arXiv:math-ph/0302026 v1 11 Feb 2003

Tulczyjew’s triples and lagrangian submanifolds in classical field theories

Manuel de León, David Martín de Diego, Aitor Santamaría-Merino

Instituto de Matemáticas y Física Fundamental Consejo Superior de Investigación Científica Serrano 123, 28006 Madrid, Spain email: mdeleon@imaff.cfmac.csic.es, d.martin@imaff.cfmac.csic.es aitors@imaff.cfmac.csic.es

Abstract

In this paper the notion of Tulczyjew’s triples in classical mechanics is extended to classical field theories, using the so-called multisymplectic formalism, and a convenient notion of lagrangian submanifold in multisymplectic geometry. Accordingly, the dynamical equations are interpreted as the local equations defining these lagrangian submanifolds.

Key words: multisymplectic geometry, Tulcyjew’s triples, lagrangian submanifold, classical field theory

1 Introduction

In middle seventies, W.M. Tulczyjew [23,24] introduced the notion of special symplectic manifold, which is a symplectic manifold symplectomorphic to a cotangent bundle. Using this notion, Tulczyjew gave a nice interpretation of lagrangian and hamiltonian dynamics as lagrangian submanifolds of convenient special symplectic manifolds.

The other ingredients in the theory were two canonical diffeomorphisms α : T T^∗Q −→ T^∗T Q and β : T T^∗Q −→ T^∗T^∗Q. β is nothing but the mapping obtained by contraction with the canonical symplectic form ω_Q, but the definition of α is more complicated, and requires the use of the canonical involution of the double tangent bundle T T Q.

Preprint submitted to Elsevier Science 11 February 2003

The theory was extended to higher order mechanics by several authors (see for instance [2,3,6,8,12]). But the extension to classical field theories has not been achieved up to now. There is a good approach by Kijowski and Tulczyjew [11], and in fact, the present approach is strongly inspired in that monograph.

The key point is a better understanding of the geometry of lagrangian submanifolds in the multisymplectic setting. A systematic study of the geometry of multisymplectic manifolds was started by Cantrijn et al at the beginning of the nineties [7], followed by a pair of papers which clarify that geometry [4,5] (a more detailed study [18] is in preparation).

A multisymplectic manifold is a manifold equipped with a closed form which is non-degenerate in some sense. The canonical examples are the bundles of forms on an arbitrary manifold, providing thus a nice extension of the notion of symplectic manifold. However, this definition is too general for practical purposes. Indeed, in order to have a Darboux theorem which would permit us to introduce canonical coordinates, we need additional properties. In other words, if we want to deal with multisymplectic manifolds which locally behave as the geometric models we need to consider multisymplectic manifolds (P, Ω) with additional structure, given by a 1-isotropic foliation W satisfying some dimensionality condition, or, even a “generalised foliation” E defined roughly speaking on the space of leaves determined by W.

The tangent and cotangent functors are now substituted by the jet prolongation functor and the exterior power functor, respectively, so that we obtain canonical diffeomorphisms α̃ : ~J^1Z^∗ −→ Λ^{n+1}_2 Z and β̃ : ~J^1Z^∗ −→ Λ^{n+1}_2 Z^∗, where Z is the 1-jet prolongation of the fibred manifold Y −→ X, X being the space-time n-dimensional manifold, and Z^∗ is the dual affine bundle of Z. Here a tilde over a manifold of jets means that we are taking a quotient manifold in order to have only those elements with the same divergence.

Using a convenient formulation of the field equations with Ehresmann connections, we construct the corresponding lagrangian submanifolds which encode the dynamics. Indeed, we present a compact form for the De Donder and field equations as follows. From the lagrangian density L = Lη (η is a volume form on X), we construct the Poincaré-Cartan (n + 1)-form Ω_L on Z; then the extremals for L coincide with the horizontal sections of any Ehresmann connection h in the fibred manifold Z −→ X satisfying the equation

i_h Ω_L = (n − 1)Ω_L.

Since a connection in Z −→ X can be interpreted as a section of the 1- jet prolongation J^1Z −→ Z, we have all the ingredients we need. In fact, the Euler-Lagrange equations are just the local equations defined by a klagrangian submanifold of ~J^1Z^∗, the latter being a multisymplectic manifold equipped with the multisymplectic form Ω_α dragged via α̃ from the canonical one on Λ^{n+1}_2 Z.

A similar procedure can be developed in the hamiltonian setting, but in this case we would need to choose a convenient hamiltonian form. This hamiltonian form is obtained through the corresponding Legendre transformation Leg_L : Z −→ Z^∗. Finally, both sides are related.

2 Lagrangian submanifolds and classical mechanics

2.1 Some prelimaries

Let (V, ω) a finite dimensional symplectic vector space with symplectic form ω. This means that ω is a 2-form on a vector space V which is non-degenerate in the sense that the linear mapping v ∈ V → i_v ω ∈ V^∗ is injective (and hence it is a linear isomorphism).

Therefore, V has even dimension, say 2n, and the non-degeneracy is equivalent to the condition ω^n ≠ 0.

A linear isomorphism ϕ : (V_1, ω_1) −→ (V_2, ω_2) is called a symplectomorphism if ϕ preserves the symplectic forms, say ϕ^∗ω_2 = ω_1.

Take a subspace E ⊂ V, and define the ω-complement of E as follows: E^⊥ = {v ∈ V | i_{v∧e} ω = 0, for all e ∈ E}. The subspace E is said to be isotropic (resp. coisotropic, lagrangian, symplectic) if E ⊂ E^⊥ (resp. E^⊥ ⊂ E, E = E^⊥, E ∩ E^⊥ = {0}).

An useful characterization of a lagrangian subspace E, is that it is a maximally isotropic subspace or, equivalently, on a finite dimensional symplectic vector space, it is isotropic and dim E = 1 2 dim V.

The algebraic model for a symplectic vector space is the following. Given an arbitrary vector space V we construct V_V = V ⊕ V^∗ equipped with the symplectic form ω_V defined by ω_V ((v_1, γ_1), (v_2, γ_2)) = γ_1(v_2) − γ_2(v_1),

for all (v_1, γ_1), (v_2, γ_2) ∈ V_V .

We know that V and V^∗ are lagrangian subspaces of (V_V , ω_V ). Moreover, every symplectic vector space (V, ω) is symplectomorphic to (V_L, ω_L) for any lagrangian subspace L of (V, ω).

In addition we can prove that a linear isomorphism ϕ : (V_1, ω_1) −→ (V_2, ω_2) is a symplectomorphism if and only if its graph {(v, ϕ(v)) | v ∈ V_1} ⊂ V_1 × V_2 is a lagrangian subspace of the symplectic manifold (V_1 × V_2, ω_1 ⊖ ω_2), where ω_1 ⊖ ω_2 = π^∗_1ω_1 − π^∗_2ω_2, π_1 : V_1, ×V_2 −→ V_1 and π_2 : V_1, ×V_2 −→ V_2 being the canonical projections.

A symplectic manifold is a pair (P, ω), where ω is a closed 2-form such that the pair (T_xP, ω_x) is a symplectic vector space for any x ∈ P. Thus, P has even dimension, say 2n.

Therefore, given a function f : P −→ R there exists a unique vector field (the hamiltonian vector field X_f with hamiltonian energy f) such that i_{Xf} ω = df.

Let now π_Q : T^∗Q −→ Q be the cotangent bundle of an arbitrary manifold Q. There exists a canonical 1-form θ_Q on T^∗Q defined by θ_Q(γ)(X) = ⟨γ, T π_Q(X)⟩ for all X ∈ T_γ (T^∗Q) and for all γ ∈ T^∗Q. θ_Q is the Liouville 1-form, and in bundle coordinates (q, p) we have θ_Q = pdq.

So, ω_Q = −dθ_Q is a canonical symplectic form on T^∗Q such that ω_Q = dq ∧dp.

