arXiv:math.DG/0003214 30 Mar 2000

Geometry of Quaternionic Kähler connections with torsion

Stefan Ivanov^∗

Department of Mathematics University of Sofia ”St. Kl. Ohridski”

Abstract

The target space of a (4,0) supersymmetric two-dimensional sigma model with Wess-Zumino term has a connection with totally skew-symmetric torsion and holonomy contained in Sp(n).Sp(1), QKT-connection. We study the geometry of QKT-connections. We find conditions to the existence of a QKT-connection and prove that if it exists it is unique. Studying conformal transformations we obtain a lot of (compact) examples of QKT manifolds. We present a (local) description of 4-dimensional homogeneous QKT structures relying on the known result of naturally reductive homogeneous Riemannian manifolds. We consider Einstein-like QKT manifold and find closed relations with Einstein-Weyl geometry in dimension four.

Running title: Quaternionic Kähler with torsion

Keywords. Almost Quaternionic, Hyper Hermitian, Quaternionic Kähler, Torsion, Locally conformal Quaternionic Kähler, Naturally reductive homogeneous Riemannian spaces, Einstein- Weyl geometry.

AMS Subject Classification: Primary 53C25, Secondary 53C15, 53C56, 32L25, 57S25

1 Introduction and statement of the results

An almost hyper complex structure on a 4n-dimensional manifold M is a triple H = (J_α), α = 1, 2, 3, of almost complex structures J_α : T M → T M satisfying the quaternionic identities J^2_α = −id and J_1J_2 = −J_2J_1 = J_3. When each J_α is a complex structure, H is said to be a hyper complex structure on M.

An almost quaternionic structure on M is a rank-3 subbundle Q ⊂ End(T M) which is locally spanned by almost hypercomplex structure H = (J_α); such a locally defined triple H will be called an admissible basis of Q. A linear connection ∇ on T M is called quaternionic connection if ∇ preserves Q, i.e. ∇_X σ ∈ Γ(Q) for all vector fields X and smooth sections σ ∈ Γ(Q). An almost

�The author is supported by Contract MM 809/1998 with the Ministry of Science and Education of Bulgaria and by Contract 238/1998 with the University of Sofia ”St. Kl. Ohridski”.

quaternionic structure is said to be a quaternionic if there is a torsion-free quaternionic connection. A Q-hermitian metric is a Riemannian metric which is Hermitian with respect to each almost complex structure in Q. An almost quaternionic (resp. quaternionic) manifold with Q-hermitian metric is called an almost quaternionic Hermitian (resp. quaternionic hermitian) manifold For n = 1 an almost quaternionic structure is the same as an oriented conformal structure and it turns out to be always quaternionic. When n ≥ 2, the existence of torsion-free quaternionic connection is a strong condition which is equivalent to the 1-integrability of the associated GL(n,H)SP(1) structure [10, 32, 42]. If the Levi-Civita connection of a quaternionic hermitian manifold (M, g, Q) is a quaternionic connection then (M, g, Q) is called Quaternionic Kähler (briefly QK). This condition is equivalent to the statement that the holonomy group of g is contained in SP(n).SP(1) [1, 2, 39, 40, 25]. If on a QK manifold there exist an admissible basis (H) such that each almost complex structure (J_α) ∈ (H), α = 1, 2, 3 is parallel with respect to the Levi-Civita connection then the manifold is called hyper Kähler (briefly HK). In this case the holonomy group of g is contained in SP(n).

The notions of quaternionic manifolds arise in a natural way from the theory of supersymmetric sigma models. The geometry of the target space of two-dimensional sigma models with extended supersymmetry is described by the properties of a metric connection with torsion [14, 22]. The geometry of (4,0) supersymmetric two-dimensional sigma models without Wess-Zumino term (torsion) is a hyper Kähler manifold. In the presence of torsion the geometry of the target space becomes hyper Kähler with torsion (briefly HKT) [23]. This means that the complex structures J_α, α = 1, 2, 3, are parallel with respect to a metric quaternionic connection with totally skew-symmetric torsion [23]. Local (4,0) supersymmetry requires that the target space of two dimensional sigma models with Wess-Zumino term be either HKT or quaternionic Kähler with torsion (briefly QKT) [31] which means that the quaternionic subbundle is parallel with respect to a metric linear connection with totally skew-symmetric torsion and the torsion 3-form is of type (1,2)+(2,1) with respect to all almost complex structures in Q. The target space of two-dimensional (4,0) supersymmetric sigma models with torsion coupled to (4,0) supergravity is a QKT manifold [24]. If the torsion of a QKT manifold is a closed 3-form then it is called strong QKT manifold. The properties of HKT and QKT geometries strongly resemble those of HK and QK ones, respectively. In particular, HKT [23] and QKT [24] manifolds admit twistor constructions with twistor spaces which have similar properties to those of HK [21] and QK [39, 40, 41].

The main object of interest in this article is the differential geometric properties of QKT manifolds. We find necessary and sufficient conditions to the existence of a QKT connection in terms of the Kähler 2-forms and show that the QKT-connection is unique if dimension is at least 8 (see Theorem 2.2 below). We prove that the QKT manifolds are invariant under conformal transformations of the metric. This allows us to present a lot of (compact) examples of QKT manifolds. In particular, we show that the compact quaternionic Hopf manifolds studied in [34], which do not admit a QK structure, are QKT manifolds. In the compact case we show the existence of Gauduchon metric i.e. the unique conformally equivalent QKT structure with co-closed torsion 1-form.

It is shown in [24] that the twistor space of a QKT manifold is always complex manifold provided the dimension is at least 8. It admits complex contact (resp. Kähler) structure if the torsion 4-form is of type (2,2) and some additional nondegeneratity (positivity) conditions are fulfilled [24]. Most of the known examples of QKT manifolds are homogeneous constructed in[33]. However, there are no homogeneous proper QKT manifolds (i.e. QKT which is not QK or HKT) with torsion 4-form of type (2,2) in dimensions greater than four by the result of [33]. We generalise this result showing that there are no proper QKT manifolds with torsion 4-form of type (2,2) provided that the torsion is parallel and dimension is at least 8.

In dimension 4 a lot of examples of QKT manifolds are known [24, 33]. In particular, examples of homogeneous QKT manifolds are constructed in [33]. We notice that there are many (even strong) QKT structures in dimension 4, all depending on an arbitrary 1-form. We give a local description of 4-dimensional QKT manifolds with parallel torsion; namely such a QKT manifold is a Riemannian product of a real line and a 3-dimensional Riemannian manifold. We observe that homogeneous QKT manifolds are precisely naturally reductive homogeneous Riemannian manifolds, the objects which are well known. We present a complete local description (up to an isometry) of 4- dimensional homogeneous QKT which was known in the setting of naturally reductive homogeneous 4-manifold [27]. In the last section we consider 4-dimensional Einstein-like QKT manifold and find a closed relation with Einstein-Weyl geometry in dimension four. In particular, we show that every 4-dimensional HKT manifold is of this type.

Acknowledgements. The research was done during the author’s visit at the Abdus Salam International Centre for Theoretical Physics, Trieste Italy. The author thanks the Abdus Salam ICTP for support and the excellent environment. The author also thanks to G. Papadopoulos for his interest, useful suggestions and remarks. He is grateful to S.Marchiafava for pointing out some incorrect statements and L.Ornea for finding the time to read and comment on a first draft of the manuscript.

2 Characterisations of QKT connection

Let (M, g, (J_α) ∈ Q, α = 1, 2, 3) be a 4n-dimensional almost quaternionic manifold with Q-hermitian Riemannian metric g and an admissible basis (J_α). The Kähler form F_α of each J_α is defined by F_α = g(., Jα.). The corresponding Lee forms are given by θ_α = δF_α ∘ J_α.

For an r-form ψ we denote by J_αψ the r-form defined by J_αψ(X_1, ..., X_r) := (−1)^rψ(J_αX_1, ..., J_αX_r), α = 1, 2, 3. Then (d^cψ)_α = (−1)^rJ_αdψ. We shall use the notations d_αF_β := (d^cF_β)_α, i.e. d_αF_β(X, Y, Z) = −dF_β(J_αX, J_αY, J_αZ), α, β = 1, 2, 3.

