arXiv:math-ph/0609088 v1 29 Sep 2006

On the relativistic KMS condition for the P (ϕ)_2 model

Christian Gérard^∗ Université Paris Sud XI, F-91405 Orsay, France

Christian D. Jäkel^† ETH Zürich, Hönggerberg CH-8093 Zürich, Switzerland

September 29, 2006

Abstract

The relativistic KMS condition introduced by Bros and Buchholz provides a link between quantum statistical mechanics and quantum field theory. We show that for the P (ϕ)_2 model at positive temperature, the two point function for fields satisfies the relativistic KMS condition.

1 Introduction

The operator algebraic framework allows to characterize the equilibrium states of a quantum system by first principles: when the dynamical law is changed by a local perturbation, which is slowly switched on and slowly switched off again, an equilibrium state returns to its original form at the end of this procedure. In a pioniering work Haag, Kastler and Trych- Pohlmeyer [15] showed that this characterization of an equilibrium state leads to a sharp mathematical criterion, the so-called KMS condition, first encountered by Haag, Hugenholtz and Winnink [14] and more implicitly by Kubo [23], Martin and Schwinger [24].

On the other hand, the vacuum states of a relativistic QFT are characterized by Poincaré invariance and the spectrum condition [27]. Both the KMS and the spectrum condition can be formulated in terms of analyticity properties of the correlation functions, but for almost 40 years the connection between these two conditions was not investigated in depth, and algebraic quantum statistical mechanics and algebraic quantum field theory were treated in this respect as disjoint subjects. But finally increased interest in cosmology and heavy-ion collisions led to a need to combine QFT and quantum statistical mechanics.

It was first recognized by Bros and Buchholz [6] that the thermal equilibrium states of a relativistic QFT should have stronger analyticity properties in configuration space than those imposed by the traditional KMS condition. The result of their careful analysis is a relativistic KMS condition which can be understood as a remnant of (and, in applications, as a substitute for) the relativistic spectrum condition in the vacuum sector.

1.1 Content of the Paper

The content of this short paper is as follows. In Section 2 we recall the construction of the P (ϕ)_2 model at positive temperature presented in [12]. In Section 3 we review the main ingredients of the Euclidean approach to thermal field theory. In Section 4 we show that the

∗christian.gerard@math.u-psud.fr
†christian.jaekel@itp.phys.ethz.ch

Wightman two-point function for fields satisfies the relativistic KMS condition. Section 5 is devoted to a brief discussion of the implications of the relativistic KMS condition.

2 The spatially-cutoff P (ϕ)_2 model at positive temperature

The construction of interacting thermal quantum fields in [12] includes several of the original ideas of Høegh-Krohn [17], but instead of starting from the interacting system in a box the authors started from the Araki-Woods representation for the free thermal system in infinite volume. We briefly recall the main steps of this construction.

2.1 Preliminary Material The KMS condition A state ω_β over a C^∗-algebra A equipped with a C^∗−dynamics τ_t is called a (τ, β)-KMS state for some β ∈ IR ∪ {±∞}, if for all A, B ∈ A there exists a function F_{A,B} which is continuous in the strip {z ∈ C | 0 ≤ ℑz ≤ β} and analytic and bounded in the open strip {z ∈ C | 0 < ℑz < β}, with boundary values given by F_{A,B}(t) = ω_β ( Aτ_t(B) ) , F_{A,B} (t + iβ) = ω_β ( τ_t(B)A ) , ∀ t ∈ IR.

Thus KMS states are characterized by a real parameter β, which has the meaning of inverse temperature.

The relativistic KMS condition Lorentz invariance is always broken by a KMS state. A KMS state might also break spatial translation or rotation invariance, but the maximal propagation velocity of signals is not affected by such a lack of symmetry.

Definition 2.1 A state ω_β over a C^∗-algebra A satisfies the relativistic KMS condition at inverse temperature β > 0 if there exists some positive timelike vector e ∈ V_+, e^2 = 1, such that for every pair of elements A, B of A there exists a function F_{A,B} which is analytic in the tube domain T_β := {z ∈ C^2 | ℑz ∈ V_+ ∩ (βe + V_−)},

and continuous at the boundary sets IR^2 and IR^2 + Iβe with boundary values given by F_{A,B} (t, x) = ω_β ( Aα_{t,x}(B) ) and F_{A,B}(t + Iβe, x) = ω_β ( α_{t,x}(B) ) for all (t, x) ∈ IR^2. Here V_± = {(t, x) ∈ IR^2 | |t| < |x|, ±t ≥ 0} denote the forward/backward light-cones.

Remark 2.2 Note that in the limit β → ∞ the tube T_β tends toward the forward tube IR^2 + IV_+.

As we will discuss in Section 5, the relativistic KMS condition has numerous applications. For instance, the famous Reeh-Schlieder property (in the thermal representation) is a direct consequence of the relativistic KMS condition (and weak additivity), no matter if the spatial translation or rotation invariance is broken by the KMS state or not [19].

2.2 The free neutral scalar field at temperature β^{−1}

Let h = H^{− 12} (IR) be the complex Sobolev space of order −^1_2 equipped with the norm

‖h‖^2 = (h, (2ν)^{−1}h)_L2_{(IR,dx)}

for ν := (D^2_x + m^2)^{12} .

