arXiv:math-ph/0205023 v3 16 Jul 2002

Noncommutative Finsler Geometry, Gauge Fields and Gravity

Sergiu I. Vacaru^∗

Centro Multidisciplinar de Astrofisica - CENTRA, Departamento de Fisica, Instituto Superior Tecnico, Av. Rovisco Pais 1, Lisboa, 1049-001, Portugal

July 17, 2002

Abstract

The work extends the A. Connes’ noncommutative geometry to spaces with generic local anisotropy. We apply the E. Cartan’s anholonomic frame approach to geometry models and physical theories and develop the nonlinear connection formalism for projective module spaces. Examples of noncommutative generation of anholonomic Riemann, Finsler and Lagrange spaces are analyzed. We also present a research on noncommutative Finsler–gauge theories, generalized Finsler gravity and anholonomic (pseudo) Riemann geometry which appear naturally if anholonomic frames (vierbeins) are defined in the context of string/M–theory and extra dimension Riemann gravity. . Pacs: 02.40.Gh, 02.40.-k, 04.50.+h MSC numbers: 83D05, 46L87, 58B34, 58B20, 53B40, 53C07

Contents

1 Introduction 2

2 Commutative and Noncommutative Spaces 4 2.1 Algebras of functions and (non) commutative spaces . . . . . . . . . . . 5 2.2 Commutative spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.3 Noncommutative spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Nonlinear Connections in Noncommutative Spaces 10 3.1 Modules as bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 The commutative nonlinear connection geometry . . . . . . . . . . . . 12 3.2.1 Vector bundles, Riemannian spaces and nonlinear connections . 12 3.2.2 D–torsions and d–curvatures: . . . . . . . . . . . . . . . . . . . 16

∗E-mail address: vacaru@fisica.ist.utl.pt, sergiu_−vacaru@yahoo.com,

3.2.3 Einstein equations in d–variables . . . . . . . . . . . . . . . . . 16 3.3 Nonlinear connections in projective modules . . . . . . . . . . . . . . . 17 3.4 Commutative and noncommutative gauge d–fields . . . . . . . . . . . . 18

4 Distinguished Spectral Triples 20 4.1 Canonical triples over vector bundles . . . . . . . . . . . . . . . . . . . 21 4.1.1 Distinguished spinor structures . . . . . . . . . . . . . . . . . . 22 4.1.2 Noncommutative differential forms . . . . . . . . . . . . . . . . 23 4.1.3 The exterior d–algebra . . . . . . . . . . . . . . . . . . . . . . . 25 4.2 Noncommutative Geometry and Anholonomic Gravity . . . . . . . . . . 26 4.2.1 Anisotropic spacetimes . . . . . . . . . . . . . . . . . . . . . . . 26 4.3 Noncommutative Finsler like gravity models . . . . . . . . . . . . . . . 29 4.3.1 Anisotropic gravity a la Connes–Deximier–Wodzicki . . . . . . . 30 4.3.2 Spectral anisotropic Gravity . . . . . . . . . . . . . . . . . . . . 31

5 Noncommutative Finsler–Gauge Theories 33 5.1 Star–products and enveloping algebras in noncommutative spaces . . . 34 5.2 Enveloping algebras for gauge gravity connections . . . . . . . . . . . . 36 5.2.1 Nonlinear gauge theories of de Sitter group in commutative spaces 36 5.2.2 De Sitter nonlinear gauge gravity and Einstein and Finsler like gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 5.2.3 Enveloping nonlinear de Sitter algebra valued connection . . . . 40 5.3 Noncommutative Gravity Covariant Gauge Dynamics . . . . . . . . . . 42 5.3.1 First order corrections to gravitational curvature . . . . . . . . . 42 5.3.2 Gauge covariant gravitational dynamics . . . . . . . . . . . . . . 43

6 Outlook and Conclusions 44

1 Introduction

In the last twenty years, there has been an increasing interest in noncommutative and/or quantum geometry with applications both in mathematical and particle physics. It is now generally considered that at very high energies, the spacetime can not be described by a usual manifold structure. Because of quantum fluctuations, it is difficult to define localized points and the quantum spacetime structure is supposed to posses generic noncommutative, nonlocal and locally anisotropic properties. Such ideas originate from the suggestion that the spacetime coordinates do not commute at a quantum level [44], they are present in the modern string theory [12, 38] and background the noncommutative physics and geometry [8] and quantum geometry [33].

Many approaches can be taken to introducing noncommutative geometry and developing noncommutative physical theories (Refs. [8, 14, 15, 20, 27, 28, 31, 63] emphasize some basic monographs and reviews). This paper has three aims: First of all we would like to give an exposition of some basic facts on anholonomic frames and associated nonlinear connection structures both on commutative and noncommutative spaces (respectively modeled in vector bundles and in projective modules of finite type). Our second goal is to state the conditions when different variants of Finsler, Lagrange and generalized Lagrange geometries, in commutative and noncommutative forms, can be defined by corresponding frame, metric and connection structures. The third aim is to construct and analyze properties of gauge and gravitational noncommutative theories with generic local anisotropy and to prove that such models can be elaborated in the framework of noncommutative approaches to Riemannian gravity theories.

This paper does not concern the topic of Finsler like commutative and noncommutative structres in string/M-theories (see the Ref. [59], which can be considered as a string partner of this work).

We are inspired by the geometrical ideas from a series of monographs and works by E. Cartan [6] where a unified moving frame approach to the Riemannian and Finsler geometry, Einstein gravity and Pffaf systems, bundle spaces and spinors, as well the preliminary ideas on nonlinear connections and various generalizations of gravity theories were developed. By considering anholonomic frames on (pseudo) Riemannian manifolds and in tangent and vector bundles, we can model very sophisticate geometries with local anisotropy. We shall apply the concepts and methods developed by the Romanian school on Finsler geometry and generalizations [35, 36, 3, 54] from which we leaned that the Finsler and Cartan like geometries may be modeled on vector (tangent) and covector (cotangent) bundles if the constructions are adapted to the corresponding nonlinear connection structure via anholonomic frames. In this case the geometric ”picture” and physical models have a number of common points with those from the usual Einstein–Cartan theory and/or extra dimension (pseudo) Riemannian geometry. As general references on Finsler geometry and applications we cite the monographs [41, 35, 36, 3, 54, 62]) and point the fact that the bulk of works on Finsler geometry and generalizations emphasize differences with the usual Riemannian geometry rather than try to approach them from a unified viewpoint (as we propose in this paper).

By applying the formalism of nonlinear connections (in brief, N–connection) and adapted anholnomic frames in vector bundles and superbundles we extended the geometry of Clifford structures and spinors for generalized Finsler spaces and their higher order extensions in vector–covector bundles [49, 62], constructed and analyzed different models of gauge theories and gauge gravity with generic anisotropy [61], defined an anisotropic stochastic calculus in bundle and superbundle spaces provided with nonlinear connection structure [50, 54], with a number of applications in the theory of anisotropic kinetic and thermodynamic processes [55], developed supersymmetric theories with local anisotropy [51, 54, 52] and proved that Finsler like (super) geometries are contained alternatively in modern string theory [52, 54]. One should be emphasized here that in our approach we have not proposed any ”exotic” locally anisotropic string theories modifications but demonstrated that anisotropic structures, Finsler like or another ones, may appear alternatively to the Riemannian geometry, or even can be modeled in the framework of a such geometry, in the low energy limit of the string theory, because we are dealing with frame, vierbein, constructions.

The most surprising fact was that the Finsler like structures arise in the usual (pseudo) Riemannian geometry of lower and higher dimensions and even in the Einstein gravity. References [56] contain investigations of a number of exact solutions in modern gravity theories (Einstein, Kaluza–Klein and string/brane gravity) which describe locally anisotropic wormholes, Taub NUT spaces, black ellipsoid/torus solutions, solitonic and another type configurations. It was proposed a new consequent method of constructing exact solutions of the Einstein equations for off–diagonal metrics, in spaces of dimension d > 2, depending on three and more isotropic and anisotropic variables which are effectively diagonalized by anholonomic frame transforms. The vacuum and matter field equations are reduced to very simplified systems of partial differential equations which can be integrated in general form [57].

A subsequent research in Riemann–Finsler and noncommutative geometry and physics requires the investigation of the fact if the A. Connes functional analytic approach to noncommutative geometry and gravity may be such way generalized as to include the Finsler, and of another type anisotropy, spaces. The first attempt was made in Refs. [58] where some models of noncommutative gauge gravity (in the commutative limit being equivalent to the Einstein gravity, or to different generalizations to de Sitter, affine, or Poincare gauge gravity with, or not, nonlinear realization of the gauge groups) were analyzed. Further developments in formulation of noncommutative geometries with anholonomic and anisotropic structures and their applications in modern particle physics lead to a rigorous study of the geometry of anholonomic noncommutative frames with associated N–connection structure, to which are devoted our present researches.

The paper has the following structure: in section 2 we present the necessary definitions and results on the functional approach to commutative and noncommutative geometry. Section 3 is devoted to the geometry of vector bundles and theirs noncommutatie generalizations as finite projective modules. We define the nonlinear connection in commutative and noncommutative spaces, introduce locally anisotropic Clifford/spinor structures and consider the gravity and gauge theories from the viewpoint of anholonomic frames with associated nonlinear connection structures. In section 4 we prove that various type of gravity theories with generic anisotropy, constructed on anholonomic Riemannian spaces and their Kaluza–Klein and Finsler like generalizations can be derived from the A. Connes’ functional approach to noncommutative geometry by applying the canonical triple formalism but extended to vector bundles provided with nonlinear connection structure. In section 5, we elaborate and investigate noncommutative gauge like gravity models (which in different limits contain the standard Einstein’s general relativity and various its anisotropic and gauge generalizations). The approach holds true also for (pseudo) Riemannian metrics, but is based on noncommutative extensions of the frame and connection formalism. This variant is preferred instead of the usual metric models which seem to be more difficult to be tackled in the framework of noncommutative geometry if we are dealing with pseudo–Euclidean signatures and with complex and/or nonsymmetic metrics. Finally, we present a discussion and conclusion of the results in section 6.

2 Commutative and Noncommutative Spaces

The A. Connes’ functional analytic approach [8] to the noncommutative topology and geometry is based on the theory of noncommutative C^∗–algebras. Any commutative C^∗–algebra can be realized as the C^∗–algebra of complex valued functions over locally compact Hausdorff space. A noncommutative C^∗–algebra can be thought of as the algebra of continuous functions on some ’noncommutative space’ (see details in Refs. [8, 15, 20, 28, 31, 63]).

Commutative gauge and gravity theories stem from the notions of connections (linear and nonlinear), metrics and frames of references on manifolds and vector bundle spaces. The possibility of extending such theories to some noncommutative models is based on the Serre–Swan theorem [46] stating that there is a complete equivalence between the category of (smooth) vector bundles over a smooth compact space (with bundle maps) and the category of porjective modules of finite type over commutative algebras and module morphisms. Following that theorem, the space Γ (E) of smooth sections of a vector bundle E over a compact space is a projective module of finite type over the algebra C (M) of smooth functions over M and any finite projective C (M)–module can be realized as the module of sections of some vector bundle over M. This construction may be extended if a noncommutative algebra A is taken as the starting ingredient: the noncommutative analogue of vector bundles are projective modules of finite type over A. This way one developed a theory of linear connections which culminates in the definition of Yang–Mills type actions or, by some much more general settings, one reproduced Lagrangians for the Standard model with its Higgs sector or different type of gravity and Kaluza–Klein models (see, for instance, Refs [11, 7, 29, 31]).

This section is devoted to the theory of nonlinear connections in pojective modules of finite type over a noncommutative algebra A. We shall introduce the basic definitions and present the main results connected with anhlolonomic frames and metric structures in such noncommutative spaces.

2.1 Algebras of functions and (non) commutative spaces

The general idea of noncommutative geometry is to shift from spaces to the algebras of functions defined on them. In this subsection, we give some general facts about algebras of continuous functions on topological spaces, analyze the concept of modules as bundles and define the nonlinear connections. We present mainly the objects we shall need later on while referring to [8, 14, 15, 20, 27, 28, 31, 63] for details.

We start with some necessary definitions on C^∗–algebras and compact operators In this work any algebra A is an algebra over the field of complex numbers IC, i. e.

A is a vector space over IC when the objects like αa ± βb, with a, b ∈ A and α, β ∈ IC, make sense. Also, there is defined (in general) a noncommutative product A ×A → A when for every elements (a, b) and a, b, A ×A ∋ (a, b) → ab ∈ A the conditions of distributivity, a(b + c) = ab + ac, (a + b)c = ac + bc, for any a, b, c ∈ A, in general, ab ≠ ba. It is assumed that there is a unity I ∈ A.

The algebra A is considered to be a so–called ”∗–algebra”, for which an (antilinear) involution ∗ : A → A is defined by the properties a^{∗∗} = a, (ab)^∗ = b^∗a^∗, (αa + βb)^∗ = αa^∗ + βb^∗, where the bar operation denotes the usual complex conjugation.

One also considers A to be a normed algebra with a norm ||·|| : A → IR, where IR the real number field, satisfying the properties ||αa|| = |α| ||a|| ; ||a|| ≥ 0, ||a|| = 0 ⇔ a = 0; ||a + b|| ≤ ||a|| + ||b|| ; ||ab|| ≤ ||a|| ||b|| . This allows to define the ’norm’ or ’uniform’ topology when an ε–neighborhood of any a ∈ A is given by U (a, ε) = {b ∈ A, ||a − b|| < ε} , ε > 0. A Banach algebra is a normed algebra which is complete in the uniform topolgy and a Banach ∗–algebra is a normed ∗–algebra which is complete and such that ||a^∗|| = ||a|| for every a ∈ A. We can define now a C^∗–algebra A as a Banach ∗–algebra with the norm satisfying the additional identity ||a^∗a|| = ||a||^2 for every a ∈ A.

We shall use different commutative and noncommutative algebras: By C(M) one denotes the algebra of continuous functions on a compact Hausdorf topological space M, with ∗ treated as the complex conjugation and the norm given by the supremum norm, ||f||_∞ = sup_{x∈M} |f(x)|. If the space M is only locally compact, one writes C_0(M) for the algebra of continuous functions vanishing at infinity (this algebra has no unit).

The B(H) is used for the noncommutative algebra of bounded operators on an infinite dimensional Hilbert space H with the involution ∗ given by the adjoint and the norm defined as the operator norm ||A|| = sup {||Aζ||; ζ ∈ H, A ∈ B(H), ||ζ|| ≤ 1} . One considers the noncommutative algebra M_n (IC) of n×n matrices T with complex entries, when T^∗ is considered as the Hermitian conjugate of T. We may define a norm as ||T || = {the positive square root of the largest eigenvalue of T^∗T }

or as ||T ||^′ = sup[T_{ij} ], T = {T_{ij}}. The last definition does not define a C^∗–norm, but both norms are equivalent as Banach norm because they define the same topology on M_n (IC) .

A left (right) ideal T is a subalgebra A ∈ T if a ∈ A and b ∈ T imply that ab ∈ T (ba ∈ T ). A two sided ideal is a subalgebra (subspace) which is both a left and right ideal. An ideal T is called maximal if there is not other ideal of the same type which contain it. For a Banach ∗–algebra A and two–sided ∗–ideal T (which is closed in the norm topology) we can make A/T a Banach ∗–algebra. This allows to define the quotient A/T to be a C^∗–algebra if A is a C^∗–algebra. A C^∗–algebra is called simple if it has no nontrivial two–sided ideals. A two–sided ideal is called essential in a

C^∗–algebra if any other non–zero ideal in this algebra has a non–zero intersection with it. One defines the resolvent set r(a) of an element a ∈ A as a the subset of complex numbers given by r(a) = {λ ∈ IC|a−λI is invertible}. The resolvent of a at any λ ∈ r(a) is given by the inverse (a − λI)^{−1} . The spectrum σ (a) of an element a is introduced as the complement of r(a) in IC. For C^∗–algebras the spectrum of any element is a nonempty compact subset of IC. The spectral radius ρ (a) of a ∈ A is defined ρ (a) = sup{|λ|, λ ∈ r(a)}; for A being a C^∗–algebra, one obtains ρ (a) = ||a|| for every a ∈ A. This distinguishes the C^∗–algebras as those for which the norm may be uniquely determined by the algebraic structure. One considers self–adjoint elements for which a = a^∗, such elements have real spectra and satisfy the conditions σ(a) ⊆ [−||a||, ||a||] and σ(a^2) ⊆ [0|, ||a||] . An element a is positive, i. e. a > 0, if its spectrum belongs to the positive half–line. This is possible if and only if a = bb^∗ for some b ∈ A.

One may consider ∗–morphisms between two C^∗–algebras A and B as some IC– linear maps π : A → B which are subjected to the additional conditions π(ab) = π(a)π(b), π(a^∗) = π(a)^∗ which imply that π are positive and continuous and that π(A) is a C^∗–subalgebra of B (see, for instance, [28]). We note that a ∗–morphism which is bijective as a map defines a ∗–isomorphism for which the inverse map π^{−1} is automatically a ∗–morphism.

In order to construct models of noncommutative geometry one uses representations of a C^∗–algebra A as pairs (H, π) where H is a Hilbert space and π is a ∗–morphism π : A → B (H) with B (H) being the C^∗–algebra of bounded operators on H. There are different particular cases of representations: A representation (H, π) is faithful if ker π = {0}, i. e. π is a ∗–isomorphism between A and π(A) which holds if and only if ||π(a)|| = ||a|| for any a ∈ A or π(a) > 0 for all a > 0. A representation is irreducible if the only closed subspaces of H which are invariant under the action of π(A) are the trivial subspaces {0} and H. It can be proven that if the set of the elements in B (H) commute with each element in π(A), i. e. the set consists of multiples of the identity operator, the representation is irreducible. Here we note that two representations (H_1, π_1) and (H_2, π_2) are said to be (unitary) equivalent if there exists a unitary operator U : H_1 → H_2 such that π_1(a) = U^∗π_2(a)U for every a ∈ A.

A subspace (subalgebra) T of the C^∗–algebra A is a primitive ideal if T = ker π for some irreducible representation (H, π) of A. In this case T is automatically a closed two–sided ideal. One say that A is a primitive C^∗–algebra if A has a faithful irreducible representation on some Hilbert space for which the set {0} is a primitive ideal. One denotes by Pr imA the set of all primitive ideals of a C^∗–algebra A.

