arXiv:math-ph/0210043 v1 23 Oct 2002

CHERN CHARACTER, HOPF ALGEBRAS, AND BRS COHOMOLOGY

Denis PERROT

SISSA, via Beirut 2-4, 34014 Trieste, Italy

perrot@fm.sissa.it

October 24, 2002

Abstract

We present the construction of a Chern character in cyclic cohomology, involving an arbitrary number of associative algebras in contravariant or covariant position. This is a generalization of the bivariant Chern character for bornological algebras introduced in a previous paper [35], based on Quillen superconnections and heat-kernel regularization. Then we adapt the formalism to the cyclic cohomology of Hopf algebras in the sense of Connes-Moscovici [12]. This yields a Chern character for “equivariant Kcycles” over a bornological algebra A, generalizing the Connes-Moscovici characteristic maps. In the case of equivariant spectral triples verifying some additional conditions, we also exhibit secondary characteristic classes. The latter are not related to topology but rather define characteristic maps for the higher algebraic K-theory of A. In the classical case of spin manifolds, we compute and interpret these secondary classes in terms of BRS cohomology in Quantum Field Theory.

Keywords: Bivariant cyclic cohomology, Hopf algebras, K-theory, BRS differential algebras.

1 Introduction

In this paper we pursue the construction, initiated in [35, 36], of characteristic classes in cyclic cohomology, based on heat-kernel methods generalizing the wellknown JLO cocycle [24] to situations of arbitrary “variance”. Our aim is to present the construction of a universal generalized Chern character involving an arbitrary number of associative algebras in contravariant or covariant positions. This allows in principle to obtain an explicit cocycle representing a multilinear transformation between the cyclic homologies of some algebras A_1, . . . , A_n and B_1, . . . , B_p, ch(A) : HC(A_1) × . . . × HC(A_n) → HC(B_1) ^⊗ . . . ^⊗HC(B_p) , (1) from an abstract geometric datum given by a Quillen superconnection A living in a appropriate differential graded convolution algebra [38]. This encompasses the bivariant Chern character constructed previously in [35, 36]. Here HC is a generic symbol denoting any interesting kind of cyclic homology (periodic HP , entire HE, non-periodic HC_n, n ∈ N, negative HC^−_n , n ∈ Z, etc...) depending on the category of algebras and the situation considered. For the sake of generality, we will formulate everything in the framework of bornological algebras [23, 29]. The idea of the construction is based on the following remark about a “self-dual” property of the cyclic homology of an algebra A. The latter can be computed by the cyclic bicomplex of Connes [4, 27]. Upon an observation of Quillen [39], the cyclic bicomplex is isomorphic to the X-complex of the differential graded bar coalgebra of A. The second possibility comes from the Cuntz-Quillen formalism [15, 16, 17, 18]. Here the cyclic homology is computed by the X-complex of the tensor algebra of A. Since the definitions of the X-complexes for coalgebras and algebras are dual to each other, we obtain the map (1) by a straightforward generalization of Quillen’s constructions using connections and curvatures [39, 40]. The rule is that for the algebras A_i in contravariant position, we describe their cyclic homology via the X-complex of the bar coalgebras B_ϵ(A_i), whereas for the algebras B_j in covariant position, we use the X-complex of their tensor algebras T B_j . A generic Quillen superconnection A is given by an odd element of the differential graded convolution algebra Hom(B_ϵ(A_1) ^⊗ . . . ^⊗B_ϵ(A_n), T B_1 ^⊗ . . . ^⊗T B_p). We obtain roughly the Chern character ch(A) by exponentiating the curvature of A. When the superconnection contains a Dirac operator (this appears for example in the unbounded description of bivariant K-theory [3]), the corresponding Chern character includes naturally a “heat-kernel” used as a regulator of traces. One thus extends the usual index formulas [1, 2, 21] to a very general non-commutative framework.

In practice the explicit computation of ch(A) becomes rapidly cumbersome when the number of algebras A_i and B_j increases. Since the most interesting examples certainly arise in the bivariant case, i.e. one contravariant algebra A and one covariant algebra B, we will actually restrict our attention to this situation. However we formulate everything in such a way that the generalization to (1) becomes clear. It is also extremely important to note that by dualizing the formulas in the obvious fashion, one gets a generalized Chern character involving cyclic (co)homology for coalgebras. Furthermore, incorporating the notion of invariance leads to the cyclic homology of Hopf algebras [11, 13]. One thus gets stirking generalizations of characteristic maps for Hopf actions in the sense of Connes-Moscovici [10, 12]. With a little addition of analysis, we will also exhibit secondary characteristic classes for equivariant spectral triples related to BRS cohomology appearing in Quantum Field Theory [19, 28]. The point is that all these constructions, ranging from the bivariant Chern character to BRS cohomology, are specific examples of the universal construction (1); the relevant information is simply encoded in the connection A. We hope this will be apparent in the subsequent pages.

Let us briefly outline the paper. Section 2 is devoted to the explanation of the recursive method abutting to the generalized Chern character. We recall Quillen’s definition of the X-complex for differential graded (DG) algebras and coalgebras [39], and the cocycle associated to a connection. Using some ideas of Cuntz-Quillen [17] concerning free products of algebras, we generalize this construction to an arbitrary number of DG algebras R_1, . . . , R_p: given a connection A in the DG algebra tensor product R_1 ^⊗ . . . ^⊗R_p (i.e. an odd element), we associate a cocycle ch(A) ∈ X(R_1) ^⊗ . . . ^⊗X(R_p), by exponentiating the curvature of A. By dualising all structure maps, we also incorporate DG coalgebras C_1, . . ., C_n. A connection A is now an odd element of the DG convolution algebra Hom(C_1 ^⊗ . . . ^⊗C_n, R_1 ^⊗ . . . ^⊗R_p), and its Chern character is a cocycle

ch(A) ∈ Hom(X(C_1) ^⊗ . . . ^⊗X(C_n), X(R_1) ^⊗ . . . ^⊗X(R_p)) . (2)

We explicitly compute ch(A) in terms of its curvature in the “bivariant” cases X(R_1) ^⊗X(R_2), Hom(X(C), X(R)) and Hom(X(C_1) ^⊗X(C_2), C ). The three expressions are (up to signs) formally identical. This construction is performed in a bornological language which will become crucial in the subsequent applications.

In section 3, we deal with bivariant cyclic cohomology. If A is a complete bornological algebra, its bar coalgebra is completed into the entire bar coalgebra B_ϵ(A) [35], and its tensor algebra is also completed into the analytic tensor algebra T A [29]. Then the entire cyclic homology of A is computed either by X(B_ϵ(A)) or X(T A). If B is another complete bornological algebra, the complex of bounded linear maps Hom(X(B_ϵ(A)), X(T B)) computes the bivariant entire cyclic cohomology HE_∗(A, B). We introduce the set Ψ(A, ~B) as an algebraic version of Kasparov’s bivariant K-theory [3]. We consider the unitalization ~B of B for technical reasons. A bivariant element E ∈ Ψ(A, ~B) corresponds to a quintuple (L, ℓ^1, τ, ρ, D), where L is a Z_2-graded auxiliary algebra of “abstract pseudodifferential operators” or symbols. ℓ^1 is a two-sided ideal in L provided with a graded trace of homogeneous degree τ : ℓ^1 → C . ρ : A → L ^⊗ ~B is an homomorphism and D ∈ L ^⊗ ~B is an odd element (“Dirac operator”) whose laplacian D^2 has a “trace-class” heat kernel. Using the universal construction of section 2, we form the Quillen superconnection A = ρ+D in the DG convolution algebra Hom(B_ϵ(A), L ^⊗ ~T B). Then under suitable θ-summability asumptions on E, the cocycle τ ch(A) defines the bivariant Chern character

ch(E) ∈ HE_i(A, B) , i = degree of τ . (3)

It is homotopy invariant with respect to the homomorphism ρ and the Dirac operator D. The exponential of the curvature of A naturally includes the heat kernel of D^2 with its tracial properties. This is essentially equivalent to the construction presented in [35] for unbounded families of spectral triples.

Section 4 incorporates Hopf algebras. We let H be a Hopf algebra provided with a character (algebra homomorphism) δ : H → C . The convolution product of δ with the antipode of H defines the twisted antipode S_δ . Connes and Moscovici develop in [10, 11] a cyclic cohomology theory for H when the twisted antipode verifies the involution condition S^2_δ = id. This cohomology is interpreted by Crainic [13] as the cohomology of the cyclic bicomplex for the coalgebra H, quotiented by the subspace spanned by coinvariant elements. This adapts immediately to the setting of our generalized Chern character by formal manipulations. All what we have to do is to check the invariance of the cyclic cocyles with respect to Hopf actions. For any complete bornological algebra A, we introduce the set Ψ^H(A, C ) of H-equivariant K-cycles over A. They correspond to quintuples E = (L, ℓ^1, τ, ρ, D), where the auxiliary algebra L and the two-sided ideal ℓ^1 are endowed with an H-action. τ : ℓ^1 → C is a δ-invariant graded trace, that is, τ (h(x)) = δ(h)τ (x) for any h ∈ H, x ∈ ℓ^1. ρ : A → L is an homomorphism and D ∈ L is an odd element with trace-class heat kernel. We introduce a Quillen superconnection A in a suitable convolution algebra. A encodes simultaneously ρ, D, and the action of H on them. Upon θ-summability for E, the universal Chern character of section 2 yields a characteristic map

ch(E) : HE_∗(A) → HP^δ_{∗+i}(H) , i = degree of τ , (4)

with target the periodic cyclic homology of H in the sense of Connes-Moscovici. Again, it is homotopy invariant with respect to ρ and D and naturally includes the heat kernel of D^2. In the purely algebraic situation D = 0, one recovers the construction of [10] as a particular case.

Section 5 is more analytical in nature. We consider the situation of the preceding section, with the additional hypothesis that all algebras are represented as linear operators on a Hilbert space. This allows to exhibit much finer invariants, a priori not related to topology. Let A be a complete bornological algebra and H a Hopf algebra. For any integer p, we introduce the set of p_+- summable H-equivariant spectral triples E^H_p (A, C ). They are given by triples E = (A, H, D) in Connes’ sense of non-commutative geometry [5]: H is a separable Hilbert space on which the algebra A acts by bounded operators, D is a self-adjoint unbounded operator with compact resolvent satisfying certain finite summability assumptions, and the commutators [D, a] are bounded for any a ∈ A. Moreover, the Hopf algebra is also linearly represented as (not necessarily bounded) operators on H, and “almost commutes” with the other data of the spectral triple in the sense that the adjoint action of H induces bounded perturbations of D, and [h, a] = 0 = [h, [D, a]] for any h ∈ H, a ∈ A. If the antipode of H is involutive, then we can define the periodic cyclic homology HP^ε_∗ (H) associated with the trivial character given by the counit ε of H. Unfortunately, since H acts on the algebra of operators by the adjoint representation, the associated characteristic map ch(E) : HE_∗(A) → HP^ε_∗ (H) retracts on the trivial factor C ⊂ HP^ε_∗ (H) and does not detect any interesting class associated to the Hopf action. But this vanishing property makes way for secondary characteristic classes. The p_+-summable element E yields a collection of maps defined on the non-periodic cyclic homology of A ψ(E) : HC_n(A) → HC^{ε,+}_{n−p}(H) , ∀n ≥ 0 , (5) where HC^{ε,+}_{n−p}(H) denotes a cyclic homology of the Hopf algebra H associated to the vertical filtration of its cyclic bicomplex. The good property of these characteristic maps is their homotopy invariance with respect to the Dirac operator D. However, they are not homotopy invariant with respect to the representation of A in the Hilbert space H. If A is a unital Banach or Fréchet algebra, we may adopt the (non-standard) notation K^{alg}_n (A) for the kernel of the natural homomorphism K_n(A) → K^{top}_n (A) from the higher algebraic K-theory [41] to the topological K-theory of A. Then the characteristic classes (5) induce a bilinear pairing K^{alg}_{n+1}(A) × E^H_p (A, C ) → HC^{ε,+}_{n−p}(H) , ∀n ≥ 0 , (6)

defined at the level of homotopy classes of p_+-summable Dirac operators. These pairings do not detect topological invariants of A (the topological K-theory is dropped), but rather geometric invariants contained in algebraic K-theory. It should be noted that these secondary classes do not correspond to the higher regulators introduced by Connes-Karoubi in [7].

In section 6, we illustrate the nature of these secondary characteristic classes by an explicit computation in classical (commutative) geometry. If A = C^∞(M ) is the Fréchet algebra of smooth functions over a compact riemannian spin manifold M , and E → M an hermitian vector bundle over M , we may form the ordinary Dirac spectral triple E = (A, H, D) with coefficients in E: H is the Hilbert space of square-integrable sections of the spinor bundle tensored with E, the algebra of functions A acts by pointwise multiplication and D is the usual Dirac operator obtained from the metric on M and a choice of Yang-Mills connection on E. The gauge group G of unitary endomorphisms of E is represented in H, hence also the enveloping algebra H = U(Lie G) of its complexified Lie algebra. H is a cocommutative Hopf algebra, and E defines an element of E^H_p (A, C ), where p is the dimension of the manifold. Then we compute and interpret the secondary characteristic classes (5) in terms of BRS cohomology [19, 28]. These are invariants associated to the H-equivariant Dirac operator in the sense that they do not depend on the metric on M nor on the Yang- Mills connection. They are local on M in the sense that they are independent of global issues such as the topological K-theory of A, but are detected by the finer geometric objects K^{alg}_n (A) = Ker(K_n(A) → K^{top}_n (A)). It follows that higher algebraic K-theory detects the local BRS cohomology class of the (consistent) chiral anomaly and Schwinger term of Quantum Field Theory [28], which is a priori not related to the topological anomaly of [33, 34]. This interpretation should hold in the case of non-commutative Yang-Mills theories as well.

By convention, we work in the formulation of cyclic (co)homology for nonunital algebras. This may appear quite inadapted to the description of cyclic cohomology for Hopf algebras (we will be forced to consider a Hopf algebra as an augmented algebra), but in general it is not possible to stay in the unital category. For example in the case of bivariant K-theory, the homomorphism ρ : A → L ^⊗ ~B cannot be unital in general. Also, the isomorphism between the X-complex of the bar coalgebra and the cyclic bicomplex of non-commutative differential forms only holds in the non-unital setting, whereas it is only a quasiisomorphism in the unital case. This motivates our choice.

2 Generalized Chern character

The aim of this section is to explain the basic material used throughout the paper. We recall Quillen’s definition of the X-complex of a differential graded (DG) algebra R [39, 40] and the construction of the Chern character cocycle associated to a connection form A ∈ R:

ch(A) ∈ ~X(R) . (7)

Roughly, this cocycle is obtained by exponentiating the curvature of A. Here ~X(R) denotes the X-complex of R augmented by adjoining a unit to R. We should also mention that our sign conventions differ slightly from [39, 40]. Then we present a recursive method allowing to generalize the Chern character construction to an arbitrary number of DG algebras. If A is a connection form in a tensor product of augmented DG algebras ~R_1 ^⊗ . . . ^⊗ ~R_n, we get a cocycle in the corresponding tensor product of X-complexes ch(A) ∈ ~X(R_1) ^⊗ . . . ^⊗ ~X(R_n) . (8) In particular for two algebras R_1 and R_2, we compute explicitly the cocycle ch(A) in terms of A and its curvature. Passing to (counital) DG coalgebras by formally dualising all structure maps, we also obtain hybrid cocycles in Homcomplexes involving coalgebras in contravariant position and algebras in covariant position. The fundamental example which will be used for the construction of the bivariant Chern character (section 3) is based on the following general situation. Let C be a DG coalgebra and R a DG algebra. Then to any connection form A in the DG convolution algebra Hom(C, ~R), we associate a cocycle

ch(A) ∈ Hom(X(C), ~X(R)) . (9)

Another related example uses two DG coalgebras C_1 and C_2. Then any connection form A ∈ Hom(C_1 ^⊗C_2, C ) implies a cocycle

ch(A) ∈ Hom(X(C_1) ^⊗X(C_2), C ) . (10)

The characteristic maps of Hopf algebras (section 4 and 5) will be based on the latter cocycle.

Concerning the specific applications of these universal constructions, especially for the bivariant Chern character (section 3), we cannot deal with purely algebraic objects and the spaces or algebras must posses some extra structure related to analysis. It turns out that the correct setting where our constructions make sense is the category of bornological vector spaces [23]. This is also the most general framework for entire cyclic cohomology [29]. We recall that a (convex) bornology on a vector space is given by a collection of subsets satisfying certain axioms inspired by the behaviour of the bounded sets of a normed space. Thus an element of the bornology is called a bounded or small subset. There is a notion of bornological completion, completed tensor products (denoted ^⊗), bounded linear maps between bornological spaces (denoted Hom(·, ·)), etc... This material has already been used extensively in our previous papers on the bivariant Chern character [35, 36], so that these notions will not be recalled here. The interested reader is referred to the fundational works of Hogbe-Nlend [23] and the thesis of Meyer [29] for further details. A concrete example of complete bornological space is given by a complete locally convex space with bornology consisting in all bounded subsets with respect to the family of seminorms defining the topology. In the case of Fréchet spaces, completed (bornological) tensor products correspond to ordinary projective tensor products, and bounded maps correspond to continuous maps. A complete bornological algebra R is complete as a vector space and such that the product is a bilinear bounded map R × R → R.

Let R be an associative Z_2-graded complete bornological algebra. We suppose that R is endowed with a bounded differential δ : R → R of odd degree, that is, δ(xy) = δ(x)y + (−)^{|x|}xδ(y) ∀x, y ∈ R , δ^2 = 0 , (11) where |x| = 0, 1 denotes the degree of x. Thus (R, δ) is a differential graded (DG) bornological algebra. The space of universal one-forms over R is the completed tensor product Ω^1R = ~R ^⊗R , (12)

where ~R = C ⊕ R is the unitalization of R. We denote by 1 the unit of ~R considered as an element of degree zero (which differs from the unit of R, if it exists), and extend the derivation δ to ~R by setting δ1 = 0. This implies that ( ~R, δ) is a unital DG bornological algebra. For ~x ∈ ~R and y ∈ R, the element ~x ⊗ y ∈ Ω^1R will be denoted as usual by the one-form ~x dy. We endow Ω^1R with the unique Z_2-graduation such that the degree of ~x dy reads |~x dy| = |~x| + (|y| + 1) . (13) Ω^1R is naturally a bornological ~R-bimodule: the left multiplication ~R ^⊗Ω^1R → Ω^1R given by ~z · (~x dy) = (~z~x) dy is bounded as well as the right multiplication Ω^1R ^⊗ ~R → Ω^1R coming from the leibniz rule (~x dy) · ~z = ~x d(y~z) − (−)^{|y|}~xy d~z . (14) Then extend δ as an odd degree derivation of Ω^1R viewed as an ~R-bimodule, by setting δ(~x dy) = (δ~x) dy + (−)^{|x|+1} ~x d(δy) . (15) Note that the symbol d always appears to have degree 1. With these sign conventions, the universal derivation

d : ~R → Ω^1R , ~x → d~x , d1 = 0 (16)

anticommutes with the derivation δ acting respectively on ~R and Ω^1R. One defines also the Hochschild operator with appropriate signs b : Ω^1R → R , ~x dy → (−)^{|~x|}[~x, y] , (17) so that b is an odd degree bounded map anticommuting with δ. Here the commutator [~x, y] = ~xy − (−)^{|~x||y|}y~x is graded. Let now Ω^1R_♮ be the quotient

Ω^1R_♮ = Ω^1R/[R, Ω^1R] (18)

by the subspace of graded commutators, using the bimodule structure of universal one-forms. Then Ω^1R_♮ inherits the grading of Ω^1R and the bounded map δ of odd degree. We denote by ♮ the projection Ω^1R → Ω^1R_♮, and ♮~x dy is the class of ~x dy. Since the Hochschild operator vanishes on the subspace of graded commutators [R, Ω^1R], it passes to a bounded map of odd degree on the quotient: b : Ω^1R_♮ → R , ♮~x dy → (−)^{|~x|}[~x, y] . (19) Of course b anticommutes with δ. One checks easily that the compositions of maps ♮ d ∘ b : Ω^1R_♮ → Ω^1R_♮ and b ∘ ♮ d : R → R vanish. Therefore, we get a periodic complex

X(R) : R^{♮ d} �_b� Ω^1R_♮ , (20) where R and Ω^1R_♮ are themselves complexes for the boundary map δ. The above X-complex of the DG algebra R is thus actually a bicomplex. In the following, we will also use the augmented X-complex

~X(R) : ~R^{♮ d} � b � Ω^1R_♮ , (21)

which obviously splits into the direct sum of X(R) and X(C ) : C ⇄0.

We now recall Quillen’s construction [39] of cocycles in the total complex ~X(R) endowed with the boundary (♮ d ⊕ b) + δ. These cocycles are analogues of the Chern character form in differential geometry: one chooses a “connection” A ∈ R_− in the odd part of the differential algebra R, with curvature

F = δA + A^2 ∈ R_+ . (22)

Then the Chern character is basically obtained by exponentiating F through the formal power series e^{−F} = ∞∑ i=0 (−)^n n! F^n . (23)

In fact we don’t want to deal with formal power series, and in the sequel we will eventually assume that the exponential actually converges with respect to an appropriate topology (see remark 2.3 below). One has the following result of Quillen:

Proposition 2.1 ([39]) Let (R, δ) be a complete bornological DG algebra, and A ∈ R_− a connection form. Then the Chern character ch(A) ∈ ~X(R) whose components are defined by

ch^0(A) = e^{−F} ∈ ~R , ch^1(A) = −♮ e^{−F} dA ∈ Ω^1R_♮ , (24)

is a cocycle in the total complex ( ~X(R), (♮ d ⊕ b) + δ), that is,

δch^0(A) + bch^1(A) = 0 , δch^1(A) + ♮ dch^0(A) = 0 . (25)

Proof: It is a direct consequence of the Bianchi identity δF + [A, F ] = 0. One has δe^{−F} = [e^{−F} , A] = b ♮e^{−F} dA because e^{−F} has even degree. On the other hand δ ♮e^{−F} dA = ♮[e^{−F} , A] dA − ♮e^{−F} dδA = ♮[e^{−F} , A] dA + ♮e^{−F} d(A^2) − ♮e^{−F} dF = −♮e^{−F} dF = ♮ d(e^{−F} ) , and the conclusion follows.

We now discuss the homotopy invariance of the Chern character. Let C^∞[0, 1] be the commutative algebra of smooth complex-valued functions over the interval [0, 1]. It is a commutative Fréchet algebra, hence a complete bornological algebra for the bornology given by bounded sets. The completed tensor product R ^⊗C^∞[0, 1] is the algebra of smooth functions over [0, 1] with values in R. The evaluation map ev_t : C^∞[0, 1] → C which sends a function f to its value at t ∈ [0, 1] is bounded, hence extends to an evaluation map ev_t : R ^⊗C^∞[0, 1] → R.

Proposition 2.2 Let A ∈ R_− ^⊗C^∞[0, 1] be a smooth family of connections forms in R. For any t ∈ [0, 1], let A_t = ev_tA ∈ R_− be the evaluation of A at t. Then the cohomology class of the Chern character ch(A_t) ∈ ~X(R) is independent of t.

Proof: Let Ω[0, 1] be the graded commutative Fréchet algebra of differential forms over the interval [0, 1] parametrized by t. It is endowed with the de Rham differential d_t. We slightly generalize proposition 2.1 with ~X(R) replaced by the (graded) tensor product of complexes ~X(R) ^⊗Ω[0, 1] with total differential (♮ d ⊕ b) + δ + d_t. The family of connections A is an element of (R ^⊗Ω[0, 1])_− and its curvature F reads

F = (δ + d_t)A + A^2 ∈ (R ^⊗Ω[0, 1])_+ .

Then adapting the proof of proposition 2.1 to the total complex ~X(R) ^⊗Ω[0, 1], one has with ch^0(A) = e^{−F} and ch^1(A) = −♮e^{−F} dA ∈ Ω^1R_♮ ^⊗Ω[0, 1]:

(δ + d_t)ch^0(A) + bch^1(A) = 0 , (δ + d_t)ch^1(A) + ♮ dch^0(A) = 0 . (26)

Here we used the fact that Ω[0, 1] is a graded commutative differential algebra. We define χ(A) and cs(A) as the projections of ch(A) onto ~X(R) ^⊗C^∞[0, 1] and ~X(R) ^⊗Ω1[0, 1] respectively:

χ^0(A) = e^{−F} |_{~R ^⊗C∞[0,1]} , χ^1(A) = −♮e^{−F} dA|_Ω1_{R ^⊗C}∞_{[0,1]} ,

cs^0(A) = e^{−F} |_{~R ^⊗Ω1[0,1]} , cs^1(A) = −♮e^{−F} dA|_Ω1_{R ^⊗Ω}1_{[0,1]} .

Then equations (26) imply

d_tχ^0(A) = −(bcs^1(A) + δcs^0(A)) , d_tχ^1(A) = −(♮ dcs^0(A) + δcs^1(A)) .

Upon integration over t, this shows that the evaluations ch(A_t) = ev_tχ(A) for different values of t differ by a coboundary.

Remark 2.3 Taking A_t = tA for t ∈ [0, 1] and A ∈ R_− shows that the cocycle ch(A) ∈ ~X(R) retracts onto the unit 1 ∈ ~R in the sense of formal power series. This does not need to be true if we impose that e^{−F} actually converges towards an element of ~R with respect to an appropriate topology, because the transgressions cs appearing in the proof of the proposition above may not converge for arbitrary values of t. This property will ensure that the subsequent cocycles (for example the bivariant Chern character of section 3) are not trivial in general.

We now generalize Quillen’s construction to a pair of DG algebras (R_1, δ_1) and (R_2, δ_2). We shall obtain a cocycle in the tensor product of total complexes ~X(R_1) ^⊗ ~X(R_2) from a connection form A ∈ ( ~R_1 ^⊗ ~R_2)_− and its curvature

F = (δ_1 + δ_2)A + A^2 ∈ ( ~R_1 ^⊗ ~R_2)_+ . (27)

For this we adapt some ideas from [17] and work with the free product R_1 ∗ R_2. Recall that the free product is the non-unital associative algebra generated by R_1 and R_2. We can write

R_1∗R_2 = R_1⊕R_2⊕(R_1 ^⊗R_2)⊕(R_2 ^⊗R_1)⊕(R_1 ^⊗R_2 ^⊗R_1)⊕(R_2 ^⊗R_1 ^⊗R_2)⊕. . . , (28) where only alternate tensor products of R_1 and R_2 appear. R_1 ∗ R_2 is endowed with the direct sum bornology, and the product is such that whenever two elements of R_1 meet, we take the multiplication in R_1 instead of the tensor product, and similarly for the elements of R_2. The free product naturally inherits from R_1 and R_2 a Z_2-grading (take the sum of all degrees in a tensor product R_1 ^⊗R_2 ^⊗ . . .), as well as two anticommuting differentials δ_1 and δ_2. Thus R_1 ∗ R_2 endowed with the total differential δ = δ_1 + δ_2 is a DG algebra, provided we take care of the signs. For example, if we denote by ∗ the product in R_1 ∗ R_2, one has

δ(x_1∗x_2 ∗y_1) = δ_1(x_1)∗x_2∗y_1 +(−)^{|x1 |}x_1∗δ_2(x_2)∗y_1 +(−)^{|x1 |+|x2|}x_1∗x_2∗δ_1(y_1) , (29) for any x_1, y_1 ∈ R_1 and x_2 ∈ R_2. Note that there are two canonical inclusions ι_1 : R_1 → R_1 ∗ R_2 and ι_2 : R_2 → R_1 ∗ R_2 which are bounded DG algebra homomorphisms. The free product enjoys the following universal property: given two DG algebra homomorphisms α : R_1 → S and β : R_2 → S with target a DG algebra S, then there is a unique DG algebra homomorphism α∗β : R_1 ∗R_2 → S such that α = (α ∗ β) ∘ ι_1 and β = (α ∗ β) ∘ ι_2.

We shall use the universal property of R = R_1 ∗ R_2 with respect to the unital DG algebra S = ~R_1 ^⊗ ~R_2. Indeed, there are two canonical injections α : R_1 → S and β : R_2 → S given by

α(x_1) = x_1 ⊗ 1 ∀x_1 ∈ R_1 , β(x_2) = 1 ⊗ x_2 ∀x_2 ∈ R_2 . (30)

We denote by μ the folding map α ∗ β : R → S, and extend it to a unital DG homomorphism over ~R by setting μ(1_{~R}) = 1_S . For example (note the sign)

μ(x_1 ∗ x_2 ∗ y_1 ∗ y_2) = (−)^{|x2 ||y1|}x_1y_1 ⊗ x_2y_2 ∀x_1, y_1 ∈ R_1 , x_2, y_2 ∈ R_2 . (31)

Consider now the Z_2-graded tensor product Ω^1R_1 ^⊗Ω^1R_2. It is endowed with the action of the total differential δ = δ_1 + δ_2. Since Ω^1R_1 and Ω^1R_2 are bimodules respectively over ~R_1 and ~R_2, the tensor product itself has a structure of S-bimodule compatible with the action of δ, provided we insert signs whenever elements of Ω^1R_1 and ~R_2 (or Ω^1R_2 and ~R_1) cross over. We want to build a bounded map ϕ : ~R → Ω^1R_1 ^⊗Ω^1R_2 , (32)

commuting with δ, and verifying the following property:

ϕ(X ∗ Y ) = ϕ(X)μ(Y ) + μ(X)ϕ(Y ) + (−)^{|X|} d_2μ(X) d_1μ(Y ) (33)

for any X, Y ∈ ~R, where d_1 : S → Ω^1R_1 ^⊗ ~R_2 is the universal differential for R_1, and d_2 : S → ~R_1 ^⊗Ω^1R_2 is the universal differential for R_2. By definition, ~R is linearly generated by the unit 1 and arbitrary products of elements of R_1 and R_2, subject to the rules x_1 ∗ y_1 = x_1y_1 for any x_1, y_1 ∈ R_1, and x_2 ∗ y_2 = x_2y_2 for any x_2, y_2 ∈ R_2. Therefore, once we know the value of ϕ on 1, R_1 and R_2, equation (33) implies its values on ~R inductively. We try the following:

ϕ(1) = 0 , ϕ(x_1) = 0 ∀x_1 ∈ R_1 , ϕ(x_2) = 0 ∀x_2 ∈ R_2 . (34) Then (33) yields, in degree two,

ϕ(x_1 ∗ x_2) = (−)^{|x1|} d_2μ(x_1) d_1μ(x_2) = 0 , (35) ϕ(x_2 ∗ x_1) = (−)^{|x2|} d_2μ(x_2) d_1μ(x_1) = (−)^{|x2 |} d_2x_2 d_1x_1 for any x_1 ∈ R_1 and x_2 ∈ R_2, because μ(x_1) = x_1 ⊗ 1 and μ(x_2) = 1 ⊗ x_2. One proceeds similarly for the products of three elements, and so on... It is easy to check that this process is compatible with the relations x_1 ∗ y_1 = x_1y_1 and x_2 ∗ y_2 = x_2y_2, hence ϕ is well-defined on ~R. Moreover, it obviously commutes with δ.