Let W(h) be the abstract Weyl C^∗-algebra over h. On W(h) we define the free time evolution {τ^∘_t }_{t∈IR} by τ^∘_t ( W (h) ) = W (e^{Itν} h), h ∈ h, t ∈ IR. For m > 0 the unique (τ^∘, β)-KMS state on the Weyl algebra W(h) is given by ω^∘_β ( W (h) ) := e^{− 14 (h,(1+2ρ)h)}, h ∈ h,

(2.1)

where ρ := (e^{βν} − 1)^{−1}, β > 0.

The Araki-Woods representation A realization of the GNS representation associated to the pair ( W(h), ω^∘_β ) is provided by the Araki-Woods representation. We set:

H_{AW} := Γ(h ⊕ h),

Ω_{AW} := Ω_F ,

π_{AW} (W (h)) = W_{AW} (h) := W_F ( (1 + ρ)^{12} h ⊕ ρ^{12} h ) , h ∈ h.

Here h is the conjugate Hilbert space to h, W_F (.) denotes the Fock Weyl operator on the bosonic Fock space Γ(h ⊕ h) and Ω_F ∈ Γ(h ⊕ h) is the Fock vacuum.

The generator of the time evolution Since ω^∘_β is τ^∘-invariant, the time evolution can be unitarily implemented in the representation π_{AW} : e^{itLAW} π_{AW} (A)Ω_{AW} := π_{AW} ( τ^∘_t (A) ) Ω_{AW} , A ∈ W(h).

(2.2)

The generator L_{AW} of the free time evolution, uniquely fixed by (2.2) and the request L_{AW} Ω_{AW} = 0, is called the (free) Liouvillean. It is equal to dΓ(ν ⊕ −ν).

Thermal fields The Araki-Woods representation π_{AW} is a regular representation, i.e., the map IR ∋ λ → W_π(λh) is strongly continuous for any h ∈ h. Thus one can define field operators ϕ_{AW} (h) := −I d dλ W_{AW} (λh) | | |_{λ=0}, h ∈ h, which satisfy in the sense of quadratic forms on D(ϕ_{AW} (h_1)) ∩ D(ϕ_{AW} (h_2)) the commutation relations [ϕ_{AW} (h_1), ϕ_{AW} (h_2)] = Iℑ(h_1, h_2), h_1, h_2 ∈ h.

The net of local von Neumann algebras The von Neumann algebra generated by {π_{AW} (W (h)) | h ∈ h} is denoted by R_W.

To define the net of local von Neumann algebras, we introduce the IR−linear map

U : h = H^{− 12} (IR) → S^′(IR) h → ℜh + Iν^{−1}ℑh.

For I ⊂ IR a bounded open interval, we define the following real vector subspace of h h_I := {h ∈ h | supp U h ⊂ I}. (2.3)

We denote by R_W(I) the von Neumann algebra generated by {W_{AW} (h) | h ∈ h_I }. The algebra

A := ⋃ I⊂IR R_W(I)

(C^∗)

is called the algebra of local observables. The union is over all open bounded intervals I ⊂ IR and the symbol ⋃ I⊂IR RW(I) (C^∗)

denotes the C^∗-inductive limit (see e.g. [20, Proposition 11.4.1.]).

Remark 2.3 We note that the Araki-Woods representation is locally normal w.r.t. the vacuum representation of the free field. Consequently, the C^∗-algebra A is identical (up to ∗-isomorphisms) to the algebra

A_F := ⋃ I⊂IR π_F ( W(h_I ) )_{′′}^{(C∗)} , where π_F is the Fock representation.

2.3 The spatially-cutoff P (ϕ)_2 model at temperature β^{−1}

Let P (λ) = ∑_{2n} j=0 a_j λ^j be a real valued polynomial, which is bounded from below, and let l ∈ IR^+ be a spatial cutoff parameter. The spatially cutoff P (ϕ)_2 model on the real line IR at temperature β^{−1} is then defined by the formal interaction term

V_l = ∫_l −l : P (ϕ_{AW} (x)) : dx, l > 0. Here : : denotes the Wick ordering (see e.g. [13]) with respect to the temperature β^{−1} covariance on IR: C_0(h_1, h_2) := ( h_1,

(1 + e^{−βν} ) 2ν(1 − e^{−βν} ) h_2 ) L^2(IR)

, h_1, h_2 ∈ S(IR).

(2.4)

Using a sequence of functions {δ_k} approximating the delta-function, the limit

V_l := lim_{k→∞} ∫_l −l : P (ϕ_{AW} (δ_k(. − x)) : dx

exists on a dense set of vectors in Γ(h ⊕ h). An approximation of the Dirac δ function can be fixed by setting δ_k(x) := kχ(kx), where χ is a function in C^∞_{0 IR}(IR^d) with ∫ χ(x)dx = 1.

The perturbed KMS system It can be shown (see [12]) that the operator sum L_{AW} + V_l is essentially selfadjoint on D(L_{AW} ) ∩ D(V_l) and if we set H_l := L_{AW} + V_l, then the perturbed time-evolution on A is given by τ^l_t (A) := e^{ItHl} Ae^{−ItHl} , A ∈ A. The perturbed KMS state ω_l on A is normal w.r.t. the Araki-Woods representation π_{AW} . In fact, the GNS vector Ω_{AW} ∈ Γ(h ⊕ h) belongs to D ( e^{− β2 Hl} ) and the perturbed KMS state ω_l is the vector state induced by the state vector

Ω_l := e^{− β2 Hl} Ω_{AW} ‖e^{− β}2^{Hl} Ω_{AW} ‖ .

