arXiv:math-ph/0604053 v2 26 Apr 2006

Gauge-natural parameterized variational problems, vakonomic field theories and relativistic hydrodynamics of a charged fluid

Enrico Bibbona^a, Lorenzo Fatibene^{a,b}, and Mauro Francaviglia^{a,b,c}

aDipartimento di Matematica, Università degli Studi di Torino (Italy) bINFN, Sezione di Torino, Iniziativa Specifica NA12 (Italy) cESG, Università della Calabria (Italy)

26th April 2006

Abstract

Variational principles for field theories where variations of fields are restricted along a parametrization are considered. In particular, gauge-natural parametrized variational problems are defined as those in which both the Lagrangian and the parametrization are gauge covariant and some further conditions is satisfied in order to formulate a Nöther theorem that links horizontal and gauge symmetries to the relative conservation laws (generalizing what Fernández, García and Rodrigo did in some recent papers). The case of vakonomic constraints in field theory is also studied within the framework of parametrized variational problems, defining and comparing two different concepts of criticality of a section, one arising directly from the vakonomic schema, the other making use of an adapted parametrization. The general theory is then applied to the case of hydrodynamics of a charged fluid coupled with its gravitational and electromagnetic field. A variational formulation including conserved currents and superpotentials is given that turns out to be computationally much easier than the standard one.

1 Introduction

In some recent literature an interest emerged about variational principles in which some specific requirement of physical or mathematical nature force us to restrict the variations of fields according to some a priori given rule.

As an example, let us mention Mechanics with non-integrable constraints on velocities. As it is well known there are at least two different procedures (so called vakonomic and non-holonomic) which lead to different equations of motion, it is now clear [18], at least for affine constraints, that the more realistic trajectories are solutions of the non-holonomic one. However the situation is less clear in more general cases (see [20] and references quoted therein), so that we do know very little about constraints in field theory (see [23, 17]) and we cannot yet decide whether one procedure is better then the other for a reasonable extension out of Mechanics. In any case we shall not enter this question here, but just mention that both procedures can be implemented as variational problems with constrained variations (see [11]): they differ exactly in the choice of the rule to be imposed to admissible variations.

Another important case which was recently investigated is Euler-Poincaré reduction (see [2, 3, 9]) where a variational problem with constrained variations arises as a Lagrangian reduction of a free variational problem with symmetries.

A more classical example is presented in the well known book by Hawking and Ellis while introducing the equations of motion for relativistic hydrodynamics [13]. There the constraint on variations comes from the physical requirement that variations preserve the continuity equation.

Motivated by all these examples, in this paper we first discuss the formal development of variational problems in which the variations are parametrized by sections of some vector bundle (Section 2). This topic was already addressed in [8] at least for natural constrained field theories arising from the vakonomic technique; we recover here, and sometimes generalize, some of the results of [8] without asking that the parametrization necessarily arises from the vakonomic handling of a constraint, and we develop the case of gauge covariant field theories (much wider then the natural case) for which we develop a full Nöther theory to link horizontal and gauge symmetries to the relative conservation laws (Section 3). In Section 4 we specialize to the case of vakonomic constraints in field theories and define two different concepts of criticality for a section: one arising directly from the vakonomic paradigma, the other following from a compatible parametrization. We also show under what conditions the two concepts coincide. In Section 5, finally, our results are applied to the case of relativistic hydrodynamics of a charged fluid.

An advantage of the framework we shall propose hereafter is to provide a unifying language able to deal with all variational problems with constrained variations, no matter whether they come from the vakonomic scheme, from the non-holonomic one, from a reduction problem or from any other physical or mathematical requirement. In our hope, therefore, this unified language can even allow a better comparison between different schemes.

2 Variational calculus with parametrized variations

Notation follows [7], to which we refer the reader for further details. Let C^π−→ M be the configuration bundle of a physical theory the sections Γ(C) of which represent the fields (by an abuse of language we will often denote bundles with the same label as their total spaces).

Definition 1 A Lagrangian of order k on the configuration bundle C^π−→ M (m = dim M) is a fibered morphism L : J^k C −→ ∧^m T^∗M.

Definition 2 A parametrization of order s and rank l (s ≥ l is required) of the set of constrained variations is a couple (E, P), where E is a vector bundle E^{πE}−→ C while P is a fibered morphism (section)

P: J^sC −→ (J^lE)^∗ ⊗_J l_C V C;

here J denotes jet prolongation and V is the vertical functor.

If (x^μ, y^a, ε^A) are local fibered coordinates on E and {∂_a} is the induced fiberwise natural basis of V C, a parametrization of order 1 and rank 1 associates to a section y^a(x) of C and a section ε^A(x, y) of E the section [ p^a_A ( x^ν , y^b(x), ∂_νy^b(x) ) ε^A(x, y(x)) + p^{a μ}_A (x^ν , y^b(x), ∂_ν y^b(x) ) d_με^A(x, y(x)) ] ∂_a of V C.

Definition 3 Given a compact submanifold D ⊂ M with suitably regular boundary ∂D, an admissible variation (for a Lagrangian with order k and a parametrization of order s and rank l) of a configuration σ ∈ Γ(C) on D is a smooth 1-parameter family of sections {σ_t}_{t∈]−1,1[} ⊂ Γ(π^{−1}D) such that

1. σ_0 = σ|_D 2. ∀t ∈] − 1, 1[, j^{k−1}σ_t|_{∂D} = j^{k−1}σ|_{∂D} 3. there exists a section ε ∈ Γ(E) such that^d_{dt} σ_t|_{t=0} =< P| j^lε > ∘j^sσ and j^{k+l−1}(ε ∘ σ)|_{∂D} = 0.

Definition 4 The set {C, L, P} where C^π−→ M is a configuration bundle, L is a Lagrangian on C and P is a parametrization of the set of constrained variations is called a “parametrized variational problem”.

Definition 5 We define critical for the parametrized variational problem {C, L, P} those sections of C such that, for any compact domain D ⊂ M and for any admissible variation {σ_t} defined on D one has d dt ∫ D L ∘ j^kσ_t | | |_{t=0} = 0.

Accordingly, if we use the trivial parametrization P: C −→ V C^∗ ⊗_C V C that to any p ∈ C associates the identity of V_pC then the third condition becomes empty and we recover free variational calculus.

For an ordinary variational problem with Lagrangian L = L ds, criticality of a section of C is equivalent in local fibered coordinates (x^μ, y^a) to the fact that for any compact D ⊂ M and for any V ∈ Γ(V C) such that j^{k−1}(V ∘ σ)|_{∂D} = 0 one has ∫ D [ ∂L ∂y^i V^i(x, y(x)) + ∂L ∂y^i_μ d_μV^i(x, y(x)) + · · · + ∂L ∂y^i_{μ1···μk} d_{μ1} · · · d_{μk} V^i(x, y(x)) ] ds = 0.

Explicit calculations (see [7]) show that the local coordinate expressions given above glue together giving rise to the global expression ∀D^{cpt}⊂ M, ∀V ∈ V C s. t. j^{k−1}(V ∘ σ)|_{∂D} = 0, ∫ D < δL | j^kV > ∘j^kσ = 0 (1) where δL is a global fibered (variational) morphism

δL : J^k C −→ (J^k V C)^∗ ⊗_J k_C Λ^mT^∗M. (2)

The rigorous definition and a short account on variational morphisms will be given in Appendix A, where the reader can find some non-conventional definitions that we have generalized in order to embrace the case of parametrized variations.

2.1 P-first variation formula and P-Euler-Lagrange equations

To define criticality for parametrized variational problems with a k^{th}-order Lagrangian and a parametrization of rank l, we have to restrict variations to those V ∈ V C in (1) with j^{k−1}(V ∘ σ)|_{∂D} = 0 that can be obtained through the parametrization from a section ε of E satisfying j^{l+k−1}(ε ∘ σ)|_{∂D} = 0. Let us make t explicit on a first order Lagrangian and a parametrization with rank 1 and order 1: if (x^μ, y^a, ε^A) are local fibered coordinates on E and (p^a_Aε^A + p^{a μ}_A d_με^A)∂_a is the local representation of < P| j^1ε > ∘j^1σ, criticality holds if and only if for any compact D ⊂ M, for any section ε with coordinate expression ε^A(x, y) such that both ε^A(x, y(x)) = 0 and d_με^A(x, y(x)) = 0 for all x ∈ ∂D, we have ∫ D [ ∂L ∂y^a (p^a_Aε^A + p^{a μ}_A d_με^A) + ∂L ∂y^a_μ d_μ(p^a_Aε^A + p^{a ν}_A d_ν ε^A) ] ds = 0. (3)

To set up an intrinsic characterization of critical sections possibly given by a set of differential equations let us introduce the following procedure. Let us take any parametrization P and think of it as a morphism P^′ : J^sC × J^lE −→ V C linear in its second argument. Take its k^{th}-order (holonomic) jet prolongation (see Appendix A, Definition 35) j^kP^′ : J^{s+k} C × J^{l+k} E −→ J^k V C and read it as a bundle morphism

j^kP^′ : J^{s+k} C −→ (J^{l+k} E)^∗ ⊗_J s+k_C J^k V C

(for simplicity we still denote it by j^kP^′, but the same abuse of notation cannot safely be adopted also for P and P^′ because the jet prolongations of the two objects give completely different results).

Let us consider the variational morphism δL : J^kC −→ (J^kV C)^∗ ⊗_J k_C Λ^mT^∗M introduced in formula (2) and take its formal contraction (see Definition 37) with j^kP^′. What we get is the variational E-morphism

< δL | j^kP^′ >: J^{k+s} C −→ (J^{l+k} E)^∗ ⊗_J l+k_C Λ^mT^∗M. Criticality of a section σ can now be recasted in the following global requirement ∀D^{cpt}⊂ M, ∀ε ∈ Γ(E) s. t. j^{l+k−1}(ε ∘ σ) | ∂D = 0, ∫ D ⟨ < δL | j^kP^′ > | | j^{l+k}ε ⟩ ∘ j^{k+s}σ = 0 This intrinsic procedure leads in the case of first order Lagrangians and first order first rank parameterizations to the local expression (3).

Now we can try to turn this requirement into a set of differential equations. The first step is to search for a first variation formula for parametrized variational problems. Thanks to Theorem 45, for any choice of a fibered connection (γ, Γ) on E −→ C −→ M (see Definition 39 and 41), there exists a unique pair (E, F) of variational morphisms E(L, P) : J^{2k+l+s} C −→ E^∗ ⊗_C Λ^mT^∗M F(L, P, γ) : J^{2k+l+s−1} C −→ (J^{l+k−1}E)^∗ ⊗_J l+k−1_C Λ^mT^∗M reduced with respect to (γ, Γ) (see Definition 44) such that ∀ε ∈ Γ(E) one has ⟨ < δL | j^kP^′ > | | j_{l+k}ϵ⟩ =< E | ε > + Div < F | j_{l+k−1}ε > . (4) In the previous equation Div stands for the divergence of a variational morphism (Appendix A, Definition 38) that coincides when computed on a section with the exterior differential of forms.

Definition 6 We call P-Euler-Lagrange morphism the variational morphism E(L, S, P) and P-Poincaré -Cartan morphism the variational morphism F(L, S, P, γ).

Proposition 7 A section σ of C is critical for the parametrized variational problem (C, L, P) (with L of order k and P of order s and rank l) if and only if < E | ε > ∘j^{2k+l+s}σ = 0.