As is well known, Darboux theorem states that any symplectic manifold is locally symplectomorphic to a cotangent bundle. More precisely, one can find local coordinates around each point of a symplectic manifold (P, ω) such that ω = dq ∧ dp.

The following results are the main examples of lagrangian submanifolds.

Theorem 2.1

(i) The image of a hamiltonian vector field X_f on a symplectic manifold (P, ω) is a lagrangian submanifold of the tangent lift symplectic manifold (T P, ω^T ).

(ii) The fibres of T^∗Q are lagrangian submanifolds of (T^∗Q, ω_Q). (iii) The image of a 1-form γ on a manifold Q is a lagrangian submanifold of (T^∗Q, ω_Q) if and only if γ is closed.

(iv) Given a diffeomorphism ϕ : (P_1, ω_1) −→ (P_2, ω_2) between two symplectic manifolds then ϕ is a symplectomorphism if and only if its graph is a lagrangian submanifold in the symplectic manifold (P_1 × P_2, ω_1 ⊖ ω_2).

There is an important theorem due to A. Weinstein which gives the normal form for a lagrangian submanifold L in a symplectic manifold (P, ω).

Theorem 2.2 Let (P, ω) be a symplectic manifold, and let L be a lagrangian submanifold. Then there exists a tubular neighbourhod U of L in P, and a diffeomorphism ϕ : U −→ V = ϕ(U) ⊂ T^∗L into an open neighbourhood V of the zero cross-section in T^∗L such that ϕ^∗ω_L = ω_{|U} , where ω_L is the canonical symplectic form on T^∗L.

2.2 Lagrangian and hamiltonian dynamics

We shall recall the main results, more details can be found in [19].

Let L : T Q −→ R be a lagrangian function. We construct a 2-form ω_L by putting ω_L = −dθ_L where θ_L = S^∗(dL). Here S^∗ is the adjoint operator of the canonical vertical endomorphism S = dq ⊗ ∂ ∂q̇ . We have omitted the indices of the coordinates, and used the notation (q, q̇) for the bundle coordinates on the tangent bundle τ_Q : T Q −→ Q. The energy function is defined by

E_L = Δ(L) − L

where Δ = q̇ ∂ ∂q̇ is the Liouville or dilation vector field.

In local coordinates we have ω_L = dq ∧ dp̂, E_L = q̇p̂ − L, where p̂ = ∂L ∂q̇ . The lagrangian is regular if and only if the hessian matrix ( ∂^2L ∂q̇^i∂q̇^j )

is non-singular, where i, j = 1, . . . , n = dim Q.

We have that L is regular if and only if ω_L is symplectic. In such case, there is a unique vector field ξ_L satisfying the equation

i_{ξL} ω_L = dE_L. (2.1)

ξ_L is a second order differential equation on T Q such that its solutions (the curves in Q whose lifts to T Q are integral curves of ξ_L) are just the solutions of the Euler-Lagrange equations for L: d dt ( ∂L ∂q̇ ) − ∂L ∂q = 0. (2.2)

Let now H : T^∗Q −→ R be a hamiltonian function. We denote by X_H the corresponding hamiltonian vector field with respect to ω_Q. In bundle coordinates we have X_H = ∂H ∂p ∂ ∂q − ∂H ∂q ∂ ∂p Therefore, the integral curves (q(t), p(t)) of X_H satisfy the Hamilton equations

dq dt = ∂H ∂p dp dt = − ∂H ∂q

The lagrangian and hamiltonian formalisms are connected through the Legendre transformation. More precisely, given a lagrangian function L : T Q −→ R we define a fibred mapping Leg_L : T Q −→ T^∗Q over Q by Leg_L(q, q̇) = (q, ∂L ∂q̇ ). We know that L is regular if and only if Leg_L is a local diffeomorphism. For simplicity, we will assume that L is hyperregular, which means that Leg_L is a diffeomorphism. In such case, Leg_L is in fact a symplectomorphism and, therefore, ξ_L and X_H are Leg_L-related, when H = E_L ∘ Leg_L^{−1}. As a consequence, the Euler-Lagrange equations are translated into the Hamilton equations via Leg_L.

2.3 Dynamics as lagrangian submanifolds

In [23,24] W.M. Tulczyjew defined two canonical diffeomorphisms α : T T^∗Q −→ T^∗T Q β : T T^∗Q −→ T^∗T^∗Q locally given by α(q, p, q̇, ṗ) = (q, q̇, ṗ, p) β(q, p, q̇, ṗ) = (q, p, −ṗ, q̇) with the obvious notations, where we have omitted the indices for the sake of simplicity.

The second diffeomorphism is nothing but the contraction with the canonical symplectic form ω_Q on T^∗Q. The intrinsic definition of α is more involved, and we remit to [23] for details. We have the following commutative diagram which justifies the name of Tulczyjew’ s triple for the above construction: T^∗T Q T T^∗Q T^∗T^∗Q

T^∗Q T Q β α

τ_T ∗_Q π_T ∗_Q T π_Q π_{T Q}

The manifold T T^∗Q is endowed with two symplectic structures, in principle different. Indeed, they are ω_α = α^∗ω_{T Q} and ω_β = β^∗ω_T ∗_Q. A direct computation shows that both coincide up to the sign (say ω_α + ω_β = 0), and, in addition, that the symplectic form ω_α is nothing but the complete or tangent lift ω^T_Q of ω_Q to T T^∗Q.

We denote by θ_α = α^∗θ_{T Q} and θ_β = β^∗θ_T ∗_Q, such that ω_α = −dθ_α and ω_β = −dθ_β. In local coordinates we have θ_α = ṗdq + pdq̇ θ_β = −ṗdq + q̇dp In fact, T T^∗Q, equipped with the symplectic form ω_α = −ω_β = ω^T_Q is an example of special symplectic manifold according to the definition introduced by Tulczyjew in [23].

Definition 2.3 A special symplectic manifold is a symplectic manifold (P, ω) which is symplectomorphic to a cotangent bundle. More precisely, there exists a fibration π : P −→ M, and a 1-form θ on P, such that ω = −dθ, and α : P −→ T^∗M is a diffeomorphism such that π_M ∘ α = π and α^∗θ_M = θ.

The following is an important result for our discussion.

Theorem 2.4 Let (P, ω = −dθ) an special symplectic manifold, let f : M −→ R be a function, and denote by N_f the submanifold of P where df and θ coincide. Then N_f is a lagrangian submanifold of (P, ω) and f is a generating function.

Theorem 2.4 applies to the particular case of Mechanics. Indeed, if we consider a lagrangian function L : T Q −→ R we obtain a lagrangian submanifold N_L of the symplectic manifold (T T^∗Q, ω_α) with generating function L.

Now, assume that H : T^∗Q −→ R is a hamiltonian function, with hamiltonian vector field X_H .

We have the following results.

Theorem 2.5

(i) The image of X_H is a lagrangian submanifold of (T T^∗Q, ω_α). (ii) The image of dH is a lagrangian submanifold of (T^∗T^∗Q, ω_T ∗_Q). (iii) β(Im X_H ) = Im dH.

Finally, we relate both lagrangian submanifolds N_L and Im X_H .

Theorem 2.6 Let H be the hamiltonian function corresponding to the hyperregular lagrangian function L, say H = E_L ∘ Leg^{−1}_L . Then we have N_L = Im X_H .

3 Multisymplectic manifolds and their lagrangian submanifolds

3.1 Multisymplectic vector spaces

Definition 3.1 Let Ω be a (k + 1)-form on a vector pace V. The pair (V, Ω) is called a multisymplectic vector space if the form Ω is non-degenerate, that is, the linear mapping v ∈ V → i_vΩ ∈ Λ^kV^∗ is injective. The form Ω is called multisymplectic.

Let (V_1, Ω_1) and (V_2, Ω_2) be two multisymplectic vector spaces (of the same order (k + 1)) and let ϕ : (V_1, Ω_1) −→ (V_2, Ω_2) be a linear isomorphism.

Definition 3.2 ϕ is called a multisymplectomorphism if it preserves the multisymplectic forms, i.e. ϕ^∗Ω_2 = Ω_1.

