arXiv:math-ph/0408008 v1 4 Aug 2004

Covariant Poisson Brackets in Geometric Field Theory

Michael Forger^{1 ∗} and Sandro Vieira Romero^{2 †}

1 Departamento de Matemática Aplicada, Instituto de Matemática e Estatística, Universidade de São Paulo, Caixa Postal 66281, BR–05311-970 São Paulo SP, Brazil

2 Departamento de Matemática, Universidade Federal de Viçosa, BR–36571-000 Viçosa MG, Brazil

Abstract

We establish a link between the multisymplectic and the covariant phase space approach to geometric field theory by showing how to derive the symplectic form on the latter, as introduced by Crnković-Witten and Zuckerman, from the multisymplectic form. The main result is that the Poisson bracket associated with this symplectic structure, according to the standard rules, is precisely the covariant bracket due to Peierls and DeWitt.

Universidade de São Paulo RT-MAP - 0304 December 2003

1E-mail address: forger@ime.usp.br 2E-mail address: sromero@ufv.br ∗Partially supported by CNPq, Brazil †Partially supported by FAPESP, Brazil

1 Introduction

One of the most annoying flaws of the usual canonical formalism in field theory is its lack of manifest covariance, that is, its lack of explicit Lorentz invariance (in the context of special relativity) and more generally its lack of explicit invariance under space-time coordinate transformations (in the context of general relativity). Of course, this defect is built into the theory from the very beginning, since the usual canonical formalism represents the dynamical variables of classical field theory by functions on some spacelike hypersurface (Cauchy data) and provides differential equations for their time evolution off this hypersurface: thus it presupposes a splitting of space-time into space and time, in the form of a foliation of space-time into Cauchy surfaces. As a result, canonical quantization leads to models of quantum field theory whose covariance is far from obvious and in fact constitutes a formidable problem: as a well known example, we may quote the efforts necessary to check Lorentz invariance in (perturbative) quantum electrodynamics in the Coulomb gauge.

These and similar observations have over many decades nourished attempts to develop a fully covariant formulation of the canonical formalism in classical field theory, which would hopefully serve as a starting point for alternative methods of quantization. Among the many ideas that have been proposed in this direction, two have come to occupy a special role. One of these is the “covariant functional formalism”, based on the concept of “covariant phase space” which is defined as the (infinite-dimensional) space of solutions of the equations of motion. This approach was strongly advocated in the 1980’s by Crnković, Witten and Zuckerman [1–3] (see also [4]) who showed how to construct a symplectic structure on the covariant phase space of many important models of field theory (including gauge theories and general relativity), but the idea as such has a much longer history. The other has become known as the “multisymplectic formalism”, based on the concept of “multiphase space” which is a (finite-dimensional) space that can be defined locally by associating to each coordinate q^i not just one conjugate momentum p_i but n conjugate momenta p^μ_i (μ = 1, . . . , n), where n is the dimension of the underlying space-time manifold. In coordinate form, this construction goes back to the classical work of De Donder and Weyl in the 1930’s [5, 6], whereas a global formulation was initiated in the 1970’s by a group of mathematical physicists, mainly in Poland [7–9] but also elsewhere [10–12], and definitely established in the 1990’s [13, 14]; a detailed exposition, with lots of examples, can be found in the GIMmsy paper [15].

The two formalisms, although both fully covariant and directed towards the same ultimate goal, are of different nature; each of them has its own merits and drawbacks.

• The multisymplectic formalism is manifestly consistent with the basic principles of field theory, preserving full covariance, and it is mathematically rigorous because it uses well established methods from calculus on finite-dimensional manifolds. On the other hand, it does not seem to permit any obvious definition of the

Poisson bracket between observables. Even the question of what mathematical objects should represent physical observables is not totally clear and has in fact been the subject of much debate in the literature. Moreover, the introduction of n conjugate momenta for each coordinate obscures the usual duality between canonically conjugate variables (such as momenta and positions), which plays a fundamental role in all known methods of quantization. A definite solution to these problems has yet to be found.

• The covariant functional formalism fits neatly into the philosophy underlying the symplectic formalism in general; in particular, it admits a natural definition of the Poisson bracket (due to Peierls [16] and further elaborated by DeWitt [17–19]) that preserves the duality between canonically conjugate variables. Its main drawback is the lack of mathematical rigor, since it is often restricted to the formal extrapolation of techniques from ordinary calculus on manifolds to the infinitedimensional setting: transforming such formal results into mathematical theorems is a separate problem, often highly complex and difficult.

Of course, the two approaches are closely related, and this relation has been an important source of motivation in the early days of the theory [8]. Unfortunately, however, the tradition of developing them in parallel seems to have partly fallen into oblivion in recent years, during which important progress was made in other directions.

The present paper, based on the PhD thesis of the second author [21], is intended to revitalize this tradition by systematizing and further developing the link between the two approaches, thus contributing to integrate them into one common picture. It is organized into two main sections. In Sect. 2, we briefly review some salient features of the multisymplectic approach to geometric field theory, focussing on the concepts needed to make contact with the covariant functional approach. In particular, this requires a digression on jet bundles of first and second order as well as on the definition of both extended and ordinary multiphase space as the twisted affine dual of the first order jet bundle and the twisted linear dual of the linear first order jet bundle, respectively: this will enable us to give a global definition of the space of solutions of the equations of motion, both in the Lagrangian and Hamiltonian formulation, in terms of a globally defined Euler - Lagrange operator E and a globally defined De Donder - Weyl operator D, respectively. To describe the formal tangent space to this space of solutions at a given point, we also write down the linearization of each of these operators around a given solution. In Sect. 3, we apply these constructions to derive a general expression for the symplectic form Ω on covariant phase space, à la Crnković-Witten- Zuckerman, in terms of the multisymplectic form ω on extended multiphase space. Then we prove, as the main result of this paper, that the Poisson bracket associated with the form Ω, according to the standard rules of symplectic geometry, suitably extended to this infinite-dimensional setting, is precisely the Peierls - DeWitt bracket of classical field theory [16–19]. Finally, in Sect. 4, we comment on the relation of our results to previous work and on perspectives for future research in this area.

2 Multisymplectic Approach

2.1 Overview

The multisymplectic approach to geometric field theory, whose origins can be traced back to the early work of Hermann Weyl on the calculus of variations [6], is based on the idea of modifying the transition from the Lagrangian to the Hamiltonian framework by treating spatial derivatives and time derivatives of fields on an equal footing. Thus one associates to each field component φ^i not just its standard canonically conjugate momentum π_i but rather n conjugate momenta π^μ_i , where n is the dimension of spacetime. In a first order Lagrangian formalism, where one starts out from a Lagrangian L depending on the field and its first partial derivatives, these are obtained by a covariant analogue of the Legendre transformation

π^μ_i = ∂L ∂ ∂_μφ^i . (1)

This allows to rewrite the standard Euler - Lagrange equations of field theory ∂_μ ∂L ∂ ∂_μφ^i − ∂L ∂φ^i = 0 (2)

as a covariant first order system, the covariant Hamiltonian equations or De Donder - Weyl equations ∂H ∂π^μ_i = ∂_μφ^i , ∂H ∂φ^i = − ∂_μπ^μ_i (3)

where H = π^μ_i ∂_μφ^i − L (4)

is the covariant Hamiltonian density or De Donder - Weyl Hamiltonian.

Multiphase space (ordinary as well as extended) is the geometric environment built by appropriately patching together local coordinate systems of the form (q^i, p^μ_i ) – instead of the canonically conjugate variables (q^i, p_i) of mechanics – together with spacetime coordinates x^μ and, in the extended version, a further energy type variable that we shall denote by p (without any index). The global construction of these multiphase spaces, however, has only gradually come to light; it is based on the following mathematical concepts.

• The collection of all fields in a given theory, defined over a fixed (n-dimensional orientable) space-time manifold M, is represented by the sections φ of a given fiber bundle E over M, with bundle projection π : E → M and typical fiber Q. This bundle will be referred to as the configuration bundle of the theory since Q corresponds to the configuration space of possible field values.

• The collection of all fields together with their partial derivatives up to a certain order, say order r, is represented by the r-jets j^rφ ≡ (φ, ∂φ, . . . , ∂^rφ) of sections of E, which are themselves sections of the r^{th} order jet bundle J^rE of E, regarded as a fiber bundle over M. In this paper, we shall only need first order jet bundles, with one notable exception: the global formulation of the Euler - Lagrange equations requires introducing the second order jet bundle.

• Dualization – the concept needed to pass from the Lagrangian to the Hamiltonian framework via the Legendre transformation – comes in two variants, based on the fundamental observation that the first order jet bundle J^1E of E is an affine bundle over E whose difference vector bundle ⃗J^1E will be referred to as the linear jet bundle. Ordinary multiphase space is obtained as the twisted linear dual ⃗J^{1◯∗}E of ⃗J^1E while extended multiphase space is obtained as the twisted affine dual J^{1◯⋆}E of J^1E, where the prefix “twisted” refers to the necessity of taking an additional tensor product with the bundle of n-forms on M.^1

• The Lagrangian L is a function on J^1E with values in the bundle of n-forms on M so that it may be integrated to provide an action functional which enters the variational principle. The De Donder - Weyl Hamiltonian H is a section of J^{1◯⋆}E, considered as an affine line bundle over ⃗J^{1◯∗}E.

Note that the formalism is set up so as to require no additional structure on the configuration bundle or on any other bundle constructed from it: all are merely fiber bundles over the space-time manifold M. Of course, additional structures do arise when one is dealing with special classes of fields (matter fields and the metric tensor in general relativity are sections of vector bundles, connections are sections of affine bundles, nonlinear fields such as those arising in the sigma model are sections of trivial fiber bundles with a fixed Riemannian metric on the fibers, etc.), but such additional structures depend on the kind of theory considered and thus are not universal. Finally, the restriction imposed on the order of the jet bundles considered reflects the fact that almost all known examples of field theories are governed by second order partial differential equations which can be derived from a Lagrangian that depends only on the fields and their partial derivatives of first order, which is why it is reasonable to develop the general theory on the basis of a first order formalism, as is done in mechanics [22,23].

2.2 The First Order Jet Bundle

The field theoretical analogue of the tangent bundle of mechanics is the first order jet bundle J^1E associated with the configuration bundle E over M. Given a point e in E

1We use an asterisk ∗ to denote linear duals of vector spaces or bundles and a star ⋆ to denote affine duals of affine spaces or bundles. These symbols are appropriately encircled to characterize twisted duals, as opposed to the ordinary duals defined in terms of linear or affine maps with values in R.

with base point x = π(e) in M, the fiber J^1_e E of J^1E at e consists of all linear maps from the tangent space T_xM of the base space M at x to the tangent space T_eE of the total space E at e whose composition with the tangent map T_eπ : T_eE → T_xM to the projection π : E → M gives the identity on T_xM:

J^1_e E = { γ ∈ L(T_xM, T_eE) : T_eπ ∘ γ = id_{TxM} } . (5)

Thus the elements of J^1_e E are precisely the candidates for the tangent maps at x to (local) sections φ of the bundle E satisfying φ(x) = e. Obviously, J^1_e E is an affine subspace of the vector space L(T_xM, T_eE) of all linear maps from T_xM to the tangent space T_eE, the corresponding difference vector space being the vector space of all linear maps from T_xM to the vertical subspace V_eE: ⃗J^1_e E = { ⃗γ ∈ L(T_xM, T_eE) : T_eπ ∘ ⃗γ = 0 } = L(T_xM, V_eE) ∼= T^∗_x M ⊗ V_eE . (6) The jet bundle J^1E thus defined admits two different projections, namely the target projection τ_E : J^1E → E and the source projection σ_E : J^1E → M which is simply its composition with the original bundle projection, that is, σ_E = π ∘ τ_E . The same goes for ⃗J^1E, which we shall call the linearized first order jet bundle or simply linear jet bundle associated with the configuration bundle E over M.

The structure of J^1E and of ⃗J^1E as fiber bundles over M with respect to the source projection (in general without any additional structure), as well as that of J^1E as an affine bundle and of ⃗J^1E as a vector bundle over E with respect to the target projection, can most easily be seen in terms of local coordinates. Namely, local coordinates x^μ for M and q^i for Q, together with a local trivialization of E, induce local coordinates (x^μ, q^i) for E as well as local coordinates (x^μ, q^i, q^i_μ) for J^1E ⊂ L(π^∗(T M), T E) and (x^μ, q^i,⃗q^i_μ) for ⃗J^1E ⊂ L(π^∗(T M), T E). Moreover, local coordinate transformations x^μ → x^{′ν} for M and q^i → q^{′j} for Q, together with a change of local trivialization of E, correspond to a local coordinate transformation (x^μ, q^i) → (x^{′ν} , q^{′j}) for E where

x^{′ν} = x^{′ν} (x^μ) , q^{′j} = q^{′j} (x^μ, q^i) . (7)

The induced local coordinate transformations (x^μ, q^i, q^i_μ) → (x^{′ν}, q^{′j} , q^{′j}_ν ) for J^1E and (x^μ, q^i,⃗q^i_μ) → (x^{′ν} , q^{′j},⃗q^{′j}_ν ) for ⃗J^1E are then easily seen to be given by q^{′j}_ν = ∂x^μ ∂x^{′ν} ∂q^{′j} ∂q^i q^i_μ + ∂x^μ ∂x^{′ν} ∂q^{′j} ∂x^μ , (8) and ⃗q^{′j}_ν = ∂x^μ ∂x^{′ν} ∂q^{′j} ∂q^i ⃗q^i_μ . (9)

This makes it clear that J^1E is an affine bundle over E with difference vector bundle

⃗J^1E = T^∗M ⊗ VE , (10)

in accordance with eq. (6).^2

That the (first order) jet bundle of a fiber bundle is the adequate arena to incorporate (first order) derivatives of fields becomes apparent by noting that a global section φ of E over M naturally induces a global section j^1φ of J^1E over M given by

j^1φ(x) = T_xφ ∈ J^1_{φ(x)}E for x ∈ M .

