arXiv:math-ph/0307021 v1 9 Jul 2003

FORMS ON VECTOR BUNDLES OVER HYPERBOLIC MANIFOLDS AND THE CONFORMAL ANOMALY

A. A. BYTSENKO, E. ELIZALDE, AND R. A. ULHOA

Abstract. We study gauge theories based on abelian p−forms on real compact hyperbolic manifolds. An explicit formula for the conformal anomaly corresponding to skew–symmetric tensor fields is obtained, by using zeta–function regularization and the trace tensor kernel formula. Explicit exact and numerical values of the anomaly for p−forms of order up to p = 4 in spaces of dimension up to n = 10 are then calculated.

1. Introduction

The conformal deformations of the Riemannian metric and the corresponding conformal anomaly play an important role in quantum theories. It is well known that evaluation of the conformal anomaly is actually possible for even dimensional spaces albeit its computation is extremely involved. The general structure of such anomaly in curved even–dimensional spaces has been actively studied (see, for example, Ref. [1]). We briefly mention here an analysis related to this phenomenon for constant curvature spaces. The calculation of the conformal anomaly for the sphere can be found in Ref. [2]. Explicit computations of the anomaly (of the stress–energy tensor) for scalar and spinor quantum fields in compact hyperbolic spaces have been carried out in Refs. [3, 4] (see also Refs. [5, 6]), using the zeta–function regularization method [7, 8, 9].

The purpose of this paper is to analyze the conformal anomaly associated with tensor fields on real hyperbolic spaces. Skew symmetric tensor fields play an important role in quantum field theory, supergravity, and string theory, where they naturally couple to two–form connections. Abelian two– forms are closely related to the theory of gerbes, which plays a key role in string theory [10]–[16]. Such forms can be understood as a connection on an abelian gerbe. In the abelian case (which will be considered in this paper) the self–dual two–form can be easily reduced to the abelian one–form gauge field. Generally, the covariant quantization of skew–symmetric tensor fields has met difficulties with ghost counting and BRST–transformations. In the framework of functional integration, the covariant quantization of free

Date: July 7, 2003.

E.E. has been supported by DGI/SGPI (Spain), project BFM2000-0810, and by CIRIT (Generalitat de Catalunya), contract 1999SGR-00257. 1

generalized gauge fields, p−forms and the BRST–transformations have been obtained in Ref. [17].

In this paper we present a decomposition of the Hodge Laplacian and the tensor kernel trace formula associated with free generalized gauge fields (p−forms) on real hyperbolic spaces. The main ingredient required is a type of differential form structure on the physical, auxiliary, or ghost variables. We consider spectral functions and the conformal anomaly associated with physical degrees of freedom of the Hodge–de Rham operators on p−forms.

2. Quantum Dynamic of Exterior Forms in Hyperbolic Spaces

We shall work with an n−dimensional compact real hyperbolic space X with universal covering M and fundamental group Γ. We can represent M as the symmetric space G/K, where G = SO_1(n, 1) and K = SO(n) is a maximal compact subgroup of G. Then we regard Γ as a discrete subgroup of G acting isometrically on M, and we take X to be the quotient space by that action: X = Γ\M = Γ\G/K. Let τ be an irreducible representation of K on a complex vector space V_τ , and consider the induced homogeneous vector bundle G ×_K V_τ (the fiber product of G with V_τ over K) −→ M over M. Restricting the G action to Γ we obtain the quotient bundle E_τ = Γ\(G ×_K V_τ ) −→ X = Γ\M over X. The natural Riemannian structure on M (therefore on X) induced by the Killing form ( , ) of G gives rise to a connection Laplacian L on E_τ . If Ω_K denotes the Casimir operator of K, that is

Ω_K = − ∑ y^2_j , (1)

for a basis {y_j } of the Lie algebra k_0 of K, where (y_j , y_ℓ) = −δ_{jℓ}, then τ(Ω_K ) = λ_τ 1, for a suitable scalar λ_τ . Moreover, for the Casimir operator Ω of G, with Ω operating on smooth sections Γ^∞E_τ of E_τ , one has

L = Ω − λ_τ 1 (2)

