arXiv:math.DG/0010038 3 Oct 2000

CERN-TH/2000-282

Vanishing Theorems and String Backgrounds

S. Ivanov^1 and G. Papadopoulos^2

1. Department of Mathematics University of Sofia “St. Kl. Ohridski”

2. CERN Theory Division 1211 Geneva, 23 Switzerland

Abstract

We show various vanishing theorems for the cohomology groups of compact hermitian manifolds for which the Bismut connection has (restricted) holonomy contained in SU(n) and classify all such manifolds of dimension four. In this way we provide necessary conditions for the existence of such structures on hermitian manifolds. Then we apply our results to solutions of the string equations and show that such solutions admit various cohomological restrictions like for example that under certain natural assumptions the plurigenera vanish. We also find that under some assumptions the string equations are equivalent to the condition that a certain vector is parallel with respect to the Bismut connection.

1 Introduction

Riemannian manifolds equipped with a closed form have found many applications in various branches of mathematics and physics. In physics, the classical example is that of manifolds equipped with a closed two-form which describe gravity in the presence of a Maxwell field. More recently, Riemannian or pseudo-Riemannian manifolds M equipped with (closed) forms of any degree arise in the context of string theory. In particular in string compactifications, one investigates manifolds R^k × M, where M is a compact manifold of dimension 10 − k. For most applications, the closed forms vanish and M is required to have special holonomy [15, 47]. Then much of the physical data, like the particle spectrum on R^k, which are extracted from these compactifications, are determined in terms of the cohomological information on M, like for example Euler and Hodge numbers. Recently however, compactifications have also been considered for which the closed forms do not vanish [51, 10, 31]. Amongst the various closed forms that appear in string theory, there is a closed three-form H which is associated to the fundamental string. Such compactifications have been investigated in [51]. In this case, this three-form can be interpreted as torsion of a metric connection, ∇, on M. For compactifications of string theory with non-vanishing H, it is required that the connection with torsion ∇ has holonomy which is contained in SU(n) (n = 2, 3, 4), G_2 or Spin(7). The case of holonomy SU(n) is of particular interest because the underlying manifolds M are hermitian. The connection with torsion can then be identified with the Bismut connection [11]; for the various connections on hermitian manifolds see [52, 53]. Other applications include the geometry on the target spaces of supersymmetric one- [16] and two-dimensional sigma models [21, 33]. More recently it has been shown that the geometry on the moduli space of certain five-dimensional black holes is hyper-Kähler with torsion (HKT)[34], ie the holonomy of the Bismut connection is in Sp(k) [29, 43, 32], .

In mathematics, a natural arena for the investigation of metric connections with torsion a three-form is the theory of Hermitian manifolds. Hermitian manifolds apart from the Bismut connection that has been mentioned above also admit the Chern connection (see for example [52, 53]). Both connection have holonomy which is contained in U(n). The Chern connection, in addition, has curvature which is a (1,1)-form with respect to the natural complex structure and therefore it is compatible with the holomorphic structure of the tangent bundle. Consequently, many theorems regarding the non-existence of holomorphic sections have been expressed in terms of conditions on the curvature of the Chern connection. Recently, however, vanishing theorems for Dolbeault cohomology groups have been expressed in terms of conditions on the curvature of the Bismut connection [5].

In string theory, the metric g and the three-form H of a manifold M are required to satisfy the ‘string equations’ which are a generalization of the Einstein equations of general relativity. For this, in addition, a function ϕ is introduced on M, called dilaton, and the (type II) string equations can be written as follows: Ric^g_{ij} − 1 4 H_{imn}H^{mn}_j + 2∇^g_i ∂_jϕ = 0, (1.1) ∇^g_i ( e^{−2ϕ}H^{imn} ) = 0 ,

where Ric^g and ∇^g are the Ricci tensor and the Levi-Civita connection of the metric g. The three-form H is closed in the context of (type II) string theory but we can take it to be any three-form. In what follows, if H is required to be closed, it will be mentioned explicitly. In fact there is a third field equation that associated with the dilaton ϕ. However the dilaton equation is implied from those of (1.1) up to a constant and so we shall not further investigate it. The above equations are also supplemented with two additional equations, called Killing spinor equations, the following: ∇η = 0 (dϕ − 1 6 H)η = 0 , (1.2)

where η is a spinor and we have denoted with the same symbol the forms and their associated Clifford algebra element. In fact in type II string theory there is an additional set of Killing spinor equations for another spinor ϵ which are related to those in (1.2) by taking H to −H. The solutions of the string equations that are of interest are those for which there is a non-vanishing spinor η which satisfies the Killing spinor equations. In the heterotic string theory, the situation is somewhat different. The form H is not necessarily closed. In fact the ‘sigma model anomaly cancellation at one loop’ requires that dH is proportional to the difference of the first Pontriangin classes of M and a vector bundle over M with coefficient which depends on an expansion parameter called string tension. Apart from the Killing spinor equations of the heterotic string given in (1.2), there is also another one associated with the gauge sector of the theory which however does not affect most of our considerations. It will be again mentioned though in sections four and five. In both type II and heterotic strings, the string and killing spinor equations above receive higher order corrections which typically involve powers of the curvature tensor with expansion parameter the string tension. In fact the string equations for the heterotic string involve additional terms arising from the gauge sector even in the same order as that of (1.1).

Suppose that M is a KT manifold. The first Killing spinor equation in (1.2) requires that the spinor is parallel with respect to the Bismut connection. Manifolds that admit such parallel spinors are those for which the holonomy of the Bismut connection is a subgroup of SU(n); for applications in string theory n ≤ 4; for n=2 the existence of parallel spinors with respect to the Bismut connection leads to some constraints on the KT geometry depending also on the type of the parallel spinor [17]. The second Killing spinor equation in (1.2) imposes additional conditions which have been investigated in [51]. Here we shall not be concerned with solutions of this equation; we have already given some applications of this in [37]. In any case the second Killing spinor equation does not directly arise in the world-volume (conformal field theory) approach to strings. This is unlike the first one which is a sufficient condition for the existence of a complex structure which characterizes the relevant conformal field theories.

In the first part of the paper, we shall first establish various relations between the curvature tensors of the Chern and Bismut connections. Then we shall state various vanishing theorems, like that of Kodaira, for hermitian manifolds in terms of conditions on the curvature of the Bismut connection. We shall find that if the (restricted) holonomy of the Bismut connection is contained in SU(n) and a certain condition on the torsion is satisfied, then the Kodaira-type vanishing theorem for holomorphic (p,0)-forms holds. As an application of our results we show that a certain class of balanced hermitian manifolds does not admit such KT structures. Then we shall classify all four-dimensional compact hermitian manifolds for which the Bismut connection has (restricted) holonomy contained in SU(2). We shall show that such spaces are either conformal to a Calabi-Yau space or to a Hopf surface.

In the second part of the paper, we shall apply the above results to investigate the cohomological properties of the solutions of the string equations. We shall first find that under the assumption of SU(n) holonomy for the Bismut connection, the string equations can be expressed in a simple form. Then we shall show that some of the cohomology groups of such spaces vanish.

This paper is organized as follows: In section two, we give various definitions of the manifolds that we shall investigate and establish our notation. In section three, we show various identities that relate the curvature of the Chern and Bismut connections. In section four, we present our main theorems and apply our results to (i) balanced hermitian manifolds and (ii) four-dimensional hermitian manifolds which admit a Bismut connection with (restricted) holonomy contained in SU(2). In section five, we investigate various compact solutions to the string equations and describe certain properties of their cohomology groups. In section six, we give our conclusions.

2 Hermitian and KT Manifolds

Let (M, g, J) be a 2n-dimensional (n > 1) Hermitian manifold with complex structure J and compatible Riemannian metric g. The Kähler form Ω of (M, g, J) is defined by Ω(X, Y ) = g(X, JY ) . (2.3)

Denote by θ the Lee form of (M, g, J), θ = d^†Ω ∘ J , (2.4)

where d^† is the adjoint of d. For a one-form α, we shall denote by Jα the form dual to Jα^#, where α^# is the vector dual to α. Equivalently, Jα = −α ∘ J. Hence, d^†Ω = Jθ. It has been shown by Gauduchon [22] that any conformal class of Hermitian metrics on a compact manifold contains a unique (up to homothety) metric satisfying d^†θ = 0. This metric is called the Gauduchon metric.