These results are in complete analogy to the analytic perturbation theory for bounded perturbations due to Araki (see e.g. [5]). Identical formulas, valid for a certain class of unbounded perturbations, have recently been derived in [8].

2.4 The translation invariant P (ϕ)_2 model at temperature β^{−1} Existence of the dynamics Let I ⊂ IR a bounded open interval. For t ∈ IR fixed, the norm limit lim_{l→∞} τ^l_t (A) =: τ_t(A)

exists for all A ∈ R_W(I). In fact, for A and t fixed, τ^l_t (A) is independent of l for l sufficiently large.

By construction the elements of the local von Neumann algebras R_W(I), I open and bounded, are norm dense in A. Thus the map τ : t → τ_t extends to a group of ∗-automorphisms of A. Moreover, if {α_x}_{x∈IR} denotes the group of space translations over A, defined by α_x ( W_{AW} (h) ) := W_{AW} (e^{Ix.k}h), x ∈ IR, where k is the momentum operator acting on h, then

τ_t ∘ α_x = α_x ∘ τ_t

for all t, x ∈ IR. Consequently the time evolution is translation invariant.

Existence of the thermodynamic limit Let {ω_l}_{l>0} be the family of (τ^l, β)-KMS states for the spatially cutoff P (ϕ)_2 models constructed in Subsection 2.3. Then it has been shown in [12] that w − lim_{l→+∞} ω_l =: ω_β exists over A.

(2.5)

Moreover, the state ω_β has the following properties:

(i) ω_β is a (τ, β)-KMS state over A;

(ii) ω_β is locally normal, i.e., if I ⊂ IR is an open and bounded interval, then ω_{β|RW(I)} is normal w.r.t. the Araki-Woods representation;

(iii) ω_β is invariant under spatial translations, i.e.,

ω_β (α_x(A)) = ω_β(A), x ∈ IR, A ∈ A;

(iv) ω_β has the spatial clustering property, i.e., lim_{x→∞} ω_β(Aα_x(B)) = ω_β (A)ω_β(B) ∀A, B ∈ A. The rate of the spatial clustering is related to the infrared properties of the Liouvillean [18].

3 Euclidean approach

As far as the formulation of the spatially cut-off thermal P (ϕ)_2 model is concerned, the Euclidean approach is only used to show that the sum of the operators L_{AW} and V_l (which are both unbounded from below) is essentially selfadjoint on the intersection of their domains.

However, for the existence of the thermodynamic limit (2.5) the Euclidean approach is used in a more sophisticated manner. The key argument in the proof of (2.5), Nelson symmetry, will be crucial for the proof of the relativistic KMS condition too. In order to formulate it, we briefly recall the Euclidean approach, in a framework adapted to the thermal P (ϕ)_2 model (see [11], [21] for a more general abstract framework).

3.1 Euclidean reconstruction theorem Euclidean measures on the cylinder Let S_β = [−β/2, β/2] be the circle of length β. The points in the cylinder S_β × IR are denoted by (t, x). Let Q := S^′_{IR}(S_β × IR) be the space of real valued, β−periodic Schwartz distributions on S_β × IR and let Σ be the Borel σ-algebra on Q. Let μ be a Borel probability measure on (Q, Σ).

For f ∈ S_{IR}(S_β × IR), we denote by ϕ(f) the function ϕ(f): Q → IR q → ⟨q, f⟩. For T ≥ 0, we denote by Σ_{[0,T ]}, the sub σ-algebra of Σ generated by the functions e^{Iϕ(f)} for supp f ⊂ [0, T [×IR. Let r: Q → Q be the time-reflection around t = 0 defined by rϕ(t, x) = ϕ(−t, x) and let τ^E_t : Q → Q be the group of euclidean time translations defined by τ^E_t ϕ(s, x) = ϕ(s − t, x). The map r lifts to a ∗−automorphism R of L^∞(Q, Σ) defined by RF (q) := F (rq), and the group τ^E_t lifts to a group U (t) of ∗-automorphisms of L^∞(Q, Σ). This group is unitary on L^2(Q, Σ, μ) if μ is invariant under τ^E_t .

Reconstruction theorem Let H_{OS} := L^2(Q, Σ_{[0,β/2]}, dμ). We assume that the measure μ satisfies the Osterwalder-Schrader positivity

(F, F ) := ∫ Q R(F )F dμ ≥ 0 ∀F ∈ H_{OS}. Let N ⊂ H_{OS} be the kernel of (., .). We set

H_{phys} := H_{OS}/N ,

where the completion of H_{OS}/N is done w.r.t. the norm (., .)^{12} . The canonical projection H_{OS} to H_{phys} is denoted by V.

In H_{phys} we have the distinguished vector

Ω_{phys} := V(1),

where 1 is the constant function equal to 1 on Q.

The unitary group U (t) for t ≥ 0 does not preserve H_{OS} (contrary to 0-temperature theories), because distributions supported in the ‘future’ [0, β/2[×IR come back in the ‘past’ ]−β/2, 0]×IR by time translations. Nevertheless U (s) for 0 ≤ s ≤ t sends L^2(Q, Σ_{[0,β/2−t[}, dμ) into H_{OS}.