Proof: We have ∀D^{cpt}⊂ M, ∀ε ∈ Γ(E) s. t. j^{l+k−1}(ε ∘ σ) | |_{∂D} = 0, ∫ D ⟨ < δL | j^kP^′ > | | j^{l+k}ε ⟩ ∘ j^{k+s}σ = 0 ⇕ ∀D^{cpt}⊂ M, ∀ε ∈ Γ(E) s. t. j^{l+k−1}(ε ∘ σ) | ∂D = 0, ∫ D < E | ε > ∘j^{2k+l+s}σ + ∫ D d ( < F | j^{l+k−1}ε > ∘j^{2k+l+s−1}σ ) = 0 ⇕ E ∘ j^{2k+l+s}σ = 0 The first equivalence is ensured by the first variation formula (4) and the Definition 38, while the last holds in force of the fact that j^{l+k−1}(ε ∘ σ) | ∂D = 0 and that ε and D are arbitrary. ♣

We stress that the number of derivatives of fields in E and F is not sharp: in fact, due to the particular structure of the morphism < δL | j^kP^′ >, it is actually always lesser then the one expected from the naive issue. Moreover, the morphism E(L, P) in the splitting is truly unique (i.e. independent on the connection used), while F(L, P, γ) is just one representative in the class of variational morphisms fitting into formula (4) chosen o that it is reduced with respect to the fibered connection (γ, Γ); more precisely, the final expression of the morphism F(L, P, γ) depends at most on the spacetime connection γ, while if l +k ≤ 2 (the most common case) also F can be defined independently on any part of the fibered connection, so that the splitting algorithm can be performed in coordinates simply by integration by parts on the derivatives of the sections of E. In the case k = 1, l = 1 and s = 1, with the same coordinate representation as in formula (3), the morphisms E and F are the following: < E | ε > ∘j^3σ = {( ∂L ∂y^a − d_ν ∂L ∂y^a_ν ) p^a_A − d_μ [( ∂L ∂y^a − d_ν ∂L ∂y^a_ν ) p^a_A^μ ]} ε^A ds < F | j^1ε > ∘j^2σ = [( ∂L ∂y^a − d_ν ∂L ∂y^a_ν ) p^a_A^με^A + ∂L ∂y^a_μ (p^a_Aε^A + p^a_A^ν d_ν ε^A) ] ds and they can easily be obtained integrating by parts the integrand of equation (3).

2.2 Symmetries

The second natural question arising in our investigations is whether the link between symmetries and conserved currents given in the standard Nöther theory is preserved if we vary configurations only along the parametrized variations. First of all the definition of symmetry for a parametrized variational problem has to be changed with respect to the ordinary one in order to ensure the invariance of the parametrization as well as that of the Lagrangian.

Definition 8 Let C^{πC}−→ M be a configuration bundle, L a Lagrangian of order k and (E, P) a parametrization of order r and rank l on the vector bundle E^{πE}−→ C. Let Z : E −→ T E be a vector field on the bundle E −→ M such that Y = T π_EZ is a vector field on C, while X = T π_EY is a vector field on M.

Calling Ψ^E_{Z,s}, Ψ^C_{Y,s} and Ψ^{V C}_{Y,s} the flows of fibered transformations generated by the vector fields Z and Y on the bundles E, C and V C respectively, we can drag any section ε ∈ Γ(E) along Ψ^E_{Z,s} getting the section ε_s = (Ψ^E_{Z,s})^⋆ε, any section σ ∈ Γ(C) along Ψ^C_{Y,s} getting σ_s = (Ψ^C_{Y,s})^⋆σ and, for any section V ∈ Γ(V C), we can also drag V ∘ σ along Ψ^{V C}_{Y,s} getting (Ψ^{V C}_{Y,s} )^⋆V ∘ σ. The vector field Z is an infinitesimal Lagrangian symmetry of the (parametrized) variational problem {C, L, P} if the following covariance identity

< δL | j^k£_Y σ >= Div(i_X L) + Div < α | j^kY > (5)

holds for some morphism α : J^{k+h}C −→ (J^kT C)^∗ ⊗_J k_C Λ^{m−1}T^∗M, and moreover we have < P| j^lε_s > ∘j^rσ_s = (Ψ^{V C}_{Y,s} )^⋆(< P| j^lε > ∘j^rσ).

The definition of infinitesimal symmetry has now been extended to variational problems with parametrized variations. Nevertheless in order to establish a correspondence between symmetries and conserved currents we need some more restrictive hypothesis. Usually (in the case with free variations) one considers the covariance identity (5) and simply splits δL in its Euler-Lagrange part plus the divergence of the Poincaré-Cartan part: being the first vanishing on shell, one gets the conserved current as the argument of the residual divergence. In our framework, on the contrary, field equations arise from the splitting of < δL | j^kP^′ > so that we would need a rule to associate to any symmetry Y and to any configuration σ a section of the bundle of parameters that in turn is mapped by the parametrization into £_Y σ. Without any further hypothesis such a section is not guaranteed to exist. In thee next Section we will then state all the necessary assumptions which are needed to get a Nöther theorem in the case of gauge-natural symmetries of gauge-natural variational problems in the next section.

3 Gauge-natural constrained theories

Gauge-natural field theories have been shown to be the most general setting to describe Lagrangian field theories with gauge symmetries, including gauge theories, General Relativity in its different formulations, bosons, spinors and also supersymmetries (see [5, 7]). In the book [7] it was also described in detail how to cope with conservation laws linked to pure gauge (vertical) symmetries and how to implement the conservation of energy and momentum as Nöther currents relative to an horizontal lift of space-time diffeomorphisms. The goal of this Section is to extend the previously known results to the case of constrained variational problems under suitable conditions. The original material on gauge-natural bundles can be found in [4]; a standard reference with many theoretical improvements is [16]; a more applicative approach can be found in [7], while a friendly introduction to the subject is also provided in Appendix B.

3.1 Morphisms between gauge-natural bundles

In this sub-Section we recall the fundamental definitions about morphisms between gaugenatural bundles, their push-forward along gauge transformations and their Lie derivatives. Gauge-natural morphisms are also defined.

For any principal automorphism Ψ = (ϕ, ψ) of the principal bundle P −→ M let us denote by B(Ψ) = (ϕ, Ψ̂_B) the gauge-natural lift of Ψ to the gauge natural bundle B(P ).

Definition 9 A bundle morphism between gauge-natural bundles M : B(P ) −→ D(P ) projecting onto the identity is said to be gauge-natural if for any local principal automorphism Ψ of P the following diagram commutes

B(P )

B(P )

D(P )

D(P )

..................................................... .......M

..................................................... .......M

. . . . . . . . . . . . ..........

B(Ψ) . . . . . . . . . . . . .........

D(Ψ)

Definition 10 Let M : B(P ) −→ D(P ) be a vertical (i.e. projecting onto the identity) morphism between gauge-natural bundles. We define its push-forward along the local principal automorphism Ψ = (ϕ, ψ) to be the unique vertical morphism Ψ^⋆M : B(P ) −→ D(P ) such that for all section σ ∈ Γ(B(P )) we have

D(Ψ)^⋆(M ∘ σ) = Ψ^⋆M ∘ B(Ψ)^⋆σ.

As a consequence we have the following explicit rule of calculation:

Ψ^⋆M = D(Ψ) ∘ M ∘ B(Ψ^{−1}) = Ψ̂_D ∘ M ∘ Ψ̂^{−1}_B .

Definition 11 Let M : B(P ) −→ D(P ) be a vertical morphism between gauge-natural bundles over the same base and Ψ_s = (ϕ_s, ψ_s) a 1-parameter family of local principal automorphisms having Ξ ∈ Γ(IGA(P )) as generator. We define the Lie derivative of the morphism M along Ξ to be the morphism £_ΞM : B(P ) −→ V D(P ) that fulfills

£_ΞM = − d ds Ψ^⋆_s M | | s=0 .

From the definition it follows immediately that the expression of the Lie derivative of a morphism is linked to that of the Lie derivative of sections by means of the following rule: for all σ ∈ Γ(B(P )) £_ΞM ∘ σ = £_Ξ (M ∘ σ) − T M ∘ £_Ξσ.

If we use coordinates (x^μ, y^a) on B(P ) and (x^μ, z^A) on D(P ), the local expression of M is M : (x^μ, y^a) −→ (x^μ, z^A(x^μ, y^a)). Let us call Ξ̂_B and Ξ̂_D the gauge-natural lifts of an infinitesimal generator of principal automorphisms Ξ respectively to B(P ) and D(P ), and let

Ξ̂_B = Ξ^μ ∂ ∂x^μ + Ξ̂^a_B ∂ ∂y^a and Ξ̂_D = Ξ^μ ∂ ∂x^μ + Ξ̂^A_D ∂ ∂z^A be their coordinate expressions.

The Lie derivative of M has thence local coordinate expression

£_ΞM = ( Ξ̂^A_D − ∂z^A ∂y^a Ξ̂^a_B ) ∂ ∂z^A .

Remark 12 Let B(P ) and D(P ) be gauge-natural bundles of order (r, s) and (j, k) respectively. We can think at the Lie derivative as a fibered morphism

£M : B(P ) −→ ( J^mIGA(P ) )_∗ ⊗_{D(P )} V D(P )

with m = max{r, j} such that if Ξ is vertical (i.e. a section of^{V P}_G → IGA(P )), £_ΞM depends in fact on the derivatives of Ξ only up to the order f = max{s, k}.

Proposition 13 A necessary and sufficient condition for a vertical morphism between gaugenatural bundles M : B(P ) −→ D(P ) to be gauge-natural is that for any 1-parameter family of local automorphisms Ψ_s of P generated by Ξ, one has

Ψ^⋆_s M = M or £_ΞM = 0.

Proposition 14 Any global morphism M : B(P ) −→ D(P ) has to be gauge-natural and any local gauge-natural morphism can be extended to a global one.

Proof: (Sketch) A trivialization of P induces both a trivialization of B(P ) and D(P ) (see [7]) and gauge-naturality is exactly the same as invariance with respect to changes of trivializations of P . ♣

3.2 Variationally gauge-natural morphisms

In this sub-Section we present some technical properties that follow from requiring a local Lagrangian not exactly to be a gauge-natural morphism (that would imply globality) but to satisfy a slightly more relaxed condition that amounts to say that every gauge transformation has to be a Lagrangian symmetry according to definition 8 if a gaugenatural parametrization is provided.

This generalization is needed in order to deal with the case presented as an example in Section 5.1.

The Theorems we shall develop here can be applied to ordinary variational calculus, but they have been introduced with the explicit aim of embracing the case of parametrized variations; their consequences will be analyzed in the next sub-Section.

Definition 15 Let C(P ) −→ M be a gauge-natural bundle and F −→ C(P ) be a vector bundle such that the composition F −→ C(P ) −→ M is a gauge natural bundle on M that we call F(P ). A local variational morphism

M : J^k C(P ) −→ (J^hF(P ))^∗ ⊗_J h_C Λ^{m−n}T^∗(M)

is said to be variationally gauge-natural if for any 1-parameter family of local automorphisms Ψ_s of P generated by Ξ there exists a 1-parameter family of variational morphisms {α_s} with

α_s : J^{k−1}C(P ) −→ (J^{h−1}F(P ))^∗⊗Λ^{m−n−1}T^∗(M)

such that, for every section X ∈ Γ(F(P )) one has

Ψ^⋆_s < M | j^hX >=< M | Ψ^⋆_s j^hX > + Div < α_s | Ψ^⋆_s j^{h−1}X > .

Remark 16 In terms of Lie derivatives there are many possible equivalent infinitesimal formulations of the definition of variational gauge-naturality. Let us consider the morphism

M : J^k C(P ) −→ (J^hF(P ))^∗ ⊗_J h_C Λ^{m−n}T^∗(M) and let us think of it as a morphism

M^′ : J^k C(P ) × J^hF(P ) −→ Λ^{m−n}T^∗(M)

linear in its second argument. Let us suppose that C(P ) is gauge-natural of order (r, s) and C(P ) of order (j, k) and that m = min{r, j}, according to Remark 12; then the Lie derivative of M^′ with respect to a gauge generator Ξ is a morphism

£_ΞM^′ : J^k C(P ) × J^hF(P ) −→ ( J^mIGA(P ) )_∗ ⊗_M V Λ^{m−n}T^∗(M), linear in the second argument, that can also be thought as

£_ΞM^′ : J^k C(P ) −→ (J^hF(P ))^∗ ⊗ ( J^mIGA(P ) )_∗ ⊗ V Λ^{m−n}T^∗(M) where the tensor product is on the base J^hC(P ) (for simplicity we still denote it by £_ΞM^′ ). Using the map π_2 introduced in Remark 54, we can say that variational gauge-naturality of M is equivalent to the existence of a morphism α : J^{k−1}C(P ) −→ ( J^hF(P ) )_∗ ⊗ ( J^mIGA(P ) )_∗ ⊗ V Λ^{m−n}T^∗(M) such that

π_2 < £_ΞM^′ | j^hX >= Div ( π_2 ⟨ < α | j^{m−1}Ξ > | | j^{h−1}X ⟩) , and the link between α and the 1-parameter family {α_s} of definition 15 is − d ds α_s|_{s=0} =< α | j^{m−1}Ξ > . Concrete examples in local coordinates of how to check variational gauge-naturality of a Lagrangian morphism as well as that of an Euler-Lagrange morphism will be given in the proof of Proposition 19.