We recall the decomposition of a skew-symmetric tensor P ∈ Λ^2T^∗M ⊗ T M with respect to a given almost complex structure J_α. The (1,1), (2,0) and (0,2) part of P are defined by P^{1,1}(J_αX, J_αY ) = P^{1,1}(X, Y ), P^{2,0}(J_αX, Y ) = J_αP^{2,0}(X, Y ), P^{0,2}(J_αX, Y ) = −J_αP^{0,2}(X, Y ), respectively.

For each α = 1, 2, 3, we denote by dF^+_α (resp. dF^−_α ) the (1, 2) + (2, 1)-part (resp. (3, 0) + (0, 3)- part) of dF_α with respect to the almost complex structure J_α. We consider the following 1-forms θ_{α,β} = − 1 2 4n∑ i=1 dF^+_α (X, e_i, J_βe_i), α, β = 1, 2, 3. Here and further e_1, e_2, . . ., 4n is an orthonormal basis of the tangential space.

Note that θ_{α,α} = θ_α.

The Nijenhuis tensor N_α of an almost complex structure J_α is given by N_α(X, Y ) = [J_αX, J_αY ] − [X, Y ] − J_α[J_αX, Y ] − J_α[X, J_αY ]. The celebrated Newlander-Nirenberg theorem [30] states that an almost complex structure is a complex structure if and only if its Nijenhuis tensor vanishes.

Let ∇ be a quaternionic connection i.e. ∇J_α = −ω_β ⊗ J_γ + ω_γ ⊗ J_β, (2.1)

where the ω_α, α = 1, 2, 3 are 1-forms.

Here and henceforth (α, β, γ) is a cyclic permutation of (1, 2, 3).

Let T (X, Y ) = ∇_X Y − ∇_Y X − [X, Y ] be the torsion tensor of type (1,2) of ∇. We denote by the same letter the torsion tensor of type (0,3) given by T (X, Y, Z) = g(T (X, Y ), Z). The Nijenhuis tensor is expressed in terms of ∇ as follows

N_α(X, Y ) = 4T^{0,2}_α (X, Y )

(2.2) + (∇_{JαX} J_α)(Y ) − (∇_{JαY} J_α)(X) − (∇_Y J_α)(J_αX) + (∇_XJ_α)(J_αY ),

where the (0,2)-part T^{0,2}_α of the torsion with respect to J_α is given by

T^{0,2}_α (X, Y ) = 1 4 (T (X, Y ) − T (J_αX, J_αY ) + J_αT (J_αX, Y ) + J_αT (X, J_αY )) . (2.3)

We recall that if a 3-form ψ is of type (1,2)+(2,1) with respect to an almost complex structure J then it satisfies the equality ψ(X, Y, Z) = ψ(JX, JY, Z) + ψ(JX, Y, JZ) + ψ(X, JY, JZ). (2.4)

Definition. An almost quaternionic hermitian manifold (M, g, (H_α) ∈ Q) is QKT manifold if it admits a metric quaternionic connection ∇ with totally skew symmetric torsion which is (1,2)+(2,1)- form with respect to each J_α, α = 1, 2, 3. If the torsion 3-form is closed then the manifold is said to be strong QKT manifold.

It follows that the holonomy group of ∇ is a subgroup of SP(n).SP(1).

By means of (2.1), (2.2) and (2.4), the Nijenhuis tensor N_α of J_α, α = 1, 2, 3, on a QKT manifold is given by N_α(X, Y ) = A_α(Y )J_βX − A_α(X)J_βY − J_αA_α(Y )J_γX + J_αA_α(X)J_γY, (2.5)

where A_α = ω_β + J_αω_γ.

(2.6)

Remark 1. The definition of QKT manifolds given above is equivalent to that given in [24] because the requirement the torsion to be (1,2)+(2,1)-form with respect to each J_α, α = 1, 2, 3, is equivalent, by means of (2.5), to the fourth condition of (4) in [24]. The torsion of ∇ is (1,2)+(2,1)-form with respect to any (local) almost complex structure J ∈ Q [24]. This follows also from (2.5) and the general formula (6) in [4] which expresses N_J in terms of N_{J1} , N_{J2}, N_{J3} . In fact, it is sufficient that the torsion is a (1,2)+(2,1)-form with respect to the only two almost complex structures of (H) since the formula (3.4.4) in [3]) gives the necessary expression of N_{J3} by N_{J1} and N_{J2} . Indeed, it is easy to see that the formula (3.4.4) in [3] holds for the (0,2)-part T^{0,2}_α , α = 1, 2, 3, of the torsion. Hence, the vanishing of the (0,2)-part of the torsion with respect to any two almost complex structures in (H) implies the vanishing of the (0,2)-part of T with respect to the third one.

On a QKT manifold there are three naturally associated 1-forms to the torsion defined by

t_α(X) = − 1 2 4n∑ i=1 T (X, e_i, J_αe_i), α = 1, 2, 3. (2.7)

We have

Proposition 2.1 On a QKT manifold J_1t_1 = J_2t_2 = J_3t_3.

Proof. Applying (2.4) with respect to J_β we obtain

t_α(X) = − 1 2 4n∑ i=1 T (X, e_i, J_αe_i) = − 1 2 4n∑ i=1 T (X, J_βe_i, J_γe_i)

= 1 2 4n∑ i=1 T (J_βX, e_i, J_γe_i) − 1 2 4n∑ i=1 T (J_βX, J_βe_i, J_αe_i) + 1 2 4n∑ i=1 T (X, e_i, J_αe_i). The last equality implies t_α = J_βt_γ which proves the assertion. Q.E.D.

The 1-form t = J_αt_α is independent of the chosen almost complex structure J_α by Proposition 2.1. We shall call it the torsion 1-form of a given QKT manifold.

Remark 2. Every QKT manifold is a quaternionic manifold. This is an immediate consequence of (2.5) and Proposition 2.3 in [4].

However, the converse to the above property is not always true. In fact, we have

Theorem 2.2 Let (M, g, (J_α ∈ Q) be a 4n-dimensional (n > 1) quaternionic manifold with Qhermitian metric g. Then M admits a QKT structure if and only if the following conditions hold

(d_αF_α)^+ − (d_βF_β)^+ = 1 2 (K_α ∧ F_β − J_βK_β ∧ F_α − (K_β − J_αK_α) ∧ F_γ ) ,

(2.8)

where (d_αF_α)^+ denotes the (1,2)+(2,1) part of (d_αF_α) with respect to the J_α, α = 1, 2, 3. The 1-forms K_α, α = 1, 2, 3, are given by

K_α = 1 1 − n (J_βθ_α + θ_{α,γ}) . (2.9)

The metric quaternionic connection ∇ with torsion 3-form of type (1,2)+(2,1) is unique and is determined by ∇ = ∇^g + 1 2 ( (d_αF_α)^+ − 1 2 (J_αK_α ∧ F_γ + K_α ∧ F_β) ) , (2.10)

where ∇^g is the Levi-Civita connection of g.

Proof. To prove the ’if’ part, let ∇ be a metric quaternionic connection satisfying (2.1) which torsion T has the required properties. We follow the scheme in [17]. Since T is skew-symmetric we have ∇ = ∇^g + 1 2 T. (2.11)

We obtain using (2.1) and (2.11) that 1 2 (T (X, J_αY, Z) + (T (X, Y, J_αZ)) = −g ((∇^g_XJ_α)Y, Z) (2.12) + ω_β(X)F_γ(Y, Z) − ω_γ (X)F_β(Y, Z). The tensor ∇^gJ_α is decomposed by parts according to ∇J_α = (∇J_α)^{2,0} + (∇J_α)^{0,2}, where [17] g ( (∇^g_X J_α)^{2,0}Y, Z ) = 1 2 ( (dF_α)^+(X, J_αY, J_αZ) − (dF_α)^+(X, Y, Z) ) (2.13) g ( (∇^g_XJ_α)^{0,2}Y, Z ) = 1 2 (g(N_α(X, Y ), J_αZ) − g(N_α(X, Z), J_αY ) − g(N_α(Y, Z), J_αX)) (2.14)

Taking the (2,0) part in (2.12) we obtain using (2.13) that T (X, J_αY, Z) + T (X, Y, J_αY ) = (dF^+_α (X, J_αY, J_αZ) − (dF^+_α (X, Y, Z) (2.15) + C_α(X)F_γ(Y, Z) + C_α(J_αX)F_β(Y, Z), where C_α = ω_β − J_αω_γ.