In the mathematical literature, j^1φ is called the (first) prolongation of φ, but it would be more intuitive to simply call it the derivative of φ since in the local coordinates used above, j^1φ(x) = (x^μ, φ^i(x), ∂_μφ^i(x)) ,

where ∂_μ = ∂/∂x^μ; this is symbolically summarized by writing j^1φ ≡ (φ, ∂φ).

Similarly, it can be shown that the linear jet bundle of a fiber bundle is the adequate arena to incorporate covariant derivatives of sections, with respect to an arbitrarily chosen connection.

Finally, let us discuss briefly the lifting, from E to J^1E, of (local) bundle automorphisms and, passing to generators of one-parameter groups, of projectable vector fields. Let Φ : E → E be an automorphism of the fiber bundle E over M and ϕ : M → M the induced diffeomorphism of M such that the diagram E Φ −→ E π π M ϕ −→ M commutes. This can be lifted to an automorphism of the jet bundle J^1E, as an affine bundle over E, by defining J^1Φ : J^1E → J^1E as follows: given a point e in E with base point x = π(e) in M and a 1-jet γ ∈ J^1_e E, define the 1-jet J^1Φ(γ) ∈ J^1_{Φ(e)}E by

J^1Φ(γ) = T_eΦ ∘ γ ∘ (T_xϕ)^{−1} . (11)

2Given any vector bundle V over M , such as T M , T^∗M or any of their exterior powers, one can consider it as as vector bundle over E by forming its pull-back π^∗V . In order not to overload the notation, we shall here and in what follows suppress the symbol π^∗.

Obviously, this formula defines a linear map from L(T_xM, T_eE) to L(T_{ϕ(x)}M, T_{Φ(e)}E) that restricts to an affine map from J^1_e E to J^1_{Φ(e)}E :

T_{Φ(e)}π ∘ J^1Φ(γ) = T_{Φ(e)}π ∘ T_eΦ ∘ γ ∘ (T_xϕ)^{−1} = T_e (π ∘ Φ) ∘ γ ∘ (T_xϕ)^{−1} = T_e (ϕ ∘ π) ∘ γ ∘ (T_xϕ)^{−1} = T_xϕ ∘ T_eπ ∘ γ ∘ (T_xϕ)^{−1} = T_xϕ ∘ id_{TxM} ∘ (T_xϕ)^{−1} = id_{Tϕ(x)M} .

In particular, the diagram

J^1E

J^1Φ −→ J^1E τ τ E Φ −→ E commutes, justifying to call J^1Φ the first prolongation of Φ. This construction can be generalized to any fiber bundle map Φ : E → F over a (local) diffeomorphism ϕ : M → N , giving an affine bundle map J^1Φ : J^1E → J^1F over Φ : E → F .

Passing to the description of the infinitesimal situation, let us consider a projectable vector field V on E, whose flow is a one-parameter group of (local) automorphisms of E that can be lifted to a one-parameter group of local automorphisms of J^1E, generated by a projectable vector field J^1V on J^1E: this is then defined to be the prolongation of V . Thus V = ∂Φ_λ ∂λ | | |_{λ=0} =⇒ J^1V =

∂(J^1Φ_λ) ∂λ | | |_{λ=0} .

In local coordinates as before, we can write V = V^μ ∂ ∂x^μ + V^i ∂ ∂q^i (12)

where V^μ = V^μ(x^ν ) and V^i = V^i(x^ν , q^j), and since the lifting of bundle automorphisms is described by the transformation law (8), differentiation with respect to λ gives

J^1V = V^μ ∂ ∂x^μ + V^i ∂ ∂q^i + ( ∂V^i ∂q^k q^k_μ − ∂V^κ ∂x^μ q^i_κ + ∂V^i ∂x^μ ) ∂ ∂q^i_μ . (13)

2.3 Duality

The next problem to be addressed is how to define an adequate notion of dual for J^1E. The necessary background information from the theory of affine spaces and of affine bundles (including the definition of the affine dual of an affine space and of the transpose of an affine map between affine spaces) is summarized in the Appendix. Briefly, the rules state that if A is an affine space of dimension k over R, its dual A^⋆ is the space A(A, R) of affine maps from A to R, which is a vector space of dimension k + 1. Thus the affine dual J^{1⋆}E of J^1E and the linear dual ⃗J^{1 ∗}E of ⃗J^1E are obtained by taking their fiber over any point e in E to be the vector space

J^{1⋆}_e E = { z_e : J^1_e E −→ R affine } (14) and ⃗J^{1 ∗}_e E = { ⃗z_e : ⃗J^1_e E −→ R linear } (15)

respectively. However, as mentioned before, the multiphase spaces of field theory are defined with an additional twist, replacing the real line by the one-dimensional space of volume forms on the base manifold M at the appropriate point. In other words, the twisted affine dual J^{1◯⋆}E = J^{1⋆}E ⊗ ⋀_n T^∗M (16)

of J^1E and the twisted linear dual

⃗J^{1◯∗}E = ⃗J^{1 ∗}E ⊗ ⋀^n T^∗M (17)

of ⃗J^1E are defined by taking their fiber over any point e in E with base point x = π(e) in M to be the vector space

J^{1◯⋆}_e E = { z_e : J^1_e E −→ ⋀_n T^∗_x M affine } (18) and ⃗J^{1◯∗}_e E = { ⃗z_e : ⃗J^1_e E −→ ⋀^n T^∗_x M linear } (19)

respectively.^2 As in the case of the jet bundle and the linear jet bundle, all these duals admit two different projections, namely a target projection onto E and a source projection onto M which is simply its composition with the original projection π.

Using local coordinates as before, it is easily shown that all these duals are fiber bundles over M with respect to the source projection (in general without any additional structure) and are vector bundles over E with respect to the target projection. Namely, introducing local coordinates (x^μ, q^i) for E together with the induced local coordinates (x^μ, q^i, q^i_μ) for J^1E and (x^μ, q^i,⃗q^i_μ) for ⃗J^1E as before, we obtain local coordinates (x^μ, q^i, p^μ_i , p) both for J^{1⋆}E and for J^{1◯⋆}E as well as local coordinates (x^μ, q^i, p^μ_i ) both for ⃗J^{1 ∗}E and for ⃗J^{1◯∗}E, respectively. These are defined by requiring the dual pairing between a point in J^{1⋆}E or J^{1◯⋆}E with coordinates (x^μ, q^i, p^μ_i , p) and a point in J^1E with coordinates (x^μ, q^i, q^i_μ) to be given by

p^μ_i q^i_μ + p (20) in the ordinary (untwisted) case and by ( p^μ_i q^i_μ + p ) d^nx (21)

in the twisted case, whereas the dual pairing between a point in ⃗J^{1 ∗}E or in ⃗J^{1◯∗}E with coordinates (x^μ, q^i, p^μ_i ) and a point in ⃗J^1E with coordinates (x^μ, q^i,⃗q^i_μ) is given by

p^μ_i ⃗q^i_μ (22)

in the ordinary (untwisted) case and by

p^μ_i ⃗q^i_μ d^nx (23)

in the twisted case. Moreover, a local coordinate transformation (x^μ, q^i) → (x^{′ν} , q^{′j}) for E as in eq. (7) induces local coordinate transformations for J^1E and for ⃗J^1E as in eqs (8) and (9) which in turn induce local coordinate transformations (x^μ, q^i, p^μ_i , p) → (x^{′ν} , q^{′j}, p^{′ν}_j , p^′) both for J^{1⋆}E and for J^{1◯⋆}E as well as local coordinate transformations (x^μ, q^i, p^μ_i ) → (x^{′ν} , q^{′j}, p^{′ν}_j ) both for ⃗J^{1 ∗}E and for ⃗J^{1◯∗}E: these are given by

p^{′ν}_j = ∂x^{′ν} ∂x^μ ∂q^i ∂q^{′j} p^μ_i , p^′ = p − ∂q^{′j} ∂x^μ ∂q^i ∂q^{′j} p^μ_i (24)

in the ordinary (untwisted) case and

p^{′ν}_j = det ( ∂x ∂x^′ ) ∂x′ν ∂x^μ ∂q^i ∂q^{′j} p^μ_i , p^′ = det ( ∂x ∂x^′ ) ( p − ∂q^{′j} ∂x^μ ∂q^i ∂q^{′j} p^μ_i ) (25)

in the twisted case.

Finally, it is worth noting that the affine duals J^{1⋆}E and J^{1◯⋆}E of J^1E contain line subbundles J^{1⋆}_c E and J^{1◯⋆}_c E whose fiber over any point e in E with base point x = π(e) in M consists of the constant (rather than affine) maps from J^1_e E to R and to ⋀_n T^∗_x M, respectively, and the corresponding quotient vector bundles over E can be naturally identified with the respective linear duals ⃗J^{1 ∗}E and ⃗J^{1◯∗}E of ⃗J^1E, i.e., we have

J^{1⋆}E/J^{1⋆}_c E ∼= ⃗J^{1 ∗}E (26) and J^{1◯⋆}E/J^{1◯⋆}_c E ∼= ⃗J^{1◯∗}E (27) respectively. This shows that, in both cases, the corresponding projection onto the quotient amounts to “forgetting the additional energy variable” since it takes a point with coordinates (x^μ, q^i, p^μ_i , p ) to the point with coordinates (x^μ, q^i, p^μ_i ); it will be denoted by η and is easily seen to turn J^{1⋆}E and J^{1◯⋆}E into affine line bundles over ⃗J 1 ∗E and over ⃗J 1^◯∗E, respectively.

2.4 The Second Order Jet Bundle

For an appropriate global formulation of the standard Euler - Lagrange equations of field theory, which are second order partial differential equations, it is useful to introduce the second order jet bundle J^2E associated with the configuration bundle E over M. It can be defined either directly, as is usually done, or by invoking an iterative procedure, which is the method we shall follow here. Starting out from the first order jet bundle J^1E of E, regarded as a fiber bundle over M, we consider its first order jet bundle J^1J^1E and define, in a first step, the semiholonomic second order jet bundle J̄^2E of E to be the subbundle of J^1J^1E given by

J̄^2E = { κ ∈ J^1J^1E : τ_{J 1 E} (κ) = J^1τ_E (κ) } (28)

where τ_J 1_E : J^1J^1E → J^1E is the target projection of J^1J^1E while J^1τ_E : J^1J^1E → J^1E is the prolongation of the target projection τ_E : J^1E → E of J^1E, considered as a map of fiber bundles over M. As will become clear below, J̄^2E is an affine bundle over E, with difference vector bundle (T^∗M ⊕ (T^∗M ⊗ T^∗M)) ⊗ VE. Therefore, using the construction of the affine quotient of an affine space (bundle) by a vector subspace (subbundle) of its difference vector space (bundle), as explained in the Appendix, we may complete the construction by observing that since T^∗M ⊗ T^∗M contains

⋀_2 T^∗M as a vector subbundle (and hence so does T^∗M ⊕ (T^∗M ⊗ T^∗M)), it is possible to define the second order jet bundle J^2E of E as the quotient

J^2E = J̄^2E /

⋀_2 T^∗M ⊗ VE . (29) Once again, J^2E is an affine bundle over E, with difference vector bundle ⃗J^2E = (T^∗M ⊕ ⋁_2 T^∗M ) ⊗ VE . (30) These assertions can be proved by introducing local coordinates (x^μ, q^i) for E together with the induced local coordinates (x^μ, q^i, q^i_μ) for J^1E as before to first define induced local coordinates (x^μ, q^i, q^i_μ, r^i_μ, q^i_{μρ}) for J^1J^1E. Simple calculations then show that the points of J̄^2E are characterized by the condition q^i_μ = r^i_μ and the points of J^2E by the additional condition q^i_{μρ} = q^i_{ρμ}. Moreover, a local coordinate transformation (x^μ, q^i) → (x^{′ν}, q^{′j} ) for E as in eq. (7) induces a local coordinate transformation for J^1E as in eq. (8) which in turn induces a local coordinate transformation (x^μ, q^i, q^i_μ, r^i_μ, q^i_{μρ}) → (x^{′ν} , q^{′j}, q^{′j}_ν , r^{′j}_ν , q^{′j}_{νσ} ) for J^1J^1E, given by eq. (8) together with r^{′j}_ν = ∂x^μ ∂x^{′ν} ∂q^{′j} ∂q^i r^i_μ + ∂x^μ ∂x^{′ν} ∂q^{′j} ∂x^μ , (31)

q^{′j}_{νσ} = ∂x^ρ ∂x^{′σ} ∂q^{′j}_ν ∂q^i_μ q^i_{μρ} + ∂x^ρ ∂x^{′σ} ∂q^{′j}_ν ∂x^ρ . (32)

