arXiv:math-ph/0608054 v1 23 Aug 2006

Vertex (Lie) algebras in higher dimensions

Bojko Bakalov

Department of Mathematics, North Carolina State University, Raleigh, NC 27695, USA

Hermann Weyl prize lecture presented at the 26th International Colloquium on Group Theoretical Methods in Physics, New York, June 27, 2006

Abstract. Vertex algebras provide an axiomatic algebraic description of the operator product expansion (OPE) of chiral fields in 2-dimensional conformal field theory. Vertex Lie algebras (= Lie conformal algebras) encode the singular part of the OPE, or, equivalently, the commutators of chiral fields. We discuss generalizations of vertex algebras and vertex Lie algebras, which are relevant for higher-dimensional quantum field theory.

1 Vertex algebras and Lie conformal algebras

In the theory of vertex algebras [1, 2, 3], the (quantum) fields are linear maps from V to V[[z]][z^{−1}], where z is a formal variable. They can be viewed as formal series a(z) = ∑_{n∈Z}a_{(n)} z^{−n−1} with a_{(n)} ∈ EndV such that a_{(n)}b = 0 for n large enough. Let Res a(z) = a_{(0)}; then the modes of a(z) are given by a_{(n)} = Res z^na(z). The locality condition for two fields

(z − w)^{Nab} [a(z),b(w)] = 0, N_{ab} ∈ N

is equivalent to the commutator formula

[a(z),b(w)] =

N_{ab} −1

∑_{j=0}^c j^{(w)∂ j}w^{δ (z − w)/ j!}

for some new fields c_j(w), where δ (z − w) is the formal delta-function (see [2]). The operator product expansion (OPE) can be written symbolically

a(z)b(w) = ∑ j∈Z c_j (w)(z − w)^{− j−1}

(see [2] for a rigorous treatment). The new field c_j is called the j-th product of a,b and is denoted a_{( j)}b. The Wick product (= normally ordered product) coincides with a_{(−1)}b. The j-th products satisfy the Borcherds identity [2, Eq (4.8.3)]. Finally, recall that every vertex algebra V is endowed with a translation operator T ∈ EndV satisfying [T,a(z)] = ∂_z a(z) = (Ta)(z).

The commutator of two fields is encoded by the singular part of their OPE and is uniquely determined by their j-th products for j ≥ 0. The λ - bracket

[a_λ b] = Res_z e^{zλ} a(z)b =

N_{ab} −1

∑_{j=0}^{λ j a}( j)^{b/ j!}

satisfies the axioms of a Lie conformal algebra introduced by Kac [2] (also known as a vertex Lie algebra; cf. [3, 4]). This is a C [T ]-module R with a C -linear map R ⊗ R → R[λ ] satisfying:

sesquilinearity [(Ta)_λ b] = −λ [a_λ b], [a_λ (T b)] = (T + λ )[a_λ b], skewsymmetry [a_λ b] = −[b_{−T −λ} a], Jacobi identity [a_λ [b_μ c]] − [b_μ [a_λ c]] = [[a_λ b]_{λ +μ} c].

The relationship between Lie conformal algebras and vertex algebras is somewhat similar to the one between Lie algebras and their universal enveloping associative algebras (see [2, 5]). In [5] we gave a definition of the notion of a vertex algebra as a Lie conformal algebra equipped with one additional product, which becomes the Wick product. Lie conformal (super)algebras were classified in [6]; their representation theory and cohomology theory were developed in [7].

2 Lie pseudoalgebras

Lie pseudoalgebras are “multi-dimensional” generalizations of Lie conformal algebras [8]. In the definition from the previous section, we consider λ , μ, etc., as D-dimensional vector variables, we replace T by T = (T_1,...,T_D), and C [T ] by C [T] ≡ C [T_1 ,...,T_D]. For D = 0 we let C [T] ≡ C ; then a Lie pseudoalgebra is just a usual Lie algebra. Examples of Lie pseudoalgebras:

1. Cur g = C [T] ⊗ g, [a_λ b] = [a,b] for a,b ∈ g, where g is a Lie algebra. 2. W (D) = C [T]L^1 ⊕ ··· ⊕ C [T]L^D , [L^α_λ L^β ] = (T_α + λ_α )L^β + λ_β L^α . 3. S(D, χ) = {∑P_α (T)L^α | ∑(∂_{Tα} + χ_α )P_α (T) = 0} ⊂ W(D), χ ∈ C^D . 4. H(D) = C [T]L, D – even, [L_λ L] = ∑^{D/2}_{α=1} ( λ_α T_{α+} D_2 − λ_{α+} D_2 T_α ) L. More generally than in Example 1, a current pseudoalgebra over a Lie pseudoalgebra R is defined by tensoring R with C [T_1 ,...,T_D′ ] over C [T] and keeping the same λ -bracket for elements of R, where D^′ > D.

