arXiv:math-ph/0207014 v1 10 Jul 2002

Differential Geometry of Group Lattices

Aristophanes Dimakis^∗ Department of Financial and Management Engineering, University of the Aegean, 31 Fostini Str., GR-82100 Chios

Folkert Müller-Hoissen^† Max-Planck-Institut für Strömungsforschung, Bunsenstrasse 10, D-37073 Göttingen

Abstract

In a series of publications we developed “differential geometry” on discrete sets based on concepts of noncommutative geometry. In particular, it turned out that first order differential calculi (over the algebra of functions) on a discrete set are in bijective correspondence with digraph structures where the vertices are given by the elements of the set. A particular class of digraphs are Cayley graphs, also known as group lattices. They are determined by a discrete group G and a finite subset S. There is a distinguished subclass of “bicovariant” Cayley graphs with the property ad(S)S ⊂ S.

We explore the properties of differential calculi which arise from Cayley graphs via the above correspondence. The first order calculi extend to higher orders and then allow to introduce further differential geometric structures.

Furthermore, we explore the properties of “discrete” vector fields which describe deterministic flows on group lattices. A Lie derivative with respect to a discrete vector field and an inner product with forms is defined. The Lie-Cartan identity then holds on all forms for a certain subclass of discrete vector fields.

We develop elements of gauge theory and construct an analogue of the lattice gauge theory (Yang-Mills) action on an arbitrary group lattice. Also linear connections are considered and a simple geometric interpretation of the torsion is established.

By taking a quotient with respect to some subgroup of the discrete group, generalized differential calculi associated with so-called Schreier diagrams are obtained.

∗Electronic mail: dimakis@aegean.gr †Electronic mail: fmuelle@gwdg.de

Contents

1 Introduction 3

2 First order differential calculus associated with a group lattice 4

3 Differentiable maps between group lattices 9

4 Higher order differential calculus of a group lattice 11 4.1 Action of differentiable maps on forms . . . . . . . . . . . . . . . . . . . . . 13 4.2 The structure of the space of 2-forms . . . . . . . . . . . . . . . . . . . . . . 14

5 Discrete and basic vector fields 17 5.1 Discrete vector fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 5.2 Discrete vector fields with invertible flow . . . . . . . . . . . . . . . . . . . . 20 5.3 Another extension of the flow to forms and vector fields on a bicovariant group lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 5.4 Basic vector fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.5 Lie derivative with respect to a discrete vector field . . . . . . . . . . . . . . 26 5.6 Inner product of discrete vector fields and forms . . . . . . . . . . . . . . . . 27

6 Connections and parallel transports 30 6.1 Gauge theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

7 Linear connections 34 7.1 A transport of vector fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 7.2 The geometric meaning of (vanishing) torsion . . . . . . . . . . . . . . . . . 37 7.3 Linear connections on vector fields . . . . . . . . . . . . . . . . . . . . . . . 38

8 Differential calculi on coset spaces of discrete groups 39 8.1 Higgs field from gauge theory with an internal coset lattice . . . . . . . . . . 45

9 Conclusions 46

Appendices 47

A Integral curves of discrete vector fields 47

References 48

1 Introduction

In a series of papers [1–7] we developed differential geometry on discrete sets (see also Refs. [8–14] for related work). A key concept is a differential calculus (over the algebra A of functions) on a set. First order differential calculi on discrete sets were found to be in bijective correspondence with digraph structures [3], where the vertices of the digraph are given by the elements of the set and neither multiple arrows nor loops are admitted. In particular, this supplies the elements of the set with neighborhood relations. An important example is a differential calculus which corresponds to the hypercubic lattice and which leads to an elegant formulation of lattice gauge theory [1].

A special class of digraphs are Cayley graphs [15] (see Refs. [16, 17], for example), which are also known as group lattices in the physics literature. These are determined by a discrete group G and a subset S. The elements of G are the vertices of the digraph and the elements of S determine (via right action) arrows from a vertex g to “neighboring” vertices. Hypercubic lattices, on which the usual lattice (gauge) theories are built, are special Cayley graphs. Another example of importance for physics is the truncated icosahedron which models the C_{60} Fullerene [18]. Physical models on group lattices have also been considered in Refs. [19–22], in particular. Furthermore, Cayley graphs play a role in the study of connectivity and routing problems in communication networks (see Ref. [23] for a review).

The above-mentioned correspondence between digraphs and first order differential calculi suggests to explore those calculi which correspond to Cayley graphs. Moreover, given a first order differential calculus which corresponds to a Cayley graph, it naturally extends to higher orders so that we have a notion of r-forms, r > 1. This provides the basis for introducing further differential geometric structures, following general recipes of noncommutative geometry.

In section 2 we introduce first order differential calculi associated with group lattices. Our approach very much parallels standard constructions in ordinary differential geometry. In particular, we first introduce vector fields on a group lattice and then 1-forms as duals of these. Section 3 concerns maps between group lattices which are “differentiable” in an algebraic sense [4]. Of special importance for us are “bicovariant” group lattices (G, S) with the property that the left and right actions on G with respect to all elements of S is differentiable.

A first order differential calculus naturally extends to higher orders, i.e. to a full differential calculus. The structure of differential calculi obtained from group lattices is the subject of section 4.

Geometric relations are often more conveniently expressed in terms of vector fields than forms. In section 5 we introduce a special class of vector fields which we call “discrete” and a subclass of “basic” vector fields and explore their properties. A Lie derivative with respect to a discrete vector field and an inner product of discrete vector fields and forms is defined. For basic vector fields with differentiable flow the Lie-Cartan formula holds.

Section 6 treats connections on (left or right) A-modules over differential calculi associated with group lattices. In particular, Yang-Mills fields are considered and an analogue of the lattice gauge theory action on an arbitrary group lattice is constructed.

If the module is the space of 1-forms, we are dealing with linear connections. This is the subject of section 7. In particular, we find that the condition of vanishing torsion of a linear connection has a simple geometric meaning.

A differential calculus on a group lattice induces a “generalized differential calculus” on a coset space. The resulting differential calculus is generalized in the sense that the space of 1-forms is, in general, larger than the A-bimodule generated by the image of the space of functions under the action of the exterior derivative. There is a generalized digraph (“Schreier diagram” [16]) associated with such a first order differential calculus which in general has multiple links and also loops. Some further remarks are collected in section 9.

2 First order differential calculus associated with a group lattice

Let G be a discrete group and A the algebra of complex-valued functions f : G → C . [24] With g ∈ G we associate e^g ∈ A such that e^g(g^′) = δ_{g,g}′ for all g^′ ∈ G. The set of e^g, g ∈ G, forms a linear basis of A over C , since every function f can be written in the form f = ∑ g∈G f(g) e^g . In particular, we have e^g e^{g′} = δ^{g,g′} e^g and ∑ g∈G e^g = 1, where 1 denotes the constant function which is the unit of A.

The left and right translations by a group element g, L_g(g^′) = gg^′ and R_g(g^′) = g^′g, induce automorphisms of A via the pull-backs (L^∗_gf)(g^′) = f(L_g g^′) = f(gg^′) and (R^∗_gf)(g^′) = f(R_g g^′) = f(g^′g). In particular, we obtain L^∗_g e^{g′} = e^{g−1g′} , R^∗_ge^{g′} = e^{g′g−1} (2.1) for all g, g^′ ∈ G. Introducing [25]

ℓ_gf = R^∗_gf − f (2.2)

so that (ℓ_gf)(g^′) = f(g^′g) − f(g^′), we find the modified Leibniz rule

ℓ_g (ff^′) = (ℓ_gf)(R^∗_g f^′) + f(ℓ_g f^′) . (2.3)

The maps ℓ_g : A → A, g ∈ G, generate an A-bimodule via

(f · ℓ_g)f^′ := f ℓ_g f^′ , (ℓ_g · f)f^′ := (ℓ_g f^′)(R^∗_gf) (2.4)

so that

ℓ_g · f = (R^∗_gf) · ℓ_g . (2.5)

Indeed, one easily verifies that

(ff^′) · ℓ_g = f · (f^′ · ℓ_g) , ℓ_g · (ff^′) = (ℓ_g · f) · f^′ . (2.6)

The modified Leibniz rule can now be written as

ℓ_g (ff^′) = (ℓ_g · f^′)f + (f · ℓ_g)f^′ . (2.7)

Let S be a finite subset of G which does not contain the unit of G. From G and S we construct a directed graph as follows. The vertices of the digraph represent the elements of G and there is an arrow from the site (vertex) representing g to the one representing gh if and only if h ∈ S. In other words, there is an arrow from g to g^′ iff g^{−1}g^′ ∈ S. A digraph obtained in this way is called a Cayley graph or a group lattice. [26]

Lemma 2.1 The connected component of the unit e in the group lattice is the subgroup of G generated by S.

Proof: Let H be the subgroup of G generated by S. Every element g ∈ H can be written as a finite product g = h^{k1}_1 · · · h^{kr}_r with h_i ∈ S and k_i ∈ {±1}. If k_r = 1, there is an arrow from h^{k1}_1 · · · h^{kr−1}_{r−1} to g. If k_r = −1, there is an arrow from g to h^{k1}_1 · · · h^{kr−1}_{r−1} . By iteration, g is connected to e. Hence H is contained in the connected component C_e of e. Because of the group property, every element connected to an element of H must itself be an element of H. Hence C_e = H. ■ It follows that the group lattice (G, S) is connected if and only if S generates G (see also Ref. [27], p.17). If the subgroup H generated by S is smaller than G, the group lattice consists of a set of disjoint but isomorphic parts corresponding to the set of left cosets gH, g ∈ G. For h ∈ S, the maps ℓ_h : A → A are naturally associated with the arrows of the digraph since (ℓ_hf)(g) = f(gh) − f(g) is the difference of the values of a function f at two connected “neighboring” points of the digraph. The maps ℓ_h generate an A-bimodule X . [28] At each g ∈ G, they span a linear space which we call the tangent space at g.

Let Ω^1 be the A-bimodule dual to X such that ⟨f · X, α⟩ = ⟨X, fα⟩ = f⟨X, α⟩ , ⟨X · f, α⟩ = ⟨X, αf⟩ (2.8) for all X ∈ X , f ∈ A and α ∈ Ω^1. If {θ^h|h ∈ S} denotes the set of elements of Ω^1 dual to {ℓ_h|h ∈ S}, so that ⟨ℓ_h′ , θ^h⟩ = δ^h′ , then ⟨ℓ_h′ , θ^hf⟩ = ⟨ℓ_h′ · f, θ^h⟩ = ⟨(R^∗_h′ f) · ℓ_h′ , θ^h⟩ = R^∗_h′ f δ^h′ = ⟨ℓ_h′ , (R^∗_hf)θ^h⟩ (2.9) for all h, h^′ ∈ S. Hence

θ^h f = R^∗_hf θ^h . (2.10)

The space of 1-forms Ω^1 is a free A-bimodule and {θ^h| h ∈ S} is a basis. A linear map d : A → Ω^1 can now be introduced by

df = ∑ h∈S (ℓ_hf) θ^h . (2.11)

It satisfies the Leibniz rule d(ff^′) = (df)f^′ + f(df^′). In particular, we obtain

de^g = ∑ h∈S (ℓ_he^g) θ^h = ∑ h∈S (e^{gh−1} − e^g) θ^h . (2.12)

Now we multiply both sides from the left by e^{gh−1} with some fixed h ∈ S. Since h is different from the unit element of G, we obtain e^{gh−1} de^g = e^{gh−1} θ^h. From this we find [29]

θ^h = ∑ g∈G e^{gh−1} de^g = ∑ g∈G e^g de^{gh} . (2.13)

Furthermore,

θ := ∑ h∈S θ^h = ∑ g∈G, h∈S e^g de^{gh} (2.14)

satisfies df = θf − fθ = [θ, f] . (2.15) Moreover, we obtain ⟨X, df⟩ = Xf . (2.16) Let us introduce I = {(g, g^′) ∈ G × G | g^{−1} g^′ ∉ S_e} (2.17) where S_e = S ∪ {e}. This is the set of pairs (g, g^′) for which e^g de^{g′} = 0. Note that e^g de^g = −e^g θ ≠ 0.

The first order differential calculus (A, Ω^1, d) constructed above is also obtained from the universal first order differential calculus (A, Ω^1_u, d_u) as the quotient Ω^1 = Ω^1_u/J^1 with respect to the submodule J^1 of Ω^1_u generated by all elements of the form e^g d_u e^{g′} with (g, g^′) ∈ I. If π_u : Ω^1_u → Ω^1 denotes the corresponding projection, then we have d = π_u d_u.

Lemma 2.2 If S_e is a subgroup of G, the corresponding first order differential calculus on the component connected to the unit is the universal one.

Proof: According to Lemma 2.1, the e-component is S_e. Since for every pair (h, h^′) ∈ S_e×S_e, h ≠ h^′, there is an element h^{′′} ∈ S such that h = h^′h^{′′}, there is an arrow from h^′ to h in the associated digraph. Hence all pairs of different elements of S_e are connected by a pair of antiparallel arrows. This characterizes the universal differential calculus. ■

Example 2.1. One of the simplest examples is obtained as follows. Let G = Z, the additive group of integers, and S = {1}. Then we have (ℓ_1f)(k) = f(k + 1) − f(k) and θ^1 = ∑ k∈Ze^k de^{k+1}. Introducing the coordinate function t = ∑ k∈Zk e^k, we find θ^1 = dt and ℓ_1f = ∂_{+t}f with the discrete derivative ∂_{+t}f(t) = f(t + 1) − f(t). Hence

df = (∂_{+t}f) dt . (2.18)

This example is important as a model for a discrete parameter space, and in particular as a model for discrete time. A generalization is obtained by taking the additive group G = Z^n and S = {(1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1)} =: {m̂ | 1 ≤ m ≤ n} which generates G. This leads to an oriented hypercubic lattice digraph. Then (ℓ_{m̂}f)(k) = f(k + m̂) −

Figure 1: The group lattice of Z_4 with S = {1, 2}.

f(k) =: (∂_{+m̂}f)(k) and θ^{m̂} = ∑ k∈Z^n e k de^{k+m̂}. Introducing coordinates via x = ∑ k∈Z^n k e k = (x^1, . . . , x^n), we find

df = n∑ m=1 (∂_{+m̂}f) dx^m , θ^{m̂} = dx^m . (2.19)

This differential calculus appeared first in Ref. [1] (see also Ref. [30]) and turned out to be useful, in particular, in the context of lattice gauge theory [31] and completely integrable lattice models [5]. ■

Example 2.2. Let G = Z_m (m = 2, 3, . . .), the finite additive group of elements 0, 1, 2, m − 1 with composition law addition modulo m. The unit element is e = 0. Choosing S = {1}, we have a single basis 1-form θ^1. In contrast to example 2.1, here θ^1 is not exact. Indeed, suppose that θ^1 = df for some function f. This is equivalent to ℓ_1f = 1 which leads to the contradiction m = ∑ g(ℓ_1f)(g) = 0. By taking direct products of this lattice, a group lattice structure for G = Z^n_m is obtained. ■

Example 2.3. For G = Z_2, the only group lattice is the complete digraph corresponding to the universal first order differential calculus on the two elements {0, 1}. For G = Z_3, one has to distinguish two cases. If S contains a single element only, the group lattice is a closed linear chain of arrows (cf example 2.2). The choice S = {1, 2} leads to the complete digraph on the three elements and thus to the universal differential calculus. Less simple structures appear for G = Z_m, m > 3. For example, choosing G = Z_4 and S = {1, 2}, we obtain the group lattice drawn in Fig. 1. ■

Example 2.4. The permutation group S_3 has the 6 elements

e , (12), (13), (23) , (123), (132)

grouped into conjugacy classes. Choosing S = {(12), (13), (23)}, we have three left-invariant 1-forms θ^{(12)}, θ^{(13)}, θ^{(23)}. The corresponding digraph is drawn on the left-hand side of Fig. 2. Here a line represents a double arrow.