Using the theory of local symmetric semigroups (see [10], [22]), it is possible to define a selfadjoint operator L_{phys} on H_{phys} such that for F ∈ L^2(Q, Σ_{[0,β/2−t[}, dμ) and 0 ≤ s ≤ t one has V(U (s)F ) = e^{−sLphys} V(F ).

Finally if A ∈ L^∞(Q, Σ_{{0}}), then multiplication by A preserves H_{OS} and N , and one obtains a representation π_{phys} of the algebra of time-zero fields L^∞(Q, Σ_{{0}}):

π_{phys}(A)V(F ) := V(AF ), F ∈ H_{OS}.

From this reconstruction procedure one obtains a β-KMS system defined as follows:

(i) the C^∗-algebra A_{phys} is the von Neumann algebra generated by

the operators e^{ItLphys} π_{phys}(A)e^{−ItLphys} , t ∈ IR, A ∈ L^∞(Q, Σ_{{0}});

(ii) the dynamics τ_t on A_{phys} is the dynamics generated by the unitary

group e^{−ItLphys} ;

(iii) the β-KMS state on A_{phys} is the state generated by the vector

Ω_{phys}.

3.2 Euclidean measure for the translation invariant P (ϕ)_2 model

The spatially-cutoff P (ϕ)_2 model at positive temperature allows an Euclidean formulation: the measure dμ_l for the spatially cutoff P (ϕ)_2 model is given by

dμ_l := 1 Z_l e^− ∫_{β/2} −β/2 ∫_l −l :P (ϕ(t,x)):_C dtdx dϕ_C , (3.6)

where dϕ_C denotes the Gaussian measure on (Q, Σ) with covariance

C(u, u) = (u, (D^2_t + D^2_x + m^2)^{−1}u)

(with β-periodic b.c.) defined by ∫ Q e^{Iϕ(f)}dϕ_C = e^{−C(f,f)/2}, f ∈ S_{IR}(S_β × IR).

(3.7)

The partition function Z_l is chosen such that ∫ Q dμ_l = 1.

Existence of limiting measure In order to show that one can remove the spatial cutoff one has to show that lim l→+∞ ∫ Q F (q)dμ_l =: ∫ Q F (q)dμ_∞ (3.8)

exists and defines a Borel probability measure on S^′_{IR}(S_β × IR).

Nelson Symmetry Formally exchanging the role of t and x in (3.6) one notices that dμ_∞ is the Euclidean measure of the P (ϕ)_2 model on the circle at temperature zero. This formal argument can be made rigorous (see [12], [17]). In particular one has:

e^− ∫_{β/2} −β/2 ( ∫_l −l :P (ϕ(t,x)):_{C0} dx)dt = e^− ∫_l −l ( ∫_{β/2} −β/2 :P (ϕ(t,x)):_{Cβ} dt)dx . (3.9)

Note that on the r.h.s. Wick ordering is done w.r.t. the covariance

C_β(g_1, g_2) := ( g_1, 1 2ν g_2 ) L^2(S_β ,dt)

, g_1, g_2 ∈ S(S_β ).

The analog of (3.9) in the zero temperature case is called Nelson symmetry (see e.g. [26]).

It was first noticed by Høegh-Krohn [17] that the existence of the limit (3.8) is equivalent to the uniqueness of the vacuum state for the P (ϕ)_2 model on the circle.

Using Nelson symmetry, the existence of the limit (3.8) is proved in [12]. Moreover it is shown in [12] that μ_∞ is OS positive, invariant under space-time translations, and that sharp-time fields are well defined: this means that if δ_k ∈ C^∞_0 (S_β ) is a sequence of functions tending to the Dirac distribution δ_0, then the limits ϕ(t, h) := lim_{k→∞} ϕ(δ_k(. − t) ⊗ h) exist in ⋂ 1≤p<∞ L p(Q, Σ, dμ_∞) for any h ∈ C^∞_0 (IR).

4 The relativistic KMS condition

In this section we show that two point functions for fields in the thermal P (ϕ)_2 model satisfy the relativistic KMS condition.

Identification of physical objects Let (H_β , π_β, Ω_β) be the GNS triple associated to the KMS state ω_β over the C^∗-algebra A. Let also P_β, L_β be the unique generators of space-time translations such that L_β Ω_β = P_βΩ_β = 0.

As we saw in Subsect. 3.1, the Euclidean reconstruction theorem provides a Hilbert space H_{phys}, a unit vector Ω_{phys}, a representation π_{phys} of the abelian von Neumann algebra U_{AW} generated by {W_{AW}(h) | h ∈ h, h real valued }, and a selfadjoint operator L_{phys} . Since the Euclidean measure μ_∞ is invariant under space translations, we obtain also a selfadjoint operator P_{phys} implementing the space translations.

Let us briefly check that these two families of objects are identical (up to unitary equivalence). In the sequel we will freely identify them.

Let U(I) be the abelian von Neumann algebra generated by {W_{AW}(h) | h ∈ h, h real valued, supp h ⊂ I}. It was shown in [12] that for A_j ∈ U(I), 1 ≤ j ≤ n,

(Ω_{phys}, ∏_n j=1 e^{Itj Lphys} π_{phys}(A_j )e^{−Itj Lphys} Ω_{phys} ) = ω_β( ∏_n j=1 τ_{tj} (A_j )) = (Ω_β, ∏_n j=1 e^{Itj Lβ} π_β(A_j )e^{−Itj Lβ} Ω_β). (4.10)

Thus we can define a map U : H_{phys} → H_β by

U e^{ItLphys} π_{phys}(A)Ω_{phys} := e^{ItLβ} π_β(A)Ω_β , t ∈ IR, A ∈ U(I), I ⊂ IR.

