arXiv:math-ph/0703035v1 12 Mar 2007

SYMMETRIES AND CONSERVATION LAWS IN THE GÜNTHER k-SYMPLECTIC FORMALISM OF FIELD THEORY

Narciso Román-Roy^∗

Departamento de Matemática Aplicada IV Edificio C-3, Campus Norte UPC C/ Jordi Girona 1. 08034 Barcelona. Spain

Modesto Salgado^†, Silvia Vilariño^‡

Departamento de Xeometría e Topoloxía Facultade de Matemáticas, Universidade de Santiago de Compostela, 15706-Santiago de Compostela, Spain

March 12, 2007

Abstract

This paper is devoted to studying symmetries of k-symplectic Hamiltonian and Lagrangian first-order classical field theories. In particular, we define symmetries and Cartan symmetries and study the problem of associating conservation laws to these symmetries, stating and proving Noether’s theorem in different situations for the Hamiltonian and Lagrangian cases. We also characterize equivalent Lagrangians, which lead to an introduction of Lagrangian gauge symmetries, as well as analyzing their relation with Cartan symmetries.

Key words: Symmetries, Conservation laws, Noether theorem, Lagrangian and Hamiltonian field theories, k-symplectic manifolds.

AMS s. c. (2000): 70S05, 70S10, 53D05

∗e-mail: nrr@ma4.upc.edu †e-mail: modesto@zmat.usc.es ‡e-mail: svfernan@usc.es

Contents

1 Introduction 2

2 Hamiltonian k-symplectic case 4 2.1 Geometric elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.1.1 The cotangent bundle of k^1-covelocities of a manifold. Canonical structures 4 2.1.2 Complete lift of diffeomorphisms and vector fields from Q to (T^1_k )^∗Q . . . 5 2.1.3 k-vector fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Hamiltonian formalism: k-symplectic Hamiltonian systems . . . . . . . . . . . . . 6 2.3 Symmetries and conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 Lagrangian k-symplectic case 12 3.1 Geometric elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 3.1.1 The tangent bundle of k^1-velocities of a manifold. Canonical structures . 12 3.1.2 Complete lift of diffeomorphisms and vector fields from Q to T^1_k Q . . . . 13 3.1.3 Second-order partial differential equations in T^1_k Q . . . . . . . . . . . . . 14 3.2 Lagrangian formalism: k-symplectic Lagrangian systems . . . . . . . . . . . . . . 15 3.3 Symmetries and conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.4 Equivalent Lagrangians . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.5 Lagrangian gauge symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 Conclusions and outlook 26

1 Introduction

Günther’s paper [21] gives a geometric Hamiltonian formalism for field theories. The crucial device is the introduction of a vector-valued generalization of a symplectic form, called a polysymplectic form. One of the advantages of this formalism is that one only needs the tangent and cotangent bundle of a manifold to develop it. In [37] Günther’s formalism has been revised and clarified. It has been shown that the polysymplectic structures used by Günther to develop his formalism could be replaced by the k-symplectic structures defined by Awane [3, 5]. So this formalism is also called k-symplectic formalism.

The k-symplectic formalism is the generalization to field theories of the standard symplectic formalism in Mechanics, which is the geometric framework for describing autonomous dynamical systems. In this sense, the k-symplectic formalism is used to give a geometric description of certain kinds of field theories: in a local description, those theories whose Lagrangian does not depend on the base coordinates, denoted by (t^1, . . . , t^k) (in many of these, the space-time coordinates); that is, the k-symplectic formalism is only valid for Lagrangians L(q^i, v^i_A) and

Hamiltonians H(q^i, p^A_i ) that depend on the field coordinates q^i and on the partial derivatives of the field v^i_A, or the corresponding moment p^A_i . A natural extension of this formalism is the socalled k-cosymplectic formalism, which is the generalization to field theories of the cosymplectic formalism geometrically describing non-autonomous mechanical systems (this description can be found in [32, 33]). This formalism is devoted to describing field theories involving the coordinates (t^1, . . . , t^k) on the Lagrangian L(t^A, q^i, v^i_A) and on the Hamiltonian H(t^A, q^i, p^A_i ).

Let us remark here that the polysymplectic formalism developed by Sardanashvily [13], based on a vector-valued form defined on some associated fiber bundle, is a different description of classical field theories of first order than the polysymplectic (or k-symplectic) formalism proposed by Günther (see also [22] for more details). We must also remark that the soldering form on the linear frames bundle is a polysymplectic form, and its study and applications to field theory, constitute the n-symplectic geometry developed by L. K. Norris in [39, 40, 41, 42, 43].

An alternative way to derive the field equations is to use the so-called multisymplectic formalism, developed by Tulczyjew’s school in Warsaw (see [23, 24, 25, 48]), and independently by García and Pérez-Rendón [11, 12] and Goldschmidt and Sternberg [14]. This approach was revised by Martin [35, 36] and Gotay et al [15, 16, 17, 18] and more recently by Cantrijn et al [7, 8].

The aim of this paper is to study symmetries and conservation laws on first-order classical field theories, both for the Lagrangian and Hamiltonian formalisms, using Günther’s ksymplectic description, and considering only the regular case. The study of symmetries of ksymplectic Hamiltonian systems, is, of course, a topic of great interest. The general problem of a group of symmetries acting on a k-symplectic manifold and the subsequent theory of reduction has recently been analyzed in [37]. Here, we recover the idea of conservation law or conserved quantity, and state Noether’s theorem for Hamiltonian and Lagrangian systems in k-symplectic field theories. Thus, a large part of our discussion is a generalization of the results obtained for non-autonomous mechanical systems (see, in particular, [27], and references quoted therein). We further remark that the problem of symmetries in field theory has also been analyzed using other geometric frameworks, such as the multisymplectic models (see, for instance, [10, 18, 28].

The organization of the paper is as follows: Sections 2 and 3 are devoted to the study of symmetries and conservation laws in Hamiltonian k-symplectic field theory and Lagrangian k-symplectic field theory, respectively. In particular, in Sections 2.1 and 2.2 we develop the Hamiltonian formalism. So, in Section 2.1 the field theoretic phase space of moments is introduced as the Whitney sum (T^1_k )^∗Q of k-copies of the cotangent bundle T^∗Q of a manifold Q. This space is the canonical example of polysymplectic manifold introduced by Günther and k-symplectic manifolds introduced by Awane [3, 4, 5]. In Section 2.2, the Hamiltonian k-symplectic formalism is described. In Section 2.3 we obtain the main results of this Section: after introducing different kinds of symmetries and their relation, we can associate to some of them (the so-called Cartan symmetries) a conservation law (Noether’s Theorem).

Concerning the Lagrangian formalism (Section 3), the field theoretic state space of velocities is introduced in Section 3.1 as the Whitney sum T^1_k Q of k-copies of the tangent bundle T Q of a manifold Q. This manifold has a canonical k-tangent structure defined by k tensors fields of type (1, 1). The k-tangent manifolds were introduced in de León et al. [29, 30], and they generalize the tangent manifolds. A geometric interpretation of the second order partial differential equations is also given. Here we show that these equations can be characterized using the canonical ktangent structure of T^1_k Q, which generalizes the case of Classical Mechanics. The Lagrangian formalism is developed in Section 3.2, where the canonical k-tangent structure of T^1_k Q is used for its construction instead of the Legendre transformation as in Günther [21]. In Section 3.3 we discuss symmetries and conservation laws in the Lagrangian case, obtaining results analogous to those in Section 2.3, including the corresponding Noether’s theorem. Finally, in Sections 3.4 and 3.5 we introduce the notion of gauge equivalent Lagrangians, showing that they give the same solutions to the Euler-Lagrange equations. This leads to the introduction of the so-called Lagrangian gauge symmetries, and to stating a version of the Noether theorem for a particular class of them.

All manifolds are real, paracompact, connected and C^∞. All maps are C^∞. Sum over crossed repeated indices is understood.

2 Hamiltonian k-symplectic case

2.1 Geometric elements

2.1.1 The cotangent bundle of k^1-covelocities of a manifold. Canonical structures

Let Q be a differentiable manifold of dimension n and τ^∗_Q : T^∗Q → Q its cotangent bundle . We denote by (T^1_k )^∗Q = T^∗Q⊕^k. . . ⊕T^∗Q the Whitney sum of k copies of T^∗Q, with projection map τ^∗ : (T^1_k )^∗Q → Q, τ^∗(α_{1q} , . . . , α_{kq} ) = q.

The manifold (T^1_k )^∗Q can be canonically identified with the vector bundle J^1(Q, R^k )_0 of k^1- covelocities of the manifold Q, the manifold of 1-jets of maps σ : Q → R^k with target at 0 ∈ R^k and projection map τ^∗ : J^1(Q, R^k )_0 → Q, τ^∗(j^1_{q,0}σ) = q; that is,

J^1(Q, R^k )_0 ≡ T^∗Q⊕^k. . . ⊕T^∗Q j^1_{q,0}σ ≡ (dσ^1(q), . . . , dσ^k(q)) where σ^A = π_A ∘ σ : Q −→ R is the A-th component of σ, and π_A : R^k → R are the canonical projections, 1 ≤ A ≤ k. For this reason, (T^1_k )^∗Q is also called the bundle of k^1 covelocities of the manifold Q.

If (q^i) are local coordinates on U ⊆ Q, then the induced local coordinates (q^i, p_i), 1 ≤ i ≤ n, on T^∗U = (τ^∗_Q)^{−1}(U), are given by

q^i(α_q) = q^i(q), p_i(α_q) = α_q ( ∂ ∂q^i | |_q )

and the induced local coordinates (q^i, p^A_i ), 1 ≤ i ≤ n, 1 ≤ A ≤ k, on (T^1_k )^∗U = (τ^∗)^{−1}(U) are q^i(α_{1q} , . . . , α_{kq} ) = q^i(q), p^A_i (α_{1q} , . . . , α_{kq} ) = α_{Aq} ( ∂ ∂q^i | | q ) .

If τ^∗_Q : T^∗Q → Q is the canonical projection, the Liouville 1-form θ ∈ Ω^1(T^∗Q) is given by

θ(α_q)( ~X_{αq} ) = α_q((τ^∗_Q)_∗(α_q)( ~X_{αq} )), α_q ∈ T^∗Q, ~X_{αq} ∈ T_{αq} (T^∗Q),

then ω = −dθ is the canonical symplectic structure in T^∗Q, and therefore we define

ω^A = (τ^∗_A)^∗ω, 1 ≤ A ≤ k ,

where τ^∗_A : (T^1_k )^∗Q → T^∗Q is the canonical projection on the A^{th}-copy T^∗Q of (T^1_k )^∗Q. Of course, ω^A = −dθ^A, where θ^A = (τ^∗_A)^∗θ. Thus, the canonical k-symplectic structure on (T^1_k )^∗Q is given by the family (ω^A, V ; 1 ≤ A ≤ k), in (T^1_k )^∗Q, where V = ker(τ^∗)_∗ (see [3, 5, 37]).

As the canonical symplectic structure on T^∗Q is locally given by ω = −d(p_i dq^i) = dq^i ∧ dp_i, then the canonical forms ω^A in (T^1_k )^∗Q are locally given by ω^A = −dθ^A = −d(p^A_i dq^i) = dq^i ∧ dp^A_i . (1)

It is interesting to recall that the canonical polysymplectic structure in (T^1_k )^∗Q introduced by Günther [21] is the closed non-degenerate R^k -valued 2-form ω̄ = ω^A ⊗ r_A, where {r_1, . . . , r_k} denotes the canonical basis of R^k .

2.1.2 Complete lift of diffeomorphisms and vector fields from Q to (T^1_k )^∗Q

Now, let φ: Q → Q be a diffeomorphism, then the cotangent map T^∗φ: T^∗Q → T^∗Q is given by T^∗φ(α_q) = α_q ∘ φ_∗(φ^{−1}(q)). We define the canonical prolongation of φ to (T^1_k )^∗Q as the map (T^1_k )^∗φ : (T^1_k )^∗Q → (T^1_k )^∗Q given by

(T^1_k )^∗φ(α_{1q}, . . . , α_{kq}) = (T^∗φ(α_{1q}), . . . , T^∗φ(α_{kq})) , for (α_{1q}, . . . , α_{kq}) ∈ (T^1_k )^∗Q, q ∈ Q . If Z is a vector field on Q, with local 1-parametric group of transformations h_s : Q → Q then the local 1-parametric group of transformations (T^1_k )^∗(h_s): (T^1_k )^∗Q → (T^1_k )^∗Q generates a vector field Z^{C∗} on (T^1_k )^∗Q, which is called the canonical lift of Z to (T^1_k )^∗Q. If Z = Z^i ∂ ∂q^i , the local expression of Z^{C∗} is Z^{C∗} = Z^i ∂ ∂q^i − p^A_j ∂Z^j ∂q^k ∂ ∂p^A_k . The canonical liftings or prolongations of diffeomorphisms and vector fields on the base manifold Q to (T^1_k )^∗Q have the following properties:

Lemma 1 1. Let φ: Q → Q be a diffeomorphism and let Φ = (T^1_k )^∗φ be the canonical prolongation of φ to (T^1_k )^∗Q. Then: (i) Φ^∗θ^A = θ^A , (ii) Φ^∗ω^A = ω^A .

2. Let Z ∈ X(Q), and let Z^{C∗} be the canonical prolongation of Z to (T^1_k )^∗Q. Then (i) L(Z^{C∗})θ^A = 0 , (ii) L(Z^{C∗})ω^A = 0 . (2)

(Proof )

1. Part (i) is a consequence of the commutation rule τ^∗_A ∘ (T^1_k )^∗φ = T^∗φ ∘ τ^∗_A. In fact, [ (T^1_k )^∗φ ]_∗ θ^A = [ (T^1_k )^∗φ ]_∗ ((τ^∗_A)^∗θ) = [(τ_A)^∗ ∘ (T^1_k )^∗φ]^∗θ = (T^∗φ ∘ τ^∗_A)^∗θ = (τ^∗_A)^∗((T^∗φ)^∗θ) = (τ^∗_A)^∗θ = θ^A , where we have used that (T^∗φ)^∗θ = θ (see [1], pag. 180). Part (ii) is a direct consequence of (i).

2. Since the infinitesimal generator of the complete lift Z^{C∗} of Z is the canonical prolongation of the infinitesimal generator of Z, from the first item we conclude that (2) holds.

2.1.3 k-vector fields

Let M be a differentiable manifold. Denote by T^1_k M the Whitney sum T M⊕^k. . . ⊕T M of k copies of T M, with projection τ : T^1_k M → M, τ(v_{1q}, . . . , v_{kq}) = q.

Definition 1 A k-vector field on M is a section X : M −→ T^1_k M of the projection τ.

Since T^1_k M is the Whitney sum T M⊕^k. . . ⊕T M of k copies of T M, we deduce that a k-vector field X defines a family of k vector fields X_1, . . . , X_k ∈ X(M) by projecting X onto every factor; that is, X_A = τ_A ∘ X, where τ_A : T^1_k Q → T Q is the canonical projection on the A^{th}-copy T Q of T^1_k Q.

Definition 2 An integral section of the k-vector field X = (X_1, . . . , X_k), passing through a point q ∈ M, is a map ψ : U_0 ⊂ R^k → M, defined on some neighborhood U_0 of 0 ∈ R^k , such that

ψ(0) = q, ψ_∗(t) ( ∂ ∂t^A | |_t ) = X_A(ψ(t)) , for every t ∈ U_0, 1 ≤ A ≤ k

or, what is equivalent, ψ satisfies that X ∘ ψ = ψ^{(1)}, where ψ^{(1)} is the first prolongation of ψ to T^1_k M defined by

ψ^{(1)} : U_0 ⊂ R^k −→ T^1_k M

t −→ ψ^{(1)}(t) = j^1_0 ψ_t ≡ ( ψ_∗(t) ( ∂ ∂t^1 | | t ) , . . . , ψ_∗(t) ( ∂ ∂t^k | | t )) . A k-vector field X = (X_1, . . . , X_k) on M is integrable if there is an integral section passing through every point of M.

In local coordinates, we have

ψ^{(1)}(t^1, . . . , t^k) = ( ψ^i(t^1, . . . , t^k), ∂ψ^i ∂t^A (t^1, . . . , t^k) ) , 1 ≤ A ≤ k , 1 ≤ i ≤ n . (3)

2.2 Hamiltonian formalism: k-symplectic Hamiltonian systems

Let H : (T^1_k )^∗Q → R be a Hamiltonian function. The family ((T^1_k )^∗Q, ω^A, H) is called a ksymplectic Hamiltonian system. The Hamilton-de Donder-Weyl equations for this system are the following set of partial differential equations ∂H ∂q^i | | ψ(t) = − k∑ A=1 ∂ψ^A_i ∂t^A | | t , ∂H ∂p^A_i | | ψ(t) = ∂ψ^i ∂t^A | | t , 1 ≤ i ≤ n, 1 ≤ A ≤ k , (4) where ψ : R^k → (T^1_k )^∗Q, ψ(t) = (ψ^i(t), ψ^A_i (t)), is a solution.

We denote by X^k_H ((T^1_k )^∗Q) the set of k-vector fields X = (X_1, . . . , X_k) on (T^1_k )^∗Q, which are solutions to the equations_k ∑ A=1 i(XA)ω^A = dH . (5)

Then, if X ∈ X^k_H ((T^1_k )^∗Q) is integrable, and ψ : R^k → (T^1_k )^∗Q is an integral section of X, then, from (1), we obtain that ψ(t) = (ψ^i(t), ψ^A_i (t)) is a solution to the system (4).

2.3 Symmetries and conservation laws

Let ((T^1_k )^∗Q, ω^A, H) be a k-symplectic Hamiltonian system, and its associated Hamilton-de Donder-Weyl equations (4).

First, following [44], we introduce the next definition :

Definition 3 A conservation law (or a conserved quantity) for the Hamilton-de Donder-Weyl equations (4) is a map F = (F^1, . . . , F^k): (T^1_k )^∗Q → R^k such that the divergence of F ∘ ψ = (F^1 ∘ ψ, . . . , F^k ∘ ψ): U_0 ⊂ R^k → R^k is zero for every solution ψ to the Hamilton-de Donder-Weyl equations (4); that is k∑ A=1 ∂(F^A ∘ ψ) ∂t^A = 0 .

Proposition 1 If F = (F^1, . . . , F^k): (T^1_k )^∗Q → R^k is a conservation law then for every integrable k-vector field X = (X_1, . . . , X_k) in X^k_H ((T^1_k )^∗Q), we have that k∑ A=1 L(XA)F^A = 0 .

(Proof ) If X = (X_1, . . . , X_k) ∈ X^k_H ((T^1_k )^∗Q) is integrable and ψ : R^k → (T^1_k )^∗Q is an integral section of X, then the following relation holds for every t ∈ R^k and A = 1, . . . , k,

X_A(ψ(t)) = ψ_∗(t) ( ∂ ∂t^A | |_t )

and therefore k∑ A=1 L(XA)F^A = k∑ A=1 ψ_∗(t) ( ∂ ∂t^A | | t ) (F^A) = k∑ A=1 ∂(F^A ∘ ψ) ∂t^A | | t = 0 since ψ is a solution to the Hamilton-de Donder-Weyl equations (4).

Remark: The case k = 1 corresponds to Classical Mechanics. In this case we know that F is a constant of the motion if and only if L(X_H )F = 0, where X_H is the Hamiltonian vector field defined by i(X_H )ω = dH.

Definition 4 1. A symmetry of the k-symplectic Hamiltonian system ((T^1_k )^∗Q, ω^A, H) is a diffeomorphism Φ: (T^1_k )^∗Q → (T^1_k )^∗Q such that, for every solution ψ to the Hamilton-de Donder-Weyl equations (4), we have that Φ ∘ ψ is also a solution to these equations. In the particular case that Φ = (T^1_k )^∗φ for some φ: Q → Q (i.e.; Φ is the canonical lifting of some diffeomorphism in Q), the symmetry Φ is said to be natural.

2. An infinitesimal symmetry of the k-symplectic Hamiltonian system ((T^1_k )^∗Q, ω^A, H) is a vector field Y ∈ X((T^1_k )^∗Q) whose local flows are local symmetries.

In the particular case where Y = Z^{C∗} for some Z ∈ X(Q), (i.e.; Y is the canonical lifting of some vector field in Q), the infinitesimal symmetry Y is said to be natural.

As a consequence of the definition, all the results that we state for symmetries also hold for infinitesimal symmetries.

A first straightforward consequence of definitions 3 and 4 is:

Proposition 2 If Φ: (T^1_k )^∗Q → (T^1_k )^∗Q is a symmetry of a k-symplectic Hamiltonian system and F = (F^1, . . . , F^k): (T^1_k )^∗Q → R^k is a conservation law, then so is Φ^∗F = (Φ^∗F^1, . . . , Φ^∗F^k).

There is a class of symmetries which play a relevant role as generators of conserved quantities:

Proposition 3 Let Φ: (T^1_k )^∗Q → (T^1_k )^∗Q be a diffeomorphism. If

Φ^∗ω^A = ω^A , 1 ≤ A ≤ k and Φ^∗H = H (up to a constant).

then Φ is a symmetry of the k-symplectic Hamiltonian system ((T^1_k )^∗Q, ω^A, H).

(Proof ) We must prove that, if ψ : U_0 ⊂ R^k → (T^1_k )^∗Q is a solution to the Hamilton-de Donder- Weyl equations (4), then Φ ∘ ψ is also a solution, that is,

(a) ∂H ∂q^i | | (Φ∘ψ)(t) = − k∑ A=1 ∂(Φ ∘ ψ)^A_i ∂t^A | | t , (b) ∂H ∂p^A_i | | (Φ∘ψ)(t) = ∂(Φ ∘ ψ)^i ∂t^A | | t .

In local coordinates, we write the diffeomorphism Φ: (T^1_k )^∗Q → (T^1_k )^∗Q as follows

Φ(q^j, p^B_j ) = (Φ^i(q^j , p^B_j ), Φ^A_i (q^j , p^B_j )) .