(2.16)

The cyclic sum of (2.15) and the fact that T and (dF_α)^+ are (1,2)+(2,1)-forms with respect to each J_α, gives T = (d_αF_α)^+ − 1 2 (J_αC_α ∧ F_γ + C_α ∧ F_β) .

(2.17)

Further, we take the contractions in (2.17) to get J_αt_α = −θ_α − J_βC_α, J_αt_α = −J_γ θ_{β,α} − nJ_γC_β, (2.18) J_αt_α = J_βθ_{γ,α} − nJ_αC_γ Using Proposition 2.1, (2.6) and (2.16), we obtain consequently from (2.18) that

A_α = J_αC_β + J_γC_γ = J_β (θ_γ − θ_β) ,

(2.19) (n − 1)J_βC_α = θ_α − J_βθ_{α,γ}. (2.20)

Then (2.8) and (2.9) follow from (2.17) and (2.20).

For the converse, we define ∇ by (2.10). To complete the proof we have to show that ∇ is a quaternionic connection. We calculate

g ((∇_XJ_α)Y, Z) = g ((∇^g_XJ_α)Y, Z) + 1 2 (T (X, J_αY, Z) + T (X, Y, J_αZ)) = ω_β(X)F_γ(Y, Z) − ω_γ(X)F_β(Y, Z), where we used (2.13), (2.14), (2.19), (2.9), (2.6), (2.16) and the compatibility condition (2.8) to get the last equality. The uniqueness of ∇ follows from (2.10) as well as from Theorem 10.3 in [32] which states that any quaternionic connection is entirely determined by its torsion (see also [18]). Q.E.D.

In the case of HKT manifold, K_α = dF^−_α = 0 and Theorem 2.2 is a consequence of the general results in [17] (see also [20]) which imply that on a hermitian manifold there exists a unique linear connection with totally skew-symmetric torsion preserving the metric and the complex structure, the Bismut connection. This connection was used by Bismut [9] to prove a local index theorem for the Dolbeault operator on non-Kähler manifold. The geometry of this connection is referred to KT-geometry by physicists. Obstructions to the existence of (non-trivial) Dolbeault cohomology groups on a compact KT-manifold are presented in [5].

We note that (2.19) and (2.20) are also valid in the case n = 1.

We get, as a consequence of the proof of Theorem 2.2, the following integrability criterion which is discovered in dimension 4 in [19].

Proposition 2.3 The Nijenhuis tensors of a QKT manifold depend only on the difference between the Lie forms. In particular, the almost complex structures J_α on a QKT manifold (M, (J_α) ∈ Q, g, ∇) are integrable if and only if θ_α = θ_β = θ_γ

Proof. The Nijenhuis tensors are given by (2.5) and (2.19). Q.E.D.

Corollary 2.4 On a 4n-dimensional QKT manifold the following formulas hold J_βθ_{α,γ} = −J_γ θ_{α,β}, (n^2 + n)θ_α − nθ_β − n^2θ_γ + J_γ θ_{β,α} + nJ_αθ_{γ,β} − (n + 1)J_βθ_{α,γ} = 0.

(2.21) If n = 1 then θ_α = J_βθ_{α,γ} = −J_γ θ_{α,β}.

Proof. The first formula follows directly from the system (2.18). Solving the system (2.18) with respect to C_α we obtain

(n^3 − 1)J_βC_α = (θ_α − J_γθ_{β,α}) + n(θ_β − J_αθ_{γ,β}) + n^2(θ_γ − J_βθ_{α,γ}).

(2.22)

Then (2.21) is a consequence of (2.22) and (2.20). The last assertion follows from (2.20) . Q.E.D.

Corollary 2.5 On a 4n-dimensional (n > 1) QKT manifold the sp(1)-connection 1-forms are given by ω_β = 1 2 J_β ( θ_γ − θ_β + 1 1 − n θ_α ) + 1 2(1 − n) θ_{α,γ}. (2.23)

Proof. The proof follows in a straightforward way from (2.19), (2.20), (2.6) and (2.16). Q.E.D.

Theorem 2.2 and the above formulas lead to the following criterion

Proposition 2.6 Let (M, g, (H)) be a 4n-dimensional (n > 1) QKT manifold. The following conditions are equivalent:

i) (M, g, (H)) is a HKT manifold; ii) d_αF^+_α = d_βF^+_β = d_γF^+_γ ; iii) θ_α = J_βθ_{γ,α}.

Proof. If (M, g, (H)) is a HKT manifold, the connection 1-forms ω_α = 0, α = 1, 2, 3. Then ii) and iii) follow from (2.16), (2.20), (2.9) and (2.8).

If iii) holds, then (2.20) and (2.19) yield C_α = A_α = 0, α = 1, 2, 3, since n > 1. Consequently, 2ω_α = J_βC_β − J_βA_β = 0 by (2.16) and (2.6). Thus the equivalence of i) and iii) is proved.

Let ii) holds. Then we compute that θ_α = J_γθ_{β,α}. Since n > 1, the equality (2.22) leads to C_α = 0, α = 1, 2, 3, which forces ω_α = 0, α = 1, 2, 3 as above. This completes the proof. Q.E.D.

The next theorem shows that QKT manifolds are stable under a conformal transformations.

Theorem 2.7 Let (M, g, (J_α), ∇) be a 4n-dimensional QKT manifold. Then every Riemannian metric ḡ in the conformal class [g] admits a QKT connection. If ḡ = fg for a positive function f then the QKT connection ¯∇ corresponding to ḡ is given by ḡ( ¯∇_XY, Z) = fg(∇_XY, Z) + 1 2 (df(X)g(Y, Z) + df(Y )g(X, Z) − df(Z)g(X, Y )) (2.24) + 1 2 (J_αdf ∧ F_α + J_βdf ∧ F_β + J_γdf ∧ F_γ) (X, Y, Z). If M is compact then there exists a unique (up to homotety) metric g_G ∈ [g] with co-closed torsion 1-form.

Proof. First we assume n > 1. We shall apply Theorem 2.2 to the quaternionic Hermitian manifold (M, ḡ = fg, (J_α) ∈ Q). We denote the objects corresponding to the metric ḡ by a line above the symbol e.g. F̄_α denotes the Kähler form of J_α with respect to ḡ. An easy calculation gives the following sequence of formulas

d_αF̄^+_α = J_αdf ∧ F_α + fd_αF^+_α ; θ̄_α = θ_α + (2n − 1)d ln f; θ̄_{α,γ} = θ_{α,γ} − J_βd ln f.

(2.25)

We substitute (2.25) into (2.9), (2.19) and (2.23) to get

K̄_α = K_α − 2J_βd ln f, Ā = A, ω̄_α = ω_α − J_βd ln f. (2.26)

Using (2.25) and (2.26) we verify that the conditions (2.8) with respect to the metric ḡ are fulfilled. Theorem 2.2 implies that there exists a QKT connection ¯∇ with respect to (ḡ, Q). Using the well known relation between the Levi-Civita connections of conformally equivalent metrics, (2.25) and (2.26), we obtain (2.24) from (2.10).

If n = 1 we define the new QKT connection with respect to (ḡ, Q) by (2.24). Using (2.24), we find that the torsion tensors T and T̄ of ∇ and ¯∇ are related by T̄ = fT + J_αdf ∧ F_α + J_βdf ∧ F_β + J_γdf ∧ F_γ. (2.27)

Consequently, we obtain from (2.27) for the torsion 1-forms t and t̄ that

t̄ = t − (2n + 1)d ln f. (2.28)

If M is compact, we may apply to (2.28) the theorem of Gauduchon for the existence of a Gauduchon metric on a compact Weyl manifold [15, 16] to obtain the desired metric g_G. Q.E.D.

We shall call the unique metric with co-closed torsion 1-form on a compact QKT manifold the Gauduchon metric.

Corollary 2.8 On a compact QKT manifold with closed (non exact) torsion 1-form the Gauduchon metric g_G cannot have positive definite Riemannian Ricci tensor. In particular, if it is an Einstein manifold then it is of non-positive scalar curvature.

Further, if the Gauduchon metric is Ricci flat then the corresponding torsion 1-form t_G is parallel with respect to the Levi-Civita connection of g_G.

Proof. The two form dt is invariant under conformal transformations by (2.28). Then the Gauduchon metric has harmonic torsion 1-form i.e dt = δt = 0. The claim follows from the Weitzenböeck formula (see e.g. [8]) ∫ M {|dt| 2 + |δt|^2} dV = ∫ M {|∇ gt|^2 + Ric^g(t^#, t^#)} dV = 0, where t^# is the dual vector field of t, |.| is the usual tensor norm and dV is the volume form. Q.E.D.