If we choose S = {(123), (132)}, then S does not generate S_3 and the digraph is disconnected. The two parts are drawn in the middle of Fig. 2. Since S_e is a subgroup, according

Figure 2: Digraphs corresponding to the three different choices {(12), (13), (23)}, {(123), (132)} and {(12), (123)} of S ⊂ S_3.

to Lemma 2.2 we have the universal first order differential calculus on the two disjoint parts of S_3 in this case.

Another choice is S = {(12), (123)}. The corresponding digraph is shown on the righthand side of Fig. 2 (see also Refs. [16, 17]). ■

We call a group lattice bicovariant if ad(S)S ⊂ S. The significance of this definition will be made clear in section 3. Our previous examples of group lattices are indeed bicovariant, except for (S_3, S = {(12), (123)}). Since S is assumed to be a finite set, we have the following result.

Lemma 2.3

ad(g)S ⊂ S ⇒ ad(g^{−1})S ⊂ S . (2.20)

Proof: By assumption, ad(g) is a map S → S which is clearly injective. Since S is a finite set, it is then also surjective. As a consequence, ad(g^{−1})S = ad(g)^{−1}S = S. ■

Example 2.5. Let G = A_5, the alternating group consisting of the even permutations of five objects. It is generated by the two permutations a = (12345) and b = (12)(34) which satisfy a^5 = e, b^2 = e and (ab)^3 = e. Let S = {a, a^{−1}, b}. Then the group lattice is a truncated icosahedron, obtained from the icosahedron by replacing each of the 12 sites by a pentagon. The result is a group lattice structure for the C_{60} Fullerene [18]. This group lattice is not bicovariant. ■

In the following we refer to a pair of elements h_1, h_2 ∈ S such that h_1h_2 = e as a “biangle”, to a triple h_0, h_1, h_2 ∈ S such that h_1h_2 = h_0 as a “triangle” and to a quadruple of elements h_1, h_2, h_3, h_4 ∈ S such that h_1h_2 = h_3h_4 ∉ S_e as a “quadrangle” (see Fig. 3). [32] In particular, each pair h_1, h_2 of commuting elements of S with h_1h_2 ∉ S_e determines a quadrangle.

Figure 3: Group lattice parts corresponding to a biangle, a triangle and a quadrangle, respectively.

3 Differentiable maps between group lattices

Let (G_i, S_i), i = 1, 2, be two group lattices and ϕ : G_1 → G_2 a map between them. The latter induces an algebra homomorphism ϕ^∗ : A_2 → A_1 where ϕ^∗f_2 = f_2 ∘ ϕ. In particular,

ϕ^∗ e^{g2} = e^{ϕ−1{g2}} (3.1)

where we introduced the notation

e^K := ∑ g∈K e^g (3.2)

for K ⊂ G, and e^∅ := 0. The following result shows that every homomorphism between algebras of functions on group lattices is realized by a pull-back map (see also Ref. [33]).

Theorem 3.1 If Φ : A_2 → A_1 is an algebra homomorphism, then there is a map ϕ : G_1 → G_2, such that Φ = ϕ^∗.

Proof: If f ∈ A_1 is such that f^2 = f, then f = e^K for some K ⊂ G_1. In fact, since f = ∑ g_1 ∈G_1 f(g1) e g_1 , we find f(g

1)(f(g_1) − 1) = 0 for all g_1 ∈ G_1, so that f(g_1) ∈ {0, 1}. Hence f = ∑ g_1∈K e g_1 with K = {g

1 ∈ G_1 | f(g_1) = 1}. From e^{g2} e^{g′2} = δ^{g2,g′2} e^{g2} in A_2 we find Φ(e^{g2} )Φ(e^{g′2} ) = δ^{g2,g′2} Φ(e^{g2} ). Hence Φ(e^{g2} ) = e^{Kg2} for some K_{g2} ⊂ G_1. Furthermore, from Φ(e^{g2} )Φ(e^{g′2} ) = 0 for g_2 ≠ g^′_2 we infer K_{g2} ∩ K_g′_2 = ∅ and from Φ(1_2) = 1_1 we obtain ⋃ g_2∈G_2 Kg2 = G1. Hence we have a partition of G1. Now we define ϕ : G1 → G2 by setting

ϕ(g_1) = g_2 for all g_1 ∈ K_{g2} . Then ϕ is well defined and ϕ^∗(e^{g2} ) = e^{Kg2} = Φ(e^{g2} ). ■ Now we try to extend ϕ^∗ to 1-forms requiring

ϕ^∗(f d_2f^′) = (ϕ^∗f) d_1(ϕ^∗f^′) . (3.3)

However, this is not well defined unless it is guaranteed that the right side vanishes whenever the left side vanishes. By linearity, it is sufficient to consider

ϕ^∗(e^{g2} d_2e^{g′2} ) = e^{ϕ−1{g2}} d_1e^{ϕ−1{g′2}} (3.4) for all g_2, g^′_2 ∈ G_2. The consistency condition now takes the form ϕ^{−1}I_2 ⊂ I_1, which is equivalent to g^{−1}_1 g^′_1 ∈ S_1 =⇒ ϕ(g_1)^{−1}ϕ(g^′_1) ∈ S_2 ∪ {e_2} . (3.5) This means that ϕ either sends an arrow at a site to an arrow at the image site or deletes it, but ϕ cannot “create” an arrow. A map with this property will be called differentiable (see also Ref. [4]). In this case we have more generally ϕ^∗(fα) = (ϕ^∗f)(ϕ^∗α) for f ∈ A_2 and α ∈ Ω^1_2.

In order to define a dual of ϕ^∗ on vector fields, ϕ has to be a differentiable bijection. Then we set ⟨ϕ_∗X_1, α_2⟩ = ⟨X_1, ϕ^∗α_2⟩ ∘ ϕ^{−1} (3.6) where X_1 ∈ X_1 and α_2 ∈ Ω^1_2. As a consequence, we obtain ϕ_∗(f · X) = (ϕ^{−1∗}f) · ϕ_∗X (3.7) and, using (2.16), we find ϕ_∗X = ϕ^{−1∗} X ϕ^∗ . (3.8)

In particular, for each g ∈ G the left translation L_g : G → G is a differentiable map since if g^{′−1}g^{′′} ∈ S, then also (gg^′)^{−1}(gg^{′′}) ∈ S. The special basis of 1-forms {θ^h|h ∈ S} and the dual basis {ℓ_h|h ∈ S} of vector fields are left-invariant: L^∗_gθ^h = θ^h , L_{g∗}ℓ_h = ℓ_h (∀g ∈ G, h ∈ S) . (3.9) Hence the differential calculus of a group lattice is left covariant.

The condition for the right translation R_g : G → G to be differentiable is that for g^{′−1}g^{′′} ∈ S also (g^′g)^{−1}(g^{′′}g) = g^{−1}(g^{′−1}g^{′′})g ∈ S. This amounts to ad(g^{−1})h ∈ S for all h ∈ S. As a consequence of Lemma 2.3, differentiability of R_g implies differentiability of R_g−1 and we obtain

R^∗_g θ^h = ∑ g^′∈G (R^∗_g e^{g′} ) d R^∗_g e^{g′h} = ∑ g^{′′}∈G e^{g′′} de^{g′′ghg−1} = θ^{ad(g)h} . (3.10) Furthermore, R_{g∗}ℓ_h = ℓ_{ad(g}−1_{)h} , R_g−1_∗ℓ_h = ℓ_{ad(g)h} . (3.11) If R_g and R_g′ are both differentiable, then also R_{gg}′ and we have R^∗_{gg}′ = R^∗_g ∘ R^∗_g′ on 1-forms.

If R_g is differentiable for all g ∈ G, then the differential calculus is called right covariant. A differential calculus which is both left and right covariant is called bicovariant [34]. Bicovariance of a group lattice, as defined in section 2, is the weaker condition ad(h)S ⊂ S (and then also ad(h^{−1})S ⊂ S) for all h ∈ S. This means that for all h ∈ S the maps R_h and R_h−1 are differentiable. If S does not generate G, this condition is indeed weaker than bicovariance of the first order differential calculus. But then the corresponding digraph is disconnected (cf Lemma 2.1). So, if S generates G, the bicovariance conditions for the first order differential calculus and the group lattice coincide.

4 Higher order differential calculus of a group lattice

Let (Ω_u, d_u) be the (full) universal differential calculus over A. Then we have Ω_u = ⨁_∞ r=0 Ω^r_u with Ω^0_u = A. Let J be the differential ideal of Ω_u generated by J^1 where Ω^1 = Ω^1_u/J^1. Since J^1 is homogeneous of grade 1, the differential ideal J is also graded, J = ⨁_∞ r=0 J^r with J^0 = {0}. Then Ω = Ω_u/J inherits the grading, i.e. Ω = ⨁_∞ r=0 Ω^r with Ω^0 = A. The projection π_u : Ω_u → Ω is a graded algebra homomorphism and we have a differential map d : Ω → Ω such that d π_u = π_u d_u. It satisfies d^2 = 0 and has the graded derivation property (Leibniz rule)

d(ω ω^′) = (dω) ω^′ + (−1)^r ω dω^′ (4.1)

for all ω ∈ Ω^r and ω^′ ∈ Ω. In this section we explore for group lattices the structure of Ω beyond 1-forms.

For (g, g^′) ∈ I we obtain 0 = π_u d_u(e^gd_ue^{g′} ) = π_u(d_ue^g)π_u(d_ue^{g′} ) = de^g de^{g′} . Using (2.12) and introducing g̃ = g^{−1}g^′, this results in the 2-form relations ∑ h,h^′ ∈S δ^{g̃}_{hh}′ θ^h θ^{h′} = 0 ∀g̃ ∉ S_e . (4.2)

If S_e is a subgroup of G, there are no such conditions. In this case, the group lattice is disconnected with components the left cosets of S_e in G and with the universal differential calculus on each component (see Lemma 2.2). If S_e is not a subgroup, then there are elements h, h^′ ∈ S such that hh^′ ∉ S_e and therefore non-trivial relations of the form (4.2) appear.

The following well-known result implies that at the level of r-forms, r > 2, no further relations appear which are not directly taken into account by the 2-form relations.

Lemma 4.1 Let α ∈ Ω^1_u. The two-sided ideal generated by α and d_uα is a differential ideal in Ω_u.

Proof: This is an immediate consequence of the Leibniz rule for d_u and d^2_u = 0. ■

Remark. If for some h ∈ S also h^{−1} ∈ S, then the 2-forms θ^hθ^{h−1} , θ^{h−1} θ^h do not vanish. As a consequence, we have forms θ^hθ^{h−1} θ^h · · · of arbitrarily high order. This could be avoided by setting θ^hθ^{h−1} = θ^{h−1} θ^h = 0. However, such a restriction may exclude interesting cases. For example, one can formulate the Connes and Lott 2-point space geometry [8] using (Z_2, {1}). The only non-vanishing 2-form is then θ^1θ^1. If we set this to zero, then every 2-form automatically vanishes, and thus in particular the curvature of a connection. Moreover, such 2-form relations imposed “by hand” in general induce higher form relations, which have to be elaborated and taken into account. The 2-form θ^hθ^{h−1} has the interesting property that it commutes with all functions. ■

Applying d to θ^h = ∑ g∈G e^g de^{gh}, using the Leibniz rule for d and formulas from section 2, we find

dθ^h = θ θ^h + θ^h θ − Δ(θ^h) (4.3) where Δ(θ^h) = ∑ h^′ ,h^{′′}∈S δ^h′_h′′ θ^{h′} θ^{h′′} (4.4) determines an A-bimodule morphism [35] Δ : Ω^1 → Ω^2. Using (2.15), we obtain [36] dα = θ α + α θ − Δ(α) (4.5) for an arbitrary 1-form α. A special case of this formula is dθ = 2θ^2 − Δ(θ) . (4.6) As the sum of all basic 2-forms, θ^2 = ∑ h,h^′ ∈S θ hθ^{h′} comprises all the 2-form relations. Since Δ(θ) contains all “triangular” 2-forms, the difference θ^2 − Δ(θ) consists of the sum of all nonzero 2-forms of the form θ^hθ^{h′} with hh^′ = e. Introducing Δ^e := ∑ h∈S_{(0)} θ^hθ^{h−1} (4.7)

where S_{(0)} := {h ∈ S | h^{−1} ∈ S}, we obtain θ^2 − Δ(θ) = Δ^e (4.8) and thus dθ = θ^2 + Δ^e = Δ(θ) + 2Δ^e . (4.9) Let us extend the map Δ to Ω by requiring Δ(f) = 0 (4.10) for all f ∈ A and Δ(ω ω^′) = Δ(ω) ω^′ + (−1)^rω Δ(ω^′) (4.11) for all ω ∈ Ω^r and ω^′ ∈ Ω. This is just the (graded) Leibniz rule, hence Δ is a graded derivation. Lemma 4.2 dω = [θ, ω] − Δ(ω) ∀ ω ∈ Ω (4.12) where [ , ] is the graded commutator.

Proof: We use induction on the grade r of forms ω ∈ Ω^r. For 0-forms the formula is just (2.15), for 1-forms it coincides with (4.5). Let us now assume that it holds for forms of grade lower than r. For ψ ∈ Ω^k , k < r, and ω ∈ Ω^{<r} we then obtain d(ψω) = (dψ) ω + (−1)^rψ dω = ( [θ, ψ] − Δ(ψ) ) ω + (−1)^r ψ ( [θ, ω] − Δ(ω) ) = [θ, ψ ω] − Δ(ψ ω) using the Leibniz rules for d and Δ. ■ Iterated application of (4.11) leads to

Δ(θ^{h1} · · · θ^{hr} ) = Δ(θ^{h1} ) θ^{h1} · · · θ^{hr} − θ^{h1} Δ(θ^{h2} ) θ^{h3} · · · θ^{hr} + . . . +(−1)^{r−1} θ^{h1} · · · θ^{hr−1} Δ(θ^{hr} ) . (4.13) Furthermore, 0 = d^2ω = [θ, dω] − Δ(dω) = [θ, [θ, ω]] − [θ, Δ(ω)] − Δ([θ, ω]) + Δ^2(ω) = [θ^2 − Δ(θ), ω] + Δ^2(ω) (4.14) shows that Δ^2(ω) = −[Δ^e, ω] . (4.15) Acting with Δ on (4.8), using (4.11) and the last identity, we deduce Δ(Δ^e) = 0 . (4.16) Remark. The cohomology of the universal differential calculus is always trivial. But this does not hold for its reductions, in general. For example, for m > 2, the group lattice (Z_m, {1}) has nontrivial cohomology. There is only a single basis 1-form θ^1 and the 2-form relations enforce (θ^1)^2 = 0 so that there are no non-vanishing 2-forms. In particular, dθ^1 = 0. But we have seen in example 2.2 that θ^1 is not exact. The cohomology of the group lattice (Z_4, {1, 2}), for example, is trivial. ■

4.1 Action of differentiable maps on forms

According to section 3, a map ϕ : G → G is differentiable (with respect to a group lattice structure determined by a choice S ⊂ G) if the pull-back ϕ^∗ extends from A to the first order differential calculus, i.e. it also acts on Ω^1 as an A-bimodule homomorphism and satisfies ϕ^∗(df) = d(ϕ^∗f). Moreover, we can extend it to the whole of Ω as an algebra homomorphism via ϕ^∗(ω ω^′) = (ϕ^∗ω)(ϕ^∗ω^′) . (4.17)

Lemma 4.3 For a differentiable map ϕ : G → G we have ϕ^∗ ∘ d = d ∘ ϕ^∗ (on Ω) . (4.18) Proof: Since ϕ is differentiable, the formula holds on 0-forms. If it holds on r-forms, then ϕ^∗d(fdω) = ϕ^∗(df dω) = (ϕ^∗df) ϕ^∗dω = (dϕ^∗f) dϕ^∗ω = d[(ϕ^∗f) dϕ^∗ω] = d ϕ^∗(f dω) .

Since every (r + 1)-form can be written as a sum of terms like f dω with f ∈ A and ω ∈ Ω^r, the formula holds for (r + 1)-forms and thus on Ω by induction. ■ By definition, a differentiable map ϕ : G → G preserves the 1-form relations. Since ϕ^∗ commutes with d, it also preserves the 2-form relations.