Now we recall some basic definitions and properties of compact operators on Hilbert spaces [40]:

Let us first consider the class of operators which may be thought as some infinite dimensional matrices acting on an infinite dimensional Hilbert space H. More exactly, an operator on the Hilbert space H is said to be of finite rank if the orthogonal component of its null space is finite dimensional. An operator T on H which can be approximated in norm by finite rank operators is called compact. It can be characterized by the property that for every ε > 0 there is a finite dimensional subspace E ⊂ H : ||T_{|E}⊥ || < ε, where the orthogonal subspace E^⊥ is of finite codimension in H. This way we may define the set K(H) of all compact operators on the Hilbert spaces which is the largest two–sided ideal in the C^∗–algebra B (H) of all bounded operators. This set is also a C^∗–algebra with no unit, since the operator I on an infinite dimensional Hilbert space is not compact, it is the only norm closed and two–sided when H is separable. We note that the defining representation of K(H) by itself is irreducible and it is the only irreducible representation up to equivalence.

For an arbitrary C^∗–algebra A acting irreducibly on a Hilbert space H and having non–zero intersection with K(H) one holds K(H) ⊆ A. In the particular case of finite dimensional Hilbert spaces, for instance, for H = IC^n, we may write B (IC^n) = K(IC^n) = M_n (IC) , which is the algebra of n × n matrices with complex entries. Such algebra has only one irreducible representation (the defining one).

2.2 Commutative spaces

Let us denote by C a fixed commutative C^∗–algebra with unit and by ^C the corresponding structure space defined as the space of equivalence classes of irreducible representations of C ( ^C does not contains the trivial representation C → {0}). One can define a non–trivial ∗–linear multiplicative functional ϕ : C → IC with the property that ϕ (ab) = ϕ (a) ϕ (b) for any a and b from C and ϕ(I) = 1 for every ϕ ∈ ^C. Every such multiplicative functional defines a character of C, i. e. ^C is also the space of all characters of C.

The Gel’fand topology is the one with point wise convergence on C. A sequence {ϕ_ϖ}_{ϖ∈Ξ} of elements of ^C, where Ξ is any directed set, converges to ϕ(c) ∈ ^C if and only if for any c ∈ C, the sequence {ϕ_ϖ(c)}_{ϖ∈Ξ} converges to ϕ(c) in the topology of IC. If the algebra C has a unite, ^C is a compact Hausdorff space (a topoligical space is Hausdorff if for any two points of the space there are two open disjoint neighborhoods each containing one of the point, see Ref. [25]). The space ^C is only compact if C is without unit. This way the space ^C (called the Gel’fand space) is made a topological space. We may also consider ^C as a space of maximal ideals, two sided, of C instead of the space of irreducible representations. If there is no unit, the ideals to be considered should be regular (modular), see details in Ref. [13]. Considering ϕ ∈ IC, we can decompose C = Ker (ϕ)⊕IC, where Ker (ϕ) is an ideal of codimension one and so is a maximal ideal of C. Considered in terms of maximal ideals, the space ^C is given the Jacobson topology, equivalently, hull kernel topology (see next subsection for general definitions for both commutative and noncommutative spaces), producing a space which is homeomorphic to the one constructed by means of the Gel’fand topology.

Let us consider an example when the algebra C generated by s commuting self– adjoint elements x_1, ...x_s. The structure space ^C can be identified with a compact subset of IR^s by the map ϕ(c) ∈ ^C → [ϕ(x_1), ..., ϕ(x_s)] ∈ IR^s. This map has a joint spectrum of x_1, ...x_s as the set of all s–tuples of eigenvalues corresponding to common eigenvectors.

In general, we get an interpretation of elements C as IC–valued continuous functions on ^C. The Gel’fand–Naimark theorem (see, for instance, [13]) states that all continuous functions on ^C are of the form ^c(ϕ) = ϕ (c) , which defines the so–called Gel’fand transform for every ϕ(c) ∈ ^C and the map ^c : ^C → IC being continuous for each c. A transform c → ^c is isometric for every c ∈ C if ||^c||_∞ = ||c||, with ||...||_∞ defined at the supremum norm on C ( ^C ) . The Gel’fand transform can be extended for an arbitrary locally compact topological space M for which there exists a natural C^∗–algebra C (M). On can be identified both set wise and topologically the Gel’fand space ^C(M) and the space M itself through the evaluation map

ϕ_x : C(M) → IC, ϕ_x(f) = f(x)

for each x ∈ M, where ϕ_x ∈ ^C(M) gives a complex homomorphism. Denoting by I_x = ker ϕ_x, which is the maximal ideal of C (M) consisting of all functions vanishing at x, one proves [13] that the map ϕ_x is a homomorphism of M onto ^C(M), and, equivalently, every maximal ideal of C (M) is of the form I_x for some x ∈ M.

We conclude this subsection: There is a one–to–one correspondence between the ∗–isomorphism classes of commutative C^∗–algebras and the homomorphism classes of locally compact Hausdorff spaces (such commutative C^∗–algebras with unit correspond to compact Hausdorff spaces). This correspondence defines a complete duality between the category of (locally) compact Hausdorff spaces and (proper, when a map f relating two locally compact Hausdorff spaces f : X → Y has the property that f^{−1} (K) is a compact subset of X when K is a compact subset of Y, and ) continuous maps and the category of commutative (non necessarily) unital C^∗–algebras and ∗–homomorphisms. In result, any commutative C^∗–algebra can be realized as the C^∗–algebra of complex valued functions over a (locally) compact Hausdorff space. It should be mentioned that the space M is a metrizable topological space, i. e. its topology comes from a metric, if and only if the C^∗–algebra is norm separable (it admits a dense in norm countable subset). This space is connected topologically if the corresponding algebra has no projectors which are self–adjoint, p^∗ = p and satisfy the idempotentity condition p^2 = p.

We emphasize that the constructions considered for commutative algebras cannot be directly generalized for noncommutative C^∗–algebras.

2.3 Noncommutative spaces

For a given noncommutative C^∗–algebra, there is more than one candidate for the analogue of the topological space M. Following Ref. [28] (see there the proofs of results and Appendices), we consider two possibilities:

• To use the space ^A , called the structure space of the noncommutative C^∗– algebra A, which is the space of all unitary equivalence classes of irreducible ∗–representations.

• To use the space Pr imA, called the primitive spectrum of A, which is the space of kernels of irreducible ∗–representations (any element of Pr imA is automatically a two–sided ∗–ideal of A).

The spaces ^A and Pr imA agree for a commutative C^∗–algebra, for instance, ^A may be very complicate while Pr imA consisting of a single point.

Let us examine a simple example of generalization to noncommutative C^∗–algebra given by the 2 × 2 complex matrix algebra

M_2(IC) = { [ a_{11} a_{12} a_{21} a_{22} ] , a_{ij} ∈ IC}. The commutative subalgebra of diagonal matrices C = {diag[λ_1, λ_2], λ_{1,2} ∈ IC} has a

structure space consisting of two points given by the characters ϕ_{1,2}( [ λ_1 0 0 λ_2 ] ) = λ_{1,2}.

These two characters extend as pure states to the full algebra M_2(IC) by the maps ~ϕ_{1,2} : M_2(IC) → IC, ~ϕ_1 ([ a_{11} a_{12} a_{21} a_{22} ]) = a_{11}, ~ϕ_2 ([ a_{11} a_{12} a_{21} a_{22} ]) = a_{22}.

Further details are given in Appendix B to Ref. [28].

It is possible to define natural topologies on ^A and Pr imA, for instance, by means of a closure operation. For a subset Q ⊂ Pr imA, the closure Q is by definition the subset of all elements in Pr imA containing the intersection ∩Q of the elements of Q, Q ≑ {I ∈ Pr imA : ∩Q ⊆ I} . It is possible to check that such subsets satisfy the Kuratowski topology axioms and this way defined topology on Pr imA is called the Jacobson topology or hull–kernel topology, for which ∩Q is the kernel of Q and Q is the hull of ∩Q (see [28, 13] on the properties of this type topological spaces).

3 Nonlinear Connections in Noncommutative Spa- ces In this subsection we define the nonlinear connections in module spaces, i. e. in noncommutative spaces. The concept on nonlinear connection came from Finsler geometry (as a set of coefficients it is present in the works of E. Cartan [6], then the concept was elaborated in a more explicit fashion by A. Kawaguchi [24]). The global formulation in commutative spaces is due to W. Barthel [2] and it was developed in details for vector, covector and higher order bundles [36, 35, 3], spinor bundles [49, 62], superspaces and superstrings [51, 54, 52] and in the theory of exact off–diagonal solutions of the Einstein equations [56, 57]. The concept of nonlinear connection can be extended in a similar manner from commutative to noncommutative spaces if a differential calculus is fixed on a noncommutative vector (or covector) bundle.

3.1 Modules as bundles

A vector bundle E → M over a manifold M is completely characterized by the space E = Γ (E, M) over its smooth sections defined as a (right) module over the algebra of C^∞ (M) of smooth functions over M. It is known the Serre–Swan theorem [46] which states that locally trivial, finite–dimensional complex vector bundles over a compact Hausdorff space M correspond canonically to finite projective modules over the algebra A = C^∞ (M) . Inversely, for E being a finite projective modules over C^∞ (M) , the fiber E_m of the associated bundle E over the point x ∈ M is the space E_x = E/EI_x where the ideal is given by

I_x = ker{ξ_x : C^∞ (M) → IC; ξ_x(x) = f(x)} = {f ∈ C^∞ (M) |f(x) = 0} ∈ C (M) .

If the algebra A is taken to play the role of smooth functions on a noncomutative, instead of the commutative algebra smooth functions C^∞ (M), the analogue of a vector bundle is provided by a projective module of finite type (equivalently, finite projective module) over A. On considers the proper construction of projective modules of finite type generalizing the Hermitian bundles as well the notion of Hilbert module when A is a C^∗–algebra in the Appendix C of Ref. [28].

A vector space E over the complex number field IC can be defined also as a right module of an algebra A over IC which carries a right representation of A, when for every map of elements E ×A ∋ (η, a) → ηa ∈ E one hold the properties λ(ab) = (λa)b, λ(a + b) = λa + λb, (λ + μ)a = λa + μa fro every λ, μ ∈ E and a, b ∈ A. Having two A–modules E and F, a morphism of E into F is any linear map ρ : E → F which is also A–linear, i. e. ρ(ηa) = ρ(η)a for every η ∈ E and a ∈ A.

We can define in a similar (dual) manner the left modules and theirs morphisms which are distinct from the right ones for noncommutative algebras A. A bimodule over an algebra A is a vector space E which carries both a left and right module structures. We may define the opposite algebra A^o with elements a^o being in bijective correspondence with the elements a ∈ A while the multiplication is given by a^ob^o = (ba)^o .A right (respectively, left) A–module E is connected to a left (respectively right) A^o–module via relations a^oη = ηa^o (respectively, aη = ηa).

One introduces the enveloping algebra A^ε = A ⊗IC A^o; any A–bimodule E can be regarded as a right [left] A^ε–module by setting η (a ⊗ b^o) = bηa [(a ⊗ b^o) η = aηb] .

For a (for instance, right) module E , we may introduce a family of elements (e_t)_{t∈T} parametrized by any (finite or infinite) directed set T for which any element η ∈ E is expressed as a combination (in general, in more than one manner) η = ∑ t∈T e_ta_t with a_t ∈ A and only a finite number of non vanishing terms in the sum. A family (e_t)_{t∈T} is free if it consists from linearly independent elements and defines a basis if any element η ∈ E can be written as a unique combination (sum). One says a module to be free if it admits a basis. The module E is said to be of finite type if it is finitely generated, i. e. it admits a generating family of finite cardinality.

Let us consider the module A^K ≑ IC^K ⊗IC A. The elements of this module can be thought as K–dimensional vectors with entries in A and written uniquely as a linear combination η = ∑_K t=1 e_ta_t were the basis e_t identified with the canonical basis of IC^K . This is a free and finite type module. In general, we can have bases of different cardinality. However, if a module E is of finite type there is always an integer K and a module surjection ρ : A^K → E with a base being a image of a free basis, ϵ_j = ρ(e_j ); j = 1, 2, ..., K.

In general, it is not possible to solve the constraints among the basis elements as to get a free basis. The simplest example is to take a sphere S^2 and the Lie algebra of smooth vector fields on it, G = G(S^2) which is a module of finite type over C^∞ (S^2) , with the basis defined by X_i =

∑_3 j,k=1 εijk xk∂/∂x k; i, j, k = 1, 2, 3, and coordinates x_i such that

∑_3 j=1 x^2_j = 1. The introduced basis is not free because

∑_3 j=1 x_j X_j = 0; there are not global vector field on S^2 which could form a basis of G(S^2). This means that the tangent bundle T S^2 is not trivial.

We say that a right A–module E is projective if for every surjective module morphism ρ : M → N splits, i. e. there exists a module morphism s : E → M such that ρ ∘ s = id_E . There are different definitions of porjective modules (see Ref. [28] on properties of such modules). Here we note the property that if a A–module E is projective, there exists a free module F and a module E^′ (being a priory projective) such that F = E ⊕ E^′.

For the right A–module E being projective and of finite type with surjection ρ : A^K → E and following the projective property we can find a lift ~λ : E → A^K such that ρ ∘ ~λ = id_E . There is a proof of the property that the module E is projective of finite type over A if and only if there exists an idempotent p ∈ End_AA^K = M_K (A), p^2 = p, the M_K (A) denoting the algebra of K × K matrices with entry in A, such that E = pA^K . We may associate the elements of E to K–dimensional column vectors whose elements are in A, the collection of which are invariant under the map p, E = {ξ = (ξ_1, ..., ξ_K); ξ_j ∈ A, pξ = ξ}. For simplicity, we shall use the term finite projective to mean projective of finite type.

The noncommutative variant of the theory of vector bundles may be constructed by using the Serre and Swan theorem [46, 28] which states that for a compact finite dimensional manifold M, a C^∞ (M)–module E is isomorphic to a module Γ (E, M) of smooth sections of a bundle E → M, if and only if it is finite projective. If E is a complex vector bundle over a compact manifold M of dimension n, there exists a finite cover {U_i, i = 1, ..., n} of M such that E_{|Ui} is trivial. Thus, the integer K which determines the rank of the free bundle from which to project onto sections of the bundle is determined by the equality N = mn where m is the rank of the bundle (i. e. of the fiber) and n is the dimension of M.

3.2 The commutative nonlinear connection geometry

Let us remember the definition and the main results on nonlinear connections in commutative vector bundles as in Ref. [36].

3.2.1 Vector bundles, Riemannian spaces and nonlinear connections

We consider a vector bundle ξ = (E, μ, M) whose fibre is IR^m and μ^T : T E → T M denotes the differential of the map μ : E → M. The map μ^T is a fibre–preserving morphism of the tangent bundle (T E, τ_E, E) to E and of tangent bundle (T M, τ, M) to M. The kernel of the morphism μ^T is a vector subbundle of the vector bundle (T E, τ_E, E) . This kernel is denoted (V E, τ_V , E) and called the vertical subbundle over E. We denote by i : V E → T E the inclusion mapping and the local coordinates of a point u ∈ E by u^α = (x^i, y^a) , where indices i, j, k, ... = 1, 2, ..., n and a, b, c, ... = 1, 2, ..., m. A vector X_u ∈ T E, tangent in the point u ∈ E, is locally represented ( x, y, X, ~X ) = (x^i, y^a, X^i, X^a) , where (X^i) ∈IR^n and (X^a) ∈IR^m are defined by the equality X_u = X^i∂_i +X^a∂_a [∂_α = (∂_i, ∂_a) are usual partial derivatives on respective coordinates x^i and y^a]. For instance, μ^T ( x, y, X, ~X ) = (x, X) and the submanifold V E contains elements

of type ( x, y, 0, ~X ) and the local fibers of the vertical subbundle are isomorphic to IR^m.

Having μ^T (∂_a) = 0, one comes out that ∂_a is a local basis of the vertical distribution u → V_uE on E, which is an integrable distribution.

A nonlinear connection (in brief, N–connection) in the vector bundle ξ = (E, μ, M) is the splitting on the left of the exact sequence 0 → V E → T E/V E → 0, i. e. a morphism of vector bundles N : T E → V E such that C ∘ i is the identity on V E. The kernel of the morphism N is a vector subbundle of (T E, τ_E , E) , it is called the horizontal subbundle and denoted by (HE, τ_H , E) . Every vector bundle (T E, τ_E, E) provided with a N–connection structure is Whitney sum of the vertical and horizontal subbundles, i. e. T E = HE ⊕ V E. (1) It is proven that for every vector bundle ξ = (E, μ, M) over a compact manifold M there exists a nonlinear connection [36].

Locally a N–connection N is parametrized by a set of coefficients N^a_i (u^α) = N^a_i (x^j , y^b) which transforms as N^{a′}_i′ ∂x^{i′} ∂x^i = M^{a′}_a N^a_i − ∂M^{a′}_a ∂x^i y^a under coordinate transforms on the vector bundle ξ = (E, μ, M) , x^{i′} = x^{i′} ( x^i ) and y^{a′} = M^{a′}_a (x)y^a.

If a N–connection structure is defined on ξ, the operators of local partial derivatives ∂_α = (∂_i, ∂_a) and differentials d^α = du^α = (d^i = dx^i, d^a = dy^a) should be elongated as to adapt the local basis (and dual basis) structure to the Whitney decomposition of the vector bundle into vertical and horizontal subbundles, (1):

∂_α = (∂_i, ∂_a) → δ_α = ( δ_i = ∂_i − N^b_i ∂_b, ∂_a ) , (2) d^α = ( d^i, d^a ) → δ^α = ( d^i, δ^a = d^a + N^b_i d^i ) . (3)

The transforms can be considered as some particular case of frame (vielbein) transforms of type

∂_α → δ_α = e^β_α∂_β and d^α → δ^α = (e^{−1})^α_β δ^β, e^β_α(e^{−1})^γ_β = δ^γ_α, when the ”tetradic” coefficients δ^β_α are induced by using the Kronecker symbols δ^b_a, δ^i_j and N^b_i .

The bases δ_α and δ^α satisfy in general some anholonomy conditions, for instance,

δ_αδ_β − δ_βδ_α = W^γ_{αβ} δ_γ, (4)

where W^γ_{αβ} are called the anholonomy coefficients.