(see Lemma 3.1 of [18]). For λ ≥ 0, let

Γ^∞ (X , E_τ )_λ = {s ∈ Γ^∞E_τ |−Ls = λs} (3)

be the space of eigensections of L corresponding to λ. Here we note that since X is compact we can order the spectrum of −L by taking 0 = λ_0 < λ_1 < λ_2 < · · · , with lim_{j→∞} λ_j = ∞. We shall focus on the more difficult (and interesting) case when n = 2k is even, and we specialize τ to be the representation τ^{(p)} of K = SO(2k) on Λ^pC^{2k} , say p ≠ k. The case when n is odd will be dealt with later. It is convenient, moreover, to work with the normalized Laplacian L_p = −c(n)L, where c(n) = 2(n − 1) = 2(2k − 1). L_p has spectrum {c(n)λ_j , m_j }^∞_{j=0}, where the multiplicity m_j of the eigenvalue c(n)λ_j is given by

m_j = dim Γ^∞ (X , E_τ (p))_{λj} . (4)

Let T_{j1j2...jk} be a skew–symmetric tensor of (0, k)−type, i.e. T_{σ(j1,...,jk )}^{def}= sgn(σ)T_{j1,j2,...,jk} , where sgn(σ) = ±1 is the sign of the permutation σ. The exterior differential p−form is

ω_p = 1 p! ∑ j_1 ,...,j_p T_{j1j2 ...jp} dx^{j1} ∧ ... ∧ dx^{jp} . (5) Here ∧ is the exterior product, dx^j are the basis one–forms, and j = 1, 2, ..., n (dim M = n). Let Λ^∗(M) ≡ ⊕^n_{p=0}Λ^p be the graded Cartan exterior algebra of differential forms, where Λ^p is the space of all p−forms on M. Let (∗T ) denote a skew symmetric tensor of type (0, n − k), i.e. (∗T )_{jk+1...jn} = 1 k! √ |g|ε_{j1 ...jn} T^{j1...jk} , T^{j1 ...jk} = g^{j1ℓ1} · · · g^{jk ℓk} T_{ℓ1...ℓk} , (6) where ε_{j1 ...jn} = ±1 for sgn(j_1...j_n) = ±1 is the Levi–Civita tensor density, and the metric g_{jℓ} (external gravitational field) has the signature (+, +, ..., +). In local coordinates the exterior differential, d : Λ^p −→ Λ^{p+1}, and the co– differential, δ : Λ^p −→ Λ^{p−1}, take respectively the forms dω = 1 p! ∑ j_1 ,j_2,...,j_{p+1} ∂T_{j2...jp+1} ∂x^{j1} dx^{j1} ∧ ... ∧ dx^{jp+1} , (7)

δω = − 1 (p − 1)! ∑ j_1 ,j_2,...,j_{p−1} ∂T_{j1...jp} ∂x_{j1} dx^{j2} ∧ ... ∧ dx^{jp} . (8) From the last equations it is easy to prove the following properties for operators and forms: dd = δδ = 0, δ = (−1)^{np+n+1} ∗ d∗, **ω_p = (−1)^{p(n−p)}ω_p. Let α_p, β_p be p−forms; then, the invariant inner product is defined by (α_p, β_p)^{def}= ∫ M α_p ∧ ∗β_p. The operators d and δ are adjoint to each other with respect to this inner product for p−forms: (δα_p, β_p) = (α_p, dβ_p). The following result holds.

Theorem. For every p = 0, 1, 2, ..., n, Λ^n(M) admits the orthogonal direct sum decomposition Λ^p(M) = dΛ^{p−1}(M) ⊕ δΛ^{p+1}(M) ⊕ H^p(M), (9) where H^p is the space of all harmonic p−forms. That means, every form ω_p ∈ Λ^p(M) can be written as ω_p = δω_{p+1} + dω_{p−1} + h_p with h_p being a harmonic p−form, △h_p = 0.

