math-ph/9905010 v2 25 May 1999

VARIOUS ASPECTS OF WHITHAM TIMES

Robert Carroll University of Illinois email: rcarroll@math.uiuc.edu

May, 1999

Abstract

We sketch some of the different roles played by Whitham times in connection with averaging, adiabatic invariants, soliton theory, Hamiltonian structures, topological field theory (TFT), Seiberg-Witten (SW) theory, isomonodromy problems, Hitchin systems, WDVV and Picard- Fuchs equations, renormalization, soft supersymmetry breaking, etc.

Contents

1 INTRODUCTION 2

2 BACKGROUND 2 2.1 Riemann surfaces and BA functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 2.2 General remarks on averaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.3 Averaging with ψ^∗ψ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.4 Dispersionless theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 ISOMONODROMY PROBLEMS 17

4 JMMS EQUATIONS 22

5 GAUDIN MODEL AND KZ EQUATIONS 27

6 ISOMONODROMY AND HITCHIN SYSTEMS 30

7 WHITHAM AND SEIBERG-WITTEN 40 7.1 Background from [83] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 7.2 Connections to [168] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

8 SOFT SUSY BREAKING AND WHITHAM 49 8.1 Remarks on susy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 8.2 Soft susy breaking and spurion fields . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

9 RENORMALIZATION 56 9.1 Contact terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

10 WHITHAM, WDVV, and PICARD-FUCHS 61 10.1 ADE and LG approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 10.2 Frobenius algebras and manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 10.3 Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations . . . . . . . . . . . . . . . . 68

1 INTRODUCTION

Whitham theory arises in various contexts and the corresponding Whitham times play roles such as deformation parameters of moduli, slow modulation times, coupling constants, etc. When trying to relate these roles some unifying perspective regarding Whitham theory is needed and we try here to provide some steps in this spirit. The idea is to display Whitham theory in many (not perhaps all) of its various aspects (with some sort of compatible notation) and thus to exhibit (if not always explain) the connections between various manifestations of Whitham times. Some background work in this direction appears in [7, 18, 23, 24, 25, 26, 27, 28, 29, 30, 31, 33, 34, 48, 49, 53, 54, 56, 57, 61, 62, 63, 64, 74, 75, 78, 80, 82, 83, 84, 85, 86, 87, 88, 89, 90, 92, 105, 106, 112, 113, 117, 118, 121, 126, 127, 128, 129, 134, 135, 136, 137, 138, 139, 140, 145, 147, 149, 150, 151, 152, 159, 160, 161, 163, 164, 165, 166, 168, 169, 172, 175, 176, 188, 189, 190, 191, 192, 193, 194, 195, 198, 199, 202]. Symbols such as (•), (♣), (A), (XIII), etc. may be repeated in different sections but references to them are intrasectional.

2 BACKGROUND

Perhaps the proper beginning would be Whitham’s book [199] or the paper [74] where one deals with modulated wavetrains, adiabatic invariants, etc. followed by multiphase averaging, Hamiltonian systems, and weakly deformed soliton lattices as in [56, 57, 126]. The next stages bring one into contact with some current topics in theoretical physics such as topological field theory (TFT), strings, and SW theory to which some references are already given above. In Section 2 we begin with the averaging method following [23, 78, 126] plus dispersionless theory as in [24, 25, 31, 121, 188] (which is related to TFT); then we develop relations to isomonodromy and to Hitchin systems following [134, 135, 136, 175, 176, 190, 192, 193, 194, 195] in Sections 3-6, while connections to Seiberg-Witten (SW) theory, the renormalization group (RG) and soft supersymmetry (susy) breaking appear in Sections 7-9. In Section 10 we add a few remarks about the structure of contact terms in twisted N = 2 susy gauge theory on a 4-manifold following [61, 62, 137, 145, 147, 162, 189].

The averaging method for soliton equations goes back to [74] and early Russian work (cf. [56, 57] for references) but the most powerful techniques appear first in [126] (with refinements and clarification in [23, 78]). For background on KdV, KP, and RS see e.g. [15, 23, 35, 52, 123, 187].

2.1 Riemann surfaces and BA functions

We take an arbitrary Riemann surface Σ of genus g, pick a point Q and a local variable 1/k near Q such that k(Q) = ∞, and, for illustration, take q(k) = kx + k^2y + k^3t. Let D = P_1 + · · · + P_g be a non-special divisor of degree g and write ψ for the (unique up to a multiplier by virtue of the Riemann-Roch theorem) Baker-Akhiezer (BA) function characterized by the properties (A) ψ is meromorphic on Σ except for Q where ψ(P )exp(−q(k)) is analytic and (*) after normalization ψ ∼ exp(q(k))[1 + ∑_∞ 1 (ξ_j /k^j)] near Q. (B) On Σ/Q, ψ has only a finite number of poles (at the

P_i). In fact ψ can be taken in the form (P ∈ Σ, P_0 ≠ Q) ψ(x, y, t, P ) = exp[ ∫_P P0 (xdΩ^1 + ydΩ^2 + tdΩ^3)] ·

Θ(A(P ) + xU + yV + tW + z_0) Θ(A(P ) + z_0)

(2.1)

where dΩ^1 = dk + · · · , dΩ^2 = d(k^2) + · · · , dΩ^3 = d(k^3) + · · · , U_j = ∫ B_j dΩ 1, V_j = ∫ B_j dΩ 2, W_j = ∫ B_j dΩ 3 (j = 1, · · · , g), z_0 = −A(D) − K, and Θ is the Riemann theta function. The symbol ∼ will be used generally to mean “corresponds to” or “is associated with”; occasionally it also denotes asymptotic behavior; this should be clear from the context. Here the dΩ_j are meromorphic differentials of second kind normalized via ∫ A_k dΩj = 0 (Aj , Bj are canonical homology cycles) and

we note that xdΩ^1+ydΩ^2 +tdΩ^3 ∼ dq(k) normalized; A ∼ Abel-Jacobi map A(P ) = ( ∫_P P0 dω_k) where the dω_k are normalized holomorphic differentials, k = 1, · · ·, g, ∫ A_j dωk = δjk, and K = (Kj ) ∼ Riemann constants (2K = −A(K_Σ) where K_Σ is the canonical class of Σ ∼ equivalence class of meromorphic differentials). Thus Θ(A(P ) + z_0) has exactly g zeros (or vanishes identically. The paths of integration are to be the same in computing ∫_P P0 dΩ^i or A(P ) and it is shown in [15, 23, 52] that ψ is well defined (i.e. path independent). Then the ξ_j in (*) can be computed formally and one determines Lax operators L and A such that ∂_yψ = Lψ with ∂_tψ = Aψ. Indeed, given the ξ_j write u = −2∂_xξ_1 with w = 3ξ_1∂_xξ_1 − 3∂^2_xξ_1 − 3∂_xξ_2. Then formally, near Q, one has (−∂_y + ∂^2_x + u)ψ = O(1/k)exp(q) and (−∂_t + ∂^3_x + (3/2)u∂_x + w)ψ = O(1/k)exp(q) (i.e. this choice of u, w makes the coefficients of k^nexp(q) vanish for n = 0, 1, 2, 3). Now define L = ∂^2_x + u and A = ∂^3_x + (3/2)u∂_x + w so ∂_yψ = Lψ and ∂_tψ = Aψ. This follows from the uniqueness of BA functions with the same essential singularity and pole divisors (Riemann-Roch). Then we have, via compatibility L_t − A_y = [A, L], a KP equation (3/4)u_{yy} = ∂_x[u_t − (1/4)(6uu_x + u_{xxx})] and therefore such KP equations are parametrized by nonspecial divisors or equivalently by points in general position on the Jacobian variety J(Σ). The flow variables x, y, t are put in by hand in (A) via q(k) and then miraculously reappear in the theta function via xU + yV + tW ; thus the Riemann surface itself contributes to establish these as linear flow variables on the Jacobian. The pole positions P_i do not vary with x, y, t and (†) u = 2∂^2_xlogΘ(xU + yV + tW + z_0) + c exhibits Θ as a tau function.

We recall also that a divisor D^∗ of degree g is dual to D (relative to Q) if D+D^∗ is the null divisor of a meromorphic differential dΩ̂ = dk + (β/k^2)dk + · · · with a double pole at Q (look at ζ = 1/k to recognize the double pole). Thus D + D^∗ − 2Q ∼ K_Σ so A(D^∗) − A(Q) + K = −[A(D) − A(Q) + K]. One can define then a function ψ^∗(x, y, t, P ) = exp(−kx − k^2y − k^3t)[1 + ξ^∗_1 /k) + · · ·] based on D^∗ (dual BA function) and a differential dΩ̂ with zero divisor D + D^∗, such that ϕ = ψψ^∗dΩ̂ is meromorphic, having for poles only a double pole at Q (the zeros of dΩ̂ cancel the poles of ψψ^∗). Thus ψψ^∗dΩ̂ ∼ ψψ^∗(1 + (β/k^2 + · · ·)dk is meromorphic with a second order pole at ∞, and no other poles. For L^∗ = L and A^∗ = −A + 2w − (3/2)u_x one has then (∂_y + L^∗)ψ^∗ = 0 and (∂_t + A^∗)ψ^∗ = 0. Note that the prescription above seems to specify for ψ^∗ (⃗U = xU + yV + tW, z^∗_0 = −A(D^∗) − K) ψ^∗ ∼ e^− ∫_P Po (xdΩ1+ydΩ2+tdΩ3) · Θ(A(P ) − ⃗U + z^∗_0 ) Θ(A(P ) + z^∗_0 )

(2.2)

In any event the message here is that for any Riemann surface Σ one can produce a BA function ψ with assigned flow variables x, y, t, · · · and this ψ gives rise to a (nonlinear) KP equation with solution u linearized on the Jacobian J(Σ). For averaging with KP (cf. [23, 78, 126]) we can use formulas (cf. (2.1) and (2.2)) ψ = e^{px+Ey+Ωt} · ϕ(U x + V y + W t, P ) (2.3) ψ^∗ = e^{−px−Ey−Ωt} · ϕ^∗(−U x − V y − W t, P ) (2.4) with ϕ, ϕ^∗ periodic, to isolate the quantities of interest in averaging (here p = p(P ), E = E(P ), Ω = Ω(P ), etc.) We think here of a general Riemann surface Σ_g with holomorphic differentials dω_k and quasi-momenta and quasi-energies of the form dp = dΩ^1, dE = dΩ^2, dΩ = dΩ^3, · · · (p = ∫_P P0 dΩ^1 etc.) where the dΩ^j = dΩ_j = d(λ^j + O(λ^{−1})) are meromorphic differentials of the second kind. Following [126, 127] one could normalize now via ℜ ∫ A_j dΩ k = ℜ ∫ B_j dΩ k = 0 so that e.g.

U_k = (1/2πi) ∮ A_k dp and Uk+g = −(1/2πi) ∮ B_k dp (k = 1, · · · , g) with similar stipulations for Vk ∼ ∮ dΩ^2, W_k ∼ ∮ dΩ^3, etc. This leads to real 2g period vectors and evidently one could also normalize via ∮ A_m dΩ k = 0 (which we generally adopt in later sections) or ℑ ∮ A_m dΩ k = ℑ ∮ B_m dΩ k = 0 (further we set B_{jk} = ∮ B_k dωj). 2.2 General remarks on averaging

Averaging can be rather mysterious at first due partly to some hasty treatments and bad choices of notation - plus many inherent difficulties. Some of the clearest exposition seems to be in [18, 74, 78, 157] for which we go to hyperelliptic curves (cf. also [15, 23, 35]). For hyperelliptic Riemann surfaces one can pick any 2g + 2 points λ_j ∈ P^1 and there will be a unique hyperelliptic curve Σ_g with a 2-fold map f : Σ_g → P^1 having branch locus B = {λ_j }. Since any 3 points λ_i, λ_j , λ_k can be sent to 0, 1, ∞ by an automorphism of P^1 the general hyperelliptic surface of genus g can be described by (2g + 2) − 3 = 2g − 1 points on P^1. Since f is unique up to an automorphism of P^1 any hyperelliptic Σ_g corresponds to only finitely many such collections of 2g − 1 points so locally there are 2g − 1 (moduli) parameters. Since the moduli space of algebraic curves has dimension 3g − 3 one sees that for g ≥ 3 the generic Riemann surface is nonhyperelliptic whereas for g = 2 all Riemann surfaces are hyperelliptic (with 3 moduli). For g = 1 we have tori or elliptic curves with one modulus τ and g = 0 corresponds to P^1. In many papers on soliton mathematics and integrable systems one takes real distinct branch points λ_j , 1 ≤ j ≤ 2g + 1, and ∞, with λ_1 < λ_2 < · · · < λ_{2g+1} < ∞ and

μ^2 = 2g+1∏

1 (λ − λ_j) = P_{2g+1}(λ, λ_j ) (2.5)

as the defining equation for Σ_g. Evidently one could choose λ_1 = 0, λ_2 = 1 in addition so for g = 1 we could use 0 < 1 < u < ∞ for a familiar parametrization with elliptic integrals, etc. One can take dλ/μ, λdλ/μ, · · ·, λ^{g−1}dλ/μ as a basis of holomorphic differentials on Σ_g but usually one takes linear combinations of these denoted by dω_j, 1 ≤ j ≤ g, normalized via ∮ A_i dωj = δij , with period matrix

defined via ∮ B_i dωj = Πij . The matrix Π = (Πij) is symmetric with ℑΠ > 0 and it determines

the curve. Frequently in situations arising from KdV (Korteweg-deVries equation) for example one regards the intervals [λ_1, λ_2], · · ·, [λ_{2g+1}, ∞) as spectral bands and intervals (λ_2, λ_3), · · · , (λ_{2g}, λ_{2g+1}) as gaps with the a_i cycles around (λ_{2i}, λ_{2i+1}) (i = 1, · · · , g). One will also want to consider another representation of hyperelliptic curves of genus g via

μ^2 = 2g+1∏

0 (λ − λ_j) = P_{2g+2}(λ, λ_j ) (2.6)

where ∞ is now not a branch point and in fact there are two points μ_± corresponding to λ = ∞.

We recall next some of the results and techniques of [74, 157] where one can see explicitly the nature of things. The presentation here follows [23]. First from [157], in a slightly different notation, write q_t = 6qq_x − q_{xxx} with Lax pair L = −∂^2_x + q, B = −4∂^3_x + 3(q∂_x + ∂_xq), L_t = [B, L], Lψ = λψ, and ψ_t = Bψ. Let ψ and ϕ be two solutions of the Lax pair equations and set Ψ = ψϕ; these are the very important “square eigenfunctions” which arise in many ways with interesting and varied meanings (cf. [24, 25, 31, 32, 35]). Evidently Ψ satisfies

[−∂^3_x + 2(q∂_x + ∂_xq)]Ψ = 4λ∂_xΨ; ∂_tΨ = −2q_xΨ + 2(q + 2λ)∂_xΨ (2.7)

From (2.7) one finds immediately the conservation law (C): ∂_t[Ψ] + ∂_x[6(q − 2λ)Ψ − 2∂^2_xΨ] = 0. If one looks for solutions of (2.7) of the form Ψ(x, t, λ) = 1 + ∑_∞ 1 [Ψ_j (x, t)]λ^{−j} as λ → ∞ then one obtains a recursion relation for polynomial densities

∂_xΨ_{j+1} = [− 1 2 ∂^3_x + (q∂_x + ∂_xq)]Ψ_j (j = 1, 2, · · ·); Ψ_0 = 1 (2.8)

Now consider the operator L = −∂^2_x + q in L^2(−∞, ∞) with spectrum consisting of closed intervals separated by exactly N gaps in the spectrum. The 2N + 1 endpoints λ_k of these spectral bands are denoted by −∞ < λ_0 < λ_1 < · · · < λ_{2N} < ∞ and called the simple spectrum of L. They can be viewed as constants of motion for KdV when L has this form. We are dealing here with the hyperelliptic Riemann surface determined via R^2(λ) = ∏_{2N} 0 (λ − λ_k) (∞ is a branch point) and one can think of a manifold M of N -phase waves with fixed simple spectrum as an N -torus based on θ_j ∈ [0, 2π). Hamiltonians in the KdV hierarchy generate flows on this torus and one writes q = q_N (θ_1, · · · , θ_N ) (the θ variables arise if we use theta functions for the integration - cf. also below). Now there is no y variable so let us write θ_j = xκ_j + tw_j (we will continue to use dω_j for normalized holomorphic differentials). For details concerning the Riemann surface we refer to [15, 35, 37, 52, 74, 171] and will summarize here as follows. For any q_N as indicated one can find functions μ_j(x, t) via Ψ(x, t, λ) = ∏_N 1 (λ − μ_j (x, t)) where μ_j (x, t) ∈ [λ_{2j−1}, λ_{2j}] and satisfies ∂_xμ_j = −2i(R(μ_j)/ ∏ i≠j (μ_j − μ_i)); (2.9)

∂_tμ_j = −2i[2( 2N∑ 0 λ_k − 2 ∑ i≠j μ_i)] · (R(μ_j)/ ∏ i≠j (μ_j − μ_i)

In fact the μ_j live on the Riemann surface of R(λ) in the spectral gaps and as x increases μ_j travels from λ_{2j−1} to λ_{2j} on one sheet and then returns to λ_{2j−1} on the other sheet; this path will be called the j^{th} μ-cycle (∼ A_j). In the present context we will write the theta function used for integration purposes as Θ(z, τ ) = ∑ m∈Z^N exp[πi(2(m, z) + (m, τ m))] where z ∈ Z

N and τ denotes the N × N period matrix (τ is symmetric with ℑτ > 0). We take canonical cuts A_i, B_i (i = 1, · · ·, N ) and let dω_j be holomorphic diffentials normalized via ∫ A_j dωk = δjk (the cycle Aj corresponds to a loop

around the cut A_j). Then q_N can be represented in the form

q_N (x, t) = Λ + Γ − 2∂^2_xlogΘ(z(x, t); τ ); Λ = 2N∑ 0 λ_j; (2.10)

τ = (τ_{ij} ) = ( ∮ B_i dω_j); τ^∗_{ij} = −τ_{ij} ; Γ = −2 N∑ 1 ∮ A_j λdω_j and z(x, t) = −2i[c^N (x−x_0)+2(Λc^N +2c^{N−1})t]+d where (c^N )_i = c_{iN} arises from the representation dω_i = ( ∑_N 1 c_{ij}λ^{j−1})[dλ/R(λ)] (d is a constant whose value is not important here). Then the wave number and frequency vectors can be defined via ⃗κ = −4iπτ^{−1}c^N and ⃗w = −8iπτ^{−1}[Λc^N + 2c^{N−1}] with θ_j (x, t) = κ_j x + w_jt + θ^0_j (where the θ^0_j represent initial phases).

To model the modulated wave now one writes now q = q_N (θ_1, · · · , θ_N ; ⃗λ) where λ_j ∼ λ_j(X, T ) and ⃗λ ∼ (λ_j). Then consider the first 2N +1 polynomial conservation laws arising from (2.7) - (2.8) and C for example (cf. below for KP) and write these as ∂_tT_j(q) + ∂_xX_j(q) = 0 (explicit formulas are given in [74] roughly as follows). We note that the adjoint linear KdV equation (governing the evolution of conserved densities) is ∂_tγ_j + ∂^3_xγ_j − 6q∂_xγ_j = 0 (γ_j ∼ ∇H_j) and (2.8) has the form ∂γ_{j+1} = (−(1/2)∂^3 + q∂ + ∂q)γ_j . One then rewrites this to show that 6q∂_xγ_j = ∂_x[6γ_{j+1} − 6qγ_j + 3∂^2γ_j ] so that the adjoint equation becomes

∂_tγ_j + ∂[−2∂^2γ_j + 6qγ_j − 6γ_{j+1}] = 0 (2.11)

which leads to (2.12) and (2.16) below (after simplification of (2.11)). Then for the averaging step, write ∂_t = ϵ∂_T , etc., and average over the fast variable x to obtain

∂_T < T_j(q_N ) > +∂_X < X_j(q_N ) >= 0 (2.12)

((2.12) makes the first order term in ϵ vanish). The procedure involves averages < T_j(q_N ) >= lim_{L→∞} 1 2L ∫_L −L T_j(q_N )dx (2.13)

for example (with a similar expression for < X_j(q_N ) >) and an argument based on ergodicity is used. Thus if the wave numbers κ_j are incommensurate the trajectory {q_N (x, t); x ∈ (−∞, ∞)} will densely cover the torus M. Hence we can replace x averages with

< T_j(q_N ) >= 1 (2π)^N ∫_{2π} 0 · · · ∫_{2π} 0 T_j(q_N (⃗θ)) N∏ 1 dθ_j (2.14)

For computational purposes one can change the θ integrals to μ integrals and obtain simpler calculations. By this procedure one obtains a system of 2N + 1 first order partial differential equations for the 2N + 1 points λ_j(X, T ), or equivalently for the physical characteristics (⃗κ(X, T ), ⃗w(X, T )) (plus < q_N >). One can think of freezing the slow variables in the averaging and it is assumed that (2.12) is the correct first order description of the modulated wave.

The above argument may or may not have sounded convincing but it was in any case rather loose. Let us be more precise following [74]. One looks at the KdV Hamiltonians beginning with H = H(q) = lim_{L→∞}(1/2L) ∫_L −L(q^2 + (1/2)q^2_x)dx (this form is appropriate for quasi-periodic situations). Then {f, g} = lim_{L→∞}(1/2L) ∫_L −L(δf/δq)∂_x(δg/δq)dx (averaged Gardner bracket) and q_t = {q, H}. The other Hamiltonians are found via ∂ δH_{m+1} δq = (q∂ + ∂q − 1 2 ∂^3) δH_m δq (m ≥ 0); δH_0 δq = 1 (2.15)

where γ_j ∼ ∇H_j ∼ (δH_j/δq) (cf. here [35, 74]). It is a general situation in the study of symmetries and conserved gradients (cf. [32]) that symmetries will satisfy the linearized KdV equation (∂_t − 6∂_xq + ∂^3_x)Q = 0 and conserved gradients will satisfy the adjoint linearized KdV equation (∂_t − 6q∂_x + ∂^3_x)Q^† = 0; the important thing to notice here is that one is linearizing about a solution q of

KdV. Thus in our averaging processes the function q, presumed known, is inserted in the integrals. This leads then to T_j(q) = δH_j δq ; X_j(q) = −2∂^2_x δH_j δq − 6 δH_{j+1} δq + 6q δH_j δq (2.16)

with (2.12) holding, where < ∂^2ϕ >= 0 implies < X_j >= lim_{L→∞} 1 2L ∫_L −L (−6 δH_{j+1} δq_N + 6q_N δH_j δq_N )dx (2.17)

In [74] the integrals are then simplified in terms of μ integrals and expressed in terms of abelian differentials. This is a beautiful and important procedure linking the averaging process to the Riemann surface and is summarized in [157] as follows. One defines differentials

Ω̂_1 = − 1 2 [λ^N − N∑ 1 c_j λ^{j−1}] dλ R(λ) (2.18)

Ω̂_2 = [− 1 2 λ^{N+1} + 1 4 ( ∑ λ_j)λ^N + N∑ 1 E_jλ^{j−1}] dλ R(λ) where the c_j , E_j are determined via ∮ b_i Ω̂_1 = 0 = ∮_{bi} Ω̂_2 (i = 1, 2, · · ·, N ). Then it can be shown that < Ψ >∼< T >∼ ∞∑ 0 < T_j > (2μ)^j ; < X >∼ ∞∑ 0 < X_j > (2μ)^j

(2.19)

with Ω̂_1 ∼< T > (dξ/ξ^2) and < X > (dξ/ξ^2) ∼ 12[(dξ/ξ^4) − Ω̂_2] where μ = ξ^{−2} → ∞ (μ ∼ (1/ √ ξ)^{1/2}) so dμ = −2ξ^{−3}dξ ⇒ (dξ/ξ^2) ∼ −(ξ/2)dμ ∼ −(dμ/2 √ μ). Since Ω̂_1 = O(μ^N /μ^{N+(1/2)})dμ = O(μ^{−(1/2)}dμ, Ω̂_2 = O(μ^{1/2})dμ (with lead term −(1/2)) we obtain < Ψ >∼< T >= O(1) and < X >= O(1). Thus (2.7), (2.8), (C) generate all conservation laws simultaneously with < T_j > (resp. < X_j >) giving rise to Ω̂_1 (resp. Ω̂_2). It is then proved that all of the modulational equations are determined via the equation ∂_T Ω̂_1 = 12∂_XΩ̂_2 (2.20) where the Riemann surface is thought of as depending on X, T through the points λ_j (X, T ). In particular if the first 2N + 1 averaged conservation laws are satisfied then so are all higher averaged conservation laws. These equations can also be written directly in terms of the λ_j as Riemann invariants via ∂_T λ_j = S_j ∂_X λ_j for j = 0, 1, · · ·, 2N where S_j is a computable characteristic speed (cf. (2.29)-(2.30)). Thus we have displayed the prototypical model for the Whitham or modulational equations.

Another way of looking at some of this goes as follows. We will consider surfaces defined via R(Λ) =

∏_{2g+1} 1 (Λ − Λ_i). For convenience take the branch points Λ_i real with Λ_1 < · · · < Λ_{2g+1} < ∞.

This corresponds to spectral bands [Λ_1, Λ_2], · · · , [Λ_{2g+1}, ∞) and gaps (Λ_2, Λ_3), · · · , (Λ_{2g}, Λ_{2g+1}) with the A_i cycles around the gaps (i.e. a_i ∼ (Λ_{2i}, Λ_{2i+1}), i = 1, · · ·, g). The notation is equivalent to what preceeds with a shift of index. For this kind of situation one usually defines the period matrix via iB_{jk} = ∮ B_k ωj and sets ∮ A_k dω_j = 2πδ_{jk} (j, k = 1, · · · , g); dω_j = g∑ 1 c_{jq}Λ^{q−1}dΛ √ R(Λ)

(2.21)

(cf. [15, 23, 35]). The B_i cycles can be drawn from a common vertex (P_0 say) passing through the gaps (Λ_{2i}, Λ_{2i+1}). One chooses now e.g. p = ∫ dp and Ω = ∫ dΩ in the form

p(Λ) = ∫ dp(Λ) = ∫ P(Λ)dΛ 2 √ R(Λ)

; P = Λ^g + g∑ 1 a_j Λ^{g−j}; (2.22)

Ω(Λ) = ∫ dΩ(Λ) = ∫ 6Λ^{g+1} + O(Λ) √ R(Λ dΛ; O = g∑ 0 b_jΛ^{g−j}; b_0 = −3 2g+1∑

1 Λ_i

with normalizations

∫_{Λ2i+1}

Λ2_i dp(Λ) =

∫_{Λ2i+1}

Λ2_i dΩ(Λ) = 0; i = 1, · · · , g. We note that one is thinking

here of (*) ψ = exp[ipx + iΩt] · theta functions (cf. (2.1) with e.g. p(Λ) = −i(logψ)_x; Ω(Λ) = −i(logψ)_t . Recall that the notation < , >_x simply means x-averaging (or ergodic averaging) and (log ψ)_x ∼< (logψ)_x >_x≠ 0 here since e.g. (logψ)_x is not bounded. Observe that (*) applies to any finite zone quasi-periodic situation. The KdV equation here arises from Lψ = Λψ, L = −∂^2 + q, ∂_tψ = Aψ, A = 4∂^3 − 6q∂ − 3q_x and there is no need to put this in a more canonical form since this material is only illustrative.

In this context one has also the Kruskal integrals I_0, · · · , I_{2g} which arise via a generating function p(Λ) = −i < (logψ)_x >_x= √ Λ + ∞∑ 0 I_s (2 √ Λ)^{2s+1}

(2.23)

where I_s =< P_s >_x= P_s (s = 0, 1, · · ·) with −i(logψ)_x = √ Λ + ∑_∞ 0 [P_s/(2 √ Λ)^{2s+1}]. Similarly − i(logψ)_t = −i Aψ ψ = 4( √ Λ)^3 + ∞∑ 0 Ω_s (2 √ Λ)^{2s+1}

(2.24)

and one knows ∂_tP_s = ∂_xΩ_s since (♠) [(logψ)_x]_t = [(logψ)_t]_x. The expansions are standard (cf. [23, 24, 25, 31]). Now consider a “weakly deformed” soliton lattice of the form θ(τ |B) = ∑ −∞<n1<···<n_m<∞ exp(− 1 2 ∑ j,k B_{jk}n_j n_k + i ∑ j n_jτ_j ) (2.25)

with the Λ_i (i = 1, · · · , 2g + 1) (or equivalently the parameters u^i = I_i; i = 0, · · · , 2g) slowly varying functions of x, t (e.g. u^i = u^i(X, T ), X = ϵx, T = ϵt, i = 0, 1, · · ·, 2m). Now one wants to obtain a version of (2.20) directly via (♠). Thus insert the slow variables in (♠) and average, using ϵ∂_X or ϵ∂_T in the external derivatives, to obtain

∂_T (logψ)_x = ∂_X (logψ)_t (2.26)

or ∂_T p(Λ) = ∂_X E(Λ). Then from (2.22) differentiating in Λ one gets

∂_T dp = ∂_X dΩ (2.27)

Now (recall ∂_tP_s = ∂_xΩ_s) expanding (2.27) in powers of ( √ Λ)^{−1} one obtains the slow modulation equations in the form ∂_T u^s = ∂_X Ω̄_s (s = 0, · · ·, 2g) (2.28) where Ω_s is a function of the u^i (0 ≤ i ≤ 2g). This leads to equations

∂_T Λ_i = v_i(Λ_1, · · · , Λ_{2g+1})∂_X Λ_i (i = 1, · · ·, 2g + 1) (2.29)

for the branch points Λ_k as Riemann invariants. The characteristic “velocities” have the form

v_i = dΩ dp | | | |_{Λ=Λi} = 2

6Λ^{g+1}_i + Ω(Λ_i)

p(Λ_i)

(1 ≤ i ≤ 2g + 1) (2.30)

To see this simply multiply (2.27) by (Λ − Λ_i)^{3/2} and pass to limits as Λ → Λ_i.

2.3 Averaging with ^�

Let us look now at [126] but in the spirit of [23, 78]. We will only sketch this here and refer to [23] for more detail. Thus consider KP in a standard form 3σ^2u_{yy} + ∂_x(4u_t − 6uu_x + u_{xxx}) = 0 via compatibility [∂_y − L, ∂_t − A] = 0 where L = σ^{−1}(∂^2 − u) and A = ∂^3 − (3/2)u∂ + w (σ^2 = 1 is used in [78] which we follow for convenience but the procedure should work in general with minor modifications - note ∂ means ∂_x and u → −u in the development of (2.1)). We have then (∂_y − L)ψ = 0 with (∂_t − A)ψ = 0 and for the adjoint or dual wave function ψ^∗ one writes in [127] ψ^∗L = −∂_yψ^∗ with ψ^∗A = ∂_tψ^∗ where ψ^∗(f∂^j ) ≡ (−∂)^j (ψ^∗f). We modify the formulas used in [126] (and [78]) in taking (cf. [23] - ϕ and ϕ^∗ are periodic) ψ = e^{px+Ey+Ωt} · ϕ(U x + V y + W t, P ); ψ^∗ = e^{−px−Ey−Ωt} · ϕ^∗(−U x − V y − W t, P ) (2.31) where p = p(P ), E = E(P ), Ω = Ω(P ), etc. (cf. (2.3) - (2.4)), which isolate the quantities needed in averaging. The arguments to follow are essentially the same for this choice of notation, or that in [78] or [126]. Now one sees immediately that

(ψ^∗L)ψ = ψ^∗Lψ + ∂_x(ψ^∗L^1ψ) + ∂^2_x(ψ^∗L^2ψ) + · · · (2.32)

where e.g. L^r = ((−1)^r /r!)(d^rL/d(∂)^r ). In particular L^1 = −2∂ and L^2 = 1 while A^1 = −3∂^2 + (3/2)u, A^2 = 3∂, and A^3 = −1. We think of a general Riemann surface Σ_g. Here one picks holomorphic differentials dω_k as before and quasi-momenta, quasi-energies, etc. via dp ∼ dΩ_1, dE ∼ dΩ_2, dΩ ∼ dΩ_3, · · · where λ ∼ k, p = ∫_P P0 dΩ_1, etc. Normalize the dΩ_k so that ℜ ∫ A_i dΩk = 0 = ℜ ∫ B_j dΩk (cf. remarks after (2.4)); then U, V, W, · · · are real 2g period vectors. and one has BA

functions ψ(x, y, t, P ) as in (2.31). As before we look for approximations based on u_0(xU + yV + tW |I) = u_0(θ_j , I_k). For averaging, θ_j ∼ xU_j +yV_j +tW_j , 1 ≤ j ≤ 2g, with period 2π in the θ_j seems natural (but note θ_j , θ_{g+j} ∼ U_j , etc.). Then again by ergodicity < ϕ >_x= lim_{L→∞}(1/2L) ∫_L −L ϕdx becomes < ϕ >= (1/(2π)^{2g} ∫ · · · ∫ ϕd^{2g}θ and one notes that < ∂_xϕ >= 0 automatically for ϕ bounded. In [78] one thinks of ϕ(xU + · · ·) with ϕ_x = ∑ U_i(∂ϕ/∂θ_i) and ∫ · · · ∫ (∂ϕ/∂θ_i)d^{2g}θ = 0. Now for averaging we think of u_0 ∼ u_0(^1_ϵ Ŝ|I) with (Ŝ, I) ∼ (Ŝ, I)(X, Y, T ), ∂_XŜ = U, ∂_Y Ŝ = V, and ∂_T Ŝ = W . We think of expanding about u_0 with ∂_x → ∂_x + ϵ∂_X . This step will cover both x and X dependence for subsequent averaging. Then look at the compatibility condition (♣) : ∂_tL − ∂_yA + [L, A] = 0. As before we will want the term of first order in ϵ upon writing e.g. L = L_0 + ϵL_1 + · · · and A = A_0 + ϵA_1 + · · · where slow variables appear only in the L_0, A_0 terms. Details are indicated in [23] and after some calculation (♣) becomes

∂_tL_0 − ∂_yA_0 + [L_0, A_0] + ϵ{∂_tL_1 − ∂_yA_1 + ∂_T L − ∂_Y A + [L_0, Â_1] + [L̂_1, A_0]} + O(ϵ^2) (2.33)

Now the ∂_tL_0 − ∂_yA_0 + [L_0, A_0] term vanishes and further calculation shows that to make the coefficient of ϵ vanish one wants

∂_tL_1 − ∂_yA_1 + [L_0, A_1] + [L_1, A_0] + F = 0; F = ∂_T L − ∂_Y A − (L^1∂_X A − A^1∂_X L) (2.34)

However via ergodicity in x, y, or t flows, averaging of derivatives in x, y, or t gives zero, so from (2.34) and further computation we obtain the Whitham equations in the form < ψ^∗F ψ >= 0. In order to spell this out in [78] one imagines X, Y, T as a parameter ξ and considers L(ξ), A(ξ), etc. and ψ ∼ ψ(ξ) (with I ∼ (I_k) being any additional factors dependent on the slow times) so that ψ(ξ) = e^{p(ξ)x+E(ξ)y+Ω(ξ)t} · ϕ(U (ξ)x + V (ξ)y + W (ξ)t|I(ξ)) (2.35) but one keeps ψ^∗ = exp(−px−Ey−Ωt)ϕ^∗(−U x−V y−W t|I) fixed in ξ (i.e. assume p, E, Ω, U, V, W, I fixed in ψ^∗). We recall that one expects λ_k = λ_k(X, Y, T ) etc. so the Riemann surface varies with ξ. The procedure here is somewhat contrived but seems appropriate for heuristic purposes at least. Also recall that x, y, t and X, Y, T can be considered as independent variables. Note also from (2.35) for P fixed (θ ∼ xU + yV + yW )

∂_ξψ^∗ψ(ξ)|_{ξ=0} = (ṗx + Ėy + Ω̇t)ψ^∗ψ + (2.36) +(U̇ x + V̇ y + Ẇ t) · ψ^∗∂_θψ + İ · ψ^∗∂_I ψ where ḟ ∼ ∂f/∂ξ. In [78] one assumes that it is also permitted to vary ξ and hold e.g. the I_k constant while allowing say the P to vary. Now one computes terms like ∂_ξ[∂_t(ψ^∗ψ(ξ))]|_{ξ=0}, averages, and subsequently inserts X, Y, T for ξ. Taking into account compatibility relations

∂_Y U = ∂_X V ; ∂_T U = ∂_X W ; ∂_T V = ∂_Y W (2.37)

after considerable calculation one arrives at the Whitham equations in the form

p_T = Ω_X ; p_Y = E_X ; E_T = Ω_Y (2.38)

(cf. Section 7 for general forms). We feel that this derivation from [23], based on [78, 126], is important since it again exhibits again the role of square eigenfunctions (now in the form ψ^∗ψ) in dealing with averaging processes (a derivation based on (2.26) also seems important). In view of the geometrical nature of such square eigenfunctions (cf. [32] for example) one might look for underlying geometrical objects related to the results of averaging. Another (new) direction involves the Cauchy kernels expressed via ψ^∗ψ and their dispersionless limits (cf. [27, 26]). It is also proved in [23] that dp =< ψψ^∗ > dΩ̂, dE ∼ − < ψ^∗L^1ψ > dΩ̂, and dΩ ∼ − < ψ^∗A^1ψ > dΩ̂. This shows in particular how the quantity ψψ^∗ determines the Whitham differentials dp, dE, dΩ, etc.