Tensor fields on a vector bundle ξ = (E, μ, M) provided with N–connection structure N, we shall write ξ_N , may be decomposed with in N–adapted form with respect to the bases δ_α and δ^α, and their tensor products. For instance, for a tensor of rang (1,1) T = {T^β_α = ( T^j_i , T^a_i , T^j_b , T^b_a ) } we have

T = T^β_α δ^α ⊗ δ_β = T^j_i d^i ⊗ δ_i + T^a_i d^i ⊗ ∂_a + T^j_b δ^b ⊗ δ_j + T^b_a δ^a ⊗ ∂_b. (5)

Every N–connection with coefficients N^b_i automatically generates a linear connection on ξ as Γ^{(N )γ}_{αβ} = {N^a_{bi} = ∂N^a_i (x, y)/∂y^b} which defines a covariant derivative D^{(N )}α A^β = δ_αA^β + Γ^{(N )β}αγ A^γ .

Another important characteristic of a N–connection is its curvature Ω = {Ω^a_{ij} } with the coefficients

Ω^a_{ij} = δ_j N^a_i − δ_iN^a_j = ∂_j N^a_i − ∂_iN^a_j + N^b_i N^a_{bj} − N^b_j N^a_{bi}.

In general, on a vector bundle we consider arbitrary linear connection and, for instance, metric structure adapted to the N–connection decomposition into vertical and horizontal subbundles (one says that such objects are distinguished by the N– connection, in brief, d–objects, like the d-tensor (5), d–connection, d–metric:

• the coefficients of linear d–connections Γ = {Γ^β_{αγ} = ( L^i_{jk}, L^a_{bk} , C^i_{jc}, C^b_{ac} ) } are defined for an arbitrary covariant derivative D on ξ being adapted to the N– connection structure as D_{δα} (δ_β) = Γ^γ_{βα}δ_γ with the coefficients being invariant under horizontal and vertical decomposition

D_{δi} (δ_j) = L^k_{ji}δ_k, D_{δi} (∂_a) = L^b_{ai}∂_b, D_{∂c} (δ_j ) = C^k_{jc}δ_k, D_{∂c} (∂_a) = C^b_{ac}∂_b.

• the d–metric structure G = g_{αβ} δ^a ⊗ δ^b which has the invariant decomposition as g_{αβ} = (g_{ij} , g_{ab}) following from G = g_{ij} (x, y)d^i ⊗ d^j + g_{ab}(x, y)δ^a ⊗ δ^b. (6) We may impose the condition that a d–metric and a d–connection are compatible, i. e. there are satisfied the conditions

D_γ g_{αβ} = 0. (7)

With respect to the anholonomic frames (2) and (3), there is a linear connection, called the canonical distinguished linear connection, which is similar to the metric connection introduced by the Christoffel symbols in the case of holonomic bases, i.

e. being constructed only from the metric components and satisfying the metricity conditions (7). It is parametrized by the coefficients, Γ^α_{βγ} = ( L^i_{jk} , L^a_{bk}, C^i_{jc}, C^a_{bc} ) with the coefficients

L^i_{jk} = 1 2 g^{in} (δ_kg_{nj} + δ_j g_{nk} − δ_ng_{jk} ) , (8)

L^a_{bk} = ∂_bN^a_k + 1 2 h^{ac} ( δ_kh_{bc} − h_{dc}∂_bN^d_k − h_{db}∂_cN^d_k ) , C^i_{jc} = 1 2 g^{ik} ∂_cg_{jk} , C^a_{bc} = 1 2 h^{ad} (∂_ch_{db} + ∂_bh_{dc} − ∂_dh_{bc}) . We note that on Riemannian spaces the N–connection is an object completely defined by anholonomic frames, when the coefficients of frame transforms, e^β_α (u^γ ) , are parametrized explicitly via certain values ( N^a_i , δ^j_i , δ^a_b ) , where δ^j_i and δ^a_b are the Kronecker symbols. By straightforward calculations we can compute that the coefficients of the Levi–Civita metric connection

Γ^▽_{αβγ} = g (δ_α, ▽_γδ_β) = g_{ατ} Γ^{▽τ}_{βγ} ,

associated to a covariant derivative operator ▽, satisfying the metricity condition ▽_γ g_{αβ} = 0 for g_{αβ} = (g_{ij} , h_{ab}) ,

Γ^▽_{αβγ} = 1 2 [ δ_βg_{αγ} + δ_γg_{βα} − δ_αg_{γβ} + g_{ατ} W^τ_{γβ} + g_{βτ} W^τ_{αγ} − g_{γτ} W^τ_{βα} ] , (9)

are given with respect to the anholonomic basis (3) by the coefficients

Γ^{▽τ}_{βγ} = ( L^i_{jk}, L^a_{bk} , C^i_{jc} + 1 2 g^{ik}Ω^a_{jk} h_{ca}, C^a_{bc} ) . (10)

A specific property of off–diagonal metrics is that they can define different classes of linear connections which satisfy the metricity conditions for a given metric, or inversely, there is a certain class of metrics which satisfy the metricity conditions for a given linear connection. This result was originally obtained by A. Kawaguchi [24] (Details can be found in Ref. [36], see Theorems 5.4 and 5.5 in Chapter III, formulated for vector bundles; here we note that similar proofs hold also on manifolds enabled with anholonomic frames associated to a N–connection structure).

With respect to anholonomic frames, we can not distinguish the Levi–Civita connection as the unique both metric and torsionless one. For instance, both linear connections (8) and (10) contain anholonomically induced torsion coefficients, are compatible with the same metric and transform into the usual Levi–Civita coefficients for vanishing N–connection and ”pure” holonomic coordinates. This means that to an off–diagonal metric in general relativity one may be associated different covariant differential calculi, all being compatible with the same metric structure (like in the non–commutative geometry, which is not a surprising fact because the anolonomic frames satisfy by definition some non–commutative relations (4)). In such cases we have to select a particular type of connection following some physical or geometrical arguments, or to impose some conditions when there is a single compatible linear connection constructed only from the metric and N–coefficients. We note that if Ω^a_{jk} = 0 the connections (8) and (10) coincide, i. e. Γ^α_{βγ} = Γ^{▽α}_{βγ} .

3.2.2 D–torsions and d–curvatures:

The anholonomic coefficients W^γ_{αβ} and N–elongated derivatives give nontrivial coefficients for the torsion tensor, T (δ_γ, δ_β) = T^α_{βγ} δ_α, where

T^α_{βγ} = Γ^α_{βγ} − Γ^α_{γβ} + w^α_{βγ} , (11)

and for the curvature tensor, R(δ_τ , δ_γ )δ_β = R^α_{β γτ} δ_α, where

R^α_{β γτ} = δ_τ Γ^α_{βγ} − δ_γΓ^α_{βτ} +Γ^φ_{βγ} Γ^α_{φτ} − Γ^φ_{βτ} Γ^α_{φγ} + Γ^α_{βφ}w^φ_{γτ} . (12)

We emphasize that the torsion tensor on (pseudo) Riemannian spacetimes is induced by anholonomic frames, whereas its components vanish with respect to holonomic frames. All tensors are distinguished (d) by the N–connection structure into irreducible (horizontal–vertical) h–v–components, and are called d–tensors. For instance, the torsion, d–tensor has the following irreducible, nonvanishing, h–v–components, T^α_{βγ} = {T^i_{jk} , C^i_{ja}, S^a_{bc}, T^a_{ij} , T^a_{bi}}, where T^i_{.jk} = T^i_{jk} = L^i_{jk} − L^i_{kj} , T^i_{ja} = C^i_{.ja}, T^i_{aj} = −C^i_{ja}, T^i_{.ja} = 0, T^a_{.bc} = S^a_{.bc} = C^a_{bc} − C^a_{cb}, (13) T^a_{.ij} = −Ω^a_{ij} , T^a_{.bi} = ∂_bN^a_i − L^a_{.bi}, T^a_{.ib} = −T^a_{.bi} (the d–torsion is computed by substituting the h–v–components of the canonical d– connection (8) and anholonomy coefficients(4) into the formula for the torsion coefficients (11)).

The curvature d-tensor has the following irreducible, non-vanishing, h–v–compon- ents R^α_{β γτ} = {R^{.i}_{h.jk} , R^{.a}_{b.jk}, P^{.i}_{j.ka}, P^{.c}_{b.ka}, S^{.i}_{j.bc}, S^{.a}_{b.cd}}, where R^{.i}_{h.jk} = δ_kL^i_{.hj} − δ_j L^i_{.hk} + L^m_{.hj} L^i_{mk} − L^m_{.hk}L^i_{mj} − C^i_{.ha}Ω^a_{.jk}, (14) R^{.a}_{b.jk} = δ_kL^a_{.bj} − δ_jL^a_{.bk} + L^c_{.bj} L^a_{.ck} − L^c_{.bk}L^a_{.cj} − C^a_{.bc}Ω^c_{.jk}, P^{.i}_{j.ka} = ∂_aL^i_{.jk} + C^i_{.jb}T^b_{.ka} − (δ_kC^i_{.ja} + L^i_{.lk}C^l_{.ja} − L^l_{.jk} C^i_{.la} − L^c_{.ak}C^i_{.jc}), P^{.c}_{b.ka} = ∂_aL^c_{.bk} + C^c_{.bd}T^d_{.ka} − (δ_kC^c_{.ba} + L^c_{.dk} C^d_{.ba} − L^d_{.bk} C^c_{.da} − L^d_{.ak}C^c_{.bd}), S^{.i}_{j.bc} = ∂_cC^i_{.jb} − ∂_bC^i_{.jc} + C^h_{.jb}C^i_{.hc} − C^h_{.jc}C^i_{hb}, S^{.a}_{b.cd} = ∂_dC^a_{.bc} − ∂_cC^a_{.bd} + C^e_{.bc}C^a_{.ed} − C^e_{.bd}C^a_{.ec} (the d–curvature components are computed in a similar fashion by using the formula for curvature coefficients (12)).

3.2.3 Einstein equations in d–variables In this subsection we write and analyze the Einstein equations on spaces provided with anholonomic frame structures and associated N–connections.

The Ricci tensor R_{βγ} = R^α_{β γα} has the d–components R_{ij} = R^{.k}_{i.jk} , R_{ia} = −^2P_{ia} = −P^{.k}_{i.ka}, (15) R_{ai} =^1P_{ai} = P^{.b}_{a.ib}, R_{ab} = S^{.c}_{a.bc}.

In general, since^1P_{ai} ≠^2P_{ia}, the Ricci d-tensor is non-symmetric (this could be with respect to anholonomic frames of reference). The scalar curvature of the metric d–connection, ←− R = g^{βγ} R_{βγ} , is computed ←−R = G_{αβ}R_{αβ} = ^R + S, (16) where ^R = g^{ij} R_{ij} and S = h^{ab}S_{ab}.

By substituting (15) and (16) into the Einstein equations R_{αβ} − 1 2 g_{αβ}R = κΥ_{αβ} , (17)

where κ and Υ_{αβ} are respectively the coupling constant and the energy–momentum tensor we obtain the h-v-decomposition by N–connection of the Einstein equations R_{ij} − 1 2 ( ^R + S ) g_{ij} = κΥ_{ij} , (18) S_{ab} − 1 2 ( ^R + S ) h_{ab} = κΥ_{ab}, 1P_{ai} = κΥ_{ai},^2P_{ia} = κΥ_{ia}.

The definition of matter sources with respect to anholonomic frames is considered in Refs. [49, 54, 36].

The vacuum 5D, locally anisotropic gravitational field equations, in invariant h– v–components, are written

R_{ij} = 0, S_{ab} = 0, (19) 1P_{ai} = 0,^2P_{ia} = 0.

We emphasize that vector bundles and even the (pseudo) Riemannian space-times admit non–trivial torsion components, if off–diagonal metrics and anholomomic frames are introduced into consideration. This is a ”pure” anholonomic frame effect: the torsion vanishes for the Levi–Civita connection stated with respect to a coordinate frame, but even this metric connection contains some torsion coefficients if it is defined with respect to anholonomic frames (this follows from the W –terms in (9)). For (pseudo) Riemannian spaces we conclude that the Einstein theory transforms into an effective Einstein–Cartan theory with anholonomically induced torsion if the general relativity is formulated with respect to general frame bases (both holonomic and anholonomic).

The N–connection geometry can be similarly formulated for a tangent bundle T M of a manifold M (which is used in Finsler and Lagrange geometry [36]), on cotangent bundle T^∗M and higher order bundles (higher order Lagrange and Hamilton geometry [35]) as well in the geometry of locally anisotropic superspaces [51], superstrings [53], anisotropic spinor [49] and gauge [61] theories or even on (pseudo) Riemannian spaces provided with anholonomic frame structures [62].

3.3 Nonlinear connections in projective modules

The nonlinear connection (N–connection) for noncommutative spaces can be defined similarly to commutative spaces by considering instead of usual vector bundles theirs noncommutative analogs defined as finite projective modules over noncommutative algebras. The explicit constructions depend on the type of differential calculus we use for definition of tangent structures and theirs maps.

In general, there can be several differential calculi over a given algebra A (for a more detailed discussion within the context of noncommutative geometry see Refs. [8, 31, 15]; a recent approach is connected with Lie superalgebra structures on the space of multiderivations [18]). For simplicity, in this work we fix a differential calculus on A, which means that we choose a (graded) algebra Ω^∗(A) = ∪_pΩ^p(A) which gives a differential structure to A. The elements of Ω^p(A) are called p–forms. There is a linear map d which takes p–forms into (p + 1)–forms and which satisfies a graded Leibniz rule as well the condition d^2 = 0. By definition Ω^0(A) = A.

The differential df of a real or complex variable on a vector bundle ξ_N df = δ_if dx^i + ∂_af δy^a, δ_if = ∂_if − N^a_i ∂_af , δy^a = dy^a + N^a_i dx^i in the noncommutative case is replaced by a distinguished commutator (d–commutator) df = [F, f] = [ F^{[h]}, f ] + [ F^{[v]}, f ] where the operator F^{[h]} (F^{[v]}) is acting on the horizontal (vertical) projective submodule being defined by some fixed differential calculus Ω^∗(A^{[h]}) (Ω^∗(A^{[v]})) on the so–called horizontal (vertical) A^{[h]} (A^{[v]}) algebras.

Let us consider instead of a vector bundle ξ an A–module E being projective and of finite type. For a fixed differential calculus on E we define the tangent structures T E and T M. A nonlinear connection N in an A–module E is defined by an exact sequence of finite projective A–moduli 0 → V E → T E/V E → 0, where all subspaces are constructed as in the commutative case with that difference that the vector bundle objects are substituted by theirs projective modules equivalents. A projective module provided with N–connection structures will be denoted as E_N . All objects on a E_N have a distinguished invariant character with respect to the horizontal and vertical subspaces.

To understand how the N–connection structure may be taken into account on noncommutative spaces we analyze in the next subsection an example.

3.4 Commutative and noncommutative gauge d–fields

Let us consider a vector bundle ξ_N and a another vector bundle β = (B, π, ξ_N ) with π : B → ξ_N with a typical k-dimensional vector fiber. In local coordinates a linear connection (a gauge field) in β is given by a collection of differential operators

▽_α = D_α + B_α(u),

acting on T ξ_N where

D_α = δ_α ± Γ^·_α with D_i = δ_i ± Γ^·_i and D_a = ∂_a ± Γ^·_a is a d–connection in ξ_N (α = 1, 2, ..., n+m), with δ_α N–elongated as in (2), u = (x, y) ∈ ξ_N and B_α are k × k–matrix valued functions. For every vector field

X = X^α(u)δ_α = X^i(u)δ_i + X^a(u)∂_a ∈ T ξ_N

we can consider the operator

X^α(u) ▽_α (f · s) = f · ▽_X s + δ_X f · s (20)

for any section s ∈ B and function f ∈ C^∞(ξ_N ), where

δ_X f = X^αδ_α and ▽_{f X} = f ▽_X .

In the simplest definition we assume that there is a Lie algebra GLB that acts on associative algebra B by means of infinitesimal automorphisms (derivations). This means that we have linear operators δ_X : B → B which linearly depend on X and satisfy

δ_X (a · b) = (δ_X a) · b + a · (δ_X b)

for any a, b ∈ B. The mapping X → δ_X is a Lie algebra homomorphism, i. e. δ_{[X,Y ]} = [δ_X , δ_Y ].

Now we consider respectively instead of vector bundles ξ and β the finite projective A–module E_N , provided with N–connection structure, and the finite projective B– module E_β.

A d–connection ▽_X on E_β is by definition a set of linear d–operators, adapted to the N–connection structure, depending linearly on X and satisfying the Leibniz rule

▽_X (b · e) = b · ▽_X (e) + δ_X b · e (21)

for any e ∈ E_β and b ∈ B. The rule (21) is a noncommutative generalization of (20). We emphasize that both operators ▽_X and δ_X are distinguished by the N–connection structure and that the difference of two such linear d–operators, ▽_X − ▽^′_X commutes with action of B on E_β , which is an endomorphism of E_β . Hence, if we fix some fiducial connection ▽^′_X (for instance, ▽^′_X = D_X ) on E_β an arbitrary connection has the form

▽_X = D_X + B_X ,

where B_X ∈ End_B E_β depend linearly on X.

The curvature of connection ▽_X is a two–form F_{XY} which values linear operator in B and measures a deviation of mapping X → ▽_X from being a Lie algebra homomorphism, F_{XY} = [▽_X, ▽_Y ] − ▽_{[X,Y ]}. The usual curvature d–tensor is defined as F_{αβ} = [▽_α, ▽_β] − ▽_{[α,β]}.

The simplest connection on a finite projective B–module E_β is to be specified by a projector P : B^k ⊗ B^k when the d–operator δ_X acts naturally on the free module B^k. The operator ▽^{LC}_X = P · δ_X · P is called the Levi–Civita operator and satisfy the condition T r[▽^{LC}_X , ϕ] = 0 for any endomorphism ϕ ∈ End_B E_β . From this identity, and from the fact that any two connections differ by an endomorphism that T r[▽_X, ϕ] = 0 for an arbitrary connection ▽_X and an arbitrary endomorphism ϕ, that instead of ▽^{LC}_X we may consider equivalently the canonical d–connection, constructed only from d-metric and N–connection coefficients.