(4.11)

From (4.10) we see that U preserves the scalar product, hence it can be uniquely extended by linearity to

E = Vect{e^{ItLphys} π_{phys} (A)Ω_{phys} | t ∈ IR, A ∈ U(I), I ⊂ IR}

as an isometry. It follows from the Euclidean reconstruction theorem, that E is dense in H_{phys}. Moreover it is clear from (4.11) that U intertwines π_{phys} and π_β restricted to U and also intertwines L_{phys} and L_β. Finally U also intertwines P_{phys} and P_β (note that the algebra of time-zero fields is clearly invariant under space translations).

To check that U is unitary, we use a result in [12]: let B_α(I) be the von Neumann algebra generated by {τ_t(A) | A ∈ U(I), |t| < α}. Then it was shown in [12, Prop. 6.5] that

R_W(I) = ⋂ α>0 B_α(I). Since by construction Ω_β is cyclic for π_β(A), this implies that the range of U is dense in H_β . Therefore U is unitary.

4.1 Wightman two point function for the thermal P (ϕ)_2 model

Let I ⊂ IR be a bounded open interval and h_I the real subspace of h defined in (2.3).

By restriction to the local algebra R_{AW} (I), π_β defines a CCR representation of the real symplectic space h_I .

Lemma 4.1 i) The representation π_β restricted to R_{AW}(I) is quasi-equivalent to the concrete representation of R_{AW}(I);

ii) the CCR representation h_I ∋ h → π_β(W_{AW}(h)) ∈ B(H_β ) is regular.

Proof. It is well known (see e.g. [12, Lemma 6.2]) that R_{AW} (I) is a factor. Now it is shown in [20, Prop. 10.3.14] that if R is a C^∗-algebra and π is a factor representation of R, then π is quasi-equivalent to the GNS representation of any π-normal state ω. Applying this fact to R_{AW}(I) (with its concrete representation) and to ω_β , we obtain that π_β is quasi-equivalent to the concrete representation of R_{AW}(I). This proves i). We know then that there exists a ∗-isomorphism γ from R_{AW}(I) into π_β(R_{AW}(I))^{′′} extending π_β. This isomorphism is automatically weakly continuous. Since the Araki-Woods representation is regular, the same holds true for the GNS representation π_β restricted to h_I. □

Since π_β is a regular CCR representation, we can define for h ∈ h_I the Segal field operators ϕ_β(h) := −I d ds π_β(W_{AW}(sh)) | | |_{s=0}. In the sequel we will consider only the time-zero fields φ_β:

φ_β (h) := ϕ_β(h), for h ∈ h_I, h real.

Remark 4.2 If we restrict ourselves to time-zero fields, it is possible to give a direct proof that the CCR representation is locally regular, avoiding the use of the local normality of the state ω_β . In fact, let us show that

the map IR ∋ s → π_β ( W_{AW}(sh) ) is strongly continuous for h ∈ h_I, h real,

(4.12)

using the Euclidean approach.

It suffices to prove the weak continuity on a dense subspace of H_β. From the reconstruction theorem, we see that we may take as a dense subspace of H_β the linear span of the vectors V( ∏_k 1 e^{Iϕ(tj ,hj )}) for h_j ∈ C^∞_{0IR}(IR), 0 ≤ t_j < β/2. We see that it suffices to prove the continuity of the map IR ∋ s → ∫ Q (^n∏ 1 e^{Iϕ(tj ,hj )} ) e^{Isϕ(0,h)}dμ_∞ for h_j ∈ C^∞_{0IR}(IR), t_j ∈ S_β. But this follows from the fact that ϕ(0, h) ∈ L^1(Q, dμ_∞), shown in [12].

Lemma 4.3 Ω_β ∈ D(φ_β (h)), ∀h ∈ h_I , h real valued.

Proof. Clearly it suffices to prove that

2 − (Ω_β, e^{Isφβ (h)}Ω_β) − (Ω_β, e^{−Isφβ (h)}Ω_β) ≤ C|s|^2, 0 ≤ s ≤ 1.

(4.13)

By the reconstruction theorem, the r.h.s. is equal to ∫ Q ( 2 − e^{Isϕ(0,h)} − e^{−Isϕ(0,h)} ) dμ_∞. Since ϕ(0, h) ∈ L^2(Q, dμ_∞), we obtain (4.13). □

We now define Wightman two point functions. For a function h ∈ C^∞_0 (IR) we denote by h^− the function h^−(x) = h(−x).

Proposition 4.4 There exists a unique W_β(t, .) ∈ C^0(IR_t, D^′(IR)) such that for h_1, h_2 ∈ C^∞_{0IR}(IR): ( φ_β(h_1)Ω_β, e^{ItLβ} φ_β (α_xh_2)Ω_β ) = h_1 ⋆ h^−_2 ⋆ W_β(t, x), (t, x) ∈ IR^2.