REMARK 2.1. Since D + D^∗ − 2∞ ∼ K_Σ, ψψ^∗ is determined by a section of K_Σ (global point of view) but it is relations based on < ψ^∗L^1ψ >, < ψ^∗A^1ψ >, etc. (based on the Krichever averaging process) which reveal the “guts” of ψψ^∗ needed for averaging and the expression of differentials.

2.4 Dispersionless theory

We give next a brief sketch of some ideas regarding dispersionless KP (dKP) following mainly [24, 25, 31, 121, 188] to which we refer for philosophy. We will make various notational adjustments as we go along. One can think of fast and slow variables with ϵx = X and ϵt_n = T_n so that ∂_n → ϵ∂/∂T_n and u(x, t_n) → ũ(X, T_n) to obtain from the KP equation (1/4)u_{xxx} + 3uu_x + (3/4)∂^{−1}∂^2 u = 0 the equation ∂_T ũ = 3ũ∂_X ũ+(3/4)∂^{−1}(∂^2ũ/∂T^2_2 ) when ϵ → 0 (∂^{−1} → (1/ϵ)∂^{−1}). In terms of hierarchies the theory can be built around the pair (L, M ) in the spirit of [25, 32, 188]. Thus writing (t_n) for (x, t_n) (i.e. x ∼ t_1 here) consider

L_ϵ = ϵ∂ + ∞∑ 1 u_{n+1}(ϵ, T )(ϵ∂)^{−n}; M_ϵ = ∞∑ 1 nT_nL^{n−1}_ϵ + ∞∑ 1 v_{n+1}(ϵ, T )L^{−n−1}_ϵ (2.39)

Here L is the Lax operator L = ∂ + ∑_∞ 1 u_{n+1}∂^{−n} and M is the Orlov-Schulman operator defined via ψ_λ = M ψ. Now one assumes u_n(ϵ, T ) = U_n(T ) + O(ϵ), etc. and set (recall Lψ = λψ) ψ = [ 1 + O ( 1 λ )] exp (_∞ ∑ 1 T_n ϵ λ^n ) = exp ( 1 ϵ S(T, λ) + O(1) ) ;

τ = exp ( 1 ϵ^2

F (T ) + O ( 1 ϵ )) (2.40)

We recall that ∂_nL = [B_n, L], B_n = L^n_+, ∂_nM = [B_n, M ], [L, M ] = 1, Lψ = λψ, ∂_λψ = M ψ, and ψ = τ (T − (1/nλ^n))exp[ ∑_∞ 1 T_nλ^n]/τ (T ). Putting in the ϵ and using ∂_n for ∂/∂T_n now, with P = S_X , one obtains

λ = P + ∞∑ 1 U_{n+1}P^{−n}; P = λ − ∞∑ 1 P_iλ^{−1}; (2.41)

M = ∞∑ 1 nT_nλ^{n−1} + ∞∑ 1 V_{n+1}λ^{−n−1}; ∂_nS = B_n(P ) ⇒ ∂_nP = ^∂B_n(P )

where ^∂ ∼ ∂_X + (∂P/∂X)∂_P and M → M. Note that one assumes also v_{i+1}(ϵ, T ) = V_{i+1}(T ) + O(ϵ); further for B_n = ∑_n 0 b_{nm}∂^m one has B_n = ∑_n 0 b_{nm}P^m (note also B_n = L^n + ∑_∞ 1 σ^n_j L^{−j} ). We list a few additional formulas which are easily obtained (cf. [25]); thus, writing {A, B} = ∂_P A∂A−∂A∂_P B one has ∂_nλ = {B_n, λ}; ∂_nM = {B_n, M}; {λ, M} = 1 (2.42) Now we can write S = ∑_∞ 1 T_nλ^n + ∑_∞ 1 S_{j+1}λ^{−j} with ∂_mS_{j+1} = σ̃^m_j , V_{n+1} = −nS_{n+1}, and ∂_λS = M (σ^m_j → σ̃^m_j ). Further

B_n = λ^n + ∞∑ 1 ∂_nS_{j+1}λ^{−j} ; ∂S_{n+1} ∼ −P_n ∼ − ∂V_{n+1} n ∼ − ∂∂_nF n (2.43)

We sketch next a few formulas from [121]. First it will be important to rescale the T_n variables and write t^′ = nt_n, T^′_n = nT_n, ∂_n = n∂^′_n = n(∂/∂T^′_n). Then ∂^′_nS = λ^n_+ n ; ∂^′_nλ = {Q_n, λ} (Q_n = B_n n ); (2.44)

∂^′_nP = ^∂Q_n = ∂Q_n + ∂_P Q_n∂P ; ∂^′_nQ_m − ∂^′_mQ_n = {Q_n, Q_m}

Think of (P, X, T^′_n), n ≥ 2, as basic Hamiltonian variables with P = P (X, T^′_n). Then −Q_n(P, X, T^′_n) will serve as a Hamiltonian via

Ṗ^′_n = dP^′ dT^′_n = ∂Q_n; Ẋ^′_n = dX dT^′_n = −∂_P Q_n (2.45)

(recall the classical theory for variables (q, p) involves q̇ = ∂H/∂p and ṗ = −∂H/∂q). The function S(λ, X, T_n) plays the role of part of a generating function S̃ for the Hamilton-Jacobi theory with action angle variables (λ, −ξ) where P dX + Q_ndT^′_n = −ξdλ − K_ndT^′_n + dS̃; K_n = −R_n = − λ^n n ; (2.46) dλ dT^′_n = λ̇^′_n = ∂_ξR_n = 0; dξ dT^′_n = ξ̇^′_n = −∂_λR_n = −λ^{n−1}

(note that λ̇^′_n = 0 ∼ ∂^′_nλ = {Q_n, λ}). To see how all this fits together we write dP dT^′_n = ∂^′_nP + ∂P ∂X dX dT^′_n = ^∂Q_n + ∂P ∂X Ẋ_n^′ = ∂Q_n + ∂P ∂_P Q_n + ∂P Ẋ^′_n (2.47)

This is compatible with (2.45) and Hamiltonians −Q_n. Furthermore one wants S̃_λ = ξ; S̃_X = P ; ∂^′_nS̃ = Q_n − R_n (2.48)

and from (2.46) one has

P dX + Q_ndT^′_n = −ξdλ + R_ndT^′_n + S̃_X dX + S̃_λdλ + ∂^′_nS̃dT^′_n (2.49)

which checks. We note that ∂^′_nS = Q_n = B_n/n and S_X = P by constructions and definitions. Consider S̃ = S − ∑_∞ 2 λ^nT^′_n/n. Then S̃_X = S_X = P and S̃^′_n = S^′_n − R_n = Q_n − R_n as desired with ξ = S̃_λ = S_λ − ∑_∞ 2 T^′_nλ^{n−1}. It follows that ξ ∼ M − ∑_∞ 2 T^′_nλ^{n−1} = X + ∑_∞ 1 V_{i+1}λ^{−i−1}. If W is the gauge operator such that L = W ∂W^{−1} one sees easily that M ψ = W (_∞ ∑ 1 kx_k∂^{k−1} ) W^{−1}ψ = ( G + ∞∑ 2 kx_kλ^{k−1} ) ψ (2.50)

from which follows that G = W xW^{−1} → ξ. This shows that G is a very fundamental object and this is encountered in various places in the general theory (cf. [25, 32, 202]).

REMARK 2.2. We refer here also to [24, 31] for a complete characterization of dKP and the solution of the dispersionless Hirota equations. and will sketch this here. Thus we follow [24] (cf. also [121, 188]) and begin with two pseudodifferential operators (∂ = ∂/∂x),

L = ∂ + ∞∑ 1 u_{n+1}∂^{−n}; W = 1 + ∞∑ 1 w_n∂^{−n} (2.51)

called the Lax operator and gauge operator respectively, where the generalized Leibnitz rule with ∂^{−1}∂ = ∂∂^{−1} = 1 applies ∂^if = ∞∑ j=0 ( i j ) (∂^j f)∂^{i−j} (2.52)

for any i ∈ Z, and L = W ∂ W^{−1}. The KP hierarchy then is determined by the Lax equations (∂_n = ∂/∂t_n), ∂_nL = [B_n, L] = B_nL − LB_n (2.53) where B_n = L^n_+ is the differential part of L^n = L^n_+ + L^n_− = ∑_∞ 0 ℓ^n_i ∂^i + ∑_{−1} −∞ ℓ^n_i ∂^i. One can also express this via the Sato equation, ∂_nW W^{−1} = −L^n_− (2.54) which is particularly well adapted to the dKP theory. Now define the wave function via

ψ = W e^ξ = w(t, λ)e^ξ ; ξ = ∞∑ 1 t_nλ^n; w(t, λ) = 1 + ∞∑ 1 w_n(t)λ^{−n} (2.55)

where t_1 = x. There is also an adjoint wave function ψ^∗ = W^{∗−1} exp(−ξ) = w^∗(t, λ) exp(−ξ), w^∗(t, λ) = 1 + ∑_∞ 1 w^∗_i (t)λ^{−i}, and one has equations

Lψ = λψ; ∂_nψ = B_nψ; L^∗ψ^∗ = λψ^∗; ∂_nψ^∗ = −B^∗_nψ^∗ (2.56)

Note that the KP hierarchy (2.53) is then given by the compatibility conditions among these equations, treating λ as a constant. Next one has the fundamental tau function τ (t) and vertex operators X, X^∗ satisfying ψ(t, λ) = X(λ)τ (t) τ (t) = e^ξG_−(λ)τ (t) τ (t) = e^ξτ (t − [λ^{−1}]) τ (t) ; (2.57) ψ^∗(t, λ) = X^∗(λ)τ (t) τ (t) = e^{−ξ} G_+(λ)τ (t) τ (t) = e^{−ξ}τ (t + [λ^{−1}]) τ (t) where G_±(λ) = exp(±ξ( ~∂, λ^{−1})) with ~∂ = (∂_1, (1/2)∂_2, (1/3)∂_3, · · ·) and t ± [λ^{−1}] = (t_1 ± λ^{−1}, t_2 ± (1/2)λ^{−2}, · · ·). One writes also

e^ξ = exp (_∞ ∑ 1 t_nλ^n ) = ∞∑ 0 χ_j (t_1, t_2, · · ·, t_j)λ^j (2.58)

where the χ_j are the elementary Schur polynomials, which arise in many important formulas (cf. below).

We mention now the famous bilinear identity which generates the entire KP hierarchy. This has the form ∮ ∞ ψ(t, λ)ψ^∗(t^′, λ)dλ = 0 (2.59)

where ∮ ∞(·)dλ is the residue integral about ∞, which we also denote Res_λ[(·)dλ]. Using (2.57) this can also be written in terms of tau functions as ∮ ∞ τ (t − [λ^{−1}])τ (t^′ + [λ^{−1}])e^{ξ(t,λ)−ξ(t′,λ)}dλ = 0 (2.60)

This leads to the characterization of the tau function in bilinear form expressed via (t → t − y, t^′ → t + y) (_∞ ∑ 0 χ_n(−2y)χ_{n+1}( ~∂)e ∑_∞ 1 y^i∂^i ) τ · τ = 0 (2.61)

where ∂^m_j a · b = (∂^m /∂s^m_j )a(t_j + s_j )b(t_j − s_j )|_{s=0} and ~∂ = (∂_1, (1/2)∂_2, (1/3)∂_3, · · ·). In particular, we have from the coefficients of y_n in (2.61),

∂_1∂_nτ · τ = 2χ_{n+1}( ~∂)τ · τ (2.62)

which are called the Hirota bilinear equations. One has also the Fay identity via (cf. [3, 25, 31, 35] - c.p. means cyclic permutations) ∑ c.p. (s_0 − s_1)(s_2 − s_3)τ (t + [s_0] + [s_1])τ (t + [s_2] + [s_3]) = 0 (2.63) which can be derived from the bilinear identity (2.60). Differentiating this in s_0, then setting s_0 = s_3 = 0, then dividing by s_1s_2, and finally shifting t → t − [s_2], leads to the differential Fay identity,

τ (t)∂τ (t + [s_1] − [s_2]) − τ (t + [s_1] − [s_2])∂τ (t) = (s^{−1}_1 − s^{−1}_2 ) [τ (t + [s_1] − [s_2])τ (t) − τ (t + [s_1])τ (t − [s_2])] (2.64)

The Hirota equations (2.62) can be also derived from (2.64) by taking the limit s_1 → s_2. The identity (2.64) will play an important role later.

Now for the dispersionless theory (dKP) one can think of fast and slow variables, etc., or averaging procedures, but simply one takes t_n → ϵt_n = T_n (t_1 = x → ϵx = X) in the KP equation u_t = (1/4)u_{xxx} + 3uu_x + (3/4)∂^{−1}u_{yy}, (y = t_2, t = t_3), with ∂_n → ϵ∂/∂T_n and u(t_n) → U (T_n) to obtain ∂_T U = 3U U_X + (3/4)∂^{−1}U_{Y Y} when ϵ → 0 (∂ = ∂/∂X now). Thus the dispersion term u_{xxx} is removed. In terms of hierarchies we write

L_ϵ = ϵ∂ + ∞∑ 1 u_{n+1}(T /ϵ)(ϵ∂)^{−n} (2.65)

and think of u_n(T /ϵ) = U_n(T ) + O(ϵ), etc. One takes then a WKB form for the wave function with the action S ψ = exp [ 1 ϵ S(T, λ) ] (2.66)

Replacing now ∂_n by ϵ∂_n, where ∂_n = ∂/∂T_n now, we define P = ∂S = S_X . Then ϵ^i∂^iψ → P^iψ as ϵ → 0 and the equation Lψ = λψ becomes

λ = P + ∞∑ 1 U_{n+1}P^{−n}; P = λ − ∞∑ 1 P_{i+1}λ^{−i} (2.67)

where the second equation is simply the inversion of the first. We also note from ∂_nψ = B_nψ = ∑_n 0 b_{nm}(ϵ∂)^mψ that one obtains ∂_nS = B_n(P ) = λ^n_+ where the subscript (+) refers now to powers of P (note ϵ∂_nψ/ψ → ∂_nS). Thus B_n = L^n_+ → B_n(P ) = λ^n_+ = ∑_n 0 b_{nm}P^m and the KP hierarchy goes to ∂_nP = ∂B_n (2.68) which is the dKP hierarchy (note ∂_nS = B_n ⇒ ∂_nP = ∂B_n). The action S in (2.66) can be computed from (2.57) in the limit ϵ → 0 as S = ∞∑ 1 T_nλ^n − ∞∑ 1 ∂_mF m λ^{−m} (2.69)

where the function F = F (T ) (free energy) is defined by

τ = exp [ 1 ϵ^2 F (T ) ] (2.70)

The formula (2.69) then solves the dKP hierarchy (2.41), i.e. P = B_1 = ∂S and

B_n = ∂_nS = λ^n − ∞∑ 1 F_{nm} m λ^{−m} (2.71) where F_{nm} = ∂_n∂_mF which play an important role in the theory of dKP.

Now following [188] one writes the differential Fay identity (2.64) with ϵ∂_n replacing ∂_n, looks at logarithms, and passes ϵ → 0 (using (2.70)). Then only the second order derivatives survive, and one gets the dispersionless differential Fay identity ∞∑ m,n=1 μ^{−m}λ^{−n} F_{mn} mn = log ( 1 − ∞∑ 1 μ^{−n} − λ^{−n} μ − λ F_{1n} n ) (2.72)

Although (2.72) only uses a subset of the Plücker relations defining the KP hierarchy it was shown in [188] that this subset is sufficient to determine KP; hence (2.72) characterizes the function F for dKP. Following [24, 31], we now derive a dispersionless limit of the Hirota bilinear equations (2.62), which we call the dispersionless Hirota equations. We first note from (2.69) and (2.67) that F_{1n} = nP_{n+1} so_∞ ∑ 1 λ^{−n} F_{1n} n = ∞∑ 1 P_{n+1}λ^{−n} = λ − P (λ) (2.73)

Consequently the right side of (2.72) becomes log[^{P (μ)−P (λ)}_{μ−λ} ] and for μ → λ with Ṗ = ∂_λP we have

log Ṗ (λ) = ∞∑ m,n=1 λ^{−m−n} F_{mn} mn = ∞∑ j=1 ∑ n+m=j F_{mn} mn λ^{−j} (2.74)

Then using the elementary Schur polynomial defined in (2.58) and (2.67), we obtain

Ṗ (λ) =^∞ ∑ 0 χ_j (Z_2, · · · , Z_j)λ^{−j} = 1 + ∞∑ 1 F_{1j}λ^{−j−1};

Z_i = ∑ m+n=i F_{mn} mn (Z_1 = 0) (2.75)

Thus we obtain the dispersionless Hirota equations,

F_{1j} = χ_{j+1}(Z_1 = 0, Z_2, · · · , Z_{j+1}) (2.76)

These can be also derived directly from (2.62) with (2.70) in the limit ϵ → 0 or by expanding (2.74) in powers of λ^{−n} as in [24, 31]). The equations (2.76) then characterize dKP.

It is also interesting to note that the dispersionless Hirota equations (2.76) can be regarded as algebraic equations for “symbols” F_{mn}, which are defined via (2.71), i.e.

B_n := λ^n_+ = λ^n − ∞∑ 1 F_{nm} m λ^{−m} (2.77)

and in fact F_{nm} = F_{mn} = Res_P [λ^mdλ^n_+] (2.78) Thus for λ, P given algebraically as in (2.67), with no a priori connection to dKP, and for B_n defined as in (2.77) via a formal collection of symbols with two indices F_{mn}, it follows that the dispersionless Hirota equations (2.76) are nothing but polynomial identities among F_{mn}. In particular one has from [34]

THEOREM 2.3. (2.78) with (2.76) completely characterizes and solves the dKP hierarchy.

Now one very natural way of developing dKP begins with (2.67) and (2.41) since eventually the P_{j+1} can serve as universal coordinates (cf. here [7] for a discussion of this in connection with topological field theory = TFT). This point of view is also natural in terms of developing a Hamilton- Jacobi theory involving ideas from the hodograph − Riemann invariant approach (cf. [25, 29, 80, 121] and in connecting NKdV ideas to TFT, strings, and quantum gravity. It is natural here to work with Q_n := (1/n)B_n and note that ∂_nS = B_n corresponds to ∂_nP = ∂B_n = n∂Q_n. In this connection one often uses different time variables, say T^′_n = nT_n, so that ∂^′_nP = ∂Q_n, and G_{mn} = F_{mn}/mn is used in place of F_{mn}. Here however we will retain the T_n notation with ∂_nS = nQ_n and ∂_nP = n∂Q_n since one will be connecting a number of formulas to standard KP notation. Now given (2.67) and (2.68) the equation ∂_nP = n∂Q_n corresponds to Benney’s moment equations and is equivalent to a system of Hamiltonian equations defining the dKP hierarchy (cf. [80, 121]); the Hamilton-Jacobi equations are ∂_nS = nQ_n with Hamiltonians nQ_n(X, P = ∂S)). There is now an important formula involving the functions Q_n (cf. [24, 27, 121]), namely the generating function of ∂_P Q_n(λ) is given by 1 P (μ) − P (λ) = ∞∑ 1 ∂_P Q_n(λ)μ^{−n} (2.79)

In particular one notes ∮ ∞ μ^n P (μ) − P (λ) dμ = ∂_P Q_{n+1}(λ) , (2.80)

which gives a key formula in the Hamilton-Jacobi method for the dKP [121]. Also note here that the function P (λ) alone provides all the information necessary for the dKP theory. It is proved in [24] that

THEOREM 2.4. The kernel formula (2.79) is equivalent to the dispersionless differential Fay identity (2.72).

The proof uses ∂_P Q_n = χ_{n−1}(Q_1, · · · , Q_{n−1}) (2.81)

where χ_n(Q_1, · · · , Q_n) can be expressed as a polynomial in Q_1 = P with the coefficients given by polynomials in the P_{j+1}. Indeed

χ_n = det P −1 0 0 0 · · · 0 P_2 P −1 0 0 · · · 0 P_3 P_2 P −1 0 · · · 0 . . . . . . . . . . .. . . . P_n P_{n−1} · · · P_4 P_3 P_2 P

= ∂_P Q_{n+1} (2.82)

and this leads to the observation that the F_{mn} can be expressed as polynomials in P_{j+1} = F_{1j}/j. Thus the dHirota equations can be solved totally algebraically via F_{mn} = Φ_{mn}(P_2, P_3, · · · , P_{m+n}) where Φ_{mn} is a polynomial in the P_{j+1} so the F_{1n} = nP_{n+1} are generating elements for the F_{mn}, and serve as universal coordinates. Indeed formulas such as (2.82) and (2.81) indicate that in fact dKP theory can be characterized using only elementary Schur polynomials since these provide all the information necessary for the kernel (2.79) or equivalently for the dispersionless differential Fay identity. This amounts also to observing that in the passage from KP to dKP only certain

Schur polynomials survive the limiting process ϵ → 0. Such terms involve second derivatives of F and these may be characterized in terms of Young diagrams with only vertical or horizontal boxes. This is also related to the explicit form of the hodograph transformation where one needs only ∂_P Q_n = χ_{n−1}(Q_1, · · · , Q_{n−1}) and the P_{j+1} in the expansion of P (cf. [24]). Given KP and dKP theory we can now discuss nKdV or dnKdV easily although many special aspects of nKdV for example are not visible in KP. In particular for the F_{ij} one will have F_{nj} = F_{jn} = 0 for dnKdV. We note also (cf. [27, 121]) that from (2.81) one has a formula of Kodama 1 P (μ) − P (λ) = ∞∑ 1 ∂_P Q_nμ^{−n} = ∞∑ 0 χ_n(Q)μ^{−n} = exp( ∞∑ 1 Q_mμ^{−m}) (2.83)

3 ISOMONODROMY PROBLEMS

We begin with [192] where the goal is to exhibit the relations between SW theory and Whitham dynamics via isomonodromy deformations. One considers algebraic curves C → C_0 (spectral covering) over the quantum moduli space of z ∈ C_0 ∼ algebraic curve of genus 0 or 1 via (3A) det(w −L(z)) = 0. For the N = 2, SU (s) Yang-Mills (YM) theory without matter C_0 = CP1 and z = log(h) for h ∈ CP1/{0, ∞} with Lax matrix

L(z) = b_1 1 · · · 0 c_sh^{−1} c_1 b_2 · · · 0 0 0 0 · · · 0 0 0 0 · · · b_{s−1} 1 h 0 · · · c_{s−1} b_s (3.1)

Here b_j = q̇_j = dq_j/dt with c_j = exp(q_j − q_{j+1}) and one compares with [113] where q_{s+1} = q_1 and q_j → −q_j ∼ c_j → c^{−1}_j . The eigenvalue equation (3A) becomes (Λ^{2s} = ∏_s 1 c_j = exp(q_1 − q_{s+1})

h + Λ^{2s}h^{−1} = P (w); y^2 = P^2(w) − Λ^{2s}; h = 1 2 (y + P (w)); P (w) = w^s + s∑ 2 u_j w^{s−j} (3.2)

(where Λ^{2s} = 1 in [113]). Thus one has hyperelliptic curves as in the case of a finite periodic Toda chain where such curves arise via a commutative set of isospectral flows in Lax representation

∂_nL(z) = [P_n(z), L(z)]; [∂_n − P_n, ∂_m − P_m] = 0 (3.3)

The P_n are suitable matrix valued meromorphic functions on C_0. The associated linear problem

wψ = Lψ; ∂_nψ = P_nψ (3.4)

then determines a vector (or matrix) Baker-Akhiezer (BA) function. Now in [192] one replaces such an isospectral problem by an isomonodromy problem ϵ ∂Ψ ∂z = QΨ; ∂_nΨ = P_nΨ (3.5)

The idea is that the t flows leave the monodromy data of the z equation intact if and only if

[∂_n − P_n, ϵ∂_z − Q] = 0; [∂_n − P_n, ∂_m − P_m] = 0 (3.6)

An idea from [75] is to write Ψ in a WKB form (ϵ → 0) Ψ = ( ϕ + ∞∑ 1 ϵ^nϕ_n ) ( ∂^2S ∂z^2 )_{−1/2} exp[ϵ^{−1}S(z)] (3.7)

where dS = wdz corresponds to the SW differential. Thus in the leading order term for ϵ∂_zΨ = QΨ one finds (3B) (∂_zS)ϕ = Qϕ and if we identify (3C) w = S_z ≡ dS = wdz then the algebraic formulation gives essentially the same eigenvalue problem as (3A) (where the relation between ϕ and ψ is clarified below). The idea from [75] is that isomonodromic deformations in WKB approximation look like modulation of isospectral deformations. The passage isospectral → isomonodromy is achieved via (3D) w → ϵ∂_z which is a kind of quantization with ϵ ∼ h̄ and Ψ ∼ a quantum mechanical wave function.

Now one separates the isomonodromy problem into a combination of fast (isospectral - t_n) and slow (Whitham -T_n) dynamics via multiscale analysis. The variables are connected via T_n = ϵt_n and one assumes all fields u_α = u_α(t, T ). Then writing ∂_n ∼ ∂/∂t_n we have (SE) ∂_nu_α(t, ϵt) = ∂_nu_α(t, T ) + ϵ(∂u_α(t, T )/∂T_n)|_{T =ϵt}. Further take P_n and Q as functions of (t, T, z) and look for a wave function Ψ as in (3.7) with ϕ_n = ϕ_n(t, T, z) (say ϕ_0 = ϕ) and S = S(T, z). The leading order terms in (3.4) become, for (3F) w = ∂_zS and ψ = ϕ(z)exp( ∑ t_n(∂S/∂T_n), wψ = Qψ; ∂_nψ = P_nψ (3.8)

which is an isospectral problem with associated curve C defined by det(w − Q(t, T, z)) = 0 which is typically t independent but now depends on the T_n as adabatic parameters. One can then produce a standard BA function ψ̃ = ϕ̃exp( ∑ t_nΩ_n) (cf. [35, 52] and Section 2) where Ω_n = ∫_z dΩ_n. The amplitude ϕ̃ is then composed of theta functions of the form θ( ∑ t_nσ_n + · · ·) where (3G) σ_n = (σ_{n,1}, · · · , σ_{n,g})^T with σ_{n,j} = (1/2πi) ∮ B_j dΩn (we assume a suitable homology basis (Aj, Bj ) has

been chosen). The theta functions provide the quasi-periodic (fast) dynamics which is eventually averaged out and does not contribute to the Whitham (slow) dynamics. The main contribution to the Whitham dynamics arises by matching ψ̃ ∼ ψ and ϕ̃ ∼ ϕ with (3H) ∂S/∂T_n = Ω_n(z) which in fact provides a definition of a Whitham system via (3I) ∂dΩ_n/∂T_m = ∂dΩ_m/∂T_n representing a dynamical system on the moduli space of spectral curves. Thus one starts with monodromy and the WKB leading order term is made isospectral (via (3F)) which leads to a t independent algebraic curve. Then the BA function corresponding to this curve is subject to averaging and matching to ψ. We ignore here (as in [192]) all complications due to Stokes multipliers etc. The object now is to relate Q and L and this is done with the N = 2, SU (s) YM example. The details are spelled out in [192] (cf. also [168]).

We go next to [194] where isospectrality and isomonodromy are considered in the context of Schlesinger equations. Thus in the small ϵ limit solutions of the isomonodromy problem are expected to behave as slowly modulated finite gap solutions of an isospectral problem. The modulation is caused by slow deformation of the spectral curve of the finite gap solution. Now from [194] let gl(r, C)^N ∼ ⊕^N_1 gl(r, C) ∼ N -tuples (A_1, · · ·, A_N ) of r × r matrices. There is a GL(2, C) coadjoint action A_i → gA_ig^{−1} and the Schlesinger equation (SE) is ∂A_i ∂t_j = A_i, (1 − δ_{ij} ) A^j t_i − t_j − δ_{ij} ∑ k≠i A_k t_i − t_k (3.9)

and each coadjoint orbit O_i is invariant under the t flows. Thus (SE) is a collection of nonautonomous dynamical systems on ∏_N 1 O_i. We consider only semisimple (ss) orbits labeled by the eigenvalues θ_{iα} (α = 1, · · · , r) of A_i. Thus these eiqenvalues (and in general the Jordan canonical form) are invariants of (SE). There are also extra invariants in the form of the matrix elements of A_∞ = − ∑_N 1 A_i, invariant via ∂A_∞/∂t_i = 0. Assuming A_∞ is ss it can be diagonalized in advance by a constant gauge transformation A_i → CA_iC^{−1} and then only the eigenvalues θ_{∞,α} (α = 1, · · · , r) of A_∞ are nontrivial invariants. One can introduce a Poisson structure on gl(r, C)^N via (3J) {A_{i,αβ}, A_{j,ρσ}} = δ_{ij} (−δ_{βρ} A_{i,ασ} + δ_{σα}A_{i,ρβ}) which in each component of the direct sum is the ordinary Kostant-Kirillov bracket. The (SE) can then be written as ∂A_j ∂t_i = {A_j, H_i}; H_i = Res_{λ=ti} 1 2 T r M (λ)^2 = ∑ j≠i T r ( A_iA_j t_i − t_j ) (3.10)

with {H_i, H_j} = 0.

Now (SE) gives isomonodromy deformations of (3K) dY /dλ = M (λ)Y with M (λ) = ∑_N 1 [A_i/(λ− t_i)]. One can assume for simplicity that (3L) The A_i and A_∞ are diagonalizable and θ_{iα} − θ_{iβ} ∉ Z if α ≠ β. This means that local solutions at the singular points λ = t_1, · · · , t_N , ∞ do not develop logarithmic terms. The isomonodromy deformations are generated by (3M) ∂Y /∂t_i = −[A_i/(λ − t_i)]Y and the Frobenius integrability conditions are [ ∂ ∂t_j + A_j λ − t_j , M (λ) − ∂ ∂λ ] = 0; [ ∂ ∂t_i + A_i λ − t_i , ∂ ∂t_j + A_j λ − t_j ] = 0 (3.11)

and these are equivalent to (SE). Next, since λ = t_1, · · · , t_N , ∞ are regular singular points of (3K) there will be local solutions

Y_i = Ŷ_i · (λ − t_i)^{Θi} ; Ŷ_i = ∞∑ 0 Y_{in}(λ − t_i)^n; (3.12)

Y_∞ = Ŷ_∞ · λ^{−Θ∞} ; Ŷ_∞ = ∞∑ 0 Y_{∞,n}λ^{−n} where the Y_{in} are r × r matrices, Y_{i0} and Y_{∞,0} are invertible, and Θ_i, Θ_∞ are diagonal matrices of local monodromy exponents. This leads to (3N) A_i = Y_{i0}Θ_iY^{−1}_{i0} for i = 1, · · · , N, ∞ where Θ_i = diag(θ_{i1}, · · · , θ_{ir}). The tau function for (SE) can be defined in two equivalent ways (3O) d logτ = ∑_N 1 H_idt_i or ∂ logτ /∂t_i = T r(Θ_iY^{−1}_{i0} Y_{i1} and the integrability condition ∂H_i/∂t_j = ∂H_j/∂t_i is ensured by (SE) (see [194] for details). The spectral curve is now (3P) det(M (λ) − μI) = 0 and this generally varies under isomonodromic deformations (see [194]).

Consider now Garnier’s autonomous analogue of (SE). This is given by [ ∂ ∂t_i + A_i λ − c_i , M (λ) ] = 0; [ ∂ ∂t_i + A_i λ − c_i , ∂ ∂t_j + A_j λ − c_j ] = 0 (3.13)

and this is an isospectral problem with det(M (λ)−μI) independent of t. An auxiliary linear problem is given by wψ = M (λ)ψ; ∂ψ ∂t_i = − A_i λ − c_i ψ (3.14) where ψ is a column vector. This kind of problem can be mapped to linear flows on the Jacobian variety of the spectral curve and the case of r = 2 is particularly interesting since here the Painlevé VI (and Garnier’s multivariable version) emerge.

