arXiv:math-ph/0208008 v1 2 Aug 2002

GEOMETRIC QUANTIZATION

WILLIAM GORDON RITTER HARVARD PHYSICS DEPARTMENT

Abstract. We attempt to give the shortest possible self-contained introduction to the main idea of geometric quantization. Some familiarity with symplectic geometry and quantum mechanics is assumed.

1. Introduction The basic problem of quantization is the relationship between dynamics of classical systems and quantum systems. It is also an opportunity for a bridge to be built between mathematics and physics, since the problem of quantization is motivated by physical concerns, but for the most part, deals purely at the level of the mathematical model. Quantum mechanical states are represented by rays in a Hilbert space H, and the observables are represented by a collection O of symmetric operators on H. By contrast, in classical mechanics the state space is a symplectic manifold (M, ω) and the observables are smooth functions, i.e. elements of C^∞(M, R). Taking the view in quantum mechanics that the observables evolve in time while the states remain fixed is called the “Heisenberg picture.” The fundamental equation describing the dynamical evolution of a particular (time-dependent) observable A_t is the famous Heisenberg equation^{dAt}_{dt} = −^i_ℏ [H, A_t], where H is the energy observable. This is directly analogous to the situation in classical mechanics. If (M, ω) is the symplectic phase space of a classical system, then the dynamics of a particular time-evolving observable f_t : M × R −→ R is given by the fundamental differential equation ∂f_t ∂t = {H, f_t}, (1) where { , } denotes the Poisson bracket. For the canonical choice of symplectic structure on T^∗R^n, Eq. (1) is equivalent to Hamilton’s equations of motion as presented in [1].

The starting point of geometric quantization is to hope that the relationship between Heisenberg’s equation and Hamilton’s equation exhibited above is a special case of some general situation of deeper mathematical meaning. 1

2. The Mathematical Structure of Physics

In this section we describe a general mathematical framework for physical theories. Classical mechanics and quantum mechanics are both realizations of this framework; thus, it is an important starting point for quantization. This was inspired in part by lectures of L. Faddeev [2]. The fundamental objects are a set A of observables, a set Ω of states, and a map A × Ω → P (which we will call the probability interpretation map), where P denotes the set of all nonnegative Lebesgue measurable functions f : R → R such that ∫_∞ −∞ f(x) dx = 1 (i.e. probability distributions). For a state η and an observable A, we write the associated probability distribution function as η_A(λ). Of course, there is a natural mean-value map from P −→ R, given by f −→ ∫ λf(λ) dλ. In all useful examples, A and Ω both have the structure of real vector spaces, and the composition A × Ω −→ P^{mean-value}−→ R, η, A −→ ⟨η|A⟩ defines a duality between states and observables. It is clear that in physics, certain observables are merely simple functions of other, more fundamental observables. An example is the observable (p_i)^2 for a classical harmonic oscillator, where p_i denotes the i^{th} component of momentum. This fits into the framework above as follows. Given a real function f : R → R and observables A, B, we write B = f(A) provided that ⟨η|B⟩ = ∫ f(λ)dη_A (λ) for all states η

In all known cases of practical importance, A has the structure of an algebra, and in case f(x) = ∑ α_ix^i is a polynomial function, we have f(A), as defined above, equal to ∑ α_iA^i.

Finally, one takes as part of the data a Lie bracket { , } on A which is an algebra derivation. A fixed observable (called the Hamiltonian) H is chosen on the physical grounds that the differential equation^{dAt}_{dt} = {H, A_t} must generate the correct dynamical evolution of observables.

One can reconstruct all features of classical mechanics (even classical statistical mechanics) with the additional assumption that the algebra A is commutative. In this situation, ∃ (M, ω) s.t. A = C^∞(M) as algebras, in which case taking states as normalized measures η on M (here’s the statistical mechanics), the probability interpretation map as η, f −→ η_f (λ)^{def}= ∫ M θ(λ − f(m)) dη(m), θ = a step function and {f, g} = ω(X_f , X_g) satisfies the axioms above. Nonstatistical mechanics falls out of this by considering a restricted state space (called pure states): the space of atomic measures concentrated at a single point of M, which is of course naturally identified with M itself.

In the case of quantum mechanics, the algebra of observables A is usually realized as an algebra of linear operators on a complex Hilbert space H, and the space of positive operators with unit trace is taken as the space of states. In particular, this containes the projective Hilbert space (pure states)

P(H) = {all projection operators onto 1-dimensional subspaces} ∼= H/ ∼

where ∼ is equivalence modulo multiplication by a phase. The probability interpretation between a state η and an observable A is given by the pairing

η_A(λ) = Tr_H(M_ηP_A(λ))

where M_η is the density matrix associated to η and P_A(λ) is the projector function associated to the operator A by the spectral theorem. The dynamical bracket is {A, B} = (i/ℏ)(AB − BA), which completes the specification of quantum mechanics in terms of the structure above.

3. Prequantization Let (M, ω) be a 2n-dimensional symplectic manifold and let ϵ = ( 1 2πℏ )_n dp_1 ∧ dp_2 ∧ · · · ∧ dp_n ∧ dq^1 ∧ dq^2 ∧ · · · ∧ dq^n be the natural volume element. Based ultimately on physical experiment, Dirac formulated the following prescriptions of the mathematical structure of quantization around 1925, long before mathematicians knew that the procedure was possible. A suitable quantization will produce a quantum mechanical Hilbert space H from M in a natural way, and will associate to each classical observable f : M −→ R an operator f̂ , possibly unbounded, acting on H. On physical grounds, the mapping C^∞(M) −→ O given by f −→ f̂ should at least satisfy the following properties: (Q1) f −→ f̂ is R-linear.