4 Distinguished Spectral Triples

In this section we develop the basic ingredients introduced by A. Connes [8] to define the analogue of differential calculus for noncommutative distinguished algebras. The N–connection structures distinguish a commutative or a noncommutative spaces into horizontal and vertical subspaces. The geometric objects possess a distinguished invariant character with respect to a such splitting. The basic idea in definition of spectral triples generating locally anisotropic spaces (Rimannian spaces with anholonomic structure, or, for more general constructions, Finsler and Lagrange spaces) is to consider pairs of noncommutative algebras A_{[d]} = (A_{[h]}, A_{[v]}), given by respective pairs of elements a = ( a_{[h]}, a_{[v]} ) ∈ A_{[d]}, called also distinguished algebras (in brief, d–algebras), together with d-operators D_{[d]} = (D_{[h]}, D_{[v]}) on a Hilbert space H (for simplicity we shall consider one Hilbert space, but a more general construction can be provided for Hilbert d-spaces, H_{[d]} = ( H_{[h]}, H_{[v]} ) . The formula of Wodzicki–Adler–Manin–Guillemin residue (see, for instance, [28]) may be writen for vector bundles provided with N–connection structure. It is necessary to introduce the N–elongated differentials (2) in definition of the measure: Let Q be a pseudo–differential poprator of order −n acting on sections of a complex vector bundle E → M over an n–dimensional compact Riemannian manifold M. The residue ResQ of Q is defined by the formula ResQ =: 1 n (2π)^n ∫ S^∗M tr_E σ_{−n}(Q)δμ, where σ_{−n}(Q) is the principal symbol (a matrix–valued function on T^∗M which is homogeneous of degree −n in the fiber coordinates), the integral is taken over the unit co–sphere S^∗M = {(x, y) ∈ T^∗M : ||y|| = 1} ⊂ T^∗M, the tr_E is the matrix trace over ”internal indices” and the measures δμ = dx^iδy^a.

A spectral d–triple [ A_{[d]}, H, D_{[d]} ] is given by an involutive d–algebra of d–operators D^{[d]} consisting from pairs of bounded operators D_{[h]} and D_{[v]} on the Hilbert space H, together with the self–adjoint operation D_{[d]} = D^∗_{[d]} for respective h- and v–components on H being satisfied the properties:

1. The resolvents (D_{[h]} − λ_{[h]})^{−1} and (D_{[v]} − λ_{[v]})^{−1}, λ_{[h]}, λ_{[v]} ∈ IR, are compact operators on H;

2. The commutators [ D_{[h,]}, a_{[h]} ] ≑ D_{[h]}a_{[h]} − a_{[h]}D_{[h]} ∈ B(H) and [ D_{[v,]}, a_{[v]} ] ≑ D_{[v]}a_{[v]} − a_{[v]}D_{[v]} ∈ B(H) for any a ∈ A_{[d]}, where by B(H) we denote the algebra of bounded operators on H.

The h(v)–component of a d–triple is said to be even if there is a IZ_2–grading for H, i. e. an operator Υ on H such that

Υ = Υ^∗, Υ^2 = 1, ΥD_{[h(v)]} − D_{[h(v)]}Υ = 0, Υa − aΥ = 0

for every a ∈ A_{[d]}. If such a grading does not exist, the h(v)–component of a d–triple is said to be odd.

4.1 Canonical triples over vector bundles

The basic examples of spectral triples in connections with noncommutative field theory and geometry models were constructed by means of the Dirac operator on a closed n–dimensional Riemannian spin manifold (M, g) [8, 11]. In order to generate by using functional methods some anisotropic geometries, it is necessary to generalize the approach to vector and covector bundles provided with compatible N–connection, d– connection and metric structures. The theory of spinors on locally anisotropic spaces was developed in Refs. [49, 62]. This section is devoted to the spectral d–triples defined by the Dirac operators on closed regions of (n + m)–dimensional spin–vector manifolds. We note that if we deal with off–diagonal metrics and/or anholonomic frames there is an infinite number of d–connections which are compatible with d–metric and N–connection structures, see discussion and details in Ref. [56]. For simplicity, we restrict our consideration only to the Euclidean signature of metrics of type (6) (on attempts to define triples with Minkowskian signatures see, for instance, Refs. [16]).

For a spectral d–triple [ A_{[d]}, H, D_{[d]} ] associated to a vector bundle ξ_N one takes the components:

1. A_{[d]} = F(ξ_N ) is the algebra of complex valued functions on ξ_N .

2. H = L^2(ξ_N , S) is the Hilbert space of square integrable sections of the irreducible d–spinor bundle (of rank 2^{(n+m)/2} over ξ_N [49, 62]. The scalar product in L^2(ξ_N , S) is the defined by the measure associated to the d–metric (6), (ψ, ϕ) = ∫ δμ(g)ψ(u)ϕ(u) were the bar indicates to the complex conjugation and the scalar product in d–spinor space is the natural one in IC^{2[n/2]} ⊕ IC^{2[m/2]}.

3. D is a Dirac d–operator associated to one of the d–metric compatible d–connection, for instance, with the Levi–Civita connection, canonical d–connection or another one, denoted with a general symbol Γ = Γ_μδu^μ.

We note that the elements of the algebra A_{[d]} acts as multiplicative operators on H, (aψ)(u) =: f(u)ψ(u), for every a ∈ A_{[d]}, ψ ∈ H.

4.1.1 Distinguished spinor structures

Let us analyze the connection between d–spinor structures and spectral d–triples over a vector bundle ξ_N . One consider a (n+m)–bein (frame) decomposition of the d–metric g_{αβ} (6) (and its inverse g^{αβ}), g^{αβ} (u) = e^α(u)e^β(u)η^{αβ} , η_{αβ} = e^α(u)e^β(u)g_{αβ} , η_{αβ} it the diagonal Euclidean (n + m)–metric, which is adapted to the N–connection structure because the coefficients g_{αβ} are defined with respect to the dual N–distinguished basis (3). We can define compatible with this decomposition d–connections Γ^α_{βμ} (for instance, the Levi–Civita connection, which with respect to anholonomic frames contains torsions components, or the canonical d–connection), defined by

D_μe_β = Γ^α_{βμ}e_α,

as the solution of the equations

δ_μe^ν_v − δ_ν e^ν_μ = Γ^ν_{βμ}e^βv − Γ^ν_{βν} e^βμ.

We define by C (ξ_N ) the Clifford bundle over ξ_N with the fiber at u ∈ ξ_N being just the complexified Clifford d–algebra CliffIC (T^∗_u ξ_N ) , T^∗_u ξ_N being dual to T_uξ_N , and Γ[ξ_N , C (ξ_N )] is the module of corresponding sections. By defining the maps

γ (δ^α) = ( γ ( d^i ) , γ (δ^a) ) ≑ γ^α(u) = γ^αe^α(u) = ( γ^αe^i_α(u), γ^αe^a_α(u) ) , extended as an algebra map by A_{[d]}–linearity, we construct an algebra morphism

γ : Γ (ξ_N , C (ξ_N )) → B(H). (22)

The indices of the ”curved” γ^α(u) and ”flat” γ^α gamma matrices can be lowered by using respectively the d-metric components g_{αβ} (u) and η_{αβ} , i. e. γ_β (u) =γ^α(u) g_{αβ} (u) and γ_β = γ^αη_{αβ} . We take the gamma matrices to be Hermitian and to obey the relations,

γ_αγ_β + γ_β γ_α = −2g_{αβ} (γ_iγ_j + γ_j γ_i = −2g_{ij} , γ_aγ_b + γ_bγ_a = −2g_{ab}) , γ_αγ_β + γ_β γ_α = −2η_{αβ} .

Every d–connection Γ^ν_{βμ} can be shifted as a d–covariant operator ▽^{[S]}_μ = ( ▽^{[S]}_i , ▽^{[S]}_a ) on the bundle of d–spinors,

▽^{[S]}_μ = δ_μ + 1 2 Γ_{αβμ}γ^αγ^β , Γ^{[S]}_μ = 1 2 Γ_{αβμ}γ^αγ^β , which defines the Dirac d–operator

[d]D =: γ ∘ ▽^{[S]}_μ = γ^α(u) ( δ_μ + Γ^{[S]}_μ ) = γ^αe^μ_α ( δ_μ + Γ^{[S]}_μ ) . (23)

Such formulas were introduced in Refs. [49] for distinguished spinor bundles (of first and higher order). In this paper we revise them in connection to spectral d–triples and noncommutative geometry. On such spaces one also holds a variant of Lichnerowicz formula [4] for the square of the Dirac d–operator

[d]D^2 = ▽^{[S]} + 1 4 ←−R , (24)

where the formulas for the scalar curvature ←−R is given in (16) and ▽^{[S]} = −g^{μν} ( ▽^{[S]}_μ ▽^{[S]}_v −Γ^ρ_{μν} ▽^{[S]}_ρ ) . In a similar manner as in Ref. [28] but reconsidering all computations on a vector bundle ξ_N we can prove that for every d–triple [ A_{[d]}, H, D_{[d]} ] one holds the properties:

1. The vector bundle ξ_N is the structure space of the algebra A_{[d]} of continuous functions on ξ_N (the bar here points to the norm closure of A_{[d]}).

2. The geodesic distance ρ between two points p_1, p_2 ∈ ξ_N is defined by using the Dirac d–operator,

ρ (p_1, p_2) = sup_{f ∈} { |f(p) − f(q)| : ||[D_{[d]}, f]|| ≤ 1 } .

3. The Dirac d–operator also defines the Riemannian measure on ξ_N , ∫ ξ_N f = c (n + m) tr_Γ ( f|D_{[d]}|^{−(n+m)} )

for every f ∈ A_{[d]} and c (n + m) = 2^{[n+m−(n+m)/2−1]} π^{(n+m)/2}(n + m)Γ (_{n+m} 2 ) , Γ being the gamma function.

The spectral d–triple formalism has the same properties as the usual one with that difference that we are working on spaces provided with N–connection structures and the bulk of constructions and objects are distinguished by this structure.

4.1.2 Noncommutative differential forms

To construct a differential algebra of forms out a spectral d–triple [ A_{[d]}, H, D_{[d]} ] one follows universal graded differential d–algebras defined as couples of universal ones, respectively associated to the h– and v–components of some splitting to subspaces defined by N–connection structures. Let A_{[d]} be an associative d–algebra (for simplicity, with unit) over the field of complex numbers IC. The universal d–algebra of differential forms ΩA_{[d]} = ⊕_pΩ^pA_{[d]} is introduced as a graded d–algebra when Ω^0A_{[d]} = A_{[d]} and the space Ω^1A_{[d]} of one–forms is generated as a left A_{[d]}–module by symbols of degree δa, a ∈ A_{[d]} satisfying the properties δ(ab) = (δa)b + aδb and δ(αa + βb) = α(δa) + βδb from which follows δ1 = 0 which in turn implies δIC = 0. These relations state the Leibniz rule for the map

δ : A_{[d]} → Ω^1A_{[d]}

An element ϖ ∈ Ω^1A_{[d]} is expressed as a finite sum of the form ϖ = ∑ i a_ib_i

for a_i, b_i ∈ A_{[d]}. The left A_{[d]}–module Ω^1A_{[d]} can be also endowed with a structure of right A_{[d]}–module if the elements are imposed to satisfy the conditions ( ∑ i a_iδb_i ) c =: ∑ i a_i(δb_i)c = ∑ i a_iδ(b_ic) − ∑ i a_ib_iδc.

Given a spectral d–triple [ A_{[d]}, H, D_{[d]} ] , one constructs and exterior d–algebra of forms by means of a suitable representation of the universal algebra ΩA_{[d]} in the d– algebra of bounded operators on H by considering the map π : ΩA_{[d]} → B(H), π (a_0δa_1...δa_p) = : a_0 [D, a_1] ... [D, a_p]

which is a homomorphism since both δ and [D, .] are distinguished derivations on A_{[d]}. More than that, since [D, a]^∗ = − [D, a^∗] , we have π (ϖ)^∗ = π (ϖ^∗) for any d–form ϖ ∈ ΩA_{[d]} and π being a ∗–homomorphism.

Let J_0 =: ⊕_pJ^p_0 be the graded two–sided ideal of ΩA_{[d]} given by J^p_0 =: {π (ϖ) = 0} when J = J_0 + δJ_0 is a graded differential two–sided ideal of ΩA_{[d]}. At the next step we can define the graded differential algebra of Connes’ forms over the d–algebra A_{[d]} as Ω_DA_{[d]} =: ΩA_{[d]}/J ≃ π ( ΩA_{[d]} ) /π (δJ_0) . It is naturally graded by the degrees of ΩA_{[d]} and J with the space of p–forms being given by Ω^p_DA_{[d]} = Ω^pA_{[d]}/J^p. Being J a differential ideal, the exterior differential δ defines a differential on Ω_D A_{[d]},

δ : Ω^p_DA_{[d]} → Ω^{p+1}_D A_{[d]}, δ[ϖ] =: [δϖ]

with ϖ ∈ Ω^p_DA_{[d]} and [ϖ] being the corresponding class in Ω^p_DA_{[d]}.

We conclude that the theory of distinguished d–forms generated by d–algebras, as well of the graded differential d–algebra of Connes’ forms, is constructed in a usual form (see Refs. [8, 28]) but for two subspaces (the horizontal and vertical ones) defined by a N–connection structure.

4.1.3 The exterior d–algebra

The differential d–form formalism when applied to the canonical d–triple [ A_{[d]}, H, D_{[d]} ] over an ordinary vector bundle ξ_N provided with N–connection structure reproduce the usual exterior d–aplgebra over this vector bundle. Consider our d–triple on a closed (n + m)–dimensional Riemannian spin^c manifold as described in subsection 4.1.1 when A_{[d]} = F(ξ_N ) is the algebra of smooth complex valued functions on ξ_N and H = L^2(ξ_N , S) is the Hilbert space of square integrable sections of the irreducible d–spinor bundle (of rank 2^{(n+m)/2} over ξ_N . We can identify

π (δf) =: [_{[d]}D, f] = γ^μ(u)δ_μf = γ (δ_{ξN} f) (25)

for every f ∈ A_{[d]}, see the formula for the Dirac d–operator (23), where γ is the d– algebra morphism (22) and δ_{ξN} denotes the usual exterior derivative on ξ_N . In a more general case, with f_{[i]} ∈ A_{[d]}, [i] = [1], ..., [p], we can write π ( f_{[0]}δf_{[1]}...δf_{[p]} ) =: f_{[0]}[_{[d]}D, f_{[1]}]...[_{[d]}D, f_{[p]}] = γ ( f_{[0]}δ_{ξN} f_{[1]} · ... · δ_{ξN} f_{[p]} ) , (26)

where the d–differentials δ_{ξN} f_{[1]} are regarded as sections of the Clifford d–bundle C_1(ξ_N ), while f_{[i]} can be thought of as sections of C_0(ξ_N ) and the dot · the Clifford product in the fibers of C(ξ_N ) = ⊕_k C_k(ξ_N ), see details in Refs. [49, 62].

A generic differential 1–form on ξ_N can be written as ∑ [i] f^{[i]}_0 δ_{ξN} f^{[i]}_1 with f^{[i]}_0 , f^{[i]}_1 ∈ A_{[d]}. Following the definitions (25) and (26), we can identify the distinguished Connes’ 1–forms Ω^p_DA_{[d]} with the usual distinguished differential 1–forms, i. e.

Ω^p_DA_{[d]} ≃ Λ^p (ξ_N ) .

For each u ∈ ξ_N , we can introduce a natural filtration for the Clifford d–algebra, C_u(ξ_N ) = ∪C^{(p)}u , where C^{(p)}u is spanned by products of type χ_{[1]} · χ_{[2]} · ... · χ_{[p}′_], p^′ ≤ p, χ_{[i]} ∈ T^∗_u ξ_N . One defines a natural graded d–algebra, grC_u =: ∑ p gr_pC_u, gr_pC_u = C^{(p)}_u /C^{(p−1)}_u , (27)

for which the natural projection is called the symbol map,

σ_p : C^{(p)}_u → gr_pC_u.

The natural graded d–algebra is canonical isomorphic to the complexified exterior d– algebra ΛIC (T^∗_u ξ_N ) , the isomorphism being defined as

ΛIC (T^∗_u ξ_N ) ∋ χ_{[1]} ∧ χ_{[2]} ∧ ... ∧ χ_{[p]} → σ_p ( χ_{[1]} · χ_{[2]} · ... · χ_{[p]} ) ∈ gr_pC_u. (28) As a consequence of formulas (27) and (28), for a canonical d–triple [ A_{[d]}, H, D_{[d]} ] over the vector bundle ξ_N , one follows the property: a pair of operators Q_1 and Q_2 on H is of the form Q_1 = π(ϖ) and Q_2 = π(δϖ) for some universal form ϖ ∈ Ω^pA_{[d]}, if and only if there are sections ρ_1 of C^{(p)} and ρ_2 of C^{(p+1)} such that

Q_1 = γ (ρ_1) and Q_2 = γ (ρ_2) for which

δ_{ξN} σ_p (ρ_1) = σ_{p+1} (ρ_2) .

The introduced symbol map defines the canonical isomorphism

σ_p : Ω^p_DA_{[d]} ≃ Γ ( Λ^pICT^∗ξ_N ) (29)

which commutes with the differential. With this isomorphism the inner product on Ω^p_DA_{[d]} (the scalar product of forms) is proportional to the Riemannian inner product of distinguished p–forms on ξ_N ,

< ϖ_1, ϖ_2 >_p= (−1)^p 2^{(n+m)/2+1−(n+m)}π^{−(n+m)/2} (n + m)Γ ((n + m)/2) ∫ ξ_N ϖ_1 ∧ ∗ϖ_2 (30)

for every ϖ_1, ϖ_2 ∈ Ω^p_DA_{[d]} ≃ Γ ( Λ^pICT^∗ξ_N ) . The proofs of formulas (29) and (30) are similar to those given in [28] for ξ_N = M.

4.2 Noncommutative Geometry and Anholonomic Gravity

We introduce the concepts of generalized Lagrange and Finsler geometry and outline the conditions when such structures can be modeled on a Riemannian space by using anholnomic frames.