This theorem is implied by the existence of the orthogonal sum decomposition Λ^p(M) = H^p(M) ⊕ △Λ^p(M). (10)

It is known that the L^2 harmonic p−form h^{(2)}p appears on even real hyperbolic manifolds only. In fact, the following result holds: The manifold H^n admits L^2 harmonic p−forms if and only if n = 2p; for even dimensional real hyperbolic manifolds the space of L^2 harmonic p−forms is infinite dimensional (Ref. [19], p. 373). One can consider the L^2−de Rham complex: 0 −→ Λ^0(M)^{d0}−→ ... −→ Λ^p(M)^{dp}−→ Λ^{p+1}(M)^{dp+1}−→ ... −→ Λ^n(M) −→ 0, (11)

and its associated L^2−cohomology

H^p(M) = ker (Λ^p(M)^{dp}−→ Λ^{p+1}(M)) range (d_{p−1}Λ^{p−1}(M))

. (12)

A theorem of Kodaira (Ref. [20], p. 165) gives the following injection:

h^{(2)}_p (M)^j−→ H^p(M). (13)

The map (injection) j is an isomorphism if and only if d_{p−1} has closed range. If j is not an isomorphism, then j has infinite dimensional co–kernel. The associated Laplacian L_p has closed range if and only if d_p and d_{p−1} have closed range (Ref. [21], p. 446).

In quantum field theory the Lagrangian associated with ω_p takes the form: L = dω_p ∧ ∗dω_p (gauge field) , L = δω_p ∧ ∗δω_p (co–gauge field). The Euler– Lagrange equations, supplied with the gauge, give: L_pω_p = 0 , δω_p = 0 (Lorentz gauge); L_pω_p = 0 , dω_p = 0 (co–Lorentz gauge). These Lagrangians give possible representation of tensor fields or generalized abelian gauge fields. The two representations of tensor fields are not completely independent, because of the well–known duality property of exterior calculus which gives a connection between star–conjugated gauge and co–gauge tensor fields. The gauge p−forms are mapped into the co–gauge (n − p)−forms under the action of the Hodge ∗ operator. The vacuum–to–vacuum amplitude for the gauge p−form ω_p becomes [17]: Z = N ∫ Dω exp [−(ω, L_pω)] p∏ j=1 ( Vol_{p−j} (detL_{p−j} )^{(j+1)/2}

)_{(−1)}j+1 , (14)

where we need to factorize the divergent gauge group volume and integrate over the classes of gauge transformations (ω → ω + dϕ).

3. The Trace Formula Applied to the Tensor Kernel

Since Γ is torsion free, each γ ∈ Γ − {1} can be represented uniquely as some power of a primitive element ρ : γ = ρ^{j(γ)} where j(γ) ≥ 1 is an integer and δ cannot be written as γ^j_1 for γ_1 ∈ Γ, with j > 1 an integer. Taking γ ∈ Γ, γ ≠ 1, one can find t_γ > 0 and m_γ ∈ M^{def}= {m_γ ∈ K|m_γ a = am_γ , ∀a ∈ A} such that γ is G conjugate to m_γ exp(t_γ H_0), namely, for some g ∈ G, one has gγg^{−1} = m_γ exp(t_γ H_0); that is, γ is G− conjugate to m_γ exp(t_γ H_0) and m_γ ∈ SO(n − 1). For Ad denoting the adjoint representation of G on its complexified Lie algebra, one can compute t_γ as follows [22]:

e^{tγ} = max {|c| |c = an eigenvalue of Ad(γ) : g → g} . (15)

Also, γ = δ^{j(r)}, where j(r) ≥ 1 is a whole number and δ ∈ Γ − {1} is a primitive element; ie. δ can not be expressed as γ^j_1 for some γ_1 ∈ Γ and some integer j > 1. The pair (j(γ), δ) is uniquely determined by γ ∈ Γ−{1}. These facts are known to follow since Γ is torsion free.