Example 3.3 Let V be an arbitrary vector space and consider the direct product V_V = V × Λ^kV^∗. Define a k-form Ω_V on V_V as follows:

Ω_V ((v_1, γ_1), . . . , (v_{k+1}, γ_{k+1})) = k∑ i=1 (−1)^iγ_i(v_1, . . . , v̌_i, . . . , v_{k+1}), for all (v_i, γ_i) ∈ V_V , i = 1, . . . , k + 1, where a check accent over a letter means that it is omitted. A direct computation shows that Ω_V is indeed multisymplectic.

If E is a vector subspace of V , we consider the subspace V^r_V = V × Λ^k_r V^∗, where Λ^k_r V^∗ denotes the space of k-forms on V vanishing when applied to at least r of their arguments from E. Of course, V^r_V equipped with the restriction Ω^r_V of Ω_V to V^r_V is a multisymplectic vector space. If E = {0} we recover V_V . Let (V, Ω) be a multisymplectic vector space of order k + 1, and W ⊂ V a vector subspace. We define W^{⊥,l} = {v ∈ V | i_{v∧w1∧···∧wl} Ω = 0, for all w_1, . . . , w_l ∈ W}. Definition 3.4 W is said to be (i) l-isotropic if W ⊂ W^{⊥,l}; (ii) l-coisotropic if W^{⊥,l} ⊂ W; (iii) l-lagrangian if W = W^{⊥,l}; (iv) multisymplectic if W ∩ W^{⊥,k} = {0};

Proposition 3.5 A subspace W is l-lagrangian if and if it is l-isotropic and maximal.

Proposition 3.6 Let V an arbitrary vector space. Then: (i) V is a k-lagrangian subspace of V_V and V^r_V , for all r; (ii) Λ^kV^∗ (resp. Λ^k_r V^∗) is a 1-isotropic subspace of V_V (resp. V^r_V ). Proof:

(i) A direct computation shows that

V^{⊥,k} = {(x, γ) | Ω_V ((x, γ), (x_1, 0), . . . , (x_k, 0)) = 0, for all x_1, . . . , x_k} which is equivalent to the condition γ(x_1, . . . , x_k) = 0 for all x_1, . . . , x_k ∈ V , and therefore γ = 0. Hence V^{⊥,k} = V . The same proof holds for V^r_V .

(ii) We have to prove that

Λ^kV^∗ ⊂ (Λ^kV^∗)^{⊥,1}

which is obvious because

i_{(0,γ1)∧(0,γ2)} Ω_V = 0.

The same argument works for V^r_V .

Remark 3.7 In addition, notice that

(Λ^kV^∗)^{⊥,1} = Λ^kV^∗

which implies that Λ^kV^∗ is in fact 1-lagrangian.

Theorem 3.8 [20,21] Let (V, Ω) be a multisymplectic vector space and W ⊂ V a 1-isotropic subspace such that dim W = dim Λ^k(V/W)^∗ and dim V/W > k. Then there exists a k-lagrangian subspace V of V which is transversal to W (i.e. V ∩ W = {0}) such that (V, Ω) is multisymplectomorphic to the model (V_V , Ω_V ).

Proof: First step: Define the mapping

ι : W −→ Λ^k(V/W)^∗ v → ι(v) = ~i_vΩ where ~i_vΩ is the induced linear form from i_vΩ ∈ Λ^kV^∗. Notice that ~i_vΩ is well-defined because the isotropic character of W. In addition, ι is a linear isomorphism because of the regularity of Ω.

Second step: Such a subspace W is unique. First of all, we shall prove that if u, v ∈ V are linearly independent vectors satisfying i_{u∧v} Ω = 0, then span (u, v)∩ W ≠ {0}. Otherwise, we could choose v_1, . . . , v_{k−2} ∈ V with v_i /∈ W such that {u, v, v_1, . . . , v_{k−2}} are linearly independent and span (u, v, v_1, . . . , v_{k−2})∩W = {0}, because the codimension of W is at least k. But for any w ∈ W we would have i_{w∧u∧v∧v1∧···∧vk−2} Ω = 0 which contradicts the fact that ι : W −→ Λ^k(V/W)^∗ is an isomorphism.

Next, let W and W^′ be two subspaces of V satisfying the hypothesis of the theorem. Assume that W ≠ W^′; then, there exists v ∈ W^′ such that v /∈ W. Using the argument above, we deduce that W ∩ W^′ has dimension at least 1. Consider the subspace Z = π(v) ∧ Λ_{k−1}(V/W) of Λ_k (V/W), where Λ_rV is the space of r-vectors on V, and π : V −→ V/W is the canonical projection. Of course, dim Z > 1, and we have ι(w)(z) = 0 for any w ∈ W ∩ W^′ and for any z ∈ Z. Hence we would have w ∈ ker ι.

Third step: There exists a k-lagrangian subspace V such that V = W ⊕ V . Obviously, there are k-isotropic subspaces U such that U ∩ W = {0}. To show this last assertion, one could take a vector v ∈ V such that u /∈ W. It is obvious that span (u) is k-isotropic.

Assume that U ⊕ W = V. Then W ∩ U^{⊥,k} ⊂ ker ι and hence W ∩ U^{⊥,k} = {0}. Therefore U = U^{⊥,k} , and U is k-lagrangian.

Suppose now that U ⊕ W ≠ V, then U ≠ U^{⊥,k} ; indeed, if U = U^{⊥,k} (that is, if U were k-lagrangian) then there would be a vector x ∈ V such that x /∈ U ⊕ W, and then U ⊕ span (x) would be k-isotropic in contradiction with the maximality of U. Therefore, there is a vector v ∈ U^{⊥,k} such that v /∈ U ∪ W, and we would have a k-isotropic subspace U^′ = U ⊕ span (u) such that U^′ ∩ W = {0}. If U^′ ⊕ W ≠ V, we can repeat the argument and will eventually arrive at a k-isotropic subspace V which is complementary to W. And using the argument above, we conclude that V is in fact k-lagrangian.

Fourth step: Define a linear mapping

ϕ : W −→ Λ^kV^∗ ϕ(w) = − 1 k + 1

(i_wΩ)_{|V}

A direct computation shows that ϕ is an isomorphism. Next, we define

ψ : V −→ V × Λ^kV^∗ ψ(v, w) = (v, ϕ(w)) which is also an isomorphism such that ψ^∗Ω_V = Ω.

Remark 3.9 A direct application of Theorem 3.8 shows that there exists a basis (a Darboux basis) {e_1, . . . , e_n, f_{α1...αk} } such that {e_i} is a basis of V and {f_{α1...αk} } is a basis of W satisfying the relations i_{fα1...αk} Ω = e^∗_{α1} ∧ · · · ∧ e^∗_{αk} where {e^∗_1, . . . , e^∗_n} denotes the dual basis of {e_1, . . . e_n}. Therefore we have Ω = ∑ α f^∗_{α1...αk} ∧ e^∗_{α1} ∧ · · · ∧ e^∗_{αk} (3.3) where {f^∗_{α1...αk} } is the dual basis of {f_{α1...αk} }.

Definition 3.10 A triple (V, Ω, W) satisfying the hypothesis in Theorem 3.8 will be called a multisymplectic vector space of type (k + 1, 0).

Theorem 3.11 Let (V, Ω) be a multisymplectic vector space and W ⊂ V a 1- isotropic subspace. Assume that E ⊂ V/W is a vector subspace of the quotient vector space V/W. Let us denote by π : V −→ V/W the canonical projection. Assume that

(i) i_{v1∧···∧vr} Ω = 0 if π(v_i) ∈ E, for all i = 1, . . . , r;

(ii) dim W = dim Λ^k_r (V/W)^∗, where the horizontal forms are considered with respect to the subspace E;

(iii) dim(V/W) > k.

Then there exists a k-lagrangian subspace V of V which is transversal to W (i.e., V ∩ W = {0}) such that (V, Ω) is multisymplectomorphic to the model (V^r_V , Ω^r_V ).

Proof: First, we define the linear isomorphism

ι : W −→ Λ^k_r (V/W)^∗ w → ι(w) = ~i_wΩ where ~i_wΩ is the induced k-form using that W is isotropic and that Ω satisfies the first condition above.

Next, one follows the arguments given in the proof of Theorem 3.8.

Remark 3.12 A direct application of Theorem 3.11 shows that the multisymplectic form Ω can be written as the canonical multisymplectic form Ω^r_V on V^r_V by choosing a convenient Darboux basis.

Definition 3.13 A triple (V, Ω, W, E) satisfying the hypothesis in Theorem 3.11 will be called a multisymplectic vector space of type (k + 1, r).

Let (V_1, Ω_1) and (V_2, Ω_2) be two multisymplectic vector spaces of order k + 1. Take the direct product V_1 × V_2 endowed with the (k + 1)-form Ω_1 ⊖ Ω_2 = π^∗_1Ω_1 − π^∗_2 Ω_2, where π_1 : V_1 × V_2 −→ V_1 and π_2 : V_1 × V_2 −→ V_2 are the canonical projections. Then (V_1 × V_2, Ω_1 ⊖ Ω_2) is a multisymplectic vector space.

Proposition 3.14 Let (V_1, Ω_1) and (V_2, Ω_2) be two multisymplectic vector spaces of order (k + 1) and ϕ : V_1 −→ V_2 a linear isomorphism. Then ϕ is a multisymplectomorphism if and only if its graph is a k-lagrangian subspace of the multisymplectic vector space (V_1 × V_2, Ω_1 ⊖ Ω_2).

Proof: We recall that

(graph ϕ)^{⊥,k} = {(x, y) ∈ V_1 × V_2 | (Ω_1 ⊖ Ω_2)((x, y), (x_1, ϕ(x_1)), . . . , (x_k, ϕ(x_k)) = 0, ∀x_1, . . . , x_k ∈ V_1} Assume that ϕ^∗Ω_2 = Ω_1, then if (x, ϕ(x)) ∈ graph ϕ, we have

(Ω_1 ⊖ Ω_2)((x, ϕ(x)), (x_1, ϕ(x_1)), . . . , (x_k, ϕ(x_k)) = Ω_1(x, x_1, . . . , x_k) − Ω_2(ϕ(x), ϕ(x_1), . . . , ϕ(x_k)) = Ω_1(x, x_1, . . . , x_k) − ϕ^∗Ω_2(x, x_1, . . . , x_k) = 0 which implies that graph ϕ ⊂ (graph ϕ)^{⊥,k}.

Conversely, if graph ϕ is k-isotropic, we have (x, ϕ(x)) ∈ (graph ϕ)^{⊥,k} for all x ∈ V_1, and therefore ϕ^∗Ω_2 = Ω_1.

In addition, if graph ϕ is k-isotropic, it is also k-lagrangian. In fact, if (x, y) ∈ (graph ϕ)^{⊥,k} then we have

Ω_2(ϕ(x) − y, ϕ(x_1), . . . , ϕ(x_k)) = 0

for all x_1, . . . , x_k ∈ V_1 and therefore y = ϕ(x) because of the regularity of the multisymplectic form Ω_2 and the fact that ϕ is an isomorphism.

3.2 Multisymplectic manifolds

Definition 3.15 A multisymplectic manifold (P, Ω) is a pair consisting of a manifold P equipped with a closed (k + 1)-form Ω such that the pair (T_xP, Ω_x) is a multisymplectic vector space for all x ∈ P. The form Ω is called multisymplectic.

Example 3.16 Let Λ^kM be the space of k-forms on an arbitrary manifold M, and denote by ρ : Λ^kM −→ M the canonical projection. We define a canonical k-form Θ^k_M on Λ^kM as follows: Θ^k_M (γ)(X_1, . . . , X_k ) = γ(T ρX_1, . . . , T ρX_k), for all X_1, . . . , X_k ∈ T_γ (Λ^kM) and for all γ ∈ Λ^kM.

A direct computation shows that (Λ^kM, Ω^k_M = −dΘ^k_M ) is a multisymplectic manifold (of order k + 1).

Assume now that M is a fibred manifold over a manifold N, say π : M −→ N is a fibration. Consider the bundle Λ^k_r M of k-forms on M which are r-horizontal with respect to the fibration π : M −→ N, that is, those k-forms γ on M such that i_{X1∧···∧Xr} γ = 0 when X_1, . . . , X_r are π-vertical. The space Λ^k_r M is a submanifold of Λ^kM, and hence we have the restriction (Θ_M )^k_r of Θ^k_M to Λ^k_r M. A simple computation shows that the pair (Λ^k_r M, (Ω_M )^k_r = −d(Θ_M )^k_r ) is also a multisymplectic manifold. Of course, we have (Ω^k_M )_{|Λ}k_{r M} = (Ω_M )^k_r . The canonical projection will be denoted by ρ_r : Λ^k_r M −→ M t

Following the notion of special symplectic manifold introduced by Tulczyjew we can give the following definition.

Definition 3.17 A special multisymplectic manifold (P, Ω) is a multisymplectic manifold which is multisymplectomorphic to a bundle of forms. More precisely, Ω = −dΘ, and there exists a diffeomorphism α : P −→ Λ^kM (or α : P −→ Λ^k_r M), and a fibration π : P −→ M such that ρ ∘ α = π (resp. ρ_r ∘ α = π) and Θ = α^∗Θ^k_M (resp. Θ = α^∗(Θ_M )^k_r ).

Definition 3.18 Let N be a submanifold of a multisymplectic manifold (P, Ω) of order k + 1. N is said to be l-isotropic (resp. l-coisotropic, l-lagrangian, multisymplectic) if T_xN is a l-isotropic (resp. l-coisotropic, l-lagrangian, multisymplectic) vector subspace of the multisymplectic vector space (T_xP, Ω_x) for all x ∈ N .

Proposition 3.19

(i) The fibres of ρ : Λ^kM −→ M (and of ρ_r : Λ^k_r M −→ M) are 1-isotropic. (ii) The image of a k-form γ on M (resp. a r-horizontal k-form) is k-lagrangian if and only if γ is closed.

Proof: It follows from Proposition 3.6.

If γ is a (r-horizontal) closed k-form on M, then (−d(Θ_M )^k_r )_|Im_γ = 0 which implies that ((Θ_M )^k_r )_|Im_γ is locally closed, say

((Θ_M )^k_r )_|Im_γ = dθ,

and θ is called a generating k-form.

Definition 3.20 A triple (P, Ω, W), where W is a 1-isotropic involutive distribution on (P, Ω) such that the triple (T_xP, Ω_x, W(x)) is a multisymplectic vector space of type (k + 1, 0), for all x ∈ P, will be called a multisymplectic manifold of type (k + 1, 0).

Theorem 3.21 [21] Let (P, Ω) be a multisymplectic manifold of type (k + 1, 0). Let L be a k-lagrangian submanifold such that T L ∩ W_{|L} = {0}. Then there exists a tubular neighbourhood U of L in P, and a diffeomorphism Φ : U −→ V = Φ(U) ⊂ Λ^kL into an open neighbourhood V of the zero cross-section in Λ^kL such that Φ^∗((Ω^k_L)_{|V} ) = Ω_{|U} , where Ω^k_L is the canonical multisymplectic (k + 1)-form on Λ^kL.

Remark 3.22 Along the paper, the distribution W and the corresponding vector bundle π_0 : W −→ P over P will be denoted by the same letter.

Proof:

First of all, we recall the relative Poincaré lemma, which will be very useful in what follows.

