arXiv:math-ph/0702061v5 8 Mar 2007

Gauge theory in Riem(M)

Henrique de A. Gomes^∗

March 8, 2007

Abstract

In this paper we restrict our attention to an open subset M^′ of Riem(M) = M, consisting solely of metrics with no global symmetry beyond the identity. Therein we have a natural principal fiber bundle (PFB) structure Diff(M) → M^π→ M/D in which we input the connection form ω i and try to construct elements of gauge theory over the associated bundle M^′ ×_ρ F , with F = Γ(E), where we are constrained by elements of the theory to take E as a tensorial bundle over M. In spite of the infinite dimensional setting, we succeed in obtaining Yang-Mills equations for gauge fields in superspace.

1 Introduction

In the ADM formulation of General Relativity [2] space-time is assumed to be the topological product M × R and the dynamics are cast in a constrained Hamiltonian system with (unconstrained) configuration space Riem(M) = M, the space of all Riemannian metrics over M. Two isometric metrics over M are physically indistinguishable, hence we must quotient them out. The resulting space S = M/Diff(M) is called superspace^1, and is the proper configuration space in which momentary spatial geometries evolve. Space-time is a curve in S and each point can be seen as an instantaneous spatial configuration.

Unfortunately, S is not actually a manifold, since geometries which posses symmetry beyond the identity don’t have neighborhoods homeomorphic to neighborhoods of less symmetric geometries. The metrics that do allow isometries impede the quotient space M/D to have a manifold structure, since these symmetric geometries are singular points in superspace (they have “less” dimension than generic geometries) [3].

For any M however, the set of metrics that do not admit isometries forms a generic, open^2 dense, subset of M [4], the same being true of the subset of unsymmetrical geometries relative to S. To be explicit, any metric that lies in the same orbit (relative to the action of D := Diff(M) ) is of course unsymmetrical as well, and it is easy to construct paths between unsymmetrical geometries avoiding any symmetrical singularity by adding unsymmetrical

∗University of São Paulo, Institute of Mathematics and Statistics, gomes.ha@gmail.com, hadgomes@ime.usp.br

1Not to be confused with supersymmetry terminology. 2In an yet to be defined topology.

bumps to the metric. Therefore the space of generic geometries forms a connected subset of S. In this work, we will consider an open unsymmetric set in Riem(M) containing all of its orbits. That is, let V be an open generic set in Riem(M) and M × D → M the right action of D through pull-back, then we will consider an open set of the form M^′ = V · D. We will show that it is possible to construct a principal fiber bundle structure D → M^{′ π}→ M^′/D Thence, we will try to prescribe a gauge connection over it, which is completely equivalent to Barbour’s et al construction of General Relativity via a “best-matching” procedure for an equilocality principle [1],[15].

Sections 1 and 2 contain no new results, they present merely a setting for our problem. Section 3 is only an extension of the constructions made on the first two section, but which will be the read and butter of the last section, where we attempt to set up the ingredients for a gauge theory over an associated bundle with typical fiber Γ(E = T M ⊗ T M ⊗ ... ⊗ T M^∗ ⊗ ... ⊗ T M^∗). We find that most of the usual constructions work, paving the way for an application in quantum gravity in a different perspective of Wheeler’s geometrodynamics [6][7], and of another way to derive a wave equation for superspace, such as the Wheeler- DeWitt equation. For many of the results, we use the proofs of [10], since they are usually done without coordinates, with no dimension input, and given some fundamental results, can be fairly easily transported to this infinite-dimensional setting.

Even though there are many similarities with the finite dimensional case, many modifications have to be made for the theory to make sense, such as a different procedure for the canonical metric of the associated tensor bundle which will be under consideration. . 2 PFB Structure for M^′

Let M be a (C^∞) compact, oriented, connected, 3-dimensional manifold without boundary. We will call L^2_S (T M) the tensor bundle of continuous symmetric bilinear forms and L^{2+}_S (T M) the subspace consisting of the positive definite elements. L^2_S (T M) is a C^∞ tensor bundle over M, and since the subset L^{2+}_S (T M) is defined by an open condition it inherits the manifold structure.

The vector space Γ^r(L^{2+}_S (T M)) of r-differentiable cross sections of L^{2+}_S (T M) is clearly infinite dimensional. But of course infinite dimensional calculus can be constructed over an infinite dimensional vector space in the same way ordinary calculus can be constructed over the usual linear space R^n . In fact, a substantial portion of the definitions and theorems valid in ordinary calculus can be proven substituting R^n by a complete locally convex topological vector space (CLCTV), such as Banach and Hilbert spaces [5].

For each r, 0 < r < ∞, Γ^r(L^{2+}_S (T M)) is a second countable Banach space in the topology of uniform convergence in r derivatives, or C^r topology. We have that

Γ^∞(L^{2+}_S (T M)) = ∞⋂ r=0 Γ^r(L^{2+}_S (T M)) is a Frechét space that is dense in each Γ^r(L^{2+}_S (T M)) and is paracompact. We will call Γ^∞(L^{2+}_S (T M)) := S_2(M), and a few times we will abuse notation and use ⋂_s r=0 Γ^r(L^{2+}_S (T M)) = M^s.

For general Frechét spaces no existence theorems for ordinary differential equations exist, neither do Implicit function Theorems. However, S_2(M) is in fact a separable ILB-space (or even a ILH space [8]), where we do have integral curves and the usual Implicit Function Theorems defined for certain types of mappings. Namely, for mappings that are ILH-normal (and obey the usual conditions for IFTs). Since for each s, ⋂_s r=0 Γ^r(L^{2+}_S (T M)) is a separable Hilbert space, it has partitions of unity, and so the existence and uniqueness of integral curves and of a connection (and hence of the exponential mapping) are therein guaranteed [8].

Now, M is not a linear space since for g, h ∈ M it can happen that g − h /∈ M. But g + λh ∈ M, for any λ ∈ C^∞(M) such that λ > 0, so it is a positive cone in S_2(M). Hence it is a ILB-manifold^3 modeled on the ILB-space Γ^∞(L^{2+}_S (T M)), and since M is open in S_2(M), the tangent space of M at g is

T_gM = {g} × S_2(M) ≃ S_2(M)

i.e. its tangent bundle is trivial and is also an ILH manifold, modeled on the ILH space S_2(M) ⊕ S_2(M).

We will assume the following facts [4]:

• The set D := Diff(M) of smooth diffeomorphisms of M is a ILH Lie group, and it acts on Riem(M) on the right as a group of transformations by pulling back metrics: Ψ : M × D → M (g, f) → f^∗g an action which is ILH-smooth with respect to the ILH structures of M and D. It is clear that two metrics are isometric if and only if they lie in the same orbit.

• The derivative of the orbit map Ψ_g : D → M at the identity

T_eΨ_g : Γ(T M) → T_gM X → L_X g (1) where X is the infinitesimal generator of a given curve of diffeomorphisms of M, forms a closed linear space with closed complement in S_2(M) (it splits) .

Hence by definition Ψ_g : D → M embeds D in M, that is O_g := Ψ_g(D) is a smooth closed submanifold of M with tangent space at h ∈ Ψ_g(D) given by the range of T_eΨ_h.

The diffeomorphisms that fix g ∈ M, i.e. {f ∈ D | f^∗g = g}, form a closed subgroup of D, the isometry or symmetry group of g which we will call I_g(M). As an isometry group of M, it is a compact Lie group whose Lie algebra I_p(M) is composed of the vector fields

3In fact, it can just as easily be given a ILH structure, so wherever we mention inverse limit Banach, inverse limit Hilbert can be read instead.

whose flux are isometries, i.e. it is the Lie algebra of Killing fields (with the usual Lie bracket between sections of T M).

Now, since the isometry groups are compact, I_g(M) = Ker(T_eΨ_g) is a finite dimensional subspace of Γ(T M). By the closed graph theorem it has a closed complementary subspace such that Γ(T M) is toplinearly isomorphic to their product (it splits in Γ(T M)). Since Ψ_g is a smooth embedding, T_eΨ_g maps Γ(T M)/I_g(M) injectively into a closed subspace of S_2(M), which is a splitting subspace of S_2(M). Fischer, in his Stratification Theorem [3], has shown that this allows S to be partitioned into manifolds of geometries, such that the geometries with higher symmetry are completely contained in the boundary of geometries with lower symmetry. S is stratified, and the manifolds that consist the strata are indexed by the conjugacy classes in D of the isometry groups I_g(M), as one would expect. In the present work however we will very few times mention the occurrences of these boundaries, remaining safe within one of the given strata.

We will now describe a part of the Ebin-Palais slice theorem [9] which is analogous to the usual slice theorem, and which allows us to construct and visualize a PFB structure in S^′ . Now, clearly the map Ψ : M^′ × D → M^′ acts freely since if f^∗g = g for g ∈ M^′, f = Id by construction of M^′. It can be shown that the action is also proper [11].

Theorem 1 (Slice) If M^′ is a smooth manifold and D acts smoothly, freely and properly on M^′ on the right, than through any point g ∈ M^′ there exists a submanifold^4 Σ such that Σ is transversal to the orbits and intersects each one of them at a single point. Such a submanifold is called a section through g.

Proof (sketch):

Given g ∈ M, it induces a pointwise metric in all tensor bundles over M, which for S_2(M) we will call G_g. Being explicit, for elements of S_2(M) of the form w = 1 2 (w_1 ⊗ w_2 + w_2 ⊗ w_1) , λ = 1 2 (λ_1 ⊗ λ_2 + λ_2 ⊗ λ_1)

denoting by g^∗ the metric on T M^∗ dual^5 to g, and since the bundle metric is of the form: G(λ_1 ⊗ λ_2, (w_1 ⊗ w_2) = g^∗(λ_1, w_1)g^∗(λ_2, w_2) we have:

G(λ, w) =^1_4 G(λ_1 ⊗ λ_2 + λ_2 ⊗ λ_1), (w_1 ⊗ w_2 + w_2 ⊗ w_1))_g =^1_2 (g^∗(λ_1, w_1)g^∗(λ_2, w_2) + g^∗(λ_1, w_2)g^∗(λ_2, w_1) (2)

In coordinates this would be G^{ijkl} =^1_2 (g^{ij}g^{kl} + g^{il}g^{jk}). Hence we define the weak L_2 Riemannian metric G of M: for v_1, v_2 ∈ S_2(M) and g ∈ M

G_g(v_1, v_2) = ∫ M G(v_1, v_2)_gdμ_g (3)

4A submanifold in the infinite dimensional case is given by an injective immersion, where f : X → Y is an immersion at x ∈ X if T_xf is injective and splits.

5I.e. since ♯ : Γ(T M) → Γ(T M^∗) is an isomorphism, g^∗(v^♯, w^♯)_x = g(v, w)_x, v, w ∈ T_xM

where dμ_g is the volume element associated to g (it is an n-form only if M is orientable). G is invariant by D, since

(f^∗G)_g(v_1, v_2) = ∫ M G(f^∗v_1, f^∗v_2)_f ∗_gdμ_f ∗_g = ∫ M (G(v_1, v_2)_g ∘ f)f^∗(dμ_g) = ∫ M f^∗(G(v_1, v_2)_gdμ_g)

= G_g(v_1, v_2)

Now, as we mentioned, T_eΨ_g maps Γ(T M)/I_g(M) injectively into a closed subspace of S_2(M) (in our case I_g(M) = Id(M)) which splits. Denoting the orbit Ψ_g(D) by O_g, we shall now consider the normal bundle νO_g, whose smoothness we will have to assume, since we only possess a weak Riemannian metric the usual construction does not work. We note however, that employing the individual separable Hilbert manifolds^6M^{′s} and O^s_g, since we have assumed O_g to be a smooth submanifold, the inclusion ı^s : O^s_g → M^{′s} induces a splitting injection T_hı^s : T_h(O^s_g) → T_hM^{′s}. And so over an open neighborhood V^s of g ∈ M^{′s} we may assume an isometric chart of the form η^s : V^s → H^1 ⊕ H^2, where H^1, H^2 are separable Hilbert spaces, H^1 ⊕ H^2 has the orthogonal inner product and η^s(V^s ∩ O^s_g) = H^1 × {0}.

So (νO^s_g) ∩ V^s = Ker(pr_2 ∘ T η^s), where pr_2 : H^1 ⊕ H^2 → H^2 is the usual projection. Since manifolds modeled on separable Hilbert spaces (separable Hilbert manifolds) have partitions of unity, we can smoothly glue together the various charts, respecting the orthogonal decomposition, and hence directly obtaining the normal bundle. We will not prove that this holds true in the inverse limit. Now we derive the conditions for orthogonality with respect to the L_2 metric.

Since M is compact, every X ∈ Γ(T M) is complete and Γ(T M) forms a Lie algebra under the usual Lie bracket. We define X’s integral flow, as ϕ(tX) ∈ D, which has the following trivial properties^7

ϕ(tX) ∘ ϕ(sX) = ϕ((t + s)X) and ϕ(0) = Id

6 See [8] or [4] for definitions of M^s. We give the gist of the explanation: Let us call J^s(L^{2+}_S (T M)) the sth jet bundle of L^{2+}_S (T M). If J^s(L^{2+}_S (T M)) is endowed with a Riemannian structure ⟨ , ⟩_s, given a volume element dμ on M, it induces an inner product in C^∞(J^s(L^{2+}_S (T M))) and hence in C^∞(L^{2+}_S (T M)) as well. M^s is the enlarged Hilbert manifold made from the completion of C^∞(L^{2+}_S (T M)) with respect to ⟨ , ⟩_s; its tangent space at any point is the space of sections of L^{2+}_S (T M) which have square integrable partial derivatives up to order s.

7We note that D qualifies as a strong ILH-Lie group, but the image of the exponential mapping does not cover a neighborhood of the identity, since any (metric) open set containing the identity has non-null intersection with the set of “large diffeomorphisms”, i.e. those not contained in the identity component D_0 of D. However, the subgroup generated by the flow of vector fields is a non-trivial normal subgroup of the simple group D_0, hence they are equivalent. There is an interesting debate about the role of the large diffeomorphisms in physical theories, as to whether or not they are observable symmetries or should be treated as the usual gauge transformations [13]. This debate arises, because, as we will mention later, the supermomentum constraint requires only invariance with respect to D_0, not D. In [12] the alternative spaces S_0 := M/D_0, C :=^{M/P}_D and C_0 :=^{M/P}_{D0} , where P = Pos(M) is the abelian group of smooth positive functions on M, are considered.

and for which the usual existence and uniqueness theorems are valid. We may then define ȷ_g to be the the isomorphism

T_eΨ_g : Γ(T M) → V_g X → L_X g which is well defined since we know V_g := T_g(O_g) = {L_X g | X ∈ Γ(T M)}. Denoting by ∇ the Levi-Civita connection on T M, we take the formula L_X g = g(·, ∇X) + g(∇X, ·) = (X_{i;j} + X_{j;i})dx^i ⊗ dx^j which is easily derivable from the product rule for derivatives (both the Lie and ∇) and the zero torsion condition of ∇ (and thence converting it to local coordinates, where ; denotes covariant derivative), and input it in our weak metric, for v ∈ T_gM^′:

G(ȷ_g(X), v)_g = ∫ M (X_{i;j} + X_{j;i})v^{ij}(dμ_g)

= −2 ∫ M X_iv^{ij}_{;j} = −2 ∫ M g(X , v^{ij}_{;j} ∂ ∂x^i )(dμ_g)

where we have used Stoke’s Theorem, and the index raising implied by G( , )_g. So, with respect to G, ȷ acquires the g-dependent formal adjoint (coordinatized):

(ȷ)^∗_g : S_2(M) → Γ(T M) v_{ij} dx^i ⊗ dx^j → −2v^{ij}_{;j} ∂ ∂x^i Thus, Im(T_eΨ_g) = T_gO_g = {L_X g | X ∈ Γ(T M)} has a closed G-orthogonal complement in S_2(M). And the condition for orthogonality is:

H_g := {v ∈ S_2(M) | δ_gv = 0} (4)

which in abstract tensor notation becomes ∇^av_{ab} = 0, the divergence-free two covariant tensor fields in^8 M. So we have the direct sum decomposition T_gM = T_gO_g ⊕ H_g, which, by the equivariance of the metric and equivariance of O_g is easily seen to be equivariant.

Now, we will denote the exponential map of the D-invariant L_2 Riemannian metric on M by Exp, it is a C^{∞,∞}ILH-normal mapping[8]. It trivially induces an exponential map on the normal bundle, which we will denote by Exp as well, and we define Σ_g by exponentiating

8In [4], the construction of the normal bundle is made through the following argument: for M^′ we have that Ker_g (ȷ) = 0, and since the operator (ȷ)^∗_g ∘ (ȷ)_g is elliptic, its inverse is a continuous (with respect to the L_2 metric) map between smooth vector fields and we have that

Γ(T M) = Im(ȷ) ⊕ Ker((ȷ)^∗_g )

orthogonally and continuously with respect to the L_2 metric.

H^0_g, a (sufficiently small) open neighborhood of the origin in H_g. But is the exponential of H^0_g really a submanifold? We have to check it is an immersion (in the infinite dimensional sense).

The tangent space at a null normal vector can be given the direct sum decomposition^9

T_{(g,0)}(νO_g) ≃ T_gO_g ⊕ ν_gO_g = T_gO_g ⊕ H_g = T_gM (5)

Over a fixed fiber of T M, i.e. for v ∈ T_gM , Exp(g, v) = Exp_g(v) and we have, taking (w, u) = ξ ∈ T_gM: T_{(g,0)}Exp(ξ) = d dt |_{t=o} ( Exp(γ(t), 0) ) + d dt |_{t=o} ( Exp(g, tu) )

= d dt |_{t=o} ( (γ(t), 0) ) + d dt |_{t=o} ( Exp_g(tu) ) = (w, 0) + (0, u) = ξ

So utilizing the identification (5), we have shown that

T_{(g,0)}(Exp) = Id_{|TgM} (6)

which by the Inverse Function Theorem^{10} makes the normal exponential a diffeomorphism which respects the normal decomposition. So T_{(g,0)}Exp_|H_g splits and Σ_g is indeed a submanifold, which by construction is transversal to the orbits at g ∈ M. By openness of the trasversality condition, it is transversal over an open neighborhood of g in Σ_g, which we may replace for Σ_g itself.

The other condition, that Σ_g only intersect orbits at a single point, is much more delicate, and we won’t go into the more complicated details.

We have in M a D-invariant metric, therefore, D takes geodesics to geodesics. But in our case, if f ≠ e then f^∗g ≠ g and for u ∈ H^0_g , f^∗Exp(g, tu) is a geodesic that passes through f^∗g with tangent d dt |_{t=o} ( f^∗Exp(g, tu) ) = f^∗ ∘ d dt |_{t=o} ( Exp(g, tu) ) = f^∗(u)

the same as Exp(f^∗g, tf^∗(u)), thence, by uniqueness

f^∗Exp(g, u) = Exp(f^∗g, f^∗(u)) (7)

Moreover, as we mentioned, since G is D equivariant, the action of D preserves the orthogonality of the normal subspace and the length of u ∈ H_g. Hence

f^∗(u) ∈ f^∗H^0_g ⊂ H_f ∗_g = ν_f ∗_gO_g (8)

So by (8) and (7) we have the equivariance f^∗Σ_g = Σ_f ∗_g. But this does not yet mean that f^∗Σ_g ∩ Σ_g = ∅ for f ≠ Id, which is what we wish to show. Using the fact that the normal

9 See theorem 19 of [10].

10The Inverse function Theorem is not usually valid in Frechét manifolds, however it is valid for ILH-normal mappings in ILH manifolds [8], and the exponential mapping is indeed ILH-normal [4].

exponential is a local diffeomorphism between a neighborhood of the null section in νO_g and an open set in M containing O_g, and the properness of the action of D, remembering that proper maps between metrizable spaces are closed, it is possible to show that the normal exponential is a global diffeomorphism between a neighborhood of the null section W ⊂ νO_g and an open set in M containing O_g. Therefore, the correspondent family of submanifolds {Σ_h | h ∈ O_g} is such that for g ≠ h ∈ O_g we have Σ_g ∩ Σ_h = ∅. And so by the equivariance above f^∗Σ_g ∩ Σ_g = ∅ for f ≠ Id which proves the second part. □

2.1 Sections in π : M^′ → S^′

We will call M^′/D := S^′ (local) superspace and the (continuous open) projection by π : M^′ → S^′ g → g̃ Now, since Exp : W → M is a diffeomorphism onto an open subset of M, we have that for any ξ ∈ Exp(W ) ⊂ M, there exist unique (h, w) ∈ W ⊂ νO_g, f ∈ D and u ∈ ν_gO_g such that ξ = Exp(h, w) = Exp(f^∗g, f^∗u) = f^∗Exp(g, u) = Ψ(Exp(g, u), f)

And since Exp(g, u) ∈ Σ_g, the section we have constructed guarantees that for every g̃ ∈ S^′ there exists an open set ~U ⊂ S^′ such that we have a diffeomorphism

φ : Σ_g × D → π^{−1}( ~U) (h, f) → f^∗h So now S^′ has a proper (ILH) smooth manifold structure induced by the sections, that is, by defining the bijection π_{|Σg} to be a diffeomorphism. This is well defined, since general sections over the same open (in the quotient topology) set θ ⊂ M^′/D, are diffeomorphic amongst themselves just by being smooth submanifolds with single intersections with the orbits and to them transversal. One can easily see this by using these three properties and the description of this more general section through the diffeomorphism φ induced by the section Σ_p [10]. Then π_{|Σ} is a diffeomorphism for any section Σ, and we may associate to Σ a diffeomorphism playing the correspondent role as φ above.

Now, we may rename as a ‘section’ the map s : ~U → M^′, that has as its range the submanifold we previously called ‘section’. I.e. given the associated diffeomorphism φ, it would be defined as ζ(g̃) := φ(π^{−1}_{|Σ} g̃, Id) (9)

If γ : [U] ⊂ S^′ → M^′ is any other section over [U] we have γ([g]) = φ([g], f^γ_ζ ) for an appropriate smooth map f^γ_ζ : [U] → D(M), for which it is a trivial exercise to check cocycle conditions:

f^γ_ζ [g] = (f^ζ_γ [g])^{−1} and f^γ_ζ [g]f^ζ_α[g]f^α_γ [g] = Id (10)

Even if we were not considering M^′, but M in its totality, Fischer [11]devised an ingenious scheme to unfold these singularities through the use of additional structure over M. He considered the action of D on the product space M × F (M), where F (M) is the frame bundle of M, over which there also exists a natural right action of D: χ : F (M) × D → F (M) (u, f) → f^∗(u) := f^{−1}_∗ (u)

The point revolves around the fact that the combined action: Φ : (M × F (M)) × D → M × F (M) ((g, u), f) → (f^∗g, f^∗(u)) is free. That is, if f is an isometry that fixes a frame, it is the identity. To see this , consider two isometries f, h ∈ I_g(M) ⊂ D such that T_pf = T_ph, hence f(p) = h(p). Now the set A = {x ∈ M | T_xf = T_xh} is closed in M by continuity. Now, suppose x ∈ A, and consider a normal neighborhood U of x (where the exponential is injective). For q ∈ U there exists v ∈ T_xM such that exp_xv = q, where exp is the exponential map of (M, g). Now,

f(q) = f(exp_xv) = exp_{f(x)}T_xf(v) = exp_{h(x)}T_xh(v) = h(exp_xv) = h(q)

So A is open as well, hence, since we are assuming M connected, f = h. Putting h = Id, we have that f = Id as well. Fischer is the able to show that S_{F M} := (M × F (M))/D is a smooth manifold and indeed the base space for the D PFB π_1 : M × F (M) → S_{F M} . Furthermore, we have a covering:

π_2 : S_{F M} → S [(g, u)] → g̃ and in fact the (non-isomorphic) fibers π^{−1}_2 (g̃) index the isometry group of the metric g. We note that in all the cases treated here, the metrics we used are only auxiliary, and of course the PFB-smooth structure constructed is independent thereof.

3 Connections in S^′

3.1 Interpretation

How can we interpret a section in π : M^′ → S^′? It should be seen as an identification of points over a smooth substratum, diffeomorphic to M, where there exists no a priori notion of location. With respect to this identification, a metric is described (this is simply any point over the image of the section in M^′). We consider the action of the group of diffeomorphisms as giving another identification of points over M (not coordinates).

To better appreciate this instance of active diffeomorphisms, we may forego of the particular manifold M and consider the points of O_g as being truly different manifolds endowed with compatible metrics. Trivially, that is the space

W_g = {(E, h) | h ∈ Riem(E), h = f^∗g where f : E → M is a diffeomorphism}

Since we are in a sense disconnecting the elements of an orbit, it makes sense to disconnect elements that do not sit in the same orbit, that is to consider as elements of M an identification of points over the substratum^{11} and a metric therein. This is done as a heuristic instrument, to visualize a section in π : M^′ → S^′ as a smooth selection of manifolds endowed with metrics. Smooth selection of manifolds only makes sense in respect to the metrics themselves. A one parameter family of manifolds can only be deemed C^{s+1} if it comes along with a one parameter family of metrics, i.e. {M_t, g_t}, and there exists a one parameter family of diffeomorphisms f_t connecting them such that^{ds}_{dts} f^∗_t (g_t) is continuous. If we wish to define a section in the same manner, we have to demand as well that any two smooth one-parameter families have infinitesimally commuting flows, i.e. define an involutive distribution in M. In this manner, any smooth curve of metrics in M, and any smooth section in π : M^′ → S^′, define “equilocality” relations.

Now, given two identification of points over the substratum and metrics over them, we can canonically quantify any change in the identification if we are sitting over O_g, since there exists a single diffeomorphism taking each element of an orbit to each other element. The same happens with a frame bundle over T M: while over a single fiber,there exists a unique canonical element of GL(F ), where F ≃ T_xM, that connects two given frames.

But when you move from fiber to fiber, you don’t have a canonical backdrop against which you can measure “ intrinsic changes of frame”, since there is no canonical identification between neighboring fibers. This distinction can be seen as a consequence (or cause) of the fact that there is a canonical projection π : M^′ → S^′ and therefore a canonical vertical subspace at any g ∈ M^′ given by V_g := Ker(dπ_g). However there is no canonical complement to the subbundle V ⊂ S_2(M).

Of course, in the case of in the frame bundle over T M a connection provides such an identification along paths. The exact same thing goes on here: when we move from fiber to fiber along a smooth path, we have no canonical way of quantifying “how much ” of the metric is changing due to the changing identification of points on the substratum, and how much is “intrinsically” changing. A connection form over a bundle of bases, ω allows us to determine how much of a given infinitesimal change of bases (an infinitesimal dislocation in P ) was due to a change of basis. Changing the word “ basis” to “identification of points over M” accomplishes this analogy. As a matter of fact, many of the usual results for a general principal fiber bundle (see Sec. 2.2 in [10]) are valid for this infinite-dimensional case, and coordinate and dimension free proofs can usually be transposes without further complications.

3.2 Formalism

Continuing, if our connection is going to measure the infinitesimal intrinsic change of identifications, i.e. if it is going to be the flux of a curve of diffeomorphisms, it has to be a Γ(T M)-valued one form ω : S_2(M) → Γ(T M), or ω ∈ Γ(T M^′ ⊗ Γ(T M)).

A connection form is basically a projection on the vertical subspaces and hence equivalent to a choice of horizontal distribution, i.e H_g = Ker(ω_g), or, given the decomposition T M =

11Or a manifold diffeomorphic to M.

V ⊕ H and denoting the respective linear projections by V̂, Ĥ, we have ω_g = ȷ^{−1}_g ∘ V̂_g Both the horizontal and the vertical distributions should be invariant by the group action.

This means they respect the canonical identification between elements of the bundle T M_{|Og} (or S_2(M)_{|Og} ) by the group action (i.e. by f^∗ ∈ D)[10]. Thus our connection form should obey some equivariance condition. To find out what it is we have to explore some of the group structure of D, for which we follow the nomenclature and results of [8].

We define the continuous linear mapping: Ad(f) : Γ(T M) → Γ(T M) X → d dt |t=0 (f ∘ ϕ(tX) ∘ f^{−1}) by uniqueness of integral curves (passing through Id), ϕ(tAd(f)(X)) = f^{−1} ∘ (ϕ(tX)) ∘ f (11) Now, since we already had existence and uniqueness of integral curves in M^′, we can define the Lie Bracket, with the usual properties, between U, V ∈ Γ(T M^′), as usual: L^{M ′}_V U := lim_{t→0}(g_t(U)_∗V − V ) (12) where g(U) : I → Diff(M^′) is the integral flux of U and g_t(U)_∗ is its push forward map. It is possible to show that L^{M ′}_V U = [U, V ] where [ , ] between vector fields in M^′ is defined as in the usual finite dimensional case as the commutator, and it obeys the Jacobi identity and is anti-symmetric as well (see [5]Ch. V). In fact, by ([8] Lemma 4.3): Lemma 1 We have the following properties of the Ad map:

(i) Ad(f)Ad(h) = Ad(fh) for f, h ∈ D(M). (ii) For X, Y ∈ Γ(T M), [X, Y ] = d dt |t=0 Ad(ϕ(tX)Y is an element of Γ(T M) and [ , ] : Γ(T M) × Γ(T M) → Γ(T M) is a smooth skew symmetric bilinear mapping.

(iii) Ad(f)[X, Y ] = [Ad(f)X, Ad(f)Y ] (iv) [X[Y, Z]] + [X[Z, Y ]] + [Z[X, Y ]] = 0

Now, since ȷ_g(X) = d dt (ϕ(tX)^∗(g)) and T f^∗ = f^∗, by (11) we have that ȷ_g(Ad(f)(X)) = d dt |t=0 (f^{−1} ∘ ϕ(tX) ∘ f)^∗g ∴ f^∗(ȷ_g(Ad(f)(X))) = d dt |t=0 (ϕ(tX) ∘ f)^∗g = ȷ_f ∗_g(X) Hence, ȷ^{−1}_f ∗_g = Ad(f^{−1})ȷ^{−1}_g ∘ (f^{−1})^∗ and utilizing the equivariance of V̂ (f^∗ω)_g = ȷ^{−1}_f ∗_g ∘ V̂_f ∗_g = ȷ^{−1}_f ∗_g ∘ f^∗ ∘ V̂_g = Ad(f^{−1})ȷ^{−1}_g ∘ V̂_g ∴ f^∗ω = Ad(f^{−1})ω Which matches the usual equivariance condition over a connection form.

If η ∈ Γ(Λ^p(M^′) ⊗ (Γ(T M))) is of the form ∑ i η^i ⊗ X_i where η^i ∈ Γ(Λ^p(M^′)) and X_i ∈ Γ(T M)

we can define the exterior derivative applied to η simply as dη := ∑ i dη^i⊗X_i. Since pointwise we can uniquely decompose any element of Λ^p(M^′) ⊗ (Γ(T M)) in terms of a countable basis of such tensor products (these spaces are modeled on separable Hilbert spaces), we define the exterior covariant derivative for a Γ(T M)-valued p-form: d^H η = dη ∘ Ĥ and the curvature form is defined as Ω := d^H ω = dω ( Ĥ(·), Ĥ(·) ) ∈ Γ(Λ^2(M^′) ⊗ Γ(T M)) (13) for which the usual Bianchi Identity holds [8]: d^H Ω = 0. we can introduce the wedge product on forms taking values in Γ(T M) pointwise by

∧ : Λ^p(M^′) ⊗ (Γ(T M)) × Λ^q(M^′) ⊗ Γ(T M) → Λ^{p+q}(M^′) ⊗ Γ(T M) ( ∑ i η^i ⊗ X_i, ∑ j λ^j ⊗ Y_j) → ∑ i ∑ j (η^i ∧ λ^j )[X_i, Y_j]

As in the finite-dimensional case, it is possible to show that, for η ∈ Γ(Λ^p(M^′) ⊗ Γ(T M))) d^H η = dη + ω ∧ η (14) Hence, Ω = dω + ω ∧ ω. There is an easier to handle formula for the curvature form Ω = ω([Ĥ, Ĥ]) = ω([Id − ȷ^{−1} ∘ ω, Id − ȷ^{−1} ∘ ω]) (15) the proof is identical to the finite-dimensional case, and follows by applying the curvature form to horizontal and vertical fields (see Theo. 23 [10]). Clearly, the curvature is the lack of integrability of the horizontal subbundle.

3.3 Barbour’s Approach

Barbour, in [1], attempted to implement Mach’s point particle principles:

1. In particle dynamics, only the relative distances between the particles are physicallyrelevant. I.e. motion is relative.

2. Time is nothing but an arbitrary monotonic parameter λ used to label the sequence of relative configurations that the universe passes through. I.e. time is derived from change.

to a study of space-time through successive configurations of three dimensional Riemannian manifolds. To implement the first principle heuristically, for any two metrics over manifolds M_1 and M_2, we keep the coordinates in M_1 fixed while shuffling around the coordinate of M_2 until their metrics are as “close as possible”. The infinitesimal process of finding the “bestmatched” coordinates is called best-matching (B.M.), and it is correction of velocities of the type v → v − L_X g where X ∈ Γ(T M) is the vector field that infinitesimally accomplishes the best-matching.

To implement the second principle, one must find an action on superspace (the configuration space of the theory) that is reparametrization invariant with respect to the time parameter λ. His aim was to construct a fully Machian (since external reference frames are to be eliminated), and Jacobi type formulation. That is, it must yield only paths in configuration space, and not their velocities traversing it, which would have no meaning. They would have no meaning because an “instant” is seen as one configuration of the entire system, and any velocity whatsoever is measured by changes in relative configurations of objects within the system itself. A path in configuration space would contain the motion of all objects in the system, so if we speed up the velocity with which we traverse the path in configuration space, the clocks used to measure speed will be speeded up as much as the motion it measures. By enforcing these principles, Barbour arrived at a BSW-type action [14], which is the lapse eliminated ADM action of 3 + 1 General Relativity: S[g, dg dλ ] = ∫ dt ∫ √ R √ T dμ_g (16)

where T = G^{abcd}_1 dg_{ab} dλ dg_{cd} dλ = G^{abcd}_1 ( ∂g_{ab} ∂λ − L_X g_{ab})( ∂g_{cd} ∂λ − L_X g_{cd}) R is the curvature scalar for the three metric g and G^{abcd}_1 = √ g 2 (g^{ac}g^{bd} + g^{ad}g^{bc} − 2g^{ab}g^{cd}) is the DeWitt metric. We will explain the significance of the lower index “1” shortly. As we will also show, if we restrict our velocities to the horizontal subbundle of a given connection we shall dispense with the B.M. corrections, i.e. X ≡ 0.

One of Barbours conceptual ideas is that actions which are λ-reparametrization invariant could be considered as geodesic principles on configuration space: the reduction of the physical problem of motion to the geometrical problem of finding the geodesics of the configuration space geometry. This followed from the insight of homogeneous-quadratic Newtonian mechanics, for which use of Jacobis principle reduces the problem of motion to a problem (conformal to) the well-defined, well-studied problem of finding the geodesics of the Riemannian configuration space geometry [16], implicitly defined by (16). However, as we will shortly see, there are some problems with this elegant interpretation.

For constant lapse and the shift vector X ≡ 0, Einstein’s equations without cosmological constant decompose into the constraints (denoting differentiation with respect to λ by overhead dots) G^{abcd}_1 ġ_{ab}ġ_{cd} − 4 √ R = 0 Hamiltonian Constraint (17) ∇_b(G^{abcd}_1 ġ_{cd}) = ∇_bġ^{ab} Momentum Constraint (18)

(where we raised indices by the DeWitt metric) and the dynamical part, which we write here only for the sake of exposition: g̈_{ab} + Γ^{ijkl}_{ab} ġ_{ij}ġ_{kl} = −2(R_{ab} − 1 4 g_{ab}R) (19)

where R_{ab} is the Ricci tensor of g_{ab} and Γ are the Christoffel symbols for the DeWitt metric.

For constant lapse, we may utilize (17) and define a metric for u, v ∈ T_gM by restricting the (16) action to the horizontal bundle^{12}as:

G_1(u, v)_g := ∫ G_1(u, v)_gdμ_g G_1 is called the Wheeler-deWitt (WDW) metric^{13}. So the geometry defined by (16) generalizes the WDW supermetric and provides meaning to the formal definition of a distance function given in [17] . However, there are serious problems regarding the BSW-action as providing a metric structure, since it apparently does not result in even Finsler geometries [18], and even the WDW metric does not possess a constant signature [19], resulting in nontrivial intersections of the vertical and horizontal spaces (if they are to be implicitly defined by the metric).

Giulini, in [19] studied a one parameter family of ultralocal metrics: G^{abcd}_β = √ g 2 (g^{ac}g^{bd} + g^{ad}g^{bc} − 2βg^{ab}g^{cd}) (20) which are non-degenerate for β ≠ 1/3: of mixed signature for β > 1/3 and positive definite for β < 1/3. Denoting by H^β the horizontal subbundle defined implicitly by the metric, we have that for a positive definite metric in Riem(M), i.e. β = a < 1/3, V_g ⋂ H^a_g = {0}, but for β = b > 1/3 we generally have V_g ⋂ H^b_g ≠ {0}. However, for many cases of β > 1/3 we can still maintain V_g ⋂ H^β_g = {0}, such as for Einstein metrics and for β ≤ 1 and for Ric < 0, Ricci-negative geometries (R^a_b with strictly negative eigenvalues). In this last case G_{β|}V is positive definite, thus V_g ⋂ H^β_g = {0}.

12And as, we have mentioned, there is a unique metric in §^′ given by the projection of a “horizontal” metric.

13We note that (18) is the condition for horizontal vector fields (with respect to G_1).

Best-Matching as the action of the connection form

Now, suppose given a vector v ∈ T_gM ≃ S_2(M), such that v /∈ V_g. We consider the space of all the vectors u ∈ T_gM ≃ S_2(M) such that T π(u) = T π(v). We have that

u = u^H + u^V ∈ H_g ⊕ V_g

where T π(u^H ) = T π(v) and since T π_{|Hg} is an isomorphism u^H is fixed. If we now demand that the vector u_0 is the one that “extremizes the metric change” (with respect to G) between the two infinitesimally neighboring geometries g̃, g̃ + δdπ(v), we have that, since the decomposition V ⊕ H is orthogonal with respect to G and u^H is fixed, we should have that to minimize ||u|| we must have ||u^V_0 || = 0. If from this we could assert that u^V_0 = 0 we would have: u_0 = Ĥ_g(v)

However, for a weak or a non-positive-definite metric, we cannot conclude that to be the case right away, but using a (strong) positive definite metric the conclusion is valid. In any case, any theory that implements this “best-matching principle” must have dynamical orbits orthogonal to the diffeomorphism orbits, in the case we expounded earlier, β = 0, the velocity field in M correspondent to a dynamical path must be a divergence-free two covariant tensor field, i.e. it obeys ∇^av_{ab} = 0 as shown before.

In practice, the implementation of this principle can be achieved by projection of the velocity v ∈ T_gM in the horizontal subspace: v → v − L_{ω(v)}g (21) which is exactly the formula representing B.M. in [1].

Since D acts here as a group of isometries of M^′ (not of M), as in the finite dimensional case the geodesics in M^′ have constant vertical projection. That is, let γ : I → M^′ be a geodesic and ξ ∈ Γ(T M^′) a vertical field. Since ξ is also a Killing field with respect to G, we have G(∇ξ, ) + G( , ∇ξ) = 0 and so: d dt G(ξ, γ^′(t)) = G(∇_γ′_{(t)}ξ, γ^′(t)) = 0

This lemma can give rise to constraint propagation on dynamical orbits, such as the momentum constraint, since geodesics that start off horizontally will obligatory remain horizontal.

4 Associated Bundles and Gauge theory in S’

We now cite the basic ingredients for the description of the interaction between a gauge field and a particle (see [10] for comments and explanations), while parenthetically remarking the changes of description necessary to our approach. Without the risk of confusion, since we will concentrate on the infinite-dimensional case, we will denote the usual maps utilized in PFB theory by the same names. Later on we will try to follow item by item in our analogy.

1. A smooth semi-Riemannian manifold M (resp. S^′). - M is simply the space particles inhabit (resp. the space of possible geometries).

2. A finite dimensional (resp. complete locally convex topological) vector space F equipped with an inner product ⟨·, ·⟩. - In the orthodox interpretation, this is the space where wave functions take values. This space is usually determined by the internal structure of the particle (phase, isospin, etc) and is called internal space. Typical examples are C , C^2 , C^4 or the Lie algebras u(1), su(2). By the inner product one computes the function norm and therefore quantum probabilities. In our case, F will be the space of sections Γ(E) of a tensor^{14}bundle π_E : E = T M ⊗ T M ⊗ ... ⊗ T M^∗ ⊗ ... ⊗ T M^∗ → M. Even though in our case F doesn’t come with a pre assigned inner product, we can still recover all aspects of the theory.

3. A Lie group G (resp. (resp. Frechét Lie group D(M))and a representation ρ : G (resp. ILH-representation^{15}ρ : D(M)) → Aut(F ) orthogonal with respect to ⟨·, ·⟩. - G then acts over the frames of the internal states over each point. Orthogonality of the representation in necessary so that the inner product is frame independent.

4. A G (resp. D(M))-principal fiber bundle over M (resp. S^′) : (P, π, M, G) (resp.

(M^′, π, S^′, D(M))) This bundle may be identified with the bundle of G-admissible frames over M (resp. admissible identifications of M over S^′). The fiber over each point is a copy of G seen as the G-admissible orthonormal frames of the internal states. A section of P here would be a reference frame, made up of G-admissible frames, according to which we describe internal states (resp. according to which we would describe the geometry of the Universe).

5. A connection form ω in P (resp. M^′), with curvature Ω. - This connection form provides us with the intrinsic variation of the frames. Applied over a local section s we obtain the local potential, A = s^∗ω. Similarly we obtain the local gauge field F = s^∗Ω.

6. A global section Ψ of the associated bundle P (resp. M^′) ×_ρ F - Matter fields will be associated to such sections that satisfy the Euler-Lagrange equations of some action functional that involves the local gauge potentials A (resp. since S^′ is not compact, we cannot integrate over it, hence this prescription does not work in superspace). Given a local reference frame we can locally associate these sections to G (resp. D(M)) -equivariant functions ψ : θ → F , which provide us with the so called wave functions.

7. A non-negative, smooth, real valued function U : F → R- which is invariant with respect to the action of G : U(g · v) = U(v), and which is to be regarded as the self interaction energy of the matter field. Again, we will not regard U as a function of the typical fiber, nonetheless we are able to recover all fundamental results.

14We will explore the case of a general bundle E in the end of the paper.

15Besides a smoothness condition on which we will not touch, for f, h ∈ D, v ∈ F a ILH representation must obey linearity with respect to v and ρ(ρ(f)(v), h) = ρ(f ∘ h)(v).

8. An action S(Ψ, ω) whose singular points are to be considered the physically relevant field configurations. - Typically, this functional is of the following form: S(Ψ, ω) = c ∫ M ‖Ω‖^2 + c_1‖d^H Ψ‖^2 + c_2U ∘ Ψ

where d^H is the exterior covariant derivative determined by ω. c is called the normalization constant and c_1, c_2 are coupling constants. We will have to bypass this item altogether in our approach.

4.1 The case F = Γ(T M)

As we mentioned, we will take F = Γ(E), where E is some as yet unidentified tensor bundle over M. At first, one might suppose the action of D(M) on Γ(E) to be of the form ρ : (f, s) → s ∘ f. Of course, this would not have image in Aut(Γ(E)) since s ∘ f /∈ Γ(E) as can be promptly noticed projecting it onto S^′: π_E (s ∘ f)(x) = f(x). So we must somehow have an action that brings the section back to E_x. We only have a canonical way to do this if f has a lift to from M to E, that is a smooth f̄ : E → E such that π_E ∘ f̄ = f ∘ π_E . Then the action could be ρ : (f, s) → f̄^{−1} ∘ s ∘ f which is easily verified to be a section:

(π_E ∘ f̄^{−1}) ∘ s ∘ f = f^{−1} ∘ (π_E ∘ s) ∘ f = f^{−1} ∘ f = Id

So it must be an adjoint action. Taking E not to be trivial, the simplest case where we can find a canonical lift for f is for E being a general tensor bundle. The canonical lift will be a tensor product of pull-backs and push-forwards of f. We believe all or most of the forthcoming results can be applied to the more general tensor bundle with the adjoint action.

The simplest example of such tensor bundles is of course Γ(T M), on which we expand now. The natural representation of D(M) is the adjoint, for which we find an Ad-invariant metric (G^0 mentioned above [19] for example)^{16}. It is easily checked that Ad : D(M) → Aut(Γ(T M)) is indeed a ILH-representation (besides the smoothness condition, that we will assume Prop. 4.2[8]):

Ad(f) : Γ(T M) → Γ(T M) X → d dt |t=0 (f^{−1} ∘ ϕ(tX) ∘ f) clearly Ad(f)(cX) = cAd(f)X, and from property (i) of Lem. 1, it is ILH-a representation. Furthermore, calling ad := TIdρ we have, by (ii) of Lem. 1, ad_X Y =^d_{dt |t=0}Ad(ϕ(tX))Y = [X, Y ] , i.e.

ad : Γ(T M) → End(Γ(T M)) X → [X, ·] 16As a matter of fact, we note that in this setting, as in classical gauge electrodynamics, ρ^n = Ad^n would also be a valid representation, and the forthcoming proofs could be repeated almost “ipsis literis”. We have not investigated questions of irreducibility or of what meaning such a representation would have, an aspect we leave to further work.

utilizing the natural algebraic structure of Γ(T M) given by the bracket ad := [ , ] : Γ(T M) → End(Γ(T M)), we can introduce the wedge product on forms taking values in Im(ad) ⊂ End(Γ(T M)) pointwise by

∧ : Λ^p(M^′) ⊗ Γ(T M)) × Λ^q(M^′) ⊗ End(Γ(T M))) → Λ^{p+q}(M^′) ⊗ End(Γ(T M))) ( ∑ i η^i ⊗ ad_{Xi} , ∑ j λ^j ⊗ ad_{Yj} ) → ∑ i ∑ j (η^i ∧ λ^j)[X_i, [Y_j, ·]]

where naturally [X, [Y, ·]] = ad_X (ad_Y ). We can treat the exterior derivative in the same manner.

We have arrived at item 5. The associated bundle we are constructing is (M^′×AdΓ(T M)) with the quotient topology corresponding to the equivalence relation (f^∗g, Ad(f)X) ∼ (g, X)^{17}. We shall denote the equivalence class of (g, X) as {g, X}. The projection on S^′ given by

π_E : ( M^′ ×Ad Γ(T M) ) → S^′ (g, X) → g̃ each fiber π^{−1}_E (g̃) is diffeomorphic to Γ(T M) (see [21]). Now, we shall utilize the section ζ : ~U ⊂ S′ → M′, which we defined in (9). As we have shown before, there exists a trivialization over ~U, i.e. a ILH-diffeomorphism φ : ~U × D(M) → π^{−1}( ~U) such that ζ(g̃) = φ(g̃, Id).

So we have π^{−1}_E ( ~U) ≃ (π^{−1}( ~U) × Γ(T M))/D(M) ≃ ( ~U × D(M) × Γ(T M))/D(M) ≃ ~U × Γ(T M) and a topological structure is induced on M^′ ×Ad Γ(T M). The smooth structure is induced by the maps corresponding to the smooth sections of M^′:

Φ^ζ : ~U × Γ(T M) → π^{−1}_E ( ~U) (g̃, X) → {ζ(g̃), X} Clearly if γ : ~U ⊂ S^′ → M^′ is another principal section over ~U, utilizing the transition map f^ζ_γ : ~U → D(M) defined by γ(g̃) = φ(g̃, f^γ_ζ ) (see (9)) then

(Φ^γ )^{−1} ∘ Φ^ζ (g̃, X) = Φ^γ {ζ(g̃), X} = (Φ^γ )^{−1}{(f^ζ_γ (g̃))^∗ζ(g̃), Ad(f^ζ_γ (g̃))X} = (Φ^γ )^{−1}{γ(g̃), Ad(f^ζ_γ (g̃))(X)} = (g̃, Ad(f^ζ_γ (g̃))(X))

and so it possesses smooth transition functions that satisfy the cocycle conditions and so on and so forth.

Hence, given a section χ of M^′ ×Ad Γ(T M) and given g ∈ U, there is a unique element Ψ_χ(g) ∈ Γ(T M) such that χ(g̃) = {g, Ψ_χ(g)} 17Since f^∗g = g(f^{−1}_∗ ) if seen as a right action on M^′, the left action of Ad(f), instead of Ad(f^{−1}) on Γ(T M) is consistent with the usual associated bundle construction.