In particular, eqs (8) and (31) show that q^i_μ = r^i_μ implies q^{′j}_ν = r^{′j}_ν , as required by the global, coordinate independent nature of the definition of J̄^2E as a subbundle of J^1J^1E, while eq. (32) can be further evaluated by differentiating eq. (8) with respect to q^i_μ and x^ρ, which leads to q^{′j}_{νσ} = ∂x^μ ∂x^{′ν} ∂x^ρ ∂x^{′σ} ∂q^{′j} ∂q^i q^i_{μρ} + ( ∂x^μ ∂x^{′ν} ∂x^ρ ∂x^{′σ} ∂^2q^{′j} ∂x^ρ ∂q^i − ∂x^κ ∂x^{′ν} ∂x^ρ ∂x^{′σ} ∂x^μ ∂x^{′λ} ∂^2x^{′λ} ∂x^ρ ∂x^κ ∂q^{′j} ∂q^i ) q^i_μ (33) + ( ∂x^μ ∂x^{′ν} ∂x^ρ ∂x^{′σ} ∂^2q^{′j} ∂x^ρ ∂x^μ − ∂x^κ ∂x^{′ν} ∂x^ρ ∂x^{′σ} ∂x^μ ∂x^{′λ} ∂^2x^{′λ} ∂x^ρ ∂x^κ ∂q^{′j} ∂x^μ ) . This is also the induced local coordinate transformation for J̄^2E, whereas that for J^2E is obtained by symmetrization: q^{′j}_{νσ} = ∂x^μ ∂x^{′ν} ∂x^ρ ∂x^{′σ} ∂q^{′j} ∂q^i q^i_{μρ} + ( 1 2 ( ∂x^μ ∂x^{′ν} ∂x^ρ ∂x^{′σ} + ∂x^μ ∂x^{′σ} ∂x^ρ ∂x^{′ν} ) ∂^2q^{′j} ∂x^ρ ∂q^i − ∂x^κ ∂x^{′ν} ∂x^ρ ∂x^{′σ} ∂x^μ ∂x^{′λ} ∂^2x^{′λ} ∂x^ρ ∂x^κ ∂q^{′j} ∂q^i ) q^i_μ + ( ∂x^μ ∂x^{′ν} ∂x^ρ ∂x^{′σ} ∂^2q^{′j} ∂x^ρ ∂x^μ − ∂x^κ ∂x^{′ν} ∂x^ρ ∂x^{′σ} ∂x^μ ∂x^{′λ} ∂^2x^{′λ} ∂x^ρ ∂x^κ ∂q^{′j} ∂x^μ ) . (34)

Both formulas indicate that J̄^2E and J^2E are indeed affine bundles over E, with difference vector bundles as stated above.

The equivalence between the definition of the second order jet bundle given here and the traditional one is obtained observing that the iterated jet j^1j^1φ of a (local) section φ of E assume values not only in J̄^2E but even in J^2E, due to the Schwarz rule. Therefore, second order jets in the traditional sense, that is, classes of (local) sections where the equivalence relation is the equality between the Taylor expansion up to second order, are in one-to-one correspondence with these iterated jets of (local) sections. Moreover, a global section φ of E over M naturally induces a global section j^2φ of J^2E over M such that in the local coordinates used above

j^2φ(x) = (x^μ, φ^i(x), ∂_μφ^i(x), ∂_μ∂_ν φ^i(x)) .

where ∂_μ = ∂/∂x^μ; this is symbolically summarized by writing j^2φ = (φ, ∂φ, ∂^2φ).

2.5 The Legendre Transformation

A Lagrangian field theory is defined by its configuration bundle E over M and its Lagrangian density or simply Lagrangian, which in the present first order formalism is a map of fiber bundles over E:

L : J^1E −→ ⋀_n T^∗M . (35)

The requirement that L should take values in the volume forms rather than the functions on space-time is imposed to guarantee that the action functional S : Γ(E) → R given by S[φ] = ∫ M L(φ, ∂φ) for φ ∈ Γ(E) (36)

be well-defined and independent of the choice of additional structures, such as a spacetime metric.^3 Such a Lagrangian gives rise to a Legendre transformation, which comes in two variants: as a map ⃗F L : J^1E −→ ⃗J^{1◯∗}E (37)

or as a map FL : J^1E −→ J^{1◯⋆}E (38)

of fiber bundles over E. For any point γ in J^1_e E, the latter is defined as the usual fiber derivative of L at γ, which is the linear map from ⃗J^1_e E to ⋀_n T^∗_x M given by ⃗F L(γ) · ⃗κ = d dλ L(γ + λ⃗κ) | | |_{λ=0} for ⃗κ^∈ ⃗J^1_e E , (39)

whereas the former encodes the entire Taylor expansion, up to first order, of L around γ along the fibers, which is the affine map from J^1_e E to ⋀_n T^∗_x M given by

FL(γ) · κ = L(γ) + d dλ L(γ + λ(κ − γ)) | | |_{λ=0} for κ^∈ J^1_e E . (40)

Of course, ⃗F L is just the linear part of FL, that is, its composition with the bundle projection η from extended to ordinary multiphase space: ⃗F L = η ∘ FL. In local coordinates as before, FL is given by

p^μ_i = ∂L ∂q^i_μ , p = L − ∂L ∂q^i_μ q^i_μ (41)

where L = L d^nx. Finally, if L is supposed to be hyperregular, which by definition means that ⃗FL should be a global diffeomorphism, then one can define the De Donder - Weyl Hamiltonian H to be the section of J^{1◯⋆}E over ⃗J^{1◯∗}E given by

H = FL ∘ (⃗F L)^{−1} . (42)

In local coordinates as before, this leads to

H = p^μ_i q^i_μ − L (43)

where L = L d^nx and H = − H d^nx, as stipulated in eq. (4).

Conversely, the covariant Hamiltonian formulation of a field theory that can be described in terms of a configuration bundle E over M is defined by its Hamiltonian

3Strictly speaking, the integration should be restricted to compact subsets of space-time, which leads to an entire family of action functionals.

density or simply Hamiltonian, in the spirit of De Donder and Weyl, which in global terms is a section of extended multiphase space J^{1◯⋆}E as an affine line bundle over ordinary multiphase space ⃗J^{1◯∗}E: H : ⃗J^{1◯∗}E −→ J^{1◯⋆}E . (44) Such a Hamiltonian gives rise to an inverse Legendre transformation, which is a map

FH : ⃗J^{1◯∗}E −→ J^1E (45)

of fiber bundles over E defined as follows. For any point ⃗z in ⃗J^{1◯∗}_e E, the usual fiber derivative of H at ⃗z is a linear map from ⃗J^{1◯∗}_e E to J^{1◯⋆}_e E which when composed with the projection η from J^{1◯⋆}_e E to ⃗J^{1◯∗}_e E gives the identity on ⃗J^{1◯∗}_e E (since H is a section): such linear maps form an affine subspace of the vector space of all linear maps from ⃗J^{1◯∗}_e E to J^{1◯⋆}_e E that can be naturally identified with the original affine space J^1_e E, as explained in the Appendix. In local coordinates as before, FH is given by

q^i_μ = ∂H ∂p^μ_i (46)

where H = − H d^nx. Finally, if H is supposed to be hyperregular, which by definition means that FH should be a global diffeomorphism, then one can define the Lagrangian L to be given by L(γ) = ( H ∘ (FH)^{−1} ) (γ) · γ . (47)

In local coordinates as before, this leads to

L = p^μ_i q^i_μ − H (48)

where L = L d^nx and H = − H d^nx.

Thus in the hyperregular case, the two processes are inverse to each other and allow one to pass freely between the Lagrangian and the Hamiltonian formulation. Of course, this is no longer true for field theories with local symmetries, in particular gauge theories, which require additional conceptual input.

At any rate, it has become apparent that even in the regular case, the full power of the multiphase space approach to geometric field theory can only be explored if one uses the ordinary and extended multiphase spaces in conjunction.

2.6 Canonical Forms

The distinguished role played by the extended multiphase space is due to the fact that it carries a naturally defined multisymplectic form ω, derived from an equally naturally defined multicanonical form θ by exterior differentiation: it is this property that turns it into the field theoretical analogue of the cotangent bundle of mechanics.^4 Global constructions are given in the literature [13–15], so we shall content ourselves with stating that in local coordinates (x^μ, q^i, p^μ_i , p) as before, θ takes the form

θ = p^μ_i dq^i ∧ d^nx_μ + p d^nx , (49)

so ω = −dθ becomes ω = dq^i ∧ dp^μ_i ∧ d^nx_μ − dp ∧ d^nx . (50) Given a Lagrangian L, we can use the associated Legendre transformation FL to pull back θ and ω and thus define the Poincaré-Cartan forms θ_L and ω_L on J^1E associated with the Lagrangian L:

θ_L = (FL)^∗ θ , ω_L = (FL)^∗ ω . (51)

Similarly, given a Hamiltonian H, we can use it to pull back θ and ω and thus define the De Donder - Weyl forms θ_H and ω_H on ⃗J^{1◯∗}E associated with the Hamiltonian H:

θ_H = H^∗θ , ω_H = H^∗ω . (52)

Of course, ω_L = − dθ_L and ω_H = − dθ_H ; moreover, supposing that H ∘ ⃗F L = FL, we have θ_L = (⃗F L)^∗θ_H , ω_L = (⃗F L)^∗ω_H . (53) In local coordinates as before, eq. (49) implies that

θ_L = ∂L ∂q^i_μ dq^i ∧ d^nx_μ + ( L − ∂L ∂q^i_μ q^i_μ ) d^nx , (54)

θ_H = p^μ_i dq^i ∧ d^nx_μ − H d^nx . (55) It is useful to note that the forms θ_L and θ_H allow us to give a very simple definition of the action functional: it is given by pull-back and integration over space-time.^4 Thus in the Lagrangian framework, the action associated with a section φ of E over M is obtained by taking the pull-back of θ_L with its derivative which is a section (φ, ∂φ) of J^1E over M, S[φ] = ∫ M (φ, ∂φ)^∗ θ_L for φ ∈ Γ(E) , (56)

whereas in the Hamiltonian framework, the action associated with a section (φ, π) of ⃗J^{1◯∗}E over M is simply S[φ, π] = ∫ M (φ, π)^∗ θ_H for (φ, π) ∈ Γ( ⃗J^{1◯∗}E) . (57)

4Note that this statement fails if one uses the ordinary duals instead of the twisted ones.

In both cases, it can be shown that the stationary points of the action are precisely the solutions of the corresponding Euler - Lagrange and De Donder - Weyl equations, respectively. It is therefore no surprise that these equations can be formulated globally through the vanishing of certain (in general nonlinear) differential operators E and D defined solely in terms of the forms ω_L and ω_H, respectively. However, an explicit construction in the spirit of global analysis [24,25] does not seem to be readily available, although there do exist various attempts that go a long way in the right direction; see, e.g., [26] for the Lagrangian case and [13] for the Hamiltonian case.

2.7 Euler - Lagrange and De Donder - Weyl Operator

Theorem 1 Given a Lagrangian density as in eq. (35) above, define the corresponding Euler - Lagrange operator to be the map

E : J^2E −→ V^∗E ⊗ ⋀_n T^∗M (58)

of fiber bundles over J^1E^5 that associates to each 2-jet (φ, ∂φ, ∂^2φ) of (local) sections φ of E over M and each vertical vector field V on E the n-form on M given by

E(φ, ∂φ, ∂^2φ) · V = (φ, ∂φ)^∗ (i_J 1_V ω_L) . (59)

Then for any section φ of E, E(φ, ∂φ, ∂^2φ) is the zero section if only if φ satisfies the Euler - Lagrange equations associated to L.

Proof: Let V be a vertical vector field on E, with local coordinate expression V = V^i ∂ ∂q^i (cf. eq. (12)), and let J^1V be its lifting to J^1E, with local coordinate expression

J^1V = V^i ∂ ∂q^i + ( ∂V^i ∂q^k q^k_μ + ∂V^i ∂x^μ ) ∂ ∂q^i_μ (cf. eq. (13)). Applying the exterior derivative to eq. (54), contracting with J^1V and then pulling back with (φ, ∂φ) gives, after some calculation,

(φ, ∂φ)^∗(i_J 1_V ω_L) =

∂^2L ∂x^μ ∂q^i_μ (φ, ∂φ) V^i(φ) d^nx + ∂^2L ∂q^j ∂q^i_μ (φ, ∂φ) V^i(φ) ∂_μφ^j d^nx + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) V^i(φ) ∂_μ∂_ν φ^j d^nx − ∂L ∂q^i (φ, ∂φ) V^i(φ) d^nx

= ( ∂_μ ( ∂L ∂q^i_μ (φ, ∂φ) ) − ∂L ∂q^i (φ, ∂φ) ) V^i(φ) d^nx , 5Again, we suppress the symbols indicating the pull-back of bundles from E or M to J^1E.

where it is to be noted that the terms depending on the derivatives of V have dropped out. This leads to the following explicit formula for E: E(φ, ∂φ, ∂^2φ) = ( ∂_μ ( ∂L ∂q^i_μ (φ, ∂φ) ) − ∂L ∂q^i (φ, ∂φ) ) dq^i ⊗ d^nx . (60)

In particular, it is clear that E depends on φ only through the point values of φ and its partial derivatives up to second order, which concludes the proof. □

Theorem 2 Given a Hamiltonian density as in eq. (44) above, define the corresponding De Donder - Weyl operator to be the map

D : J^1( ⃗J^{1◯∗}E) −→ V^∗( ⃗J^{1◯∗}E) ⊗ ⋀_n T^∗M (61)

of fiber bundles over ⃗J^{1◯∗}E^6 that associates to each 1-jet (φ, π, ∂φ, ∂π) of (local) sections (φ, π) of ⃗J^{1◯∗}E over M and each vertical vector field V on ⃗J^{1◯∗}E the n-form on M given by D(φ, π, ∂φ, ∂π) · V = (φ, π)^∗ (i_V ω_H) . (62) Then for any section (φ, π) of ⃗J^{1◯∗}E, D(φ, π, ∂φ, ∂π) is the zero section if only if (φ, π) satisfies the De Donder - Weyl equations associated to H.