In our exposition, two technical lemmas precede the main basic properties of variationally gauge-natural morphisms and in particular of variationally gauge-natural Lagrangians in order to simplify their proofs. The first lemma is very well known, but we report it here just to display some coordinate expression which will be easily recognized later. To our knowledge the other statements have not yet been proved in the same generality.

Lemma 17 If L = Div Λ then for every X ∈ Γ(V C) there exists a morphism δΛ such that < δL | j^kX >= Div < δΛ | j^{k−1}X >. If Λ is global, so is δΛ.

Proof: Let Λ be a local variational morphism

Λ : J^{k−1}C −→ (J^{k−1}V C)^∗⊗_J k−1_C Λ^{m−1}T^∗(M)

where M is the base of the configuration bundle C. Let us use coordinates (x^μ, y^a_ᾱ) on J^k C (μ runs from 1 to dim M, while ᾱ is a multiindex of length 0 ≤ |ᾱ| < k) and let us express Λ in coordinates as Λ = Λ^μ(x^μ, y^a_ᾱ) ds_μ (with 0 ≤ |ᾱ| < k) while L = d_μΛ^μ(x^μ, y^a_ᾱ) ds. The coordinate expression for the morphism < δL | j^kX > is the following < δL | j^kX >= ∂d_μΛ^μ ∂y^a_{ν̄} X^a_{ν̄} ds. (6) where the multiindex ν̄ has length 0 ≤ |ν̄| ≤ k. We have ∂d_μΛ^μ ∂y^a_{ν̄} = d_μ ∂Λ^μ ∂y^a_{ν̄} + δ^{ᾱ+¯1μ}_{ν̄} ∂Λ^μ ∂y^a_ᾱ , where the multi-index ᾱ has length |ᾱ| = |ν̄| − 1 and by ¯1_μ we mean a multiindex with 1 entry in position μ and zero elsewhere, while for |ν̄| = 0 there is no ᾱ to fit into the formula so that one has to set δ^{ᾱ+¯1μ}_{ν̄} = 0, while for |ν̄| = k we simply have d_μ ∂Λ^μ ∂y^a_{ν̄} = 0.

Substituting now into (6) we get < δL | j^kX >= [ d_μ ∂Λ^μ ∂y^a_{ν̄} + δ^{ᾱ+¯1μ}_{ν̄} ∂Λ^μ ∂y^a_ᾱ ] X^a_{ν̄} ds = d_μ ( ∂Λ^μ ∂y^a_ᾱ X^a_ᾱ ) ds. We have found the local expression of the morphism δΛ

δΛ = (δΛ)^μ ds_μ with (δΛ)^μ = ∂Λ^μ ∂y^a_ᾱ X^a_ᾱ of which we wanted to prove the existence. It remains to straightforwardly check that if Λ is global so is δΛ; and that in this case the previous one is an invariant expression that does not depend on the chosen coordinates. ♣

Lemma 18 The gauge-natural lift j^kΞ̂_{V C} of an infinitesimal generator Ξ ∈ Γ(IGA(P )) of principal automorphisms of P to the k^{th}-jet prolongation of the vertical bundle V C(P ) of a gauge-natural bundle C(P ) can be computed from the lift j^kΞ̂_C to the same jet prolongation of the base bundle C(P ) according to the following rule: let (x^μ, y^a_{ν̄} ) be fibered coordinates on J^k C(P ) and (x^μ, y^b_{ν̄} , v^b_{ν̄} ) on J^k V C(P ) (ν̄ is a multi-index of length 0 ≤ |ν̄| ≤ k). If

j^kΞ̂_C = Ξ^μ ∂ ∂x^μ + (j^kΞ̂_C)^b_{ν̄} ∂ ∂y^b_{ν̄} is the coordinate expression of j^kΞ̂_C then the coordinate expression of j^kΞ̂_{V C} is

j^kΞ̂_{V C} = Ξ^μ ∂ ∂x^μ + (j^kΞ̂_C)^b_{ν̄} ∂ ∂y^b_{ν̄} + (j^kΞ̂_{V C})^b_{ν̄} ∂ ∂v^b_{ν̄} with (j^kΞ̂_{V C})^b_{ν̄} = v^a_{μ̄} ∂ ∂y^a_{μ̄} (j^kΞ̂_C)^b_{ν̄}

where μ̄ is a multi-index of length 0 ≤ |μ̄| ≤ k.

Proof: If we have a gauge-natural bundle B(P ) with a system of local coordinates (x^μ, p^A), given the gauge-natural lift Ξ̂_B of any infinitesimal generator Ξ of principal automorphisms of P with local coordinate representation

Ξ̂_B = Ξ^μ ∂ ∂x^μ + Ξ̂^A_B ∂ ∂p^A , then the lift Ξ̂_{V B} on the vertical bundle of B, where we use coordinates (x^μ, p^A, ε^A), has the following local representation

Ξ̂_{V B} = Ξ^μ ∂ ∂x^μ + Ξ̂^A_B ∂ ∂p^A + ε^B ∂Ξ̂^A_B ∂p^B ∂ ∂ε^A . Now plug in B(P ) = J^k C(P ) and, thanks to the isomorphism V (J^k C(P )) ≈ J^k(V C(P )), one gets the thesis. ♣

Proposition 19 If L is a variationally gauge-natural (local) variational morphism then the gauge-natural morphism δL introduced in formula (2) is variationally gauge-natural, too.

Proof: Let us introduce a fibered coordinate system (x^μ, y^a) on the gauge-natural configuration bundle C(P ). On J^k C(P ) we can naturally induce the system of fibered coordinates (x^μ, y^a_{ν̄} ) where ν̄ is a multi-index of length 0 ≤ |ν̄| ≤ k.

For a k-th order Lagrangian and for any section X of the vertical bundle V C(P ) we have < δL | j^kX >= ∂L ∂y^a_{ν̄} X^a_{ν̄} .

Let us adopt the same notation of the previous Lemma for the lifts of infinitesimal generators of automorphisms of P to the configuration bundle and its vertical bundle. Furthermore let (r, s) be the order of C, so that the order of J^k C is at most (r + k, s + k). The Lagrangian L : J^k C −→ Λ^mT^∗M is variationally gauge-natural so that a morphism α : J^{k−1}C(P ) −→ ( J^{r+k−1} IGA(P ) )_∗ ⊗ V Λ^{m−n}T^∗(M) exists such that

π_2£_ΞM^′ = Div ( π_2 < α | j^{m−1}Ξ > ) = Div Λ.

having called Λ the morphism Λ = π_2 < α | j^{r+k−1}Ξ >; let Λ^μ be its components with respect to the decomposition Λ = Λ^μ ds_μ. We have in coordinates: ∂L ∂y^a_{ν̄} d_{ν̄} £_Ξy^a = d_μ(LΞ^μ) + d_μΛ^μ

which is equivalent to − ∂L ∂x^α Ξ^α − ∂L ∂y^a_{ν̄} (j^kΞ̂_C)^b_{ν̄} = Ld_μΞ^μ + d_μΛ^μ (7)

Thanks to Lemma 18 we can notice that if the order of C(P ) is (r, s) then the order of V C(P ) is (r + 1, s + 1).

Gauge-naturality of δL : J^k C(P ) −→ (J^kV C(P ))^∗ ⊗ Λ^mT^∗M means that there exists a morphism β : J^{k−1}C(P ) −→ (J^{k−1}V C)^∗ ⊗ ( J^{r+k} IGA(P ) )_∗ ⊗ V Λ^{m−n}T^∗(M) such that

π_2 < £_ΞM^′ | j^kX >= Div ( π_2 ⟨ < β | j^{r+k}Ξ > | | j_{k−1}X⟩). Let us then compute < £_ΞM^′ | j^hX >. We have (both multiindices ν̄ and μ̄ have length 0 ≤ |ν̄| = |μ̄| ≤ k).

π_2 < £_ΞM^′ | j^kX >= { X^a_{μ̄} ∂ ∂y^b_{ν̄} ∂L ∂y^a_{μ̄} d_{ν̄} £_Ξy^b − d_α [( ∂L ∂y^b_{ν̄} X^b_{ν̄} ) Ξ^α ] + ∂L ∂y^b_{ν̄} d_{ν̄} £_ΞX^b } ds = = { −X^a_{μ̄} [ ∂ ∂y^a_{μ̄} ∂L ∂x^α Ξ^α + ∂ ∂y^a_{μ̄} ∂L ∂y^b_{ν̄} (j^kΞ̂_C)^b_{ν̄} ] − ∂L ∂y^b_{ν̄} d_α ( X^b_{ν̄} Ξ^α ) + ∂L ∂y^b_{ν̄} d_{ν̄} £_ΞX^b } ds. Integrating by parts the first two addenda and applying (7) we get

π_2 < £_ΞM^′ | j^kX >= { X^a_{μ̄} ∂ ∂y^a_{μ̄} [Ld_αΞ^α + d_αΛ^α] + ∂L ∂y^b_{ν̄} X^a_{μ̄} ∂ ∂y^a_{μ̄} (j^kΞ̂_C)^b_{ν̄} + − ∂L ∂y^b_{ν̄} X^b_{ν̄} d_αΞ^α − ∂L ∂y^b_{ν̄} Ξ^αd_αX^b_{ν̄} + ∂L ∂y^b_{ν̄} d_{ν̄} £_ΞX^b } ds = = { ∂L ∂y^b_{ν̄} X^a_{μ̄} ∂ ∂y^a_{μ̄} (j^kΞ̂_C)^b_{ν̄} − ∂L ∂y^b_{ν̄} (j^kΞ̂_{V C})^b_{ν̄} + X^a_{μ̄} ∂ ∂y^a_{μ̄} (d_αΛ^α) } ds. Thanks to Lemma 18 the first two addenda cancel, while thanks to Lemma 17 the argument of the derivative in the third addendum is the divergence of the morphism δΛ with local expression < δΛ | j^{k−1}X >= ( X^a_{μ̄} ∂Λ^α ∂y^a_{μ̄} ) ds_α. Thus we have π_2 ⟨ < β | j^{r+k}Ξ > | | j_{k−1}X⟩ =< δΛ | j_{k−1}X > and δL is variationally gauge-natural. ♣

Theorem 20 The volume part of a variationally gauge-natural (local) variational morphism is gauge-natural (and thence global).

Proof: Let P −→ M be a principal bundle, C(P ) a gauge-natural bundle and F(P ) a gauge-natural vector bundle. Let M be a gauge-natural morphism

M : J^kC(P ) −→ (J^hF(P ))^∗ ⊗_J h_C Λ^mT^∗M

that for all V ∈ Γ(F(P )) splits into < M | j^hV >=< V| V > + Div < B | j^{h−1}V > . with V≡ V(M) : J^{h+k} C(P ) −→ [F(P )]^∗ ⊗_C Λ^mT^∗M B ≡ B(M , γ) : J^{h+k−1}C(P ) −→ (J^{h−1}F(P ))^∗ ⊗_J h−1_C Λ^{m−1}T^∗M.

For any 1-parameter family of local automorphism Ψ_s of P and for all V ∈ Γ(F(P )) we have Ψ^⋆_s < M | j^hV >= Ψ^⋆_s < V| V > +Ψ^⋆_s [ Div < B | j^{h−1}V > ] As it happens whenever we consider a natural bundle on M as gauge-natural on any P −→ M the gauge-natural lift on Λ^mT^∗M of any gauge transformation coincides with the natural lift of the diffeomorphism onto which the gauge transformation projects, so that if Ψ_s = (ϕ_s, ψ_s) then Λ^mT^∗(Ψ_s) = Λ^mT^∗(ϕ_s). If computed on a section, the divergence coincides with the exterior differential of forms (see Definition 38). Accordingly, as the push-forward along a diffeomorphism commutes with the exterior differential we have the following splitting

Ψ^⋆_s < M | j^hV >=< Ψ^⋆_s V| Ψ^⋆_s V > + Div [ Ψ^⋆_s < B | j^{h−1}V > ] . By variational gauge-naturality of M we also have a 1-parameter family of morphisms {α_s} such that

Ψ^⋆_s < M | j^hV > =< M | Ψ^⋆_s j^hV > + Div < α_s | Ψ^⋆_s (j^{h−1}V ) > =< V| Ψ^⋆_s V > + Div < B + α_s | Ψ^⋆_s (j^{h−1}V ) > .

