arXiv:math-ph/0207029 v1 22 Jul 2002

From tracial anomalies to anomalies in Quantum Field Theory

Alexander Cardona^∗, Catherine Ducourtioux and Sylvie Paycha

Laboratoire de Mathématiques Appliquées Université Blaise Pascal (Clermont II) Complexe Universitaire des Cézeaux 63177 Aubière Cedex, France.

cardona@math.univ-bpclermont.fr catherine.ducourtioux@math.univ-bpclermont.fr sylvie.paycha@math.univ-bpclermont.fr

Abstract

ζ-regularized traces, resp. super-traces, are defined on a classical pseudodifferential operator A by:

tr^Q (A) := f.p. tr(AQ^{−z} )_{|z=0} , resp. str^Q(A) := f.p. str(AQ^{−z} )_{|z=0} ,

where f.p. refers to the finite part and Q is an (invertible and admissible) elliptic reference operator with positive order. They are widly used in quantum field theory in spite of the fact that, unlike ordinary traces on matrices, they are neither cyclic nor do they commute with exterior differentiation, thus giving rise to tracial anomalies. The purpose of this article is to show, on two examples, how tracial anomalies can lead to anomalous phenomena in quantum field theory.

∗and Universidad de Los Andes, Bogotá, Colombia

Introduction

In the path integral approach to quantum field theory, ζ-regularizations are used to make sense of partition functions as ζ-determinants. Similarly, ζ-regularization procedures are used to investigate the geometry of determinant bundles associated to families of elliptic operators [Q1], [BF]. Underlying these ζ-regularizations is the idea of extracting a finite part from an a priori divergent expression, such as infinite dimensional integrals and infinite dimensional traces.

Path integration in quantum field theory often gives rise to anomalies, which we shall refer to as quantum field anomalies. Quantum field anomalies typically arise from the fact that some symmetry on the classical level reflected in the invariance of the classical action under some symmetry group, is not conserved on the quantum level, namely in the path integral built up from this classical action. Such anomalous phenomena can often be read off the geometry of determinant bundles (see e.g. [Fr], [BF], [EM], [E]) associated to families of operators involved in the classical action or arising from the action of the symmetry group on the classical action. Here are a few milestones of the long story of the development of the concept of anomaly; see [Ad],[BJ], [Bar], [GJ] for a perturbative approach, see [Fu] for a path integral approach, see [Ba], [Ber], [N] and [TJZW] for a review.

On the other hand, regularized traces of the type tr^Q (where tr^Q(·) := f.p.tr(· Q^{−z})_{|z=0} , Q being the weight) give rise to another type of anomaly, which we refer to here as tracial anomalies, such as

• the coboundary ∂tr^Q of the regularized trace tr^Q [M], [MN], [CDMP],

• the dependence on the weight measured by tr^{Q1} − tr^{Q2} where Q_1 and Q_2 are two weights with same order [CDMP], [O],

• the fact that it does not commute with the exterior differentiation namely [d, tr^Q] := d ∘ tr^Q − tr^Q ∘ d ≠ 0 where Q is a family of weights parametrized by some manifold (when this manifold is one dimensional, we use instead the notation ṫr^Q) [CDMP], [P], [PR].

Our first aim in this article, is to show how the use of regularized traces and determinants in the path integral approach to quantum field theory can lead to tracial anomalies, and how the latter relate to quantum field anomalies. Since tracial anomalies can be expressed in terms of Wodzicki residues [Wo], they have some local feature which is in turn reflected on the locality of anomalies in quantum field theory.

Our second aim, which is strongly linked with the first one, is to show how local terms arising in some index theorems can be seen as tracial anomalies; this indirectly leads back to some well-known relations between anomalies in quantum field theory and local terms in index theorems (see e.g. [AG], [AGDPM]). We shall see how

1. the local term in the Atiyah-Patodi-Singer theorem [APS II] which, for a particular family of Dirac operators, measures a phase anomaly of a partition function on one hand,

2. and on the other hand, the local term in the index theorem for families from which the curvature on a determinant bundle asociated to a family of Dirac operators can be derinved [BF], describing a (local geometric ) chiral anomaly can both be interpreted as trace anomalies.

In the latter case we focus on non gravitational anomalies, thus restricting ourselves to the case of a trivial determinant bundle. Otherwise the curvature arises as a combination of tracial anomalies and local terms involving the underlying geometry of a fibration of manifolds from which the determinant bundle is built so that the tracial anomalies mix with the geometry of the underlying fibration of manifolds to build geometric characteristics of the determinant bundle such as the curvature [PR], thus leading to a less direct relation between the two types of anomalies, tracial and quantum field anomalies.

Combining the relations we establish between quantum field anomalies and tracial anomalies on one hand, local terms in index theorems and tracial anomalies on the other hand, leads to the following relations corresponding to points 1. and 2. above: 1. phase anomaly of a partition function ⇔ tracial anomaly ∫_1 0 ṫr^Q ⇔ local term in the APS index theorem

2. and obstruction to the Wess-Zumino consistency relations in QFT ⇔ (pull-back on the gauge Lie agebra of) the curvature on a determinant bundle ⇕ ⇕ tracial anomaly dtr^Q ⇔ (pull-back on the gauge Lie agebra of) the local term of degree 2 in the index theorem for families

In particular, these relations tell us, before even computing the various anomalies using index theorems, that these should be local, since they correspond to tracial anomalies which are local as Wodzicki residues. This approach to anomalies seen as Wodzicki residues is closely related in spirit to works by J. Mickelsson and his coworkers (see e.g. [LM], [M], [MR] and very recently [AM]).

The article is organized as follows. We first recall from previous works [CDMP],[MN], [P] (section 1) how tracial anomalies occur from taking finite parts of otherwise divergent traces. We then briefly describe (section 2) related anomalies such as multiplicative anomalies (first described in [KV], [O] and further investigated in [Du]) of ζ-determinants and discuss what we call a pfaffian anomaly, namely an obstruction preventing the square of the pfaffian of an operator from coinciding with its determinant. In section 3 we describe variations of η-invariants as integrated tracial anomalies, thus giving an interpretation of the local term arising in the Atiyah- Patodi-Singer theorem for families [APS I, APS II, APS III] as an integrated tracial anomaly. In section 4, we discuss the geometry of determinant bundles associated to families of elliptic operators in relation to tracial anomalies in the spirit of [PR], but focussing here on the case of a trivial line bundle relevent for gauge theories. In section 5, we illustrate the results of section 4 by the example of families of signature operators in dimension 3, which give rise to a phase anomaly interpreted here as an integrated tracial anomaly. It leads, via the APS theorem, to the well-known Chern- Simon term in topological quantum field theory (TQFT). In section 6, we investigate a chiral gauge anomaly whioch can be read off the geometry of the determinant bundle associated to a family of chiral Dirac operators parametrized by connections. The pull-back on the gauge Lie algebra of the curvature of this determinant bundle can be interpreted as an obstruction to the Wess-Zumino consistency relations. Here again this obstruction arises as a tracial anomaly. It is a local expression given by the index theorem for families.

Finally in Appendix A, we discuss the relevence of the multiplicative anomaly in the computation of the jacobian determinants corresponding to a change of variable in a gaussian path integral which underlies the computation of anomalies in quantum field theory. We refer the reader to [AM] for the interpretation of some gauge anomalies in odd dimensions in terms of the multiplicative anomaly for what we call weighted determinants, and [CZ], [ECZ], [EFVZ], [Do] for further discussions concerning the relevence of the multiplicative anomaly for ζ-determinants in quantum field theory. In Appendix B, following [At], [Wi], for the sake of completeness, we briefly recall how the Chern-Simon term [CS] in TQFT in three dimensions ([Wi]) can be derived from the APS theorem [APS II].

Notations. In what follows M is a smooth closed n-dimensional manifold and E a ZZ_2-graded vector bundle above M (this includes ordinary bundles E which can be seen as graded bundles E ⊕ {0}). Cl(M, E) denotes the algebra of classical pseudodifferential operators (P.D.O.s) acting on smooth sections of E and Ell(M, E), resp. Ell^∗(M, E), resp. Ell^∗_{ord>0}(M, E), resp. Ell^{∗adm}_{ord>0}(M, E) the set of elliptic, resp. invertible elliptic, resp. invertible elliptic with positive order, resp. invertible admissible elliptic classical pseudo-differential operators which have positive order. A weight is an element of Ell^{∗adm}_{ord>0}(M, E) often denoted by Q and with order q (in the self-adjoint case, one can drop the invertibility condition as we explain further along).

1 Weighted Trace Anomalies

Given a weight Q and A in Cl(M, E), the map z → tr(AQ^{−z}) is meromorphic at z = 0 with a pole of order 1 and following [CDMP] we call Q-weighted trace of A, resp. Q-weighted super-trace of A the expression:

tr^Q(A) := f.p. ( tr(AQ^{−z}) ) |_{z=0} , resp. str Q(A) := f.p. ( str(AQ^{−z}) ) |_{z=0} (1)

where f.p. means we take the finite part of the expansion at z = 0 of the meromorphic function tr(AQ^{−z} ), resp. str(AQ^{−z}) and where str(·) := tr(Γ·), Γ denoting the grading operator which can be seen as a multiplication operator acting fibrewise on the fibres of E.

Remark. The definition of a complex power Q^{−z} involves a choice of spectral cut for the admissible operator Q. In order to simplify notations we drop the explicit mention of the spectral cut in the definition of the weighted trace. In the case when Q is a positive operator, any ray in IC different from the positive real half line serves as a ray in the spectrum of the leading symbol and an easy computation yields tr^{Qk} = tr^Q for any positive integer k.

We also define the Wodzicki residue of A:

res(A) := ordQ · Res_{z=0} ( tr(AQ^{−z}) ) , resp.

sres(A) := ordQ · Res_{z=0} ( str(AQ^{−z}) ) = res(ΓA),

where the order of the operator Q is denoted by ordQ. Unlike weighted traces, the Wodzicki residue does not depend on the choice of Q and defines a trace on the algebra of classical P.D.Os. Another important feature of the Wodzicki residue is that it can be described as an integral of local expressions involving the symbol of the operator [Wo]:

res(A) = 1 (2π)^n ∫ M ∫ |ξ|=1 tr_x (σ_{−n}(x, ξ)) dξdμ(x) (2) where n is the dimension of M , μ the volume measure on M , tr_x the trace on the fibre above x and σ_{−n} the homogeneous component of order −n of symbol of the classical pseudo-differential operator A.

When Q has positive leading symbol, we can recover the ζ-regularized trace (1) using a heat-kernel expansion. Indeed, via a Mellin transformation [BGV], one can show that (see e.g. [P]): f.p. ( tr(AQ^{−z}) ) |_{z=0} = f.p. ( tr(Ae^{−ϵQ}) ) |_{ϵ=0} − γ ordQ

· res(A)

resp. f.p. ( str(AQ^{−z}) ) |_{z=0} = f.p. ( str(Ae^{−ϵQ}) ) |_{ϵ=0} − γ ordQ

· sres(A)

where γ is the Euler constant. Thus, if res(A) = 0, resp. sres(A) = res(ΓA) = 0 in the ZZ_2-graded case, we find:

tr^Q(A) = f.p. ( tr(Ae^{−ϵQ}) ) |_{ϵ=0} resp. str^Q(A) = f.p. ( str(Ae^{−ϵQ}) ) |_{ϵ=0} .