Lemma 3.23 (Relative Poincaré lemma) Let N be a submanifold of a differentiable submanifold M, and let U be a tubular neigbourhood of N with bundle map π_0 : U −→ N. Notice that π_0 : U −→ N is a vector bundle. Denote by Δ the dilation vector field of this vector bundle, and let φ_t be the multiplication by t. If we define an integral operator on forms on U as follows

I(Ω)_p =

∫_1 0 i_{Δt} φ^∗_t Ω_pdt

where Δ_t =^1_t Δ, and p ∈ U, then we have

I(dΩ) + d(IΩ) = Ω − π^∗_0(Ω_{|N} )

where Ω_{|N} is the form on N obtained by restricting Ω pointwise to T N (observe that U can be taken as a normal bundle of T N in M).

Next, we shall prove the following result.

Lemma 3.24 Let (P, Ω, W) be a multisymplectic manifold of type (k + 1, 0). Let L be a k-lagrangian submanifold of P which is complementary to W (that is, T L ⊕ W_{|L} = T P_{|L}). Then there is a tubular neighbourhood U of L and a diffeomorphism Φ : U −→ V ⊂ Λ^kL where V is an neighbourhood of the zero section, such that Φ_{|L} is the standard identification of L with the zero section of Λ^kL, and Φ^∗((Ω^k_L)_{|V} ) = Ω_{|U} .

Proof of Lemma 3.24

Firstly, we define a vector bundle morphism over the identity of L by ϕ(w) = − 1 k + 1 i_w Ω.

Obviously ϕ is injective, and since the dimensionality assumptions, we deduce that ϕ is in fact a vector bundle isomorphism (see the diagram).

W Λ^kL

L ϕ

π_0 ρ

Since T P_{|L} = T L ⊕ W_{|L}, then ϕ induces a diffeomorphism on a tubular neighbourhood defined by W onto a neighbourhood of L in Λ^k L (as usual, the latter embedding is understood as the identification of L with the zero section). We shall denote the restriction of ϕ to this tubular neigbourhood by f. Notice that the restriction of f to L is just the identity, so that T f is also the identity on T L; on the other hand, T f restricted to W coincides with ϕ because it is fiberwise linear. Using the identifications T P_{|L} = T L ⊕ W_{|L} and T Λ^kL_{|L} = T L ⊕ Λ^kL, we have

f^∗Ω^k_L((v_1, w_1), . . . , (v_{k+1}, w_{k+1})) = Ω^k_L((v_1, ϕ(w_1), . . . , (v_{k+1}, ϕ(w_{k+1})) = k+1∑ i=1 (−1)^i ϕ(w_i)(v_1, . . . , v̌_i, . . . , v_{k+1}) = k+1∑ i=1 1 k + 1 Ω(v_1, . . . , w_i, . . . , v_{k+1}) = Ω((v_1, w_1), . . . , (v_{k+1}, w_{k+1}))

which implies f^∗Ω^k_L = Ω on L.

Next, we use f to pushforward Ω to obtain a k +1-form Ω_1 in a neighbourhood of L in Λ^kL. Using Lemma 3.23 we deduce that Ω_1 = dΘ_1, where Θ_1 = I(Ω_1). Recall that Ω^k_L = −dΘ^k_L, and

(Θ^k_L)_{|L} = (Θ_1)_{|L} = 0 (3.4)

because of the definition of I. Define

Ω_t = Ω^k_L + t(Ω_1 − Ω^k_L), t ∈ [0, 1].

Since (Ω_t)_{|L} = (Ω^k_L)_{|L} = (Ω_1)_{|L}

is non-singular, and this is an “open condition”, we can find a neighbourhood of L in Λ^kL on which all Ω_t are non-singular for all t ∈ [0, 1]. In addition, W_L = ker{T ρ : T Λ^kL −→ T L} is 1-isotropic for all Ω_t, in such a way that (Λ^kL, Ω_t, W_L) is a multisymplectic manifold of type (k + 1, 0), for all t. Notice that Ω_1 − Ω^k_L = d(Θ_1 + Θ^k_L).

¿From (3.4) we deduce that there is a unique time-dependent vector field X_t taking values in W_L (in other words, ρ-vertical) such that

i_{Xt} Ω_t = −Θ^k_L + Θ_1.

Since the vector field X_t vanishes on L, we can find a neighbourhood of L in Λ^kL such that the flow φ_t of X_t is defined at least for all t ≤ 1. Therefore we have d dt (φ^∗_t Ω_t) = φ^∗_t (L_{Xt} Ω_t) + φ^∗_t ( dΩ_t dt ) = φ^∗_t (di_{Xt} Ω_t) + φ^∗_t (Ω_1 − Ω^k_L) = φ^∗_t (−d(Θ_1 − Θ^k_L) + Ω_1 − Ω^k_L) = 0.

Then we have φ^∗_1Ω_1 = φ^∗_0Ω^k_L = Ω^k_L.

But (X_t)_{|L} = 0 implies (φ_t)_{|L} = id_{|L}, and then we deduce that φ_1 ∘ f gives the desired local diffeomorphism.

Lemma 3.25 Let (P, Ω, W) be a multisymplectic manifold of type (k + 1, 0). Let L^′ be a k-isotropic submanifold of P which is transversal to W (that is, T L^′ ∩ W_{|L}′ = {0}). Then there is a k-lagrangian submanifold L^{′′} of P which is complementary to W and contains L^′.

Proof of Lemma 3.25:

Since L^′ is transversal to W we can choose a submanifold L^{′′} of U^′ such that L^′ is a deformation retract of L^{′′}, and L^{′′} is complementary to W. As in the theorem above, since T P_{|L}′′ = T L^{′′} ⊕ W_{|L}′′ , then W induces a tubular neighbourhood of L^{′′} in the usual way: π_1 : U^′ −→ L^{′′}.

Next, we apply the relative Poincaré lemma to the restricted form Ω to this tubular neigborhood. Therefore, there is a k-form μ on U^′ such that

dμ = Ω − π^∗_1(Ω_{|L}′′ )

(indeed, μ = I(Ω)).

Now, we can repeat the construction developed in the proof of Lemma 3.24 for the k + 1-form dμ. In fact, the mapping ψ : W −→ Λ^kL^{′′} defined by ψ(u) = − 1 k + 1

(i_u dμ) is a vector isomorphism, and it induces a local diffeomorphim g : U^{′′} ⊂ U^′ −→ g(U^{′′}) ⊂ Λ^k L^{′′}; g restrited to L^{′′} is the identity, and ψ on the fibers. Again we can prove g^∗Ω^k_L′′ = dμ since (dμ)_{|L}′′ = 0. Proceeding as in the proof of Lemma 3.24 we can find a local diffeomorphism Ψ from a tubular neigbourhood V of L^{′′} onto a neighbourhood of the zero section of Λ^kL^{′′} which maps L^{′′} onto the zero section, and such that Ψ^∗Ω^k_L′′ = Ω on V .

Now, if j : L^′ −→ L^{′′} is the natural inclusion, we know that j induces an isomorphism in cohomology. Therefore j^∗(Ω_{|L}′′ ) = Ω_{|L}′ = 0 implies [Ω_{|L}′′ ]_{DR} = 0, and we deduce that Ω_{|L}′′ = dν, for some k-form ν on L^{′′}. A direct computation shows now that L = Ψ^{−1} ∘ (−ν)(L^{′′}) is a k-lagrangian submanifold in (P, Ω), and in addition T P_{|L} = T L ⊕ W_{|L}.

Corollary 3.26 A multisymplectic manifold (P, Ω, W) of type (k + 1, 0) is locally multisymplectomorphic to a canonical multisymplectic manifold Λ^kM for some manifold M. Therefore, there are Darboux coordinates around each point of P.

Proof: We only need to choose a point in Lemma 3.25, and then apply Theorem 3.21.

Definition 3.27 Let (P, Ω) be a multisymplectic manifold of order k + 1. Assume that W is a 1-isotropic foliation of (P, Ω), and E is a “generalised distribution” on P in the sense that E(x) ⊂ T_xP/W(x) is a vector subspace for all x ∈ P. Assume that the quadruple (T_xP, Ω_x, W(x), E(x)) is a multisymplectic vector space of type (k + 1, r), for all x ∈ P. A quadruple (P, Ω, W, E) satisfying the conditions in Theorem 3.28 will be called a multisymplectic manifold of type (k + 1, r).