Lemma 4.4 For a differentiable bijection ϕ : G → G we have

ϕ^∗θ = θ (4.19) Δ ∘ ϕ^∗ = ϕ^∗ ∘ Δ (4.20)

Proof: First we note that (2.14) can be written as θ = ∑ (g,g^′)∉I e^g de^{g′} − ∑ g∈G e^g de^g = ∑ g,g^′∈G e^g de^{g′} − ∑ g∈G e^g de^g .

Then, using ϕ^∗e^g = e^{ϕ−1(g)}, we find ϕ^∗θ = ∑ g,g^′∈G e^{ϕ−1(g)} de^{ϕ−1(g′)} − ∑ g∈G e^{ϕ−1(g)} de^{ϕ−1(g)} = θ

since ϕ is bijective. The second assertion now follows from

[ϕ^∗θ, ϕ^∗ω] − ϕ^∗Δ(ω) = ϕ^∗dω = dϕ^∗ω = [θ, ϕ^∗ω] − Δ(ϕ^∗ω) . ■ 4.2 The structure of the space of 2-forms

Let S_{(1)} denote the subset of S, the elements of which can be written as products of two other elements of S, i.e. S_{(1)} = S^2 ∩ S where S^2 = {hh^′| h, h^′ ∈ S}. Furthermore, let S_{(2)} be the set of elements of G which do not belong to S_e, but can be written as a product hh^′ for some h, h^′ ∈ S. Hence S_{(2)} = S^2 \ S_e. Since for every element of S_{(2)} there is a 2-form relation, the number of independent 2-forms is |S|^2 − |S_{(2)}|. Now we have a decomposition S × S = {(h, h^{−1}) | h ∈ S_{(0)}} ∪ {(h, h^′) | hh^′ ∈ S_{(1)}} ∪ {(h, h^′) | hh^′ ∈ S_{(2)}} which defines a direct sum decomposition of Ω^2. Introducing projections

p_{(e)}(θ^{h1} θ^{h2} ) = δ^e_{h1h2} θ^{h1} θ^{h2} (4.21) p_{(h)}(θ^{h1} θ^{h2} ) = δ^h_{1h2} θ^{h1} θ^{h2} (h ∈ S_{(1)}) (4.22) p_{(g)}(θ^{h1} θ^{h2} ) = δ^g_{h1h2} θ^{h1} θ^{h2} (g ∈ S_{(2)}) (4.23)

which extend to left A-module homomorphisms p_{(e)}, p_{(h)}, p_{(g)} : Ω^2 → Ω^2, every 2-form ψ ∈ Ω^2 can be decomposed with the help of the identity

ψ = (p_{(e)} + ∑ h∈S_{(1)} p_{(h)} + ∑ g∈S_{(2)} p_{(g)}) ψ . (4.24)

The three parts of this decomposition correspond, respectively, to biangles, triangles and quadrangles, which we introduced in section 2.

A relation between elements of S which leads to a 2-form relation has the form h_1h^′_1 = h_2h^′_2 = · · · = h_kh^′_k ∉ S_e. The latter then implies the 2-form relation

θ^{h1} θ^{h′1} + θ^{h2} θ^{h′2} + · · · + θ^{hk} θ^{h′k} = 0 . (4.25)

Let us now assume that (G, S) is bicovariant. Given h_1, h_2 ∈ S with h_1h_2 ∉ S_e, we then obtain a chain . . . = h_0h_1 = h_1h_2 = h_2h_3 = . . . where h_0 = ad(h_1)h_2 and h_3 = ad(h^{−1}_2 )h_1, and so forth. Since S is assumed to be finite, only a finite part of the chain contains pairwise different members. This means that the chain must actually consist of “cycles”, i.e. subchains of the form h_1h_2 = h_2h_3 = · · · = h_{r−1}h_r = h_rh_1. A relation like θ^hθ^{h′} = 0, consisting of a single term, is only possible if h^′ = h and h^2 ∉ S_e.

Example 4.1. For the permutation group S_3 and S = {(12), (13), (23)} (see example 2.4) we have S_{(0)} = S (since (ij)^2 = e), S_{(1)} = ∅ and S_{(2)} = {(123), (132)}. As a consequence of the cycles (12)(13) = (13)(23) = (23)(12) = (123) and (12)(23) = (23)(13) = (13)(12) = (132) the three basic 1-forms θ^{(12)}, θ^{(13)}, θ^{(23)} have to satisfy the two 2-form relations

θ^{(12)}θ^{(13)} + θ^{(13)}θ^{(23)} + θ^{(23)}θ^{(12)} = 0 , θ^{(12)}θ^{(23)} + θ^{(23)}θ^{(13)} + θ^{(13)}θ^{(12)} = 0 .

Hence there are 3^2 − 2 = 7 independent 2-forms: θ^{(12)}θ^{(12)}, θ^{(13)}θ^{(13)}, θ^{(23)}θ^{(23)} and, say, θ^{(13)}θ^{(23)}, θ^{(23)}θ^{(12)}, θ^{(12)}θ^{(23)}, θ^{(23)}θ^{(13)}.

If we choose S = {(123), (132)}, then S_e is a subgroup and we have the universal calculus on the two cosets of S_e in S_3. Then there are no 2-form relations. ■ Example 4.2. The alternating group A_4 has the following elements,

e , (123), (243), (134), (142) , (132), (234), (143), (124) , (12)(34), (13)(24), (14)(23)

grouped into conjugacy classes. Choosing S = {(123), (243), (134), (142)}, the group lattice is connected. As a consequence of

(123)(134) = (134)(243) = (243)(123) = (124) = (142)^2 (123)(243) = (243)(142) = (142)(123) = (143) = (134)^2 (123)(142) = (142)(134) = (134)(123) = (234) = (243)^2 (134)(142) = (142)(243) = (243)(134) = (132) = (123)^2

we obtain four 2-form relations, so there are twelve independent 2-forms. Note that in this example there are two different cycles for each of the elements (124), (143), (234), (132) of S_{(2)}. ■ Remark. For a bicovariant differential calculus a bimodule isomorphism σ : Ω^1 ⊗_A Ω^1 → Ω^1 ⊗_A Ω^1 exists [6, 34] such that

σ(θ^{h1} ⊗_A θ^{h2} ) = θ^{ad(h1 )h2} ⊗_A θ^{h1} = θ^{h0} ⊗_A θ^{h1} (4.26)

with inverse

σ^{−1}(θ^{h1} ⊗_A θ^{h2} ) = θ^{h2} ⊗_A θ^{ad(h−12 )h1} = θ^{h2} ⊗_A θ^{h3} . (4.27)

These formulas show that the 2-form relations, and moreover each cycle, is invariant under σ. Woronowicz [34] introduced the wedge product θ^h ∧ θ^{h′} = 1 2 (id − σ)(θ^h ⊗_A θ^{h′} ) . (4.28)

A particular consequence is θ^h ∧ θ^h = 0 . (4.29) Furthermore, for every cycle there is a 2-form relation. For example, θ^{h1} ∧ θ^{h2} + · · · + θ^{hr} ∧ θ^{h1} = 0 (4.30) for the cycle h_1h_2 = h_2h_3 = · · · = h_r h_1. This means that the Woronowicz wedge product refines our 2-form relations by decoupling cycles belonging to the same g ∈ S_{(2)} and imposing a separate 2-form relation for each cycle. In the example of the alternating group A_4, this yields eight conditions from the previous four, e.g. instead of θ^{(123)}θ^{(134)} + θ^{(134)}θ^{(243)} + θ^{(243)}θ^{(123)} + θ^{(142)}θ^{(142)} = 0 (4.31) we obtain

θ^{(123)} ∧ θ^{(134)} + θ^{(134)} ∧ θ^{(243)} + θ^{(243)} ∧ θ^{(123)} = 0 = θ^{(142)} ∧ θ^{(142)} . (4.32) ■ Example 4.3. Besides the unit element e, the group S_4 of permutations of four objects has the following 23 elements (12), (13), (14), (23), (24), (34) (123), (124), (132), (134), (142), (143), (234), (243) (12)(34), (13)(24), (14)(23) (1234), (1243), (1324), (1342), (1423), (1432) grouped into conjugacy classes. Choosing S = {(12), (13), (14), (23), (24), (34)}, we find S_{(0)} = S, S_{(1)} = ∅ and S_{(2)} = {(123), (132), (124), (142), (134), (143), (234), (243), (12)(34), (13)(24), (14)(23)} . Hence there are eleven 2-form relations and thus 6^2 − 11 = 25 independent products of two of the 1-forms θ^h, h ∈ S. Six of them are of the form θ^{(ij)}θ^{(ij)}, i ≠ j. These would vanish if we required the Woronowicz wedge product. ■ Given a 2-form ψ = ∑ h,h^′ ∈S ψ_{h,h}′ θ^h θ^{h′} (4.33)

the biangle and triangle coefficient functions ψ_{h,h}′ are uniquely determined, but there is an ambiguity in the quadrangle coefficients due to the 2-form relations (4.2). As a consequence of the latter, writing ψ_{(g)} = p_{(g)}ψ = ∑ h,h^′∈S ψ̌_{(g) h,h′} θ^h θ^{h′} (4.34) for g ∈ S_{(2)}, there is a freedom of gauge transformations ψ̌_{(g) h,h}′ → ψ̌_{(g) h,h}′ + Ψ_{(g)} δ^g_{hh}′ with an arbitrary function Ψ_{(g)} on G. The differences ψ_{(g) h,h′ ;ĥ,ĥ′} := ψ̌_{(g) h,h}′ − ψ̌_{(g) ĥ,ĥ′} (4.35) are gauge invariant for all pairs h, h^′ and ĥ, ĥ^′ with ĥĥ^′ = hh^′ = g. As a consequence, the quadrangle components of ψ (with hh^′ = g) defined in a symmetric way by ψ_{(g) h,h}′ := ∑ ĥ,ĥ′ δ^g_{ĥĥ′} ψ_{(g) h,h′;ĥ,ĥ′} = |g| ψ̌_{h,h}′ − ∑ ĥ,ĥ′ δ^g_{ĥĥ′} ψ̌_{ĥ,ĥ′} (4.36)

with |g| := ∑ h,h^′ δ g hh^′ are independent of the choice of the coefficient functions ψ̌(g) h,h^′ (from

their gauge equivalence class). They satisfy ∑ h,h^′ δ g hh^′ ψ(g) h,h^′ = 0 and

ψ_{(g)} = 1 |g| ∑ h,h^′ ∈S δ^g_{hh}′ ψ_{(g) h,h}′ θ^h θ^{h′} . (4.37) The equation ψ_{(g)} = 0 for a 2-form ψ is equivalent to the vanishing of all the differences ψ_{(g) h,h}′_;^_{h,}^_h′ where hh^′ = ĥĥ^′ = g.

Example 4.4. Consider G = S_3 with S = {(12), (13), (23)}, see example 4.1. A 2-form ψ = ∑ (ij),(kl)∈S ψ_{(ij),(kl)} θ^{(ij)} θ^{(kl)} = ∑ (ij)∈S ψ_{(e) (ij),(ij)} θ^{(ij)} θ^{(ij)} + ∑ (ij),(kl)∈S (ij)(kl)=(123)

ψ̌_{((123))(ij),(kl)} θ^{(ij)} θ^{(kl)} + ∑ (ij),(kl)∈S (ij)(kl)=(132)

ψ̌_{((132)) (ij),(kl)} θ^{(ij)} θ^{(kl)} (4.38)

then has biangle components ψ_{(e) (ij),(ij)}, (ij) ∈ S. The quadrangle components are

ψ_{((123)) (12),(13)} = 2 ψ̌_{((123)) (12),(13)} − ψ̌_{((123)) (13),(23)} − ψ̌_{((123))(23),(12)} ψ_{((123)) (13),(23)} = 2 ψ̌_{((123)) (13),(23)} − ψ̌_{((123)) (12),(13)} − ψ̌_{((123))(23),(12)} ψ_{((123)) (23),(12)} = 2 ψ̌_{((123)) (23),(12)} − ψ̌_{((123)) (12),(13)} − ψ̌_{((123))(13),(23)} (4.39)

and similar expressions for ψ_{((132))(ij),(kl)}. ■

5 Discrete and basic vector fields

A vector field is by definition an expression of the form X = ∑ h∈S X^h · ℓ_h with X^h ∈ A. In this section we explore the properties of special classes of vector fields.

5.1 Discrete vector fields

A vector field will be called discrete if it has the property

X(ff^′) = (Xf)f^′ + f(Xf^′) + (Xf)(Xf^′) ∀ f, f^′ ∈ A . (5.1)

As a consequence, its components satisfy X^h X^{h′} = δ^{h,h′} X^h ∀ h, h^′ ∈ S . (5.2) This implies that, at every site g, the components X^h(g) all vanish except for at most one component which must then be equal to 1. In particular, the vector fields ℓ_h satisfy (5.1) and are therefore discrete.

Discrete vector fields are precisely those vector fields which describe a deterministic motion on a group lattice in the following way, where S specifies the possible “directions”. A “particle” moving on a group lattice stops if it reaches a site g where X^h(g) = 0 for all h ∈ S. It moves further to gh if X^h(g) = 1 for some h ∈ S.

In the following, a visualization is helpful. If X^h(g) = 1, we assign an “X-arrow” to the site g pointing to the site gh in the group lattice.

Remark. An important generalization of discrete vector fields is given by vector fields P = ∑ h∈S P^h ·ℓ_h satisfying P^h ≥ 0 and ∑ h∈S P^h ≤ 1. In the context of random walks, P^h(g) may be interpreted as the probability for a move from g to gh. Then P^e(g) := 1 − ∑ h∈S P^h(g) is the probability for a rest at the site g. See also Refs. [33, 37]. ■

It is convenient to introduce X^e such that X^e(g) = 1 if X^h(g) = 0 for all h ∈ S, and X^e(g) = 0 otherwise. Then we have the useful formula

(I + X)f = ∑ h∈S_e X^h R^∗_hf (5.3)

where I is the identity on A.

Lemma 5.1 If X is a discrete vector field, then I + X is an endomorphism of A and there is a map ϕ_X : G → G such that

I + X = ϕ^∗_X on A . (5.4)

Proof: Using (5.1), it is easily verified that I + X is an algebra homomorphism A → A. Then theorem 3.1 ensures the existence of a map ϕ_X : G → G with I + X = ϕ^∗_X . ■

A more concrete description of the map ϕ_X is obtained below. Since for each g ∈ G there is precisely one h ∈ S_e with X^h(g) = 1, a discrete vector field X determines a map s_X : G → S_e. Then X = ∑ h∈S X^h · ℓ_h = ∑ g∈G e^g · ℓ_{sX (g)} =: ℓ_{sX} (5.5)

(where ℓ_e = 0). Conversely, every map s : G → S_e defines a discrete vector field via the last formula. In fact, this correspondence between discrete vector fields and maps G → S_e is easily seen to be bijective.

Let us now define

ϕ_X (g) := g s_X (g) . (5.6)

Then we obtain

(ϕ^∗_X f)(g) = f(ϕ_X (g)) = f(g s_X (g)) = ∑ h∈S_e X^h(g) (R^∗_hf)(g) (5.7)

so that

ϕ^∗_X = ∑ h∈S_e X^h R^∗_h on A . (5.8)

Now (5.3) shows that I + X = ϕ^∗_X on functions, in accordance with lemma 5.1.

For a map ϕ : G → G the expression ϕ^∗ − I is in general not a vector field. For example, since (X^2f)(g) in general also depends on the values of f at over-next neighbors, ϕ^2_X − I = 2 X + X^2 is not a vector field.

Lemma 5.2 For a map ϕ : G → G the expression ϕ^∗ − I is a discrete vector field if and only if (g, ϕ(g)) ∉ I for all g ∈ G.

Proof: If (g, ϕ(g)) ∉ I, then g^{−1}ϕ(g) ∈ S_e and thus defines a map s : G → S_e such that ϕ(g) = g s(g). This map defines a discrete vector field X such that ϕ^∗ = ϕ^∗_X = I + X. The converse is a simple consequence of (5.6). ■

Discrete vector fields need not generate differentiable maps. In fact, since I +ℓ_h = R^∗_h, the corresponding condition for the discrete vector fields ℓ_h is ad(h^{−1})h^′ ∈ S for all h^′ ∈ S (see section 3). This condition is also needed for right covariance of the group lattice differential calculus, but is weaker than that.