4.2.1 Anisotropic spacetimes

Different classes of commuative anisotropic spacetimes are modeled by correponding parametriztions of some compatible (or even non–compatible) N–connection, d– connection and d–metric structrures on (pseudo) Riemannian spaces, tangent (or cotangent) bundles, vector (or covector) bundles and their higher order generalizations in their usual manifold, supersymmetric, spinor, gauge like or another type approaches (see Refs. [56, 35, 36, 3, 49, 61, 54, 62]). Here we revise the basic definitions and formulas which will be used in further noncommutative embeddings and generalizations.

Anholonomic structures on Riemannian spaces: We can generate an anholonomic (equivalently, anisotropic) structure on a Rieman space of dimension (n + m) space (let us denote this space V^{(n+m)} and call it as a anholonomic Riemannian space) by fixing an anholonomic frame basis and co-basis with associated N–connection N^a_i (x, y), respectively, as (2) and (3) which splits the local coordinates u^α = (x^i, y^a) into two classes: n holonomic coorinates, x^i, and m anholonomic coordinates, y^a. The d–metric (6) on V^{(n+m)}, G^{[R]} = g_{ij} (x, y)dx^i ⊗ dx^j + g_{ab}(x, y)δy^a ⊗ δy^b (31) written with respect to a usual coordinate basis du^α = (dx^i, dy^a) , ds^2 = g_{αβ} (x, y) du^αdu^β is a generic off–diagonal Riemannian metric parametrized as g_{αβ} = [ g_{ij} + N^a_i N^b_j g_{ab} h_{ab}N^a_i h_{ab}N^b_j g_{ab} ] . (32)

Such type of metrics were largely investigated in the Kaluza–Klein gravity [42], but also in the Einstein gravity [56]. An off–diagonal metric (32) can be reduced to a block (n × n) ⊕ (m × m) form (g_{ij} , g_{ab}) , and even effectively diagonalized in result of a superposition of ahnolonomic N–transforms. It can be defined as an exact solution of the Einstein equations. With respect to anholonomic frames, in general, the Levi– Civita connection obtains a torsion component (9). Every class of off–diagonal metrics can be anholonomically equivalent to another ones for which it is not possible to a select the Levi–Civita metric defied as the unique torsionless and metric compatible linear connection. The conclusion is that if anholonomic frames of reference, which authomatically induce the torsion via anholonomy coefficients, are considered on a Riemannian space we have to postulate explicitly what type of linear connection (adapted both to the anholonomic frame and metric structure) is chosen in order to construct a Riemannian geometry and corresponding physical models. For instance, we may postulate the connection (10) or the d–connection (8). Both these connections are metric compatible and transform into the usual Christoffel symbols if the N–connection vanishes, i. e. the local frames became holonomic. But, in general, anholonomic frames and off–diagonal Riemannian metrics are connected with anisotropic configurations which allow, in principle, to model even Finsler like structures in (pseudo) Riemannian spaces [55, 56].

Finsler geometry and its almost Kahlerian model: The modern approaches to Finsler geometry are outlined in Refs. [41, 36, 35, 3, 54, 62]. Here we emphasize that a Finsler metric can be defined on a tangent bundle T M with local coordinates u^α = (x^i, y^a → y^i) of dimension 2n, with a d–metric (6) for which the Finsler metric, i. e. the quadratic form

g^{[F ]}_{ij} = g_{ab} = 1 2 ∂^2F^2 ∂y^i∂y^j is positive definite, is defined in this way: 1) A Finsler metric on a real manifold M is a function F : T M → IR which on ~T M = T M\{0} is of class C^∞ and F is only continuous on the image of the null cross–sections in the tangent bundle to M. 2) F (x, λy) = λF (x, λy) for every IR^∗_+. 3) The restriction of F to ~T M is a positive function. 4) rank [ g^{[F ]}_{ij} (x, y) ] = n. The Finsler metric F (x, y) and the quadratic form g^{[F ]}_{ij} can be used to define the Christoffel symbols (not those from the usual Riemannian geometry) c^ι_{jk}(x, y) = 1 2 g^{ih} (∂_j g_{hk} + ∂_k g_{jh} − ∂_hg_{jk} )

which allows to define the Cartan nonlinear connection as

N^i_j (x, y) = 1 4 ∂ ∂y^j [ c^ι_{lk}(x, y)y^ly^k ] (33) where we may not distinguish the v- and h- indices taking on T M the same values.

In Finsler geometry there were investigated different classes of remarkable Finsler linear connections introduced by Cartan, Berwald, Matsumoto and other ones (see details in Refs. [41, 36, 3]). Here we note that we can introduce g^{[F ]}_{ij} = g_{ab} and N^i_j (x, y) in (6) and construct a d–connection via formulas (8).

A usual Finsler space F^n = (M, F (x, y)) is completely defined by its fundamental tensor g^{[F ]}_{ij} (x, y) and Cartan nonlinear connection N^i_j (x, y) and its chosen d–connection structure. But the N–connection allows us to define an almost complex structure I on T M as follows I (δ_i) = −∂/∂y^i and I ( ∂/∂y^i ) = δ_i for which I^2 = −1.

The pair ( G^{[F ]}, I ) consisting from a Riemannian metric on T M,

G^{[F ]} = g^{[F ]}_{ij} (x, y)dx^i ⊗ dx^j + g^{[F ]}_{ij} (x, y)δy^i ⊗ δy^j (34)

and the almost complex structure I defines an almost Hermitian structure on ~T M associated to a 2–form θ = g^{[F ]}_{ij} (x, y)δy^i ∧ dx^j . This model of Finsler geometry is called almost Hermitian and denoted H^{2n} and it is proven [36] that is almost Kahlerian, i. e. the form θ is closed. The almost Kahlerian space K^{2n} = ( ~T M, G^{[F ]}, I ) is also called the almost Kahlerian model of the Finsler space F^n.

On Finsler (and their almost Kahlerian models) spaces one distinguishes the almost Kahler linear connection of Finsler type, D^{[I]} on ~T M with the property that this covariant derivation preserves by parallelism the vertical distribution and is compatible with the almost Kahler structure ( G^{[F ]}, I ) , i.e.

D^{[I]}_X G^{[F ]} = 0 and D^{[I]}_X I = 0

for every d–vector field on ~T M. This d–connection is defined by the data Γ = ( L^i_{jk} , L^a_{bk} = 0, C^i_{ja} = 0, C^a_{bc} → C^i_{jk} )

with L^i_{jk} and C^i_{jk} computed as in the formulas (8) by using g^{[F ]}_{ij} and N^i_j from (33).

We emphasize that a Finsler space F^n with a d–metric (34) and Cartan’s N– connection structure (33), or the corresponding almost Hermitian (Kahler) model H^{2n}, can be equivalently modeled on a Riemannian space of dimension 2n provided with an off–diagonal Riemannian metric (32). From this viewpoint a Finsler geometry is a corresponding Riemannian geometry with a respective off–diagonal metric (or, equivalently, with an anholonomic frame structure with associated N–connection) and a corresponding prescription for the type of linear connection chosen to be compatible with the metric and N–connection structures.

Lagrange and generalized Lagrange geometry: The Lagrange spaces were introduced in order to generalize the fundamental concepts in mechanics [26] and investigated in Refs. [36] (see [49, 61, 51, 53, 54, 62] for their spinor, gauge and supersymmetric generalizations).

A Lagrange space L^n = (M, L (x, y)) is defined as a pair which consists of a real, smooth n–dimensional manifold M and regular Lagrangian L : T M → IR. Similarly as for Finsler spaces one introduces the symmetric d–tensor field

g^{[L]}_{ij} = g_{ab} = 1 2 ∂^2L ∂y^i∂y^j . (35)

So, the Lagrangian L(x, y) is like the square of the fundamental Finsler metric, F^2(x, y), but not subjected to any homogeneity conditions.

In the rest me can introduce similar concepts of almost Hermitian (Kahlerian) models of Lagrange spaces as for the Finsler spaces, by using the similar definitions and formulas as in the previous subsection, but changing g^{[F ]}_{ij} → g^{[L]}_{ij} .

R. Miron introduced the concept of generalized Lagrange space, GL–space (see details in [36]) and a corresponding N–connection geometry on T M when the fundamental metric function g_{ij} = g_{ij} (x, y) is a general one, not obligatory defined as a second derivative from a Lagrangian as in (35). The corresponding almost Hermitian (Kahlerian) models of GL–spaces were investigated and applied in order to elaborate generalizations of gravity and gauge theories [36, 61].

Finally, a few remarks on definition of gravity models with generic local anisotropy on anholonomic Riemannian, Finsler or (generalized) Lagrange spaces and vector bundles. So, by choosing a d-metric (6) (in particular cases (31), or (34) with g^{[F ]}_{ij} , or g^{[L]}_{ij} ) we may compute the coefficients of, for instance, d–connection (8), d–torsion (13) and (14) and even to write down the explicit form of Einstein equations (18) which define such geometries. For instance, in a series of works [55, 56, 62] we found explicit solutions when Finsler like and another type anisotropic configurations are modeled in anisotropic kinetic theory and irreversible thermodynamics and even in Einstein or low/extra–dimension gravity as exact solutions of the vacuum (18) and nonvacuum (19) Einstein equations. From the viewpoint of the geometry of anholonomic frames is not much difference between the usual Riemannian geometry and its Finsler like generalizations. The explicit form and parametrizations of coefficients of metric, linear connections, torsions, curvatures and Einstein equations in all types of mentioned geometric models depends on the type of anholomic frame relations and compatibility metric conditions between the associated N–connection structure and linear connections we fixed. Such structures can be correspondingly picked up from a noncommutative functional model, for instance from some almost Hermitian structures over projective modules and/or generalized to some noncommutative configurations.

4.3 Noncommutative Finsler like gravity models

We shall briefly describe two possible approaches to the construction of gravity models with generic anisotropy following from noncommutative geometry which while agreeing for the canonical d–triples associated with vector bundles provided with N–connection structure. Because in the previous section we proved that the Finsler geometry and its extensions are effectively modeled by anholonomic structures on Riemannian manifolds (bundles) we shall only emphasize the basic ideas how from the beautiful result by Connes [8, 9] we may select an anisotropic gravity (possible alternative approaches to noncommutative gravity are examined in Refs. [7, 31, 16, 29, 30]; by introducing anholonomic frames with associated N–connections those models also can be transformed into certain anisotropic ones; we omit such considerations in the present work).

4.3.1 Anisotropic gravity a la Connes–Deximier–Wodzicki

The first scheme to construct gravity models in noncommutative geometry (see details in [8, 28]) may be extend for vector bundles provided with N–connection structure (i. e. to projective finite distinguished moduli) and in fact to reconstruct the full anisotorpic (for instance, Finsler) geometry from corresponding distinguishing of the Diximier trace and the Wodzicki residue.

Let us consider a smooth compact vector bundle ξ_N without boundary and of dimension n+m and D_{[t]} as a ”symbol” for a time being operator and denote A_{[d]} = C^∞ (ξ_N ) . For a unitary representation [A_π, D_π ] of the couple ( A_{[d]}, D_{[t]} ) as operators on an Hilbert space H_π provided with a real structure operator J_π, such that [A_π , D_π, H, J_π ] satisfy all axioms of a real spectral d–triple. Then, one holds the properties:

1. There is a unique Riemannian d–metric g_π on ξ_N such the geodesic distance in the total space of the vector bundle between every two points u_{[1]} and u_{[2]} is given by d ( u_{[1]}, u_{[2]} ) = sup_{a∈A[d]} {| |a(u_{[1]}) − a(u_{[2]}) | | : ‖D_π , π (a)‖_{B(Hπ )} ≤ 1 } .

2. The d–metric g_π depends only on the unitary equivalence class of the representations π. The fibers of the map π → g_π form unitary equivalence classes of representations to metrics define a finite collection of affine spaces A_σ parametrized by the spin structures σ on ξ_N . These spin structures depends on the type of d–metrics we are using in ξ_N .

3. The action functional given by the Diximier trace G ( D_{[t]} ) = tr_ϖ ( D^{n+m−2} [t] )

is a positive quadratic d–form with a unique minimum π_σ for each A_σ . At the minimum, the values of G ( D_{[t]} ) coincides with the Wodzicki residue of D^{n+m−2}_σ and is proportional to the Hilbert–Einstein action for a fixed d–connection, G (D_σ ) = Res_W ( D^{n+m−2} σ ) = : 1 (n + m) (2π)^{n+m} ∫ S^∗ ξ_N tr [ σ_{−(n+m)} (u, u^′) δuδu^′ ]

= c_{n+m} ∫ ξ_N ←− R δu, where

c_{n+m} = n + m − 2 12 2^{[(n+m)/2]} (4π)^{(n+m)/2} Γ (_{n+m} 2 + 1 ) ,

σ_{−(n+m)} (u, u^′) is the part of order −(n + m) of the total symbol of D^{n+m−2}_σ , ←−R is the scalar curvature (16) on ξ_N and tr is a normalized Clifford trace.

4. It is defined a representation of ( A_{[d]}, D_{[t]} ) for every minimum π_σ on the Hilbert space of square integrable d–spinors H = L^2(ξ_N , S_σ ) where A_{[d]} acts by multiplicative operators and D_σ is the Dirac operator of chosen d–connection. If there is no real structure J, one has to replace spin by spin^c (for d–spinors investigated in Refs. [49, 54, 62]). In this case there is not a uniqueness and the minimum of the functional G (D) is reached on a linear subspace of A_σ with σ a fixed spin^c structure. This subspace is parametrized by the U (1) gauge potentials entering in the spin^c Dirac operator (the rest properties hold).

The properties 1-4 are proved in a similar form as in [23, 16, 28], but all computations are distinguished by the N–connection structure and a fixed type of d–connection (we omit such details). We can generate an anholonomic Riemannian, Finsler or Lagrange gravity depending on the class of d–metrics ((31), (34), (35), or a general one for vector bundles (6)) we choose.

4.3.2 Spectral anisotropic Gravity

Consider a canonical d–triple [ A_{[d]} = C^∞ (ξ_N ) , H = L^2 (ξ_N ) ,_{[d]} D ] defined in subsection 4.1.1 for a vector bundle ξ_N , where_{[d]}D is the Dirac d–operator (23) defined for a d–connection on ξ_N . We are going to compute the action S_G (_{[d]} D, Λ ) = tr_H [ χ (_{[d]}

D^2 Λ^2 )] , (36)

depending on the spectrum of_{[d]}D, were tr_H is the usual trace in the Hilbert space, Λ is the cutoff parameter and χ will be closed as a suitable cutoff function which cut off all eigenvalues of_{[d]}D^2 larger than Λ^2. By using the Lichnerowicz formula, in our case with operators for a vector bundle, and the keat kernel expansion (similarly as for the proof summarized in Ref. [28]) S_G (_{[d]} D, Λ ) = ∑ k≥0 f_k a_k (_{[d]} D^2/Λ^2 ) ,

were the coefficients f_k are computed

f_0 = ∞∫ 0 χ (z) zdz, f_2 = ∞∫ 0 χ (z) dz, f_{2(k}′_{+2)} = (−1)^{k′} χ^{(k′)} (0) , k^′ ≥ 0, χ^{(k′)} denotes the k^′th derivative on its argument, the so–called non–vanishing Seeley–de Witt coefficients a_k (_{[d]} D^2/Λ^2 ) are defined for even values of k as integrals a_k (_{[d]} D^2/Λ^2 ) = ∫ ξ_N a_k ( u;_{[d]} D^2/Λ^2 ) √ gδu

with the first three subintegral functions given by

a_0 ( u;_{[d]} D^2/Λ^2 ) = Λ^4 (4π)^{−(n+m)/2} trI_2[(n+m)/2] ,

a_2 ( u;_{[d]} D^2/Λ^2 ) = Λ^2 (4π)^{−(n+m)/2} ( −←−R /6 + E ) trI_2[(n+m)/2] , a_4 ( u;_{[d]} D^2/Λ^2 ) = (4π)^{−(n+m)/2} 1 360 (−12D_μ D^μ←−R + 5←−R^2 − 2R_{μν} R^{μν} − 7 4 R_{μναβ} R^{μναβ} − 60RE + 180E^2 + 60D_μ D^μ ←− E )trI_2[(n+m)/2] , and ←−E =:_{[d]} D^2 −▽^{[S]} = ←−R /4, see (24). We can use for the function χ the characteristic value of the interval [0, 1], namely χ (z) = 1 for z ≤ 1 and χ (z) = 0 for z ≥ 1, possibly ’smoothed out’ at z = 1, we get

f_0 = 1/2, f_2 = 1, f_{2(k}′_{+2)} = 0, k^′ ≥ 0.

We compute (a similar calculus is given in [28]; we only distinguish the curvature scalar, the Ricci and curvature d–tensor) the action (36), S_G (_{[d]} D, Λ ) = Λ^4 2^{(n+m)/2−1} (4π)^{(n+m)/2} ∫ ξ_N √ gδu + Λ^2 6 2^{(n+m)/2−1} (4π)^{(n+m)/2} ∫ ξ_N √ g←−R δu.

This action is dominated by the first term with a huge cosmological constant. But this constant can be eliminated [30] if the function χ (z) is replaced by ~χ (z) = χ (z) − αχ (βz) with any two numbers α and β such that α = β^2 and β ≥ 0, β ≠ 1. The final form of the action becomes S_G (_{[d]} D, Λ ) = ( 1 − α β^2 ) f_2

Λ^2 6 2^{(n+m)/2−1} (4π)^{(n+m)/2} ∫ ξ_N √ g ←− R δu + O ( (Λ^2)^0 ) . (37)

From the action (37) we can generate different models of anholonomic Riemannian, Finsler or Lagrange gravity depending on the class of d–metrics ((31), (34), (35), or a general one for vector bundles (6)) we parametrize for computations. But this construction has a problem connected with ”spectral invariance versus diffeomorphysms invariance on manifolds or vector bundles. Let us denote by spec ( ξ_N ,_{[d]} D ) the spectrum of the Dirac d–operator with each eigenvalue repeated according to its multiplicity. Two vector bundles ξ_N and ξ^′_N are called isospectral if spec ( ξ_N ,_{[d]} D ) = spec ( ξ^′_N ,_{[d]} D ) , which defines an invariant transform of the action (36). There are manifolds (and in consequence vector bundles) which are isospectral without being isometric (the converse is obviously true). This is known as a fact that one cannot ’hear the shape of a drum [19] because the spectral invariance is stronger that usual difeomorphism invariance.