Proof: Let V be a vertical vector field on ⃗J^{1◯∗}E, with local coordinate expression V = V^i ∂ ∂q^i + V^μ_i ∂ ∂p^μ_i . Applying the exterior derivative to eq. (55), contracting with V and then pulling back with (φ, π) gives, after a short calculation,

(φ, π)^∗(i_V ω_H) = ∂_μπ^μ_i V^i(φ, π) d^nx + ∂H ∂q^i (φ, π) V^i(φ, π) d^nx − ∂_μφ^i V^μ_i (φ, π) d^nx + ∂H ∂p^μ_i (φ, π) V^μ_i (φ, π) d^nx . This leads to the following explicit formula for D: D(φ, π, ∂φ, ∂π) = ( ∂H ∂q^i (φ, π) − ∂_μπ^μ_i ) dq^i ⊗ d^nx

+ ( ∂H ∂p^μ_i (φ, π) + ∂_μφ^i ) dp^μ_i ⊗ d^nx . (63)

In particular, it is clear that D depends on (φ, π) only through the point values of φ and π and their partial derivatives up to first order, which concludes the proof. □

6Again, we suppress the symbols indicating the pull-back of bundles from E or M to ⃗J^{1◯∗}E.

2.8 Jacobi Operators

In order to make contact with the functional formalism to be discussed in the next section, we must also derive explicit expressions for the linearization of the Euler - Lagrange operator and the De Donder - Weyl operator around a given solution of the equations of motion. This leads to linear differential operators between vector bundles over M that we shall refer to as Jacobi operators, generalizing the familiar derivation of the Jacobi equation by linearizing the geodesic equation.

In its Lagrangian version, the Jacobi operator is a second order differential operator

J_L[φ] : Γ(V_φ) −→ Γ(V^{◯∗}_φ ) , (64)

where V_φ = φ^∗(VE) and V^{◯∗}_φ = φ^∗(V^∗E) ⊗ ⋀_n T^∗M, obtained by linearizing the Euler - Lagrange operator E around a given solution φ of the equations of motion. Similarly, in its Hamiltonian version, the Jacobi operator is a first order differential operator J_H[φ, π] : Γ(V_{(φ,π)}) −→ Γ(V^{◯∗}_{(φ,π)}) , (65)

where V_{(φ,π)} = (φ, π)^∗(V ( ⃗J^{1◯∗}E)) and V^{◯∗}_{(φ,π)} = (φ, π)^∗(V^∗( ⃗J^{1◯∗}E))⊗ ⋀_n T^∗M, obtained by linearizing the De Donder - Weyl operator D around a given solution (φ, π) of the equations of motion. (Thus in both cases, the vector bundles involved are obtained by pulling back the appropriate vertical bundle and its twisted dual with the solution of the nonlinear equation around which the linearization is performed,) To obtain explicit expressions, consider an arbitrary variation φ_λ around φ and evaluate E(φ_λ, ∂φ_λ, ∂^2φ_λ) which, for each λ, is a section of V^{◯∗}_{φλ} , observing that since φ = φ_λ | |_{λ=0} is a solution, E(φ_λ, ∂φ_λ, ∂^2φ_λ) | |_{λ=0} is the zero section of V^{◯∗}_φ , and setting δφ = ∂ ∂λ φ_λ | | |_{λ=0} . (66)

Noting that in local coordinates, the value of E(φ_λ, ∂φ_λ, ∂^2φ_λ) at a point x in M with coordinates x^μ has coordinates (x^μ, φ^i_λ(x), E(φ_λ, ∂φ_λ, ∂^2φ_λ)_i(x)) where the last piece is the coefficient of dq^i ⊗ d^nx in eq. (60), we get by differentiation with respect to λ ∂ ∂λ E(φ_λ, ∂φ_λ, ∂^2φ_λ) | | |_{λ=0} = δφ^i ∂ ∂q^i + ( ∂_μ ( ∂ 2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j )

− ∂^2L ∂q^j ∂q^i (φ, ∂φ) δφ^j − ∂^2L ∂q^jν ∂q^i (φ, ∂φ) ∂_ν δφ^j ) dq^i ⊗ d^nx .

Similarly, consider an arbitrary variation (φ_λ, π_λ) around (φ, π) and evaluate D(φ_λ, π_λ, ∂φ_λ, ∂π_λ) which, for each λ, is a section of V^{◯∗}_{(φλ,πλ )}, observing that since (φ, π) = (φ_λ, π_λ) | |_{λ=0} is a solution, D(φ_λ, π_λ, ∂φ_λ, ∂π_λ) | |_{λ=0} is the zero section of V^{◯∗}_{(φ,π)}, and setting (δφ, δπ) = ∂ ∂λ (φ_λ, π_λ) | | |_{λ=0} . (67)

Again, noting that in local coordinates, the value of D(φ_λ, π_λ, ∂φ_λ, ∂π_λ) at a point x in M with coordinates x^μ has coordinates (x^μ, φ^i_λ(x), (π_λ)^μ_i (x), D(φ_λ, π_λ, ∂φ_λ, ∂π_λ)_i(x), D(φ_λ, π_λ, ∂φ_λ, ∂π_λ)^i_μ(x)) where the last two pieces are the coefficients of dq^i ⊗ d^nx and of dp^μ_i ⊗ d^nx in eq. (63), we get by differentiation with respect to λ ∂ ∂λ D(φ_λ, π_λ, ∂φ_λ, ∂π_λ) | | |_{λ=0} = δφ^i ∂ ∂q^i + δπ^μ_i ∂ ∂p^μ_i + ( ∂^2H ∂q^j ∂q^i (φ, π) δφ^j + ∂^2H ∂p^ν_j ∂q^i (φ, π) δπ^ν_j − ∂_μ δπ^μ_i ) dq^i ⊗ d^nx + ( ∂^2H ∂q^j ∂p^μ_i (φ, π) δφ^j + ∂^2H ∂p^ν_j ∂p^μ_i (φ, π) δπ^ν_j + ∂_μ δφ^i ) dp^μ_i ⊗ d^nx .

In order to show how to extract the Jacobi operators from these expressions, by means of a globally defined prescription, we apply the following construction [10]. Let F be a fiber bundle over M, with bundle projection π_{F,M} : F → M, and W be a vector bundle over F with bundle projection π_{W,F} : W → F , which is then also a fiber bundle (but not necessarily a vector bundle) over M with respect to the composite bundle projection π_{W,M} = π_{F,M} ∘ π_{W,F} : W → M. Thus W admits two different kinds of vertical bundles, V_F W and V_M W , with fibers defined by (V_F )_wW = ker T_wπ_{W,F} and (V_M )_wW = ker T_wπ_{W,M} for w ∈ W ; obviously, the former is contained in the latter as a vector subbundle. Moreover, since W is supposed to be a vector bundle over F , there is a canonical isomorphism V_F W ∼= π^∗_{W,F} W . On the other hand, consider the vertical bundle V F of F which can be pulled back to W to obtain a vector bundle π^∗_{W,F} (V F ) over W , with fibers defined by (π^∗_{W,F} (V F ))_w = V_f F = ker T_f π_{F,M} for w ∈ W with f = π_{W,F} w. Note also that the tangent map to the bundle projection π_{W,F} , which by definition has kernel V_F W , maps V_M W onto V F , so we have the following exact sequence of vector bundles over W : 0 −→ V_F W ∼= π^∗_{W,F} W −→ V_M W −→ π^∗_{W,F} (V F ) −→ 0 . The crucial observation is now that this exact sequence admits a canonical splitting over the zero section 0 : F → W , given simply by its tangent map. Indeed, its tangent map T_f 0 : T_f F → T_{0(f )}W at any point f ∈ F takes the vertical subspace V_f F to the M-vertical subspace (V_M )_{0(f )}W and so restricts to a vertical tangent map

V_f 0 : V_f F → (V_M )_{0(f )}W whose composition with the restriction of the tangent map T_{0(f )}π_{W,F} : T_{0(f )}W → T_f F to (V_M )_{0(f )}W gives the identity on V_f F . Thus the image of V_f 0 is a subspace of (V_M )_{0(f )}W that is complementary to the subspace (V_F )_{0(f )}W = W_f and provides a surjective linear map σ_f : (V_M )_{0(f )}W → W_f of which it is the kernel. At the level of bundles, this corresponds to a surjective vector bundle homomorphism σ : V_M W | |_0 → W .

Applying this construction to the situation at hand, take F = E in the Lagrangian case and F = ⃗J^{1◯∗}E in the Hamiltonian case, setting W = V^∗(F ) ⊗ ⋀_n T^∗M in both cases. The fact that the Euler - Lagrange or De Donder - Weyl operator is being linearized around a solution φ or (φ, π) of the equations of motion then means that we are evaluating its derivative, which a priori takes the variation δφ or (δφ, δπ) to a vector field on W along M which is vertical with respect to the projection of W onto M, precisely over the zero section, so we can apply the operator σ just introduced to project it down to a section of W over M itself. This operation completes the definition of the Jacobi operators, namely

J_L[φ] · δφ = σ ( ∂ ∂λ E(φ_λ, ∂φ_λ, ∂^2φ_λ) | | |_{λ=0} ) , (68) and J_H[φ, π] · (δφ, δπ) = σ ( ∂ ∂λ D(φ_λ, π_λ, ∂φ_λ, ∂π_λ) | | |_{λ=0} ) . (69)

The local coordinate expressions are the ones derived above, that is,

J_L[φ] · δφ = { ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_μ∂_ν δφ^j

+ ( ∂_μ ( ∂ 2L ∂q^jν ∂q^i_μ (φ, ∂φ) ) + ( ∂ 2L ∂q^j ∂q^i_ν − ∂^2L ∂q^i ∂q^jν ) (φ, ∂φ) ) ∂_ν δφ^j (70)

+ ( ∂_μ ( ∂ 2L ∂q^j ∂q^i_μ (φ, ∂φ) ) − ∂^2L ∂q^j ∂q^i (φ, ∂φ) ) δφ^j } dq^i ⊗ d^nx , and J_H[φ, π] · (δφ, δπ) = ( ∂^2H ∂q^j ∂q^i (φ, π) δφ^j + ∂^2H ∂p^ν_j ∂q^i (φ, π) δπ^ν_j − ∂_μ δπ^μ_i ) dq^i ⊗ d^nx (71)

+ ( ∂^2H ∂q^j ∂p^μ_i (φ, π) δφ^j + ∂^2H ∂p^ν_j ∂p^μ_i (φ, π) δπ^ν_j + ∂_μ δφ^i ) dp^μ_i ⊗ d^nx .

3 Functional Approach

Let us begin by recalling the definition of the Poisson bracket between functions on a symplectic manifold with symplectic form ω. First, one associates to each (smooth) function f a (smooth) Hamiltonian vector field X_f , uniquely determined by the condition i_{Xf} ω = df . (72)

Then the Poisson bracket of two functions f and g is defined to be the function {f, g} given by {f, g} = − i_{Xf} i_{Xg} ω = df(X_g ) = − dg(X_f ) . (73)

The goal of this section is to show that formally, the same construction applied to covariant phase space links the Witten symplectic form to the Peierls bracket.

3.1 Covariant Phase Space

In contrast to the traditional non-covariant Hamiltonian formalism of field theory, where phase space is a “space” of Cauchy data, covariant phase space, denoted here by S, is the “space” of solutions of the equations of motion, or field equations. Of course, one cannot expect these two interpretations of phase space to be equivalent in complete generality, since it is well known that, for nonlinear equations, time evolution of regular Cauchy data may lead to solutions that, within finite time, develop some kind of singularity. An even more elementary prerequisite is that the underlying space-time manifold M must admit at least some Cauchy surface Σ : this means that M should be globally hyperbolic.

Thus our basic assumption for the remainder of this paper will be that the underlying space-time manifold M should be globally hyperbolic. Globally hyperbolic space-times are the natural arena for the mathematical theory of hyperbolic (systems of) partial differential equations, in which the Cauchy problem is well posed. There are by now various and apparently quite different definitions of the concept of a globally hyperbolic space-time, but they have ultimately turned out to be all equivalent; see Chapter 8 of [27] for an extensive discussion. For our purposes, the most convenient one is that M admits a global time function whose level surfaces provide a foliation of M into Cauchy surfaces, providing a global diffeomorphism M ∼= R × Σ. As an immediate corollary, we can define the concept of a (closed/open) time slice in M: it is a (closed/open) subset of M which under such a global diffeomorphism corresponds to a subset of the form I × Σ where I is a (closed/open) interval in R.