The Bismut connection ∇ and the Chern connection D are given by g(∇_XY, Z) = g(∇^g_XY, Z) + 1 2 d^cΩ(X, Y, Z), (2.5) g(D_XY, Z) = g(∇^g_XY, Z) + 1 2 dΩ(JX, Y, Z), (2.6)

respectively, where ∇^g is the Levi-Civita connection of g. Recall that d^c = i(∂ − ∂). In particular, d^cΩ(X, Y, Z) = −dΩ(JX, JY, JZ). Both these connections on Hermitian manifolds have been known for sometime, see for example [52, 53, 11, 26].

Let T be the torsion of ∇, T (X, Y ) = ∇_XY − ∇_Y X − [X, Y ], and C be the torsion of D, respectively. It follows from the definition of the Bismut connection (2.5) that ∇g = 0, ∇J = 0, T (X, Y, Z) : = g(T (X, Y ), Z) = d^cΩ(X, Y, Z); (2.7)

The equation (2.7) shows that T = d^cΩ, dT = dd^cΩ = 2i∂ ¯∂Ω. Hermitian manifolds equipped with the Bismut connection are called Kähler with torsion (KT). A hermitian manifold admits a strong KT structure if the torsion of the Bismut connection is closed. Hence, a KT manifold is strong, iff its Kähler form is ∂ ¯∂-closed.

From the definition (2.6) of the Chern connection, we have Dg = 0, DJ = 0, 2C(X, Y, Z) : = 2g(C(X, Y ), Z) = dΩ(JX, Y, Z) + dΩ(X, JY, Z). (2.8)

The equality (2.8) yields C(JX, Y ) = C(X, JY ) which implies [9] C(JX, Y ) = JC(X, Y ).

Using the formula (see e.g. [40]) (∇^g_XΩ)(Y, Z) = −g ((∇^g_XJ)Y, Z) = − 1 2 (dΩ(X, JY, JZ) − dΩ(X, Y, Z)) , we get the expressions

θ(X) = d^†Ω(JX) = − 1 2 2n∑ i=1 T (JX, e_i, Je_i) = 1 2 2n∑ i=1 C(JX, e_i, Je_i). (2.9)

Here and henceforth e_1, e_2, ..., e_{2n} is an orthonormal basis of the tangential space.

Let (M, g, (J_a), a = 1, 2, 3) be a 4n-dimensional hyper-Kähler manifold with torsion (HKT) [34]. We denote with Ω_a and θ_a the Kähler form and the Lee form of the complex structure J_a, respectively. For HKT manifolds, the Bismut connections of the three hermitian structures (g, J_a), a = 1, 2, 3 associated with the hypercomplex structure J_a, a = 1, 2, 3 coincide and this condition is equivalent to [34, 29, 26, 30]

d_1Ω_1 = d_2Ω_2 = d_3Ω_3 ,

where d_aΩ_a(X, Y, Z) := −dΩ_a(J_aX, J_aY, J_aZ), a = 1, 2, 3. In particular, if one of the hermitian structures (g, J_a), a = 1, 2, 3 of M is Kähler, then the other two are also Kähler and so M is a hyper-Kähler manifold. The torsion T is (2, 1) + (1, 2)-form with respect to each complex structure J_a, a = 1, 2, 3. This leads to the equality of the three Lee forms [28, 36], i.e. θ_1 = θ_2 = θ_3 := θ.

Let R = [∇, ∇] − ∇_{[,]} be the curvature tensor of type (1,3) of the Bismut connection ∇. We denote the curvature tensor of type (0,4) R(X, Y, Z, V ) = g(R(X, Y )Z, V ) by the same letter. We shall denote the curvature of the Chern and the Levi-Civita connections with K and R^g, respectively.

The Ricci tensor Ric and the Ricci form ρ of the Bismut connection ∇ are defined by Ric(X, Y ) = 2n∑ i=1 R(e_i, X, Y, e_i), ρ(X, Y ) = 1 2 2n∑ i=1 R(X, Y, e_i, Je_i) . The two Ricci forms ρ^D and κ associated with the Chern connection are defined by ρ^D(X, Y ) = 1 2 2n∑ i=1 K(X, Y, e_i, Je_i), κ(X, Y ) = 1 2 2n∑ i=1 K(e_i, Je_i, X, Y ). The (1,1)-form ρ^D represents the first Chern class of the manifold M. The (1,1)-form κ is called sometimes ‘the mean curvature’ of the holomorphic tangent bundle T^{1,0}M with the hermitian metric induced by g [38]. Vanishing theorems for holomorphic (p,0)-forms p = 1, 2, . . ., n, which we shall use later, are expressed in terms of the non-negativity of κ [39, 23].

The two Ricci forms ρ and ρ^D are related by [5] ρ^D = ρ + d(Jθ). (2.10)

This can be most easily proved by computing first the trace of the Chern and Bismut connections with J and then comparing the two expressions using the definition of θ.

We shall adopt the conventions of [5] to denote the trace of ρ with J by b and the conventions of [24] to denote the trace of κ with J, which is equal to the trace of ρ^D, by 2u, ie b = 2n∑ j=1 ρ(Je_j, e_j),

2u = 2n∑ j=1 ρ^D(Je_j , e_j) = 2n∑ j=1 κ(Je_j , e_j) . (2.11)

The standard scalar curvature Scal^∇ of the Bismut connection ∇, is defined by Scal^∇ = 2n∑ j=1 Ric(e_j, e_j) .

The trace of the exterior derivative dT of the torsion 3-form with J, we denote by λ^Ω, i.e.

λ^Ω(X, Y ) = 2n∑ i=1 dT (X, Y, e_i, Je_i). (2.12)

Note that λ^Ω is an (1,1)-form with respect to J since dT is a (2,2)-form.

In what follows the following definition seem to be useful

Definition A KT (resp. HKT) manifold is said to be almost strong KT (resp. almost strong HKT) manifold if λ^Ω = 0 (resp. λ^{Ω1} = 0).

Note that for HKT manifolds λ^{Ω1} (J_1., .) = λ^{Ω2} (J_2., .) = λ^{Ω3} (J_3., .) since the four-form dT is of type (2,2) with respect to each of the three complex structures (see e.g. [36]). Clearly, every strong KT manifold is almost strong KT. If a 2n-dimensional KT manifold is locally conformally Kähler, then T =^1_{n−1} Jθ ∧ Ω. In such case, a straight forward computation reveals that (n − 1)λ^Ω = (4 − 2n)(dJθ + θ ∧ Jθ + |θ|^2Ω) − 2d^†θΩ,

(2.13)

where |.|^2 is the usual tensor norm induced by g.

A four-dimensional KT manifold admits an almost strong KT structure if and only if it admits a strong KT. Indeed, (2.13) for n = 2 gives λ^Ω = −2d^†θΩ. In addition, in four dimensions T = − ∗ θ = Jθ ∧ Ω . (2.14)

Hence if λ^Ω = 0, then d^†θ = 0 which in turn implies that dT = 0.

3 Curvature Identities

In this section we shall establish various identities for the curvatures of the Levi-Civita, Chern and Bismut connections. In particular we have the following:

Proposition 3.1 Let (M, g, J, ∇) be a KT manifold. The following identities hold Ric^g(X, Y ) = Ric(X, Y ) + 1 2 d^†T (X, Y ) + 1 4 2n∑ i=1 g (T (X, e_i), T (Y, e_i)) , (3.15)

ρ(X, Y ) = Ric(X, JY ) + (∇_Xθ)JY + 1 4 λ^Ω(X, Y ). (3.16) b = Scal^∇ − 3d^†θ − 2|θ|^2 + 1 3 |T |^2 (3.17)

Proof: Since the torsion is a three-form, we have (∇^g_XT )(Y, Z, U) = (∇_X T )(Y, Z, U) + 1 2 σ XY Z {g(T (X, Y ), T (Z, U)}. (3.18)

Here and henceforth^σ_{XY Z} denote the cyclic sum of X, Y, Z.

Using (2.5), we can express the curvature R^g of the Levi-Civita connection in terms of that of the Bismut connection R as follows: R^g(X, Y, Z, U) = R(X, Y, Z, U) − 1 2 (∇_XT )(Y, Z, U) + 1 2 (∇_Y T )(X, Z, U) − 1 2 g(T (X, Y ), T (Z, U)) − 1 4 g(T (Y, Z), T (X, U)) − 1 4 g(T (Z, X), T(Y, U)) . (3.19)

Taking the trace of (3.19), using (3.18) and the fact that T is a three-form, we get (3.15).