The notion of weighted trace can be extended to the case when Q is a non injective self-adjoint elliptic operator with positive order. Being elliptic, such an operator has a finite dimensional kernel and the orthogonal projection P_Q onto this kernel is a P.D.O. of finite rank. Hence, since Q is an elliptic operator so is the operator Q + P_Q, for the ellipticity is a condition on the leading symbol which remains unchanged when adding P_Q. Moreover, Q being self-adjoint the range of Q is given by R(Q) = (ker Q^∗)^⊥ = (ker Q)^⊥ so that Q^′ := Q + P_Q is onto. Q^′ being injective and onto is invertible and being self-adjoint, and therefore admissible, it lies in Ell^{∗adm}_{ord>0}(M, E) (it has the same order as Q) and we can define tr^{Q′} (A), resp. str^{Q′} (A). A straightforward computation shows that:

tr^{Q′} (A) = f.p. ( tr(Ae^{−ϵQ}) ) |_{ϵ=0} , resp. str Q^′ (A) = f.p. (str(Ae−ϵQ)) |_{ϵ=0} . (3)

We pay a price for having left out divergences when taking the finite part of otherwise diverging expressions, namely the occurence of weighted trace anomalies. They will play an important role in what follows and we shall show later on how they relate to chiral (gauge) anomalies.

In order to describe weighted trace anomalies, it is useful to recall properties of logarithms of admissible elliptic operators. The logarithm of a classical P.D.O. A ∈ Ell^{∗adm}_{ord>0}(M, E) is defined by log A =^d_{dz |z=0} A^z, and depends on the spectral cut one chooses to define the complex power A^z. Although the logarithm of a classical P.D.O. is not classical, the bracket [log Q, A] and the difference^{log Q1}_{q1} −^{log Q2}_{q2} of two such logarithms are classical P.D.O.s.

A first weighted trace anomaly: the coboundary

It is by now a well known fact that, despite their name, weighted traces are not traces; given A, B ∈ Cl(M, E) we have [M],[MN], [CDMP]:

∂tr^Q(A, B) = tr^Q([A, B]) = − 1 ordQ res (A[log Q, B]) (4)

where ∂tr^Q denotes the coboundary of the linear functional tr^Q on the Lie algebra CL(M, E) in the Hochschild cohomology. This coboundary corresponds to the Radul cocycle in the physics literature [R], [M].

This extends to weighted super-traces:

Lemma 1 Let A, B ∈ Cl(M, E) be two P.D.O.s and let Q be an even admissible elliptic invertible operator, all acting on sections of some super-vector bundle E := E^+ ⊕ E^−. Then

∂str^Q(A, B) = str^Q({A, B}) = − 1 ordQ sres (A{log Q, B}) . (5)

where {A, B} := AB + (−1)^{|A|·|B|}BA with |A| = 0, resp. |A| = 1 if A is even, resp. A is odd.

Proof. Writing A := [ A_{++} A_{+−} A_{−+} A_{−−} ] , B := [ B_{++} B_{+−} B_{−+} B_{−−} ] , one easily sees it is suf-

ficient to check the formula for the odd operators [ 0 A_{+−} A_{−+} 0 ] and [ 0 B_{+−} B_{−+} 0 ] , since the result for the even part follows from (4).

Let us therefore consider two odd operators A = [ 0 A^− A^+ 0 ] and B = [ 0 B^− B^+ 0 ]

acting on sections of some super-vector bundle E := E^+ ⊕ E^−. We have: str^Q({A, B}) = tr^Q(Γ{A, B}) = tr^Q(ΓAB + ΓBA) = tr^Q(−A^+B^− + B^−A^+ − B^+A^− + A^−B^+) = tr^Q([B^−, A^+]) + tr^Q([A^−, B^+]) = 1 ordQ res(A^+[log Q, B^−]) − 1 ordQ res(A^−[log Q, B^+]) where we have used (4) = − 1 ordQ res(ΓA^+{log Q, B^−}) − 1 ordQ res(ΓA^−{log Q, B^+})

where we have used the fact that Q (and hence log Q) is even = − 1 ordQ sres(A{log Q, B}). ⊔⊓ A second weighted trace anomaly: the dependence on the weight Weighted traces depend on the choice of the weight in the following way. For Q_1, Q_2 ∈ Ell^{∗adm}_{ord>0}(M, E) with orders q_1, q_2 we have [CDMP]:

tr^{Q1} (A) − tr^{Q2} (A) = −res ( A ( log Q_1 q_1 − log Q_2

q_2 )) . (6)

In a similar way, for weighted supertraces we have:

str^{Q1} (A) − str^{Q2} (A) = −sres ( A ( log Q_1

q_1 − log Q_2 q_2 )) . (7)

This extends to variations of traces of one parameter families of operators {Q_x, x ∈ X} in Ell^{∗adm}_{ord>0}(M, E) with constant order q, and common spectral cut, X being some smooth manifold. For a given A ∈ Cl(M, E) we have [CDMP], [PR], [P]:

[d, tr^Q](A) := dtr^Q(A) = − 1 q res(A d log Q), (8)

and similarly for weighted supertraces:

[d, str^Q](A) := dstr^Q(A) = − 1 q sres(A d log Q). (9)

Using the Fréchet Lie group structure on the set CL^∗_0(M, E) of zero order invertible P.D.O.s to define e^{tB} , t ∈ IR for a zero order P.D.O. B and applying (8) to Q_t := e^{−tB}Qe^{tB} yields: ṫr^{Qt} (A) := [ d dt ] tr^{Qt} (A) = 1 q res(A[B, log Q]) = ∂tr^Q(A, B),

so that the anomaly (4) can be seen as a manifestation of the anomaly (8). A similar computation would lead us from (9) to (5). Note that since the difference of two logarithms of admissible operators of same order is classical, so is the differential of the logarithm of a family of such operators.

An important observation in view of what follows is that all these weighted trace anomalies (4), (6), (8), (resp. (5), (7), (9)) being Wodzicki residues (resp. superresidues) of some operator, can be expressed in terms of integrals on the underlying manifold M of local expressions involving the symbols of that operator.

Terminology. Inspired by the terminology used for anomalies in quantum field theory, we shall refer to A → [d, tr^Q](A), A → [d, str^Q](A) and A → ṫr^Q(A) as infinitesimal trace anomalies and to A →

∫_1 0 ṫr^Q(A) as integrated trace anomalies.

Striclty speaking, as we shall see in the sequel, anomalies in quantum field theory arise not so much as maps [d, tr^Q] but rather as their value [d, tr^Q](A) for specific operators A; the sign of a Dirac operator in odd dimensions is one example of pseudodifferential operator A we shall come across in the expression of the phase anomaly described in section 5.

Extending weighted traces to logarithms

In finite dimensions, determinants are exponentiated traces of logarithms; we extend weighted traces to logarithms of pseudo-differential operators in order to define determinants in infinite dimensions.

Given A, Q ∈ Ell^{∗adm}_{ord>0} (M, E) we set (see [KV], [O], [Du], [L]):

tr^Q(log A) := f.p. ( tr(log AQ^{−z} ) ) |_{z=0} . (10)

As before, Q is referred to as the weight and tr^Q(log A) as the Q-weighted trace of log A. Underlying this definition, is a choice of a determination of the logarithm which we shall not make explicit in the notation unless it is strictly necessary.

Theorem [O] (see also [Du]) For Q_1, Q_2, A ∈ Ell^{∗adm}_{ord>0}(M, E) with orders q_1, q_2 and a respectively,

tr^{Q1} (log A) − tr^{Q2} (log A) = − 1 2 res [( log A − a q_1 log Q_1 ) ( log Q_1 q_1 − log Q_2 q_2 )]

− 1 2 res [( log A − a q_2 log Q_2 ) ( log Q_1 q_1 − log Q_2 q_2 )] (11)

2 From multiplicative anomalies for ζ-determinants to Pfaffian anomalies

We recall here some basic properties of ζ-determinants of admissible operators. For an admissible elliptic operator A ∈ Ell^{adm}_{ord>0} (M, E) of positive order with non zero eigenvalues, the function ζ_A(z) := ∑ λ∈Spec(A) λ −z is holomorphic at z = 0 and we can define the ζ-determinant of A:

det_ζ (A) := exp (−ζ^′_A(0)) = exp tr^A(log A). (12)

Remark. In fact physicists often consider relative determinants i.e. expressions of the type det^Q(A) det_ζ (Q)

= exp tr^Q (log A − log Q)

combining a weighted determinant det^Q(A) := exp tr^Q(log A) (a notion introduced in [Du]) with the ζ-determinant of a fixed reference operator (the weight Q here). Weighted and ζ-determinants are related by a Wodzicki residue

det_ζ (A) = det^Q(A) exp ( − a 2 res ( log Q q − log A a )_2) .

The ζ-determinant is invariant under inner automorphisms of Ell^∗_{ord>0}(M, E). Indeed, let A be an operator in Ell^{∗adm}_{ord>0}(M, E) and let C ∈ CL(M, E) be invertible, then CAC^{−1} lies in Ell^∗_{ord>0}(M, E) and is also admissible since an inner automorphism on P.D.Os induces an inner automorphism on leading symbols σ_L(CAC^{−1}) = σ_L(C)σ_L(A)σ_L(C)^{−1} and hence leaves both the spectra of the operator and of its leading symbol unchanged. Moreover, using the fact that, given Q ∈ Ell^∗_{ord>0}(M, E) admissible, we have log CAC^{−1} = log A and tr^{CQC−1} (C log AC^{−1}) = tr^Q(log A), a fact which can easily be deduced from the definition of weighted traces (see [CDMP]), it follows that:

det_ζ (CAC^{−1}) = det_ζ (A). (13)

Multiplicative anomaly [KV]

Another type of anomaly which is closely related to weighted trace anomalies is the multiplicative anomaly of ζ-determinants. The Fredholm determinant is multiplicative but the ζ-determinant is not, this leading to an anomaly F_ζ(A, B) :=

det_ζ (AB) det_ζ (A)det_ζ (B) which reads [KV], [Du]:

log F_ζ(A, B) = 1 2a res (( log A − a a + b log(AB)

)_2)

+ 1 2b res (( log B − b a + b log(AB)

)_2) (14)

+ tr^{AB} (log(AB) − log A − log B)

for any two operators A, B ∈ Ell^{∗adm}_{ord>0}(M, E) of order a and b, respectively. Specializing to B = A^∗, the adjoint of A for the L^2 structure induced by a Riemannian metric on M and a Hermitian one on E, in general we have F_ζ(A, A^∗) ≠ 0 and hence:

det_ζ (A^∗A) ≠ |det_ζ (A)|^2. (15)

Weighted determinants are not multiplicative either and their multiplicative anomaly can be expressed using a Campbell-Hausdorff formula for P.D.O.s, see [O], [Du], see also [AM] where such expressions are used to derive gauge anomalies in quantum field theory.

ζ-determinants for self-adjoint operators

ζ-determinants take a specific form for self-adjoint operators, which involves the ηinvariant.

Let A ∈ Ell^∗_{ord>0} (M, E) be a self-adjoint elliptic (classical) pseudo-differential operator. The η-invariant first introduced by Atiyah, Patodi and Singer [APS I, APS II, APS III] is defined by: η_A(0) := tr^{|A|}(sgn(A)),

where the classical P.D.O. sgn(A) := A|A|^{−1} can be seen as the sign of A. Since res (sgn A) = 0 [APS I], the renormalized limit f.p. (tr(sgnA|A|^{−z}))_{|z=0} is in fact an ordinary limit so that η_A(0) = lim_{z→0} (tr(sgnA|A|^{−z})).

The ζ-determinant of a self-adjoint operator can be expressed in terms of the ηinvariant as follows:

Proposition 1 Let A ∈ Ell^∗_{ord>0}(M, E) be any self-adjoint elliptic pseudo-differential operator. Then tr^A(log A) = tr^{|A|}(log A) (16) and det_ζ (A) = exp tr^{|A|} (log A) = det_ζ |A| · e^{iπ2 (ηA(0)−ζ|A|(0))}. (17) We call ϕ(A) :=^π_2 ( η_A(0) − ζ_{|A|}(0) ) the phase of det_ζ (A).

