1993).

[37] G.Sardanashvily, Five lectures on jet methods in field theory, E-print arXiv: hepth/9411089.

[38] G.Sardanashvily, Generalized Hamiltonian Formalism for Field Theory. Constraint Systems. (World Scientific, Singapore, 1995).

[39] G.Sardanashvily, Stress-energy-momentum tensors in constraint field theories, J.

Math. Phys. 38 (1997) 847.

[40] G.Sardanashvily, SUSY-extended field theory, Int. J. Mod. Phys. A 15 (2000) 3095.

[41] G.Sardanashvily, Cohomology of the variational complex in field-antifield BRST theory, Mod. Phys. Lett. A16 (2001) 1531.

[42] D.Saunders, The Geometry of Jet Bundles (Cambridge Univ. Press, Cambridge, 1989).

[43] M.Socolovsky, Gauge transformations in fiber bundle theory, J. Math. Phys. 32 (1991) 2522.

[44] T.Stavracou, Theory of connections on graded principal bundles, Rev. Math. Phys.

10 (1998) 47.

[45] N.Steenrod, The Topology of Fibre Bundles (Princeton Univ. Press, Princeton, 1972).

[46] F.Takens, Symmetries, conservation laws and variational principles, in Geometry and Topology, Lect. Notes in Mathematics, 597 (Springer-Verlag, Berlin, 1977), p. 581.

[47] F.Takens, A global version of the inverse problem of the calculus of variations, J.

Diff. Geom. 14 (1979) 543.

[48] W. Tulczyjew, The Euler–Lagrange resolution, in Differential Geometric Methods in Mathematical Physics, Lect. Notes in Mathematics 836, (Springer-Verlag, Berlin, 1980) p. 22.

[49] A. Vinogradov, The C-spectral sequence, Lagrangian formalism, and conservation laws. II. The nonlinear theory., J. Math. Anal. Appl. 100 (1984) 41.

[50] R. Vitolo, Finite order variational bicomplex, Math. Proc. Cambridge Phil. Soc. 125 (1998) 321.