Thanks to the uniqueness of the volume part of the splitting of a variational morphism we can conclude Ψ^⋆_s V= V

that ensures gauge-naturality of V. ♣

3.3 Gauge-natural variational calculus with parametrized variations

Definition 21 A gauge-natural variational problem with parametrized variations is defined by the set (C(P ), L, F, P, J, ω̄) of the following objects:

1. a gauge-natural configuration bundle C(P )^π−→ M of order (r, s) with structure Gbundle P^p−→ M;

2. a variationally gauge-natural (local) Lagrangian morphism L of order k;

3. a vector bundle F^{πF}−→ C(P ) such that the composite projection F^{π∘πF}−→ M is a gaugenatural bundle F(P ) of order (p, f) called bundle of parameters;

4. a gauge-natural parameterizing morphism P : J^1C(P ) −→ (J^qF(P ))^∗ ⊗_J q_{C(P )} V C(P ) (q ∈ {0, 1}); 5. a gauge-natural morphism J : J^1C −→ (J^{r−q} IGA(P ))^∗ ⊗_J 1_C F(P ) such that we have ⟨ P| j^q < J|j^{r−q}Ξ > ⟩ ∘ j^1σ = £_Ξσ;

6. a morphism ω̄ : J^kC(P ) −→ C(M) ×_M C(P ) that associates to any configuration a couple (γ, ω) where γ is a linear connection on M and ω is a principal connection on P .

Let us remark that the connection γ is needed to construct the P-Poincaré -Cartan morphism F(L, S, P, γ) only if k + l > 2, otherwise this requirement can be dropped, while the connection ω on P will be needed in every case to distinguish horizontal and vertical gauge symmetries (as we will see in a while).

Theorem 22 A gauge-natural variational problem with parametrized variations (C(P ), L, F, P, J) leads to gauge-natural (global) Euler-Lagrange equations.

Proof: According to the splitting ⟨ < δL | j^kP^′ > | | j^{l+k}ϵ ⟩ =< E | ϵ > + Div < F | j^{l+k−1}ϵ >, the Euler-Lagrange equations of a gauge-natural variational problem with parametrized variations arise as the boundary part of a variationally gauge-natural variational morphism; in fact δL is variationally gauge-natural by Property 19, and so is P by hypothesis (hence also its jet prolongation). Their contraction is thence gauge-natural by definition. Thanks to Property 20 we can conclude that the equations are gauge-natural. ♣

Let us now remark that according to the fact that the Lagrangian is variationally gaugenatural, every gauge-natural lift on C(P ) of an infinitesimal generator Ξ ∈ Γ(IGA(P )) of automorphisms of P (or, in a more physical language, every gauge transformation) turns out to be a symmetry of our variational problem. With the help of the other requirements of Definition 21 we are able to associate to any of these gauge symmetries a gauge invariant “Nöther” conserved current according to the the rule that follows.

Theorem 23 -Nöther theorem- Let us consider a gauge natural variational problem with parametrized variations (C(P ), L, F, P, J) (orders are as in Definition 21) such that

π_2£_ΞL = Div ( π_2 < α | j^{r+k−1}Ξ > )

The unique fibered morphism (momentum map)

E : J^{2k+l+s−1}C(P ) −→ J^{r−q−1}IGA(P ) ⊗ Λ^{n−1}T^∗M

such that for all σ ∈ Γ(C(P )) and for all Ξ ∈ Γ(IGA(P )) one has < E | j^{r−q−1}Ξ > ∘j^{2k+l+s−1}σ = = ( < F | j^{l+k−1}J∘ Ξ > −T p Ξ⌟L − π_2 < α | j^{r+k−1}Ξ > ) ∘ j^{2k+l+s−1}σ associates to any couple (σ, Ξ) formed by a section σ ∈ Γ(C(P )) and an infinitesimal generator of principal automorphisms Ξ ∈ Γ(IGA(P )) a current (i. e., a (n − 1)-form) that is conserved (closed) on-shell. Moreover the morphism E is gauge-natural (global).

Proof: By gauge-naturality of L : J^k C −→ Λ^mT^∗M one can find a local morphism Λ : J^{k−1}C −→ V Λ^{m−1}T^∗M such that

π_2£_ΞL = Div (π_2 < α | j^{r+k−1}Ξ >).

π_2£_ΞL =< δL | j^k£_Ξσ > − Div (T pΞ⌟L) = = ⟨ < δL | j^kP^′ > | | j^{l+k} < J| j^{r−q}Ξ > ⟩ − Div (T pΞ⌟L) = = ⟨ E | | < J| j^{r−q}Ξ > ⟩ + Div ⟨ F | | j^{l+k−1} < J| j^{r−q}Ξ > ⟩ − Div (T pΞ⌟L).

Thence − ⟨ E | | < J | j_{r−q}Ξ > ⟩ = = Div ⟨ F | | j^{l+k−1} < J| j^{r−q}Ξ > ⟩ − Div (T pΞ⌟L) − Div (π_2 < α | j^{r+k−1}Ξ >) so − ⟨ E | | < J| j_{r−q}Ξ > ⟩ = Div < E | j_{r−q−1}Ξ > . (8) While from the definition of E one can hardly argue how many derivatives of Ξ will appear in its final expression (cancellations may arise!) from the latter identity (that holds offshell) we can say that Ξ can enter with its derivatives up to the order r − q − 1. If σ is a solution of the corresponding Euler-Lagrange equations then we have d [( ⟨ F | | j^{l+k−1} < J | j^{r−q}Ξ > ⟩ − T pΞ⌟L − π_2 < α | j^{r+k−1}Ξ > ) ∘ j^{2k+l+s−1}σ ] = 0.

To prove gauge-naturality of E let us notice that identity (8) holds; thence, as the pushforward and the exterior differential of forms do commute, it is sufficient to prove gaugenaturality of the left hand side. The morphism E is gauge-natural by Property 20, and it is contracted on J that is gauge-natural by hypothesis; thus the thesis follows. ♣

In the natural case we were able to construct Nöther currents related to diffeomorphisms, and their integrals on (m−1)-surfaces were linked to the energy-momentum of the system. In the gauge-natural case we cannot any longer lift diffeomorphisms of M, but according to [7], if on P we have a connection gauge-naturally derived from fields, for any infinitesimal generator of principal automorphisms we can define the horizontal part with respect to this connection, and compute the conserved Nöther currents relative to it. This should be regarded as the density of energy momentum in a gauge-natural variational principle also in presence of a parametrization relative to a constraint.

4 Constrained variational calculus and vakonomic field theories

Let us now apply the previously developed formalism to field theories with constraints within the vakonomic approach. The non-holonomic technique can be studied within the same formalism too, but with a different characterization of admissible variations; this case will be considered in a forthcoming paper.

4.1 Vak-criticality

The definitions we will use to implement the principle of constrained least action are a generalization of the ones given by Arnold and others in [1] in the case of Vakonomic Mechanics. We will abandon their line when they introduce Lagrange multipliers to characterize critical sections.

Definition 24 Let C^π−→ M be the configuration bundle. A constraint of order p and codimension r is a submanifold S ⊂ J^pC of codimension r that by π^p_{−1} projects onto the whole J^{p−1}C.

Definition 25 A configuration σ ∈ Γ(C) is said to be admissible with respect to S if its p^{th}-order jet prolongation lies in S. The space of admissible configuration with respect to S is Γ_S (C) = {σ ∈ Γ(C) / Im(j^pσ) ∈ S}.

Definition 26 Given a compact submanifold D^{cpt}⊂ M, a vak-admissible variation (at order k) of an admissible configuration σ ∈ Γ_S (C) is a smooth 1-parameter family of sections {σ_ε}_{ε∈]−1,1[} ⊂ Γ(π^{−1}D) such that

1. σ_0 = σ|_D 2. ∀ε ∈] − 1, 1[, j^{k−1}σ_ε|_{∂D} = j^{k−1}σ|_{∂D} 3.^d_{dε} j^pσ_ε|_{ε=0} ∈ J^pV C ∩ T S.

Definition 27 The set {C, L, S} where C^π−→ M is a configuration bundle, L is a Lagrangian on C and S is a constraint is called a “constrained variational problem”.

Definition 28 We say that an admissible section σ ∈ Γ_S (C) is vakonomically critical (or vak-critical) for the variational problem {C, L, S} if ∀D^{cpt}⊂ M for any vak-admissible variation {σ_ε}_{ε∈]−1,1[} ∈ Γ(π^{−1}D) we have d dε ∫ D L ∘ j^kσ_ε | | ε=0 = 0.

An equivalent infinitesimal condition is that ∀D^{cpt}⊂ M, ∀V ∈ V C s. t. j^pV ∈ T S and j^{k−1}V |_{∂D} = 0, ∫ D < δL | j^kV > ∘j^kσ = 0 where δL is the fibered (variational) morphism defined in (2).

4.2 Parametrized variations and vakonomic criticality In order to turn the vak-criticality condition into a differential equation, the classical strategy (at least in Mechanics) is to introduce Lagrange multipliers (see [1]). Here we try to profitably use a suitable parametrization of the set of constrained variations. This idea was first formally developed by Fernandez, Garcia and Rodrigo in the very interesting paper [8].

Definition 29 Let C^π−→ M be the configuration bundle. A parametrization

P_S : J^sC −→ (J^lE)^∗ ⊗_J s_C V C

of order s and rank l (s ≥ l is required) of the set of constrained variations is said to be vakonomically adapted to the constraint S ⊂ J^pC if for all ε ∈ Γ(E) and σ ∈ Γ_S (C) the vertical vector field j^p(< P| j^lε > ∘j^sσ) ∈ T S.

Definition 30 A parametrization P_S : J^sC −→ (J^lE)^∗⊗_J s_C V C vak-adapted to a constraint S is said to be faithful on σ ∈ Γ_S (C) to S if for all V ∈ V C such that both j^p(V ∘ σ) ∈ T S and j^{k−1}(V ∘ σ)|_{∂D} = 0 hold, there exist a section ε ∈ Γ(E) such that < P| j^lε > ∘j^sσ = V and j^{k−1+l}(ε ∘ σ)|_{∂D} = 0

The fundamental problem of the existence of a (possibly faithful) parametrization vakonomically adapted to a constraint S has not yet been studied in general and will not be faced here. For the moment we limit ourselves to consider a given specific parametrization as a part of the variational problem, deferring the study of the general case to further investigations. The same was done in all the previous papers on this topic (see e.g. [8]).

Once we have a vak-adapted parametrization P_S we can study P_S-criticality, constructing, as we have shown in Section 2.1, the relevant P_S-Euler-Lagrange equations. It is important to remark that even having defined the Lagrangian on the whole configuration bundle, the first variation formula arising from it does not depend on the value of the Lagrangian outside the constraint. In fact if one has a Lagrangian L̂ : J^k C −→ ∧^m T^∗M such that L̂ = L + N with N proportional to the equation of the constraint S, then on the constraint S it automatically holds < δN | j^kV > ∘j^kσ = 0 for all V ∈ V C s.t. j^pV ∈ T S and for all σ ∈ Γ_S (C) therefore the addendum N does not contribute to the first variation formula, neither in the field equation nor in the boundary part.

The link between vak-criticality and P_S-criticality is given by the following Proposition.

Proposition 31 Let σ ∈ Γ_S (C) be a vakonomically critical section for the constrained variational problem {C, L, S}; then for any adapted parametrization P_S σ is P_S-critical.