Proof. Although (17) is a well known result, we derive it here as a consequence of (6) using the language of weighted traces. Formula (16) relies on the fact (recalled above) that res(sgn(A)) = 0. Using the polar decomposition A = |A|U = U |A| where U := sgn(A) one can write log A = log |A| + log U since [|A|, U ] = 0. Applying the results of (11), we get (with a the order of A):

tr^A(log A) − tr^{|A|}(log A) = − a 2 res ( (log U )^2 )

= a π^2 8 res((U − I)^2) = a π^2 8 res(U^2 − 2U + I) = a π^2 4 res(I − U ) = −a π^2 4 res(U ) = 0.

In the second line we used the fact that U = exp (_{iπ} 2 (U − I) ) , as can easily be seen applying either side of the equality to eigenvectors of A. In the fourth line we used the fact that U^2 = I since A is self-adjoint, and in the last line we used the fact that res(U ) = 0 as proved by Atiyah, Patodi and Singer [APS I]. From this it follows that

det_ζ (A) = exp ( tr^{|A|}(log A) ) = det_ζ |A|e^{iϕ(A)} (18)

with ϕ(A) = −itr^{|A|} log_( π_{2 )} U =^π_2 ( η_A(0) − ζ_{|A|}(0) ) . The expression in terms of the η-invariant follows inserting η_A(0) = tr^{|A|}(U ). ⊔⊓

Remark. This proposition yields back the definition of ζ-determinants for selfadjoint operators introduced by [AS], [Si] and often used in the physics litterature.

In the particular case when A is (formally) self-adjoint, the anomaly expressed in (15) vanishes:

det_ζ (A^∗A) = det_ζ (A^2) = det_ζ (|A|^2) = |det_ζ (A)|^2.

The last equality follows from (17) since η_A(0) and ζ_{|A|}(0) are real.

A Pfaffian anomaly

Definition 1 The Pfaffian of A := [ 0 −D D 0 ] – where D ∈ Ell^{∗adm}_{ord>0}(M, E) is a self-adjoint operator– is defined by:

Pf_ζ (A) := det_ζ (D).

The following result points out to a Pfaffian anomaly in this infinite dimensional setting since it shows that the determinant is not in general the square of the Pfaffian.

Theorem 1 The square of the Pfaffian of A = [ 0 −D D 0 ] with D self-adjoint does not in general coïncide with the determinant of A for we have:

Pf_ζ (A)^2 = det_ζ (A)F_ζ (D, D)^{−1} = det_ζ (A)e^{iπ}(^{ηD (0)−ζ|D|(0)})

where F_ζ (A, B) is the multiplicative anomaly described in (14).

Remark. Note the fact that e^{iπ}(^{ηD (0)−ζ|D|(0)}) is exactly the square of the phase of the ζ-determinant of the self-adjoint operator D described in Proposition 1.

Proof. First notice that log A − log |A| = −^{iπ}_2 ϵ(iA), ϵ(iA) :=^{iA}_{|A|} being the sign of iA where we have cut the plane along some axis L_θ with^π_2 < θ <^{3π}_2 . Using this relation we can compare det_ζ (A) and det_ζ (|A|):

log det_ζ (A) − log det_ζ (|A|) = tr^A(log A) − tr^{|A|}(log |A|) = tr^A(log A) − tr^{|A|}(log A) + tr^{|A|} (log A − log |A|) = π^2 8a res ( (ϵ(iA))^2 ) − iπ 2 tr^{|A|} (ϵ(iA)) = π^2 8a res (I) − iπ 2 η_{iA}(0) = − iπ 2 η_{iA}(0). Let us compute η_{iA}(0). If {λ_n, n ∈ IN} denotes the spectrum of D, then the spectrum of A is given by {iλ_n, n ∈ IN}∪{−iλ_n, n ∈ IN} as can be shown considering the action of A on the orthonormal basis of eigenvectors z_n := u_n + iv_n, z̄_n := u_n − iv_n, where u_n := e_n ⊕ 0, v_n := 0 ⊕ e_n and e_n, n ∈ IN is a basis of eigenvectors of D associated to the eigenvalues λ_n. Thus tr(A|A|^{−z−1}) = i ∑ n λ_n|λ_n|^{−z−1} − i ∑ n λ_n|λ_n|^{−z−1} = itr(D|D|^{−z−1})+itr(−D|D|^{−z−1}) = 0 where we have used the fact that |A| = |D|⊕|D|, and hence η_{iA}(0) = itr(A|A|^{−z−1})_{|z=0} = 0. Finally we find

det_ζ (A) = det_ζ (|A|) = (det_ζ |D|)^2.

We are now ready to compare det_ζ (|A|) with Pf_ζ (A)^2. Since the latter is det_ζ (D)^2, it differs form the former by the quotient

Pf_ζ (A)^2 det_ζ (A) = (det_ζ D)^2 det_ζ (|D|)^2 = (det_ζ D)^2 det_ζ (D^2)

= F_ζ (D, D)^{−1},

where we have used the fact that D^2 = |D|^2 and det_ζ (D^2) = det_ζ (|D|^2) = (det_ζ |D|)^2, a relation which can easily be derived from the triviality of the multiplicative anomaly F_ζ (|D|, |D|). ⊔⊓

3 Variations of η-invariants as integrated trace anomalies

Given two invertible self-adjoint elliptic operators A_1 and A_0, the spectral flow of a family of self-adjoint elliptic operators {A_t, t ∈ [0, 1]} interpolating them measures the net number of times the spectrum ⋃ t∈[0,1] Spec(At) of the family {At, t ∈ [0, 1]}

crosses the zero axis [APS III]. Making this definition precise requires some care since there might well be an infinite number of crossings of the zero axis. There are different ways of defining the spectral flow see e.g. [BLP], [Me]. Let us first observe that [Me]

Lemma 2 There is a partition t_0 = 0 < t_1 < · · · < t_N = 1 of the interval [0, 1] and there are real numbers λ_i, i = 1, · · · , N , λ_0 = λ_{N+1} = 0 such that the spectrum of A_t avoids λ_i for any t in the interval [t_i, t_{i+1}].

Proof. It follows from the discreteness of the spectrum Spec(A_t) of A_t that, given any t_0 ∈]0, 1[, there is some λ_0 ∈ IR which avoids the spectrum of A_{t0} . For λ ∈ IR, let U_λ := {t ∈]0, 1[, λ /∈ Spec(A_t)}. From the the continuity of the family {A_t}, it follows that U_λ is an open subset of ]0, 1[. Since U_{λ0} contains t_0, it also contains the closure of some open interval I_{λ0} centered at t_0. It is clear from the construction that [0, 1] ⊂ ⋃ λ∈IR Īλ. Since [0, 1] is compact, one can extract from this covering a

finite covering I_{λi} := [t_{i−1}, t_i], i = 1, · · · , N where λ_0 = λ_{N+1} = 0 (recall that A_0 and A_1 are invertible), t_0 = 0 < t_1 < · · · < t_N = 1, such that λ_i does not belong to {Spec(A_t), t ∈ [t_{i−1}, t_i]}. ⊔⊓ Let t_i, i = 0, · · ·, N , λ_j , j = 0, · · · , N + 1 be as in the above lemma. The spectral flow of the family {A_t} is defined by [Me] (formula (8.134)):

SF({A_t}) := N∑ i=0 ∑ λ∈Spec(A_{ti} )∩[λ_i ,λ_{i+1}]

sgn(λ_{i+1} − λ_i)m(λ, t_i), (19)

where m(λ, t) denotes the multiplicity of λ in the spectrum of A_t and sgn(α) is −1, 0 or 1 as α is negative, 0 or positive. One can check that this definition is independent of the chosen partition. It also follows from the definition that if A_t is invertible for any t ∈ [0, 1], then SF(A_t) = 0 as expected. As a further consequence of the definition, given α ∈ IR, then

SF({A_t − α}) := SF({A_t}) + sgn(α) [tr(P_{1,α}) − tr(P_{0,α})] . (20)

(Compare with formula (8.135) in [Me]). Here P_{t,α} denotes the orthogonal projection onto the finite dimensional space generated by eigenvectors of A_t with eigenvalues in [0, α] or [α, 0], according to whether α is positive or negative.

In order to relate the difference of the η-invariants η_{A1} (0) − η_{A0} (0) to the spectral flow, we need the following

Lemma 3 Let {A_x, x ∈ X} be a smooth family of self-adjoint elliptic operators with constant positive order a parametrized by some manifold X. On an open subset of X where the map x → A_x is invertible, the map x → tr^{|Ax|}(sgn(A_x)), where sgn(A_x) := A_x|A_x|^{−1}, is differentiable and we have: d ( tr^{|A|} (sgn(A)) ) = [d , tr^{|A|}] (sgn(A)) = − 1 a res(A^{−1}d|A|) = − 1 a res(|A|^{−1}dA) (21) where we have set [d, tr^Q] := d ∘ tr^Q − tr^Q ∘ d.

Proof. On one hand it follows from (8) that [ d , tr^{|A|} ] (sgn(A)) = − 1 a res(sgn(A)d log |A|) = − 1 a res(sgn(A)|A|^{−1}d|A|) = − 1 a res(A^{−1}d|A|) where we have used the fact that [|A|, sgnA] = 0. On the other hand, by [APS III], Proposition (2.10), we have: d ( tr^{|A|}(sgn(A)) ) = d ( f.p. ( tr(sgnA|A|^{−z} )) |_{z=0} = −f.p. ( z ( tr(dA|A|^{−(z+1)} )) |_{z=0} = − 1 a res ( dA|A|^{−1} ) . But by proposition (2.11) in [APS III], the map res(sgn(A)) is constant for a continuous variation of A and hence res(A^{−1}d|A|) − res(dA|A|^{−1}) = d res(A^{−1}|A|) = d res(sgnA) = 0 so that finally d ( tr^{|A|} (sgn(A)) ) = [d , tr^{|A|}] (sgn(A)) = − 1 a res(A^{−1}d|A|) = − 1 a res(|A|^{−1}dA) as claimed in the lemma. ⊔⊓

The following theorem relates the variation of η invariants to an integrated trace anomaly.

Theorem 2 Let {A_t, t ∈ [0, 1]} be a smooth family of self-adjoint invertible elliptic operators with constant order in Cl(M, E). Then

η_{A1} (0) − η_{A0} (0) =

∫_1 0 ṫr^{|At|}(sgn(A_t))dt = − 1 a ∫_1 0 res ( Ȧ_t|A_t|^{−1} ) dt which relates the difference of the η-invariants η_{A1} (0) − η_{A0} (0) to an integrated trace anomaly

∫_1 0 ṫr^{|At|}(sgn(A_t))dt where we have set ṫr^{|At|} :=^d_{dt} tr^{|A}t^|.

Proof. Applying the first identity in (21) to a family parameterized by [0, 1] yields d dt η_{At} (0) = d dt ( tr^{|At|}(sgn(A_t)) ) = ṫr^{|At|} (sgn(A_t)) and hence

η_{A1} (0) − η_{A0} (0) =

∫_1 0 d dt η_{At} (0)dt = ∫_1 0 ṫr^{|At|} (sgn(A_t)) dt. ⊔⊓ The following corollary of Theorem 2 is a reformulation of the Atiyah-Patodi-Singer theorem in terms of weighted trace anomalies. We derive it from Theorem 2, closely following the proof of Proposition 8.43 in [Me].