Theorem 3.28 Let (P, Ω, W, E) be a multisymplectic manifold of type (k + 1, r). Let L be a k-lagrangian submanifold such that T L ∩ W_L = {0}. Then there exists a tubular neighbourhod U of L in P, and a diffeomorphism Φ : U −→ V = Φ(U) ⊂ Λ^k_r L into an open neighbourhood V of the zero crosssection in Λ^kL such that Φ^∗(((Ω_L)^k_r )_{|V} ) = Ω_{|U} , where (Ω_L)^k_r is the canonical multisymplectic (k + 1)-form on Λ^k_r L.

Proof: The proof is a consequence of the following two lemmas, which are proved in a similar way to Lemma 3.24 and Lemma 3.25.

Lemma 3.29 Let (P, Ω, W, E) be a multisymplectic manifold of type (k+1, r). Let L be a k-lagrangian submanifold of P which is complementary to W. Then there is a tubular neighbourhood U of L and a diffeomorphism Ψ : U −→ V ⊂ Λ^k_r L, where V is an neighbourhood of the zero section, such that Ψ_{|L} is the standard identification of L with the zero section of Λ^k_r L, and

Ψ^∗((Ω_L)^k_r )_{|V} ) = Ω_{|U} .

Lemma 3.30 Let (P, Ω, W, E) be a multisymplectic manifold of type (k+1, r). Let L^′ be a k-isotropic submanifold of P which is transversal to W. Then there is a k-lagrangian submanifold L^{′′} of P which is complementary to W and contains L^′.

Corollary 3.31 A multisymplectic manifold (P, Ω, W, E) of type (k + 1, r) is locally multisymplectomorphic to a canonical multisymplectic manifold Λ^k_r M for some fibration M −→ N. Therefore, there are Darboux coordinates around each point of P.

Proof: We only need to choose a point in Lemma 3.30, and then apply Theorem 3.28.

4 Lagrangian and hamiltonian settings for classical field theories

We remit to [1,9,10,13,14,15,16,17,22] for more details.

4.1 Lagrangian formalism

Let π_{XY} : Y −→ X be a fibred manifold, where X is an oriented n-dimensional manifold with volume form η. We choose fibred coordinates (x^μ, y^i) on Y such that η = d^nx = dx^1 ∧ · · · ∧ dx^n, π_{XY} (x^μ, y^i) = (x^μ), where μ = 1, . . . , n, i = 1, . . . , m, and dim Y = n + m. The notation d^{n−1}x^μ = i ∂_{∂xμ} d^nx will be very useful, since dx^μ ∧ d^{n−1}x^μ = d^nx.

Let L : Z −→ Λ^nX be a lagrangian density, that is, L is an n-form on Z along the canonical projection π_{XZ} : Z −→ X. Therefore, L = Lη, where L : Z −→ R is a function on Z, and η equally denotes the volume form on X and its lifts to the different bundles over X.

One constructs an n-form Θ_L on Z locally given by

Θ_L = (L − z^i_μ ∂L ∂z^i_μ )d^nx + ∂L ∂z^i_μ dy^i ∧ d^{n−1}x^μ.

The (n + 1)-form Ω_L = −dΘ_L is called the Poincaré-Cartan form.

The de Donder equation is

i_h Ω_L = (n − 1)Ω_L (4.5)

where h is a connection in the fibred manifold π_{XZ} : Z −→ X.

Indeed, if σ is a horizontal section of a solution h of (4.5) then σ is a critical section of the variational problem determined by L.

If L is regular (that is, the hessian matrix ∂^2L ∂z^i_μ∂z^jν is regular) then such a section σ is necessarily a 1-jet prolongation, say σ = j^1τ , where τ is a section of the fibred manifold π_{XY} : Y −→ X.

If h is a solution of equation (4.5) and h( ∂ ∂x^μ ) = ∂ ∂x^μ + y^i_μ ∂ ∂y^i + z^i_{νμ} ∂ ∂z^i_ν then we have i_h Ω_L = (n − 1)Ω_L (4.6) if and only if

(y^j_ν − z^j_ν )

∂^2L ∂z^i_μ∂z^jν = 0 (4.7) ∂L ∂y^i − ∂^2L ∂x^μ∂z^i_μ − y^j_μ ∂^2L ∂y^j ∂z^i_μ − z^j_{μν} ∂^2L ∂z^jμ∂z^i_ν + (y^j_ν − z^j_ν )

∂^2L ∂y^i∂z^jν = 0 (4.8)

If L is regular, then Eq. (4.7) implies y^j_ν = z^j_ν and Eq. (4.8) becomes ∂L ∂y^i − ∂^2L ∂x^μ∂z^i_μ − z^j_μ ∂^2L ∂y^j∂z^i_μ − z^j_{μν} ∂^L ∂z^jμ∂z^i_ν = 0 (4.9)

If h is flat (that is, the horizontal distribution is integrable) and σ : X −→ Z is an integral section, then σ = j^1(π_{Y Z} ∘ σ), and (4.9) are nothing but the Euler-Lagrange equations for L: ∂L ∂y^i − n∑ μ=1 d dx^μ ( ∂L ∂z^i_μ ) = 0. (4.10)

4.2 Hamiltonian formalism

Denote by Λ^nY the vector bundle over Y of n-forms on Y , and by Λ^n_r Y its vector subbundle consisting of those n-forms on Y which vanish contracted with at least r vertical arguments.

We have the short exact sequence of vector bundles over Y

0 −→ Λ^n_1 Y −→ Λ^n_2 Y −→ Z^∗ = Λ^n_2 Y/Λ^n_1 Y −→ 0

We choose coordinates as follows:

Λ^n_1 Y : (x^μ, y^i, p) Λ^n_2 Y : (x^μ, y^i, p, p^μ_i ) Z^∗ : (x^μ, y^i, p^μ_i )

since the generic elements in Λ^n_1 Y (resp. Λ^n_2 Y ) have the form p d^n x (resp. p d^n x + p^μ_i dy^i ∧ d^{n−1}x^μ).

In order to have a dynamical evolution in the hamiltonian setting one need to choose a hamiltonian form h on Z^∗, that is, a section h : Z^∗ −→ Λ^n_2 Y of the canonical fibration pr : Λ^n_2 Y −→ Z^∗.

The canonical multisymplectic form (Ω_Y )^n_2 on Λ^n_2 Y induces a multisymplectic form (of the same type) Ω_h = h^∗(Ω_Y )^n_2 .

If Θ_h = h^∗(Θ_Y )^n_2 then Ω_h = −dΘ_h.

Since (Ω_Y )^n_2 = −dp ∧ d^nx − dp^μ_i ∧ dy^i ∧ d^{n−1}x^μ and h(x^μ, y^i, p^μ_i ) = (x^μ, y^i, p = −H(x^μ, y^i, p^μ_i ), p^μ_i ) (in other words, h = −Hd^nx + p^μ_i dy^i ∧ d^{n−1}x^μ) we obtain

Ω_h = dH ∧ d^nx − dp^μ_i ∧ dy^i ∧ d^{n−1}x^μ (4.11)

Consider a connection h^∗ in the fibred manifold π_{XZ}∗ : Z^∗ −→ X, and assume that h^∗( ∂ ∂x^μ ) = ∂ ∂x^μ + y^i_μ ∂ ∂y^i + p^ν_{jμ} ∂ ∂p^ν_j . Then i_h∗ Ω_h = (n − 1)Ω_h (4.12) if and only if y^i_μ = ∂H ∂p^μ_i (4.13) ∑ μ p^μ_{iμ} = − ∂H ∂y^i (4.14)

If τ : X −→ Z^∗ is an integral section of h^∗, and τ (x^μ) = (x^μ, y^i(x), p^μ_i ), then it satisfies the Hamilton equations ∂y^i ∂x^μ = ∂H ∂p^μ_i (4.15) ∑ μ ∂p^μ_i ∂x^μ = − ∂H ∂y^i (4.16)

4.3 The Legendre transformation

Let L be a lagrangian. We define the extended Legendre transformation leg_L : Z −→ Λ^n_2 Y by leg_L(x^μ, y^i, z^i_μ) = (x^μ, y^i, L − z^i_μ ∂L ∂z^i_μ , ∂L ∂z^i_μ ), and the Legendre transformation Leg_L : Z −→ Z^∗ by Leg_L = pr ∘ leg_L. A direct computation shows that L is regular if and only if Leg_L is a local diffeomorphism. L is said to be hyperregular if Leg_L is a global diffeomorphism. In such case, h = leg_L ∘ Leg^{−1}_L is a hamiltonian form on Z^∗.