In spirit of spectral gravity, the eigenvalues of the Dirac operator are diffeomorphic invariant functions of the geometry and therefore true observable in general relativity. As we have shown in this section they can be taken as a set of variables for invariant descriptions to the anholonomic dynamics of the gravitational field with (or not) local anisotropy in different approaches of anholonomic Riemannian gravity and Finsler like generalizations. But in another turn there exist isospectral vector bundles which fail to be isometric. Thus, the eigenvalues of the Dirac operator cannot be used to distinguish among such vector bundles (or manifolds). A rigorous analysis is also connected with the type of d–metric and d–connection structures we prescribe for our geometric and physical models.

Finally, we remark that there are different models of gravity with noncommutative setting (see, for instance, Refs. [7, 31, 16, 29, 30, 11, 23]). By introducing nonlinear connections in a respective commutative or noncommutative variant we can transform such theories to be anholonomic, i. e. locally anisotropic, in different approaches with (pseudo) Riemannian geometry and Finsler/Lagrange or Hamilton extensions.

5 Noncommutative Finsler–Gauge Theories

The bulk of noncommutative models extending both locally isotropic and anisotropic gravity theories are confrunted with the problem of definition of noncommutative variants of pseudo–Eucliedean and pseudo–Riemannian metrics. The problem is connected with the fact of generation of noncommutative metric structures via the Moyal results in complex and noncommutative metrics. In order to avoid this difficulty we elaborated a model of noncommutative gauge gravity (containing as particular case the Einstein general relativity theory) starting from a variant of gauge gravity being equivalent to the Einstein gravity and emphasizing in a such approach the tetradic (frame) and connection structures, but not the metric configuration (see Refs. [58]). The metric for such theories is induced from the frame structure which can be holonomic or anholonomic. The aim of this section is to generalize our results on noncommutative gauge gravity as to include also possible anisotropies in different variants of gauge realization of anholonomic Einstein and Finsler like generalizations formally developed in Refs. [61, 54, 62].

A still presented drawback of noncommutative geometry and physics is that there is not yet formulated a generally accepted approach to interactions of elementary particles coupled to gravity. There are improved Connes–Lott and Chamsedine–Connes models of nocommutative geometry [9, 11] which yielded action functionals typing together the gravitational and Yang–Mills interactions and gauge bosons the Higgs sector (see also the approaches [16] and, for an outline of recent results, [34]).

In the last years much work has been made in noncommutative extensions of physical theories (see reviews and original results in Refs. [14, 45]). It was not possible to formulate gauge theories on noncommutative spaces [10, 43, 21, 32] with Lie algebra valued infinitesimal transformations and with Lie algebra valued gauge fields. In order to avoid the problem it was suggested to use enveloping algebras of the Lie algebras for setting this type of gauge theories and showed that in spite of the fact that such enveloping algebras are infinite–dimensional one can restrict them in a way that it would be a dependence on the Lie algebra valued parameters, the Lie algebra valued gauge fields and their spacetime derivatives only.

We follow the method of restricted enveloping algebras [21] and construct gauge gravitational theories by stating corresponding structures with semisimple or nonsemisimple Lie algebras and their extensions. We consider power series of generators for the affine and non linear realized de Sitter gauge groups and compute the coefficient functions of all the higher powers of the generators of the gauge group which are functions of the coefficients of the first power. Such constructions are based on the Seiberg–Witten map [43] and on the formalism of ∗–product formulation of the algebra [65] when for functional objects, being functions of commuting variables, there are associated some algebraic noncommutative properties encoded in the ∗–product.

The concept of gauge theory on noncommutative spaces was introduced in a geometric manner [32] by defining the covariant coordinates without speaking about derivatives and this formalism was developed for quantum planes [64]. In this section we shall prove the existence for noncommutative spaces of gauge models of gravity which agrees with usual gauge gravity theories being equivalent, or extending, the general relativity theory (see works [39, 47] for locally isotropic and anisotropic spaces and corresponding reformulations and generalizations respectively for anholonomic frames [60] and locally anisotropic (super) spaces [61, 51, 52, 54]) in the limit of commuting spaces.

5.1 Star–products and enveloping algebras in noncommutative spaces

For a noncommutative space the coordinates û^i, (i = 1, ..., N) satisfy some noncommutative relations

[û^i, û^j ] = iθ^{ij} , θ^{ij} ∈ IC, canonical structure; if^{ij}_k û^k, f^{ij}_k ∈ IC, Lie structure; iC^{ij}_{kl}û^kû^l, C^{ij}_{kl} ∈ IC, quantum plane

(38)

where IC denotes the complex number field.

The noncommutative space is modeled as the associative algebra of IC; this algebra is freely generated by the coordinates modulo ideal R generated by the relations (one accepts formal power series) A_u = IC[[û^1, ..., û^N ]]/R. One restricts attention [22] to algebras having the (so–called, Poincare–Birkhoff–Witt) property that any element of A_u is defined by its coefficient function and vice versa, ^f = ∞∑ L=0 f_{i1,...,iL} : û^{i1} . . . û^{iL} : when ^f ∼ {f_i} , where : û^{i1} . . . û^{iL} : denotes that the basis elements satisfy some prescribed order (for instance, the normal order i_1 ≤ i_2 ≤ . . . ≤ i_L, or, another example, are totally symmetric). The algebraic properties are all encoded in the so–called diamond (⋄) product which is defined by ^f ^g = ^h ∼ {f_i} ⋄ {g_i} = {h_i} . In the mentioned approach to every function f(u) = f(u^1, . . . , u^N ) of commuting variables u^1, . . . , u^N one associates an element of algebra ^f when the commuting variables are substituted by anticommuting ones, f(u) = ∑ f_{i1...iL} u^1 · · · u^N → ^f = ∞∑ L=0 f_{i1 ,...,iL} : û^{i1} . . . û^{iL} : when the ⋄–product leads to a bilinear ∗–product of functions (see details in [32]) {f_i} ⋄ {g_i} = {h_i} ∼ (f ∗ g) (u) = h (u) . The ∗–product is defined respectively for the cases (38)

f ∗ g = exp[^i_2^∂_{∂ui} θ^{ij ∂}_{∂u′j} ]f(u)g(u^′)|_u′_{→u}, exp[^i_2 u^kg_k(i^∂_{∂u′} , i^∂_{∂u′′} )]f(u^′)g(u^{′′})|^{u′ →u}_u′′_{→u}, q^{12 (−u′ ∂∂u′ v ∂∂v +u ∂∂u v′ ∂∂v′ )}f(u, v)g(u^′, v^′)|^{u′ →u}_v′_{→v} , where there are considered values of type e^{ikn ^un} e^{ipnl ^un} = e^{i{kn+pn+ 12 gn(k,p)}^un ,} (39) g_n (k, p) = −k_ip_j f^{ij}_n + 1 6 k_ip_j (p_k − k_k ) f^{ij}_mf^{mk}_n + ..., e^Ae^B = e^{A+B+ 12 [A,B]+ 112 ([A,[A,B]]+[B,[B,A]])} + ... and for the coordinates on quantum (Manin) planes one holds the relation uv = qvu.

A non–abelian gauge theory on a noncommutative space is given by two algebraic structures, the algebra A_u and a non–abelian Lie algebra A_I of the gauge group with generators I^1, ..., I^S and the relations [I^s, I^p] = if^{sp}_t I^t. (40) In this case both algebras are treated on the same footing and one denotes the generating elements of the big algebra by ^u^i, ^z^i = {^u^1, ..., ^u^N, I^1, ..., I^S}, A_z = IC[[^u^1, ..., ^u^{N +S}]]/R and the ∗–product formalism is to be applied for the whole algebra A_z when there are considered functions of the commuting variables u^i (i, j, k, ... = 1, ..., N) and I^s (s, p, ... = 1, ..., S). For instance, in the case of a canonical structure for the space variables u^i we have (F ∗ G)(u) = e^{i2} (^{θij ∂∂u′i ∂∂u′′j +tsgs}(^{i ∂∂t′ ,i ∂∂t′′} ))^{×F (u′,t′)G(u′′ ,t′′)|u} ′→u,u′′→u t′→t,t′′→t . (41)

This formalism was developed in [22] for general Lie algebras. In this section we consider those cases when in the commuting limit one obtains the gauge gravity and general relativity theories or some theirs anisotropic generalizations..

5.2 Enveloping algebras for gauge gravity connections

In order to construct gauge gravity theories on noncommutative space we define the gauge fields as elements the algebra A_u that form representation of the generator I– algebra for the de Sitter gauge group. For commutative spaces it is known [39, 47, 61] that an equivalent re–expression of the Einstein theory as a gauge like theory implies, for both locally isotropic and anisotropic spacetimes, the nonsemisimplicity of the gauge group, which leads to a nonvariational theory in the total space of the bundle of locally adapted affine frames (to this class one belong the gauge Poincare theories; on metric– affine and gauge gravity models see original results and reviews in [48]). By using auxiliary biliniear forms, instead of degenerated Killing form for the affine structural group, on fiber spaces, the gauge models of gravity can be formulated to be variational. After projection on the base spacetime, for the so–called Cartan connection form, the Yang–Mills equations transforms equivalently into the Einstein equations for general relativity [39]. A variational gauge gravitational theory can be also formulated by using a minimal extension of the affine structural group Af_{3+1} (IR) to the de Sitter gauge group S_{10} = SO (4 + 1) acting on IR^{4+1} space.

5.2.1 Nonlinear gauge theories of de Sitter group in commutative spaces

Let us consider the de Sitter space Σ^4 as a hypersurface given by the equations η_{AB} u^Au^B = −l^2 in the four dimensional flat space enabled with diagonal metric η_{AB} , η_{AA} = ±1 (in this section A, B, C, ... = 1, 2, ..., 5), where {u^A} are global Cartesian coordinates in IR^5; l > 0 is the curvature of de Sitter space. The de Sitter group S_{(η)} = SO_{(η)} (5) is defined as the isometry group of Σ^5–space with 6 generators of Lie algebra so_{(η)} (5) satisfying the commutation relations [M_{AB} , M_{CD} ] = η_{AC} M_{BD} − η_{BC}M_{AD} − η_{AD}M_{BC} + η_{BD}M_{AC} . (42)

Decomposing indices A, B, ... as A = (α, 5) , B = ( β, 5 ) , ..., the metric η_{AB} as η_{AB} = ( η_{αβ}, η_{55} ) , and operators M_{AB} as M_{αβ} = F_{αβ} and P_α = l^{−1}M_{5α}, we can write (42) as [ F_{αβ} , F_{γδ} ] = η_{αγ} F_{βδ} − η_{βγ} F_{αδ} + η_{βδ}F_{αγ} − η_{αδ}F_{βγ} , [ P_α, P_β ] = −l^{−2}F_{αβ}, [ P_α, F_{βγ} ] = η_{αβ} P_γ − η_{αγ} P_β , (43)

where we decompose the Lie algebra so_{(η)} (5) into a direct sum, so_{(η)} (5) = so_{(η)}(4)⊕V_4, where V_4 is the vector space stretched on vectors P_α. We remark that Σ^4 = S_{(η)}/L_{(η)}, where L_{(η)} = SO_{(η)} (4) . For η_{AB} = diag (1, −1, −1, −1) and S_{10} = SO (1, 4) , L_6 = SO (1, 3) is the group of Lorentz rotations.

In this paper the generators I^a and structure constants f^{sp}_t from (40) are parametrized just to obtain de Sitter generators and commutations (43).

The action of the group S_{(η)} can be realized by using 4 × 4 matrices with a parametrization distinguishing the subgroup L_{(η)} :

B = bB_L, (44) where

B_L = ( L 0 0 1 ) , L ∈ L_{(η)} is the de Sitter bust matrix transforming the vector (0, 0, ..., ρ) ∈ IR^5 into the arbitrary point (V^1, V^2, ..., V^5) ∈ Σ^5_ρ ⊂ R^5 with curvature ρ, (V_AV^A = −ρ^2, V^A = t^Aρ). Matrix b can be expressed as b = ( δ^α_β +^{tαtβ}_{(1+t5)} t^α t_β t^5 ) . The de Sitter gauge field is associated with a so_{(η)} (5)–valued connection 1–form

~Ω = ( ω^α_β ~θ^α ~θ_β 0 ) , (45)

where ω^α_β ∈ so(4)_{(η)}, ~θ^α ∈ R^4, ~θ_β ∈ η_{βα} ~θ^α.

Because S_{(η)}–transforms mix the components of the matrix ω^α_β and ~θ^α fields in (45) (the introduced parametrization is invariant on action on SO_{(η)} (4) group we cannot identify ω^α_β and ~θ^α, respectively, with the connection Γ^α_{βγ} and the fundamental form χ^α in a metric–affine spacetime). To avoid this difficulty we consider [47] a nonlinear gauge realization of the de Sitter group S_{(η)}, namely, we introduce into consideration the nonlinear gauge field

Γ = b^{−1} ~Ωb + b^{−1}db = ( Γ^α_β θ^α θ_β 0 ) , (46)

where Γ^α_β = ω^α_β − ( t^αDt_β − t_βDt^α ) / ( 1 + t^5 ) , θ^α = t^5~θ^α + Dt^α − t^α ( dt^5 + ~θ_γ t^γ ) / ( 1 + t^5 ) , Dt^α = dt^α + ω^α_βt^β .

The action of the group S (η) is nonlinear, yielding transforms Γ^′ = L^′Γ (L^′)^{−1} + L^′d (L^′)^{−1} , θ^′ = Lθ, where the nonlinear matrix–valued function L^′ = L^′ (t^α, b, B_T )

is defined from B_b = b^′B_L′ (see the parametrization (44)). The de Sitter algebra with generators (43) and nonlinear gauge transforms of type (46) is denoted A^{(dS)}_I .

5.2.2 De Sitter nonlinear gauge gravity and Einstein and Finsler like grav- ity Let us consider the de Sitter nonlinear gauge gravitational connection (46) rewritten in the form Γ = ( Γ^α_β l^{−1}_0 χ^α l^{−1}_0 χ_β 0 ) (47)

where

Γ^α_β = Γ^α_{βμ}δu^μ,

Γ^α_{βμ} = χ^α_αχ^β_βΓ^α_{βγ} + χ^α_αδ_μχ^α_β, χ^α = χ^α_μδu^μ, and G_{αβ} = χ^α_αχ^β_β η_{αβ}, η_{αβ} = (1, −1, ..., −1) and l_0 is a dimensional constant. As Γ^α_{βγ} we take the Christoffel symbols for the Einstein theory, or every type of d–connection (8) for an anisotropic spacetime. Correspondingly, G_{αβ} can be the pseudo–Rieamannian metric in general relativity or any d–metric (6), which can be particularized for the anholonomic Einstein gravity (31) or for a Finsler type gravity (34).

The curvature of (47),

R^{(Γ)} = dΓ + Γ ⋀ Γ, can be written

R^{(Γ)} = ( R^α_β + l^{−1}_0 π^α_β l^{−1}_0 T^α l^{−1}_0 T^β 0 ) , (48)

where

π^α_β = χ^α ⋀ χ_β , R^α_β = 1 2 R^α_{βμν} δu^μ ⋀ δu^ν , and R^α_{βμν} = χ^β_β χ^α_α R^α_{βμν} . with the R^α_{βμν} being the metric–affine (for Einstein-Cartan-Weyl spaces), or the (pseudo) Riemannian curvature, or for anisotropic spaces the d–curvature (14). The de Sitter gauge group is semisimple and we are able to construct a variational gauge gravitational theory with the Lagrangian

L = L_{(G)} + L_{(m)} where the gauge gravitational Lagrangian is defined

L_{(G)} = 1 4π T r ( R^{(Γ)} ⋀ ∗_GR^{(Γ)} ) = L_{(G)} |G|^{1/2} δ^{n+m}u, with

L_{(G)} = 1 2l^2

T^α_{μν} T^{μν}_α + 1 8λ R^α_{βμν} R^{β μν}α − 1 l^2 (←− R (Γ) − 2λ_1 ) , δ^4u being the volume element, T^α_{μν} = χ^α_αT^α_{μν} (the gravitational constant l^2 satisfies the relations l^2 = 2l^2_0λ, λ_1 = −3/l_0), T r denotes the trace on α, β indices, and the matter field Lagrangian is defined

L_{(m)} = −1 1 2 T r ( Γ ⋀ ∗_GI ) = L_{(m)} |G|^{1/2} δ^{n+m}u, where

L_{(m)} = 1 2 Γ^α_{βμ}S^{β μ}α − t^μ_αl^α_μ. The matter field source J is obtained as a variational derivation of L_{(m)} on Γ and is parametrized as J = ( S^α_β −l_0t^α −l_0t_β 0 )

with t^α = t^α_μδu^μ and S^α_β = S^α_{βμ}δu^μ being respectively the canonical tensors of energy–momentum and spin density.

Varying the action S = ∫ δ^4u ( L_{(G)} + L_{(m)} )

on the Γ–variables (1a), we obtain the gauge–gravitational field equations, in general, with local anisotropy, d ( ∗R^{(Γ)} ) + Γ ⋀ ( ∗R^{(Γ)} ) − ( ∗R^{(Γ)} ) ⋀ Γ = −λ (∗J ) , (49)

were the Hodge operator ∗ is used.

Specifying the variations on Γ^α_β and χ–variables, we rewrite (49) ^D (∗R^{(Γ)}) +2λ l^2 ( ^D (∗π) + χ ⋀ ( ∗T^T ) − (∗T ) ⋀ χ^T ) = −λ (∗S) , ^D (∗T ) − (∗R^{(Γ)}) ⋀ χ − 2λ l^2 (∗π) ⋀ χ = l^2 2 ( ∗t + 1 λ ∗ τ ) , where

T^t = {T_α = η_{αβ}T^β, T^β = 1 2 T^β_{μν} δu^μ ⋀ δu^ν }, χ^T = {χ_α = η_{αβ}χ^β, χ^β = χ^{^β}_μδu^μ}, ^D = d + ^Γ,

(^Γ acts as Γ^α_{βμ} on indices γ, δ, ... and as Γ^α_{βμ} on indices γ, δ, ...). The value τ defines the energy–momentum tensor of the gauge gravitational field ^Γ : τ_{μν} ( ^Γ ) = 1 2 T r ( R_{μα}R^α_ν − 1 4 R_{αβ}R^{αβ} G_{μν} ) . Equations (49) make up the complete system of variational field equations for nonlinear de Sitter gauge anisotropic gravity.