Corollary 1 Let A_1 and A_0 be two invertible elliptic self-adjoint operators with common order a and let {A_t, t ∈ [0, 1]} be a smooth family of self-adjoint (possibly non invertible) elliptic operators with fixed order a interpolating A_0 and A_1. Then

η_{A1} (0) − η_{A0} (0) = 2SF({A_t}) +

∫_1 0 ṫr^{|At|}(sgn(A_t))dt

= 2SF({A_t}) − 1 a ∫_1 0 res ( Ȧ_t|A_t|^{−1} ) dt, (22) which relates the difference of the η-invariants η_{A1} (0) − η_{A0} (0) to the spectral flow, via an integrated trace anomaly

∫_1 0 ṫr^{|At|}(sgn(A_t))dt involving ṫr^{|At|}(sgnA_t).

Remark. The residue on the r.h.s. of (22) corresponds to the local term

∫_1 0 η̇^c_{At} (0)dt –where η^c_{At} is the “continuous” part of the η-invariant– which arises in the Atiyah- Patodi-Singer theorem for a family of self-adjoint Dirac operators {A_t}. In other words we have the following schematic correspondence:

local term in the Atiyah-Patodi- Singer theorem for families ⇔ an integrated tracial anomaly

Proof of the Corollary. We show that one can reduce the proof of the Corollary to the case of a family of invertible operators, and then apply Theorem 2 which yields the desired formula in that case. In order to reduce the proof to the case of a family of invertible operators, let us first observe that formula (22) is invariant under a shift A_t → A_t − α, α ∈ IR. Let us first consider the case α ≥ 0. Since A_t has only a finite number of eigenvalues (counted with multiplicity) contained in [0, α], under a shift A_t → A_t − α its η invariant will change by minus this number of eigenvalues and we have η_{At−α}(0) = η_{At} (0) − tr(P_{t,α}), where as before P_{t,α} denotes the orthogonal projection onto the finite dimensional space generated by eigenvectors of A_t with eigenvalues in [0, α] or [α, 0] according to the sign of α. In a similar way, for α ≤ 0 we have

η_{At−α}(0) = η_{At} (0) + tr(P_{t,α}),

and hence for any α ∈ IR

η_{At−α}(0) = η_{At} (0) + sgn(α)tr(P_{t,α}). (23)

As a consequence, we find:

η_{A1−α}(0) − η_{A0−α}(0) = η_{A1} (0) − η_{A0} (0) + sgn(α) [tr(P_{1,α}) − tr(P_{0,α})] . (24)

Let us now investigate how res(Ȧ_t|A_t|^{−1}) changes under such a shift. From Lemma 3 it follows that for α ∈ IR then :

ṫr^{|At−α|} (sgn(A_t − α)) − ṫr^{|At|} (sgn(A_t)) = d dt (η_{At−α}(0) − η_{At} (0))

= −sgn(α) d dt tr(P_{t,α}), and hence that:

∫_1 0 [ ṫr^{|At−α|} (sgn(A_t − α)) − ṫr^{|At|} (sgn(A_t)) ] dt = −sgn(α) [tr(P_{1,α}) − tr(P_{0,α})] .

(25) Combining formulae (23), (25) and (20), giving the variation of the various ingredients of formula (22) under a shift by α, shows that a shift of the family of operators by α does not modify equation (22).

Using the partition of [0, 1] introduced in Lemma 3, equation (22) can be seen as a combination of the following equations:

η_{Ati} (0) − η_{Ati−1} (0) = 2SF ( {A_t}_{t∈[ti−1,ti]} ) + ∫_{ti} t_{i−1} ṫr^{|At|}(sgn(A_t))dt, i = 1, · · ·, N. By the above preliminary remarks, it suffices to show this for any shift A_{ti} − α of A_{ti} . Since by Lemma 2 we know the existence of λ_i ∈ IR, i = 1, · · ·, N such that Spec(A_t − λ_i) does not meet the zero axis on [t_{i−1}, t_i], the proof of the theorem indeed reduces to the case when all the operators in the family {A_t} are invertible, considered in Theorem 2. ⊔⊓

As we shall see later on, the Atiyah-Patodi-Singer index theorem gives an explicit description of the local term arising from the Wodzicki residue in (22) for classes of Dirac operators. As a consequence of the above discussion we have:

Corollary 2 Let M be an odd dimensional manifold and let {A_t, t ∈ [0, 1]} be a smooth family of self-adjoint elliptic pseudo-differential operators of positive constant order a with vanishing spectral flow interpolating two invertible differential (more generally odd-class pseudo-differential) operators A_0, A_1. Then the difference of phases ϕ(A_1) − ϕ(A_0) of the ζ-determinants of A_1 and A_0 can be expressed in terms of an integrated weighted trace anomaly involving ṫr^{|At|}(sgn(A_t)):

ϕ(A_1) − ϕ(A_0) = π 2 (η_{A1} (0) − η_{A0} (0)) = π 2 ∫_1 0 ṫr^{|At|}(sgn(A_t))dt (26) = − π 2a ∫_1 0 res(|A_t|^{−1}Ȧ_t)dt. where we have kept the notations of Theorem 2.

Proof. The phase ϕ(A_i), i = 0, 1 given by (see (18)) ϕ(A_i) =^π_2 ( η_{Ai} (0) − ζ_{|Ai |}(0) ) reduce here to^π_2 η_{Ai} (0) since ζ_{|Ai|}(0) = 0 vanishes in odd dimensions [Si]. ⊔⊓

4 Determinant bundles and trace anomalies

We first need to recall the construction of determinant bundles for families of elliptic operators on closed manifolds. We shall not recall it in full detail, referring the reader to [Q1], [BF] for a precise description of the local trivializations involved in the construction of the determinant bundle. In order to avoid technicalities, here we only state the results at points for which the operator is invertible, which simplifies the presentation of the formulae. Let IM → X be a smooth (locally trivial) fibration of manifolds based on a smooth manifold X modelled on some closed Riemannian manifold M . Let IE^+ → IM, resp. IE^− → IM, be a Hermitian finite rank vector bundle on IM and let E^+ → X, resp. E^− → X be the induced infinite rank superbundle on X with fibre above x given by E^+_x := C^∞(M_x, E^+_x ), resp. E^−_x := C^∞(M_x, E^−_x ), M_x,, resp. E^+_x , resp. E^−_x being the fibre of IM, resp. of IE^+, resp. IE^− above x.

A metric on E^+, E^−

The Hermitian metric on IE^+, resp. IE^− induces a metric on E^+, resp. E^− :

⟨σ^+, ρ^+⟩^{E+}_x = ∫ IM/X ⟨σ^+(x), ρ^+(x)⟩^{E+x}_m dμ_x(m), (27)

resp. ⟨σ^−, ρ^−⟩^{E−}_x = ∫ IM/X ⟨σ^−(x), ρ^−(x)⟩^{E−x}_m dμ_x(m) (28) where μ_x(m) is the volume element on the fibre M_x, σ^+, ρ^+ ∈ C^∞(X, E^+), resp. σ^−, ρ^− ∈ C^∞(X, E^−) and ⟨·, ·⟩^+_m, resp. ⟨·, ·⟩^−_m are Hermitian products on the fibres E^+_m and E^−_m.

A connection on E^+, E^−

Given a horizontal distribution on IE^+, resp. IE^−, one can build a connection ~∇^{E+} , resp. ~∇^{E−} on E^+, E^− from a connection ∇^{IE+} , resp. ∇^{IE−} on IE^+, resp. IE^−: ( ~∇^{E+}_U σ ) (m) := ∇^+_{Ũ(m)}σ(x), (29)

resp. ( ~∇^{E−}_U σ ) (m) := ∇^−_{Ũ(m)}σ(x) (30)

where U ∈ T_xX and Ũ (m) is the horizontal lift of U at point m ∈ M_x. This connection needs to be slightly modified to become compatible with the above metric on E [BGV], [BF]:

∇^{E+} := ~∇^{E+} + 1 2 div_{Mx}

resp.

∇^{E−} := ~∇^{E−} + 1 2 div_{Mx}

where div_{Mx} is the divergence of the volume form in the direction of the base manifold X.

The Quillen determinant bundle

Let {A^+_x : E^+_x → E^−_x , x ∈ X} be a smooth family of elliptic admissible operators with constant positive order a. They yield a smooth family of Fredholm operators {A^{+,s}_x : H^s(M_x, E^+_x ) → H^{s−a}(M_x, E^−_x ), x ∈ X} with s ∈ IR. Following Quillen [Q1], to this family of Fredholm operators, we can associate a determinant bundle L_A+ . There is a metric on L_A+ called the Quillen metric [Q1] defined at a point x where A^+_x is invertible by:

‖DetA^+‖^Q_x := det_ζ |A^+_x | (31)

where DetA^+ is a section of L_A+ .

A connection on the determinant bundle

Following [BF] let us now equip the determinant bundle with a connection. It arises as a natural extension of the well-known formula for the logarithmic variation of the determinant of a family of invertible elliptic operators, which we recall here and prove using the language of weighted traces.

Lemma 4 Let E → M be a fixed Hermitian vector bundle over a fixed closed Riemannian manifold. Let A_x ∈ Ell^{adm}_{ord>0}(M, E) be a smooth family parametrized by some smooth manifold X with a common spectral cut and constant order a. Then, at a point x ∈ X at which A_x is invertible we have for h ∈ T_xX:

d log det_ζ (A)(h) = tr^{Ax} (A^{−1}_x dA(h)). (32)

Proof. Let {γ_x(t), t ∈ [0, t_0]} be a curve on X driven by h and starting at x at time t = 0.

d log det_ζ (A)(h) = dtr^A(log A)(h) = tr^{Ax} (d log A)(h) + [d, tr^A](h)(log A_x) = tr^{Ax} (A^{−1}_x dA(h)) + lim_{t→0} t^{−1} ( tr^{Aγx(t)} (log A_x) − tr^{Ax} (log A_x) )

= tr^{Ax} (A^{−1}_x dA(h)) − 1 2 lim_{t→0} t^{−1}res ( (log A_{γx (t)} − log A_x)^2 ) = tr^{Ax} (A^{−1}_x dA(h))

where we have used formula (11). ⊔⊓

• When IE^+ = IE^− = IE, setting E := E^+ = E^− and letting {A_x := A^+_x , x ∈ X} be a family of formally self-adjoint operators, the above computation gives a hint for the choice of a connection on L_A. We define it at a point x ∈ X where A_x is invertible by: (DetA_x)^{−1} ∇^{Det}DetA := tr^{Ax} ( A^{−1}_x [∇^E, A] ) . (33)

This connection is compatible with the Quillen metric as the following lemma shows:

Lemma 5 Let {A_x, x ∈ X} be a family of formally self-adjoint elliptic operators and L_A the associated determinant bundle on X. The connection (33) is compatible with the Quillen metric. Namely: Re ( tr^{Ax} ( A^{−1}_x ∇^{Hom(E)}A )) = d log ‖DetA‖_Q at a point x where A_x is invertible.

Moreover the imaginary part coincides with an infinitesimal tracial anomaly: Im ( tr^{Ax} ( A^{−1}_x ∇^{Hom(E)}A )) = π 2 [∇, tr^{|A|}](sgnA−I) = − π 2 res ( (sgnA − I)|A|^{−1}[∇, |A|] ) , a tracial anomaly combining (4) and (8).

Proof. Writing ∇^E = d + θ^E locally, it follows from (32) that:

d log det_ζ (A) = tr^A(A^{−1}dA) = tr^A(A^{−1}dA) + tr^A(A^{−1}[θ^E , A]) = tr^A(A^{−1}[∇^E, A]) = tr^A(A^{−1}∇^{HomE} (A)).