For the geometry one goes now to [1, 2, 14, 95, 96]. Let C_0 be the spectral curve (3Q) F (λ, μ) = det(M (λ)−μI) = 0 which can be thought of as a ramified cover of the punctured Riemann sphere π : C_0 → CP1/{c_1, · · · , c_N , ∞} where π(λ, μ) = λ. Then generically π^{−1}(λ) ∼ {(λ, μ_α), α = 1, · · · , r} and the μ_α are eigenvalues of M (λ). Near λ = c_i one has μ_α = θ_{iα}/(λ − c_i)+ nonsingular terms, where the θ_{iα} are the eigenvalues of A_i. Similarly near λ = ∞ one has μ_α = −θ_{∞,α}λ^{−1} + O(λ^{−2}) where the θ_{∞,α} are eigenvalues of A_∞. One can compactify C_0 by adding points over the punctures. Thus near c_i replace μ by μ̃ = f(λ)μ where f(λ) = ∏_N 1 (λ − c_i). Then the spectral curve equation becomes (3R) F̃ (λ, μ̃) = det(f(λ)M (λ) − μ̃I) = 0 and π^{−1}(λ) = {(λ, μ̃_α), α = 1, · · ·, r} where (3S) μ̃_α = f^′(c_i)θ_{iα} + O(λ − c_i). Since the θ_{iα}, (α = 1, · · ·, r) are pairwise distinct one is adding to C_0 at c_i, r extra points (λ, μ̃_α) = (c_i, f^′(c_i)θ_{iα}) to fill the holes above c_i. At ∞ one uses μ̃ = λμ with π^{−1}(∞) = {(∞, −θ_{∞,α})}. Thus by adding rN + r points to C_0 one gets a compactification C of C_0 with a unique extension of the covering map π to a ramified π : C → CP1. The genus of C will be g = (1/2)(r − 1)(rN − r − 2). Taking (3T) M^0(λ) = ∑_N 1 [A^0_i /(λ − c_i)], A^0_i = diag(θ_{i1}, · · · , θ_{ir}) as a reference point on the coadjoint orbit of M (λ) one compares the characteristic polynomials via (3U) F̃ (λ, μ̃) − F̃^0(λ, μ̃) = f(λ) ∑_r ℓ=2 p_ℓ(λ)μ̃^{r−ℓ} where p_ℓ(λ) = ∑_{δℓ} 0 h_{mℓ}λ^m with δ_ℓ = (N − 1)ℓ − N .

This leads to F̃ (λ, μ̃) = F̃^0(λ, μ̃) +^r ∑ ℓ=2 δ_ℓ∑

0 h_{mℓ}λ^mμ̃^{r−ℓ} (3.15)

The spectral curve has therefore three sets of parameters (3V) (1) Pole positions c_i (i = 1, · · · , N ) (2) Coadjoint orbit invariants θ_{iα} (i = 1, · · · , N, ∞), and (3) Isospectral invariants h_{mℓ} (ℓ = 2, · · ·, r; m = 0, · · · , δ_ℓ − 1). Now one develops the Whitham ideas as follows. First reformulate the (SE) equation via (cf.

[198]) ∂ ∂t_i → ϵ ∂ ∂T_i ; ∂ ∂λ → ϵ ∂ ∂Λ ; A_i λ − t_i → A_i Λ − T_i (3.16)

Note this corresponds to ϵt_i = T_i with ∂_i = ϵ∂/∂T_i and ϵλ = Λ with ∂_λ = ϵ∂_Λ and A_i/(λ − t_i) → A_i/(Λ − T_i) so A_i ∼ ϵA_i. Then (3.9) becomes ϵ ∂A_i ∂T_j = (1 − δ_{ij} )

[A_i, A_j] T_i − T_j − δ_{ij} [A_i, A_j] T_i − T_j (3.17)

(the notation in [194] is confusing here since the step A_j → A_j = ϵA_j was not clarified). The auxiliary linear problem is (cf. (3K) and (3M)) ϵ ∂Y ∂Λ = M; ϵ ∂Y ∂T_i = − A_i Λ − T_i Y (3.18)

(thus M → M and Y → Y). Then the ϵ dependent (SE) equation (3.17) can be reproduced from the Frobenius integrability condition [ ϵ ∂ ∂T_j + A_i Λ − T_i , M(Λ) − ϵ ∂ ∂Λ ] = 0; (3.19) [ ϵ ∂ ∂T_i + A_i Λ − T_i , ϵ ∂ ∂T_j + A_j Λ − T_j ] = 0

Now start with (3.17)-(3.19) and introduce first variables t_i = ϵ^{−1}T_i so that (3.17) can be written as ∂A_i ∂t_j = (1 − δ_{ij})

[A_i, A_j] T_i − T_j − δ_{ij} ∑ k≠i [A_i, A_k] T_i − T_k (3.20)

In the scale of the fast variables the T_i can be regarded as approximately constant and hence (3.20) looks approximately like Garnier’s autonomous isospectral problem. Of course the T_i vary slowly as do the h_{mℓ} (but not the θ_{ik}).

For multiscale analysis following [41] one writes now A_i = A_i(t, T, ϵ) and ϵ∂/∂T_i → ∂/∂t_i+ϵ∂/∂T_i in (3.20) (note t_i and T_i are considered to be independent now with t_i = ϵ^{−1}T_i imposed only in the left side of the differential equation (3.20)). Now assume (3W) A_i = A^0_i (t, T ) + ϵA^1_i (t, T ) + · · ·. The lowest order term in ϵ gives ∂A^0_i ∂t_j = (1 − δ_{ij})

[A^0_i , A^0_j ] T_i − T_j − δ_{ij} ∑ k≠i [A^0_i , A^0_k] T_i − T_k (3.21)

For T_i = c_i this is Garnier’s autonomous system. The next order equation is ∂A^1_i ∂t_j = (1 − δ_{ij} [A^0_i , A^1_j ] + [A^1_i , A^0_j ] T_i − T_j − (3.22)

−δ_{ij} ∑ k≠i [A^0_i , A^1_k] + [A^1_i , A^0_k] T_i − T_k + Ξ where Ξ refers to terms in A^0_m and their T derivatives.

A standard procedure in multiscale analysis is to eliminate the t derivatives of A^1_i by averaging over the t space but this involves some technical difficulties. The spectral curve for (SE) is hyperelliptic only if r = 2 and even in that situation there are problems. So another approach is adopted. In addition to the multiscale expression for the A_i one assumes (3X) Y = [ϕ^0(t, T, Λ) + ϕ^1(t, T, Λ)ϵ + · · ·]exp[ϵ^{−1}S(T, Λ)] (Y and the ϕ^k are vector valued functions with S a scalar). Then one writes the auxiliary linear problem (3.18) in the multiscale form ϵ ∂Y ∂Λ = M(Λ)Y; ( ∂ ∂t_i + ϵ ∂ ∂T_i ) Y = − A_i Λ − T_i Y (3.23)

The leading order term reproduces the auxiliar linear problem of the isospectral problem ∂S ∂Λ ϕ^0 = M^0ϕ^0; ∂ϕ^0 ∂t_i + ∂S ∂T_i ϕ^0 = −

A^0_i Λ − T_i ϕ^0 (3.24)

where M^0 = ∑_N 1 [A^0_i /(Λ − T_i). Define now (3Y) μ = ∂S/∂Λ and ψ = ϕ^0exp[ ∑ t_i(∂S/∂T_i)] so (3.24) becomes (3.14) in the form

μψ = M^0ψ; ∂ψ ∂t_i = − A^0_i Λ − T_i ψ (3.25)

Next one compares this ψ with the ordinary BA function ψ = ϕexp[ ∑ t_iΩ_i] where Ω_i = ∫_{Λ,μ} dΩ_i and the vector function ϕ involves θ functions as before. For matching we want now (3Z) ϕ^0 = ϕ

(or more generally ϕ^0 = h(T, Λ)ϕ) and ∂S/∂T_i = Ω_i. Thus one proposes (•) μ = ∂S/∂Λ and ∂S/∂T_i = Ω_i (and consequently ∂Ω_i/∂T_j = ∂Ω_j /∂T_i) as the modulation equations governing the slow dynamics of the spectral curve (••) det(M^0(Λ) − μI) = 0. Details in this direction are given in Section 6 of [194] where it is determined that

dΩ_i = θ_{iα} (Λ − T_i)^2 dΛ + nonsingular terms (3.26) near P_α(Λ) ∈ π^{−1}(Λ) (α = 1, · · ·, r). Normalization is achieved via (• • •) ∮ A_j dΩi = 0 for j = 1, · · · , g. Next consider the h_I for I = 1, · · · , g as the set of isospectral invariants h_{mℓ} (cf. (3.15)) and let S = S(T, h, Λ) with dS = μ(T, h, Λ)dΛ. One defines

dω̃_I = ∂dS ∂h_I = ∂μ(T, h, Λ) ∂h_I dΛ = 1 f(Λ) ∂μ̃ ∂h_I dΛ (3.27)

Then (♣) [∂F̃ (Λ, μ̃)/∂h_{mℓ}] = f(Λ)Λ^ℓμ̃^{r−m} and there results (♠) dω̃_{mℓ} = −[Λ^ℓμ̃^{r−m}/(∂F̃ /∂μ̃)]dΛ These differentials dω̃_I form a basis of holomorphic differentials on the spectral curve and one shows that ∂a_J ∂h_I = ∮ A_J ∂dS ∂h_I = ∮ A_J dω̃)I = A_{IJ} (3.28)

is an invertible matrix (dω̃_I = ∑ A_{IJ} dω_J where the dω_J are determined via ∮ A_I dωJ = δIJ ). Thus one has an invertible map h → a where the a_J are the standard action variables of period integrals a_J = ∮ A_J dS. One can also express dS now as dS(T, a) with ∂dS/∂Ti = dΩi and ∂dS/∂aI = dωI since ∂dS ∂a_I = ∑ J ∂h_J ∂a_I ∂dS ∂h_J = ∑ J (A_{IJ} )^{−1}dω̃_J = dω_I (3.29)

One can also introduce a prepotential as in SW theory with ∂F ∂a_I = b_I = ∮ B_I dS; ∂F ∂T_i = H_i (3.30)

(cf. (3.30) for H_i).

4 JMMS EQUATIONS

We go now to [193], which is partly a rehash of [192] for the Jimbo-Miwa-Mori-Sato (JMMS) equations, giving isomonodromic deformations of the matrix system (r × r) dY dλ = M (λ)Y ; M (λ) = u + N∑ 1 A_i λ − t_i ; u = r∑ 1 u_αE_α (4.1)

where E_α ∼ δ_{αβ}δ_{αγ} in the (β, γ) position so u = diag(u_1, · · ·, u_r) where the u_α ∼ time variables of isomonodromic deformations. Evidently λ = t_i are regular singular points and λ = ∞ is an irregular singular point of Poincaré rank 1. In order to avoid logarithmic terms one assumes the eigenvalues θ_{iα} of A_i have no integer difference and that the u_i are pairwise distinct. Then isomonodromic deformations are generated by ∂Y ∂t_i = − A_i λ − t_i Y ; ∂Y ∂u_α = (λE_α + B_α)Y ; (4.2)

B_α = − ∑ β≠α E_αA_∞E_β + E_βA_∞E_α u_α − u_β ; A_∞ = − N∑ 1 A_i with Frobenius integrability conditions [ ∂ ∂t_i + A_i λ − t_i , ∂ ∂λ − M (λ) ] = 0; (4.3) [ ∂ ∂u_α − λE_α − B_α, ∂ ∂λ − M (λ) ] = 0 This leads to ∂A_j ∂u_α = [t_jE_α + B_α, A_j]; (4.4) ∂A_j ∂t_i = (1 − δ_{ij} )

[A_i, A_j] t_i − t_j + δ_{ij} u + ∑ k≠i A_k t_i − t_k , A_j There are two sets of invariants (4A) Eigenvalues θ_{jα} of A_j : (∂θ_{jβ} /∂t_i) = (∂θ_{jβ} /∂u_α) = 0 and (4B) Diagonal elements of A_∞ : (∂A_{∞,ββ} /∂t_i) = (∂A_{∞,ββ} /∂u_α) = 0. The JMMS equation is a nonautonomous dynamical system on the direct product ∏ O_i of coadjoint orbits and can be written in the Hamiltonian form ∂A_j ∂t_i = {A_j, H_i}; ∂A_j ∂u_α = {A_j, K_α}; H_i = T r uA_i + ∑ j≠i A_iA_j t_i − t_j ;

K_α = T r E_α N∑ 1 t_iA_i + ∑ β≠α E_αA_∞E_βA_∞ u_α − u_β (4.5)

The dual isomonodromic problem can be formulated in a general setting where we suppose rank A_i = ℓ_i (which is also a coadjoint orbit invariant and constant under the JMMS equation in the generalized sense). Thus write first with r ≥ ℓ_i (cf. [95, 96, 97] for more details and expanded frameworks) M (λ) = u − G^T (λI − T )^{−1}F (4.6) where F = (F_{aα}) and G = (G_{aα}) are ℓ × r matrices, ℓ = ∑ ℓ_i, and T is a diagonal matrix of the form (4C) T = ∑_N 1 t_iD_i with D_i = E_{ℓ1+···+ℓi−1+1} + · · · + E_{ℓ1+···+ℓi} (so D_1 = E_1 + · · · + E_ℓ with D_2 = E_{ℓ1} + · · · + E_ℓ, etc.) In particular A_i can be written as A_i = −G^T D_iF and F_{aα}, G_{aα} may be understood as canonical coordinates with Poisson bracket {F_{aα}, F_{bβ}} = {G_{aα}, G_{bβ}} = 0; {F_{aα}, G_{bβ}} = δ_{ab}δ_{αβ} (4.7) As an example consider ℓ_1 = 3 and ℓ_2 = 2 which implies ℓ = 5 and take r = 3 so F, G are 5 × 3 matrices with D_1 = E_1 + · · · + E_5 = I_5 and D_2 = E_4 + E_5. Then A_1 = −G^T I_5F is 3 × 3 of rank

3 and A_2 = −G^T D_2F is 3 × 3 of rank 2. The map (F, G) → (A_1, · · · , A_N ) then becomes a Poisson map and the JMMS equation can be derived from a Hamiltonian system in the (F, G) space with the same Hamiltonians H_i and K_α. The dual problem is formulated in terms of the rational ℓ × ℓ matrix (4D) L(μ) = T − F (μI − u)^{−1}G^T where L(μ) = T + ∑ [P_α/(μ − u_α)] with P_α = −F E_αG^T of rank 1 (but this restriction can also be relaxed). The map (F, G) → (P_1, P_2, · · ·) is Poisson for the Kostant-Kirillov bracket (4E) {P_{α,ab}, P_{β,cd}} = δ_{αβ}(−δ_{bc}P_{β,ad} + δ_{da}P_{β,cb}) and one can write the dual isomonodromy problem in the form dZ dλ = −L(μ)Z; ∂Z ∂u_α = P_α μ − u_α Z; ∂Z ∂t_i = −(μD_i + Q_i)Z

Q_i = − ∑ j≠i D_iP_∞D_j + D_j P_∞D_i t_i − t_j ; P_∞ = − ∑ P_α (4.8)

Now introduce a small parameter ϵ via (cf. [198]) ∂ ∂λ → ϵ ∂ ∂Λ ; ∂ ∂t_i → ϵ ∂ ∂T_i ; ∂ ∂u_α → ϵ ∂ ∂U_α (4.9)

with ∑ u_α → ∑ U_αE_α and the JMMS equatins take the form

ϵ ∂A ∂T_i = (1 − δ_{ij} )

[A_i, A_j ] T_i − T_j + δ_{ij} U + ∑ k≠i A_k T_i − T_k , A_j ; (4.10)

ϵ ∂A_j ∂U_α = [T_j E_α + B_α, A_j]; B_α = − ∑ β≠α E_αA_∞E_β + E_βA_∞E_α U_α − U_β (where A_i = ϵA_i, T_i = ϵt_i, U_α = ϵu_α, and B_α = ϵB_α). Working as before we assume A_j = A_j (t, u, T, U ) and then, using t_i = ϵ^{−1}T_i and u_α = ϵ^{−1}Y_α, one has e.g. ϵ ∂A_j ∂T_i → ∂A_j ∂t_i + ϵ ∂A_j ∂T_i (4.11)

as in (3.20)-(3.21), leading to (A_j = A^0_j + A^1_j ϵ + · · ·) ∂A^0_j ∂U_α = [ T_j E_α + B^0_α, A^0_j ] ; (4.12) ∂A^0_j ∂t_i = (1 − δ_{ij})

[A^0_i , A^0_j ] T_i − T_j + δ_{ij} U + ∑ k≠i A^0_k T_i − T_k , A^0_j

where B^0_α is given by the same formula as B_α but with A_∞ replaced by A^0_∞ = − ∑_N 1 A^0_i . The slow variables are parameters at the lowest order and to determine the slow dynamics one goes to the next order and one uses here the following approach.

The lowest order equations are again an isospectral problem with Lax representation [ ∂ ∂t_i + A^0_j Λ − T_i , M^0(Λ) ] = 0; M^0(Λ) = U + N∑ 1 A^0_i Λ − T_i ;

[ ∂ ∂u_α − ΛE_α − B^0_α, M^0 ] = 0 (4.13)

and det(μI − M^0(Λ)) = Ξ is constant under (t, u) flows. Ξ depends on (T, U ) however and the slow dynamics may be described as slow deformations of the characteristic polynomial of the spectral curve, namely Ξ = 0. This spectral curve C_0 on the (λ, μ) plane can be compactified to a nonsingular curve C; the projection π(Λ, μ) → Λ : C_0 → CP1/{T_1, · · · , T_N , ∞} extends to C to give an r fold ramified covering of C over CP1. One adds points to the holes over Λ = (T_i, ∞) as before. There will be r points (∞, U_α) (α = 1, · · ·, r) over Λ = ∞. For the T_i write (4F) μ̃ = f(Λ)μ with f(Λ) = ∏_N 1 (Λ−T_i) so Ξ becomes (4G) F (Λ, μ̃) = det(μ̃I −f(Λ)M^0(Λ)) = 0. Add then the r points (Λ, μ̃) = (T_i, f^′(T_i)θ_{iα}) (α = 1, · · · , r) over T_i to obtain a curve of genus g = (1/2)(r − 1)(rN − 2). To describe the slow dynamics one wants a suitable system of moduli in the space of permissible curves and the slow dynamics involves differential equations for such moduli. Now one can write

F (Λ, μ̃) = F^0(Λ, μ̃) + f(Λ) r∑ s=2 δ_s−1∑

m=0 h_{ms}Λ^mμ̃^s (4.14)

where (4H) δ_s = (N − 1)s − N . F^0(Λ, μ̃) is a polynomial whose coefficients are determined by the isomonodromy invariants and (T, U ). The coefficients h_{δs−1,s} (2 ≤ s ≤ r) are also determined by these quantities and the remaining coefficients h_{m,s} for 2 ≤ s ≤ r, 0 ≤ m ≤ δ_s − 2 give the appropriate moduli of number ∑_r s=2(δ_s − 1) = g.

Thus the A^0_i are solutions of the isospectral problem with slowly varrying spectral invariants h_{m,s}(T, U ) and to derive the modulation equations one writes Y = ( ϕ^0(t, u, T, U, Λ) + ϕ^1ϵ + · · · ) × exp[ϵ^{−1}S(T, U, Λ)] (4.15) The lowest order equations are ∂S ∂Λ ϕ^0 = M^0ϕ^0; ∂ϕ^0 ∂t_i + ∂S ∂T_i ϕ^0 = − ∂A^0_i Λ − T_i ϕ^0; ∂ϕ^0 ∂u_α + ∂S ∂U_α ϕ^0 = (ΛE_α + B^0_α)ϕ^0 (4.16)

which determines ϕ^0 up to a multiplier ϕ^0 → ϕ^0h(T, U ). These equations can be rewritten into the isospectral linear problem

μψ = M^0ψ; ∂ψ ∂t_i = − A^0_i Λ − T_i ψ; ∂ψ ∂u_α = (ΛE_α + B^0_α)ψ (4.17)

μ = ∂S ∂Λ ; ψ = ϕ^0exp (∑ t_i ∂S ∂T_i + ∑ u_α ∂S ∂U_α )

In particular the characteristic equation det(μI − M^0(Λ)) = 0 is satisfied by μ = ∂_ΛS. One now identifies this ψ with a corresponding algebro-geometric BA function via ψ = ϕexp (∑ t_iΩ_{Ti} + ∑ u_αΩ_{Uα} ) ; Ω_L = ∫_{(Λ,μ)} dΩ_L (4.18)

One must choose here a symplectic homology basis A_I , B_I so that the WKB solution gives a correct approximation to the isospectral problem and we assume that this has been done (the problem is nontrivial). The meromorphic differentials are characterized now by the following conditions: (4I) dΩ_{Ti} has poles at the r points in π^{−1}(T_i) and is holomorphic outside of π^{−1}(T_i). Its singular behavior at these points is such that dΩ_{Ti} = −dμ+ nonsingular. (4J) dΩ_{Uα} has poles at the r points in π^{−1}(∞) with singular behavior dΩ_{Uα} = dΛ+ nonsingular. (4K) ∮ A_I dΩT^i = ∮ A_I dΩU^α = 0.

Matching the exponential parts in the two forms of ψ gives then the modulation equations ∂S ∂T_i = Ω_{Ti} ; ∂S ∂U_α = Ω_{Uα} (4.19)

These can be rewritten as ∂dS ∂T_i | | | Λ=c = dΩ_{Ti} ; ∂dS ∂U_α | | | Λ=c = dΩ_{Uα} ; dS = μdΛ (4.20)

leading to “classical” Whitham equations of the form (evaluation at Λ = c) ∂dΩ_{Tj} ∂T_i = ∂dΩ_{Ti} ∂T_j ; (4.21) ∂dΩ_{Uβ} ∂U_α = ∂dΩ_{Uα} ∂U_β ; ∂dΩ_{Uα} ∂T_i = ∂dΩ_{Ti} ∂U_α A similar multiscale analysis applies to the dual isomonodromic problem with WKB ansatz Z = ( χ^0(t, u, T, U, μ) + χ^1ϵ + · · · ) × exp[ϵ^{−1}Σ(T, U, μ)] (4.22) This leads to slow dynamics of the dual isospectral problem based on the dual expressions (4L) det(ΛI− L^0(μ)) = 0 of the same spectral curve (cf. [2]). The modulation equations are obtained in the dual form (evaluation at μ = c) ∂dΣ ∂T_i = dΩ_{Ti} ; ∂dΣ ∂U_α = dΩ_{Uα} ; dΣ = −Λdμ (4.23)

(cf. [53, 113]).

As before one can relate all this to SW ideas as follows: (A) One has a g dimensional period map h = (h_{ms}) → a = (a_I ) where a_I = ∮ A_I dS for I = 1, · · · , g. One can show that the Jacobian of this

map is nonvanishing and one may write h = h(T, U, a) (inverse period map). For a fixed this gives a family of deformations of the spectral curve producing a solution of the modulation equations; varying a one has a general solution. (B) One will have (for suitable holomorphic differentials dω_J ) ∂dS ∂a_I = dω_I ; ∮ A_I dω_J = δ_{IJ} (4.24)

(C) There is a prepotential F(T, U, a) satisfying ∂F ∂a_I = b_I = ∮ B_I dS; ∂F ∂T_i = H_i; (4.25) ∂F ∂U_α = K_α;

∂^2F ∂a_I ∂a_J = T_{IJ} = ∮ B_J dω_I (where H_i and K_α are as before).

5 GAUDIN MODEL AND KZ EQUATIONS

We go to [195] now in order to exhibit connections of isomonodromy problems and the Knizhnik- Zamolodchikov (KZ) equations (see e.g. [16, 72, 98, 114, 119, 124, 130, 134, 179, 184, 196] and cf. also [68, 115, 174]). Here [195] follows [130] at first and later [115]; given the background in Sections 3 and 4 it is appropriate to follow [195] here instead of the Russian school (to which we go later via [134, 135, 175, 176]). First a generalized Gaudin model is based on a generalization of the XYZ Gaudin model to an SU (n) spin system following [130]. Let X be a torus with modulus τ , i.e. X = C/(Z + Zτ ). For integer (a, b) define

θ_{[ab]}(z) = θ a_{n −} 1_{2 ,} 1_{2 −} b_n (z, τ ); (5.1) θ_{kk}′ (z, τ ) = ∑ m∈Z exp[πin(m + k)^2 + 2πi(m + k)(z + k^′)] Define n × n matrices (5A) J_{ab} = g^ah^b and J^{ab} = (1/n)J^{−1}_{ab} where g = diag(1, ω, · · ·, ω^{n−1}) with ω = exp(2πi/n) and h = (δ_{i−1,j}); one notes that gh = ωhg. The J matrices give a basis of su(n) over R and of sl(n, C) over C with T r(J_{ab}J^{cd}) = δ_{ac}δ_{bd}. As an R matrix define R(λ) = ∑ (a,b)∈Z_n×Z_n W_{ab}(λ, η)J_{ab} ⊗ J^{ab}; W_{ab} = θ_{[ab]}(λ + η) θ_{[ab]}(η) (5.2)

These Boltzman weights are n-periodic so the summation is as indicated. The r-matrix is the leading part in the η expansion of R at η = 0, i.e. r(λ) = ∑ (a,b)≠(0,0) w_{ab}J_{ab} ⊗ J^{ab}; w_{ab}(z) = θ_{[ab]}(λ)θ^′_{[00]}(0) θ_{[ab]}(0)θ_{[00]}(λ)

(5.3)

where^′ ∼ d/dz. The sum is now over (Z_n × Z_n)/{(0, 0)} (alternatively one could take w_{00}(z) = 0). The r matrix satisfies the classical Yang-Baxter (YB) equation

[r^{(13)}(λ), r^{(23)}(μ)] = −[r^{(12)}(λ − μ), r^{(13)}(λ) + r^{(23)}(μ)] (5.4)

where e.g. r^{(12)}(λ) = ∑ w_{ab}(λ)J_{ab} ⊗J^{ab} ⊗I. The generalized Gaudin model is a limit as η → 0 of an inhomogeneous SU (n) spin chain with N lattice sites and the monodromy matrix of the spin chain is (5B) T (λ) = L_N (λ − t_N ) · · · L_1(λ − t_1). The t_i are inhomogeneous parameters which eventually correspond to time variables in an isomonodromy problem and (5G) L_i(λ) = ∑ (ab) Wab(λ)Jab ⊗ ρ_i(J^{ab}) acting on Cn ⊗V_i where V_i is the representation space of an irreducible representation (ρ_i, V_i) of su(n). The L operators satisfy (5D) RLL = LLR and the monodromy matrix acts nontrivially on Cn ⊗ V for V = V_1 ⊗ · · · ⊗ V_N . The leading nontrivial part in the η-expansion of T (λ) at η = 0 is (5E) T (λ) = ∑_N 1 ∑ (ab) wab(λ − ti)Jab ⊗ ρi(J ab) and one has the fundamental commutation relation (5F) [T^1(λ), T^2(μ)] = −[r(λ − μ), T^1(λ) + T^2(μ)] where e.g. T^1(λ) = ∑ i ∑ (ab) wab(λ − ti)Jab ⊗ I ⊗ ρ_i(J^{ab}) (i.e. the monodromy acts nontrivially in the first Cn of Cn ⊗ Cn ⊗ V ). Mutually commuting Hamiltonians H_i (i = 0, 1, · · ·, N ) of the generalized Gaudin model are defined via 1 2 T r_{n×n}T (λ)^2 = N∑ 1 C_iP(λ − t_i) + N∑ 1 H_iζ(λ − t_i) + H_0 (5.5)

where P(z) and ζ(z) are Weierstrass functions with modulus τ . The C_i are quadratic Casimir elements of the algebra generated by ρ_i(J^{ab}), i.e. one has (5G) C_i = (1/2) ∑ (ab) ρi(Jab)ρi(J ab) and

(5H) H_i = ∑ j≠i ∑ (ab) wab(ti − tj)ρi(Jabρj (J ab) for i > 0 with ∑_N 1 H_i = 0.

One considers now (5I) M (λ) = ∑_N 1 ∑ (ab) wab(λ − ti)JabA ab i as a classical analogue of the T operator in (5E); the A^{ab}_i are scalar functions of t_i and τ (for i = 1, · · · , N ) and the isomonodromy problem will be formulated as differential equations for these functions. Note the A^{ab}_i depend on t but the ρ_i(J^{ab}) do not; this is related to the difference between Heisenberg and Schrödinger pictures (as indicated below). The commutation relations for ρ_i(J^{ab}) can be packed into {M (λ)^⊗, M (μ)} = −[r(λ − μ), M (λ) ⊗ I + I ⊗ M (μ)] (5.6) Here the left side is an abbreviation for (5J) ∑ {M^{ab}(λ), M^{cd}(μ)}J_{ab} ⊗ J_{cd} where M^{ab} are the coefficients in M = ∑ M^{ab}J_{ab}. In terms of the residue matrix (5K) A_i = Res_{λ=ti} M (λ) = ∑ (ab) JabA ab i the Poisson structure is simply the one induced from the Kirillov-Kostant Poisson structure on sl(n, C); symplectic leaves are the direct product O_1 × · · · × O_N of coadjoint orbits O_i in sl(n, C) on which A_i is living. These leaves become the phase spaces of the nonautonomous Hamilton system described as follows: Using M (λ) for T in (5.5) with C_i Casimir elements in the Poisson algebra above, one thinks of Hamiltonians H_i for the classical Gaudin system in the form (5L) H_i = ∑ j≠i ∑ (ab) wab(ti − tj )Ai,abA ab i . H_0 is also a quadratic form in the A^{ab}_i but is more complicated. The t_i here are just parameters of the classical Gaudin system, which is a Hitchin system on the punctured torus X/{t_1, · · · , t_N }. The nonautonomous Hamiltonian system will be a nonautonomous analogue of this Hitchin system in the form ∂A^{ab}_j ∂t_i = {A^{ab}_j , H_i}; ∂A^{ab}_j ∂τ = { A^{ab}_j , 1 2πi ( H_0 − η_1 N∑ 1 t_iH_i )} (5.7)

where η_1 arises via the known transformation law (5M) ζ(z + 1) = ζ(z) + η_1. This nonautonomous Hamiltonian system is an isomonodromy problem which can be put in Lax form. The key is a relation { M (λ), 1 2 T rM (μ)^2 } = N∑ 1 ∑ (ab) w_{−a,−b}(μ − λ)w_{ab}(μ − t_i)J_{ab}A^{ab}_i , M (μ) (5.8)

(not proved - one can use function theoretic methods as with the YB equation). Taking residues gives {M (λ), H_i} = −[A_i(λ), M (λ)]; A_i(λ) = ∑ (ab) w_{ab}(λ − t_i)J_{ab}A^{ab}_i (5.9) and after lengthy calculations {M (λ), H_0} = [4πiB(λ) − η_1 N∑ 1 t_iA_i(λ), M (λ)]; (5.10)

B(λ) = N∑ 1 ∑ (ab) Z_{ab}(λ − t_i)J_{ab}A^{ab}_i ; Z_{ab} = w_{ab}(λ) 4πi ( θ^′_{[ab]}(λ) θ_{[ab]}(λ) − θ^′_{[ab]}(0) θ_{[ab]}(0) )

The first formula can be written in the form {M (λ), H_0 − η_1 N∑ 1 t_iH_i} = [4πiB(λ), M (λ)] (5.11) and one obtains the Lax form of the nonautonomous Hamiltonian system as ∂M (λ) ∂t_i = −[A_i(λ), M (λ)] − ∂A_i(λ) ∂λ ; (5.12) ∂M (λ) ∂τ = [2B(λ), M (λ)] + 2 ∂B(λ) ∂λ One notes that τ derivatives correspond to λ derivatives via

(5N) (∂θ_{[ab]}(λ)/∂τ ) = (1/4πi)(∂^2θ_{[ab]}(λ)/∂λ^2)

These equations are integrability conditions for a linear system ( ∂ ∂λ − M (λ) ) Y (λ) = 0; (5.13) ( ∂ ∂t_i + A_i(λ) ) Y (λ) = 0; ( ∂ ∂τ − 2B(λ) ) Y (λ) = 0

where the last two equations can be interpreted as isomonodromy deformations of the first equation.

Now the elliptic KZ equations of [130] can be written as κ ∂ ∂t_i + ∑ j≠i ∑ (ab) w_{ab}(t_i − t_j )ρ_i(J_{ab})ρ_j (J^{ab})

F (t) = 0; (5.14)

κ ∂ ∂τ + N∑ i,j=1 ∑ (ab) Z_{ab}(t_i − t_j)ρ_i(J_{ab})ρ_j (J^{ab}) F (t) = 0 where κ = k + n with k the level of a twisted WZW model. These equations characterize N-point conformal blocks with irreducible representations ρ_i sitting at t_i. Following [179] one adds another marked point at λ with fundamental representation (C^n, id) to obtain κ ∂ ∂λ + N∑ 1 ∑ (ab) w_{ab}(λ − t_i)J_{ab}ρ_i(J^{ab}) G(λ, t) = 0; (5.15)

κ ∂ ∂t_i + ∑ j≠i ∑ (ab) w_{ab}(t_i − t_j )ρ_i(J_{ab})ρ_j (J^{ab}) + ∑ (ab) w_{ab}(t_i − λ)ρ_i(J_{ab})J^{ab} G(λ, t) = 0;

κ ∂ ∂τ + N∑ i,j=1 ∑ (ab) Z_{ab}(t_i − t_j)ρ_i(J_{ab})ρ_j (J^{ab}) + N∑ 1 ∑ (ab) Z_{ab}(t_i − λ)ρ_i(J_{ab})J^{ab}+

+ N∑ 1 ∑ (ab) Z_{ab}(λ − t_j)J_{ab}ρ_j (J^{ab}) + ∑ (ab) Z_{ab}(0)J_{ab}J^{ab} G(λ, t) = 0

Let F = exp(S) be a fundamental solution of (5.14) (cf. [179]) and consider the resulting equations for X = F^{−1}G of the form κ ∂ ∂λ + N∑ 1 ∑ (ab) w_{ab}(λ − t_i)J_{ab}A^{ab}_i X(λ, t) = 0; (5.16)

κ ∂ ∂t_i − ∑ (ab) w_{ab}(λ − t_i)J_{ab}A^{ab}_i X(λ, t) = 0;

κ ∂ ∂τ + 2 N∑ 1 ∑ (ab) Z_{ab}(λ − t_i)J_{ab}A^{ab}_i + ∑ (ab) Z_{ab}(0)J_{ab}J^{ab} X(λ, t) = 0

where (5O) A^{ab}_i = F (t)^{−1}ρ_i(J^{ab})F (t). This is almost the same as (5.13) except that: (A) The last equation contains an extra term. (B) The A^{ab}_i are not scalar functions but operators on V = V_1 ⊗ · · · ⊗ V_N . (C) There is an arbitrary parameter k; the previous monodromy (i.e. (5.13)) can be reproduced by setting κ = −1. Now the first descrepency (A) can be removed by gauging it away via X → [exp(f(τ ))]X. As for (B) one remarks that the system (5.16) is a quantization of the isomonodromy problem (5.13); this is parallel to the relation between quantized and classical Hitchin systems. The operators A^{ab}_i depend on (t, τ ) but inherit the same commutativity as the J matrices from ρ_i(J^{ab}). The passage from ρ_i(J^{ab}) to A^{ab}_i amounts to a change from the Schrödinger picture to the Heisenberg picture and classical limit now means replacing these operators by functions on a phase space, thus giving the isomonodromy problem.

6 ISOMONODROMY AND HITCHIN SYSTEMS

We will extract here from [175] which gives an excellent survey of many matters (cf. also [114, 134, 135, 136, 176]). However first some remarks about RS and VB are appropriate.