We are now ready to introduce a chain map of total complexes ~X(R) → ~X(R_1) ^⊗ ~X(R_2), where ~X(R), ~X(R_1) and ~X(R_2) are respectively endowed with the boundaries (♮ d ⊕ b) + δ, (♮ d_1 ⊕ b_1) + δ_1 and (♮ d_2 ⊕ b_2) + δ_2. We let ♮_1, ♮_2 and ♮_{12} denote the projections

♮_1 : Ω^1R_1 ^⊗ ~R_2 → Ω^1R_{1♮} ^⊗ ~R_2 , ♮_2 : ~R_1 ^⊗Ω^1R_2 → ~R_1 ^⊗Ω^1R_{2♮} ♮_{12} : Ω^1R_1 ^⊗Ω^1R_2 → Ω^1R_{1♮} ^⊗Ω^1R_{2♮} . (36)

Proposition 2.4 Let (R_1, δ_1) and (R_2, δ_2) be complete bornological DG algebras, and R = R_1 ∗ R_2 the free product DG algebra. The bounded linear map Ψ : ~X(R) → ~X(R_1) ^⊗ ~X(R_2) given by

Ψ(X) = μ(X) + ♮_{12}ϕ(X) ∈ ~R_1 ^⊗ ~R_2 ⊕ Ω^1R_{1♮} ^⊗Ω^1R_{2♮} , (37)

Ψ(♮X dY ) = (−)^{|X|(|Y |+1)}♮_1 d_1μ(Y )μ(X) +(−)^{|X|}b_2♮_{12}μ(X)ϕ(Y ) } ∈ Ω^1R_{1♮} ^⊗ ~R_2

+♮_2μ(X) d_2μ(Y ) +(−)^{|X|}b_1♮_{12}μ(X)ϕ(Y ) } ∈ ~R_1 ^⊗Ω^1R_{2♮} (38)

is well-defined for any X ∈ ~R and Y ∈ R. It is a morphism of even degree from the total complex ~X(R) to the tensor product of total complexes ~X(R_1) ^⊗ ~X(R_2). Proof: For notational simplicity, we will check the statement only when the elements X, Y have even degree. The general case is exactly analogous, provided one takes care of the signs occuring when odd elements are permuted. Thus let X ∈ ~R and Y ∈ R, both of even degree. We first show that Ψ is well-defined on the quotient Ω^1R_♮, i.e. it vanishes on the commutator subspace [R, Ω^1R]. In other words, X dY and dY X = d(Y X) − Y dX must have the same image under Ψ. Set μ(X) = x, μ(Y ) = y. One has

Ψ ♮( d(Y X) − Y dX) = ♮_1 d_1(yx) + ♮_2 d_2(yx) + (b_1 + b_2)♮_{12}ϕ(Y X) −♮_1( d_1x)y − ♮_2y d_2x − (b_1 + b_2)♮_{12}yϕ(Y ) = ♮_1 d_1(yx) + ♮_2 d_2(yx) + (b_1 + b_2)♮_{12}(ϕ(Y )x + yϕ(X) + d_2y d_1x) −♮_1( d_1x)y − ♮_2y d_2x − (b_1 + b_2)♮_{12}yϕ(x)

But (b_1 + b_2)♮_{12}( d_2y d_1x) = −♮_2[ d_2y, x] + ♮_1[ d_1x, y], so that

Ψ ♮( d(Y X) − Y dX) = ♮_1( d_1y)x + ♮_1y d_1x + ♮_2( d_2y)x + ♮_2y d_2x −♮_2[ d_2y, x] + ♮_1[ d_1x, y] + (b_1 + b_2)♮_{12}ϕ(Y )x −♮_1( d_1x)y − ♮_2y d_2x = ♮_1( d_1y)x + ♮_2x d_2y + (b_1 + b_2)♮_{12}xϕ(Y ) = Ψ(♮X dY ) .

We used the fact that ♮_{12} is a trace on the ~R_1 ^⊗ ~R_2-bimodule Ω^1R_1 ^⊗Ω^1R_2, but we were not allowed to set −♮_2[ d_2y, x] + ♮_1[ d_1x, y] equal to zero because ♮_2 and ♮_1 are not traces. Thus Ψ is well-defined.

Let us now show that Ψ is a morphism of total complexes. In fact it is a morphism of bicomplexes. First, the differential δ on ~X(R) corresponds to the sum of differentials δ_1 + δ_2 on ~X(R_1) ^⊗ ~X(R_2):

(δ_1 + δ_2)Ψ = Ψδ .

This follows easily from the fact that μ is a DG algebra homomorphism and ϕ commutes with δ. Second, we denote collectively by ∂ the X-complex differentials (♮ d ⊕ b) on ~X(R) and (♮_1 d_1 ⊕ b_1) + (♮_2 d_2 ⊕ b_2) on ~X(R_1) ^⊗ ~X(R_2). We want to show ∂Ψ = Ψ∂. For X ∈ ~R and x = μ(X), one has

Ψ(∂X) = Ψ(♮ dX) = ♮_1 d_1x+♮_2 d_2x+(b_1+b_2)♮_{12}ϕ(X) = ∂(x+♮_{12}ϕ(X)) = ∂Ψ(X) .

For X ∈ ~R and Y ∈ R of even degree, one has

Ψ∂(♮X dY ) = Ψ([X, Y ]) = [x, y] + ♮_{12}ϕ([X, Y ]) = [x, y] + ♮_{12}(ϕ(X)y + xϕ(Y ) + d_2x d_1y − ϕ(Y )x − yϕ(X) − d_2y d_1x) = [x, y] + ♮_{12}( d_2x d_1y − d_2y d_1x)

because ♮_{12} is a trace. On the other hand,

∂Ψ(♮X dY ) = ∂(♮_1( d_1y)x + ♮_2x d_2y + (b_1 + b_2)♮_{12}xϕ(Y )) = b_1(♮_1( d_1y)x) + ♮_2 d_2(♮_1( d_1y)x) + b_2(♮_2x d_2y) + ♮_1 d_1(♮_2x d_2y) .

One has ♮_2 d_2(♮_1( d_1y)x) + ♮_1 d_1(♮_2x d_2y) = ♮_{12}( d_2(( d_1y)x) + d_1(x d_2y)) = ♮_{12}(− d_1y d_2x + d_1x d_2y). The terms in b are more complicated to compute. We decompose x and y respectively into sums of tensor products like x_1 ⊗ x_2 and y_1 ⊗y_2, involving elements x_1, y_1 ∈ ~R_1 and x_2, y_2 ∈ ~R_2 whose degrees verify |x_1| + |x_2| = |y_1| + |y_2| ≡ 0 mod 2. Then

b_1(♮_1( d_1y)x) + b_2(♮_2x d_2y) =

(−)^{|x1 ||y2|}b_1(♮_1 d_1y_1x_1 ⊗ y_2x_2) + (−)^{|y1|(|x2|+1)}b_2(x_1y_1 ⊗ ♮_2x_2 d_2y_2) = [x_1, y_1] ⊗ y_2x_2 + (−)^{|x2||y1|}x_1y_1 ⊗ [x_2, y_2] = [x, y] . Hence ∂Ψ(♮X dY ) = Ψ∂(♮X dY ) and ∂ is a map of complexes. One proceeds similarly when X and/or Y are odd.

The map Ψ allows to obtain easily the generalized Chern character of a connection form A ∈ ( ~R_1 ^⊗ ~R_2)_− in the tensor product ~X(R_1) ^⊗ ~X(R_2). First note there exists an obvious linear inclusion of ~R_1 ^⊗ ~R_2 = C ⊕ R_1 ⊕ R_2 ⊕ (R_1 ^⊗R_2) (39)

into the unital free product ~R = ~R_1 ∗ R_2. We use this inclusion to consider A as an odd element A ∈ R, together with its curvature

F = δA + A ∗ A ∈ R_+ . (40)

Here ∗ is the product in R and δ = δ_1 +δ_2 the differential. The DG algebra map μ : ~R → ~R_1 ^⊗ ~R_2 shows that A and F are canonical lifts of A and its curvature F = (δ_1 + δ_2)A + A^2 in the following sense:

μ(A) = A , μ(F) = F . (41)

Now, from proposition 2.1 the Chern character ch(A) is a cocycle in the total complex ~X(R). By applying the morphism Ψ, we get a cocycle ch(A) ∈ ~X(R_1) ^⊗ ~X(R_2), which is by definition the Chern character of the connection A. The following proposition computes ch(A) explicitly in terms of the curvature F . Proposition 2.5 Let (R_1, δ_1) and (R_2, δ_2) be complete bornological DG algebras, and R = R_1∗R_2 their free product DG algebra, with differential δ = δ_1+δ_2. Let A ∈ ( ~R_1 ^⊗ ~R_2)_− be a connection form, and A its natural lift to R_−. Then the image of the Chern character ch(A) ∈ ~X(R) under the map Ψ of proposition 2.4 is by definition the generalized Chern character ch(A) ∈ ~X(R_1) ^⊗ ~X(R_2), whose components read ~R_1 ^⊗ ~R_2 ∋ ch^{0,0}(A) = e^{−F} , Ω^1R_{1♮} ^⊗ ~R_2 ∋ ch^{1,0}(A) = −♮_1 d_1Ae^{−F} , ~R_1 ^⊗Ω^1R_{2♮} ∋ ch^{0,1}(A) = −♮_2e^{−F} d_2A , (42) Ω^1R_{1♮} ^⊗Ω^1R_{2♮} ∋ ch^{1,1}(A) = ♮_{12} d_1Ae^{−F} d_2A + + ∫ Δ_2

ds_1ds_2 ♮_{12}e^{−s0F} d_2F e^{−s1F} d_1F e^{−s2F} ,

where F = (δ_1 + δ_2)A + A^2 ∈ ~R_1 ^⊗ ~R_2 is the curvature of A, and Δ_2 = {(s_0, s_1, s_2) ∈ [0, 1]^3 | ∑ i s_i = 1} is the standard 2-simplex. The cocycle property of ch(A) means concretely, with δ = δ_1 + δ_2:

δch^{0,0}(A) + b_1ch^{1,0}(A) + b_2ch^{0,1}(A) = 0 , δch^{1,0}(A) + ♮_1 d_1ch^{0,0}(A) + b_2ch^{1,1}(A) = 0 , δch^{0,1}(A) + b_1ch^{1,1}(A) + ♮_2 d_2ch^{0,0}(A) = 0 , (43) δch^{1,1}(A) + ♮_1 d_1ch^{0,1}(A) + ♮_2 d_2ch^{1,0}(A) = 0 .

Moreover, the cohomology class of ch(A) is invariant with respect to smooth homotopies of A.

Proof: One has F = (δ_1 + δ_2)A + A^2, F = δA + A ∗ A, and μ(A) = A, μ(F) = F . Since A ∈ R_1 ⊕ R_2 ⊕ (R_1 ^⊗R_2), equation (35) implies ϕ(A) = 0, and similarly ϕ(δA) = 0. Thus one has from (33) ϕ(F) = ϕ(A ∗ A) = − d_2A d_1A , because μ(A) = A is odd.

Recall now that the two components of ch(A) in ~X(R) are given by ch^0(A) = e^{−F} , ch^1(A) = −♮e^{−F} dA .

Since the morphism Ψ has even degree, one deduces

Ψ(ch^0(A)) = ch^{0,0}(A) + ch^{1,1}(A) , Ψ(ch^1(A)) = ch^{1,0}(A) + ch^{0,1}(A) . From the definition of Ψ we see that Ψ(e^{−F}) = e^{−F} + ♮_{12}ϕ(e^{−F}) , so we get immediately ch^{0,0}(A) = e^{−F} . We now want to compute ϕ(exp(−F)). For this, we have to solve a differential equation for the function t → ϕ(exp(−tF)), t ∈ [0, 1]: d dt ϕ(e^{−tF}) = −ϕ(F ∗ e^{−tF}) = −ϕ(F)e^{−tF} − F ϕ(e^{−tF}) − d_2F d_1e^{−tF} = d_2A d_1Ae^{−tF} − F ϕ(e^{−tF}) − d_2F d_1e^{−tF} , or equivalently, ( d dt + F )ϕ(e^{−tF}) = d_2A d_1Ae^{−tF} − d_2F d_1e^{−tF} .

For t = 0, one has by definition ϕ(1) = 0. Introduce the function U (t) = e^{tF} ϕ(e^{−tF}) , then U fulfills the differential equation d dt U (t) = e^{tF} d_2A d_1Ae^{−tF} − e^{tF} d_2F d_1e^{−tF} .

Since U (0) = 0, the solution reads U (t) = ∫_t 0 ds (e^{sF} d_2A d_1Ae^{−sF} − e^{sF} d_2F d_1e^{−sF} ) , therefore

ϕ(e^{−F}) =

∫_1 0 ds (e^{−(1−s)F} d_2A d_1Ae^{−sF} − e^{−(1−s)F} d_2F d_1e^{−sF} ) .

Projecting the latter expression onto Ω^1R_{1♮} ^⊗Ω^1R_{2♮} through the trace ♮_{12}, one finds

♮_{12}ϕ(e^{−F}) = ♮_{12}e^{−F} d_2A d_1A + ∫ Δ_2

ds_1ds_2 ♮_{12}e^{−s0F} d_2F e^{−s1F} d_1F e^{−s2F} .

This is the claimed value for ch^{1,1}(A).

One the other hand, the definition of Ψ for odd components yields

Ψ(♮e^{−F} dA) = ♮_1 d_1Ae^{−F} + ♮_2e^{−F} d_2A ,

whence the values of ch^{1,0}(A) and ch^{0,1}(A). The homotopy invariance of ch(A) is a consequence of the same property for ch(A).

Remark 2.6 Let (R, δ) be a complete bornological DG algebra. If (L, d) is an auxiliary bornological DG algebra and τ : L → V a bounded closed graded trace with values in a bornological DG vector space (V, d), that is, τ ∘ d = ±d ∘ τ , then the construction generalizes in the following way. We take a connection A ∈ ( ~R ^⊗L)_− and its curvature F = (δ + d)A + A^2 ∈ ( ~R ⊗ L)_+. Then the cochain τ ch(A) given by

τ ch^0(A) = τ e^{−F} ∈ ~R ^⊗V , τ ch^1(A) = τ ♮e^{−F} dA ∈ Ω^1R_♮ ^⊗V , (44)

defines a cocycle in the graded tensor product of complexes ~X(R) ^⊗V endowed with the total differential (♮ d ⊕ b) + δ + d. This was implicitly used in the proof of the homotopy invariance (proposition 2.2), with L the graded commutative algebra of differential forms over the interval [0, 1] and V = L, τ = id. More generally, for two DG algebras (R_1, δ_1) and (R_2, δ_2) and an auxiliary (L, d) provided with a closed graded trace as before, any connection A ∈ ~R_1 ^⊗ ~R_2 ^⊗L yields a cocycle τ ch(A) in the total complex ~X(R_1) ^⊗ ~X(R_2) ^⊗V.

Remark 2.7 The same method using free products can be generalized to an arbitrary number of DG algebras by induction. For example in the case of three DG algebras (R_1, δ_1), (R_2, δ_2), (R_3, δ_3), one has a composition of morphisms

~X(R_1 ∗ (R_2 ∗ R_3)) → ~X(R_1) ^⊗ ~X(R_2 ∗ R_3) → ~X(R_1) ^⊗ ~X(R_2) ^⊗ ~X(R_3) . (45)

One thus gets a Chern character ch(A) for any connection A ∈ ~R_1 ^⊗ ~R_2 ^⊗ ~R_3 with curvature F = (δ_1+δ_2+δ_3)A+A^2, using its canonical lift A ∈ R_1∗(R_2∗R_3). This however leads rapidly to complicated expressions when the number of algebras increases.

Let us now pass to coalgebras. The whole construction of universal oneforms, X-complex, and Chern character can be dualized by replacing the former unital DG algebra ~R with a counital DG coalgebra and transposing formally all structure maps. This is done by Quillen in [39], but since our sign conventions are different we have to set up carefully the definitions.

Let (C, δ) be a (complete bornological) counital coassociative DG coalgebra. This means that C is a Z_2-graded bornological vector space endowed with bounded coproduct and counit Δ : C → C ^⊗C , η : C → C , (46) verifying (Δ ⊗ id) ∘ Δ = (id ⊗ Δ) ∘ Δ (coassociativity) and (η ⊗ id) ∘ Δ = (id ⊗ η) ∘ Δ = id. We use Sweedler’s notation [42] for the coproduct (the sum may be infinite): Δ(x) = ∑ x_{(0)} ⊗ x_{(1)} , ∀x ∈ C . (47)

The differential δ : C → C, δ^2 = 0, is an odd degree coderivation:

Δ ∘ δ = (δ ⊗ id ± id ⊗ δ) ∘ Δ , (48)

where the sign ± depends on the degree of the element in the first factor of C ^⊗C. Moreover δ is compatible with the counit in the sense that η ∘ δ = 0. We also impose some additional conditions on C: consider that C splits linearly into the direct sum C ⊕ Ker η, such that the coproduct Δ carries the factor C to C ^⊗C + C ^⊗C ⊂ C ^⊗C, and δC = 0, δ Ker η ⊂ Ker η. These requirements imply that the (bornological) dual space of (C, δ) is an augmented DG algebra. Indeed, set R = Hom(Ker η, C ), the space of bounded linear maps with its natural grading. It is an associative DG algebra for the convolution product and differential (fg)(x) = ∑ (−)^{|g||x(0) |}f(x_{(0)})g(x_{(1)}) , (δf)(x) = (−)^{|f|}f(δx) , (49)

for any f, g ∈ R and x ∈ Ker η. The unitalization ~R identifies with Hom(C, C ), the unit corresponding to the counit η : C → C and δη = 0. With this dual identification, we derive straightforwardly the construction of the X-complex for DG coalgebras. We first introduce the graded space of one-coforms Ω_1C:

Ω_1C = C ^⊗ Ker η . (50)

The degree of an homogeneous element x ⊗ y is |x| + |y| + 1 (the symbol ⊗ has degree 1). Ω_1C is a bicomodule over the coalgebra C, with left and right coactions

Δ_l : Ω_1C → C ^⊗Ω_1C , Δ_l(x ⊗ y) = ∑ x_{(0)} ⊗ (x_{(1)} ⊗ y) ,

Δ_r : Ω_1C → Ω_1C ^⊗C , Δ_r(x ⊗ y) = ∑ (x ⊗ y_{(0)}) ⊗ y_{(1)} − (51)

(−)^{|x(1) |}(x_{(0)} ⊗ x_{(1)}) ⊗ y .

The differential δ is extended to Ω_1C by δ(x ⊗ y) = δx ⊗ y + (−)^{|x|+1}x ⊗ δy and is compatible with the bicomodule structure in an obvious sense. The universal derivation d : ~R → Ω^1R can be dualized into a coderivation ∂ : Ω_1C → C. It is given by ∂(x ⊗ y) = η(x)y , ∀x ∈ C, y ∈ Ker η . (52) In the same way, the Hochschild operator b : Ω^1R → R is dualized into a map β : C → Ω_1C corresponding to β(x) = ∑ ( −(−)^{|x(0) |}x_{(0)} ⊗ x_{(1)} + (−)^{|x(1) |(|x(0)|+1)}x_{(1)} ⊗ x_{(0)} ) ∈ C ⊗ Ker η , (53) where x_{(i)} is understood to be projected on the direct factor Ker η when necessary, using the decomposition C = C ⊕ Ker η. The bicomodule structure of Ω_1C allows to define the cocommutator subspace

Ω_1C^♮ = Ker(Δ_l − σΔ_r) ⊂ Ω_1C , (54)

where σ : Ω_1C ^⊗C → C ^⊗Ω_1C is the graded flip. It plays a role dual to the commutator quotient space Ω^1R_♮ = Ω^1R/[R, Ω^1R]. We denote by ♮ : Ω_1C^♮ →

Ω_1C the natural inclusion. The cocommutator subspace is stable by δ and contains the image of the map β. One has β ∘ ∂♮ = 0 on Ω_1C^♮ and ∂♮ ∘ β = 0 on C, and δ anticommutes with β and ∂♮. The X-complex of the DG coalgebra C is thus the periodic complex

X(C) : C^β �_{∂♮}� Ω_1C^♮ , (55)

where the factors are themselves complexes for the differential δ. At a formal level, X(C) plays a role dual to the augmented X-complex ~X(R) (it is of course not the dual complex in a strict sense). The conditions Δ carries C into C ^⊗C + C ^⊗C and δ Ker η ⊂ Ker η imply that X(C) splits into the direct sum of the trivial complex X(C ) : C ⇄0 and the reduced X-complex (formally dual to X(R))

X(C) : Ker η^β �_{∂♮}� Ω_1C^♮ . (56)

The Chern character associated to a connection A ∈ R can be translated into this dual setting without difficulty. We simply replace ~R ^⊗· by Hom(C, ·) everywhere, with sign rules adapted to the natural grading of the objects involved. Recall that the space of bounded linear maps Hom(C, C ) is naturally a unital DG algebra, for the convolution product fg = (f ⊗ g) ∘ Δ and the differential δf = (−)^{|f|}f ∘ δ , ∀f ∈ Hom(C, C ) . (57) We introduce the derivation

d : Hom(C, C ) → Hom(Ω_1C, C ) , df = (−)^{|f|}f ∘ ∂ , (58)

verifying the Leibniz rule d(fg) = ( df)g + (−)^{|f|}f( dg), where Hom(Ω_1C, C ) is viewed as a bimodule over the algebra Hom(C, C ). We also define a trace

♮ : Hom(Ω_1C, C ) → Hom(Ω_1C^♮, C ) , ♮γ = γ ∘ ♮ , (59)

for γ ∈ Hom(Ω_1C, C ). The connection and curvature construction now works in the complex Hom(X(C), C ) endowed with the total differential (♮ d ⊕ b) + δ transposed of the differential (β ⊕ ∂♮) + δ on X(C): δf = (−)^{|f|}f ∘ δ , ♮ df = (−)^{|f|}f ∘ ∂♮ , ∀f ∈ Hom(C, C ) , (60) δγ = (−)^{|γ|}γ ∘ δ , bγ = (−)^{|γ|}γ ∘ β , ∀γ ∈ Hom(Ω_1C^♮, C ) . Given any connection A ∈ Hom(C, C )_− with curvature F = δA + A^2, we define the Chern character ch(A) = ch^0(A) + ch^1(A) exactly as in proposition 2.1,

ch^0(A) = e^{−F} ∈ Hom(C, C ) , ch^1(A) = −♮e^{−F} dA ∈ Hom(Ω_1C^♮, C ) , (61)

which yields a cocycle in Hom(X(C), C ). This method was used by Quillen in [39]. It can be generalized including an arbitrary number of DG algebras or coalgebras, using the formulas we derived before. For example, the bivariant Chern character of section 3 will be based on the following hybrid cocycle, involving a DG coalgebra (C, δ_1) with coproduct Δ and a DG algebra (R, δ_2) with product m: form the DG algebra Hom(C, ~R), provided with the convolution product fg = m ∘ (f ⊗ g) ∘ Δ, the unit 1η and two differentials δ_1, δ_2 induced by δ_1f = (−)^{|f|}f ∘ δ_1 , δ_2f = δ_2 ∘ f , ∀f ∈ Hom(C, ~R) . (62) We have two derivations of bimodules over Hom(C, ~R),

d_1 : Hom(C, ~R) → Hom(Ω_1C, ~R) , d_1f = (−)^{|f|}f ∘ ∂ , d_2 : Hom(C, ~R) → Hom(C, Ω^1R) , d_2f = d ∘ f , (63)

where d : ~R → Ω^1R is the universal derivation for ~R and ∂ : Ω_1C → C is the universal coderivation. Using the natural trace ♮ : Ω^1R → Ω^1R_♮ and cotrace ♮ : Ω_1C^♮ → Ω_1C, we define the partial traces

♮_1 : Hom(Ω_1C, ~R) → Hom(Ω_1C^♮, ~R) , ♮_2 : Hom(C, Ω^1R) → Hom(C, Ω^1R_♮) , (64) ♮_{12} : Hom(Ω_1C, Ω^1R) → Hom(Ω_1C^♮, Ω^1R_♮) .

In fact ♮_{12} is really a trace of Hom(C, ~R)-bimodule, but not ♮_1 and ♮_2. We consider the Z_2-graded complex Hom(X(C), ~X(R)), with differentials induced by (X(C), (β ⊕ ∂♮) + δ_1) and ( ~X(R), (♮ d ⊕ b) + δ_2). One has

δ_1γ = (−)^{|γ|}γ ∘ δ_1 , δ_2γ = δ_2 ∘ γ , b_1γ = (−)^{|γ|}γ ∘ β , b_2γ = b ∘ γ , (65) ♮_1 d_1γ = (−)^{|γ|}γ ∘ ∂♮ , ♮_2 d_2γ = ♮ d ∘ γ ,

for any γ in the appropriate component of Hom(X(C), ~X(R)). Since it is a Hom-complex, the cocycles must correspond to chain maps between X(C) and ~X(R). Given a connection A ∈ Hom(C, ~R)_−, we can associate a chain map ch(A) ∈ Hom(X(C), ~X(R)) by using exactly the same formulas as in the previous situation with ~X(R_1) ^⊗ ~X(R_2). The only difference is that we have to change the signs in front of the derivations δ_2 and d_2 in order to get a chain map with right signs. Thus define the curvature F = (δ_1 − δ_2)A + A^2, and the expression of the Chern character ch(A) ∈ Hom(X(C), ~X(R)) can literally be copied from proposition 2.5, up to the sign of d_2:

Hom(C, ~R) ∋ ch^0(A) = e^{−F} , Hom(Ω_1C^♮, ~R) ∋ ch^0_1(A) = −♮_1 d_1Ae^{−F} , Hom(C, Ω^1R_♮) ∋ ch^1_0(A) = ♮_2e^{−F} d_2A , (66) Hom(Ω_1C^♮, Ω^1R_♮) ∋ ch^1(A) = −♮_{12} d_1Ae^{−F} d_2A − − ∫ Δ_2

ds_1ds_2 ♮_{12}e^{−s0 F} d_2F e^{−s1F} d_1F e^{−s2F} .

The cocycle property of ch(A) ∈ Hom(X(C), ~X (R)) then reads

δ_1ch^0(A) + b_1ch^0_1(A) = δ_2ch^0(A) + b_2ch^1_0(A) , δ_1ch^0_1(A) + ♮_1 d_1ch^0(A) = δ_2ch^0_1(A) + b_2ch^1(A) , (67) δ_1ch^1_0(A) + b_1ch^1(A) = δ_2ch^1_0(A) + ♮_2 d_2ch^0(A) , δ_1ch^1(A) + ♮_1 d_1ch^1_0(A) = δ_2ch^1(A) + ♮_2 d_2ch^0_1(A) .

As usual the cohomology class of ch(A) is homotopy invariant. More generally, if C_1, . . ., C_n are DG coalgebras with counit and R_1, . . . , R_p are DG algebras, a connection form is an odd element of the DG convolution algebra Hom(C_1 ^⊗ . . . ^⊗C_n, ~R_1 ^⊗ . . . ^⊗ ~R_p). Then the adaptation of remark 2.7 to coalgebras yields a cocycle

ch(A) ∈ Hom(X(C_1) ^⊗ . . . ^⊗X(C_n), ~X(R_1) ^⊗ . . . ^⊗ ~X(R_p)) . (68)

Remark 2.6 generalizes also in a straightforward way.

3 Bivariant cyclic cohomology

The universal cocycles introduced in the previous section will now be used for the construction of a bivariant Chern character in the realm of bornological algebras. Our remark is that there are two equivalent ways of bescribing the cyclic homology of an algebra A. The first one is the original cyclic bicomplex of Connes [4, 27]. As observed by Quillen [39], the cyclic bicomplex is isomorphic to the (reduced) X-complex of the bar coalgebra B(A). This led Quillen to build cyclic cocycles on A by means of the connection and curvature method in the complex Hom(X(B(A)), C ). The second description of cyclic homology is provided by the Cuntz-Quillen theory [17]. The latter involves the X-complex of the tensor algebra T A, with its natural filtrations given by the powers of the ideal Ker(T A → A). If A is a complete bornological algebra, its bar coalgebra and tensor algebra are completed with respect to an entire bornology. This yields the entire bar coalgebra B_ϵ(A) and the analytic tensor algebra T A. The entire cyclic homology of A is computed either by X(B_ϵ(A)) or X(T A). This “self-dual” property of cyclic homology can be exploited for the description of bivariant cyclic cohomology. If A and B are complete bornological algebras, the complex Hom(X(B_ϵ(A)), X(T B)) computes the bivariant entire cyclic cohomology HE_∗(A, B).