In the Lagrangian as well as in the Hamiltonian approach to field theory, the equations of motion are derived from a variational principle, that is, their solutions are the stationary points of a certain functional S called the action and defined on a space of sections of an appropriate fiber bundle over space-time which is usually referred to as the space of field configurations of the theory and will in what follows be denoted by C. More concretely, C is the space Γ(F ) of smooth sections ϕ of a fiber bundle F over M: in the Lagrangian approach, F is the configuration bundle E, whereas in the Hamiltonian approach, F is the multiphase space ⃗J^{1 ◯∗}E, regarded as a fiber bundle over M.

Formally, we shall as usual think of C as being a manifold (which is of course infinitedimensional). As such, it has at each of its points ϕ a tangent space T_ϕC that can be defined formally as a space of smooth sections, with appropriate support properties, of the vector bundle V_ϕ = ϕ^∗(VF ) over M, i.e., T_ϕC ⊂ Γ^∞(V_ϕ). The cotangent space T^∗_ϕ C will then be the space of distributional sections, with dual support properties, of the vector bundle V^{◯∗}_ϕ = ϕ^∗(V^∗F ) ⊗ ⋀_n T^∗M over M, i.e., T^∗_ϕ C ⊂ Γ^{−∞}(V^{◯∗}_ϕ ). It contains as a subspace the corresponding space of smooth sections, where the pairing between a smooth section of V_ϕ and a smooth section of V^{◯∗}_ϕ (with appropriate support conditions) is given by contraction and integration of the resulting form over M. Similarly, the second tensor power T^∗_ϕ C ⊗ T^∗_ϕ C of T^∗_ϕ C can be thought of as the space of distributional sections, again with dual support properties, of the second exterior tensor power^7 V^{◯∗}_ϕ ⊠ V^{◯∗}_ϕ of V^{◯∗}_ϕ ; it contains as a subspace the corresponding space of smooth sections, where the pairing between a pair of smooth sections of V_ϕ and a smooth section of V^{◯∗}_ϕ ⊠ V^{◯∗}_ϕ (with appropriate support conditions) is given by contraction and integration of the resulting form over M × M.

Regarding the support conditions to be imposed, the first two options that come to mind would be to require that either the elements of T_ϕC or the elements of T^∗_ϕ C should have compact support, which would imply that the support of the elements of the corresponding dual, T^∗_ϕ C or T_ϕC, could be left completely arbitrary:

Option 1 : T_ϕC = Γ^∞(V_ϕ) , T^∗_ϕ C = Γ^{−∞}_c (V^{◯∗}_ϕ ) (74)

Option 2 : T_ϕC = Γ^∞_c (V_ϕ) , T^∗_ϕ C = Γ^{−∞}(V^{◯∗}_ϕ ) (75) There is a third option that makes use of the assumption that M is globally hyperbolic. To formulate it, we introduce the following terminology. A section of a vector bundle over M is said to have spatially compact support if the intersection between its support and any (closed) time slice in M is compact, and it is said to have temporally compact support if its support is contained in some time slice. Then, as in Ref. [8], we require the elements of T_ϕC to have spatially compact support and the elements of T^∗_ϕ C to have temporally compact support:

Option 3 : T_ϕC = Γ^∞_{sc} (V_ϕ) , T^∗_ϕ C = Γ^{−∞}_{tc} (V^{◯∗}_ϕ ) (76)

Obviously, for each of these three options, the two spaces listed above are naturally dual to each other.^8

7If V and W are vector bundles over M , V ⊠ W is defined to be the vector bundle over M × M with fibers given by (V ⊠ W )_{(x,y)} = V_x ⊗ W_y, for all x, y ∈ M .

8Here and in what follows, the symbols Γ_c, Γ_{sc} and Γ_{tc} indicate spaces of sections of compact, spatially compact and temporally compact support, respectively.

These constructions can be applied to elucidate the nature of functional derivatives of functionals on C, such as the action. Namely, given a (formally smooth) functional F : C → R, its functional derivative at a point ϕ is the linear functional on T_ϕC which, when applied to δϕ , yields the directional derivative of F at ϕ along δϕ , defined by the requirement that for any one-parameter family of sections ϕ_λ of F such that ϕ_λ | |_{λ=0} = ϕ ,

F^′[ϕ] · δϕ = d dλ F [ϕ_λ] | | |_{λ=0} if δϕ = ∂ ∂λ ϕ_λ | | |_{λ=0} .

Then F^′[ϕ] is a distributional section of V^{◯∗}_ϕ with appropriate support properties (dual to those required for T_ϕC). In local coordinates, its action on δϕ can (formally and at least when the intersection of the two supports is contained in the coordinate system domain) be written in the form

F^′[ϕ] · δϕ = ∫ M d^nx δF δϕ [ϕ](x) · δϕ(x) , (77) The expression (δF/δϕ)[ϕ], sometimes called the variational derivative of F at ϕ , is then a distributional section of V^∗_ϕ (over the coordinate system domain). In the Lagrangian framework, δF δϕ [ϕ](x) = δF δφ^i [φ](x) dq^i , whereas in the Hamiltonian framework, δF δϕ [ϕ](x) = δF δφ^i [φ, π](x) dq^i + δF δπ^μ_i [φ, π](x) dp^μ_i . Similarly, the second functional derivative of F at ϕ is the symmetric bilinear functional on T_ϕC which, when applied to δϕ_1 and δϕ_2, can be defined by the requirement that for any two-parameter family of sections ϕ_{λ1,λ2} of F such that ϕ_{λ1,λ2} | |_{λ1,λ2=0} = ϕ ,

F^{′′}[ϕ] · (δϕ_1, δϕ_2) =

∂^2 ∂λ_1 ∂λ_2

F [ϕ_{λ1,λ2} ] | | |_{λ1,λ2=0} if δϕ_1 = ∂ ∂λ_1 ϕ_{λ1,λ2} | | |_{λ1,λ2=0} , δϕ_2 = ∂ ∂λ_2 ϕ_{λ1,λ2} | | |_{λ1,λ2=0} . Then F^{′′}[ϕ] is a distributional section of V^{◯∗}_ϕ ⊠ V^{◯∗}_ϕ with appropriate support properties (dual to those required for T_ϕC ⊗ T_ϕC). In local coordinates for M × M induced from local coordinates for M, its action on (δϕ_1, δϕ_2) can (formally and at least when the intersection of the supports is contained in the coordinate system domain) be written in the form

F^{′′}[ϕ] · (δϕ_1, δϕ_2) = ∫ M d^nx ∫ M d^ny δ^2F δϕ^2 [ϕ](x, y) · (δϕ_1(x), δϕ_2(y)) , (78)

The expression (δ^2F/δϕ^2)[ϕ], sometimes called the variational Hessian of F at ϕ , is then a distributional section of V^∗_ϕ ⊠ V^∗_ϕ (over the coordinate system domain). In the Lagrangian framework,

δ^2F δϕ^2 [ϕ](x, y) = δ^2F δφ^i δφ^j [φ](x, y) dq^i ⊗ dq^j , whereas in the Hamiltonian framework,

δ^2F δϕ^2 [ϕ](x, y) = δ^2F δφ^i δφ^j [φ, π](x, y) dq^i ⊗ dq^j + δ^2F δφ^i δπ^ν_j [φ, π](x, y) dq^i ⊗ dp^ν_j + δ^2F δπ^μ_i δφ^j [φ, π](x, y) dp^μ_i ⊗ dq^j + δ^2F δπ^μ_i δπ^ν_j [φ, π](x, y) dp^μ_i ⊗ dp^ν_j .

Of course, for the integrals in eqs (77) and (78) to make sense, even when interpreted in the sense of pairing distributions with test functions, we must make some assumption about support properties, which leads us back to the options stated in eqs (74)-(76). Option 1: when F is arbitrary, we have to restrict the sections δϕ, δϕ_1, δϕ_2 of V_ϕ considered above to have compact support (which can be achieved if the sections ϕ_λ, ϕ_{λ1,λ2} of F are supposed to be independent of the parameters outside a compact subset). Option 2: when F is local, which we understand to mean that its functional dependence on the fields is non-trivial only within a compact region, or equivalently, that its functional derivative F^′[ϕ] at each ϕ has compact support, the sections δϕ, δϕ_1, δϕ_2 of V_ϕ considered above may be allowed to have arbitrary support; this is the case for local observables defined as integrals of local densities over compact regions of space-time and, in particular, over compact regions within a Cauchy surface Σ (energy, momentum, angular momentum, charges etc. within a finite volume). Option 3: when F is local in time, which we understand to mean that its functional dependence on the fields is non-trivial only within a time slice, or equivalently, that its functional derivative F^′[ϕ] at each ϕ has temporally compact support, we have to restrict the sections δϕ, δϕ_1, δϕ_2 of V_ϕ considered above to have spatially compact support (which can be achieved if the sections ϕ_λ, ϕ_{λ1,λ2} are supposed to be independent of the parameters outside a spatially compact subset); this is the case for global observables defined as integrals of local densities over time slices and, in particular, over a Cauchy surface Σ (total energy, total momentum, total angular momentum, total charges etc.).

Finally, covariant phase space S is defined to be the subset of C consisting of the critical points of the action:

S = {ϕ ∈ C / S^′[ϕ] = 0} . (79)

Formally, we can think of S as being a submanifold of C whose tangent space at any point ϕ of S will be the subspace T_ϕS of the tangent space T_ϕC consisting of the solutions of the linearized equations of motion (where “linearized” means “linearized around the solution ϕ of the full equations of motion”), which are precisely the sections of V_ϕ belonging to the kernel of the corresponding Jacobi operator J[ϕ] : Γ(V_ϕ) −→ Γ(V^{◯∗}_ϕ ) :

T_ϕS = ker J[ϕ] . (80)

3.2 Symplectic Structure

Our next goal is to justify the term “covariant phase space” attributed to S by showing that, formally, S carries a naturally defined symplectic form Ω, derived from an equally naturally defined canonical form Θ by formal exterior differentiation. According to Crnković, Witten and Zuckerman [1–3] (see also [4]), the symplectic form Ω can be obtained by integration of a “symplectic current”, which is a closed (n − 1)- form on space-time, over an arbitrary spacelike hypersurface Σ. Here, we show that this “symplectic current” can be derived directly from the multisymplectic form ω or, more explicitly, from the Poincaré - Cartan form ω_L in the Lagrangian approach and the De Donder - Weyl form ω_H in the Hamiltonian approach.

We begin with the definition of Θ and Ω in terms of θ and ω, which is achieved by a mixture of contraction and pull-back: given a point ϕ in C (a smooth section ϕ of F ) and smooth sections δϕ, δϕ_1, δϕ_2 of V_ϕ, insert δϕ into the first of the n arguments of θ or δϕ_1 and δϕ_2 into the first two of the n + 1 arguments of ω and apply the definition of the pull-back with ϕ (which amounts to composition with the derivatives ∂ϕ of ϕ) to the remaining n − 1 arguments to obtain (n − 1)-forms on space-time which are integrated over Σ. Note that these integrals exist if we assume that δϕ and either δϕ_1 or δϕ_2 have spatially compact support, since this will intersect Σ in a compact subset.

Explicitly, in the Lagrangian framework, we have

Θ_ϕ(δϕ) = ∫ Σ (φ, ∂φ)^∗ θ_L(δφ, ∂ δφ) (81) and Ω_ϕ(δϕ_1, δϕ_2) = ∫ Σ (φ, ∂φ)^∗ ω_L(δφ_1, ∂ δφ_1 , δφ_2, ∂ δφ_2) (82)

where the notation is the same as that employed in eq. (56): ϕ = φ is a section of E over M and j^1φ = (φ, ∂φ) is its (first) prolongation or derivative, a section of J^1E over M, while δϕ = δφ, δϕ_1 = δφ_1, δϕ_2 = δφ_2 are variations of ϕ = φ, all sections of V E over M, and δj^1φ = (δφ, ∂ δφ), δj^1φ_1 = (δφ_1, ∂ δφ_1), δj^1φ_2 = (δφ_2, ∂ δφ_2) are the induced variations of j^1φ = (φ, ∂φ), all sections of V (J^1E) ∼= J^1(V E) over M. In local coordinates, δφ = ∂ ∂λ φ_λ | | |_{λ=0} = δφ^i ∂ ∂q^i and δj^1φ = ∂ ∂λ j^1φ_λ | | |_{λ=0} = δφ^i ∂ ∂q^i + ∂_μδφ^i ∂ ∂q^i_μ whereas θ_L is given by eq. (54) and ω_L by

ω_L = ( ∂2L ∂q^j ∂q^i_μ dq^i ∧ dq^j + ∂^2L ∂q^jν ∂q^i_μ dq^i ∧ dq^j_ν ) ∧ d^nx_μ + ∂^2L ∂x^μ ∂q^i_μ dq^i ∧ d^nx − d ( L − ∂L ∂q^i_μ q^i_μ ) ∧ d^nx . (The exterior derivative in the last term could be worked out explicitly, but we shall not need this expression because the last two terms vanish under contraction with two vertical vectors.) Then

Θ_ϕ(δϕ) = ∫ Σ dσ_μ ∂L ∂q^i_μ (φ, ∂φ) δφ^i (83) and Ω_ϕ(δϕ_1, δϕ_2) = ∫ Σ dσ_μ J^μ_ϕ (δϕ_1, δϕ_2) (84)

with the “symplectic current” J given by

J^μ_ϕ (δϕ_1, δϕ_2) =

∂^2L ∂q^j ∂q^i_μ (φ, ∂φ) (δφ^i_1 δφ^j_2 − δφ^i_2 δφ^j_1) + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) (δφ^i_1 ∂_ν δφ^j_2 − δφ^i_2 ∂_ν δφ^j_1) ,