Further, the exterior derivative dT of T is given in terms of ∇ by dT (X, Y, Z, U) = σ XY Z {(∇_XT )(Y, Z, U) + 2g(T (X, Y ), T (Z, U)} (3.20) − (∇_U T )(X, Y, Z). The first Bianchi identity for ∇ together with (3.20) yields σ XY Z R(X, Y, Z, U) = dT (X, Y, Z, U) + (∇_U T )(X, Y, Z) − σ XY Z {g(T (X, Y ), T (Z, U)}. (3.21)

Next we take the trace of (3.21) and of (3.20) with J taking into account (2.9). Then the first equation is multiplied with two and it is added to the second yielding 4ρ(X, Y ) + 2Ric(Y, JX) − 2Ric(X, JY ) = λ^Ω(X, Y ) + 2(∇_Xθ)JY − 2(∇_Y θ)JX. (3.22)

In addition taking the trace of (3.21) with J , and using (2.9) and R ∘ J = J ∘ R, we obtain Ric(Y, JX) + Ric(X, JY ) = 2n∑ i=1 (R(X, Je_i, e_i, Y ) − R(e_i, Y, X, Je_i)) (3.23) = −(∇_X θ)JY − (∇_Y θ)JX. The equation (3.16) in the proposition follows from (3.22) and (3.23).

Finally, the equation (3.17) is a consequence of (3.16) and the following identity 2n∑ i=1 λ^Ω(e_i, Je_i) = 8|θ|^2 + 8d^†θ − 4 3 |T |^2. (3.24)

shown in [5]. We remark that the above equation (3.24) can be derived by taking the trace of (3.20) twice with J. Q.E.D.

It is straightforward using proposition 3.1 to demonstrate the following:

Corollary 3.2 On a KT manifold the Ricci tensor and the Ricci form satisfy the following relations Ric(X, Y ) − Ric(Y, X) = −d^†T (X, Y ), (3.25) Ric(JX, JY ) − Ric(Y, X) = −(∇_{JX} θ)JY + (∇_Y θ)X, (3.26) ρ(JX, JY ) − ρ(X, Y ) = d^†T (JX, Y ) − d^∇θ(JX, Y ), (3.27) where d^∇ is the exterior differential with respect to ∇ given by d^∇θ(X, Y ) = (∇_Xθ)Y − (∇_Y θ)X. It is worth pointing out that the Ricci tensor of the Bismut connection is not symmetric in general. Moreover as consequence of (3.25), the Ricci tensor of a linear connection with totally skew-symmetric torsion is symmetric if and only if the torsion 3-form is co-closed.

The next proposition is our second technical result.

Proposition 3.3 On a Hermitian manifold the following identity holds κ(JX, Y ) = ρ^{1,1}(JX, Y )+ < i_X C, i_Y C > − 1 4 λ^Ω(JX, Y ), (3.28)

where ρ^{1,1} is the (1,1)-part of the Bismut-Ricci form, (i_XC)(Y, Z) := C(X, Y, Z) and <, > denotes the usual scalar product on tensors induced by g.

Proof: The above relation can be most easily established in local holomorphic coordinates {z^α}, α = 1, ..., n. The torsion of the Chern connection is C_{αβγ̄} = idΩ_{αβγ̄} = ∂_αg_{βγ̄} − ∂_βg_{αγ̄} and so ¯∂∂Ω = i ( ∂¯_δC_{γα}¯_β − ∂¯_βC_{γα}¯_δ ) dz^γ ∧ dz^{δ̄} ∧ dz^α ∧ dz^{β̄}. (We have used the Einstein summation conventions.) The latter equation, using the properties of the Chern connection, can be rewritten as ∂ ¯∂Ω = −i ( D_γC¯_δ¯_{βα} − D_αC¯_δ¯_{βγ} + C^{s̄}_{δ̄β̄}C_{γαs̄} ) dz^α ∧ dz^{β̄} ∧ dz^γ ∧ dz^{δ̄}. (3.29)

Taking the trace of first Bianchi identity of the Chern connection, K_α¯_{βγ}¯_λ − K_γ¯_{βα}¯_λ = −D¯_βC_{αγ}¯_λ with g^{γλ̄} and after some computation, one finds (see e.g. [9]) iρ^D_{αβ̄} − iκ_α¯_β = −D¯_βθ_α + D^{s̄}C_{s̄}¯_{βα}.

(3.30)

Next take the trace of (3.29) and use (2.9) to get i(∂ ¯∂Ω)_α¯_{βγ}¯_δg^{γδ̄} = D^{s̄}C_{s̄}¯_{βα} + D_αθ¯_β + C^{μ̄s}_α C¯_{βμ̄s}.

(3.31) Combining (3.30) and (3.31), we find iρ^D_{αβ̄} − iκ_α¯_β = −D¯_βθ_α − D_αθ¯_β − C^{μ̄s}_α C¯_{βμ̄s} + i(∂ ¯∂Ω)_α¯_{βγ}¯_λg^{γλ̄}.

(3.32) Taking the (1,1)-part of (2.10), we derive iρ^D_{αβ̄} = iρ_α¯_β − D_αθ¯_β − D¯_βθ_α,

(3.33) since d(Jθ)_α¯_β = i(∂_αθ¯_β + ∂¯_βθα) = i(D_αθ¯_β + D¯_βθ_α). We obtain (3.28) from (3.33) and (3.32). Q.E.D.

4 Vanishing Theorems and SU (n) Holonomy

Suppose that the (restricted) holonomy of the Bismut connection ∇ of a KT manifold is contained in SU(n), ie hol(∇) ⊆ SU(n) for short. This holonomy condition imposes certain constraints on the geometry, cohomology groups and topology of KT manifolds which are similar to those found in the context of compact Calabi-Yau spaces. In particular, if hol(∇) ⊆ SU(n) of a KT manifold M, then the Bismut Ricci form vanishes, ρ = 0. (4.34) If in addition M is compact the condition (4.34) implies that the first Chern class c_1(M) = 0, since ∇ gives rise to a flat unitary connection on the canonical line bundle K.

Recall that for m > 0 the m-th plurigenenus of a compact complex manifold (M, J) is defined by p_m(J) = dim H^0(M, O(K^m)).

Theorem 4.1 Let (M, g, J, ∇) be a closed 2n-dimensional (non-Kähler) KT manifold with the trace of the Bismut Ricci form to satisfy b > −|C|^2 + 1 2 h where 2h =

∑_2n

i=1 λ^Ω(Je_i, e_i). Then the plurigenera p_m(J) = 0, m > 0.

Proof: To prove the statement we shall apply the Gauduchon’s plurigenera theorem [22, 24]. For this, it is sufficient to show that ∫ M u_G dV_G > 0 , (4.35) where u_G and dV_G are the trace of the Chern Ricci form with J (2.11) and the volume of M with respect the Gauduchon metric g_G of the given hermitian structure (g, J), respectively.

Let g = e^f g_G be a conformal transformation relating g to the Gauduchon metric g_G. For the functions u and u_G corresponding to g and g_G, respectively we have (see e.g.[24]) 2e^f u = 2u_G + n(n − 1) < θ_G, df >_G +n△_Gf, (4.36)

where △_Gf is the usual Laplacian of f and all terms in the right hand side are taken with respect to the Gauduchon metric g_G.

Taking the trace in (3.28), we get

2u = b + |C|^2 − 1 2 h . (4.37)

Substituting (4.36) into (4.35), integrating over M and using d^†θ_G = 0 and (4.37), we obtain ∫ M u_G dV_G = 1 2 ∫ M e^f (b + |C|^2 − 1 2 h) dV_G > 0 which is positive under the hypothesis of the theorem. Q.E.D.

An immediate corollary to the above theorem is the following:

Corollary 4.2 The plurigenera p_m(J) = 0, m > 0 if any one of the following conditions holds (i) M is an almost strong (non Kähler) KT manifold with hol(∇) ⊆ SU(n); (ii) hol(∇) ⊆ SU(n) and |C|^2 −^1_2 h > 0.

Proof: If the (restricted) holonomy of the Bismut connection is in SU(n), then b = 0. In addition under the assumption of (i), h = 0 and the corollary follows from the theorem above. Case (ii) is straightforward. Q.E.D.