Theorem 5.1 For a discrete vector field X, the following conditions are equivalent. (1) ϕ_X is differentiable.

(2) (g s_X (g))^{−1} g^′s_X (g^′) ∈ S_e for all g, g^′ with g^{−1}g^′ ∈ S.

(3) For each discrete vector field Y there is a discrete vector field Z such that ϕ^∗_Y ϕ^∗_X = ϕ^∗_X ϕ^∗_Z . [38]

Proof: Using (5.6), the equivalence of (1) and (2) follows from (3.5). With X = ∑ h∈S_e X h · ℓ_h, Y = ∑ h∈S_e Y h · ℓ_h and Z = ∑ h∈S_e Z h · ℓ_h, the formula in (3) reads ∑ h_1 ,h∈S_e Y^h (R^∗_hX^{h1} ) R^∗_{hh1} = ∑ h_1,h^′ ∈S_e X^{h1} (R^∗_{h1} Z^{h′} ) R^∗_{h1 h}′ .

Hence, for all g, g^′ ∈ G we obtain ∑ h_1 ,h∈S_e Y^h(g) X^{h1} (gh) δ^{g′}_{hh1} = ∑ h_1 ,h^′∈S_e X^{h1} (g) Z^{h′} (gh_1) δ^{g′}_{h1 h}′ .

Since X^h(g) = δ^h_{sX (g)}, this becomes ∑ h_1 ,h∈S_e δ^h_{sY (g)} δ^{h1}_{sX (gh)} δ^{g′}_{hh1} = ∑ h_1,h^′ ∈S_e δ^{h1}_{sX (g)} δ^{h′}_{sZ (gh1)} δ^{g′}_{h1h}′ and thus

s_X (g)^{−1} s_Y (g) s_X (g s_Y (g)) = s_Z (g s_X (g)) ∈ S_e . (5.9)

Since for all g, g^′ with g^{−1}g^′ ∈ S there is a discrete vector field Y such that g^{−1}g^′ = s_Y (g), we have shown that (3) implies (2). Conversely, if (2) holds, then we define s_Z (g s_X (g)) by the left-hand side of the above formula. This determines a discrete vector field Z at all sites except those which have an outgoing X-arrow but no incoming one. At those sites g^′, we can choose arbitrary values of s_Z (g^′). Then (3) holds. ■

Example 5.1. If ad(h^{−1})S ⊂ S for all h ∈ S, then a map s : G → S_e with the property that for all g ∈ G we have s(gh) = s(g) for all h ∈ S_e, solves condition (2) of theorem 5.1 and thus defines a discrete vector field X for which ϕ_X is differentiable. But then X = 0 or X = ℓ_h for some h ∈ S (on each connected component of the group lattice).

Another example, which trivially satisfies condition (2), is given by a map with s(gh) = h^{−1}s(g)h. ■ A discrete vector field X generates a discrete flow on A via (I + X)^n, n = 0, 1, 2, . . .

(see also appendix A). We sometimes refer to ϕ^∗_X = I + X as the flow of X. If the flow is differentiable, then it extends to Ω. Moreover, if ϕ_X is also invertible, it induces a map ϕ_{X∗} on the space X of vector fields via (3.6).

5.2 Discrete vector fields with invertible flow

The following result characterizes discrete vector fields with invertible flow.

Theorem 5.2 Let X = ∑ h∈S X^h · ℓ_h be a discrete vector field. The following conditions are equivalent:

(1) I + X is an automorphism of A.

(2) For every g with X^h(g) = 1 for some h ∈ S, there is precisely one h^′ ∈ S such that X^{h′} (gh^{′−1}) = 1. If X^h(g) = 0 for all h ∈ S, then also X^h(gh^{−1}) = 0 for all h ∈ S. [39] (3) ∑ h∈S_e X h(gh^{−1}) = 1 for all g ∈ G.

Proof: We already know that I + X is a homomorphism (lemma 5.1). Hence I + X is an automorphism if and only if it is bijective, which means that (I + X)f^′ = f has a unique solution f^′ for each f ∈ A. This equation reads ∑ h^′ ∈S_e X^{h′} (g)f^′(gh^′) = f(g) ∀g ∈ G . (5.10)

“(1) ⇒ (2)”: We assume that I + X is an automorphism. Let g be such that X^h(g) = 0 for all h ∈ S. Suppose that X^{h′} (gh^{′−1}) = 1 for some h^′ ∈ S. Then (5.10) implies f^′(g) = f(g) and also f^′(g) = f(gh^{′−1}) in contradiction to I + X being surjective. Hence the second part of condition (2) holds.

Let g be such that X^h(g) = 1 for some h ∈ S. Suppose that X^{h′} (gh^{′−1}) = 0 for all h^′ ∈ S. Then (5.10) places no restrictions on f^′(g) which contradicts that I + X is injective. Hence X^{hg} (gh^{−1}_g ) = 1 for some h_g ∈ S. Now suppose that there are two different elements h_g, h^′_g with this property. Then (5.10) implies f^′(g) = f(gh^{−1}_g ) = f(gh^{′−1}_g ) which restricts f. This contradicts that I + X is surjective. Hence the first part of condition (2) holds. “(2) ⇒ (3)”: This is easily verified.

“(3) ⇒ (1)”: Multiplying (5.10) with X^h(g), h ∈ S_e, and using (5.2) leads to X^h(g)(f^′(gh) − f(g)) = 0 for all g ∈ G and h ∈ S_e. Hence, for every g^′ ∈ G such that g^{′−1}g ∈ S_e we have X^{g′−1 g}(g^′) [f^′(g) − f(g^′)] = 0 .

Condition (3) implies that for each g there is exactly one g^′ such that X^{g′ −1g}(g^′) = 1. The above equation then defines a function f^′ on G. In fact, the latter is given by f^′(g) = ∑ h∈S_e X^h(gh^{−1}) f(gh^{−1}) .

Hence I + X is surjective. Furthermore, f = 0 enforces f^′ = 0 so that I + X is also injective. ■ If I +X is invertible, according to condition (2) of theorem 5.2 there is a map r_X : G → S_e such that X^h(gh^{−1}) = δ^{h,rX (g)}, i.e.

R^∗_h−1 X^h = δ^{h,rX} . (5.11) Whereas s_X determines the outgoing X-arrow at a site g with s_X (g) ≠ e, the map r_X determines the corresponding incoming X-arrow.

Lemma 5.3 The components of a discrete vector field X with invertible flow satisfy (R^∗_h−1 X^h) (R^∗_{h′} −1 X^{h′} ) = δ^{h,h′} R^∗_h−1 X^h ∀ h, h^′ ∈ S . (5.12) Proof: This follows immediately from (5.11). ■ As a consequence of (5.11), both maps are related by s_X (g r_X (g)^{−1}) = r_X (g) . (5.13) Since the incoming X-arrow at g s_X (g) is the outgoing X-arrow at g, also the following relation holds:

r_X (g s_X (g)) = s_X (g) . (5.14) In particular, these relations imply r_X (g) = e if and only if s_X (g) = e. Lemma 5.4 Let X be a discrete vector field with invertible flow. Then ϕ^{−1}_X (g) = g r_X (g)^{−1} . (5.15)

Proof: Using (5.6), (5.13) and (5.14), we find ϕ_X (g r_X (g)^{−1}) = g r_X (g)^{−1} s_X (g r_X (g)^{−1}) = g r_X (g)^{−1} r_X (g) = g ϕ_X (g) r_X (ϕ_X (g))^{−1} = g s_X (g) r_X (g s_X (g))^{−1} = g s_X (g) s_X (g)^{−1} = g ■ As a consequence of (5.15), on A we have (ϕ^{−1}_X )^∗ = R^∗_r−1_X = ∑ h∈S_e δ^{h,rX} R^∗_h−1 = ∑ h∈S_e (R^∗_h−1 X^h) R^∗_h−1 . (5.16)

Lemma 5.5 If I + X with a discrete vector field X is invertible on A, its inverse is I + X̌ with [40] X̌ = ∑ h∈S δ^{h,rX} · ℓ_h−1 . Proof: This follows immediately from (5.11) and (5.16). ■ Theorem 5.3 Let X be a discrete vector field with invertible flow. Then ϕ_X is differentiable if and only if ϕ^{∗−1}_X Y ϕ^∗_X is a discrete vector field for all discrete vector fields Y . Proof: According to theorem 5.1, ϕ_X is differentiable if and only if for each discrete vector field Y there is a discrete vector field Z such that ϕ^∗_Y ϕ^∗_X = ϕ^∗_X ϕ^∗_Z . Using ϕ^{∗−1}_X Y ϕ^∗_X = ϕ^{∗−1}_X (ϕ^∗_Y − I) ϕ^∗_X = ϕ^{∗−1}_X ϕ^∗_Y ϕ^∗_X − I the last condition translates to ϕ^{∗−1}_X Y ϕ^∗_X = ϕ^∗_Z − I = Z . ■ Corollary. Let X be a discrete vector field with differentiable and invertible ϕ_X . Then ϕ_{X∗} (defined by (3.6)) maps discrete vector fields to discrete vector fields. Proof: This follows directly from (3.8) and theorem 5.3. ■

5.3 Another extension of the flow to forms and vector fields on a bicovariant group lattice

In this subsection we assume that the group lattice is bicovariant, so that R_h is differentiable for all h ∈ S (see section 3). Let X be a discrete vector field. Then R_X ω := ∑ h∈S_e X^h R^∗_hω (5.17)

directly extends (5.8) from functions to arbitrary forms.

Remark. Bicovariance does not imply that ϕ_X is differentiable. Even if ϕ_X is differentiable, we have in general ϕ^∗_X ω ≠ R_X ω (see example 5.2 below). Hence, there are two natural actions on forms, ϕ^∗_X and R_X . They coincide on functions, but differ, in general, on forms. ■

Lemma 5.6 If X is a discrete vector field with invertible flow on a bicovariant group lattice, then R_X is invertible on Ω with R^{−1}_X = ∑ h∈S_e (R^∗_h−1 X^h) R^∗_h−1 . (5.18)

Proof: We have ∑ h∈S_e (R^∗_h−1 X^h) R^∗_h−1 R_X = ∑ h,h^′ ∈S_e (R^∗_h−1 X^h) R^∗_h−1 X^{h′} R^∗_h′ = ∑ h,h^′ ∈S_e (R^∗_h−1 X^h X^{h′} ) R^∗_h−1_h′ = ∑ h∈S_e (R^∗_h−1 X^h) I = I

where we used (5.2) and condition (3) of theorem 5.2 in the last steps. In a similar way, R_X ∑ h∈S_e (R ∗ h^{−1} X h) R^∗_{h−1} = I is obtained with the help of (5.12). ■ Assuming that R_X is invertible on A, following (3.6) we define a map R_{X∗} on vector fields Y ∈ X by ⟨R_{X∗}Y, α⟩ = R^{−1}_X ⟨Y, R_X α⟩ . (5.19) Lemma 5.7 Let X be a discrete vector field with invertible flow on a bicovariant group lattice. Then R_{X∗} acts on X as follows, R_{X∗}Y = ∑ h∈S_e (R^∗_h−1 X^h) · R_{h∗}Y . (5.20)

Proof: This is obtained from (5.19) using R^{−1}_X = ϕ^{∗−1}_X on functions, (5.16), (5.2) and (3.6) applied to the map R_h. ■ With the help of (3.8), (5.11) and ad(h)^{−1}S = S for h ∈ S_e, (5.20) reads R_{X∗}Y = ∑ h∈S_e (R^∗_h−1 X^h) · R^∗_h−1 Y R^∗_h = ∑ h,h^′ ∈S_e (R^∗_h−1 X^h) (R^∗_h−1 Y^{ad(h)h′} ) · ℓ_h′ (5.21) = ∑ h,h^′ ∈S_e δ^{h,rX} (R^∗_h−1 Y^{ad(h)h′} ) · ℓ_h′ . If Y is a discrete vector field, further evaluation leads to R_{X∗}Y = ∑ h^′∈S_e δ^{ad(rX )h′ ,sY ∘Rr−1X} · ℓ_h′ = ℓ_{ad(r}−1_{X )(sY ∘Rr−1X )} = ∑ g∈G e^g · ℓ_{ad(rX (g)}−1_{) sY (g rX (g)}−1_) (5.22)

where r^{−1}_X (g) := (r_X (g))^{−1}.

Lemma 5.8 Let X be a discrete vector field on a bicovariant group lattice. If R_X is invertible on A, then R_{X∗} maps discrete vector fields to discrete vector fields.

Proof: This is a simple consequence of (5.22). ■

5.4 Basic vector fields

A discrete vector field X which at every site has exactly one outgoing and one incoming X-arrow will be called basic. This means that for each g ∈ G there is precisely one h ∈ S such that X^h(g) = 1 and precisely one h^′ ∈ S such that X^{h′} (gh^{′−1}) = 1. As a consequence, ∑ h∈S X^h(g) = 1 (and thus X^e = 0) and ∑ h∈S X^h(gh^{−1}) = 1.

Lemma 5.9 A discrete vector field X is basic if and only if I + X is invertible on A and s_X has values in S.

Proof: This is an immediate consequence of theorem 5.2 and the definition of basic vector fields. ■

For a basic vector field, the bijection ϕ_X : G → G given by ϕ_X (g) = g s_X (g) satisfies

ϕ^∗_X f = ∑ h∈S X^h R^∗_hf (∀f ∈ A) . (5.23)

In particular, the vector fields ℓ_h, h ∈ S, are basic and we have ϕ_{ℓh} = R_h.

A set of basic vector fields {X_h| h ∈ S} forms a basis of X if for all g ∈ G we have e^g · {X_h| h ∈ S} = e^g · {ℓ_h| h ∈ S}. The parametrization by S can be fixed by setting s_{Xh} (e) = h where s_{Xh} is the map G → S associated with X_h. This yields indeed a unique parametrization since at every site and hence also at e there is exactly one vector field X_h for which e^e · X_h = e^e · ℓ_h.

The elements of the dual basis of 1-forms are determined by ⟨X_h, α^{h′} ⟩ = δ^{h′}_h . The coefficient matrices in

X_h = ∑ h^′ ∈S X^{h′}_h · ℓ_h′ , α^h = ∑ h^′ ∈S α^h_h′ θ^{h′} (5.24)

which mediate the change of basis are inverse to one another. At each g ∈ G, these matrices act as permutations on S. The dual basis 1-forms satisfy α^hf = (ϕ^∗_{Xh} f) α^h . Furthermore, ∑ h α^h = θ and

df = ∑ h∈S (X_hf) α^h . (5.25)

Example 5.2. Let us consider S_3 with S = {(12), (13), (23)} (see also example 2.4). Fig. 4 shows three vector fields which form a basis of X and satisfy the above parametrization condition.

For the basic vector field

X = X_{(12)} = (e^e + e^{(123)} + e^{(132)}) · ℓ_{(12)} + (e^{(12)} + e^{(13)} + e^{(23)}) · ℓ_{(13)} .

we obtain s_X (e) = s_X (123) = s_X (132) = (12) and s_X (12) = s_X (13) = s_X (23) = (13), and ϕ_X is differentiable. [41] Since θ^h = ∑ g e^g de^{gh}, we have ϕ^∗_X (θ^h) = ∑ g ϕ^∗_X (e^g) dϕ^∗_X (e^{gh}). In this way we obtain ϕ^∗_X (θ^{(12)}) = θ^{(13)}. On the other hand, with

R_X = (e^e + e^{(123)} + e^{(132)}) R^∗_{(12)} + (e^{(12)} + e^{(13)} + e^{(23)}) R^∗_{(13)} .