(85)

or equivalently

J^μ_ϕ (δϕ_1, δϕ_2) = − ( ∂2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j_1 + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j_1 ) δφ^i_2 + ( ∂2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j_2 + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j_2 ) δφ^i_1 . (86)

The same results can be obtained even more directly in the Hamiltonian framework, in which we have Θ_ϕ(δϕ) = ∫ Σ (φ, π)^∗ θ_H(δφ, δπ) (87) and Ω_ϕ(δϕ_1, δϕ_2) = ∫ Σ (φ, π)^∗ ω_H(δφ_1, δπ_1 , δφ_2, δπ_2) (88)

where the notation is the same as that employed in eq. (57): ϕ = (φ, π) is a section of ⃗J^{1 ◯∗}E over M while δϕ = (δφ, δπ), δϕ_1 = (δφ_1, δπ_1), δϕ_2 = (δφ_2, δπ_2) are variations of ϕ = (φ, π), all sections of V ( ⃗J^{1 ◯∗}E) over M. In local coordinates, δφ = ∂ ∂λ φ_λ | | |_{λ=0} = δφ^i ∂ ∂q^i , δπ = ∂ ∂λ π_λ | | |_{λ=0} = δπ^μ_i ∂ ∂p^μ_i whereas θ_H is given by eq. (55) and ω_H by ω_H = dq^i ∧ dp^μ_i ∧ d^nx_μ − dH ∧ d^nx (The exterior derivative in the last term could be worked out explicitly, but we shall not need this expression because the last term vanishes under contraction with two vertical vectors.) Then Θ_ϕ(δϕ) = ∫ Σ dσ_μ π^μ_i δφ^i (89) and Ω_ϕ(δϕ_1, δϕ_2) = ∫ Σ dσ_μ J^μ_ϕ (δϕ_1, δϕ_2) (90)

with the “symplectic current” J given by

J^μ_ϕ (δϕ_1, δϕ_2) = δφ^i_1 δπ^μ_{2,i} − δφ^i_2 δπ^μ_{1,i} . (91)

Incidentally, these formulas show that, just like in mechanics, the canonical form Θ and the symplectic form Ω do not depend on the choice of the Hamiltonian H.

Another important result, duly emphasized in the literature [1–4], is the fact that on covariant phase space S, the symplectic form Ω does not depend on the choice of the hypersurface Σ used in its definition, since for any solution ϕ of the equations of motion and any two solutions δϕ_1, δϕ_2 of the linearized equations of motion, the “symplectic current” J_ϕ(δϕ_1, δϕ_2) is a closed form on space-time. To prove this, assume that ϕ is a point in S and observe that a tangent vector δϕ in T_ϕC belongs to the subspace T_ϕS if and only if δϕ, as a section of V_ϕ, satisfies the pertinent Jacobi equation, which reads ∂_μ ( ∂2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j )

= ∂^2L ∂q^j ∂q^i (φ, ∂φ) δφ^j + ∂^2L ∂q^i ∂q^jν (φ, ∂φ) ∂_ν δφ^j (92)

in the Lagrangian framework and

∂_μ δπ^μ_i =

∂^2H ∂q^j ∂q^i (φ, π) δφ^j + ∂^2H ∂p^ν_j ∂q^i (φ, π) δπ^ν_j ∂_μ δφ^i = − ∂^2H ∂q^j ∂p^μ_i (φ, π) δφ^j − ∂^2H ∂p^ν_j ∂p^μ_i (φ, π) δπ^ν_j (93)

in the Hamiltonian framework. Thus if δϕ_1 and δϕ_2 both satisfy the Jacobi equation, we have

∂_μJ^μ_ϕ (δϕ_1, δϕ_2) = − ∂_μ ( ∂2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j_1 + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j_1 ) δφ^i_2 − ( ∂2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j_1 + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j_1 ) ∂_μδφ^i_2 + ∂_μ ( ∂2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j_2 + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j_2 ) δφ^i_1 + ( ∂2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j_2 + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j_2 ) ∂_μδφ^i_1

= − ( ∂2L ∂q^j ∂q^i (φ, ∂φ) δφ^j_1 + ∂^2L ∂q^i∂q^jν (φ, ∂φ) ∂_ν δφ^j_1 ) δφ^i_2 − ( ∂2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j_1 + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j_1 ) ∂_μδφ^i_2 + ( ∂2L ∂q^j ∂q^i (φ, ∂φ) δφ^j_2 + ∂^2L ∂q^i∂q^jν (φ, ∂φ) ∂_ν δφ^j_2 ) δφ^i_1 + ( ∂2L ∂q^j ∂q^i_μ (φ, ∂φ) δφ^j_2 + ∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) ∂_ν δφ^j_2 ) ∂_μδφ^i_1 in the Lagrangian framework and

∂_μJ^μ_ϕ (δϕ_1, δϕ_2) = ∂_μδφ^i_1 δπ^μ_{2,i} + δφ^i_1 ∂_μδπ^μ_{2,i} − ∂_μδφ^i_2 δπ^μ_{1,i} − δφ^i_2 ∂_μδπ^μ_{1,i} = − ( ∂ 2H ∂q^j ∂p^μ_i (φ, π) δφ^j_1 +

∂^2H ∂p^ν_j ∂p^μ_i (φ, π) δπ^ν_{1,j} ) δπ^μ_{2,i} + δφ^i_1 ( ∂ 2H ∂q^j ∂q^i (φ, π) δφ^j_2 +

∂^2H ∂p^ν_j ∂q^i (φ, π) δπ^ν_{2,j} )

+ ( ∂ 2H ∂q^j ∂p^μ_i (φ, π) δφ^j_2 +

∂^2H ∂p^ν_j ∂p^μ_i (φ, π) δπ^ν_{2,j} ) δπ^μ_{1,i} − δφ^i_2 ( ∂ 2H ∂q^j ∂q^i (φ, π) δφ^j_1 +

∂^2H ∂p^ν_j ∂q^i (φ, π) δπ^ν_{1,j} )

in the Hamiltonian framework: obviously, both of these expressions vanish.

Of course, independence of the choice of hypersurface holds only for Ω but not for Θ. In fact, if M_{1,2} is a region of space-time whose boundary is the disjoint union of two hypersurfaces Σ_1 and Σ_2, then Ω_{Σ2} = Ω_{Σ1} but Θ_{Σ2} − Θ_{Σ1} = δS_{M1,2} (94) where S_{M1,2} is the action calculated by integration over M_{1,2} and δ is the functional exterior derivative, or variational derivative, on S.

3.3 Poisson Bracket

Given a relativistic field theory with a regular first-order Lagrangian, one expects each of the corresponding Jacobi operators J[ϕ] (ϕ ∈ S) to form a hyperbolic system of secondorder partial differential operators. A typical example is provided by the sigma model, where E is a trivial product bundle M × Q, with a given Lorentzian metric g on the base manifold M, as usual, and a given Riemannian metric h on the typical fiber Q. Its Lagrangian is L =^1_2 √ |g| g^{μν} h_{ij} q^i_μ q^j_ν , so that the coefficients of the highest degree terms of the Jacobi operator J[φ] are

∂^2L ∂q^jν ∂q^i_μ (φ, ∂φ) =^1_2 √ |g| g^{μν} h_{ij} (φ) , which clearly exhibits the hyperbolic nature of the resulting linearized field equations.

A general feature of hyperbolic systems of linear partial differential equations is the possibility to guarantee existence and uniqueness of various types of Green functions. In the present context, what we need is existence and uniqueness of the retarded Green function G^−_ϕ , the advanced Green function G^+_ϕ and the causal Green function G_ϕ for the Jacobi operator J[ϕ], for each ϕ ∈ S. By definition, the first two are solutions of the inhomogeneous Jacobi equations

J_x[ϕ] G^±_ϕ (x, y) = δ(x, y) , J_y [ϕ] G^±_ϕ (x, y) = δ(x, y) , (95)

or more explicitly,

J_x[ϕ]_{km} G^{± ml}_ϕ (x, y) = δ^l_k δ(x, y) , J_y [ϕ]_{km} G^{± lm}_ϕ (x, y) = δ^l_k δ(x, y) , (96)

where J_z [ϕ] denotes the Jacobi operator with respect to the variable z, characterized by the following support condition: for any x, y ∈ M, G^−_ϕ (x, y) = 0 when x /∈ J^+(y) and G^+_ϕ (x, y) = 0 when x /∈ J^−(y), where J^+(y) and J^−(y) are the future cone and the past cone of y, respectively. The causal Green function, also called the propagator, is then simply their difference:

G_ϕ = G^−_ϕ − G^+_ϕ . (97)

Obviously, it satisfies the homogeneous Jacobi equations

J_x[ϕ] G_ϕ(x, y) = 0 , J_y [ϕ] G_ϕ(x, y) = 0 . (98)

Note that the symmetry of the Jacobi operator J[ϕ], stemming from the fact that it represents the second variational derivative of the action, forces these Green functions to satisfy the following exchange and symmetry properties: G^{± lk}_ϕ (y, x) = G^{∓ kl}_ϕ (x, y) , G^{lk}_ϕ (y, x) = − G^{kl}_ϕ (x, y) . (99)

It should be pointed out that existence and uniqueness of these Green functions cannot be guaranteed in complete generality: this requires not only that M be globally hyperbolic but also that the linearized field equations should form a hyperbolic system. Here, we shall simply assume this to be the case and proceed from there; further comments on the question will be deferred to the end of the section.

Our next step will be to study certain specific (distributional) solutions X_F[ϕ] of the general inhomogeneous Jacobi equation

J[ϕ](X_F[ϕ]) = F^′[ϕ] (100)

for smooth functionals F on covariant phase space which are (at least) local in time. To eliminate the ambiguity in this equation stemming from the fact that the functional derivative F^′[ϕ] on its rhs belongs to the space T^∗_ϕ S which is only a quotient space of the image space T^∗_ϕ C of the Jacobi operator J[ϕ] (an inclusion of the form T_ϕS ⊂ T_ϕC induces a natural projection from T^∗_ϕ C to T^∗_ϕ S), it is necessary to first of all extend the given functional F on S to a functional F̃ on C of the same type (smooth and local in time), whose functional derivative F̃^′[ϕ] does belong to the space T^∗_ϕ C which, as we recall from eq. (76), consists of the distributional sections of V^{◯∗}_ϕ of temporally compact support. Next, convolution with the retarded and advanced Green function introduced above produces formal vector fields over S which to each solution ϕ ∈ S of the field equations associate (distributional) sections X^−_{F̃} [ϕ] and X^+_{F̃} [ϕ] of V_ϕ, respectively. In local coordinates, their definition can (formally and at least when the intersection of the two supports is contained in the coordinate domain) be written in the form

X^±_{F̃} [ϕ]^k(x) = ∫ M d^ny G^{± kl}_ϕ (x, y) δF̃ δϕ^l [ϕ](y) . (101)

Both of them satisfy the inhomogeneous Jacobi equation

J[ϕ](X^±_{F̃} [ϕ]) = F̃^′[ϕ] . (102)

Similarly, convolution with the causal Green function leads to another formal vector field over S which to each solution ϕ ∈ S of the field equations associates a (distributional) section X_{F̃}[ϕ] of V_ϕ. Again, in local coordinates, its definition can (formally and at least when the intersection of the two supports is contained in the coordinate domain) be written in the form

X_{F̃}[ϕ]^k(x) = ∫ M d^ny G^{kl}_ϕ (x, y) δF̃ δϕ^l [ϕ](y) . (103)

It satisfies the homogeneous Jacobi equation

J[ϕ](X_{F̃}[ϕ]) = 0 , (104)

since according to eq. (97)

X_{F̃}[ϕ] = X^−_{F̃} [ϕ] − X^+_{F̃} [ϕ] . (105)

Note that the convolutions in eqs (101) and (103) exist due to our support assumptions on F̃ (requiring F̃^′[ϕ] to have temporally compact support) and due to the support properties of the Green functions G^±_ϕ and G_ϕ.

According to eq. (104), the prescription of associating to each solution ϕ ∈ S of the field equations the section X_{F̃}[ϕ] of V_ϕ defines a formal vector field on S which is tangent to S . (It becomes more than just a formal vector field if F̃ is such that X_{F̃}[ϕ] belongs to T_ϕS , which requires it to be not just a distributional section but a smooth section of V_ϕ and to satisfy appropriate support properties; we shall come back to this point later on.) The main statement about this formal vector field, to be proved below, is that (a) it does not depend on the choice of the extension F̃ of F, so we may simply denote it by X_F[ϕ], and (b) that it is formally the Hamiltonian vector field associated to F with respect to the symplectic form Ω discussed in the previous subsection. More explicitly, we claim that for any solution ϕ ∈ S of the field equations and any smooth section δϕ of V_ϕ with spatially compact support which is a solution of the linearized field equations, we have

Ω_ϕ(X_F[ϕ], δϕ) = F^′[ϕ] · δϕ . (106)

Note that under the assumptions stated, both sides of this equation make sense although we have originally defined Ω_ϕ(δϕ_1, δϕ_2) only in the case where both δϕ_1 and δϕ_2 are smooth; the extension of this definition, given in the previous subsection, to the case where one of them is a distribution is straightforward.