(4.14)

Proof. For fixed t the l.h.s. is a bilinear form Q_t w.r.t. h_1 and h_2. Moreover it is shown in [12] that ‖φ_β(h)Ω_β ‖ ≤ C‖h‖_S, where ‖.‖_S is a Schwartz seminorm. Therefore Q_t is continuous for the topology of C^∞_0 (IR), which by translation invariance, implies the existence of W_β(t, .). The continuity w.r.t. the variable t of W(t, .) follows from the obvious continuity in t of the l.h.s. of (4.14). □

4.2 Relativistic KMS condition

The rest of this section is devoted to the proof of the following theorem: Theorem 4.5 The distribution W_β(t, x) extends holomorphically to IR^2 +IV_β , where V_β := {(t, y) | |y| < inf(t, β − t)}. Therefore for A_i = φ_β (h_i), h_i ∈ C^∞_{0IR}(IR) the two-point function F_{A1,A2} (t, x) is holomorphic in IR^2 + IV_β .

4.3 Proof of Thm. 4.5

Let us briefly recall a few facts concerning the 0−temperature P (ϕ)_2 model on the circle S_β . The Hilbert space is the Fock space Γ(H^{− 12} (S_β )), where H^{− 12} (S_β ) is the Sobolev space of order −^1_2 on S_β with norm ‖g‖^2 = (g, (2b)^{−1}g)_L2_{(Sβ ,dt)}

with b = (D^2_t +m^2)^{12} . For g ∈ H^{− 12} (S_β ), we denote by ϕ_C (g) the (Fock) field operator acting on Γ(H^{− 12} (S_β )).

The operator sum dΓ(b) + ∫ S_β : P (ϕ_C(t)) :_{Cβ} dt

is essentially selfadjoint and bounded below, and the Hamiltonian of the P (ϕ)_2 model on S_β is H_C := dΓ(b) + ∫ S_β : P (ϕ(t)) :_{Cβ} dt − E_C ,

where E_C is an additive constant such that inf σ(H_C) = 0. The Hamiltonian H_C has a unique (up to a phase) ground state (i.e., vacuum state) induced by the state vector Ω_C . Another fact we shall need is the following: if g_1, g_2 are real elements of H^{− 12} (S_β ), then (ϕ_C(g_1)Ω_C , e^{−yHC} ϕ_C (g_2)Ω_C ) is real for y ∈ IR^+. This follows from the representation of e^{−yHC} using the Feynman-Kac-Nelson (FKN) formula.

Finally we note that P_C := dΓ(D_t) is the momentum operator on the circle S_β .

The two-point function for the P (ϕ)_2 model on the circle Now consider the two-point function W_C for the P (ϕ)_2 model on the circle W_C (t, y) = ( Ω_C , ϕ_C(δ_0)e^{IyHC} e^{ItPC} ϕ_C (δ_0)Ω_C ) , t ∈ S_β , y ∈ IR. W_C is a tempered distribution on S_β × IR rigorously defined by

⟨W_C , f ⊗ g⟩ := (2π)^{12} ( ϕ_C(δ_0)Ω_C , g̃(−H_C )ϕ_C (f)Ω_C ) , for f ∈ C^∞(S_β), g ∈ S(IR), and g̃ the Fourier transform of g.

To check that W_C is well defined as a tempered distribution, we use the bound

‖(H_C + 1)^{− 12} ϕ_C (h)(H_C + 1)^{− 12} ‖ ≤ C‖h‖_H−1_{(Sβ )},

(4.15)

which using that δ_0 ∈ H^{−1}(S_β ) yields

|⟨W_C , f ⊗ g⟩| ≤ C‖(H_C + 1)g̃(−H_C )‖‖f‖_H−1_{(Sβ )}‖(H_C + 1)^{12} Ω_C ‖^2.

The r.h.s. can clearly be estimated in terms of Schwartz seminorms of f and g.

Analytic continuation We first recall the spectrum condition on the circle [14]: |P_C | ≤ H_C . Set V_± := {(t, y) ∈ IR^2 | |t| < |y|, ±y ≥ 0}. Using ‖e^{−ϵHC} (H_C + 1)‖ ≤ Cϵ^{−1} and the bound (4.15) we conclude that F (τ, z) := ( Ω_C , ϕ_C(δ_0)e^{IzHC} e^{IτPC} ϕ_C(δ_0)Ω_C ) is holomorphic in S_β × IR + IV_+ , has a moderate growth when ℑ(τ, z) → 0 and ∫ F (t + Iϵ, y + Iϵ)f(t)g(y)dtdy = (2π)^{12} ( ϕ_C (δ_0)Ω_C , g̃(−H_C)e^{−ϵ(HC +PC )}ϕ_C (f)Ω_C ) → ⟨W_C , f ⊗ g⟩, when ϵ → 0, i.e., lim_{ϵ→0} F (. + Iϵ, . + Iϵ) = W_C (., .) in S^′(S_β × IR).

Locality on the circle Clearly W_C = lim_{k→+∞} G_k in S^′(S_β × IR),

where G_k(t, y) := ( Ω_C , ϕ_C(δ_k)e^{IyHC} e^{ItPC} ϕ_C (δ_k)Ω_C ) , and δ_k is a sequence in C^∞(S_β ) with support in {t ∈ IR | |t| ≤ k^{−1}} and tending to δ_0 when k → ∞. Now using locality (i.e., finite speed of light) on the circle, we see that if (t, y) ∈ V_{β,k}, V_{β,k} = {(t, y) | |y| < inf(t, β − t) − 2k^{−1}}, then [ϕ_C(δ_k), e^{IyHC} e^{ItPC} ϕ_C (δ_k)e^{−ItPC} e^{−IyHC} ] = 0, because no signal can go from supp δ_k to supp (δ_k + t) in time y if (t, y) ∈ V_{β,k}. This fact can be shown by exactly the same arguments as those used for the P (ϕ)_2 model on IR. Thus for (t, y) ∈ V_{β,k}, the function G_k is real valued.