Since the next diagram Z Z^∗

Y

Leg_L

π_{Y Z} π_{Y Z}∗

is commutative and Leg^∗_L(Θ_h) = Θ_L, we deduce that Equations (4.6) and (4.12) are equivalent. This means that the solutions of both equations are related by the Legendre transformation.

5 The multisymplectomorphism α̃

Consider the vector bundle Λ^{n+1}_2 Z with generic elements of the form a_idy^i ∧ d^nx + b^μ_i dz^i_μ ∧ d^nx This allows us to introduce local coordinates (x^μ, y^i, z^i_μ, a_i, b^μ_i ) in the manifold Λ^{n+1}_2 Z.

On the other hand, we shall denote by J^1Z^∗ the manifold of 1-jets of local sections of the fibred manifold π_{XZ}∗ : Z^∗ −→ X. We have a canonical projection j^1π_{Y Z}∗ : J^1Z^∗ −→ Z Denote by (x^μ, y^i, p^μ_i , y^i_ν , p^μ_{iν} ) the induced coordinates on J^1Z^∗ respect to π_{XZ}∗ : Z^∗ −→ X, such that

j^1π_{Y Z}∗ (x^μ, y^i, p^μ_i , y^i_ν , p^μ_{iν} ) = (x^μ, y^i, y^i_μ).

Define a mapping α : J^1Z^∗ −→ Λ^{n+1}_2 Z by α(x^μ, y^i, p^μ_i , y^i_ν , p^μ_{iν} ) = (x^μ, y^i, y^i_μ, ∑ μ p^μ_{iμ}, p^μ_i ).

The mapping α is a surjective submersion, or in other words, α : J^1Z^∗ −→ Λ^{n+1}_2 Z is a fibred manifold. In order to obtain a diffeomorphism, we need to “reduce” the manifold J^1Z^∗. To do that, we introduce the following equivalence relation:

j^1_xσ_1 ≡ j^1_xσ_2 if and only if they have the same divergence,

which in local coordinates (x^μ, y^i, p^μ_i , y^i_ν , p^μ_{iν} ) and (x^μ, ȳ^i, p̄^μ_i , ȳ^i_ν , p̄^μ_{iν} ) means

ȳ^i = y^i, p̄^μ_i = p^μ_i , ȳ^i_ν = y^i_ν , ∑ μ p̄^μ_{iμ} = ∑ μ p^μ_{iμ}.

The corresponding quotient manifold will be denoted by ~J^1Z^∗, and we have a fibration p̃r : J^1Z^∗ −→ ~J^1Z^∗. The induced mapping

α̃ : ~J^1Z^∗ −→ Λ^{n+1}_2 Z

is a diffeomorphism, and we have an induced projection ~ j^1π_{Y Z}∗ : ~J^1Z^∗ −→ Z

Therefore, we can transport the canonical multisymplectic (n + 2)-form (Ω_Z )^{n+1}_2 = −d(Θ_Z )^{n+1}_2 on Λ^{n+1}_2 Z to ~J^1Z^∗ such that ( ~J^1Z^∗, Ω_α) is a multisymplectic manifold, where Ω_α = α̃^∗((Ω_Z )^{n+1}_2 ).

Remark 5.1 Following the terminology introduced by W.M. Tulczyjew in the symplectic context, and accordingly to Definition 3.17, we could call ( ~ J^1Z^∗, Ω_α) a special multisymplectic manifold, since it is multisymplectomorphic to a bundle of forms, and the multisymplectic (n+2)-form is Ω_α = −dΘ_α (where Θ_α = ~α^∗((Θ_Z )^{n+1}_2 ). In addition, the following diagram is commutative:

~ J^1Z^∗ Λ^{n+1}2 Z

Z α̃

~ j^1π_{Y Z}∗ π^{ZΛn+1}2^Z

Let L : Z −→ Λ^nX be a lagrangian density, that is, L is an n-form on Z along the projection π_{XZ} : Z −→ X.

We put NL = {u ∈ ~J^1Z^∗| ( ~ j^1π_{XZ}∗ )_∗ (dL)_u = (Θ_α)_u}

Theorem 5.2 NL is a (n + 1)-lagrangian submanifold of the multisymplectic manifold ( ~J^1Z^∗, Ω_α). In addition, the local equations defining NL are just the Euler-Lagrange equations for L, where L = Lη.

Proof: ¿From the definition it follows that α̃(NL) = im dL, In addition, we have

(Θ_Z )^{n+1}_2 = a_idy^i ∧ d^nx + b^μ_i dz^i_μ ∧ d^nx α^∗((Θ_Z )^{n+1}_2 ) = p^μ_{iμ}dy^i ∧ d^nx + p^μ_i dy^i_μ ∧ d^nx dL = ∂L ∂y^i dy^i ∧ d^nx + ∂L ∂z^i_μ dy^i_μ ∧ d^nx. Since ( ~ j^1π_{XZ}∗ )^∗(dL) = Θ_α if and only if p̃r^∗( ~ j^1π_{XZ}∗^∗(dL) − Θ_α) = 0 which is in turn equivalent to

(j^1π_{XZ}∗ )^∗(dL) = α^∗(Θ_Z )^n_2 ,

we deduce that NL is locally defined by ∑ μ p^μ_{iμ} = ∂L ∂y^i (5.17)

p^μ_i = ∂L ∂z^i_μ (5.18)

Equations (5.17) imply that α̃(NL) = Im dL, and hence NL is a (n + 1)- lagrangian submanifold of ( ~J^1Z^∗, Ω_α).

Furthermore, we have ∑ μ p^μ_{iμ} = ∑ μ ∂ ∂x^μ ( ∂L ∂z^i_μ ) = ∂L ∂y^i which are just the Euler-Lagrange equations for L.

6 The multisymplectomorphism β̃

Recall that there exists a one-to-one correspondence between connections in the fibred manifold π_{XZ}∗ : Z^∗ −→ X and sections of the 1-jet prolongation π_Z∗_J 1_Z∗ : J^1Z^∗ −→ Z^∗. (At a pointwise level we have a one-to-one correspondence between horizontal subspaces in the fibred manifold π_{XZ}∗ : Z^∗ −→ X and 1-jets in J^1Z^∗.)

Define a mapping β : J^1Z^∗ −→ Λ^{n+1}_2 Z^∗ as follows: given a connection h^∗ in the fibred manifold π_{XZ}∗ : Z^∗ −→ X, we take the (n + 1)-form

β(h^∗) = i_h∗ Ω_h − (n − 1)Ω_h.

An arbitrary (n + 1)-form in Λ^{n+1}_2 Z^∗ is written as A_idy^i ∧ d^nx + B^i_μdp^μ_i ∧ d^nx so that we can introduce local coordinates (x^μ, y^i, p^μ_i , A_i, B^i_μ) on Λ^{n+1}_2 Z^∗.

If we put h^∗( ∂ ∂x^μ ) = ∂ ∂x^μ + y^i_μ ∂ ∂y^i + p^ν_{jμ} ∂ ∂p^ν_j or, equivalently, h^∗(x^μ, y^i, p^μ_i ) = (x^μ, y^i, p^μ_i , y^i_μ, p^ν_{jμ}) (when h^∗ is considered as a section of J^1Z^∗ −→ Z^∗), then a straightforward computation shows that β(x^μ, y^i, p^μ_i , y^i_μ, p^ν_{iμ}) = (x^μ, y^i, p^μ_i , ∑ μ p^μ_{iμ} + ∂H ∂y^i , −y^i_μ + ∂H ∂p^μ_i ).