REMARK 6.1. In a first version of this survey we made up a number of remarks (seven) on connections, vector bundles (VB), and Hitchin systems following [10, 11, 48, 49, 50, 51, 63, 70, 79, 99, 100, 101, 102, 103, 107, 109, 120, 122, 131, 134, 135, 136, 141, 148, 156, 167, 175, 176, 178, 197]. The result was complete enough but lacked coherence so we will try again using [97] as a springboard. We will first simply indicate, generally without proof, some facts about RS, VB, and sheaves from [104] (for background information cf. [35, 37, 71, 76, 93, 109, 158, 178] - we will assume various definitions are known). First a holomorphic section of a line bundle L over Σ (π : L → Σ) is a holomorphic map s : Σ → L such that π ∘ s = id_Σ and the space of such sections H^0(Σ, L) is finite dimensional. Given a point p ∈ Σ, with U a neighborhood (nbh) of p, V = Σ/{p}, and z(p) = 0, then, using z as a transition function on U ∩ V , one produces a line bundle L_p which will be useful later. The canonical bundle K is the bundle of holomorphic 1-forms and on Σ = P^1 one defines O(n) as the line bundle with transition function z^n on U ∩ V where e.g. 0 ∈ U and V = P^1/{0}); the dimension of H^0(P^1, O(n)) is n + 1. Given a line bundle L one forms L^∗ = L^{−1} via transition functions g_{ab}(L^∗) = g^{−1}_{ab} (L) and there are obvious relations Hom(L, L̂) ≃ L^∗ ⊗ L̂, etc. If Σ is compact then genus(Σ) = g = dim H^0(Σ, K).

One defines sheaf cohomology in the standard manner and we recall for a line bundle L, H^1(Σ, L) ≃ H^0(Σ, K ⊗ L^∗) (Serre duality). The isomorphism classes of holomorphic line bundles on Σ are given by elements of H^1(Σ, O^∗) (called the Picard group) and for given degree d, J^d ∼ line bundles of degree d is a complex torus isomorphic to Jac(Σ) (more on this below). Note also for S = O(L) = sheaf of holomorphic sections of L, that H^p(Σ, S) = 0 for p > 1; if S = C or Z then H^p(Σ, S) = 0 for p > 2. From the short exact sequence (•) 0 → Z → O^ϕ→ O^∗ → 1 with ϕ ∼ exp(2πif) one determines a long exact sequence leading to 0 → H^1(Σ, O) H^1(Σ, Z)

→ H^1(Σ, O^∗)^δ→ H^2(Σ, Z) = 0 (6.1)

where H^2(Σ, Z) ≃ Z, H^1(Σ, O) ≃ C^g , and H^1(Σ, Z) ≃ Z^{2g}. The coboundary operator δ in (6.1) yields (since H^1(Σ, O^∗) ≃ equivalence classes of line bundles) δ([L]) = deg(L) = c_1(L) ∈ Z (first Chern class). Thus for L such that δ([L]) = d one obtains J^d(Σ) ≃ Jac(Σ) One shows next that if a section s ∈ H^0(Σ, L) vanishes at p_i ∈ Σ with multiplicities m_i then deg(L) = ∑ m_i so if deg(L) < 0 then L has no nontrivial holomorphic sections. For vector bundles V one defines deg(V ) = deg(det(V )) = c_1(V ) where det(V ) ∼ ∧^mV for rank(V ) = m has transition functions det(g_{UW} ) in an obvious notation. We recall also the Riemann-Roch (RR) theorem which states dim H^0(Σ, V ) − dim H^1(Σ, V ) = deg(V ) + rank(V )(1 − g) (6.2) Many nice results can be obtained from this. Another classical theorem states that any rank m holomorphic VB V → P^1 has the form V ≃ O(a_1) ⊕ · · · ⊕ O(a_m) for a_i ∈ Z. One defines direct image sheaves via f_∗S(U ) = S(f^{−1}(U )) for f : Σ̃ → Σ and for S = O(L) there results (A) H^0(Σ, f_∗O(L)) ≃ H^0(Σ̃, O(L)) with (B) f_∗O(L) = O(E) for E a rank m holomorphic VB (where m = deg(f) = deg(f^∗L_p) = #[f^{−1}(p)]) and (C) If V is a holomorphic VB on Σ then f_∗O(L ⊗ f^∗V ) ≃ O(E ⊗ V ) (where E is given in (B)). One obtains then for L and E as indicated deg(E) = deg(L) + (1 − g̃) − deg(f)(1 − g) (note here a useful fact in proving theorems is that for V a VB on Σ H^0(Σ, V L^{−n}_p ) = 0 for n sufficiently large or equivalently, on P^1, V (n) = V ⊗O(n) will have holomorphic sections for n sufficiently large). Next note that if deg(E) = 0 above then E is trivial if and only if L(−1) = L ⊗ f^∗ O(−1) has no nontrivial sections. Concerning Jac(Σ) one usually defines J^{g−1}(Σ) = Jac(Σ) and the the image of the holomorphic map (p_1, · · · , p_{g−1}) → L_{p1} · · · L_{pg−1} (tensor product) from Σ × · · · × Σ → J^{g−1}(Σ) is called the Θ divisor; it is of codimension 1 in Jac(Σ).

Now going to Lax equations and integrable systems, take a section w ∈ H^0(Σ, f^∗O(n)) where f : Σ → P^1 and for U ⊂ P^1 multiplication by w defines a linear map w : H^0(f^{−1}(U ), L) → H^0(f^{−1}(U ), L(n)) where L(n) = L ⊗ f^∗O(n). One takes here L such that L(−1) ∈ J^{g−1}/Θ and f_∗O(L) = O(E) with E trivial (thus deg(E) = 0 and L(−1) = L ⊗ f^∗O(−1) has no nontrivial holomorphic sections). By definition of E this w determines a homomorphism W : H^0(U, E) → H^0(U, E(n)) and thence

W : H^0(P^1, E) ≃ C^m → H^0(P^1, E(n)) ≃ C^m ⊗ H^0(P^1, O(n)) (6.3)

Thus one has an m × m matrix valued holomorphic section of O(n) so W = A(z) = A_0 + A_1z + · · · + A_nz^n. This gives a construction L → A(z) and from A(z)s_i = ws_i on sections (via local constructions) one is led to the algebraic curve (••) S : det(wI − A(z)) = w^m + a_1(z)w^{m−1} + · · · + a_m(z) = 0 which is an m-fold covering of P^1. One can think (rather crudely) of w embedding Σ as a one dimensional submanifold S of the total space of O(n) (⊂ C^2 locally) and eigenspaces of A(z) correspond to line bundles on Σ or S. This is not clearly stated and the matter should be clarified below. As for Lax pair equations dA/dt = [A, B] with A(z), B(z) matrix polynomials one sees that the spectrum of A is preserved in such evolutions so the eigenspace bundle moves in a complex torus and if a line bundle follows a linear motion there is a basis for which A(z) evolves as a Lax pair for a specific B depending on A (cf. [104] for details). Finally one comes to completely integrable Hamiltonian systems (CIHS). We recall that symplectic manifolds M^{2N} = M have a nondegenerate closed 2-form ω (and we assume ω is holomorphic for complex manifolds M ). This provides an isomorphism T M ↔ T^∗M so that for a given function H : M → C (Hamiltonian) one has a vector field X_H characterized by ω(X_H , Y ) = Y (H) for vector fields Y . The Poisson bracked is defined via {f, g} = X_f (g) = −X_g (f) and X_{{f,g}} = [X_f , X_g ]. One speaks of coadjoint orbits of a Lie group G as follows. If ξ ∈ g̃^∗ then write ω_ξ(X, Y ) = ξ([X, Y ]) where X, Y ∈ g̃ define tangent vectors to the orbit at ξ. Further for f, g ∈ C^∞(g̃^∗) one can express df(ξ) ∈ g̃ as a linear form on T_ξg̃^∗ = g̃^∗ and write {f, g}(ξ) =< ξ, [df(ξ), dg(ξ)] >. One writes also Ad^∗_g : g̃^∗ → g̃^∗ via < Ad^∗_g(ξ), X >=< ξ, Ad_g−1 X > (and similarly < ad^∗_X ξ, Y >= − < ξ, [X, Y ] >). The momentum map is an equivariant map μ : M → g̃^∗ and as an example of all this let G = SL(m, C) and use T r(AB) to identify g̃ and g̃^∗. Take a product of coadjoint orbits O × · · · × O_k of elements of g̃ ≃ g̃^∗ with distinct eigenvalues. The moment map is (R_1, · · · , R_k) → ∑ R_i with symplectic quotient M = {(R_i)/ ∑ R_i = 0} which has dimension (♣) 2N = k(m^2 − m) − 2(m^2 − 1). Let A(z) = p(z) k∑ 1 R_i z − α_i ; p(z) = k∏ 1 (z − α_i); (6.4) det(w − A(z)) = w^m + a_2(z)w^{m−2} + · · · + a_m(z) = p(z, w) The eigenvalues λ_k of A(α_k) = R_k are fixed in advance and p(α_j, w) = det(w − R_j) = 0 for w = λ_j so the polynomial coefficients a_i(z) are not arbitrary. It is shown in [104] how Lax pair equations arise in this example upon fixing the a_i subject to constraints (cf. also [2]). In any event one defines a CIHS to be a symplectic manifold M^{2N} with N Hamiltonian functions H_i such that {H_i, H_j} = 0 and ∧^N_1 dH_i ≢ 0. The bigger picture developed in particular in [48, 50, 51, 100, 101, 102, 103, 104, 134, 135, 136, 148, 175, 176, 183] can be illustrated now by considering R(z) = ∑ [R_jdz/(z − α_j)] with R_j the residues of a matrix valued differential on P^1. The fact ∑ R_i = 0 corresponds to the vanishing of the moment map for symplectic reduction. Now replace R(z) by a 1-form on an arbitrary compact RS with values in End(V ) for an arbitrary holomorphic VB V . The numerical miracle now involved consists in obtaining in suitable circumstances precisely the right number N of Hamiltonian functions. Thus e.g. in the example above one requires the number of independent coefficients a_i in (6.4) to be N (cf. (♣)). In order to obtain a suitable structure in general one considers the space R of equivalence classes of stable holomorphic rank m vector bundles V over Σ_g . Stable has various definitions (which we omit) and the facts used here are only that the only global endomorphisms of V should be scalars and that R is a complex manifold with dim(R) = 1 − m^2(1 − g). Then T^∗R is a symplectic manifold and since T R at [V ] is H^1(Σ, End(V )) Serre duality gives T^∗R ≃ H^0(Σ, End(V ) ⊗ K). Thus locally a point in T^∗R is (up to equivalence) a VB V and a holomorphic section A of End(V ) ⊗ K. Therefore A is an m × m marix with values in K and its characteristic polynomial is p(z, w) = det(w − A(z)) = w^m + a_1w^{m−1} + · · ·+ a_m with holomorphic coefficients a_i ∈ H^0(Σ, K^i). One can show that dim H^0(Σ, K) = g and dim H^1(Σ, K) = 1 so by RR deg(K) = 2g − 2 (g > 1) and by Serre duality again H^1(Σ, K^i)^∗ ≃ H^0(Σ, K^{1−i}). But K^{1−i} has negative degree and no sections for i > 1 so RR for K^i implies dim H^0(Σ, K^i) = (2i−1)(g −1). The number of degrees of freedom in choosing the characteristic polynomial p(z, w) is then g+ ∑_m 2 (2i−1)(g−1) = 1−m^2(1−g) and this is exactly the dimension of R or (1/2) × dim(T^∗R). This will then give rise to a CIHS based on T^∗R and p(z, w) = 0 determines a spectral curve S in the total space of K over Σ; A is determined by a line bundle on S and the Hamiltonian flows are linear. Again the construction needs clarification (see below).

We go now to [175] and let Σ_g be a RS of genus g and F B(Σ, G) be the space of flat vector bundles (VB), V = V_G (G = GL(N, C)), with smooth connections A. Flatness means (6A) F_A = dA + (1/2)[A, A] = 0. Fixing a complex structure on Σ_g one has A ∼ (A, Ā) with a system of matrix equations (∂ + A)ψ = 0; ( ¯∂ + Ā)ψ = 0 (6.5)

(linearization of (6A)). One modifies this via a parameter κ ∈ R (the level) and uses κ∂ instead of ∂ in the first equation of (6.5). Now let μ be a Beltrami differential μ ∈ Ω^{(−1,1)}(Σ_g ) (cf. [109]). Then in local coordinates (6B) μ = μ(z, z̄)∂_z ⊗ dz̄ and one can deform the complex structure on Σ_g to produce new coordinates w = z − ϵ(z, z̄); w̄ = z̄; μ = ¯∂ϵ 1 − ∂ϵ (6.6)

(note this should be called −μ to agree with ¯∂w/∂w but we retain the notation of [175]). Then ∂_{w̄} = ¯∂ + μ∂ annihilates dw while ¯∂ annihilates dz (note ( ¯∂ + μ∂)(z − ϵ) = − ¯∂ϵ + μ − μ∂ϵ = 0). In the new coordinates (6A) has the form (6C) F_A = ( ¯∂ + ∂μ)A − κ∂Ā + [Ā, A] = 0 and one arrives at the system (κ∂ + A)ψ = 0; ( ¯∂ + μ∂ + Ā)ψ = 0 (6.7)

Write now μ = ∑_ℓ a=1 t_aμ^0_a where μ^0_1, · · ·, μ^0_ℓ is a basis in the tangent space to the moduli space M_g of complex structures on Σ_g (here ℓ = 3g−3 for g > 1). Note that μ∂ measures the deviation of ∂_{w̄} from ¯∂. Fix now a fundamental solution of (6.7) via ψ(z_0, z̄_0) = I. Let γ be a homotopically nontrivial cycle in Σ_g such that (z_0, z̄_0) ∈ γ and set (6D) Y(γ) = ψ(z_0, z̄_0)|_γ = P exp ∮ γ A (monodromy - P ∼ path ordered product as in [11] for example where many basic ideas about connections etc. are spelled out). The set of matrices Y(γ) generates a representation of Π_1(Σ_g , z_0) in GL(N, C) and independence of the monodromy Y to deformation of complex structure means

∂_aY = 0 ( a = 1, · · · , ℓ; ∂_a = ∂ ∂t_a ) (6.8)

It follows that (6.8) is consistent with (6.7) if and only if

∂_aA = 0; ∂Ā = 1 κ Aμ^0_a (a = 1, · · ·, ℓ) (6.9)

Further this system (6.9) is Hamiltonian where one endows F B(Σ, G) with a symplectic form (6E) ω^0 = ∫ Σ_g < δA, δ Ā > where < , >∼ Trace; Hamiltonians are defined via (6F) H_a = (1/2) ∫_{Σg} < A, A > μ^0_a (a = 1, · · · , ℓ). Consider now the bundle P over M_g with fiber F B(Σ, G); the triple (A, Ā, t) can be used as a local coordinate and one thinks of P as an extended phase space with a closed 2-form (6G) ω = ω^0 − (1/κ) ∑ a δH_aδt. Although ω is degenerate on P it produces equations of motion (6.9) since ω^0 is nondegenerate along the fibers. Gauge transformations in the deformed complex structure have the form A → f^{−1}κ∂f + f^{−1}Af; Ā → f^{−1}( ¯∂ + μ∂)f + f^{−1}Āf (6.10)

The form ω is invariant under such gauge transformations (the set of which we call G) but not ω^0 or H_a independently. If one writes now (6H) Ā^′ = Ā − (1/κ)μA and uses (A, Ā^′) as a connection then (6I) ω = ∫ Σ_g < δA, δ Ā^′ >.

A gauge fixing via (6.10) plus the flatness condition (6C) is in fact a symplectic reduction from the space of smooth connections to the moduli space of flat connections ~F B(Σ, G) = SM (Σ, G)//G where // means (6C) plus a gauge fixing are in force. The flatness condition is called the moment constraint equation. Now fix the gauge so that the Ā component of A becomes antiholomorphic, i.e. (6J) ∂L̄ = 0 via L̄ = f^{−1}( ¯∂ + μ∂)f + f^{−1}Āf. This can be achieved since (6J) amounts to the classical equations of motion for the WZW functional S_{W ZW} (f, Ā) with gauge field f in the external field Ā (cf. [16, 130]). Let L be the gauge transformed A, i.e. L = f^{−1}κ∂f + f^{−1}Af, and then (6C) takes the form (6K) ( ¯∂ + μ∂)L + [L̄, L] = 0. Thus the moduli space of flat connections ~F B(Σ, G) is characterized by the set of solutions of (6K) along with (6J) and this space has dimension (6L) dim(~F B) = 2(N^2 − 1)(g − 1) (for g > 1). After gauge fixing the bundle P over M_g becomes P̃ with ~F B as fibers and the equations (6.7)-(6.8) become

(κ∂ + L)ψ = 0; ( ¯∂ + μ∂ + L̄)ψ = 0; (κ∂_a + M_a)ψ = 0 (6.11)

where we have replaced ψ by f^{−1}ψ and M_a = κ∂_af f^{−1}. Note that κ is not involved in the WZW result and thus κ seems to be arbitrary in (6.11). The gauge transformations do not spoil the consistency of this system and from (6.11) one arrives at the Lax form of the isomonodromy deformation equations ∂_aL − κ∂M_a + [M_a, L] = 0; (6.12) κ∂_aL̄ − μ^0_aL = ( ¯∂ + μ∂)M_a − [M_a, L̄] These equations play the role of (6.9) and the last equation in (6.12) allows one to find M_a in terms of the dynamical variables (L, L̄).

The symplectic form ω on P̃ is ω = ∫ Σ_g < δL, δL̄ > − 1 κ ∑ a δH_aδt_a; H_a = 1 2 ∫ Σ_g < δL, δL > μ^0_a (6.13) and we introduce local coordinates (v, u) in ~F B via (6M) (L, L̄) = (L, L̄)(v, u, t) with v = (v_1, · · · , v_M ) and u = (u_1, · · · , u_M ) for M = (N^2 − 1)(g − 1). Assume for simplicity now that this leads to the canonical form on ~F B ω^0 = ∫ Σ_g < δL(v, u, t), δL̄(v, u, t) >= (δv, δu) (6.14) where ( , ) is induced by the trace. On the extended phase space one has then ω = (δv, δu) − 1 κ ∑ a δK_a(v, u, t)δt_a (6.15) and variations in the K_a take the form δK_a = ∫ Σ_g [< L, δL > μ^0_a + κ(< δL, ∂_aL̄ > − < ∂_aL, δL̄ >)] (6.16) Now because of (6K) the Hamiltonians depend explicitly on times and one considers the Poincaré- Cartan integral invariant (cf. [9]) Θ = δ^{−1}ω = (v, δu) − 1 κ ∑ a K_a(v, u, t)δt_a (6.17) Then there exist 3g − 3 = dim(M_g) vector fields (6N) V_a = κ∂_a + {H_a, · } (a = 1, · · · , ℓ) that annihilate Θ and one can check that (K_a ∼ H_a here and below)

κ∂_sH_r − κ∂_r H_s + {H_s, H_r}_ω0 = 0 (6.18)

Note from [134] that V_a ∼ ∑ (A^a_i ∂_{vi} + B^a_i ∂_{ui} ) + ∂_a and V_a ∈ ker(Θ) means (∂_a ∼ ∂/∂t_a)

A^a_i + ∂H_a ∂u_i = 0; −B^a_i + ∂H_a ∂v_i = 0; (6.19) −A^a_i ∂H_b ∂v_i − B^a_i ∂H_b ∂u_i − ∂_bH_a + ∂_aH_b = 0

so that (6NN) V_a = −(∂H_a/∂u_i)∂_{vi} + (∂H_a/∂v_i)∂_{ui} + ∂_a Thereby they define the flat connection in P̃ and these conditions are sometimes referred to as the Whitham hierarchy. Thus for Σ ∈ M_g the Whitham equations determine a flat connection in ~F B(Σ, G). This gives an entirely new perspective for the idea of Whitham equations; it is based on geometry and deformation theoretic ideas (no averaging). For a given f(v, u, t) on P̃ the corresponding equations take the form df(v, u, t) dt_s = κ ∂f(v, u, t) ∂t_s + {H_s, f} (6.20)

called the hierarchy of isomonodromic deformations (HID). Both hierarchies can be derived from variations of a prepotential F on P̃ where (6O) F (u, t) = F (u_0, t_0) + ∑ ∫_{u,ts} u0,t0 Lsdt ′ s with L_s(∂_su, u, t) = (v, ∂_su)−K_s(v, u, t) the Lagrangian (∂_su = δK_s/δv - note F ∼ S is better notation). F then satisfies the Hamilton-Jacobi (HJ) equation κ∂_sF + H_s ( δF δu , u, t ) = 0 (6.21)

and F ∼ log(τ ) where τ corresponds to a tau function of HID (the notation is clumsy however). Note that equations such as (6.21) arise in [137] with period integrals a_i as moduli (cf. also Section 8 - recall that the Toda type Seiberg-Witten curves for massless SU (N ) have N − 1 = g moduli with a 1 − 1 map to the a_i). Singular curves are important for low genera situations but we omit this here (cf. [175]).

Consider next the moduli space R = R_{g,N} of stable holomorphic GL(N, C) vector bundles V over Σ = Σ_g (cf. [103, 120, 178] for stable and semistable VB and note that in [134, 136, 175] one develops the theory for Σ ∼ Σ_{g,n} with n marked points but this will be omitted here. R is a smooth variety of dimension g̃ = N^2(g − 1) + 1. Let T^∗R be the cotangent bundle to R with the standard symplectic form. Then Hitchin defined a completely integrable system on T^∗R (cf. [100]). The space T^∗R can be obtained by a symplectic reduction from T^∗R^s_{g,N} = {(ϕ, Ā)} where Ā is a smooth connection of the stable bundle corresponding to ¯∂ + Ā and ϕ is a Higgs field ϕ ∈ Ω^0(Σ, End(V ) ⊗ K) where K is the canonical bundle of Σ (K ∼ holomorphic cotangent bundle - cf. [35]). One has a symplectic form (6P) ω^0 = ∫ Σ_g < δϕ, δ Ā > which is invariant under the gauge group G = C^∞(Σ, GL(N, C)) where (6Q) ϕ → f^{−1}ϕf and Ā → f^{−1} ¯∂f + f^{−1}Āf with R_{g,N} = R^s_{g,N} /G. Let now ρ_{sk}∂^{k−1}_z ⊗ dz̄ be (−k + 1, 1) differentials (ρ_{sk} ∈ H^1(Σ, Γ^{k−1} ⊗ K) where Γ^{k−1} ∼ k − 1 times differentiable sections, and s enumerates the basis in H^1(Σ, Γ^{k−1} ⊗ K) so ρ_{s,2} ∼ μ_s). By Riemann-Roch dim(H^1(Σ, Γ^{k−1} ⊗ K)) = (2k − 1)(g − 1) and one can define gauge invariant Hamiltonians H_{s,k} = 1 k ∫ Σ < ϕ^k > ρ_{s,k} (k = 1, · · · , N ; s = 1, · · · , (2k − 1)(g − 1)) (6.22)

where the Hamiltonian equations are

∂_aϕ = 0 ( ∂_a = ∂ ∂t_a ; a = (s, k) ) ; ∂_aĀ = ϕ^{k−1}ρ_{s,k} (6.23)

The gauge action produces a moment map μ : T^∗R^s → ~gl^∗(N, C) and from (6P)-(6Q) one has (6R) μ = ¯∂ϕ + [Ā, ϕ]. The reduced phase space is the cotangent bundle T^∗R_{g,N} ∼ T^∗R^s//G = μ^{−1}(0)/G (gauge fixing and flatness) and finally the Hitchin hierarchy (HH) is the set of Hamiltonians (6.22) on T^∗R_{g,N} . Note also that the number of H_{s,k} is ∑_N 1 (2k − 1)(g − 1) = N^2(g − 1) + 1 = g̃ = dim(T^∗R_{g,N} ). Since they are independent and Poisson commuting (HH) is a set of completely integrable Hamiltonian systems on T^∗R_{g,N} . To obtain equations of motion for (HH) fix the gauge of Ā via Ā = f ¯∂f^{−1} + fL̄f^{−1} so that L = f^{−1}ϕf is a solution of the moment constraint equation (6S) ¯∂L + [L̄, L] = 0 (flatness condition). The space of solutions of (6S) is isomorphic to H^0(Σ, End(V ) ⊗ K) ∼ cotangent space to the moduli space R_{g,N} . The gauge term f defines the element M_a = ∂_af f^{−1} ∈ g̃l(N, C) while the equations

(λ + L)Y = 0; (∂_a + M_a)Y = 0; (6.24)

( ¯∂ + ∑ s,k λ^{k−1}t_{s,k}ρ_{s,k} + L̄)Y = 0 are consistent and give the equations of motion for (HH). To prove this one checks that consistency follows from (6S) and in terms of L the equations (6.12) take the form

∂_aL + [M_a, L] = 0 (Lax); ∂_aL̄ − ¯∂M_a + [M_a, L̄] = L^{k−1}ρ_{s,k} (6.25)

where a = (s, k). The Lax equation provides consistency of the first two equations in (6.24) while the second equation in (6.25) plays the same role for the second and third equations in (6.24); this equation also allows one to determine M_a from L and L̄.

Due to the Liouville theorem the phase flows of (HH) are restricted to the Abelian varieties corresponding to a level set of the Hamiltonians H_{s,k} = c_{s,k}. This becomes simple in terms of action-angle coordinates defined so that the angle type coordinates are angular coordinates on the Abelian variety and the Hamiltonians depend only on the actions. To describe this consider

P (λ, z) = det(λ − L) = λ^N + b_1λ^{N−1} + · · · + b_jλ^{N−j} + · · · + b_N (6.26)

where b_j = ∑ M in_j where M in_j ∼ principal minors of order j, and b_1 = T r(L) with b_N = det(L).

The spectral curve C ⊂ T^∗Σ is defined via (6T) C = {P (λ, z) = 0} and this is well defined since the b_j are gauge invariant. Since L ∈ H^0(Σ, End(V ) ⊗ K) the coefficients b_j ∈ H^0(Σ_g , K^j) and one has a map (6U) p : T^∗R_{g,N} → B = ⊕^N_1 H^0(Σ, K^j). The space B can be considered as the moduli space of the family of spectral curves parametrized by the Hamiltonians H_{s,k}; the fibers of p are Lagrangian subvarieties of T^∗R_{g,N} and the spectral curve C is the N -fold covering of the base curve Σ: π : C → Σ. One can say that the genus of C is the dimension g̃ of R_{g,N} (recall g̃ = N^2(g − 1) + 1). There is a line bundle L with an eigenspace of L(z) corresponding to the eigenvalue λ as a fiber over a generic point (λ, z); thus (6X) L ⊂ ker(λ + L) ⊂ π^∗(V ). It defines a point of the Jacobian Jac(C), the Liouville variety of dimension g̃ = g(C). Conversely if z ∈ Σ_g is not a branch point one can reconstruct V for a given line bundle on C as (6Y) V_z = ⊕_{v∈π}−1_{(z)}L_v. Let now ω_j where j = 1, · · · , g̃, be the canonical holomorphic differentials on C such that for the cycles α_1, · · · , α_{g̃}, β_1, · · ·, β_{g̃} with α_i · α_j = β_i · β_j = 0 one has ∮ α_i ωj = δij . Then the symplectic

form (6P) can be written in the form

ω^0 = ∫ Σ < δL, δL̄ >= N∑ 1 δλ_j δξ_j (6.27)

Here ξ_j are diagonal elements of SL̄S where SLS^{−1} = diag(λ_1, · · · , λ_N ). There results (6Z) ω^0 = ∫ C δλδξ. Since λ is a holomorphic 1-form on C it can be decomposed as λ = ∑_{g̃} 1 a_j ω_j and consequently (I) ω^0 = ∑_{g̃} 1 δa_j ∫ ω_jδξ. The action variables can be identified with (II) a_j = ∮ α_j λ. To

define the angle variables one puts locally ξ = ¯∂log(ψ); then if (p_m) is a divisor of ψ ∫ C ω_jδξ = ∑ m ∫_{pm} p0 ω_jlog(ψ) = δϕ_j (6.28)

The ϕ_j are linear coordinates on Jac(C) and (III) ω^0 = ∑_{g̃} 1 δa_j δϕ_j. REMARK 6.2. For completeness let us give here some comments on the above following [48, 50, 51]. As before take R for the moduli space of stable holomorphic GL(N, C) vector bundles V over Σ = Σ_g with dim(R) = g̃ = N^2(g − 1) + 1 (note rank(V ) = N and write d = deg(V ). The cotangent space to R at a point V is T^∗_V R = H^0(End(V ) ⊗ K) (note H^0(End(V ) ⊗ K) ∼ H^0(Σ, End(V )⊗K)) and Hitchin’s theory says T^∗R is an algebraically completely integrable system (ACIS). This means there is a map h : T^∗R → B, for a g̃ dimensional vector space B, that is Lagrangian with respect to the natural symplectic structure on T^∗R (i.e. the tangent space to a general fiber h^{−1}(a) for a ∈ B is a maximal isotropic subspace relative to the symplectic form). Then by contraction with the symplectic form one obtains a trivialization of the tangent bundle T_h−1_{(a)} ≃ O_h−1_{(a)} ⊗ T^∗_a B. This gives a family of Hamiltonian vector fields on h^{−1}(a), parametrized by T^∗_a B, and the flows generated by these fields on h^{−1}(a) all commute. Algebraic complete integrability means in addition that the fibers h^{−1}(a) are Zariski open subsets of Abelian varieties on which the flows are linear (i.e. the vector fields are constant). In a slightly more general framework let K be the canonical bundle as before with total space K = T^∗Σ_g and think of a K valued Higgs pair (V, ϕ : V → V ⊗ K) where V is a VB on Σ_g and ϕ is a K valued endomorphism. Imposing a stability condition this leads to moduli spaces R_K (resp. R^s_K ) parametrizing equivalence classes of semistable bundles (resp. isomorphism classes of stable bundles). Let B = B_K be the vector space parametrizing polynomial maps p_a : K → K^N where p_a = x^N + a_1x^{N−1} + · · · + a_N with a_i ∈ H^0(K^{⊗i}) (i.e. B = B_K = ⊕^N_1 H^0(K^{⊗i})). The assignment (V, ϕ) → det(xI − ϕ) gives a morphism h_K : R_K → B_K (to the coefficients of det(xI − ϕ)). Then the map h is the restriction of h_K to T^∗R which is an open subset of R^s_K and dim(B) = g̃ (miraculously - see Remark 6.1). The spectral curve Σ̃ = Σ̃_a defined by a ∈ B_K is the inverse image in K = T^∗Σ of the zero section of K^{⊗N} under p_a : K → K^N . It is finite over Σ of degree N and for Σ̃_a nonsingular the general fiber of h_K is the Abelian variety Jac(Σ̃).

REMARK 6.3. We omit discussion from [100, 101, 102, 103] since the notation becomes complicated and refer also to [10, 48, 56, 50, 51, 91, 107, 120, 148, 178, 183, 197] for more on all of this ([156] is an excellent reference for symplectic matters).

REMARK 6.4. There are two other versions of the Hitchin approach related to physics, namely those of [48, 49] and [70, 79]. Both serve as a short cut to some kind of understanding but both are flawed as to details (cf. [51, 148] for more detail but with a lack of concern regarding connection ideas). Let us look at [70, 79] as the most revealing, especially [79]. Thus let Σ be a compace RS of genus g and let G be a complex Lie group which can be assumed simple, connected, and simply connected. Let A be the space of g̃ valued (0, 1) gauge fields Ā = A_{z̄}dz̄ on Σ and take for T^∗A the symplectic manifold of pairs (Ā, ϕ) where ϕ = Φ_zdz = ϕdz is a g̃ valued (1, 0) Higgs field. The holomorphic symplectic form on T^∗A is (XXIV) ∫ Σ T r δϕ δĀ where T r stands for the Killing form on g̃ suitably normalized. The local gauge transformations h ∈ G ≡ M ap(Σ, G) act on T^∗A via

Ā → Ā^h = hĀh^{−1} + h ¯∂h^{−1}; ϕ → ϕ^h ≡ hϕh^{−1} (6.29)

and preserve the symplectic form. The corresponding moment map μ : T^∗A → g̃^∗ ≃ ∧^2(Σ)⊗g̃ takes the form (XXV) μ(Ā, ϕ) = ¯∂ϕ + Āϕ + ϕā (note here that Ādz̄ ∧ ϕdz + ϕdz ∧ Ādz̄ = [Ā, ϕ]dz̄ ∧ dz so one has adjoint action). The symplectic reduction gives the reduced phase space (XXVI) P = μ^{−1}({0})/G with the symplectic structure induced from that of T^∗A. As before P can be identified with the complex cotangent bundle T^∗N to the orbit space N = A/G where N is the moduli space of holomorphic G bundles on Σ (of course the identification here really should be restricted to gauge fields Ā leading to stable or perhaps semi-stable G bundles but [79] is rather cavalier about such matters and we are delighted to follow suit). Now the Hitchin system will have P as its phase space and the Hamiltonians are obtained via (XXVII) h_p(Ā, ϕ) = p(ϕ) = p(Φ_z)(dz)^{dp} where p is a homogeneous Ad invariant polynomial on g̃ of degree d_p. Since h_p is constant on the orbits of G it descends to the reduced phase space (XXVIII) h_p : P → H^0(K^{dp} ). Again K is the canonical bundle of covectors proportional to dz and H^0(K^{dp} ) is the finite dimensional vector space of holomorphic d_p differentials on Σ. The components of h_p Poisson-commute (they Poissoncommute already as functions on T^∗A since they depend only on the “momenta” ϕ). The point of Hitchin’s construction is that by taking a complete system of polynomials p one obtains on P a complete system of Hamiltonians in involution. For the matrix groups the values of h_p at a point of P can be encoded in the spectral curve C defined by (XXIX) det(ϕ − ξ) = 0 where ξ ∈ K. This spectral curve of eigenvalues ξ is a ramified cover of Σ; the corresponding eigenspaces of ϕ form a holomorphic line bundle over C belonging to a subspace of Jac(C) on which the h_p induce linear flows. For example for the quadratic polynomial p_2 = (1/2)T r the map h_{p2} takes values in the space of holomorphic quadratic differentials H^0(K^2). This is the space cotangent to the moduli space M of complex curves Σ. Variations of the complex structure of Σ are described by Beltrami differentials δμ = δμ^z_{z̄}∂_zdz̄ such that z^′ = z + δz with ∂_{z̄}δz = δμ^z_{z̄} gives new complex coordinates (see below for connections to the notation in (6.6)). The Beltrami differentials δμ may be paired with holomorphic quadratic differentials β ∼ β dz^2 via (XXX) (β, δμ) = ∫ Σ β δμ. The differentials δμ = ¯∂(δξ) for δξ a vector field on Σ describe variations of the complex structure due to diffeomorphisms of Σ and they pair to zero with β. The quotient space H^1(K^{−1}) of differentials δμ modulo ¯∂(δξ) is the tangent space to the moduli space M and H^0(K^2) is its dual. The pairing (XXX) defines then for each [δμ] ∈ H^1(K^{−1}) a Hamiltonian (XXXI) h_{δμ} ≡ h_{p2} δμ and these commute for different δμ.