The condition Φ^∗ω^A = ω^A implies 0 = ∂Φ^i ∂q^j | | w ∂Φ^A_i ∂q^k | | w , 0 = ∂Φ^i ∂p^B_j | | w ∂Φ^A_i ∂p^C_k | | w , (6)

δ^k_j δ^A_C = ∂Φ^i ∂q^j | | w ∂Φ^A_i ∂p^C_k | | w − ∂Φ^i ∂p^C_k | | w ∂Φ^A_i ∂q^j | | w . Furthermore, since Φ is a diffeomorphism, Φ ∘ Φ^{−1} = Id_{(T} 1_{k )}∗_Q. Applying the chain rule we obtain:

δ^i_k =

∂(Φ ∘ Φ^{−1})^i ∂q^k | | w = ∂Φ^i ∂q^j | | Φ^{−1}(w)

∂(Φ^{−1})^j ∂q^k | | w + ∂Φ^i ∂p^A_j | | Φ^{−1}(w)

∂(Φ^{−1})^A_j ∂q^k | | w , (7)

0 = ∂(Φ ∘ Φ^{−1})^i ∂p^B_k | |_w = ∂Φ^i ∂q^j | |_{Φ−1(w)} ∂(Φ^{−1})^j ∂p^B_k | |_w + ∂Φ^i ∂p^A_j | |_{Φ−1(w)} ∂(Φ^{−1})^A_j ∂p^B_k | |_w , 0 = ∂(Φ ∘ Φ^{−1})^A_i ∂q^j | | w = ∂Φ^A_i ∂q^k | | Φ^{−1}(w)

∂(Φ^{−1})^k ∂q^j | | w + ∂Φ^A_i ∂p^B_k | | Φ^{−1}(w)

∂(Φ^{−1})^B_k ∂q^j | | w , (8)

δ^i_j δ^A_C =

∂(Φ ∘ Φ^{−1})^A_i ∂p^C_j | |_w = ∂Φ^A_i ∂q^k | |_{Φ−1(w)} ∂(Φ^{−1})^k ∂p^C_j | |_w + ∂Φ^A_i ∂p^B_k | |_{Φ−1(w)} ∂(Φ^{−1})^B_k ∂p^C_j | |_w . (9)

From the equations (6-9) we obtain ∂Φ^s ∂q^j | | Φ^{−1}(w) = δ^A_B ∂(Φ^{−1})^A_j ∂p^B_s | | w , δ^A_D ∂Φ^s ∂p^C_k | | Φ^{−1}(w) = − δ^A_C ∂(Φ^{−1})^k ∂p^D_s | | w (10) ∂Φ^A_s ∂q^j | |_{Φ−1(w)} = −

∂(Φ^{−1})^A_j ∂q^s | |_w , ∂Φ^A_s ∂p^C_k | |_{Φ−1(w)} = δ^A_C

∂(Φ^{−1})^k ∂q^s | |_w . (11)

From the condition Φ^∗H = H written as follows

H(q^j , p^B_j ) = (H ∘ Φ)(q^j , p^B_j ) = H(Φ^i(q^j, p^B_j ), Φ^A_i (q^j , p^B_j )) ,

we obtain, for every w ∈ (T^1_k )^∗Q. ∂H ∂q^j | | w = ∂H ∂q^i | | Φ(w) ∂Φ^i ∂q^j | | w + ∂H ∂p^A_i | | Φ(w) ∂Φ^A_i ∂q^j | | w (12) ∂H ∂p^A_j | | w = ∂H ∂q^i | | Φ(w) ∂Φ^i ∂p^A_j | | w + ∂H ∂p^B_i | | Φ(w) ∂Φ^B_i ∂p^A_j | | w , Applying the chain rule, by a straightforward computation one proves (a) as consequence of (4), (6), (7), (8), (11) and (12), and taking into account (4), (10), (11) and (12), one proves (b).

The case k = 1 corresponds to Classical Mechanics. In this case the above result can be found in [34].

Taking into account this proposition, we introduce the following definitions:

Definition 5 1. A Cartan (or Noether) symmetry of a k-symplectic Hamiltonian system ((T^1_k )^∗Q, ω^A, H) is a diffeomorphism Φ: (T^1_k )^∗Q → (T^1_k )^∗Q such that,

(a) Φ^∗ω^A = ω^A, for A = 1, . . . , k. (b) Φ^∗H = H (up to a constant).

If Φ = (T^1_k )^∗φ for some φ: Q → Q, then the Cartan symmetry Φ is said to be natural.

2. An infinitesimal Cartan (or Noether) symmetry is a vector field Y ∈ X((T^1_k )^∗Q) satisfying that:

(a) L(Y )ω^A = 0, for A = 1, . . . , k. (b) L(Y )H = 0.

If Y = Z^{C∗} for some Z ∈ X(Q), then the infinitesimal Cartan symmetry Y is said to be natural.

Furthermore, we have that:

Proposition 4 If Φ: (T^1_k )^∗Q → (T^1_k )^∗Q is a Cartan symmetry of a k-symplectic Hamiltonian system ((T^1_k )^∗Q, ω^A, H), and X = (X_1, . . . , X_k) ∈ X^k_H ((T^1_k )^∗Q), then Φ_∗X = (Φ_∗X_1, . . . , Φ_∗X_k) ∈ X^k_H ((T^1_k )^∗Q).

(Proof ) Let Φ: (T^1_k )^∗Q → (T^1_k )^∗Q be a Cartan symmetry. For every X = (X_1, . . . , X_k) ∈ X^k_H ((T^1_k )^∗Q) we calculate

Φ^∗[ k∑ A=1 i(Φ∗XA)ω^A − dH] = k∑ A=1 i(XA)(Φ^∗ω^A) − d(Φ^∗H) = k∑ A=1 i(XA)ω^A − dH = 0

hence, as Φ is a diffeomorphism, this is equivalent to demanding that k∑ A=1 i(Φ∗XA)ω^A − dH = 0, and therefore Φ_∗X = (Φ_∗X_1, . . . , Φ_∗X_k) ∈ X^k_H ((T^1_k )^∗Q).

In order to state a geometrical version of Noether’s theorem for k-symplectic systems, we restrict our study to the infinitesimal Cartan symmetries.

First, it is immediate to prove that, if Y_1, Y_2 ∈ X((T^1_k )^∗Q) are infinitesimal Cartan symmetries, then so is [Y_1, Y_2].

In addition, a highly relevant result is the following:

Proposition 5 Let Y ∈ X((T^1_k )^∗Q) be an infinitesimal Cartan symmetry of a k-symplectic Hamiltonian system ((T^1_k )^∗Q, ω^A, H). Then, for A = 1, . . . , k, and for every p ∈ (T^1_k )^∗Q, there is an open neighbourhood U_p ∋ p, such that:

1. There exist f^A ∈ C^∞(U_p), which are unique up to constant functions, such that i(Y )ω^A = df^A, (on Up) . (13) 2. There exist ζ^A ∈ C^∞(U_p), verifying that L(Y )θ^A = dζ^A, on U_p; and then f^A = i(Y )θ^A − ζ^A, (up to a constant function, on U_p) . (14)

(Proof )

1. It is a consequence of the Poincaré Lemma and the condition 0 = L(Y )ω^A = i(Y )dω^A + d i(Y )ω^A = d i(Y )ω^A .

2. We have that d L(Y )θ^A = L(Y )dθ^A = − L(Y )ω^A = 0 and hence L(Y )θ^A are closed forms. Therefore, by the Poincaré Lemma, there exist ζ^A ∈ C^∞(U_p), verifying that L(Y )θ^A = dζ^A, on U_p. Furthermore, as (13) holds on U_p, we obtain that

dζ^A = L(Y )θ^A = d i(Y )θ^A + i(Y )dθ^A = d i(Y )θ^A − i(Y )ω^A = d{i(Y )θ^A − f^A} and thus (14) holds.

Remark: As a particular case, those Cartan symmetries Φ: (T^1_k )^∗Q → (T^1_k )^∗Q (resp. infinitesimal Cartan symmetries Y ∈ X((T^1_k )^∗Q)) verifying that Φ^∗θ^A = θ^A (resp. L(Y )θ^A = 0), for A = 1, . . . , k, are usually called exact. It is obvious that natural Cartan symmetries are exact.

Observe that, for exact infinitesimal Cartan symmetries we have that f^A = − i(Y )θ^A.

Finally, the classical Noether’s theorem of Hamiltonian mechanics can be generalized to k-symplectic field theories as follows:

Theorem 1 (Noether’s theorem): If Y ∈ X((T^1_k )^∗Q) is an infinitesimal Cartan symmetry of a k-symplectic Hamiltonian system ((T^1_k )^∗Q, ω^A, H). Then, for every p ∈ (T^1_k )^∗Q, there is an open neighborhood U_p ∋ p such that the functions f^A = i(Y )θ^A − ζ^A, 1 ≤ A ≤ k, define a conservation law f = (f^1, . . . , f^k).

(Proof ) Let Y ∈ X((T^1_k )^∗Q) with local expression Y = Y^i ∂ ∂q^i + Y^A_i ∂ ∂p^A_i , then from (13) we have Y^iδ^A_B = ∂f^A ∂p^B_i , −Y^A_i = ∂f^A ∂q^i ; (on U_p)

Let ψ : R^k → (T^1_k )^∗Q be a solution to (4), then using the last equalities we obtain k∑ A=1 ∂(f^A ∘ ψ) ∂t^A | |_t = ( ∂f^A ∂q^i | |_{ψ(t)} ∂ψ^i ∂t^A | |_t + ∂f^A ∂p^B_i | |_{ψ(t)} ∂ψ^B_i ∂t^A | |_t ) = ( −Y^A_i ∂ψ^i ∂t^A | |_t + Y^i k∑ A=1 ∂ψ^A_i ∂t^A | |_t )

= − ( Y^A_i ∂H ∂p^A_i + Y^i ∂H ∂q^i ) = − L(Y )H = 0 .

In the case k = 1, the above theorem (Noether’s Theorem in the Hamiltonian formalism) can be found in [34].

Furthermore, we have that:

Theorem 2 (Noether): If Y ∈ X((T^1_k )^∗Q) is an infinitesimal Cartan symmetry of a k-symplectic Hamiltonian system ((T^1_k )^∗Q, ω^A, H). Then, for every X = (X_1, . . . , X_k) ∈ X^k_H ((T^1_k )^∗Q), we have_k ∑ A=1 L(XA)f^A = 0 (on Up) .

(Proof ) If Y ∈ X((T^1_k )^∗Q) is a Cartan-Noether symmetry, then, on U_p, taking (13) into account we obtain k∑ A=1 L(XA)f^A = k∑ A=1 (d i(X_A)f^A + i(X_A)df^A) = k∑ A=1 i(XA) i(Y )ω^A

= − i(Y ) k∑ A=1 i(XA)ω^A = − i(Y )dH = − L(Y )H = 0 .

Noether’s theorem associates conservation laws to Cartan symmetries. However, these kinds of symmetries do not exhaust the set of symmetries. As is known, in mechanics there are symmetries which are not of Cartan type, and which also generate conserved quantities (see [31], [45], [46], for some examples). These are the so-called hidden symmetries. Different attempts have been made to extend Noether’s theorem in order to include these symmetries and the corresponding conserved quantities for mechanical systems (see for instance [47]) and multisymplectic field theories (see [10]).

3 Lagrangian k-symplectic case

3.1 Geometric elements

3.1.1 The tangent bundle of k^1-velocities of a manifold. Canonical structures

Let τ_Q : T Q → Q be the tangent bundle of a Q. Let us denote by T^1_k Q the Whitney sum T Q⊕^k. . . ⊕T Q of k copies of T Q, with projection τ : T^1_k Q → Q, τ(v_{1q}, . . . , v_{kq}) = q.