Let a_0, n_0 denote the Lie algebras of A, N in an Iwasawa decomposition G = KAN. The complexified Lie algebra g = g^C_0 = so(2k + 1, C) of G is of Cartan type B_k with the Dynkin diagram ◯ − ◯ − ◯ · · · ◯ −◯ 2k nodes

= ◯ . (16)

Since the rank of G is one, dim a_0 = 1 by definition, say a_0 = RH_0 for a suitable basis vector H_0:

H_0 =

0 0 . . . 0 1 0 0 . . . . . . 0 0 1 0 . . . 0 0

, (17)

is a (k + 1) × (k + 1) matrix. With this choice we have the normalization β(H_0) = 1, where β : a_0 → R is the positive root which defines n_0 (for more details see Ref. 15). Define now C(γ) on Γ − {1} by C(γ)^{def}= e^{−ρ0 tγ} |det_{n0} ( Ad(m_γ e^{tγ H0} )^{−1} − 1 ) |^{−1}. (18)

Finally, let C_Γ ⊂ Γ be a complet set of representations in Γ of its conjugacy classes. This means that any two elements in C_Γ are non–conjugate, and any γ ∈ Γ is Γ−conjugate to some element γ_1 ∈ C_Γ : xγx^{−1} = γ_1 for some x ∈ Γ. The reader may consult the appendix of [24] for further structural data concerning the Lie group SO_1(n, 1) (and other rank one groups).

Let τ = τ_k = representation of K on Λ^j C^{2k} . The space of smooth sections Γ^∞E_τ of E_τ is just the space of smooth p−forms on X. We can therefore apply the version of the trace formula developed by Fried in Ref. [23]. First we set up some additional notation. For σ_j the natural representation of SO(2k − 1) on Λ^jC^{2k−1} , one has the corresponding Harish–Chandra– Plancherel density given —for a suitable normalization of the Haar measure dx on G— by

μ_{σp (r)} = π 2^{4k−4}[Γ(k)]^2 ( 2k − 1 p ) rP_{σp} (r) tanh(πr) , (19) for 0 ≤ p ≤ k − 1, where

P_{σp} (r) = p+1∏ ℓ=2 [ r^2 + ( k − ℓ + 3 2 )_2]_k∏ ℓ=p+2 [ r^2 + ( k − ℓ + 1 2 )_2]

(20)

is an even polynomial of degree 2k − 2. One has that P_{σp} (r) = P_{σ2k−1−p} (r) and μ_{σp} (r) = μ_{σ2k−1−p} (r) for k ≤ p ≤ 2k −1. Define the Miatello coefficients [25, 26] a^{(p)}_{2ℓ} for G = SO_1(2k+1, 1) by P_{σp} (r) = ∑_{k−1} ℓ=0 a^{(p)}_{2ℓ} r^{2ℓ} , 0 ≤ p ≤ 2k−1.

Let Vol(Γ\G) denote the integral of the constant function 1 on Γ\G with respect to the G−invariant measure on Γ\G induced by dx. For 0 ≤ p ≤ n−1 the Fried trace formula applied to kernel K_t holds [23]: Tr ( e^{−tLp} ) = I^{(p)}_Γ (K_t) + I^{(p−1)}_Γ (K_t) + H^{(p)}_Γ (K_t) + H^{(p−1)}_Γ (K_t), (21)

where I^{(p)}_Γ (K_t) , H^{(p)}_Γ (K_t) are the identity and hyperbolic orbital integrals, respectively,

I^{(p)}_Γ (K_t)^{def}= χ(1)Vol(Γ\G) 4π ∫ R dr μ_{σp} (r)e^{−t(r2+p+ρ20 )}, (22)

H^{(p)}_Γ (K_t)^{def}= 1 √ 4πt ∑ γ∈C_Γ−{1} χ(γ) j(γ) t_γ C(γ)χ_{σp} (m_γ ) exp { −t(ρ^2_0 + p) − t^2_γ /(4t) } , (23)

with ρ_0 = (n − 1)/2, and χ_σ (m) = Tr σ(m) for m ∈ SO(2n − 1). For p ≥ 1 there is a measure μ_σ(r) corresponding to a general irreducible representation σ of M. Let σ_p be the standard representation of M = SO(n−1) on Λ^pC^{(n−1)} . If n = 2k is even then σ_p (0 ≤ p ≤ n − 1) is always irreducible; if n = 2k + 1 then every σ_p is irreducible except for p = (n − 1)/2 = k, in which case σ_k is the direct sum of two spin–(1/2) representations σ^± : σ_k = σ^+ ⊕ σ^−. For p = k the representation τ_k of K = SO(2k) on Λ^kC^{2k} is not irreducible: τ_k = τ^+_k ⊕ τ^−_k is the direct sum of two spin–(1/2) representations.

The case of the trivial representation. In the case of the trivial representation (p = 0, i.e. for smooth functions or smooth vector bundle sections) the measure μ(r) ≡ μ_0(r) corresponds to the trivial representation of M. Therefore, we take I^{(−1)}_Γ (K_t) = H^{(−1)}_Γ (K_t) = 0. Let χ_σ (m) = trace(σ(m)) be the character of σ, for σ a finite–dimensional representation of M. Since σ_0 is the trivial representation, one has χ_{σ0} (m_γ ) = 1. In this case, formula

(15) reduces exactly to the trace formula for p = 0 [18, 5, 6, 24, 27],

I^{(0)}_Γ (K_t) = χ(1)vol(Γ\G) 4π ∫ R dr μ_{σ0} (r)e^{−t(r2+ρ20)}d (24)

The function H^{(0)}_Γ (K_t) has the form

H^{(0)}_Γ (K_t) = 1 √ 4πt ∑ γ∈C_Γ−{1} χ(γ)t_γ j(γ)^{−1}C(γ) exp{−tρ^2_0 − t^2_γ /(4t)}. (25)

4. Spectral Functions on p−Forms and the Conformal Anomaly

The transverse part of the skew symmetric tensor is represented by the co–exact p−form ω^{(CE)}p = δω_{p+1}, which trivially satisfies δω^{(CE)}p = 0, and we denote by L^{(CE)}_p = δd the restriction of the Laplacian on the co–exact p−form. The goal now is to extract the co–exact p−form on the manifold which describes the physical degrees of freedom of the system. Choosing a basis {ω^ℓ_p} of p−forms (eigenfunctions of the Laplacian), we get [28, 29, 30] Tr ( e^{−tL(CE)p} ) = p∑ j=0 (−1)^j ( I^{(p−j)} Γ (K_t) + I^{(p−j−1)}

Γ (K_t)

+ H^{(p−j)}_Γ (K_t) + H^{(p−j−1)}_Γ (K_t) − b_{p−j} ) , (26)

where b_j are the Betti numbers, b_j ≡ b_j (M) = rank_ZH_j (M; Z).

For constant conformal deformations of the Riemannian metric g^{μν} the variation of the connected vacuum functional W can be expressed in terms of the generalized zeta function ζ(s|A) [31, 32] associated with the Laplace– Beltrami type operator A,

δW = −ζ(0|A)logμ^2 = (1/2) ∫ d(Vol) < T_{μν} (x) > δg^{μν} (x), (27)

where μ is a renormalization mass parameter and < T_{μν} (x) > means that all connected vacuum graphs of the stress–energy tensor T_{μν} (x) are to be included. Then Eq. (27) leads to the result

< T^μ_μ (x) >= Vol^{−1}ζ(0|A), (28)

where for S^n: Vol = 2π^{(n+1)/2} R^n/(Γ((n + 1)/2), while for the compact manifold Γ\H^n : Vol = Vol(Γ\G) R^n, where R is the radius corresponding to the compact space.

Our goal now is to calculate the value of generalized zeta function

ζ(s|L^{(CE)}_p ) = 1 Γ(s) ∫_∞ 0 dt t^{s−1}Tr e^{−tL(CE)p} = p∑ j=0 (−1)^J Γ(s) ∫_∞ 0 dt t^{s−1}

× ( I^{(p−j)} Γ (K_t) + I^{(p−j−1)}

Γ (K_t) + H^{(p−j)}_Γ (K_t) + H^{(p−j−1)}_Γ (K_t) − b_{p−j} ) . (29)

The integrals related to the identity orbital integrals can be written as follows ∫_∞ 0 dt t^{s−1}I^{(p−j)}_Γ (K_t) = χ(1)Vol(Γ\G) 2^{2(n−1)}Γ(n/2)^2 ( n − 1 p − j ) n/2−1∑ ℓ=0 a^{(p−j)}_{2ℓ}