REMARK 6.5. In (6.6) one has μ = μ(z, z̄)∂_z ⊗ dz̄ with w = z − ϵ(z, z̄), w̄ = z̄, and μ = ¯∂ϵ/(1 − ∂ϵ) (which should be μ = − ¯∂ϵ/(1 − ∂ϵ) = ¯∂w/∂w) while from [79] the notation is z^′ = z + δz and δμ = δμ^z_{z̄}∂_zdz̄ with ¯∂(δz) = δμ^z_{z̄}. Thus δz ∼ −ϵ and one surely must think of δμ^z_{z̄} ∼ μ(z, z̄) in which case − ¯∂ϵ ∼ μ (adequate for small ∂ϵ). Thus for small ∂ϵ the notations of (6.6)∼ [175] and [79] can be compared at least. To compare ideas with the Kodaira-Spencer theory of deformations (cf. [122, 167]) one can extract from [109] (cf. also [60, 99, 103]). Thus the space of infinitesimal deformations of Σ is determined by H^1(Σ, Θ) where Θ is the sheaf of germs of holomorphic vector fields on Σ. This in turn can be identified with the tangent space T_0(T (Σ)) of the Teichmüller space T (Σ) (or T_g) at the base point (Σ, id.). We further recall that the moduli space M_g corresponds to T (Σ)/M od(Σ) where M od(Σ) is the set of homotopy classes of orientation preserving diffeomorphisms Σ → Σ (modular group). Recall M_g is the set of biholomorphic equivalence classes of compact RS of genus g with dimension 3g − 3. Now, more precisely, going to [109] for notation etc., for a given RS Σ consider pairs (R, f) with orientation preserving diffeomorphism f : Σ → R. Set (R, f) ≡ (S, g) if g ∘ f^{−1} : R → S is homotopic to a biholomorphic map h : R → S. Then write [(R, f)] for the equivalence class and the set of such [(R, f)] is T (Σ). For [(R, f)] ∈ T (Σ) work locally: (U, z) → (V, w) with f(U ) ⊂ V , and write F = w ∘ f ∘ z^{−1} with μ_f = F_{z̄}/F_z = ¯∂F/∂F . This is the Beltrami coefficient and one can write μ = ¯∂f /∂f in a standard notation. There are transition functions for coordinate changes leading to an expression μ_f = μ(dz̄/dz) where μ_f is a (−1, 1) form. In terms of the space M (Σ) of Riemannian metrics on Σ one has T (Σ) ≃ M (Σ)/Diff_0(Σ) and M_g ≃ M (Σ)/Diff_+ (Σ) where Diff_+ ∼ orientation preserving diffeomorphisms of Σ and Diff_0 ∼ elements in Diff_+ homotopic to the identity. Next one writes A_2(Σ) for the space of holomorphic quadratic differentials ϕ = ϕ(z)dz^2 and ϕ ∈ A_2(Σ)_1 if ‖ϕ‖_1 = 2 ∫ Σ |ϕ|^2dxdy < 1 (cf. below for the factor of 2). Then T (Σ) is homeomorphic to A_2(Σ) (and hence to R^{6n−6}). One notes again the natural pairing (XXX) of A_2 with Beltrami forms via (ϕ, μ_f ) = ∫ Σ μϕ dzdz̄ formally (recall for z = x + iy and z̄ = x − iy one has dx ∧ dy = (i/2)dz ∧ dz̄ so strictly 2 ∫ g dxdy = i ∫ g dz ∧ dz̄). Now it is easy to show that there is an isomorphism

δ^∗ :

H^0(Σ, E^{0,1}(K^{−1})) ¯∂H0(Σ, E 0,0(K−1)) → H^1(Σ, Θ) (6.30)

and Θ = O(K^{−1}) with A_2(Σ) = H^0(Σ, O^{1,0}(K)) (recall K ∼ holomorphic cotangent space of Σ). We note that H^0(Σ, E^{0,1}(K^{−1})) ∼ Beltrami differentials {μ_j(dz̄_j /dz_j} while v ∈ H^0(Σ, E^{0,0}(K^{−1})) corresponds to a C^∞ vector field v ∼ {v_j(∂/∂z_j } so ¯∂v = {μ_j(dz̄_j /dz_j} where μ_j = ∂v_j /∂z̄_j. Consequently there is a canonical isomorphism (XXXII) Λ ∘ (δ^∗)^{−1} : H^1(Σ, Θ) → A_2(Σ) where Λ[μ](ϕ) = ∫ Σ μϕ dxdy for μ ∈ H^0(Σ, E^{0,1}(K^{−1})) and ϕ ∈ A_2(Σ). This gives the isomorphism H^1(Σ, Θ) ≃ T_0(T (Σ)) mentioned above. These facts will help clarify some remarks already made above (note H^1(K^{−1}) ∼ H^1(Σ, Θ) and its dual H^0(K^2) ∼ A_2).

We return now to [175] again and consider HID in the (scaling) limit κ → 0 (critical value). One can prove that on the critical level HID coincides with the part of HH relating to the quadratic Hamiltonians in (6.22). Note first that in this limit the A connection is transformed into the Higgs field (A → ϕ as κ → 0 - cf. (6.10) and recall L = f^{−1}ϕf) and therefore ~F B(Σ, G) → T^∗R_{g,N} (perhaps modulo questions of stability). But the form ω on the extended phase space P appears to be singular (cf. (6G) and (6.13)) and to get around this one rescales the times (IV) t = T + κt^H where t^H are the fast (Hitchin) times and T the slow times. Assume that only the fast times are dynamical, which means (V) δμ(t) = κ ∑ s μ^0_sδt^H_s where one writes μ^0_s = ¯∂n_s. After this rescaling the forms (6G) and (6.13) become regular. The rescaling procedure means that we blow up a vicinity of the fixed point μ^0_s in M_{g,n} and the whole dynamics is developed in this vicinity. The fixed point is defined by the complex coordinates (VI) w_0 = z − ∑ s T_sϵ_s(z, z̄) with w̄_0 = z̄. Now compare the BA function ψ of HID in (6.11) with the BA function Y of HH in (6.24). Using a WKB approximation we assume (VII) ψ = Φexp[(S^0/κ)+S^1] where Φ is a group valued function and S^0, S^1 are diagonal matrices. Put this in the linear system (6.11) and if (VIII) ∂S^0/∂w̄_0 = 0 = ∂S^0/∂t^H_s then there are no terms of order κ^{−1}. It follows from the definition of the fixed point in the moduli of complex structures (VI) that a slow time dependent S_0 emerges in the form

S^0 = S^0 ( T_1, · · · , T_ℓ|z − ∑ s T_sϵ_s(z, z̄) ) (6.31)

In the quasiclassical limit put (IX) ∂S^0 = λ. so in the zero order approximation we arrive at the linear system of HH (namely (6.11)) defined by the Hamiltonians H_{s,k} (k = 1, 2) and the BA function Y takes the form (X) Y = Φexp[ ∑ s t^H_s (∂S^0/∂T_s)]. The goal now is the inverse problem, i.e. to construct the dependence on the slow times T starting from solutions of HH. Since T is a vector in the tangent space to the moduli space of curves M_g it defines a deformation of the spectral curve in the space B (cf. (6U)). Solutions Y of the linear system (6.24) take the form

Y = Φexp[ ∑ s t^H_s Ω_s] where the Ω_s are diagonal matrices. Their entries are primitive functions of meromorphic differentials with singularities matching the corresponding poles of L. Then in accord with (X) we can assume that (XI) ∂dS/∂T_s = dΩ_s so the T_s correspond to Whitham times (along with the t_s from (6.18), (6.20), and (6.21) - note t_s = T_s + κt^H_s so t_s and T_s are comparable in this spirit). These equations define the approximation to the phase of ψ in the linear problems (6.11) of HID along with (XII) ∂dS/∂a_j = dω_j. The differential dS plays the role of the SW differential and an important point here is that only a portion of the spectral moduli, namely those connected with H_{s,k} for k = 1, 2, are deformed. As a result there is no matching between the action parameters of the spectral curve a_j (j = 1, · · ·, g̃) in (II) and deformed Hamiltonians (cf. [194] and Section 3).

Next the KZB equations (Knizhnik, Zamolodchikov, and Bernard) are the system of differential equations having the form of non-stationary Schrödinger equations with the times coming from M_{g,n} (cf. [114]). They arise in the geometric quantization of the moduli of flat bundles ~F B(Σ, G). Thus let V = V_1⊗· · ·⊗V_n be associated with the marked points and the Hilbert space of the quantum system is a space of sections of the bundle E_{V,κ}quant (Σ_{g,n}) with fibers ~F B(Σ, G) depending on a number κ^{quant}; it is the space of conformal blocks of the WZW theory on Σ_{g,n}. The Hitchin systems are the classical limit of the KZB equations on the critical level where classical limit means that one replaces operators by their symbols and generators of finite dimensional representations in the vertex operators acting in the spaces V_j by the corresponding elements of coadjoint orbits. To pass to the classical limit in the KZB equations (XIII) (κ^{quant}∂_s + Ĥ_s)F = 0 (note these are kind of flat connection equations) one replaces the conformal block by its quasi-classical expression (XIV) F = exp(F/h̄) where h̄ = (κ^{quant})^{−1} (where κ = κ^{quant}/h̄ as in [134]) and consider the classical limit κ^{quant} → 0 which leads to HID as in (6.21) so (XIII) is a quantum counterpart of the Whitham equations). One assumes that the limiting values involving Casimirs C^i_a (i = 1, · · · , rank(G)) and a = 1, · · · , n), corresponding to the irreducible representations defining the vertex operators, remain finite and this allows one to fix the coadjoint orbits at the marked points. In this classical limit (XIII) then is transformed into the HJ equation for the action F = log(τ ) of HID, namely (6.21) (note κ^{quant}∂_sF → κ∂_sF etc.). The integral representations of conformal blocks are known for WZW theories over rational and elliptic curves (cf. [112, 70, 73]) so (XIV) then determines the prepotential F of HID. The KZB operators (XIII) play the role of flat connections in the bundle P^{quant} over M_{g,n} with fibers E_{V,κ}quant (Σ_{g,n}) (cf. [72, 101]) with

[κ^{quant}∂_s + Ĥ_s, κ^{quant}∂_r + Ĥ_r] = 0 (6.32)

In fact these equations are the quantum counterpart of the Whitham hierarchy (6.18).

7 WHITHAM AND SEIBERG-WITTEN

We mention first that a general abstract theory of Whitham equations has been developed in [53, 105, 106, 127, 128, 129] and this was summarized in part and reviewed in [23, 26, 33]. One deals with algebraic curves Σ_{g,N} having punctures at points P_α (α = 1, · · · , N ) and a collection of Whitham times T_A and corresponding differentials dΩ_A is constructed. The Whitham equations (XXXVIII) ∂_AdΩ_B = ∂_B dΩ_A persist as in (2.38). The construction of differentials becomes complicated however and we will not deal with this here. Rather we will follow the approach of [61, 62, 64, 82, 83, 113, 168, 189] (summarized as in [23, 26, 28, 33]). The most revealing and accurate development follows [83, 189] (as recorded in [26, 28]) and we will extract here from [26].

7.1 Background from [83]

We take a SW situation following [19, 23, 26, 28, 48, 49, 64, 82, 83, 105, 106, 113, 129, 155, 168, 181] and recall the SW curves Σ_g (g = N − 1) for a pure SU (N ) susy YM theory det_{N×N} [L(w) − λ] = 0; P (λ) = Λ^N ( w + 1 w ) ; (7.1)

P (λ) = λ^N − N∑ 2 u_kλ^{N−k} = N∏ 1 (λ − λ_j ); u_k = (−1)^k ∑ i1<···<i_k λ_{i1} · · · λ_{ik} Here the u_k are Schur polynomials of h_k = (1/k) ∑_N 1 λ^k_i via the formula (A) log(λ^{−N} P (λ)) = − ∑ k(h_k/λ^k); there are g = N − 1 moduli u_k and we refer to [113] for the Lax operator L. Thus u_0 = 1, u_1 = 0, u_2 = h_2, u_3 = h_3, u_4 = h_4 − (1/2)h^2, etc. (h_1 = 0 for SU (N )). One also has the representation y^2 = P^2(λ) − 4Λ^{2N} ; y = Λ^N ( w − 1 w ) (7.2)

giving a two fold covering of the punctured Riemann sphere with parameter λ. Such Toda chain curves are characterized by a function (B) 2Λ^N w = (P + y). Note also from (7.1) - (7.2) one obtains δP + P^′δλ = N P δlog(Λ) + y δw w ; δP = − ∑ λ^{N−k}δu_k; P^′ = ∂P ∂λ (7.3)

On a given curve (fixed u_k and λ) dw w = P^′dλ y ; dS_{SW} = λ dw w = λdP y (7.4) ∂dS_{SW} ∂u_k | | | |_{w=c} = λ^{N−k} P^′ dw w = λ^{N−k}dλ y = dv^k; k = 2, · · ·, N (7.5)

where the dv^k are g = N − 1 holomorphic one forms with

a_i = ∮ A_i dS_{SW} ; σ^{ik} = ∮ A_i dv^k = ∂a_i ∂u_k (7.6)

and dω_i = (σ_{ik})^{−1}dv^k are the canonical holomorphic differentials with (C) ∮ A_i dωj = δij ; ∮ B_i dωj = B_{ij} . Note in (7.5) it is necessary to assume w is constant when the moduli u_k are varied in order to have ∂dS_{SW} /∂u_k = dv^k holomorphic. Now the periods a_i = ∮ A_i dSSW define the ai as functions of

u_k (i.e. h_k) and Λ, or inversely, the u_k as functions of a_i and Λ. One proves for example (see (7.39) below) ∂u_k ∂ log(Λ) = ku_k − a_i ∂u_k ∂a_i (7.7)

and generally Λ and T_1 can be identified after suitable scaling (cf. [17, 19, 26, 64, 83]). This is in keeping with the idea in [64] that Whitham times are used to restore the homogeneity of the prepotential when it is disturbed by renormalization (cf. also [26]).

For the prepotential one goes to [113, 168] for example and defines differentials (D) dΩ_n ∼

(ξ^{−n−1} + O(1))dξ for n ≥ 1 with ∮ A_i dΩn = 0 (pick one puncture momentarily). This leads to the

generating function of differentials W (ξ, ζ) = ∞∑ 1 nζ^{n−1}dζdΩ_n(ξ) = ∂_ξ ∂_ζ E(ξ, ζ) (7.8) where E is the prime form (cf. [71]) and one has W (ξ, ζ) ∼ dξdζ (ξ − ζ)^2

+ O(1) = ∞∑ 1 n dξ ξ^{n+1} ζ^{n−1}dζ + O(1) (7.9)

(cf. here [26, 27] for comparison to the kernel K(μ, λ) = 1/(P (μ) − P (λ)) of Section 2.4). One can also impose a condition of the form (E) ∂dΩ̂/∂ (moduli) = holomorphic on differentials dΩ̂_n and use a generating functional (note we distinguish dS and dS_{SW} ) dS = ∞∑ 1 T_ndΩ̂_n = g∑ 1 α_idω_i + ∞∑ 0 T_ndΩ_n (7.10)

(we have added a T_0dΩ_0 term here even though T_0 = 0 in the pure SU (N ) theory - cf. [64, 172]). Note that there is a possible confusion in notation with dΩ_n since we will choose the dΩ̂_n below to have poles at ∞_± and the poles must balance in (7.10). The matter is clarified by noting that (D) determines singularities at ξ = 0 and for our curve ξ = 0 ∼ ∞_± via ξ = w^{∓1/N} which in turn corresponds to P (λ)^{1/N} for Λ = 1 (see (7.19), (7.28), and remarks before (7.16) - cf. also (7.30) for dΩ^±_n ). Thus in a certain sense dΩ_n here must correspond to dΩ^+_n + dΩ^−_n in a hyperelliptic parametrization (cf. (7.30)) and T_n ∼ T^+_n = T^−_n (after adjustment for the singular coefficient at ∞_±). The periods α_i = ∮ A_i dS can be considered as coordinates on the moduli space (note these

are not the α_i of [23, 168]). They are not just the same as the a_i but are defined as functions of h_k and T_n (or alternatively h_k can be defined as functions of α_i and T_n so that derivatives ∂h_k/∂T_n for example are nontrivial. One will consider the variables α_i and T_n = −(1/n)Res_{ξ=0}ξ^ndS(ξ) as independent so that ∂dS ∂α_i = dω_i; ∂dS ∂T_n = dΩ_n (7.11)

Next one can introduce the prepotential F (α_i, T_n) via an analogue of a^D_i = ∂F/∂a_i, namely ∂F ∂α_i = ∮ B_i dS; ∂F ∂T_n = 1 2πin Res_0ξ^{−n}dS (7.12) Then one notes the formulas ∂^2F ∂T_m∂T_n = 1 2πin Res_0ξ^{−n} ∂dS ∂T_m = 1 2πin Res_0ξ^{−n}dΩ_m = 1 2πim Res_0ξ^{−m}dΩ_n (7.13)

(the choice of ξ is restricted to w^{±1/N} in the situation of (7.2)) and factors like n^{−1} arise since ξ^{−n−1}dξ = −d(ξ^{−n}/n). Below we use also a slightly different normalization dΩ_n ∼ ±w^{±n/N} (dw/w) = (N/n)dw^{±n/N} near ∞_± so that residues in (7.12) and (7.13) will be multiplied by N/n instead of 1/n. Note also that in accord with the remarks above Res_{ξ=0} will correspond to the sum of residues at ∞_± involving ξ = w^{∓1/N} which in turn corresponds to P (λ)^{1/N} . By definition F is a homogeneous function of α_i and T_n of degree two, so that 2F = α_i ∂F ∂α_i + T_n ∂F ∂T_n = α_iα_j ∂^2F ∂α_i∂α_j + 2α_iT_n

∂^2F ∂α_i∂T_n + T_nT_m ∂^2F ∂T_n∂T_m (7.14)

Note however that F is not just a quadratic function of α_i and T_n; a nontrivial dependence on these variables arises through the dependence of dω_i and dΩ_n on the moduli (such as u_k or h_k) which in turn depend on α_i and T_n. The dependence is described by a version of Whitham equations, obtained for example by substituting (7.10) into (7.11). Thus ∂dS ∂T_n = dΩ̂_n + T_m ∂dΩ̂_m ∂u_ℓ ∂u_ℓ ∂T_n = dΩ_n ⇒ ∑ m,ℓ T_m ∂u_ℓ ∂T_n ∮ A_i ∂dΩ̂_m ∂u_ℓ = − ∮ A_i dΩ̂_n (7.15)

(since ∮ A_I dΩn = 0). Now (cf. [23, 113]) to achieve (E) one can specify ∂d Ω̂_m/∂u_ℓ = ∑ βm_{ℓj} dω_j so ∮ A_i (∂d Ω̂_m/∂u_ℓ) = ∮_{Ai} ∑ β^m_{ℓj} dω_j = β^m_{ℓi} and since dΩ̂_n = dΩ_n + ∑ c^n_j dω_j of necessity there results (F) ∑ (∂u_ℓ/∂T_n) ∑ T_mβ^m_{ℓi} = ∑ (∂u_ℓ/∂T_n)σ_{ℓi} = −c^n_i which furnishes the Whitham dynamics for u_p in the form ∂u_p/∂T_n = − ∑ c^n_i σ^{ip} (cf. [23, 113] - the formulas in [83] and copied in an earlier version of [26] were too rushed).

Now the SW spectral curves (7.2) are related to Toda hierarchies with two punctures. We recall (7.1) - (7.2) and note therefrom that (G) w^{±1} = (1/2Λ^N )(P ± y) ∼ (1/Λ^N )P (λ)(1 + O(λ^{−2N} )) near λ = ∞_± since from y^2 = P^2 − 4Λ^{2N} we have (y/P ) = [1 − (4Λ^{2N} /P^2)]^{1/2} = (1 + O(λ^{−2N} )) so w^{±1} = (P/2Λ^N )[1 ± (y/P )] = (P/2Λ^N )[2 + O(λ^{−2N} )]. One writes w(λ = ∞_+) = ∞ and w(λ = ∞_−) = 0 with ξ ∼ w^{∓1/N} (i.e. ξ = w^{−1/N} ∼ λ^{−1} at ∞_+ and ξ = w^{1/N} ∼ λ^{−1} at ∞_−). Near λ = ±∞ by (G) one can write then w^{±1/N} ∼ P (λ)^{1/N} (for Λ = 1) in calculations involving w^{±n/N} with n < 2N . The w parametrization is of course not hyperelliptic and we note that (D) applies for ξ = w^{±1/N} with all dΩ_n and later only for ξ = λ^{−1} in certain differentials dΩ̃_n. It would now be possible to envision differentials dΩ^±_n and dΩ̂^±_n but dΩ̂_n = dΩ̂^+_n + dΩ̂^−_n is then clearly the only admissible object (i.e. dΩ̂_n must have poles at both punctures); this is suggested by the form dw/w in (7.4) and the coefficients of w^{n/N} at ∞_+ and of w^{−n/N} at ∞_− must be equal (see also remarks above about dΩ_n in (7.10)). This corresponds to the Toda chain situation with the same dependence on plus and minus times. Moreover one takes differentials dΩ̂_n for (7.2) (Λ = 1 here for awhile to simplify formulas)

dΩ̂_n = R_n(λ) dw w = P^{n/N}_+ (λ) dw w (7.16)

These differentials satisfy (E) provided the moduli derivatives are taken at constant w (not λ) and we can use the formalism developed above for ξ = w^{∓1/N} . Note the poles of dΩ̂_n balance those of dΩ_n = dΩ̂_n − ( ∑_g 1( ∮ A_j d Ω̂_n)dω_j and we have

dS = ∑ T_ndΩ̂_n = ∑ T_ndΩ_n + g∑ 1 ( ∑ n T_n ∮ A_j dΩ̂_n ) dω_j (7.17)

where we keep n < 2N for technical reasons (cf. [189]). The SW differential dS_{SW} is then simply dS_{SW} = dΩ̂_1, i.e. dS|_{Tn=δn,1} = dS_{SW} ; α_i|_{Tn=δn,1} = a_i; α^D_i | |_{Tn=δn,1} = a^D_i (7.18)

With this preparation we can now write for n < 2N , where w^{±1/N} ∼ P (λ)^{1/N} , with dΩ̂_n as indicated in (7.16), ∂F ∂T_n = N 2πin ( Res_{∞+} w^{n/N} dS + Res_{∞−} w^{−n/N} dS ) = (7.19) = N 2πin ( Res_{∞+} w^{n/N} + Res_{∞−} w^{−n/N} ) ( ∑ m T_mP^{m/N}_+ (λ) ) dw w =

= N^2 iπn^2 ∑ m T_mRes_∞ ( P^{m/N}_+ (λ)dP^{n/N} (λ) ) = − N^2 iπn^2 ∑ m T_mRes_∞ ( P^{n/N} (λ)dP^{m/N}_+ (λ) )

One can introduce Hamiltonians here of great importance in the general theory (cf. [26, 58, 83, 113, 137]) but we only indicate a few relations since our present concerns lie elsewhere. Then evaluating at T_n = δ_{n,1} (7.19) becomes ∂F ∂T_n = − N^2 iπn^2 Res_∞P^{n/N} (λ)dλ = N iπn H_{n+1} (7.20)

where

H_{n+1} = − N n Res_∞P^{n/N} dλ = ∑ k≥1 (−1)^{k−1} k! ( n N )_{k−1} ∑ i1+···+i_k =n+1 h_{i1} · · · h_{ik} = = h_{n+1} − n 2N ∑ i+j=n+1 h_ih_j + O(h^3) (7.21)

This can be rephrased as ∂F ∂T_n = β 2πin ∑ m mT_mH_{m+1,n+1} = β 2πin T_1H_{n+1} + O(T_2, T_3, · · ·) (7.22)

where H_{m+1,n+1} = − N mn Res_∞ ( P^{n/N} dP^{m/N}_+ ) = −H_{n+1,m+1}; (7.23)

H_{n+1} ≡ H_{n+1,2} = − N n Res_∞P^{n/N} dλ = h_{n+1} + O(h^2)

Now for the mixed derivatives one writes ∂^2F ∂α_i∂T_n = ∮ B_i dΩ_n = 1 2πin Res_0ξ^{−n}dω_i = (7.24) = N 2πin ( Res_{∞+} w^{n/N} dω_i + Res_{∞−} w^{−n/N} dω_i ) = N iπn Res_∞P^{n/N} dω_i Next set (H) P^{n/N} = ∑_∞ −∞ p^N_{nk}λ^k so that (I) Res_∞P^{n/N} dω_i = ∑_n −∞ p^N_{nk}Res_∞λ^kdω_i. Then e.g. dω_j(λ) = σ^{−1}_{jk} dv^k(λ) = σ^{−1}_{jk} λ^{N−k}dλ y(λ) = σ^{−1}_{jk} λ^{N−k}dλ P (λ) ( 1 + O(λ^{−2N} ) ) =

= −σ^{−1}_{jk} ∂ log P (λ) ∂u_k dλ ( 1 + O(λ^{−2N} ) ) (7.25)

From (A) and σ^{−1}_{jk} = ∂u_k/∂a_j one obtains then dω_j(λ) ( 1 + O(λ^{−2N} ) ) = ∑ n≥2 σ^{−1}_{jk} ∂h_n ∂u_k dλ λ^n = ∑ n≥1 ∂h_{n+1} ∂a_i dλ λ^{n+1} (7.26)

so for k < 2N, (J) Res_∞λ^kdω_i = ∂h_{k+1}/∂a_i. Further analysis yields (K) Res_∞w^{n/N} dω_i = Res_∞P^{n/N} dω_i = ∂H_{n+1}/∂a_i leading to

∂^2F ∂α_i∂T_n = N iπn Res_∞P (λ)^{n/N} dω_i = N iπn ∂H_{n+1} ∂α_i (7.27)

For the second T derivatives one uses the general formula (7.13) written as

∂^2F ∂T_n∂T_m = 1 2πin Res_0ξ^{−n}dΩ_m = N 2πin ( Res_{∞+} w^{n/N} dΩ_m + Res_{∞−} w^{−n/N} dΩ_m ) (7.28)

while for the second α derivatives one has evidently

∂^2F ∂α_i∂α_j = ∮ B_i dω_j = B_{ij} (7.29)

Note that one can also use differentials dΩ̃ defined by (D) with ξ = λ^{−1} (not ξ = w^{∓1/N} ); recall ∞_± ∼ (±, λ → ∞) in the hyperelliptic parametrization. This leads to dΩ^±_n ∼ ± ( w^{±n/N} + O(1) ) dw w = N n dw^{±n/N} + · · · = (7.30)

= N n dP^{n/N} + · · · = N n n∑ 1 kp^N_{nk}λ^{k−1}dλ + · · · = N n n∑ 1 kp^N_{nk}dΩ̃^±_k Putting (H) and (7.30) into (7.28) gives then

∂^2F ∂T_m∂T_n = − N^2 iπmn m∑ 1 ℓp^N_{mℓ}Res_∞w^{n/N} dΩ̃_ℓ (7.31) where dΩ̃_ℓ = dΩ̃^+_ℓ + dΩ̃^−_ℓ .

Further analysis in [83] involves theta functions and the Szegö kernel (cf. [71, 83]). Thus let E be the even theta characteristic associated with the distinguished separation of ramification points into two equal sets P (λ) ± 2Λ^N = ∏_N 1 (λ − r^±_α ). This allows one to write the square of the corresponding Szegö kernel as Ψ^2_E (λ, μ) =

P (λ)P (μ) − 4Λ^{2N} + y(λ)y(μ) 2y(λ)y(μ) dλdμ (λ − μ)^2

(7.32)

We can write (cf. [83])

Ψ^2_E (λ, μ) = ∑ n≥1 Ψ̂^2_E (λ) nλ^{n−1}dμ μ^{n+1} ( 1 + O(P^{−1}(μ) ) ; (7.33)

Ψ̂^±_E (λ) ≡ P ± y 2y dλ = { (1 + O(λ^{−2N} ))dλ near ∞_± O(λ^{−2N} dλ near ∞_∓ and utilize the formula Ψ_E (ξ, ζ)Ψ_{−E} (ξ, ζ) = W (ξ, ζ) + dω_i(ξ)dω_j (ζ) ∂^2 ∂z_i∂z_j log θ_E (⃗0|B) (7.34) (cf. [71, 83]). Here one uses (7.26) and (7.8) to get (1 ≤ n < 2N, ζ ∼ 1/μ) dω_j(μ) = ∑ n≥1 ndμ μ^{n+1} ( 1 n ∂h_{n+1} ∂a_j ) ; dΩ̃^±_n (λ) = λ^{n−1}Ψ̂^{2±}_E (λ) − ρ^i_ndω_i(λ);

dΩ̃_n(λ) = λ^{n−1}(Ψ̂^{2+}_E (λ) + Ψ̂^{2−}_E (λ)) − 2ρ^i_ndω_i(λ) (7.35) where (L) ρ^i_n = (1/n)(∂h_{n+1}/∂a_j )∂^2_{ij}log θ_E (⃗0|B). From this one can deduce with some calculation

∂^2F ∂T^m∂T^n = − N πin ( H_{m+1,n+1} + 2N mn ∂H_{m+1} ∂a_i ∂H_{n+1} ∂a_j ∂^2_{ij}log θ_E (⃗0|B) ) (7.36)

Next one notes ∑ k ( ∂u_k ∂ log(Λ) | | | |_{ai=c} ) ∮ A_i ∂dS_{SW} ∂u_k + ∮ A_i ∂dS_{SW} ∂ log(Λ) = 0 (7.37)

Then there results ∑ k ∂u_k ∂ log(Λ) ∂a_i ∂u_k = − ∮ A_i ∂dS_{SW} ∂ log(Λ) = −N ∮ A_i P P^′ dw w = −N ∮ A_i P dλ y = (7.38)

= −N ∮ A_i P + y y dλ = −2N Λ^N ∮ A_i wdλ y = −2N Λ^N ∮ A_i wdv^N Here one is taking dS_{SW} = λdw/w and using (7.3) in the form (δP = δw = 0) δdS_{SW} /δ log(Λ) = δλ(dw/w)/δ log)Λ) = (N P/P^′)(dw/w). Then (7.4) gives N P dλ/y and the next step involves ∮ A_i dλ = 0. Next (B) is used along with (7.5). Note also from (M) λdP = λ[N λ N−1 − ∑ (N − k)u_kλ^{N−k−1}]dλ = N P dλ + ∑ ku_kλ^{N−k}dλ one obtains via (7.4), (7.5), and (7.38) (middle term) − ∑ ∂u_k ∂ log(Λ) ∂a_i ∂u_k = N ∮ A_i P dλ y = (7.39)

= ∮ A_i ( λdP y − ∑ ku_kλ^{N−k} dλ y ) = a_i − ∑ ku_k ∂a_i ∂u_k which evidently implies (7.7). Now from (7.38) there results − ∂u_k ∂ log(Λ) ∂a_i ∂u_k = 2N Λ^N ∮ A_i wdλ y = N ∮ A_i P + y y dλ = (7.40)

= 2N ∮ A_i Ψ̂^2_E (λ) = 2N ρ^i_1 = 2N ∂h^2 ∂a_j ∂^2_{ij} log θ_E (⃗0|B) from which ∂u_k ∂ log(Λ) = −2N ∂u_k ∂a_i ∂u_2 ∂a_j ∂^2_{ij}log θ_E (⃗0|B) (7.41)

Here one can replace u_k by any function of u_k alone such as h_k or H_{n+1} (note u_2 = h_2). Note also (cf. [26, 64, 83, 106, 155]) that identifying Λ and T_1 (after appropriate rescaling h_k → T^k_i h_k and H_k → T^k_1 H_k) one has (β = 2N ) ∂F_{SW} ∂ log(Λ) = β 2πi (T^2_1 h_2) (7.42)

(this equation for ∂F/∂ log(Λ) also follows directly from (7.20) - (7.22) when T_n = 0 for n ≥ 2 since H_2 = h_2).

Finally consider (7.3) in the form (N) P^′δλ − ∑ k λ^{N−k}δu_k = N P δ log(Λ). There results for δa_i = 0 (cf. (7.38)) δa_i = ∮ A_i δλ dw w = ∑ k δu_k ∮ A_i λ^{N−k} P^′ dw w + N δ log(Λ) ∮ A_i P P^′ dw w ; (7.43)

∑ k ∮ A_i dv^k ( ∂u_k ∂ log(Λ) | | |_{a=ĉ} ) = −N ∮ A_i P P^′ dw w = −N ∮ A_i P dλ y On the other hand for α_i = T_1a_i + O(T_2, T_3, · · ·)

δα_i = α_iδ log(T_1) + T_1 ∮ A_i δλ dw w + O(T_2, T_3, · · ·) (7.44)

so for constant Λ with T_n = 0 for n ≥ 2 (while α_i and T_n are independent) δα_i = 0 implies ∑ k ∮ A_i dv^k ( ∂u_k ∂ log(T_1) | | | |_{α=c} ) = − α_i T_1 = − ∮ A_i λdP y (7.45) Since λdP = N P dλ + ∑ k ku_kλ^{N−k}dλ it follows that (cf. (7.7)) ∂u_k ∂ log(T_1) | | |_{α=c} = ∂u_k ∂ log(Λ) | | |_{a=ĉ} − ku^k = −a^i ∂u_k ∂a_i (7.46)

(cf. (7.7) - note the evaluation points are different and α_i = T_1a_i + O(T_2, T_3, · · ·)). This relation is true for any homogeneous algebraic combination of the u_k (e.g. for h_k and H_k). We will return to the log(Λ) derivatives later. For further relations involving Whitham theory and Λ derivatives see [17, 19, 26, 28, 64, 83, 105, 106, 113] and references there.

THEOREM 7.1. Given the RS (7.1)- (7.2) one can determine ∂F/∂T_n from (7.20), ∂^2F/∂α_i∂T_n from (7.27), ∂^2F/∂T_n∂T_m from (7.28) or (7.36), and ∂^2F/∂α_i∂α_j from (7.29) (also for T_n = δ_{n,1}, α_i = a_i as in (7.18) with Λ = 1). Finally the equation (7.42) for ∂F/∂ log(Λ) corresponds to an identification T_1 ∼ Λ and follows from (7.20) - (7.22) when T_n = 0 for n ≥ 2. Therefore, since F ∼ F_{SW} for T_1 = 1 we see that all derivatives of F_{SW} are determined by the RS alone so up to a normalization the prepotential is completely determined by the RS. We emphasize that F_{SW} involves basically T_n = δ_{n,1} only, with no higher T_n, and α_i = a_i, whereas F involving α_i and T_n is defined for all T_n (cf. here [28, 83]). In fact it is really essential to distinguish between F_{SW} = F^{SW} and general F = F^W = F_W = F_{W hit} and this distinction is developed further in [28]. The identification of Λ and T_1 is rather cavalier in [83] and it would be better not to set Λ = 1 in various calculations (the rescaling idea is decpetive although correct). Thus since F^{SW} arises from F^W by setting T_n = δ_{1,n} it is impossible to compare Λ∂_ΛF^{SW} with T_1∂_1F^W directly. Indeed a statement like equation (7.42) is impossible as such since T_1 doesn’t appear in F^{SW} . In [28] we took a simple example (elliptic curve) and computed everything explicitly; the correct statement was then shown to be T_1∂_1F^W = Λ∂_ΛF^W . In addition it turns out in this simple example that the Whitham dynamics lead directly to homogeneity equations for various moduli and the prepotential.