Proof: We have

σ ∈ Γ_S (C) is critical ⇕ ∀D^{cpt}⊂ M, ∀ adm. var. {σ_ε}, d dε ∫ D L ∘ j^kσ_ε | | |_{ε=0} = 0 ⇕ ∀D^{cpt}⊂ M, ∀V ∈ V C s. t. j^pV ∈ T S and j^{k−1}σ|_{∂D} = 0, ∫ D < δL | j^kV > ∘j^kσ = 0 ⇓ (a) ∀D^{cpt}⊂ M, ∀ε ∈ Γ(E) s. t. j^{l+k−1}ε|_{∂D} = 0, ∫ D ⟨ < δL | j^kP^′ > | | j^{l+k}ε ⟩ ∘ j^{k+s}σ = 0 ⇕ E ∘ j^{2k+l+s}σ = 0. Step (a) is not an equivalence because there can be admissible infinitesimal variations vanishing at the boundary with their derivatives up to the desired order that do not come from sections of the bundle of parameters that do vanish on the boundary. The last equivalence holds in force of Stokes’s theorem, the vanishing of j^{l+k−1}ε on the boundary and the independence of the generators of E. ♣

Corollary 32 Let σ ∈ Γ_S (C) be an admissible P_S-critical section for the constrained variational problem {C, L, S} and let also P_S be faithful to S on σ; then σ is vakonomically critical for the constrained variational problem {C, L, S}.

5 Examples:

To our knowledge, parametrized variational problems were first formally investigated by Fer-nández, García and Rodrigo [8] in relation with their application to Lagrangian reduction and in particular to Euler-Poincaré reduction [2, 9, 3]. They were already implicitly used in the literature to deal with Vakonomic Mechanics [1, 11] and Relativistic Hydrodynamics [13]. What we want to present here is a gauge-natural example that also helps to clarify the distinction between a vak-critical section of a constrained variational problem and a P_S-critical section, of which we study the equations of motions and the conserved Nöther currents.

5.1 A gauge-natural example: charged general relativistic fluids.

A charged general relativistic fluid can be thought as a congruence of curves filling a causal domain D ⊆ M, each of them carrying some rest mass and charge, being source of gravity and of electromagnetic interaction.

Our kinematical description is inspired by [13], where the gravitational field is represented by a Lorentzian metric with components g_{μν} , the electromagnetic potential by a connection A_μ on a principal U(1)-bundle P and the fluid degrees of freedom are represented by a nowhere vanishing 3-form J = J^μds_μ such that the unit timelike vector u^μ = J^μ/|J| is tangent to the flow lines and that the volume form √ |g|ρ = |J| represents the matter density in D. For what concerns the charge density we simply assume that at each spacetime point it is proportional to the matter density by an “elementary charge” q. An alternative (more common) approach to describe the fluid degrees of freedom (see [22, 14, 21]) is to associate to any space-time point x^μ three scalar fields R^a(x^μ) (a = 1, 2, 3) identifying the “abstract fluid particles”. We remark that using the tangent vector to flow lines as fluid variable, we loose the direct kinematical identification between different points of the same flow line. In fact, having a configuration J^μ(x), in order to know whether two points of spacetime are connected by the same flow line, we have to solve the ODE that defines the integral curves of u^μ with initial condition in one of them. In order to implement conservation of matter we only allow for closed J, so that for any closed 3-surface Σ in D the flow of J through Σ is zero. The bundle of configurations is thence C(P ) = Lor(M) ×_M C(P ) ×_M Λ^3T^∗M

that is gauge-natural having P −→ M with fiber U(1) as structure bundle. The field J, moreover, is subject to the constraint S ⊂ j^1Λ^3T^∗M represented by the equation dJ = 0, or locally d_μJ^μ = 0 (we also require J to be time-like with respect to the unknown metric, but this just selects an open set in the configuration bundle, so that the condition is automatically preserved by any infinitesimal variation).

The dynamics of the system is governed by the Lagrangian

L = L_H + L_{EM} + L_F + L_{int} (9)

with L_H (g_{αβ}, ∂_λg_{αβ}, ∂_{λω}g_{αβ}) = √ |g| 2κ R ds L_{EM} (g_{αβ}, A_ν, ∂_σA_ν ) = − 1 4 √ |g| F^{ρσ} F_{ρσ} ds L_F (J^μ, g_{αβ}) = − √ |g| [ρ (1 + e(ρ))] ds L_{int} = qJ^μA_μds where R is the scalar curvature of the metric, F_{ρσ} are the curvature coefficients (field strength) of the connection A (gauge potential) and e(ρ) is a generic function of the scalar ρ = √_{gμν J μJ ν} |g| , physically interpreted as the internal energy of the fluid. It gives rise to the pressure P = ρ^{2 ∂e}_{∂ρ} .

The gauge-natural bundle of parameters we introduce is then

F(P ) = (π_{C(P )})^∗V Lor(M) ×_{C(P )} (π_{C(P )})^∗V C(P) ×_{C(P )} (π_{C(P )})^∗T M

and the parametrization is such that for any section ε = (δg^{μν} , δA_μ, X^μ) ∈ Γ(E) and for any configuration σ ∈ Γ(C) we have < P_S | j^1ε >= ( δg_{μν} (x^σ , g_{αβ}), δA_μ(x, A_α), £_XJ^μ ) where £_X J^μ denotes the formal Lie derivative of J, i.e. £_X J^μ = ∇_ν J^μX^ν − J^ν ∇_ν X^μ + J^μ∇_ν X^ν . In this way we are freely varying the gravitational and electromagnetic degrees of freedom, while variations of the fluid variables are taken to be tangent to the constraint S; in fact for every vector field X and for every admissible configuration J (i.e. such that ∂_μJ^μ = 0 holds) we have ∂_μ£_X J^μ = 0.

Let us remark that this parametrization is trivially gauge-natural; in fact it partially coincides with the identity and partially with the Lie derivative.

Remark 33 We want to spend some words to stress that our parametrization is adapted to the constraint S, but in general not faithful to it; nevertheless this is exactly what Physics requires. Varying J according to our prescription is equivalent to drag J along a 1-parameter family of diffeomorphisms generated by X and this amounts to drag the integral curves of u^μ and to adjust the density ρ to keep J conserved (see [13]). If we consider a compact subset D ⊂ M and find a tangent vector X whose flow moves the integral curves of u^μ also on the boundary of D (X|_{∂D} ≠ 0) but leaves their tangent vectors fixed (£_X J^μ|_{∂D} = 0, as it is possible in some cases), we have that it produces a family of deformed J that are fixed on the boundary and that fulfill conservation of matter, but do not come from a vector field that vanishes on the boundary as it would be requested by faithfulness. Nevertheless, this is exactly what we want to do from the physical viewpoint: when we think of the congruence of curves that represent our fluid and we imagine to vary them without moving the boundary we do not want to move particles, not only tangent vectors. To support our choice to vary fields along our parametrization, we stress that also in the alternative approach of “abstract fluid particles” variations leave unchanged the particle identification on the boundary. Solutions of the Euler-Lagrange equations that we are going to find will thence be P_S-critical sections of the parametrized constrained variational problem, without being necessarily vak-critical solutions of the variational problem with the constraint S given by dJ = 0.

The first variation formulae arising from the freely varied Lagrangians L_H and L_{EM} are the well known ⟨ δL_H | |j^2 < P_S | j^1ε > ⟩ = √ |g| 2κ (R_{μν} − 1 2 Rg_{μν} )δg^{μν} ds + ∇_α ⟨ F^α_{(H)} | | j^1 < P_S | j^1ε > ⟩ (10)

with ⟨ F^α_{(H)} | j^1 < P_S | j^1ε > ⟩ = √ |g| 2κ (g^{αλ}g_{ρσ} − δ^λ_{(ρ}δ^α_{σ)})∇_λδg^{ρσ} ds where the covariant derivative is relative to the Levi-Civita connection and ⟨ δL_{EM} | j^1 < P_S | j^1ε > ⟩ = − √ |g|(∇_μF^{μν} )δA_ν ds − √ |g|∇_μ(F^{μν} δA_ν ) ds − √ |g| 2 H^{(EM )} μν δg^{μν} ds (11)

with √ |g| H^{(EM )}_{μν} ds = −2 ∂L_{EM} ∂g^{μν} = √ |g| (F_{μρ}F^ρ_{ν·} − 1 4 F_{αβ} F^{αβ} g_{μν} ) ds.

From the parametrized variation of L_F , by taking into account the definitions

μ = ρ (1 + e(ρ)) and P = ρ^2 ∂e ∂ρ together with their consequences ρ ∂μ ∂ρ = μ + P and ρ ∇_ν ( ∂μ ∂ρ ) = ∇_ν P

we have ⟨ δL_F | < P_S | j^1ε > ⟩ = − ∂μ ∂ρ u^·_μ (∇_ν J^μX^ν − J^ν ∇_ν X^μ + J^μ∇_ν X^ν ) ds.

Integrating by parts, we get the first variation formula ⟨ δL_F | < P_S | j^1ε > ⟩ = − √ |g| [ (u^·_μu^ν + δ^ν_μ)∇_ν P + (μ + P ) u^ν ∇_ν u^·_μ ] X^μ ds+ − μ + P ρ u^·_αX^α(∇_μJ^μ) + √ |g|∇_ν [ (μ + P )(δ^ν_μ + u^·_μu^ν )X^μ ] ds+ − √ |g| 2 H^{(F )}_{μν} δg^{μν} ds (12) with √ |g| H^{(F )}_{μν} ds = 2 ∂L_F ∂g^{μν} = √ |g| [P g_{μν} − (μ + P )u^·_μu^·_ν ] ds. Let us compute the first variation formula for the interaction term L_{(int)}: ⟨ δL_{int} | < P_S | j^1ε > ⟩ = ∂L_{int} ∂J^μ £_X J^μ + ∂L_{int} ∂A_ν δA_ν = = qA_μ(∇_ν J^μX^ν − J^ν ∇_ν X^μ + J^μ∇_ν X^ν ) ds + qJ^ν δA_ν ds = = qJ^ν δA_ν + qJ^μF_{μν} X^ν ds + q∇_ν (A_μJ^μX^ν − A_μJ^ν X^μ) ds

(13)

The complete set of the equations of motion for the Lagrangian (9) is thence the following

∇_μJ^μ = 0 (constraint) R_{μν} − 1 2 Rg_{μν} = κ(H^{(EM )}_{μν} + H^{(F )}_{μν} ) √ |g|∇_μF^{μν} = qJ^ν (u^·_μu^ν + δ^ν_μ)∇_ν P + (μ + P ) u^ν ∇_ν u^·_μ − J^μF_{μν} = 0.

We are now going to prove that the Lagrangian (9) is variationally gauge-natural when restricted to the prolongation of the constraint submanifold S ⊂ J^1C(P ) identified by equation ∇_μJ^μ = 0.

If (x^μ, θ) are coordinates on the structure bundle P , an infinitesimal generator of principal automorphisms of P is a vector field Y = Y^μ(x^α)∂_μ + y(x^α)^∂_{∂θ} ∈ Γ(T P ) projecting onto

X = T πY = Y^μ∂_μ. The Lie derivative of a section σ of the gauge-natural configuration bundle Lor(M) × C(P) × Λ^3T^∗M with respect to Y is

£_Y σ = (£_X g_{αβ}) ∂ ∂g_{αβ} + (£_Y A_ν ) ∂ ∂A_ν + (£_X J^μ) ∂ ∂J^μ with coefficients £_X g_{αβ} = ∇_αY^·_β + ∇_βY^·_α £_Y A_σ = Y^ρF_{ρσ} + ∇_σ(y + A_ρY^ρ) £_Y F_{αβ} = Y^ρ∇_ρF_{αβ} + ∇_αY^ρF_{ρβ} + ∇_β Y^ρF_{αρ} £_X J^μ = ∇_ν J^μY^ν − J^ν ∇_ν Y^μ + J^μ∇_ν Y^ν .

Thus the configuration bundle is gauge-natural with order (1, 1). A gauge-natural morphism J: J^1C −→ (J^1IGA(P ))^∗ ⊗_J 1_C F(P ) such that we have ⟨ P_S | j^1 < J|j^1Y > ⟩ ∘ j^1σ = £_Y σ (14)

can be defined by < J|j^1Y > ∘ j^1σ = (£_X g_{αβ}, £_Y A_σ , X).

Let us now consider the Lie derivative of the morphism L with respect to Y . We find:

π_2£_Y L = ∂L ∂g_{αβ} £_X g_{αβ} + ∂L ∂∂_λg_{αβ} ∂_λ£_X g_{αβ} + ∂L ∂∂_{λω}g_{αβ} ∂_{λω}£_X g_{αβ}+ + ∂L ∂A_ν £_Y A_ν + ∂L ∂∂_σA_ν ∂_σ£_Y A_ν + ∂L ∂J^μ £_X J^μ − d_μ(LY^μ).