In fact, there exists a one to one correspondence between sections χ of M^′ ×Ad Γ(T M) and maps Ψ_χ : M^′ → Γ(T M), such that Ψ_χ(f^∗g) = Ad(f)Ψ_χ(g). Indeed, {ζ(g̃), Ψ_χ(ζ(g̃))} = {f^γ_ζ (g̃)^∗γ(g̃), Ad(f^γ_ζ (g̃))Ψ_χ(γ(g̃))} = {γ(g̃), Ψ_χ(γ(g̃))} that is, they fit together over the different trivializations, so we have a globally defined equivariant map Ψ_χ : M^′ → Γ(T M) As Γ(T M)-valued maps on S^′, the wavefunctions are only locally defined, but all of these local wavefunctions piece together and can be represented by a globally defined Γ(T M)- valued map (0-form) on M^′.

It is a trivial step to now define the exterior covariant derivative for a section χ of M^′ ×Ad Γ(T M) by utilizing the exterior derivative for Γ(E)-valued p-forms over M^′ we defined on Sec. 3.2 (for the particular case p = 0): d^H χ := dΨ_χ ∘ Ĥ (22) which is a Γ(T M)-valued one form on M^′.

We will momentarily revert to the general fiber Γ(E) and representation ρ : D(M) → Aut(Γ(E)), so that no confusion arises about dependence upon the typical fiber Γ(E) we chose (since the connection form is a Γ(T M)-valued one form over M^′ irrespective of the bundle E we chose). Given the connection form ω in M^′, we construct a Γ(E) valued one form from Ψ_χ as follows:

(ω · Ψ_χ)_g(v) := TIdρ(ω_g(v))(Ψ_χ(g)) for v ∈ T_gM^′.

Taking E = T M and ρ = Ad, omitting the subscript χ, this translates to TIdρ(ω_g(v))(Ψ(g)) = ad_{ωg (v)}(Ψ(g)) = [ω_g(v), (Ψ(g))] ∈ Γ(T M) Now, we assert that,

dΨ ∘ Ĥ = dΨ + ω · Ψ (23)

To prove it, noting that both sides are linear, we must merely check the values it takes separately for vertical and horizontal fields. The result for horizontal fields is obvious. For a vertical vector v = ȷ(X) = ȷ( d dt |t=0 ϕ(tX)) = d dt |t=0 (ϕ(tX)^∗g) we have dΨ ∘ Ĥ = 0, remembering Ψ(f^∗g) = Ad(f)Ψ(g), and ω_g(v) = X,

dΨ(v) = d dt |t=0 (Ψ(ϕ(tX)^∗g)) = d dt |t=0 (Ad(ϕ(tX))Ψ(g))

= ad_X Ψ(g) as stated. We note that ω·Ψ(v) = [X, Ψ(g)] ∈ Γ(T M) explicitly contains the “best-matched” vector field X ∈ Γ(T M).

We already have a connection form ω ∈ Γ(Λ^1(T M^′) ⊗ Γ(T M)) and a corresponding curvature form Ω ∈ Γ(Λ^2(T M^′) ⊗ Γ(T M)). Now we describe the analogous gauge field and gauge potential. As usual, given the connection form ω, we have that

A^ζ = ad(ζ^∗ω)_{g̃} : T_{g̃}S^′ → End(Γ(T M)) ũ → [ω_{ζ(g̃)}(T_{g̃}ζ(ũ)), ·] (and similarly with F^ζ = ad(ζ^∗Ω)) where we still use ~ to denote superspace sets as opposed to sets in Riem(M).

Similarly to finite dimensional PFB gauge theory, due to the representation being the “adjoint” one and the orthogonality of the metric, all usual theorems relating the principal fiber bundle connection to the associated bundle connection are valid (utilizing coordinate and dimension-free proofs, as in [10]). For instance, since ρ is a ILH representation (using the same proof as Prop. 15 [10]):

A^γ = ad ( Ad((f^γ_ζ )^{−1})ω^ζ + ((f^γ_ζ )^{−1})^∗T f^γ_ζ ) (24)

F^γ = ad ( Ad(f^γ_ζ )^{−1})Ω^ζ ) (25)

but by property (iii) of the adjoint map we have Ad(f)ad_X Y = adAd_{(f)X} Ad(f)Y , and since ad(ω^ζ ) = A^ζ we have

A^γ = Ad((f^γ_ζ )^{−1})A^ζ + ad ( ((f^γ_ζ )^{−1})^∗T f^γ_ζ ) (26)

F^γ = Ad((f^γ_ζ )^{−1})F^ζ (27)

Now, taking the global wavefunction Ψ : M^′ → Γ(T M), we get a local wavefunction simply by composing with ζ, i.e. ψ^ζ := Ψ ∘ ζ : ~U → Γ(T M). Going back to equation (23), applying ζ^∗ to both sides we get:

ζ^∗(d^H Ψ) = ζ^∗(dΨ) + ζ^∗(TIdρ(ω)(Ψ))

= d(Ψ ∘ ζ) + TIdρ(ζ^∗ω)(Ψ ∘ ζ) = dψ^ζ + A^ζ (ψ_ζ )

We will denote the covariant exterior derivative for local wave functions as D and, more specifically to our case, we have:

Dψ = dψ + [ζ^∗ω, ψ] (28)

Now, in a finite-dimensional associated bundle P ×_ρ F , we have an inner product over the typical fiber F , ⟨·, ·⟩, with regards to which the representation is necessarily orthogonal, so that ⟨{p · h, ρ(h)v}, {p · h, ρ(h)v^′}⟩ = ⟨{p, v}{p, v^′}⟩, i.e. it doesn’t depend on what p ∈ π^{−1}(p̃) we choose. We usually use this inner product on F to induce an inner product on the associated bundle, i.e. for π : P → M, p ∈ π^{−1}(x) ⊂ P and v, v^′ ∈ F ⟨{p, v}, {p, v^′}⟩_x := ⟨v, v^′⟩ (29) In our case, for whatever g ∈ M^′ we choose, and for given elements X, Y of our typical fiber Γ(T M) ∫ M g(X, Y )dμ_g is ρ(= Ad)-invariant. So we do not take a standard inner product on Γ(T M), but take advantage of the fact that there is a unique, natural, Ad invariant inner product over each fiber. Instead of (29), we write ⟨{g, X}, {g, Y }⟩_{g̃} := ∫ M g(X, Y )dμ_g (30) which is the inner product over each fiber of M^′ ×Ad Γ(T M). Let us check this is indeed consistent for any h ∈ π^{−1}(g̃), that is for h = f^∗g: ⟨{f^∗g, Ad(f)X}, {f^∗g, Ad(f)Y }⟩_{g̃} = ∫ M f^∗g(T f^{−1}(X ∘ f), T f^{−1}(Y ∘ f))dμ_f ∗_g = ∫ M g(X ∘ f, Y ∘ f)f^∗(dμ_g) = ∫ M g(X, Y )dμ_g And so, we could propose that for any Γ(T M)-valued forms on M^′, such as the connection and curvature forms, we take the inner product (see 20):

B_g := G^0(·, ·)_g ⊗ α_g (31) where G^0(·, ·)_g = ∫ M G_0(·, ·)_gdμ_g and α_g = ∫ M g(·, ·)dμ_g If we did this, we would be taking the same inner product α_g on two different occurrences of Γ(T M):

(i) on Γ(T M) as the Frechét Lie algebra of D(M) (which applies to the Γ(T M)-valued connection and curvature forms in M^′) (ii) and on the particular Γ(E) = Γ(T M) of the chosen typical fiber, which applies to Γ(T M)-valued forms on S^′.

In standard finite-dimensional gauge theory, if we are dealing with a semi-simple compact Lie group G, the norm used for g-valued forms (item (ii)) is the negative of the Killing form K(u, v) = tr(ad_uad_v) where u, v ∈ g and the representation of G on the k-dimensional vector space F , ρ : G → End(F ) ≃ GL(k) is seen as the inclusion G → GL(k). For compact

Lie groups there is always a bi-invariant measure, and in the case of semi-simple groups the negative of the Killing form is a positive definite Ad-invariant metric [20]. However, for the non-compact case such as ours no existence is guaranteed, and we have to construct explicitly the metric we are to use each time.