7.2 Connections to [168]

The formulation in Section 7.1, based on [83], differs from [64, 113, 168] in certain respects and we want to clarify the connections here (for [105, 106, 127, 128, 129] we refer to the original papers and to [26, 33]). Thus first we sketch very briefly some of the development in [168] (cf. also [16, 23]). Toda wave functions with a discrete parameter n lead via T_k = ϵt_k, T̄_k = ϵt̄_k, T_0 = −ϵn, and a_j = iϵθ_j (= ∮ A_j dS) to a quasiclassical (or averaged) situation where (note

T̄ does not mean

complex conjugate) dS = g∑ 1 a_idω_i + ∑ n≥0 T_ndΩ_n + ∑ n≥1 T̄_ndΩ̄_n (7.47)

F = 1 2 g∑ 1 a_j ∂F ∂a_j + ∑ n≥0 T_n ∂F ∂T_n + ∑ n≥1 T̄_n ∂F ∂T̄_n (7.48)

where dΩ_n ∼ dΩ^+_n , dΩ̄_n ∼ dΩ^−_n , T̄_n ∼ T_{−n}, and near P_+

dΩ^+_n = [ −nz^{−n−1} − ∞∑ 1 q_{mn}z^{m−1} ] dz (n ≥ 1); (7.49)

dΩ^−_n = [ δ_{n0}z^{−1} − ∞∑ 1 r_{mn}z^{m−1} ] dz (n ≥ 0) while near P_− dΩ^+_n = [ −δ_{n0}z^{−1} − ∞∑ 1 r̄_{mn}z^{m−1} ] dz (n ≥ 0); (7.50)

dΩ^−_n = [ −nz^{−n−1} − ∞∑ 1 q̄_{mn}z^{m−1} ] dz (n ≥ 1) Here dΩ_0 has simple poles at P_± with residues ±1 and is holomorphic elswhere; further dΩ^+_0 = dΩ^−_0 = dΩ_0 is stipulated. In addition the Abelian differentials dΩ^±_n for n ≥ 0 are normalized to have zero A_j periods and for the holomorphic differentials dω_j we write at P_± respectively dω_j = − ∑ m≥1 σ_{jm}z^{m−1}dz; dω_j = − ∑ m≥1 σ̄_{jm}z^{m−1}dz (7.51)

where z is a local coordinate at P_±. Further for the SW situation where (g = N − 1) dS = λdP y = λP^′dλ y ; y^2 = P^2 − Λ^{2N} ; P (λ) = λ^N + N−2∑ 0 u_{N−k}λ^k (7.52)

(cf. (7.1) where the notation is slightly different) one can write near P_± respectively

dS = − ∑ n≥1 nT_nz^{−n−1} + T_0z^{−1} − ∑ n≥1 ∂F ∂T_n z^{n−1} dz; (7.53)

dS = − ∑ n≥1 nT̄_nz^{−n−1} − T_0z^{−1} − ∑ n≥1 ∂F ∂T̄_n z^{n−1} dz leading to F = 1 2 N−1∑ 1 a_j 2πi ∮ B_j dS − ∑ n≥1 T_nRes_+z^{−n}dS− (7.54)

− ∑ n≥1 T̄_nRes_−z^{−n}dS − T_0[Res_+log(z)dS − Res_−log(z)dS]

(the 2πi is awkward but let’s keep it - note one defines a^D_j = ∮ B_j dS). In the notation of [168] one

can write now (•) h = y + P, h̃ = −y + P, and hh̃ = Λ^{2N} with h^{−1} ∼ z^N at P_+ and z^N ∼ h̃^{−1} at P_− (evidently h ∼ w of Section 2). Note also (••) h + (Λ^{2N} /h) = 2P and 2y = h − (Λ^{2N} /h) yielding y^2 = P^2 − Λ^{2N} and calculations in [168] give (• • •) dS = λdP/y = λdy/P = λdh/h (so h ∼ w in Section 7.1). Further the holomorphic dω_i can be written as linear combinations of holomorphic differentials (g = N − 1) dv_k = λ^{k−1}dλ y (k = 1, · · ·, g); y^2 = P^2 − 1 = 2g+2∏

1 (λ − λ_α) (7.55)

(cf. (7.5) where the notation differs slightly). Note also from (7.55) that 2ydy = ∑_{2N} 1 ∏ α≠β (λ − λ_α)dλ so dλ = 0 corresponds to y = 0. From the theory of [168] (cf. also [23]) one has then Whitham equations ∂dω_j ∂a_i = ∂dω_i ∂a_j ; ∂dω_i ∂T_A = ∂dΩ_A ∂a_i ; ∂dΩ_B ∂T_A = ∂dΩ_A ∂T_B (7.56)

along with structural equations ∂dS ∂a_i = dω_i; ∂dS ∂T_n = dΩ^+_n ; ∂dS ∂T̄_n = dΩ^−_n ; ∂dS ∂T_0 = dΩ_0 (7.57)

Finally we note that in [168] one presents a case (cf. also [26]) for identifying N = 2 susy Yang-Mills (SYM) with a coupled system of two topological string models based on the A_{N−1} string. This seems to be related to the idea of tt̄ fusion (cf. [59]).

8 SOFT SUSY BREAKING AND WHITHAM

The idea here is to describe briefly some work of Edelstein, Gómez-Reino, Mariño, and Mas about the promotion of Whitham times to spurion superfields and subsequent soft susy breaking N = 2 → N = 0.

8.1 Remarks on susy

We begin by sketching some ideas from [12, 13] where a nice discussion of susy and gauge field theory can be found. In particular these books are a good source where all of the relevant notation is exhibited in a coherent manner. One says that a quantum field theory (QFT) is renormalizable if it is rendered finite by the renormalization of only the parameters and fields appearing in the bare Lagrangian (for renormalization we refer also e.g. to [12, 13] and the bibliography of [26]). We denote by Λ the renormalization scale parameter. One notes that renormalization of bare parameters occurs as a quantum effect of interaction and the shifts thus generated are infinite, which means that the bare parameters were also infinite, in order to produce a finite measured value. Further in order to implement gauge invariance in weak interactions for example one must find a method of generating gauge vector boson masses without destroying renormalizability. Any such mass term breaks the gauge symmetry and the only known way of doing this in a renormalizable manner is called spontaneous symmetry breaking. This arises when e.g. when there are nonzero ground states or vacua which are not invariant under the same symmetries as the Lagrangian or Hamiltonian. Once such a vacuum is chosen (perhaps spontaneously by the system “settling down”) the symmetry is broken. One can then define new fields centered around the vacuum which have zero vev (vacuum expectation value) and the Lagrangian expressed in the new fields will no longer have the same symmetry as before. Such new fields (with nonzero vev) have to be scalar (not vector or spinor) and are called Higgs fields; this kind of spontaneous symmetry breaking is nonperturbative (the vevs are zero in all orders of perturbation theory). In the case of continuous global symmetry in the Lagrangian there can be a subspace of degenerate ground states and massless modes called Goldstone bosons arise. In any event the idea now is to break a local gauge invariance spontaneously in the hope that the break will induce gauge boson masses while the (now hidden) symmetry will protect renormalizability. This is referred to as the Higgs mechanism and what happens is e.g. that the Goldstone bosons are “eaten” by the gauge transformed massive boson field and a scalar Higgs field remains (we recall that massive terms are quadratic in the Lagrangian). In the case of nonabelian gauge theories one includes Yukawa couplings of fermions to the scalar fields in order to have fermion masses emerge under spontaneous symmetry breaking. Further magnetic monopoles may arise in spontaneously broken nonabelian gauge theories and instantons arise in general (which are classical gauge configurations not necessarily related to spontaneously broken symmetry); we omit any discussion of these here.

Now, turning to susy (following [13]) one introduces a spinor geometry to supplement the bosonic generators of the Poincaré group. This leads to a natural description of fermions and in a susy theory the vanishing of the vacuum energy is a necessary and sufficient condition for the existence of a unique vacuum. Further, every representation has an equal number of equal mass bosonic and fermionic states. Generally the nonzero masses of observed particles are generated by susy breaking effects so one looks first at representations (and their TCP conjugate representations) of the N = 1 susy algebra that can be realized by massless “one” particle states. This leads to supermultiplets for N = 1 involving (λ ∼ helicity) (A) chiral: quarks, leptons, Higgsinos (λ = 1/2) with squarks, sleptons, Higgs particles for λ = 0 (scalar particles) (B) vector: gauge bosons (λ = 1) with gauginos (λ = 1/2) (C) gravity: graviton (λ = 2) with gravitino (λ = 3/2) along with TCP conjugate representations (A)^′ λ = −1/2 and λ = 0 (B^′) λ = −1 and λ = −1/2 (C^′) λ = −2 and λ = −3/2. For N = 2 susy one has supermultiplets involving 4-D real representations of U (2) (in the absence of central charges) (D) vector: λ = 1, double λ = 1/2, and λ = 0 (E) hypermultiplet: λ = 1/2, double λ = 0, and λ = −1/2 (TCP self-conjugate) (F) gravity: λ = 2, double λ = 3/2, and λ = 1 along with TCP conjugations for (D) and (F).

One goes then to superfields S(x, θ, θ̄) with Grassman variables θ, θ̄ (for which a nice discussion is given in [13]). There will be expansions Φ(x^μ, θ, θ̄) = ϕ + √ 2θψ + θθF + i∂_μϕθσ^μθ̄ − i √ 2 θθ∂_μ ψσ^μθ̄ − 1 4 ∂_μ∂^μϕθθθ̄θ̄; (8.1)

Φ^† = ϕ^† + √ 2θ̄ψ̄ + θ̄θ̄F^† − i∂_μϕ^†θσ^μθ̄ + i √ 2 θ̄θ̄θσ^μ∂_μψ̄ − 1 4 ∂_μ∂^μϕ^†θθθ̄θ̄ for chiral superfields where ψ ∼ left handed Weyl spinor, ϕ, F ∼ complex scalar fields, and σ^0 = I_2 with σ^i ∼ Pauli matrices (i = 1, 2, 3). It is useful to note also that δF is a total divergence under susy transformations. Similarly vector superfields can be written V (x, θ, θ̄) = C(x) + iθχ(x) − iθ̄χ̄(x) + iθθ 2 [M (x) + iN (x)] − iθ̄θ̄ 2 [M (x) − iN (x)] + (8.2)

+θσ^μθ̄V_μ(x) + iθθθ̄ [ λ̄(x) + i 2 σ̄^μ∂_μχ(x) ] − iθ̄θ̄θ [ λ(x) + i 2 σ^μ∂_μχ̄(x) ] + 1 2 θθθ̄θ̄ [ D − 1 2 ∂_μ∂^μC ] and δD will be a total divergence (along with δ(∂_μ∂^μC)). Here χ, λ are Weyl spinor fields, V_μ is a real vector field, and C, M, N, D are real scalar fields. Generally one refers to the coefficient of θθ in product expansions Φ_iΦ_j or Φ_iΦ_jΦ_k for example as an F term and the coefficient of θ̄θ̄θθ as a D term. Then susy Lagrangians involving chiral superfields will have the form L = ∑ [Φ^†_i Φ_i]_D + ([W (Φ)]_F + HC) ∼ ∫ d^4θ ∑ Φ^†_i Φ_i + (∫ d^2θW (Φ) + HC ) (8.3)

(HC ∼ Hermitian conjugate) where W is called a superpotential and involves powers of Φ_i only up to order three for renormalizability. The latter equations arises since the superspace integration projects out D and F terms (recall ∫ dθθ = 1, ∫ dθ = 0, ∫ d^2θθθ = 1, (d/dθ)f(θ) = ∫ dθf(θ), etc.).

Note that, apart from a possible tadpole term linear in the Φ_i, one will have

W (Φ) = 1 2 m_{ij}Φ_iΦ_j + 1 3 λ_{ijk}Φ_iΦ_jΦ_k (8.4)

There is then a theorem which states that the superpotential for N = 1 susy is not renormalizable, except by finite amounts, in any order of perturbation theory, other than by wave function renormalization. Regarding susy breaking one must evidently have this since we do not see scalar particles accompanied by their susy associated fermions. To recognize when susy is spontaneously broken we need a vacuum |0 > which is not invariant under susy (or alternatively |0 > should not be annihilated by all the susy generators). As a consequence whenever a susy vacuum exists as a local minimum of the effective potential it is also a global minimum. For the global minimum of the effective potential (physical vacuum) to be non susy it is therefore necessary for the effective potential to possess no susy minimum. In theories of chiral superfields one needs < 0|F_i|0 >≠ 0 for spontaneous susy breaking where the tree level effective potential is V = F^†_i F_i = |F_i|^2 and F^†_i = −∂W (ϕ)/∂ϕ_i (here F_i is an F term arising in (3.3)). Once spontaneous susy breaking occurs a massless Goldstone fermion appears which for F_i will be the spinor ψ_i in the supermultiplet to which F_i belongs. When global susy becomes local susy in supergravity (sugra) theories the Goldstone fermion is eaten by the gravitino to give the gravitino a mass. For theories involving vector superfields there is also another possibility when there is a D term with < 0|D(x)|0 >= ϕ ≠ 0. Finally one notes that the renormalized coupling constants necessarily depend on the mass scale Λ but the physics described by the bare Lagrangian is independent of Λ so the coupling constants must “run” with Λ. The RG equations specify how these coupling constants vary.

Now to couple with sugra one recalls first the Noether procedure for deriving an action with a local symmetry from an action with a global symmetry. For example given S_0 = i ∫ d^4xψ̄γ^μ∂_μψ invariant under the global symmetry ψ → exp(−iϵ)ψ one lets ϵ = ϵ(x) and considers (♣) ψ → exp(−iϵ(x))ψ. Then δS_0 = ∫ d^4xψ̄γ^μψ∂_μϵ = ∫ d^4xj^μ∂_μϵ where j_μ = ψ̄γ^μψ is the Noether current. To restore invariance a gauge field A^μ is introduced transforming under (♣) as (♠) A_μ → A_μ + ∂_μϵ and a coupling term is added to S_0 to obtain S = S_0 − ∫ d^4xj^μA_μ = ∫ d^4xiψ̄γ^μ(∂_μ + iA_μ)ψ. This S is invariant under (♣) and (♠). One can use this technique to construct a locally susy action from the global susy action for the sugra multiplet. Next one extends the pure sugra Lagrangian of the graviton and gravitino to include couplings with matter fields. Recall that whereas in global susy theories susy breaking manifests itself in the appearance of a massless Goldstone fermion, in locally susy theories the corresponding effect is the appearance of a mass for the gravitino which is the gauge particle of local susy. The most general global susy Lagrangian for chiral superfields is L_{Glob} = ∫ d^4θK(Φ^†, Φ) + ∫ d^2θ(W (Φ) + HC) (8.5) where K is a general function (since nonrenormalizable kinetic terms cannot be excluded in the presence of gravity). Similarly the superpotential may contain arbitrary powers of the Φ_i. The sugra Lagrangian turns out to depend only on a single function of ϕ^∗_i and ϕ_i, namely (•) G(ϕ^∗, ϕ) = J(ϕ^∗, ϕ) + log |W |^2; J = −3log(−K/3), where G (or J) is called the Kähler potential. Note G is invariant under (••) J → J + h(ϕ) + h^∗(ϕ^∗); W → exp(−h)W . The sugra Lagrangian L may be written as L = L_B + L_{F K} + L_F where L_B contains only bosonic fields, L_{F K} contains fermionic fields and covariant derivatives (supplying the fermionic kinetic energy terms), and L_F has fermionic fields but no covariant derivatives (see [13] for details). Now regarding spontaneous susy breaking, for theories with local susy breaking the vacuum energy is no longer positive semidefinite. There are in particular the following possibilities. First at least one of the fields in the theory must have a vev not invariant under susy. Under certain assumptions one has then an F term generalization involving ∂W/∂ϕ + ϕ^∗W ≠ 0 or a D term generalization involving G^i(T_a)_{ij} ϕ_j ≠ 0 where G^i = (ϕ^i)^∗ + (1/W )∂W/∂ϕ_i (here (T_a)_{ij} ∼ generators of the gauge group in the appropriate representation). There are also other possibilities (cf. [13]).

For string theory both IIA and IIB are unsuitable to describe the real world but the heterotic string is perhaps tenable, with the extra 16 left mover dimensions providing the gauge group for the resulting 10-D theory (upon compactifying on a 16-D torus or variations of this). Further compactification of 6 dimensions is then still necessary leading at first to an N = 4 susy theory if toroidal compactification is used (which is unsuitable since N ≥ 2 susy models are nonchiral). However orbifold compactifications will yield a 4-D theory having N = 1 susy and then some symmetry breaking must be induced. One can also compactify on Calabi-Yau (CY) manifolds and modular invariance can be achieved. We leave [12, 13] in what follows in order to concentrate on material more directly related to the projects at hand.

In [142] one takes now an N = 1 Yang-Mills (YM) action 1 8π ℑ [ τ ∫ d^4x ∫ d^2θT rW^αW_α ] = − θ_{Y M} 32π^2 ∫ d^4xT r F_{mn}F̃^{mn} + (8.6)

+ 1 g^2 ∫ d^4xT r [ − 1 4 F_{mn}F^{mn} − iλσ^m∇_mλ̄ + 1 2 D^2 ]

where (♠♠) τ = (θ_{Y M} /2π) + (4πi/g^2). Here the W_α are chiral spinor superfields of the form W_α = −iλ_α(y) + θ_αD(y) − i 2 (σ^mσ̄^nθ)_α(∂_mv_n − ∂_nv_m)(y) + (θθ)σ^m_{αβ̇} ∂_mλ̄^{β̇}(y) (8.7) W^α = −iλ^α(y) + θ^αD(y) + θ^β σ^{mnα}_β F_{mn}(y) − (θθ)σ̄^{mβ̇ α}∇_mλ̄_{β̇}(y) where F̃^{mn} = (1/2)ϵ^{mnpq}F_{pq} (dual field strength) and

F_{mn} = ∂_mv_n − ∂_nv_m + i[v_m, v_n]; ∇_mλ̄^{β̇} = ∂_mλ̄^{β̇} + i[v_m, λ̄^{β̇}] (8.8)

We omit the background considerations involving the Wess-Zumino (WZ) gauge etc. (cf. also [13]). For N = 2 susy one thinks of θ and θ̃ with D_α → D_α, D̃_α and ∫ d^2θ → ∫ d^2θd^2θ̃, etc. Then an N = 2 chiral superfield is an N = 2 scalar superfield which is a singlet under global SU (2) and satisfies D̄_{α̇}Ψ(x, θ, θ̄, θ̃, ¯θ̃) = 0; ¯D̃_{α̇}Ψ = 0 (8.9)

where e.g.

D_α = ∂_α + 2iσ^m_{αβ̇}θ̄^{β̇} ∂_m; D̄_{α̇} = − ¯∂_{α̇} (8.10)

Set also (♣♣♣) ỹ^m = x^m + iθσ^mθ̄ + iθ̃σ^m¯θ̃. Then expanding an N = 2 chiral superfield in powers of θ̃ the components are N = 1 chiral superfields. Thus

Ψ = Φ(ỹ, θ) + i √ 2θ̃^αW_α(ỹ, θ) + θ̃θ̃G(ỹ, θ) (8.11)

(W_α is an N = 1 chiral spinor superfield). For N = 2 YM, if one forgets about renormalizability, there arises L = 1 4π ℑ [∫ d^4x ∫ d^2θd^2θ̃T rF(Ψ) ] (8.12)

with F = (1/2)τ Ψ^2 and constraints on Ψ of the form (♠♠♠) (D^{aα}D^b_α)Ψ = (D̄^a_{α̇}D̄^{bα̇})Ψ^† where a, b are SU (2) indices. Writing F_a(Φ) = ∂F/∂Φ_a and F_{ab} = ∂^2F/∂Φ_a∂Φ_b the Lagrangian (8.12) can be written in terms of N = 1 superfields as L = 1 4π ℑ [ 1 2 ∫ d^2θF_{ab}(Φ)W^{αa}W^b_α + ∫ d^4θ(Φ^†e^{2V} )^aF_a(Φ) ] (8.13)

where V will be clarified below.

8.2 Soft susy breaking and spurion fields

We go now to [61, 62, 63, 147] and one works upon the foundation of [83] sketched in Section 7.1. The idea of soft susy breaking goes back to [81] for example and was developed in a form relevant here in [4, 5, 6, 146]. From [61, 62, 147] one extracts the following philosophical comments: Softly broken susy models offer the best phenomenological candidates to solve the hierarchy problem in grand unified theories. The spurion formalism of [81] provides a tool to generate soft susy breaking in a neat and controlled manner (i.e. no uncontrolled divergences arise). To illustrate the method, start from a susy Lagrangian L(Φ_0, Φ_1, · · ·) with some set of chiral superfields, and single out a particular one, say Φ_0. If you let this superfield acquire a constant vev along a given direction in superspace, such as e.g. < Φ_0 >= c_0 + θ^2F_0, it will induce soft susy breaking terms and a vacuum energy of order |F_0|^2. Turning the argument around, you could promote any parameter in your Lagrangian to a chiral superfield, and then freeze it along a susy breaking direction in superspace giving a vev to its highest component (the F_n terms below). In the embedding of the SW solution within the Toda-Whitham framework we have obtained an analytic dependence of the prepotential on some new parameters T_n (the Whitham or slow times). Then these slow times can be interpreted as parameters of a non-supersymmetric family of theories by promoting them to be spurion superfields. In [4, 5, 6, 146] this program was initiated with the scale parameter Λ and the masses of additional hypermultiplets m_i as the the only sources for spurions. To deal with the times T_n now one writes

T̂_n = T_nT^{−n}_1 ; û_k = T^k_1 u_k; α_i(u_k, T_n) = T_1a_i(u_k, Λ = 1) + O(T_{n>1}); (8.14)

â_i = α_i(u_k, T_1, T̂_{n>1} = 0) = T_1a_i(u_k, Λ = 1) = a_i(û_k, Λ = T_1) Then the Whitham times T_n (or T̂_n) are promoted to spurion superfields via

s_1 = −ilog(Λ); s_n = −iT̂_n; S_1 = s_1 + θ^2F_1; (8.15)

V_1 = 1 2 D_1θ^2θ̄^2; S_n = s_n + θ^2F_n; V_n = 1 2 D_nθ^2θ̄^2

Λ = exp(is_1); s_1 = πτ N ; τ = θ 2π + 4πi g^2

; Λ^{2N} ∼ exp(2πiτ ) (8.16)

(note the θ in τ has a different meaning from the Grassman θ in the superfields). One also writes Ĥ_{m+1,n+1} = T^{m+n}_1 H_{m+1,n+1} and in the manifold T_{n>1} = 0 the T̂_n are dual to the Ĥ_{n+1} via

(DUAL) ∂F ∂log(Λ) = N πi Ĥ_2; ∂F ∂T̂_n | | | T_m=δ_{m,}1 = N πin Ĥ_{n+1}

(these are special cases of more general formulas below and in Section 7.1 - cf. (7.20)). Further the Ĥ_{n+1} are homogeneous combinations of the Casimir operators of the group; this means that one can parametrize soft susy breaking terms induced by all the Casimirs of the group and not just the quadratic one (associated to Λ). In this way one extends to N = 0 the family of N = 1 susy breaking terms first considered in [8]. Note the u_k in the SW curve (7.1) can be written as u_k =< O_k > for O_k = (1/k)T r ϕ^k+ lower order terms (basic observables for a complex scalar field ϕ as in [147] for example - see Section 10); the H_{m,n} are certain homogeneous polynomials in the u_k and the (Casimir) moduli h_k of (7.1) refer basically to a background Toda dynamics (cf. [113]). Thus there are at least two points of view regarding the role of the T_n: (1) The philosophy of (8.15) implies that T_n or T̂_n correspond to coupling constants while (2) The philosophy of looking at moduli dynamics of u_k or h_n depending on T_n puts them in the role of deformation parameters. We should probably always treat T_n and α_j in parallel, either as coupling constants or deformation parameters (this does not preclude treating a_j = a_j(T_n) however).

We indicate now some formulas arising from [61, 83] which are discussed further in [189] in connection with [137, 145, 162]. Thus, in the notation of [61, 62], one defines Hamiltonians Ĥ_{m+1,n+1} = T^{m+n}_1 H_{m+1,n+1} with H_{m+1} = H_{m+1,2} (homogeneous polynomials in the û_k (or h_k) via

H_{m+1,n+1} = N mn Res_∞ ( P^{m/N} dP^{n/N}_+ ) = H_{n+1,m+1}; H_{n+1} = N n Res_∞ ( P^{m/N} dλ ) (8.17)

and setting s^D_n = ∂F/∂s_n write τ_{ij} = ∂^2F ∂α_iα_j ; τ^n_i =

∂^2F ∂α_i∂s_n ; τ^{mn} =

∂^2F ∂s_m ∂s_n (8.18)

There results

s^D_1 = β 2π Ĥ_2 + i ∑ m≥2 ms_mĤ_{m+1} − ∑ m,n≥2 ms_m s_nĤ_{m+1,n+1} ; (8.19)

s^D_n = β 2πn Ĥ_{n+1} + i ∑ m≥2 ms_mĤ_{m+1,n+1} ; τ^1_i = β 2π ∂ Ĥ_2 ∂a_i + i ∑ n≥2 s_n ∂Ĥ_{n+1} ∂a_i ;

τ^n_i = β 2πn ∂Ĥ_{n+1} ∂a_i ; τ^{11} = −2τ^1_i τ^1_j ∂_{τij} logΘ_E (0|E);

τ^{1n} = −2τ^1_i τ^n_j ∂_{τij} logΘ_E (0|τ ); τ^{mn} = β 2πi Ĥ_{m+1,n+1} − 2τ^n_i τ^m_j ∂_{τij} logΘ_E (0|τ )

Here Θ_E designates Θ_E (0|τ ) = Θ[⃗α, ⃗β](t⃗V |τ ) = ∑ exp[iπτ_{ij}n_in_j + itV_in_i − iπ ∑ n^i] (8.20)

where V_i = ∂u_2/∂a^i and ⃗α = (0, · · ·, 0) with ⃗β = (1/2, · · ·, 1/2).

ALERT! Henceforth we assume all H_p, a_k, u_i, etc. have hats but we remove them for notational convenience.

Now the spurion superfield S_1 appears in the classical prepotential as (D) F = (N/π)S_1H_2 and one obtains the microscopic Lagrangian by turning on the scalar and auxillary components of S_1. Next the remaining S_n are included and one expands the prepotential around s_2 = · · · = s_{N−1} = 0; the D_n and F_n will be the soft susy breaking parameters (more on this below). The microscopic Lagrangian is then determined by F = N π N−1∑ 1 1 n S_nH_{n+1} + N 2πi ∑ m,n≥2 S_nS_mH_{n+1,m+1} (8.21)

(with s_n = 0) and one is primarily interested in F^{red} = N n N−1∑ 1 1 n S_nH_{n+1} (8.22)

which in fact is the relevant prepotential for Donaldson-Witten (DW) theory. Note ∂^2F^{red} ∂S_m∂S_m | | | |_{s2=···=sN−1=0} = 2N^2 πimn ∂H_{m+1} ∂a_i ∂H_{n+1} ∂a_j 1 iπ ∂_{τij} logΘ_E (0|τ ) (8.23)

are essentially the contact terms of [137] (cf. Section 9.1). Expanding (8.22) in superspace one has a microscopic Lagrangian and this gives an exact effective potential at leading order for the N = 0 theory, allowing one to determine the vacuum structure. Detailed calculations for SU (3) theory are given in [61, 62].

So are we dealing with coupling constants T_n or deformation parameters? One answer is “both” and we refer to Section 9 for more on this. The spurion variables parametrize deformations of the SW differential and the τ^{mn} and τ^n_i of (8.19) have nice transformation properties under Sp(2(N − 1), Z); the s_n behave like the α_j in many ways. Promotion of T_n → S_n for susy breaking should however correspond to a coupling constant role; the T_n are parameters of a non-susy family of theories; thus role of s_n is parallel to α_j. The prepotential determines the Lagrangian via F_A, F_{AB}, F_{ABC} , the D_n and F_n, λ, ψ gluinos, ϕ = scalar component of N = 2 superfield, etc. Thus L = L_{kin} + L_{int} with L_{kin} = 1 4π ℑ [ (∇_μϕ)^†_a(∇^μF)^a + i(∇_μψ)^†_aσ̄^μψ^bF^a_b − (8.24) − iF_{ab}λ^aσ^μ(∇_μλ̄)^b − 1 4 F_{ab}(F^a_{μν} F^{bμν} + iF^a_{μν}F̃^{bμν}) ] ; L_{int} = 1 4π ℑ [ F_{AB}F^A(F^∗)^B − 1 2 F_{abC} ( (ψ^aψ^b)(F^∗)^C + (λ^aλ^b)F^C + i √ 2(ψ^aλ^b)D^C ) + + 1 2 F_{AB} D^AD^B + ig ( ϕ^∗_af^a_{bc}D_bF^c + √ 2 { (ϕ^∗λ)_aF^a_b ψ^b − (ψ̄λ̄)_aF^a }) ]

Here λ and ψ are the gluinos and ϕ is the scalar component of the N = 2 vector superfield. The f^a_{bc} are structure constants of the Lie algebra. The indices a, b, c, · · · belong to the adjoint representation of SU (N ) and are raised and lowered with the invariant metric. Indices A, B, · · · run over both indices in the adjoint and over the slow times (m, n, · · ·). Since all spurions corresponding to higher Casimirs are purely auxillary superfields the Lagrangian can be simplified as follows. Set D^a = −(b^{−1}_{class})^{ac}((b^{class})^m_c D_m +ℜ(gϕ^∗_b f^b_{ca}F^a)) with F^a = −(b^{−1}_{class})^{ac}(b^{class})^m_c F_m where the classical matrix of couplings b^{class}_{AB} is defined via b^{class} = (1/4π)τ^{class} where τ^{class}_{ab} = τ δ_{ab}; τ^{mn}_{class} = 0; (τ^{class})^m_a = N πim ∂H^{class}_{m+1} ∂ϕ^a = N πim T r ( ϕ^mT̂_a ) + · · · (8.25)

where the dots denote the derivative with respect to ϕ^a of lower order Casimir operators. This leads to L = L_{N =2} − B^{mn}_{class} ( F_mF^∗_n + 1 2 D_mD_n ) + f^e_{bc}(b^{class})^m_a (b^{class})^{−1}_{ae} D_mϕ^bϕ̄^c + (8.26) + 1 8π ℑ ∂(τ^{class})^m_b ∂ϕ^a [ (ψ^aψ^b)F^∗_m + (λ^aλ^b)F_m + i √ 2(λ^aψ^b)D_m ]

9 RENORMALIZATION

We extract here from [26] where a number of additional topics concerning renormalization also appear. In particular we omit here the work in [105, 106] (sketched in [26] and partially subsumed in the formulation of Section 7.1) and other work of various authors on the Zamolodchikov C theorem. The formulas in Section 7.1 involving derivatives of the prepotential all have some connection to renormalization of course and to indicate this briefly we refer to the original elliptic curve situation (cf. [28, 64, 82, 113, 155, 168, 181] for example). Thus consider (CC) y^2 = (λ − Λ^2)(λ + Λ^2)(λ − u) for example with a = ( √ 2/π) ∫_Λ2 Λ2 [(λ − u)/(λ^2 − Λ^4)]^{1/2}dλ. One will have then for F ∼ F^{SW} 2F = aF_a − 2iu π ; ΛF_Λ = − 2iu π = −8πib_1u (9.1)

where b_1 = 1/4π^2 is the coefficient of the 1-loop beta function. This is the only renormalization term here and (in the more enlightened notation of Section 7.1) ΛF^W_Λ = T_1F^W_1 shows that an important role of the Whitham times is to restore the homogeneity of F^W which can be disturbed by renormalization (cf. [26, 28, 64] for more on this - and see below for more details about renormalization). We remark also that beta functions for this situation are often defined via

β(τ ) = Λ∂_Λτ |_{u=c} ; β^a(τ ) = Λ∂_Λτ |_{a=c} (9.2)

where τ is the curve modulus (e.g. τ = F^{SW}_{aa} - cf. [17, 19, 28]).

In any event renormalization is a venerable subject and we make no attempt to survey it here (for renormalization in susy gauge theories see e.g. [17, 19, 42, 43, 44, 105, 106, 133, 155, 180, 182]. In particular there are various geometrical ideas which can be introduced in the space of theories ≡ the space of coupling constants (cf. here [38, 43, 44, 45, 46, 47, 132, 173, 185, 186]). We extract here now mainly from [42] where it is argued that RG (= renormalization group) flow can be interpreted as a Hamiltonian vector flow on a phase space which consists of the couplings of the theory and their conjugate “momenta”, which are the vacuum expectation values of the corresponding composite operators. For theories with massive couplings the identity operator plays a central role and its associated coupling gives rise to a potential in the flow equations. The evolution of any quantity under RG flow can be obtained from its Poisson bracket with the Hamiltonian. Ward identities can be represented as constants of motion which act as symmetry generators on the phase space via the Poisson bracket structure. For moduli g regarded as coupling constants one could obtain beta functions via κ_n(∂g/∂κ_n) = ∂_ng for T_n = log(κ_n) and ∂/∂T_n = κ_n(∂/∂κ_n). Whitham dynamics on moduli spaces corresponds then to RG flows and one obtains e.g. ∂h_k/∂T_n or ∂u_k/∂T_n which could represent beta functions β^k_n. Thus following [26, 42] (revised for [30]) we may consider the moduli space of u_k or h_n as a coupling constant space M of elements g^a (space of theories) and interpret RG flows as a Hamilonian vector flow on a phase space T^∗M (in this context α_j should also be regarded as a deformation parameter but we will ignore it here). Take T = log(κ) and set β^a(g) = κ∂_κg^a (note, corresponding to Λ = exp(is_1) in (8.15) with is_1 = log(Λ) one would obtain β^a ∼ Λ∂_Λg^a and recall that β = Λ∂_Λτ is a standard beta function). We have now a tangent bundle T M ∼ (g^a, β^a) with T^∗M ∼ (g^a, ϕ_a) where ϕ_a = ∂w(g, t)/∂g^a for some free energy W = −log(Z) with W ∼ ∫ wd^Dx. Here Z could correspond to ∫ Dϕexp(−S(ϕ)) and 1 = ∫ Dϕexp[−S(ϕ) + W ] implies dW =< dS >= ∫ DϕdS(ϕ)exp[−S + W ] (and S ∼ ∫ Ld^Dx for some Lagrangian so an underlying D-dimensional space is envisioned). The approach here of [42] is field theoretic and modifications are perhaps indicated for the N = 2 susy YM theory; thus the constructions are heuristic. Now one can display a Hamiltonian (HH) H(g, ϕ) = ∑ β^a(g)ϕ_a + β^Γ(g, Γ)ϕ_Γ which governs the RG evolution of (g^a, ϕ_a) via dg^a dT = ∂H ∂ϕ_a | | |_g ; dϕ_a dT = − ∂H ∂g^a | | |_ϕ (9.3)

Here Γ (cosmological constant) is a coupling associated with the identity I whose conjugate momentum is the expectation value of the identity - in fact one can take heuristically

g^Γ = Γ; β^Γ(g, Γ) = dΓ dT = −DΓ + U^Γ(g); ϕ_Γ = κ^D (9.4)

where T = log(κ) could refer to any T_n (∼ κ_n). One has then a symplectic structure and a Hamilton- Jacobi (HJ) equation ∂w ∂T + H ( g, ∂w ∂g ) = 0 = ∂w ∂T + ∑ β^a(g)ϕ_a + β^Γϕ_Γ (9.5)

For β^a = β^a(g, T ) one could take T as an additional coupling and work on M̂ = (g^a, Γ, T ) with β^T = 1 and ϕ_T = ∂_T w = −H(g, ϕ, T ) (T ∼ log(κ) implies κ∂_κT = β^T = 1).