T^1_k Q can be identified with the manifold J^1_0 (R^k , Q) of the k^1-velocities of Q; that is, 1- jets of maps σ : R^k → Q, with source at 0 ∈ R^k and with projection map τ : T^1_k Q → Q, τ(j^1_{0,q}σ) = σ(0) = q; that is, J^1_0 (R^k , Q) ≡ T Q⊕^k. . . ⊕T Q j^1_{0,q}σ ≡ (v_{1q}, . . . , v_{kq}) where q = σ(0), and v_{Aq} = σ_∗(0) ( ∂ ∂t^A | | 0 ) . The manifold T^1_k Q is called the tangent bundle of k^1-velocities of Q [38].

If (q^i) are local coordinates on U ⊆ Q then the induced local coordinates (q^i, v^i), 1 ≤ i ≤ n, in T U = τ^{−1}_Q (U) are given by q^i(v_q) = q^i(q), v^i(v_q) = v_q(q^i), and the induced local coordinates (q^i, v^i_A), 1 ≤ i ≤ n, 1 ≤ A ≤ k, in T^1_k U = τ^{−1}(U) are given by q^i(v_{1q}, . . . , v_{kq}) = q^i(q), v^i_A(v_{1q}, . . . , v_{kq}) = v_{Aq}(q^i) . For a vector Z_q ∈ T_qQ, and for A = 1, . . . , k, we define its vertical A-lift, (Z_q)^{VA} , at the point (v_{1q}, . . . , v_{kq}) ∈ T^1_k Q, as the vector tangent to the fiber τ^{−1}(q) ⊂ T^1_k Q, which is given by

(Z_q)^{VA} (v_{1q}, . . . , v_A) = d ds (v_{1q}, . . . , v_{A−1q}, v_{Aq} + sZ_q, v_{A+1q}, . . . , v_{kq})|_{s=0} . In local coordinates, if X_q = a^i ∂ ∂q^i | | q , then

(Z_q)^{VA} (v_{1q}, . . . , v_{kq}) = a^i ∂ ∂v^i_A | | (v_{1q} ,...,v_{kq} ) . (15)

The canonical k-tangent structure on T^1_k Q is the set (S^1, . . . , S^k) of tensor fields of type (1, 1) defined by

S^A(w_q)(Z_{wq} ) = (τ_∗(w_q)(Z_{wq} ))^{VA} (w_q) , for w_q ∈ T^1_k Q, Z_{wq} ∈ T_{wq} (T^1_k Q); A = 1, . . . , k .

In local coordinates, from (15) we have

S^A = ∂ ∂v^i_A ⊗ dq^i . (16)

The tensors S^A can be regarded as the (0, . . . , 0,^A1, 0, . . . , 0)-lift of the identity tensor on Q to T^1_k Q defined in [38]. In the case k = 1, S^1 is the well-known canonical tangent structure of the tangent bundle, (see [9, 19, 20, 26]).

Finally, we introduce the Liouville vector field Δ ∈ X(T^1_k Q), which is the infinitesimal generator of the following flow ψ : R × T^1_k Q −→ T^1_k Q , ψ(s, v_{1q} , . . . , v_{kq} ) = (e^sv_{1q} , . . . , e^sv_{kq} ) , and in local coordinates it has the form Δ = k∑ A=1 v^i_A ∂ ∂v^i_A .

Δ is a sum of vector fields Δ_1 + . . . + Δ_k, where each Δ_A is the infinitesimal generator of the following flow ψ^A : R × T^1_k Q −→ T^1_k Q , ψ^A(s, v_{1q} , . . . , v_{kq} ) = (v_{1q} , . . . , v_{A−1q} , e^sv_{Aq} , v_{A+1q} , . . . , v_{kq} ) (17) and, in local coordinates, each Δ_A has the form

Δ_A = v^i_A ∂ ∂v^i_A , for A = 1, . . . , k fixed . (18)

3.1.2 Complete lift of diffeomorphisms and vector fields from Q to T^1_k Q

Let φ: Q → Q be a differentiable map, then the canonical prolongation of φ to T^1_k Q is the induced map T^1_k φ : T^1_k Q → T^1_k Q defined by T^1_k φ(j^1_0 σ) = j^1_0 (φ ∘ σ); that is, for v_{1q}, . . . , v_{kq} ∈ T_qQ, q ∈ Q. T^1_k φ(v_{1q}, . . . , v_{kq}) = (φ_∗(q)v_{1q}, . . . , φ_∗(q)v_{kq}) . If Z is a vector field on Q, with local 1-parametric group of transformations h_s : Q → Q, then the local 1-parametric group of transformations T^1_k (h_s): T^1_k Q → T^1_k Q generates a vector field Z^C on T^1_k Q, which is called the complete lift of Z to T^1_k Q. If where Z = Z^i ∂ ∂q^i , its local expression is Z^C = Z^i ∂ ∂q^i + v^j_A ∂Z^k ∂q^j ∂ ∂v^k_A . Then, we have the following property:

Lemma 2 Let Φ = T^1_k φ : T^1_k Q → T^1_k Q be the canonical prolongation of a diffeomorphism φ : Q → Q. Then (a) Φ_∗ ∘ S^A = S^A ∘ Φ_∗ , (b) Φ_∗Δ_A = Δ_A , for A = 1, . . . , k .

(Proof ) (a) It is a direct consequence of local expression of S^A and the local expression of T^1_k φ,

T^1_k φ(q^i, v^i_A) = (φ^j (q^i), v^i_A ∂φ^j ∂q^i ) .

(b) It is a consequence of T^1_k φ ∘ ψ^A_t = ψ^A_t ∘ T^1_k φ, where ψ^A_t are the local 1-parameter groups of diffeomorphisms (17) generated by Δ_A.

This means that canonical liftings of diffeomorphisms and vector fields preserve the canonical structures of T^1_k Q.

3.1.3 Second-order partial differential equations in T^1_k Q

The aim of this subsection is to characterize the integrable k-vector fields on T^1_k Q such that their integral sections are first prolongations ϕ^{(1)} of maps ϕ: R^k → Q.

Remember that a k-vector field in T^1_k Q is a section Γ: T^1_k Q −→ T^1_k (T^1_k Q) of the canonical projection τ_T 1_{k Q} : T^1_k (T^1_k Q) → T^1_k Q. Then:

Definition 6 A second order partial differential equation (sopde) is a k-vector field Γ = (Γ_1, . . . , Γ_k) in T^1_k Q which is a section of the projection T^1_k τ : T^1_k (T^1_k Q) → T^1_k Q; that is,

T^1_k τ ∘ Γ = Id_T 1_{k Q} ,

or, what is equivalent,

τ_∗(w_q)(Γ_A(w_q)) = v_{Aq} , for w_q = (v_{1q} , . . . , v_{kq} ) ∈ T^1_k Q, A = 1, . . . , k .

In the case k = 1, this is the definition of a second order differential equation (sode).

From a direct computation in local coordinates we obtain that the local expression of a sopde Γ = (Γ_1, . . . , Γ_k) is

Γ_A(q^i, v^i_A) = v^i_A ∂ ∂q^i + (Γ_A)^i_B ∂ ∂v^i_B , 1 ≤ A ≤ k , (Γ_A)^i_B ∈ C^∞(T^1_k Q) . (19)

If ψ : R^k → T^1_k Q is an integral section of Γ = (Γ_1, . . . , Γ_k), locally given by ψ(t) = (ψ^i(t), ψ^i_B (t)), then from Definition 2 and (19) we deduce ∂ψ^i ∂t^A | | t = ψ^i_A(t) , ∂ψ^i_B ∂t^A | | t = (Γ_A)^i_B (ψ(t)) . (20)

From (3) and (20) we obtain the following proposition.

Proposition 6 Let Γ = (Γ_1, . . . , Γ_k) be an integrable sopde. If ψ is an integral section of Γ then ψ = ϕ^{(1)}, where ϕ^{(1)} is the first prolongation of the map ϕ = τ ∘ ψ : R^{k ψ}→ T^1_k Q^τ→ Q, and ϕ is a solution to the system of second order partial differential equations

∂^2ϕ^i ∂t^A∂t^B (t) = (Γ_A)^i_B ( ϕ^i(t), ∂ϕ^i ∂t^C (t) ) 1 ≤ i ≤ n ; 1 ≤ A, B ≤ k. (21) Conversely, if ϕ: R^k → Q is any map satisfying (21), then ϕ^{(1)} is an integral section of Γ = (Γ_1, . . . , Γ_k).

From (21) we deduce that if Γ is an integrable sopde then (Γ_A)^i_B = (Γ_B )^i_A for all A, B = 1, . . . , k. The following characterization of sopdes can be given using the canonical k-tangent structure of T^1_k Q (see (16), (18) and (19)):

Proposition 7 A k-vector field Γ = (Γ_1, . . . , Γ_k) on T^1_k Q is a sopde if, and only if, S^A(Γ_A) = Δ_A, for all A : 1 . . . , k .

3.2 Lagrangian formalism: k-symplectic Lagrangian systems

In Classical Mechanics, the symplectic structure of Hamiltonian theory and the tangent structure of Lagrangian theory play complementary roles (see Refs. [13,15,16]). In this subsection, we recall the Lagrangian formalism developed by Günther [21] using the polysymplectic structures. Here we can see how the polysymplectic structures and the k-tangent structures also play a complementary role in field theory.

Let L: T^1_k Q → R be a Lagrangian. The generalized Euler-Lagrange equations for L are: k∑ A=1 ∂ ∂t^A | |_t ( ∂L ∂v^i_A | |_{ψ(t)} ) = ∂L ∂q^i | |_{ψ(t)} , v^i_A(ψ(t)) = ∂ψ^i ∂t^A (22)

whose solutions are maps ψ : R^k → T^1_k Q. Let us observe that ψ(t) = ϕ^{(1)}(t), for some ϕ = τ ∘ ψ.

We introduce a family of 1-forms θ^A_L on T^1_k Q, 1 ≤ A ≤ k, using the k-tangent structure, as follows θ^A_L = dL ∘ S^A 1 ≤ A ≤ k , (23) and hence we define ω^A_L = −dθ^A_L .

In local natural coordinates we have

θ^A_L = ∂L ∂v^i_A dq^i (24)

ω^A_L = dq^i ∧ d ( ∂L ∂v^i_A ) = ∂^2L ∂q^j∂v^i_A dq^i ∧ dq^j +

∂^2L ∂v^j_B ∂v^i_A dq^i ∧ dv^j_B . (25)

We also introduce the Energy lagrangian function E_L = Δ(L) − L ∈ C^∞(T^1_k Q), whose local expression is E_L = v^i_A ∂L ∂v^i_A − L . (26)

Then, the family (T^1_k Q, ω^A_L , E_L) is called a k-symplectic Lagrangian system.

Definition 7 The Lagrangian L: T^1_k Q −→ R is said to be regular if the matrix ( ∂^2L ∂v^i_A∂v^j_B ) is not singular at every point of T^1_k Q.

Remark: Let us observe that the condition L regular is equivalent to (ω^1_L, . . . , ω^k_L) being a polysympletic form and (ω^1_L, . . . , ω^k_L; V ), where V = Kerτ_∗, is a k-symplectic structure (see [37]).

This k-symplectic (polysymplectic) structure, associated to L, was also introduced by Günther [21] using the Legendre transformation.

The Legendre map F L: T^1_k Q → (T^1_k )^∗Q was introduced by Günther, [21] and was rewritten in [37] as follows: if (v_{1q} , . . . , v_{kq} ) ∈ (T^1_k )_qQ,

[F L(v_{1q} , . . . , v_{kq} )]^A(u_q) = d ds | | s=0 L(v_{1q} , . . . , v_{Aq} + su_q, . . . , v_{kq} ) , for each A = 1, . . . , k and u_q ∈ T_qQ. Locally F L is given by F L(q^i, v^i_A) = (q^i, ∂L ∂v^i_A ) . (27)

In fact, form (24) and (27),we easily obtain the following Lemma.

Lemma 3 For every 1 ≤ A ≤ k , ω^A_L = (F L)^∗ω^A, where (ω^1, . . . , ω^k) are the 2-forms of the canonical polysymplectic structure.

Then, from (27) we obtain the following Proposition.

Proposition 8 Let L be a Lagrangian. The following conditions are equivalent: (1) L is regular. (2) F L is a local diffeomorphism. (3) (ω^1_L, . . . , ω^k_L) is a polysimplectic structure on T^1_k Q.

As in the Hamiltonian case, consider a k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L), and denote by X^k_L(T^1_k Q) the set of k-vector fields Γ = (Γ_1, . . . , Γ_k) in T^1_k Q, which are solutions to the equation_k ∑ A=1 i(ΓA)ω^A_L = dEL . (28)

If each Γ_A is locally given by

Γ_A = (Γ_A)^i ∂ ∂q^i + (Γ_A)^i_B ∂ ∂v^i_B , then Γ = (Γ_1, . . . , Γ_k) is a solution to (28) if, and only if, (Γ_A)^i and (Γ_A)^i_B satisfy the system of equations ( ∂^2L ∂q^i∂v^j_A − ∂^2L ∂q^j∂v^i_A ) (Γ_A)^j −

∂^2L ∂v^i_A∂v^j_B (Γ_A)^j_B = v^j_A

∂^2L ∂q^i∂v^j_A − ∂L ∂q^i , ∂^2L ∂v^j_B ∂v^i_A (Γ_A)^i =

∂^2L ∂v^j_B ∂v^i_A v^i_A .

If the Lagrangian is regular, the above equations are equivalent to the equations ∂^2L ∂q^j∂v^i_A v^j_A +

∂^2L ∂v^i_A∂v^j_B (Γ_A)^j_B = ∂L ∂q^i (29)

(Γ_A)^i = v^i_A , 1 ≤ i ≤ n, 1 ≤ A ≤ k . (30)

Thus, if L is a regular Lagrangian, we deduce:

• If Γ = (Γ_1, . . . , Γ_k) is a solution to (28) then it is a sopde, (see (30)). • Equation (29) leads to define local solutions to (28) in a neighborhood of each point of T^1_k Q and, using a partition of unity, global solutions to (28).

• Since Γ = (Γ_1, . . . , Γ_k) ∈ X^k_L(T^1_k Q) is a sopde, from Proposition 6 we know that, if it is integrable, then its integral sections are first prolongations ϕ^{(1)} : R^k → T^1_k Q of maps ϕ: R^k → Q, and from (29) we deduce that ϕ is a solution to the Euler-Lagrange equations (22).

• In the case k = 1, the equation (28) is ı_Γω_L = dE_L, which is the dynamical equation of the Lagrangian formalism in Mechanics.

Throughout this paper, we only consider regular Lagrangians.

3.3 Symmetries and conservation laws

Of course, regarding these topics, of course, all the definitions stated in Section 2.3 for the Hamiltonian case are applied to the Lagrangian case, just considering (T^1_k Q, ω^A_L , E_L) as a Hamiltonian system with Hamiltonian function E_L. In particular, we can define:

Definition 8 A map F = (F^1, . . . , F^k): T^1_k Q → R^k is a conservation law (or a conserved quantity) for the Euler-Lagrange equations (22) if the divergence of F ∘ ϕ = (F^1 ∘ ϕ^{(1)}, . . . , F^k ∘ ϕ^{(1)}): R^k → R^k is zero, for every ϕ: R^k → Q solution to the Euler-Lagrange equations (22); that is_k ∑ A=1 ∂(F^A ∘ ϕ^{(1)}) ∂t^A = 0 .

Therefore, if F = (F^1, . . . , F^k): T^1_k Q → R^k is a conservation law then, for every integrable k-vector field Γ = (Γ_1, . . . , Γ_k) in X^k_L(T^1_k Q), we have that k∑ A=1 L(ΓA)F^A = 0 .

Definition 9 1. A symmetry of the k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L) is a diffeomorphism Φ: T^1_k Q → T^1_k Q such that, for every solution ϕ to the Euler-Lagrange equations (22), we have that Φ ∘ ϕ^{(1)} = ρ^{(1)}, where ρ: R^k → Q is also a solution to these equations.

In the particular case that Φ = T^1_k φ for some φ: Q → Q (i.e.; Φ is the canonical lifting of some diffeomorphism in Q), the symmetry Φ is said to be natural.

2. An infinitesimal symmetry of the k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L) is a vector field Y ∈ X(T^1_k Q) whose local flows are local symmetries.

In the particular case that Y = Z^C for some Z ∈ X(Q), (i.e.; Y is the canonical lifting of some vector field in Q), the infinitesimal symmetry Y is said to be natural.

As in the Hamiltonian case, we have that:

Proposition 9 Let Φ: T^1_k Q → T^1_k Q be a diffeomorphism. If Φ satisfies

Φ^∗ω^A_L = ω^A_L , 1 ≤ A ≤ k and Φ^∗E_L = E_L (up to a constant).

then Φ is a symmetry of the k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L).

(Proof ) We must prove that, if ϕ: U_0 ⊂ R^k → Q is a solution to the Euler-Lagrange equations (22), then Φ ∘ ϕ^{(1)} is also a solution. However, it is well-known that this is equivalent to proving that F L ∘ Φ ∘ ϕ^{(1)} : U_0 ⊂ R^k → (T^1_k )^∗Q is a solution to the Hamilton-de Donder-Weyl equations, (4); that is (a) ∂H ∂p^A_i | | (F L∘Φ∘ϕ^{(1)})(t) = ∂(F L ∘ Φ ∘ ϕ^{(1)})^i ∂t^A | | t (b) ∂H ∂q^i | | (F L∘Φ∘ϕ^{(1)})(t) = − k∑ A=1 ∂(F L ∘ Φ ∘ ϕ^{(1)})^i_A ∂t^A | | t ,

with Hamiltonian H = E_L ∘ F L^{−1}.

Let us suppose that Φ : T^1_k Q → T^1_k Q, locally given by Φ(q^j, v^j_B ) = (Φ^i(q^j, v^j_B ), Φ^i_A(q^j , v^j_B )) satisfies the conditions Φ^∗ω^A_L = ω^A_L and E_L = Φ^∗E_L.

In order to prove (a) and (b) we will use four groups of identities. From the condition Φ^∗ω^A_L = ω^A_L we obtain the first group of identities: for everY w ∈ T^1_k Q,

∂^2L ∂q^j∂v^i_A | |_w = ( ∂^2L ∂q^k∂v^l_A | |_{Φ(w)} ∂Φ^k ∂q^j | |_w +

∂^2L ∂v^k_C ∂v^l_A | |_{Φ(w)} ∂Φ^k_C ∂q^j | |_w ) ∂Φ^l ∂q^i | |_w , ∂^2L ∂v^j_B ∂v^i_A | |_w = ( ∂^2L ∂q^k∂v^l_A | |_{Φ(w)} ∂Φ^k ∂v^j_B | |_w +

∂^2L ∂v^k_C ∂v^l_A | |_{Φ(w)} ∂Φ^k_C ∂v^j_B | |_w ) ∂Φ^l ∂q^i | |_w − ( ∂^2L ∂q^k∂v^l_A | | Φ(w) ∂Φ^k ∂q^i | | w + ∂^2L ∂v^k_C ∂v^l_A | | Φ(w) ∂Φ^k_C ∂q^i | | w ) ∂Φ^l ∂v^j_B | | w , (31)

0 = ( ∂^2L ∂q^k∂v^l_A | | Φ(w) ∂Φ^k ∂v^j_B | | w + ∂^2L ∂v^k_C ∂v^l_A | | Φ(w) ∂Φ^k_C ∂v^j_B | | w ) ∂Φ^l ∂v^m_D | | w . Applying the chain rule to Φ ∘ Φ^{−1} = Id_T 1_{k Q}, we have the second group.

δ^i_k = ∂Φ^i ∂q^j | |_{Φ−1(w)} ∂(Φ^{−1})^j ∂q^k | |_w + ∂Φ^i ∂v^j_A | |_{Φ−1(w)} ∂(Φ^{−1})^j_A ∂q^k | |_w , (32) 0 = ∂Φ^i ∂q^j | |_{Φ−1(w)} ∂(Φ^{−1})^j ∂v^k_B | |_w + ∂Φ^i ∂v^j_A | |_{Φ−1(w)} ∂(Φ^{−1})^j_A ∂v^k_B | |_w , (33) 0 = ∂Φ^i_A ∂q^k | | Φ^{−1}(w)

∂(Φ^{−1})^k ∂q^j | | w + ∂Φ^i_A ∂v^k_B | | Φ^{−1}(w)

∂(Φ^{−1})^k_B ∂q^j | | w . (34)

The third group of identities is a consequence of the following fact: if ϕ: U_0 ⊂ R^k → Q is a solution to Euler-Lagrange’s equations, we know that F L∘ϕ^{(1)} : U_0 ⊂ R^k → (T^1_k )^∗Q is a solution to Hamilton-de Donder-Weyl’s equations (4). Then from the local expression of F L, (27) we deduce the following equations. ∂H ∂p^A_i | |_{(F L∘ϕ(1))(t)} =

∂(F L ∘ ϕ^{(1)})^i ∂t^A | |_t = ∂ϕ^i ∂t^A | |_t , ∂H ∂q^i | | |_{(F L∘ϕ(1))(t)} = − k∑ A=1 ∂(F L ∘ ϕ^{(1)})^i_A ∂t^A | | |_t = − ∂^2L ∂q^j ∂v^i_A | |_{ϕ(1)(t)} ∂ϕ^j ∂t^A | |_t − ∂^2L ∂v^j_B ∂v^i_A | |_{ϕ(1)(t)}

∂^2ϕ^j ∂t^A∂t^B | |_t . (35)

Since E_L = Φ^∗E_L is equivalent to F L^∗H = (F L ∘ Φ)^∗H, by applying the chain rule again and by using the local expression of F L (27), we obtain the last family of identities ∂H ∂q^i | |_{F L(w)} + ∂H ∂p^B_j | |_{F L(w)} ∂^2L ∂q^i∂v^j_B | |_w = ∂H ∂q^j | |_{(F L∘Φ)(w)} ∂Φ^j ∂q^i | |_w

+ ∂H ∂p^B_j | |_{(F L∘Φ)(w)} ( ∂^2L ∂q^k∂v^j_B | Φ(w) ∂Φ^k ∂q^i | |_w +

∂^2L ∂v^k_A∂v^j_B | |_{Φ(w)} ∂Φ^k_A ∂q^i | |_w ) (36) ∂H ∂p^B_j | | F L(w) ∂^2L ∂v^i_A∂v^j_B | | w = ∂H ∂q^j | | (F L∘Φ)(w) ∂Φ^j ∂v^i_A | | w + ∂H ∂p^B_j | | (F L∘Φ)(w) ( ∂^2L ∂q^k∂v^j_B | |_{Φ(w)} ∂Φ^k ∂v^i_A | | w + ∂^2L ∂v^k_C ∂v^j_B | | Φ(w) ∂Φ^k_C ∂v^i_A | | w ) . (37)

These identities (36) and (37) are fundamental to proof of this proposition. Let us observe that in these identities we find the partial derivatives ∂H ∂q^i | |_{(F L∘Φ∘ϕ(1))(t)} and ∂H ∂p^A_i | |_{(F L∘Φ∘ϕ(1))(t)}, which

we are searching for, and their relation with the other partial derivatives ∂H ∂q^i | | (F L∘ϕ^{(1)})(t) and ∂H ∂p^A_i | | (F L∘ϕ^{(1)})(t)

, wich we know from (35).