Edge of the wedge According to the Schwarz reflection principle, W_C can now be view as the boundary value of a function holomorphic in V_β − iV_+: W_C (t, x) = H(t, x) where H(τ, z) := ( ϕ_C (δ_0)Ω_C , e^{−IzHC} e^{−IτPC} ϕ_C(δ_0)Ω_C ) . Thus W_C (t, y) = W_C (t̄, ȳ), (t, y) ∈ V_β + i(V_+ ∪ V_−). (4.16)

We can now apply the edge of the wedge theorem [27]. It implies that there exists an open ball B(0, d) := {z ∈ C^2 | |z| < d} such that W_C (t, y) is holomorphic in V_β + iΓ, where Γ := V_+ ∪ V_− ∪ B(0, d).

Moreover, W_C (t, iy) is real for t ∈ S_β , y > 0 (by using the representation of e^{−yHC} as a Feynman-Kac-Nelson (FKN) kernel). Thus W_C (t, iy) is real for t ∈ S_β , y ∈ IR, by (4.16). Applying the Schwarz reflection principle one more time, we conclude that W_C (t, y) = W_C (t, −y) ∀(t, y) ∈ V_β + iΓ.

Schwinger two-point function for the thermal P (ϕ)_2 model Let h ∈ C^∞_{0IR}(IR) and set I(t, x) := ∫ S^′ (S_β ×IR) ϕ(0, h)ϕ(t, α_xh)dμ_∞, t ∈ S_β , x ∈ IR, where α_xh(y) = h(y − x). By [13, Thm. 7.2], we get:

I = 2 ∫ −∞<x_1≤x_2<∞ h(x1) ( Ω_C , ϕ_C(δ_0)e^{−(x2 −x1)HC} ϕ_C (δ_t)Ω_C ) h(x_2 − x)dx_1dx_2 = 2 ∫ −∞<x_1≤x_2<∞ h(x1 − x) ( Ω_C , ϕ_C(δ_t)e^{−(x2−x1)HC} ϕ_C(δ_0)Ω_C ) h(x_2)dx_1dx_2. But ( Ω_C , ϕ_C(δ_0)e^{−(x2 −x1)HC} ϕ_C (δ_t)Ω_C ) is real by the FKN formula and hence ( Ω_C , ϕ_C(δ_0)e^{−(x2−x1)HC} ϕ_C(δ_t)Ω_C ) = ( Ω_C , ϕ_C(δ_t)e^{−(x2 −x1)HC} ϕ_C (δ_0)Ω_C ) , which yields: I(t, x) = 2 ∫ −∞<x_1≤x_2<∞ ( h(x_1)r(t, x_2 − x_1)h(x_2 − x)

+h(x_1 − x)r(t, x_2 − x_1)h(x_2) ) dx_1dx_2,

(4.17) for r(t, x) = ( Ω_C , ϕ_C(δ_0)e^{−xHC} ϕ_C (δ_t)Ω_C ) = W_C (t, Ix), x ≥ 0. We have seen that W_C (t, y) = W_C (t, −y) for (t, y) ∈ V_β + IΓ, which when restricted to t ∈ S_β , ℜy = 0, yields W_C(t, Ix) = W_C (t, −Ix).

Therefore exchanging the variables x_1 and x_2 in the r.h.s. of (4.17), we obtain: 2I(t, x) = ∫ IR^2

h(x_1)W_C (t, x_2 − x_1)h(x_2 − x)dx_1dx_2 = h ⋆ h^− ⋆ W_C (t, x),

(4.18)

where h^−(x) := h(−x).

Wightman two-point function for the thermal P (ϕ)_2 model Let Ω_β be the GNS vector for the thermal state ω_β, and let P_β and L_β be the generators of space-time translations such that P_βΩ_β = L_βΩ_β = 0. We recall that φ_β (h) for h ∈ C^∞_{0IR}(IR) is the field operator in the GNS representation.

Let W_β (t, x) be the two-point function for the thermal P (ϕ)_2 model, defined by ( φ_β (h_1)Ω_{β,}e^{ItLβ} φ_β (α_xh_2)Ω_β ) = h_1 ⋆ h^−_2 ⋆ W_β (t, x),

(4.19)

for h_i ∈ C^∞_{0IR}(IR). Since dμ_∞ is the Euclidean measure for the thermal P (ϕ)_2 model on the line, we have W_β(It, x) = W_C(t, Ix), 0 < t < β/2, x ∈ IR. (4.20)

As we have seen, W_C (t, y) is holomorphic in V_β + IΓ. Thus we deduce from (4.20) that W_β(t, x) is holomorphic in Γ + IV_β . Applying (4.19) with h_1 = h_2 =: h, we deduce from this fact that φ_β (h)Ω_β ∈ D(e^{−(sL+yP )/2}) ∀(s, y) ∈ V_β . But by the spectral theorem this clearly implies that W_β (t, x) is holomorphic in IR^2 + IV_β .□

5 Outlook

The condition of locality leads to strong constraints on the general form of the thermal two-point functions which allow one to apply the techniques of the Jost–Lehmann–Dyson representation. As has been shown by Bros and Buchholz [6][7], the interacting two-point function W_β can be represented in the form W_β (t, x) = ∫_∞ 0 dm D_β (x, m) W^{(0)}_β (t, x, m). Here D_β(x, m) is a distribution in x, m which is symmetric in x, and

W^{(0)}_β (x, m) = (2π)^{−1} ∫ dνdp ε(ν)δ(ν^2 − p^2 − m^2)(1 − e^{−βν} )^{−1}e^{i(νt−px)}

is the two-point correlation function of the free field of mass m in a thermal equilibrium state at inverse temperature β. In contrast to the vacuum case, the damping factors D_β(x, m) depend in general in a non-trivial way on the spatial variables x. They describe the dissipative effects of the thermal background on the propagation of sharply localized excitations.