Theorem 2.7 allows us to supply a large class of (compact) QKT manifold. Namely, any conformal metric of a QK, HK or HKT manifold will give a QKT manifold. This leads to the notion of locally conformally QK (resp. locally conformally HK, resp. locally conformally HKT) manifolds (briefly l.c.QK (resp. l.c.HK, resp. l.c.HKT) manifolds) in the context of QKT geometry.

The l.c.QK and l.c.HK manifolds have already appeared in the context of Hermitian-Einstein- Weyl structures [36] and of 3-Sasakian structures [12]. These two classes of quaternionic manifolds are studied in detail (mostly in the compact case) in [34, 35].

We recall that a quaternionic Hermitian manifold (M, g, Q) is said to be l.c.QK (resp. l.c.HK, resp. l.c.HKT) manifold if each point p ∈ M has a neighbourhood U_p such that g | | Up is conformally equivalent to a QK (resp.HK, resp.HKT) metric. There are compact l.c.QK manifold which do not admit any QK structure [34]. Typical examples of compact l.c. QK manifolds without any QK structure are the quaternionic Hopf spaces H = (H^n − {0})/Γ, where Γ is an appropriate discrete group acting diagonally on the quaternionic coordinates in H^n (see [34]).

We recall that on a l.c.QK manifold the 4-form Ω =

∑_3 α=1 F_α ∧ F_α satisfies dΩ = ω ∧ Ω, dω = 0, where ω is locally defined by ω = 2d ln f. On a l.c.QK manifold viewed as a QKT manifold by Theorem 2.7 the torsion 1-form is equal to t = (2n + 1)ω by (2.28). The QK manifolds are Einstein provided the dimension is at least 8 [1, 7]. Then, the Gauduchon Theorem [16] applied to l.c.QK manifold in [34] can be stated in our context as follows

Corollary 2.9 Let (M, g) be a compact 4n-dimensional (n > 1) QKT manifold which is l.c.QK and assume that no metric in the conformal class [g] of g is QK. Then the torsion 1-form of the Gauduchon metric g_G is parallel with respect to the Levi-Civita connection of g_G.

Theorem 2.7, Theorem 2.2 together with Proposition 2.3 and Proposition 2.6 imply the following

Corollary 2.10 Every l.c.QK manifold admits a QKT structure.

Further, if (M, g, (J_α), ∇) is a 4n-dimensional n > 1 QKT manifold then: i) (M, g, (J_α), ∇) is a l.c.QK manifold if and only if T = 1 2n + 1

(t_α ∧ F_α + t_β ∧ F_β + t_γ ∧ F_γ ) , dt = 0;

(2.29)

ii) (M, g, (J_α), ∇) is a l.c.HKT manifold if and only if the 1-form θ_α − J_βθ_{α,γ} is closed i.e.

d(θ_α − J_βθ_{α,γ}) = 0;

iii) (M, g, (J_α), ∇) is a l.c.HK manifold if an only if (2.29) holds and θ_α − J_βθ_{α,γ} = 2(1 − n) 2n + 1 t. 3 Curvature of a QKT space

Let R = [∇, ∇] − ∇_[, ] be the curvature tensor of type (1,3) of ∇. We denote the curvature tensor of type (0,4) R(X, Y, Z, V ) = g(R(X, Y )Z, V ) by the same letter. There are three Ricci forms given by ρ_α(X, Y ) = 1 2 4n∑ i=1 R(X, Y, e_i, J_αe_i), α = 1, 2, 3.

Proposition 3.1 The curvature of a QKT manifold (M, g, (J_α), ∇) satisfies the following relations R(X, Y )J_α = 1 n (ρ_γ(X, Y )J_β − ρ_β(X, Y )J_γ) , (3.30)

ρ_α = dω_α + ω_β ∧ ω_γ .

(3.31)

Proof. We follow the classical scheme (see e.g. [3, 25, 8]). Using (2.1) we obtain R(X, Y )J_α = −(dω_β + ω_γ ∧ ω_α)(X, Y )J_γ + (dω_γ + ω_α ∧ ω_β)(X, Y )J_β.

Taking the trace in the last equality, we get ρ_α(X, Y ) = 1 2 4n∑ i=1 R(X, Y, e_i, J_αe_i) = 1 2 4n∑ i=1 R(X, Y, J_βe_i, J_γe_i)

= − 1 2 4n∑ i=1 R(X, Y, e_i, J_αe_i) + 2n(dω_α + ω_β ∧ ω_γ )(X, Y )J_β. Q.E.D.

Using Proposition 3.1 we find a simple necessary and sufficient condition a QKT manifold to be a HKT one, i.e. the holonomy group of ∇ to be a subgroup of Sp(n).

Proposition 3.2 A 4n-dimensional (n > 1) QKT manifold is a HKT manifold if and only if all the three Ricci forms vanish, i.e ρ_1 = ρ_2 = ρ_3 = 0.

Proof. If a QKT manifold is a HKT manifold then the holonomy group of ∇ is contained in Sp(n). This implies ρ_α = 0, α = 1, 2, 3.

For the converse, let the three Ricci forms vanish. The equations (3.31) mean that the curvature of the Sp(1) connection on Q vanish. Then there exists a basis (I_α, α = 1, 2, 3) of almost complex structures on Q and each I_α is ∇-parallel i.e. the corresponding connection 1-forms ω_{Iα} = 0, α = 1, 2, 3. Then each I_α is a complex structure, by (2.5) and (2.6). This implies that the QKT manifold is a HKT manifold. Q.E.D.

We denote by Ric, Ric^g the Ricci tensors of the QKT connection and of the Levi-Civita connection, respectively. In fact Ric(X, Y ) =

∑_4n i=1 R(e_i, X, Y, e_i). Our main technical result is the following

Proposition 3.3 Let (M, g, (J_α), ∇) be a 4n-dimensional QKT manifold. The following formulas hold nρ_α(X, J_αY ) + ρ_β(X, J_βY ) + ρ_γ(X, J_γY ) = (3.32) −nRic(XY ) + n 4 (dT )_α(X, J_αY ) + n 2 (∇T )_α(X, J_αY );

(n − 1)ρ_α(X, J_αY ) = − n(n − 1) n + 2 Ric(X, Y ) (3.33) + n 4(n + 2) {(n + 1)(dT )_α(X, J_αY ) − (dT )_β(X, J_βY ) − (dT )_γ(X, J_γY )} + n 2(n + 2) {(n + 1)(∇T )_α(X, J_αY ) − (∇T )_β(X, J_βY ) − (∇T )_γ(X, J_γY )} , (3.34)

where

(dT )_α(X, Y ) =

∑_4n i=1 dT (X, Y, e_i, J_αe_i), (∇T )_α(X, Y ) = ∑_4n i=1(∇_XT )(Y, e_i, J_αe_i). Proof. Since the torsion is a 3-form, we have (∇^g_XT )(Y, Z, U) = (∇_XT )(Y, Z, U) + 1 2 σ XY Z {g(T (X, Y ), T (Z, U)}, (3.35)

where^σ_{XY Z} denote the cyclic sum of X, Y, Z.

The exterior derivative dT is given by dT (X, Y, Z, U) = σ XY Z {(∇_XT )(Y, Z, U) + g(T (X, Y ), T (Z, U)} (3.36) − (∇_U T )(X, Y, Z) + σ XY Z {g(T (X, Y ), T (Z, U)}. The first Bianchi identity for ∇ states σ XY Z R(X, Y, Z, U) = σ XY Z {(∇_XT )(Y, Z, U) + g(T (X, Y ), T (Z, U)} . (3.37)

We denote by B the Bianchi projector i.e. B(X, Y, Z, U) =^σ_{XY Z} R(X, Y, Z, U).

The curvature R^g of the Levi-Civita connection is connected by R in the following way R^g(X, Y, Z, U) = R(X, Y, Z, U) − 1 2 (∇_XT )Y, Z, U) + 1 2 (∇_Y T )X, Z, U) − 1 2 g(T (X, Y ), T (Z, U)) − 1 4 g(T (Y, Z), T(X, U)) − 1 4 g(T (Z, X), T (Y, U)). (3.38)

Define D by D(X, Y, Z, U) = R(X, Y, Z, U) − R(Z, U, X, Y ), we obtain from (3.38) D(X, Y, Z, U) = (3.39) 1 2 (∇_X T )(Y, Z, U) − 1 2 (∇_Y T )(X, Z, U) − 1 2 (∇_ZT )(U, X, Y ) + 1 2 (∇_U T )(Z, X, Y ), since D^g of R^g is zero.