By a straightforward computation, from equations (31- 33), (35-37) one proves that 0 = ∂^2L ∂v^s_D∂v^l_A | |_{(Φ∘ϕ(1))(t)} ( ∂H ∂p^A_l | |_{(F L∘Φ∘ϕ(1))(t)} − ∂Φ^l ∂q^j | |_{ϕ(1)(t)} ∂ϕ^j ∂t^A | |_t − ∂Φ^l ∂v^j_B | |_{ϕ(1)(t)}

∂^2ϕ^j ∂t^A∂t^B | |_t )

and since L is regular, from the above identity we deduce that ∂H ∂p^A_l | | (F L∘Φ∘ϕ^{(1)})(t) = ∂Φ^l ∂q^j | | ϕ^{(1)}(t) ∂ϕ^j ∂t^A | | t + ∂Φ^l ∂v^j_B | | ϕ^{(1)}(t)

∂^2ϕ^j ∂t^A∂t^B | | t . (38)

Furthermore we have

∂(F L ∘ Φ ∘ ϕ^{(1)})^l ∂t^A | | t = ∂Φ^l ∂q^j | | ϕ^{(1)}(t) ∂ϕ^j ∂t^A | | t + ∂Φ^l ∂v^j_B | | ϕ^{(1)}(t)

∂^2ϕ^j ∂t^A∂t^B | | t (39)

and thus from (38) and (39) we obtain the first group, (a), of the Hamilton-de Donder-Weyl equations.

Finally, from (31), (32), (34-37) and (39), by a straightforward computation, one obtains k∑ A=1 ∂(F L ∘ Φ ∘ ϕ^{(1)})^m_A ∂t^A | |_t = − ∂H ∂q^m | |_{(F L∘Φ∘ϕ(1))(t)}

+ ∂^2L ∂q^m∂v^i_A | |_{(Φ∘ϕ(1) )(t)} ( ∂(F L ∘ Φ ∘ ϕ^{(1)})^i ∂t^A | |_t − ∂H ∂p^A_i | |_{(F L∘Φ∘ϕ(1))(t)} ) (40)

and since we have already proved (a), from (40) and (a) one obtains (b).

Taking into account this proposition, we introduce the following definitions.

Definition 10 1. A Cartan (or Noether) symmetry of the k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L) is a diffeomorphism Φ: T^1_k Q → T^1_k Q such that,

(a) Φ^∗ω^A_L = ω^A_L , for A = 1, . . . , k. (b) Φ^∗E_L = E_L (up to a constant).

If Φ = T^1_k φ for some φ: Q → Q, then the Cartan symmetry Φ is said to be natural.

2. An infinitesimal Cartan (or Noether) symmetry of the k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L) is a vector field Y ∈ X(T^1_k Q) satisfying that:

(a) L(Y )ω^A_L = 0, for A = 1, . . . , k. (b) L(Y )E_L = 0.

If Y = Z^C for some Z ∈ X(Q), then the infinitesimal Cartan symmetry Y is said to be natural.

Proposition 10 Let Y ∈ X(T^1_k Q) be an infinitesimal Cartan symmetry of a k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L). Then, for A = 1, . . . , k, and for every p ∈ (T^1_k )Q, there is an open neighborhood U_p ∋ p, such that:

1. There exist f^A ∈ C^∞(U_p), which are unique up to constant functions, such that

i(Y )ω^A_L = df^A, (on Up) . (41)

2. There exist ζ^A ∈ C^∞(U_p), verifying that L(Y )θ^A_L = dζ^A, on U_p; and then

f^A = i(Y )θ^A_L − ζ^A, (up to a constant function, on U_p) . (42)

(Proof ) This is the same proof as in Proposition 5.

Now we can state the version of Noether’s Theorem for infinitesimal Cartan Lagrangian symmetries.

Theorem 3 (Noether’s theorem): Let Y ∈ X(T^1_k Q) be an infinitesimal Cartan symmetry of a k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L), then for every p ∈ T^1_k Q, there is an open neighborhood U_p ∋ p, such that the functions f^A = i(Y )θ^A_L − ζ^A , 1 ≤ A ≤ k, define a conservation law f = (f^1, . . . , f^k).

(Proof ) Let Y ∈ X((T^1_k )^∗Q) be an infinitesimal Cartan symmetry, with local expression Y = Y^i ∂ ∂q^i + Y^i_A ∂ ∂v^i_A . Then from (41), as Y is an infinitesimal Cartan symmetry we have that ( ∂^2L ∂q^k∂v^i_A − ∂^2L ∂q^i∂v^k_A ) Y^i − Y^i_B ∂^2L ∂v^i_B ∂v^k_A = ∂f^A ∂q^k (43)

∂^2L ∂v^k_B ∂v^i_A Y^i = ∂f^A ∂v^k_B . (44)

Therefore, since Y is an infinitesimal symmetry, from L(Y )E_L = 0 we obtain Y^i ∂L ∂q^i = v^k_B ( Y^i ∂^2L ∂q^i∂v^k_B + Y^i_A

∂^2L ∂v^i_A∂v^k_B ) . (45)

Let ϕ : R^k → Q be a solution to the Euler-Lagrange equations, then from (22), (43), (44) and (45) we obtain k∑ A=1 ∂(f^A ∘ ϕ^{(1)}) ∂t^A | |_t = k∑ A=1 ( ∂f^A ∂q^k | |_{ϕ(1)(t)} ∂ϕ^k ∂t^A | |_t + ∂f^A ∂v^k_B | |_{ϕ(1)(t)}

∂^2ϕ^k ∂t^A∂t^B | |_t )

= k∑ A=1 Y^i(ϕ^{(1)}(t)) ( ∂^2L ∂q^k∂v^i_A | |_{ϕ(1)(t)} ∂ϕ^k ∂t^A | |_t +

∂^2L ∂v^k_B ∂v^i_A | |_{ϕ(1)(t)}

∂^2ϕ^k ∂t^A∂t^B | |_t )

− k∑ A=1 ( Y^i(ϕ^{(1)}(t))

∂^2L ∂q^i∂v^k_A | | ϕ^{(1)}(t)

+ Y^i_B (ϕ^{(1)}(t))

∂^2L ∂v^i_B ∂v^k_A | | ϕ^{(1)}(t) ) ∂ϕ^k ∂t^A | | t = Y^i(ϕ^{(1)}(t)) ∂L ∂q^i | |_{ϕ(1)(t)} − Y^i(ϕ^{(1)}(t)) ∂L ∂q^i | |_{ϕ(1)(t)} = 0 , (on Up) .

Corollary 1 If Z^C ∈ X(T^1_k Q) is an infinitesimal natural Cartan symmetry of a k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L) then the functions f^A = Z^{VA} (L) − ζ^A, 1 ≤ A ≤ k, define a conservation law on U_p.

(Proof ) In this case, we have

i(Z^C )θ^A_L = θ^A_L (Z^C ) = dL ∘ S^A(Z^C ) = dL(Z^{VA} ) = Z^{VA} (L) ,

and thus the functions f^A of Proposition 10 can be written f^A = Z^{VA} (L) − ζ^A , 1 ≤ A ≤ k .

The case k = 1 corresponds to Classical Mechanics, and the above results can be found in [9].

Remark: The above Noether’s theorem can be rewritten introducing the following generalization of the so-called Tulczyjew operator [49] for our case: Let g = (g^1, . . . , g^k) : Q → R^k be a function, we define d_T g : T^1_k Q → R by

d_T g(v_{1q}, . . . , v_{kq}) = k∑ A=1 v_{Aq}(g^A) = v^i_A ∂g^A ∂q^i .

Then it is not difficult to prove that the condition Z^C (L) = d_T g is equivalent to the conditions L(Z^C )θ^A_L = dτ^∗g^A and Z^C (E_L) = 0. Therefore, by comparing with item 2 in Proposition 10 we observe that the functions f^A can be written as f^A = Z^{VA} (L) − τ^∗g^A , A = 1, . . . , k . Therefore, we have the following proposition,

Proposition 11 If Z ∈ X(Q) and Z^C (L) = d_T g, where g = (g^1, . . . , g^k): Q → R^k , then the functions f^A = Z^{VA} (L) − τ^∗g^A, 1 ≤ A ≤ k, define a conservation law.

(Proof ) This result is a consequence of Theorem 3. In fact, Z^C (L) = d_T g is equivalent to L(Z^C )θ^A_L = dτ^∗g^A, and Z^C (EL) = 0, which implies

L(Z^C )ω^A_L = 0 and L(Z^C )EL = 0 ,

that is, Z^C is an infinitesimal natural Cartan symmetry. Then by Theorem 3, f = (f^1, . . . , f^k) is a conservation law.

In the case k = 1, this statement can be found in [6] and [34].

Finally, we also have that:

Theorem 4 (Noether): If Y ∈ X(T^1_k Q) is an infinitesimal Cartan symmetry of a k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L) then, for every Γ = (Γ_1, . . . , Γ_k) ∈ X^k_L(T^1_k Q), we have

L(ΓA)f^A = 0 (on Up) .

(Proof ) This is the same as for Theorem 2.

3.4 Equivalent Lagrangians

Given a k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L), we know that canonical lifting of diffeomorphisms and vector fields preserve the canonical structures of T^1_k Q. Nevertheless, the ksymplectic structure given by the forms ω^A_L is not canonical, since it depends on the choice of the Lagrangian function L, and then it is not invariant by these canonical liftings. Thus, given a diffeomorphism Φ: T^1_k Q → T^1_k Q or a vector field Y ∈ X(T^1_k Q), a sufficient condition to assure the conditions (a) and (b) in definition 10 would be to demand that Φ or Y leave the canonical endomorphisms S^A and the Liouville vector field Δ invariant (for instance, Φ and Y being the canonical lifting of a diffeomorphism and a vector field in Q), and that the Lagrangian function L be also invariant. In this way, ω^A_L , E_L and hence the Euler-Lagrange equations are invariant by Φ or Y . However, to demand the invariance of L is a strong condition, since there are Lagrangian functions that, being different, give rise to the same k-symplectic structure ω^A_L , A = 1, . . . , k, and the same Euler-Lagrange equations. Thus, following the same terminology as in mechanics (see [1]), we can define:

Definition 11 Two Lagrangian functions L_1, L_2 ∈ C^∞(T^1_k Q) are gauge equivalent if

1. ω^A_{L1} = ω^A_{L2} , for A = 1, . . . , k.

2. X^k_{L1} (T^1_k Q) = X^k_{L2} (T^1_k Q).

Gauge equivalent Lagrangians can be also characterized as follows:

Proposition 12 Two Lagrangians L_1, L_2 ∈ C^∞(T^1_k Q) are gauge equivalent if, and only if,

1. ω^A_{L1} = ω^A_{L2} , for A = 1, . . . , k.

2. E_{L1} = E_{L2} , (up to a constant).

(Proof ) We will prove that, if ω^A_{L1} = ω^A_{L2} , for A = 1, . . . , k, then X^k_{L2} (T^1_k Q) = X^k_{L1} (T^1_k Q) is equivalent to E_{L1} = E_{L2} (up to a constant).