Analyzing this term by term we have that the identities £_Y L_H = 0, £_Y L_{EM} = 0 are well known to be satisfied (see [7]) and they can be recasted using the first variation formulae (10) and (11) together with the identity (14) into √ |g| 2κ (R_{μν} − 1 2 Rg_{μν} )£_Y g^{μν} = ∇_αE^α_H (15)

with

E^α_H ds_α = √ |g| 2κ [( 3 2 R^α_{·λ} − Rδ^α_λ ) Y^λ + ( g^{βγ}δ^α_λ − g^{α(γ} δ^{β)}_λ ) ∇_{βγ} Y^λ ] ds_α and into − √ |g|(∇_μF^{μν} )£_Y A_ν − √ |g| 2 H^{(EM )} μν £_X g^{μν} = ∇_αE^α_{EM} (16)

with E^ν_{EM} ds_ν = − √ |g| [ g^{νσ} H^{(EM )}_{σμ} Y^μ + F^{νμ}∇_μ(y + A_ρY^ρ) ] ds_ν . For the Lagrangian L_F a straightforward calculation enables us to verify that the identity £_Y L_F = 0 holds too, and that it can be split (thanks to the first variation formula (12) together with identity (14)) into the following: − √ |g| [ (u^·_μu^ν + δ^ν_μ)∇_ν P + (μ + P ) u^ν ∇_ν u^·_μ ] X^μ+ − μ + P ρ u^·_αX^α(∇_μJ^μ) − √ |g| 2 H^{(F )}_{μν} £_X g^{μν} = ∇_αE^α_F

(17) with E^α_F ds_α = − √ |g| (g^{αμ} H^{(F )}_{μν} Y^ν ) ds_α. What remains is just to show that the Lagrangian L_{int} is variationally gauge-natural when restricted to the constraint submanifold. In fact we have

π_2£_Y L_{int} = [ ∂L_{int} ∂J^μ £_X J^μ + ∂L_{int} ∂A_ν £_Y A_ν − ∇_α(Y^αL_{int}) ] ds = = q [ A_μ(∇_ν J^μY^ν − J^ν ∇_ν Y^μ + J^μ∇_ν Y^ν ) + J^ν [Y^ρF_{ρν} + ∇_ν (y + A_ρY^ρ)]+ − A_ν J^ν ∇_αY^α − Y^αJ^ν ∇_αA_ν − Y^αA_ν ∇_αJ^ν ] ds = = q [J^ν ∇_ν y] ds = q [∇_ν (y J^ν ) − y∇_ν J^ν ] ds

where the first addendum is a (local) divergence, while the second one vanishes on the constraint. Thanks to the first variation (13) together with identity (14), the previous formula can be recasted into the identity

qJ^ν £_Y A_ν + qJ^μF_{μν} X^ν = ∇_αE^α_{int} (18)

with E^α_{int} = −q(y + A_μY^μ)J^α Summing up identities (15), (16), (17) and (18) we find that the sum of the left hand sides vanishes if composed with a P_S-critical section, while the current

E^α ds_α = (E^α_H + E^α_{EM} + E^α_F + E^α_{int}) ds_α

is conserved.

If in particular we compute the current E^α ds_α relative to the horizontal part Y_{(hor)} = Y^μ∂_μ − A_ρY^{ρ ∂}_{∂θ} of an infinitesimal generator of automorphisms of P , what we get is

E^α_{(hor)} ds_α = E^α_H ds_α − √ |g| [g^{αμ} (H^{(F )}_{μν} + H^{(F )}_{μν} ) Y^ν ] ds_α.

and this is the conserved current related with the energy-momentum of the system. Moreover, the Nöther current relative to the vertical part Y_{(V )} = (y + A_μY^μ)^∂_{∂θ} is

E^α_{(V )} = − √ |g| F^{αμ}∇_μ(y + A_ρY^ρ) − (y + A_μY^μ) qJ^α. Integrating by part the covariant derivative of (y +A_μY^μ) we can split this vertical current according to

E^α_{(V )} = ( √ |g|∇_μF^{αμ} − qJ^α)(y + A_μY^μ) − ∇_μ [√ |g| F^{αμ}(y + A_ρY^ρ) ] where the first summand vanishes on-shell while the argument of the divergence is called the superpotential U = −^1_2 √ |g|F^{αμ}(y+A_ρY^ρ)ds_{αμ} and it is a 2-form that is closed even offshell. We stress that the interaction Lagrangian does not contribute to the electromagnetic superpotential.

Conclusions

Motivated by many physical and mathematical examples, we have studied variational problems with parametrized variations. In particular, starting from the results of [8] we have worked on a twofold generalization: by one side we studied parametrized variational problems, no matter from where the parametrization comes from, and we have recovered and ever generalized known results. In a second moment we also focused on the application to vakonomic constraints, for which we have defined and compared the two different concepts of vak-criticality and P-criticality. A detailed study of nonholonomic field theory could also be based on the same framework and it shall certainly be performed in the future developments. Hopefully our unified language will also help to understand how constraints on the derivatives of fields have to be handled in the case of field theories. For what concerns the second direction of generalization, we have formulated a variational theory for gauge-natural parametrized field theories including conserved currents that provides, in the case of relativistic hydrodynamics of a charged fluid, a non-conventional procedure to define field equations, Nöther currents and superpotentials and that turns out to be computationally much easier then the standard one. A last observation that deserves to be further investigated is that a P-Euler Lagrange equations arising from the parametrized variational problems is usually not variational in the standard sense. Nevertheless we have a very efficient machinery to study symmetries and conservation laws. Do this apply to any known non-variational equations?

Acknowledgments

One of us (E.B.) dedicates this paper to his newborn daughter Lucia. We thanks prof. Raffaele Vitolo and prof. Marco Ferraris for very helpful discussions and personal support. We are also grateful to prof. Jerry Marsden and prof. Tudor Ratiu for a course held at the GNFM-INdAM Ravello summer school 2004 where some ideas began to grew. We acknowledge support from GNFM-INdAM, from MIUR Prin 2005 on “Leggi di conservazione e termodinamica in meccanica dei continui e in teorie di campo” and from INFN-Iniziativa specifica NA12.

A Variational morphisms and their splittings

In this Appendix we report the theory of variational morphisms. The theory is modeled on [7] and [10], where complete proofs are given. To adapt them to the constrained case we have to modify a bit the definitions. In particular, the modified definitions of formal connection and variational morphism seem to appear here for the first time.

A.1 Variational morphisms

Variational morphisms are an abstract model of the integrands appearing in global variational calculus. They were introduced (see [6] for a discussion and some bibliography on alternative approaches) to provide a general framework in which we can implement two specific algorithmic procedures based on integration by parts. The first one explicitly construct a splitting of such integrands into a volume and a boundary covariant part that generalizes the first variation formula; the second provides superpotentials from the

Nöther currents.

Definition 34 Let C^π−→ M be a configuration bundle over a m dimensional base and

E^{πE}−→ C a vector bundle over C. Let k ≥ h and n be natural numbers (zero included).

A variational E-morphism is a vertical (projecting onto the identity) bundle morphism

M : J^k C −→ (J^hE)^∗⊗_J h_C π^∗Λ^{m−n}T^∗(M).

The minimal k is called the order of M , h is the rank, while m − n is the degree and n the

codegree.

A.2 Operations with (variational) morphisms

Definition 35 Given a vertical fibered morphism F = (id, Φ) between two bundles B and D

over the same base M we call s-order jet prolongation (or s-order formal derivative) of Φ the

unique fibered morphism j^sF = (id, j^sΦ) that makes commutative the following diagram

M

B

J^sB

M

D

J^sD

. . . . . . . . . . . . ......... π

. . . . . . . . . . . . .........

π^s_1

. . . . . . . . . . . . ......... π^′

. . . . . . . . . . . . ......... π^{′s}_1

...................................................................

................................................................... id

......................................................................... .......Φ

............................................................... .......

j^sΦ

....

.... ... ... ... .. .. . . . .. ... ....

...... ... σ

.....

.....

....

.....

....

....

.... ... ... ... .. .. .. . . . . . . .. .. .. .. ... ... ... ... ....

....

....

....

....

..... .

j^sσ

.... ... ... ... .. .. .. . . . .. ... .....

......

.. Φ ∘ σ

.............

..........

........

.......

......

......

.....

....

.... ... .. . . . . .. .. ... ... ... ... ....

....

....

....

.....

.....

.....

.....

.....

.....

.....

..... ... j^s(Φ ∘ σ)

............ . ....

. ...............

............ ... ...

... ... ............

When one prolongs a morphism projecting onto the identity from a jet bundle to another

bundle, e.g. F : J^pB −→ D, one gets a morphism j^1F : J^1(J^pB) −→ J^1D. The bundle

J^{p+1}B is naturally embedded in J^1(J^pB) by a canonical inclusion i. We are often more

interested into the map j^1F ∘ i rather then in the prolongation itself. We call j^1F ∘ i the

first order holonomic prolongation of F. In the sequel, when we mention the prolongation

of a morphism starting from a jet bundle we will always mean the holonomic one.

Remark 36 We warn the reader that by j^k we denote three different concepts of prolonga-

tion: prolongation of a section, of a vertical morphism and of a vector field. They are strongly

linked, though not identical concepts. For a discussion of this link we refer the reader to [7],

but we just remark that every vector field X on a bundle B can be seen as a vertical morphism

X : B −→ T B, and if we compute the first jet prolongation of this morphism we get another morphism j^hX : J^hB −→ J^hT B that is not a vector field on J^hB as it should be if thought

as the prolongation of a vector field.

If (x^μ, y^i_{ν̄} ) are coordinates on J^hB (ν̄ is a multiindex of length 0 ≤ |ν̄| ≤ h), and (x^μ, y^i_{ν̄} , v^μ_{ν̄} , v^a_{ν̄} )

coordinates on J^1T B, the coordinate expression of the prolonged morphism j^hX is j^hX(x^μ, y^i_{ν̄} ) =

(x^μ, y^i_{ν̄} , d_{ν̄} v^μ, d_{ν̄}v^a).

Luckily enough, for all integers h, a global canonical map r_h : J^hT B −→ T J^hB can be

defined (see [19, 12]), whose coordinate expression is r_h(x^μ, y^i_{ν̄} , v^μ_{ν̄} , v^a_{ν̄} ) = (x^μ, y^i_{ν̄} , v^μ, d_{ν̄} v^i − ∑ ᾱ y^i_{ᾱ+¯1μ} d_{ν̄−ᾱ}v^μ) where ᾱ is any possible multiindex of length 0 ≤ |ᾱ| < |ν̄| = h and ¯1_μ is

a multiindex with 1 entry in position μ and zero elsewhere. The ordinary prolongation j^hX of

the vector field X as a vector field on J^hB can be recovered just by composing r_h with the

prolonged morphism j^X .

Definition 37 Let B −→ M be a bundle and E a vector bundle over the same base, let M

be a fibered morphism M : B −→ (E)^∗ and P another bundle morphism P: B −→ E.

We define formal contraction of M on P the unique variational morphism < M | P>: B −→ M × R such that ∀ρ ∈ Γ(B), < M | P> ∘ρ =< M ∘ ρ | P∘ ρ > where < | > in the right-hand side is the usual fiberwise contraction between a section of a

vector bundle and a section of its dual.

Definition 38 Let M : J^k C −→ Λ^{m−n}T^∗(M) be a variational morphism. We define the

divergence of M to be the unique variational morphism Div(M ) : J^{k+1}C −→ Λ^{m−n+1}T^∗(M)

such that for any section σ ∈ Γ(C) the following holds

Div(M ) ∘ j^{k+1}σ := d(M ∘ j^kσ).

A.3 Formal connections and fibered connections

The following definitions generalize the ones given in [10] to the settings of constrained

variational calculus. Let us consider a composite projection E^{πE}−→ B^π−→ M and the

fibered morphism (section)

M

B E . . . . . . . . . . . . .......... π ......................................................................... .......F

......

.......

......

......

......

......

......

......

......

......

.......

......

.......

...... ... . ........

π ∘ πE

... ... ... ... .. .. .. . . . .. ... ... .....

..... σ ........... . ....

......................

............

..........

........

.......

.......

......

.....

....

.... ... ... ... .. .. .......... F ∘ σ

with E vector bundle on B.