The mapping β is a surjective submersion. Thus, in order to have a diffeomorphism we consider the induced mapping β̃ : ~J^1Z^∗ −→ Λ^{n+1}_2 Z^∗. Therefore we obtain a commutative diagram ~ J^1Z^∗ Λ^{n+1}2 Z^∗

Z^∗ β̃

ρ̃ πZ^∗Λ^{n+1}_2 Z^∗

where ρ̃ : ~J^1Z^∗ −→ Z^∗ is the induced projection from the canonical one ρ : J^1Z^∗ −→ Z^∗.

Define a (n + 1)-form Θ_β on ~J^1Z^∗ as Θ_β = β̃^∗((Θ_Z∗ )^{n+1}_2 ). Therefore, the pair ( ~ J^1Z^∗, Ω_β ), Ω_β = −dΘ_β, is a multisymplectic manifold of type (n + 2, 2).

Remark 6.1 It should be noticed that pair ( ~J^1Z^∗, Ω_β ) is a special multisymplectic manifold.

Theorem 6.2 Let h^∗ be a solution of the de Donder equation. Then the projection N_h of the image of h^∗ by p̃r is a (n + 1)-lagrangian submanifold of the multisymplectic manifold ( ~J^1Z^∗, Ω_β ). In addition, the local equations defining N_h are just the Hamilton equations for h.

Proof:

Since (Θ_Z∗ )^{n+1}_2 = A_idy^i ∧ d^nx + B^i_μdp^μ_i ∧ d^nx we have

β^∗((Θ_Z∗ )^{n+1}_2 ) = (p^μ_{iμ} + ∂H ∂y^i )dy^i ∧ d^nx + (−y^i_μ + ∂H ∂p^μ_i )dp^μ_i ∧ d^nx.

Therefore, the projection N_h of the image of h^∗ by p̃r is just the inverse image of the zero-cross section of Λ^{n+1}_2 Z^∗, and hence it is a (n + 1)-lagrangian submanifold of ( ~J^1Z^∗, Ω_β).

The second part of the theorem follows directly from the preceding discussion.

7 Relating α̃ and β̃

The above constructions are collected in the following diagram:

Λ^{n+1}_2 Z ~J 1Z ∗ Λ^{n+1}_2 Z^∗

Z^∗ Z β̃ α̃

ρ̃ πZ^∗Λ^{n+1}_2 Z^∗ ~ j^1π_{Y Z}∗ π_{ZΛ}n+1_{2 Z}

Since

p̃r^∗(Θ_α) = p^μ_{iμ}dy^i ∧ d^nx + p^μ_i dy^i_μ ∧ d^nx

p̃r^∗(Θ_β ) = (p^μ_{iμ} + ∂H ∂y^i )dy^i ∧ d^nx + (−y^i_μ + ∂H ∂p^μ_i )dp^μ_i ∧ d^nx we deduce that

p̃r^∗(Θ_α − Θ_β) = dh − ( y^i_μdp^μ_i + p^μ_i dy^i_μ ) ∧ d^nx = dh − d(p^μ_i y^i_μ) ∧ d^nx = d ( h − (p^μ_i y^i_μ) ∧ d^nx )

which implies that Ω_α = Ω_β .

Theorem 7.1 Let L be a regular lagrangian, and assume that h = leg_L ∘ (Leg_L)^{−1}. Then NL = N_h.

Acknowledgment This work has been partially supported by MICYT (Spain) (Grant BFM2001-2272) and Basque Governement.

References

[1] E. Binz, J. Sniatycki, H. Fischer: Geometry of classical fields. North-Holland, Amsterdam, 1988.

[2] F. Cantrijn, M. Crampin, W. Sarlet: Lifting geometric objects to a cotangent bundle, and the geometry of the cotangent bundle of a tangent bundle. J. Geom. Phys. 4 4, (1987), 469-492.

[3] F. Cantrijn, M. Crampin, W. Sarlet, D. Saunders: The canonical isomorphism between T^kT^∗M and T^∗T^kM. C.R. Acad. Sci. Paris 309 Série II, (1989), 1509- 1514.

[4] F. Cantrijn, A. Ibort, M. de León: Hamiltonian structures on of multisymplectic manifolds. Rend. Sem. Mat. Univ. Pol. Torino 54 (1996), 225-236.

[5] F. Cantrijn, A. Ibort, M. de León: On the geometry of multisymplectic manifolds. J. Austral. Math. Soc. (Series A) 66 (1999), 303-330.

[6] F. Cantrijn, M. de León, E.A. Lacomba: Gradient vector fields on cosymplectic manifolds. J. Phys. A: Math. Gen. 25 (1992), 175-188.

[7] J.F. Cariñena, M. Crampin, L.A. Ibort: On the multisymplectic formalism for first order field theories. Differential Geometry and its Applications 1 (1991), 345-374.

[8] M. Crampin: Lagrangian submanifolds and the Euler-Lagrange equations in higher-order mechanics. Letters in Mathematical Physics 19 (1990), 53-58.

[9] M.J. Gotay, J. Isenberg and J.E. Marsden: Momentun maps and classical relativistic fields, Part I: Covariant field theory. MSRI preprint (1997).

[10] M.J. Gotay, J. Isenberg and J.E. Marsden: Momentun maps and classical relativistic fields, Part II: Canonical analysis of field theories. MSRI preprint (1999).

[11] J. Kijowski, W. Tulczyjew: A symplectic framework for field theories. Lecture Notes in Physics, 107, Springer-Verlag, New York, 1979.

[12] M. de León, E.A. Lacomba: Lagrangian submanifolds and higher-order mechanical systems. J. Phys. A: Math. Gen. 22 (1989), 3809-3820.

[13] M. de León, M. McLean, L.K. Norris, A. Rey-Roca, M. Salgado: Geometric structures in field theory. arXiv:math-ph/0208036.

[14] M. de León, J.C. Marrero, J. Marín: A geometrical approach to Classical Field Theories: a constraint algorithm for singular theories, New Developments in Differential Geometry (Debrecen, 1994), Math. Appl., 350, Kluwer Acad. Publ., Dordrecht, 1996, pp. 291-312.

[15] M. de León, J.C. Marrero, J. Marín: Ehresmann connections in Classical Field Theories. Proceedings of the III Fall Workshop: Differential Geometry and its Applications, Granada, September 19-20, 1994, Anales de Física, Monografías, 2, 1995. pp. 73-89.

[16] M. de León, J.C. Marrero, D. Martín de Diego: A new geometric setting for classical field theories. arXiv:math-ph/0202012.

[17] M. de León, D. Martín de Diego, A. Santamaría-Merino: Symmetries in Classical Field Theories. In preparation.

[18] M. de León, D. Martín de Diego, A. Santamaría-Merino: Lagrangian submanifold in multisymplectic geometry. Towards a Hamilton-Jacobi theory for classical field theories. In preparation.

[19] M. de León, P.R. Rodrigues: Methods of Differential Geometry in Analytical Mechanics. North-Holland Math. Studies 158, North-Holland, Amsterdam, 1989.

[20] G. Martin: Dynamical structures for k-vector fields. International Journal of Theoretical Physics 27 5 (1988), 571-585.

[21] G. Martin: A Darboux theorem for multis-symplectic manifolds. Letters on Mathematical Physics 16 (1988), 133-138.

[22] C. Paufler, H. Romer: De Donder-Weyl equations and multisymplectic geometry. Reports on Mathematical Physics.

[23] W.M. Tulczyjew: Les sousvariétés lagrangiennes et la dynamique hamiltonienne.

C.R. Acad. Sc. Paris 283 Série A (1976), 15-18.

[24] W.M. Tulczyjew: Les sousvariétés lagrangiennes et la dynamique lagrangienne.

C.R. Acad. Sc. Paris 283 Série A (1976), 675-678.