arXiv:math-ph/0303068 v1 29 Mar 2003

Quotient Equations and Integrals of Motion for Scalar Field

S.S. Moskaliuk

Bogolyubov Institute for Theoretical Physics Metrolohichna Str., 14-b, Kyiv-143, Ukraine, UA-03143 e-mail: mss@bitp.kiev.ua

Abstract

In this article a group-theoretical aspect of the method of dimensional reduction is presented. Then, on the base of symmetry analysis for an anisotropic space geometrical description of dimensional reduction of equation for scalar field is given. Formula for calculating components of the energy-momentum tensor from the variables of the field factor-equations is derived.

Much well-known researches [1,2] are devoted to quantization of scalar field in various anisotropic models. Here we shall briefly outline the results of this research as applied to our task, following [2].

The covariant equation for massive scalar conform-invariant field in metric

ds^2 = dt^2 − 3∑ i=1 A^2_i (t)(dx^i)^2 (1)

is of the form

∇_μ∇^μφ + (m^2 + R/6)φ = 0,

where ∇_μ is covariant derivative and R is scalar curvature.

The solution of this equation can be written as φ_k(x) = (16π)^{−3/2}a(η)^{−1} × × g̃_k(η) exp(−ikx) [3,4]. The temporal function g̃_k (η) satisfies the equation of oscillator type

¨~g_k + [μ^2(η)K^2_0 (η) + Q(η)g̃_k = 0. (2) Here and after in this article we shall use the following notation:

k = (K_0, k), k = (k_1, k_2, k_3) = k (sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)) , K^2_0 (η, k) = k^2 + m^2g^2(η, θ, φ), g = a(η)/μ(η, θ, φ), C_i = α̇_i/α_i, μ^2(η, θ, φ) = sin^2(θ) cos^2(φ)

α^2_1(η) + sin^2(θ) sin^2(φ) α^2(η) + cos^2 φ α^2_3(η) , Q = [ (C_1 − C_2)^2 + (C_2 − C_3)^2 + (C_1 − C_3)^2 ] . (3)

Following Lagrange method, we pursue the solutions of the equation (2) in the form

g̃_k (η) = (μK_0)^{−1} [_∗ α_k e_+ + β_ke_− ] , ˙g̃(η) = −iμK_0 [_∗ α_k e_+ − β_ke_− ] , e_± = exp ±i ∫ η_0

K_0(η^′)dη^′ , rendering instead of one differential equation of the second order for g̃_k (η) a set of two linear equations of the first order for complex-valued functions α_k(η) and β_k(η), related by additional condition |α_k (η)|^2 − |β_k(η)|^2 = 1:

α̇_k = ( W 2 − i ~W 2 )_∗ β_k e^2_+ − i ~W 2 α_k, ∗ β̇_k = ( W 2 + i ~W 2 ) α_k e^2_− + i ~W 2 ∗ β, (4) where W = μ̇/μ + K̇_0/K_0; ~W = Q/(μK_0).

In actual practice it is more convenient to change from two complexvalued functions α_k (η) and β_k(η) to three real-valued functions

S_k(η) = |β_k|^2,

U_k(η) = 2Re(α_k^∗β_k e^2_−),

V_k(η) = 2Im(α_k^∗β_k e^2_−), (5)

for which a set of three linear equations can be derived [5]

Ṡ_k = W 2 U_k + ~W 2 V_k , U̇_k = W(2S_k + 1) − ( ~W + 2K_0)V_k , V̇_k = ~W(2S_k + 1) − ( ~W + 2K_0)U_k (6)

with initial conditions S_k = U_k = V_k = 0 at η = η_0.

As it can be seen, the structure of the equations (6), is similar to that of the set of equations, derived for vector massless files and massive spinor field [6,7].

The introduced functions and notation enable us to write vacuum averages for normally ordered operator of energy-momentum tensor T_{μν} = ⟨0_{in}|N_ηT_{μν} (η, x)|0_{in}⟩ for scalar field [2]:

T^0_0 (η) = 1 (2π)^3a^4(η) ∫ d^3kμ(η, θ, φ)K_0(η, k) (S_k (η)−

− Q(η) 2μ^2(η, θ, φ)K^2_0 (η, k) [ S_k(η) + 1 2 U_k(η) ]) , T^i_i (η) = 1 (2π)^3a^4(η) ∫ d^3kμ(η, θ, φ)K_0(η, k) × × ( k^2_i α^2_i μ^2K^2_0 [ S_k (η) + 1 2 U_k(η) ] − 1 6 U_k (η)+ + 1 6μ^2K^2_0 (C_i − Q) [ S_k (η) + 1 2 U_k(η) ] − C_i 18μK_0 V_k ) , T^μ_μ (η) = 1 (2π)^3a^4(η) ∫ d^3kμ(η, θ, φ)K_0(η, k) × × ( m^2g^2(η, θ, φ) K^2_0 (η, k) [ S_k (η) + 1 2 U_k(η) ]) . (7)

In such a manner, solving the set of equations (6) and examining the properties of functions S_k , U_k and V_k , we get the information on energymomentum tensor for scalar field.

The author is grateful to Yu.A. Danilov for helpful discussions.

References

[1] Grib A.A., Mamaev S.G., Mostopanenko V.M. Vacuum quantum effects in the strong fields (Moscow: Energoatomizdat, 1988, 288 p.).

[2] Zel’dovich Ya.B., Starobinsky A.A. JETP (1971), 61, No6, 2161–2175.

[3] Pritomanov S.A. Izv. vuzov. (1984), 1, No1, 35–40.

[4] Grib A.A., Nesteruk .B. Nuclear Physics (1983), 38, No5 (11), 1357– 1366.

[5] Moskaliuk S.S., Nesteruk A.V., Pritomanov S.A. – Kiev, 1990. – 20 p.

(Preprint /AS UkrSSR, Inst. for Theoret. Phys., No90-40R).

[6] Moskaliuk S.S. Quotient equations and integrals of motion for vector massless field // Hadronic Journal. – 2001. – 24, No. 4. – P. 435–448.

[7] Moskaliuk S.S. Quotient equations and integrals of motion for massive spinor field // Hadronic Journal. – 2001. – 24, No. 6. – P. 699–674.