We remark that case (i) of the corollary is applicable to the type II strings since the relevant manifolds there are strong KT with (restricted) holonomy of the Bismut connection contained SU(n). The case (ii) of the corollary is applicable to heterotic strings. For heterotic strings the ‘sigma model anomaly cancellation’ requires that

dH = dT = μ(p_1(T M) − p_1(E)) ,

(4.38)

where p_1(T M) and p_1(E) are the Pontriangin classes of the tangent and a vector bundle E over M in some constant μ which depends on the string tension; the vector bundle E is associated with the gauge sector of the heterotic string. Both these classes are taken with respect to Einstein-Hilbert connections; For these connections the associated curvature is a (1,1) form with respect to the complex structure J of M and its trace with J vanishes. In fact the connection ~∇ on T M is given by setting T to −T in the definition (2.5) of the Bismut connection. Observe that R(X, Y, Z, W ) = R̃(Z, W, X, Y ) +^1_2 dT (X, Y, Z, W ) and note that at the zeroth loop order dT = 0 . Therefore h = μ 4 ( |R̃|^2 − |F |^2 ) , where F is the Einstein Hilbert curvature of the vector bundle E.

Other applications of the various curvature identities of the previous section are the following Bochner- Kodaira vanishing theorem:

Theorem 4.3 Let (M, g, J, ∇) be a compact 2n-dimensional KT manifold with non-negative quadratic form << X, Y >>= ρ^{1,1}(JX, Y )+ < i_XC, i_Y C > − 1 4 λ^Ω(JX, Y ) . Then

i) every holomorphic (p,0)-form, p = 1, 2, . . ., n is parallel with respect to the Chern connection;

ii) if moreover <<, >> is positive definite at only one point, then the Dolbeault cohomology groups H^0(M, Λ^p) = 0, p = 1, 2, . . ., n.

Proof: To show this, we apply the vanishing theorem for holomorphic (p,0)-forms on compact Hermitian manifold [39, 23]. According to this general result, it is sufficient to show that the ‘mean curvature’ κ is non-negative. The non-negativity of κ follows from Proposition 3.3, formula (3.28) and the hypothesis of the theorem. Q.E.D.

Two immediate corollaries to the above theorem are the following:

Corollary 4.4 Let (M, g, J, ∇) be a compact almost strong 2n-dimensional KT manifold with non-negative (1,1) part ρ^{1,1} of the Bismut Ricci form ρ. Then:

i) every holomorphic (p,0)-form, p = 1, 2, . . ., n is parallel with respect to the Chern connection;

ii) if moreover ρ^{1,1} is positive definite at only one point, then the Dolbeault cohomology groups H^0(M, Λ^p) = 0, p = 1, 2, . . ., n.

Corollary 4.5 Let (M, g, J, ∇) be a compact 2n-dimensional KT manifold equipped with a Bismut connection which has (restricted) holonomy contained in SU(n) and the quadratic form << X, Y >>=< i_XC, i_Y C > − 1 4 λ^Ω(JX, Y ) , is non-negative. Then every holomorphic (p,0)-form, p = 1, 2, . . ., n is parallel with respect to the Chern connection.

The proof of the above two corollaries follow from that of the main theorem. The first corollary applies to the case of type II string theory while the second applies to heterotic string theory. In the former case, if in addition the (restricted) holonomy of the Bismut connection is contained in SU(n), then existence of holomorphic (p,0) forms depends on whether at some point in M < i_X C, i_Y C > is strictly positive. In the heterotic string case, it also depends on the positivity properties of λ^Ω which at ‘one loop’ is

λ^Ω(X, Y ) = μ( 2n∑ i=1 (p_1(T M) − p_1(E))(X, Y, e_i, Je_i)) . Q.E.D..

Another application of the Theorems 4.1 and Theorem 4.3 above is in context HKT manifolds. For such spaces the holonomy of the Bismut connection is contained in Sp(k) ⊂ SU(2k), (n = 2k). In particular we have the following:

Theorem 4.6 Let (M, g, J_a, a = 1, 2, 3, ∇) be a compact almost strong 4n-dimensional HKT which is not hyperKähler. Then

i) the plurigenera of a complex structure J_a, a = 1, 2, 3 is p_m(J_a) = 0, m > 0; ii) every holomorphic with respect to a complex structure J_a, a = 1, 2, 3 (p,0)-form , p = 1, 2, . . ., 2n is parallel with respect to the corresponding Chern connection of (g, J_a)

We note that on a compact HKT p_m(J_a) ∈ {0, 1}, a = 1, 2, 3 as it is shown in [5].

4.1 Balanced Hermitian Manifolds

Definition Balanced Hermitian manifolds are Hermitian manifolds with co-closed Kähler form or equivalently with vanishing Lee form.

Such manifolds have been intensively studied in [42, 1, 2, 3]; in [23] they are called semi- Kähler manifolds of special type. This class of manifolds includes the class of Kähler manifolds but also many important classes of non-Kähler manifolds, such as: complex solvmanifolds, twistor spaces of oriented Riemannian 4-manifolds, 1-dimensional families of Kähler manifolds (see [42]), some compact Hermitian manifolds with flat Chern connection (see [23]), twistor spaces of quaternionic Kähler manifolds [48, 4], manifolds obtained as modification of compact Kähler manifolds [1] and of compact balanced manifolds [2] (see also [3]). Some vanishing theorems for balance manifold are given in [19, 20].

An application of the previous vanishing theorems is in the context of balanced hermitian manifolds. For this consider a hermitian manifold (M, g, J) for which the Lee form θ is exact; such manifolds solve the second Killing spinor equation in (1.2) and have been investigated in [37]. If in addition M is compact, then a direct consequence of the Gauduchon theorem is that (M, g_G, J) is balanced, where g_G is the Gauduchon metric. For the existence of almost strong KT structures on a balanced hermitian manifolds the following corollary holds:

Corollary 4.7 Let (M, g, J) be a 2n-dimensional compact hermitian manifold for which the hol(∇) ⊆ SU(n). If in addition the Lee form of (M, g, J) is exact, and so (M, g_G, J) is balanced, then the complex manifold (M, J) does not admit any almost strong KT structure with hol(∇) ⊆ SU(n) . In particular if such a structure do exist, then it is Kähler and (M, J) is a Calabi-Yau space.

Proof: This is a direct consequence of a statement shown in [37]. Under the same assumptions as those in the hypothesis of the corollary, it has been shown in [51] (see also [37]), that (M, J) admits a globally defined holomorphic (n, 0) form ϵ̃ and so p_1 = h^{n,0} ≥ 1. This form can be expressed in terms of the ∇-parallel (n,0)-form ϵ as ϵ̃ = e^{−f} ϵ where θ = df.

Next suppose that there exists a almost strong KT structure on the complex manifold (M, J) satisfying the conditions of the corollary. A direct application of corollary 4.2 reveals that p_1 = 0. Therefore no such form can exist unless the torsion of the Chern connection vanishes and the manifold is Calabi-Yau. Q.E.D

4.2 Four-dimensional KT Manifolds

In four dimensions, compact KT manifolds equipped with a Bismut connection with (restricted) holonomy contained in SU(2) can be classified. In particular we shall show that such manifolds are conformal either to a Calabi-Yau space or to a Hopf surface. This generalizes the result of [49].

We begin by assuming that the (restricted) holonomy of the Bismut connection of a KT manifold M is contained in SU(2)=Sp(1). Locally this is equivalent to the existence of a HKT structure. Indeed, there exist (locally) additional two ∇-parallel almost complex structures which together with J satisfy the relations of imaginary quaternions. The torsion T is (1,2)+(2,1) form with respect to each of these new almost complex structures because the (3,0) and (0,3) parts of a three form on a four-dimensional manifold vanish identically. This implies that both new almost complex structures are integrable since their associated Nijenhuis tensor vanishes. Therefore any KT manifold with (restricted) holonomy contained in SU(2) admits a (local) HKT structure.

If the Lee form dθ = 0 then the HKT structure is locally conformally equivalent to a hyper Kähler. There are examples of local HKT structures with non closed Lee form (see e.g. [44, 46]).