Figure 4: A basis of basic vector fields on S_3 with respect to S = {(12), (13), (23)}.

we find R_X (θ^{(12)}) = (e^e + e^{(123)} + e^{(132)}) θ^{(12)} + (e^{(12)} + e^{(13)} + e^{(23)}) θ^{(23)} which is obviously different from ϕ^∗_X (θ^{(12)}). Hence, in general we have ϕ^∗_X ≠ R_X on forms. ■ Example 5.3. Let us choose G = Z_3 × Z_3 with S = {(0, 1), (1, 0)}. Then

X^{(0,1)} = e^{(0,0)} + e^{(1,0)} + e^{(0,1)} + e^{(2,1)} + e^{(1,2)} + e^{(2,2)} , X^{(1,0)} = e^{(2,0)} + e^{(1,1)} + e^{(0,2)} are the components of a basic vector field. The corresponding map ϕ_X is not differentiable. Since (1, 0)^{−1}(2, 0) = (1, 0) ∈ S (using a multiplicative notation for the group operation), but s((1, 0))^{−1}(1, 0)^{−1}(2, 0) s((2, 0)) ∉ S_e, this follows using theorem 5.1. We can also apply (3.5) directly: there is an arrow from (1, 0) to (2, 0) in the group lattice, but ϕ_X ((1, 0)) = (1, 1) is not connected with ϕ_X ((2, 0)) = (0, 0). ■ In the following we restrict our considerations to bicovariant group lattices (so that ad(S)S ⊂ S and ad(S)^{−1}S ⊂ S).

Lemma 5.10 If X is a basic vector field, then R_X is invertible on Ω with

R^{−1}_X = ∑ h∈S (R^∗_h−1 X^h) R^∗_h−1 . (5.26)

Furthermore, for Y ∈ X we have R_{X∗}Y = ∑ h∈S (R^∗_h−1 X^h) R_{h∗}Y . (5.27)

Proof: Since a basic vector field has an invertible flow and X^e = 0, the first equation follows directly from lemma 5.6 and the second from lemma 5.7. ■

Two basic vector fields X, Y form a biangle if s_Y · s_X = e, which associates with each g ∈ G a group lattice biangle. [42] Three basic vector fields X, Y, Z constitute a triangle if s_Y · s_X = s_Z , which assigns to each g ∈ G a group lattice triangle. Furthermore, four basic vector fields X, Y, W, Z make up a quadrangle if s_Y · s_X = s_W · s_Z ∉ S_e. This maps a group lattice quadrangle to each g. Below we express these conditions more directly in terms of the vector fields with the help of the next result.

Lemma 5.11 For basic vector fields X and Y the following identity holds, R_X R_{RX∗Y} = R^∗_{sY ·sX} . (5.28) Proof: R_X R_{RX∗Y} = ∑ h,h_1,h_2 ∈S X^{h1} (R^∗_{h1 h}−1 X^h) (R^∗_{h1 h}−1 Y^{ad(h)h2} ) R^∗_{h1 h2} = ∑ h_1 ,h_2∈S

X^{h1} Y^{ad(h1)h2} R^∗_{h1h2} = ∑ g∈S^2 ( ∑ h_1 ,h_2∈S

δ^g_{h1 h2} X^{h1} Y^{ad(h1)h2} ) R^∗_g = ∑ g∈S^2 ( ∑ h_1 ,h_2∈S

δ^g_{h2 h1} X^{h1} Y^{h2} ) R^∗_g = ∑ g∈S^2 δ^g_{sY ·sX} R^∗_g = R^∗_{sY ·sX}

using (5.21) and (5.12). ■ The above biangle condition is now seen to be equivalent to R_X R_{RX∗Y} = I (5.29) and the triangle condition can be expressed as R_X R_{RX∗Y} = R_Z . (5.30) Furthermore, the above quadrangle condition takes the form R_X R_{RX∗Y} = R_Z R_{RZ∗W} ≠ R_X ′ (5.31) for all discrete vector fields X^′.

5.5 Lie derivative with respect to a discrete vector field

The notion of the Lie derivative is easily taken over from continuum differential geometry to the discrete framework of group lattices. Let X be a discrete vector field. On functions, the Lie derivative with respect to X is given by £_X f = ϕ^∗_X f − f = (I + X)f − f = Xf . (5.32) If ϕ_X is differentiable, we can extend the Lie derivative to forms ω ∈ Ω via £_X ω = ϕ^∗_X ω − ω (5.33) so that, in particular, £_{ℓh} ω = R^∗_hω − ω , £_{ℓh} θ^{h′} = θ^{ad(h)h′} − θ^{h′} . (5.34) For ψ, ω ∈ Ω, we also have £_X (ψ ω) = ϕ^∗_X (ψ ω) − ψ ω = (£_X ψ) ω + ψ £_X ω + (£_X ψ) £_X ω . (5.35) Assuming ϕ_X to be differentiable and invertible, the Lie derivative acts on vector fields as follows, £_X Y = Y − ϕ_{X∗}Y = ϕ^∗_X^{−1} ∘ [X, Y ] (5.36) using (3.8). In particular, with I + ℓ_h = R^∗_h we obtain £_{ℓh} ℓ_h′ = R^∗_h−1 ∘ [R^∗_h, R^∗_h′ ] = R^∗_h′ − R^∗_{ad(h}−1_{)h}′ . (5.37) Since ad(h^{−1})h^′ ∈ S for differentiable R_h, this can be written as £_{ℓh} ℓ_h′ = ℓ_h′ − ℓ_{ad(h}−1_{)h}′ (5.38) and also in the form £_{ℓh} ℓ_h′ = ℓ_h ℓ_{ad(h}−1_{)h}′ − ℓ_h′ ℓ_h (5.39) which involves a generalization of the ordinary commutator of vector fields.

5.6 Inner product of discrete vector fields and forms

In this subsection we extend the inner product (or contraction) ⟨X, α⟩ of vector fields and 1-forms to forms of higher grade. More precisely, we restrict our considerations to discrete vector fields X with a differentiable flow, i.e., the associated map ϕ_X is assumed to be differentiable.

For all f ∈ A and α ∈ Ω^1 we require X⌟ f = 0 , X⌟ α = ⟨X, α⟩ . (5.40) Furthermore, for a discrete vector field X with differentiable map ϕ_X , we demand X⌟ (ω ω^′) = (X⌟ ω) ϕ^∗_X ω^′ + (−1)^r ω (X⌟ ω^′) (5.41) for all ω ∈ Ω^r and ω^′ ∈ Ω. [43] In particular, using (2.16) and the Leibniz rule for d, we obtain X(f f^′) = X⌟ d(f f^′) = (Xf) ϕ^∗_X f^′ + f Xf^′ (5.42) which is a reformulation of (5.1).

It is easily verified that (5.41) is compatible with the A-bimodule structure of Ω, i.e. X⌟ [(ωf) ω^′] = X⌟ [ω (fω^′)]. The consistency with the commutation relations (2.10) follows from

X⌟ (θ^h f) = (X⌟ θ^h) ϕ^∗_X f = X^h ∑ h^′ X^{h′} R^∗_h′ f = X^h R^∗_hf = (R^∗_hf) (X⌟ θ^h )

= X⌟ [(R^∗_hf) θ^h ] (5.43)

which holds for a discrete vector field X.

The definition (5.41) is also consistent with the 2-form relations. Let (g, g^′) ∈ I, so that 0 = e^g de^{g′} = −(de^g) e^{g′} . The corresponding 2-form relation is de^g de^{g′} = 0. Applying X⌟ to the left hand side, we obtain

X⌟ (de^g de^{g′} ) = (X⌟ de^g) ϕ^∗_X (de^{g′} ) − de^g X⌟ de^{g′} = (Xe^g) d(ϕ^∗_X e^{g′} ) − de^g (Xe^{g′} ) = (ϕ^∗_X e^g − e^g) d(ϕ^∗_X e^{g′} ) − de^g (ϕ^∗_X e^{g′} − e^{g′} ) = ϕ^∗_X (e^g de^{g′} ) − e^g d(ϕ^∗_X e^{g′} ) − de^g ϕ^∗_X e^{g′} − (de^g) e^{g′} = −d(e^g ϕ^∗_X e^{g′} ) . (5.44)

But the last expression vanishes since the function e^g ϕ^∗_X e^{g′} vanishes identically. Indeed, it obviously vanishes at elements of G different from g. Evaluated at g, it yields (ϕ^∗_X e^{g′} )(g) = e^{g′} (ϕ_X (g)) = e^{g′} (g s(g)) which vanishes since (g, g^′) ∈ I.

Remark. Let h_1h_2 = h_2h_3 = · · · = h_rh_1 be a cycle of a bicovariant group lattice. Then

ℓ_h⌟ (θ^{h1} θ^{h2} + θ^{h2} θ^{h3} + . . .) = δ^{h1}_h R^∗_hθ^{h2} − δ^{h2}_h θ^{h1} + δ^{h2}_h R^∗_hθ^{h3} − δ^{h3}_h θ^{h2} + . . .

where the second and the third term on the right-hand side cancel since ad(h_2)h_3 = h_1, and the same happens with the remaining terms. In particular, the first term cancels the last one. Since the 2-form relations are sums of cycles, this means that ℓ_h⌟ applied to a 2-form relation automatically vanishes. In fact, we have the stronger result that ℓ_h-contractions with any cycle vanish (which perfectly matches the Woronowicz wedge product). A particular consequence is that the condition ψ = 0 for a 2-form ψ = ψ_{h1,h2} θ^{h1} θ^{h2} is stronger than ℓ_h⌟ ψ = 0 for all h ∈ S. For example, the vanishing of ℓ_{h1} ⌟ ℓ_{h2} ⌟ ψ = ψ_{h2 ,ad(h}−1_{2 )h1} − ψ_{h1,h2} obviously does not imply vanishing ψ. ■

Lemma 5.12 If X is a basic vector field with differentiable flow, then

X⌟ Δ(ω) + Δ(X⌟ ω) = 0 (∀ω ∈ Ω) . (5.45)

Proof: For functions the identity is trivially satisfied. Let us prove it first for 1-forms. A basic vector field satisfies X⌟ θ = 1 and the flow map ϕ_X is a bijection. Since ϕ_X is assumed to be differentiable, we also have ϕ^∗_X θ = θ according to (4.19). As a consequence, we find X⌟ θ^2 = (X⌟ θ) ϕ^∗_X θ − θ (X⌟ θ) = 0 . Using

Δ([θ, f]) = [Δ(θ), f] = [θ^2 − Δ^e, f] = [θ^2, f] for f ∈ A, we thus obtain X⌟ Δ(df) + Δ(X⌟ df) = X⌟ Δ(df) = 0 .

Since every 1-form α is a sum of terms like f^′ df with f, f^′ ∈ A, the last identity extends to X⌟ Δ(α) + Δ(X⌟ α) = X⌟ Δ(α) = 0 .

Let us now assume that our assertion holds for differential forms of grade < k. Then we find X⌟ Δ(ψ ω) + Δ(X⌟ (ψ ω)) = X⌟ ( Δ(ψ) ω + (−1)^r ψ Δ(ω) ) + Δ ( (X⌟ ψ) ϕ^∗_X ω + (−1)^r ψX⌟ ω ) = X⌟ Δ(ψ) ϕ^∗_X ω − (−1)^r Δ(ψ) X⌟ ω + (−1)^r (X⌟ ψ) ϕ^∗_X Δ(ω) + ψ X⌟ Δ(ω) +Δ(X⌟ ψ) ϕ^∗_X ω − (−1)^r (X⌟ ψ) Δ(ϕ^∗_X ω) + (−1)^r Δ(ψ) X⌟ ω + ψ Δ(X⌟ ω) = 0 for ψ ∈ Ω^r, r < k, and ω ∈ Ω^{<k} , using ϕ^∗_X ∘ Δ = Δ ∘ ϕ^∗_X (see (4.20)). By induction on the grade of the argument ω, the formula (5.45) is proven. ■

Theorem 5.4 For a basic vector field X with differentiable flow the following (Lie-Cartan) identity holds, £_X ω = X⌟ dω + d(X⌟ ω) (∀ω ∈ Ω) . (5.46) Proof: With the help of (4.12) and (5.41), (5.45) can be reformulated as follows, 0 = X⌟ Δ(ω) + Δ(X⌟ ω) = X⌟ ([θ, ω] − dω) + [θ, X⌟ ω] − d(X⌟ ω) = (X⌟ θ) ϕ^∗_X ω − (−1)^r (X⌟ ω) ϕ^∗_X θ − ω X⌟ θ − X⌟ dω + (−1)^r (X⌟ ω) θ − d(X⌟ ω) = ϕ^∗_X ω − ω − X⌟ dω − d(X⌟ ω) for ω ∈ Ω^r, using in the last step X⌟ θ = 1 and ϕ^∗_X θ = θ which hold for a basic vector field with differentiable flow. Now (5.46) is obtained recalling the definition (5.33). ■ Lemma 5.13 If ϕ : G → G is an invertible differentiable map and X a discrete vector field with differentiable flow, then ϕ^∗(X⌟ ω) = (ϕ^{−1}_∗ X)⌟ ϕ^∗ω (∀ω ∈ Ω) . (5.47) Proof: For a 1-form α the formula follows from (3.6) (even more generally for an arbitrary vector field X). Furthermore, we have ϕ^∗[X⌟ (ψ ω)] = ϕ^∗[(X⌟ ψ) ϕ^∗_X ω + (−1)^r ψ X⌟ ω] = ϕ^∗(X⌟ ψ) ϕ^∗ϕ^∗_X ω + (−1)^r (ϕ^∗ψ) ϕ^∗(X⌟ ω) .

Let us assume that the identity holds for grades lower than k. For ψ ∈ Ω^r, r < k, and ω of grade lower than k, we then obtain

ϕ^∗[X⌟ (ψ ω)] = [(ϕ^{−1}_∗ X)⌟ ϕ^∗ψ] ϕ^∗ϕ^∗_X ϕ^{∗−1}(ϕ^∗ω) + (−1)^r (ϕ^∗ψ) (ϕ^{−1}_∗ X)⌟ ϕ^∗ω = (ϕ^{−1}_∗ X)⌟ ϕ^∗(ψ ω) since ϕ^∗ϕ^∗_X ϕ^{∗−1} = ϕ^∗(I + X)ϕ^{∗−1} = I + ϕ^{−1}_∗ X = ϕ^∗_ϕ−1_{∗ X} using (3.8). Now the identity follows by induction. ■ Lemma 5.14 A discrete vector field X with differentiable flow satisfies X⌟ X⌟ ω = 0 (∀ω ∈ Ω) . (5.48) Proof: Again, we use induction with respect to the grade of ω. We have X⌟ X⌟ α = 0 trivially for α ∈ Ω^1. Next we calculate X⌟ X⌟ (ψ ω) = X⌟ [(X⌟ ψ) ϕ^∗_X ω + (−1)^r ψX⌟ ω] = (X⌟ X⌟ ψ) ϕ^{∗2}_X ω − (−1)^r (X⌟ ψ) X⌟ ϕ^∗_X ω +(−1)^r (X⌟ ψ) ϕ^∗_X (X⌟ ω) + ψ(X⌟ X⌟ ω) with the help of lemma 5.13 and ϕ^{−1}_{X∗}X = ϕ^∗_X X (ϕ^{−1}_X )^∗ = ϕ^∗_X (ϕ^∗_X − I) (ϕ^{−1}_X )^∗ = ϕ^∗_X − I = X .

This implies that if the assertion holds for ω of grade < r, then it also holds for grade r. ■

6 Connections and parallel transports

A connection on a left A-module E is a linear map ∇ : E → Ω^1 ⊗_A E such that ∇(f E) = df ⊗_A E + f ∇(E) (∀E ∈ E) . (6.1) If (Ω, d) is the differential calculus of a group lattice, we have the following result. Lemma 6.1 Every connection on E is of the form ∇(E) = θ ⊗_A E − V(E) (∀E ∈ E) (6.2) where V : E → Ω^1 ⊗_A E satisfies V(f E) = f V(E) . (6.3) Conversely, every linear map V with this property defines a connection via the above formula.

