math-ph/9907004 5 Jul 1999

Linking Physics to Mathematical Foundations

D.J. BENDANIEL <DJB16@Cornell.edu>

Johnson School, Cornell University

In today?s talk, I shall discuss an axiomatic foundation for physics closely linked to that which has been established for mathematics. This connection will then be used to explain the mathematical form of physical fields.

The usual foundation of mathematics is the set theory of Zermelo-Fraenkel (ZF). Here we show all the axioms of ZF except that we modify the axiom schema of replacement (AR). [Appendix] The usual replacement axiom says that for any functional relation, if the domain is a set, then the range is a set. Actually, that axiom contains two independent axioms: the axiom schema of subsets, which asserts we can establish subsets non-constructively by means of a formula, and the axiom schema of bijective replacement (ABR), which provides replacement only in one-to-one mappings. For reasons that will be apparent later, I have deleted the axiom schema of subsets from ZF by substituting just the bijective replacement axiom for the usual replacement, forming the theory ZF-AR+ABR.

In order to understand how this theory differs from ZF, we first look at the axiom of infinity. The axiom of infinity is naively viewed as asserting the existence of the infinite set, usually called w , containing all the finite natural numbers. More generally, this axiom asserts the existence of infinite sets w * which also contain infinite natural numbers. To obtain w in ZF, we must use the axiom schema of subsets to establish the existence of the intersection of all the sets created by the axiom of infinity. That intersection is the set w . Randall Holmes, a post-doctoral student, showed no model of ZF-AR+ABR contains w . This confirms that the axiom schema of subsets is not hidden in the other axioms and implies that ZF-AR+ABR is uniformly dependent on w * , that is, every theorem holds for any w * . Accordingly, we are at liberty to choose any w * and shall now refer to all the members of w *, finite and infinite, as "integers". Finite integers are those members of w * that are not infinite and they are signified in formulae below by i, j, k, l, m, M, n or N.

To ZF-AR+ABR we can now adjoin the axiom "all sets are constructible". By constructible sets we mean sets which are generated sequentially by a process, one after the other, such that the process well-orders the sets. Goedel showed this axiom of constructibility can be added consistently to ZF giving a theory that has some interesting closure properties and is usually designated as ZFC+. We are here working in a sub-theory of ZFC + and are, therefore, on safe ground. We shall refer to this sub-theory as T.

One would expect that some important theorems of T are quite different from ZF. We have only a denumerable infinity. Also, there can be no inductive proofs from the finite to the infinite such as are possible in ZF. Furthermore, all sets of finite integers are finite, unlike in ZF where we can have infinite sets of finite integers. On the other hand, every set of integers in T which is infinite (and we do have such sets) contains some infinite integers.

We shall now develop "non-standard reals". First, recall that the usual definition of the "rational numbers" as the set of ratios of any two integers of the set w . We can here likewise define for w * the set of ratios of any two of its integers, finite or infinite, as an "enlargement" of the rational numbers, which we call Q*. An "infinitesimal" is any such ratio which is "equivalent" to 0, that is, letting y signify the ratio and employing the symbol "=" to signify equivalence, y = 0 « " k[y < 1/k]. Any ratio is either equivalent to 0 or defined as "finite", that is, y ¹ 0 « $ k[1/k < y]. We also apply this notion of equivalence to the difference between ratios. Ratios which do not differ we can call "identical" and we shall use a symbol "º ". Identical ratios are, of course, also equivalent. Thus, any two ratios are either equivalent or their difference must be finite. Finally, we can now choose any infinitesimal arbitrarily and establish a subset of Q* just containing the products of that infinitesimal with each and every integer, finite and infinite. One can show that every member of Q* is equivalent to at least one member of this subset. We call this subset the "non-standard reals," signifying it as R*, and use R* to create "functions of real variables".

An "equivalence-preserving" monotonic mapping f (x,u) between the members of R* in the finite intervals X and U, where x Î X and u Î U, is a "function of real variables": " x1,x2,u1,u2 [f (x1,u1) Ù f (x2,u2) ® (x1 = x2 « u1 = u2)]. These functions are by definition biunique and can be shown to be continuous. A calculus for these functions can be developed in T, since the axiom schema of subsets is a theorem of T for the special case of monotonic mappings. Notice that the range of these functions cannot be infinitesimal. More general functions of real variables can only be built up by attaching biunique pieces: f 1(x,u) Ú f 2(x,u) is a function of real variables with a domain X1 È X2 and a range U1 È U2 if " x1,x2,u1,u2 [f 1(x1,u1) Ú f 2(x1,u1) Ù f 1(x2,u2) Ú f 2(x2,u2) ® (x1 = x2 ® u1 = u2)], where f 1(x,u) and f 2(x,u) are both functions of real variables. This definition necessitates that all functions of real variables are continuous and have bounded variation.

We have seen these functions before. They are familiar to mathematical physicists as those functions of real variables that are each uniformly convergent with a sum of eigenfunctions of the Sturm-Liouville problem. We shall here just consider functions of real variables defined over a bounded domain:

For an irreducible biunique eigenfunction piece whose end points are a, b, where

[1] and where p, q and r are functions of real variables.