Let (x^μ, y^i) be a coordinate system on B and (x^μ, y^i, v^A) on E (with respect to a fiberwise

local basis {e_A}) a local representation of F is v^A(x^μ, y^i)e_A, while a local representation of its first jet prolongation (as a fibered morphism) j^1F is v^A(x^μ, y^i)e_A + d_μv^Ae^μ_A, where {e^μ_A} is a base of the fiber of J^1E −→ E and d_μv^A = ∂_μv^A + ∂_iv^Ay^i_μ is called the formal derivative of F.

The transformation rules of the formal derivatives under a fibered change of coordinates are not tensorial.

Consider a set {Γ^A_{Bμ}(x^μ, y^i, y^i_μ)}_{A,B∈{1,···,rankE}, μ∈{1,··· ,dim M }} of local coefficients that fit into the expression ∇_μv^A = d_μv^A + Γ^A_{Bμ}v^B (19)

giving rise to an object at the left hand side of the equalities that under a change of fibered coordinates

x^{μ′} = x^{μ′} (x^μ) y^{i′} = y^{i′} (x^μ, y^i) y^{i′}_μ′ = (J^{−1})^μ_′ d_μy^{i′} = (J^{−1})^μ_′ (J^{i′}_μ + J^{i′}_i y^i_μ) v^{A′} = M^{A′}_A (x^μ, y^i)v^A

J^{μ′}_μ = ∂x^{μ′} ∂x^μ J^{i′}_μ = ∂y^{i′} ∂x^μ , J^{i′}_i = ∂y^{i′} ∂y^i M^{A′}_A ∈ GL(rankE, R) transforms according to the rule

∇_μ′ v^{A′} = (J^{−1})^μ_′ ∇_μv^AM^{A′}_A (20)

that are nothing but the transition functions of the vector bundle E ⊗_B T^∗M −→ B. The resulting transformation law for the coefficients is

Γ^{A′}_B′_μ′ = J^μ_{μ′} (Γ^A_{Bμ}M^{A′}_A M^B_B′ − d_μM^{A′}_A M^B_B′ ) (21)

It’s easy to verify that relations (21) form a cocycle over the manifold J^1B, thus they define the transition functions of an affine bundle F C(E) −→ J^1B modeled on the vector bundle E^∗ ⊗_B E ⊗_B T^∗M.

Definition 39 A formal connection on the composite fiber bundle E −→ B −→ M is a global section of the affine bundle F C(E).

Let us consider the bundle L(E) −→ B of linear frames of the vector bundle E^{πE}−→ B. Let r = rankE. L(E) is a principal GL(r, R) bundle and the free natural right action r : L(E) × GL(r, R) −→ L(E) can be defined on it.

Let us call L_M (E) the bundle L(E) −→ M obtained by the obvious composition of projections. It is no longer principal, nevertheless the action a induces on it a free right action a_M , that can be lifted to a right action j^1a_M on its fist jet extension J^1L_M (E). The action j^1a_M is still free and admits a quotient manifold^{J 1LM(E)}_{GL(r,R)} that has an affine bundle

structure over the base J^1B. The two affine bundles F C(E) and^{J 1 LM(E)}_{GL(r,R)} are isomorphic and this can be proved directly by showing that they share the same transition functions, providing a more intrinsic characterization of the bundle of formal connections. Consider now the bundle J^1E_J 1_B^{j1 πE}−→ J^1B; the presence of a formal connection on E, allows us to define the global vector bundle morphism ∇ by the following commutative diagram

J^1B

J^1E_J 1_B

B

E ⊗_B T^∗M ........................................ .......∇

..................................................................................... .......

π_B^1_0

. . . . . . . . . . . . ..........

. . . . . . . . . . . . .........

whose local coordinate expression is (19).

Definition 40 Let σ be a section of J^1E_J 1_B. We call ∇∘σ the formal covariant derivative

of σ.

Definition 41 A fibered connection on E^{πE}−→ B is a couple (γ, Γ), where γ is a linear

connection on M and Γ is a formal connection on E.

Given a fibered connection on E we can extend the morphism ∇ to J^1(E_J 1_B ⊗ T^p_q (M))

where T^p_q (M) is the algebra of p-times covariant and q-times contravariant tensors on M

with the obvious tensorization procedure, getting a fibered morphism

J^1B

J^1(E_J 1_B ⊗ T^p_q (M))

B

E ⊗_B T^p_{q+1}(M)

............................................... .......∇

....................................................................................................................................................... .......

π_B^1_0

. . . . . . . . . . . . .........

. . . . . . . . . . . . ..........

that we denote by the same symbol ∇.

Definition 42 Let σ be a section of J^1(E_J 1_B ⊗T^p_q (M)), let us call ∇∘σ the formal covariant

derivative of σ.

Definition 43 The formal covariant derivative of a morphism F : B −→ E is the unique

fibered morphism ∇F : J^1B −→ E ⊗_B T^∗M such that ∀ρ ∈ Γ(B), ∇F ∘ j^1ρ = ∇ ∘ j^1(F ∘ ρ). A formal connection on a composite fiber bundle E −→ B −→ M can be constructed from

a linear connection A on the vector bundle E −→ B and the first jet prolongation j^1σ of

a section of the bundle B −→ M. Let (x^μ, y^a, v^B) be a fibered coordinate system on E;

the connection A has the coordinate representation A = dx^μ ⊗ ( ∂ ∂x^μ − A^B_{Dμ}v^D ∂ ∂v^B ) + dy^i ⊗ ( ∂ ∂y^i − A^B_{Di}v^D ∂ ∂v^B ). The coefficients Γ^B_{Dμ} = A^B_{Dμ} + A^B_{Di}y^i_μ transform according to (21) and thus they glue

together into a global formal connection on E −→ B −→ M.

A.4 Local expression and reduction of a variational morphism with respect to a fibered connection

Fixed a fiberwise basis { e_A(x), e^{λ1}_A (x), · · · , e^{λ1···λh}_A (x) } A∈{1,··· ,p}, i∈{1,··· ,h}, λ_i∈{1,··· ,m} of J^h_x E and its dual { e^A(x), e^A_{λ1} (x), · · · , e^A_{λ1···λh} (x) } in (J^1_x E)^∗, the local expression of a variational morphism M : J^kC −→ (J^hE)^∗ ⊗ Λ^{m−n}T^∗(M) is the following M = 1 n! ( v^{μ1···μn} A e^A + v^{μ1···μn λ1} A e^A_{λ1} + · · · + v^{μ1···μn λ1···λh} A e^A_{λ1···λh} ) ⊗ ds_{μ1···μn} , (22) where the indices μ_1 · · · μ_n are skew-symmetric while the λ_1 · · · λ_h (if any) are symmetric and where the coefficients are functions of the point j^k_x ρ ∈ J^kC.

Given a fibered connection (γ^α_{βμ}, Γ^A_{Bμ}) we can change basis on J^h_x E in a way that a holonomic section j^hX ∈ Γ(J^hE) in the new basis (called basis of symmetrized covariant derivatives) has components

v̂^A = v^A(x) v̂^A_{λ1} = ∇_{λ1} v^A(x) = d_{λ1} v^A + Γ^A_{Bλ1} v^B . . v̂^A_{λ1···λh} = ∇_{(λ1} · · · ∇_{λn)}v^A(x). Accordingly, using the dual basis on (J^hE)^∗ we can define a new coordinate system (x^α, v̂^{μ1···μn} A , v̂^{μ1···μnλ1} A , v̂^{μ1···μnλ1···λh} A ) on (J^hE)^∗ ⊗_J h_C Λ^{m−n}T^∗(M) such that the local expression of M is M = 1 n! ( v̂^{μ1···μn} A ê^A + v̂^{μ1···μnλ1} A ê^A_{λ1} + · · · + v̂^{μ1···μnλ1···λh} A ê^A_{λ1···λh} ) ⊗ ds_{μ1 ···μn} . We remark that in the previous expression, as in formula (22), the coefficients have to be meant as functions of the point j^k_xρ ∈ J^k C, and the indices μ_1 · · · μ_n are skew-symmetric while the λ_1 · · ·λ_h (if any) are symmetric.

The explicit change of basis and coordinates in the case h = 1 is { ê^A = e^A ê^A_λ = e^A_λ + Γ^A_{Bλ}e^B and { v_A = v̂_A + v̂^λ_BΓ^B_{Aλ} v^λ_A = v̂^λ_A

The introduction of a fibered connection can select a “preferred” kind of variational morphism having nice properties when written in the symmetrized covariant derivatives coordinate system.

Definition 44 Let M : J^k C −→ (J^hE)^∗ ⊗_J h_C Λ^{m−n}T^∗(M) be a variational morphism and M_l its term of rank 0 ≤ l ≤ h. The term M_l is said to be reduced with respect to the fibered connection (γ^α_{βμ}, Γ^A_{Bμ}) if, written in the symmetrized covariant derivatives coordinate system, it has the coefficients symmetric in the first n + 1 upper indices, i. e. if v̂^{[μ1···μn λ1]···λl}_A = 0. The variational morphism M is reduced if each one of its terms is reduced.

Notice that the term of rank zero is always reduced with respect to any connection, having always antisymmetric upper indices and that in the case of Mechanics (m = 1) all variational morphisms are reduced with respect to any connection.

Now we are ready to state the most important results of the theory, that justify the name “variational” for the morphism we have introduced, providing a sort of “first variation formula” from any variational morphism. The proofs of the next two Theorems can be found in [7], but as a consequence of the minor modifications we introduced here one has to reinterpret the symbols according to the previous definitions.

Theorem 45 -“Splitting lemma”- Let M : J^k C −→ (J^hE)^∗ ⊗_J h_C Λ^mT^∗M be a global variational morphism with codegree n = 0 and let h, k ∈ N (zero included). Chosen a fibered connection (γ, Γ) on E there exist a unique pair V, B of variational morphisms V≡ V(M) : J^{h+k} C −→ E^∗ ⊗_C Λ^mT^∗M B ≡ B (M , γ) : J^{h+k−1} C −→ (J^{h−1}E)^∗ ⊗_J h−1_C Λ^{m−1}T^∗M reduced with respect to (γ, Γ) such that ∀V ∈ Γ(E) the following holds true < M | j^hV >=< V| V > + Div < B | j^{h−1}V > . (23) The variational morphism V is called the volume part of M and B its boundary part.

Theorem 46 -“Reduction lemma”- Let M : J^k C −→ (J^hE)^∗ ⊗_J h_C Λ^{m−n}T^∗M be a global variational morphism of codegree n ≥ 1 and let h, k ∈ N (zero included). Chosen a fibered connection (γ, Γ) on E there exist a unique pair V, B of variational morphisms V≡ V(M) : J^{h+k} C −→ (J^hE)^∗ ⊗_J h_C Λ^{m−n}T^∗M B ≡ B(M , γ) : J^{h+k−1}C −→ (J^{h−1}E)^∗ ⊗_J h−1 Λ^{m−n−1}T^∗M reduced with respect to (γ, Γ) such that ∀V ∈ Γ(E) the following holds true < M | j^hV >=< V| j^hV > + Div < B | j^{h−1}V > . (24) The variational morphism V is called the volume part of M and B its boundary part.

Constructive proofs of these Theorems are given in [7] where we can find a collection of older results; they are carried on by induction on the rank of the morphism. If the rank is 1 then one just needs to integrate by parts and no fibered connection is needed. At any rank they provide an algorithm out of which we can perform explicitly the splitting or the reduction.

In both the Theorems the volume part is uniquely defined even if we do not require it to be reduced, and finally it does not depend on the fibered connection. The boundary parts, on the contrary, are defined modulo a divergenceless term, but the condition of being reduced with respect to any specific fixed fibered connection determines them uniquely (if the rank is 1 the boundary part is stiill unique and reduced with respect to any fibered connection). Moreover it was proved [15] that the boundary parts depend in fact only on the connection on the base, while the formal connection on E reveals itself to be just an intermediate object useful to explicitly construct the splitting, but in the end unessential.

B Gauge natural bundles

Definition 47 Let G be a Lie group. P^n(G) will denote the category of principal G-bundles whose base manifold is n-dimensional and whose maps are G-bundle maps projecting onto local diffeomorphism between the two bases.