Proof: This is easily verfied using (2.15). ■ Writing V = ∑ h∈S θ^h ⊗_A V_{ℓh} (6.4)

with parallel transport operators V_{ℓh} in the ℓ_h direction, (6.3) leads to V_{ℓh} (f E) = (R^∗_h−1 f) V_{ℓh} (E) (6.5) using (2.10). In particular, V_{ℓh} (e^g E) = e^{gh} V_{ℓh} (E) (6.6) which shows that we have a transport in the forward direction. We generalize it to a transport along an arbitrary vector field X by V_X = ∑ h∈S (R^∗_h−1 X^h) V_{ℓh} . (6.7)

Lemma 6.2 For a basic vector field X, V_X (f E) = (R^{−1}_X f) V_X E . (6.8) Proof: Using (6.7), (6.5), (5.12) and (5.26) we obtain V_X (f E) = ∑ h∈S (R^∗_h−1 X^h) (R^∗_h−1 f) V_{ℓh} E = ∑ h,h^′ ∈S (R^∗_h−1 X^h) (R^∗_h−1 f) (R^∗_{h′} −1 X^{h′} ) V_{ℓh′} E = (R^{−1}_X f) V_X E . ■ A connection can be extended to a map ∇ : Ω ⊗_A E → Ω ⊗_A E via ∇(ω ⊗_A E) = dω ⊗_A E + (−1)^rω ∇E ∀ω ∈ Ω^r , E ∈ E . (6.9) The curvature of the connection ∇ is the left A-module homomorphism R : E → Ω^2 ⊗_A E defined by R(E) = −∇^2E . (6.10) More generally, R = −∇^2 is defined as a map Ω ⊗_A E → Ω ⊗_A E. It has the property R(ω ⊗_A E) = ω R(E) (6.11) and satisfies the second Bianchi identity (∇R)(E) := ∇(R(E)) − R(∇E) = 0 . (6.12)

6.1 Gauge theory

Let E be a right A-module. Then E e^g, for fixed g ∈ G, is a complex vector space. Let E_i(g), i = 1, . . . , m(g), be a basis of this vector space. In general, its dimension varies with g. In the following we assume, for simplicity, that m(g) is independent of g and finite. [44] Choosing an order E_1(g), . . . , E_m(g) for all g ∈ G, we obtain a right A-module basis of E by setting E_i := ∑ g∈G E_i(g). Then E is a free right A-module.

An element Ψ ∈ E⊗_AΩ^r can be written as Ψ = E_i⊗_Aψ^i (using the summation convention) with an r-form field ψ : G → (Ω^r )^m transforming according to ψ → ψ^′ = γψ under the action of a gauge group Γ, corresponding to changes of the basis of E. A right A-module connection ∇ has to satisfy ∇(E ⊗_A ω) = ∇(E) ω + E ⊗_A dω for all ω ∈ Ω, so that

∇Ψ = ∇(E_j) ψ^j + E_i ⊗_A dψ^i = E_i ⊗_A (dψ^i + A^i_j ψ^j ) = E_i ⊗_A Dψ^i . (6.13) Here A is a gauge potential 1-form and Dψ := dψ + A ψ (6.14) the exterior covariant derivative of ψ with the transformation law (Dψ)^′ = γ Dψ.

Similarly, an r-form field φ transforming according to φ → φ^′ = φγ^{−1} under the action of the gauge group corresponds to an element of a left A-module. Then Dφ := dφ − (−1)^rφA (6.15) defines a covariant exterior derivative, i.e., (Dφ)^′ = (Dφ) γ^{−1}. Furthermore, we have (Dφ) ψ + (−1)^r φ Dψ = d(φ ψ) . (6.16) Introducing W := θ + A = ∑ h∈S W_h θ^h (6.17)

which obeys the transformation law W → W^′ = γ W γ^{−1} , W^′_h = γ W_h (R^∗_hγ^{−1}) (6.18) under a gauge transformation, and using (4.12), we obtain Dψ = W ψ − (−1)^rψθ − Δ(ψ) (6.19) Dφ = θφ − (−1)^rφW − Δ(φ) . (6.20) From ∇^2Ψ = E_i ⊗_A D^2ψ =: E_i ⊗_A F^i_j ψ^j originates the curvature 2-form F = dA + A^2 = W^2 − Δ(W ) − Δ^e = ∑ h,h^′∈S F_{h,h}′ θ^hθ^{h′} (6.21) which satisfies the Bianchi identity 0 = DF := dF + [A, F ] = [W, F ] − Δ(F ) . (6.22)

The biangle, triangle and quadrangle parts of the curvature 2-form are, respectively, given by F_{(e) h,h}′ = W_h R^∗_hW_h′ − I for a biangle hh^′ = e (6.23) F_{(h0) h,h}′ = W_h R^∗_hW_h′ − W_{h0} for a triangle hh^′ = h_0 ∈ S_{(1)} (6.24) F_{(g) h,h}′_{;ĥ,ĥ}′ = W_h R^∗_hW_h′ − W_ĥ R^∗_ĥW_ĥ′ for a quadrangle hh^′ = ĥĥ^′ = g ∈ S_{(2)} . (6.25) For 0-form fields ψ and ϕ we write Dψ = ∑ h∈S ∇_{ℓh} ψ θ^h , Dφ = ∑ h∈S (∇_{ℓh} φ) W_h θ^h . (6.26)

Then ∇_{ℓh} ψ = W_h R^∗_hψ − ψ . (6.27) If the group Γ is unitary and if W^{−1}_h = W^†_h , (where^† denotes hermitian conjugation) then ψ^† → ψ^† γ^{−1} and we obtain ∇_{ℓh} ψ^† = (R^∗_hψ^†) W^{−1}_h − ψ^† = (∇_{ℓh} ψ)^† . (6.28) An example of a Lagrangian for the 0-form field ψ is

L_ψ = ∑ h∈S 1 2 ∇_{ℓh} ψ^† ∇_{ℓh} ψ = ∑ h∈S 1 2 ( R^∗_h(ψ^†ψ) + ψ^†ψ − ψ^†W_h R^∗_hψ − (R^∗_hψ^†)W^†_h ψ ) (6.29)

with corresponding action

S_ψ = ∑ g∈G L_ψ (g) = ∑ g∈G ∑ h∈S 1 2 ( 2ψ^†ψ − ψ^†W_h R^∗_hψ − ψ^†(R^∗_h−1 W^†_h ψ) ) (g) . (6.30)

In order to build a Lagrangian from r-form fields, r > 0, we need an inner product of r-forms. It should satisfy (f ω, f^′ ω^′) = f^† f^′ (ω, ω^′) (6.31) (where f^† is the complex conjugate of the function f). A natural choice of inner product of 1-forms is then determined by (θ^h, θ^{h′} ) = δ^{h,h′} . (6.32) As a consequence, the above Lagrangian for a 0-form field ψ can be written as follows, L_ψ = 1 2 (Dψ^†, Dψ) . (6.33) For a biangle or triangle h_1h_2 ∈ S_e, we set (θ^{h1} θ^{h2} , θ^hθ^{h′} ) = δ^{h1,h} δ^{h2,h′} . (6.34)

For a quadrangle h_1h_2 = g ∉ S_e and a 2-form ψ we define

(θ^{h1} θ^{h2} , ψ) = ψ_{(g)h1,h2} (6.35)

where ψ_{(g)h1,h2} are the quadrangle components of ψ as defined in (4.36). In particular,

(θ^{h1} θ^{h2} , θ^h θ^{h′} ) = |g| δ^{h1,h} δ^{h2,h′} − δ^{hh′}_g if h_1h_2 = g ∈ S_{(2)} . (6.36)

As a consequence of these definitions, biangle, triangle and quadrangle 2-forms are orthogonal to each other. The Yang-Mills Lagrangian for the gauge potential A then takes the form

L_{YM} := 1 2m tr ( (p_{(e)}F, p_{(e)}F ) + ∑ h∈S_{(1)} (p_{(h)}F, p_{(h)}F ) + ∑ g∈S_{(2)} 1 |g| (p_{(g)}F, p_{(g)}F ) ) (6.37)

and the corresponding action is S_{YM} = ∑ g^′∈G LYM(g ′). From biangles, triangles and quadrangles, respectively, the following contributions arise:

tr(p_{(e)}F, p_{(e)}F ) = ∑ h,h^′∈S δ^e_{hh}′ tr ( 2I − W_h (R^∗_hW_h′ ) − (R^∗_hW^†_h′ ) W^†_h ) , (6.38)

tr(p_{(h0 )}F, p_{(h0 )}F ) = ∑ h,h^′∈S δ^{h0}_{hh}′ tr ( 2I − W^†_{h0} W_h (R^∗_hW_h′ ) − (R^∗_hW^†_h′ ) W^†_h W_{h0} ) , (6.39)

tr(p_{(g)}F, p_{(g)}F ) = tr ( 3|g|I − ∑ h_1,h_2 ,h_3,h_4 ∈S

δ^g_{h1h2} δ^g_{h3h4} (R^∗_{h1} W^†_{h2} ) W^†_{h1} W_{h3} (R^∗_{h3} W_{h4} ) ) .(6.40)

These expressions are indeed gauge invariant and thus also L_{YM}. The latter generalizes the Lagrangian of lattice gauge theory to arbitrary group lattices. It involves parallel transports U_P around the special plaquettes P given by biangles, triangles and quadrangles. Lattice gauge theory models on group lattices (G, S) with S = S^{−1} have previously been considered in Ref. [20] with an action of the form ∑ P ∈P tr[UP + U −1 P ] where the sum is over some choice of set P of plaquettes (not restricted to biangles, triangles and quadrangles). In contrast, we have used the natural differential geometry of the group lattice in order to determine a direct analogue of the Yang-Mills action.

7 Linear connections

A connection on Ω^1, regarded as a left A-module, is called a linear connection. We introduce matrices V_h = (V^{h′′}_{h,h}′ ) with entries in A via

V_{ℓh′} (θ^h) = ∑ h^{′′} ∈S (R^∗_{h′} −1 V^h_h′_{,h}′′ ) θ^{h′′} (7.1)

so that ∇θ^h = θ ⊗_A θ^h − ∑ h^′∈S V^h_h′ ⊗_A θ^{h′} (7.2) with V^h_h′ := ∑ h^{′′} ∈S V^h_h′′_{,h}′ θ^{h′′} . (7.3) From the definition of the curvature we obtain

R(θ^h) = −Δ^e ⊗_A θ^h − ∑ h^′ ∈S Δ(θ^{h′} ) ⊗_A V_{ℓh′} (θ^h) + ∑ h^′ ,h^{′′}∈S θ^{h′} θ^{h′′} ⊗_A V_{ℓh′′} V_{ℓh′} (θ^h) (7.4) where we used (4.3), (4.9), (6.2) and (6.4).

The torsion of a linear connection is the left A-module homomorphism Θ : Ω^1 → Ω^2 defined by Θ(α) = dα − π ∘ ∇α ∀α ∈ Ω^1 (7.5) where π is the canonical projection Ω^1 ⊗_A Ω^1 → Ω^2. Then

Θ^h := Θ(θ^h) = θ^h θ − Δ(θ^h) + πV(θ^h) = θ^h θ − Δ(θ^h) + ∑ h^′ ∈S θ^{h′} V_{ℓh′} (θ^h) = ∑ h_1 ,h_2∈S

(δ^h_1 − δ^h_{1 h2} + V^h_{h1 ,h2} ) θ^{h1} θ^{h2} (7.6)

using (4.3), (4.4), (6.2), (6.4) and (7.1). The torsion extends to a map Θ : Ω ⊗_A Ω^1 → Ω via Θ = d ∘ π − π ∘ ∇ (7.7) where π now denotes more generally the canonical projection Ω ⊗_A Ω^1 → Ω. It has the property Θ(ω ⊗_A α) = (−1)^r ω Θ(α) (7.8) for all α ∈ Ω^1 and ω ∈ Ω^r. From (7.7) we obtain the first Bianchi identity d ∘ Θ + Θ ∘ ∇ = π ∘ R (7.9) and thus dΘ^h − θ Θ^h + ∑ h^′∈S V^h_h′ Θ^{h′} = π R(θ^h) (7.10)

or, using (4.12), Θ^h θ + Δ(Θ^h) − ∑ h^′ ∈S V^h_h′ Θ^{h′} = −π R(θ^h) . (7.11)

Writing R(θ^h) = ∑ h^′ ∈S R^h_h′ ⊗_A θ^{h′} (7.12) with R^h_h′ ∈ Ω^2, we find ∇(R(θ^h)) = ∑ h^′∈S ( θ R^h_h′ − Δ(R^h_h′ ) − ∑ h^{′′} ∈S R^h_h′′ V^{h′′}_h′ ) ⊗_A θ^{h′} (7.13)

using (6.9), (4.13) and (7.2). Furthermore, R(∇θ^h) = ∑ h^′ ∈S ( θ R^h_h′ − ∑ h^{′′} ∈S V^h_h′′ R^{h′′}_h′ ) ⊗_A θ^{h′} (7.14)

so that the second Bianchi identity (6.12) takes the form Δ(R^h_h′ ) = ∑ h^{′′} ∈S (V^h_h′′ R^{h′′}_h′ − R^h_h′′ V^{h′′}_h′ ) . (7.15) 7.1 A transport of vector fields

Let ∇ : Ω^1 → Ω^1 ⊗_A Ω^1 be a linear connection with parallel transport operator V_X . Via ⟨Ṽ_{ℓh} Y, α⟩ = R^∗_h⟨Y, V_{ℓh} α⟩ . (7.16) a dual of V_{ℓh} is defined which acts on vector fields. From this definition we obtain Ṽ_{ℓh} (f · Y ) = (R^∗_hf) · Ṽ_{ℓh} Y . (7.17) In particular, Ṽ_{ℓh} (e^g · Y ) = e^{gh−1} · Ṽ_{ℓh} Y (7.18) which shows that the transport acts in the backward direction gh^{−1} ← g. Furthermore, (7.1) leads to Ṽ_{ℓh} ℓ_{h′} = ∑ h^{′′} ∈S V^{h′′}_{h,h}′ · ℓ_h′′ . (7.19) Defining Ṽ_X := ∑ h∈S X^h Ṽ_{ℓh} ( on X ) (7.20)

(7.16) and (7.17) generalize, respectively, to ⟨Ṽ_X Y, α⟩ = R_X ⟨Y, V_X α⟩ (7.21) and Ṽ_X (f · Y ) = (R_X f) · Ṽ_X Y (7.22) for a basic vector field X, by use of (5.12) and (6.7). In subsection 7.3 we will see that the inverse of Ṽ_X , provided it exists, is the parallel transport of a linear connection on X , associated with the linear connection on Ω^1 in a natural geometric way. Remark. For a symmetric group lattice we may introduce V̂_{ℓh} := Ṽ_{ℓh−1} which satisfies (6.5) and thus defines a connection on X according to lemma 6.1. ■

7.2 The geometric meaning of (vanishing) torsion

For a biangle h_1h_2 = e the vanishing of the corresponding part of the torsion 2-form (7.6) means V^h_{h1 ,h2} = −δ^h_1 (7.23) and thus Ṽ_{ℓh1} (ℓ_{h2} ) = −ℓ_{h1} . (7.24)

We conclude that the transport Ṽ preserves a biangle if the corresponding biangle torsion vanishes.

For a triangle h_1h_2 = h_0, the corresponding part of the torsion 2-form (7.6) vanishes if and only if V^h_{h1,h2} = δ^h_0 − δ^h_1 (7.25) which can be written as Ṽ_{ℓh1} (ℓ_{h2} ) = ℓ_{h0} − ℓ_{h1} . (7.26)

Associated with the latter triangle, there is a triangle composed of the two vectors ℓ_{h1} and ℓ_{h0} at g ∈ G, and the vector ℓ_{h2} at gh_1. The latter vector is backwards parallel transported by Ṽ_{ℓh1} to the tangent space at g. The condition of vanishing triangle torsion means that the three vectors at g then form a triangle. In this sense the transport preserves triangles if the triangle torsion vanishes.