Thus, differentiating (17) yields: tr^{Ax} ( A^{−1}_x ∇^{Hom(E)}A ) = d log det_ζ |A| + iπ 2 d ( η_A(0) − ζ_{|A|}(0) ) . Since η_A(0) − ζ_{|A|}(0) is real, the first part follows using (31) with A^+ = A. As for the second part of the lemma, we have: Im ( tr^{Ax} ( A^{−1}_x ∇^{Hom(E)} A )) = π 2 dtr^{|Ax|} (sgnA − I) = π 2 [ d, tr^{|Ax|} ] (sgnA − I) by formula (18) = π 2 [ ∇^E , tr^{|Ax|} ] (sgnA − I)

where we have used the fact that tr^{|Ax |} ( [θ^E , sgnA − I] ) = − 1 a res([log |A|, θ^E](sgnA−I)]) = − 1 a res([sgnA−I, log |A|]θ^E ) = 0.

Here as before, θ^E is the local one form arising in a local description of the connection ∇^E . ⊔⊓ • When IE^+ ≠ IE^−, letting IE := IE^+ ⊕ IE^− be the finite rank supervector bundle built from the direct sum, and E := E^+ ⊕ E^− the corresponding infinite rank supervector bundle, following Bismut and Freed [BF], we equip the bundle L_A+ with a connection whose expression is a generalization of the r.h.s. of (32) up to the fact that the weight A_x is replaced by |A_x|. At a point x at which A^+_x is invertible, the Bismut-Freed connection reads: ( DetA^+_x )_{−1} ∇^{Det}DetA^+ := tr^{|A+x |} (( A^+_x )_{−1} ∇^{Hom(E+ ,E− )}A^+ ) . (34)

Lemma 6 [BF] Let {A^+_x , x ∈ X} be a family of elliptic operators and L_A+ the associated determinant bundle on X. The Bismut-Freed connection is compatible with the Quillen metric, namely Re ( tr^{|A+x |} (( A^+_x )_{−1} ∇^{Hom(E+ ,E− )}A^+ )) = d log ‖DetA^+‖_Q at a point x where A^+_x is invertible.

Proof. 2 Re ( tr^{|A+x |} (( A^+_x )_{−1} ∇^{Hom(E+ ,E− )}A^+ ))

= tr^{|A+x |} (( A^+_x )_{−1} ∇^{Hom(E+ ,E− )}A^+ ) + ( tr^{|A+x |} (( A^+_x )_{−1} ∇^{Hom(E+ ,E− )}A^+ )_∗)

= tr^{|A+x |} (( A^+_x )_{−1} ∇^{Hom(E+ ,E− )}A^+ ) + tr^{|A+x |} ( ∇^{Hom(E+ ,E− )}A^− ( A^−_x )_{−1}) = tr^{|A+x |} (( A^+_x )_{−1} ∇^{Hom(E+ ,E− )}A^+ ) + ( tr^{|A−x |} (( A^−_x )_{−1} ∇^{Hom(E+ ,E−)}A^− ))

= tr^{|A+x |} (( A^−_x A^+_x )_{−1} ∇^{Hom(E+ )}A^−A^+ )

= 2tr^{|A+x |} ( |A^+_x |^{−1}∇^{Hom(E+ )}|A^+| )

= 2tr^{|A+x |} ( |A^+_x |^{−1}d|A^+ ) + 2tr^{|A+x |} ( |A^+_x |^{−1}[θ^{E+} , |A^+|] )

= 2tr^{|A+x |} ( |A^+_x |^{−1}d|A^+ ) = 2d log det_ζ |A^+|

where we have set A^− := (A^+)^∗ and written ∇^{E+} = d + θ^{E+} locally. ⊔⊓

Note that one could also have equipped the bundle L_A with the Bismut-Freed connection in the self-adjoint case, which would amount to taking the weight |A| instead of the weight A chosen in formula (33).

Lemma 7 In the self-adjoint case, the Bismut-Freed connection (DetA_x)^{−1} ~∇^{Det}DetA := tr^{|Ax|} ( A^{−1}_x [∇^E, A] ) = d log det_ζ (|A|)

is a purely real exact form given by the exterior differential of the Quillen metric.

Proof. The result follows from the fact that tr^{|A|}(B) = tr^{|A|}(B^∗) as the following computation shows: 2Im ( (DetA_x)^{−1} ~∇^{Det}DetA ) = tr^{|Ax|} ( A^{−1}_x ∇^{Hom(E)} A ) − tr^{|Ax|} ( A^{−1}_x ∇^{Hom(E)}A ) = tr^{|Ax|} ( A^{−1}_x ∇^{Hom(E)} A ) − tr^{|Ax|} ( ∇^{Hom(E)}A^∗ ( A^{−1}_x )_∗) = tr^{|Ax|} ( A^{−1}_x ∇^{Hom(E)} A ) − tr^{|Ax|} ( A^{−1}_x ∇^{Hom(E)} A ) = 0. ⊔⊓ The curvature on the determinant bundle

The following theorem relates the curvature on the determinant bundle to trace anomalies.

Theorem 3 1. When IE^+ = IE^− = IE, setting E := E^+ = E^− and letting {A_x := A^+_x , x ∈ X} be a family of formally self-adjoint operators, the connection differs from an exact form by a trace anomaly of type (6): (DetA_x)^{−1} ∇^{Det}DetA = d log det_ζ (|A|) + ( tr^{Ax} − tr^{|Ax |} ) ( A^{−1}_x [∇^E , A] ) (35)

= d log det_ζ (|A|) − 1 a res ( A^{−1}_x [∇^E , A](log A_x − log |A_x|) ) .

In particular, the curvature is a differential of a trace anomaly residue.

2. When IE^+ ≠ IE^−, letting IE := IE^+ ⊕ IE^− and E := E^+ ⊕ E^−, we set A := [ 0 A^+ A^− 0 ] with A^− the formal adjoint of A^+. Under the further assumption

that the bundle E is trivial, letting ∇^E := d be the exterior differential, the curvature on the determinant bundle reduces to a trace anomaly: ( DetA^+_x )_{−1} Ω^{Det}DetA^+ (U, V ) = − 1 2 ∂str^{Qx} ( (A_x)^{−1} dA(U ), (A_x)^{−1} dA(V ) )

+ 1 2 [dstr^{Qx} ] ( (A_x)^{−1} dA ) (U, V ) (36)

and hence a trace anomaly residue by (5) and (9).

Remark. (36) is a particular case of a more general formula obtained in [PR], where no assumption was made on the triviality of the determinant bundle: ( (DetA_x)^{−1} Ω^{Det}DetA ) (U, V ) = −str^{Qx} (Ω^E )(U, V ) − 1 2 ∂str^{Qx} ( A^{−1}_x [∇^E_U , A], A^{−1}_x [∇^E_V , A] )

+ 1 2 [∇^E , str^Q] ( A^{−1}_x [∇^E, A^+] ) (U, V )) which yields back (36) when taking ∇^E := d. The particular case under consideration here of a trivial determinant bundle is sufficient when studying gauge anomalies while the more general setting of [PR] would be necessary to investigate gravitational anomalies.

Proof. 1. (DetA_x)^{−1} ∇^{Det}DetA − (DetA_x)^{−1} ~∇^{Det}DetA = [ tr^{Ax} − tr^{|Ax|} ] ( A^{−1}_x [∇^E , A] ) = − 1 a res ( A^{−1}_x [∇^E , A] (log A_x − log |A_x|) ) . This combined with Lemma 7 yields (35). Differentiating on either side yields the expression of the curvature as the differential of a trace anomaly residue.

2. A straightforward computation in the spirit of that of Lemma 6 yields: ( DetA^+_x )_{−1} ∇^{Det}DetA^+ = d log det_ζ |A^+_x | + 1 2 str^{Qx} ( A^{−1}_x [∇^E, A] ) the weighted supertrace corresponding to the purely imaginary part of the connection, the exact form to the real part as shown in Lemma 6. Here Q := A^2. Specializing to ∇^E = d in the case of a trivial bundle E and differentiating this expression yields: ( DetA^+_x )_{−1} Ω^{Det}DetA^+ = 1 2 d ( str^Q ( A^{−1}dA ))

= 1 2 [dstr^Q] ( A^{−1}dA ) − 1 2 str^Q ( A^{−1}dAA^{−1}dA ) . Formula (36) then follows applying this formula to the vectors U and V .

⊔⊓ 5 The Chern Simons term as an integrated trace anomaly

In this section and the next one, we specialize to the case of a trivial bundle E → X. We therefore consider a trivial fibration IM → X, with constant fibre given by a closed spin manifold M and a Hermitian Clifford vector bundle IE → IM with constant fibre given by a Hermitian Clifford vector bundle E = S ⊗ W where S is the spin bundle and W an exterior bundle on M . Thus E ≃ X × C^∞(M, E). Note that in the context of gauge theory, W = adP where P is typically an SU (N ) (non abelian case) or an U (1) (abelian case) principal bundle on M . We specialize here to the odd dimensional case, leaving the even dimensional case for the next section.

To a smooth family of Hermitian connections {∇^W_x , x ∈ X} on W , we associate a smooth family of Clifford connections {∇^{L.C.} ⊗ 1 + 1 ⊗ ∇^W_x , x ∈ X}, where ∇^{L.C.} is the Levi-Civita connection on M given by a Riemannian metric. These Clifford connections, combined with the Clifford multiplication c, yields a family of Dirac operators acting on smooth sections C^∞(M, E) of the Clifford module E (see e.g. [BGV], [LaMi], [Fr]): {D_x := c ∘ (∇^{L.C.} ⊗ 1 + 1 ⊗ ∇^W_x ), x ∈ X}. (37) Since the underlying manifold is odd-dimensional they are formally self-adjoint.

The signature operator on a 3-dimensional manifold

We apply the result of Theorem 2 and its corollary to the signature operator on an odd dimensional manifold M . Let ρ be a representation of the fundamental group of M on an inner product space V and let W be the vector bundle over M defined by ρ. The bundle E := ⊕_kΛ^kT^∗M ⊗ W is a Clifford module for the following Clifford multiplication:

C^∞(T^∗M ) × C^∞(E) → C^∞(E) (a, α) → ϵ(a) ∧ α − i(a)α where ϵ(a) denotes exterior product, i(a) interior product. It can also be equipped with a Hermitian structure coming from that on W and the natural inner product on forms induced by the Riemannian structure on M . The Clifford bundle is naturally graded by the parity on forms:

E := E^+ ⊕ E^− = ( ⊕_iΛ^{2i}T^∗M ⊗ W ) ⊕ ( ⊕_iΛ^{2i+1}T^∗M ⊗ W ) . Let Ω^k := C^∞(Λ^kT^∗M ⊗ W ) be the space of smooth W valued k-forms on M . We henceforth assume the de Rham complex 0 → Ω^0 → Ω^1 → · · · → Ω^n is acyclic. The bundle W comes with a flat (self-adjoint) connection ∇^ρ that couples with the Levi- Civita connection ∇^{L.C.} to give a (self-adjoint) connection ∇ = ∇^{L.C.} ⊗ 1 ⊕ 1 ⊗ ∇^ρ on E from which we can construct a Dirac operator D_∇. On the other hand, the exterior differentiation d coupled with the flat connection ∇^ρ yields an operator d_ρ := d ⊗ 1 + 1 ⊗ ∇^ρ : C^∞(E) → C^∞(E) such that d^2_ρ = 0. Identifying d with ϵ ∘ ∇^{L.C.}, d^∗ identifies to −i ∘ ∇^{L.C.}, from which it easily follows that d + d^∗ = (ϵ − i) ∘ ∇^{L.C.} = c ∘ ∇^{L.C.} and hence D_∇ := c ∘ (∇^{L.C.} ⊗ 1 + 1 ⊗ ∇^ρ) = d_ρ + d^∗_ρ.