In order to determine each irreducible biunique eigenfunction piece from which to build up the eigenfunctions, we have a minimal principle: l is least for ru2dx constant. Therefore, every function of real variables is uniformly convergent with a unique aggregation of these basic pieces, each piece determined from the same minimal principle. Accordingly, we can concentrate our attention on these pieces.

These pieces provide the basis for constructing physical fields. First, we consider two sinusoidal eigenfunctions, u1(x1) and u2(x2). Let x1 be called "space" and x2 be "time". Then the quantity l1 - l2

multiplied by u12u22 can be recognized as the well-known Lagrange density of a one-dimensional string, from which the differential equation for the field can be determined by a variational principle. This procedure can be generalized for non-linear vector wave fields in finitely many space-like (i) and time-like (j) dimensions, e.g., extensions of the Klein-Gordon equation, as shown below. (Since the procedure involves building up the field from its eigenfunction components, a similar development can be carried out for extensions of the Schroedinger and Dirac equations.)

Let and be the eigenfunctions associated with the eigenvalues l l im and l l jm respectively, in a bounded domain of each of the independent variables and

then, by minimizing the integral of the Lagrange density over space-time, we obtain that

implies

[2]

where pli, qli, plj, qlj are, in general, functions of all the xi and xj. These functions can thus depend on

components and , thereby introducing non-linear behavior.

We denote by the symbol a. Here is a proof in T that there must be an irreducible finite unit of a:

I. The field is either non-existent (in which case ) or is a product of functions of real variables (in which case ); thus,

II. Also, since aÎ R*, we can represent it as , where but and z is an integer; thus, z = 0 Ö z º 0.

III. Then, , since .

I. Accordingly, z

\ is finite; we represent the least value of by .

To relate this finite unit to biunique eigenfunction pieces, we consider a field that is periodic in a single

time dimension t; let the time period be J . We can define "energy" as , which in this case is a/J . Then, the energy in the mth eigenstate alone is restricted to quanta of m/J , where is

i.e., taken over the four biunique eigenfunction pieces fulfilling the periodicity condition. We now call "action". The total energy of the field is the sum of the energies in all of the eigenstates, M /J , where M = å jmm, jm is the integer specifying the multiplicity of quanta in the m th mode and M is thus the total units of action in all of the eigenstates in the time period J .

We have set the stage to introduce a novel concept: the definability of a physical field in the theory T. Recall that every set (in T) of finite integers is finite and therefore ipso facto "definable" as that term is used in metamathematics. We shall now say that a physical field is "definable in T" if and only if the set of all possible distributions of energy among eigenstates (which, of course, is the set underlying quantum statistics) can be arithmetized and mirrored by some set (in T) of finite integers. So, every set of j m such that total energy is constant can be represented uniquely by some finite integer:

[3]

where Pm is the mth prime starting with 2. We can then always form the set of such finite integers. Thus, if the total energy is finite, "quantization" is sufficient for definability. Conversely, to investigate necessity we need only look to the correspondence principle: given that energy is finite, if were to shrink to 0, then the integer M would go to infinity. In that case, the set of all possible distributions of energy among eigenstates could no longer be mirrored by any set (in T) of finite integers. Therefore, quantization is logically equivalent to definability of fields in T.

Finally, we look closely at this metamathematical concept "definability" and show how it can provide a deep connection between the foundations of physics and mathematics.

In the theory ZF, by a proof for which the axiom schema of subsets is essential, we obtain a non-denumerable infinity of sets of finite integers. For ZF, a set U of finite integers is definable if there exists some formula F (n) from which we can unequivocally determine whether or not a given finite integer n is in the set or not. Since there are denumerably many defining formulae, there can be only denumerably many definable sets of finite integers. It follows that almost all sets of finite integers in ZF are not definable. When a set of finite integers is not definable, then there will be at least one finite integer for which it is not possible to determine whether it is in the set or not. Now, we make a connection between physics and mathematics by postulating that physical fields must be definable. Otherwise, the universe would not operate. A field whose set of all energy distributions was mirrored by an undefinable set of finite integers would have undecidable, therefore unphysical, states. What if we tried to restrict the theory to the definable sets of finite integers in ZF? We would then meet a fundamental limitation, namely, the set of all definable sets of finite integers is itself not definable. So, the theory must be restricted to finite definable sets of finite integers. This is indeed possible, since all such finite sets are ipso facto definable. However, this requires the set w not exist in the theory. Since w exists in ZF directly in consequence of the axiom of infinity plus the axiom schema of subsets, we must delete one or the other axiom to stay consistent. But the axiom of infinity is essential to provide for continuity. So the task reduces to whether we can obtain a foundation rich enough for physical fields after deleting the schema of subsets from ZF. The point of this talk is that apparently we can.

Appendix

ZF - AR + ABR

Extensionality- Two sets with just the same members are equal.

Pairs- For any two sets, there is a set that contains just them.

Union- For any set of sets, there is a set with just all their members.

Infinity- There is a set with members determined in endless succession.

Power Set- For any set, there is a set containing just all its subsets.

Regularity- Every set has a minimal member.

Schema of Bijective Replacement- For any set, replacing its members one-for-one with members from some set creates a set.

Let f(s,t) be any formula in which (s,t) is free,