A corresponding statement also holds for a quadrangle h_1h_2 = ĥ_1ĥ_2 = g ∉ S_e. If we consider [45] Q^h_{(g) h1,h2 ;ĥ1,ĥ2} = Q̌^h_{(g) h1 ,h2} − Q̌^h_{(g) ĥ1 ,ĥ2} (7.27) as the associated quadrangle torsion part, its vanishing means V^h_{h1,h2} − V^h_{ĥ1 ,ĥ2} = δ^h_{ĥ1} − δ^h_1 (7.28) which is equivalent to Ṽ_{ℓh1} (ℓ_{h2} ) − Ṽ_{ℓĥ1} (ℓ_{ĥ2} ) = ℓ_{ĥ1} − ℓ_{h1} . (7.29)

There is a quadrangle composed of the two vectors ℓ_{h1} and ℓ_{ĥ1} at g ∈ G, the vector ℓ_{h2} at gh_1 and the vector ℓ_{ĥ2} at gĥ_1. The latter two vectors are backwards parallel transported by Ṽ_{ℓh1} and Ṽ_{ℓĥ1} , respectively, to the tangent space at g. The condition of vanishing quadrangle torsion then has the effect that the resulting four vectors also form a quadrangle in the tangent space at g.

The presence of biangle, triangle, and quadrangle torsion thus means that a biangle, triangle, and quadrangle composed of vectors ℓ_h in the group lattice is, in general, not mapped by Ṽ to a closed polygon in a tangent space.

7.3 Linear connections on vector fields

Again, let ∇ : Ω^1 → Ω^1 ⊗_A Ω^1 be a linear connection with parallel transport operator V_X . Then ⟨U_X Y, V_X α⟩ = R^{−1}_X ⟨Y, α⟩ (7.30) for all basic vector fields X associates with V_X a linear operator U_X : X → X . This definition means that parallel transport preserves contractions of vector fields and 1-forms. Writing U_{ℓh} ℓ_h′ = ∑ h^{′′} ∈S R^∗_h−1 (U_h)^{h′′}_h′ · ℓ_h′′ (7.31)

with matrices U_h, we find from (7.30) and (7.1) that U_h = V^{−1}_h . (7.32) In particular, we need the V_h to be invertible. Furthermore, from (6.7) we obtain U_X = ∑ h∈S (R^∗_h−1 X^h) · U_{ℓh} . (7.33)

Lemma 7.1 For basic vector fields X, U_X (f · Y ) = (R^{−1}_X f) · U_X (Y ) . (7.34) Proof: Using (5.12) and (5.26) we obtain ⟨U_X (f · Y ), V_X α⟩ = R^{−1}_X ⟨f · Y, α⟩ = (R^{−1}_X f) R^{−1}_X ⟨Y, α⟩ = (R^{−1}_X f) ⟨U_X Y, V_X α⟩ = ⟨(R^{−1}_X f) · U_X Y, V_X α⟩ . ■ In particular, U_{ℓh} (f · Y ) = (R^∗_h−1 f) · U_{ℓh} Y (7.35) so that ∇Y := θ ⊗_A Y − U(Y ) , U(Y ) := ∑ h∈S θ^h ⊗_A U_{ℓh} Y (7.36)

defines a connection on X , i.e. a linear map ∇ : X → Ω^1 ⊗_A X with the property ∇(f · Y ) = df ⊗_A Y + f ∇Y (see section 6). Next we establish the relation with the transport Ṽ_X introduced in the previous subsection. Lemma 7.2 For basic vector fields X, U_X = Ṽ^{−1}_X . (7.37)

Proof: With the help of (7.17), (7.19), (7.31) and (7.35) we find U_{ℓh}Ṽ_{ℓh} Y = Y for all vector fields Y . Using (5.12) for an arbitrary basic vector field X and ∑ h∈S X^h = 1, we obtain U_XṼ_X = ∑ h,h^′∈S (R^∗_h−1 X^h) · U_{ℓh} (X^{h′} Ṽ_{ℓh′} ) = ∑ h,h^′∈S (R^∗_h−1 X^h) (R^∗_h−1 X^{h′} ) · U_{ℓh} Ṽ_{ℓh′} = ∑ h∈S (R^∗_h−1 X^h) · U_{ℓh}Ṽ_{ℓh} = ∑ h∈S X^h I = I . ■ Let us also define ∇_{ℓh} Y := Y − U_{ℓh} Y , ∇_{ℓh} α := α − V_{ℓh} α (7.38) which satisfy

∇_{ℓh} (f α) = (ℓ̄_hf) α + (R^∗_h−1 f) ∇_{ℓh} α , ∇_{ℓh} (f · Y ) = (ℓ̄_hf) · Y + (R^∗_h−1 f) · ∇_{ℓh} Y (7.39) where ℓ̄_h = ℓ_h R^∗_{h−1} = I − R^∗_{h−1} (7.40) is the backward difference operator on A. Then the following identity holds: ℓ̄_h⟨Y, α⟩ = ⟨∇_{ℓh} Y, α⟩ + ⟨Y, ∇_{ℓh} α⟩ − ⟨∇_{ℓh} Y, ∇_{ℓh} α⟩ . (7.41) In general, the parallel transport of a discrete vector field along a discrete vector field is not a discrete vector field. A parallel transport or connection which maps discrete vector fields into discrete vector fields will be called “discrete”. In this case, the matrices V_h represent permutations.

8 Differential calculi on coset spaces of discrete groups

Let H be a subgroup of G and let G/H denote the set of right cosets of H in G, i.e. K ∈ G/H has the form K = Hg for some g ∈ G. The algebra A_{G/H} of complex valued functions F : G/H → C can be naturally identified with a subalgebra of the algebra A = A_G of functions on G. Since the cosets form a partition of G, using our notation (3.2) we find e^K e^{K′} = δ^{K,K′} e^K and ∑ K∈G/H e K = 1. As a consequence, each element F ∈ A_{G/H} has a unique decomposition F = ∑ K∈G/H F (K) e K. The right action of G on G induces a right action on G/H: R^∗_g F = ∑ K∈G/H F (K) R^∗_ge^K = ∑ K∈G/H F (K) e^{Kg−1} . (8.1)

Let (G, S) be a group lattice. The 1-forms {θ^h| h ∈ S} then generate an A_{G/H} -bimodule Ω^1_{G/H} such that

θ^h e^K = (R^∗_h e^K ) θ^h = e^{Kh−1} θ^h (8.2) and de^K = ∑ h∈S (e^{Kh−1} − e^K ) θ^h (8.3)

defines a linear map d : A_{G/H} → Ω^1_{G/H} which satisfies

d(F F^′) = (dF ) F^′ + F dF^′ (8.4)

for all F, F^′ ∈ A_{G/H} , so that (Ω^1_{G/H} , d) is a first order differential calculus over A_{G/H} . It is important to note, however, that Ω^1_{G/H} is not, in general, generated by A_{G/H} , i.e. A_{G/H} (dA_{G/H} ) A_{G/H} is smaller than Ω^1_{G/H} . [46] In any case, the first order differential calculus extends to a differential calculus (Ω_{G/H} , d) over A_{G/H} . A closer inspection shows that the latter is simply obtained from the group lattice differential calculus (Ω, d) by restricting A_G to the subalgebra of functions corresponding to A_{G/H} .

Drawing an arrow from a point representing a coset K to a point representing a coset K^′ whenever there is an h ∈ S such that K^′ = Kh, we obtain a digraph. This coset digraph [47] is also known as the Schreier diagram of the triple (G, S, H) (see Ref. [16], for example). In contrast to the digraphs (group lattices) considered in the previous sections, coset digraphs may have multiple arrows between two sites and even loops (i.e. arrows from a site to itself). Indeed, whenever we have different h, h^′ ∈ S such that Hh = Hh^′, then there are multiple arrows in a coset digraph. The resulting discrete geometry is therefore more complex than the one determined by (ordinary) differential calculi on the algebra of functions on the corresponding set of points. Such a generalization may prove to be relevant for the description of electric circuits, for example.

Example 8.1. Let G = Z_2 = {0, 1}, the cyclic group of order 2 with group operation the addition modulo 2. With S = {1}, we have S_{(0)} = S, S_{(1)} = S_{(2)} = ∅. Choosing H = G, the coset space consists of a single element only and the algebra of functions on it is therefore C . The 1-form θ^1 corresponds to a loop (see Fig. 5). Then we have Ω^r_{Z2/Z2} = span_C {(θ^1)^r} for r > 0. According to (4.3), the action of d on forms is determined by dθ^1 = 2 θ^1θ^1 together with the Leibniz rule. As a consequence, dθ^{2r} = 0 and dθ^{2r+1} = 2 (θ^1)^{2(r+1)}. ■

Example 8.2. Choosing Z_3 with S = {1, 2} and passing to the single point coset space Z_3/Z_3, one remains with two 1-forms θ^h, h = 1, 2. According to (4.3), the exterior derivative then acts as follows,

dθ^1 = 2 (θ^1)^2 − (θ^2)^2 + θ^1 θ^2 + θ^2 θ^1 (8.5) dθ^2 = 2 (θ^2)^2 − (θ^1)^2 + θ^1 θ^2 + θ^2 θ^1 . (8.6) ■

Figure 5: The symmetric digraph of (Z_2, {1}) and the corresponding coset graph corresponding to the choice H = Z_2.

Figure 6: Group lattice of (Z_6, {1, 2, 3}) and the coset digraph for H = {0, 2, 4}.

Example 8.3. An example of a coset digraph containing both loops and multiple links is given by G = Z_6, the cyclic group of order 6 with group operation ∔, addition modulo 6. With S = {1, 2, 3} we find S_{(0)} = {3}, S_{(1)} = {2, 3} and S_{(2)} = {4, 5} which implies that we have two 2-form relations and consequently seven independent 2-forms. Choosing H = {0, 2, 4}, there are only two cosets, H and 1 ∔ H. Since H^{1,3}←→ 1 ∔ H, H^2←→ H and 1 ∔ H^2←→ 1 ∔ H, we obtain the graph in Fig. 6. ■

Example 8.4. Let us consider the S_3 group lattice of examples 2.4 and 4.1 with S = {(12), (13), (23)}. The following table expresses the action of R_h, h ∈ S, on G:

g\h (12) (13) (23) e (12) (13) (23) (12) e (123) (132) (13) (132) e (123) (23) (123) (132) e (123) (23) (12) (13) (132) (13) (23) (12)

Choosing the subgroup H = {e, (12)}, the corresponding right cosets are H, H(13) = {(13), (123)} and H(23) = {(23), (132)} (see Fig. 7).

Figure 7: The right cosets of S_3 with respect to the subgroup H = {e, (12)}.

The action of R_h, h ∈ S, on the cosets is given by the following table:

Hg\h (12) (13) (23) H H H(13) H(23) H(13) H(23) H H(13) H(23) H(13) H(23) H

Since H^{(12)}→ H, H(13)^{(23)}→ H(13) and H(23)^{(13)}→ H(23), there are loops in the coset digraph (see Fig. 8). This has its origin in the fact that S ∩H = {(12)} and thus H(12) = H. [48] The 1-forms e^H θ^{(12)}, e^{H(13)}θ^{(23)} and e^{H(23)}θ^{(13)} are associated with the loops and therefore cannot be expressed in terms of functions and differentials. In order to eliminate the loops, one could set these 1-forms to zero. As a consequence of such additional relations, the resulting bimodule of 1-forms is no longer free.

As a further example, let us consider the subgroup H^′ = {e, (123), (132)}. The corresponding cosets are H^′ and H^′(12) = {(12), (23), (13)}. The table of the right action R_h on these cosets is then

H^′g\h (12) (13) (23) H^′ H^′(12) H^′(12) H^′(12) H^′(12) H^′ H^′ H^′

In this case, we have multiple arrows in the coset digraph (see Fig. 9). By imposing the relations θ^{(12)} = θ^{(13)} = θ^{(23)} on the differential calculus, we could eliminate the multiple links. ■

Figure 8: Loops in the coset digraph of S_3 with respect to the subgroup H = {e, (12)} and S = {(12), (13), (23)}.

Figure 9: An S_3 coset digraph with multiple arrows.

Figure 10: Coset digraph of S_4 with S = {(12), (13), (14), (23), (24), (34)} and H = {e, (123), (132)}.

Example 8.5. Let G = S_4 and S = {(12), (13), (14), (23), (24), (34)}, as in example 4.3. Furthermore, we choose a subgroup H of order 3 with eight cosets:

H = {e, (123), (132)} H(12) = {(12), (23), (13)} H(12)(34) = {(12)(34), (243), (143)} H(14) = {(14), (1234), (1324)} H(13)(24) = {(142), (234), (13)(24)} H(24) = {((24), (1423), (1342)} H(14)(23) = {(124), (14)(23), (134)} H(34) = {(34), (1243), (1432)} .

The table of right actions of the elements of S on G/H is

Hg\h (12) (13) (14) (23) (24) (34) H H(12) H(12) H(14) H(12) H(24) H(34) H(12) H H H(14)(23) H H(13)(24) H(12)(34) H(14) H(13)(24) H(12)(34) H H(14)(23) H(14)(23) H(14)(23) H(24) H(14)(23) H(13)(24) H(13)(24) H(12)(34) H H(13)(24) H(34) H(12)(34) H(14)(23) H(12)(34) H(13)(24) H(12)(34) H H(12)(34) H(34) H(14) H(34) H(24) H(34) H(12) H(13)(24) H(14) H(24) H(24) H(34) H(12) H(24) H(14)(23) H(24) H(34) H(12) H(14) H(14) H(14)

and the coset digraph is drawn in Fig. 10. If we impose the relations

e^H θ^{(12)} = e^H θ^{(13)} = e^H θ^{(23)} , e^{H(12)}θ^{(12)} = e^{H(12)}θ^{(13)} = e^{H(12)}θ^{(23)} , e^{(12)(34)H}θ^{(12)} = e^{H(12)(34)}θ^{(14)} = e^{H(12)(34)}θ^{(24)} , e^{H(34)}θ^{(12)} = e^{H(34)}θ^{(14)} = e^{H(34)}θ^{(24)} , e^{(13)(24)H}θ^{(13)} = e^{H(13)(24)}θ^{(14)} = e^{H(13)(24)}θ^{(34)} , e^{H(24)}θ^{(13)} = e^{H(24)}θ^{(24)} = e^{H(24)}θ^{(34)} , e^{(14)(23)H}θ^{(23)} = e^{H(14)(23)}θ^{(24)} = e^{H(14)(23)}θ^{(34)} , e^{H(14)}θ^{(23)} = e^{H(14)}θ^{(24)} = e^{H(14)}θ^{(34)}

Figure 11: Visualization of the geometry considered in section 8.1.

then the multiple links are eliminated. The bimodules of differential forms are then no longer free. ■ The relations one has to impose on the 1-forms of a generalized differential calculus on a coset space in order to reduce it to an ordinary differential calculus (without loops or multiple links in the associated digraph) are of the form e^K θ^h = 0 or e^K(θ^{h1} − θ^{h2} ) = 0. Such relations do not lead to additional higher form relations. For relations eliminating loops this follows from

d(e^K θ^h) = (θe^K − e^K θ) θ^h + e^K (θ θ^h + θ^h θ − Δ(θ^h)) = −e^K Δ(θ^h) = −Δ(e^Kθ^h) .

A similar calculation applies to relations eliminating multiple links.

