arXiv:math.DG/0010091 10 Oct 2000

The Geometry of Autonomous Metrical Multi-Time Lagrange Space of Electrodynamics

Mircea Neagu

Abstract Section 1 contains physical and geometrical aspects that motivates us to study the autonomous multi-time Lagrangian space of electrodynamics. Section 2 constructs the canonical nonlinear connection Γ and the Cartan canonical Γ-linear connection of this space. Section 3 describes the Maxwell equations which govern the electromagnetic field of this space. The Einstein equations of gravitational potentials of the autonomous multi-time Lagrange space are written in Section 4. The conservation laws of these equations will be also described.

Mathematics Subject Classification (2000): 53B40, 53C60, 53C80. Key words: 1-jet fibre bundle, nonlinear connection, Cartan canonical connection, Maxwell equations, Einstein equations.

1 Geometrical and physical aspects

In the last thirty years, many geometrical models in Mechanics or Physics were based on the notion of ordinary Lagrangian. Thus, the geometrical concept of Lagrange space was introduced. The differential geometry of the Lagrange spaces is now considerably developped and used in various fields to study the natural processes where the dependence on position, velocity or momentum are involved [5]. We recall that a Lagrange space L^n = (M, L(x, y)) is defined as a pair which consists of a real, n-dimensional manifold M coordinated by x = (x^i)_{i=1,n} and a regular Lagrangian

L : T M → R (i. e. the fundamental metrical d-tensor g_{ij}(x, y) = 1 2 ∂^2L ∂y^i∂y^j is of rank

n and has a constante signature on T M \{0}). We point out that the Lagrangian L is not necessarily homogenous with respect to the direction y = (y^i)_{i=1,n}.

An important and well known example of Lagrange space comes from electrodynamics. Thus, let us consider the Lagrangian L : T M → R which governs the movement law of a particle of mass m ≠ 0 and electric charge e, placed concomitantly into a gravitational field and an electromagnetic one, L(x, y) = mcφ_{ij} (x)y^iy^j + 2e m A_i(x)y^i + U (x), (1.1)

where the pseudo-Riemannian metric φ_{ij}(x) represents the gravitational potentials of the space M , A_i(x) are the components of a covector field on M representing the electromagnetic potentials, U (x) is a function on M which is called potential function and c is the physical constant of light speed. It is obvious that L is a regular Lagrangian and, consequently, the pair L^n = (M, L) is a Lagrange space. This space is known under the name of the Lagrange space of electrodynamics.

At the same time, there are many problems in Physics and Variational Calculus in which multi-time Lagrangians functions L depending of first order partial derivatives or, alternatively, of partial directions, are involved. In this context, the Lagrangian function L is defined on the total space of the 1-jet fibre bundle J^1(T, M ), where T is a smooth, real, p-dimensional manifold coordinated by t = (t^α)_{α=1,p}, whose physical meaning is that of ”multidimensional time”. We point out that J^1(T, M ) is coordinated by (t^α, x^i, x^i_α).

It is well known that the jet fibre bundle of order one is a basic object in the study of classical and quantum field theories. From a certain physical point of view, the 1-jet fibre bundle J^1(T, M ) → T × M is regarded as a bundle of configurations [3], [10], [11].

Let us consider the particular case T = R (i. e. the usual time axis represented by the set of real numbers) in the construction of jet bundle of order one, we find the bundle J^1(R, M ) ≡ R × T M → R × M, (t, x^i, y^i) → (t, x^i), (1.2)

that is, the bundle of configurations of relativistic rheonomic mechanics whose invariance gauge group is [10] t̃ = t̃(t) x̃^i = x̃^i(x^j)

ỹ^i = ∂x̃^i ∂x^j dt dt̃ y^j , (1.3)

where the coordinates (t^1, x^i, x^i_1) of the jet space J^1(R, M ) ≡ R × T M are denoted by (t, x^i, y^i). It is obvious that the form of this gauge group emphasizes the relativistic character of the time coordinate t.

We underline that, in the classical rheonomic mechanics studied in [5], the bundle of configurations is R × T M → M, (t, x^i, y^i) → (x^i), (1.4)

whose geometrical invariance group is of the form t̃ = t x̃^i = x̃^i(x^j )

ỹ^i = ∂x̃^i ∂x^j y^j , (1.5)

that is, it ignores the temporal reparametrizations. Consequently, in that case, the temporal coordinate t has a character of absolute time.

We emphasize that, in the relativistic rheonomic mechanics, a basic role is played by the following Lagrangian of relativistic rheonomic electrodynamics, L = [ mcψ^{11}(t)φ_{ij} (x)y^iy^j + 2e m A^{(1)}_{(i)} (t, x)y^i + U (t, x) ] √ |ψ_{11}|, (1.6)

where ψ_{11} is a semi-Riemannian metric on R, A^{(1)}_{(i)} (t, x) is a distiguished tensor on J^1(R, M ) and U (t, x) is a smooth function on R × M .