To prove this key statement, let us begin by recalling that the symplectic form Ω and the symplectic current J of the previous subsection are really defined on C and not only on S – the only difference is that on C, Ω is only a presymplectic form so that J should be more appropriately called the presymplectic current and that J on C is no longer be conserved so that Ω on C will depend on the choice of the hypersurface Σ. At any rate, we can almost literally repeat the calculation performed at the end of the previous subsection, either in the Lagrangian or in the Hamiltonian formulation, to show that for any solution ϕ ∈ S of the field equations and any smooth section δϕ of V_ϕ with spatially compact support, we have

∂_μ J^μ_ϕ (X^±_{F̃} [ϕ], δϕ) = ( J[ϕ]_{kl} X^±_{F̃} [ϕ]^l) δϕ^k − ( J[ϕ]_{kl} δϕ^l) X^±_{F̃} [ϕ]^k , (107)

so that if δϕ is a solution of the linearized field equations,

∂_μ J^μ_ϕ (X^±_{F̃} [ϕ], δϕ) = δF̃ δϕ [ϕ] · δϕ . (108)

Now since, by assumption, the support of (δF̃/δϕ)[ϕ] is contained in some time slice, we can choose two Cauchy surfaces Σ_− to the past and Σ_+ to the future of this time slice and, using that δϕ has spatially compact support, integrate eq. (108) over the time slice S_− between Σ_− and Σ and similarly over the time slice S_+ between Σ and Σ_+. Applying Stokes’ theorem, this gives ∫ Σ dσ_μ(x) J^μ_ϕ (X^−_{F̃} [ϕ], δϕ)(x) = ∫ Σ_−

dσ_μ(x) J^μ_ϕ (X^−_{F̃} [ϕ], δϕ)(x) + ∫ S_− d^nx δF̃ δϕ [ϕ](x) · δϕ(x) , ∫ Σ dσ_μ(x) J^μ_ϕ (X^+_{F̃} [ϕ], δϕ)(x) = ∫ Σ_+

dσ_μ(x) J^μ_ϕ (X^+_{F̃} [ϕ], δϕ)(x) + ∫ S_+ d^nx δF̃ δϕ [ϕ](x) · δϕ(x) . But the support conditions on G^±_ϕ , together with the fact that the support of (δF̃/δϕ)[ϕ] lies to the future of Σ_− and to the past of Σ_+, imply that X^−_{F̃} [ϕ] vanishes on Σ_− and similarly that X^+_{F̃} [ϕ] vanishes on Σ_+, so the first term on the rhs of each of these equations is zero. Thus taking their difference and inserting eq. (105), we get ∫ Σ dσ_μ(x) J^μ_ϕ (X_{F̃}[ϕ], δϕ)(x) = ∫ S_− d^nx δF̃ δϕ [ϕ](x) · δϕ(x) + ∫ S_+ d^nx δF̃ δϕ [ϕ](x) · δϕ(x) , and since (δF̃/δϕ)[ϕ] vanishes outside S_− ∪ S_+,

Ω_ϕ(X_{F̃}[ϕ], δϕ) = ∫ M d^nx δF̃ δϕ [ϕ](x) · δϕ(x) . (109)

Finally, observe that since δϕ is supposed to be a solution of the linearized field equations (and hence tangent to S), the rhs of this equation does not depend on the choice of the extension F̃ of F. Therefore, X_{F̃}[ϕ] will not depend on this choice either provided the symplectic form Ω_ϕ is weakly non-degenerate. Now using the space-time split of M over Σ provided by the tangent vector field ∂_t of some global time function t on M or its dual dt, and identifying solutions δϕ of the linearized field equations with their Cauchy data on Σ,^9 it can be seen by direct inspection, either of eqs (84) and (85) in the Lagrangian formalism or of eqs (90) and (91) in the Hamiltonian formalism, that the expression Ω_ϕ(δϕ_1, δϕ_2) can only be zero for all δϕ_2 if δϕ_1 vanishes, as soon as we require the Lagrangian L to be regular in time derivatives, that is, to satisfy det ∂^2L ∂q^i_0 ∂q^j_0

≠ 0 , (110)

or equivalently, the Hamiltonian to be regular in timelike conjugate momenta, that is, to satisfy det ∂^2H ∂p^0_i ∂p^0_j

≠ 0 . (111)

Moreover, it can be shown that this statement will remain true if δϕ_1 is allowed to be a distributional solution of the linearized field equations with arbitrary support, as long

9Explicitly, in the Lagrangian formalism, the Cauchy data for δφ on M are δφ and δφ̇ on Σ, whereas in the Hamiltonian formalism, the Cauchy data for (δφ, δπ) on M are δφ and δπ^0 on Σ.

as δϕ_2 runs through the space of smooth solutions of the linearized field equations with spatially compact support.

Let us summarize this fundamental result in the form of a theorem.

Theorem 3 With respect to the symplectic form Ω on covariant phase space as defined by Crnković, Witten and Zuckerman, the Hamiltonian vector field X_F associated with a functional F which is local in time is given by convolution of the functional derivative of F with the causal Green function of the corresponding Jacobi operator.

Note that in view of the regularity conditions employed to arrive at this conclusion, the previous construction does not apply directly to degenerate systems such as gauge theories: these require a separate treatment.

Having established eq. (106), it is now easy to write down the Poisson bracket of two functionals F and G on S : it is, in complete analogy with eq. (73), given by

{F, G}[ϕ] = F^′[ϕ] · X_G[ϕ] = − G^′[ϕ] · X_F[ϕ] , (112) or {F, G}[ϕ] = ∫ M d^nx δF δϕ^k [ϕ](x) X_G[ϕ]^k(x) = − ∫ M d^nx δG δϕ^k [ϕ](x) X_F[ϕ]^k(x) . (113)

Inserting eq. (103), we arrive at the second main conclusion of this paper, which is an immediate consequence of the first.

Theorem 4 The Poisson bracket associated with the symplectic form Ω on covariant phase space as defined by Crnković, Witten and Zuckerman, according to the standard prescription of symplectic geometry, suitably adapted to the infinite-dimensional setting encountered in this context, is precisely the field theoretical bracket first proposed by Peierls and brought into a more geometric form by DeWitt: {F, G}[ϕ] = ∫ M d^nx ∫ M d^ny δF δϕ^k [ϕ](x) G^{kl}_ϕ (x, y) δG δϕ^l [ϕ](y) . (114)

Of course, for the expressions in eqs (112)-(114) to exist, it is not sufficient to require F and/or G to be local in time. In fact, if we want to use conditions that (a) are sufficient to guarantee existence of this Poisson bracket without making use of specific regularity and support properties of the propagator, (b) are the same for F and G and (c) are reproduced under the Poisson bracket, we are forced to impose quite rigid assumptions: the functionals under consideration must be assumed to be both regular and local, in the sense that their functional derivative at any point ϕ of S must be a smooth section of V^{◯∗}_ϕ of compact support (this will force the corresponding Hamiltonian vector field to be a smooth section of V_ϕ of spatially compact support).

On the other hand, it must be pointed out that this Poisson bracket, which we might call the Peierls - DeWitt bracket, has all the structural properties expected from a good Poisson bracket: bilinearity, antisymmetry, validity of the Jacobi identity and validity of the Leibniz rule with respect to plain and ordinary multiplication of functionals. This can be seen directly by noting that the first two properties and the Leibniz rule are obvious, while the Jacobi identity expresses the propagator identity for the causal Green function. But it is of course much simpler to argue that all these properties follow immediately from the above theorem, in combination with standard results of symplectic geometry. Moreover, the Peierls - DeWitt bracket trivially satisfies the fundamental axiom of field theoretic locality: functionals localized in spacelike separated regions commute. All this suggests that the Peierls - DeWitt bracket is the correct classical limit of the commutator of quantum field theory. Therefore, it ought to play an outstanding role in any attempt at quantizing classical field theories through algebraic methods, a popular example of which is deformation quantization.

The basic complication inherent in the algebraic structure provided by the Peierls - DeWitt bracket is that it is inherently dynamical: the bracket between two functionals depends on the underlying dynamics. This could not be otherwise. In fact, it is the price to be paid for being able to extend the canonical commutation relations of classical field theory, representing a non-dynamical equal-time Poisson bracket, to a covariant Poisson bracket. The dynamical nature of covariant Poisson brackets is simplified (but still not trivial) for free field theories, where the equations of motion are linear, implying that the Jacobi operator J[ϕ] and its causal Green function G_ϕ do not depend on the background solution ϕ.

Finally, we would like to remark that the main mathematical condition to be imposed in order for the constructions presented here to work is that linearization of the field equations around any solution ϕ should provide a hyperbolic system of partial differential equations on M, for which existence and uniqueness of the Green functions G^±_ϕ and G_ϕ can be guaranteed. There are various definitions of the concept of a hyperbolic system that can be found in the literature, but the most appropriate one seems to be that of regular hyperbolicity, proposed by Christodoulou [28–30] in the context of Lagrangian systems, according to which the matrix u^μ u^ν ∂^2L ∂q^iμ ∂q^jν should (in our sign convention for the metric tensor) be positive definite for timelike vectors u and negative definite for spacelike vectors u: a typical example is provided by the sigma model as discussed at the beginning of this subsection. What is missing is to translate this condition into the Hamiltonian formalism and to compare it with other definitions of hyperbolicity for first order systems, such as the traditional one of Friedrichs.

4 Conclusions and Outlook

The approach to the formulation of geometric field theory adopted in this paper closely follows the spirit of Ref. [8], in the sense of emphasizing the importance of combining techniques from multisymplectic geometry with a functional approach. The main novelties are (a) the systematic extension from a Lagrangian to a Hamiltonian point of view, preparing the ground for the treatment of field theories which have a phase space but no configuration space (or better, a phase bundle but no configuration bundle), (b) a clearcut distinction between ordinary and extended multiphase space, which is necessary for a correct definition of the concept of the covariant Hamiltonian and (c) the use of the causal Green function for the linearized operator as the main tool for finding an explicit formula for the Hamiltonian vector field associated with a given functional on covariant phase space. This explicit formula, together with the resulting identification of the canonical Poisson bracket derived from the standard symplectic form on covariant phase space with the Peierls - DeWitt bracket of classical field theory, are the central results of this paper.

An interesting question that arises naturally concerns the relation between the Peierls - DeWitt bracket as constructed here with other proposals for Poisson brackets in multisymplectic geometry. In general the latter just apply to certain special classes of functionals. One such class is obtained by using fields to pull differential forms f on extended multiphase space back to space-time and then integrate over submanifolds Σ of the corresponding dimension. Explicitly, in the Lagrangian framework,

F [ϕ] = ∫ Σ ( FL ∘ (φ, ∂φ) )_∗ f , (115)

whereas in the Hamiltonian framework,

F [ϕ] = ∫ Σ ( H ∘ (φ, π) )_∗ f . (116)

For the particular case of differential forms f of degree n − 1 and Cauchy hypersurfaces as integration domains Σ, this kind of functional was already considered in the 1970’s under the name “local observable” [7] (though on ordinary instead of extended multiphase space), but it was soon noticed that due to additional restrictions imposed on the forms f allowed in the construction, the class of functionals so defined is way too small to be of much use for purposes such as quantization. One of these restrictions is that f should be what is nowadays called a Hamiltonian form [32]. Briefly, an (n − 1)-form f on J^{1◯⋆}E is said to be a Hamiltonian form if there exists a (necessarily unique) vector field X_f on J^{1◯⋆}E, called the Hamiltonian vector field associated with f, such that

i_{Xf} ω = df . (117)

What seems to have motivated this restriction is the possibility to use the multisymplectic analogue of the standard definition (73) of Poisson brackets in mechanics for defining the Poisson bracket between the corresponding functionals [8]. However, it turns out that, in contrast to mechanics where f is simply a function, the validity of eq. (117) imposes strong constraints not only on the vector field X_f but also on the form f; in particular, it restricts the coefficients both of X_f and of f in adapted local coordinates to be affine functions of the multimomentum variables p^μ_i and the energy variable p [33]. (See Refs [34,35] for a detailed analysis of the general situation encountered when dealing with the same question for forms of arbitrary degree.) This implies that the class of functionals F derived from Hamiltonian (n − 1)-forms f according to eqs (115) and/or (116) does not close under ordinary multiplication of functionals.

Fortunately, using the Peierls - DeWitt bracket between functionals, we may dispense with the restriction to Hamiltonian forms. In fact, this line of reasoning was already followed by the authors of Ref. [8], where both the symplectic form on the solution space and the corresponding Poisson bracket between functionals on the solution space, with all its structurally desirable properties, are introduced explicitly. What remained unnoticed at the time was that this bracket is just the Peierls - DeWitt bracket of physics and that incorporating the theory of “local observables” into this general framework results in the transformation of a definition, as given in Ref. [7], into a theorem which, in modern language, states that the Peierls - DeWitt bracket {F, G } between two functionals F and G derived from Hamiltonian (n − 1)-forms f and g, respectively, is the functional derived from the Hamiltonian (n − 1)-form {f, g}. An explicit proof, based on the classification of Hamiltonian vector fields and Hamiltonian (n − 1)-forms that follows from the results of Ref. [35], has been given recently [36]; details will be published elsewhere.

Of course, there is a priori no reason for restricting this kind of investigation to forms of degree n − 1, since physics is full of functionals that are localized on submanifolds of space-time of other dimensions, such as: values of observable fields at space-time points (dimension 0), Wilson loops (traces of parallel transport operators around loops) in gauge theories (dimension 1), etc.. This problem is presently under investigation.