Now identify w ∼ F + Γκ^D so ϕ_T = w_T = F_T + ΓDκ^D so that (9.5) says e.g. (with g^a ∼ h_a) ∂F ∂T + ∑ ∂h_k ∂T ∂F ∂h_k + U^Γκ^D = 0 (9.6)

(note β^Γϕ_Γ ∼ (−DΓ + U^Γ)κ^D ∼ −DΓκ^D + U^Γκ^D and the DΓκ^D term cancels). We know by Whitham dynamics that h_k = h_k(α_j , T_n) satisfies some homogeneity equations (A) ∑ α_j(∂h_k/∂α_j )+ ∑ T_n∂_nh_k = 0 so a typical equation like (EE) 2F = ∑ α_j(∂F/∂α_j) + ∑ T_n∂_nF (cf. (7.14)) plus (9.6) for T ∼ T_n implies (we think now of w_n = F + Γκ^D_n for fixed F while U^Γ is also held fixed for different T_n)

2F = ∑ T_n∂_nF + ∑ α_j (∑ ∂F ∂h_k ∂h_k ∂α_j ) = ∑ T_n∂_nF − ∑ ∂F ∂h_k (∑ T_n∂_nh_k ) = = ∑ T_n∂_nF − ∑ T_n ( −∂_nF − U^Γκ^D_n ) = 2 ∑ T_n∂_nF + (∑ T_nκ^D_n ) U^Γ (9.7)

This seems to say (for ∑_M 1 T_nexp(DT_n) = T ) F − ∑ T_n∂_nF = 1 2 T U^Γ (9.8)

where F = F (T_n, α_j) and h_k = h_k(T_n, α_j) with T_n and α_j independent allow us to set α_j = α_j(h_k) for T_n fixed. In particular from (7.14) and (9.6) with say T_n = δ_{n,1} and T_1 ∼ Λ (there is an implicit switch here to the notation of (8.14)) we see that (7.14) says 2F = Λ∂_ΛF + ∑ a_j (∂F/∂a_j ) (and F = F^{SW} now) while (9.6) says (for T ∼ log(Λ) as in (8.15)) and no other T_n (C) Λ∂_ΛF + ∑ Λ(∂h_k/∂Λ)(∂F/∂h_k ) + U^ΓΛ^D = 0. This means (cf. (9.1) with more variables inserted) 2F − ∑ a_j ∂F ∂a_j = Λ∂_ΛF = − 2iu_2 π = −U^ΓΛ^D − (9.9)

−Λ ∑ ∂F ∂h_k ∂h_k ∂Λ = −U^ΓΛ^D − ∑ β^k_Λ ∂F ∂h_k Note u_2 ∼ h_2 ∼ H_2 (cf. below for more such notation) is a Hamiltonian and we see that it has the form (HH) (after shifting W ∼ F + ΓΛ^D). In addition U^Γ is determined as

Λ^DU^Γ = 2i π u_2 − ∑ β^k_Λ ∂F ∂h_k (9.10)

One notes that HJ equations reminiscent of (9.5) appear in [137] in the form ∂F ∂t = −H ( a, ∂F ∂a , t ) (9.11)

in connection with Lagrangian submanifolds (with H somewhat unclear) and this is surely connected to formulas such as (6.21) referring to Whitham flows.

Thus our heuristic picture of renormalization based on [26, 42] seems suggestive at least, modulo various concerns over terms like Γ, W = ∫ wd^Dx with w ∼ F + Γκ^D for t ∼ log(κ), etc. We remark that in [42] one has a dictionary of correspondence between QFT or statistical mechanics with RG and classical mechanics. This has the form QF T ∼ Statistical M echanics Classical M echanics Couplings ∼ g^a(t) Coordinates ∼ q^a(t) Beta functions ∼ β^a(t) V elocities ∼ q̇^a(t) vev^′s ∼ ϕ_a(t) M omenta ∼ p_a(t) Bare couplings ∼ (g^a_0 , ϕ^0_a) Initial values ∼ (q^a_0 , p^0_a) Generating functional ∼ w(g(t), g_0, t) Action ∼ S(q(t), q_0, t) H(g, ϕ, t) = β^a(g, t)ϕ_a H =^1_{2m} g^{ab}(q)p_ap_b + U (q, t) β^a =^{∂H}_{∂ϕa} ; ϕ̇_a = −^{∂H}_{∂ga} q̇^a =^{∂H}_{∂pa} ; ṗ_a = −^{∂H}_{∂qa} U (g, t) = β^Λ + DΛ U (q, t) dϕ dt = −dU^{dp}_{dt} = −dU w_t + H ( g(t),^{∂w}_{∂g} , t ) = 0 S_t + H ( q(t),^{∂S}_{∂q} , t ) = 0 N o explicit κ dependence in β Conservative system Anomalous dimensions P seudo − forces (Coriolis) RG invariant {θ, H} = 0 Constant of motion {θ, H} = 0

(9.12)

In [177] one also finds a dictionary of comparisons between QFT and magnetic systems based on the effective action and we expand on this idea of effective action as follows.

REMARK 9.1. In fact the effective action is isolated by A. Morozov in [165] as the source of integrability (cf. also [82, 83, 88, 113, 166]). Indeed effective action of the form exp[S_{eff} (t|ϕ)] = Z(t|ϕ) = ∫ Dϕ exp[S(t|ϕ)] (9.13) in matrix models for example will correspond to a tau function of integrable systems such as KP and the “time” variables t can be thought of as coupling constants. Further investigation of related generalized Kontsevich models (GKM) leads to effective action involving both KP times t_n along with “Whitham” times T_k which have a rather different origin. Thus for D = n^2, modulo a few details (C is defined below) Z_{GKM} (L|V_{p+1}) = C ∫ d^DX exp[T r(−V_{p+1}(X) + XL)] (9.14) where L is an n × n Hermitian matrix, V_{p+1} is a polynomial of degree p + 1, and W_p = V^′_{p+1} is a polynomial of degree p. Further C in (9.14) is a prefactor used to cancel the quasiclassical contribution to the integral around the saddle point X = Λ, namely, modulo inessential details,

C = exp[T r(V_{p+1}(Λ)) − T r(ΛV^′_{p+1}(Λ))]det^{1/2}[∂^2V_{p+1}(Λ)] (9.15)

The time variables are introduced in order to parametrize the L dependence and the shape of V_{p+1} via T_k = 1 k T r(Λ^{−k}); T̃_k = 1 k T r(Λ̃^{−k}); (9.16)

L = W_p(Λ) = Λ̃^p; t_k = p k(p − k) Res_μW^{1−(k/p)} p (μ)dμ Then one can write Z_{GKM} = exp[−F_p(T̃_k|t_n)]τ_p(T̃_k + t_k) (9.17)

where τ_p is a p-reduced KP tau function and

F_p = 1 2 ∑ A_{ij}(t)(T̃_i + t_i)(T̃_j + t_j ); A_{ij} = Res_∞W^{i/p}(λ)dW^{j/p}_+ (λ) (9.18)

is a quasiclassical (Whitham) tau function (or the logarithm thereof). In addition such a GKM prepotential is a natural genus zero component in the SW prepotential (cf. [83] and compare (9.18) with (7.23) for example).

REMARK 9.2. It is possible now to apprehend how the Whitham times can play two apparently different roles, namely (1) coupling constants, and (2) deformation parameters. We follow the Russian school of Gorsky, Marshakov, Mironov, and Morozov ([82, 83, 88, 89, 90, 116, 165, 166, 153, 154]) and especially the latter as in [165, 166] (cf. also [113, 137]). The comments to follow are mainly physical and heuristic and the matter seems to be summarized in a statement from [165], namely: The time variables (for SW theory), associated with the low energy correlators (i.e. the renormalized coupling constants) are Whitham times (the deformations of symplectic structure). Thus both roles (1) and (2) appear but further clarification seems required and is possible. One relevant theme here is described in [113, 165] roughly as follows. Given a classical dynamical system one can think of two ways to proceed after exact action-angle variables are somehow found. One can quantize the system or alternatively one can average over fast fluctuations of angle variables and get some effective slow dynamics on the space of integrals of motion (Whitham dynamics). Although seemingly different, these are exactly the same problems, at least in the first approximation (nonlinear WKB). Basically the reason is that quantum wave functions appear from averaging along the classical trajectories - very much in the spirit of ergodicity theorems. In string theory, the classical system in question arises after some first quantized problem is exactly solved with its effective action (generating function of all the correlators in the given background field) being a tau function of some underlying loop-group symmetry for example. The two above mentioned problems concern deformation of classical into quantum symmetry and renormalization group flow to the low energy (topological) field theory. The effective action arising after averaging over fast fluctuations (at the end point of RG flow) is somewhat different from the original one (which is a generating functional of all the matrix elements of some group); the “quasiclassical” tau function at the present moment does not have any nice group theoretical interpretation. The general principle is in any case that the Whitham method is essentially the same as quantization, but with a considerable change in the nature of the variables; the quantized model lives on the moduli space (the one of zero-modes or collective coordinates), and not on the original configuration space.

Note that in higher dimensional field theories the functional integrals depend on the normalization point μ (IR cutoff) and effective actions describe the effective dynamics of excitations with wavelengths exceeding μ^{−1}. The low energy effective action arises when μ → 0 and only a finite number of excitations (zero modes of massless fields) remain relevant. Such low energy effective actions are pertinent for universality classes and one could say that N = 2 susy YM models belong to the universality class of which the simplest examples are (0 + 1)-dimensional integrable systems. We could supplement the above comments with further remarks based on the fundamental paper [82] (some such extractions appear in [26]). Let us rather try to summarize matters in the following manner, based on [82, 165]. First think of a field theory with partition function Z(t|ϕ) = ∫ ϕ0 Dϕ exp[S(t|ϕ)] as in (9.13). The dynamics in space time is replaced by the effective dynamics in the space of coupling constants g^{−2}, θ, and t_i via Ward identities which generate Virasoro conditons and imply that Z is the tau function of some KP-Toda type theory. The parameter space is therefore a spectral curve for such a theory and the family of vacua (∼ ϕ_0) is associated with the family of spectral curves (i.e. with the moduli space). Now the averaging process or passage to Whitham level corresponds to (A) Quantization of the effective dynamics corresponding to some sort of renormalization process creating renormalized coupling constants T_i for example, and (B) Creating RG type slow dynamics on the Casimirs h_k of the KP-Toda theory; then via a 1 − 1 map (h_k) → (u_m) to moduli one deals with moduli as coupling constants while the T_n are deformation parameters. In this spirit it seems that in [61, 62, 63] both features are used. Promoting T̂_n to spurion superfields corresponds to a coupling constant role for the T_n (as does treating the prepotential as a generating function of correlators) while dealing with the derivative of the prepotential with respect to the T̂_n in the spirit of renormalization involves a deformation parameter aspect.

REMARK 9.3. We remark that there is also a brane picture involving RG flows and Whitham times (cf. [85, 86, 87, 89, 92, 90, 116] for example) in which Whitham dynamics arises from the motion of certain D − 4 branes. This dynamics generates conditions for the approximate invariance of the spectral curve under RG flow and provides the validity of the classical equations of motion in the unperturbed theory if suitable first order perturbation is allowed. It is also conjectured that both Hitchin spin chains and Whitham theories can be regarded as RG equations (Hitchin times are to be identified with the space RG scale - t ∼ log(r) - and the fast Toda-Calogero system - motion of certain D − 0 branes - corresponds to RG flows on a hidden Higgs branch, providing susy invariant renormalization for the nonperturbative effects, while the Whitham system is operating on the Coulomb branch). In this spirit the spectral curve is the RG invariant and the very meaning of integrability is to provide the regularization of nonperturbative effects consistent with the RG flows.

9.1 Contact terms

Another arena where Whitham times play an important role involves the structure of contact terms in the topological twisted N = 2 susy gauge theory on a 4-manifold X (cf. [61, 62, 137, 145, 147, 162, 189]). We will not try to cover the background here. An earlier version of this section (written in 1998) made some attempt at this but it would have to be considerably enlarged and revised to be instructive now. Since enlarged versions already exist in the references above there seems to be no point in an inadequate sketch. Thus we follow mainly [145, 147, 189] here for the SU (N ) theory (as in Sections 7 and 8) and go directly to the u-plane integral (for b_{2+} = 1)

Z_u = ∫ M_{Coulomb} [da dā]A(u_k)^χB(u_k)^σ exp (∑ p_ku_k + S^2 ∑ f_kf_mT_{k,m} ) Ψ (9.19)

Here S ∈ H_2(X, Z) and the T_{k,m} are so called contact terms. We omit discussion of the other terms. The contact terms can be derived via blowup procedures and this introduces the tau function of a periodic Toda lattice. In fact one can show that (notation as in Sections 7 and 8)

T_{k+1,m+1} = πikm 4N^2 ( ∂^2F^{red} ∂T_k∂T_m )| | |_{Tn≥2=0} (9.20)

(cf. (8.23)) where F^{red} is defined in (8.22). The key idea is that the slow times T̂_k are dual to the Ĥ_{k+1} in the subspace T_{n≥2} = 0 (cf. (DUAL) after (8.16)); note also H_{k+1} = u_{k+1} +O(u_k). Further the f_k in (9.19) are proportional to the fast Toda times t_k. The development in [145, 147, 189] shows how this is all a very natural development.

10 WHITHAM, WDVV, and PICARD-FUCHS

We add a few comments now relating Whitham times to the flat times of Frobenius manifold theory and the WDVV equations. This involves connections to TFT, Landau-Ginzburg (LG) models and Hurwitz spaces, and Picard-Fuchs (PF) equations.

10.1 ADE and LG approach

Connections of TFT, ADE, and LG models abound (cf. [7, 25, 39, 53, 128, 129, 188, 202]) and for N = 2 susy YM we go to [112] (cf. also [17, 65]). First we extract from [112] as in [26]. Thus one evaluates integrals a_i = ∮ A_i λSW and a D i = ∮ B_i λSW using Picard-Fuchs (PF) equations.

One considers P_R(u, x_i) = det(x − Φ_R) where R ∼ an irreducible representation of G and Φ_R is a representation matrix. Let u_i (1 ≤ i ≤ r) be Casimirs built from Φ_R of degree e_i + 1 where e_i is the i^{th} exponent of G (see below). In particular u_1 ∼ quadratic Casimir and u_r ∼ top Casimir of degree h where h is the dual Coxeter number of G (h = r + 1 for A_r). The quantum SW curve is then P̃_R(x, z, u_i) ≡ P_R ( x, u_i + δ_{i,r} [ z + μ^2 z ]) = 0 (10.1) where μ^2 = Λ^{2h} with Λ ∼ the dynamical scale and the u_i are considered as gauge invariant moduli parameters in the Coulomb branch. This curve is viewed as a multisheeted foliation x(z) over CP1 and the SW differential is λ_{SW} = x(dz/z). The physics of N = 2 YM is described generally by a complex rank(G) dimensional subvariety of the Jacobian which is a special Prym variety (cf. [49, 154]). Now one writes (10.1) in the form z + μ^2 z + u_r = W̃^R_G (x, u_1, · · · , u_{r−1}) (10.2)

For the fundamental representation of A_r for example one has (we have organized the indexing to conform more closely to [48, 83, 154, 168])

W̃^{r+1}_{Ar} = x^{r+1} − u_1x^{r−1} − · · · − u_{r−1}x; (10.3)

and setting (SP) W^R_G (x, u_1, · · ·, u_r) = W̃^R_G (x, u_1, · · · , u_{r−1}) − u_r it follows that W^{r+1}_{Ar} is the fundamental LG superpotentials for A_r type topological minimal models (cf. also [39, 53, 65]). The u_i can be thought of as coordinates on the space of TFT. We will concentrate on A_r but D_r and other groups are discussed in [112]. For comparison to [83] we recall (cf. [26]) that for a pure SU (N ) susy YM theory det_{N×N} [L(w) − λ] = 0; P (λ) = Λ^N ( w + 1 w ) ; (10.4)

P (λ) = λ^N − N∑ 2 v_kλ^{N−k} = N∏ 1 (λ − λ_j ); v_k = (−1)^k ∑ i1<···<i_k λ_{i1} · · · λ_{ik} Here the v_k are Schur polynomials of h_k = (1/k) ∑_N 1 λ^k_i via the formula (A) log(λ^{−N} P (λ)) = − ∑ k(h_k/λ^k); there are g = N − 1 moduli u_k and we refer to [113] for the Lax operator L. Thus v_0 = 1, v_1 = 0, v_2 = h_2, v_3 = h_3, v_4 = h_4 − (1/2)h^2, etc. (h_1 = 0 for SU (N )). One also has the representation y^2 = P^2(λ) − 4Λ^{2N} ; y = Λ^N ( w − 1 w ) (10.5)

giving a two fold covering of the punctured Riemann sphere with parameter λ. Thus r + 1 ∼ N ∼ h, g = N −1, λ ∼ x, and u_k ∼ v_{k+1} with u_r ∼ v_N while P ∼ W^{r+1}_{Ar} = W^N_{AN−1} where A_{N−1} ∼ SU (N ) or SL(N ). To clarify the curve correspondence write

ŵ = z + μ^2z^{−1}; ŵ = P (x); y = z − μ^2z^{−1}; y^2 = P^2 − 4μ^2 (10.6)

with μ^2 = Λ^{2N} leading to the equivalence of curves y^2 = P^2 − 4Λ^{2N} . Recall also from Section 7 (7.4), etc., that dS_{SW} = λ(dw/w) = λ(dP/y) = λ(dy/P ). For the moment we ignore relations between w and ŵ and refer to [48, 154] for discussion of the algebraic geometry picture for the ŵ parametrization.

Now in 2-D TFT of LG type A_r with superpotential (SP) the flat time coordinates for the moduli space are given via

T_i = c_i ∮ dx W^R_G (x, u)^{ei/h} (i = 1, · · · , r) (10.7) (the e_i will be discussed later and recall h = r + 1). Note that no Riemann surface is involved here since the integral corresponds to a residue calculation for x ∼ p at ∞ (cf. Remark 10.2).

Thus the TFT here depends only on W^R_G (x, u) with x a formal parameter. These are residue calculations for times T_i (with no reference to Whitham theory) which will be polynomials in the u_j (the normalization constants c_i are specified below. One defines primary fields

ϕ^R_i (x) = ∂W^R_G (x, u) ∂T_i (i = 1, · · ·, r) (10.8)

where ϕ^R_r = 1 is the identity ∼ puncture operator. The one point functions of the gravitational descendents σ_n(ϕ^R_i ) (cf. [7, 39, 53]) are evaluated via < σ_n(ϕ^R_i ) >= b_{n,i} r∑ 1 η_{ij} ∮ W^R_G (x, u)^{(ej /h)+n+1} (n = 0, 1, · · ·) (10.9)

for certain constants b_{n,i} (cf. [112] for details). The topological metric η_{ij} is given by η_{ij} =< ϕ^R_i ϕ^R_j P >= b_{0,r} ∂^2 ∂T_i∂T_j ∮ W^R_G (x, u)^{1+(1/h)} (10.10)

and η_{ij} = δ_{ei+ej ,h} can be obtained by adjustment of c_i and b_{n,i}. The primary fields generate the closed operator algebra

ϕ^R_i (x)ϕ^R_j (x) = r∑ 1 C^k_{ij}(T )ϕ^R_k (x) + Q^R_{ij}(x)∂_xW^R_G (x) (10.11)

where ∂^2W^R_G (x) ∂T_i∂T_j = ∂_xQ^R_{ij}(x) (10.12)

(for details on (10.11) - (10.12) we refer to [7, 39, 40, 66, 67, 94, 201]). Note again x ∼ p is a formal parameter and X ∼ T_r would be a natural identification. At this point it is not evident (nor is it true) that the times T_i of (10.7) correspond to the Whitham times of Section 7 based on the Toda curve y^2 = P^2 − 4Λ^{2N} . Indeed we note from (7.10) and e.g. (7.53), that T_k = −(1/k)Res_{ξ=0}ξ^kdS is more or less tautological whereas a prescription (10.7) determines the T_k as functions of u_j. Now the structure constants c^k_{ij} are independent of R since c_{ijk} = c^ℓ_{ij}η_{ℓk} is given via c_{ijk}(T ) =< ϕ^R_i ϕ^R_j ϕ^R_k > which are topologically invariant physical observables. In 2-D TFT one then has a free energy F such that c_{ijk} = ∂^3F/∂T_i∂T_j ∂T_k (cf. [7, 36, 39, 53]).

Now for the Picard-Fuchs (PF) equations, the SW differential λ_{SW} ∼ λ = (xdz/z) can be written as (cf. [26, 83]) λ_{SW} = [x∂_xW/ √ W^2 − 4μ^2]dx (for W ∼ W^R_G ) and one has then, for μ fixed ∂λ_{SW} ∂T_i = − 1 √ W^2 − 4μ^2 ∂W ∂T_i dx + d ( x √ W^2 − 4μ^2 ∂W ∂T_i ) (10.13)

(total derivative terms will then be suppressed). Suppose W is quasihomogeneous leading to x∂_xW + r∑ 1 q_iT_i ∂W ∂T_i = hW (i.e. W (tx, t^{qi} T_i) = t^hW (x, T_i)) (10.14) (q_i = e_i + 1 is the degree of T_i). Then λ_{SW} − r∑ 1 q_iT_i ∂λ_{SW} ∂T_i = hW dx √ W^2 − 4μ^2

(10.15) and applying the Euler derivative ∑ q_jT_j (∂/∂T_j ) to both sides yields (after some calculation) (_r ∑ 1 q_iT_i ∂ ∂T_i − 1 )_2

λ_{SW} − 4μ^2h^2 ∂^2λ_{SW} ∂T^2_r = 0 (10.16)

The calculation goes as follows; first ∑ q_jT_j ∂_jλ − ( ∑ q_jT_j ∂_j) ∑ q_iT_i∂_iλ = hdx ∑ q_jT_j ∂_j W √ W^2 − 4μ^2

≡ (10.17)

≡ ∑ q_iq_jT_iT_j λ_{ij} + ∑ q_j(q_j − 1)T_j λ_j − ∑ q_jT_j λ_j + λ − hW dx √ W^2 − 4μ^2 =

= −hdx [ ∑ q_j T_jW_j √ W^2 − 4μ^2 + W^2 ∑ q_jT_jW_j (W^2 − 4μ^2)^{3/2} ] ≡

≡ ∑ q_iq_jT_iT_jλ_{ij} + ∑ q_j(q_j − 2)T_j λ_j + λ = hdx [ W √ W^2 − 4μ^2 + 4μ^2(hW − xW_x) (W^2 − 4μ^2)^{3/3} ]

Next note that hd ( xW √ W^2 − 4μ^2 ) = hdx [ W √ W^2 − 4μ^2 − 4μ^2xW_x (W^2 − 4μ^2)^{3/2} ] (10.18)

so the right side of (10.17) can be written as 4W μ^2h^2dx/(W^2 − 4μ^2)^{3/2} + hd ( xW/ √ W^2 − 4μ^2 ) . We note also that by degree counting (see below for more on this) ∂ ∂T_r = ∑ ∂u_i ∂T_r ∂ ∂u_i = − ∂ ∂u_r ⇒ ∂W ∂T_r = 1 (10.19)

since ∂W/∂u_r = −1 (note here ∂u_k/∂T_r = −δ_{kr} ⇒ (10.19)) and thus from (10.13) (W_r = 1, W_{xr} = 0) ∂λ ∂T_r = − dx √ W^2 − 4μ^2 + d ( x √ W^2 − 4μ^2 ) ; (10.20)

∂^2λ ∂T^2_r = W dx (W^2 − 4μ^2)^{3/2} + d ( ∂_r x √ W^2 − 4μ^2 ) ∼ W dx (W^2 − 4μ^2)^{3/2}

Consequently the right side of (10.17) is equivalent to 4μ^2h^2∂^2λ/∂T^2_r and (10.17) becomes

− 4μ^2h^2

∂^2λ ∂T^2_r + ∑ q_iq_jT_iT_j ∂^2λ ∂T_i∂T_j + ∑ q_j(q_j − 2)T_j ∂λ ∂T_j + λ = 0 (10.21)

which is equivalent to (10.16). We note that the second term in (10.16) represents the scaling violation due to μ^2 = Λ^{2h} since (10.16) reduces to the scaling relation for λ_{SW} in the classical limit μ^2 → 0. Note that λ_{SW} (T_i, μ) is of degree one (equal to the mass dimension) which implies (♠♠♠) ( ∑_r 1 q_iT_i(∂/∂T_i) + hμ(∂/∂μ) − 1) λ_{SW} = 0 (see Remark 10.1 below) from which (10.16) can also be obtained. In this respect we note that ∂_μλ = 4xμW_xdx (W^2 − 4μ^2)^{3/2} ⇒ ( ∑ q_iT_i∂_i − 1)λ = −hμ∂_μλ = − 4hμ^2xW_xdx (W^2 − 4μ^2)^{3/2}

(10.22)

Then, using (10.18) (∑ q_iT_i∂_i − 1 ) λ = −hμ∂_μλ = − 4hμ^2xW_xdx (W^2 − 4μ^2)^{3/2} =

= hd ( xW √ W^2 − 4μ^2 ) − ( W hdx √ W^2 − 4μ^2 ) (10.23)

and this implies, via (10.20) (∑ q_iT_i∂_i − 1

)_2 λ = −hμd ( ∂_μ xW √ W^2 − 4μ^2 ) + 4h^2μ^2W dx (W^2 − 4μ^2)^{3/2}

∼ 4h^2μ^2

∂^2λ ∂T^2_r (10.24)

REMARK 10.1. In connection with scaing we note from

W (tx, t^{n+1}u_n) = t^N x^N − u_1t^2(xt)^{N−2} − · · · − t^N u_{N−1} = t^N W (x, u_n) (10.25)

that (corresponding to (10.14)) x∂_xW + ∑ (n + 1)u_n ( ∂W ∂u_n ) = N W (10.26)

Alternatively we can write W (x, u_n) = x^N − u_2x^{N−2} − · · · − u_N with W (tx, t^nu_n) = t^N W (x, u_n) leading to [x∂_x + ∑ nu_n(∂/∂u_n)]W = N W . Similarly we see that W_x = N x^{N−1} − (N − 2)u_1x^{N−3} − · · · − u_{N−2} implies W_x(tx, t^{n+1}u_n) = t^{N−1}W_x(x, u_n) and consequently for λ = xW_xdx/ √ W^2 − 4μ^2 one gets λ(tx, t^{n+1}u_n, t^N μ) = txt^{N−1}W_xtdx (t^{2N} W^2 − 4t^{2N} μ^2)^{1/2} = tλ(x, u_n, μ) ⇒ ⇒ ( x∂_x + ∑ (n + 1)u_n ∂ ∂u_n + N μ∂_μ ) λ = λ (10.27)

Next from (10.7) we have (x → tξ)

T_i(t^{n+1}u_n) = c_i ∮ dxW (t^{n+1}u_n, x)^{ei/N} = (10.28)

= c_it^{ei+1} ∮ dξW (u_n, ξ) = t^{qi} T_i(u_n) ⇒ ∑ (n + 1)u_n ∂T_i ∂u_n = q_iT_i Now to confirm (10.14) write W (tx, t^{qi} T_iμ) ∼ W (tx, t^{n+1}u_n, μ) = t^N W (x, T_i, μ) (via (10.25) and (10.28)). Further note (via (10.27) λ(tx, t^{qi} T_i, t^N μ) ∼ λ(tx, t^{n+1}u_n, t^N μ) = tλ(x, T_i, μ) ⇒ ⇒ ( x∂_x + ∑ q_iT_i∂_i + N μ∂_μ ) λ = λ (10.29)

Let us try now to derive the relation (♠♠♠), namely, ( ∑ q_iT_i∂_i + N μ∂_μ − 1)λ = 0. Thus, (♠♠♠) ≡ (10.22) and thence (10.23) which means (∑ q_iT_i∂_i − 1 ) λ ∼ − W hdx √ W^2 − 4μ^2

(10.30) and this corresponds to (10.15) which we know to be true. This shows only however that an integrated form of (♠♠♠) is valid (i.e. (♠♠♠) is valid modulo hd(xW/ √ W^2 − 4μ^2).

Another set of differential equations for λ_{SW} is obtained using (10.11), to wit

∂^2 ∂T_i∂T_j λ_{SW} = ∑ k C^k_{ij}(T ) ∂^2 ∂T_k∂T_r λ_{SW} (10.31)

To see how this arises one writes from (10.11), (10.12), and (10.13) (using (10.8))

∂^2λ ∂T_i∂T_j = − W_{ij}dx √ W^2 − 4μ^2 + ϕ_iϕ_jW dx (W^2 − 4μ^2)^{3/2}

= (10.32)

= − dQ_{ij} √ W^2 − 4μ^2 + (∑ C^k_{ij}ϕ_k + Q_{ij}W_x ) W dx (W^2 − 4μ^2)^{3/2} =

= ∑ C^k_{ij}W_kW dx (W^2 − 4μ^2)^{3/2} − d ( Q_{ij} √ W^2 − 4μ^2 )

Then observe that from (10.13) W W_kdx (W^2 − 4μ^2)^{3/2} ∼ ∂^2λ ∂T_k∂T_r (10.33)

resulting in (10.31). Then the PF equations (based on (10.24) and (10.31)) for the SW period integrals Π = ∮ λ_{SW} are nothing but the Gauss-Manin differential equations for period integrals expressed in the flat coordinates of topological LG models. These can be converted into u_k parameters (where ∂u_k/∂T_r = −δ_{kr}) as

L_0Π ≡ (_r ∑ 1 q_iu_i ∂ ∂u_i − 1 )_2

Π − 4μ^2h^2

∂^2Π ∂u^2_r = 0; (10.34)

L_{ij}Π ≡ ∂^2Π ∂u_i∂u_j + r∑ 1 A_{ijk}(u) ∂^2Π ∂u_k∂u_r + r∑ 1 B_{ijk}(u) ∂Π ∂u_k = 0 where A_{ijk}(u) = r∑ 1 ∂T_m ∂u_i ∂T_n ∂u_j ∂u_k ∂T_ℓ C^ℓ_{mn}(u); B_{ijk}(u) = − r∑ 1 ∂^2T_n ∂u_i∂u_j ∂u_k ∂T_n (10.35)

which are all polynomials in u_i. One can emphasize that the PF equations in 4-D N = 2 YM are then essentially governed by the data in 2-D topological LG models.

10.2 Frobenius algebras and manifolds

We sketch here very briefly and somewhat incompletely some basic material on Frobenius algebras (FA) and Frobenius manifolds (FM) following [53, 55] (cf. also [125, 143, 144]) with special emphasis on LG models and TFT. This is not meant to be complete in any sense but will lead to a better understanding of Section 10.1 and serve simultaneously as a prelude to WDVV. Generally one is looking for a function F (t_1, · · · , t_n) such that c_{αβγ} = ∂^3F/∂t^α∂t^β ∂t^γ satisfying (C) η_{αβ} = c_{1αβ}(t) is a constant nondegenerate matrix with η^{αβ} = (η_{αβ})^{−1}, (D) c^γ_{αβ} = η^{γϵ}c_{ϵαβ}(t) determines a structure of associative algebra A_t : e_α·e_β = c^γ_{αβ}e_γ where e_1, · · · , e_n is a basis of R^n with e_1 ∼ unity via c^β_{1α} = δ^β_α, and (E) F (c^{d1} t^1, · · · , c^{dn} t^n) = c^{dF} F (t^1, · · · , t^n) which corresponds to L_EF = E^α∂_αF = d_F · F for E = E^α∂_α with E^α = d_αt^α here (we use t^k ∼ t_k and later, for a certain LG model as in Remark 10.2, t^k ∼ T_k - cf. (10.41)). In [53] one looks at d_1 = 1 and physics notation involves d_α = 1 − q_α, d_F = 3 − d, q_n = d and q_α + q_{n−α+1} = d. The associativity condition in (D) reads as (WDVV equations)

∂^3F ∂t^α∂t^β∂t^λ η^{λμ} ∂^3F ∂t^γ ∂t^δ ∂^μ = ∂^3F ∂t^γ ∂t^β ∂t^λ η^{λμ} ∂^3F ∂t^α∂t^δ ∂t^u (10.36)

Next one defines a (commutative) FA with identity e via a multiplication (F) (a, b) →< a, b > with < ab, c >=< a, bc >. Here if ω ∈ A^∗ is defined by ω(a) =< e, a > then we have < a, b >= ω(ab). The algebra A is called semisimple (ss) if it contains no nilpotent a (a^m = 0). Given a family A_t of FA one often identifies A_t with the tangent space T_tM at t to a manifold M (t ∈ M ). M is a Frobenius manifold (FM) if there is a FA structure on T_tM such that (G) < , > determines a flat metric on M , (H) e is covariantly constant for the Levi-Civita (LC) connection ∇ based on < , >, i.e. ∇e = 0, (I) If c(u, v, w) =< u · v, w > then (∇_zc)(u, v, w) should be symmetric in the vector fields (u, v, w, z), and (J) There is an Euler vector field E such that ∇(∇E) = 0 and the corresponding one parameter group of diffeomorphisms acts by conformal transformation on < , > and by rescaling on T_tM . One shows that solutions of WDVV with d_1 ≠ 0 are characterized by the FM structure (∂_α ∼ ∂/∂t^α, L_E as in (E))

∂_α · ∂_β = c^γ_{αβ}(t)∂_γ ; < ∂_α, ∂_β >= η_{αβ}; e_1 = ∂_1 (10.37)

and L_E F = d_F F + A_{αβ}t^αt^β + B_αt^α + c (where the extra terms in L_EF can be killed when d_F ≠ 0, d_F − d_α ≠ 0, and d_F − d_α − d_β ≠ 0).