At the same time, we point out that the Lagrangian which governs the classical rheonomic electrodynamics has the form L = mcφ_{ij} (x)y^iy^j + 2e m A_i(t, x)y^i + U (t, x). (1.7)

It is important to note the difference between the notions of Lagrangian used in both relativistic and classical rheonomic mechanics. From this point of view, the reader is invited to compare them, following the expositions done in [5], [10]. Thus, according to Olver terminology [4], we point out that, in the background of relativistic rheonomic mechanics, a Lagrangian L on J^1(R, M ) is a local function on the 1-jet space, which transforms by the rule L̃ = L|dt/dt̃|. The notion of Lagrangian function L (i. e. , a smooth function L : J^1(R, M ) → R) is also involved in relativistic rheonomic mechanics. We point out that, in that case, the geometrical invariance group of the bundle of configurations J^1(R, M ) → R × M is 1.3. In contrast, in the classical rheonomic mechanics, a Lagrangian L is only a smooth function on the total space of the bundle R × T M → M . We remark that, in that case, the bundle of configurations has the geometrical invariance group 1.5.

Now, returning us to the general multi-temporal context, we point out that a fundamental geometrical concept used in the geometrization of a multi-time Lagrangian is that of metrical multi-time Lagrange space, introduced in [12]. The differential geometry of metrical multi-time Lagrange spaces is now considerably developped in [8], [12].

In order to develope this geometrical approach, we fix a semi-Riemannian metric ψ = ψ_{αβ}(t^γ ) on the temporal manifold T . We recall that a metrical multi-time Lagrange space is a pair M L^n_p = (J^1(T, M ), L) consisting of 1-jet space and a Kronecker ψ-regular multi-time Lagrange function L, that is [12] G^{(α)(β)} (i)(j) (t γ , x^k, x^k_γ) = 1 2 ∂^2L ∂x^i_α∂x^j_β = ψ^{αβ}(t^γ )φ_{ij}(t^γ , x^k, x^k_γ ),

(1.8)

where φ_{ij}(t^γ , x^k, x^k_γ ) is a d-tensor on J^1(T, M ), symmetric, of rank n and having a constant signature.

An important example of metrical multi-time Lagrange space, which comes from physics, is offered by the ”energy” Lagrangian function L used in the Polyakov model of bosonic strings,

L(t^γ , x^k, x^k_γ ) = 1 2 ψ^{αβ} (t)φ_{ij}(x)x^i_αx^j_β. (1.9)

We recall that the extremals of the Lagrangian L = L √ |ψ| are exactly the harmonic maps between the semi-Riemannian spaces (T, ψ) and (M, φ).

By a natural extension of previous examples of Lagrangian functions, we can offer another important example of metrical multi-time Lagrange space, considering the general Lagrangian function L which comes from electrodynamics and theory of bosonic strings, namely, L = mcψ^{αβ}(t)φ_{ij} (x)x^i_αx^j_β + 2e m A^{(α)}_{(i)} (t, x)x^i_α + U (t, x), (1.10) where A^{(α)}_{(i)} (t, x) is a distiguished tensor on J^1(T, M ) and U (t, x) is a smooth function on T × M .

In this context, in order to unify all Lagrangian entities exposed above, we introduce the following

Definition 1.1 The pair EDM L^n_p = (J^1(T, M ), L) which consists of jet fibre bundle of order one and a Lagrangian function of the form

L(t^γ , x^k, x^k_γ) = h^{αβ}(t^γ )g_{ij}(x^k)x^i_αx^j_β + U^{(α)}_{(i)} (t^γ , x^k)x^i_α + F (t^γ, x^k)

(1.11)

where h_{αβ}(t^γ ) (resp. g_{ij} (x^k)) is a semi-Riemannian metric on the temporal (resp. spatial) manifold T (resp. M ), U^{(i)}_{(α)}(t^γ , x^k) are the local components of a distinguished tensor on J^1(T, M ) and F (t^γ , x^k) is a smooth function on the product manifold T ×M , is called an autonomous metrical multi-time Lagrange space of electrodynamics.

Remark 1.1 We point out that the non-dynamical character (i. e. , the independence with respect to the temporal coordinates) of the spatial metric g_{ij}(x^k) determined us to use the terminology of autonomous in the previous definition.

2 The geometry of autonomous metrical multi-time Lagrange space of electrodynamics

In this section, we will apply the general geometrical development of a metrical multi-time Lagrange space [12], to the particular space of electrodynamics EDM L^n_p .

In order to do this development, let us consider the energy action functional associated to the multi-time Lagrangian of electrodynamics L = L √ |h| = [ h^{αβ}(t^γ )g_{ij} (x^k)x^i_αx^j_β + U^{(α)}_{(i)} (t^γ , x^k)x^i_α + F (t^γ , x^k) ] √ |h|, (2.1)

namely, E_L : C^∞(T, M ) → R, E_L(f) = ∫ T Ldt^1 ∧ dt^2 . . . ∧ dt^p, (2.2)

where the temporal manifold T is considered compact and orientable, the local expression of the smooth map f is (t^α) → (x^i(t^α)) and x^i_α = ∂x^i/∂t^α. In this context, it is proved in [12]

Theorem 2.1 The extremals of the energy functional E_L associated to the multi-time Lagrangian L are harmonic maps [11] of the spray (H, G) defined by the temporal components H^{(i)}_{(α)β} = − 1 2 H^γ_{αβ}x^i_γ and the local spatial components

G^{(i)}_{(α)β} = 1 2 γ^i_{jk}x^j_αx^k_β + h_{αβ}g^{il} 4p U^{(μ)}_{(l)m}x^m_μ +

∂U^{(μ)}_{(l)} ∂t^μ + U^{(μ)}_{(l)} H^γ_{μγ} − ