arXiv:math-ph/0404067 v1 27 Apr 2004

Foldy-Wouthuysen transformation for relativistic particles in external fields

Alexander J. Silenko Institute of Nuclear Problems, Belarusian State University, Bobruiskaya str., 11, 220080 Minsk, Belarus (Dated: April 27, 2004)

Abstract

A method of Foldy-Wouthuysen transformation for relativistic spin-1/2 particles in external fields is proposed. It permits determination of the Hamilton operator in the Foldy-Wouthuysen representation with any accuracy. Interactions between a particle having an anomalous magnetic moment and nonstationary electromagnetic and electroweak fields are investigated.

PACS numbers: 03.65.Pm, 11.10.Ef, 12.20.Ds

I. INTRODUCTION

The Foldy-Wouthuysen (FW) representation [1] occupies special place in the quantum theory. This is mainly due to the fact that the Hamiltonian and all operators in this representation are block-diagonal (diagonal in two spinors). For relativistic particles in external fields, operators have the same form as in the nonrelativistic quantum theory. Therefore, the FW representation in the relativistic quantum theory is similar to the nonrelativistic quantum theory. The basic advantages of the FW representation are described in [1, 2] (see also below).

The transformation to the FW representation (FW transformation) holds only in the one-particle approximation where the radiative corrections are not calculated in a consistent way but are phenomenologically taken into account by including extra terms in the Dirac equation (see [3]). One-particle description is feasible even for ultrarelativistic particles if the external field is so weak that the probability of pair production or bremsstrahlung losses can be neglected for a given interaction energy of a particle. The range of applicability of this description is fairly wide and includes, in particular, the relativistic particle scattering and the interaction of relativistic particles with matter and external fields.

In the nonrelativistic case, there exist a lot of good methods of FW transformation with taking into account relativistic corrections [1, 4, 5, 6]. However, they are not useful for relativistic particles. The known methods of solving this problem [9, 10, 11, 12] either lead to cumbersome calculations or the field of their use is limited by the first approximation in field parameters. None of these methods permits exact FW transformation for the particular cases described in [5, 7, 8]. Therefore, the FW representation does not take the right stand in the relativistic quantum theory. The Dirac and Melosh [13] representations are mostly used.

FW transformation can also be performed for particles with spin s > 1/2 [7, 14]. In the present work, a method of FW transformation for relativistic particles in external fields is proposed. This method permits obtaining a Hamiltonian of any accuracy by successive approximations, as a power series in the external field potentials and their derivatives. In some cases, this method permits performing exact FW transformation.

The relativistic system of units ℏ = c = 1 is used.

II. GENERAL PROPERTIES OF THE FOLDY-WOUTHUYSEN REPRESENTA- TION

The basic advantages of the FW representation are due to its specific properties. The relations between the operators in the FW representation are similar to those between the respective classical quantities. In this representation, the operators have the same form as in the nonrelativistic quantum theory. Only the FW representation possesses these properties considerably simplifying the transition to the semiclassical description. The FW representation provides the best possibility of obtaining a meaningful classical limit of the relativistic quantum theory.

For example, the Hamiltonian for a free particle fully agrees with that of classical physics:

H_{F W} = β √ m^2 + p^2, p = −i∇, (1) in contrast with the Hamiltonian in the Dirac representation [1, 15]. The position operator in the Dirac representation is the radius-vector, r [15]. It corresponds to the mean position operator for the free particle in the FW representation [1],

r_D = r + iβα 2ϵ − iβ(α · p)p + [Σ × p]p 2ϵ(ϵ + m)p , p ≡ |p|, ϵ = √ m^2 + p^2.

Here and below the following designations for the matrices are used:

γ = 0 σ −σ 0 , β ≡ γ^0 = 1 0 0 −1 , α = βγ = 0 σ σ 0 ,

Σ = σ 0 0 σ , Π = βΣ = σ 0 0 −σ ,

where 0, 1, −1 mean the corresponding 2×2 matrices and σ is the Pauli matrix.

In the FW representation, the problem of ”zitterbewegung” motion never arises [2, 15]. The operators l = r × p and Σ/2 define the angular momentum and the spin for the free particle, respectively. In this representation, unlike the Dirac one, each of them is a constant of motion (see [1]). The corresponding operators conserving in the Dirac representation are l_D = r_D × p, Σ_D 2 = Σ 2 − iβ[α × p] 2ϵ − [p × [Σ × p]] 2ϵ(ϵ + m) .

The total angular momentum operator, j, is a constant of motion in both representations, because j_D = l_D +

Σ_D 2 = l + Σ 2 = j. The FW representation is very convenient for describing the particle polarization. In this representation, polarization operators have simple forms. For example, the threedimensional polarization operator equals the matrix Π [16, 17]. In the Dirac representation, this operator depends on the particle momentum [16, 17]:

O ≡ Π_D = Π − γ^5 p ϵ − p(Π · p) ϵ(ϵ + m) . For particles interacting with external fields, it also depends on the external field parameters [17].

Thus, in the Dirac representation all operators corresponding to the basic classical quantities are defined by cumbersome expressions. These operators should also depend on the external field parameters for particles interacting with external fields.

The FW representation helps one to prove that the particle position can be measured up to its Compton wavelength [1, 15]. However, this property is valid only for a particle not strongly interacting with external fields if the one-particle approximation is attainable. Otherwise, the effect of pair production prevents the use of both the Dirac equation (even with some corrections) and the ”traditional” Hamilton approach. Obviously, in this case the FW transformation cannot be used either.

The FW transformation possesses another important property. The relativistic wave equations and all operators are block-diagonal (diagonal in two spinors). This property permits separating positive and negative energy states [1]. Of course, extraction of even parts of operators becomes unnecessary.

The detailed analysis performed in [18] shows that the wave functions in both the Dirac and FW representations are equal to each other only approximately, and they do not coincide. In these papers, the nonrelativistic case was considered and relativistic corrections was taken into account.

An analogous conclusion follows from the results obtained in [11]. In this work, a more general situation has been investigated for the relativistic particle not strongly interacting with an electromagnetic field. It has been found that the upper spinors in the Dirac and

FW representations are approximately proportional to each other, but this property is not exact.

Thus, the preferable employment of the FW representation is evident, although the relativistic wave equations are more complicated in this representation.

III. METHODS OF THE FOLDY-WOUTHUYSEN TRANSFORMATION

In the classical work by Foldy and Wouthuysen [1], two different transformations, for free relativistic particles and for nonrelativistic particles in electromagnetic fields have been carried out. In the general case, transformation to a new representation described by the wave function Ψ^′ is performed with the unitary operator U:

Ψ^′ = UΨ = e^{iS} Ψ,

where Ψ = ϕ χ is the wave function (bispinor) in the Dirac representation. As

Ψ = U^{−1}Ψ^′, i ∂ ∂t Ψ = HΨ, i ∂ ∂t Ψ^′ = H^′Ψ^′,

the following transformation can be carried out: i ∂ ∂t Ψ = HU^{−1}Ψ^′, i ∂ ∂t Ψ = i ∂ ∂t ( U^{−1}Ψ^′ ) = i ∂U^{−1} ∂t Ψ^′ + iU^{−1} ∂Ψ^′ ∂t = ( i ∂U^{−1} ∂t + U^{−1}H^′ ) Ψ^′, UHU^{−1}Ψ^′ = ( iU ∂U^{−1} ∂t + H^′ ) Ψ^′.

Hence, the Hamilton operator in the new representation takes the form [1, 19]: H^′ = UHU^{−1} − iU ∂U^{−1} ∂t , (2) or H^′ = U ( H − i ∂ ∂t ) U^{−1} + i ∂ ∂t . There is an error in this transformation in [20].

The Hamiltonian can be split into operators commuting and noncommuting with the operator β: H = βm + E + O, βE = Eβ, βO = −Oβ. (3)

The Hamiltonian H is Hermitian. We assume that both operators E and O are also Hermitian.

For free Dirac particles E = 0, O = α · p, and the operator S has the form S = −iβα · pθ(p), (4) where θ is a function of the momentum operator. If we choose θ(p) = 1 2p arctan ( p m ) , the transformed Hamiltonian H^′ contains no odd operators [1, 20] and we obtain Eq. (1)

H^′ = β √ m^2 + p^2.

For nonrelativistic particles in an electromagnetic field, the FW transformation can be performed with the operator [1, 20] S = − i 2m βO. (5) The transformed Hamiltonian can be written in the form

H^′ = H + i[S, H] + i^2 2! [S, [S, H]] + i^3 3! [S, [S, [S, H]]] + . . . −Ṡ − i 2! [S, Ṡ] − i^2 3! [S, [S, Ṡ]] − . . . , (6)

where [. . . , . . . ] means a commutator. As a result of this transformation, we find

H^′ = βϵ + E^′ + O^′, βE^′ = E^′β, βO^′ = −O^′β, (7)

where the odd operator O^′ is now O(1/m). This procedure can be repeated to obtain the required accuracy. Another form of the nonrelativistic FW transformation was given by Ericksen [5] (see also [21]).

There are also other methods for obtaining the block-diagonal form of the Hamiltonian or the Lagrangian. The so-called elimination method of Pauli [22] permits excluding the lower spinor from relativistic wave equations. As a result, the wave function of the final Pauli equation is the upper Dirac spinor, ϕ. This means that the upper Dirac spinor is also an eigenfunction of the transformed Hamiltonian. However, this property is not exact. The Pauli method was analyzed in detail in [18, 21]. It was shown that this method gives the right first approximation. Nevertheless, relativistic corrections of higher orders are incorrect. It is quite natural because direct Pauli’s reduction leads to a neglect of the contribution of the lower spinor [18]. The relation between the exact wave function in the FW representation and the upper Dirac spinor has been found in [11] in the relativistic case.

A more exact variant of the elimination method had been proposed earlier by Berestetskii and Landau [23] (see also [4, 24]). They showed that it was possible to find a nonunitary operator V for which ψ = V ϕ (8) is a two-component wave function with a correct norm. An appropriate form of the operator V can be obtained from the condition ∫ ψ^†ψdV = ∫ (ϕ^†ϕ + χ^†χ)dV = 1. The relation between the Dirac spinors can be expressed in the general form: χ = Qϕ. Therefore, V^†V = 1 + Q^†Q.

If we additionally assume that the operator V is Hermitian, then both this operator and the Hamiltonian can be found by successive approximations [4, 23, 24, 25].

Of course, the elimination method is much simpler. However, it is mostly intuitive. Its validity is proved only by the coincidence of the results obtained by the FW and Akhiezer- Berestetskii-Landau methods [21].

Another method of diagonalization of relativistic wave equations was proposed by Korner and Thompson [6]. In this work, the Lagrangian approach was used. The Korner-Thompson method is similar to the FW method. It also includes a successive decrease in the maximum order of odd terms. The results obtained by the FW and Korner-Thompson methods agree (see [12]).

Thus, several nonrelativistic transformation methods give the same results. However, the FW transformation method has been justified in the best way.

In several cases, FW transformation can be performed exactly [5, 7, 8]. Exact FW transformation has also been performed for a wide class of external fields in [26]. In this work, involutive symmetries of relativistic wave equations have been used. However, the transformed Hamiltonians contain ”nontraditional” space reflection operators. The reduction of Hamiltonians to the ”traditional” form is a difficult problem. It has not been investigated in [26]. However, this reduction is necessary to do for solving many problems (e.g., finding particle and spin motion equations).

Generally, FW transformation for relativistic particles in external fields is complicated. The transformation methods explained in [9, 10] require cumbersome calculations. A variant of the elimination method useful for relativistic particles has been developed in [11]. On eliminating the lower spinor from the relativistic wave equations, the final equation for the upper spinor takes the form [11]: i ∂ϕ ∂t = F (r, p, i ∂ ∂t )ϕ, (9)

where F is the operator function. Further calculations are analogous to those in the Akhiezer-Berestetskii-Landau method. A new wave function with a correct norm, ψ, expressed by Eq. (8) is introduced. Substituting it for ϕ into Eq. (9), one can find the Hamilton operator for the relativistic particle.

The relativistic wave equation for an upper spinor similar to Eq. (9) is found by the Lagrangian approach [12].

However, it is difficult to find a second approximation by using the relativistic variant of the elimination method proposed in [11]. It is easier to determine relativistic corrections of higher orders [12].

The right two-component wave function in the FW representation, ψ, does not coincide with the upper Dirac spinor, ϕ [11]. This conclusion is in agreement with the results obtained in [18].

There are other difficult problems. The diagonalization of relativistic wave equations needs carefulness, especially in the time-dependent case. As mentioned in [19, 27], in the latter case H^′ is not equivalent to H since these operators have different matrix elements. Rather, UHU^{−1} is. There is a danger that one can arrive at a block-diagonal representation differing from the FW one even in the time-independent case. For example, the transformation performed in [8] (this is the Melosh transformation indeed [28]) leads to a block-diagonal Hamiltonian that differs from the Hamiltonian in the FW representation [29]. Therefore, the application of noncanonical transformation methods is restricted by the necessity of verifying the results by comparing them with the corresponding results obtained by the canonical transformation method in some particular cases. Of course, other transformation methods may be simpler or less cumbersome. Nevertheless, the FW method is safer and substantiated very well.

In the present work, a relativistic extension to the FW method is proposed.

IV. EXACT FOLDY-WOUTHUYSEN TRANSFORMATION

Consider some cases of the exact FW transformation.

In Eq. (3), the operators β and O^2 commute (βO^2 = −OβO = O^2β). Therefore, the operator O^2 is even.

The operator S can be defined by an expression similar to Eq. (4): S = −i βO C θ, (10)

where C and θ are the functions of O^2 and the operator C satisfies the following conditions:

C^2 = O^2, [β, C] = 0. (11) It follows from conditions (11) that the operator C is also even.

It is possible to use the following formal definition of this operator: C = √ O^2. (12)

Relations (11),(12) define the square root of matrix operators. To unambiguously define the square root, these relations should be complemented by the condition that the square root of the unit matrix I is equal to the unit matrix. This definition of the square root coincides with those of [1, 20, 26]. For example, for free particles

O = α · p, O^2 = Ip^2, C = I √ p^2 ≡ I|p|. Further, the symbol of the unit matrix I will be omitted.

Since O^2 = −βOβO, C = √ −βOβO, f(O^2) = f(C^2), the operators βO, C, O^2, and θ commute with each other. The operator θ is the angle of rotation of the basic vector set in the spinor space.

The unitary transformation operator, U, can be written in the form

U = cos θ + βO C sin θ. (13)

An FW transformation is exact if the external field is stationary and the operators E and O commute:

[E, O] = 0. (14) In this particular case, [E, βO] = β[E, O] = 0. Condition (14) is a sufficient but not necessary condition of the exact transformation. The Hamilton operator in the new representation takes the form

H^′ = ( cos θ + βO C sin θ ) H ( cos θ − βO C sin θ )

= (βm + O) ( cos θ − βO C sin θ

)_2

+ E = (βm + O) ( cos 2θ − βO C sin 2θ ) + E = β (m cos 2θ + C sin 2θ) + O ( cos 2θ − m C sin 2θ ) + E. The Hamiltonian H^′ is even if the odd term (proportional to O) vanishes. This takes place if tan 2θ = C m . (15) This equation has two solutions, θ_1 and θ_2, differing in π/2. Since

tan 2θ =

2 tan θ 1 − tan^2 θ

, tan θ = tan 2θ 1 ± √ 1 + tan^2 2θ , they are defined by the relations

tan θ_1 = C ϵ + m , tan θ_2 = − C ϵ − m , ϵ = √ m^2 + C^2 = √ m^2 + O^2. (16)

Thus, there are two unitary transformations of the operator H to an even form. They are characterized by the angles θ_1 and θ_2, where the angle θ_1 corresponds to the FW transformation.

As a result of both transformations, one of the spinors (lower for θ_1 and upper for θ_2) becomes zero as for free particles.

Note that the transformation under consideration is also similar to the Melosh transformation [13].

If condition (14) is satisfied, then the Hamilton operator in the FW representation is defined exactly:

H^′ = βϵ + E. (17)

Unlike [9, 10, 11], Eq. (17) contains exact expressions for the Hamiltonian derived in [5, 7, 8] as particular cases.

The transformation operator U can be written in nonexponential form. After the calculation of sin θ_1 and cos θ_1 with formulae (16),

sin θ_1 = C √ 2ϵ(ϵ + m) , cos θ_1 = √ ϵ + m 2ϵ , we obtain the following expression:

U^± = ϵ + m ± βO √ 2ϵ(ϵ + m) . (18)

where U^+ ≡ U, U^− ≡ U^{−1}. This expression agrees with the well-known formula for free particles [1]. Since (βO)^† = Oβ = −βO, the operator U is unitary. Simultaneous change of signs of sin θ_1 and cos θ_1 does not affect the final result because the wave functions Ψ, Ψ^′ are determined up to a sign. Direct calculation of the Hamilton operator in the FW representation also leads to Eq. (17) in accordance with formulae (2),(3),(14),(18).

Another class of Hamiltonians permitting exact FW transformation has been investigated in [26].

V. EXACT TRANSFORMATION FOR PARTICLES IN ELECTROWEAK FIELDS

Let us consider the interaction of a relativistic spin-1/2 particle, possessing an anomalous magnetic moment (AMM), with stationary electromagnetic and electroweak fields. The Hamiltonian of the electromagnetic interaction is defined by the Dirac-Pauli equation [30]: H_{DP} = α · π + βm + eΦ + μ^′(−Π · H + iγ · E), π = p − eA, (19) where μ^′ is AMM, Φ, A and E, H are the potentials and the strengths of an electromagnetic field. This equation is derived in the one-particle approximation and is useful when an electromagnetic field is not extremely strong (see [11]).

The weak interaction Hamiltonian should be added to the Hamiltonian of Eq. (19). The weak interaction does not conserve the spatial parity. For the interaction transferred by neutral currents, the standard model gives the following expression for the parity-nonconserving weak interaction Hamiltonian in the approximation of a small transferred momentum [31]:

H_{P N C} = − G √ 2 ( C_1γ^5 + C_2α · σ^′ ) n(r), γ^5 = 0 −1 −1 0 , (20)

where G is the Fermi constant, σ^′ is the Pauli matrix for matter particles, and n(r) is the density of matter particles. For the interactions with nuclei, n(r) characterizes the density of nucleons of a certain kind, and σ^′ should be replaced by the nucleus spin. Formulae (19),(20) do not change if the external fields are nonstationary. The matter particles are considered to be at rest.

The coefficients C_1, C_2 are different for different pairs of interacting particles. The Hamiltonians corresponding to the interactions with different matter particles should be summedup. The signs in formula (20) depend on the definition of the coefficients C_1, C_2 and matrix γ^5. The total Hamiltonian equals

H = H_{DP} + H_{P N C} . (21)

In this case, in formulae (3),(16)–(18) we have E = eΦ − μ^′Π · H, O = α · π + iμ^′γ · E − G √ 2 ( C_1γ^5 + C_2α · σ^′ ) n(r) = β [ γ · π + iμ^′α · E − G √ 2 ( C_1βγ^5 + C_2γ · σ^′ ) n(r) ] . (22)

Let us consider some particular cases where Hamiltonian (21) satisfies condition (14). For these cases the FW transformation is exact. The general case will be analyzed in the next section.

The exact Hamiltonian in the FW representation is given by Eq. (17), where E is defined by Eq. (22), and

ϵ = { m^2 − [ γ · π + iμ^′α · E − G √ 2 ( C_1βγ^5 + C_2γ · σ^′ ) n(r) ]}1/2

= { m^2 + π^2 + βμ^′ (Σ · [π×E] − Σ · [E×π] − ∇·E) + μ^{′2}E^2 − eΣ · H + G √ 2 ( C_1{Σ·π, n(r)}_+ − C_2{σ^′ ·π, n(r)}_+ + C_2[Σ×σ^′]·∇n(r) −2βμ^′C_2[Σ×σ^′]·En(r) ) + G^2 2 n^2(r) [ C^2_1 + 3C^2_2 − 2C_2(C_1 + C_2)Σ · σ^′ ] }_{1/2} .

(23)

Hence, the operator U^± is expressed by formulae (18),(22),(23). Although Eq. (23) is formally exact, the small terms proportional to C^2_1 , C_1C_2, C^2_2 are wittingly negligible in the approximation of a small transferred momentum.

Formulae (17),(22),(23) describe the exact Hamilton operator in the FW representation in the following particular cases:

a) in the presence of only weak interaction (Φ = 0, A = 0, E = 0, H = 0); b) for Dirac particles (μ^′ = 0) in magnetic and weak fields (Φ = 0, E = 0); c) for uncharged particles with AMM in electric and weak fields (e = 0, A = 0, H = 0); d) for particles with AMM moving in the plane orthogonal to a static uniform magnetic field (Φ = 0, E = 0, P_z = 0, C_1 = C_2 = 0);

e) for uncharged particles with AMM moving in the plane orthogonal to a static uniform magnetic field. A static electric field (possibly nonuniform) is also orthogonal to the magnetic field (e = 0, E ⊥ H, P_z = 0, C_1 = C_2 = 0).

In two cases (d) and e)), H = He_z , and in the case e), the electric field strength does not depend on z. Otherwise, rotE ≠ 0 and the magnetic field is not constant (∂H/∂t ≠ 0). Therefore, in these cases the operator p_z = −i(∂/∂z) commutes with the Hamilton operator and has eigenvalues P_z = const. Consequently, the consideration of the particular case P_z = 0 is quite reasonable. All these cases satisfy condition (14).

Formulae (17),(22),(23) agree with all exact expressions of the operator H^′ derived for uncharged particles with AMM in an electrostatic field, Dirac particles in a static magnetic field, and particles with AMM moving in the plane orthogonal to a static uniform magnetic field in [5, 7, 8]. The weak interaction is not considered in these works.

VI. GENERAL CASE

In the general case, relativistic particles interact with external fields. We suggest to perform the FW transformation in two stages. First, a transformation similar to the FW transformation for free particles, is performed for particles in external fields. Second, a transformation similar to the FW transformation for nonrelativistic particles is carried out.

We assume that the external fields are not extremely strong and the transformed Hamiltonian can be expressed as a power series in the field potentials and their derivatives. The external fields can be nonstationary.

In the general case, formula (17) is not exact because E depends on the coordinates and contains Dirac matrices. We should calculate the commutator of the operators U and E −i(∂/∂t): U ( E − i ∂ ∂t ) U^{−1} = E − i ∂ ∂t + [ U, E − i ∂ ∂t ] U^{−1}. In this case, it is necessary to compute some commutators containing inverse operators and square roots of the operators. These commutators can be calculated using the following exact formulae which are valid for arbitrary operators A and B [32]:

[A^{−1}, B] = A^{−1}[B, A]A^{−1}, (24)

[A, B] = 1 4 {A^{−1}, [A^2, B]}_+ − 1 4 [ [A, [A, B]], A^{−1} ] , (25)

where A^{−1} ≡ 1/A and {. . . , . . . }_+ stands for the anticommutator. If A is the square root of the operators and the commutator of the operators is small compared to their product, i.e., |[A, B]| ≪ |AB|, formulae (24),(25) allow us to obtain the quantity [A, B] with any accuracy by the method of successive approximations (see [32]). As a rule, this condition is satisfied since it is equivalent to the inequality ℏc E ≪ l_c, (26)

whereE is the total energy including the rest energy and l_c is the characteristic size of the nonuniformity region of the external field. For the nonrelativistic particle, the quantity ℏc/E is equal to the Compton wavelength.

First, it is necessary to perform a unitary transformation with operator (18). After this operation, the Hamiltonian H^′ still contains odd terms proportional to the derivatives of the potentials. Let us write the operator H^′ as

H^′ = βϵ + E^′ + O^′, βE^′ = E^′β, βO^′ = −O^′β, (27)

where ϵ = √ m^2 + O^2,

E^′ = i ∂ ∂t + ϵ + m √ 2ϵ(ϵ + m) ( E − i ∂ ∂t ) ϵ + m √ 2ϵ(ϵ + m) − βO √ 2ϵ(ϵ + m) ( E − i ∂ ∂t ) βO √ 2ϵ(ϵ + m) , O^′ = βO √ 2ϵ(ϵ + m) ( E − i ∂ ∂t ) ϵ + m √ 2ϵ(ϵ + m) − ϵ + m √ 2ϵ(ϵ + m) ( E − i ∂ ∂t ) βO √ 2ϵ(ϵ + m) . (28)

Since ABA = 1 2 ( {A^2, B}_+ − [A, [A, B]] ) , relation (28) for the operator E^′ takes the form

E^′ = E − 1 4 [ ϵ + m √ 2ϵ(ϵ + m) , [ ϵ + m √ 2ϵ(ϵ + m) , ( E − i ∂ ∂t )]]

+ 1 4 [ βO √ 2ϵ(ϵ + m) , [ βO √ 2ϵ(ϵ + m) , ( E − i ∂ ∂t )]] . (29)

The odd terms are small compared to both ϵ and the initial Hamiltonian H. This circumstance allows us to apply the usual scheme of the nonrelativistic FW transformation [1, 20].

Second, the transformation should be performed with the following operator:

U^′ = exp (iS^′), S^′ = − i 4 β { O^′, 1 ϵ } + = − i 4 [ β ϵ , O^′ ] . (30)

The further calculations are similar to those given in [20]. The particle mass should be replaced by the operator ϵ noncommuting with the operators E^′, O^′. If only major corrections are taken into account, then the transformed Hamiltonian equals

H^{′′} = βϵ + E^′ + 1 4 β { O^{′2}, 1 ϵ } + . (31)

This is the Hamiltonian in the FW representation.

To obtain the desired accuracy, the calculation procedure with the transformation operator (30) (S^′ is replaced by S^{′′}, S^{′′′} etc.) should be repeated multiply.

Let us calculate the Hamiltonian in the FW representation for the relativistic particle with AMM interacting with a nonstationary electroweak field. The Hamiltonian in the Dirac representation is defined by formulae (19)–(21). The transformed Hamiltonian is defined by Eq. (30), where the operator O^′ contains the field strengths and does not contain the field potentials. Let us deduce the Hamiltonian to within first-order terms in the field strengths and their first derivatives and second-order terms in the field potentials. The terms of the second order and higher in the field strengths and their derivatives and the first-order terms containing derivatives of the second order and higher of the field strengths will be omitted.

Since we neglect the second-order quantities in O^′, the operator O^′ does not make any contribution to the Hamiltonian H^{′′} at the second stage of transformation defined by formula (31). As a result, we obtain the following equation for the Hamiltonian in the FW representation: H^{′′} = βϵ + E^′, E^′ = eΦ + e 8 { 1 ϵ(ϵ + m) , (Σ·[π×E] − Σ·[E×π] − ∇·E) } + + e 32 { 2ϵ^2 + 2ϵm + m^2 ϵ^4(ϵ + m)^2 , π·∇(π·E + E·π) } + − μ^′Π·H +β μ^′ 4 { 1 ϵ(ϵ + m) , [ (H ·π)(Σ·π) + (Σ·π)(π·H) + 2π(π·j + j ·π) ]} + ,

(32)

where j = ∇×H − 1 4π ∂E ∂t is the external current density, and ϵ is determined by formulae (23),(27). It is important that the operators ϵ, E^′ are found at the first stage, i.e., at the transformation with operator (18).

In the weak field approximation,

ϵ = ϵ^′ + β μ^′ 4 { 1 ϵ^′ , ( Σ · [π×E] − Σ · [E×π] − ∇·E )} + − e 4 { 1 ϵ^′ , Σ · H } + + G 4 √ 2 { 1 ϵ^′ , W } + and H^{′′} = βϵ^′ + eΦ + 1 4 {( μ_0m ϵ^′ + m + μ^′ ) 1 ϵ^′ , ( Σ·[π×E] − Σ·[E×π] − ∇·E )} + + μ_0m 16 { 2ϵ^{′2} + 2ϵ^′m + m^2

ϵ^{′4}(ϵ^′ + m)^2 , π·∇(π·E + E·π) } + − 1 2 {(μ_0m ϵ^′ + μ^′ ) , Π·H } + + μ^′ 4 { 1 ϵ^′(ϵ^′ + m) , [ (H ·π)(Π·π) + (Π·π)(π·H) + 2π(π·j + j ·π) ]} + + G 4 √ 2 { 1 ϵ^′ , W } + , (33) where

ϵ^′ = √ m^2 + π^2, W = C_1{Σ · π, n(r)}_+ − C_2{σ^′ · π, n(r)}_+ + C_2[Σ×σ^′]·∇n(r), (34)

and μ_0 = e/(2m) is the Dirac magnetic moment.

Unlike works [9, 10, 11], formula (33) includes, as particular cases, the exact expressions for the Hamiltonian in the FW representation obtained in [5, 7, 8]. Formulae (32)–(34) also agree with the results obtained in [9, 10, 11, 33, 34]. Detailed analysis shows that the method of FW transformation used in [11] does not allow one to take into consideration the terms proportional to the double commutators of ϵ with eΦ and μ^′Π·H ( e[ϵ, [ϵ, Φ]] and μ^′[ϵ, [ϵ, Π·H]] ) . The terms proportional to E and H in the Hamiltonian obtained in [11] coincide with those in [9, 10] and Eq. (33). However, only the Dirac particles were considered in [9], the derivatives of the field strengths were neglected in [10], and the nonrelativistic Hamiltonian with relativistic corrections was found in [33].

VII. PARTICLE AND SPIN MOTION EQUATIONS

Thus, the FW representation is very convenient for describing the particle and spin motion owing to the simple forms of operators. In order to derive corresponding quantum equations, it is necessary to compute the commutators of the Hamiltonian with the same operators as in the nonrelativistic theory. The kinetic momentum operator of particles in an electromagnetic field equals π = p − eA [35]. The equation of particle motion in the electromagnetic field is defined in terms of the commutator of the Hamiltonian with this operator: dπ dt = i[H^{′′}, π] − e ∂A dt . To determine the quantum equation of particle motion, we take into account Eq. (33) for the Hamiltonian dπ dt = eE + β e 4 { 1 ϵ^′ , ( [π × H] − [H × π] )} + + 1 4 {( μ_0m ϵ^′ + m + μ^′ ) 1 ϵ^′ , [ ∇(Σ · [E × π]) − ∇(Σ · [π × E]) + ΔE ]} + − μ_0m 16 { 2ϵ^{′2} + 2ϵ^′m + m^2 ϵ^{′4}(ϵ^′ + m)^2 , (π · ∇)∇(π · E + E · π) } + + 1 2 {( μ_0m ϵ^′ + μ^′ ) , ∇(Π · H) } + − μ^′ 4 { 1 ϵ^′(ϵ^′ + m) , [ (Π·π)∇(π·H) + ( ∇(H ·π) ) (Π·π) + 2π∇(π·j + j ·π) ]} + . (35) The equation of spin motion is defined by the formula dΠ dt = i[H^{′′}, Π]. For particles in a nonstationary electroweak field, it takes the form dΠ dt = {( μ_0m ϵ^′ + m + μ^′ ) 1 ϵ^′ , [Π × [E × π]] } + + {(μ_0m ϵ^′ + μ^′ ) , [Σ × H] } + − μ^′ 2 { 1 ϵ^′(ϵ^′ + m) , ( [Σ × π](π · H) + (H · π)[Σ × π] )} + − G 2 √ 2 { 1 ϵ^′ , ( C_1 {[Σ × π], n(r)}_+ + C_2 [Σ × [σ^′ × ∇n(r)]] )} + . (36)

The corresponding equation for stationary electroweak fields was derived in [34]. The transition to the semiclassical description is also simple. For free particles, the lower spinor is equal to zero in the FW representation. For particles in external fields, the maximum ratio of the lower and upper spinors is of the first order of W_{int}/E, where W_{int} is the energy of the particle interaction with external fields. Thus, we obtain (χ^†χ)/(ϕ^†ϕ) ∼ (W_{int}/E)^2. Therefore, the contribution of the lower spinor is negligible and the transition to the semiclassical equations is performed by averaging the operators in the equations for the upper spinor. It is usually possible to neglect the commutators between the coordinate and kinetic momentum operators and between different components of the kinetic momentum operator (see [36]). As a result, the operators σ, σ^′ and π should be substituted by the corresponding classical quantities: the average spin, ξ (ξ^′ for matter particles), and the kinetic momentum. For the latter quantity we retain the designation π. The semiclassical equations of particle and spin motion are: dπ dt = eE + e ϵ^′ [π × H] − 1 2 ( μ_0m ϵ^′ + m + μ^′ ) 1 ϵ^′ [ 2∇(ξ · [π × E]) − ΔE ]

− μ_0m 4 · 2ϵ^{′2} + 2ϵ^′m + m^2 ϵ^{′4}(ϵ^′ + m)^2 (π · ∇)∇(π · E) + ( μ_0m ϵ^′ + μ^′ ) ∇(ξ · H) − μ^′ ϵ^′(ϵ^′ + m) [ (ξ·π)∇(H ·π) + 2π∇(j ·π) ] , (37)

dξ dt = 2 ( μ_0m ϵ^′ + m + μ^′ ) 1 ϵ^′ [ξ × [E × π]] + 2 (μ_0m ϵ^′ + μ^′ ) [ξ × H] − 2μ^′ ϵ^′(ϵ^′ + m) (H · π)[ξ × π] − G √ 2ϵ^′ ( 2C_1[ξ × π]n(r) + C_2 [ξ × [ξ^′ × ∇n(r)]] ) . (38)

Equation (37) shows that the particle motion depends on the spin orientation. The corresponding term determines the Stern-Gerlach force.

It is not as convenient to use the Dirac representation to derive quantum equations of particle and spin motion in a similar manner. In this case, it is necessary to extract the polarization operator, O, from the obtained equations. This problem is rather difficult because the operator O in the Dirac representation is defined by the cumbersome expression given in [17].

For particles in external fields, the FW transformation also changes the form of the kinetic momentum operator. In particular, the equation of spin motion in the Dirac representation depends on the operator π_D = U^{−1}πU just as the corresponding equation in the FW representation depends on the operator π. However, these two equations differ in their functional dependence on π. The use of the FW representation protects from both an error in derived equations of particle and spin motion and an incorrect interpretation of these equations.

Another method of transition to the semiclassical description is based on the trajectorycoherent solution of the Dirac equation [37].

VIII. DISCUSSION

As mentioned above, the proposed method permits obtaining a transformed Hamiltonian to within first-order terms in the field parameters after the first transformation. In this case, all the other canonical methods need several transformations [1, 5, 6, 10, 12, 20, 21]. Therefore, the method described above can be successfully used even for solving nonrelativistic problems. For this purpose, the transformation operator, U, can be expanded in a series of 1/m. Of course, such an expansion is helpful only in the case of transformation of the operator E − i(∂/∂t). The transformation of other operators leads to the appearance of the term βϵ in Eq. (31).

Consider the classical example of the FW transformation for a nonrelativistic Dirac particle in an electromagnetic field. We calculate the Hamiltonian to within terms of orders of (p/m)^4 and p^2W/m^3, where W means eΦ, eA (see [1, 20]). In this approximation, the first double commutator in Eq. (29) is negligible and the second one is equal to 1 4 [ βO √ 2ϵ(ϵ + m) , [ βO √ 2ϵ(ϵ + m) , ( E − i ∂ ∂t )]]

= 1 8m^2 [ γ · π, [ γ · π, ( E − i ∂ ∂t )]] = e 8m^2 [Σ · (π × E) − Σ · (E × π) − ∇ · E] . (39)

As ϵ = √ m^2 + (α · π)^2 = √ m^2 + π^2 − eΣ · H = m + π^2 2m − π^4 8m^3 − e 2m Σ · H, the transformed Hamiltonian is expressed by the well-known formula [1, 20]: H^{′′} = β ( m + π^2 2m − π^4 8m^3 ) + eΦ − e 2m Π · H + e 8m^2 [Σ · (π × E) − Σ · (E × π) − ∇ · E] . (40)

Thus, the proposed method permits obtaining this formula after the computation of only one double commutator. All the other canonical methods require cumbersome calculations [1, 5, 12, 20, 21]. For example, the classical method of Foldy and Wouthuysen require three successive transformations and a calculation of numerous commutators. The noncanonical methods (the Pauli’s elimination method and others) [4, 11, 21, 22, 23, 24, 25] permit deriving Hamiltonian (40) in an easier way. Nevertheless, the proposed method is very simple even compared to them. Moreover, it gives an opportunity to find a transformed Hamiltonian with any accuracy even for relativistic particles in external fields.