In the following we drop the explicit mention of the representation ρ in the notation writing d instead of d_ρ and denoting by d_k its restriction to k forms. Note that in dimension n = 2k + 1, the operator ∗d_k, where ∗ denotes the Hodge star operator, is a formally self-adjoint elliptic operator of order 1. We need to further restrict it in order to get an invertible operator. The complex 0 → Ω^0 → Ω^1 → · · · → Ω^n → 0 being acyclic, we can write Ω^k = Ω^′_k ⊕ Ω^{′′}_k where Ω^′_k = Imd_{k−1} = ker d_k and Ω^{′′}_k = ker d^∗_{k−1} = Im d^∗_{k−1}. Restricting the operator ∗d_k to Ω^{′′}_k : ∗d^{′′}_k := ∗d_{k|Ω′′k} yields in dimension n = 2k + 1, an invertible formally self-adjoint elliptic operator of order 1. In the following proposition, we first let the connection ∇^W vary, then the metric g on M vary, which give rise to two families of self-adjoint operators to which we shall apply Corollary 2 of section 3.

Proposition 2 Let M be a 3-dimensional closed Riemannian manifold. Using the above construction, with n = 3 (k = 1), one can build a smooth family of self-adjoint operators {D_t := ∗d^{′′}_{1,t}, t ∈ [0, 1]} from:

• a smooth family of connections {∇^W_t := ∇^ρ_t , t ∈ [0, 1]} on W and a fixed metric on M

• or a smooth family of Riemannian metrics {g_t, t ∈ [0, 1]} (inducing a family of Levi-Civita connections) and a fixed connection ∇^W on W .

In both cases, the phases ϕ(D_0), ϕ(D_1) of the ζ-determinants of D_t at the end points t = 0 and t = 1, given by (18), differ by a Wodzicki residue coming from an integrated trace anomaly:

ϕ(D_1) − ϕ(D_0) = π 2 (η_{D1} (0) − η_{D0} (0)) = π 2 ∫_1 0 ṫr(D_t|D_t|^{−1})dt = − π 2 ∫_1 0 res(Ḋ_t|D_t|^{−1})dt (38)

Remark. The local expression on the right hand side corresponds to the local term given by the Atiyah-Patodi-Singer theorem [APS II] in terms of underlying characteristic classes as we shall see in Appendix B.

Proof. Since the signature of M × [0, 1] vanishes, so does the spectral flow of the family {D_t, t ∈ [0, 1]}, so that the assumptions of Corollary 2 are satisfied. Applying Corollary 2 yields the result. ⊔⊓

The Chern Simons model

Let us give an intepretation of formula (38) in the context of gauge theory as a phase anomaly of some partition function.

The Chern-Simons model in dimension n = 2k + 1 ([Sc], [AdSe]) is described in terms of a classical action functional of the type S_k(ω_k) = ⟨ω_k, ∗d_kω_k⟩, which presents a degeneracy. Here ⟨α, β⟩ = ∫ α ∧ ∗β for any p-forms α and β, where ∗ is the Hodge star operator. Indeed, writing ω_k = ω^′_k ⊕ ω^{′′}_k in the above mentioned decomposition, we have S_k(ω_k) = S_k(ω^{′′}_k ). To deal with this type of degeneracy, A. Schwarz [Sc] suggested –in analogy with the Faddeev-Popov procedure– to define the partition function associated to the classical action functional S_k by the following :

Ansatz.

Z_k “ := ” ∫ Ω^j Dω_ke^{−⟨ωk ,∗dkωk⟩}

“ := ” (_{k−1} ∏ l=0 (det_ζ (Δ^{′′}_l )^{(−1)k−l+1}

)^1_2 ∫ Ω^{′′}_k Dω^{′′}_k e^{−⟨ω′′k ,∗dk ω′′k ⟩}

= (_{k−1} ∏ l=0 (det_ζ (Δ^{′′}_l ))^{(−1)k−l+1}

)^1_2

det_ζ (∗d^{′′}_k)^{− 12}

where we have inserted inverted commas around identities involving heuristic objects such as Dω_k, which are to be understood on a heuristic level. However, the last formula is well defined since in n = 2k + 1 dimensions the operator ∗d_k is self-adjoint and hence has a well-defined determinant. Using Hodge duality and the fact that |det_ζ (∗d^{′′}_l )| = √ det_ζ (Δ^{′′}_l ) it follows that: |Z_k| = √ T (M )^{(−1)k+1}

where T (M ) is the analytic torsion of M [RS]:

T (M ) := k∏ j=0 det_ζ (Δ^{′′}_j )^{(−1)j−l+12} . (39)

Let us comment on the notations used in this formula, in particular on the meaning of the ζ-determinants which are involved in the formula. Restricting the operator Δ_k := Δ_{∇|Ωk} = d^∗_kd_k + d_{k−1}d^∗_{k−1} to Ω^{′′}_k, we get an invertible operator Δ^{′′}_k := d^∗_kd_{k|Ω′′k} .

As the restriction to Ω^{′′}_k of a self adjoint elliptic operator, the operator Δ^{′′}_k has purely discrete real spectrum {λ^{′′}_n, n ∈ IN} and the usual ζ-function techniques can be extended to define det_ζ (Δ^{′′}_k) := exp ( −ζ^′_Δ′′_k (0) ) , where ζ_Δ′′_k (s) := ∑ n (λ^{′′}_n)^{−s} see [RS].

Writing det_ζ (∗d^{′′}_k) = √ det_ζ Δ^{′′}_ke^{i π2} ( η_{∗d}′′_k (0)−ζ_{∗d}′′_k (0) ) as in formula (17) we find:

Z_k = √ T (M )^{(−1)k+1} e^{−i π4 η∗d′′}k^{(0)} (40)

where we have used the fact that ζ_{|∗d}′′_{l |}(0) = 0 in odd dimensions. This yields back the fact that |Z_k| = √ T (M )^{(−1)k+1} .

A variation of the underlying metric on M induces a variation of the partition function. The analytic torsion being a topological invariant, its modulus remains constant and it follows from Proposition 2 that the phase of the partition function changes by some local Wodzicki residue term. In [Wi] (see also [At]), Witten suggested to modify this partition function adding such local counterterms in order to build a regularized partition function independent of the metric on M . For this he proceeded in two steps, first fixing the metric and measuring the dependence of the phase on the choice of connection and then, whenever the manifold M has trivial tangent bundle, fixing the connection and measuring the dependence of the phase on the choice of metric. Both these dependences can be measured in terms of tracial anomalies along the lines of Proposition 2. Since the classical action ⟨ω^{′′}_k , ∗d_kω^{′′}_k ⟩ = ∫ ω^{′′}_k ∧ d_kω^{′′}_k is independent of the choice of the metric, the dependence of the phase of the partition function on the metric arises as an anomaly on the quantum level, which we shall refer to as a phase anomaly of the partition function. By Proposition 2, the variation of the partition function Z_k(g_0) → Z_k(g_1) induced by a change of metric g_0 → g_1 reads: Z_k(g_1) Z_k(g_0)

= exp ( −i π 4 (η_{∗dk,1} (0) − η_{∗dk,0} (0)) )

where as in Proposition 2, {g_t, t ∈ [0, 1]} is a family of Riemannian metrics interpolating g_0 and g_1, the connection ∇^W on W being left fixed. For k = 1, and when the tangent bundle is trivial –in which case we can write the Levi-Civita connection ∇^{L.C.} = d + ω– it gives rise, via the Atiyah-Patodi-Singer theorem (see Appendix B), to the familiar Chern-Simons term ∫ M tr ( ω ∧ dω +^2_3 ω ∧ ω ∧ ω ) arising in topological quantum field theory in dimension 3 (cfr. formula (2.20) in [Wi]).

Proposition 2 thus establishes a correspondence between:

phase anomaly for the Chern-Simons partition function ⇔ tracial anomaly ∫_1 0 ṫrA_t (sgnA_t)dt ⇔ local term in the Atiyah-Patodi-Singer index theorem for families

6 Chiral (gauge) anomalies

A determinant bundle on the space of connections

We consider here an even dimensional closed Riemannian manifold M in which case the spinor bunlde S splits S = S^+ ⊕ S^− and the Clifford module E = S ⊗ W splits accordingly into E = E^+ ⊕ E^−.

Let X := C(W ) denote the affine space of connections on the exterior bundle W based on M . C(W ) is an affine Fréchet space with vector space Ω^1(M, Hom(W )), the space of Hom(W )-valued on forms on M . Concretely, this means that fixing a reference connection ∇^W_0 ∈ C(W ) (e.g. the ordinary exterior differentiation if W is trivial), any other connection reads ∇^W = ∇^W_0 + A where A is a Hom(W ) valued one form on M . We henceforth use this reference connection to identify ∇^W_A with the 1-form A.

To the smooth family of connections {∇^W_A , A ∈ C(W )} on W , we associate a smooth family of Clifford connections {∇^{L.C.} ⊗1+1⊗∇^W_A , A ∈ C(W )}, which combined with the Clifford multiplication c yields a smooth family of chiral Dirac operators acting from C^∞(M, E^+) to C^∞(M, E^−):

{D^+_A := c ∘ (∇^{L.C.} ⊗ 1 + 1 ⊗ ∇^W_A ), A ∈ C(W )}. (41) Associated to the family {D^+_A , A ∈ C(W )}, there is a determinant bundle L_D+ on W = C(W ), which is trivial since the manifold M is kept fixed here. We set as before

D^−_A := ( D^+_A )_∗ , Δ^+_A := D^−_A D^+_A , Δ^−_A := D^+_A D^−_A , Δ_A := Δ^+_A ⊕ Δ^−_A.

The gauge group action The gauge group G := C^∞(M, Aut(W )) is a Fréchet Lie group with Lie algebra Lie (G) := C^∞(M, Hom(W )). If W = adP where P → M is a trivial principal G bundle, G the structure group, then Lie (G) := C^∞(M, LieG) where Lie(G) is the Lie algebra of G.

The gauge group acts on C(W ) by: Θ : G × C(W ) → C(W ) (g, ∇^W ) → g^∗∇^W and induces a map: θ_A : G → C(W ) g → g^∗∇^W . This map is not injective unless the connection A is irreducible.

Identifying the tangent space T_eG at the unit element e of G with the Lie algebra Lie (G), the tangent map reads: d_eθ_A : Lie (G) → T_AC(W ) u → d dt |_{t=0} (g^∗_t ∇^W_A ) = [∇^W_A , u] (42)

where g_t := exptu, exp being the exponential map on the gauge group C^∞(M, Aut(W )) (which one might want to complete into a Hilbert Lie group at this stage but we shall skip these technicalities here).

The BRS (Becchi-Rouet-Stora) operator is defined by: δ : Ω^1(G, Ω^1(M, Hom(W ))) → Ω^2(G, Ω^1(M, Hom(W ))) α ⊗ A → dα ⊗ A − α ⊗ dθ_A where A ∈ Ω^1(M, Hom(W )). It is clear from its definition that δ^2 = 0 so that one can define the corresponding cohomology, called BRS cohomology. It moreover follows from the above definition that: δA = −dθ_A(ω), δω = − 1 2 [ω, ω] = −ω ∧ ω = −ω^2 where ω is the Maurer-Cartan form on G, namely the left invariant LieG valued one form on G defined by ω_e(v) = v for v ∈ Lie (G). It is called the Faddeev-Popov ghost and written ω = g^{−1}dg in the BRS context.

The pull-back of the Bismut-Freed connection by the gauge group action

Since the line bundle L_D+ (using the notations of section 4) is trivial, we can take ∇^{E+} = ∇^{E−} = d and equip it with the Bismut-Freed connection ∇^{Det} defined in (34) with d instead of ∇^{Hom(E+ ,E− )}.