If X = (X_1, . . . , X_k) ∈ X^k_{L2} (T^1_k Q) = X^k_{L1} (T^1_k Q), then 0 = k∑ A=1 i(XA)ω^A_{L1} − dEL_1 = k∑ A=1 i(XA)ω^A_{L2} − dEL_2 but as ω^A_{L1} = ω^A_{L2} , this implies that dE_{L1} = dE_{L2} , and hence E_{L1} = E_{L2} , up to a constant.

Conversely, if ω^A_{L1} = ω^A_{L2} , and E_{L1} = E_{L2} (up to a constant), then for every X = (X_1, . . . , X_k) ∈ X^k_{L1} (T^1_k Q), we have 0 = k∑ A=1 i(XA)ω^A_{L1} − dEL_1 = k∑ A=1 i(XA)ω^A_{L2} − dEL_2 so X ∈ X^k_{L2} (T^1_k Q), and in the same way we prove that if X ∈ X^k_{L2} (T^1_k Q), then X ∈ X^k_{L1} (T^1_k Q).

For gauge-equivalent Lagrangians, definition 11 guarantees the invariance of the set of kvector fields which are solution to the geometric Euler-Lagrange equations (28). Nevertheless, this condition is also sufficient to assure the invariance of the set solutions to the Euler-Lagrange equations (22). In fact:

Proposition 13 If the Lagrangian functions L_1, L_2 ∈ C^∞(T^1_k Q) are gauge equivalent then, the Euler-Lagrange equations (22) associated to L_1 and L_2 have the same solutions.

(Proof ) If L_1, L_2 ∈ C^∞(T^1_k Q) are gauge equivalent, then by the Proposition 12 we have: ω^A_{L1} = ω^A_{L2} , for A = 1, . . . , k and E_{L1} = E_{L2} , (up to a constant). As ω^A_{L1} = ω^A_{L2} , for A = 1, . . . , k, from (25) we deduce that

∂^2L_1 ∂q^j∂v^i_A = ∂^2L_2 ∂q^j ∂v^i_A and ∂^2L_1 ∂v^j_B ∂v^i_A = ∂^2L_2 ∂v^j_B ∂v^i_A . (46)

Therefore, we obtain ∂ ∂t^A ( ∂L_1 ∂v^i_A | |_{ϕ(1)(t)} ) ∂^2L_1 ∂q^j ∂v^i_A | |_{ϕ(1)(t)} ∂ϕ^j ∂t^A | |_t +

∂^2L_1 ∂v^j_B ∂v^i_A | |_{ϕ(1)(t)}

∂^2ϕ^j ∂t^A∂t^B | |_t = ∂^2L_2 ∂q^j ∂v^i_A | | ϕ^{(1)}(t) ∂ϕ^j ∂t^A | | t + ∂^2L_2 ∂v^j_B ∂v^i_A | | ϕ^{(1)}(t)

∂^2ϕ^j ∂t^A∂t^B | | t = ∂ ∂t^A ( ∂L_2 ∂v^i_A | | ϕ^{(1)}(t) ) . (47)

Furthermore, E_{L1} = E_{L2} (up to a constant), then ∂E_{L1} ∂q^j = ∂E_{L2} ∂q^j , and from (26) we deduce

v^i_A ∂^2L_1 ∂q^j∂v^i_A − ∂L_1 ∂q^j = v^i_A ∂^2L_2 ∂q^j∂v^i_A − ∂L_2 ∂q^j . (48)

From (46) and (48) we obtain ∂L_1 ∂q^j = ∂L_2 ∂q^j , (49)

and then, from (47) and (49) we obtain k∑ A=1 ∂ ∂t^A ( ∂L_1 ∂v^i_A | |_{ϕ(1)(t)} ) − ∂L_1 ∂q^j | |_{ϕ(1)(t)} = k∑ A=1 ∂ ∂t^A ( ∂L_2 ∂v^i_A | |_{ϕ(1)(t)} ) − ∂L_2 ∂q^j | |_{ϕ(1)(t)} , which implies that ϕ: R^k → Q is a solution to the Euler-Lagrange equations associated to L_1 if, and only if, it is a solution to the Euler-Lagrange equations associated with L_2.

As a generalization of an analogous result in mechanics (see [1], p 216), we have the following results:

Proposition 14 A Lagrangian L: T^1_k Q → R satisfies ω^A_L = 0, for every A = 1, . . . , k, if, and only if, there exist α^1, . . . , α^k ∈ Ω^1(Q), closed 1-forms on Q and a function f ∈ C^∞(Q), such that L = ^α + τ^∗f (up to a constant), where α̂ ∈ C^∞(T^1_k Q) is the function defined by α̂ : T^1_k Q −→ R w_q = (v_{1q} , . . . , v_{kq} ) → k∑ A=1 α^A_q (v_{Aq} ) .

(Proof ) Suppose that ω^A_L = −dθ^A_L = 0 , 1 ≤ A ≤ k, then θ^A_L = dL ∘ S^A are closed and semi-basic 1-forms on T^1_k Q, then dL ∘ S^A are basic forms and there exist α^A ∈ Ω^1(Q) such that dL ∘ S^A = τ^∗α^A , 1 ≤ A ≤ k . (50) Moreover, since 0 = dθ^A_L = d(τ^∗α^A) = τ^∗(dα^A), then dα^A = 0; that is, each α^A is a closed 1-form on Q. Furthermore, by a computation in local coordinates we obtain dα̂ ∘ S^A = τ^∗α^A, and from (50) we have dα̂ ∘ S^A = τ^∗α = dL ∘ S^A. Then d(L − α̂) ∘ S^A = 0. Therefore, the 1-form d(L − α̂) is closed and semi-basic. As a consequence, d(L − α̂) is a basic 1-form; that is, there exist f ∈ C^∞(Q) such that d(L − α̂) = τ^∗df = d(τ^∗f). Then L = α̂ + τ^∗f (up to a constant).

Conversely, let us suppose that L = α̂ + τ^∗f (up to a constant). For every A = 1, . . . , k we have θ^A_L = dL ∘ S^A = d(α̂ + τ^∗f) ∘ S^A = dα̂ ∘ S^A = τ^∗α^A , since dτ^∗f vanishes on the vertical vector fields. As α^A is closed, dα^A = 0 and we obtain ω^A_L = −dθ^A_L = −d(τ^∗α^A) = −τ^∗(dα^A) = 0 .

Proposition 15 The Lagrangian functions L_1, L_2 ∈ C^∞(T^1_k Q) are gauge equivalent if, and only if, L_1 = L_2 + α̂ (up to a constant).

(Proof ) Let us suppose that L_1, L_2 ∈ C^∞(T^1_k Q) are gauge equivalent. As ω^A_{L1} = ω^A_{L2} , then ω^A_{L1−L2} = 0, 1 ≤ A ≤ k. Thus, by Proposition 14, there exist α^1, . . . , α^k ∈ Z^1(Q) and f ∈ C^∞(Q) such that L_1 − L_2 = α̂ + τ^∗f (up to a constant).

From Proposition 12 we know that E_{L1} = E_{L2} , (up to a constant), or equivalently, E_{L1} − E_{L2} = 0 (up to a constant). Therefore,

0 = E_{L1} − E_{L2} = Δ(L_1) − L_1 − Δ(L_2) + L_2 = Δ(L_1 − L_2) − (L_1 − L_2) = Δ(α̂ + τ^∗f) − (L_1 − L_2) = α̂ − (L_1 − L_2) (up to a constant).

Conversely, let us suppose L_1 = L_2 + α̂ (up to a constant). First, a simple computation gives ω^A_{L2} − ω^A_{L1} = d(θ^A_{L1} − θ^A_{L2} ) = d(d(L_1 − L_2) ∘ S^A) = d(dα̂ ∘ S^A) = d(τ^∗α^A) = τ^∗(dα^A) = 0 .

Thus ω^A_{L1} = ω^A_{L2} . Furthermore,

E_{L1} = Δ(L_1) − L_1 = Δ(L_2 + α̂) − (L_2 + α̂) = E_{L2} + α̂ − α̂ = E_{L2} (up to a constant), since Δ(α̂) = α̂. As ω^A_{L1} = ω^A_{L2} and E_{L1} = E_{L2} (up to a constant), which means that L_1 and L_2 are gauge equivalents (see Proposition 12).

3.5 Lagrangian gauge symmetries

Bearing in mind the discussion made in the last section, we can define:

Definition 12 Let (T^1_k Q, ω^A_L , E_L) be a k-symplectic Lagrangian system.

1. A Lagrangian gauge symmetry is a diffeomorphism Φ: T^1_k Q → T^1_k Q such that L and Φ^∗L are gauge-equivalent Lagrangians; that is, Φ^∗L = L + α̂ (up to a constant), α̂ ∈ C^∞(T^1_k Q) being the function defined in Proposition 14.

In the particular case where Φ^∗L = L (up to a constant), then Φ is said to be a Lagrangian strict symmetry.

A Lagrangian gauge symmetry is said to be natural if there exists a diffeomorphism φ: Q → Q such that Φ = (T^1_k )φ.

2. An infinitesimal Lagrangian gauge symmetry is a vector field Y ∈ X(TQ) whose local flows are Lagrangian gauge symmetries.

In the particular case where L(Y )L = 0, then Y is said to be an infinitesimal Lagrangian strict symmetry.

An infinitesimal Lagrangian gauge symmetry is said to be natural if there exists a vector field Z ∈ X(Q) such that Y = Z^C ,

Remark: A Lagrangian gauge symmetry Φ: T^1_k Q → T^1_k Q of a k-symplectic Lagrangian system is not necessarily a Cartan symmetry, since in general Φ^∗ω^A_L ≠ ω^A_Φ∗_L, for A = 1, . . . , k, and Φ^∗E_L ≠ E_Φ∗_L, as can be easily proved with a simple calculation in coordinates.

In general we have:

Lemma 4 Let φ: Q → Q be a diffeomorphism and let Φ = T^1_k (φ) the canonical prolongation of φ. Then:

(i) Φ^∗θ^A_L = θ^A_Φ∗_L, (ii) Φ^∗ω^A_L = ω^A_Φ∗_L, (iii) Φ^∗E_L = E_Φ∗_L .

(Proof ) This is a direct consequence of Lemma 2 and the definition of θ^A_L . In fact, for Φ = T^1_k (φ) we obtain Φ^∗θ^A_L = Φ^∗(dL ∘ S_A) = d(Φ^∗L) ∘ S_A) = θ^A_Φ∗_L . Φ^∗ω^A_L = Φ^∗(−dθ^A_L ) = −dΦ^∗θ^A_L = ω^A_Φ∗_L .

Φ^∗E_L = Φ^∗( k∑ A=1 Δ_A(L) − L) = k∑ A=1 Δ_A(Φ^∗L) − Φ^∗L = E_Φ∗_L .

And then we have the following relation between natural Cartan symmetries and natural gauge symmetries:

Proposition 16 Let (T^1_k Q, ω^A_L , E_L) be a k-symplectic Lagrangian system. Then, Φ: T^1_k Q → T^1_k Q is a natural Cartan symmetry if, and only if, it is a natural Lagrangian gauge symmetry.