IX. SUMMARY

In this work, a method of FW transformation for relativistic particles in external fields is proposed. This method is simple and reliable. It performs the exact FW transformation as in known particular cases [5, 7, 8], as in others. This property distinguishes the proposed method from the other methods developed for relativistic particles [9, 10, 11]. The method is based on the well-known elaborations [1, 20]. First, a transformation similar to the FW transformation for free particles is performed for particles in external fields. Second, a transformation similar to the FW transformation for nonrelativistic particles is carried out. In the general case, the FW transformation is approximate. As an example, the Hamilton operator in the FW representation for relativistic particles with AMM interacting with nonstationary electroweak fields is found to within second derivatives of potentials.

[1] L.L. Foldy, S.A. Wouthuysen, Phys. Rev. 78, 29 (1950). [2] J.P. Costella and B.H.J. McKellar, Am. J. Phys. 63, 1119 (1995). [3] L.L. Foldy, Phys. Rev. 87, 688 (1952).

[4] A.I. Akhiezer and V. B. Berestetskii, Quantum Electrodynamics (Interscience, New York, 1965).

[5] E. Eriksen, Phys. Rev. 111, 1011 (1958).

[6] J.G. Korner and G. Thompson, Phys. Lett. B264, 185 (1991). [7] K.M. Case, Phys. Rev. 95, 1323 (1954). [8] W. Tsai, Phys. Rev. D7, 1945 (1973).

[9] E.I. Blount, Phys. Rev. 128, 2454 (1962).

[10] S.R. de Groot and L.G. Suttorp, Foundations of Electrodynamics (North-Holland, Amsterdam, 1972).

[11] A.J. Silenko, Teor. Matem. Fiz. 105, 46 (1995) [Theor. Math. Phys. 105, 1224 (1995)]. [12] B.R. Holstein, Am. J. Phys. 65, 519 (1997). [13] H.J. Melosh, Phys. Rev. D9, 1095 (1974).

[14] J.A. Young and S.A. Bludman, Phys. Rev. 131, 2326 (1963); D.L. Weaver, C.L. Hammer, and R.H. Good, Phys. Rev. 135, B241 (1964); P.M. Mathews, Phys. Rev. 143, 985 (1966); R.F. Guertin, Ann. Phys. (New York) 91, 386 (1975); R. Cecchini and M. Tarlini, Nuovo Cim. A47, 1 (1978).

[15] T.D. Newton and E.P. Wigner, Rew. Mod. Phys. 21, 400 (1949). [16] D.M. Fradkin, R.H. Good, Rev. Mod. Phys. 33, 343 (1961).

[17] I.M. Ternov, V.R. Khalilov and V.N. Rodionov, Interaction of Charged Particles with Strong Electromagnetic Field (MSU Publ., Moscow, 1982), in Russian.

[18] H.W. Fearing, G.I. Poulis, and S. Scherer, Nucl. Phys. A570, 657 (1994); S. Scherer, G.I.

Poulis, and H.W. Fearing, Nucl. Phys. A570, 686 (1994). [19] T. Goldman, Phys. Rev. D15, 1063 (1977).

[20] J.D. Bjorken and S.D. Drell, Relativistic Quantum Mechanics (McGraw-Hill, New York, 1964). [21] E. de Vries, J.E. Jonker, Nucl. Phys. B6, 213 (1968).

[22] W. Pauli, in Handbuch der Physik, edited by D. Flugge (Springer, Berlin, 1958), Bd. 5/1, p.

160.

[23] V.B. Berestetskii and L.D. Landau, Zs. Eksp. Teor. Fiz. 19, 673 (1949), in Russian. [24] V.B. Berestetskii, E.M. Lifchitz, and L.P. Pitayevskii, Quantum Electrodynamics (Pergamon, Oxford, 1982).

[25] S. Stephani, Ann. Phys. (Berlin) 15, 12 (1965). [26] A.G. Nikitin, J. Phys. A31, 3297 (1998). [27] M.M. Nieto, Phys. Rev. Lett. 38, 1042 (1977). [28] D.L. Weaver, Phys. Rev. D12, 4001 (1975).

[29] A.J. Silenko, Yad. Fiz. 61, 66 (1998) [Phys. At. Nucl. 61, 60 (1998)]. [30] W. Pauli, Rev. Mod. Phys. 13, 203 (1941).

[31] E.D. Commins and P.H. Bucksbaum, Weak Interactions of Leptons and Quarks (Cambridge

Univ. Press, Cambridge, 1983).

[32] A.J. Silenko, Zs. Eksp. Teor. Fiz. 114, 448 (1998) [JETP 87, 246 (1998)]. [33] A.I. L’vov, Lebedev Phys. Inst., Preprint No. 344, 1987.

[34] A.J. Silenko, Teor. Matem. Fiz. 112, 161 (1997) [Theor. Math. Phys. 112, 922 (1997)]. [35] The operator p corresponds to the generalized momentum of classical theory. [36] A.J. Silenko, Zs. Eksp. Teor. Fiz. 114, 1153 (1998) [JETP 87, 629 (1998)]. [37] V.G. Bagrov, V.V. Belov, A.M. Rogova, and A.Yu. Trifonov, Modern Phys. Lett. B7, 1667 (1993); V.V. Belov, D.V. Boltovskiy, and A.Yu. Trifonov, Int. J. Mod. Phys. B8, 2503 (1994); V.G. Bagrov, V.V. Belov, and A.Yu. Trifonov, in Proceedinggs of the International Workshop on Quantum Systems: New Trends and Methods, Minsk, Belarus, May 1994 (World Scientific, Singapore, 1994).