Given a connection A, the Bismut-Freed connection on the line bundle L_D+ → C(W ) can be pulled back by the map θ_A to a one form on the gauge group G: ( θ^∗_A∇^{Det} ) u = ∇^{Det}_{ŪA} (43)

where Ū_A := dθ_Au is the canonical vector field on C(W ) generated by u ∈ Lie (G). The following proposition expresses the pull-back of the Bismut-Freed connection in the direction of u ∈ Lie (G):

Proposition 3 Given an irreducible connection A, the pull-back θ^∗_A∇^{Det} of the Bismut- Freed connection on the gauge group in the direction u ∈ Lie (G) is a local expression which can be interpreted as a chiral gauge anomaly. Given a section DetD^+_A of L_D+_A which is invertible at A: ( DetD^+_A )_{−1} ( θ^∗_A∇^{Det} ) u DetD^+_A = str^{ΔA} (u) = ∫ M Â(∇^{L.C.})tr_m ( e^{−ΩWA} u(m) ) dμ(m) (44) where Ω^W_A is the curvature of ∇^W_A , tr_m the trace on the fibre W_m above m and Â(∇L.C.) the Â-genus on M .

Proof. It follows from definition (34) that: ( DetD^+_A )_{−1} ( θ^∗_A∇^{Det} ) u DetD^+_A = tr^{|D+A |} (( D^+_A )_{−1} (dD^+_A )(Ū_A) )

= tr^{|D+A |} (( D^+_A )_{−1} c ∘ (d∇^W_A (Ū_A)) )

= tr^{|D+A |} (( D^+_A )_{−1} ( c ∘ [∇^W_A , u] )) = tr^{|D+A |} (( D^+_A )_{−1} [D^+_A, u] )

= tr^{|D+A |} (( D^+_A )_{−1} D^+_A u ) − tr^{|D+A|} (( D^+_A )_{−1} uD^+_A )

= tr^{|D+A |} (u) − tr^{Δ+A} (( D^+_A )_{−1} uD^+_A )

= tr^{|D+A |} (u) − tr^{Δ−A} ( D^+_A ( D^+_A )_{−1} u )

= tr^{Δ+A} (u) − tr^{Δ−A} (u)

= str^{ΔA} (u)

where we have used the fact that D^−_A Δ^+_A = Δ^+_AD^−_A as can easily be checked from the definition of Δ^+_A. This proves the first equality in (44). The local version of the Atiyah-Singer theorem then yields a local expression for the term str^{ΔA} (u). Indeed it follows from results by Patodi and Gilkey that (see e.g. Theorem 4.1 in [BGV]) k_ϵ(m, m) ∼ (4πt)^{− n2} ∞∑ i=0 t^ik_i(m) k_ϵ(m, n), m, n ∈ M is the kernel of the heat-operator e^{−ϵΔ} and k_i ∈ C^∞(M, C_{2i}(T^∗M )⊗ Hom(W )). Thus, applying fibrewise u(m), taking the trace on the fibre above m and then integrating along m we get: ∫ M str_m(u(m)k_ϵ(m, m)) ∼ (4πt)^{− n2} ∞∑ i=0 t^i ∫ M str_m(u(m)k_i(m)) (45)

where str_m means we have taken the supertrace along the (ZZ_2-graded) fibre E_m of E above m ∈ M . On the other hand, the pointwise supertrace str_m(a ⊗ b) of a ⊗ b ∈ C(T^∗_mM ) ⊗ Hom(W_m) is equal to a Berezin integral (see e.g. Prop 3.21 in [BGV]):

str_{Em} (a ⊗ b) = (−2i)^{n2} σ_n(a(m))str_{Wm} b(m)

where σ is the symbol map taking Clifford elements to forms. Combining this with (45) eventually yields the local expression str^{ΔA} (u) = ∫ M Â(∇^{L.C.})tr_m [Ω^W_A u(m)] dμ(m) after making the usual identifications with the underlying geometric data. ⊔⊓

The pull-back θ^∗_A∇^{Det} on the gauge group measures a chiral gauge anomaly; there is an apriori obstruction for it to be consistent, namely the pull-back of the curvature θ^∗_AΩ^{Det} of the Bismut-Freed connection, which measures the obstruction to the Wess-Zumino consistency relations for this gauge anomaly.

Proposition 4 The obstruction to the Wess-Zumino consistency relations for the gauge anomaly given by the pull-back θ^∗_AΩ^{Det} of the Bismut-Freed connection on the gauge group is measured by the pull-back of its curvature. It has a local feature since it is a Wodzicki residue arising from trace anomalies. Using the index theorem for families, it can be expressed as an integral on M of some local form: ( DetD^+_A )_{−1} θ^∗_AΩ^{Det}DetD^+_A (u, v) = lim_{ϵ→0} ∫ M Â(Ω^{L.C.})str_x ( e^{−(√ϵDA+ϵ[d,DA ])2} ) [2] (Ū_A, V̄_A) where Ū_A := dθ_Au, V̄_A = dθ_Av, u, v ∈ Lie (G) and √ ϵD_A + ϵ[d, D_A] the part of degree 1 of the family parametrized by ϵ of superconnections associated to the family D_A, A ∈ C(W ) [Q2], [BF], [BGV].

Proof. The curvature of the Bismut-Freed connection described in formula (36) reads: ( DetD^+_A )_{−1} Ω^{Det}DetD^+_A (U, V ) = − 1 2 ∂str^{ΔA} ( D^{−1}_A dD_A(U ), D^{−1}_A dD_A(V ) )

+ 1 2 [dstr^{ΔA} ] ( D^{−1}_A dD_A ) (U, V ) which we saw was a combination of trace anomalies; applying this to Ū_A := dθ_Au, V̄_A = dθ_Av, u, v ∈ Lie (G) yields the fact that its pull-back can also be interpreted as a combination of trace anomalies and can therefore be expressed in terms of Wodzicki residues using the results of section 1. The computation of the curvature Ω^{Det} carried out in [AS] for Dirac opertors parametrized by connections and later in [BF] in the case of Dirac operators parametrized by metrics yields (taking ∇^E = d with the notations of section 4): ( DetD^+_A )_{−1} Ω^{Det}DetD^+_A (U, V ) = lim_{ϵ→0} ∫ M str_x ( Â(Ω^{L.C.})e^{−(√ϵD}A^{+ϵ[d,D}A^{])2} ) [2] (U, V ) thus leading to the second part of the proposition. ⊔⊓

A similar result would hold for gravitational chiral anomalies described in [BF] as the curvature on a determinant bundle associated to a family of Dirac oeprators parametrized by metrics. The essential difference is that the geometric setting there involves a family of Riemannian (spin) manifolds and the determinant bundle associated to the family of Dirac operators is not trivial. As a result, the curvature on the determinant bundle is a combination of a local term given by some trace anomalies and a local term arising from the underlying geometry of the fibration fo manifolds; the tracial anomaly mixes with the underlying geometry to build a chiral anomaly.

Concluding Remark. This last result shows once again how closely related (chiral) quantum anoamlies and tracial anomalies are, thus leading to the following correspondance scheme:

(local) chiral gauge anomalies ⇔

(pull-back on the gauge Lie agebra of) the curvature on a determinant bundle ⇕ ⇕ tracial anomalies dtr^Q and ∂tr^Q ⇔ (pull-back on the gauge Lie agebra of) the local term of degree 2 in the index theorem for families

Appendix

A The multiplicative anomaly for ζ-determinants and anomalies in physics

In finite dimensions, determinants naturally arise from Gaussian integration: 1 (2π)^n2 ∫ IR^n e^{− 12 <Qx,x>}dx = (det Q)^{− 12} where Q positive definite symmetric matrix, ⟨·, ·⟩ the euclidean inner product on IR^n. Mimicking the finite dimensional setting, one computes Gaussian integrals in infinite dimensions substituting to the ordinary determinant, the ζ-determinant: ∫ configurations φ

e^{− 12 <Qφ,φ>}D^Q[φ] = (det_ζ Q)^{− 12} , (A.1)

where Q is an invertible admissible elliptic operator with positive order. The integrals on the infinite dimensional configuration space of the physical system are therefore to be understood as the r.h.s. well-defined ζ-determinant. The “volume measures” D^Q[φ]– which are there to remind us that we are mimicking the finite dimensional integration procedure– can a priori depend on Q, a dependence one needs to take into account in the following.

Just as the operator Q “weights” a priori divergent traces in a way that enables us extract a finite part, it serves here to “extract a finite part” of a priori ill-defined formal path integrals.

Let us see how this Q-dependence can affect the computations. Starting from the finite dimensional setting, let us make the change of variable x̃ = Cx in a gaussian integral and denote by J the corresponding jacobian determinant:

(det Q)^{− 12} = ∫ IR^n e^{− 12 <Qx̃,x̃>}dx̃ = ∫ IR^n e^{− 12 <QCx,Cx>}Jdx = J · det(C^∗QC)^{− 12} .

Furthermore

J :=

(det(C^∗QC))^{12} (det Q)^12 = √ det(C^∗C) = | det C|.

Similarly, replacing ordinary determinants by ζ-determinants, one could expect the modulus of the jacobian determinant of a φ̃ = Cφ in (A.1) to correspond to a quotient of ζ-determinants. But at this point the multiplicative anomaly comes into the way.

Let C be an invertible elliptic operator (with possibly zero order), C^∗ its formal adjoint (with respect to an L^2 structure on the space of sections it is acting on),assuming that Q is positive (or “sufficiently close” to a positive operator [KV], [Du]), then C^∗QC is a positive elliptic operator (or “sufficiently close ” to a positive operator) with positive order in such a way that we can define its ζ-determinant. Applying a computation similar to the finite dimensional one would yield:

J_Q := det_ζ (C^∗QC)^{12} (det_ζ Q)^{12} . But this does not generally coincide with

J̃ := √ det_ζ (C^∗C).

In any case the latter determinant is only defined if C has non vanishing positive order, which is not always the case in applications where C could typically be a multiplication operator. The fact that J ≠ J_Q is a consequence of the multiplicative anomaly for ζ-determinants recalled in (14) as the following computation shows:

J^2_Q = det_ζ (C^∗QC) det_ζ Q = det_ζ (QC^∗C)

det_ζ Q

= F_ζ (Q, C^∗C)det_ζ (C^∗C) = F_ζ (Q, C^∗C) · J̃^2. (A.2) The second identity follows from interpolating C^∗QC and QC^∗C by the family Q_t := Q^tC^∗Q^{1−t}C, t ∈ [0, 1] of constant order elliptic operators which have a constant determinant since:^d_{dt} log det_ζ Q_t = 0. The third identity folows from (14).

B Computation of the Chern-Simons term in TQFT in dimension 3 using the Atiyah-Patodi-Singer Theorem

Theorem [APS II] Let X be an oriented Riemannian manifold of dimension 4l with boundary M such that X is isometric to a product M × I, I ⊂ IR near the boundary. Let ∇^W be a connection on the exterior bundle W based on X and ∇^{L.C.} the Levi-Civita connection on X. Let D_∇ := d_∇ + d^∗_∇ where d_∇ = d ⊗ 1 + 1 ⊗ ∇^W and d^∗_∇ = d^∗ ⊗ 1 + 1 ⊗ ∇^W as in section 5, and let D^+_∇ denote the restriction of D_∇ to the even forms on X. Near the boundary,

D^+_∇ = c ∘ ( d dt + B^{odd}) where B^{odd} is the restriction to odd forms on the boundary of the operator defined on 2p or 2p + 1 forms by:

B_∇ = (−1)^{k+p+1}(ϵ ∗ d_∇ − d_∇∗),

ϵ denoting the grading operator on forms. We let the operator D^+_∇ act on sections f of the vector bundle satisfying the Atiyah-Patodi-Singer (APS) boundary condition P f(·, 0) = 0 where P is the spectral projection of B^{odd} corresponding to non negative eigenvalues. Then

indD^+_∇ = ∫ X L(∇^{L.C} )tr_x ( e^{−ΩW} ) + η_B(0)

where L is the Hirzebruch L polynomial, Ω^W the curvature on W , and where η_B denotes the η invariant of B_{odd} .