Theorem ([8]). Every simple Lie pseudoalgebra, which is finitely generated over C [T], is a current pseudoalgebra over one of the above. In fact, in [8] we introduced and studied a more general notion of a Lie pseudoalgebra, in which C [T] is replaced by the universal enveloping algebra of a Lie algebra of symmetries. Lie pseudoalgebras are closely related to the Lie–Cartan algebras of vector fields: W_D = Der C [[x_1 ,...,x_D]] (Witt algebra), S_D ⊂ W_D (divergence zero), H_D ⊂ W_D (hamiltonian), K_D ⊂ W_D (contact). Lie pseudoalgebras are also related to Ritt’s differential Lie algebras, linear Poisson brackets in the calculus of variations, classical Yang–Baxter equation, and Gelfand–Fuchs cohomology (see [8]). The irreducible representations of the above Lie pseudoalgebras were classified in [9].

3 Vertex algebras and vertex Lie algebras in higher dimensions

“Multi-dimensional” generalizations of vertex algebras were considered in [10, 11]. The ones introduced by Nikolov in [11] arose naturally within a one-to-one correspondence with axiomatic quantum field theory models satisfying the additional symmetry condition of global conformal invariance [12]. The theory of these vertex algebras was developed in [11, 13]. The main difference with the usual vertex algebras discussed in Section 1 (which correspond to D = 1) is that now z = (z^1,...,z^D) is a vector variable. A field on V is defined as a linear map from V to V[[z]][1/z^2], where z^2 ≡ zz = z^1z^1 + ··· + z^Dz^D (so the singularities of fields are supported on the lightcone). Fields have a mode expansion

a(z) = ∑

n∈Z ∑_{m∈Z≥0}^{hm}∑_{σ =1}^a{n,m,σ }^{(z2)n h}m,σ^{(z), a}{n,m,σ }^{∈ EndV,}

where {h_{m,σ} (z)}_{σ =1,...,hm} is a basis of the space of harmonic homogeneous polynomials of degree m. Fields have the property

(z^2)^{Nab} a(z)b ∈ V[[z]] ≡ V[[z^1,...,z^D]], N_{ab} ∈ N,

and the locality condition is now

((z − w)^2)^{Nab} [a(z),b(w)] = 0.

A vertex algebra V is now endowed with D commuting translation operators T_1,...,T_D ∈ EndV satisfying [T_α ,a(z)] = ∂_zα a(z) = (T_α a)(z). In [13] we defined the residue by Res a(z) = a_{{−} D_{2 ,0,1}} if h_{0,1}(z) ≡ 1; then it is translation invariant and the modes of fields can be obtained as residues. Introduce the notation ι_{z,w}F(z − w) for the formal Taylor expansion e^{−w∂z} F(z). Theorem ([13]). In any vertex algebra we have the Borcherds identity

a(z)b(w)cι_{z,w}F(z,w) − b(w)a(z)cι_{w,z}F(z,w)

= (z^2)^{−L} [ ((u + z − w)^2)^L (ι_{z,w} − ι_{w,z})(a(z − w)b)(u)cF(z,w) ] u=w for L ≥ N_{ac} and F(z,w) ∈ C [z,w,1/z^2,1/w^2,1/(z − w)^2]. For F(z,w) = 1 the above identity reduces to a commutator formula. Because of ι_{z,w}−ι_{w,z} only the singular part of a(z − w) contributes, where

a(z)_{s.p.} = ∑ n∈Z_{<0} ∑m∈Z_{≥0} h_m

∑_{σ =1}^a{n,m,σ }^{(z2)n h}m,σ^{(z).}

The singular parts of fields satisfy the Jacobi identity [13]