On the other hand, the existence of a HKT structure on a four manifold is equivalent to the existence of a hypercomplex one [28]. This can be seen as follows: Given a hypercomplex manifold (M, J_r) equipped with a Riemannian metric g, we can find a metric h on M which is trihermitian by averaging over the complex structures, i.e. h(X, Y ) = g(X, Y ) + 3∑ r=1 g(J_rX, J_rY ) . It can be easily seen that h is a Riemannian metric on M with the desirable property. Using the integrability of the complex structures and the fact that (3,0) and (0,3) forms vanish identically in four dimensions, one can show that (M, h, J_r) is an HKT manifold.

It is a well known consequence of the integrability theorem in [8] that the self-dual part of the Weyl tensor of a four-dimensional Riemannian manifold (M, g) must vanish if there exists a (local) hypercomplex structure on M (see e.g. [28] and references there). The converse is not true. For example, the complex projective space taken with the reverse orientation is anti-self-dual and does not admit any local hypercomplex structure [18], see also [7] and references there. More precisely, we have

Proposition 4.8 A four-dimensional Hermitian manifold (M, g, J) admits a anti-self-dual Weyl tensor if and only if the Bismut Ricci form is anti-self-dual.

Proof: A two form on a hermitian surface is anti-self-dual if it is of type (1,1) and trace-free. Applying (2.14) to (3.27) we compute ρ^{(2,0)+(0,2)} = −dθ_+, where the subscript (+) denotes the self-dual part. Hence, the Bismut Ricci form is of type (1,1) iff the Lee form θ is anti-self-dual. It is shown in [5] that the trace b = k where k is the conformal scalar curvature determined by the trace of the self-dual Weyl tensor W_+, ie k =< 3W^+(Ω), Ω >. Proposition 1 in [12] tells us that W_+ = 0 on a hermitian surface iff k = 0 and dθ is anti-self-dual. Q.E.D.

In the compact four-dimensional case the situation is different since there are compact complex surfaces with local hypercomplex structures which does not admit any global one. This can be seen in the example of Hopf surfaces explain below.

A Hopf surface HS is by definition a compact complex surface whose universal covering

is C^2 − {0}. It was shown by Kodaira [41] that the fundamental group π1 ~=Z⊗ Zn and the

second Betti number b_2 = 0. A primari Hopf surface is a Hopf surface with π_1 ~=Z. Primary Hopf surfaces are diffeomorphic to S^1 × S^3. Every Hopf surface is finitely covered by a primary one. A subclass of primary Hopf surface are those Hopf surfaces HS_o which admit a hermitian metric locally conformally equivalent to a flat Kähler metric. The fundamental group of a primary locally conformally flat Hopf surface is generated by [25] Γ : (z, w) → (az, b^2aw), a, b ∈ C, |b| = 1 < |a|. Such a Hopf surface has one hypercomplex structure exactly when b = ±1 or when ab ∈ R and it admits exactly two hyperhermitian structures when both a and b are real [25]. In view of the classification of compact hyperhermitian complex surfaces [13] these are the only compact non Calabi-Yau HKT structures.

Theorem 4.9 Let (M^4, g, J) be a compact Hermitian surface. The restricted holonomy of the Bismut connection is contained in SU(2) if and only if (M, J) is a Calabi-Yau or (M, g_G, J) with the Gauduchon metric g_G is locally isometric (up to homothety) to R× S^3, the Lee form θ is ∇^g-parallel, the hermitian structure (g_G, J) is locally conformally Kähler flat, and the complex surface (M, J) is a Hopf surface.

Proof: If the first Betti number b_1(M) is even then the surface is of Kähler type with zero first Chern class and therefore it is a Calabi-Yau. Suppose b_1(M) is odd and therefore there is no Kähler structure on the surface. Using (2.14), (2.13) and ρ = 0 we obtain from (3.28) that κ =^1_2 (|θ|^2 + d^†θ)Ω. Hence, the surface is Einstein-Hermitian and the main result of [27] implies the assertion. Q.E.D.

Theorem 4.9 can be derived also from the properties of Einstein-Weyl structures found in [6] applying the connection between SU(2) holonomy of the Bismut connection with the canonical Einstein-Weyl structure on a hermitian surface discovered in [5].

The description of the Hopf surfaces and Theorem 4.9 show that there exist compact hermitian surfaces with restricted holonomy of the Bismut connection contained in SU(2) which does not admit a HKT structure.

We finish this section with the following non-vanishing result which gives obstructions to the existence of non Calabi-Yau spaces with SU(n) holonomy.

Theorem 4.10 Let (M, J) be a 2n-dimensional compact complex manifold with vanishing first Chern class and does not admit any Kähler metric. If there exist a hermitian structure (g, J) such that the restricted holonomy group of the Bismut connection is contained in SU(n) then either

i) h^{0,n} = h^{n,0} = 1 if the Lee form is exact or ii) h^{0,1} ≥ 1 if the Lee form is not exact.

Proof. If the Lee form is an exact 1-form then the Gauduchon metric is balanced and h^{n,0} = 1 by the result in [51] (see also [37]).

Suppose that the Lee form θ is not exact ie the Gauduchon metric g_G = e^f g is not balanced and the corresponding Lee form θ_G ≠ 0. The equation (2.10) shows that the 2-form dJθ is an (1,1)-form since ρ = 0 and ρ^D is an (1,1)-form. This yields dθ is an (1,1)-form ie ¯∂θ^{0,1} = ¯∂(Jθ)^{0,1} = 0, where^{0,1} means the (0,1)-part. Then, we get ¯∂θ^{0,1}_G = 0 due to the equality θ^{0,1}_G = θ^{0,1} + (n − 1) ¯∂f. Combining the latter with d^†_Gθ_G = 0 we obtain that θ^{0,1}_G is a ¯∂- harmonic with respect to the Gauduchon metric non zero form. Hence, h0,1 ≥ 1. Q.E.D.

5 String equations and Hermitian Manifolds

We shall investigate the cohomological properties of solutions of the string equations (1.1) which are complex manifolds (M, g, J). For this the torsion T of the Bismut connection ∇ is related to the three-form field strength H of string theory as H = T . (5.39)

As it was already mentioned, for applications in string theory the restricted holonomy of the Bismut connection is contained in SU(n). In this case the relation between string equations and complex manifolds can be made manifest.

We shall seek to describe vanishing theorems for solutions of the string equations which are KT manifolds for which the Bismut connection has (restricted) holonomy contained in SU(n). Most of the statements below apply to almost strong KT manifolds. Therefore most of our results concern type II strings for which H is closed. Our results apply also to the heterotic string but the contribution from the gauge sector has been neglected.

The presence of a strong KT structure on (M, g, J) that is associated with type II strings allows the use of theorem shown in [5] which we shall state here without proof as follows:

Theorem 5.1 Let (M, g, J) be a compact 2n-dimensional (n > 1) strong KT manifold with Kähler form Ω. Suppose that the Lee form θ is co-closed, d^†θ = 0 and that the (1,1)-part of the Ricci form of the Bismut connection is non-negative everywhere on M.

a) Then every ¯∂-harmonic (0, p)-form, p = 1, . . ., n, is parallel with respect to the Bismut connection.

b) If moreover the (1,1)-part of the Ricci form of the Bismut connection is strictly positive at some point, then the cohomology groups H^p(M, O) vanish for p = 1, . . ., n.

Note that the above theorem has been stated in a different but equivalent way in [5]. The solutions of the string equations can be separated into two classes depending on whether the dilaton is a constant or not.

5.1 Constant Dilaton

Let the dilation ϕ be constant. In such case the string equations (1.1), after using the above identification (5.39) of H and T , become Ric^g_{ij} − 1 4 T_{imn}T_j^{mn} = 0 ∇^g_i T^{imn} = 0 .

(5.40)

or equivalently Ric = 0 . (5.41)

In particular the above equation implies that d^†T = 0 (see (3.25)). At present, we take dT ≠ 0. The restrictions imposed on T necessary for the various theorems will be stated explicitly.

Assuming that the (restricted) holonomy of the Bismut connection is in SU(n), and so ρ = 0, we find using (3.16) that the string equations (5.41) can be rewritten as (∇_Xθ)Y = 1 4 λ^Ω(X, JY ). (5.42)

For manifolds with an almost strong KT structure λ^Ω = 0 and so the above equation implies that the Lee form θ is parallel with respect to the Bismut connection, i.e. ∇θ = 0 . In particular, θ^# is a Killing vector field. This can be easily seen using the definition of the Bismut connection and (2.7).