× ∫_∞ o dt t^{s−1}e^{−t(α−j)} ∫ R dr r^{2ℓ+1}e^{−tr2} tanh(πr), (30)

where α ≡ p + ρ^2_0. Using the identities

1 − tanh(πr) = 2 1 + exp(2πr) , ∫_∞ 0 r^{2ℓ−1}dr 1 + e^{2πr} = (−1)^{ℓ−1} 4ℓ (1 − 2^{1−2ℓ})B_{2ℓ}, (31)

where B_ℓ are the Bernoulli numbers, we obtain: ∫ R dr r^{2ℓ+1}e^{−tr2} tanh(πr) = ℓ!t^{−ℓ−1} − ∞∑ k=0 (−1)^ℓ(1 − 2^{−2ℓ−2k−1})t^k k!(ℓ + k + 1)

B_{2(ℓ+k+1)} (32) and ∫_∞ 0 dt t^{s−1}I^{(p−j)}_Γ (K_t) = χ(1)Vol(Γ\G) 2^{2(n−1)}Γ(n/2)^2 ( n − 1 p − j ) n/2−1∑ ℓ=0 a^{(p−j)}_{2ℓ}

× { ℓ!Γ(s − ℓ − 1) (α − j)^{s−ℓ−1} − ∞∑ k=0 (−1)^ℓ(1 − 2^{−2ℓ−2k−1}Γ(k + s))

k!(ℓ + k + 1)

B_{2(ℓ+k+1)} (α − j)^{k+s} } . (33) The contribution associated with the identity integral at the point s = 0 becomes

lim_{s→0} 1 Γ(s) ∫_∞ 0 dt t^{s−1}I^{(p−j)}_Γ (K_t) = χ(1)Vol(Γ\G) 2^{2(n−1)}Γ(n/2)^2 ( n − 1 p − j )

× n/2−1∑

ℓ=0 a^{(p−j−1)} 2ℓ (−1)^{ℓ+1} ℓ + 1 ( (1 − 2^{−2ℓ−1})B_{2(ℓ+1)} + [α + j + 1]^{ℓ+1} ) . (34) The hyperbolic orbital integrals can be rewriten in terms of McDonald functions K_ν (z),

K_ν (z) = 2^{−ν−1}z^ν ∫_∞ 0 dtt^{−ν−1}e^{−t−z2 /(4t)}, |arg z| < π/2 , ℜ z^2 > 0. (35)

The result is:

∫_∞ 0 dt t^{s−1}H^{(p−j)}_Γ (K_t)

= ∑ γ∈C_Γ−{1} χ(γ) √ πj(γ) t_γ C(γ)χ_{σp−j} (m_γ ) ( 2 √ α + j t_γ )_{−s+1/2} K_{−s+1/2} ( t_γ √ α − j ) . (36)

The analysis of the integral Eq. (36) gives the the following result (see also Refs. [5, 3, 6, 4]): the terms associated with the hyperbolic orbital integrals vanish when s = 0. Finally, using Eqs. (28), (29) and (34), we get for the conformal anomaly the following explicit formula, in terms of the dimension n of the hyperbolic space, the order p of the form, the radius R of the compact spatial section, the value of α (which will depend on the nature of the field, see below), Miatello coefficients, and Bernoulli numbers:

< T^μ_μ (x) > = 1 (4π)^{n/2}Γ(n/2)R^n p∑ j=0 (−1)^j n/2−1∑

ℓ=0 (−1)^{ℓ+1} ℓ + 1 ( n − 1 p − j )

× [ a^{(p−j)}_{2ℓ} [ (1 − 2^{−2ℓ−1})B_{2(ℓ+1)} + (α − j)^{ℓ+1} ]

+a^{(p−j−1)} 2ℓ p − j n − p [ (1 − 2^{−2ℓ−1})B_{2(ℓ+1)} + (α − j − 1)^{ℓ+1} ]]} . (37)

This constitutes the main result of the present paper.