(Q2) if f is constant, i.e. f(m) = α for all m ∈ M and for some fixed real number α, then f̂ = αI, where I is the identity operator on H.

(Q3) if {f_1, f_2} = f_3, then [f̂_1, f̂_2] = −iℏf̂_3.

If the hat operation is to be a bijective correspondence C^∞(M)^{1-1,onto}←→ O, then the Hilbert space needed is too large to be physically meaningful. However, choosing a polarization of M essentially has the effect of determining a subalgebra of classical observables which can admit bijective quantization maps satisfying Q1-Q3, with the added bonus that the associated Hilbert space is also the space of states of a known quantum mechanical system. We will return to this point.

Since any symplectic manifold will have a natural volume element ϵ, and hence a natural measure dϵ, there will also be a natural Hilbert space H = L^2(M, dϵ). Each f ∈ C^∞(M) acts on H by a symmetric operator −iℏX_f , and this correspondence satisfies Q1 and Q3, but not Q2. However, by modifying this definition appropriately and using a little gauge theory, one arrives at the general construction known as prequantization, which we proceed to describe now.

Definition 1. A symplectic manifold (M, ω) is said to be quantizable if ω satisfies the integrality condition, i.e. if the class of (2πℏ)^{−1}ω in H^2(M, R) lies in the image of H^2(M, Z).

The integrality condition which appears in Definition 1 is equivalent to the statement that there exists a Hermitian line bundle B −→ M and a connection ∇ on B with curvature ℏ^{−1}ω. It is this latter form of the integrality condition (IC) which we will actually use. In this situation, the space of inequivalent pairs (B, ∇) is parametrized by H^1(M, S^1). This is significant because if M is simply connected, then H^1(M, S^1) is trivial and there is a unique choice of B and ∇. A bundle B −→ M with connection chosen as above is called a prequantum bundle. Let ( , ) be the Hermitian structure on the bundle B, and let H = L^2(M, B), the space of square-integrable sections of the prequantum bundle, with the inner product ⟨s, s^′⟩ = ∫ M (s, s^′)ϵ. For f ∈ C^∞(M), define a symmetric operator f̂ on (some dense domain of) H by the following: f̂ s = −iℏ∇_{Xf} s + f s This choice of H and of the map f −→ f̂ satisfies Q1-Q3, but the Hilbert space constructed is too large to represent the phase space of any physically reasonable quantum system. For this reason, the construction outlined above is called prequantization, and a refinement of some sort is needed before this procedure can rightly be called “quantization.”

4. Quantization

4.1. Polarizations. Choosing a polarization in a classical phase space amounts to choosing a position or momentum space representation in the quantum theory.

Definition 2. A foliation is a smooth integrable distribution, i.e. a distribution D on M such that (a) the spaces D_m vary smoothly with m ∈ M and (b) if X and Y are two vector fields which lie in D, then [X, Y ] lies in D. A foliation D on a symplectic manifold is called a real polarization if each D_m ⊂ T_mM is a Lagrangian subspace.

Alternatively, one can define a real polarization of a symplectic manifold (M, ω) as a surjective (smooth) map π : M −→ N, where N is an n-dimensional manifold, with the property that the fibres of π are Lagrangian submanifolds. Any real-polarized symplectic manifold is locally symplectomorphic to a cotangent bundle with its vertical polarization. There are some important ways in which complex polarizations differ from real polarizations, but that’s outside the scope of the present document.

5. Polarized sections and the Quantum Hilbert Space

Definition 3. Let M, ω be a quantizable symplectic manifold admitting polarizations, with (arbitrary) choice of polarization P . A smooth section s of the prequantum bundle B → M is said to be a polarized section if ∇¯_X s = 0 for every X ∈ V_P (M) = the space of vector fields tangent to P . This applies to the real and complex case; in the real case X̄ = X.

We can get a physically meaningful Hilbert space by restricting to H_P , the space of squareintegrable P -polarized sections. However, if the leaves are complete and noncompact, then the integral ∫ (s, s)ϵ will not exist for s ≠ 0, so H_P is trivial. One way to deal with this is to work only with positive Kähler polarizations, in which square-integrable polarized sections always exist; this is the so-called “Holomorphic quantization.” The other issue is that the quantum mechanical observables f̂ must be operators on H_P . Now f̂ maps H_P → H_P only if the flow of X_f preserves P . In particular, if f̂ H_P ⊂ H_P then [X, X_f ] ∈ V_P (M) whenever X ∈ V_P (M), so only a limited class of observables can be quantized. The elements of C^∞(M) that can be quantized are precisely the functions of canonical coordinates (p, q) of the form f = v^a(q)p_a + u(q).

References

[1] H. Goldstein, Classical mechanics, 2nd ed., Addison-Wesley, Reading, MA (1980).

[2] P. . Deligne et al., “Quantum Fields And Strings: A Course For Mathematicians. Vol. 1, 2,” Providence, USA: AMS (1999) 1-1501.