Remark 2. For almost strong KT manifolds, λ^Ω = 0, the equation (3.24) shows that the Lee form is identically zero iff (M, g, J) is a Kähler manifold. Hence, on any non-Kähler almost strong KT manifold which is a solution of (5.41), there is a globally defined non-zero Killing vector field θ^# .

There is an alternative way to characterize the string equations the following:

Theorem 5.2 Let (M, g, J, ∇) be a 2n-dimensional compact strong KT manifold and hol(∇) ⊆ SU(n). Then (M, g, J, ∇) is a solution of the string equations (5.41) if and only if the scalar curvature of the Bismut connection vanishes, Scal^∇ = 0.

Proof:From the assumptions of the theorem we have ρ = dT = 0 . Since dT = 0, λ^Ω = 0. Substituting this into equation (3.24), we find

2|d^†θ|^2 + 2|θ|^2 − 1 3 |T |^2 = 0 .

(5.43)

To show the theorem in one direction, we insert ρ = Ric = λ^Ω = 0 into (3.16) and find that ∇θ = 0 which in turn implies d^†θ = 0; therefore g is the Gauduchon metric. Substituting this into (5.43), we get 2|θ|^2 − 1 3 |T |^2 = 0 .

(5.44)

Moreover since ρ = 0, then b = 0. Substituting this, (5.44) and d^†θ = 0 into (3.17), we find Scal^∇ = 0. Which proves the theorem in one direction.

For the converse, suppose that Scal^∇ = 0. Then, substituting b = 0 and (5.43) into (3.17) yields d^†θ = 0 .

(5.45)

Next taking the trace of (3.16) using ρ = Scal^∇ = λ^Ω = 0, we find that

∑_2n i=1(∇_{ei} θ)Je_i = 0.

In turn using (2.9) this implies that ∑ (∇^g_{ei} θ)Je_i = 0 .

(5.46)

From (5.45) and (5.46), we conclude that θ^{0,1} is ¯∂ co-closed, ie

¯∂^†θ^{0,1} = 0 , where the superscript^{0,1} means the (0,1)-part of the form. Note that the Lee form θ is not identically zero because of Remark 2. Since ρ = 0, equation (2.10) implies that ρ^D = d(Jθ) and therefore d(Jθ) is an (1,1)-form. This in turn implies that dθ is a (1,1) from, ie

¯∂θ^{0,1} = 0 .

Thus θ^{0,1} is both ¯∂ closed and co-closed and therefore ¯∂ harmonic. Applying the vanishing theorem of [5] stated in 5.1, we conclude that ∇θ = 0 . Substituting this together with ρ = λ^Ω = 0 into (3.16), we get Ric = 0. Hence, we recover the string equations for constant dilation ϕ. Q.E.D.

We remark that the solutions of the string equations that we investigate are not required to satisfy the second Killing spinor equation in (1.2). If they did, then the second in (1.2) implies that θ = 2dϕ (see [51, 37]). Since the dilaton ϕ is constant, this in turn implies that θ = 0. If (M, g, J) satisfies the assumptions of the theorem above, substituting θ = 0 in (5.43), we find that the torsion T vanishes and the manifold M is Calabi-Yau.

There are some restrictions on the cohomology of manifolds that are solutions of the string equations (5.41). More precisely the following result holds:

Theorem 5.3 Let (M, g, J, ∇) be a 2n-dimensional compact strong KT manifold and be a solution of the string equations (5.41). Moreover let hol(∇) ⊆ SU(n). Then (M, g, J, ∇) has the following properties:

i) Every ¯∂-harmonic (0,p)-form, p = 1, 2, ..., n is parallel with respect to the Bismut connection ∇. Therefore h^{0,p} = dimH^p(M, O) ≤ (n p ) , h^{0,1} ≥ 1 and the dimension of the space of Killing vector fields is at least 2h^{0,1} ≥ 2;

ii) every holomorphic (p,0)-form , p = 1, 2, . . ., 2n is parallel with respect to the Chern connection and therefore h^{p,0} =≤ (n p ) ; iii) the plurigenera p_m(J) = 0, m > 0 provided (g, J) is not Kähler.

Proof: To show (i), we apply the vanishing theorem of [5] stated in 5.1 using the assumptions that ρ = dT = 0.

Moreover using the assumptions ρ = λ^Ω = b = 0, (ii) and (iii) are direct consequence of Theorems 4.3 and 4.1 , respectively. Q.E.D.

Corollary 5.4 Let (M, J, g) be as in Theorem 5.3. If in addition the Lee form θ is closed, then θ is ∇^g-parallel and (M, g) is locally isometric to N^{2n−1} × R, where N^{2n−1} is a (2n-1)- dimensional Riemannian manifold with non-negative Riemannian Ricci curvature.

Proof:Using the assumptions of the theorem, we have shown that θ is parallel with respect to the Bismut connection. This and the additional assumption that θ is closed imply that

i_θ# T = 0 .

Substituting this back into ∇θ = 0, we find that θ is parallel with respect to the Levi-Civita connection. The non-negativity of the Riemannian Ricci curvature follows from (3.15) and the assumptions of the corollary. Q.E.D.

There are various applications to the above theorems. One such application is in the context of HKT manifolds. Since the holonomy of the Bismut connection for HKT manifolds is contained in Sp(k), n = 2k, it is also contained in SU(n). In particular as a direct application of Theorem 5.2, we have the following:

Theorem 5.5 A compact strong HKT manifold is a solution of the string equations with constant dilaton (5.41), iff Scal^∇ = 0. In addition the statements (i), (ii) and (iii) of Theorem 5.3 taken with respect to any of the complex structure J_a, a = 1, 2, 3 also hold.

As another application, we can relate KT manifolds and HKT manifolds as follows:

Corollary 5.6 Let (M, g, J, ∇) be a 4k-dimensional compact strong KT manifold, the (restricted) holonomy of ∇ be in SU(2k) with Scal^∇ = 0. If there exists a non-degenerate ¯∂-harmonic (0,2)-form ϕ, then (M, g, J, ∇) is a strong HKT manifold.

Proof: If there is such a (0,2)-form ϕ, then applying Theorem 5.3 we conclude that it is parallel with respect to the Bismut connection. Hence, the (restricted) holonomy of ∇ is contained in Sp(k). Q.E.D.

We remark that the existence of ¯∂-harmonic (0,2)-form is not necessary for the existence of a ∇-parallel one. For example, SU(3) with any left invariant complex structure has h^{0,2} = 0 but there exist a left invariant HKT structure on this group. The same example can be used to demonstrate that h^{4,0} = p_1(J) = dimH^0(M, O(K)) = 0 despite the fact that there is a ∇-parallel (4, 0)-form because the holonomy of ∇ is trivial in accordance with Theorem 5.3.

Examples. Compact strong solutions are even dimensional Lie groups endowed with an left invariant complex structure compatible with a bi-invariant Riemannian metric [50, 45] The induced Bismut connection is flat and the torsion is parallel and so both closed and coclosed. The Lee form is not always closed in these examples. Some of these group manifold examples admit in fact a HKT structure [50, 45, 30].

In four dimensions, (2.14) implies ∇^gθ = ∇θ. The conditions dT = 0, d^†T = 0 are equivalent to d^†θ = 0, dθ = 0, respectively. The standard hermitian structure on the Hopf surfaces HS_o has ∇^g-parallel Lee form and ρ = 0. Then Ric = 0 by (3.16) and therefore it is a solution of the string equations (5.41). In fact, the Hopf surfaces HS_o with the standard hermitian structure are the unique compact non Calabi-Yau solution of the string equation with constant dilation and (restricted) holonomy of the Bismut connection contained in SU(2) by Theorem 4.9. In particular, every compact strong HKT surface solves the string equation (5.41) with constant dilation.

5.2 Non-constant dilaton

Let (M, g, J) be a KT manifold equipped with a Bismut connection with (restricted) holonomy contained in SU(n). In addition, we take the dilation ϕ not to be a constant, ϕ ≠ const. The string equations (1.1) can be written using (5.39) and (3.15) as Ric + 1 2 d^†T + 2∇^gdϕ = 0, (5.47)

d^†T + 2i_{dϕ}# T = 0,

where i_X denotes the interior multiplication by a vector X.