If the underlying equilibrium state satisfies the relativistic KMS condition, the function D_β(x, m) is regular in x and admits an analytic continuation into the domain {z ∈ C | |ℑz| < β/2}. References

[1] Araki, H., A lattice of von Neumann algebras associated with the quantum theory of a free Bose field, J. Math. Phys. 4 (1963) 1343–1362.

[2] Araki, H., Relative Hamiltonian for faithful normal states of a von Neumann algebra, Publ. Res. Int. Math. Soc. (RIMS) 9 (1973) 165–209.

[3] Araki, H., Positive cone, Radon-Nikodym theorems, relative Hamiltonian and the Gibbs condition in statistical mechanics. An application of Tomita-Takesaki theory, in C^∗- algebras and their applications to Statistical Mechanics and Quantum Field Theory, D. Kastler Ed., North Holland (1976).

[4] Birke, L. and Fröhlich, J., KMS, etc., Rev. Math. Phys. 14 (2002) 829–871. [5] Bratteli, O. and Robinson, D.W., Operator Algebras and Quantum Statistical Mechanics I, II, Springer-Verlag, New York-Heidelberg-Berlin (1981).

[6] Bros, J. and Buchholz, D., Towards a relativistic KMS condition, Nucl. Phys. B 429 (1994) 291–318.

[7] Bros, J. and Buchholz, D., Axiomatic analyticity properties and representations of particles in thermal quantum field theory, New problems in the general theory of fields and particles, Ann. l’Inst. H. Poincaré 64 (1996) 495–521.

[8] Derezinski, J., Jaksic, V. and Pillet, C-A., Perturbation theory of W^∗-dynamics, Liouvilleans and KMS states, Rev. Math. Phys. 15 (2003) 447–48.

[9] Fröhlich, J., The reconstruction of quantum fields from Euclidean Green’s functions at arbitrary temperatures. Helv. Phys. Acta 48 (1975) 355–363.

[10] J. Fröhlich: Unbounded, symmetric semigroups on a separable Hilbert space are essentially selfadjoint. Adv. in Appl. Math. 1 (1980) 237–256.

[11] Gérard, C. and Jäkel, C.D., Thermal quantum fields with spatially cut-off interactions in 1+1 space-time dimensions, to appear in Journal of Funct. Anal. 2005.

[12] Gérard, C. and Jäkel, C.D., Thermal quantum fields without cutoffs in 1+1 space-time dimensions, math-ph/0403047, to be published in Rev. Math. Phys..

[13] Glimm, J. and Jaffe, A., Quantum Physics, A Functional Point of View, Springer (1981).

[14] Haag, R., Hugenholtz, N.M. and Winnink, M., On the equilibrium states in quantum statistical mechanics, Comm. Math. Phys. 5 (1967) 215–236.

[15] Haag, R., Kastler, D. and Trych-Pohlmeyer, E.B., Stability and equilibrium states, Comm. Math. Phys. 38 (1974) 173–193.

[16] Heifets, E.P. and Osipov, E.P., The energy momentum spectrum in the P (φ)_2 quantum field theory, Comm. Math. Phys. 56 (1977) 161–172.

[17] Høegh-Krohn, R., Relativistic quantum statistical mechanics in two-dimensional spacetime, Comm. Math. Phys. 38 (1974) 195–224.

[18] Jäkel, C.D., Decay of spatial correlations in thermal states, Ann. l’Inst. H. Poincaré 69 (1998) 425–440.

[19] Jäkel, C.D., The Reeh-Schlieder property for thermal field theories, J. Math. Phys. 41 (2000) 1745–1754.

[20] Kadison, R.V. and Ringrose, J.R., Fundamentals of the Theory of Operator Algebras II, Academic Press, New York (1986).

[21] Klein, A. and Landau, L., Stochastic processes associated with KMS states, J. Funct.

Anal. 42 (1981) 368–428.

[22] Klein, A. and Landau, L., Construction of a unique selfadjoint generator for a symmetric local semigroup, J. Funct. Anal. 44 (1981) 121–137.

[23] R. Kubo, Statistical mechanical theory of irreversible processes I., J. Math. Soc. Jap.

12 (1957) 570–586.

[24] P. C. Martin and J. Schwinger, Theory of many-particle systems. I, Phys. Rev. 115 (1959) 1342–1373.

[25] Reed, M. and Simon, B., Methods of Modern Mathematical Physics, Vol. II: Fourier Analysis, Self-adjointness, Academic Press (1975).

[26] Simon, B., The P (φ)_2 Euclidean (Quantum) Field Theory, Princeton University Press (1974).

[27] Streater, R.F. and Wightman, A.S., PCT, Spin and Statistics and all that, Benjamin, New York (1964).