Using (3.30) and (3.37) we find the following relation between the Ricci tensor and the Ricci forms ρ_α(X, Y ) = − 1 2 4n∑ i=1 (R(Y, e_i, X, J_αe_i) + R(e_i, X, Y, J_αe_i)) + 1 2 4n∑ i=1 B(X, Y, e_i, J_αe_i) (3.40)

= − 1 2 Ric(Y, J_αX) + 1 2 Ric(X, J_αY ) + 1 2 4n∑ i=1 B(X, Y, e_i, J_αe_i) + 1 2n {ρ_β(J_γY, X) − ρ_β(J_γX, Y ) + ρ_γ(J_βX, Y ) − ρ_γ(J_βY, X)} . On the other hand, using (3.30), we calculate 4∑ i=1 D(X, e_i, J_αe_i, Y ) = 4n∑ i=1 {R(X, e_i, J_αe_i, Y ) + R(Y, e_i, J_αe_iX)} (3.41) = −Ric(Y, J_αX) − Ric(X, J_αY ) + 1 n {ρ_β(X, J_γY ) + ρ_β(Y, J_γX) − ρ_γ(Y, J_βX) − ρ_γ(X, J_βY )} . Combining (3.40) and (3.41), we derive nρ_α(X, J_αY ) + ρ_β(X, J_βY ) + ρ_γ(X, J_γY ) = (3.42) −nRic(XY ) + n 2 B_α(X, J_αY ) + n 2 D_α(X, J_αY ), where the tensors B_α and D_α are defined by B_α(X, Y ) =

∑_4n i=1 B(X, Y, e_i, J_αe_i) and D_α(X, Y ) = ∑_4n

i=1 D(X, e_i, J_αe_i, Y ). Taking into account (3.39), we get the expression D_α(X, Y ) = 1 2 4n∑ i=1 (∇_XT )(Y, e_i, J_αe_i) + 1 2 4n∑ i=1 (∇_Y T )(X, e_i, J_αe_i) α = 1, 2, 3.

(3.43)

To calculate B_α + D_α we use (3.36) twice and (3.43). After some calculations, we derive

B_α(X, Y ) + D_α(X, Y ) = 1 2 4n∑ i=1 dT (X, Y, e_i, J_αe_i) + 4n∑ i=1 (∇_XT )(Y, e_i, J_αe_i), α = 1, 2, 3. (3.44)

We substitute (3.44) into (3.42). Solving the obtained system, we obtain (n − 1) {ρ_α(X, J_αY ) − ρ_β(X, J_βY )} = (3.45) n 2 {(dT )_α(X, J_αY ) − (dT )_β(X, J_βY )} + n 2 {(∇T )_α(X, J_αY ) − (∇T )_β(X, J_βY )} . Finally, (3.42) and (3.45) imply (3.33). Q.E.D.

Remark 3. The Ricci tensor of a QKT connection is not symmetric in general. From (3.37), (3.35) and the fact that T is a 3-form we get the formula Ric(X, Y )−Ric(Y, X) =

∑_4n i=1(∇^g_{ei} T )(e_i, X, Y ) = −δT (X, Y ). Hence, the Ricci tensor of a linear connection with totally skew-symmetric torsion is symmetric if and only if the torsion 3-form is co-closed.

4 QKT manifolds with parallel torsion and homogeneous QKT structures

Let (G/K, g) be a reductive (locally) homogeneous Riemannian manifold. The canonical connection ∇ is characterised by the properties ∇g = ∇T = ∇R = 0 [26],p.193. A homogeneous quaternionic Hermitian manifold (resp. homogeneous hyper Hermitian) manifold (G/K, g, Q) is a homogeneous Riemannian manifold with an invariant quaternionic Hermitian subbundle Q (resp. three invariant anti commuting complex structures ). This means that the bundle Q (resp. each of the three complex structures) is parallel with respect to the canonical connection ∇. The torsion of ∇ is totally skew-symmetric if and only if the homogeneous Riemannian manifold is naturally reductive [26] (see also [44, 33]. Homogeneous QKT (resp. HKT) manifolds are homogeneous quaternionic Hermitian (resp. homogeneous hyper Hermitian) manifold which are naturally reductive. Examples of homogeneous HKT and QKT manifolds are presented in [33]. The homogeneous QKT manifolds in [33] are constructed from homogeneous HKT manifolds.

In this section we generalise the result of [33] which states that there are no homogeneous QKT manifold with torsion 4-form dT of type (2,2) in dimensions greater than four. First, we prove the following technical result

Proposition 4.1 Let (M, g, (J_α), ∇) be a 4n-dimensional (n > 1) QKT manifold with 4-form dT of type (2,2) with respect to each J_α, α = 1, 2, 3. Suppose that the torsion is parallel with respect to the QKT-connection. Then the Ricci forms ρ_α are given by ρ_α(X, J_αZ) = λg(X, Y ), α = 1, 2, 3, (4.46)

where λ is a smooth function on M.

Proof. Let the torsion be parallel i.e. ∇T = 0. Remark 3 shows that the Ricci tensor is symmetric. The equalities (3.36) and (3.37) imply B(X, Y, Z, U) = σ XY Z {g(T (X, Y ), T (Z, U)} = 1 2 dT (X, Y, Z, U). (4.47)

We get D = 0 from (3.39).

Suppose now that the 4-form dT is of type (2,2) with respect to each J_α, α = 1, 2, 3.. Then it satisfies the equalities dT (X, Y, Z, U) = dT (J_αX, J_αY, Z, U) + dT (J_αX, Y, J_αZ, U) + dT (X, J_αY, J_αZ, U). (4.48)

The similar arguments as we used in the proof of Proposition 2.1 but applying (4.48) instead of (2.4), yield

Lemma 4.2 On a QKT manifold with 4-form dT of type (2,2) with respect to each J_α, α = 1, 2, 3, the following equalities hold:

(dT )_1(X, J_1Y ) = (dT )_2(X, J_2Y ) = (dT )_3(X, J_3Y ),

(4.49) (dT )_α(X, J_αY ) = −(dT )_α(J_αX, Y ), α = 1, 2, 3. (4.50)

We substitute (4.49), (4.47) and D = 0 into (3.45) and (3.33) to get

ρ_1(X, J_1Y ) = ρ_2(X, J_2Y ) = ρ_3(X, J_3Y ),

(4.51) ρ_α(X, J_αY ) = − n n + 2 Ric(X, Y ) + n 4(n + 2) (dT )_α(X, J_αY ), α = 1, 2, 3. (4.52)

The equality (4.50) shows that the 2-form dT_α is a (1,1)-form with respect to J_α. Hence, the dT_α is (1,1)-form with respect to each J_α, α = 1, 2, 3, because of (4.49). Since the Ricci tensor Ric is symmetric, (4.52) shows that the Ricci tensor Ric is of hybrid type with respect to each J_α i.e. Ric(J_αX, J_αY ) = Ric(X, Y ), α = 1, 2, 3 and the Ricci forms ρ_α, α = 1, 2, 3 are (1,1)-forms with respect to all J_α, α = 1, 2, 3. Taking into account (3.30), we obtain R(X, J_αX, Z, J_αZ) + R(X, J_αX, J_βZ, J_γZ) (4.53) + R(J_βX, J_γX, Z, J_αZ) + R(J_βX, J_γX, J_βZ, J_γZ) = 1 n (ρ_α(X, J_αX) + ρ_α(J_βX, J_γX)) g(Z, Z) = 2 n ρ_α(X, J_αX)g(Z, Z), where the last equality of (4.53) is a consequence of the following identity ρ_α(J_βX, J_γX) = −ρ_β(J_βX, X) = ρ_α(X, J_αX). The left side of (4.53) is symmetric with respect to the vectors X, Z because D = 0. Hence, ρ_α(X, J_αX)g(Z, Z) = ρ_α(Z, J_αZ)g(X, X), α = 1, 2, 3. The last equality together with (4.51) implies (4.46). Q.E.D.