Using (3.16), (3.27) and the assumption that the (restricted) holonomy of the Bismut connection is contained in SU(n), so we have ρ = 0, we find that the string equations (5.47) can be expressed in terms of the Lee form θ as − (∇_X θ)Y − (∇_Y θ)X + 1 2 λ^Ω(X, JY ) + 4(∇^g_Xdϕ)Y = 0,

(5.48) (∇_Xθ)Y − (∇_Y θ)X + 2T (dϕ^#, X, Y ) = 0. The first string equation in (5.48) can be also written in the following equivalent way

(∇_Xη)Y + (∇_Y η)X = 1 2 λ^Ω(X, JY ), (5.49)

where the 1-form η is given by η = θ − 2dϕ. (5.50)

Remark 3. For compact non Kähler solutions of (5.49) the Lee form θ cannot be identically zero. Indeed, combining (5.49) together with (3.24), one finds 6d^†θ − 2 3 |T |^2 + 4|θ|^2 − 4d^†dϕ = 0 .

Integrating this equality over a compact manifold without boundary, we obtain T = 0 if and only if θ = 0.

We have

Theorem 5.7 A 2n-dimensional KT manifold (M, g, J) is a (local) solution to the first string equation of (1.1) and to the Killing spinor equations (1.2) with non-constant dilation if and only if (M, g, J) is an almost strong KT manifold with closed Lee form and hol(∇) ⊆ SU(n). If in addition M is an eight-dimensional compact space, then it admits a strong KT structure.

Proof: If the Killing spinor equations (1.2) are satisfied, then the second in (1.2) implies that θ = 2dϕ (see [51, 37]). From (5.50), we find that η = 0 and the conditions of the theorem imply (5.49).

The last statement in the theorem follows because in eight dimensions the condition λ^Ω = 0 and the fact that dT is a (2,2) form imply that dT is self-dual 4-form with respect to the Hodge * operator. Now if M is compact, we get ∫ M |dT |^2 dV = − ∫ M < ∗d ∗ dT, T > dV = − ∫ M < ∗d^2T, T > dV = 0. So M is a strong KT manifold. Q.E.D. We remark that any manifold that satisfies the assumptions of the above theorem and equation (5.49) admits an almost strong KT structure. This appears to be in conflict with the heterotic five-brane solution of [14]. However this is not the case because the contribution of the gauge sector in the string equations (1.1) have been neglected; although the contribution of the gauge sector due to the sigma model anomaly in the non-closure of T (4.38) has been taken into account. In fact it has been shown in [35] that for the heterotic five-brane to solve the string equations, the two loop contribution should be taken into account. Such corrections to the string equations involve quadratic terms in the curvatures and they have not be taken into account in this paper.

Next using (3.27) together with ρ = 0, we find that d^†T = d^∇θ = dθ − i_θ# T. (5.51)

Combining (5.51) with the second string equation in (5.47), we get

dθ = i_{(θ}#_{−2dϕ}#_)T.

Finally, we observe that if (M, g, J) is a KT manifold and the (restricted) holonomy of ∇ is contained in SU(n), then the second string equation in (1.1) is equivalent to the equation (∇_Xη)Y − (∇_Y η)X = 0. (5.52)

Combining (5.49) with (5.52) we get that the string equations (1.1) are equivalent to the following one ∇_X η(Y ) = 1 4 λ^Ω(X, JY ), (5.53)

Thus we have shown the following theorem:

Theorem 5.8 Let (M, g, J) be a 2n-dimensional KT manifold and hol(∇) ⊆ SU(n). (M, g, J) is a solution to the string equations (1.1) if and only if the equation (5.53) holds.

If in addition (M, g, J) is an almost strong KT manifold again with ρ = 0, as it will be in the case of type II strings, then the string equations are equivalent to ∇η = 0 (5.54)

and so η is ∇-parallel. There are two special cases that one can consider the following:

Case 1. Let us suppose that the Lee form is closed i.e. dθ = 0 . Then locally θ = df for a smooth function f. Taking ϕ = 1 2 f we obtain a local solution of the string equations (5.54) for which η = 0. Thus, every almost strong KT manifold with (restricted) holonomy in SU(n) and closed Lee form gives a local solution of the string equations (1.1) and (1.2) with non-constant dilation ϕ.

Now suppose that in addition the class [θ] of the Lee form in H^1(M) is trivial, ie θ is exact. As it has already been mentioned this is precisely the case that the second Killing spinor equation in (1.2) admits a solution. Therefore only backgrounds with θ an exact form are supersymmetric. Moreover let (M, g, J) be a 2n-dimensional compact almost strong KT manifold with hol(∇) ⊆ SU(n) Then one can apply the corollary 4.7 shown in the context of balanced hermitian manifolds to show that (M, J) is Calabi-Yau.

Case 2. Alternatively, the Lee form θ may not be closed, dθ ≠ 0. If (M, g, J) is an almost strong KT manifold for which the associated Bismut connection has (restricted) holonomy contained in SU(n), then as we have already mentioned in (5.54) the string equations are equivalent to the condition that the form η is ∇-parallel . In particular η^# is a non-zero Killing vector field and dη = dθ . Conversely, if an almost strong KT manifold (M, g, J) for which the associated Bismut connection has (restricted) holonomy contained in SU(n) admits a ∇-parallel one-form η such that dη = dθ, then (M, g, J) is a local solution of the string equations with dilaton ϕ = −^1_2 f, where f is determined by df = η − θ. Thus we have shown the following corollary:

Corollary 5.9 Let (M, g, J) be an almost strong 2n-dimensional KT manifold for which the associated Bismut connection has (restricted) holonomy contained in SU(n) and the Lee form is not closed. Then (M, g, J) is a solution of the string equations with non-constant dilaton ϕ = (1/2)f if and only if it admits a ∇-parallel one-form η such that dη = dθ and η − θ = df is an exact one-form.

Next suppose that (M, g, J) is a four-dimensional hermitian manifold. Using (2.13), we get that string equations (5.53) take the form ∇η = 1 2 d^†θ ⊗ g, (5.55)

(M, g, J) where η is given by (5.50). In particular, η^# is a non-zero conformal Killing vector field provided d^†θ ≠ 0.

6 Concluding Remarks

We have found conditions for the existence of Bismut connections on hermitian manifolds (KT) for which their (restricted) holonomy contained in SU(n). These conditions can be expressed in terms of the vanishing of certain cohomology groups. For example under certain additional assumptions the plurigenera vanish. We also consider various applications of our results in the context of string theory and in the context of balanced hermitian manifolds.

Despite the various developments the last few years in the context of KT and HKT manifolds, the existence of an HKT structure on a manifold has not been expressed in terms of conditions on its cohomology groups in parallel with similar developments in the case of hyper-Kähler manifolds. For this an analogue of the Calabi-Yau theorem is needed for the case of KT manifolds which will involve hermitian manifolds with topologically trivial canonical bundle. It is not clear for example under which conditions a KT manifold with trivial canonical bundle admits a KT structure associated with Bismut connection for which its (restricted) holonomy is contained in SU(n). We have found in Theorem 4.10 obstructions to the existence of KT structure with holonomy in SU(n) on a compact complex manifold with vanishing first Chern class of non-Kähler type. There seem though to be counter examples for the existence of strong KT structures of this type.

An alternative but essentially equivalent way to state the Calabi-Yau type of conjecture mentioned above which seems to be of importance for the further development of the theory is the following: Given a 2n-dimensional (n > 2) compact complex manifold with zero first Chern class and h^{n,0} = 1 or h^{0,1} ≥ 1, does there exist a hermitian metric with vanishing Ricci form of the Bismut connection? The dimension (n > 2) in the above question is essential since the Inoe surface has vanishing first Chern class and h^{0,1} = 1 but it does not admit Hermitian structure with SU(2) holonomy of the Bismut connection by Theorem 4.9.

Acknowledgments: A part of this research was done during the visit of (S.I.) at the Abdus Salam International Centre for Theoretical Physics, Trieste Italy, Spring 2000 and Humboldt University, Berlin, Fall 2000. S.I. thanks the Abdus Salam ICTP and HU Berlin for support and the excellent environment. S.I is supported by the contracts MM 809/1998 of the Ministry of Science and Education of Bulgaria, 238/1998 of the University of Sofia “St. Kl. Ohridski” and EDGE, Contract HPRN-CT-2000-00101. G.P. is supported by a

University Research Fellowship from the Royal Society. This work is partially supported by SPG grant PPA/G/S/1998/00613.