The case of a conformally invariant scalar field. Restoring now the dependence on the radius R, for the specific case of a minimally coupled scalar field of mass m, we have: p = j = 0, α ⇒ α + R^2m^2, and α = ρ^2_0. For the case of a conformally invariant scalar field, we have: α = ρ^2_0 + (n − 2)R^2R(x)/[4(n − 1)], where R(x) = −n(n − 1)R^{−2} is the scalar curvature. Therefore, the final result is in this case

< T^μ_μ (x) > = 1 (4π)^{n/2}Γ(n/2)R^n n/2−1∑

ℓ=0 (−1)^{ℓ+1} ℓ + 1 a_{2ℓ} × [ 2^{−2ℓ−2} + (1 − 2^{−2ℓ−1})B_{2ℓ+2} ] . (38)

This formula is in full agreement with a previous result obtained in Ref. [3] and constitutes a check of our main formula Eq. (37). In fact, we obtain from this expression Table 1 [note a small missprint in the denominator of the last value given in the table in Ref. [3]].

Explicit and numerical values of the conformal anomaly for p−forms. Using our Eq. (37), exact explicit values and also numerical values of the conformal anomaly corresponding to spaces of arbitrary dimension n and forms of any order p are easily obtained, with the help of any standard program as Matlab, Maple or Mathematica. Using Mathematica 5.0 on a laptop, in a question of seconds we have obtained the following table (Table

< T^μ_μ (x) >c.i.s. exact numerical

n = 2 − 1 12 π

−0.0265258

n = 4 − 1 240 π^2

−4.22172 × 10^{−4}

n = 6 − 5 4032 π^3

−3.99945 × 10^{−5}

n = 8 − 23 34560 π^4

−6.83210 × 10^{−6}

n = 10 − 263 506880 π^5

−1.69551 × 10^{−6}

n = 12 −

133787 251596800 π^6

−5.53107 × 10^{−7}

n = 14 −

157009 232243200 π^7

−2.23837 × 10^{−7}

Table 1. Exact and numerical values of the conformal anomaly for the conformally invariant scalar field, in dimensions n = 2 to n = 14 (we have set R = 1).

2) for the conformal anomaly, where we have set R = 1 and α = p + ρ^2_0, with ρ_0 = (n − 1)/2.

5. Conclusions We have here evaluated the conformal anomaly for the family of spacetimes of arbitrary dimension which possess a compact spatial section of the form Γ\H^n . We have restricted ourselves to the situation where the manifold is smooth and Γ is a discrete subgroup of SO_1(n, 1), acting freely and properly discontinuously on H^n . The terms associated with hyperbolic orbital integrals do not contribute to the conformal anomaly, as we have shown above.

< T^μ_μ (x) > p = 0 p = 1 p = 2 p = 3 p = 4

n = 2 − 1 12 π

= - 0.0265258

n = 4 29 240 π^2 − 67 160 π^2

= 0.012243 = - 0.0424282

n = 6 −

1139 4032 π^3

2539 2016 π^3 − 2005 1792 π^3

= - 0.00911074 = 0.0406184 = - 0.036085

n = 8

32377 34560 π^4 − 1368853 276480 π^4

101665 41472 π^4

118459 34560 π^4

= 0.00961753 = - 0.0508269 = 0.0251662 = 0.035188

n = 10 −

2046263 506880 π^5

16454263 675840 π^5 − 2475365 811008 π^5 − 34196177 7096320 π^5 − 14020681 135168 π^5

= - 0.0131919 = 0.0795582 = - 0.00997389 = - 0.0157469 = - 0.338958

Table 2. Exact and numerical values of the conformal anomaly for the family of spacetimes of dimension n = 2 to n = 10 which possess a compact spatial section, corresponding to forms of order up to p = 4.

Explicit exact and numerical results for the conformal anomaly corresponding to p−forms of orders p = 0 to p = 4 in spaces of dimension n = 2 to n = 10 have been given in Table 2. Both the sign and the magnitude of the anomaly seem to change in a rather non–uniform way in the cases considered, their absolute value being always less than 1 for the calculated cases (but this can be shown to be not a bound for forms of higher order). In fact, one sees clearly, that the absolute value of the conformal anomaly for p−forms definitely increases with the order of the form in hyperbolic spaces of higher dimensionality, of the class considered.

As a particular case, we recover the formula for the conformal invariant scalar field in any dimension and, in a similar way, a number of more general situations can be treated with the same techniques as described in this paper.