8.1 Higgs field from gauge theory with an internal coset lattice

Let (Ω, d) be the usual differential calculus over the algebra A of smooth functions on R^n. Furthermore, let (Ω̃, d̃) denote the “loop” differential calculus over the algebra Ã = C of functions on the single point space Z_2/Z_2, see example 8.1. The skew-tensor product [49] Ω̂ = Ω ^⊗Ω̃ of the two differential calculi then defines a new differential calculus (Ω̂, d̂) over A. Let us introduce ρ := (1/c) θ^1 with a real constant c, so that d̃ρ = 2c ρ^2, d̃ρ^{2r} = 0 and d̃ρ2r+1 = 2c ρ2r+2 (see example 8.1). Then d̂f = df and d̂(ωρr) = (dω)ρr + (−1)s ω d̃ρr for ω ∈ Ω^s. Let Â be a gauge potential 1-form. With the decomposition Â = A + ϕ ρ, the field strength F̂ = d̂Â + Â^2 becomes

F̂ = F + Dϕ ρ + (ϕ^2 + 2c ϕ) ρ^2 (8.7)

where we used Aρ = −ρA and introduced the exterior covariant derivative Dϕ = dϕ + [A, ϕ]. In terms of φ := ϕ + c I, this reads F̂ = F + Dφ ρ + (φ^2 − c^2I) ρ^2 . (8.8)

Let us now introduce an inner product on Ω̂ such that

(ωρ^r , ω^′ρ^s) := δ_{rs} λ^r (ω, ω^′) (8.9) with a positive constant λ and the usual sesquilinear inner product [50] (ω, ω^′) of differential forms on C^n with respect to a (pseudo-) Riemannian metric. Then we find

(F̂ , F̂ ) = 1 2 F^†_{μν} F^{μν} + λ (∇_μφ)^† ∇^μφ + λ^2 (φ^2 − c^2I)^† (φ^2 − c^2I) . (8.10)

If we set φ = ( 0 χ^† χ 0 ) (8.11)

then

φ^2 = ( χ^†χ 0 0 χχ^† ) . (8.12)

Taking the trace of (8.10) results in

tr(F̂ , F̂ ) = 1 2 tr(F^†_{μν} F^{μν} ) + 2 λ tr ( (∇_μχ)^†∇^μχ ) + 2 λ^2(‖χ‖^2 − c^2I)^2 . (8.13)

The constants can now be chosen in such a way that the usual Yang-Mills-Higgs Lagrangian is obtained. More complicated examples can be constructed by replacing Z_2 with Z_N, N > 2 (see also example 8.2 and Ref. [51]).

9 Conclusions

With this work we have started to develop a formalism of differential geometry of group lattices, based on elementary concepts of non-commutative geometry. A group lattice (G, S) naturally determines a differential calculus over the algebra of functions on the discrete group G and we systematically explored the structure of differential calculi which emerge in this way.

Counterparts of the Yang-Mills action on arbitrary group lattices have been obtained. They generalize the familiar action of lattice gauge theory. In particular, these can be further analyzed using the methods of Ref. [20].

Whereas noncommutative geometry conveniently defines general geometric structures in terms of differential forms, their geometric significance in special cases, like the group lattices under consideration, is often easier to understand when expressed in terms of vector fields. A large part of this work has therefore been devoted to the properties of a class of vector fields on group lattices, which we called “discrete vector fields”, and the subclass of “basic vector fields”. We also introduced an inner product of discrete vector fields (with differentiable flow) and forms. In particular, this opens the possibility to develop mechanics on group lattices using familiar formulae of symplectic geometry.

A linear connection (on the space of 1-forms) on a group lattice defines a parallel transport of vector fields along a vector field. We found a very simple geometric picture associated with the condition of vanishing torsion, which strongly corroborates the formalism.

Continuing this work, in a forthcoming paper we develop “Riemannian geometry” on group lattices. More precisely, for making contact with classical geometry, the subclass of bicovariant group lattices turns out to be distinguished. We introduced these lattices as those for which all the left and right actions L_h, R_h, h ∈ S, are differentiable maps (in the sense of section 3).

The geometric framework presented in this work may also be helpful for the construction and analysis of completely integrable models on group lattices. The differential calculus associated with a linear or quadratic lattice (see example 2.1) has already been applied in this context [5].

A Integral curves of discrete vector fields

Let (G, S) be a group lattice. A map γ : Z→ G which is a solution of the equation

∂_{+t}(γ^∗f) = γ^∗(Xf) (∀f ∈ A) (A.1)

for some discrete vector field X = ∑ h∈S X^h · ℓ_h ∈ X is called an integral curve of X. More explicitly, this reads

f(γ(t + 1)) − f(γ(t)) = ∑ h∈S X^h(γ(t)) [f(γ(t)h) − f(γ(t))] (A.2) or f(γ(t + 1)) = ∑ h∈S X^h(γ(t)) f(γ(t)h) + ( 1 − ∑ h∈S X^h(γ(t)) ) f(γ(t)) = ∑ h∈S_e X^h(γ(t)) f(γ(t)h) = ( (I + X)f ) (γ(t)) (A.3)

(where X^e(g) = 1 iff X^h(g) = 0 for all h ∈ S). Since precisely one component X^h(γ(t)), h ∈ S_e, is different from zero and then equal to 1, we obtain f(γ(t+1)) = f( ∑ h∈S_e X h(γ(t)) γ(t)h) for all f ∈ A and thus

γ(t + 1) = ∑ h∈S_e X^h(γ(t)) γ(t)h . (A.4)

The flow ϕ_t : G → G generated by X has to satisfy the same equation, so that

ϕ_{t+1} = ∑ h∈S_e (X^h R_h) ∘ ϕ_t . (A.5)

Furthermore, ϕ_0 = id, the identity on G. On functions, we have (cf (A.3))

ϕ^∗_{t+1}f = ϕ^∗_t ((I + X)f) (A.6)

with the solution

ϕ^∗_t = (I + X)^t (A.7) as expected on the basis of our earlier considerations.

Let us supply Zwith the first order differential calculus of example 2.1, and G with the calculus associated with the subset S ⊂ G \ {e}. According to the criterium (3.5), the map γ is differentiable iff γ(t)^{−1}γ(t + 1) ∈ S_e for all t ∈ Z. But this is automatically satisfied for an integral curve as a consequence of (A.4). We have already learned, however, that the flow of X is not in general differentiable as a map G → G (with respect to the differential calculus induced by S).

References

[1] A. Dimakis, F. Müller-Hoissen and T. Striker, “Non-commutative differential calculus and lattice gauge theory,” J. Phys. A 26, 1927 (1993); “From continuum to lattice theory via deformation of the differential calculus,” Phys. Lett. B 300, 141 (1993).

[2] A. Dimakis and F. Müller-Hoissen, “Differential calculus and gauge theory on finite sets,” J. Phys. A 27, 3159 (1994).

[3] A. Dimakis and F. Müller-Hoissen, “Discrete differential calculus, graphs, topologies and gauge theory,” J. Math. Phys. 35, 6703 (1994).

[4] A. Dimakis, F. Müller-Hoissen and F. Vanderseypen, “Discrete differential manifolds and dynamics on networks,” J. Math. Phys. 36, 3771 (1995).

[5] A. Dimakis and F. Müller-Hoissen, “Integrable discretizations of chiral models via deformation of the differential calculus,” J. Phys. A 29, 5007 (1996).

[6] K. Bresser, A. Dimakis, F. Müller-Hoissen and A. Sitarz, “Non-commutative geometry of finite groups,” J. Phys. A 29, 2705 (1996).

[7] A. Dimakis and F. Müller-Hoissen, “Discrete Riemannian geometry,” J. Math. Phys.

40, 1518 (1999).

[8] A. Connes and J. Lott, “Particle models and noncommutative geometry,” Nucl. Phys.

B (Proc. Suppl.) 18, 29 (1990).

[9] A. Sitarz, “Noncommutative geometry and gauge theory of finite groups,” J. Geom.

Phys. 15, 123 (1995).

[10] L. Castellani, “Gravity on finite groups,” Commun. Math. Phys. 218, 609 (2001); “Finite group discretization of Yang-Mills and Einstein actions,” Ann. Phys. 297, 295 (2002);

P. Aschieri, L. Castellani and A.P. Isaev, “Discretized Yang-Mills and Born-Infeld actions on finite group geometries,” hep-th/0201223 (2002).

[11] F. Ngakeu, S. Majid and D. Lambert, “Noncommutative Riemannian geometry of the alternating group A_4,” math.QA/0107216 (2001);

S. Majid, “Riemannian geometry of quantum groups and finite groups with nonuniversal differentials,” Commun. Math. Phys. 225, 131 (2002).

[12] J. Dai and X.-C. Song, “Noncommutative geometry and classical field theory on finite groups,” hep-th/0110179 (2001).

[13] G. Mack, “Universal dynamics, a unified theory of complex systems. Emergence, Life and Death,” Commun. Math. Phys. 219, 141 (2001).

[14] A. Mallios and I. Raptis, “Finitary space-time sheaves of quantum causal sets: curving quantum causality,” Int. J. Theor. Phys. 40, 1885 (2001).

[15] We do not distinguish between the Cayley graph and its representation by points and arrows, the Cayley diagram.

[16] B. Bollobás, Modern Graph Theory (Springer, New York, 1998).

[17] W. Magnus, A. Karrass and D. Solitar, Combinatorial group theory (Dover, New York, 1976).

[18] S. Samuel, “Group lattices with applications to the molecule C_{60},” in Proceedings XIX International Colloquium on Group Theoretical Methods in Physics, Vol. II, edited by M. A. del Olmo, M. Santander and J. Mateos Guilarte (CIEMAT/RSEF, Madrid, 1993), p. 394; “The solution of the Ising model on the truncated icosahedron lattice of C(60),” J. Math. Phys. 34, 2331 (1993); “On the electronic structure of C_{60},” Int. J. Mod. Physics B 7, 3877 (1993).

[19] S. Samuel, “Solvable statistical mechanics models on group lattices,” Nucl. Phys. B 350, 729 (1991); “Two-dimensional group lattices with a twist,” Nucl. Phys. B 360, 337 (1991).

[20] O. Lechtenfeld and S. Samuel, “Four-dimensional twisted group lattices,” Nucl. Phys.

B 449, 406 (1995).

[21] O. Lechtenfeld and S. Samuel, “The solution of the d-dimensional twisted group lattices,” Int. J. Mod. Physics A 11, 3227 (1996).

[22] T. Regge and R. Zecchina, “Exact solution of the Ising model on group lattices of genus g > 1,” J. Math. Phys. 37, 2796 (1996).

[23] M.-C. Heydemann and B. Ducourthial, “Cayley graphs and interconnection networks,” in Graph Symmetry: Algebraic Methods and Applications, edited by G. Hahn and G. Sabidussi, NATO ASI Series (Series C: Mathematical and Physical Sciences), Vol. 497 (Kluwer Academic Publishers, London, 1997), p. 167.

[24] The formalism developed in this work may be generalized by replacing C with an arbitrary field K.

[25] Here and in the following we slightly depart from corresponding definitions used in Ref. [6]. In particular, our definition of θ^h below corresponds to θ^{h−1} in the latter work.

[26] One could think of extending the formalism to infinite subsets S of an infinite discrete group G. Then one has to find a way to make sense of infinite summations (over the elements of S, at g ∈ G) appearing in the following formulae.

[27] J.-P. Serre, Trees (Springer, Berlin, 1980).

[28] This is a sub-bimodule of the bimodule generated by all ℓ_g, g ∈ G. Of course, it depends on the choice of S and should therefore rather be denoted as X_S , for example. Since in most parts of this paper S is a fixed set, we simply write X instead of X_S .

[29] If |G| is infinite, the right side looks like an infinite sum. Note, however, that at each element g ∈ G this reduces to θ^h|_g = de^{gh}|_g.

[30] A. Dimakis and F. Müller-Hoissen, “Quantum mechanics on a lattice and qdeformations,” Phys. Lett. B 295, 242 (1992).

[31] T. Fujiwara, H. Suzuki, K. Wu, “Noncommutative differential calculus and the axial anomaly in abelian lattice gauge theories,” Nucl. Phys. B 569, 643 (2000); “Axial anomaly in lattice abelian gauge theory in arbitrary dimensions,” Phys. Lett. B 463, 63 (1999); “Application of noncommutative differential geometry on lattice to anomaly analysis in abelian lattice gauge theory,” hep-lat/9910030; “Topological charge of lattice abelian gauge theory,” Prog. Theor. Phys. 105, 789 (2001);

H. Suzuki, “Anomaly cancellation condition in lattice gauge theory,” Nucl. Phys. B 585, 471 (2000);

J. Dai and X.-C. Song, “Wilson action of lattice gauge fields with an additional term from noncommutative geometry,” hep-th/0101184 (2001).

[32] A Cayley graph without biangles (circuits of length 2) is sometimes called “combinatorial”, see Ref. [27].

[33] A. Dimakis and C. Tzanakis, “Dynamical evolution in noncommutative discrete phase space and the derivation of classical kinetic equations,” J. Phys. A 33, 5267 (2000).

[34] S.L. Woronowicz, “Differential calculus on compact matrix pseudogroups (quantum groups),” Commun. Math. Phys. 122, 125 (1989).

[35] The consistency condition Δ(θ^h) f = Δ(θ^h f) = Δ(R^∗_hf θ^h) = R^∗_hf Δ(θ^h) is indeed satisfied as a consequence of (4.4) and (2.10).

[36] If there are no triangles, then we have simply dα = θα + αθ for a 1-form α.

[37] L. Saloff-Coste, “Probability on groups: random walks and invariant diffusions,” Notices AMS 48, 968 (2001).

[38] This means that ϕ^∗_X intertwines the corresponding maps associated with discrete vector fields. Note that, in general, Z is not unique.

[39] These conditions mean that if there is an outgoing X-arrow at g, then there is also precisely one incoming X-arrow. If there is no outgoing arrow, then there is also no incoming arrow.

[40] This expression is not in general a vector field unless S is symmetric, i.e. S = S^{−1}. It is actually a vector field for the opposite group lattice (G, S^{−1}).

[41] In fact, all basic vector fields on S_3 with S = {(12), (13), (23)} generate differentiable maps G → G. This follows from S^{−1} = S and S^3 = S, which implies that every expression of the form s(g)^{−1}hs(gh) (for s with values in S) lies in S, so that condition (2) of theorem 5.1 holds.

[42] Here we use the notation (s_Y · s_X )(g) = s_Y (g) s_X (g).

[43] Except for 1-forms, we have in general X⌟ ω ≠ ∑ h X^h (ℓ_h⌟ ω) where X = ∑ h X^h · ℓ_h.

[44] Bundles over discrete spaces with varying dimension of the fibres have been considered in particular for particle physics model building. See, for example, A. Connes, “Essay on physics and non-commutative geometry,” in The Interface of Mathematics and Particle Physics, edited by D. Quillen, G. Segal and S. Tsou (Oxford University Press, Oxford, 1990), p. 9.

[45] See the discussion of 2-form components at the end of section 4.2.

[46] Such generalized first order differential calculi have already been considered in H.C.

Baehr, A. Dimakis and F. Müller-Hoissen, “Differential calculi on commutative algebras,” preprint MPI-PhT/94-83, hep-th/9412069, Appendix A (1994). They cannot be obtained as a quotient of the universal first order differential calculus.

[47] This should not be confused with Cayley coset digraphs as considered, for example, in G. Sabidussi, “The composition of graphs,” Duke Math. J. 26, 693 (1959); E. Knill, “Notes on the connectivity of Cayley coset digraphs,” math.CO/9411221 (1994).

[48] Note that Hh = H implies (Hg)ad(g^{−1})h = Hg, so we also have a loop at Hg and then at every coset. If ad(g)h ∈ H and thus Hgh = Hg for all g, we can eliminate these loops by reducing S to S \ {h}. But if ad(g)h ∉ H for some g, it will not be possible to get rid of the loops by choosing a smaller set S without simultaneously eliminating some arrows between different points.

[49] Given two spaces with differential calculi (Ω_i, d_i), i = 1, 2, the skew tensor product Ω_1 ^⊗Ω_2 with d(ω_1 ^⊗ω_2) = (d_1ω_1) ^⊗ω_2 + (−1)^r ω_1 ^⊗d_2ω_2 for ω_1 ∈ Ω^r_1 and ω_2 ∈ Ω_2 defines a differential calculus on their direct product. See [4] and D. Kastler, Cyclic Cohomology Within the Differential Envelope (Hermann, Paris, 1988), Appendix A, for example.

[50] It has the properties (fω, f^′ω^′) = f^†f^′ (ω, ω^′) and (ω, ω^′)^† = (ω^′, ω) where^† denotes complex or hermitian conjugation. Furthermore, (dx^{μ1} · · · dx^{μr} , dx^{ν1} · · · dx^{νs} ) = δ_{r,s} g^{μ1 ρ1} · · · g^{μr ρr} δ^{[ν1}ρ_1 · · · δ^{νr ]}ρ_r . [51] Y. Okumura, “Noncommutative differential geometry on discrete space M_4 × Z_N and gauge theory,” Prog. Theor. Phys. 96, 1021 (1996).