(Proof ) If Φ = T^1_k (φ) for some diffeomorphism φ: Q → Q, by lemma (4) we have that

Φ^∗ω^A_L = ω^A_Φ∗_L , Φ^∗E_L = E_Φ∗_L

therefore Φ^∗ω^A_L = ω^A_L Φ^∗E_L = E_L } ⇐⇒ { (ω_Φ∗_L)_A = ω^A_L E_Φ∗_L = E_L that is, Φ is a natural Cartan Lagrangian symmetry if, and only if, L and Φ^∗L are gauge equivalent Lagrangians and thus Φ is a natural Lagrangian gauge symmetry.

This result also holds for infinitesimal Lagrangian symmetries, taking the corresponding local flows.

Finally, we can state a particular version of Noether’s theorem for natural Lagrangian strict symmetries:

Theorem 5 (Lagrangian Noether): If Y ∈ X((T^1_k )Q) is an infinitesimal natural Lagrangian strict symmetry of a k-symplectic Lagrangian system (T^1_k Q, ω^A_L , E_L), with Y = Z^C , for some Z ∈ X(T^1_k Q), then the functions f^A = Z^{VA} (L), for 1 ≤ A ≤ k, define a conservation law f = (f^1, . . . , f^k).

(Proof ) This is a straightforward consequence of the above proposition and corollary 1 since in this case, dζ^A = L(Y )θ^A_L = L(Z^C )θ^A_L = 0 , 1 ≤ A ≤ k .

In the case k = 1, the above result can be found in [2, 34].

4 Conclusions and outlook

We analyze several kinds of symmetries that can be defined for Hamiltonian and Lagrangian first-order classical field theories, in their k-symplectic formulation.

First, we define the concept of symmetry (and infinitesimal symmetry). Second, according to Olver, we define conservation laws and investigate the problem of associating conservation laws with symmetries. In this way we have considered Cartan symmetries (which preserve the k-symplectic structures and physics; i.e., the Hamiltonian or the energy function) and, in particular, those called “natural”, which are canonical liftings of diffeomorphisms or vector fields. We prove that Cartan symmetries are symmetries and that there is a natural way of associating them with conservation laws by means of Noether’s theorem. We state and prove this theorem in different situations for the Hamiltonian and Lagrangian cases.

Finally, we study and characterize gauge equivalent Lagrangians, leading to the introduction of Lagrangian gauge symmetries (which transform a Lagrangian into another equivalent one), proving that natural Lagrangian gauge symmetries are the same as natural Cartan symmetries, and stating the corresponding Noether’s theorem.

Further research will be devoted to extending all these concepts and results to the kcosymplectic formalism of first-order classical field theories.

Acknowledgments

We acknowledge the partial financial support of the project MTM2006-27467-E/. The author NRR also acknowledges the financial support of Ministerio de Educación y Ciencia, Project MTM2005-04947. We thank Mr. Jeff Palmer for his assistance in preparing the English version of the manuscript.

References

[1] R.A. Abraham, J.E. Marsden, Foundations of Mechanics (Second Edition), Benjamin- Cummings Publishing Company, New York, (1978).

[2] V.I. Arnold, Mathematical methods of classical mechanics. Graduate Texts in Mathematics 60. Springer-Verlag, New York-Heidelberg, (1978).

[3] A. Awane, k-symplectic structures, J. Math. Phys. 33 (1992), 4046-4052.

[4] A. Awane, “G-spaces k-symplectic homogènes”, J. Geom. Phys. 13 (1994) 139-157.

[5] A. Awane, M. Goze, Pfaffian systems, k-symplectic systems. Kluwer Academic Publishers , Dordrecht (2000).

[6] J.F. Cariñena, C. López, E. Martínez, “A new approach to the converse of Noether’s theorem”, J. Phys. A: Math. Gen. 22(22) (1989) 4777–4786.

[7] F. Cantrijn, A. Ibort, M. de León, “On the geometry of multisymplectic manifolds”, J. Austral. Math. Soc. Ser. A 66 (1999), 303-330.

[8] F. Cantrijn, A. Ibort, M. de León, “Hamiltonian structures on multisymplectic manifolds”, Rend. Sem. Mat. Univ. Politec. Torino, 54 (1996), 225-236.

[9] M. Crampin, “Tangent bundle geometry for Lagrangian dynamics”, J. Phys. A: Math.

Gen. 16 (1983) 3755–3772.

[10] A. Echeverría-Enríquez, M.C. Muñoz-Lecanda, N. Román-Roy, “Multivector Field Formulation of Hamiltonian Field Theories: Equations and Symmetries”, J. Phys. A: Math. Gen. 32(48) (1999) 8461-8484.

[11] P.L. García, A. Pérez-Rendón, “Symplectic approach to the theory of quantized fields, I”. Comm. Math. Phys. 13 (1969) 24-44.

[12] P.L. García, A. Pérez-Rendón, “Symplectic approach to the theory of quantized fields, II”. Arch. Ratio. Mech. Anal. 43 (1971), 101-124.

[13] G. Giachetta, L. Mangiarotti, G. Sardanashvily, New Lagrangian and Hamiltonian Methods in Field Theory, World Scientific Pub. Co., Singapore (1997).

[14] H. Goldschmidt, S. Sternberg, “The Hamilton-Cartan formalism in the calculus of variations”. Ann. Inst. Fourier 23 (1973), 203-267.

[15] M.J. Gotay, “An exterior differential systems approach to the Cartan form. In: Symplectic geometry and mathematical physics” (Aix-en-Provence, 1990). Progr. Math., 99, Birkhäuser Boston, Boston, MA, 1991, pp. 160-188.

[16] M.J. Gotay, “A multisymplectic framework for classical field theory and the calculus of variations, I. Covariant Hamiltonian formalism”. In: Mechanics, analysis and geometry: 200 years after Lagrange. North-Holland Delta Ser., North-Holland, Amsterdam, 1991, pp. 203-235.

[17] M.J. Gotay, “A multisymplectic framework for classical field theory and the calculus of variations, II. Space + time decomposition”. Differential Geom. App. 1 (1991), 375-390.

[18] Gotay, M., J. Isenberg, and J. E. Marsden, “Momentum Maps and Classical Relativistic Fields, Part I: Covariant Field Theory”, www.arxiv.org: [2004] physics/9801019. “Part II: Canonical analysis of Field Theories”, www.arxiv.org: [2004] math-ph/0411032.

[19] J. Grifone, “Structure presque-tangente et connexions, I” Ann. Inst. Fourier 22(1) (1972) 287–334.

[20] J. Grifone, “Structure presque-tangente et connexions, II” Ann. Inst. Fourier 22(3) (1972)291–338.

[21] C. Günther, “The polysymplectic Hamiltonian formalism in field theory and calculus of variations I: The local case” J. Differential Geom. 25 (1987) 23-53.

[22] I. V. Kanatchikov, “Canonical structure of classical field theory in the polymomentum phase space”, Rep. Math. Phys. 41(1) (1998) 49–90.

[23] J. Kijowski, “A finite-dimensional canonical formalism in the classical field theory”, Comm. Math. Phys. 30 (1973), 99-128.

[24] J. Kijowski, W. Szczyrba, “Multisymplectic manifolds and the geometrical construction of the Poisson brackets in the classical field theory”. Géométrie symplectique et physique mathématique (Colloq. International C.N.R.S., Aix-en-Provence, 1974) (1974) 347-349.

[25] J. Kijowski, W. M. Tulczyjew, A symplectic framework for field theories. Lecture Notes in Physics, 107. Springer-Verlag, New York, 1979.

[26] J. Klein, “Espaces variationelles et mécanique”. Ann. Inst. Fourier 12 (1962),1-124.

[27] M. de León, D. Martín de Diego, “Symmetries and Constant of the Motion for Singular Lagrangian Systems”, Int. J. Theor. Phys. 35(5) (1996) 975-1011.

[28] M. de León, D. Martín de Diego, A. Santamaría-Merino, “Symmetries in classical field theories”, Int. J. Geom. Meth. Mod. Phys. 1(5) (2004) 651-710.

[29] M. de León, I. Méndez, M. Salgado, “p-almost tangent structures”. Rend. Circ.

Mat. Palermo Serie II XXXVII (1988), 282-294.

[30] M. de León, I. Méndez, M. Salgado, “Integrable p–almost tangent structures and tangent bundles of p^1-velocities”, Acta Math. Hungar. 58(1-2) (1991), 45-54.

[31] C. López, E. Martínez, M.F. Rañada, “Dynamical Symmetries, non-Cartan Symmetries and Superintegrability of the n-Dimensional Harmonic Oscillator ”, J. Phys. A: Math. Gen. 32 (1999) 1241-1249.

[32] M. de León, E. Merino, J.A. Oubiña, P. Rodrigues, M. Salgado, “Hamiltonian systems on k-cosymplectic manifolds”. J. Math. Phys. 39(2) (1998) 876–893.

[33] M. de León, E. Merino, M. Salgado “k-cosymplectic manifolds and Lagrangian field theories”, J. Math. Phys. 42(5) (2001) 2092–2104.

[34] G. Marmo, E.J. Saletan, A. Simoni, B. Vitale, Dynamical systems. A differential geometric approach to symmetry and reduction. Wiley-Interscience Publication, John Wiley & Sons, Ltd., Chichester, (1985).

[35] G. Martin, “Dynamical structures for k-vector fields”, Internat. J. Theoret. Phys. 27 (1988), 571-585.

[36] G. Martin, “A Darboux theorem for multi-symplectic manifolds”, Lett. Math. Phys. 16 (1988), 133-138.

[37] F. Munteanu, A. M. Rey, M. Salgado, “The Günther’s formalism in classical field theory: momentum map and reduction”, J. Math. Phys. 45(5) (2004) 1730–1751.

[38] A. Morimoto “Liftings of some types of tensor fields and connections to tangent p^rvelocities”. Nagoya Qath. J. 40 (1970) 13-31.

[39] M. McLean; L. K. Norris, “Covariant field theory on frame bundles of fibered manifolds”. J. Math. Phys. 41(10) (2000) 6808–6823.

[40] L.K. Norris, “Generalized symplectic geometry on the frame bundle of a manifold”, Proc. Symp. Pure Math. 54, Part 2 (Amer. Math. Soc., Providence RI, 1993), 435-465.

[41] L.K. Norris, “Symplectic geometry on T^∗M derived from n-symplectic geometry on LM”, J. Geom. Phys. 13 (1994) 51-78.

[42] L.K. Norris, “Schouten-Nijenhuis Brackets”, J. Math. Phys. 38 (1997) 2694-2709. [43] L. K. Norris, “n-symplectic algebra of observables in covariant Lagrangian field theory”, J. Math. Phys. 42(10) (2001) 4827–4845.

[44] P.J. Olver, Applications of Lie groups to differential equations. Graduate Texts in Mathematics, 107. Springer-Verlag, New York, 1986.

[45] M.F. Rañada, “Integrable Three Particle Systems, Hidden Symmetries and Deformations of the Calogero-Moser System ”, J. Math. Phys. 36(7) (1995) 3541-3558.

[46] M.F. Rañada, “Superintegrable n = 2 Systems, Quadratic Constants of Motion, and Potential of Drach ”, J. Math. Phys. 38(8) (1995) 4165-4178.

[47] W. Sarlet, F. Cantrijn, “Higher-order Noether symmetries and constants of the motion”, J. Phys. A: Math. Gen. 14 (1981) 479-492.

[48] J. Sniatycki, “On the geometric structure of classical field theory in Lagrangian formulation”, Math. Proc. Cambridge Philos. Soc. 68 (1970) 475-484.

[49] W.M. Tulczyjew, “Hamiltonian systems, Lagrangian systems and the Legendre transformation”, Symposia Mathematica 16 (1974) 247–258.