[a(z)_{s.p.},b(w)_{s.p.}]c = ([ (z^2)^{−L}((u + z − w)^2)^L(ι_{z,w} − ι_{w,z})(a(z − w)_{s.p.}b ) (u)_{s.p.}c ] u=w ) s.p. . We also have translation invariance [T_α ,a(z)_{s.p.}] = ∂_zα a(z)_{s.p.} = (T_α a)(z)_{s.p.} and skewsymmetry a(z)_{s.p.}b = ( e^{zT}(b(−z)a) ) s.p.. The above three axioms

define the notion of a vertex Lie algebra in higher dimensions [13]. From a vertex Lie algebra one gets a vertex algebra by adding the Wick product a_{{0,0,1}}b, similarly to the construction of [5] for D = 1.

Example. The modes of the real bilocal field V(z,w) from [14] obey the Lie algebra sp(∞,R); hence it gives rise to a vertex Lie algebra. The conformal Lie algebra so(D,2) can be embedded in a suitably completed and centrally extended sp(∞,R). The corresponding vertex algebra is conformal and unitary. Its unitary positive-energy representations were determined in [14].

Acknowledgments

I would like to express my deep gratitude to my teachers Emil Horozov and Ivan Todorov from Sofia and Victor Kac from MIT. I am indebted to my collaborators A. D’Andrea, A. De Sole, A. Kirillov Jr., N. M. Nikolov, K.-H. Rehren, A. A. Voronov, and M. Yakimov. It is a pleasure to thank the organizers of the Colloquium, and especially S. Catto, for the marvelous scientific and cultural program. Finally, I would like to thank my family and my wife Vesselina for their love and support.

References

[1] Borcherds R E 1986 Proc. Nat. Acad. Sci. U.S.A. 83 3068–71

Frenkel I B, Lepowsky J and Meurman A 1988 Vertex Operator Algebras and the Monster (Boston: Academic Press)

[2] Kac V G 1996 Vertex Algebras for Beginners (Providence: American Mathematical Society); 2nd edition 1998

[3] Frenkel E and Ben-Zvi D 2001 Vertex Algebras and Algebraic Curves (Providence: American Mathematical Society)

[4] Primc M 1999 J. Pure Appl. Algebra 135 253–93

Dong C, Li H and Mason G 2002 Recent Developments in Infinite- Dimensional Lie Algebras and Conformal Field Theory, Charlottesville Contemp. Math. vol 297 ed S Berman et al (Providence: American Mathematical Society) pp 69–96

[5] Bakalov B and Kac V G 2003 Int. Math. Res. Not. 2003:3 123–59

[6] D’Andrea A and Kac V G 1998 Selecta Math. (N.S.) 4 377–418 Fattori D and Kac V G 2002 J. Algebra 258 23–59

[7] Cheng S-J and Kac V G 1997 Asian J. Math. 1 181–93

Bakalov B, Kac V G and Voronov A A 1999 Comm. Math. Phys. 200 561–98

[8] Bakalov B, D’Andrea A and Kac V G 2001 Adv. Math. 162 1–140

[9] Bakalov B, D’Andrea A and Kac V G 2006 Adv. Math. 204 278–346;

2006 in preparation

[10] Borcherds R E 1996 Topological Field Theory, Primitive Forms and Related Topics, Kyoto Progr. Math. vol 160 ed M Kashiwara et al (Boston: Birkhäuser) pp 35–77 Kapustin A and Orlov D 2003 Comm. Math. Phys. 233 79–136 Li H 2003 J. Algebra 262 1–41

[11] Nikolov N M 2005 Comm. Math. Phys. 253 283–322

[12] Nikolov N M and Todorov I T 2001 Comm. Math. Phys. 218 417–36;

2005 Rev. Math. Phys. 17 613–67 Nikolov N M, Stanev Ya S and Todorov I T 2003 Nucl. Phys. B 670 373–400 Nikolov N M, Rehren K-H and Todorov I T 2005 Nucl. Phys. B 722 266–96

[13] Bakalov B and Nikolov N M 2006 J. Math. Phys. 47 53505-34

[14] Bakalov B, Nikolov N M, Rehren K-H and Todorov I T 2006 Comm. Math.

Phys. to appear