Theorem 4.3 Let (M, g, (J_α)) be a 4n-dimensional (n > 1) QKT manifold with 4-form dT of type (2,2) with respect to each J_α, α = 1, 2, 3. Suppose that the torsion is parallel with respect to the QKT-connection. Then (M, g, (J_α)) is either a HKT manifold with parallel torsion or a QK manifold.

Proof. We apply Proposition 4.1. If the function λ = 0 then ρ_α = 0, α = 1, 2, 3, by (4.46) and Proposition 3.2 implies that the QKT manifold is actually a HKT manifold.

Let λ ≠ 0. The condition (4.46) determines the torsion completely. We proceed involving (3.31) into the computations as in [24]. We calculate using (2.1) and (4.46) that (∇_Zρ_α)(X, Y ) = λ {ω_β(Z)F_γ(X, Y ) − ω_γ(Z)F_β(X, Y )} − dλ(Z)F_α(X, Y ). (4.54)

Applying the operator d to (3.30), we get taking into account (4.46) that

dρ_α = λ(F_β ∧ ω_γ − ω_β ∧ F_γ)

(4.55)

On the other hand, we have dρ_α = σ XY Z {(∇_Zρ_α)(X, Y ) + λ(T (X, Y, J_αZ)} , α = 1, 2, 3. (4.56)

Comparing the left-hand sides of (4.55) and (4.56) and using (4.54), we derive λ σ XY Z {(T (X, Y ), J_αZ)} = dλ ∧ F_α(X, Y, Z), α = 1, 2, 3. The last equality implies λT = J_αdλ ∧ F_α, α = 1, 2, 3. If λ is a non zero constant then T = 0 and we recover the result of [24]. If λ is not a constant then there exists a point p ∈ M and a neighbourhood V_p of p such that λ | | Vp ≠ 0. Then T = J_αd ln λ ∧ F_α, α = 1, 2, 3. (4.57)

We take the trace in (4.57) to obtain

4(n − 1)J_αd ln λ = 0, α = 1, 2, 3.

(4.58)

The equation (4.58) forces dλ = 0 since n > 1 and consequently T = 0 by (4.57). Hence, the QKT space is a QK manifold which completes the proof. Q.E.D.

On a locally homogeneous QKT manifold the torsion and curvature are parallel and Theorem 4.3 leads to the following

Theorem 4.4 A (locally) homogeneous 4n-dimensional (n > 1) QKT manifold with torsion 4-form dT of type (2,2) is either (locally) homogeneous HKT space or a (locally) symmetric QK space.

Theorem 4.4 shows that there are no homogeneous (proper) QKT manifolds with torsion 4-form of type (2,2) in dimensions greater than four which is proved in [33] by different methods using the Lie algebra arguments.

5 Four dimensional QKT manifolds

In dimension 4 the situation is completely different from that described in Theorem 2.2 and Theorem 4.3 in higher dimensions. For a given quaternionic structure on a 4-dimensional manifold (M, g(H)) (or equivalently, given an orientation and a conformal class of Riemannian metrics [19]) there are many QKT structures [24]. More precisely, all QKT structures associated with (g, (H)) depend on a 1-form ψ due to the general identity ∗ ψ = −Jψ ∧ F, (5.59) where ∗ is the Hodge ∗-operator, J is an g-orthogonal almost complex structure with Kähler form F (see [19]). Indeed, for any given 1-form ψ we may define a QKT-connection ∇ as follows: ∇ = ∇^g +^1_2 ∗ ψ. Conversely, any 3-form T can be represented by T = − ∗ (∗T ) and the connection given above is a quaternionic connection with torsion T = ∗ψ. Hence, a QKT structure on a 4-dimensional oriented manifold is a pair (g, t) of a Riemannian metric g and an 1-form t. The choice of g generates three almost complex structures (J_α), α = 1, 2, 3, satisfying the quaternionic identities [19]. The torsion 3-form T is given by

T = ∗t = t_α ∧ F_α = t_β ∧ F_β = t_γ ∧ F_γ .

(5.60)

As consequence of (5.59), we obtain ∗dT = ∗d ∗ t = −δt. The last identity means that the torsion 3-form T is closed if and only if the 1-form t is co-closed. Thus, in dimension 4 there are many strong QKT structures.

In higher dimensions the conformal change of the metric induces a unique QKT structure by Theorem 2.7. We may define a QKT connection corresponding to a conformally equivalent metric ḡ = fg in dimension 4 by (2.24) and call this conformal QKT transformation. In the compact case, taking the Gauduchon metric of Theorem 2.7, we obtain

Proposition 5.1 Let (M, g, (H), ∇) be a compact 4-dimensional QKT manifold. In the conformal class [g] there exists a unique (up to homotety) strong QKT structure conformally equivalent to the given one.

Further, we consider QKT structures with parallel torsion. We have

Theorem 5.2 A 4-dimensional QKT manifold M with parallel torsion 3-form is a strong QKT manifold, the torsion 1-form is parallel with respect to the Levi-Civita connection and M is locally isometric to the product N^3 × R, where N^3 is a three dimensional Riemannian manifold admitting a Riemannian connection ∇ with totally skew-symmetric torsion, parallel with respect to ∇.

Proof. The proof is based on the following

Lemma 5.3 A 4-dimensional QKT manifold has parallel torsion 3-form if and only if it has parallel torsion 1-form with respect to the Levi-Civita connection.

Proof of Lemma 5.3. We calculate using (5.60) and (2.1) that (∇_ZT )(X, Y, U) = t_α(U) (ω_β(Z)F_γ(Y, X) − ω_γ (Z)F_β(Y, X)) (5.61) − t_α(X) (ω_β(Z)F_γ(Y, U) − ω_γ (Z)F_β(Y, U)) + t_α(Y ) (ω_β(Z)F_γ(X, U) − ω_γ (Z)F_β(X, U)) + F_α(Y, U)(∇_Zt_α)X + F_α(X, Y )(∇_Zt_α)U − F_α(X, U)(∇_Zt_α)Y. Taking the trace in (5.61), we obtain 4∑ i=1 (∇_ZT )(X, e_i, J_αe_i) = −2(∇_Zt_α)X − 2 (ω_β(Z)t_γ(X) − ω_γ (Z)t_β(X)) .

(5.62)

Using (2.1), we get

(∇_Zt_α)X = (∇_Zt)J_αX − (ω_β(Z)t_γ(X) − ω_γ (Z)t_β(X)) .

(5.63)

The equation (5.63) and (5.62) yield 4∑ i=1 (∇_ZT )(J_αX, e_i, J_αe_i) = 2(∇_Zt)X, α = 1, 2, 3. (5.64)

Then ∇t = 0 since the torsion is parallel. But ∇^gt = ∇t by (2.11) and (5.60). Hence, ∇^gt = 0.

For the converse, we insert (5.63) into (5.61) to get (∇_ZT )(X, Y, U) = F_α(Y, U)(∇_Zt)J_αX + F_α(X, Y )(∇_Zt)J_αU + F_α(U, X)(∇_Zt)J_αY, (5.65)

since the dimension is equal to four. If ∇^gt = 0 then ∇t = 0 and (5.65) leads to ∇T = 0 which proves the lemma. Q.E.D.

Lemma 5.3 shows that (M, g) is locally isometric to the Riemannian product R × N^3 of a real line and a 3-dimensional manifold N^3 (see e.g. [26]). Using (5.60) we see that T (t^#, X^⊥, Y^⊥) = 0 for every vector fields X^⊥, Y^⊥ orthonormal to the vector field t^# dual to the torsion 1-form t. Hence, the torsion T and therefore the connection ∇ descend to N^3.

In particular, δt = 0 and therefore the QKT structure is strong. Q.E.D. As a consequence of Theorem 5.2, we recover the following two results proved in [27] in the setting of naturally reductive homogeneous 4-manifolds

Theorem 5.4 A (locally) homogeneous 4-dimensional QKT manifold is locally isometric to the Riemannian product R × N^3 of a real line and a naturally reductive homogeneous 3-manifold N^3.

Theorem 5.5 Let (M, g) be a 4-dimensional compact homogeneous QKT manifold. Then the universal covering space M̃ of M is isometric to the Riemannian product R × N^3 of a real line and the three dimensional space N^3 is one of the following

i) R^3, S^3, H^3;

ii) isometric to one of the following Lie groups with a suitable left invariant metric: 1. SU(2); 2.~ SL(2, R), the universal covering of SL(2, R);

3. the Heisenberg group.