In our case we could opt likewise for attempting to take the Ad-representation into account, i.e to find the norm of ad_ω ∈ End(Γ(T M)), relative to α (in which case it would be an operator norm), or relative to the trace, since the trace operator can be generalized pointwise by the application

Λ^1(E) ⊗ E ≃ End(E) → R λ ⊗ X → λ(X) where E is any CLCTV-space. However, we will opt for ignoring these asides and follow through the initial considerations, taking α as the inner product operating directly on the values of connection and curvature forms.

Interlude

Since the chosen inner product for the values of ω are not canonically defined over the base space M^′, but depends on the base point g ∈ M^′, the door is open for regarding ω really as just the vertical projection.

This is consistent since if ⟨·, ·⟩ is an Ad-invariant inner product on Γ(T M), i.e. ⟨Ad(f)X, Ad(h)v⟩ = ⟨X, Y ⟩ for all X, Y ∈ Γ(T M), f, h ∈ D, utilizing the isomorphism given by ȷ_g : Γ(T M) ≃ V_g, we obtain a D-invariant metric over the vertical bundle. That is, given ȷ_g(X), ȷ_g(Y ) ∈ V_g denoting in the same way the inner product over V we define: ⟨ȷ_g(X), ȷ_g(Y )⟩_g := ⟨{g, X}, {g, Y }⟩_{g̃} (32) Hence, for f ∈ D

⟨f^∗(ȷ_g(X)), f^∗(ȷ_g(Y ))⟩_f ∗_g = ⟨ȷ_f ∗_g(Ad(f^{−1})X), ȷ_f ∗_g(Ad(f^{−1})Y )⟩_f ∗_g = ⟨{f^∗g, Ad(f^{−1})X}, {f^∗g, Ad(f^{−1})Y }⟩_{g̃} = ⟨{g, X}, {g, Y }⟩_{g̃} Clearly, this forces us to regard the connection form as taking values on the associated bundle, i.e. ω ∈ Λ^1(M^′) ⊗ (M^′ ×Ad Γ(T M)). This would be analogous in a Now, we have the necessary elements to approach items (7) and (8). The potential function U : Γ(T M) → R can be taken for example to be some multiple of

U(Ψ(g)) = ⟨Ψ(g), Ψ(g)⟩ = ∫ M g(Ψ(g), Ψ(g))dμ_g 4.2 Item (8) and the Pure Field Case

As a simplified first example, let us take the ”pure field” case, i.e. Ψ ≡ 0. Using the inner product G^0, we may induce, just as we deed in (2), an inner product in Λ^2(M^′). In fact, calling this latter inner product ⟨⟨·, ·⟩⟩, taking elements of the form η = 1 2 (η_1 ⊗ η_2 − η_2 ⊗ η_1) , λ = 1 2 (λ_1 ⊗ λ_2 − λ_2 ⊗ λ_1) ∈ Λ^2(T_gM^{′∗}) where denoting by G^0_∗ the metric on (S_2(M))^∗ dual to G^0, and since the bundle metric is of the form: ⟨⟨λ_1 ⊗ λ_2, η_1 ⊗ η_2⟩⟩ = G^0_∗ (λ_1, η_1)G^0_∗ (λ_2, η_2) we have:

⟨⟨λ, η⟩⟩_g = 1 4 ⟨⟨(λ_1 ⊗ λ_2 − λ_2 ⊗ λ_1), (η_1 ⊗ η_2 + η_2 ⊗ η_1)⟩⟩_g = 1 2 (G^0_∗ (λ_1, η_1)_gG^0_∗ (λ_2, η_2)_g − G^0_∗ (λ_1, η_2)_gG^0_∗ (λ_2, η_1)_g)

Now, if κ ∈ Γ(Λ^1(M^′) ⊗ Γ(T M)), by (14)

d(ω + κ) + (ω + κ) ∧ (ω + κ) = d^H ω + d^H κ + κ ∧ κ

where the horizontal bundle is determined by ω. Making use of the affine structure of connection space, we take a linear variation of ω given by ω + tκ. For simplicity we denote ⟨·, ·⟩ := ⟨⟨·, ·⟩⟩ ⊗ α, and so we have d dt |t=0 ⟨Ω_{(ω+tκ)}, Ω_{(ω+tκ)}⟩ = ⟨Ω, d^H κ⟩ We get as expected (d^H )^∗Ω = 0 where the adjoint is taken with respect to ⟨⟨·, ·⟩⟩ ⊗ α.

We briefly mention, that, even if we choose not to utilize M^′, retaining the singular sets given by the isometries, it is still possible to treat them somewhat pragmatically using an analogy of Huygens’-Fresnel Principle in Superspace [23], mirroring a suggestion of DeWitt [24]. The same being valid for singular sets where V ∩ H ≠ {0} [19]. Our next step, before exploring results for different β < 1/3 (see 20) or tensor bundles, or matter fields (Ψ, U ≢ 0), is to find the local expression for the adjoint (d^H )^∗ with respect to the metric exposed above. We have high hopes that it will result in a wave equation over M^′.

References

[1] Julian Barbour, Timelessness of Quantum Gravity I, Class. Quantum Grav. no.11 (1994), 2853-2873.

[2] R. Arnowitt, S. Deser and C.W. Miser, inGravitation: an introduction to current research edited by L. Witten Wiley, New York, 1962

[3] Arthur Fischer, The Theory of Superspace, Relativity, Proceedings of the Relativity Conference held 2-6 June, 1969 in Cincinnati, OH. Edited by Moshe Carmeli, Stuart I. Fickler, and Louis Witten. New York: Plenum Press, 1970., p.303

[4] D.G Ebin, inThe Manifold of Riemmanian Metrics Symp. Pure Math., AMS, 15, 11, (1970)

[5] Serge Lang, Differential and Riemannian Manifolds, Springer, 1995

[6] Edited by John Archibald Wheeler and Cécile DeWitt, Battelle Rencontres;

1967 Lectures in mathematics and physics, see chapter IX, Benjamin Press, New York 1968.

[7] Edited by C. DeWitt and B. DeWitt, Relativity, Groups and Topology, Les Houches Session of 1963, see J. Wheeler’s article Blackie and Son, London 1964 [8] Hideki Omori, Infinite Dimensional Lie Groups, AMS, Trasnlations of Mathematical Monographs, 1996 [9] R. S. Palais, Slices for the action of Diff(M) on the space of Riemannian metrics, University of California, 1977 [10] Henrique de A. Gomes, Geometrical Methods in Gauge Theory, arxiv:math-ph/0610068 [11] Arthur Fischer, Resolving the Singularities in the space of Riemannian metrics, J.

Math. Phys. 27(3), March 1986 [12] A. Fischer and V. Moncrief, Quantum Conformal Superspace, Gen. Rel. and Grav.

V.28, No. 2, 1996 [13] Domenico Giulini, Mapping-class groups of 3-manifolds in canonical quantum gravity, arXiv:math-ph/0606066 [14] R. F. Baierlein, D. H. Sharp and J.A. Wheeler, Phys. Rev. no.126, (1962), 1864 [15] E. Anderson, J. Barbour, B.Z. Foster, B. Kelleher and N. Ó Murchadha, The Physical Gravitational Degrees of Freedom, arXiv:gr-qc/0407104 [16] Cornelius Lanczos, The Variational Principles of Mechanics, University of Toronto Press, 1949.

[17] Christodoulou, D.; Francaviglia, M., The geometry of the thin sandwich problem, In: Isolated Gravitating systems in General Relativity, editd by J. Ehlers. North Holland, New York (1979) [18] Domenico Giulini, The Generalized Thin sandwich problem and its local solvability, arXiv:gr-qc/9805065 [19] Domenico Giulini, What is the geometry of superspace, arXiv:gr-qc/9311017 [20] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, Academic Press, 1978 [21] C. Isham, Modern Differential Geometry for Physicists, World Scientific, 1999 [22] M.F. Atiyah Geometry of Yang-Mills Fields, Scuola Normale Superiore, Pisa, 1979 [23] Henrique de A. Gomes, Huygens’-Fresnel Principle in Superspace, arxiv.org/abs/grqc/0602092

[24] Bryce DeWitt, Spacetime as a sheaf of geodesics through superspace, Relativity, Proceedings of the Relativity Conference held 2-6 June, 1969 in Cincinnati, OH. Edited by Moshe Carmeli, Stuart I. Fickler, and Louis Witten. New York: Plenum Press, 1970., p.359