Definition 48 A covariant functor B from the category P^n(G) to the category of bundles and bundle morphisms is a gauge-natural functor if

a) for all principal G-bundle P^p−→ M, B(P ) is a bundle with structure group G having the same base M as P ;

b) any principal morphism Φ : P −→ P^′ projecting onto ϕ : M −→ M induces a fibered morphism B(Φ) : B(P ) −→ B(P^′) also projecting over ϕ;

c) for any open U ⊆ M the inclusion morphism i : p^{−1}(U) −→ P is mapped into the inclusion morphism B(i) : B(p^{−1}(U)) −→ B(P ).

Definition 49 A gauge-natural bundle GN^γ−→ M having the principal bundle P^p−→ M as structure bundle is the image of P trough a gauge-natural functor B.

Examples of gauge-natural bundles are all natural bundles (trivial case), the bundle of principal connections C(P ) on a principle bundle P , the bundle IGA(P ) of its Infinitesimal Generators of principal Automorphisms, the bundle of spin frames and others (see [7]). Notice that jet prolongations of a gauge-natural bundle are gauge-natural with the same structure bundle, and that every composite fibration Z^{πZ}−→ Y^{πY}−→ X where Y is a gaugenatural bundle with structure bundle P and π_Z is natural makes π_Y ∘ π_Z a gauge-natural bundle with structure bundle P .

We want to stress that for our purposes, the most relevant property of a gauge-natural bundle B(P ) is the possibility of lifting local principal automorphisms of the structure G-bundle P to local fibered morphisms of B(P ). We will call “gauge transformation” on B(P ) the gauge-natural lift of a local principal automorphism of P and “gauge group” the structure group G.

The same, via the tangent map, can be done for infinitesimal generators: an infinitesimal generator of principal automorphisms can be lifted to a vector field on B(P ) that will be called its “gauge-natural lift”.

Let us consider a 1-parameter family of infinitesimal generators of principal automorphisms {Ψ_s = (ϕ_s, ψ_s)}. It can be proved (see [7]) that any infinitesimal generator Ξ ∈ Γ(T G) =^d_{ds} Ψ_s|_{s=0} is a right invariant projectable vector field on P and that we can explicitly construct the bundle IGA(P ) −→ M whose sections are in one to one correspondence with the infinitesimal generators of such families and with right invariant sections of T P . Infinitesimal generators of vertical principal automorphisms {Ψ_s = (id, ψ_s)} can be identified with sections of a subbundle^{V P}_G → IGA(P ) that is associated to P^p−→ M by means of the adjoint action of the Lie algebra g of the gauge group G.

By means of a trivialization of P we can locally define a set {ρ_A}_{A∈{1··· dim G}} of right invariant vector fields on P that at every point form a basis of V P . Let (x^μ, y^a) be a fibered system of coordinates on P ; every infinitesimal generator of principal automorphisms Ξ can be locally written as a right invariant vector field

Ξ(x^μ, y^a) = ξ^μ(x^μ) ∂ ∂x^μ + ξ^A(x^μ)ρ_A(x^μ, y^a)

on P .

Definition 50 We say that a gauge-natural bundle B(P ) is of (r, s)-order (s ≤ r) if the gauge-natural lift is a morphism

L : B(P ) −→ (J^rIGA(P))^∗ ⊗_B T B(P )

such that if Ξ is vertical (i.e. it is a section of^{V P}_G → IGA(P )), the vector field Ξ̂_B =< L | j^rΞ > on B(P ) is vertical, too, and depends in fact on the derivatives of Ξ only up to the order s.

Definition 51 Let Ψ = (ϕ, ψ) be a local principal automorphism of P and B(Ψ) = (ϕ, Ψ̂_B) be its gauge-natural lift to the gauge-natural bundle B(P ). Let σ be a section of B(P ); we define its push-forward along Ψ to be the section Ψ^⋆σ = ψ̂_B ∘ σ ∘ ϕ^{−1}.

Definition 52 Let Ξ be the infinitesimal generator of the 1-parameter family of local principal automorphisms {Ψ_s = (ϕ_s, ψ_s)}; we define the Lie derivative of a section σ of B(P ) along Ξ to be the unique section of the pull back bundle £_Ξσ ∈ Γ(σ^⋆V B(P )) such that

£_Ξσ = − d ds Ψ^⋆_s σ.

Remark 53 We can easily prove that if Ξ̂_B is the gauge-natural lift of Ξ on B(P ), and Ξ is the projection of Ξ on M, the Lie derivative of a section can be computed trough the following formula £_Ξσ = T σ ∘ πΞ − Ξ̂_B.

In coordinates, if (x^μ, y^i) are fibered coordinates on B(P ) while the lift can be written as Ξ̂_B = ξμ^∂_{xμ} + Ξ̂i_B^∂_{∂yi} one has £_Ξσ = £_Ξyi^∂_{∂yi} , with

£_Ξy^i = d_μy^i(x)ξ^μ(x) − Ξ̂^i_B(x, y(x))

It also turns out that the Lie derivative operator on sections of the gauge-natural bundle B(P ) of order (r, s) (where r ≥ s) can be interpreted as a fibered morphism

D_£ : J^1B(P ) −→ (J^rIGA(P))^∗ ⊗ V B(P )

such that for all sections σ ∈ Γ(B(P )) and for all infinitesimal generator of principal automorphism Ξ ∈ Γ(IGA(P )) one has < D_£ | J^rΞ > ∘ j^1σ = £_Ξσ.

Notice that if Ξ is vertical (i.e. it is a section of^{V P}_G → IGA(P )) then £_Ξσ depends in fact on the derivatives of Ξ only up to the order s.

Remark 54 When in differential geometry one computes the Lie derivative of a vector field on a manifold M one gets another vector field and so happens for differential forms and tensors. According to our definition, on the contrary, the Lie derivative of a vector field is a section of the vertical bundle V T M. To reconcile this apparent contradiction we have to remark that whenever B is a vector bundle with base M then its vertical V B is isomorphic (see [16]) to the fibered product B ×_M B and one has a global vertical fibered morphism π_2 : V B −→ B that realizes the projection onto the second fibered factor. If (x^μ, y^a, v^a) is a local coordinate system on V B then the map π_2 acts as follows: π_2 : (x^μ, y^a, v^a) −→ (x^μ, v^a). If σ is a section of a gauge-natural vector bundle then π_2£_Ξσ would be what traditionally is meant as its Lie derivative, the coordinate computation being identical, but with a slightly different interpretation.

Let P^p−→ M be a principal bundle; let moreover U ⊂ M be open, (x^μ, g^a) be a coordinate system on p^{−1}(U) ⊂ P and {ρ_A(x^μ, g^a)}_{A=1··· dim G} a fiberwise right invariant basis of vertical vector fields. An infinitesimal generator of principal automorphisms has the local form Ξ(x^μ, g^a) = ξ(x)^μ∂_μ + ξ^A(x)ρ_A(x^μ, g^a) (see [7]). Given a principal connection ω(x^μ, g^a) = dx^μ ⊗(∂_μ −ω^A_μ (x)ρ_A(x^μ, g^a)) we can also split Ξ into a vertical and a horizontal part according to

Ξ = ξ^μ(∂_μ − ω^A_μ ρ_A) ⊕ (ω^A_μ ξ^μ + ξ^A)ρ_A = Ξ_{(H)} ⊕ Ξ_{(V )}.

References

[1] V. I. Arnol^′d, V. V. Kozlov, and A. I. Neĭshtadt. Dynamical systems. III, volume 3 of Encyclopaedia of Mathematical Sciences. Springer-Verlag, Berlin, 1988. Translated from the Russian by A. Iacob. 4.1, 4.2, 5

[2] M. Castrillón López, P. L. García, and T. S. Ratiu. Euler-Poincaré reduction on principal bundles. Lett. Math. Phys., 58(2):167–180, 2001. 1, 5

[3] Marco Castrillón López, Tudor S. Ratiu, and Steve Shkoller. Reduction in principal fiber bundles: covariant Euler-Poincaré equations. Proc. Amer. Math. Soc., 128(7):2155–2164, 2000. 1, 5

[4] David J. Eck. Gauge-natural bundles and generalized gauge theories. Mem. Amer.

Math. Soc., 33(247):vi+48, 1981. 3

[5] L. Fatibene, M. Ferraris, and M. Francaviglia. On the gauge natural structure of modern physics. Int. J. Geom. Methods Mod. Phys., 1(4):443–466, 2004. 3

[6] L. Fatibene, M. Francaviglia, and M. Raiteri. Gauge natural field theories and applications to conservation laws. In Differential geometry and its applications (Opava, 2001), volume 3 of Math. Publ., pages 401–413. Silesian Univ. Opava, Opava, 2001. A.1

[7] Lorenzo Fatibene and Mauro Francaviglia. Natural and gauge natural formalism for classical field theories. Kluwer Academic Publishers, Dordrecht, 2003. A geometric perspective including spinors and gauge theories. 2, 2, 3, 3.1, 3.3, 5.1, A, 36, A.4, A.4, B, B

[8] A. Fernández, P. L. García, and C. Rodrigo. Stress-energy-momentum tensors for natural constrained variational problems. J. Geom. Phys., 49(1):1–20, 2004. 1, 4.2, 4.2, 5, 5.1

[9] Antonio Fernández, Pedro Luis García, and César Rodrigo. Lagrangian reduction and constrained variational calculus. In Proceedings of the IX Fall Workshop on Geometry and Physics (Vilanova i la Geltrú, 2000), volume 3 of Publ. R. Soc. Mat. Esp., pages 53–64. R. Soc. Mat. Esp., Madrid, 2001. 1, 5

[10] M. Ferraris. Fibered connections and global Poincaré-Cartan forms in higher-order calculus of variations. In Proceedings of the conference on differential geometry and its applications, Part 2, pages 61–91, Brno, 1984. Univ. J. E. Purkyně. A, A.3

[11] P. L. García and C. Rodrigo. The momentum map in vakonomic mechanics. In Proceedings of the XII Fall Workshop on Geometry and Physics, volume 7 of Publ. R. Soc. Mat. Esp., pages 111–123. R. Soc. Mat. Esp., Madrid, 2004. 1, 5

[12] G. Giachetta, L. Mangiarotti, and G. Sardanashvily. New Lagrangian and Hamiltonian methods in field theory. World Scientific Publishing Co. Inc., River Edge, NJ, 1997. 36

[13] S. W. Hawking and G. F. R. Ellis. The large scale structure of space-time. Cambridge University Press, London, 1973. Cambridge Monographs on Mathematical Physics, No. 1. 1, 5, 5.1, 33

[14] J. Kijowski, D. Pawlik, and W. Tulczyjew. A variational formulation of non-graviting and graviting hydrodynamics. Bull. Acad. Polon. Sci., XXVII:163–170, 1979. 5.1

[15] Ivan Kolář. A geometrical version of the higher order Hamilton formalism in fibred manifolds. J. Geom. Phys., 1(2):127–137, 1984. A.4

[16] Ivan Kolář, Peter W. Michor, and Jan Slovák. Natural operations in differential geometry. Springer-Verlag, Berlin, 1993. 3, 54

[17] Olga Krupková and Petr Volný. Euler-Lagrange and Hamilton equations for nonholonomic systems in field theory. J. Phys. A, 38(40):8715–8745, 2005. 1

[18] Andrew D. Lewis and Richard M. Murray. Variational principles for constrained systems: theory and experiment. Internat. J. Non-Linear Mech., 30(6):793–815, 1995. 1

[19] L. Mangiarotti and M. Modugno. Fibered spaces, jet spaces and connections for field theories. In Proceedings of the international meeting on geometry and physics (Florence, 1982), pages 135–165, Bologna, 1983. Pitagora. 36

[20] Charles-Michel Marle. Various approaches to conservative and nonconservative nonholonomic systems. Rep. Math. Phys., 42(1-2):211–229, 1998. Pacific Institute of Mathematical Sciences Workshop on Nonholonomic Constraints in Dynamics (Calgary, AB, 1997). 1

[21] E. Soper. Classical field theory. John Wiley & Sons, 1976. 5.1

[22] A. H. Taub. General relativistic variational principle for perfect fluids. Physical Rev.

(2), 94:1468–1470, 1954. 5.1

[23] J. Vankerschaver, F. Cantrijn, M. de León, and D. Martín de Diego. Geometric aspects of nonholonomic field theories. Rep. Math. Phys., 56(3):387–411, 2005. 1