Theorem 5.5 is based on the classification of 3-dimensional simply connected naturally reductive homogeneous spaces given in [44].

5.1 Einstein-like QKT 4-manifolds

It is well known [7, 1] that a 4n-dimensional (n > 1) QK manifold is Einstein and the Ricci forms satisfy ρ_α(X, J_αY ) = ρ_β(X, J_βY ) = ρ_γ(X, J_γY ) = λg(X, Y ), where λ is a constant. However, the assumptions that these properties hold on a QKT manifold (n > 1) force the torsion to be zero [24] and the QKT manifold is a QK manifold. Actually, we have already generalised this result proving that if λ is not a constant the torsion has to be zero (see the proof of Theorem 4.3).

If the dimension is equal to 4 the situation is different. In this section we show that there exists a 4-dimensional (proper) QKT manifold satisfying similar curvature properties as those mentioned above.

We denote by K the following (0,2) tensor K(X, Y ) := ρ_α(X, J_αY ) + ρ_β(X, J_βY ) + ρ_γ(X, J_γY ).

The tensor K is independent of the chosen local almost complex structures (J_α) because of the following

Proposition 5.6 Let (M, g, (J_α), ∇) be a 4-dimensional QKT manifold. Then: K = −Ric + ∇^gt − δt 2 g; (5.66) Skew(Ric) = − 1 4 < dt, F_α > F_α + 1 2 (d^ct)_α, α = 1, 2, 3;

(5.67) Ric^g = Sym(Ric) + 1 2 (|t|^2g − t ⊗ t), (5.68)

where <, > is the scalar product of tensors induced by g, Skew (resp. Sym) denotes the skewsymmetric (resp. symmetric) part of a tensor.

In particular, the Ricci tensor is symmetric if and only if the torsion 1-form is closed.

Proof. We use (3.42). From (5.64) and (3.43), we obtain D_α(X, J_αY ) = (∇_Xt)Y − (∇_{JαY} t)J_αX, α = 1, 2, 3. (5.69)

To compute B_α we need the following general identity

Lemma 5.7 On a 4-dimensional QKT manifold we have^σ_{XY Z} g(T (X, Y ), T (Z, U)) = 0.

Proof of Lemma 5.7. Since^σ_{XY Z} g(T (X, Y ), T (Z, U)) is a 4-form it is sufficient to check the equality for a basis of type {X, J_αX, J_βX, J_γX}. The last claim is obvious because of (5.60).

For each α ∈ {1, 2, 3}, Lemma 5.7, (5.65) and (5.64) yield B_α(X, J_αY ) = 4∑ i=1 σ XJ_αY e_i (∇_X T )(J_αY, e_i, J_αe_i) = (∇_Xt)Y + (∇_{JαY} t)J_αX − δtg(X, Y ). (5.70)

Substituting (5.69), (5.70) into (3.42) and putting n = 1, we derive (5.66) since ∇^gt = ∇t. Taking the trace in (5.65), we get

∑_4 i=1(∇_{ei} T )(e_i, X, Y ) =^1_2

∑_4 i=1 dt(e_i, J_αe_i)F_α(X, Y )+dt(J_αX, J_αY ), α = 1, 2, 3. Then (5.67) follows from the last equality and Remark 3. The equation (5.68) is a direct consequence of (3.38) and (5.60). Q.E.D.

A 4n-dimensional QKT manifold (M, g, (J_α), ∇) is said to be a Einstein QKT manifold if the symmetric part Sym(Ric) of the Ricci tensor of ∇ is a scalar multiple of the metric g i.e. Sym(Ric) =^{Scal}_{4n} g, where Scal = tr_gRic is the scalar curvature of ∇.

We note that the scalar curvature Scal of an Einstein QKT manifold may not be a constant. We shall say that a 4-dimensional QKT manifold is sp(1)-Einstein if the symmetric part Sym(K) of the tensor K is a scalar multiple of the metric g since the tensor K is determined by the sp(1)-part of the curvature. On a sp(1)-Einstein QKT manifold Sym(K) =^{ScalK}_4 g, where Scal^K = tr_gK. For a given QKT manifold with torsion 1-form t we consider the corresponding Weyl structure ∇W , i.e. the unique torsion-free linear connection determined by the condition ∇W g = −t ⊗ g. (5.71)

Conversely, in dimension 4, to a given Weyl structure ∇^W g = ψ⊗g we associate the QKT connection with torsion T = ∗(−ψ). Note that a given Weyl structure on a conformal manifold (M,[g]) does not depend on the particularly chosen metric g ∈ [g] but depends on the conformal class [g]. A Weyl structure is said to be Einstein-Weyl if the symmetric part Sym(Ric^W ) of its Ricci tensor is a scalar multiple of the metric g. Weyl structures and especially Einstein-Weyl structures have been much studied. For a nice overview of Einstein-Weyl geometry see [13]. The next theorem shows the link between Einstein-Weyl geometry and sp(1)-Einstein QKT manifolds in dimension 4.

Theorem 5.8 Let (M, g, (J_α), ∇) be a 4-dimensional QKT manifold with torsion 1-form t. The following conditions are equivalent:

i) (M, g, (J_α), ∇) is a sp(1)-Einstein QKT manifold. ii) The corresponding Weyl structure is an Einstein-Weyl structure.

Proof. The Weyl connection ∇^W determined by (5.71) is given explicitly by ∇WX Y = ∇^g_X Y + 1 2 t(X)Y + 1 2 t(Y )X − 1 2 g(X, Y )t^#. The symmetric part of its Ricci tensor is equal to Sym(Ric^W ) = Ric^g − Sym(∇^gt) − 1 2 (|t|^2g − t ⊗ t) + δt 2 g. (5.72)

Keeping in mind that ∇^gt = ∇t, we get from (5.66), (5.68) and (5.72) that Sym(Ric^W ) = −Sym(K). The theorem follows from the last equality. Q.E.D.

It is well known [6, 42] that on a 4-dimensional conformal manifold there exists a hypercomplex structure iff the conformal structure has anti-self-dual Weyl tensor (see also [19]). Every 4-dimensional hypercomplex manifold (M, g, (H_α)), i.e. (an oriented anti-self-dual 4-manifold) carries a unique HKT structure in view of the results in [19, 17]. Indeed, let θ = θ_α = θ_β = θ_γ be the common Lee form. The unique HKT structure is defined by ∇ = ∇^g −^1_2 ∗ θ [19] (the uniqueness is a consequence of a general result in [17], see also [20]). The HKT structure on a 4-dimensional hypercomplex manifold is sp(1)-Einstein since the tensor K vanishes. The corresponding Weyl structure to the given HKT structure on a 4-dimensional hyperhermitian manifold is the Obata connection [19], i.e. the unique torsion-free linear connection which preserves each of the three hypercomplex structures. As a consequence of Theorem 5.8, we recover the result in [38] which states that the Obata connection of a hyper complex 4-manifold is Einstein-Weyl and the symmetric part of its Ricci tensor is zero.

Theorem 5.8 and (5.66) show that every Einstein-Weyl structure determined by (5.71) on a 4-dimensional conformal manifold whose vector field dual to the 1-form t is Killing, induces an Einstein and sp(1)-Einstein QKT structure.

Corollary 5.9 Let (M, [g], ∇^W ) be a compact 4-dimensional Einstein-Weyl manifold. Then the corresponding QKT structure to the Gauduchon metric of ∇^W is Einstein and sp(1)-Einstein.

Proof. On a compact Einstein-Weyl manifold the vector field dual to the Lee form of the Gauduchon metric is Killing by the result of Tod [43]. Then the claim follows from Theorem 5.8 and (5.66). Q.E.D.

The Ricci tensor of a 4-dimensional QKT manifold is symmetric iff the torsion 1-form is closed by Proposition 5.6. Applying Theorem 3 in [16] and using Theorem 5.8, we obtain

Corollary 5.10 Let (M, g, (J_α), ∇) be a 4-dimensional compact sp(1)-Einstein QKT manifold with symmetric Ricci tensor. Suppose that the torsion 1-form is not exact. Then the torsion 1-form corresponding to the Gauduchon metric g_G of (M, g, (J_α), ∇) is parallel with respect to the Levi- Civita connection of g_G and the universal cover of (M, g_G) is isometric to R × S^3. In particular, the quaternionic bundle (J_α) admits hypercomplex structure.

A lot is known about Einstein-Weyl manifolds (see a nice survey [13]). There are many (compact) Einstein-Weyl 4-manifolds (e.g. S^2 ⊗ S^2). Among them there are (anti)-self-dual as well as non (anti)-self-dual. We mention here the Einstein-Weyl examples of Bianchi IX type metric

[11, 28, 29]. All these Einstein-Weyl 4-manifolds admit sp(1)-Einstein QKT structures by Theorem 5.8.

It is also known that there are obstructions to the existence of Einstein-Weyl structures on compact 4-manifold [37]. If the manifold M is finitely covered by T^2 ⊗S^2 which cannot be Einstein- Weyl then M does not admit Einstein-Weyl structure and therefore there are no sp(1)-Einstein structures on M.

References

[1] D.V.Alekseevsky, Riemannian spaces with exceptional holonomy groups, Funnkcional. Anal.

Prilozen. 2 (1968), 1-10.

[2] D.V.Alekseevsky, Compact quaternion spaces, Funnkcional. Anal. Prilozen. 2 (1968), 11-20.

[3] D.V.Alekseevsky, S.Marchiafava, Quaternionic structures on a manifold and subordinated structures, Annali di Mat. Pura e Appl. (4) 171 (1996), 205-273.

[4] D.V.Alekseevsky, S.Marchiafava, M.Pontecorvo, Compatible complex structures on almost quaternionic manifolds, Trans. Amer. Math. Soc. 351 (1999), 997-1014.

[5] B.Alexandrov, S.Ivanov, Vanishing theorems on Hermitian manifolds, e-print, http://xxx.lanl.gov, math.DG/9901090.

[6] M.F.Atiyah, N.J.Hitchin, I.M.Singer, Self-duality in four dimensional geometry, Proc. Roy.

Soc. London A 362 (1979), 425-461.

[7] M.Berger, Remarques sur le grupe d’holonomie des variétés Riemanniennes, C.R. Acad. Sci.

Paris 262 (1966), 1316-1318.

[8] A.Besse, Einstein manifolds, Springer-Verlag, New York, 1987.

[9] J.-M. Bismut, A local index theorem for non-Kähler manifolds, Math. Ann. 284 (1989), 681 − 699.

[10] E.Bonan, Sur les G-structures de type quaternionen, Cahiers de Topologie et Géométrie Differentialle, 9 (1967), 389-461.

[11] G.Bonneau, Einstein-Weyl structures and Bianchi metrics, Class. Quantum Grav. 15 (1998), 2415-2125.

[12] Ch.P.Boyer, K.Galicki, B.Mann, The geometry and topology of 3-Sasakian manifolds, J. Reine Angew. Math. 455 (1994), 183-220.

[13] D. Calderbank, H. Pedersen, Einstein-Weyl geometry, Edinburgh Preprint MS-98-010 (1998), to appear in Essays on Einstein manifolds, International Press.

[14] S.J.Gates, C.M.Hull, M.Roěk, Twisted multiplets and new supersymmetric non-linear σmodels, Nucl. Phys. B248(1984), 157 − 186.

[15] P.Gauduchon, La 1-forme de torsion d’une variété hermitienne compacte, Math. Ann. 267 (1984), 495 − 518.

[16] P.Gauduchon, Structures de Weyl-Einstein, espaces de twisteurs et variétés de type S^1 × S^3, J. reine ang. Math. 469 (1995), 1-50.

[17] P. Gauduchon, Hermitian connections and Dirac operators, Bol. U. M. I. ser. VII, vol. XI-B, supl. 2 (1997), 257 − 289.

[18] P.Gauduchon, Canonical connections for almost hypercomplex structures, Pitman Res. Notes in Math. Ser., Longman, Harlow, 1997, pp. 123-136.

[19] P.Gauduchon, P.Tod, Hyperhermitian metrics with symmetry, J. Geom. Phys. 25 (1998), 291- 304.

[20] G.Grantcharov, Y.S.Poon, Geometry of Hyper-Kähler connections with torsion, e-print, http://xxx.lanl.gov, math.DG/9908015, to appear in Comm. Math. Phys.

[21] N.J.Hitchin, A.Karlhede, U.Lindström, M.Roček, Hyperkähler metrics and supersymmetry, Commun. Math. Phys. 108 (1987), 535-589.

[22] P.S.Howe, G.Papadopoulos, Further remarks on the geometry of two dimensional nonlinear σ models, Class. Quantum Grav. 5 (1988), 1647-1661.

[23] P.S.Howe, G.Papadopoulos, Twistor spaces for hyper-Kähler manifolds with torsion, Phys.

Lett. B379(1996), 81 − 86.

[24] P.S.Howe, A.Opfermann, G.Papadopoulos, Twistor spaces for QKT manifolds, Comm. Math.

Phys. 197(1998), 713 − 727..

[25] S.Ishihara, Quaternion Kählerian manifolds, J. Diff. Geom. 9, (1974), 483-500.

[26] S.Kobayashi, K.Nomizu, Foundations of differential geometry, New York: John Wiley, vil. II, 1969.

[27] O.Kowalski, L.Vanhecke, Four dimensional naturally reductive homogeneous spaces, Rend.

Sem. Mat. Univ. Politec. Torino 1983, Special Issue 1984, 223-232.

[28] A.B.Madsen, Einstein-Weyl structures in the conformal class of LeBrun metrics, Class. Quantum Grav. 14 (1997), 2635-2645.

[29] A.B.Madsen, H.Pedersen, Y.S.Poon, A.Swann, Compact Einstein-Weyl manifolds with large symmetry group, Duke Math. J. 88 (1997), 407-434; Corrigeudum: Compact Einstein-Weyl manifolds with large symmetry group, Duke Math. J. 100 (1999), 167-167.

[30] A. Newlander, L. Nirenberg, Complex analytic coordinates in almost complex manifolds, Ann.

Math. 65 (1957), 391-404.

[31] H.Nishino, Alternative N = (4, 0) superstring and σ-models, Phys. Lett. B 355 (1995), 117- 126.

[32] M.Obata, Affine connections on manifolds with almost complex quaternionic or Hermitian structures, Jap. J. Math. 26 (1956), 43-79.

[33] A.Opfermann, G.Papadopoulos, Homogeneous HKT and QKT manifolds, e-print, http://xxx.lanl.gov, math-ph/9807026.

[34] L.Ornea, P.Piccini, Locally conformally Kähler structures in quaternionic geometry, Trans.

Amer. Math. Soc. 349, (1997), 641-655.

[35] L.Ornea, P.Piccini, Compact hyperhermitian-Weyl and Quaternion Hermitian-Weyl manifolds, An. Glob. Anal. Geom. 16 (1998), 383-398.

[36] H. Pedersen, Y.S. Poon, A. Swann The Einstein equations in complex and quaternionic geometry, Diff. Geom. Appl. 3 4 (1993), 309-322.

[37] H. Pedersen, Y.S. Poon, A. Swann, The Hitchin-Thorpe inequality for Einstein-Weyl manifolds, Bull. London Math. Soc. 26 (1994), 191-194.

[38] H.Pedersen, A.Swann, Riemannian submersions, four manifolds and Einstein geometry, Proc.

London Math. Soc. (3) 66 (1993), 381-399.

[39] S.Salamon, Quaternionic Kähler manifolds, Invent. Math. 67 (1982), 143-171.

[40] S.Salamon Special structures on four manifold, Riv. Math. Univ. Parma (4) 17 (1991), 109-123.

[41] S.Salamon, Differential geometry on quaternionic Kähler manifolds, Ann. Sci. Ec. Norm. Sup.

Ser (4) 19 (1986), 31-55.

[42] S.Salamon, Riemannian geometry and holonomy groups, Pitman Research Notes in Math.

Series, vol. 201 (Longman, New-York, 1989).

[43] K.P. Tod, Compact 3-dimensional Einstein-Weyl structures, J. London Math. Soc. 45 (1992), 341-351.

[44] F.Tricerri, L.Vanhecke, Homogeneous structures on Riemannian manifold, LMS Lecture Notes, vol. 83, 1983.

Authors’ address:

Stefan Ivanov University of Sofia, Faculty of Mathematics and Informatics, Department of Geometry, 5 James Bourchier blvd, 1126 Sofia, BULGARIA. E-mail: ivanovsp@fmi.uni-sofia.bg