REMARK 10.2. The case of interest here is based on M = {W (p) = p^{n+1} + a_np^{n−1} + · · · + a_1; a_i ∈ C} where T_W M ∼ all polynomials of degree less than n and A_W on T_W M is A_W = C/W^′(p) where^′ ∼ d/dp and < f, g >_W = Res_∞[f(p)g(p)/W^′(p)]. Then e ∼ ∂/∂a_1 and E = (1/(n + 1)) ∑ (n − i + 1)a_i(∂/∂a_i). This should be compared to Section 11.1 where W = x^{r+1} − u_1x^{r−1} − · · · − u_r so a_k ∼ −u_{r−k+1} and e ∼ −∂/∂u_r with n = r. Note the indexing leads to W (tp, t^{n−k+2}c_k) = t^{n+1}W (p, a_k) ⇒ ( p∂_p + ∑ (n − k + 2)a_k ∂ ∂a_k ) W = (n + 1)W (10.38)

and (n − k + 2)a_k ∼ −(n − k + 2)u_{n−k+1} ∼ −(m + 1)u_m (cf. (10.26)). One checks the vanishing of the curvature for the metric < f, g >_W = Res_∞[fg/W^′] as follows. Consider p = p(W ) inverse to W = W (p) obtained via Puiseaux series

p = p(k) = k + 1 n + 1 ( t^n k + t^{n−1} k^2 + · · · + t^1 k^n ) + O ( 1 k^{n+1} ) (10.39)

where k^{n+1} = W ; this determines the coefficients t^i(a_k) where

p(k)^{n+1} + a_np(k)^{n−1} + · · · + a_1 = k^{n+1} = W (10.40)

will determine the expansion (10.39). There is then a triangular change of coordinates (L) a_i = −t^i + f_i(t^{i+1}, · · · , t^n) for i = 1, · · · , n. Evidently

t^α = − n + 1 n − α + 1 Res_∞ W^{n−α+1n+1} (p)dp (10.41)

(cf. (10.7)) which suggests that e_i = n − i + 1 and c_i = −(n + 1)/(n − i + 1) in Section 10.1 and we identify t^k and T_k). One can verify (10.41) by looking at dp = dk − (1/(n + 1))[(t^n/k^2) + · · · + (nt^1/k^{n+1})]dk + O(dk/k^{n+2}) with W = k^{n+1}. To prove that the t^α are flat coordinates one uses the thermodynamic identity ∂_α(W dp)|_{p=c} = −∂_α(pdW )|_{W =c} (10.42) which follows from W (p(W, t), t) = W via ∂_αW |_{p=c} + (∂_pW )∂_αp|_{W =c} = 0 which says ∂_α(W dp)|_{p=c} + ∂_α(pdW )|_{W =c} = 0 since ∂_pW ∼ dW/dp. Next we have for 1 ≤ α ≤ n ∂_α(W dp)|_{p=c} = − [ k^{α−1}dk ] + (10.43)

where [fdk]_+ = [f(dk/dp]_+dp. To see this note k = W^{1/(n+1)} = p + O(1/p) via (10.40) and from (10.40) and (10.42) we have

− ∂_α(W dp)|_{p=c} = ∂_α(pdW )|_{W =c} = (∂_αp)dk^{n+1} = (10.44) = [ 1 n + 1 1 k^{n−α+1} + O ( 1 k^{n+1} )] dk^{n+1} = k^{α−1}dk + O ( dk k )

The left side is polynomial in p and [O(1/k)dk]_+ = 0 since dk = dp+O(1/p^2)dp while (1/k) = O(1/p) so (10.43) is proved. Now use (10.44) in a standard formula (cf. [53]) < ∂_α, ∂_β >= Res_∞ ∂_α(W (p)dp)∂_β (W (p)dp) dW (p) ; (10.45)

c_{αβγ} = Res_∞ ∂_α(W dp)∂_β (W dp)∂_γ (W dp) dpdW (p) which yields < ∂_α, ∂_β >= Res_{p=∞} k^{α−1}k^{β−1}dk dk^{n+1} = 1 n + 1 δ_{α+β,n+1} (10.46)

so the t^α are flat coordinates since η_{αβ} is constant. The corresponding F arises via ∂_αF = 1 (α + 1)(n + α + 2)

Res_{p=∞}W^{n+α+2n+1} dp (10.47)

(based on [39, 53]). Thus one will have some WDVV equations based on the LG model corresponding to those specified by W^R_G in Section 10.1. Strictly speaking there is no Whitham theory here - only a LG model based perhaps on a dispersionless KdV hierarchy (see Remark 10.3).

10.3 Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations

We go first to [112] and continue the context of Section 10.1. The main point is to show that the WDVV equations for SW theory (involving variables a_i) arise from those of the corresponding LG model (this is quite cute). Thus one takes z + (μ^2/z) = W_G(x, T_1, · · · , T_r) as in (10.2) - (10.3) but W_G is now expressed in terms of flat coordinates as in (10.7) (again only A_n is considered). We tentatively identify T_α and t^α in (10.7) and (10.41), where n = r. One writes ϕ_i ∼ ϕ^R_i as in (10.8) with ϕ_r = 1 and flatness of η_{ij} in (10.10) (where P ∼ ϕ_r = 1) implies (10.12), namely, ∂_xQ_{ij}(x) = ∂_i∂_j W (x) with η_{ij} =< ϕ_iϕ_j ϕ_r >= δ_{ei +ej ,h}. Associativity of the chiral ring (cf. (10.25)) ϕ_i(ϕ_jϕ_k) = (ϕ_iϕ_j)ϕ_k implies that C^ℓ_{ij}C^m_{ℓk} = C^ℓ_{jk}C^m_{ℓi} or (M) [C_i, C_j] = 0 where (C_i)^k_j = C^k_{ij}. From F_{ijk} = C^ℓ_{ij}η_{ℓk} one obtains then WDVV in the form

F_iη^{−1}F_j = F_j η^{−1}F_i; (F_i)_{jk} = F_{ijk} (10.48)

This is all based on TFT for the LG model with W ∼ P in (10.2) - (10.4) or in Remark 10.2.

Now look at the SW theory based on W with (N) μ^2 = Λ^{2N} /4 where N ∼ h ∼ r + 1. We used μ^2 = Λ^{2N} in Section 10.1 (as in [112] (9712018)) but switch now to (N) plus λ = λ_{SW} = (1/2πi)(xdz/z) (instead of λ = xdz/z in Section 10.1) in order to conform to the notation of [112] (9803126). The PF equations (10.34) - (10.35) can be written in flat coordinates as (cf. [112] or simply integrate ∮ λ_{SW} in (10.24) and (10.31))

L_0Π = (_r ∑ 1 q_iT_i∂_i − 1

)_2 Π − 4μ^2h^2

∂^2Π ∂T^2_r = 0; (10.49)

L_{ij}Π = ∂_i∂_jΠ − r∑ 1 C^k_{ij}∂_k∂_r Π = 0 (∂_i ∼ ∂ ∂T_i ) Now one makes a change of variables T_i → a_i = ∮ A_i λ (philosophy below) so that (∂i = ∂/∂Ti) ( ∂_ia_I ∂_ja_J − r∑ 1 C^k_{ij}∂_ka_I ∂_ra_J ) ∂^2Π ∂a_I ∂a_J + P^I_{ij} ∂Π ∂a_I = 0 (10.50)

where P^I_{ij} = ∂_i∂_j a_I − ∑_r 1 C^k_{ij}∂_k∂_ra_I . Since a_I satisfies L_{ij}a_I = 0 one knows that Π = a_I satisfies (10.50) and P^I_{ij} = 0. Next take Π = a^D_I = ∂F/∂a_I to get the third order equation for F ∼ F^{SW} (P^I_{ij} = 0) F̃_{ijk} = r∑ 1 C^ℓ_{ij}F̃_{ℓrk}; F̃_{ijk} = ∂_ia_I ∂_ja_J ∂_ka_K F_{IJK} ; F_{IJK} = ∂^3F(a) ∂a_I ∂a_J ∂a_K (10.51)

Defining a metric by G_{ij} = F̃_{ijr} one has (O) F̃_i = C_iG for F̃_i = (F̃ )_{jk} = F̃_{ijk} and from commutativity of the C_i there results F̃_iG^{−1}F̃_j = F̃_jG^{−1}F̃_i (10.52)

Hence the G^{−1}F̃_i commute and consequently the matrices (P) F̃^{−1}_k F̃_i = (G^{−1}F̃_k)^{−1}G^{−1}F̃_i also commute for fixed k. Therefore we obtain (Q) F̃_iF̃^{−1}_k F̃_j = F̃_jF̃^{−1}_k F̃_i and removing the Jacobians ∂a_I /∂T_i from (Q) implies the general WDVV equations

F_I F^{−1}_K F_J = F_J F^{−1}_K F_I (10.53)

as in [17, 19, 149, 159, 160, 163] where an association a_I ∼ dω_I ∼ holomorphic differential is used in the constructions and proof (cf. also [26, 36, 53, 111, 127, 128, 129, 143, 144] for WDVV). Here F ∼ F^{SW} and the corresponding WDVV equations are a direct consequence of the associativity of the chiral ring in the A_n LG model (hence of WDVV equations of the form (10.36)).

Regarding philosophy note we have assumed no a priori connection between F and F. F comes from the TFT for the LG model while F is defined via a^D_I = ∂F/∂a_I = ∮ B_i λSW and (general)

WDVV for F follows from the PF equations. In particular F is not related to F^W ∼ Whitham prepotential for the SW curve. There is also a WDVV theory for a Whitham hierarchy on a RS involving the LG type T_k for 1 ≤ k ≤ n plus other variables including the a_i (see Remark 10.3 below) and we note that the metric is quite different from G insofar as the a_i are concerned.

REMARK 10.3. In this direction one can make the following comments. In (10.7) or (10.41) we have a formula (AS) T_m = −[(n+1)/(n+1−m)]Res W^{1−[m/(n+1)]} (p)dp for LG times based on a superpotential (AT) W = p^{n+1} − q_1p^{n−1} − · · · − q_n (q_k ∼ u_k and a_k = −q_{n−k+1}). This expresses the T_m as functions of the q_k and one requires m = 1, · · · , n so there are n primary times and n coefficients q_k. Such objects W as above often arise from the dispersionless form of n-KdV situations for example and one can refer to them as dispersionless times for a TFT of LG type. Note that diagonal coordinates (Riemann invariants) are obtained via u_i = W (p_i) where W^′(p_i) = 0 (i = 1, · · · , n). Further in [53] for example one shows how this extends, in the context of Hurwitz spaces, to a new class of Whitham times as follows (note this differs from Section 7 and see also [127, 128, 129]). Consider g-gap solutions of KdV problems based on L = ∂^{n+1} − q_1∂^{n−1} − · · · − q_n and let M_{g,n+1} be the space of such g-gap solutions. This moduli space M = M_{g,n+1} is the moduli space of algebraic curves Σ_g (with fixed homology) whose ramification is determined by the meromorphic function (AT). We recall by Riemann-Roch that [#(zeros) − #(poles)](dW ) = 2g − 2 and for p ∼ 1/z a pole p^ndp corresponds to −z^{−n−2}dz so this has order n + 2 (not n). Hence dW will have N = 2g−2+(n+2) = 2g+n zeros p_i where dW (p_i) = 0 and one defines u_i = W (p_i) (i = 1, · · · , N ) as local coordinates at the branch points p_i. The averaged KdV hierarchy (or Whitham hierarchy) then has the form (AU) ∂_mdΩ_1 = ∂_X dΩ_m (or more generally ∂_mdΩ_s = ∂_sdΩ_m) where the dΩ_m corresond to dW^{m/(n+1)} + regular terms as p → ∞ with ∮ A_s dΩm = 0 (see below - note for z ∼ 1/p near ∞

we want to deal with dΩ_m ∼ −mz^{−m−1}dz + regular terms. Further one identifies p here with Ω_1, i.e. dp = dΩ_1, and defines a flat metric via (AV) g_{ii} = Res_{pi} (dp^2/dW ) as ds^2 = ∑_N 1 g_{ii}(u)du^2_i and the corresponding flat times t_i (1 ≤ i ≤ N = 2g + n) for ds^2 have the form t_i = −(n + 1)Res_∞ W (p)^{1−i/(n+1)} n + 1 − i dp (i = 1, · · · , n); (10.54)

t_{n+α} = 1 2πi ∮ A_α pdW ; t_{g+n+α} = ∮ B_α dp (α = 1, · · ·, g) (as indicated earlier t^i ∼ t_i ∼ T_i for 1 ≤ i ≤ n). Then (10.46) holds, < ∂_{n+α}, ∂_{g+n+β} >= δ_{α,β}, and otherwise < , > is zero. Thus the set of TFT times (AS) is enlarged to contain 2g additional primary times and this is a basic sort of Whitham theory (cf. also [26, 53, 127, 128, 129] for further enlargments). The associated Whitham-LG theory for A_n now involves a coupling space M = M_{g,n+1} with flat coordinates T_1, · · · , T_N as above and primary fields ϕ_1 ∼ −dp, ϕ_2, · · ·, ϕ_N of the form (AW) ϕ_i = −(n + 1)dΩ_i (i = 1 · · · , n) with ϕ_{n+α} = dω_α and ϕ_{g+n+α} = dσ_α (α = 1, · · · , g) where the dω_α are holomorphic differentials with ∮ A_j dωk = 2πiδjk and there are multivalued

holomorphic differentials dσ_α = dσ^1_α satisfying Δ_{Bα} dσ_α = −dW and ∮ A_k dσα = 0 (where ΔB^α dσα =

dσ_α(P + B_α) − dσ_α(P )). Further the LG potential is W = W (p) where p ∼ ∫_P P0 dp ∼ ∫_P P0 dΩ_1 and ∂(W dp) ∂t_α | | | |_{p=c} = −ϕ^α = − ∂(pdW ) ∂t_α | | | |_{W =c} (10.55)

with correlation functions (note the minus sign in ϕ_i above) < ϕ_αϕ_β >= η_{αβ} = ∑ Res_{dW =0} ϕ_αϕ_β dW ; (10.56)

< ϕ_αϕ_βϕ_γ >= ∑ Res_{dW =0} ϕ_αϕ_βϕ_γ dW dp = c_{αβγ} (t) The chiral algebra c^γ_{αβ}(t) has the form (AX) ϕ_αϕ_β = c^γ_{αβ}ϕ_γ dp modulo dW divisible differentials and one will have an expansion (AY) pdW = (n + 1)dΩ_{n+2} + ∑_N 1 t_αϕ_α for the multivalued differential pdW . Writing k^{n+1} = W one has also pdW = kdW − n∑ 1 t_αk^{α−1} + O(k^{−1}) (10.57)

along with (s = 1, · · · , g) ∮ A_s pdW = 2πit_{n+s}; Δ_{As} (pdW ) = 0; Δ_{Bs} (pdW ) = t_{n+g+s}dW (10.58)

In keeping with dΩ_m ∼ dW^{m/(n+1)} as indicated and (AW) one has ϕ_m = (−k^{m−1} + O(k^{−2}))dk with ∮ A_s ϕm = 0. One can also determine a partition function or prepotential F such that cαβγ =

∂^3F/∂t_α∂_β∂_γ . This development is an obvious ancestor to the SW theories of more recent vintage. The analogous SW theory is best developed in a two puncture Toda framework with two points ∞_± corresponding to p → ∞ (cf. [26, 83, 105, 106, 127, 128, 129, 168]); the analogous W term in not polynomial but logarithmic which severly limits the number of primary T_i times. We will not develop this further here.

References

[1] M. Adams, J. Harnad, and E. Previato, Comm. Math. Phys., 117 (1988), 451-500 [2] M. Adams, J. Harnad, and J. Hurtubise, Comm. Math. Phys., 134 (1990), 555-585; 155 (1993), 385-413; Lett. Math. Phys., 20 (1990), 299-308 [3] M. Adler and P. vanMoerbeke, Comm. Math. Phys., 147 (1992), 25-56 [4] L.Álvarez-Gaumé, J. Distler, C. Kounnas, and M. Mariño, Inter. Jour. Mod. Phys. A, 11 (1996), 4745-4777 [5] L. Álvarez-Gaumé and M. Mariñ0, Inter. Jour. Mod. Phys. A, 12 (1997), 975-1002 [6] L. Álvarez-Gaumé, M. Mariño, and F. Zamora, Inter. Jour. Mod. Phys. A, 13 (1998), 403-430;

1847-1880 [7] S. Aoyama and Y. Kodama, Mod. Phys. Lett. A, 9 (1994), 2481-2492; Comm. Math. Phys., 182 (1996), 185-219 [8] P. Argyres and M. Douglas, Nucl. Phys. B, 448 (1995), 93-126 [9] V. Arnold, Mathematical methods of classical mechanics, Springer, 1978 [10] M. Audin, Spinning tops, Cambridge Univ. Press, 1996 [11] J. Baez and J. Muniain, Gauge fields, knots, and gravity, World Scientific, 1994 [12] D. Bailin and A. Love, Introduction to gauge field theory, IOP Press, 1993 [13] D. Bailin and A. Love, Susy gauge field theory and string theory, IOP Press, 1994 [14] A. Beauville, Acta Math., 164 (1990), 211-235 [15] E. Belokolos, A. Bobenko, V. Enolskij, A. Its, and V. Matveev, Algebro-geometric approach to nonlinear integrable equations, Springer, 1994 [16] D. Bernard, Nucl. Phys. B, 303 (1988), 77-93; 309 (1988), 145-174 [17] G. Bertoldi and M. Matone, hep-th 9712039 and 9712109 [18] A. Bloch and Y. Kodama, SIAM Jour. Appl. Math., 52 (1992), 909-928 [19] G. Bonelli and M. Matone, Phys. Rev. Lett., 76 (1996), 4107-4110; 77 (1996), 4712-4715; hep-th 9712025 [20] H. Braden, A. Marshakov, A. Mironov, and A. Morozov, hep-th 9812078 and 9902205 [21] L. Brown, Ann. Phys., 126 (1980), 135-153; (with J. Collins) Ann. Phys., 130 (1980), 215-248 [22] F. Calogero, Lett. Nuovo Cimento, 13 (1976), 411-417 [23] R. Carroll and J. Chang, solv-int 9612010, Applicable Anal., 64 (1997), 343-378 [24] R. Carroll and Y. Kodama, Jour. Phys. A, 28 (1995), 6373-6387; Proc. Conf. Nonlin. Phys., Gallipoli, 1995, World Scientific, 1996, pp. 53-59

[25] R. Carroll, Jour. Nonlin. Sci., 4 (1994), 519-544; Teor. Mat. Fizika, 99 (1994), 220-225 [26] R. Carroll, hep-th 9712110 and 9802130 [27] R. Carroll, Applicable Anal., 65 (1997), 333-352 [28] R. Carroll, Applicable Anal., 70 (1998), 127-146 [29] R. Carroll, Nucl. Phys. B, 502 (1997), 561-593; Lect. Notes Phys. 502, Springer, 1998, pp.

33-56 [30] R. Carroll, Remarks on Whitham dynamics, renormalization, and soft supersymmetry breaking, Invited talk, Workshop Univ. of Edinburgh, Sept. 14-18, 1998; Various roles for Whitham times, Invited talk, AusMS and AMS Joint Meetings, Melbourne, Australia, July 11-16, 1999 [31] R. Carroll, Proc. NEEDS Workshop, Los Alamos, 1994, World Scientific, 1995, pp. 24-33 [32] R. Carroll, Applicable Anal., 49 (1993), 1-31; 56 (1995), 147-164 [33] R. Carroll, Nonlin. Anal., 30 (1997), 187-198 [34] R. Carroll, Proc. ISSAC Conf., June 1997, Kluwer, to appear [35] R. Carroll, Topics in soliton theory, North-Holland, 1991 [36] R. Carroll, Phys. Lett. A, 234 (1997), 171-180 [37] V. Danilov and V. Shokurov, Algebraic curves, algebraic manifolds, and schemes, Springer, 1998 [38] K. Davis, hep-th 9308039 [39] R. Dijkgraaf, E. Verlinde, and H. Verlinde, Nucl. Phys. B, 348 (1991), 435-456; 352 (1991), 59-86 [40] R. Dijkgraaf and E. Witten, Nucl. Phys. B, 342 (1990), 486-522 [41] S. Dobrokhotov, and V. Maslov, Jour. Sov. Math., 16 (1981), 1433-1487 [42] B. Dolan, hep-th 9406061 [43] B. Dolan, hep-th 9702156 and 9710161 [44] B. Dolan and A. Lewis, hep-th 9904119 [45] B. Dolan, Inter. Jour. Mod. Phys. A, 9 (1994), 1261-1286 [46] B. Dolan, hep-th 9307023, 9307024, and 9403070; cond-mat 9412031 [47] B. Dolan, hep-th 9511175; Inter. Jour. Mod. Phys. A, 12 (1997), 2413-2424 [48] R. Donagi, alg-geom 9705010 [49] R. Donagi and E. Witten, Nucl. Phys. B, 460 (1996), 299-334 [50] R. Donagi, alg-geom 9505009, MSRI Pub. 28 (1995), 65-86

[51] R. Donagi and E. Markman, Lect. Notes. Math. 1620, Springer, 1996, pp. 1-119 [52] B. Dubrovin, Russ. Math. Surveys, 36 (1981), 11-92 [53] B. Dubrovin, Lect. Notes Math. 1620, Springer, 1996, pp. 120-348; Nucl. Phys. B, 379 (1992), 627-689; Comm. Math. Phys., 145 (1992), 195-207; Integrable systems, Birkhäuser, 1993, pp. 313-359 [54] B. Dubrovin, hep-th 9206037 and 9303152 [55] B. Dubrovin, math.AG/9807034 [56] B. Dubrovin, I. Krichever, and S. Novikov, Math. Phys. Rev., 3 (1982), 1-150 [57] B. Dubrovin and S. Novikov, Russ. Math. Surveys, 44 (1989), 35-124; Math. Phys. Rev., 9 (1991), 3-136 [58] B. Dubrovin and Y. Zhang, hep-th 9712232 [59] B. Dubrovin, hep-th 9206037 [60] C. Earle and J. Eells, Jour. Diff. Geom., 3 (1969), 19-43 [61] J. Edelstein, M. Mariño, and J. Mas, hep-th 9805172 [62] J. Edelstein and J. Mas, hep-th 9901006 and 9902161 [63] J. Edelstein, M. Gómez-Reino, and J. Mas, hep-th 9904087 [64] T. Eguchi and S. Yang, Mod. Phys. Lett. A, 11 (1996), 131-138 [65] T. Eguchi, Y. Yamada, and S. Yang, Mod. Phys. Lett. A, 8 (1993), 1627-1637 [66] T. Eguchi, K. Hori, and S. Yang, hep-th 9503017 [67] T. Eguchi and S. Yang, hep-th 9612086 [68] B. Enriques and V. Rubtsov, Math. Phys. Lett., 3 (1996), 343-357 [69] P. Etinghof and A. Kirillov, Duke Math. Jour., 74 (1994), 585-614 [70] F. Falceto and K. Gawedzky, hep-th 9502161; Comm. Math. Phys., 183 (1997), 267-290 [71] J. Fay, Theta functions on Riemann surfaces, Lect. Notes Math. 352, Springer, 1973 [72] G. Felder, hep-th 9609153 [73] G. Felder and C. Wieczerkowski, hep-th 9411004 [74] H. Flaschka, M. Forest, and D. McLaughlin, Comm. Pure Appl. Math., 33 (1980), 739-784 [75] H. Flaschka and A. Newell, Comm. Math. Phys., 76 (1980), 65-116; Physica 3D (1981), 203-221 [76] O. Forster, Lectures on Riemann surfaces, Springer, 1981 [77] P. Fré and P. Soriani, The N = 2 Wonderland, World Scientific, 1995

[78] F. Fucito, A. Gamba, M. Martellini, and O. Ragnisco, Inter. Jour. Mod. Phys. B, 6 (1992), 2123-2147 [79] K. Gawedzki and P. Tran-Ngoc-Bich, hep-th 9710025 and 9803101 [80] J. Gibbons and Y. Kodama, Singular limits of dispersive waves, Plenum, 1994, pp. 61-66 [81] L. Giradello and M. Grisaru, Nucl. Phys. B, 194 (1982), 65-76 [82] A. Gorsky, I. Krichever, A. Marshakov, A. Mironov, and A. Morozov, Phys. Lett. B, 355 (1995), 466-474 [83] A. Gorsky, A. Marshakov, A. Mironov, and A. Morozov, hep-th 9802007, Nuc. Phys. B, 527 (1998), 690-716 [84] A. Gorsky, hep-th 9612238 [85] A. Gorsky, S. Gukov, and A. Mironov, hep-th 9707120 and 9710239 [86] A. Gorsky, N. Nekrasov, and V. Rubtsov, hep-th 9901089 [87] A. Gorsky and A. Mironov, hep-th 9902030 [88] A. Gorsky and A. Marshakov, Phys. Lett. B, 375 (1996), 127-134 [89] A. Gorsky, hep-th 9812250 [90] A. Gorsky, Phys. Lett. B, 410 (1997), 22-26 [91] P. Griffiths, Amer. Jour. Math., 107 (1985), 1445-1483 [92] S. Gukov, hep-th 9709138 [93] R. Gunning, Lectures on Riemann surfaces, Princeton Univ. Press, 1966; Lectures of vector bundles over Riemann surfaces, Princeton Univ. Press, 1967 [94] A. Hanany, Y. Oz, and M. Plesser, hep-th 9401030 [95] J. Harnad, Comm. Math. Phys., 166 (1994), 337-365 [96] J. Harnad and M. Wisse, Fields Inst. Comm., 7 (1996), 155-169 [97] J. Harnad and A. Its, solv-int 9706002 [98] J. Harnad, hep-th 9406078 [99] B. Hatfield, Quantum field theory of point particles and strings, Addison-Wesley, 1992 [100] N. Hitchin, Duke Math. Jour., 54 (1987), 91-114 [101] N. Hitchin, Jour. Diff. Geom., 42 (1995), 52-134 [102] N. Hitchin, Proc. London Math. Soc., 55 (1987), 59-126 [103] N. Hitchin, Lectures on Riemann surfaces, World Scientific, 1989, pp. 99-118 [104] N. Hitchin, Integrable systems, Oxford Univ. Press, 1999, pp. 1-52

[105] E. D’Hoker and D. Phong, hep-th 9701055, 9709053, 9804124, 9804125, 9804126, 9903002, and 9903068 [106] E. d’Hoker, I. Krichever, and D. Phong, hep-th 9609041, 9609145; Nucl. Phys. B, 494 (1997), 89-104 [107] J. Hurtubise, Duke Math. Jour., 83 (1996), 19-50 [108] S. Hyun and J.S. Park, hep-th 9409009, 9503036, 9503201, and 9508162 [109] Y. Imayoshi and M. Taniguchi, An introduction to Teichmüller space, Springer, 1992 [110] V. Inozemtsev, Lett. Math. Phys., 17 (1989), 11-17 [111] J. Isidro, hep-th 9805051 [112] K. Ito and S. Yang, hep-th 9712018 and 9803126; Phys. Lett. B, 366 (1996), 165-173 and 415 (1997), 45-53 [113] H. Itoyama and A. Morozov, hep-th 9511126, 9512161, and 9601168; Nucl. Phys. B, 477 (1996), 855-877 and 491 (1997), 529-573 [114] D. Ivanov, hep-th 9610207 [115] K. Iwasaki, Jour. Fac. Sci. Univ. Tokyo, Sect. 1A, 38 (1991), 431-531; Pac. Jour. Math., 155 (1992), 319-340 [116] A. Kapustin, Nucl. Phys. B, 534 (1998), 531-545; Adv. Theor. Math. Phys., 2 (1998), 571-591 [117] S. Kharchev, A. Marshakov, A. Mironov, and A. Morozov, Mod. Phys. Lett. A, 8 (1993), 1047-1061 (hep-th 9208046); Nucl. Phys. B, 397 (1993), 339-378; Inter. Jour. Mod. Phys. A, 10 (1995), 2015-2051 [118] S. Kharchev, A. Marshakov, A. Mironov, A. Morozov, and A. Zabrodin, Nucl. Phys. B, 380 (1992), 181-240; hep-th 9111037 [119] V. Knizhnik and A.B. Zamolodchikov, Nucl. Phys. B, 247 (1984), 83-103 [120] S. Kobayashi, Differential geometry of complex vector bundles, Princeton Univ. Press, 1987 [121] Y. Kodama and J. Gibbons, Proc. Fourth Workshop on Nonlinear and Turbulent Processes in Physics, World Scientific, 1990, pp. 166-180 [122] K. Kodaira, Complex manifolds and deformation of complex structure, Springer, 1986 [123] B. Konopelchenko, Introduction to multidimensional integrable equations, Plenum, 1992; Solitons in multidimensions, World Scientific, 1993 [124] D. Korotkin and J. Samtleben, Inter. Jour. Mod. Phys. A, 1‘2 (1997), 2013-2033 [125] A. Kresch, alg-geom 9703015 [126] I. Krichever, Funct. Anal. Prilozh., 22 (1988), 200-213 [127] I. Krichever and D. Phong, Jour. Diff. Geom, 45 (1997), 349-389

[128] I. Krichever, Comm. Pure Appl. Math., 47 (1994), 437-475; Acta Applicandae Math., 39 (1995), 93-125; Comm. Math. Phys., 143 (1992), 415-429 [129] I. Krichever and D. Phong, hep-th 9708170 [130] G. Kuroki and T. Takebe, q-alg 9612033 and math.QA 9809157 [131] H. Lange and Ch. Birkenhake, Complex Abelian varieties, Springer, 1992 [132] M. Lässig, Nucl. Phys. B, 334 (1990), 652-668 [133] J. Latorre and C. Lütken, hep-th 9711150 [134] A. Levin and M. Olshanetsky, alg-geom 9706010 and hep-th 9709207 [135] A. Levin and M. Olshanetsky, Comm. Math. Phys., 188 (1997), 449-466 [136] A. Levin and M. Olshanetsky, math-ph 9904023 [137] A. Losev, N. Nekrasov, and S. Shatashvili, hep-th 9711108 [138] A. Losev, JETP , 65 (1997), 374-379; hep-th 9801179 [139] A. Losev, hep-th 9211090 [140] A. Losev and I. Polyubin, hep-th 9305079 [141] M. Lübke and A. Teleman, The Kobayashi-Hitchin correspondence, World Scientific, 1995 [142] J. Lykken, hep-th 9612114 [143] Yu. Manin and S. Merkulov, alg-geom 9702014 [144] Yu. Manin, math.QA 9801006 [145] M. Mariño and G. Moore, hep-th 9712062, 9802185, and 9804104 [146] M. Mariño and F. Zamora, Nucl. Phys. B, 533 (1998), 373-405 [147] M. Mariño, hep-th 9905053 [148] E. Markman, Comp. Math., 93 (1994), 255-290 [149] A. Marshakov, A. Mironov, and A. Morozov, hep-th 9607109 and 9710123; Mod. Phys. Lett.

A, 12 (1997), 773-787 [150] A. Marshakov, hep-th 9709001 [151] A. Marshakov, Seiberg-Witten theory and integrable systems, World Scientific, 1999 [152] A. Marshakov and A. Mironov, hep-th 9809196 [153] E. Martinec, hep-th 9510204 [154] E. Martinec and N. Warner, hep-th 9509161 [155] M. Matone, Phys. Lett. B, 357 (1995), 342-348; Phys. Rev. D, 53 (1996), 7354-7358; Phys.

Rev. Lett., 78 (1997), 1412-1415

[156] D. McDuff and D. Salamon, Introduction to symplectic topology, Oxford Univ. Press, 1995 [157] D. McLaughlin, Physica 3D (1981), 335-343 [158] R. Miranda, Algebraic curves and Riemann surfaces, Amer. Math. Soc., 1995 [159] A. Mironov, Nucl. Phys. B, Supp. 61A (1998), 177-185 [160] A. Mironov and A. Morozov, hep-th 9712177 [161] A. Mironov, hep-th 9903088 [162] G. Moore and E. Witten, hep-th 9709193 [163] A. Morozov, hep-th 9711194 [164] A. Morozov, hep-th 9303139 and 9502091 [165] A. Morozov, hep-th 9810031 and 9903087 [166] A. Morozov, Sov. Phys. Uspekhi, 35 (1992), 671-714; 62 (1994), 1-55; hep-th 9502091 [167] J. Morrow and K. Kodaira, Complex manifolds, Holt-Rinehart-Winston, 1971 [168] T. Nakatsu and K. Takasaki, Mod. Phys. Lett. A, 11 (1996), 157-168 [169] T. Nakatsu, Mod. Phys. Lett. A, 9 (1994), 3313-3324 [170] N. Nekrasov, Comm. Math. Phys., 180 (1996), 587-603 [171] S. Novikov, S. Manakov, L. Pitaevskij, and V. Zakharov, Theory of solitons, Plenum, 1984 [172] D. O’Connor and C. Stephens, hep-th 9304095, 9310086, and 9310198 [173] J. Ohta, Jour. Math. Phys., 40 (1999), 1891-1900 [174] K. Okamoto, Funk. Ekvac., 14 (1971), 137-152; Jour. Fac. Sci. Univ. Tokyo, Sect. 1A, 24 (1977), 357-371 [175] M. Olshanetsky, hep-th 9901019 [176] M. Olshanetsky, hep-th 9510143 [177] M. Peskin and D. Schroeder, An introduction to QFT, Addison-Wesley, 1995 [178] J. LePotier, Lectures on vector bundles, Cambridge Univ. Press, 1997 [179] N. Reshetikhin, Comm. Math. Phys., 26 (1992), 167-172 [180] A. Ritz, hep-th 9710112 [181] N. Seiberg and E. Witten, Nucl. Phys. B, 426 (1994), 19-52 [182] N. Seiberg, Phys. Lett. B, 206 (1988), 75-80; 318 (1993), 469-475 [183] C. Simpson, Pub. Math. IHES, 75 (1992), 5-95 [184] E. Sklyanin and T. Takebe, q-alg 9601028 and solv-int 9807008

[185] H. Sonoda, Nucl. Phys. B, 352 (1991), 585-600 and 601-615; hep-th 9306119 [186] C. Stephens, hep-th 9611062 [187] I. Taimanov, alg-geom 9609016 [188] K. Takasaki and T. Takebe, Inter. Jour. Mod. Phys. A, Supp. 1992, pp. 889-922; Rev. Math.

Phys., 7 (1995), 743-808 [189] K. Takasaki, hep-th 9803217 and 9901120 [190] K. Takasaki, hep-th 9403190 [191] K. Takasaki and T. Takebe, hep-th 9301070 [192] K. Takasaki and T. Nakatsu, hep-th 9603069 [193] K. Takasaki, hep-th 9705162; Lett. Math. Phys., 43 (1988), 123-135 [194] K. Takasaki, solv-int 9704004 [195] K. Takasaki, hep-th 9711058 [196] T. Takebe, hep-th 9210086 [197] P. Vanhaecke, Lect. Notes Math. 1638, Springer, 1996 [198] V. Verschagin, hep-th 9605092 [199] G. Whitham, Linear and nonlinear waves, Wiley, 1974 [200] E. Witten, hep-th 9703166 [201] E. Witten, Nucl. Phys. B, 340 (1990), 281-332 [202] T. Yoneya, Comm. Math. Phys., 144 (1992), 623-639