Appendix: Affine Spaces and Duality

In this appendix, we collect some basic facts of linear algebra for affine spaces which are needed in this paper but which do not seem to be readily available in the literature.

A (nonempty) set A is said to be an affine space modelled on a vector space V if there is given a map + : A × V −→ A (a, v) −→ a + v (118)

satisfying the following two conditions:

• a + (u + v) = (a + u) + v for all a ∈ A and all u, v ∈ V .

• Given a, b ∈ A, there exists a unique v ∈ V such that a = b + v.

Elements of A are called points and elements of V are called vectors, so the map (118) can be viewed as a transitive and fixed point free action of V (as an Abelian group) on A, associating to any point and any vector a new point called their sum. Correspondingly, the vector v whose uniqueness and existence is postulated in the second condition is often denoted by a − b and called the difference of the points a and b.

For every affine space A, the vector space on which it is modelled is determined uniquely up to isomorphism and will usually be denoted by ⃗A.

A map f : A → B between affine spaces A and B is said to be affine if there exists a point a ∈ A such that the map ⃗f_a : ⃗A → ⃗B defined by

⃗f_a(v) = f(a + v) − f(a) (119)

is linear, that is, ⃗f_a ∈ L( ⃗A, ⃗B). It is easily seen that this condition does not depend on the choice of the reference point: in fact, if the map ⃗f_a is linear for some choice of a, then the maps ⃗f_a′ are all equal as a^′ varies through A, so it makes sense to speak of the linear part ⃗f of an affine map f. Denoting the set of all affine maps from A to B by A(A, B), we thus have a projection l : A(A, B) −→ L( ⃗A, ⃗B) f −→ ⃗f . (120)

This construction is particularly important in the special case where B is itself a vector space, rather than just an affine space. Given an affine space A and a vector space W , the set A(A, W ) of affine maps from A to W is easily seen to be a vector space: in fact it is simply a linear subspace of the vector space Map(A, W ) of all maps from A to W . Moreover, the projection l : A(A, W ) −→ L( ⃗A, W ) f −→ ⃗f (121)

is a linear map whose kernel consists of the constant maps from A to W . Identifying these with the elements of W itself, we obtain a natural isomorphism A(A, W )/W ∼= L( ⃗A, W ) , (122) or equivalently, an exact sequence of vector spaces, as follows: 0 −→ W −→ A(A, W )^l−→ L( ⃗A, W ) −→ 0 . (123) In the general case, one shows that given two affine spaces A and B, the set A(A, B) of affine maps from A to B is again an affine space, such that −−−−−→ A(A, B) = A(A, ⃗B), and that the projection (120) is an affine map.

Concerning dimensions, we may choose a reference point o in A which provides not only an isomorphism between A and ⃗A but also a splitting of the exact sequence (123) and hence an isomorphism between A(A, W ) and W ⊕ L( ⃗A, W ), to show that dim A(A, W ) = dim W + dim L( ⃗A, W ) . (124) Choosing W to be the real line R, we obtain the affine dual A^⋆ of an affine space A: A^⋆ = A(A, R) . (125) Observe that this is not only an affine space but even a vector space which, according to eq. (123), is a one-dimensional extension of the linear dual ⃗A^∗ of the model space ⃗A by R, that is, we have the following exact sequence of vector spaces: 0 −→ R −→ A^{⋆ l}−→ ⃗A^∗ −→ 0 . (126) In particular, according to eq. (124), its dimension equals 1 plus the dimension of the original affine space:

dim A^⋆ = dim A + 1 . (127) More generally, we may replace the real line R by a (fixed but arbitrary) one-dimensional real vector space R (which is of course isomorphic but in general not canonically isomorphic to R) to define the twisted affine dual A^{◯⋆} of an affine space A: A^{◯⋆} = A(A, R) . (128) Again, this is not only an affine space but even a vector space which, according to eq. (123), is a one-dimensional extension of the linear dual ⃗A^∗ of the model space ⃗A by R, that is, we have the following exact sequence of vector spaces: 0 −→ R −→ A^{◯⋆ l}−→ ⃗A^{◯∗} −→ 0 . (129) Obviously, the dimension is unchanged:

dim A^{◯⋆} = dim A + 1 . (130) Moreover, we have the following canonical isomorphism of vector spaces A^{◯⋆} ∼= A^⋆ ⊗ R , (131) and more generally, for any vector space W , A(A, W ) ∼= A^⋆ ⊗ W . (132) Regarding the splittings of the exact sequence (129), we note the following fact which is used in the construction of the inverse Legendre transformation: these splittings form an affine space modelled on the bidual ⃗A^{∗∗} of ⃗A, which in finite dimensions can be identified with ⃗A itself.

The concept of duality applies not only to spaces but also to maps between spaces: given an affine map f : A → B between affine spaces A and B, the formula

(f^⋆(b^⋆))(a) = b^⋆(f(a)) for b^⋆ ∈ B^⋆, a ∈ A (133)

yields a linear map f^⋆ : B^⋆ → A^⋆ between their affine duals B^⋆ and A^⋆. As a result, the operation of taking the affine dual can be regarded as a (contravariant) functor from the category of affine spaces to the category of vector spaces. This functor is compatible with the usual (contravariant) functor of taking linear duals within the category of vector spaces in the sense that the following diagram commutes: B^{⋆ f ⋆}−→ A^⋆ ↓ ↓ ⃗B∗^{⃗f ∗}−→ ⃗A∗ (134)

Finally, we also need the construction of quotients in the affine category. These are defined by dividing out not affine subspaces but rather linear subspaces of the model space. In fact, given an affine space A and a linear subspace V of its model space ⃗A, we can declare two points a and a^′ of A to be equivalent modulo V if a−a^′ ∈ V . Obviously, this relation is reflexive, symmetric and transitive, and hence is an equivalence relation dividing A into equivalence classes; the set of equivalence classes is as usual denoted by A/V . It is then easy to see that there is a unique affine structure on A/V turning A/V into an affine space such that −−−→ A/V = ⃗A/V and such that the natural projection ρ : A −→ A/V a −→ [a] (135)

is an affine map. Moreover, this construction satisfies the standard factorization property: given two affine spaces A and B, two linear subspaces V of ⃗A and W of ⃗B and an affine map f : A −→ B whose linear part ⃗f : ⃗A −→ ⃗B maps V into W , there exists a unique affine map [f] : A/V −→ B/W such that the diagram A f −→ B ρ ρ A/V [f] −→ B/W (136)

commutes.

Concluding this appendix, we would like to point out that all the concepts introduced above can be extended naturally from the purely algebraic setting to that of fiber bundles. For example, affine bundles are fiber bundles modelled on an affine space whose transition functions (with respect to a suitably chosen atlas) are affine maps. Moreover, functors such as the affine dual or the construction of quotients are smooth (see [31] for a definition of the concept of smooth functors in a similar context) and therefore extend naturally to bundles (over a fixed base manifold M). This means that any affine bundle A over M has a naturally affine dual, which is a vector bundle A^⋆ over M, and that given any vector subbundle V of the difference vector bundle ⃗A of an affine bundle A over M, we can form the quotient affine bundle A/V over M.

References

[1] C. Crnković & E. Witten: “Covariant Description of Canonical Formalism in Geometrical Theories”, in: W. Israel & S. Hawking (eds), Three Hundred Years of Gravitation, pp. 676-684, Cambridge 1987.

[2] C. Crnković: Symplectic Geometry of Covariant Phase Space, Class. Quantum Grav. 5 (1988) 1557-1575.

[3] G. Zuckerman: “Action Principles and Global Geometry”, in: S.-T. Yau (ed.), Mathematical Aspects of String Theory, pp. 259-288, World Scientific, Singapore 1987.

[4] N.M.J. Woodhouse: Geometric Quantization, 2^{nd} edition, Oxford University Press, Oxford 1992.

[5] Th. De Donder: Théorie Invariante du Calcul des Variations, Gauthier-Villars, Paris 1935.

[6] H. Weyl: Geodesic Fields in the Calculus of Variations for Multiple Integrals, Ann. Math. 36 (1935) 607-629.

[7] J. Kijowski: A Finite-Dimensional Canonical Formalism in the Classical Field Theory, Commun. Math. Phys. 30 (1973) 99-128; Multiphase Spaces and Gauge in the Calculus of Variations, Bull. Acad. Sc. Polon. 22 (1974) 1219-1225.

[8] J. Kijowski & W. Szczyrba: “Multisymplectic Manifolds and the Geometrical Construction of the Poisson Brackets in the Classical Field Theory”, in: J.-M. Souriau (ed.), Géometrie Symplectique et Physique Mathématique, pp. 347-379, C.N.R.S., Paris 1975.

[9] J. Kijowski & W. Szczyrba: A Canonical Structure for Classical Field Theories, Commun. Math. Phys. 46 (1976) 183-206.

[10] H. Goldschmidt & S. Sternberg: The Hamilton-Cartan Formalism in the Calculus of Variations, Ann. Inst. Fourier 23 (1973) 203-267.

[11] V. Guillemin & S. Sternberg: Geometric Asymptotics, AMS, Providence 1977.

[12] P.L. Garcia: The Poincaré-Cartan Invariant in the Calculus of Variations, Symp.

Math. 14 (1974) 219-246.

[13] J.F. Cariñena, M. Crampin & L.A. Ibort: On the Multisymplectic Formalism for First Order Field Theories, Diff. Geom. App. 1 (1991) 345-374.

[14] M.J. Gotay: “A Multisymplectic Framework for Classical Field Theory and the Calculus of Variations I. Covariant Hamiltonian Formalism”, in: M. Francaviglia (ed.), Mechanics, Analysis and Geometry: 200 Years After Lagrange, pp. 203-235, North Holland, Amsterdam 1991.

[15] M.J. Gotay, J. Isenberg & J.E. Marsden: Momentum Maps and Classical Relativistic Fields. Part I: Covariant Field Theory, preprint physics/9801019.

[16] R.E. Peierls: The Commutation Laws of Relativistic Field Theory, Proc. Roy. Soc.

(London) A 214 (1952) 143-157.

[17] B. DeWitt: Invariant Commutators for the Quantized Gravitational Field, Phys.

Rev. Lett. 4 (1960) 317-320.

[18] B. DeWitt: “Dynamical Theory of Groups and Fields”, in: B. DeWitt & C. DeWitt (eds.), Relativity, Groups and Topology, 1963 Les Houches Lectures, pp. 585-820, Gordon and Breach, New York 1964.

[19] B. DeWitt: “The Spacetime Approach to Quantum Field Theory”, in: B. DeWitt & R. Stora (eds.), Relativity, Groups and Topology II, 1983 Les Houches Lectures, pp. 382-738, Elsevier, Amsterdam 1984.

[20] J. Kijowski & W.M. Tulczyjew: A Symplectic Framework for Field Theories, Lecture Notes in Physics 107, Springer-Verlag, Berlin 1979.

[21] S.V. Romero: Colchete de Poisson Covariante na Teoria Geométrica dos Campos, PhD thesis, IME-USP, June 2001.

[22] R. Abraham & J.E. Marsden: Foundations of Mechanics, 2^{nd} edition, Benjamin- Cummings, Reading 1978.

[23] V. Arnold: Mathematical Foundations of Classical Mechanics, 2^{nd} edition, Springer-Verlag, Berlin 1987.

[24] R. Palais: Foundations of Non-Linear Global Analysis, Benjamin-Cummings, Reading 1968.

[25] I. Kolář, P.W. Michor & J. Slovák: Natural Operations in Differential Geometry, Springer-Verlag, Berlin 1993.

[26] J.E. Marsden, G.W. Patrick & S. Shkoller: Multisymplectic Geometry, Variational Integrators and Nonlinear PDEs, Commun. Math. Phys. 199 (1998) 351-395.

[27] R.M. Wald: General Relativity, Chicago University Press, Chicago 1984.

[28] D. Christodoulou: “The Notion of Hyperbolicity for Systems of Euler-Lagrange Equations”, in: B. Fiedler, K. Gröger & J. Sprekels (eds.), Equadiff99 - Proceedings of the International Conference on Differential Equations, Vol. 1, pp. 327-338, World Scientific, Singapore 2000.

[29] D. Christodoulou: On Hyperbolicity, Contemp. Math. 263 (2000) 17-28.

[30] D. Christodoulou: The Action Principle and Partial Differential Equations, Princeton University Press, Princeton 2000.

[31] S. Lang: Differential Manifolds, 2nd edition, Springer-Verlag, Berlin 1985.

[32] I. Kanatchikov: On Field Theoretic Generalizations of a Poisson Algebra, Rep.

Math. Phys. 40 (1997) 225-234, hep-th/9710069.

[33] M. Forger & H. Römer: A Poisson Bracket on Multisymplectic Phase Space, Rep.

Math. Phys. 48 (2001) 211-218; math-ph/0009037.

[34] M. Forger, C. Paufler & H. Römer: The Poisson Bracket for Poisson Forms in Multisymplectic Field Theory, Rev. Math. Phys. 15 (2003) 705-744; math-ph/0202043.

[35] M. Forger, C. Paufler & H. Römer: Hamiltonian Multivector Fields and Poisson Forms in Multisymplectic Field Theory, Preprint IME-USP RT-MAP-0402, July 2004; math-ph/0407057.

[36] M.O. Salles: Campos Hamiltonianos e Colchete de Poisson na Teoria Geométrica dos Campos, PhD thesis, IME-USP, June 2004.