We note that we can obtain a nonvariational Poincare gauge gravitational theory if we consider the contraction of the gauge potential (47) to a potential with values in the Poincare Lie algebra Γ = ( Γ^{^α}_{^β} l^{−1}_0 χ^{^α} l^{−1}_0 χ_{^β} 0 ) → Γ = ( Γ^{^α}_{^β} l^{−1}_0 χ^{^α} 0 0 ) . (50)

A similar gauge potential was considered in the formalism of linear and affine frame bundles on curved spacetimes by Popov and Daikhin [39]. They treated (50) as the Cartan connection form for affine gauge like gravity and by using ’pure’ geometric methods proved that the Yang–Mills equations of their theory are equivalent, after projection on the base, to the Einstein equations. The main conclusion for a such approach to Einstein gravity is that this theory admits an equivalent formulation as a gauge model but with a nonsemisimple structural gauge group. In order to have a variational theory on the total bundle space it is necessary to introduce an auxiliary bilinear form on the typical fiber, instead of degenerated Killing form; the coefficients of auxiliary form disappear after pojection on the base. An alternative variant is to consider a gauge gravitational theory when the gauge group was minimally extended to the de Sitter one with nondegenerated Killing form. The nonlinear realizations have to be introduced if we consider in a common fashion both the frame (tetradic) and connection components included as the coefficients of the potential (47). Finally, we note that the models of de Sitter gauge gravity were generalized for Finsler and Lagrange theories in Refs. [61, 54].

5.2.3 Enveloping nonlinear de Sitter algebra valued connection

Let now us consider a noncommutative space. In this case the gauge fields are elements of the algebra ^ψ ∈ A^{(dS)}_I that form the nonlinear representation of the de Sitter algebra so_{(η)} (5) when the whole algebra is denoted A^{(dS)}z . Under a nonlinear de Sitter transformation the elements transform as follows δ ^ψ = i^γ ^ψ, ^ψ ∈ A_u, ^γ ∈ A^{(dS)}_z . So, the action of the generators (43) on ^ψ is defined as this element is supposed to form a nonlinear representation of A^{(dS)}_I and, in consequence, δ ^ψ ∈ A_u despite ^γ ∈ A^{(dS)}z . It should be emphasized that independent of a representation the object ^γ takes values in enveloping de Sitter algebra and not in a Lie algebra as would be for commuting spaces. The same holds for the connections that we introduce [32], in order to define covariant coordinates, ^U^ν = ^u^v + ^Γ^ν , ^Γ^ν ∈ A^{(dS)}_z .

The values ^U^ν ^ψ transform covariantly, δ ^U^ν ^ψ = i^γ ^U^ν ^ψ, if and only if the connection ^Γ^ν satisfies the transformation law of the enveloping nonlinear realized de Sitter algebra, δ^Γ^ν ^ψ = −i[^u^v, ^γ] + i[^γ, ^Γ^ν ], where δ^Γ^ν ∈ A^{(dS)}z . The enveloping algebra–valued connection has infinitely many component fields. Nevertheless, it was shown that all the component fields can be induced from a Lie algebra–valued connection by a Seiberg–Witten map ([43, 21] and [5] for SO(n) and Sp(n)). In this subsection we show that similar constructions could be proposed for nonlinear realizations of de Sitter algebra when the transformation of the connection is considered δ^Γ^ν = −i[u^ν,^∗ ^γ] + i[^γ,^∗ ^Γ^ν ]. For simplicity, we treat in more detail the canonical case with the star product (41). The first term in the variation δ^Γ^ν gives −i[u^ν,^∗ ^γ] = θ^{νμ} ∂ ∂u^μ γ. Assuming that the variation of ^Γ^ν = θ^{νμ}Q_μ starts with a linear term in θ, we have δ^Γ^ν = θ^{νμ}δQ_μ, δQ_μ = ∂ ∂u^μ γ + i[^γ,^∗ Q_μ]. We follow the method of calculation from the papers [32, 22] and expand the star product (41) in θ but not in g_a and find to first order in θ, γ = γ^1_aI^a + γ^1_{ab}I^aI^b + ..., Q_μ = q^1_{μ,a}I^a + q^2_{μ,ab}I^aI^b + ... (51) where γ^1_a and q^1_{μ,a} are of order zero in θ and γ^1_{ab} and q^2_{μ,ab} are of second order in θ. The expansion in I^b leads to an expansion in g_a of the ∗–product because the higher order I^b–derivatives vanish. For de Sitter case as I^b we take the generators (43), see commutators (40), with the corresponding de Sitter structure constants f^{bc}_d ≃ f^{αβ}_β (in our further identifications with spacetime objects like frames and connections we shall use Greek indices).

The result of calculation of variations of (51), by using g_a to the order given in (39), is δq^1_{μ,a} = ∂γ^1_a ∂u^μ − f^{bc}_aγ^1_b q^1_{μ,c}, δQ_τ = θ^{μν} ∂_μγ^1_a ∂_ν q^1_{τ,b}I^aI^b + ..., δq^2_{μ,ab} = ∂_μγ^2_{ab} − θ^{ντ} ∂_ν γ^1_a ∂_τ q^1_{μ,b} − 2f^{bc}_a{γ^1_b q^2_{μ,cd} + γ^2_{bd}q^1_{μ,c}}.

Next, we introduce the objects ε, taking the values in de Sitter Lie algebra and W_μ, being enveloping de Sitter algebra valued, ε = γ^1_a I^a and W_μ = q^2_{μ,ab}I^aI^b, with the variation δW_μ satisfying the equation [32, 22]

δW_μ = ∂_μ(γ^2_{ab}I^aI^b) − 1 2 θ^{τ λ}{∂_τ ε, ∂_λq_μ} + i[ε, W_μ] + i[(γ^2_{ab}I^aI^b), q_ν ]. This equation has the solution (found in [32, 43])

γ^2_{ab} = 1 2 θ^{νμ}(∂_ν γ^1_a )q^1_{μ,b}, q^2_{μ,ab} = − 1 2 θ^{ντ} q^1_{ν,a} ( ∂_τ q^1_{μ,b} + R^1_{τ μ,b} )

where R^1_{τ μ,b} = ∂_τ q^1_{μ,b} − ∂_μq^1_{τ,b} + f^{ec}_d q^1_{τ,e}q^1_{μ,e} could be identified with the coefficients R^α_{βμν} of de Sitter nonlinear gauge gravity curvature (see formula (48)) if in the commutative limit q^1_{μ,b} ≃ ( Γ^α_β l^{−1}_0 χ^α l^{−1}_0 χ_β 0 ) (see (47)).

The below presented procedure can be generalized to all the higher powers of θ.

5.3 Noncommutative Gravity Covariant Gauge Dynamics

5.3.1 First order corrections to gravitational curvature The constructions from the previous section are summarized by the conclusion that the de Sitter algebra valued object ε = γ^1_a (u) I^a determines all the terms in the enveloping algebra

γ = γ^1_a I^a + 1 4 θ^{νμ}∂_ν γ^1_a q^1_{μ,b} ( I^aI^b + I^bI^a ) + ... and the gauge transformations are defined by γ^1_a (u) and q^1_{μ,b}(u), when δ_γ1 ψ = iγ ( γ^1, q^1_μ ) ∗ ψ. For de Sitter enveloping algebras one holds the general formula for compositions of two transformations δ_γδ_ς − δ_ς δ_γ = δ_{i(ς∗γ−γ∗ς)} which is also true for the restricted transformations defined by γ^1, δ_γ1 δ_ς 1 − δ_ς 1 δ_γ1 = δ_{i(ς} 1_{∗γ}1_{−γ}1_{∗ς} 1_).

Applying the formula (41) we calculate

[γ,^∗ ζ] = iγ^1_aζ^1_b f^{ab}_c I^c + i 2 θ^{νμ}{∂_v ( γ^1_aζ^1_b f^{ab}_c ) q_{μ,c} + ( γ^1_a ∂_vζ^1_b − ζ^1_a ∂_vγ^1_b ) q_{μ,b}f^{ab}_c + 2∂_v γ^1_a ∂_μζ^1_b }I^dI^c.

Such commutators could be used for definition of tensors [32] ^S^{μν} = [ ^U^μ, ^U^ν ] − i^θ^{μν} , (52) where ^θ^{μν} is respectively stated for the canonical, Lie and quantum plane structures. Under the general enveloping algebra one holds the transform δ ^S^{μν} = i[^γ, ^S^{μν} ]. For instance, the canonical case is characterized by S^{μν} = iθ^{μτ} ∂_τ Γ^ν − iθ^{ντ} ∂_τ Γ^μ + Γ^μ ∗ Γ^ν − Γ^ν ∗ Γ^μ = θ^{μτ} θ^{νλ}{∂_τ Q_λ − ∂_λQ_τ + Q_τ ∗ Q_λ − Q_λ ∗ Q_τ }. By introducing the gravitational gauge strength (curvature) R_{τ λ} = ∂_τ Q_λ − ∂_λQ_τ + Q_τ ∗ Q_λ − Q_λ ∗ Q_τ , (53) which could be treated as a noncommutative extension of de Sitter nonlinear gauge gravitational curvature (2a), we calculate R_{τ λ,a} = R^1_{τ λ,a} + θ^{μν} {R^1_{τ μ,a}R^1_{λν,b} − 1 2 q^1_{μ,a} [ (D_ν R^1_{τ λ,b}) + ∂_ν R^1_{τ λ,b} ] }I^b, where the gauge gravitation covariant derivative is introduced, (D_ν R^1_{τ λ,b}) = ∂_ν R^1_{τ λ,b} + q_{ν,c}R^1_{τ λ,d}f^{cd}_b . Following the gauge transformation laws for γ and q^1 we find δ_γ1 R^1_{τ λ} = i [ γ,^∗ R^1_{τ λ} ] with the restricted form of γ.

Such formulas were proved in references [43] for usual gauge (nongravitational) fields. Here we reconsidered them for gravitational gauge fields.

5.3.2 Gauge covariant gravitational dynamics Following the nonlinear realization of de Sitter algebra and the ∗–formalism we can formulate a dynamics of noncommutative spaces. Derivatives can be introduced in such a way that one does not obtain new relations for the coordinates. In this case a Leibniz rule can be defined that ^∂_μ^u^ν = δ^ν_μ + d^{ντ}_{μσ} ^u^σ ^∂_τ where the coefficients d^{ντ}_{μσ} = δ^ν_σδ^τ_μ are chosen to have not new relations when ^∂_μ acts again to the right hand side. In consequence one holds the ∗–derivative formulas ∂_τ ∗ f = ∂ ∂u^τ f + f ∗ ∂_τ , [∂_l,^∗(f ∗ g)] = ([∂_l,^∗f]) ∗ g + f ∗ ([∂_l,^∗g])

and the Stokes theorem ∫ [∂_l, f] = ∫ d^N u[∂_l,^∗ f] = ∫ d^N u ∂ ∂u^l f = 0, where, for the canonical structure, the integral is defined, ∫ ^f = ∫ d^N uf ( u^1, ..., u^N ) . An action can be introduced by using such integrals. For instance, for a tensor of type (52), when δ ^L = i [ ^γ, ^L ] , we can define a gauge invariant action W = ∫ d^N u T r^L, δW = 0, were the trace has to be taken for the group generators.

For the nonlinear de Sitter gauge gravity a proper action is L = 1 4 R_{τ λ}R^{τ λ}, where R_{τ λ} is defined by (53) (in the commutative limit we shall obtain the connection (47)). In this case the dynamic of noncommutative space is entirely formulated in the framework of quantum field theory of gauge fields. In general, we are dealing with anisotropic gauge gravitational interactions. The method works for matter fields as well to restrictions to the general relativity theory.

6 Outlook and Conclusions

In this work we have extended the A. Connes’ approach to noncommutative geometry by introducing into consideration anholonomic frames and locally anisotropic structures. We defined nonlinear connections for finite projective module spaces (noncommutative generalization of vector bundles) and related this geometry with the E. Cartan’s moving frame method.

We have explicitly shown that the functional analytic approach and noncommutative C^∗–algebras may be transformed into arena of modeling geometries and physical theories with generic local anisotropy, for instance, the anholonomic Riemannian gravity and generalized Finsler like geometries. The formalism of spectral triples elaborated for vector bundles provided with nonlinear connection structure allows a functional and algebraic generation of new types of anholonomic/ anisotropic interactions.

A novel future in our work is that by applying anholonomic transforms associated to some nonlinear connections we may generate various type of spinor, gauge and gravity models, subjected to some anholonomic constraints and/or with generic anisotropic interactions, which can be included in noncommutative field theory.

We can address a number of questions which were put or solved partially in this paper and may have further generalizations:

One of the question is how to combine the noncommutative geometry contained in string theory with locally anisotropic configurations arising in the low energy limits. It is known that the nonsymmetric background field results in effective noncommutative coordinates. In other turn, a (super) frame set consisting from mixed subsets of holonomic and anholonomic vectors may result in an anholonomic geometry with associated nonlinear connection structure. A further work is to investigate the conditions when from a string theory one appears explicit variants of commutative–anisotropic, commutative–isotropic, noncommutative–isotropic and, finally, nocommutative–anisotropic geometries.

A second question is connected with the problem of definition of noncommutative (pseudo) Riemannian metric structures which is connected with nonsymmetric and/or complex metrics. We have elaborated variants of noncommutative gauge gravity with noncommutative representations of the affine and de Sitter algebras which contains in the commutative limit an Yang–Mills theory (with nonsemisimple structure group) being equivalent to the Einstein theory. The gauge connection in such theories is constructed from the frame and linear connection coefficients. Metrics, in this case, arise as some effective configurations which avoid problems with their noncommutative definition. The approach can be generated as to include anholonomic frames and, in consequence, to define anisotropic variants of commutative and noncommutative gauge gravity with the Einstein type or Finsler generalizations.

Another interesting open question is to establish a relation between quantum groups and geometries with anisotropic models of gravity and field theories. Different variants of quantum generalizations for anholonomic frames with associated nonlinear connection structures are possible.

Finally, we give some historical remarks. An approach to Finsler and spinor like spaces of infinite dimensions (in Banach and/or Hilbert spaces) and to nonsymmetric locally anisotropic metrics was proposed by some authors belonging to the Romannian school on Finsler geometry and generalizations (see, Refs. [36, 17, 1, 37]). It could not be finalized before ellaboration of the A. Connes’ models of noncommutative geometry and gravity and before definition of Clifford and spinor distinguished structures [49, 62], formulation of supersymmetric variants of Finsler spaces [51] and establishing theirs relation to string theory [52, 53, 54]. This paper concludes a noncommutative interference and a development of the mentioned results.

Acknowledgements

The work is supported by a NATO/Portugal fellowship at CENTRA, Instituto Superior Tecnico, Lisbon. The author is grateful to R. Ablamowicz, John Ryan and B. Fauser for collaboration and support of his participation at ”The 6th International Conference on Clifford Algebras”, Cookeville, Tennessee, USA (May, 20-25, 2002). He would like to thank S. Majid and C. Sochichiu for usefull discussions and J. P. S. Lemos and M. Anastasiei for hospitality and support.

References

[1] M. Anastasie, ”Structures spinorielles sur les variétés hilbertiennes” C. R. Acad.

Sci. Paris Sér. A-B 284 (1977) A943–A946; M. Anastasiei, ”Spin structures on Hilbert manifolds” An. Stiint. Univ. ”Al. I. Cuza” Iasi Sect. I a Mat. (N.S.) 24 (1978) 367–373.

[2] W. Barthel, ”Nichtlineare Zusammenhange unde Deren Holonomie Gruppen”, J.

Reine Angew. Math. 212 (1963) 120–149.

[3] A. Bejancu, ”Finsler Geometry and Applications”, Ellis Horwood, Chichester, England, (1990).

[4] N. Berline, E. Getzler and M. Vergne, ”Heat Kernels and Dirac Operators” (Springer–Verlag, 1991).

[5] L. Bonora, M. Schnabl, M. M. Sheikh–Jabbari and A. Tomasiello, ”Noncommutative SO(n) and Sp(n) gauge theories”, Nucl. Phys. B 589 (2000) 461–474.

[6] E. Cartan, ”Les Espaces de Finsler”, Hermann, Paris (1934); ”La Methode du Repere Mobile, la Theorie des Groupes Continus et les Espaces Generalises”, Herman, Paris (1935) [Russian translation, Moscow Univ. Press (1963); ”Les Systems Differentielles Exterieurs et Leuws Application Geometricques” (Herman and Cie Editeur, Paris, 1945); ”Exposés de Géométrie”, in Series Actualités Scientifiques et Industrielles 79 (1936) [reprinted: Herman, Paris (1971)]; ”Leçons sur la théorie des spineurs”. Tome I: ”Les spineurs de l’espace á n > 3 dimensions. Les Spineurs en gèometrie reimannienne”, Hermann, Paris, (1938); ”The Theory of Spinors”, Dover Publications, New York (1966); ”Sur les equations de la gravitation d’Enstein”, Gautier Villars, Paris (1922); ”Riemannian geometry in an orthogonal frame,” Élie Cartan lectures at Sorbonne, 1926–27, World Scientific Publishing Co., Inc., River Edge, NJ, (2001) [from Russian]; ”On manifolds with an affine connection and the theory of general relativity.” Monographs and Textbooks in Physical Science, 1. Bibliopolis, Naples (1986) [from French]; ”Prostranstva affinnoĭ, proektivnoĭ i konformnoĭ svyaznosti” [”Spaces of affine, projective and conformal connectivity”], Monographs and Studies in Non-Euclidean Geometry, No. 3 Izdat. Kazan. Univ. (1962) [Russian, from French].

[7] A. H. Chamseddine, G. Felder and J. Frohlich, ”Gravity in Non–Commutative Geometry”, Commun. Math. Phys. 155 (1993) 205–217; A. H. Chamseddine, J. Frohlich and O. Grandjean, ”The Gravitational Sector in the Connes–Lott Formulation of the Standard Model”, J. Math. Phys. 36 (1995) 6255–6275;

[8] A. Connes, ” Noncommutative Geometry” Academic Press (1994).

[9] A. Connes, ”Noncommutative Geometry and Reality”, J. Math. Phys. 36 (1995) 6194–6231.

[10] A. Connes, M. R. Douglas and A. Schwarz, ”Noncommutative Geometry and Matrix Theory: Compactification on Tori” JHEP 9802 (1998) 003, hep–th/0001203.

[11] A. Connes and J. Lott, ”Particle Models and Noncommutative Geometry”, Nucl.