References

[1] L. Alessandrini and G. Bassanelli, Positive ∂ ¯∂-closed currents and non-Kähler geometry, J. Geom. Analysis, 2(1992), 291-316.

[2] L. Alessandrini and G. Bassanelli, Smooth proper modification of compact Kähler manifolds, Proc. Intern. Workshop on Complex Analysis, Wupertal 1990, Complex Analysis, Aspects of Math., 17(1991), 1-7.

[3] L. Alessandrini and G. Bassanelli, Metric

properties of manifolds bimeromorphic to compact Kähler manifolds, J. Diff. Geometry, 37(1993), 95-121.

[4] B. Alexandrov, G. Grantcharov and S. Ivanov, Curvature properties of twistor spaces of quaternionic Kähler manifolds, J. Geometry, 62(1998), 1-12.

[5] B. Alexandrov and S. Ivanov, Vanishing theorems on Hermitian manifolds, to appear in Diff. Geom. Appl, math.DG/9901090.

[6] B. Alexandrov and S. Ivanov, Weyl structure with positive Ricci tensor, math.DG/9902033, and ICTP-Preprint No IC/99/156.

[7] V. Apostolov and P. Gauduchon, Self-dual Einstein Hermitian four manifolds, math.DG/0003162.

[8] M.F. Atiyah, N.J. Hitchin, I.M. Singer, Self-duality in four dimensional geometry. Proc.

Roy. Soc. London A 362, 425-461 (1979).

[9] A. Balas , Compact Hermitian manifolds of constant holomorphic sectional curvature., Math. Z. 189 (1985), 193-210.

[10] K. Becker and M. Becker, M-theory and Eight-Manifolds Nucl. Phys. B477 (1996) 155;

hep-th/9605053.

[11] J.-M. Bismut, A local index theorem for non-Kähler manifolds, Math. Ann. 284 (1989), 681 − 699.

[12] C. Boyer Conformal duality and compact complex surfaces, Math. Ann. 274 (1986), 517- 526.

[13] C. Boyer, A note on hyperhermitian four manifolds, Proc. Amer. Math. Soc. 102 No 1 (1988), 157 − 164.

[14] C.G. Callan, J.A. Harvey and A. Strominger, Supersymmetric String Solitons, hepth/9112030.

[15] P. Candelas, G.T. Horowitz, A. Strominger and E. Witten, Vacuum Configurations for superstrings, Nucl. Phys. B258 (1985) 46.

[16] R. Coles and G. Papadopoulos, The geometry of the one-dimensional supersymmetric non-linear sigma models, Class. Quantum Grav. 7 (1990) 427.

[17] P. Dalakov and S. Ivanov, Harmonic spinors of Dirac operator of connection with torsion in dimension 4, ICTP Preprint No.IC/2000/68.

[18] M.Eastwood and P.Tod, Local constraints on Einstein-Weyl geometries, J. reine angew.

math. 491 (1997), 183-198.

[19] G. Ganchev and S. Ivanov, Holomorphic and Killing vector fields on compact balanced Hermitian manifolds, International Journal of Mathematics, 11 (2000), 15-28.

[20] G. Ganchev and S. Ivanov, Harmonic and holomorphic 1-forms on compact balanced Hermitian manifold, to appear in Differential Geometry and Applications; ICTP Preprint No. IC/99/147.

[21] S.J. Gates, Jr., C.M. Hull and M. Rocěk, Twisted multiplets and new supersymmetric nonlinear sigma models Nucl. Phys. B248 (1984) 157.

[22] P. Gauduchon, Le theoreme de l’excentricité nulle, C. R. Acad. Sci. Paris Ser. A 285 (1977), 387 − 390.

[23] P. Gauduchon, Fibrés hermitiennes à endomorphisme de Ricci non-négatif., Bull. Soc.

Math. France 105 (1977), 113-140.

[24] P. Gauduchon, La 1-forme de torsion d’une variété hermitienne compacte, Math. Ann.

267 (1984), 495 − 518.

[25] P. Gauduchon, Structures de Weyl-Einstein, espaces de twisteurs et variétés de type S^1 × S^3, J. reine angew. Math. 469 (1995), 1-50.

[26] P. Gauduchon, Hermitian connections and Dirac operators, Bol. U. M. I. ser. VII, vol.

XI-B, supl. 2 (1997), 257 − 289.

[27] P. Gauduchon, S. Ivanov, Einstein-Hermitian surfaces and Hermitian Einstein-Weyl structures in dimension 4, Math. Z. 226 (1997), 317 − 326.

[28] P.Gauduchon, P.Tod, Hyperhermitian metrics with symmetry, J. Geom. Phys. 25 (1998), 291-304.

[29] G.W.Gibbons, G.Papadopoulos, K.S.Stelle, HKT and OKT Geometries on Soliton Black Hole Moduli Space, Nucl. Phys. B508 (1997), p.623; hep-th/9706207.

[30] G.Grantcharov, Y.-S.Poon, Geometry of Hyper-Kähler connections with torsion, Comm.

Math. Phys. 213 (2000), 19-37; math.DG/9908015.

[31] S. Gukov, C. Vafa and E. Witten, CFT’s From Calabi-Yau Four Folds; hep-th/9906070.

[32] J. Gutowski, G. Papadopoulos, The dynamics of very special black holes, Phys. Lett.

B472 (2000) 45, hepth/9910022.

[33] P.S. Howe and G. Papadopoulos, Ultra-violet behavior of two-dimensional supersymmetric nonlinear sigma models, Nucl. Phys. B289 (1987) 264; Further remarks on the geometry of two-dimensional sigma models, Class. Quantum Grav. 5 (1988) 1647.

[34] P.S.Howe, G.Papadopoulos, Twistor spaces for hyper-Kähler manifolds with torsion, Phys. Lett. B379(1996), 81 − 86; hep-th/9602108.

[35] P.S.Howe, G.Papadopoulos, Finiteness and anomalies in (4,0) supersymmetric sigma models, Nucl. Phys. Nucl.Phys. B381 (1992)360; hep-th/9203070.

[36] S. Ivanov, Geometry of Quaternionic Kähler connections with torsion;

math.DG/0003214.

[37] S. Ivanov, G. Papadopoulos, A no-go theorem for warped string compactifications, hepth/0008232.

[38] S. Kobayashi, Differential Geometry of complex vector bundles, Iwanami Shoten, Publishers and Princeton Univ. Press, 1987.

[39] S. Kobayashi and H. Wu, On holomorphic sections of certain Hermitian vector bundles, Math. Ann. 189 (1970), 1-4.

[40] S.Kobayashi, K.Nomizu, Foundations of differential geometry, New York: John Wiley, vil. II, 1969.

[41] K.Kodaira, On the structure of complex compact analytic surfaces II, Am. J. Math. 88 (1966), 682-721; III, Am. J. Math. 90 (1968), 55-83.

[42] M.-L. Michelson, On the existence of special metrics in complex geometry, Acta Math., 143 (1983), 261-295.

[43] J. Michelson and A. Strominger, Superconformal multiblack hole quantum mechanics, JHEP 9909:005, (1999), hep-th/9908044.

[44] A. Moroianu, Structures de Weyl admettant des spineurs parallèles, Bull. Soc. Math. Fr.

124, N4, (1996), 685 − 695.

[45] A.Opfermann, G.Papadopoulos, Homogeneous HKT and QKT manifolds, mathph/9807026.

[46] G.Papadopoulos, Brane Solitons and Hypercomplex Structures; math.DG/0003024. [47] G. Papadopoulos and P.K. Townsend, Compactifications of D=11 supergravity on spaces of exceptional holonomy Phys. Lett. B357 (1995) 300, hep-th/9506150.

[48] M. Pontecorvo, Complex structures on quaternionic manifolds, Diff. Geom. Appl., 4(1994), 163-177..

[49] M. Rocěk, K. Schoutens, A. Sevrin, Off-shell WZW models in extended superspace, Phys.

Lett. B265 (1991) 303.

[50] P.Spindel, A.Sevrin, W.Troost, A. van Proeyen, Extended supersymmetric σ-models on group manifolds, Nucl. Phys. B308 (1988), 662-698.

[51] A. Strominger, Superstrings with torsion, Nucl. Phys. B274 (1986) 253. [52] K. Yano, Differential geometry on complex and almost complex spaces, Pergamon Press, Oxford (1965);

[53] K. Yano and M. Kon, Structures on Manifolds, World Scientific (1984).