References

[1] S. Deser and A. Schwimmer, Phys. Lett. B309, 279 (1993). [2] E. Copeland and D. Toms, Class. Quant. Grav. 3, 431 (1986). [3] A. A. Bytsenko, E. Elizalde and S. D. Odintsov, J. Math. Phys. 36, 5084 (1995). [4] A. A. Bytsenko, A. E. Gonçalves and F. L. Williams, Mod. Phys. Lett. A13, 99 (1998). [5] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko and S. Zerbini, Zeta Regularization Techniques with Applications (World Scientific, Singapore, 1994).

[6] A. A. Bytsenko, G. Cognola, L. Vanzo and S. Zerbini, Phys. Reports 266, 1 (1996). [7] E. Elizalde, Ten physical applications of spectral zeta functions (Springer, Berlin, 1995). [8] K. Kirsten, Spectral functions in mathematics and physics (Chapman & Hall, CRC, London, 2001).

[9] A. A. Bytsenko, G. Cognola, E. Elizalde, V. Moretti and S. Zerbini, Analytic Aspects of Quantum Fields (to be published by World. Sci. Pub. Co., Singapore, 2003).

[10] E. Sharpe, Discrete Torsion and Gerbes I, e–Print arXiv: hep–th/9909108. [11] E. Sharpe, Discrete Torsion and Gerbes II, e–Print arXiv: hep–th/9909120. [12] J. Kalkkinen, JHEP 9907, 002 (1999).

[13] J. Kalkkinen, Non–Abelian Gerbes from Strings on a Branched Space–Time, e–Print arXiv: hep–th/9910048.

[14] D. S. Freed and E. Witten, Anomalies in String Theory with D–Branes, e–Print arXiv:

hep–th/9907189.

[15] J. de Boer, R. Dijkgraaf, K. Hori, A. Keurentjes, J. Morgan, D. R. Morrison and S.

Sethi, Adv. Theor. Math. Phys. 4, 995 (2002). [16] A. Keurentjes, JHEP 0107, 010 (2001). [17] Yu. N. Obukhov, Phys. Lett. B109, 195 (1982). [18] N. Wallach, J. Diff. Geom. 11, 91 (1976). [19] H. Donnelly, Manuscripta Math. 33, 365 (1981). [20] G. de Rham, Varietés Differentiables (Herman, Paris, 1960). [21] S. Zucker, Ann. of Math. II, Sèr. 109, 415 (1979). [22] N. Wallach, Bull. Am. Math. Soc. 82, 171 (1976). [23] D. Fried, Invent. Math. 84, 523 (1986). [24] F. L. Williams, J. Math. Phys. 38, 796 (1997). [25] R. Miatello, Trans. Am. Math. Soc. 260, 1 (1980).

[26] A. A. Bytsenko, E. Elizalde and M. E. X. Guimarães, Int. J. Mod. Phys. A18, 2179 (2003).

[27] A. A. Bytsenko and F. L. Williams, J. Math. Phys. 266, 1075 (1998). [28] A. A. Bytsenko, L. Vanzo and S. Zerbini, Nucl. Phys. B505, 641 (1997). [29] A. A. Bytsenko, Nucl. Phys. (Proc. Suppl.) B104, 127 (2002). [30] A. A. Bytsenko, A. E. Gonçalves and F. L. Williams, Int. J. Mod. Phys. A 18, 2041 (2003).

[31] S. W. Hawking, Commun. Math. Phys. 55, 133 (1977). [32] J. S. Dowker and R. Critchley, Phys. Rev. D13, 224 (1976).

Departamento de Fisica, Universidade Estadual de Londrina, Caixa Postal 6001, Londrina-Parana, Brazil. E-mail address: abyts@uel.br

Consejo Superior de Investigaciones Científicas, Institut d’Estudis Espacials de Catalunya (IEEC/CSIC), Edifici Nexus, Gran Capità 2-4, 08034 Barcelona, Spain; and Departament ECM, Facultat de Física, Universitat de Barcelona, Diagonal 647, 08028 Barcelona, Spain. E-mail address: elizalde@ieec.fcr.es

Departamento de Fisica, Universidade Estadual de Londrina, Caixa Postal 6001, Londrina-Parana, Brazil