Phys. B (Proc. Suppl) 18 (1990) 29; ”The Metric Aspect on Noncommutative Geometry”, in: Proceedings of the 1991 Cargese summer school, Eds. J. Frolich et all, Plenum (1992).

[12] P. Deligne, P. Etingof, D. S. Freed et all (eds.), ”Quantum Fields and Strings: A Course for Mathematicians”, Vols 1 and 2, Institute for Advanced Study, American Mathematical Society (1994).

[13] J. Dixmier, ”Les C^∗–algebres et leurs representations”, Cauthier–Villars (1964);

J. M. G. Fell and R. S. Doran, ”Representations of ∗–Algebras, Locally Compact Groups and Banach ∗–Algebraic Bundles”, Academic Press (1988).

[14] M. R. Douglas and N. A. Nekrasov, ”Noncommutative Field Theory”, Rev. Mod.

Phys. 73 (2002) 977.

[15] M. Dubois–Violette, ”Lectures on Graded Differential Algebras and Noncommutative Geometry”, math.QA/9912017.

[16] E. Hawkins, ”Hamiltonian Gravity and Noncommutative Geometry”, Commun.

Math. Phys. 187 (1997) 471–489; D. Kastler, ”The Dirac Operator and Gravitation”, Commun. Math. Phys. 166 (1995) 633–643; T. Kopf, ”Spectral Geometry and Gausality”, Int. J. Mod. Phys. A13 (1998) 2693–2708.

[17] D. Hrimiuc, ”Infinite-dimensional Lagrange spaces”. in: The XVIIIth National Conference on Geometry and Topology (Oradea, 1987), 85–88, Preprint, 88-2, Univ. ”Babesh s-Bolyai”, Cluj-Napoca, 1988; ”On the geometry of the total space of an infinite-dimensional vector bundle” An. Stiint. Univ. Al. I. Cuza, Iasi, Sect. I a Mat. 35 (1989), 77–86; ”On the differential geometry of an infinite–dimensional Lagrange space” An. Stiint. Univ. Al. I. Cuza, Iasi, Sect. I a Mat. 36 (1990) 75– 86; ”On the geometry of an infinite-dimensional Hamilton space” Tensor (N.S.) 49 (1990) 238–249.

[18] Z, Giunashvili, ”Noncommutative geometry of phase space”, math-ph/0203027.

[19] C. Gordon, D. L. Webb and S. Wolpert, ”One cannot Hear the Shape of a Drum”, Null. Amer. Math. Soc. 27 (1992) 134-138; P. B. Gilkey, ”Invariance Theory, The Heat Equation, and the Atiyah–Singer Index Theorem, Publish or Perish (1984); M. Kac, ”Can One Hear the Shape of a Drum?” Amer. Math. Monthly, 73 (1966) 1-23; J. Milnor, ”Eigenvalues of the Laplace Operator on Certain Manifolds”, Proc. Nat. Acad. Sci. USA 51 (1964) 775.

[20] J. M. Gracia–Bondia, J. C. Varilli, and H. Figueroa, ”Elements of Noncommutative Geometry”, Birkhauser (2001).

[21] B. Jurčo and P. Schupp, ”Noncommutative Yang-Mills from Equivalence of Stra Products”, Eur. Phys. J. C 14, (2000) 367.

[22] B. Jurčo, S. Schraml, P. Shupp and J. Wess, ”Enveloping algebra valued gauge transformations for non–abelian gauge groups on non–commutative spaces”, Eur. Phys. J. C 17, (2000) 521–526.

[23] W. Kalau and M. Walze, ”Gravity, Noncommutative Geometry and the Wodzicki Residue”, J. Geom. Phys. 16 (1995) 327–344.

[24] A. Kawaguchi, ”On the theory of non–linear connections, I, II”, Tensor, N. S.

2 (1952) 123–142; (1956) 165–199; ”Beziehung zwischen einer metrischen linearen Ubertragung und iener nicht–metrischen in einem allgemeinen metrischen Raume”, Akad. Wetensch. Amsterdam, Proc. 40 (1937) 596–601.

[25] J. L. Kelley, ”General Topology”, Springer–Verlag (1961).

[26] J. Kern, ”Lagrange Geometry”, Arch. Math. 25 (1974) 438–443.

[27] A. Konechny and A. Schwarz, ”Introduction to M(atrix) Theory and Noncommutative Geometry”, hep–th/0012145; Part II, hep–th/0107251.

[28] G. Landi, ”An Introduction to Noncommutative Spaces and their Geometries”, Springer–Verlag (1997).

[29] G. Landi, Nguyen A. V. and K. C. Wali, ”Gravity and Electromagnetism in Noncommutative Geometry, Phys. Lett. B326 (1994) 45–50.

[30] G. Landi and C. Rovelli, ”General Relativity in Terms of Dirac Eigenvalues”, Phys. Rev. Lett. 78 (1997) 3051-3054; I. Vancea, ”Observables of the Euclidean Supergravity”, Phys. Rev. Lett. 79 (1997) 3121–3124; Erratum–ibid, 80 (1998) 1355.

[31] J. Madore, ”An Introduction to Noncommutative Geometry and its Physical Applications”, LMS lecture note Series 257, 2nd ed., Cambridge University Press (1999).

[32] J. Madore, S. Schraml, P. Schupp and J. Wess, ”Gauge theory on noncommutative spaces”, Eur. Phys. J. C, 16 (2000) 161-167.

[33] Yu. I. Manin, ”Quantum groups and noncommutative geometry. Universite de Montreal”, Centre de Recherches Mathematiques, Montreal, QC (1988); S. Majid, ”Foundations of quantum group theory” Cambridge University Press, Cambridge (1995); ”Non-commutative geometry and quantum groups. Science into the next millennium: young scientists give their visions of the future”, Part II. R. Soc. Lond. Philos. Trans. Ser. A Math. Phys. Eng. Sci. 358 (2000) 89–109; ”Quantum groups and noncommutative geometry”, J. Math. Phys. 41 (2000) 3892–3942; ”Riemannian geometry of quantum groups and finite groups with nonuniversal differentials”, Comm. Math. Phys. 225 (2002) 131–170.

[34] S. Majid, ”Conceptual Issues for Noncommutative gravity and algebras and finite sets”, Int. J. Mod. Phys. B 14 (2000); 2427–2450; A. H. Chamseddine, ”Complexified gravity and noncommutative spaces”, Commun. Math. Phys. 218 (2001) 283–292; R. Kerner, ”Noncommutative extensions of classical theories in physics”, Lect. Notes Phys. 541 (2000) 130–157, math–ph / 0004033.

[35] R. Miron, ”The Geometry of Higher–Order Lagrange Spaces, Application to Mechanics and Physics”, FTPH no. 82, Kluwer Academic Publishers, Dordrecht, Boston, London (1997); R. Miron, ”The Geometry of Higher–Order Finsler Spaces”, Hadronic Press, Palm Harbor, USA (1998); R. Miron, D. Hrimiuc, H. Shimada and V. S. Sabau, ”The Geometry of Hamilton and Lagrange Spaces”, Kluwer Academic Publishers, Dordrecht, Boston, London (2000).

[36] R. Miron and M. Anastasiei, ”Vector Bundles. Lagrange Spaces. Application in Relativity”, Editura Academiei, Romania (1987) [in Romanian]; no. 1 (Geometry Balkan Press, Bucharest (1997) [English translation]; ”The Geometry of Lagrange Spaces: Theory and Applications”, FTPH no. 59, Kluwer Academic Publishers, Dordrecht, Boston, London, (1994).

[37] R. Miron and G. Atanasiu, ”Existence et arbitrariété des connexions compatibles à une structure Riemann généralisée du type presque k–horsymplectique métrique. (French) [Existence and arbitrariness of connections compatible with a generalized Riemannian structure of almost k–horsymplectic metric type]” Kodai Math. J. 6 (1983), 228–237.

[38] J. Polchinski, ”String Theory”, Vols 1 and 2, Cambridge University Press (1998).

[39] D. A. Popov, ”On the Theory of the Yang–Mills Fileds”, Teor. Mat. Fiz. [Theor.

Math. Phys.] 24 (1975) 347-356 (in russian); D. A. Popov and L. I. Daikhin, ”Einstein Spaces and Yang Mills Fields”, Dokl. Akad. Nauk SSSR, Ser. Fiz. 245 (1975) 790-793 (in russian).

[40] M. Reed and B. Simon, ”Fourier Analysis, Self–Adjointness”, vol. II, Academic Press (1975).

[41] H. Rund, ”The Differential Geometry of Finsler Spaces”, Springer–Verlag, Berlin (1959); G. S. Asanov, ”Finsler Geometry, Relativity and Gauge Theories”, Reidel, Boston (1985); M. Matsumoto, ”Foundations of Finsler Geometry and Special Finsler Spaces”, Kaisisha, Shigaken (1986).

[42] A. Salam and J. Strathdee, ”On Kaluza–Klein theory”, Ann. Phys. (NY) 141 (1982) 316–352; R. Percacci and S. Randjbar–Daemi, ”Kaluza–Klein theories on bundles with homogeneous fibers”, J. Math. Phys. 24 (1983) 807–814; J. M. Overduin and P. S. Wesson, ”Kaluza–Klein Theory”, Phys. Rep. 283 (1997) 303–378.

[43] N. Seiberg and E. Witten, ”String Theory and Noncommutative Geometry. JHEP, 9909 (1999) 032.

[44] H. S. Snyder, ”Quantized Space–Time”, Phys. Rev. 71 (1947) 38; ”The Electromagnetic Field in Quantized Space–Time”, Phys. Rev. 72 (1947) 68.

[45] C. Sochichiu, ”On the Equivalnece of Noncommutative Models in Various Dimensions”, JHEP 0008 (2000) 048; ”Noncommutative Tachyonic solutions: Interactions with Gauge Fields”, JHEP 0008 (2000) 026; E. Kiritsis and C. Sochichiu, ”Duality in Noncommutative Gauge Theories as a Non–Perturbative Seiberg– Witten Map”, hep-th/0202065.

[46] R. G. Swan, ”Vector Bundles and Projective Modules”, Trans. Am. Math. Soc.

105 (1962) 264-277.

[47] A. A. Tseytlin, ”On the Poincare and de Sitter Gauge Theories of Gravity with Propagating Torsion”, Phys. Rev. D 26 (1982) 3327–3368.

[48] R. Utiyama, ”Invariant Theoretical Interpretation of Interaction”, Phys. Rev. 101 (1956) 1597-1607; V. N. Ponomariov, A. Barvinsky and Yu. N. Obukhov, ”Geometrodynamical Methods and the Gauge Approach to the Gravitational Interactions”, Energoatomizdat, Moscow (1985) [in Russian]; E. W. Mielke, ”Geometrodynamics of Gauge Fields – on the Geometry of Yang–Mills and Gravitational Gauge Theories”, Academic–Verlag, Berlin, (1987); F. Hehl, J. D. McGrea, E. W. Mielke and Y. Ne’eman, ”Metric Affine Gauge Theory of Gravity: Field Equations, Noether Identities, World Spinors, and Breaking of Dilaton Invariance”, Phys. Rep. 258 (1995) 1-171; H. Dehnen and E. Hitzer, ”SU(2) X U(1) Gauge Gravity”, Int. J. Theor. Phys. 34 (1995) 1981–2001.

[49] S. Vacaru, ”Clifford structures and spinors on spaces with local anisotropy”, Buletinul Academiei de Ştiinţe a Republicii Moldova, Fizica şi Tehnica [Izvestia Akademii Nauk Respubliki Moldova, seria fizica i tehnika] 3 (1995) 53–62; ”Spinor structures and nonlinear connections in vector bundles, generalized Lagrange and Finsler spaces”, J. Math. Phys. 37 (1996) 508–523; ”Spinors and Field Interactions in Higher Order Anisotropic Spaces”, JHEP 9809 (1998) 011.

[50] S. Vacaru, ”Stochastic Differential Equations on Spaces with Local Anisotropy”, Buletinul Academiei de Stiinte a Republicii Moldova, Fizica si Tehnica [Izvestia Academii Nauk Respubliky Moldova, fizica i tehnika], 3 (1996) 13-25; ”Stochastic processes and diffusion on spaces with local anisotropy”, gr-qc/9604014; ”Locally ansiotropic stochastic processes in fiber bundles”, Proceedings of Workshop on Global Analysis, Differential Geometry and Lie Algebra, Thessaloniki, (1995), pp. 123–144.

[51] S. Vacaru, ”Nonlinear Connections in Superbundles and Locally Anisotropic Supergravity”, gr-qc/9604016.

[52] S. Vacaru, ”Locally Anisotropic Gravity and Strings”, Ann. Phys. (N. Y.), 256 (1997) 39–61.

[53] S. Vacaru, ”Superstrings in Higher Order Extensions of Finsler Superspaces”, Nucl. Phys. B 434 (1997) 590–656.

[54] S. Vacaru, ”Interactions, Strings and Isotopies in Higher Order Anisotropic Superspaces”, Hadronic Press, FL, USA (1998).

[55] S. Vacaru, ”Stochastic Processes and Thermodynamics on Curved Spaces”, Ann. Phys. (Leipzig), 9 (2000), Special Issue, 175–176, gr–qc/0001057; ”Locally Anisotropic Kinetic Processes and Thermodynamics in Curved Spaces”, Ann. Phys. (NY) 290 (2001) 83–123, gr–qc/0001060.

[56] S. Vacaru, ”Anholonomic Soliton-Dilaton and Black Hole Solutiions in General Relativity”, JHEP 04 (2001) 009; S. Vacaru, D. Singleton, V. Botan and D. Dotenco, ”Locally Anisotropic Wormholes and Flux Tubes in 5D Gravity”, Phys. Lett. B 519 (2001) 249-258; S. Vacaru and F. C. Popa, ”Dirac Spinor Waves and Solitons in Anisotropic Taub-NUT Spaces”, Class. Quant. Gravity, 18 (2001) 4921- 4938; S. Vacaru and D. Singleton, ”Ellipsoidal, Cylindrical, Bipolar and Toroidal Wormholes in 5D Gravity”, J. Math. Phys. 43 (2002) 2486-2504; S. Vacaru and O. Tintareanu-Mircea, ”Anholonomic Frames, Generalized Killing Equations, and Anisotropic Taub NUT Spinning Spaces”, Nucl. Phys. B 626 (2002) 239-264; Vacaru and D. Singleton, ”Warped, Anisotropic Wormhole / Soliton Configurations in Vacuum 5D Gravity”, Class. Quant. Gravity, 19 (2002) 2793-2811; S. Vacaru and D. Singleton, ”Warped Solitonic Deformations and Propagation of Black Holes in 5D Vacuum Gravity”, Class. Quant. Gravity, 19 (2002) 3583-3602.

[57] S. Vacaru, ”Locally Anisotropic Black Holes in Einstein Gravity, gr–qc/0001020;

”A New Method of Constructing Black Hole Solutions in Einstein and 5D Dimension Gravity”, hep-th/0110250; ”Black Tori in Einstein and 5D Gravity”, hep-th/0110284.

[58] S. Vacaru, ”Gauge and Einstein Gravity from Non-Abelian Gauge Models on Noncommutative Spaces”, Phys. Lett. B 498 (2001) 74-82; S. I. Vacaru, I. Chiosa and N. Vicol, ”Locally Anisotropic Supergravity and Gauge Gravity on Noncommutative Spaces”, in: NATO Advanced Research Workshop Proceedings ”Noncommutative Structures in Mathematics and Physics”, eds S. Duplij and J. Wess, September 23-27, Kyiv, Ukraine, Kluwer Academic Publishers (2001), 229 - 243.

[59] S. Vacaru, ”String Theory, Gravity and (Non) Commutative Finsler Geometry” [in preparation].

[60] S. Vacaru and H. Dehnen, Locally Anisotropic Structures and Nonlinear Connections in Einstein and Gauge Gravity, gr–qc / 0009039.

[61] S. Vacaru and Yu. Goncharenko, ”Yang–Mills fields and gauge gravity on generalized Lagrange and Finsler spaces”, Int. J. Theor. Phys. 34 (1995) 1955–1978; S. Vacaru, ”Gauge Gravity and Conservation Laws in Higher Order Anisotropic Spaces”, hep-th/9810229; ”Yang-Mills Fields on Spaces with Local Anisotropy”, Buletinul Academiei de Stiinte a Republicii Moldova, Fizica si Tehnica [Izvestia Academii Nauk Respubliky Moldova, fizica i tehnika], 3 (1996) 26-31; ”Gauge Like Treatment of Generalized Lagrange and Finsler Gravity”, Buletinul Academiei de Stiinte a Republicii Moldova, Fizica si Tehnica [Izvestia Academii Nauk Respubliky Moldova, fizica i tehnika] 3 (1996) 31-34.

[62] S. Vacaru and P. Stavrinos, ”Spinors and Space–Time Anisotropy”, Athens Universtity Press, Greece (2002).

[63] J. Varilly, ”An Introduction to Noncommutative Geometry”, physics/9709045.

[64] J. Wess and B. Zumino, ”Covariant Differential Calculus on the Quantum Hyperplane”, Phys. Proc. Suppl. 18B (1991) 302–312; J. Wess, ”q-Deformed Heisenberg Algebras”, in Proceeding of the 38 International Universitätswochen für Kern– und Teilchenphysik, no. 543 in Lect. Notes in Phys., Springer–Verlag, 2000, Schladming, January 1999, eds. H. Gusterer, H. Grosse and L. Pitner; math–ph / 9910013.

[65] H. Weyl, Z. Physik 46 (1927) 1; ”The theory of groups and quantum mechanics” (Dover, New–York, 1931), translated from ”Gruppentheorie and Quantenmechanik” (Hirzel Verlag, Leipzig, 1928); E. P. Wigner, ”Quantum Corrections for Thermodynamic Equilibrium”, Phys. Rev. 40 (1932) 749–760; J. E. Moyal, ”Quantum Mechanics as a Statical Theory”, Proc. Cambridge Phil. Soc. 45 (1949) 99–124; F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, D. Sternheimer, ”Deformation Theory and Quantization. 1. Deformation of Sympletic Structures. 2. Physical Applications”, Ann. Physics 111 (1978) 61–111; M. Kontsevich, Deformation quantization of Poisson manifolds, I. q–alg/9709040; D. Sternheimer, Deformation Quantization: Twenty Years After, math / 9809056.