Consider the unitalization ~B of B. We introduce the set of bivariant elements Ψ(A, ~B) given by quintuples E = (L, ℓ^1, τ, ρ, D). They are intended to give an algebraic description of Kasparov bivariant K-theory [3]. L is an auxiliary Z_2-graded complete bornological algebra containing an ideal ℓ^1 provided with a graded trace of homogeneous degree τ : ℓ^1 → C . ρ : A → L ^⊗ ~B is an homomorphism and D ∈ L ^⊗ ~B is a an odd element (“Dirac operator”). The laplacian of D is assumed to have a trace-class heat kernel exp(−tD^2) ∈ ℓ^1 ^⊗ ~B for any t > 0. We form the Quillen superconnection A = ρ+D viewed as an element of the DG convolution algebra Hom(B_ϵ(A), L ^⊗ ~T B). Then E is called θ-summable if the exponential of the curvature of A converges to a bounded map B_ϵ(A) → ℓ^1 ^⊗ ~T B. If this condition is realized, the construction of section 2 yields a cocycle

τ ch(A) ∈ Hom(X(B_ϵ(A)), X(T B)) (69)

after composition with the trace τ . Its cyclic cohomology class is homotopy invariant and defines the bivariant Chern character ch(E) ∈ HE_∗(A, B). The exponential of the curvature of A incorporates the heat kernel exp(−tD^2) as a regulator of traces. The cocycle τ ch(A) is a bivariant generalization of the JLO formula [24], and in fact is equivalent to our previous construction of the entire Chern character for unbounded Kasparov bimodules [35]. In [36], we showed by a process analogous to [8] that under some finite-summability assumptions this bivariant Chern character retracts on periodic cocycles related to the universal algebras of Cuntz and Zekri [14, 44], and yields a bivariant Chern character adapted to the description of KK-theory via bounded Fredholm bimodules (these formulas are close to those of Nistor [31, 32]). The same method may be generalised by incorporating more than two algebras, as explained in the previous section. For example, judicious choices of connections A lead to cup or shuffle products in periodic or entire cyclic homology.

Let A be a trivially graded complete bornological algebra. The bar construction of A is the Z_2-graded vector space B(A) = ⨁ n≥0 B_n(A) , B_n(A) = A^{^⊗n} , B_0(A) = C , (70)

with grading given by the parity of n in B_n(A). The bar construction endowed with the direct sum bornology is a complete bornological coassociative coalgebra, with coproduct Δ : B(A) → B(A) ^⊗B(A) given by

Δ(a_1 ⊗ . . . ⊗ a_n) = n∑ i=0 (a_1 ⊗ . . . ⊗ a_i) ⊗ (a_{i+1} ⊗ . . . ⊗ a_n) . (71)

It has a counit η : B(A) → C corresponding to the natural projection onto B_0(A). One defines a differential b^′ : B_n(A) → B_{n−1}(A) of odd degree:

b^′(a_1 ⊗ . . . ⊗ a_n) = n−1∑ i=1 (−)^{i−1}a_1 ⊗ . . . ⊗ a_ia_{i+1} ⊗ . . . ⊗ a_n , (72)

with b^′ = 0 for n = 0, 1. Then one has b^{′2} = 0, and the coproduct and counit are morphisms of graded complexes: Δ ∘ b^′ = (b^′ ⊗ 1 ± 1 ⊗ b^′) ∘ Δ and η ∘ b^′ = 0. This turns B(A) into a Z_2-graded DG coalgebra. In the sequel, we will consider that B(A) is endowed with the differential δ = −b^′ in order to fit well with the bicomplex of cyclic homology.

The associated universal bicomodule Ω_1B(A) = B(A) ^⊗ Ker η (section 2) identifies with the graded space

Ω_1B(A) = B(A) ^⊗A ^⊗B(A) , (73)

where the degree of the element (a_1 ⊗ . . .⊗ a_{i−1}) ⊗ a_i ⊗ (a_{i+1} ⊗ . . . ⊗ a_n) is equal to the parity of n − 1. The rule is that the middle element a_i always has even degree, whereas the other a’s appearing in the left and right factors B(A) are odd. The isomorphism B(A) ^⊗A ^⊗B(A) ∼= B(A) ^⊗ Ker η is explicitly given by

(a_1 ⊗ . . . ⊗ a_{i−1}) ⊗ a_i ⊗ (a_{i+1} ⊗ . . . ⊗ a_n) ←→ (74) i∑ j=1 (−)^{j+1}(a_1 ⊗ . . . ⊗ a_{i−j}) ⊗ (a_{i−j+1} ⊗ . . . ⊗ a_n) .

The identification Ω_1B(A) = B(A) ^⊗A ^⊗B(A) simplifies the descriptions of the left and right bicomodule coactions of B(A) on Ω_1B(A). They correspond respectively to Δ_l = Δ ⊗ id ⊗ id : Ω_1B(A) → B(A) ^⊗Ω_1B(A) , Δ_r = id ⊗ id ⊗ Δ : Ω_1B(A) → Ω_1B(A) ^⊗B(A) . (75) The universal coderivation of odd degree ∂ : Ω_1B(A) → B(A) is given by ∂((a_1 ⊗ . . . ⊗ a_{i−1}) ⊗ a_i ⊗ (a_{i+1} ⊗ . . . ⊗ a_n)) = (−)^{i−1}(a_1 ⊗ . . . ⊗ a_n) . (76) The sign (−)^{i−1} morally comes from the crossing of ∂ over (a_1 ⊗ . . . ⊗ a_{i−1}) until the position of the element a_i, which becomes odd. The cocommutator subspace Ω_1B(A)^♮ = Ker(Δ_l − σΔ_r) identifies with Ω_1B(A)^♮ = A ^⊗B(A) , (77) where the element a_0 ⊗ a_1 ⊗ . . .⊗ a_n ∈ A ^⊗B_n(A) has degree n mod 2 (a_0 is even whereas the other a_i’s are odd). The natural inclusion ♮ : Ω_1B(A)^♮ → Ω_1B(A) is therefore a bounded map of even degree, explicitly given by

♮(a_0 ⊗ a_1 ⊗ . . .⊗ a_n) = n∑ i=0 (−)^{i(n−1)}(a_{i+1} ⊗ . . . ⊗ a_n) ⊗ a_0 ⊗ (a_1 ⊗ . . . ⊗ a_i) . (78)

Under these identifications, the differential δ : Ω_1B(A)^♮ → Ω_1B(A)^♮ induced by the differential −b^′ on B(A) corresponds to the Hochschild operator

b(a_0 ⊗ a_1 ⊗ . . .⊗ a_n) = n−1∑ i=0 (−)^ia_0 ⊗ . . .⊗ a_ia_{i+1} . . .⊗ a_n + (−)^na_na_0 ⊗ a_1 . . .⊗ a_n . (79) We are now in a position to identify the X-complex of the bar DG coalgebra (section 2). Since B(A) and Ω_1B(A)^♮ are both given by direct sums of tensor products A^{^⊗n}, it is useful to introduce the (signed) backward cyclic permutation λ(a_1 ⊗ . . . ⊗ a_n) = (−)^{n−1}a_n ⊗ a_1 ⊗ . . . ⊗ a_{n−1} , (80) thus acting on B(A) and Ω_1B(A)^♮ with the same sign convention. Consider also the norm operator N = n−1∑ i=0 λ^i on A^{^⊗n} . (81) Then the X-complex of the bar DG coalgebra is given by the supercomplex

X(B(A)) : B(A)^{β=1−λ}�_{∂♮=N}� Ω_1B(A)^♮ , (82)

where B(A) and Ω_1B(A)^♮ are themselves complexes for the differential δ, which anticommutes with 1 − λ and N . Remark that B(A) splits linearly as the direct sum of vector spaces C ⊕ Ker η, where C = B_0(A). Both C and Ker η are stable by δ, and Δ maps C to C ^⊗C . It follows that X(B(A)) splits into the direct sum of the reduced X-complex

X(B(A)) : Ker η^{1−λ} �_N� Ω_1B(A)^♮ (83) and the trivial complex C ⇄0. In this way, we obtain Quillen’s fundamental result [39] that the reduced X-complex of B(A) identifies with the (two-sided) cyclic bicomplex [27]: . . b �

. . −b^′ �

. . b �

. . −b^′ � . . . A ^⊗3 N� b � A^{^⊗3} 1−λ � −b^′ � A^{^⊗3} N� b � A^{^⊗3} 1−λ � −b^′ � . . . N�

. . . A ^⊗2 N� b � A^{^⊗2} 1−λ � −b^′ � A^{^⊗2} N� b � A^{^⊗2} 1−λ � −b^′ � . . . N�

. . . A N� A 1−λ � A N � A 1−λ � . . . N �

(84)

The columns with −b^′ (resp. b) correspond to Ker η ⊂ B(A) (resp. Ω_1B(A)^♮). It if often more convenient to reexpress the cyclic bicomplex in terms of noncommutative differential forms [5]. Let ΩA be the Z_2-graded vector space

ΩA = ⨁ n≥0 Ω^nA , Ω^nA = ~A ^⊗A^{^⊗n} , Ω^0A = A , (85)

where ~A = C ⊕ A is the unitalization of A. The degree of Ω^nA is the parity of n. Since Ω^nA decomposes into the direct sum A^{^⊗(n+1)} ⊕ A^{^⊗n} for n > 0, the corresponding elements are denoted by

a_0da_1 . . . da_n ∈ A^{^⊗(n+1)} ⊂ Ω^nA , da_1 . . . da_n ∈ A^{^⊗n} ⊂ Ω^nA , (86)

for a_i ∈ A. Then ΩA is a non-unital DG algebra, for the differential d : Ω^nA → Ω^{n+1}A

d(a_0da_1 . . . da_n) = da_0da_1 . . . da_n , d(da_1 . . . da_n) = 0, d^2 = 0 , (87)

and the usual associative product of differential forms verifying the graded Leibniz rule d(ω_1ω_2) = dω_1ω_2 + (−)^{|ω1|}ω_1dω_2 ∀ω_{1,2} ∈ ΩA . (88)

Introduce the Hochschild operator b : Ω^nA → Ω^{n−1}A b(ωda) = (−)^{n−1}[ω, a] , b(a) = 0 ∀ω ∈ Ω^{n−1}A , a ∈ A , (89) and Connes’ boundary map B : Ω^nA → Ω^{n+1}A

B(a_0da_1 . . . da_n) = (1 + κ + . . . + κ^n)(da_0da_1 . . . da_n) , (90)

where κ is the Karoubi operator defined by 1 − κ = db + bd. One has κ(ωda) = (−)^{|ω|}da ω, ∀ω ∈ ΩA, a ∈ A. It turns out that b^2 = B^2 = bB + Bb = 0 and κB = B = Bκ, hence ΩA is actually a bicomplex. Now remark that there is an isomorphism of graded vector spaces

X(B(A)) ∼= ΩA , (91) given by the following correspondence:

B_n(A) ∋ a_1 ⊗ . . . ⊗ a_n ↔ da_1 . . . da_n ∈ Ω^nA (92) Ω_1B(A)^♮ ∋ a_0 ⊗ a_1 ⊗ . . . ⊗ a_n ↔ a_0da_1 . . . da_n ∈ Ω^nA .

Under this identification, it is easy to show that the operator N : Ω_1B(A)^♮ → B(A) corresponds to Connes’ boundary map B. Similarly, the operators −b^′, (1 − λ) and b on X(B(A)) collectively correspond to the Hochschild operator b on ΩA. Therefore, the isomorphism (91) is in fact an isomorphism of total complexes.

We now deal with cyclic homology. The latter is the homology of some completion of the cyclic bicomplex. There are different kinds of cyclic homologies, depending on the completion chosen. Since we are mainly interested in Chern characters of θ-summable modules over Banach or Fréchet algebras, the suitable version of cyclic homology is the entire one [6]. The general formulation of entire cyclic homology for bornological algebras, including the bivariant theory, appears in [29]. We already adapted these concepts to Quillen’s formalism of algebra cochains in a previous paper [35] and constructed a bivariant Chern character along these lines. We will follow the same steps here. First consider the entire bornology on ΩA, as the bornology generated by the sets [29] ⋃ n≥0 [n/2]! ~S(dS)^n ⊂ ΩA , (93) for any bounded set S in the bornology of A. Here [n/2] = k if n = 2k or n = 2k + 1, and ~S = C + S. Let Ω_ϵA be the completion of ΩA with respect to the entire bornology. One shows that the operators (b, B) of ΩA are bounded and extend to this completion [29]. By definition, (Ω_ϵA, b, B) is the cyclic bicomplex of entire chains over the bornological algebra A. Using the isomorphism (91), one has of course a corresponding formulation using the X-complex of the entire completion of the bar DG coalgebra [35]. Endow B(A) with the bornology generated by the sets ⋃ n≥0 [n/2]! S^{⊗n} ⊂ B(A) , (94)

for any bounded set S in the bornology of A. The entire bar construction B_ϵ(A) is the completion of B(A) with respect to this bornology. The operators Δ and b^′ are bounded, hence extend to B_ϵ(A) which becomes a DG coalgebra. The associated bicomodule Ω_1B_ϵ(A) is given by

Ω_1B_ϵ(A) = B_ϵ(A) ^⊗A ^⊗B_ϵ(A) , (95)

and the whole construction of the X-complex of the entire bar DG coalgebra goes through with the obvious modifications. In particular we get an isomorphism of total Z_2-graded complexes

X(B_ϵ(A)) ∼= Ω_ϵA . (96)

Definition 3.1 Let A be a complete bornological algebra. The entire cyclic homology of A is the homology of the Z_2-graded complex of entire chains Ω_ϵA endowed with the total differential b + B:

HE_∗(A) = H_∗(Ω_ϵA, b + B) , ∗ = 0, 1 . (97)

Equivalently, it is equal to the homology of the reduced X-complex of the entire bar DG coalgebra B_ϵ(A).

Thus the (entire) cyclic homology is computed by the X-complex of a DG coalgebra. Quite remarkably, it is also equal to the homology of the X-complex of an algebra. This is the content of the Cuntz-Quillen formalism [17], adapted to the entire framework by Meyer [29]. First, decompose the Z_2-graded algebra of differential forms ΩA = Ω^+A ⊕ Ω^−A into its even and odd parts. The even part Ω^+A is a trivialy graded subalgebra. We endow Ω^+A with a deformed associative product, the Fedosov product [17]

ω_1 ⊙ ω_2 = ω_1ω_2 − dω_1dω_2 , ω_{1,2} ∈ Ω^+A . (98)

Associativity is easy to check. In fact the algebra (Ω^+A, ⊙) is isomorphic to the non-unital tensor algebra T A = ⨁ n≥1 A^{^⊗n}, under the correspondence

Ω^+A ∋ a_0da_1 . . . da_{2n} ←→ a_0 ⊗ ω(a_1, a_2) ⊗ . . . ⊗ ω(a_{2n−1}, a_{2n}) ∈ T A , (99)

where ω(a_i, a_j) := a_ia_j − a_i ⊗ a_j ∈ A ⊕ A^{^⊗2} is the curvature of (a_i, a_j). Now endow ΩA with the analytic bornology generated by the sets ⋃ n≥0 ~S(dS)^n ⊂ ΩA , (100)

for any bounded S ⊂ A. The completion of ΩA for this bornology is denoted by Ω_{an}A, and splits into the direct sum Ω^+_{an}A ⊕ Ω^−_{an}A. It turns out that the Fedosov product ⊙ is bounded for the analytic bornology restricted to Ω^+A [29], and thus extends to the analytic completion Ω^+_{an}A. The complete bornological algebra (Ω^+_{an}A, ⊙) is also denoted by T A and called the analytic tensor algebra of A.

In what follows, we will consider T A as a trivially graded DG algebra, with differential simply equal to zero. The T A-bimodule of universal one-forms is given by Ω^1T A ∼= ~T A ^⊗A ^⊗ ~T A , x da y ↔ x ⊗ a ⊗ y (101) for any a ∈ A and x, y ∈ ~T A, where ~T A is the unitalization of T A. The bimodule structure is the obvious one. This implies that the bornological space Ω^1T A_♮ is isomorphic to ~T A ^⊗A, which can further be identified with the analytic completion of odd forms Ω^−_{an}A, through the correspondence x ⊗ a ↔ xda, ∀a ∈ A, x ∈ ~T A. Thus collecting T A and Ω^1T A_♮ together yields a bornological vector space isomorphism X(T A) ∼= Ω_{an}A . (102)

Because T A has no differential, the only boundary maps of its X-complex are given by ♮ d : T A → Ω^1T A_♮ and b : Ω^1T A_♮ → T A. We still denote by (♮ d, b) the boundaries induced on Ω_{an}A through the above isomorphism; Cuntz and Quillen have explicitly computed them in terms of the usual operators on differential forms [17]:

b = b − (1 + κ)d on Ω^{2n+1}A , (103)

♮ d = 2n∑ i=0 κ^id − n−1∑ i=0 κ^{2i}b on Ω^{2n}A .

The crucial result [17, 29] is that the complex (Ω_{an}A, ♮ d ⊕ b) = X(T A) is homotopy equivalent to the complex of entire chains Ω_ϵA endowed with the differential (b + B). Let P_1 : ΩA → ΩA be the spectral projection for the eigenvalue 1 of the operator κ^2, and P^⊥_1 be the orthogonal projection. P_1 and P^⊥_1 commute with all operators commuting with κ, in particular b and B. Then one shows that P_1 extends to the entire and analytic completions Ω_ϵA and Ω_{an}A. The subcomplex P^⊥_1 Ω_ϵA endowed with the differential b + B is contractible. The same result holds for P^⊥_1 Ω_{an} ∼= P^⊥_1 X(T A) endowed with the differential (♮ d ⊕ b). Let c : Ω_{an}A → Ω_ϵA be the bornological vector space isomorphism induced by

c(a_0da_1 . . . da_n) = (−)^{[n/2]}[n/2]! a_0da_1 . . . da_n ∀n ∈ N . (104)

Then c maps isomorphically P_1Ω_{an}A onto P_1Ω_ϵA, and under this correspondence, the boundaries ♮ d ⊕ b and b + B coincide: c^{−1}(b + B)c = ♮ d ⊕ b on P_1Ω_{an}A. It follows that the X-complex X(T A) is homotopy equivalent to the (b + B)-complex of entire chains Ω_ϵA. We thus have two possibilities for computing the entire cyclic homology of an algebra. This leads to many equivalent definitions of the bivariant theory:

Definition 3.2 Let A and B be complete bornological algebras. Let Hom(Ω_ϵA, Ω_ϵB) denote the space of bounded linear maps between the entire cyclic bicomplexes Ω_ϵA and Ω_ϵB. It is naturally a Z_2-graded bornological complex, the differential of a map f corresponding to the commutator (b + B) ∘ f − (−)^{|f|}f ∘ (b + B). The bivariant entire cyclic cohomology of A and B is the cohomology of this complex:

HE_∗(A, B) = H_∗(Hom(Ω_ϵA, Ω_ϵB)) , ∗ = 0, 1 . (105)

Since Ω_ϵA (resp. Ω_ϵB) is homotopy equivalent to X(T A) (resp. X(T B)), the bivariant entire cyclic cohomology is also computed by any of the following homotopy equivalent Z_2-graded complexes: Hom(X(T A), X(T B)), Hom(X(T A), Ω_ϵB) and Hom(Ω_ϵA, X(T B)).

The complex Hom(Ω_ϵA, X(T B)) is of special interest for us. Using the isomorphism X(B_ϵ(A)) ∼= Ω_ϵA, we deduce that the bivariant entire cyclic cohomology is computed by

HE_∗(A, B) = H_∗(Hom(X(B_ϵ(A)), X(T B))) . (106)

In the above formula, B_ϵ(A) is a DG coalgebra and T A a trivially graded algebra (without differential), thus we are in a position to obtain bivariant cocycles via the generalized Chern character of section 2. The following definition is intended to introduce an algebraic notion of unbounded Kasparov bimodules [3].

Definition 3.3 Let A and B be trivially graded complete bornological algebras. We have to consider the unitalization ~B because we work in a non-unital setting. Denote by Ψ(A, ~B) the set of quintuples E = (L, ℓ^1, τ, ρ, D) such that:

• L is a Z_2-graded unital complete bornological algebra, viewed as an algebra of “abstract pseudodifferential operators”;

• ℓ^1 ⊂ L is a Z_2-graded two-sided ideal endowed with its own complete bornology (“smoothing operators”), such that the inclusion ℓ^1 → L is bounded, as well as the left and right multiplications by L;

• τ : ℓ^1 → C is a bounded graded trace of homogeneous degree on ℓ^1 viewed as a bimodule on L, i.e. τ ([ℓ^1, L]) = 0;

• ρ : A → L ^⊗ ~B is a bounded homomorphism carrying A to the even degree component of the algebra L ^⊗ ~B;

• D ∈ L ^⊗ ~B is an odd element (Dirac operator) provided with a heat kernel H(t) = exp(−tD^2), i.e. an element H ∈ L ^⊗ ~B ^⊗C^∞[0, 1] verifying the heat equation d dt H(t) = −D^2H(t) , H(0) = 1 ∈ L ^⊗ ~B , (107)

and H(t) ∈ ℓ^1 ^⊗ ~B for any t > 0 (trace-class condition).

Ψ(A, ~B) splits into the set Ψ_0(A, ~B) of quintuples for which the homogeneous trace τ has even degree, and the set Ψ_1(A, ~B) of quintuples with odd trace. The direct sum of two elements E_1, E_2 of the same degree is obviously defined by L = L_1 ⊕ L_2, τ = τ_1 ⊕ τ_2, ρ = ρ_1 ⊕ ρ_2 and D = D_1 ⊕ D_2. This turns both Ψ_i(A, ~B) into a semigroup.

If E_0 = (L, ℓ^1, τ, ρ_0, D_0) and E_1 = (L, ℓ^1, τ, ρ_1, D_1) differ only by ρ_i and D_i, we say that they are smoothly homotopic iff there exists an interpolating element E = (L[0, 1], ℓ^1[0, 1], τ ⊗ id, ρ, D), with L[0, 1] = L ^⊗C^∞[0, 1], such that the evaluations ev_t ∘ ρ and ev_tD coincide with ρ_t, D_t for t = 0, 1.

Example 3.4 The above definition is motivated by the classical example of fibered manifolds. Let X^Z−→ Y be a fibration of smooth compact manifolds. Let A = C^∞(X) and B = C^∞(Y ) be the Fréchet algebras of smooth complexvalued functions over the total space and the base manifold respectively (since Y is compact, B is already unital and we don’t consider its unitalization). An element (L, ℓ^1, τ, ρ, D) ∈ Ψ(A, B) will roughly correspond to a family of pseudodifferential operators (ΨDO) over Y acting on sections of some vector bundle over the fiber Z. For notational simplicity, we shall assume that Y is a n-torus T_n, and that pseudodifferential operators act on the scalar functions C^∞(T_n). Let d ∈ R and ψ^d(T_n) denote the space of ΨDOs of order ≤ d, that is, operators P : C^∞(T_n) → C^∞(T_n) defined by their symbols p(x, ξ) in the variables x ∈ T_n and ξ ∈ Z^n (dual lattice of the torus)

(P f)(x) = ∑ ξ e^{ix·ξ}p(x, ξ) ^f(ξ) ∀f ∈ C^∞(T_n) , (108)

where ^f is the Fourier transform of f, and p(x, ξ) verifies the estimates ||p||^d_α = sup_{x,ξ} |(1 + |ξ|)^{−d}∂^α_x p(x, ξ)| < ∞ , (109) for any α ∈ N. Then ψ^d(T_n) endowed with the seminorms || · ||^d_α is a complete locally convex space. We consider the bornology given by the collection of all bounded subsets. For d^′ ≥ d, the inclusion ψ^d(T_n) ⊂ ψ^{d′} (T_n) is bounded, and the inductive limit ψ(T_n) = ∪_dψ^d(T_n) endowed with the obvious bornology is a complete bornological space. Moreover, the product of ΨDOs is bounded, and we let L = ψ(T_n) be this complete bornological algebra. The two-sided ideal of smoothing operators ψ^{−∞}(T_n) = ∩_dψ^d(T_n) is a complete algebra for the locally convex topology given by the family of seminorms ||p||^{−∞}_{α,β} = sup_{x,ξ} |(1 + |ξ|)^β∂^α_x p(x, ξ)| (110) for any α ∈ N and β ≥ 0. The corresponding complete bornological algebra is the ideal ℓ^1. The natural inclusion ℓ^1 ⊂ L is bounded, as well as the left and right multiplications by L and the operator trace τ : ℓ^1 → C . Choosing a finite cover of Y and a partition of unity, we may reduce to the case where the fibration X → Y is trivial (replace L by a matrix algebra over L). Then the algebra A = C^∞(X) is represented by an homomorphism ρ : A → L ^⊗B, and a smooth family of elliptic ΨDOs of order > 0 corresponds to an element D ∈ L ^⊗B with smoothing heat kernel exp(−tD^2) ∈ ℓ^1 ^⊗B. In realistic situations the scalar functions on the fiber Z are replaced by some Z_2-graded vector bundle and the algebra L of ΨDOs is also graded.

We now return to the general case and fix an element E = (L, ℓ^1, τ, ρ, D) ∈ Ψ(A, ~B). Thus ρ : A → L ^⊗ ~B is a bounded homomorphism and D ∈ L ^⊗ ~B is an odd element. Let C = B_ϵ(A) be the entire bar DG coalgebra of A, with its differential −b^′. Let R = T B be the analytic tensor algebra of B. The latter identifies with the analytic completion Ω^+_{an}B of even forms endowed with the Fedosov product ⊙. We regard it as a trivially graded algebra with differential equal to zero. Consider the Z_2-graded convolution algebra Hom(C, L ^⊗ ~R) endowed with the differential δ_1 transposed of −b^′: δ_1f = −(−)^{|f|}f ∘ b^′ , ∀f ∈ Hom(C, L ^⊗ ~R) . (111) We shall denote also by ⊙ the convolution product. Now remark that the projection C = B_ϵ(A) → B_1(A) = A is bounded, as well as the linear inclusion of bornological spaces L ^⊗ ~B → L ^⊗ ~T B. Consequently, the homomorphism ρ may be considered as a linear map ρ ∈ Hom(C, L ^⊗ ~R) via the composition C → A^ρ−→ L ^⊗ ~B → L ^⊗ ~R . (112) Similarly, D ∈ L ^⊗ ~B defines an element D ∈ Hom(C, L ^⊗ ~R) by C^η−→ C^{⊗D}−→ L ^⊗ ~B → L ^⊗ ~R . (113) Introduce the following Quillen superconnection

A = ρ + D ∈ Hom(C, L ^⊗ ~R)_− , (114)

with curvature

F = δ_1A + A ⊙ A = δ_1ρ + ρ^{⊙2} + [D, ρ]_⊙ + D^{⊙2} ∈ Hom(C, L ^⊗ ~R)_+ . (115)

Recall that the products and commutators are taken in the convolution algebra Hom(C, L ^⊗ ~R). As a map from B_ϵ(A) to L ^⊗ ~T B, it is easy to see that F vanishes on B_n(A) for n ≥ 3. Using the isomorphism T B ∼= (Ω^+_{an}B, ⊙), we first evaluate F on B_0(A) = C :

F (1_C) = D ⊙ D = D^2 + dDdD ∈ L ^⊗ ~B ⊕ L ^⊗Ω^2B , (116)

where the product D^2 is now taken in L ^⊗ ~B, and dD is the image of D under the derivation d : L ^⊗ ~B → L ^⊗Ω^1B. The sign + in front of dDdD comes from the fact that D is odd and the Fedosov product equals D^2 − (−)^{|D|}dDdD in this case. In the same manner, we evaluate F on B_1(A) = A:

F (a) = ([D, ρ]_⊙)(a) = D ⊙ ρ(a) − ρ(a) ⊙ D (117) = [D, ρ(a)] + dDdρ(a) + dρ(a)dD ∈ L ^⊗ ~B ⊕ L ^⊗Ω^2B , and on B_2(A) = A ^⊗A:

F (a_1, a_2) = (δ_1ρ + ρ^{⊙2})(a_1, a_2) = ρ b^′(a_1, a_2) − ρ(a_1) ⊙ ρ(a_2) (118) = ρ(a_1a_2) − ρ(a_1)ρ(a_2) + dρ(a_1)dρ(a_2) = dρ(a_1)dρ(a_2) ∈ L ^⊗Ω^2B .

Therefore, we may rewrite the curvature as F = D^2 + [D, ρ] + d(ρ + D)d(ρ + D) . (119) In order to write down the bivariant Chern character of E, we must take the exponential of F in the convolution algebra Hom(C, L ^⊗ ~R). It is shown in [35] how this Fedosov exponential exp_⊙(−F ) viewed as a map B_ϵ(A) → ~Ω^+_{an}B can be computed as a power series involving the heat kernel exp(−tD^2) ∈ ℓ^1 ^⊗ ~B. In fact one has

exp_⊙(−F ) = ∑ n≥0 ∫ Δ_n ds_1 . . . ds_n e^{−s0F} dF de^{−s1F} . . . dF de^{−snF} , (120) which may be rewritten as

exp_⊙(−F ) = ∑ n≥0 (−)^n ∫ Δ_{2n} ds_1 . . . ds_n e^{−s0F} dF e^{−s1F} dF . . . e^{−s2n−1 F} dF e^{−s2nF} = exp(−F + √ −1dF )|_+ , (121) that is, the exponential for the ordinary (not Fedosov) product of differential forms L ^⊗~Ω_{an}B, where we retain only the component in L ^⊗~Ω^+_{an}B. We write −F + √ −1dF = −D^2 + H with H = −[D, ρ] − d(ρ + D)d(ρ + D) + √ −1d(D^2 + [D, ρ]) , (122) and develop the latter exponential in power series of H:

exp_⊙(−F ) = ∑ n≥0 ∫ Δ_n ds_1 . . . ds_n e^{−s0D2} He^{−s1D2} H . . . e^{−sn−1 D2} He^{−snD2} |_+ . (123) Thus each term is a well-defined element of Hom(B_ϵ(A), ℓ^1 ^⊗~Ω^+_{an}B), because the heat kernel is in ℓ^1 ^⊗ ~B. The requirement of convergence for the series leads to the following definition.