Let us apply this result to X = M × [0, 1] where M is an 4l − 1 dimensional closed Riemannian manifold and let us equip X with the product metric. The boundary of X is the odd dimensional manifold M × {0} ⋃ M × {1}. With the notations of the above theorem where we set p = k, since k is odd, we have B_k = ∗d_k − d_{n−k}∗ where B_k is the restriction of B to the odd k forms. Since ∗^2 = 1 on k forms in dimension n = 2k + 1, we have d^∗_{n−k} = − ∗ d^∗_k so that the restriction B^{′′}_k to R(d^∗_{k−1}) coincides with the restriction ∗d^{′′}_k.

In order to compute the r.h.s of (38) we need to compute the difference of η-invariants of B^{′′}_k . Following Atiyah, Patodi and Singer, let us first investigate the metric dependence of the eta invariants η_{∗d}′′_k (0) in order to build an invariant independent on the choice of metric.

To two metrics g and g^′ on M correspond two operators B and B^′ and it follows from the Atiyah-Patodi-Singer index theorem that (see (2.3) in [APS II]):

η_B(0) − η_B′ (0) = n ∫ M×[0,1] L(∇^{L.C} ) (46)

using the fact that sign(M × [0, 1]) = 0 and that the connection on W is flat. Let us now fix the metric and take two flat connections ∇^W_0 and ∇^W_1 on W restricted to M , this leading again to two η invariants η_B′′_{k,1} (0) and η_B′′_{k,0} (0). From the above it follows that this expression is independent of the choice of metric (see Theorem 2.4 in [APS II]).

We now equip W restricted to M with a one parameter family of connections ∇^W_t := (1 − t)∇^W_0 + t∇^W_1 and correspondingly a one parameter family of operators:

B_t = (−1)^{k+p+1}(ϵ ∗ d_t − d_t∗).

We can equip W seen as a bundle over X = [0, 1] × M with the connection ∇^W := d dt + ∇^W_t and build the corresponding Dirac operator:

D^+_∇ = c ∘ ( d dt + B^{odd}_t ). Because B^{′′}_{k,1}(0) − B^{′′}_{k,0}(0) does not depend on the choice of metric, we can choose a flat metric. Thus the L form will be trivial. On the other hand sgn(X) = 0 for the particular choice of manifold X = M × [0, 1] we took so that the spectral flow vanishes. Applying once again the Atiyah-Patodi-Singer theorem yields:

η_B′′_{k,1} (0) − η_B′′_{k,0} (0) = ∫ M×[0,1] tr_x ( e^{−ΩW} ) . (47)

Combining (46) and (47) where the Levi-Civita connection reads d + ω and the connection on W reads ∇^W = d + A (provided both the tangent bundle and the bundle E are trivial) yields the expression of the Chern-Simons term computed by Witten (see formula (2.23) in [Wi]).

Acknowlegments. The last author would like to thank Sergio Albeverio, Edwin Langmann and Jouko Mickelsson for giving her the opportunity to present the results of this article at an early stage of their development and for the fruitful discussions that followed. She is also very grateful to Daniel Bennequin who made very useful comments at a later stage of the development of the results presented here. The authors also benefitted from useful and interesting discussions with Jose Gracia Bondia, Matthias Lesch and Jean Orloff whom we would like to thank most warmly. The first author was supported by an ECOS-Nord grant during a stay at the Université Blaise Pascal in Clermont-Ferrand where this article was written.

References

[Ad] S. Adler, Axial vector vertex in spinor electrodynamics, Phys. Rev. 177 pp.2426- 2438 (1969)

[AdSe] D. Adams, S. Sen, Phase and scaling properties of determinants arising in topological field theories, Phys. Lett. 353 p.495-500(1995)

[AG] L. Alvarez-Gaume, Supersymmetry and the Atiyah-Singer index theorem, Comm. Math. Phys. 90 p.161-173 (1983)

[AGDPM] L. Alvarez-Gaume, S. Della Pietra, G. Moore, Anomalies and odd dimensions, Ann.Phys. 163 p.288-317 (1985)

[AM] J. Arnlind and J. Mickelsson, Trace extensions, determinant bundles, and gauge group cocycles. hep-th/0205126 (2002)

[At] M. Atiyah, The geometry and physics of knots, Cambridge University Press, 1990

[APS I] M. Atiyah, V. Patodi, I..M. Singer Spectral asymmetry and Riemannian Geometry I, Math.Proc.Camb.Phil.Soc. 77 p.43-69 (1975)

[APS II] M. Atiyah, V. Patodi, I..M. Singer Spectral asymmetry and Riemannian Geometry II, Math.Proc.Camb.Phil.Soc. 78 p.405-432 (1975)

[APS III] M. Atiyah, V. Patodi, I..M. Singer Spectral asymmetry and Riemannian Geometry III, Math.Proc.Camb.Phil.Soc. 79 p.71-99 (1976)

[AS] M. Atiyah, I.M. Singer, Dirac operators coupled to vector potentials, Proc.Nath.Acad.Sci.USA, 81 p. 2597-2600 (1984)

[Ba] R. Baadhio, Quantum topology and global anomalies, Adv. Ser. in Math. Phys.

23, World Scientific, 1996

[BJ] J.S. Bell, R. Jackiw, A PCAC Puzzle: π^0 → γγ in the σ model, Il Nuovo Cimento LX A, p.47- 61 (1969)

[Bar] W.A. Bardeen, Anomalous Ward identities in spinor field theories, Phys. Rev.

184 p. 1848- 1859 (1969)

[Ber] R. Bertlmann, Anomalies in Quantum Field Theory, Oxford University Press, 1996

[BF] J.-M. Bismut, D. Freed, The analysis of elliptic families I, Commun. Math.

Phys. 106 (1986), P. 159-176

[BGV] N. Berline, E. Getzler, M. Vergne, Heat kernels and Dirac operators, Springer- Verlag, 1992

[BLP] B. Booss-Bavnek, M. Lesch, J. Phillips, Spectral flow of paths of self-adjoint Fredholm operators, Nuclear Phys. (Proc. Suppl.) 104, 177-180 (2002) ; Unbounded Fredholm operators and spectral flow, Preprint TEKST Nr 407, Roskilde University (2001)

[C] A. Cardona, Geometry of Families of Elliptic Complexes, Duality and Anomalies, Ph.D. thesis, Université Blaise Pascal, 2002

[CDMP] A. Cardona, C. Ducourtioux, J-P. Magnot, S. Paycha, Weighted traces on algebras of pseudo-differential opertors and geometry on loop groups, Preprint 2000

[CS] S-S.Chern, J.Simons, Characteristic forms and geometric invariants, Ann.

Math. 99, p.48-69 (1974)

[CZ] G. Cognola, S. Zerbini, Consistent, covariant and multiplicative anomalies, hepth-98110398 (1998)

[ECZ] E. Elizalde, G.Cognola, S. Zerbini, Applications in physics of the multiplicative anomaly formula involving some basic differential operators, Nucl.Phys. (1998) p.407-428

[EFVZ] E. Elizalde, A. Filippi, L. Vanzo, S.Zerbini, Is the multiplicative anomaly relevent? hep-th/9804072 (1998)

[Do] J.S. Dowker, On the relevance of the multiplicative anomaly, hep-th/9803200 (1998)

[Du] C. Ducourtioux, Weighted traces on pseudo-differential operators and associated determinants Ph.D. thesis, Mathematics Department, Université Blaise Pascal, 2001

[E] C. Eckstrand, A simple algebraic derivation of the covariant anomaly and Schwinger term, Journ. of Math. Phys. 41 n. 11 (2000) p. 7294- 7303

[EM] C. Eckstrand, J. Mickelsson, Gravitationnal anomalies, gerbes and hamiltonian quantization, Comm. Math. Phys. 212 p.613-624 (2000)

[FU] D. Freed, K.Uhlenbeck, Instantons and four-manifolds, Springer-Verlag, 1984

[Fr] T. Friedrich, Dirac Operatoren in der Riemannschen Geometrie, Advanced Lectures in Mathematics, Vieweg (1997)

[Fu] K. Fujikawa, Path integral measure for gauge invariant fermion theories, Phys.

Rev. Lett. 42, p. 1195 (1979)

[GJ] D.J. Gross, R. Jackiw, Effect of anomalies on quasirenormalizable theories, Phys. Rev. D6 pp.477-493 (1972)

[KV] M.Kontsevich, S.Vishik, Determinants of elliptic pseudo-differential operators, Max Planck Institut preprint, 1994

[L] M. Lesch, On the non commutative residue for pseudo-differential operators with log-polyhomogeneous symbols, Annals of global analysis and geometry, 17 p.151- 187 (1999)

[LM] E. Langmann, J. Mickelsson, Elementary derivation of the chiral anomaly, Lett.Math.Phys. 36, p.45-54 (1996)

[LaMi] H. Lawson, M-L. Michelsohn, Spin geometry, Princeton University Press, 1989

[Me] R. Melrose, The Atiyah-Patodi-Singer index theorem, Research Notes in Mathematics, Vol 4, A K Peters, Ltd., Wellesley, MA, 1993

[MN] R. Melrose, V. Nistor, Homology of pseudo-differential operators I. Manifolds with boundary, funct-an/9606005, june 1999

[M] J. Mickelsson, Second Quantization, anomalies and group extensions, Lecture notes given at the ”Colloque sur les Méthodes Géométriques en physique, C.I.R.M, Luminy, June 1997. Wodzicki residue and anomalies on current algebras in ”Integrable models and strings” ed. A. Alekseev and al., Lecture Notes in Physics 436, Springer 1994

[MR] J. Mickelsson and S. Rajeev, Current algebras in d + 1 dimensions and determinant bundles over infinite-dimensional Grassmainnians. Comm. Math. Phys. 116, p.365–400 (1985)

[N] M. Nakahara Geometry, Topology and Physics, Adam Hilger, 1990

[O] K. Okikiolu, The Campbell-Hausdorff theorem for elliptic operators and a related trace formula, Duke. Math. Journ. 79 p. 687-722 (1995), The multiplicative anomaly for determinants of elliptic operators, Duke. Math. Journ. 79 p. 723-750 (1995)

[P] S. Paycha, Renormalized traces as a looking glass into infinite dimensional geometry, Inf. Dim. Anal., Quant.Prob. and Related topics, Vol 4, N.2 (2001) p.221-266

[PR] S. Paycha, S. Rosenberg, Curvature on determinant bundles and first Chern forms, to appear in Journal of Geometry and Physics

[Q1] D. Quillen, Determinants of Cauchy-Riemann operators over a Riemann surface, Funktsional Anal. i Prilozhen,19 (1985), p.37-41.

[Q2] D. Quillen, Superconnections and the Chern character, Topology 24 (1985), 89- 95 [R] A.O.Radul, Lie algebras of differential operators, their central extensions, and W-algebras, Funct.Anal.Appl. 25, 25–39(1991)

[RS] D.B. Ray, I.M. Singer, R-torsion and the Laplacian on Riemannian manifolds, Adv. Math. 7 p.145-210 (1971)

[Sc] A.Schwarz The partition function of a degenerate functional, Comm.Math.Phys.

67 p.1 (1979)

[Si] I.M. Singer Families of Dirac operators with applications to physics, Astérisque (hors série), p.323-340 (1985)

[TJZW] S. Treiman, R. Jackiw, B. Zumino, and E. Witten, Current algebra and anomalies, World Scientific, 1985

[Wi] Witten, Quantum field theory and the Jones polynomial, Comm.Math.Phys.

121, p.351-399 (1989)

[Wo] M. Wodzicki, Non commutative residue in Lecture Notes in Mathematics 1289 Springer Verlag (1987)