Definition 3.5 Let E = (L, ℓ^1, τ, ρ, D) be an element of Ψ(A, ~B), A = ρ + D the superconnection in the convolution algebra Hom(B_ϵ(A), L ^⊗ ~T B), and F its curvature. Then E is called θ-summable iff the exponential of F , taken in the convolution algebra, converges towards a bounded map exp(−F ) : B_ϵ(A) → ℓ^1 ^⊗ ~T B . (124) In other words, exp(−F ) must be a “trace-class” bounded map. Two θ-summable quintuples E_0 = (L, ℓ^1, τ, ρ_0, D_0) and E_1 = (L, ℓ^1, τ, ρ_1, D_1) are (smoothly) homotopic iff there exists a θ-summable interpolating element E = (L[0, 1], ℓ^1[0, 1], τ ⊗ id, ρ, D). If the element E ∈ Ψ(A, ~B) is θ-summable, we obtain a bivariant cocycle as explained in section 2. Recall that the X-complex of the DG coalgebra C = B_ϵ(A) is isomorphic to the cyclic bicomplex

X(C) : C^{β=1−λ}�_{∂♮=N}� Ω_1C^♮ , (125)

where C and Ω_1C^♮ are themselves complexes for the differentials −b^′ and b. On the other hand, the (augmented) X-complex of the trivially graded algebra R = T B is given by ~X(R) : ~R^{♮ d} � b � Ω^1R_♮ . (126)

Consider the derivations on the convolution algebra

d_1 : Hom(C, L ^⊗ ~R) → Hom(Ω_1C, L ^⊗ ~R) , d_1f = (−)^{|f|}f ∘ ∂ , d_2 : Hom(C, L ^⊗ ~R) → Hom(C, L ^⊗Ω^1R) , d_2f = d ∘ f , (127) and the partial traces ♮_1 : Hom(Ω_1C, L ^⊗ ~R) → Hom(Ω_1C^♮, L ^⊗ ~R) , ♮_2 : Hom(C, L ^⊗Ω^1R) → Hom(C, L ^⊗Ω^1R_♮) , (128) ♮_{12} : Hom(Ω_1C, L ^⊗Ω^1R) → Hom(Ω_1C^♮, L ^⊗Ω^1R_♮) , Then we have d_1A , d_1F ∈ Hom(Ω_1C, L ^⊗ ~R) , d_2A , d_2F ∈ Hom(C, L ^⊗Ω^1R) , (129) e^{−F} ∈ Hom(C, ℓ^1 ^⊗ ~R) , because E is θ-summable. As in section 2, we introduce the components of ch(A):

Hom(C, ℓ^1 ^⊗ ~R) ∋ ch^0(A) = e^{−F} , Hom(Ω_1C^♮, ℓ^1 ^⊗ ~R) ∋ ch^0_1(A) = −♮_1 d_1Ae^{−F} , Hom(C, ℓ^1 ^⊗Ω^1R_♮) ∋ ch^1_0(A) = ♮_2e^{−F} d_2A , (130) Hom(Ω_1C^♮, ℓ^1 ^⊗Ω^1R_♮) ∋ ch^1(A) = −♮_{12} d_1Ae^{−F} d_2A − − ∫ Δ_2

ds_1ds_2 ♮_{12}e^{−s0F} d_2F e^{−s1F} d_1F e^{−s2F} .

We used the fact that ℓ^1 is a two-sided ideal in L. Hence applying the trace τ : ℓ^1 → C , we get a cocycle (remark 2.6)

τ ch(A) ∈ Hom(X(C), ~X (R)) . (131)

Let |τ | = 0 or 1 be the degree of the homogeneous graded trace τ . This allows to write the cocycle condition explicitly in terms of the components of ch(A), together with the boundary maps −b^′, b, N , (1 − λ) on the cyclic bicomplex X(C) and (♮ d ⊕ b) on X(R):

τ ch^0(A) ∘ (−b^′) + τ ch^0_1(A) ∘ (1 − λ) = (−)^{|τ|}b ∘ τ ch^1_0(A) , τ ch^0_1(A) ∘ b + τ ch^0(A) ∘ N = (−)^{|τ|}b ∘ τ ch^1(A) , (132) τ ch^1_0(A) ∘ (−b^′) + τ ch^1(A) ∘ (1 − λ) = (−)^{|τ|}♮ d ∘ τ ch^0(A) , τ ch^1(A) ∘ b + τ ch^1_0(A) ∘ N = (−)^{|τ|}♮ d ∘ τ ch^0_1(A) . (133)

This shows that the cocycle τ ch(A) has parity |τ |. Equivalently, we may use the identification of the reduced X-complex X(C) with the (b + B)-complex of entire forms Ω_ϵA:

τ ch(A) ∈ Hom(Ω_ϵA, ~X(T B)) , (134) τ ch(A) ∘ (b + B) − (−)^{|τ|}(♮ d ⊕ b) ∘ τ ch(A) = 0 .

Let us evaluate τ ch(A) on a n-form over A. ch^0(A) and ch^1_0(A) are defined on B_n(A), which corresponds to the space of boundaries dΩ^{n−1}A. On the other hand ch^0_1(A) and ch^1(A) are defined on (Ω_1B(A)^♮)_n, or equivalently AdΩ^{n−1}A. Thus for any differential form da_1 . . . da_n ∈ Ω^nA, one has

τ ch^0(da_1 . . . da_n) = τ e^{−F} (a_1 ⊗ . . . ⊗ a_n) ∈ ~T B , (135)

where the string a_1 ⊗ . . . ⊗ a_n is an element of B_n(A) ⊂ C, whose evaluation on the cochain exp(−F ) ∈ Hom(C, ℓ^1 ^⊗ ~R) is given by formula (123). Similarly

τ ch^1_0(A)(da_1 . . . da_n) = τ ♮(e^{−F} d_2A)(a_1 ⊗ . . . ⊗ a_n)

= τ ♮e^{−F} (a_1 ⊗ . . . ⊗ a_{n−1}) dρ(a_n) + τ ♮e^{−F} (a_1 ⊗ . . . ⊗ a_n) dD (136)

in Ω^1T B_♮. Furthermore, for any n-form a_0da_1 . . . da_n ∈ Ω^nA, one has

τ ch^0_1(A)(a_0da_1 . . . da_n) = −τ d_1Ae^{−F} ♮(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n) , (137)

where a_0 ⊗ a_1 ⊗ . . . ⊗ a_n is an element of Ω_1C^♮. Hence

τ ch^0_1(A)(a_0da_1 . . . da_n) = −τ ( d_1A(a_0) )( e^{−F} (a_1 ⊗ . . . ⊗ a_n) ) (138) = τ ρ(a_0) e^{−F} (a_1 ⊗ . . . ⊗ a_n) ∈ ~T B . The last component τ ch^1(A) is a sum of two terms. The first one evaluated on a_0da_1 . . . da_n ∈ Ω^nA yields

−τ ♮ d_1A e^{−F} d_2A♮(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n) = = −τ ♮ ( d_1A(a_0) )( (e^{−F} d_2ρ) (a_1 ⊗ . . . ⊗ a_n) ) (139) = τ ♮ρ(a_0)e^{−F} (a_1 ⊗ . . . ⊗ a_{n−1}) dρ(a_n) + τ ♮ρ(a_0)e^{−F} (a_1 ⊗ . . . ⊗ a_n) dD , in Ω^1T B_♮. The evaluation of the last term − ∫ Δ_2

ds_1ds_2 ♮_{12}e^{−s0 F} d_2F e^{−s1F} d_1F e^{−s2F} (140)

is slightly more lengthy, but this can be done without difficulty as above. We let it as an exercise.

For the applications of the bivariant Chern character, in particular when dealing with the composition product, it is better to work within the Z_2-graded complex Hom(Ω_ϵA, Ω_ϵB). Thus we first project ~X(T B) onto X(T B) by dropping the direct factor X(C ) : C ⇄0, and then use the Cuntz-Quillen homotopy equivalence [17, 15, 29]

P_1 ∘ c : X(T B) ∼= Ω_{an}B → Ω_ϵB , (141)

where P_1 is the spectral projection for the eigenvalue 1 of the squared Karoubi operator κ^2, and c is the rescaling (104). Collecting all the preceding results together, one has the following

Theorem 3.6 Let A and B be complete bornological algebras, and let E = (L, ℓ^1, τ, ρ, D) be a θ-summable element of Ψ_i(A, ~B), i = 0, 1. Let A = ρ + D be the Quillen superconnection associated to E, viewed as an element of the DG convolution algebra Hom(B_ϵ(A), L ^⊗ ~T B). Let P_1c : X(T B) → Ω_ϵB be the homotopy equivalence. Then the map

ch(E) = P_1c τ ch(A) ∈ Hom(Ω_ϵA, Ω_ϵB) (142)

is an entire bivariant cyclic cocycle of parity i:

(b + B) ∘ ch(E) − (−)^ich(E) ∘ (b + B) = 0 . (143)

Its cohomology class in HE_i(A, B) is the bivariant Chern character of E. The latter is additive for the semigroup law of Ψ_i(A, ~B) and invariant with respect to smooth homotopies of ρ and D among θ-summable elements.

Proof: We only have to prove the homotopy invariance. If E = (L[0, 1], ℓ^1[0, 1], τ ⊗ id, ρ, D) interpolates between two elements E_0 and E_1, we consider the auxiliary DG algebra tensor product L ^⊗Ω[0, 1], endowed with the de Rham boundary of differential forms over [0, 1]. Then as in the proof of proposition 2.2 (see also remark 2.6), the Chern character of E yields a cocycle in the complex Hom(Ω_ϵA, Ω_ϵB ^⊗Ω[0, 1]), where the differential on Ω[0, 1] is taken into account. By projecting the cocycle condition over Ω^1[0, 1], one gets a transgression formula involving the Chern-Simons terms cs as in proposition 2.2, and the homotopy invariance follows.

Remark 3.7 The projection Ω_ϵB → Ω^nB being bounded, there is a natural map from HE_∗(B) to the periodic cyclic homology HP_∗(B), i.e. the homology of the direct product ^ΩB = ∏ n≥0 Ω^nB endowed with the boundary b+B. Hence we may forget the complex Hom(Ω_ϵA, Ω_ϵB) and view the bivariant Chern character of E simply as a map

ch(E) : HE_∗(A) → HP_{∗+|τ|}(B) . (144)

This allows to weaken somewhat the θ-summability condition 3.5. This will also be the correct setting for the characteristic maps of Hopf algebras.

Remark 3.8 Following section 2, the process generalizes to an arbitrary number of algebras appearing in covariant or contravariant position. For example if A is covariant and B_1, B_2 are two contravariant algebras, we may work in the DG convolution algebra Hom(B_ϵ(A), ~T B_1 ^⊗ ~T B_2). Then any odd connection A in the convolution algebra such that exp(−F ) converges yields a map

ch(A) : HE_i(A) → ⨁ j+k=i HE_j(B_1) ⊗ HE_k(B_2) , i ∈ Z_2 . (145)

In particular if A = B_1 ^⊗B_2 and if the connection A is the composition B_ϵ(A) proj −−−−→ A = B_1 ^⊗B_2 → ~T B_1 ^⊗ ~T B_2 , (146) then (145) is a coproduct in entire cyclic homology [27]. This works also in periodic cyclic homology. As another related example, if we take two algebras A_1, A_2 in contravariant position, and a third algebra B in a covariant position, we may work in the DG convolution algebra Hom(B_ϵ(A_1) ^⊗B_ϵ(A_2), ~T B). Then any odd connection A in the convolution algebra such that exp(−F ) converges gives rise to a bilinear pairing

ch(A) : HE_i(A_1) × HE_j(A_2) → HE_{i+j}(B) , i, j ∈ Z_2 . (147)

Again, if A_1 and A_2 are unital and B = A_1 ^⊗A_2, we can choose A = ι_1 + ι_2 where ι_1 is the linear map

B_ϵ(A_1) ^⊗B_ϵ(A_2) proj −−−−→ A_1^{id⊗1}−−−−→ B → ~T B , (148) and similarly for ι_2. Then (147) is a shuffle product [27], working also in periodic theory. The large flexibility of our construction allows, in principle, to extend these kind of pairing to very general situations just by choosing an appropriate connection A.

Remark 3.9 Everything extends also to the cyclic homology of DG algebras (see [22, 27]). If (A, δ) is a differential graded algebra, its bar coalgebra B(A) is naturally endowed with an induced differential δ anticommuting with the usual acyclic operator b^′. Then the entire cyclic homology of (A, δ) is computed by the (reduced) X-complex of the DG coalgebra (B_ϵ(A), −b^′ + δ). Equivalently, the analytic tensor algebra T A becomes a DG algebra with the induced action of δ, and the total complex X(T A) computes the entire cyclic homology of (A, δ). Again, the connection and curvature method goes over to this situation just by taking into account this extra differential, and provides characteristic maps between the cyclic homologies of DG algebras.

4 Hopf algebras

We shall present an illustration of the generalized Chern character in the context of Hopf algebras. Our aim is to show that the universal cocycles constructed in section 2 yield characteristic maps with values in the cyclic homology of

Hopf algebras in the sense of Connes-Moscovici [10, 11, 12]. Let H be a Hopf algebra provided with a character δ : H → C such that the twisted antipode S_δ = δ ∗ S is involutive. We adopt Crainic’s interpretation [13] of the Hopf algebra cyclic bicomplex as a quotient of the cyclic bicomplex of the coalgebra H by the subspace spanned by δ-coinvariant cochains (see below). By duality, the cyclic bicomplex of multilinear maps from H to C restricted to the subspace of δ-invariants is still a cyclic bicomplex, computing the periodic cyclic homology of H denoted HP^δ_∗ (H).

Given a complete bornological algebra A, we introduce the set of H-equivariant “K-cycles” Ψ^H(A, C ). It corresponds to quintuples E = (L, ℓ^1, τ, ρ, D), where L is an auxiliary Z_2-graded H-algebra, ρ : A → L an homomorphism and D ∈ L a Dirac operator with heat kernel. The ideal ℓ^1 ⊂ L is stable by the action of H and τ : ℓ^1 → C is a δ-invariant graded trace of homogeneous degree, that is, τ (h(x)) = δ(h)τ (x) for any h ∈ H, x ∈ ℓ^1. Using a suitable Quillen superconnection, we show that a formula analogous to the bivariant Chern character of section 3 gives rise to an homotopy invariant characteristic map ch(E) : HE_∗(A) → HP^δ_{∗+|τ|}(H) (149) under some θ-summability hypotheses on E. This construction contains the Connes-Moscovici characteristic map [10] as a very special case (it corresponds to the purely algebraic situation D = 0).

Let H be a (trivially graded) Hopf algebra. We shall consider that H is endowed with a complete bornology. In some situations however there is no relevant topology or bornology and all constructions involving H are performed purely algebraically. This is the case for example when H is a discrete algebra acting by unbounded operators on a Hilbert space (section 5). In this case we endow H with the fine bornology [29], that is, the bornology generated by the elements of H. Thus a set is small iff it is contained in the convex hull of a finite number of points in H. This bornology is a always complete, any linear map on H is automatically bounded, and the completed tensor products coincide with the algebraic tensor products. Hence there is no restriction by considering H endowed with a complete bornology.

Denote by 1 ∈ H the unit of H and ε : H → C its counit, related by the condition ε(1) = 1. The coproduct Δ : H → H ^⊗H (with completed tensor product) is written according to Sweedler’s notation [42]

Δh = ∑ h_{(0)} ⊗ h_{(1)} , ∀h ∈ H , (150)

so that coassociativity (Δ ⊗ id) ∘ Δ = (id ⊗ Δ) ∘ Δ reads ∑ h_{(0)(0)} ⊗ h_{(0)(1)} ⊗ h_{(1)} = ∑ h_{(0)} ⊗ h_{(1)(0)} ⊗ h_{(1)(1)} := ∑ h_{(0)} ⊗ h_{(1)} ⊗ h_{(2)} . (151)

More generaly, applying the coproduct n times we write

Δ^nh = ∑ h_{(0)} ⊗ h_{(1)} ⊗ . . . ⊗ h_{(n)} , ∀h ∈ H . (152)

Recall the compatibility relations with the counit ∑ ε(h_{(0)})h_{(1)} = ∑ h_{(0)}ε(h_{(1)}) = h , (153) and with the product

Δ(h^1h^2) = Δ(h^1)Δ(h^2) ∀h^1, h^2 ∈ H , Δ1 = 1 ⊗ 1 . (154)

Finally, let S : H → H be the antipode. By definition it is a bounded linear map verifying the relation ∑ S(h_{(0)})h_{(1)} = ∑ h_{(0)}S(h_{(1)}) = ε(h)1 , ∀h ∈ H . (155)

We also recall the basic properties of S:

S(h^1h^2) = S(h^2)S(h^1) , ΔS(h) = ∑ S(h_{(1)}) ⊗ S(h_{(0)}) ,

ε(S(h)) = ε(h) , S(1) = 1 . (156)

Now let H̄ = Ker ε be the augmentation ideal. Since ε(1) = 1, the Hopf algebra splits linearly: H = C ⊕ H̄, with C the line generated by the unit. As in section 2 for coalgebras, it follows that the dual space Hom(H, C ) is canonically an augmented associative algebra: let B be the space of bounded linear maps H → C vanishing on 1 ∈ H. Then it is an associative algebra for the product

(b_1b_2)(h) := ∑ b_1(h_{(0)})b_2(h_{(1)}) , ∀b_i ∈ B , h ∈ H . (157)

The linear splitting of H allows to identify B with Hom(H̄, C ) and the augmented algebra ~B = C ⊕ B with Hom(H, C ). We first define the cyclic cohomology of H viewed as a coalgebra only (with linear splitting), by dualizing formally the construction of the cyclic homology of the algebra B. By formally, we mean for example that an algebraic tensor product like B^{⊗n} is replaced by the space of linear maps Hom(H̄^{^⊗n}, C ), and all operators acting on B^{⊗n} are transposed to H̄^{^⊗n} according to formal manipulations. For any n ≥ 0, we introduce the space of n-cochains C^n(H) and its normalized subspace C̄^n(H)

C^n(H) = H^{^⊗(n+1)} , C̄^n(H) = H ^⊗H̄^{^⊗n} . (158)

This leads to the following dictionnary: B ~B ~B^{⊗n} Ω^nB ↔ Hom(H̄, C ) Hom(H, C ) Hom(C^n(H), C ) Hom(C̄^n(H), C )

(159)

where Ω^nB = ~B ⊗ B^{⊗n} is the space of n-forms over B. Thus, the operators d, b, κ, B defined on Ω^nB can be transposed into operators acting on the space of normalized cochains C̄^n(H). Let us start with the Hochschild operator b. Its action on the subspace Ω^nB ⊂ ~B^{⊗(n+1)} is the restriction of the following map b : ~B^{⊗(n+1)} → ~B^{⊗n}, b^2 = 0: b(~x_0 ⊗ . . . ⊗ ~x_n) = ~x_0~x_1 ⊗ ~x_2 ⊗ . . . ⊗ ~x_n − ~x_0 ⊗ ~x_1~x_2 ⊗ . . . ⊗ ~x_n + . . . . . . +(−)^{n−1}~x_0 ⊗ . . . ⊗ ~x_{n−1}~x_n + (−)^n ~x_n~x_0 ⊗ . . . ⊗ ~x_{n−1} , (160) for any ~x_i ∈ ~B. Hence at the dual level, we may use the coalgebra structure of H to get the transposed operator b : C^n(H) → C^{n+1}(H), b^2 = 0:

b(h^0 ⊗ . . . ⊗ h^n) = Δh^0 ⊗ h^1 ⊗ . . . ⊗ h^n − h^0 ⊗ Δh^1 ⊗ . . . ⊗ h^n + . . .(161)

. . . +(−)^nh^0 ⊗ . . . ⊗ Δh^n + (−)^{n+1} ∑ h^0_{(1)} ⊗ h^1 . . . h^n ⊗ h^0_{(0)} , for any h^i ∈ H. The decomposition H = C ⊕ H̄ implies that C^n(H) splits into the direct sum of C̄^n(H) and its orthogonal C̄^n_⊥(H) spanned by elements h^0 ⊗ h^1 . . . ⊗ h^n such that at least one of the h^i’s, i ≥ 1, is proportional to 1 ∈ H. Hence C̄^n(H) is canonically isomorphic, as a vector space, to the quotient C^n/C̄^n_⊥. Since Δ1 = 1 ⊗ 1, it follows that C̄^n_⊥(H) is stable by b, whence an induced boundary map b : C̄^n(H) → C̄^{n+1}(H) with b^2 = 0. Next, the differential on non-commutative forms d : Ω^nB → Ω^{n+1}B transposes to d : C̄^n(H) → C̄^{n−1}(H) simply by

d(h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n) = ε(h^0)h̄^1 ⊗ . . . ⊗ h̄^n , d^2 = 0 , (162)

for any h^0 ∈ H and h̄^i ∈ H̄. As usual, we introduce the Karoubi cyclic operator κ : C̄^n(H) → C̄^n(H) and Connes boundary map B : C̄^n(H) → C̄^{n−1}(H), which are the transposed of the usual operators on ΩB:

κ = 1 − (bd + db) , B = d ∘ (1 + κ + . . . + κ^{n−1}) on C̄^n(H) , (163)

with the relations b^2 = B^2 = Bb + bB = 0, κB = B = Bκ.

Definition 4.1 Let H be a Hopf algebra. The periodic cyclic cohomology of H viewed only as a coalgebra is computed by the direct sum complex

C̄^∗(H) = ⨁ n≥0 C̄^n(H) (164)

endowed with the total differential (b + B). At the dual level, the periodic cyclic homology of the coalgebra H is computed by the direct product complex

C̄_∗(H) = ∏ n≥0 Hom(C̄^n(H), C ) (165)

with differential the transposed of (b + B).

So far we have only exploited the coalgebra structure of H and its unit. We now take into account the product and antipode in order to get the cyclic cohomology of H viewed as a Hopf algebra. First, it is necessary to fix another datum, namely a character (bounded algebra homomorphism) δ : H → C ,

δ(h^1h^2) = δ(h^1)δ(h^2) , ∀h^1, h^2 ∈ H . (166)

Then define the twisted antipode S_δ : H → H by convoluting the ordinary antipode with the character:

S_δ (h) = ∑ δ(h_{(0)})h_{(1)} , ∀h ∈ H . (167)

Direct computations show that the twisted antipode fulfill the following relations:

S_δ (h^1h^2) = S_δ(h^2)S_δ (h^1) , ΔS_δ (h) = ∑ S(h_{(1)}) ⊗ S_δ (h_{(0)}) , (168) ∑ S_δ (h_{(0)})h_{(1)} = δ(h)1 , ε ∘ S_δ = δ , δ ∘ S_δ = ε , S_δ (1) = 1 .

The following important lemma is due to Crainic [13]:

Lemma 4.2 For the twisted antipode S_δ : H → H, the following two conditions are equivalent: S^2_δ = id_H ; ∑ S_δ (h_{(1)})h_{(0)} = δ(h)1 ∀h ∈ H .

Proof: See [13].

Let us now introduce the space of (co)invariants. The space of normalized cochains C̄^n(H) is naturally a left H-module for the diagonal action:

h · (h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n) = ∑ h_{(0)}h^0 ⊗ h_{(1)}h̄^1 ⊗ . . . ⊗ h_{(n)}h̄^n , (169)

for any h ∈ H and h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n ∈ C̄^n(H). This action is well-defined because H̄ = Ker ε is an ideal in H. We denote by C̄^n_δ (H) the quotient of C̄n(H) by the subspace of δ-coinvariants (i.e. the subspace spanned by the elements h · x − δ(h)x, for any x ∈ C̄^n(H), h ∈ H):

C̄^n_δ (H) = C̄^n(H)/δ-coinv . (170)

By duality, the space of linear maps C̄_n(H) = Hom(C̄^n(H), C ) is a right Hmodule:

(f · h)(h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n) = f ( h · (h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n) ) , (171)

for any f ∈ C̄_n(H) and h ∈ H. We denote by C̄^δ_n(H) the subspace of δ-invariant chains: f ∈ C̄^δ_n(H) ⇔ f · h = δ(h)f ∀h ∈ H . (172) The following proposition is the fundamental result leading to the cyclic cohomology of Hopf algebras [11, 13]. Under the present form it is adapted to the normalized framework:

Proposition 4.3 Let H be a Hopf algebra, δ : H → C a character and S_δ the twisted antipode. If S^2_δ = id, then the operators d, b, κ, B defined on the complex of cochains C̄^∗(H) pass to the quotient by coinvariants C̄^∗_δ (H). Thus C̄^∗_δ (H) endowed with the boundaries b and B is a mixed complex. By duality, the subspace of invariant chains C̄^δ_∗ (H) is stable by the transposed operators d, b, κ, B, whence a mixed complex.

Proof: The Hopf algebra H acts on the non-normalized space of cochains C^n(H) by the diagonal action. We first show that the subspace of coinvariants coinv(C^n) = {h · x − δ(h)x | h ∈ H, x ∈ C^n(H)} is stable by the Hochschild operator b:

b(h^0 ⊗ . . . ⊗ h^n) := Δh^0 ⊗ h^1 ⊗ . . . ⊗ h^n − h^0 ⊗ Δh^1 ⊗ . . . ⊗ h^n + . . .

. . . +(−)^nh^0 ⊗ . . . ⊗ Δh^n + (−)^{n+1} ∑ h^0_{(1)} ⊗ h^1 . . . h^n ⊗ h^0_{(0)} .

Remark that in the above expression, b involves operators of the form id ⊗ . . . ⊗ Δ ⊗ . . . ⊗ id and, only for the last term, a cyclic permutation of n + 1 elements

h^0 ⊗ h^1 . . . ⊗ h^{n+1} → h^1 ⊗ . . . h^{n+1} ⊗ h^0 .

Hence it is sufficient to show that the coinvariants of C^n(H) are stable under these operators. From the properties of the coproduct, it is easy to see that the action of H commutes with the former operators: h · (h^0 ⊗ . . . Δh^i ⊗ . . . ⊗ h^n) = = ∑ h_{(0)}h^0 ⊗ . . . ⊗ h_{(i)}h^i_{(0)} ⊗ h_{(i+1)}h^i_{(1)} ⊗ . . . ⊗ h_{(n+1)}h^n = (id ⊗ . . . ⊗ Δ ⊗ . . . ⊗ id) ( h · (h^0 ⊗ . . . ⊗ h^n) ) , for any h ∈ H and h^0 ⊗ . . . ⊗ h^n ∈ C^n(H). The only difficulty thus comes from the cyclic permutation. This is the critical step involving the involution condition S^2_δ = id. We have to show that, modulo δ-coinvariants, ∑ h_{(1)}h^1 ⊗ h_{(2)}h^2 ⊗ . . . h_{(n)}h^n ⊗ h_{(0)}h^0 ≡ δ(h)h^1 ⊗ h^2 ⊗ . . . h^n ⊗ h^0 mod coinv .

Using the properties of the counit and the relation δ ∘ S_δ = ε, we have ∑ h_{(1)}h^1 ⊗ h_{(2)}h^2 ⊗ . . . h_{(n)}h^n ⊗ h_{(0)}h^0 = = ∑ ε(h_{(1)}) h_{(2)}h^1 ⊗ h_{(3)}h^2 ⊗ . . . h_{(n+1)}h^n ⊗ h_{(0)}h^0 = ∑ δ(S_δ (h_{(1)})) h_{(2)}h^1 ⊗ h_{(3)}h^2 ⊗ . . . h_{(n+1)}h^n ⊗ h_{(0)}h^0 ≡ ∑ S_δ (h_{(1)})_{(0)}h_{(2)}h^1 ⊗ S_δ (h_{(1)})_{(1)}h_{(3)}h^2 ⊗ . . .

. . . ⊗ S_δ (h_{(1)})_{(n−1)}h_{(n+1)}h^n ⊗ S_δ (h_{(1)})_{(n)}h_{(0)}h^0 mod coinv .

Next, the second relation of (168) implies for any h ∈ H ∑ S_δ (h)_{(0)} ⊗ . . . ⊗ S_δ (h)_{(n−1)} ⊗ S_δ (h)_{(n)} := Δ^nS_δ (h) = ∑ S(h_{(n)}) ⊗ . . . ⊗ S(h_{(1)}) ⊗ S_δ(h_{(0)})

hence we can write ∑ S_δ (h_{(1)})_{(0)}h_{(2)}h^1 ⊗ S_δ (h_{(1)})_{(1)}h_{(3)}h^2 ⊗ . . . . . . ⊗ S_δ(h_{(1)})_{(n−1)}h_{(n+1)}h^n ⊗ S_δ (h_{(1)})_{(n)}h_{(0)}h^0 = ∑ S(h_{(1)(n)})h_{(2)}h^1 ⊗ S(h_{(1)(n−1)})h_{(3)}h^2 ⊗ . . .

. . . ⊗ S(h_{(1)(1)})h_{(n+1)}h^n ⊗ S_δ(h_{(1)(0)})h_{(0)}h^0 = ∑ S(h_{(n+1)})h_{(n+2)}h^1 ⊗ S(h_{(n)})h_{(n+3)}h^2 ⊗ . . .

. . . ⊗ S(h_{(2)})h_{(2n+1)}h^n ⊗ S_δ(h_{(1)})h_{(0)}h^0 , (173)

by reindexing the subscripts of h. Using repeatedly the relation S(h_{(0)})h_{(1)} = ε(h) starting from the left, we have ∑ S(h_{(n+1)})h_{(n+2)}h^1 ⊗ S(h_{(n)})h_{(n+3)}h^2 ⊗ . . . . . . ⊗ S(h_{(2)})h_{(2n+1)}h^n ⊗ S_δ(h_{(1)})h_{(0)}h^0 = ∑ h^1 ⊗ S(h_{(n)})h_{(n+1)}h^2 ⊗ . . .

. . . ⊗ S(h_{(2)})h_{(2n−1)}h^n ⊗ S_δ (h_{(1)})h_{(0)}h^0

. . = ∑ h^1 ⊗ h^2 ⊗ . . . ⊗ S(h_{(2)})h_{(3)}h^n ⊗ S_δ (h_{(1)})h_{(0)}h^0 = ∑ h^1 ⊗ h^2 ⊗ . . . ⊗ h^n ⊗ S_δ (h_{(1)})h_{(0)}h^0 = ∑ δ(h) h^1 ⊗ h^2 ⊗ . . . ⊗ h^n ⊗ h^0 , (174)

where the last equality comes from the condition S_δ (h_{(1)})h_{(0)} = δ(h)1, equivalent to S^2_δ = id by lemma 4.2. Thus we have proved that coinv(C^n) is stable by b. Using the fact that the direct factor C̄^n_⊥(H) in C^n(H) is stable by b, the canonical isomorphism

C̄^n_δ (H) ∼= C^n(H)/(C̄^n_⊥ + coinv(C^n)) ,

implies that b is well-defined on C̄^n_δ (H).

Consider now the differential d : C̄^n(H) → C̄^{n−1}(H). One has

d(h · (h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n)) = ∑ ε(h_{(0)}h^0) h_{(1)}h̄^1 ⊗ . . . ⊗ h_{(n)}h̄^n = ∑ ε(h^0) h_{(0)}h̄^1 ⊗ . . . ⊗ h_{(n−1)}h̄^n

= h · (d(h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n)) ,

hence d preserves the coinvariant subspace of C̄^n(H) and passes to C̄^n_δ (H). Since the other operators κ, B are made out of b and d, we have proved the proposition for C̄^∗_δ (H). The stability of the invariant subspace C̄^δ_∗ (H) under the transposed operators is just the dual statement.

Definition 4.4 Let H be a complete bornological Hopf algebra, δ : H → C a character and S_δ the twisted antipode such that S^2_δ = id. The periodic cyclic cohomology of H is the cohomology of the Z_2-graded complex C̄^∗_δ (H) = ⨁ n≥0 C̄n_δ (H) of cochains modulo coinvariants, endowed with the total boundary (b + B):

HP^∗_δ (H) = H^∗(C̄^∗_δ (H)) , ∗ = 0, 1 . (175)

The periodic cyclic homology of H is the homology of the Z_2-graded complex of δ-invariant chains C̄^δ_∗ (H) = ∏ n≥0 C̄^δ_n(H) endowed with the transposed of the total boundary (b + B):

HP^δ_∗ (H) = H_∗(C̄^δ_∗ (H)) , ∗ = 0, 1 . (176)

Remark 4.5 In fact the quotient C̄^n_δ (H) is isomorphic to the vector space H̄^{^⊗n}. The correspondence is given by

h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n mod coinv → S_δ(h^0) · (h̄^1 ⊗ . . . ⊗ h̄^n) (177) = ∑ S_δ (h^0)_{(0)}h̄^1 ⊗ . . . ⊗ S_δ(h^0)_{(n−1)}h̄^n ,

with explicit inverse

h̄^1 ⊗ . . . ⊗ h̄^n → 1 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n mod coinv . (178)

One can show that under this correspondence the mixed complex (C̄^∗_δ (H), b, B) is isomorphic to the normalized complex of the Hopf algebra H introduced by

Connes and Moscovici in [12]. In particular in low degrees, the Hochschild operator b : C̄^0_δ (H) ∼= C → C̄^1_δ (H) ∼= H̄ vanishes, whereas Connes’ boundary B : C̄^1_δ (H) → C̄^0_δ (H) is given by B(h̄) = δ(h̄).

As in the case of associative algebras, the cyclic cohomology of Hopf algebras has an X-complex interpretation. First, we view H only as a coalgebra and formally dualize all the constructions for the algebra B: the Fedosov product on even differential forms Ω^+B is transposed into a Fedosov coproduct on the subspace of even degree cochains C̄^+(H) = ⨁ n≥0 C̄^{2n}(H) ⊙ : C̄^+(H) → C̄^+(H) ^⊗C̄^+(H) . (179)

We don’t need to write down explicitly this coproduct and leave it as an exercise to the interested reader. In fact, the trivially graded coalgebra (C̄^+(H), ⊙) is isomorphic to a sub-coalgebra of the completed (counital) tensor coalgebra ^T (H̄) = ∏_{n≥0} H̄^{^⊗n} over the vector space H̄, endowed with the coproduct

(h̄^1 ⊗ . . . ⊗ h̄^n) → n∑ i=0 (h̄^1 ⊗ . . . ⊗ h̄^i) ⊗ (h̄^{i+1} ⊗ . . . ⊗ h̄^n) . (180)

The counit of (C̄^+(H), ⊙) is given by the projection C̄^+(H) → C̄^0(H) = H followed by the counit ε : H → C . In particular, observe that this coalgebra splits linearly in the sense of section 2. As a vector space, the X-complex of the trivially graded coalgebra (without differential) C̄^+(H) is isomorphic to the direct sum of even and odd cochains C̄^+(H) ⊕ C̄^−(H) = C̄^∗(H):

C̄^∗(H) ∼= X(C̄^+(H)) : C̄^+(H)^β � ∂♮ � Ω_1C̄^+(H)^♮ . (181)

The boundary maps β and ∂♮ induced by this isomorphism are given by the transposed of (103), up to a sign:

− β = b − d(1 + κ) on C̄^{2n}(H) (182) ∂♮ = d 2n∑ i=0 κ^i − b n∑ i=0 κ^{2i} on C̄^{2n+1}(H) .

The sign in front of β comes from the conventions used in the definition of the X-complex for coalgebras (section 2): morally, the transposition of the structure maps from the X-complex of algebras to the X-complex of coalgebras is done in the graded category. As in the case of algebras, the (b + B)-complex of cochains C̄∗(H) is homotopy equivalent to the X-complex (X(C̄+(H)), −β ⊕ ∂♮) via the map cP_1 : C̄^∗(H) → X(C̄^+(H)), where P_1 is the spectral projection for the eigenvalue 1 of the Karoubi operator κ^2 (a polynomial in κ for each degree C̄^n(H)), and c : C̄^∗(H) → X(C̄^+(H)) is the rescaling

c(h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n) = (−)^{[n/2]}[n/2]! h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n . (183)

We now take into account the full Hopf algebra structure and project C̄^∗(H) onto the quotient by coinvariants C̄^∗_δ (H). In the same way, H acts on the vector space X(C̄^+(H)) by the diagonal action and we define the quotient

X_δ(C̄^+(H)) = X(C̄^+(H))/δ-coinv . (184)

Then if S^2_δ = id, all the operators d, b, κ, B and P_1 of C̄^∗(H) pass to the quotient C̄^∗_δ (H). Similarly for the X-complex, all maps descend to X_δ (C̄^+(H)), and we get as before an homotopy equivalence cP_1 : C̄^∗_δ (H) → X_δ (C̄^+(H)) in the coinvariant setting. Thus the periodic cyclic cohomology HP^∗_δ (H) is computed by X_δ(C̄^+(H)). Similarly, the periodic cyclic homology of H is computed by the complex Hom(X_δ(C̄^+(H)), C ), with differentials induced by

♮ df := f ∘ ∂♮ , ∀f ∈ Hom(C̄^+(H), C ) , (185) bγ := −γ ∘ β , ∀γ ∈ Hom(Ω_1C̄^+(H), C ) .

The transposed of cP_1 induces a homotopy equivalence between the complex Hom(X_δ (C̄^+(H)), C ) endowed with the differential (♮ d ⊕ b), and the complex of Hopf cyclic chains Hom(C̄^∗_δ (H), C ) = C̄^δ_∗ (H) endowed with the boundary (b+B).

We shall now introduce the algebraic notion of “H-equivariant K-cycle” for a bornological algebra A, and associate to it a characteristic map HE_∗(A) → HP^δ_∗ (H). The construction is formally identical to the bivariant Chern character of section 3 on Ψ(A, ~B) (see remark 3.7), with the bornological algebra ~B replaced, at a dual level, by the Hopf algebra H.

We first have to introduce Hopf actions. If L is a complete bornological algebra and H a complete bornological Hopf algebra, a left action of H is given by a bounded map H ^⊗L → L, (h ⊗ x) → h(x), such that

(h^1h^2)(x) = h^1(h^2(x)) ∀h^i ∈ H , x ∈ L , (186) h(xy) = ∑ h_{(0)}(x)h_{(1)}(y) ∀h ∈ H , x, y ∈ L . If L is Z_2-graded, we assume that the action of H preserves the grading. If L has a unit, we assume h(1) = ε(h)1, ∀h ∈ H.

Definition 4.6 Let A be a trivially graded complete bornological algebra. Let H be a complete bornological Hopf algebra, provided with a character δ : H → C . The set of H-equivariant K-cycles Ψ^H_i (A, C ) of degree i = 0, 1 over A consists in quintuples E = (L, ℓ^1, τ, ρ, D) such that:

• L is a unital Z_2-graded complete bornological algebra provided with an Haction;

• ℓ^1 ⊂ L is a two-sided ideal endowed with its own complete bornology, stable by the action of H on L;

• τ : ℓ^1 → C is a bounded δ-invariant trace of degree i on the L-bimodule ℓ^1, that is, τ ([L, ℓ^1]) = 0 and τ (h(x)) = δ(h)τ (x) for any h ∈ H, x ∈ ℓ^1;

• ρ : A → L is a bounded homomorphism of even degree;

• D ∈ L is an odd element (Dirac operator) provided with a heat kernel H ∈ L[0, 1], with H(0) = 1 and H(t) = exp(−tD^2) ∈ ℓ^1 for any t > 0.

One defines in the obvious fashion the sum of two elements of Ψ^H_i (A, C ). A smooth homotopy between two H-equivariant elements E_0 = (L, ℓ^1, τ, ρ_0, D_0) and E_1 = (L, ℓ^1, τ, ρ_1, D_1), where L is endowed with the same action of H, is given by an H-equivariant interpolation E = (L[0, 1], ℓ^1[0, 1], τ ⊗ id, ρ, D), where the action of H on the suspension L[0, 1] is constant, and ev_t∘ρ = ρ_t, ev_tD = D_t for t = 0, 1.

Let E = (L, ℓ^1, τ, ρ, D) be an element of Ψ^H(A, C ). Consider the entire DG bar coalgebra C_1 = B_ϵ(A) endowed with its differential −b^′, together with the trivially graded coalgebra C_2 = C̄^+(H) of even degree cochains provided with the Fedosov coproduct ⊙. Here H is considered only as a coalgebra. We work in the DG convolution algebra Hom(C_1 ^⊗C_2, L) with differential δ_1 induced by −b^′: δ_1f = −(−)^{|f|} f ∘ b^′ , ∀f ∈ Hom(C_1 ^⊗C_2, L) . (187)

The homomorphism ρ : A → L induces another homomorphism ^ρ : A → Hom(H, L) , a ∈ A → ( h ∈ H → h(ρ(a)) ∈ L ) (188)

with target the convolution algebra Hom(H, L), where H is viewed only as a coalgebra. The Hopf action on L shows that ^ρ is indeed an homomorphism: ( ^ρ(a_0a_1) ) (h) = h(ρ(a_0a_1)) = h(ρ(a_0)ρ(a_1)) = ∑ h_{(0)}(ρ(a_0))h_{(1)}(ρ(a_1)) = ∑ (^ρ(a_0))(h_{(0)}) (^ρ(a_1))(h_{(1)}) = ( ^ρ(a_0)^ρ(a_1) ) (h) , (189)

where the last equality comes from the definition of the convolution product on Hom(H, L). Next, we may view ^ρ as a linear map A ^⊗H → L (here H enters only as a coalgebra), and use the natural projections p_1 : C_1 = B_ϵ(A) → B_1(A) = A and p^0 : C_2 = C̄^+(H) → C̄^0(H) = H to get a bounded linear map

C_1 ^⊗C_2^{p1⊗p0} −−−−→ A ^⊗H^{^ρ}−→ L . (190) Hence we consider ^ρ as an odd degree element of the DG convolution algebra Hom(C_1 ^⊗C_2, L). In the same way, define the element ^D ∈ Hom(H, L) by ^D(h) = h(D) ∀h ∈ H , (191) and regard it as an odd element of Hom(C_1 ^⊗C_2, L) via the composition C_1 ^⊗C_2^{η⊗p0}−−−−→ H^{^D}−→ L , (192) where η : C_1 → C is the counit of B_ϵ(A). We introduce now the Quillen superconnection A = ^ρ + ^D ∈ Hom(C_1 ⊗ C_2, L)_− , (193)

and its curvature

F = δ_1A + A^2 ∈ Hom(C_1 ⊗ C_2, L)_+ . (194)

To become familiar with the notations, it is instructive to evaluate explicitly the curvature on the elements of C_1 ^⊗C_2 = B_ϵ(A) ^⊗C̄^+(H). Since the coalgebra C̄+(H) replaces formally the algebra ~B of section 3 in a dual fashion, we can use formula (119) provided the differential forms over B are reinterpreted as chains over H:

F = ^D^2 ∈ Hom(C̄^0(H), L) +[ ^D, ^ρ] ∈ Hom(A ^⊗C̄^0(H), L) +d ^Dd ^D ∈ Hom(C̄^2(H), L) +d ^Dd^ρ + d^ρd ^D ∈ Hom(A ^⊗C̄^2(H), L) +d^ρd^ρ ∈ Hom(B_2(A) ^⊗C̄^2(H), L) . (195)

For any elements a_1 ⊗ . . . ⊗ a_n ∈ B_n(A) and h^0 ⊗ h̄^1 ⊗ . . . h̄^n ∈ C̄^n(H), we evaluate explicitly

F (h^0) = ^D^2(h^0) = h^0(D^2) , F (a_1 ⊗ h^0) = [ ^D, ^ρ(a_1)](h^0) = h^0([D, ρ(a_1)]) , F (h^0 ⊗ h̄^1 ⊗ h̄^2) = d ^Dd ^D(h^0 ⊗ h̄^1 ⊗ h̄^2) = ε(h^0)h̄^1(D)h̄^2(D) , F (a_1 ⊗ (h^0 ⊗ h̄^1 ⊗ h̄^2)) = (d ^Dd^ρ(a_1) + d^ρ(a_1)d ^D)(h^0 ⊗ h̄^1 ⊗ h̄^2) = ε(h^0)(h̄^1(D)h̄^2(ρ(a_1)) + h̄^1(ρ(a_1))h̄^2(D)) , F ((a_1 ⊗ a_2) ⊗ (h^0 ⊗ h̄^1 ⊗ h̄^2)) = (d^ρ(a_1)d^ρ(a_2))(h^0 ⊗ h̄^1 ⊗ h̄^2) = ε(h^0)h̄^1(ρ(a_1))h̄^2(ρ(a_2)) . (196)

Since we want to take the exponential of F in the convolution algebra, we are led to the following definition of θ-summability:

Definition 4.7 Let A and H be respectively a complete bornological algebra and Hopf algebra, E = (L, ℓ^1, τ, ρ, D) an element of Ψ^H(A, C ), A = ^ρ + ^D the associated superconnection in the DG convolution algebra Hom(B_ϵ(A) ^⊗C̄^+(H), L), and F its curvature. Then E is called θ-summable iff the exponential of F converges in the convolution algebra towards a bounded map

exp(−F ) : B_ϵ(A) ^⊗C̄^+(H) → ℓ^1 . (197)

Two θ-summable elements E_0 and E_1 are smoothly homotopic iff there exists a θ-summable interpolating element.

Fix a θ-summable element E ∈ Ψ^H(A, C ). We construct a bivariant Chern character for the superconnection A in exactly the same way as in section 3, the only difference being the formal replacement of ~B with Hom(H, ·), etc... For convenience, let us translate explicitly the construction into this new setting. Introduce the differentials and partial traces

d_1 : Hom(C_1 ^⊗C_2, L) → Hom(Ω_1C_1 ^⊗C_2, L) , d_2 : Hom(C_1 ^⊗C_2, L) → Hom(C_1 ^⊗Ω_1C_2, L) , ♮_1 : Hom(Ω_1C ^⊗C_2, L) → Hom(Ω_1C^♮ ^⊗C_2, L) , (198) ♮_2 : Hom(C_1 ^⊗Ω_1C_2, L) → Hom(C_1 ^⊗Ω_1C^♮_2, L) , ♮_{12} : Hom(Ω_1C_1 ^⊗Ω_1C_2, L) → Hom(Ω_1C^♮_1 ^⊗Ω_1C^♮_2, L) .

Then we have

d_1A , d_1F ∈ Hom(Ω_1C_1 ^⊗C_2, L) , d_2A , d_2F ∈ Hom(C_1 ^⊗Ω_1C_2, L) , (199) e^{−F} ∈ Hom(C_1 ^⊗C_2, ℓ^1) ,

because E is θ-summable. Again, formula (123) computing explicitly the exponential of F in the convolution algebra Hom(B_ϵ(A) ^⊗C̄^+(H), ℓ^1) still holds, e^{−F} = ∑ n≥0 ∫ Δ_n ds_1 . . . ds_n e^{−s0 ^D2} He^{−s1 ^D2} H . . . e^{−sn−1 ^D2} He^{−sn ^D2} |_+ , (200) with H = −[ ^D, ^ρ] − d(^ρ + ^D)d(^ρ + ^D) + √ −1d( ^D^2 + [ ^D, ^ρ]) interpreted as in (195). Then, the components of ch(A) are given by

Hom(C_1 ⊗ C_2, ℓ^1) ∋ ch^0(A) = e^{−F} , Hom(Ω_1C^♮_1 ⊗ C_2, ℓ^1) ∋ ch^0_1(A) = −♮_1 d_1Ae^{−F} ,

Hom(C_1 ⊗ Ω_1C^♮_2, ℓ^1) ∋ ch^1_0(A) = ♮_2e^{−F} d_2A , (201)

Hom(Ω_1C^♮_1 ⊗ Ω_1C^♮_2, ℓ^1) ∋ ch^1(A) = −♮_{12} d_1Ae^{−F} d_2A − − ∫ Δ_2

ds_1ds_2 ♮_{12}e^{−s0F} d_2F e^{−s1F} d_1F e^{−s2F} ,

and applying the trace τ : ℓ^1 → C , we get a cocycle

τ ch(A) ∈ Hom(X(C_1) ^⊗X(C_2), C ) . (202)

We may compose τ ch(A) with the homotopy equivalence cP_1 : C̄^∗(H) → X(C_2) defined on the (b + B)-complex of cochains on the coalgebra H, and use the identification of the reduced X-complex X(C_1) with the (b + B)-complex of entire forms Ω_ϵA. This yields a chain map

τ ch(A) ∘ cP_1 : Ω_ϵA → Hom(C̄^∗(H), C ) = C̄_∗(H) (203)

from (Ω_ϵA, b + B) to (C̄_∗(H), b + B), of parity |τ |. The point is that the image of this map actually lies in the δ-invariant subspace of C̄_∗(H), which is a subcomplex computing the cyclic homology of H considered as a Hopf algebra whenever the twisted antipode S_δ verifies the involution condition.

Theorem 4.8 Let A be a complete bornological algebra, H a complete bornological Hopf algebra and δ : H → C a bounded character. If S^2_δ = id, then any θ-summable element E = (L, ℓ^1, τ, ρ, D) of Ψ^H_i (A, C ) gives rise to a characteristic map ch(E) : HE_j(A) → HP^δ_{j+i}(H) , j ∈ Z_2 , (204)

where ch(E) is represented by the chain map τ ch(A) ∘ cP_1, with A = ^ρ + ^D the superconnection associated to E. This characteristic map is additive and invariant for smooth homotopies of ρ and D.

Proof: The δ-invariance of the cocycle τ ch(A) ∈ Hom(X(C_1) ^⊗X(C_2), C ) is a direct consequence of the construction. Let h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n ∈ C̄^n(H) be a coalgebra n-cochain. Using the isomorphisms X(C_1) ∼= Ω_ϵA and X(C_2) ∼= C̄n(H), the evaluation of ch(A) on this cochain is a bounded linear map Ω_ϵA → ℓ^1:

ch(A)(h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n) ∈ Hom(Ω_ϵA, ℓ^1) ,

whose further evaluation on a p-form a_0da_1 . . . da_p ∈ Ω^pA yields a polynomial

Q = h^0(Q_0) n∏ i=1 h̄^i(Q_i) ∈ ℓ^1 ,

where the Q_i’s are polynomials in the Dirac operator D, the heat kernel e^{−tD2} and the ρ(a_j )’s. If h ∈ H acts on h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n by the diagonal action, Q changes into ∑ h_{(0)}h^0(Q_0) n∏ i=1 h_{(i)}h̄^i(Q_i) = h · Q , hence applying the δ-invariant trace τ : ℓ^1 → C , one sees that

τ ch(A) ( h · (h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n) ) = δ(h)τ ch(A)(h^0 ⊗ h̄^1 ⊗ . . . ⊗ h̄^n) .

This shows that the target of the chain map τ ch(A) ∘ cP_1 : Ω_ϵA → C̄_∗(H) lies in the δ-invariant subcomplex of Hopf cyclic chains. The homotopy invariance with respect to ρ and D is a consequence of the existence of a transgression formula in the total complex Hom(Ω_ϵA ^⊗C̄^∗(H), Ω[0, 1]) analogous to the proof of theorem 3.6, compatible with the δ-invariance as before.

Example 4.9 The characteristic map (204) is a far-reaching generalization of the Connes-Moscovici map introduced in [10]. The latter corresponds to the following particular case. Let A and H be as in the theorem. Suppose further that H acts on A and τ : A → C is a δ-invariant trace. Set L = ℓ^1 = A, and let ρ : A → A be the identity homomorphism and D = 0. Then E = (L, ℓ^1, τ, ρ, D) is an element of Ψ^H_0 (A, C ), and the characteristic map (204) actually factors through the periodic cyclic homology of A,

ch(E) : HP_∗(A) → HP^δ_∗ (H) , (205)

because this situation is purely algebraic. In fact it is defined for any H-algebra A not necessarily bornological. Then ch(E) is the characteristic map of Connes- Moscovici associated to A, H and the δ-invariant trace τ .

Remark 4.10 The whole construction can be dualized with H a complete bornological Hopf algebra coacting on L. In this case, H replaces exactly the algebra ~B of section 3, while adding some extra structure (invariance with respect to coactions). The previous character δ : H → C must be dualized into a group-like element σ ∈ H, and the twisted antipode corresponds to the product S_σ (h) = σS(h). In particular, the (augmented) (b, B)-complex of entire chains ~Ω_ϵH̄ is endowed with a left coation Δ_l : ~Ω_ϵH̄ → H ^⊗~Ω_ϵH̄ coming from the coproduct,

Δ_l(h^0dh^1 . . . dh^n) = ∑ (h^0_{(0)}h^1_{(0)} . . . h^n_{(0)}) ⊗ h^0_{(1)}dh^1_{(1)} . . . dh^n_{(1)} , (206)

and the subspace of σ-invariant chains

Δ_l(h^0dh^1 . . . dh^n) = σ ⊗ h^0dh^1 . . . dh^n (207)

is a (b, B)-subcomplex iff S^2_σ = id. We denote by HP^σ_∗ (H) the corresponding periodic cyclic homology. Starting from a quintuple E = (L, ℓ^1, τ, ρ, D) in Ψ_i(A, C ) such that L and ℓ^1 are endowed with a coation of H and τ is a σinvariant trace (i.e. τ (x) → στ (x) under the coaction), an obvious modification of the construction above yields a characteristic map

ch(E) : HE_∗(A) → HP^σ_{∗+i}(H) . (208)

This dual formulation is well-adapted to Hopf algebras viewed as algebras of functions over a quantum group, instead of algebras of operators (enveloping algebras). It should be possible to generalize the construction with a modular pair (σ, δ) as introduced by Connes-Moscovici [11, 12], which allows to replace the invariant trace τ by a Haar measure on H. This may presumably have some applications in the theory of locally compact quantum groups in the sense of Woronowicz [43].

The entire cyclic homology of A is the natural target for the Chern character on topological K-theory [29]. The definition of topological K-theory for complete bornological algebras follows the definition of Phillips for Fréchet algebras [37]. Let k be the algebra of infinite matrices (x_{ij})_{i,j∈N}over C with rapidly decreasing entries. It is a Fréchet algebra for the family of norms p_n

p_n((x_{ij} )) = ∑ i,j (1 + i + j)^n|x_{ij}| . (209)

Given a complete bornological algebra A, we first stabilize by taking the completed tensor product A ^⊗k, add a unit to the resulting algebra, and consider the unital algebra of 2 × 2 matrices A = M_2(C ) ^⊗( ~A ^⊗k). Then the topological K-theory of even degree K^{top}_0 (A) is the set of smooth homotopy classes of

idempotents e ∈ A such that e − ( 1 0 0 0 ) ∈ M_2(C ) ^⊗A ^⊗k. The direct sum of

idempotents turns K^{top}_0 (A) into an abelian group. Meyer shows in [29] that the Chern character on even K-theory is a well-defined additive map

ch^{top}_0 : K^{top}_0 (A) → HE_0(A) , (210)

It is given in terms of the idempotent e by the usual formula (see [5]). The odd K-theory K^{top}_1 (A) is the abelian group of smooth homotopy classes of elements x ∈ A ^⊗k such that 1 + x ∈ ~A ^⊗k is invertible. Again, there is a well-defined additive map [29]

ch^{top}_1 : K^{top}_1 (A) → HE_1(A) . (211)

As a consequence of the above theorem, we get a pairing between the set of homotopy classes of equivariant K-cycles over the complete bornological algebra A and its topological K-theory:

Corollary 4.11 Let A be a complete bornological algebra, and H be a complete bornological Hopf algebra provided with a bounded character δ : H → C such that the twisted antipode S_δ is involutive. Then there is a bilinear pairing between the topological K-theory of A and the set of smooth homotopy classes of θ-summable H-equivariant K-cycles Ψ^{H,θ}(A, C ),

K^{top}_i (A) × Ψ^{H,θ}_j (A, C ) → HP^δ_{i+j} (H) , i, j ∈ Z_2 , (212)

with values in the periodic cyclic homology of H. Given a representative E ∈ Ψ^{H,θ}_j (A, C ), its pairing with K-theory is obtained by composing the characteristic map ch(E) : HE_∗(A) → HP^δ_{∗+j}(H) with the Chern character on K^{top}_∗ (A).

5 Secondary characteristic classes

We shall now consider the same situation as in the previous section, but restrict ourselves to Hopf algebras acting by the ajoint representation. Let A be a complete bornological algebra and H a Hopf algebra with involutive antipode. We choose the character δ : H → C simply equal to the counit ε. If E = (L, ℓ^1, τ, ρ, D) ∈ Ψ^H(A, C ) is an H-equivariant K-cycle such that H acts on L by the adjoint representation, the image of the characteristic map ch(E) : HE_∗(A) → HP^ε_∗ (H) is contained in the trivial factor C ⊂ HP^ε_∗ (H). This implies that the action of H is unfortunately not detected by ch(E). However, in some circumstances this leads us to exhibit secondary characteristic classes. Since this goal requires some analysis, we must consider that all algebras are represented as operators acting on a Hilbert space. For any integer p, we define the set of p_+-summable H-equivariant spectral triples E^H_p (A, C ). Such elements E are given by triples (A, H, D) in the sense of Connes’ non-commutative geometry [5]: H is a separable Hilbert space; D is an unbounded selfadjoint operator with compact resolvent (Dirac operator), such that (1 + D^2)^{−(p/2+ε)} is traceclass for any ε > 0 (we call this property p_+-summability); and A is represented as bounded operators on H such that the commutator [D, a] is bounded for any a ∈ A. In addition, the Hopf algebra H acts on H by (possibly unbounded) operators, but we assume that the adjoint action of H on the Dirac operator induces only bounded perturbations of D, and that [h, a] = 0 = [h, [D, a]] for any h ∈ H, a ∈ A. Under some extra analytical conditions, this gives rise to secondary classes ψ(E) : HC_n(A) → HC^{ε,+}_{n−p}(H) , ∀n ≥ 0 , (213) defined on the non-periodic cyclic homology HC_n(A), with target a cyclic homology of H obtained from the vertical filtration of its cyclic bicomplex. Remarkably, these classes are still invariant with respect to (at least) bounded homotopies of the Dirac operator. They are not homotopy invariant with respect to the representation homomorphism ρ : A → End(H) (the functors HC_n are not homotopy invariant). As a consequence, we get induced characteristic maps on the higher algebraic K-theory of A [41] rather than the topological K-theory.

Let H be a Hopf algebra endowed with a complete bornology, such that its antipode is involutive: S^2 = id. This allows to choose the character δ : H → C simply equal to the counit ε, so that the twisted antipode S_δ coincides with S. The corresponding periodic cyclic cohomology (resp. homology) is thus denoted HP^∗_ε (H) (resp. HP^ε_∗ (H)). Recall that from remark 4.5, for any character δ the Hochschild coboundary operator on the Hopf cochains of degree zero vanishes:

b : C̄^0_δ (H) ∼= C → C̄^1_δ (H) ∼= H̄ , λ → 0 , (214)

(H̄ = Ker ε) whereas Connes’ boundary map B on one-cochains is given by

B : C̄^1_δ (H) → C̄^0_δ (H) , h̄ → δ(h̄) , (215)

for any h̄ ∈ H̄. Hence in the present case δ = ε, one has B(h̄) = 0. It follows that the (b, B)-bicomplex of Hopf cochains C̄^∗_ε (H) = ⨁ n≥0 C̄^n_ε (H) splits into the direct sum of complexes

C̄^∗_ε (H) = C ⊕ ⨁ n≥1 C̄^n_ε (H) , (216)

where C is the trivial complex, and similarly for the bicomplex of Hopf chains C̄^ε_∗(H) = C ⊕ ∏_{n≥1} Hom(C̄^n_ε (H), C ). As a consequence, the periodic cyclic homology of H splits in even degree,

HP^ε_0 (H) = C ⊕ H̄P^ε_0(H) , HP^ε_1 (H) = H̄P^ε_1(H) , (217) and similarly for cohomology. We call H̄P^ε_∗(H) the reduced (periodic) cyclic homology of H.

Let A be a complete bornological algebra, and E = (L, ℓ^1, τ, ρ, D) an Hequivariant K-cycle in Ψ^H_i (A, C ), i = 0, 1 (definition 4.6). We recall that H acts from the left on the auxiliary algebras L, ℓ^1 and τ : ℓ^1 → C is an ε-invariant trace of degree i, that is, τ (h(x)) = ε(h)τ (x) for any x ∈ ℓ^1, h ∈ H. If E is θ-summable, then theorem 4.8 yields a characteristic map ch(E) : HE_j(A) → HP^ε_{j+i}(H) for any j ∈ Z_2. Using the splitting HP^ε_∗ (H) = C ⊕ H̄P^ε_∗(H), the characteristic map ch(E) splits into a C -valued component

ch^C(E) : HE_i(A) → C , (218)

and a reduced characteristic map c̄h(E) : HE_j(A) → H̄P^ε_{j+i}(H) , j ∈ Z_2 . (219)

It is easy to see that the C -valued component exactly corresponds to the JLO cocycle [24], whose evaluation on a n-form a_0da_1 . . . da_n ∈ Ω^nA reads

ch^C(E)(a_0da_1 . . . da_n) = (220) (−)^n ∫ Δ_n ds_1 . . . ds_n τ ( ρ(a_0)e^{−s0D2} [D, ρ(a_1)]e^{−s1D2} . . . [D, ρ(a_n)]e^{−snD2} ) , where Δ_n = {(s_0, . . . s_n) ∈ [0, 1]^{n+1} | ∑ i s_i = 1} is the standard n-simplex.

Remark that due to the odd parity of D, this expression vanishes whenever the degree i of the trace τ is not congruent to n mod 2, thus ch^C(E) is indeed an entire cyclic cocycle of degree i over A. It is clear that the JLO formula does not involve the Hopf algebra action. All the relevant information about the cyclic homology of H is therefore transfered into the reduced characteristic map. We now restrict to the case where H viewed as an associative algebra is represented in L via a unital algebra homomorphism g : H → L, and as a Hopf algebra, acts by the adjoint representation on L and ℓ^1. In the following we shall denote the image of an element g(h) ∈ L simply by h when no confusion arises. The left adjoint action H ^⊗L → L reads h · x := ∑ h_{(0)}xS(h_{(1)}) , ∀h ∈ H , x ∈ L . (221)

One checks easily the compatibility with the product on L, hence L endowed with the adjoint representation of H is indeed a H-algebra. Furthermore, the two-sided ideal ℓ^1 ⊂ L is necessarily stable under this action, and any bounded trace τ : ℓ^1 → C is ε-invariant: τ (h·x) = ∑ τ (h_{(0)}xS(h_{(1)})) = ∑ τ (S(h_{(1)})h_{(0)}x) = ε(h)τ (x) , ∀h ∈ H , x ∈ ℓ^1 , (222) because the hypothesis S^2 = id is equivalent to ∑ S(h_{(1)})h_{(0)} = ε(h)1, ∀h ∈ H.

The proposition below states that if H acts by the adjoint representation, then the characteristic map ch(E) retracts onto the JLO cocycle.

Proposition 5.1 Let A be a complete bornological algebra, H a complete bornological Hopf algebra such that S^2 = id. Let E = (L, ℓ^1, τ, ρ, D) ∈ Ψ^H_i (A, C ) be an Hequivariant K-cycle such that H is represented in L and acts by the adjoint representation. Then the reduced characteristic map c̄h(E) : HE_j(A) → H̄P^ε_{j+i}(H) vanishes.

Proof: Let g : H → L be the representation (unital algebra homomorphism) of H into L. If we regard H as a coalgebra, the linear map g is an element of the convolution algebra Hom(H, L). The latter has a unit given by 1_Lε. Then g is invertible in the convolution algebra, with inverse corresponding to the composition g^{−1} = g ∘ S ∈ Hom(H, L).

We shall build an interpolation between E and a quintuple whose Chern character just reduces to the JLO cocycle. Consider the unital algebra of 2×2 matrices M_2(L[0, 1]) over the suspension L[0, 1] = L ^⊗C^∞[0, 1], and the associated convolution algebra Hom(H, M_2(L[0, 1])). Let f_1, f_2 : [0, 1] → R be smooth functions over the interval, such that f^2_1 + f^2_2 = 1, f_1(0) = 0, f_1(1) = 1. We may choose f_1(t) = t and f_2(t) = √ 1 − t^2. Then from the homomorphism ρ : A → L, we construct an algebra homomorphism

^ρ : A → Hom(H, M_2(L[0, 1])) , ^ρ(a) = ( f^2_1 gρ(a)g^{−1} f_1f_2 gρ(a) f_2f_1 ρ(a)g^{−1} f^2_2 ρ(a) ) . We view ^ρ as a bounded linear map A ^⊗H → M_2(L[0, 1]), a ⊗ h → ^ρ(a)(h). Next, from D we introduce an odd element: ^D = ( gDg^{−1} 0 0 D ) ∈ Hom(H, M_2(L[0, 1])) .

For t = 1, we have

ev_1 ^ρ = ( gρg^{−1} 0 0 0 ) , ev_1 ^D = ( gDg^{−1} 0 0 D ) . The evaluation of gρg^{−1} ∈ Hom(A ^⊗H, L) on a product a ⊗ h yields gρg^{−1}(a ⊗ h) = ∑ h_{(0)}ρ(a)S(h_{(1)}) = h · (ρ(a)) ,

and similarly gDg^{−1}(h) = h · D, which shows that for t = 1, the upper left corner of ^ρ and ^D coincide with the construction of section 4, leading to the characteristic map associated to E. For t = 0, one has

ev_0 ^ρ = ( 0 0 0 ρ ) , ev_0 ^D = ( gDg^{−1} 0 0 D ) , and ρ(a ⊗ h) = ε(h)ρ(a), D(h) = ε(h)D. This shows that for t = 0, the bottom right corner of the matrices ^ρ and ^D vanish on the augmentation ideal H̄ = Ker ε.

Let (L ^⊗Ω[0, 1], d) be the DG algebra of differential forms over [0, 1] with values in L. As in section 4, we will construct a bivariant Chern character by working in the DG convolution algebra R = Hom(B_ϵ(A) ^⊗C̄^+(H), L ^⊗Ω[0, 1]), where the differential of L ^⊗Ω[0, 1] is taken into account. Recall that B_ϵ(A) is the entire bar DG coalgebra of A, and C̄^+(H) is the Fedosov coalgebra (without differential) of cochains over H. First, we consider ^ρ and ^D as odd elements of R by the same trick as in section 4, and form the superconnection A = ^ρ + ^D ∈ R_−. The trace τ : ℓ^1 → C extends to a trace τ ⊗ tr_2 : M_2(ℓ^1 ^⊗Ω[0, 1]) → Ω[0, 1], so that the usual Chern character

(τ ⊗ tr_2) ch(A) ∈ Hom(X(B_ϵ(A)) ^⊗X(C̄^+(H)), Ω[0, 1]) is a cocycle in the corresponding complex, where the de Rham differential d over Ω[0, 1] is taken into account. As in the proof of proposition 2.2, we let χ be the projection of this cocycle onto the subspace of numerical functions C^∞[0, 1] ⊂ Ω[0, 1] and cs the projection onto the one-forms Ω^1[0, 1]. The cocycle property implies that dχ = ±cs ∘ ∂ , where ∂ denotes the total differential on X(B_ϵ(A)) ^⊗X(C̄^+(H)). Moreover, this construction is compatible with the ε-invariance (same proof as theorem 4.8), hence holds at the level of Hopf cochains. Using the homotopy equivalence cP_1, we may identify the complexes mod ε-coinvariants X_ε(C̄^+(H)) and C̄^∗_ε (H). For t = 0, we know that the bottom right corner of the matrix A vanishes on H̄, and a careful inspection shows that after taking the trace τ ⊗ tr_2, this implies the vanishing of χ(t = 0) on a chain h^0 ⊗h̄^1 ⊗. . .⊗h̄^n ∈ C̄^n_ε (H) whenever n > 0. Hence we deduce that χ_{t=0} = ch^C(E) on Ω_ϵA = X(B_ϵ(A)). On the other hand, for t = 1 the upper left corner of the matrix A corresponds to the connection entering in the construction of the Chern character of E, so that after taking the trace τ ⊗ tr_2, one sees that χ_{t=1} = ch(E) on Ω_ϵA ^⊗X_ε(C̄^+(H)). Therefore

c̄h(E) = ch(E) − ch^C(E) = ∫ [0,1] dχ = ± ∫ [0,1] cs ∘ ∂ , is a coboundary in the complex Hom(Ω_ϵA ^⊗X_ε(C̄^+(H)), C ).

Thus when H acts by the adjoint representation, it is not detected by the reduced characteristic map c̄h(E) which becomes trivial. This may be regarded as a drawback, however in some circumstances it leads to the appearance of secondary characteristic classes. The latter are much finer invariants associated to the Hopf algebra action, and in fact correspond to characteristic classes for the higher algebraic K-theory of A instead of the topological one. Since the treatment involves a fine control of the components of the cyclic cochains, we shall assume from now on that L, ℓ^1 are realized as algebras of (not necessarily bounded) operators on a Hilbert space. Moreover, the Hopf algebra H is now considered as a discrete algebra (fine bornology).

Definition 5.2 Let A be a complete bornological algebra, H a Hopf algebra with fine bornology. For p ∈ R_+, a p-summable H-equivariant spectral triple E = (A, H, D) over A corresponds to the following data:

• A separable Z_2-graded Hilbert space H = H_+ ⊕ H_− together with a bounded representation ρ : A → End(H) of A into the algebra of bounded endomorphisms of even degree over H;

• A representation g of the algebra H as not necessarily bounded operators of even degree over H (recall H has fine bornology);

• A selfadjoint unbounded operator D of odd degree with compact resolvent, such that (1 + D^2)^{−p/2} is trace-class (Dirac operator);

• The commutator [D, ρ(a)] is a bounded endomorphism of H for any a ∈ A;

• The adjoint action of H on the Dirac operator is a bounded perturbation of D: ∑ g(h_{(0)})Dg(S(h_{(1)} )) − ε(h)D bounded for any h ∈ H . (223)

We say that an equivariant spectral triple (A, H, D) is p_+-summable iff it is (p + ε)-summable for any ε > 0.

The p-summability assumption (1 + D^2)^{−p/2} trace-class implies that the heat kernel exp(−tD^2) is a matrix with rapid decay in a basis of eigenvectors of D for any t > 0. Morally, the previous auxiliary algebra L is generated by the operators g(h), D, ρ(a) and exp(−tD^2) for any a ∈ A, h ∈ H, and ℓ^1 is the ideal generated by exp(−tD^2), consisting in matrices with rapid decay. The trace τ : ℓ^1 → C corresponds to the ordinary operator trace, whose degree depends on the parity of the spectral triple:

i) Even case: the Z_2-grading H = H_+ ⊕ H_− implies that L and ℓ^1 split into even and odd parts. In matricial form one has ρ = ( ρ_+ 0 0 ρ_− ) , D = ( 0 D_− D_+ 0 ) . (224)

Then τ is the ordinary supertrace of operators Tr_s. It is a map of even degree from ℓ^1 to C .

ii) Odd case: one has H_+ ∼= H_−, and in matricial form the homomorphism ρ and the Dirac operator decompose into ρ = ( α 0 0 α ) , D = ( 0 Q Q 0 ) . (225)

Then τ evaluated on a trace-class operator of the form ( 0 x x 0 ) is equal to √ 2iTr(x), and it vanishes on diagonal matrices. Then τ is a trace of odd degree from ℓ^1 to C . The factor √ 2i assures the compatibility of the Chern character with the cup-product on K-homology. It is also compatible with Bott periodicity in the bivariant context [35].

We may assume the representation of A endowed with the norm ||ρ(a)||_∞ + ||[D, ρ(a)]||_∞ (with || · ||_∞ the operator norm), and the map ρ : A → ρ(A) bounded. Also, we suppose that H has fine bornology. The p-summability assumption actually implies the θ-summability property stated in definition 4.7 (use for example the same kind of estimates as in the proof of proposition 5.3). Consequently, if H is a Hopf algebra with involutive antipode, any p-summable H-equivariant spectral triple E = (A, H, D) of parity i yields a characteristic map ch(E) : HE_∗(A) → HP^ε_{∗+i}(H) which retracts onto the JLO cocycle (220). However, the p-summability assumption gives further estimates on the behaviour of the cocycle representing ch(E).

Thus we fix an H-equivariant spectral triple E = (A, H, D) of parity i. Recall that in the construction of ch(E) (section 4), we consider the linear map ^ρ ∈ Hom(A ^⊗H, L) and the element ^D ∈ Hom(H, L) defined by ^ρ(a ⊗ h) = h · ρ(a) , ^D(h) = h · D , (226) where h ∈ H acts on the operators of H by the adjoint representation. Then we combine ^ρ and ^D into the superconnection A = ^ρ + ^D viewed as an odd element of the DG convolution algebra Hom(B_ϵ(A) ^⊗C̄^+(H), L). Here B_ϵ(A) is the bar DG coalgebra of A and C̄^+(H) is the trivially graded Fedosov coalgebra of cochains over H (itself viewed only as a coalgebra). The corresponding cocycle τ ch(A) ∈ Hom(X(B_ϵ(A)) ^⊗X(C̄^+(H)), C ) is ε-invariant, and after composition with the homotopy equivalence cP_1 : C̄^∗_ε (H) → X_ε(C̄^+(H)) we get a chain map

χ(ρ, D) := τ ch(A) ∘ cP_1 : X(B_ϵ(A)) ∼= Ω_ϵA → Hom(C̄^∗_ε (H), C ) ∼= C̄^ε_∗(H) , (227) from the (b + B)-complex of entire chains over A to the (b + B)-complex of periodic chains over the Hopf algebra (S^2 = id). Decompose χ into its components (χ^n_k )_{n,k∈N}: χ^n_k (ρ, D) : Ω^nA → C̄^ε_k(H) . (228)

We now assume that the representation g : H → L commutes with the operators ρ(a) and [D, ρ(a)] for any a ∈ A, that is g(h)ρ(a) = ρ(a)g(h) and g(h)[D, ρ(a)] = [D, ρ(a)]g(h) for any h ∈ H. Then if we rescale D by tD for t > 0, we have the following vanishing result at the limit t → 0:

Proposition 5.3 Let A be a complete bornological algebra, H a Hopf algebra with fine bornology such that S^2 = id. Let E = (A, H, D) be a p-summable H-equivariant spectral triple such that the representation of H as operators on H commute with ρ(a) and [D, ρ(a)] for any a ∈ A. Then the map χ^n_k (ρ, tD) : Ω^nA → C̄^ε_k(H) vanishes at the limit t → 0 whenever n + k > p.

Proof: Let A = ^ρ + t ^D be the superconnection associated to E and F ∈ Hom(B_ϵ(A) ^⊗C̄^+(H), L) its curvature. Recall that the X-complex X(C̄^+(H)) is isomorphic to C̄^∗(H) as a vector space, and the homotopy equivalence cP_1 : C̄^∗_ε (H) → X_ε(C̄^+(H)) (quotients by ε-coinvariants) preserves the degree of Hopf cochains. Therefore, it is sufficient to show that the component of τ ch(A)

τ ch(A)^n_k : Ω^nA ^⊗X(C̄^+(H))^k → C

vanishes for n + k > p, where X(C̄^+(H))^k is the space of k-cochains C̄^k(H) = H ^⊗H̄^{^⊗n} (we forget the ε-invariance). First, we use the computation (195) for the curvature F , F = t^2 ^D^2 + t[ ^D, ^ρ] + d(^ρ + t ^D)d(^ρ + t ^D) , where we recall that the symbol d of non-commutative differential forms has to be interpreted in a dual context for the Fedosov coalgebra C̄^+(H), for example

d ^Dd ^D ∈ Hom(C̄^2(H), L) , d ^Dd ^D(h^0 ⊗ h̄^1 ⊗ h̄^2) = ε(h^0)h̄^1(D)h̄^2(D) , and d^ρd ^D ∈ Hom(A ^⊗C̄^2(H), L) , d^ρd ^D(a ⊗ h^0 ⊗ h̄^1 ⊗ h̄^2) = ε(h^0)h̄^1(ρ(a))h̄^2(D) .

From the definition of the equivariant spectral triple, ^D(h̄) = h̄(D) is a bounded operator for any h̄ in the augmentation ideal H̄ = Ker ε, therefore the symbol d ^D is always bounded. Moreover, by hypothesis ρ commutes with the representation of H, hence one has ^ρ(a ⊗ h) = h(ρ(a)) = ε(h)ρ(a) and subsequently d^ρ = 0. Since H commutes also with [D, ρ(a)], one has d[ ^D, ^ρ] = 0.

We have to evaluate explicitly the component τ ch(A)^n_k on a n-form over A. Again, the computation is identical to section 3. For simplicity, we will focus only on the part τ e^{−F} of τ ch(A). This amounts to restrict to the particular case k = 2m, and evaluate on the n-form da_1 . . . da_n ∈ Ω^nA. Therefore, we have

τ ch(A)^n_{2m}(da_1 . . . da_n) = τ e^{−F} (a_1 ⊗ . . . ⊗ a_n) ∈ Hom(C̄^{2m}(H), C ) ,

so that we just want to evaluate τ e^{−F} on B_n(A) ^⊗C̄^{2m}(H). To keep the notations simple, we forget the hat over ^ρ and ^D and write just ρ and D. Hence in the manipulations below, we must keep in mind that ρ, D and dD are in fact operator-valued functions over the fine (=discrete) bornological space H, evaluated on some elements h^0, h̄^1, . . . , h̄^{2m} or their coproducts. Note that the condition (1 + D^2)^{−p/2} is trace-class holds when D is evaluated on any element h ∈ H, since h(D) is a bounded perturbation of the Dirac operator. The Fedosov exponential is given by formula (200) e^{−F} = ∑ n≥0 ± ∫ Δ_n e^{−s0t2D2} H_1e^{−s1t2D2} H_2 . . . e^{−sn−1 t2D2} H_ne^{−sn t2D2} , where the H_i’s are taken among the three possibilities t[D, ρ], t^2dDdD and t^2d(D^2) (recall dρ = 0 and d[D, ρ] = 0). Since dD is a bounded operator on H, as well as the commutator [D, ρ], one sees that only the last possibility d(D^2) = [dD, D] may be unbounded. Applying the trace τ , proportional to the operator (super)trace Tr in Hilbert space, we want to control the behaviour of ∫ Δ_n Tr(e^{−s0 t2D2} H_1e^{−s1t2D2} H_2 . . . e^{−sn−1t2D2} H_ne^{−snt2D2} ) when t → 0. Consider the integrand at a point of the n-simplex (s_0, . . . , s_n), ∑ i s_i = 1, with all s_i ≠ 0. Using Hölder’s inequality for the norms ||x||_s−1 = (Tr|x|^{1/s})^s, we have Tr|e^{−s0t2D2} H_1e^{−s1 t2D2} H_2 . . . e^{−sn−1 t2D2} H_ne^{−snt2D2} | ≤ n∏ i=0 ||H_ie^{−sit2D2} ||_s−1_i . (229) We focus on a given i. If H_i is one of the bounded operators t[D, ρ] or t^2dDdD, the p-summability assumption that (1 + D^2)^{−p/2} is trace-class implies ||H_ie^{−sit2D2} ||_s−1_i ≤ ||H_i||_∞||e^{−sit2D2} ||_s−1_i ≤ ||H_i||_∞(Tr(e^{−t2D2} ))^{si} ≤ ||H_i||_∞ ( Tr((t^2 + t^2D^2)^{−p/2}(t^2 + t^2D^2)^{p/2}e^{−t2D2} ) )_{si} ≤ ||H_i||_∞(t^{−p}Tr(1 + D^2)^{−p/2}||(t^2 + t^2D^2)^{p/2}e^{−t2D2} ||_∞)^{si} ,

where || · ||_∞ is the operator norm. Since ||(t^2 + t^2D^2)^{p/2}e^{−t2D2} )||_∞ is bounded by the maximum of the numerical function x → (t^2 + x^2)^{p/2}e^{−x2} , we deduce there is a bounded function C_t as t → 0 such that ||H_ie^{−si t2D2} ||_s−1_i ≤ (C_tt^{−p})^{si} ||H_i||_∞ . Let us now consider the unbounded term t^2[dD, D] = t^2(dDD − DdD). For example if H_i is equal to t^2dDD, we may write ||H_ie^{−sit2D2} ||_s−1_i ≤ ||tdD||_∞||tDe^{−sit2D2} ||_s−1_i , and using p-summability as before, ||tDe^{−sit2D2} ||_s−1_i = ( Tr((t^2 + t^2D^2)^{−p/2}(t^2 + t^2D^2)^{p/2}|tD|^{1/si} e^{−t2D2} ) )_{si} ≤ ( t^{−p}Tr(1 + D^2)^{−p/2}||(t^2 + t^2D^2)^{p/2}|tD|^{1/si} e^{−t2D2} ||_∞ )_{si} . For t sufficiently small and s_i ≤ 1, the maximum of the function x → ( (t^2 + x^2)^{p/2}x^{1/si} e^{−x2} )_{si} is bounded by a term proportional to 1/ √ s_i, so that we can write ||tDe^{−sit2D2} ||_s−1_i ≤ C^′_t t^{−psi} √ s_i , where C^′_t is a bounded function of t. This expression is integrable over s_i near zero, hence we can integrate (229) over the simplex Δ_n and estimate for small t ∫ Δ_n Tr|e^{−s0t2D2} H_1e^{−s1t2D2} H_2 . . . e^{−sn−1 t2D2} H_ne^{−snt2D2} | ≤ C t^{−p} ∏ i ||A_i||_∞ , where A_i are bounded operators chosen among t[D, ρ], t^2dDdD and tdD. Thus the product of ||A_i||_∞’s carries one power of t for each dD and ρ, so that τ e^{−F} evaluated on an element of B_n(A) ^⊗C̄^k(H) behaves like t^{n+k−p}, hence is vanishes at the limit t → 0 when n + k > p. The same discussion holds for the other components of τ ch(A), which also involve the exponential of F , with the same kind of estimates.

Under reasonable analytical hypotheses on the spectral triple (A, H, D) (see [9]), one shows that the cochain χ^n_k (ρ, tD) evaluated on an element of Ω^nA ^⊗C̄^k_ε (H) has an asymptotic expansion when t → 0 of the form χ^n_k (ρ, tD) = ∑ l,m∈N t^{pm} (log t)^l(α^n_k )_{l,m} , (230)

where the p_m’s are complex numbers with real part bounded below, and (α^n_k )_{l,m} are bounded maps Ω^nA → C̄^ε_k(H). The homotopy invariance of ch(E) implies that the cohomology class of the cocycle χ(ρ, tD) is independent of t, hence corresponds to the cohomology class of the constant term l = p_m = 0 in the above expansion, or equivalently to the finite part Pf_{t→0} χ(ρ, tD). The preceding proposition shows that the (n, k)-component vanishes whenever n + k > p, therefore we actually get a periodic cyclic cocycle over A (i.e. finite-dimensional). For k = 0, we deduce that the periodic cocycle

( Pf_{t→0} χ^n_0 (ρ, tD))_{0≤n≤p} ∈ Hom(ΩA, C ) (231)

is a representative of the C -valued characteristic map ch^C(E). This yields the local formula of Connes-Moscovici [9], corresponding to the retraction of the JLO cocycle for p-summable spectral triples. For k > 0 and n + k ≤ p, the collection

ψ(ρ, D) := ( Pf_{t→0} χ^n_k (ρ, tD))_{k>0,n+k≤p} ∈ Hom(ΩA ^⊗C̄^∗_ε (H), C ) (232)

is a local representative of the reduced characteristic map c̄h(E). Its periodic cyclic cohomology class HP_∗(A) → H̄P^ε_{∗+i}(H) vanishes, but by considering the natural filtrations on the cyclic bicomplexes, we are going to exhibit non-trivial characteristic maps in the non-periodic cyclic cohomology of A.

We first recall the non-periodic version of the cyclic homology of A and its relationship with the periodic and negative theories [27]. We know that the cyclic bicomplex (84) is isomorphic to the (b, B)-complex of non-commutative differential forms over the non-unital algebra A

b �^b �

� � � � � � � � � � � � � � b �^b �^b � Ω^4A B � b � Ω^3A B� b � Ω^2A B� b � Ω^1A B� b � A B�

Ω^3A B � b � Ω^2A B� b � Ω^1A B� b � A B�

Ω^2A B � b � Ω^1A B� b � A B�

Ω^1A B � b � A B�

A B �

(233)

with Ω^nA = ~A ^⊗A^{^⊗n}. We draw a vertical dashed line in order to split the bicomplex into a subcomplex on the left and a quotient complex on the right. By definition, the non-periodic cyclic homology of A is computed by the quotient bicomplex CC_∗(A) situated on the right of the dashed line. The component of degree n, for n ∈ Z, of this bicomplex corresponds to the diagonal CC_n(A) = ⨁ i≥0 Ω^{n−2i}A , (234)

with the convention that Ω^kA = 0 for k < 0. The total complex CC_∗(A) is endowed with the boundary b + B : CC_n(A) → CC_{n−1}(A), after suppressing the map B acting on Ω^nA ⊂ CC_n(A). The corresponding cyclic homology is denoted HC_n(A) := H_n(CC_∗(A), b + B) , ∀n ∈ Z. (235) By construction one has HC_n(A) = 0 for n < 0. We can also compute HC_n(A) by introducing the Hodge filtration of the bicomplex ΩA [17]. It is given by the decreasing family of subcomplexes F_n(A) ⊂ ΩA, F_{n+1}(A) ⊂ F_n(A):

F_n(A) := bΩ^{n+1}A ⊕ ⨁ k>n Ω^kA , ∀n ∈ Z. (236) F_n(A) is clearly stable under b and B, so that the quotient ΩA/F_n(A) is a Z_2-graded complex for the total boundary b + B, and one has HC_n(A) = H_i(ΩA/F_n(A), b + B) , i ≡ n mod 2 , ∀n ∈ Z. (237)

By deleting the dashed line, one recovers the periodic complex CP_∗(A), whose degree n ∈ Zis the diagonal corresponding to the direct product CP_n(A) = ∏ i∈Z Ω^{n+2i}A . (238)

Periodicity means CP_n(A) ∼= CP_{n+2}(A) for any n ∈ Z. The corresponding periodic cyclic homology is HP_n(A). The subcomplex situated on the left of the dashed line is the negative cyclic bicomplex CC^−_∗ (A). Its component of degree n ∈ Zis given by the direct product (there is a conventional shift by two in the degree) CC^−_n (A) = ∏ i≥0 Ω^{n+2i}A . (239)

In particular one has CC^−_n (A) ∼= CP_n(A) for n ≤ 0. The total boundary b + B carries CC^−_n (A) into CC^−_{n−1}(A), whence the definition of negative cyclic homology: HC^−_n (A) = H_n(CC^−_∗ (A), b + B) , ∀n ∈ Z. (240) One has HC^−_n (A) ∼= HP_n(A) for n ≤ 0. By definition, the three complexes fit into a short exact sequence

0 −→ CC^−_∗ (A)^I−→ CP_∗(A)^S−→ CC_∗(A)[2] −→ 0 (241)

where S is the periodicity shift, and (CC_∗(A)[2])_n = CC_{n−2}(A). The associated homology long exact sequence relates the non-periodic and negative theories to the periodic one: . . .^S−→ HC_{n−1}(A)^B−→ HC^−_n (A)^I−→ HP_n(A)^S−→ HC_{n−2}(A)^B−→ HC^−_{n−1}(A)^I−→ . . . (242) Indeed, it is easy to see that the connecting map of the exact sequence is given by the operator B crossing the dashed line in the cyclic bicomplex.

Now consider the Hopf algebra H. When it is viewed only as a coalgebra, the normalized bicomplex of chains C̄_∗(H) = Hom(C̄^∗(H), C ), with C̄^n(H) = H ^⊗H̄^{^⊗n}, plays (at a formal level) a role analogous to the augmented bicomplex ~ΩB for the dual algebra B = Hom(H̄, C ). When the full Hopf algebra structure is taken into account, with involutive antipode, we restrict to the subcomplex of ε-invariant chains C̄^ε_∗ (H). By remark 4.5, its component C̄^ε_n(H) of degree n is isomorphic to Hom(H̄^{^⊗n}, C ). We know that this bicomplex splits in even degree into the direct sum of C = C̄^ε_0(H) and the “interesting” part which yields is the reduced cyclic bicomplex. Therefore, the reduced cyclic bicomplex of Hopf chains is given by

b �^b �^b �^b �^b � C̄^ε_4 (H) B � b �

C̄^ε_3(H) B� b �

C̄^ε_2(H) B� b �

C̄^ε_1 (H) B�

� 0 �

� C̄^ε_3 (H) B � b �

C̄^ε_2(H) B� b �

C̄^ε_1(H) B�

� 0 �

C̄^ε_2 (H) B � b �

C̄^ε_1(H) B�

� 0 �

C̄^ε_1 (H) B �

� 0 �

0 �

(243)

Here we draw an horizontal dashed line in order to separate the cyclic bicomplex into new (non-periodic) complexes. We shall call the quotient complex above the line the positive cyclic bicomplex CC^{ε,+}_∗ (H). Its component of degree n ∈ Z is the direct product CC^{ε,+}_n (H) = ∏ i≥0 C̄^ε_{2i−n}(H) , ∀n ∈ Z, (244)

with the convention that C̄^ε_k(H) = 0 for k ≤ 0. The total boundary b + B : CC^{ε,+}_n (H) → CC^{ε,+}_{n−1}(H) is obtained by truncating the Hochschild operator b acting on C̄^ε_{−n}(H). The corresponding positive cyclic homology is therefore HC^{ε,+}_n (H) = H_n(CC^{ε,+}_∗ (H), b + B) , ∀n ∈ Z. (245) The latter can also be computed by means of an analogue of the Hodge filtration. We introduce the following increasing filtration G_n(H) ⊂ C̄^ε_∗ (H):

G_n(H) = B (¯ C^ε_{n−1}(H) ) ⊕ ⨁ k<n C̄^ε_k(H) , ∀n ∈ Z. (246)

Then G_n(H) is a Z_2-graded subcomplex of C̄^ε_∗ (H) and one has HC^{ε,+}_n (H) = H_i(C̄^ε_∗ (H)/G_{−n}(H), b + B) , i ≡ n mod 2 , ∀n ∈ Z. (247) As usual, the reduced periodic complex C̄P^ε_∗(H) is the total complex (243) (direct products) obtained by ignoring the dashed line. One has H̄P^ε_n(H) ∼= H̄P^ε_{n+2}(H) for any n ∈ Z, and H̄P^ε_n(H) ∼= HC^{ε,+}_n (H) whenever n ≥ −1. The subcomplex below the dashed line will be denoted CN^ε_∗ (H), with a shift by two in degrees CN^ε_n(H) = ⨁ i≥0 C̄^ε_{−2i−n}(H) , ∀n ∈ Z. (248)

One has CN^ε_n(H) = 0 for any n ≥ 0. Therefore the corresponding homology

HN^ε_n(H) = H_n(CN^ε_∗ (H), b + B) (249)

vanishes in positive degrees. By construction these total complexes fit into a short exact sequence

0 −→ CN^ε_∗ (H)[−2]^S−→ C̄P^ε_∗(H)^I−→ CC^{ε,+}_∗ (H) −→ 0 , (250)

whose connecting map is given by the Hochschild operator b crossing the dashed line in (243), whence the long exact sequence relating the homologies I−→ HC^{ε,+}_{n+1}(H)^b−→ HN^ε_{n+2}(H)^S−→ H̄P^ε_n(H)^I−→ HC^{ε,+}_n (H)^b−→ HN^ε_{n+1}(H)^S−→ (251) Let E = (A, H, D) be a p_+-summable H-equivariant spectral triple such that H commutes with the representation ρ : A → End(H) as well as with the commutators [D, ρ(a)]. We suppose that p is an integer congruent to the parity of the triple modulo 2. If the characteristic map χ(ρ, tD) verifies the asymptotic expansion (230), its finite part for t → 0 yields the chain map ψ(ρ, D) given in components by

ψ^n_k (ρ, D) = Pf_{t→0} χ^n_k (ρ, tD) : Ω^nA → C̄^ε_k(H) . (252)

The p_+-summability assumption in connection with proposition 5.3 implies that for any ε > 0, ψ^n_k (ρ, D) vanishes whenever n + k > p + ε. Since p is an integer, ψ^n_k (ρ, D) = 0 whenever n + k > p. Consequently, the cocycle ψ carries the degree n of the Hodge filtration F_n(A) into the subcomplex G_{p−n}(H) for any n ∈ Z, whence a well-defined characteristic map ψ(E) : HC_n(A) → HC^{ε,+}_{n−p}(H) for any n ≥ 0.

Theorem 5.4 Let A be a complete bornological algebra, and H a Hopf algebra with fine bornology whose antipode is involutive. Let p be an integer and E = (A, H, D) a p_+-summable H-equivariant spectral triple of degree i ≡ p mod 2. We assume that H commutes with the representation ρ : A → End(H) and the commutators [D, ρ(a)], and that the character χ(ρ, tD) satisfies the asymptotic expansion (230). Then the finite part ψ(ρ, D) = Pf_{t→0} χ(ρ, tD) defines a secondary characteristic class ψ(E) : HC_n(A) → HC^{ε,+}_{n−p}(H) , ∀n ≥ 0 . (253) It vanishes on the image of the periodicity map S : HP_{n+2}(A) → HC_n(A), and is invariant with respect to bounded perturbations of the Dirac operator D.

Proof: The fact that the periodic cyclic cohomology class of the cocycle ψ(ρ, D) vanishes implies the triviality of ψ(E) : HC_n(A) → HC^{ε,+}_{n−p}(H) on the image of HP_{n+2}(A).

The homotopy invariance with respect to bounded perturbations of the Dirac operator is proved using the Chern-simons transgressions. If D_0 and D_1 are Dirac operators with bounded difference, the interpolation D_u = (1−u)D_0+uD_1 is a family of Dirac operators with parameter u ∈ [0, 1]. We work as usual in the complex Hom(X(B_ϵ(A)) ^⊗X(C̄^+(H)), L ^⊗Ω[0, 1]), where the differential d_u on

Ω[0, 1] is taken into account. The curvature of the superconnection A = ^ρ + t ^D_u reads (cf. proof of proposition 5.3)

F = td_u ^D_u + t^2 ^D^2_u + t[ ^D_u, ^ρ] + t^2d ^D_ud ^D_u ∈ Hom(B_ϵ(A) ^⊗C̄^+(H), L ^⊗Ω[0, 1]) ,

because d^ρ = 0. Let cs(ρ, tD_u) be the component of τ ch(A) proportional to du, and χ(ρ, tD_u) the other component. The cocycle condition gives as usual an identity d_uχ(ρ, tD_u) = ±cs(ρ, tD_u) ∘ ∂ , where ∂ is the total boundary of the complex ΩA ^⊗C̄^∗_ε (H). Taking the finite part as t → 0 gives a transgression of ψ. The boundedness of the variation d_u ^D_u = du( ^D_1 − ^D_0) implies as in the proof of proposition 5.3, that the components Pf_{t→0} cs^n_k (ρ, tD_u) : Ω^nA → C̄^ε_k(H) vanish whenever n + k > p (in fact we can

achieve the better estimate n + k ≥ p because of the factor t in front of d_u ^D_u), hence one gets a transgression of ψ as a chain map CC_n(A) → CC^{ε,+}_{n−p}(H). Details are left to the reader.

Remark 5.5 It is not true that the secondary characteristic class is homotopy invariant with respect to the homomorphism ρ : A → End(H). This would require to stabilize by the the image of the periodicity map S, which annihilates ψ(E). On the other hand, ψ(E) is certainly invariant for more general homotopies of D (not necessarily bounded), but the determination of the correct class of homotopies allowed may be more difficult.

In fact cyclic homology is the right target for the Chern character defined on the higher algebraic K-theory of Quillen [26]. We are going to combine the preceding theorem with previous constructions of Karoubi [26] and Connes- Karoubi [7] giving rise to secondary characteristic classes in algebraic K-theory. We follow essentially the exposition of Loday [27].

Let A be a unital Banach algebra, endowed with the bounded bornology. For any q ∈ N, the group of invertible matrices GL_q(A) is a topological group. The natural inclusions GL_q(A) → GL_{q+1}(A) are continuous, and GL(A) denotes the direct limit GL(A) = lim_{−→} GL_q(A) . (254)

We can associate to this topological group a classifying space BGL(A) with abelian π_1. By definition, the topological K-theory of A corresponds to the homotopy groups

K^{top}_n (A) = π_n(BGL(A)) , ∀n ≥ 1 , (255)

whereas for n = 0, the abelian group K^{top}_0 (A) was introduced in section 4. The Bott periodicity theorem of topological K-theory [3] states that K^{top}_n (A) is isomorphic to K^{top}_{n+2}(A) for any n.

We can also forget the topology of GL(A) and consider it as a discrete group GL^δ(A), with classifying space BGL^δ (A). Quillen’s +-construction [41] yields a topological space BGL^δ (A)^+ with abelian π_1. The higher algebraic K-theory of A corresponds to the homotopy groups:

K_n(A) = π_n(BGL^δ (A)^+) , ∀n ≥ 1 . (256)

The identity homomorphism GL^δ(A) → GL(A) is continuous and induces a classifying map BGL^δ (A) → BGL(A) which factors through BGL^δ (A)^+, and gives rise to a homotopy fibration [26]

BGL^{rel}(A) → BGL^δ (A)^+ → BGL(A) . (257)

By definition, the relative K-theory groups are the homotopy groups of the corresponding homotopy fiber

K^{rel}_n (A) = π_n(BGL^{rel}(A)) , ∀n ≥ 1 . (258)

The long exact sequence of homotopy groups associated to the homotopy fibration BGL^δ(A)^+ → BGL(A) implies the exact sequence relating the topological and algebraic K-theories of A:

. . . −→ K^{top}_{n+1}(A) −→ K^{rel}_n (A) −→ K_n(A) −→ K^{top}_n (A) −→ K^{rel}_{n−1}(A) −→ . . . (259) The Chern character on topological K-theory (section 4) yields an additive map ch^{top}_n : K^{top}_n (A) → HP_n(A) compatible with Bott periodicity of K-theory and the natural periodicity of HP_n(A). Connes and Karoubi construct in [7] a relative Chern character on K^{rel}(A) with values in non-periodic cyclic homology:

ch^{rel}_n : K^{rel}_n (A) → HC_{n−1}(A) , ∀n ≥ 1 . (260)

There is also defined a negative Chern character [25] on algebraic K-theory with values in negative cyclic homology:

ch^−_n : K_n(A) → HC^−_n (A) , ∀n ≥ 1 . (261)

By results of Connes and Karoubi [7, 27], the Chern characters relate in a commutative diagram the K-theory exact sequence (242) and the long exact sequence involving negative cyclic homology:

K^{top}_{n+1}(A)

ch^{top}_{n+1} �

� Krel_n (A)

ch^{rel}_n �

� K_n(A)

ch^−_n �

� Ktop_n (A)

ch^{top}_n �

� Krel_{n−1}(A)

ch^{rel}_{n−1} � HP_{n+1}(A)^S � HC_{n−1}(A)^B � HC^−_n (A)^I � HP_n(A)^S � HC_{n−2}(A) (262) In fact the same discussion holds for unital Fréchet algebras, see [7, 26].

If E = (A, H, D) is a p_+-summable H-equivariant spectral triple over a unital Banach algebra A for some integer p as in theorem 5.4, we may compose the characteristic map ψ(E) with the Chern character on relative K-theory to get a secondary characteristic class

K^{rel}_{n+1}(A)^{ch} rel n+1 −−−−→ HC_n(A)^{ψ(E)}−−−−→ HC^{ε,+}_{n−p}(H) (263) which vanish on the image of the homomorphism K^{top}_{n+2}(A) → K^{rel}_{n+1}(A) in view of the above commutative diagram. The exactness of the K-theory sequence therefore implies that the secondary class is actually defined on the image of the homomorphism K^{rel}_{n+1} → K_{n+1}(A).

Corollary 5.6 Let A be a unital Banach (or Fréchet) algebra, and H a Hopf algebra with fine bornology and involutive antipode. For any integer p, let E^H_p (A, C ) be the set of p_+-summable H-equivariant spectral triples verifying the conditions of theorem 5.4. Then there is a bilinear pairing with values in the positive cyclic homology of H

K^{alg}_{n+1}(A) × E^H_p (A, C ) → HC^{ε,+}_{n−p}(H) , ∀n ≥ 0 , (264)

where K^{alg}_∗ (A) denotes the kernel of the homomorphism K_∗(A) → K^{top}_∗ (A). This pairing is invariant with respect to bounded perturbations of the Dirac operator contained in the corresponding spectral triples.

Remark 5.7 Connes and Karoubi construct in [7] a bilinear pairing between the algebraic K-theory of degree p+1 and the group generated by p_+-summable Fredholm modules (spectral triples) over A,

K_{p+1}(A) × E_p(A, C ) → C^× , (265)

with values in the multiplicative abelian group of non-zero complex numbers. These “higher regulators” and our characteristic classes are not obviously related a priori. In particular the Connes-Karoubi pairing involves the algebraic Ktheory of degree p + 1, whereas our secondary characteristic classes are defined on the kernels K^{alg}_n (A) = Ker(K_n(A) → K^{top}_n (A)) in all degrees n ≥ 1. These kernels may be considered as retaining the “purely algebraic part” of algebraic K-theory, and the pairings detect invariants of E^H_p (A, C ) which are not related to the topology of A. The remarkable fact is that these pairings are nevertheless stable with respect to (at least bounded) homotopies of Dirac operators. This will be interpreted in section 6 in relation with BRS cohomology in Quantum Field Theory.

Remark 5.8 Taking the finite part Pf_{t→0} of the Chern-Simons terms used in the proof of proposition 5.1 yields a transgression φ of the periodic chain map ψ(ρ, D) = (b + B)φ ± φ(b + B). The vanishing properties of ψ in appropriate degrees implies that φ induces a characteristic map HC^−_{n+1}(A) → HC^{ε,+}_{n−p}(H) for any integer n (including negative values of n), which fits into the commutative diagram K^{rel}_{n+1}(A) �

ch^{rel}_{n+1} � K_{n+1}(A)

ch^−_{n+1} � HC_n(A)^B � ψ(E) � � � � HC^{−n+1}(A) φ(E) � HC^{ε,+}_{n−p}(H)

(266)

Hence φ(E) enables to extend (non canonically) the pairing of corollary 5.6 to all the algebraic K-theory of A. For negative values of n, one has HC^−_{n+1}(A) ∼= HP_{n+1}(A) and in fact the pairing involves the topological K-theory:

K^{top}_{n+1}(A)^{ch} top n+1 −−−−→ HP_{n+1}(A)^{φ(E)}−−−−→ HC^{ε,+}_{n−p}(H) , ∀n < 0 . (267)

6 BRS cohomology

The situation of H-equivariant spectral triples fulfilling the requirements of theorem 5.4 arises naturally in connection with Yang-Mills theories in noncommutative geometry. There is a canonical way to build an equivariant spectral triple starting from an unbounded Fredholm module (H, D) whith the property of being a bimodule over a unital ∗-algebra A, or equivalently a module over A ^⊗A^{op}. A^{op} is the opposite algebra of A, i.e. the product of elements a_1 · a_2 in A^{op} corresponds to the opposite a_2a_1 with respect to the product in A. Thus consider a p_+-summable spectral triple (A ^⊗A^{op}, H, D). This means that D is an unbounded selfadjoint operator in the Hilbert space H such that (1 + D^2)^{−(p/2+ε)} is trace-class for any ε > 0, the ∗-representations of A and A^{op} as bounded operators commute, and the commutators [D, a] and [D, b] are bounded and well-defined for any a ∈ A, b ∈ A^{op}. For compatibility with the technical hypotheses of theorem 5.4, we also impose the first order condition

[a, [D, b]] = 0 ∀ a ∈ A, b ∈ A^{op} . (268)

We may twist (H, D) by a finitely generated projective (right) A-module E = e(A^N ) represented by a projector e = e^2 = e^∗ in the matrix algebra M_N (A) for some N ∈ N. Hence H is replaced by its projection e(H^N ) or eH on short, acted on by the compression of the p_+-summable Dirac operator D_e := eDe. Since the representation of A^{op} commutes with A, eH is still a module for A^{op} and the commutator [D_e, b] is bounded for any b ∈ A^{op}. The subalgebra A_e = eM_N (A)e is also represented in eH and commutes with A^{op}. The commutator [D_e, a_e] is bounded for any a_e ∈ A_e, and [a_e, [D_e, b]] = 0 for any b ∈ A^{op}. The gauge group G is the unitary group of A_e. Its complexified Lie algebra Lie G identifies with (A_e)_{Lie} . We let H = U(Lie G ) be its enveloping algebra. It is a cocommutative algebra with involutive antipode (see below). Hence E = (A^{op}, eH, D_e) is a p_+- summable H-equivariant spectral triple verifying the conditions of theorem 5.4, so that it yields characteristic maps ψ(E) : HC_n(A^{op}) → HC^{ε,+}_{n−p}(H) , ∀n ≥ 0 . (269) When A = A^{op} is the commutative algebra of smooth functions over a spin manifold, we may choose (A, eH, D_e) as the ordinary Dirac module with coefficients in a vector bundle E. We will show that in this situation of ordinary (commutative) geometry, the secondary classes can be interpreted terms of BRS cohomology [19].

Let M be a smooth compact riemannian spin manifold without boundary, of dimension p. We consider the unital Fréchet algebra A = C^∞(M ) of smooth complex-valued functions over M . Let G be a compact connected Lie group and P → M a G-principal bundle. We consider that G is linearly represented on an hermitian finite-dimensional vector space V by unitary operators. Let E = P ×_G V be the hermitian complex vector bundle associated to P over M . For any choice of G-connection A over P (Yang-Mills connection), we can form the associated connection ∇^E_A : C^∞(E) → C^∞(E ⊗ T^∗M ) acting on smooth sections of E. We denote by S → M the spin bundle endowed with the spin connection ∇^S associated to the metric on M . If the dimension p is even, then S is Z_2-graded. The total connection ∇_A = ∇^S ⊗ id + id ⊗ ∇^E_A acts on smooth sections of the tensor product S ⊗ E. The associated Dirac operator

D_A : C^∞(S ⊗ E) → C^∞(S ⊗ E) (270)

is obtained as usual from ∇_A via Clifford multiplication. It is of odd degree when p is even. We let H = L^2(S ⊗ E) be the Hilbert space of square-integrable sections of S ⊗ E, provided with its norm inherited from the metrics on M and E, and its natural grading. The pointwise multiplication by C^∞(M ) induces a faithful continuous ∗-representation ρ : A → End(H). The Dirac operator acting on H is unbounded, selfadjoint and p_+-summable, i.e. (1 + D^2_A)^{−(p/2+ϵ)} is trace-class for any ϵ > 0.

The gauge group G is the subgroup of automorphisms of P leaving the base manifold M invariant. G acts on E and H by unitary endomorphisms. Its complexified Lie algebra Lie G identifies with the space of smooth endomorphisms of the vector bundle E endowed with the commutator as Lie braket. We let H = U(Lie G) be its enveloping algebra. It is a cocommutative Hopf algebra, which implies in particular that its antipode is involutive. We recall that the coproduct and the antipode are given on primitive elements X ∈ Lie G ⊂ H by

ΔX = 1 ⊗ X + X ⊗ 1 , S(X) = −X , (271)

and the counit verifies ε(X) = 0, ε(1) = 1, so that H̄ = Ker ε is the ideal generated by Lie G. H acts on H by bounded endomorphisms commuting with the representation of A and the commutators [D_A, A]. Moreover, the commutators [D_A, ρ(a)] and [D_A, h] are bounded for any a ∈ A, h ∈ H, so that E = (A, H, D_A) is a p_+-summable H-equivariant spectral triple satisfying the requirements of theorem 5.4. We thus get characteristic maps ψ(E) : HC_n(A) → HC^{ε,+}_{n−p}(H) , ∀n ≥ 0 . (272) The cyclic homologies corresponding to the classical space/symmetry A and H are known. First, the periodic cyclic homology of the enveloping algebra H = U(Lie G) is isomorphic to the Lie algebra cohomology of Lie G with coefficients in the trivial module C [10, 12]:

H̄P^ε_0(H) = ⨁ i≥1 H^{2i}(Lie G ) , H̄P^ε_1(H) = ⨁ i≥0 H^{2i+1}(Lie G) , (273)

and periodicity implies H̄P^ε_n(H) = H̄P^ε_{n+2}(H) for any n. One builds a chain map α between the (b, B)-complex C̄^ε_∗(H) and the Chevalley-Eilenberg complex C^∗(Lie G) as follows (we denote by s the Lie algebra coboundary in C^∗(Lie G ) for consistency with the BRS construction). For any f ∈ C̄^ε_n(H) = Hom(H̄^{^⊗n}, C ), its image α(f) ∈ C^n(Lie G) evaluated on a n-chain X_1 ∧ . . . ∧ X_n ∈ Λ^nLie G is [13]

α(f)(X_1 ∧ . . . ∧ X_n) = 1 n! ∑ σ∈S_n sign(σ)f(X_{σ(1)} ⊗ . . . ⊗ X_{σ(n)}) , (274)

where S_n is the permutation group of n elements. Then one has s ∘ α = α ∘ B and α ∘ b = 0, whence the induced map α : H̄P^ε_∗(H) → ⨁ n>0 H^n(Lie G) which turns out to be an isomorphism. In the same fashion, one sees that α induces a chain map α : HC^{ε,+}_n (H) → ⨁ i≥0 H^{2i−n}(Lie G ) , ∀n ∈ Z. (275)

The cyclic (co)homology of the Fréchet algebra A = C^∞(M ) has been computed by Connes [4]. We let Ω^n(M ) be the space of smooth differential forms of degree n over M , d the de Rham differential, and B^n(M ) = dΩ^{n−1}(M ), Z^n(M ), H^n(M ) = Z^n(M )/B^n(M ) respectively the spaces of de Rham coboundaries, cocycles and cohomology of degre n. Then the cyclic homology of A in degree n is given by the sum

HC_n(A) = Ω^n(M )/B^n(M ) ⊕ H^{n−2}(M ) ⊕ H^{n−4}(M ) ⊕ . . . . (276)

The interesting part is the term of highest degree Ω^n(M )/B^n(M ); it is not homotopy invariant in the sense that an automorphism of A (i.e. a diffeomorphism of M ) connected to the identity does not leave this space invariant. The situation is different with the periodic cyclic homology. The latter gives a purely topological information in terms of de Rham cohomology: HP_n(A) = ⨁ i∈Z H^{n+2i}(M ) . (277)

The negative cyclic homology is the difference between the two preceding homologies:

HC^−_n (A) = Z^n(M ) ⊕ H^{n+2}(M ) ⊕ H^{n+4}(M ) ⊕ . . . . (278)

It is easy to decompose explicitly the SBI long exact sequence of cyclic homology ([27]):

HC_{n−1}(A)^B � || . . HC^−_n (A)^I � || . . HP_n(A)^S � || . . HC_{n−2}(A)^B � || . . HC^−_{n−1}(A) || . . 0 � ⊕ H^{n+2}(M ) � ⊕ H^{n+2}(M ) � ⊕ 0 � ⊕ H^{n+3}(M ) ⊕ Ω^{n−1}/B^{n−1 d} � ⊕ Z^n(M ) � ⊕ H^n(M ) � ⊕ 0 � ⊕ H^{n+1}(M ) ⊕ H^{n−3}(M ) � ⊕ 0 � ⊕ H^{n−2}(M ) � ⊕ Ω^{n−2}/B^{n−2 d} � ⊕ Z^{n−1}(M ) ⊕ H^{n−5}(M ) � . . 0 � . . H^{n−4}(M ) � . . H^{n−4}(M ) � . . 0 . . (279) We know that the characteristic class ψ(E) : HC_n(A) → HC^{ε,+}_{n−p}(H) vanishes on the range of the periodicity map S : HP_{n+2}(A) → HC_n(A), which corresponds to the sum of de Rham cohomology groups H^n(M ) ⊕ H^{n−2}(M ) ⊕ . . .. Hence ψ(E) is actually defined on the quotient Ω^n(M )/Z^n(M ) for any n < p, and vanishes whenever n ≥ p. Moreover, it is not difficult to see that the chain map ψ(ρ, D) : CC_n(A) → CC^{ε,+}_{n−p}(H) representing ψ(E) (section 5) carries Ω^nA to the space of (p − n)-chains over the Hopf algebra C̄^ε_{p−n}(H). Consequently, after composition with (275), the secondary characteristic classes reduce to a collection of maps

ψ(E) : Ω^n(M )/Z^n(M ) → H^{p−n}(Lie G ) , 0 ≤ n < p . (280)

We shall interpret them in terms of BRS cohomology [19, 20, 28]. Consider the G-principal bundle P^G−→ M , and let g = Lie G denote the finitedimensional Lie algebra of the structure group, say of dimension N . The gauge group G acts on P by vertical diffeomorphisms commuting with the action of G. Denote by {e_α}_{1≤α≤N} a basis of g. The infinitesimal action of g (from the right) on P yields a basis {e_α} of vector fields for each fiber. Any element X ∈ Lie G is a vertical vector field on P . We can decompose X in the basis {e_α}:

X = X^αe_α , (281)

where X^α are smooth functions over P . By definition the vector field X preserves the structure of G-principal bundle, which implies that its Lie braket with the vector field corresponding to any λ ∈ g vanishes: one has [X, λ] = 0. Thus if L and i denote the Lie derivative on differential forms and the interior product by vector fields, then [L_X , L_λ] = 0 = [L_X , i_λ] for any X ∈ Lie G and λ ∈ g. We now introduce a BRS differential algebra [19]. For any n, k ∈ N, let C^{n,k}(P ) be the space of k-cochains over Lie G with values on the differential forms of degree n on P :

C^{n,k}(P ) = Hom(Lie G^{⊗k} , Ω^n(P )) . (282)

The Lie derivative L_X turns Ω^n(P ) into a Lie G-module for any n. Thus we can endow C^{∗,∗}(P ) with the usual Lie algebra coboundary s : C^{n,k}(P ) → C^{n,k+1}(P ) which reads (sf)(X_0 , . . ., X_k) = k∑ i=0 (−)^{n+i}L_{Xi} f(X_0, . . . , X̂_i, . . ., X_k) + (283) + ∑ 0≤i<j≤k (−)^{n+i+j} f([X_i, X_j], X_0, . . . , X̂_i, . . . , X̂_j, . . . , X_k) ,

for any f ∈ C^{n,k}(P ) and X_i ∈ Lie G, where the hat ^· stands for omission. Define also the de Rham coboundary d : C^{n,k}(P ) → C^{n+1,k}(P ):

(df)(X_1, . . . , X_k) = d(f(X_1, . . . , X_k)) . (284)

One verifies readily that s^2 = sd + ds = d^2 = 0, hence (C^{∗,∗}(P ), d, s) is a N × N-graded bicomplex. Moreover it is naturally endowed with a graded commutative product: for any f ∈ C^{n,k}(P ) and g ∈ C^{n′,k′} (P ), their product fg ∈ C^{n+n′,k+k′} (P ) is (fg)(X_1, . . . , X_{k+k}′ ) = (285) (−)^{kn′} k! k^′! ∑ σ∈S_{k+k}′ sign(σ)f(X_{σ(1)} , . . ., X_{σ(k)}) ∧ g(X_{σ(k+1)}, . . ., X_{σ(k+k}′_)) ,

where S_{k+k}′ is the permutation group of k + k^′ elements. d and s are odd derivations for the product, hence C^{∗,∗}(P ) is actually a bigraded commutative differential algebra.

We now define the Cartan operation of the Lie algebra g. The interior product i_λ : C^{n,k}(P ) → C^{n−1,k}(P ) and Lie derivative L_λ = i_λd + di_λ : C^{n,k}(P ) → C^{n,k}(P ) associated to a fundamental vector field λ ∈ g fulfill the relations

i_λs + si_λ = 0 , [L_λ, s] = 0 , (286)

because [L_X , i_λ] = 0 for any X ∈ Lie G. Consider the Lie superalgebra g ⊗ C^{∗,∗}(P ), where C^{∗,∗}(P ) is a graded commutative algebra for the total degree of its components. There exists a canonical element ω = e_α ⊗ ω^α ∈ g ⊗ C^{0,1}(P ) defined by ω^α(X) = X^α , ∀X ∈ Lie G . (287)

ω is the “ghost field” of Yang-Mills theory. On the other hand, any G-connection A over the principal bundle P may be viewed as an element A = e_α ⊗ A^α ∈ g ⊗ C^{1,0}(P ), with curvature F = dA +^1_2 [A, A]. Then A and ω verifiy the BRS relations sA = −dω − [A, ω] , sω = − 1 2 [ω, ω] , (288)

which imply the so-called horizontality condition

(d + s)(A + ω) + 1 2 [A + ω, A + ω] = F . (289)

The Cartan operation of g acts on the connection A and the ghost ω as i_λA = λ , L_λA = −[λ, A] , i_λω = 0 , L_λω = −[λ, ω] , (290) for any λ ∈ g (to be precise, λ appears as a vector field over P in the l.h.s. and as an element of g ⊗ 1 ⊂ g ⊗ C^{∗,∗}(P ) in the r.h.s.). The bigraded differential algebra C^{∗,∗}(P ) endowed with the Cartan operation and total connection A + ω defines a BRS g-operation according to the terminology of [19]. The subalgebra of g-basic elements f ∈ C^{∗,∗}(P ), defined by i_λf = 0 = L_λf for any λ ∈ g, is obviously stable by both d and s, whence a bicomplex. Since we assume that G is connected, the g-basic subalgebra identifies clearly with the bicomplex of Lie G cochains with values in the trivial module of differential forms over the base manifold M :

C^{n,k}(M ) = Hom(Lie G^{⊗k} , Ω^n(M )) . (291)

We call C^{∗,∗}(P ) and C^{∗,∗}(M ) the BRS differential algebras of P and M respectively.

We are ready to introduce BRS cohomology, or cohomology “s modulo d”. Since d anticommutes with s, the subspace dC^{∗,∗}(P ) is stable by s. By definition, the cohomology of the quotient complex (C^{∗,∗}(P )/dC^{∗,∗}(P ), s) is the BRS cohomology of P . Hence a cocycle s mod d of bidegree (n, k) is represented by an element ω^{n,k} ∈ C^{n,k}(P ) such that there exists ω^{n−1,k+1} ∈ C^{n−1,k+1}(P ) with the relation sω^{n,k} + dω^{n−1,k+1} = 0 . (292)

Two cocycles ω^{n,k} and ω^{′n,k} are cohomologous iff there exist two elements ω^{n,k−1} and ω^{n−1,k} such that ω^{′n,k} − ω^{n,k} = sω^{n,k−1} + dω^{n−1,k} . (293)

We denote by H^{n,k}(P, s mod d) the BRS cohomology of bidegree (n, k). The BRS cohomology H^{n,k}(M, s mod d) of the base manifold M is defined in a similar way (note that the principal bundle P enters indirectly in the definition of the BRS cohomology of M through the gauge group G ).

One sees that the definition of the cohomology s mod d of M is somewhat reminiscent to the non-periodic cyclic homology of A = C^∞(M ). In fact there is a well-defined pairing between the negative cyclic homology of A and the BRS cohomology of M , with values in the Lie algebra cohomology of G with trivial coefficients. By composition with the Chern character on algebraic K-theory, we deduce the following

Lemma 6.1 Let M be an oriented compact smooth manifold without boundary, of dimension p, G a connected Lie group and P^G−→ M a G-principal bundle. Let G denote the gauge group of P . Then for any pair of integers (n, k), with 0 ≤ n ≤ p, there is a well-defined pairing between the algebraic K-theory of A = C^∞(M ) and the BRS cohomology of M ,

K_n(A) × H^{p−n,k}(M, s mod d) → H^k(Lie G ) . (294)

For any x ∈ K_n(A) and a BRS cohomology class represented by a cocycle ω^{p−n,k}, the pairing reads ⟨x, [ω^{p−n,k}]⟩ = ∫ M ch^−_n (x) ∧ ω^{p−n,k} , (295)

where ch^−_n : K_n(A) → HC^−_n (A) is the negative Chern character composed with the projection HC^−_n (A) → Z^n(M ).

Proof: By taking the component of the negative Chern character ch^−_n (x) in the space of de Rham cocycles Z^n(M ), we only have to show that the pairing Z^n(M ) × H^{p−n,k}(M, s mod d) → H^k(Lie G) given by ∫ M z_n ∧ ω^{p−n,k} , z_n ∈ Z^n(M ) , is well-defined. First of all, ω^{p−n,k} is a cochain over Lie G with coefficients in the trivial module of differential forms over M , so that the above integral defines a cochain over Lie G with coefficients in C . Since ω^{p−n,k} is a cocycle s mod d, there is a cochain ω^{p−n−1,k+1} such that sω^{p−n,k} + dω^{p−n−1,k+1} = 0. Hence s ∫ M z_n ∧ ω^{p−n,k} = (−)^{p−n} ∫ M z_n ∧ sω^{p−n,k} = (−)^p ∫ M dz_n ∧ ω^{p−n−1,k+1} = 0 , because z_n is a cocycle. Moreover, if ω^{′p−n,k} is cohomologous to ω^{p−n,k}, there exists ω^{p−n,k−1} and ω^{p−n−1,k} such that ω^{′p−n,k} = ω^{p−n,k} + sω^{p−n,k−1} + dω^{p−n−1,k} and one has ∫ M z_n ∧ ω^{′p−n,k} = ∫ M z_n ∧ ω^{p−n,k} + (−)^{p−n}s ∫ M z_n ∧ ω^{p−n,k−1} , where the last term is a coboundary over Lie G with trivial coefficients.

Let A ∈ g ⊗ C^{1,0}(P ) be a G-connection on P . We are interested in the (Z_2- graded) Lie subalgebra of g⊗C^{∗,∗}(P ) generated by A, dA, ω, dω, or equivalently by A, F , ω, sA. This Lie subalgebra is stable by s and d. Let g^∗ be the dual space of g, S^ng^∗ the space of symmetric polynomials over g of degree n, and I^n_S (g) ⊂ S^k g^∗ the subspace of invariant symmetric polynomials. Hence I ∈ I^n_S (g) if and only if

I(λ_1, . . . , λ_n) = I(λ_{σ(1)}, . . . , λ_{σ(n)}) and n∑ i=1 I(λ_1, . . . , [λ, λ_i], . . . , λ_n) = 0 , (296) for any λ, λ_i ∈ g and any permutation σ of n elements. Since one has L_λχ = [−λ, χ] for any χ in the Lie subalgebra generated by A, F , ω, sA, one deduces that I(χ_1, . . . , χ_n) is a g-invariant element of C^{∗,∗}(P ) for any such χ_i’s, i.e. L_λI(χ_1, . . ., χ_n) = 0. Moreover, since i_λF = i_λω = i_λsA = 0, one has i_λI(χ_1, . . . , χ_n) = 0 whenever the χ_i’s are generated by F , ω, sA alone, in which case I(χ_1, . . . , χ_n) is g-basic and defines an element of C^{∗,∗}(M ). There is a way of constructing BRS cocycles over P and M from the space of invariant symmetric polynomials I_S (g). The process is a generalization of the antitransgression map in ordinary Chern-Weil theory. This is provided by the consistent and covariant BRS descent equations.

Let I ∈ I^n_S (g) be an invariant symmetric polynomial of degree n, and A a G-connection on P . On the tensor product of graded differential algebras C^{∗,∗}(P ) ⊗ Ω[0, 1], we consider the following connection (not a principal bundle connection):

∇ = s + d + d_t + t(A + ω) , (297)

where d is the differential over P and d_t the differential over the interval [0, 1]. Thus ∇ interpolates between the BRS connection s + d + A + ω for t = 1 and the flat connection s + d on C^{∗,∗}(P ) for t = 0. Using the BRS relations (288), one computes the curvature:

∇^2 = dt(A + ω) + (t^2 − t)(ω^2 + [A, ω]) + tdA + t^2A^2 . (298)

Thus for t = 0, one has ∇^2 = dt(A + ω), and for t = 1, ∇^2 = dt(A + ω) + F . The BRS cochain I(∇^2, . . . , ∇^2) may be expanded in powers of dt:

I(∇^2, . . . , ∇^2) = I^0_{cons}(A, ω) + dtI^t_{cons}(A, ω) , (299)

and the BRS transgression is defined to be

Q_{cons}(A, ω) =

∫_1 0 dtI^t_{cons}(A, ω) . (300)

As usual, the Bianchi identity [∇, ∇^2] = 0 implies

(s + d + d_t)I(∇^2, . . . , ∇^2) = 0 , (s + d)(dtI^t_{cons}) + d_tI^0_{cons} = 0 . (301)

Therefore

(s + d)Q_{cons}(A, ω) =

∫_1 0 dt(s + d)I^1_{cons} =

∫_1 0 d_tI^0_{cons} = I(F, . . . , F ) (302) because I^0_{cons}|_{t=1} = I(F, . . . , F ) and I^0_{cons}|_{t=0} = 0. Expanding the cochain Q_{cons}(A, ω) ∈ C^{∗,∗}(P ) in bidegrees, one obtains the consistent BRS descent equations for the polynomial I ∈ I^n_S (g): I(F, . . . , F ) = dQ^{2n−1,0}_{cons} 0 = dQ^{2n−2,1}_{cons} + sQ^{2n−1,0}_{cons} 0 = dQ^{2n−3,2}_{cons} + sQ^{2n−2,1}_{cons} . . (303) 0 = dQ^{0,2n−1}_{cons} + sQ^{1,2n−2}_{cons} 0 = sQ^{0,2n−1}_{cons} .

This shows that Q^{2n−k−1,k}

cons defines a cocycle s mod d on the principal bundle

P for any k ≥ 0. Another related construction is the set of covariant descent equations. The latter is obtained by a modification of the preceding connection and yields cocycles s mod d on the base manifold M . Given I ∈ I^n_S (g) and a Gconnection A on P , we form the following connection acting on C^{∗,∗}(P )⊗Ω[0, 1]: ∇ = s + d + d_t + A + tω , (304) with curvature ∇^2 = dt ω + F + (1 − t)sA + (t^2 − t)ω^2 . (305) One sees that ∇^2 involves only the horizontal and equivariant cochains χ = ω, F, sA, ω^2, that is, i_λχ = 0 and L_λχ = −[λ, χ] for any λ ∈ g. Thus I(∇^2, . . . , ∇^2) is a g-basic element of C^{∗,∗}(P ), hence in C^{∗,∗}(M ). One expands it in powers of dt: I(∇^2, . . . , ∇^2) = I^0_{cov}(A, ω) + dtI^t_{cov}(A, ω) , (306) and the covariant transgression Q_{cov} ∈ C^{∗,∗}(M ) is given by

Q_{cov}(A, ω) =

∫_1 0 dtI^t_{cov}(A, ω) . (307)

The Bianchi identity implies (s + d)Q_{cov}(A, ω) = I^0_{cov}(A, ω)|_{t=1} − I^0_{cov}(A, ω)|_{t=0} (308) = I(F, . . . , F ) − I(F + sA, . . . , F + sA) . One sees that the component Q^{2n−1,0}_{cov} (A, ω) vanishes because the term proportional to dt in the curvature is dt ω, hence I^t_{cov}(A, ω) contains at least one power of ω. Therefore, the expansion of Q_{cov}(A, ω) in bidegrees yields the covariant descent equations − C^1_nI(sA, F, . . . , F ) = dQ^{2n−2,1}_{cov} −C^2_nI(sA, sA, F, . . . , F ) = dQ^{2n−3,2}_{cov} + sQ^{2n−2,1}_{cov} . . −C^n_n I(sA, . . . , sA) = dQ^{n−1,n}_{cov} + sQ^{n,n−1}_{cov} 0 = dQ^{n−2,n+1} cov + sQ^{n−1,n}_{cov} (309) . . 0 = dQ^{0,2n−1}_{cov} + sQ^{1,2n−2}_{cov} 0 = sQ^{0,2n−1}_{cov} , where C^k_n = n!/k!(n − k)! are combinatorial constants. Hence we find that the component Q^{2n−k−1,k} cov ∈ C^{2n−k−1,k}(M ) is a cocycle s mod d only for k ≥ n. In fact, in appropriate degrees the BRS cohomology classes of Q_{cons} and Q_{cov} are independent of the choice of connection A over P , and coincide in H^{∗,∗}(P, s mod d): Proposition 6.2 Let P^G−→ M be a G-principal bundle over M , and A be a G-connection on P . Let I ∈ I^n_S (g) be an invariant symmetric polynomial over the Lie algebra g = Lie G, and denote by Q_{cons}(A, ω) ∈ C^{∗,∗}(P ) and Q_{cov}(A, ω) ∈ C^{∗,∗}(M ) the consistent and covariant BRS transgressions of I. Then

i) The class of the consistent term Q^{2n−k−1,k}_{cons} (A, ω) in the BRS cohomology H^{2n−k−1,k}(P, s mod d) is independent of the choice of connection A for any k ≥ 1. ii) The class of the covariant term Q^{2n−k−1,k}_{cov} (A, ω) in the BRS cohomology H^{2n−k−1,k}(M, s mod d) is independent of A for any k ≥ n.

iii) The image of Q^{2n−k−1,k} cov (A, ω) in H^{2n−k−1,k}(P, s mod d) coincides with the BRS cohomology class of Q^{2n−k−1,k}_{cons} (A, ω) for any k ≥ n.

Proof: This is proved as usual with a two-parameter transgression of I: i) Consider a smooth family of G-connections A_u on P parametrized by u ∈ [0, 1]. Let t ∈ [0, 1] be another parameter. Then we modify the construction of Q_{cons} with the following connection

∇ = s + d + d_t + d_u + t(A_u + ω) ,

whose curvature reads

∇^2 = dt(A + ω) + td_uA_u + (t^2 − t)(ω^2 + [A, ω]) + tdA + t^2A^2 .

We develop the polynomial I(∇^2, . . . , ∇^2) in powers of dt, du: I(∇^2, . . . , ∇^2) = I^0 + dtI^t + duI^u + dt duI^{t,u} , and the Bianchi identity restricted to the dt du component yields (s + d)dt duI^{t,u} + d_t(duI^u) + d_u(dtI^t) = 0 . After integration of t, u over [0, 1], one has

(s + d)λ +

∫_1 0 du(I^u(t = 1) − I^u(t = 0)) =

∫_1 0 dt(I^t(u = 1) − I^t(u = 0)) ,

where λ is the integration of dt duI^{t,u}. The right hand side is the difference Q_{cons}(u = 1) − Q_{cons}(u = 0). The second term of the left hand side does not contain any ghost ω, because the pullback of ∇^2 on the submanifolds t = 1 and t = 0 yield respectively d_uA_u + F and 0. Hence Q^{2n−k−1,k}_{cons} (u = 1) − Q^{2n−k−1,k} cons (u = 0) is a coboundary s mod d on P whenever k ≥ 1.

ii) One proceeds as in case i), with the connection

∇ = s + d + d_t + d_u + A_u + tω and curvature

∇^2 = dt ω + d_uA_u + F + (1 − t)sA + (t^2 − t)ω^2 .

All the terms in ∇^2 are horizontal forms on P (because the variation d_uA_u is horizontal) and equivariant for the right action of G, hence in what follows all the differential forms are in fact basic, hence defined on M . One has as in i)

(s + d)λ^′ +

∫_1 0 du(I^u(t = 1) − I^u(t = 0)) =

∫_1 0 dt(I^t(u = 1) − I^t(u = 0)) ,

the r.h.s. being the difference Q_{cov}(u = 1) − Q_{cov}(u = 0). The second term of the l.h.s. is zero whenever the ghost number is ≥ n, because the bullbacks of the curvature ∇^2 for t = 1 and t = 0 yield respectively d_uA_u +F and d_uA_u +F +sA. Hence Q^{2n−k−1,k} cov (u = 1) − Q^{2n−k−1,k} cov (u = 0) is a coboundary s mod d on M whenever k ≥ n.

iii) Now A is fixed and we use the connection

∇ = s + d + d_t + d_u + u(A + tω) .

Of course the curvature is no longer horizontal and we work on P . From the expansion I(∇^2, . . ., ∇^2) = I^0 + dtI^t + duI^u + dt duI^{t,u}, we identify

Q_{cons} =

∫_1 0 duI^u(t = 1) , Q_{cov} =

∫_1 0 dtI^t(u = 1) . The Bianchi identity and the fact that

∫_1 0 dtI^t(u = 0) = 0 imply

Q_{cov} − Q_{cons} = −(s + d)λ^{′′} +

∫_1 0 duI^u(t = 0) . But the bullback of the curvature for t = 0 is u(s + d)A + u^2A^2 + duA, hence the second term of the r.h.s. vanishes when the ghost number is ≥ n.

Let now A = C^∞(M ) be the Fréchet algebra of smooth functions on M , and fix a connection A on P . We return to the situation considered before and let E = (A, H, D_A) be the Dirac spectral triple associated to the twisted Dirac operator D_A. E is p_+-summable if p is the dimension of M , and is Hequivariant for the Hopf algebra H = U(Lie G ). The secondary characteristic classes ψ(E) : Ω^n(M )/Z^n(M ) → H^{p−n}(Lie G) can be computed in terms of the BRS algebra C^{∗,∗}(M ):

Proposition 6.3 Let M be a smooth compact riemannian spin manifold of dimension p, oriented by its spin structure, and A = C^∞(M ). Let G be a compact connected Lie group unitarily represented in a vector space V , and g = Lie G. Let P^G−→ M be a G-principal bundle over M , and E = P ×_G V the hermitian vector bundle associated to the representation V . We denote by G the gauge group of P , and E = (A, H, D_A) the p_+-summable G -equivariant Dirac spectral triple associated to E and a choice of G-connection A on P . Then the secondary characteristic classes ψ(E) : Ω^n(M )/Z^n(M ) → H^{p−n}(Lie G), 0 ≤ n < p, are represented by the following maps: Ω^n(M ) ∋ ω_n → 1 (2πi)^{p/2} ∫ M ω_n ∧ Tr(e^{−sA}) ∈ C^{p−n}(Lie G) , (310) where sA ∈ g ⊗ C^{1,1}(P ) is the BRS variation of A and Tr is the trace of endomorphisms of E. Remark that the differential form Tr(exp(−sA)) is gbasic, hence defined on M .

Proof: This is a direct but lengthy computation of the relevant components of the chain map ψ(ρ, D_A) = Pf_{t→0} χ(ρ, tD_A) discussed in section 5. One uses well-

known asymptotic expansions of the heat kernel exp(−t^2D^2_A). This is not too difficult since M is a smooth manifold, and only few terms remain after taking the limit t → 0. We don’t give the details here.

Remark 6.4 Observe that the Dirac Â-genus familiar to topology does not appear in the above formula. This is due to the truncature of the chain map ψ(ρ, D_A) used to exhibit the secondary characteristic classes. In some sense, the topological content of (A, H, D_A) is dropped, and only the BRS part is keeped intact. By the way, this also shows the independence of ψ(E) with respect to the metric on M .

In order to show that the map (310) is well-defined in cohomology, we use the set of covariant descent equations associated to the invariant symmetric polynomial I ∈ I^{p−n}_S (g): I(λ_1, . . . , λ_{p−n}) = 1 (p − n)! ∑ σ∈S_{p−n} 1 (p − n)! Tr(λ_{σ(1)} . . . λ_{σ(p−n)}) , (311)

for any λ_i ∈ g, where S_{p−n} is the permutation group of p − n elements. Indeed the g-basic differential form I(sA, . . . , sA) = 1 (p − n)! Tr ( (sA)^{p−n} ) (312)

is, up to a sign, the component of Tr(exp(−sA)) entering in formula (310). Then from the covariant descent equations, there exists BRS cochains Q^{p−n−1,p−n}_{cov} (A, ω) and Q^{p−n,p−n−1} cov (A, ω) such that − I(sA, . . . , sA) = dQ^{p−n−1,p−n} cov (A, ω) + sQ^{p−n,p−n−1} cov (A, ω) . (313)

Therefore, the image of a n-form ω_n ∈ Ω^n(M ) under ψ(E) is represented in the cohomology H^{p−n}(Lie G) by (−)^{p−n} (2πi)^{p/2} ∫ M ω_n ∧I(sA, . . . , sA) ≡ (−)^p (2πi)^{p/2} ∫ M dω_n ∧Q^{p−n−1,p−n} cov (A, ω) . (314)

Hence ψ(E) vanishes on Z^n(M ) and factors through the boundary map d : Ω^n(M )/Z^n(M ) → B^{n+1}(M ) ⊂ HC^−_{n+1}(A). This combined with the commutativity of the diagram relating the long exact sequences of K-theory and cyclic homology

K^{top}_{n+2}(A)

ch^{top}_{n+2} �

� K^{rel}_{n+1}(A)

ch^{rel}_{n+1} �

� K_{n+1}(A)

ch^−_{n+1} �

� K^{top}_{n+1}(A)

ch^{top}_{n+1} �

� Krel_n (A)

ch^{rel}_n � HP_{n+2}(A)^S � HC_n(A)^B � HC^−_{n+1}(A)^I � HP_{n+1}(A)^S � HC_{n−1}(A) (315) shows that the composite map

K^{rel}_{n+1}(A)^{ch} rel n+1 −−−−→ HC_n(A)^{ψ(E)}−−−−→ H^{p−n}(Lie G) (316) factors through the image of the homomorphism K^{rel}_{n+1}(A) → K_{n+1}(A), or equivalently by exactness, the kernel K^{alg}_{n+1} = Ker(K_{n+1}(A) → K^{top}_{n+1}(A)):

K^{alg}_{n+1}(A)^{ch} − n+1 −−−−→ B^{n+1}(M )^{∩Qcov}−−−−→ H^{p−n}(Lie G) . (317) Lemma 6.1 shows that this map amounts to compute the pairing between the kernel K^{alg}_{n+1}(A) ⊂ K_{n+1}(A) and the class of Q^{p−n−1,p−n}_{cov} (A, ω) in the BRS cohomology H^{p−n−1,p−n}(M, s mod d). It is instructive to determine the image of the negative Chern character ch^−_n : K^{alg}_n (A) → B^n(M ). For n = 1, the homomorphism K_1(A) → K^{top}_1 (A) is clearly surjective. From Milnor [30], one knows that the algebraic K_1 of any commutative (unital) Banach algebra A is given by the direct sum

K_1(A) = A^× ⊕ π_0(SL(A)) (318)

of the abelian multiplicative group A^× of invertible elements of A, and the homotopy group π_0 of the invertible matrices over A with determinant 1. This is true in particular for the Banach algebra of continuous functions over M . On the other hand, the topological K-theory group of A is by definition K^{top}_1 (A) = π_0(GL(A)), hence we deduce that the kernel of the homomorphism K_1(A) → K^{top}_1 (A) is isomorphic to the quotient of abelian groups

K^{alg}_1 (A) = A^×/π_0(A^×) . (319)

By [41], the latter equality is true also for the dense Fréchet algebra A = C^∞(M ) ⊂ A, thus K^{alg}_1 (A) is the connected component of 1 in the abelian group A^×. The negative Chern character ch^−_1 : K^{alg}_1 (A) → B^1(M ) is described as follows. An element g ∈ K^{alg}_1 (A) is a complex-valued invertible function over M homotopic to the constant function 1, hence it has a logarithm log g. As an element of K_1(A), its Chern character in HC^−_1 (A) = Z^1(M )⊕H^3(M )⊕H^5(M ) . . . is [27]

ch^−_1 (g) = g^{−1}dg + ∑ k≥1 (−)^k k! (2k + 1)!

g^{−1}dg(dg^{−1}dg)^k , (320)

and since g has a logarithm, the components in de Rham cohomology vanish, hence ch^−_1 (g) = g^{−1}dg = d log g ∈ B^1(M ) . (321)

This shows that the Chern character ch^−_1 : K^{alg}_1 (A) → B^1(M ) is surjective. By a cup-product argument in algebraic K-theory and cyclic homology [27], one shows more generally that the image of the abelian group K^{alg}_n (A) under ch^−_n is a dense subset of the locally convex space B^n(M ). For example when n = 2, there is a graded commutative cup-product [27]

∪ : K_1(A) × K_1(A) → K_2(A) , (322) which carries two invertible elements x, y ∈ A^× to their image x ∪ y = −y ∪ x (Steinberg symbol). If x and y are homotopic to 1, the cup-product of their Chern characters in cyclic homology is given by

ch^−_2 (x ∪ y) = d(log x d log y) ∈ B^2(M ) , (323)

which shows that the image of K^{alg}_2 (A) spans a dense additive group in B^2(M ). Hence, for any n ≥ 0 the pairing between K^{alg}_{n+1}(A) and the BRS cohomology class of the covariant term Q^{p−n−1,p−n} cov (A, ω) is optimal. We introduce the following

Definition 6.5 Let M be a smooth compact manifold, G a compact connected Lie group and P^G−→ M a G-principal bundle over M . We consider that G is unitarily represented in a vector space V , and let E → M be the associated vector bundle. For any n ≥ 0, let I^n_V ∈ I^n_S (g) be the invariant symmetric polynomial over g = Lie G corresponding to the degree n of the development of Tr exp(λ), for λ ∈ g represented in V . The Chern character of E in the BRS cohomology of bidegree (2n − k − 1, k), for any k ≥ n, is the class ch^{2n−k−1,k}(E) = [Q^{2n−k−1,k} cov (A, ω)] ∈ H^{2n−k−1,k}(M, s mod d) (324) associated to the covariant transgression of the invariant polynomial I^n_V , for any choice of G-connection A on P .

Then collecting all the results of this section together, we relate the pairing of theorem 5.4 with BRS cohomology in the case A = C^∞(M ):

Theorem 6.6 Let M be a smooth compact riemannian spin manifold of dimension p, oriented by its spin structure, and A = C^∞(M ). Let G be a compact connected Lie group unitarily represented in a vector space V , P^G−→ M a G-principal bundle over M , and E = P ×_G V the hermitian vector bundle associated to the representation V . We denote by G the gauge group of P , and E = (A, H, D_A) the p_+-summable G-equivariant Dirac spectral triple associated to E and a choice of G-connection A on P . Then the pairing of theorem 5.4

K^{alg}_{n+1}(A) × E^G_p (A, C ) → H^{p−n}(Lie G) , 0 ≤ n < p , (325)

between a K-theory class x ∈ K^{alg}_{n+1}(A) and the Dirac spectral triple is given by ⟨x, E⟩ = (−)^p (2πi)^{p/2} ⟨x, ch^{p−n−1,p−n}(E)⟩ (326) where ch^{∗,∗}(E) ∈ H^{∗,∗}(M, s mod d) is the Chern character of E in BRS cohomology. This pairing does not depend on the connection A nor on the metric on M (homotopy invariance for the Dirac operator).

Remark 6.7 The image of algebraic K-theory under the Chern character ch^−_n : K^{alg}_n (A) → B^n(M ) acts as test functions for the BRS cohomology class of E. This allows to reconstruct the class s mod d of ch(E) locally on the manifold M . The process is independent of the topology of M , which is dropped by restriction to the kernel of the homomorphism K_n(A) → K^{top}_n (A).

When the dimension of M is even, the BRS descent equations giving rise to the representatives Q^{2n−k−1,k} cov (A, ω), k ≥ n, of the Chern character ch(E), also contain the chiral anomaly and Schwinger term of quantum Yang-Mills theory [28]. For example when M has dimension p = 2, one gets characteristic maps for K^{alg}_1 (A) and K^{alg}_2 (A) only. In the first case, the covariant descent equations correspond to the invariant polynomial I(λ_1, λ_2) =^1_4 Tr(λ_1λ_2 + λ_2λ_1): − Tr(sAF ) = dTr(ωF ) = 0 − 1 2 Tr(sAsA) = dTr( 1 2 ωsA) + sTr(ωF ) (327)

0 = dTr( −1 6 ω^3) + sTr( 1 2 ωsA) 0 = sTr( −1 6 ω^3) ,

where Q^{2,1}_{cov} = Tr(ωF ) is the covariant anomaly, Q^{1,2}_{cov} = Tr(^1_2 ωsA) is the covariant Schwinger term, and Q^{0,3}_{cov} = Tr(^{−1}_6 ω^3) is the Maurer-Cartan cocycle. The pairing with a class [g] ∈ K^{alg}_1 (A) involves the Schwinger term: ⟨[g], E⟩ = 1 2πi ∫ M d(log g) ∧ Tr( 1 2 ωsA) . (328) This amounts to integrate the Schwinger term on all contractible loops S^1 → M (boundary term). In the second case K^{alg}_2 (A), the invariant polynomial is I(λ) = Trλ: − Tr(sA) = dTrω 0 = sTrω . (329)

Hence Q^{0,1}_{cov} = Trω, and the pairing with a Steinberg symbol x ∪ y ∈ K^{alg}_2 (A) reads ⟨x ∪ y, E⟩ = 1 2πi ∫ M x^{−1}dx ∧ y^{−1}dy Trω . (330) When M has higher (even) dimension p, the algebraic K-theory of middle dimension K^{alg}_{p/2}(A) pairs with the covariant term [Q^{p/2,p/2+1} cov (A, ω)] ∈ H^{p/2,p/2+1}(M, s mod d) . (331)

By proposition 6.2, the image of Q^{p/2,p/2+1}_{cov} (A, ω) in the BRS cohomology of P corresponds to the consistent term [Q^{p/2,p/2+1} cons (A, ω)] ∈ H p/2,p/2+1(P, s mod d) . (332) It follows that the pairing with algebraic K-theory detects also the homological information contained in the consistent anomaly and Schwinger term [Q^{p,1}_{cons}(A, ω)] ∈ H^{p,1}(P, s mod d) , [Q^{p−1,2}_{cons} (A, ω)] ∈ H^{p−1,2}(P, s mod d) (333) transiting through the consistent descent equations (303) until the position of Q^{p/2,p/2+1} cons .

Exercise 6.8 Compute and interpret the secondary characteristic classes associated to non-commutative examples of equivariant spectral triples as stated at the beginning of this section.

References

[1] N. Berline, E. Getzler, M. Vergne, Heat kernels and Dirac operators, Grundlehren des Mathematischen Wissenschaft 298, Springer-Verlag (1992).

[2] J. M. Bismut: The Atiyah-Singer index theorem for families of Dirac operators: two heat equation proofs, Invent. Math. 83 (1986) 91-151.

[3] B. Blackadar: K-theory for operator algebras, Springer-Verlag, New-York (1986).

[4] A. Connes: Non-commutative differential geometry, Publ. Math. IHES 62 (1986) 41-144.

[5] A. Connes: Non-commutative geometry, Academic Press, New-York (1994). [6] A. Connes: Entire cyclic cohomology of Banach algebras and characters of θ-summable Fredholm modules, K-theory 1 (1988) 519-548.

[7] A. Connes, M. Karoubi: Caractère multiplicatif d’un module de Fredholm, K-Theory 2 (1988) 431-463.

[8] A. Connes, H. Moscovici: Transgression and the Chern character of finitedimensional K-cycles, Comm. Math. Phys. 155 (1993) 103-122.

[9] A. Connes, H. Moscovici: The local index formula in non-commutative geometry, GAFA 5 (1995) 174-243.

[10] A. Connes, H. Moscovici: Hopf algebras, cyclic cohomology and the transverse index theorem, Comm. Math. Phys. 198 (1998) 199-246.

[11] A. Connes, H. Moscovici: Cyclic cohomology and Hopf algebras, Lett.

Math. Phys. 48 (1999) 85.

[12] A. Connes, H. Moscovici: Cyclic cohomology and Hopf symmetry, math.OA/0002125.

[13] M. Crainic: Cyclic cohomology and characteristic classes for foliations, Thesis, Utrecht (2000).

[14] J. Cuntz: A new look at KK-theory, K-Theory 1 (1987) 31-51. [15] J. Cuntz: Cyclic theory and the bivariant Chern-Connes character, preprint SFB 478 (2000).

[16] J. Cuntz, D. Quillen: Algebra extensions and nonsingularity, JAMS 8 (1995) 251-289.

[17] J. Cuntz, D. Quillen: Cyclic homology and nonsingularity, JAMS 8 (1995) 373-442.

[18] J. Cuntz, D. Quillen: Excision in bivariant periodic cyclic cohomology, Invent. Math. 127 (1997) 67-98.

[19] M. Dubois-Violette: The Weil-BRS algebra of a Lie algebra and the anomalous terms in gauge theory, J. Geom. Phys. 3 (1986) 525-565.

[20] M. Dubois-Violette, M. Talon, C. M. Viallet: BRS algebras, analysis of the consistency equations in gauge theory, Comm. Math. Phys. 102 (1985) 105-122.

[21] P. Gilkey: Invariance theory, the heat equation, and the Atiyah-Singer index theorem, 2nd ed., Studies in Advanced Mathematics, CRC Press (1995).

[22] T. G. Goodwillie: Cyclic homology, derivations, and the free loopspace, Topology 24(2) (1985) 187-215.

[23] H. Hogbe-Nlend: Théorie des bornologies et applications, Springer-Verlag, Lecture Notes in Mathematics, Vol. 213 (1971).

[24] A. Jaffe, A. Lesniewski, K. Osterwalder: Quantum K-theory, I. The Chern character, Comm. Math. Phys. 118 (1988) 1-14.

[25] J. D. S. Jones: Cyclic homology and equivariant homology, Invent. Math.

87 (1987) 403-423.

[26] M. Karoubi: Homologie cyclique et K-théorie, Astérisque 149 (1987).

[27] J. L. Loday: Cyclic homology, Grundlehren der mathematischen Wissenschaften 301, 2nd ed., Springer-Verlag (1998).

[28] J. Mañes, R. Stora, B. Zumino: Algebraic study of chiral anomalies, Comm.

Math. Phys. 102 (1985) 157.

[29] R. Meyer: Analytic cyclic cohomology, Thesis, Münster (1999), math.KT/9906205.

[30] J. Milnor: Introduction to algebraic K-theory, Annals of Mathematics studies 72, Princeton University Press (1971).

[31] V. Nistor: A bivariant Chern character for p-summable quasihomomorphisms, K-Theory 5 (1991) 193-211.

[32] V. Nistor: A bivariant Chern-Connes character, Ann. Math. 138 (1993) 555-590.

[33] D. Perrot: BRS cohomology and the Chern character in noncommutative geometry, Lett. Math. Phys. 50 (1999) 135-144.

[34] D. Perrot: On the topological interpretation of gravitational anomalies, J.

Geom. Phys. 39 (2001) 81-95.

[35] D. Perrot: A bivariant Chern character for families of spectral triples, preprint math-ph/0103016.

[36] D. Perrot: Retraction of the bivariant Chern character, preprint mathph/0202016.

[37] N. C. Phillips: K-theory for Fréchet algebras, Internat. J. Math. 2 (1991) 77-129.

[38] D. Quillen: Superconnections and the Chern character, Topology 24 (1985) 89-95.

[39] D. Quillen: Algebra cochains and cyclic cohomology, Publ. Math. IHES 68 (1989) 139-174.

[40] D. Quillen: Chern-Simons forms and cyclic cohomology, in: The interface of mathematics and particle physics, Oxford (1988) 117-134.

[41] J. Rosenberg, Algebraic K-theory and its applications, Springer-Verlag (1994).

[42] M. E. Sweedler: Hopf algebras, Benjamin, New-York (1969). [43] S. L. Woronowicz: Compact matrix pseudogroups, Comm. Math. Phys.

111 (1987) 613-665.

[44] R. Zekri: A new description of Kasparov’s theory of C^∗-algebra extensions, J. Funct. Anal. 84 (1989) 441-471.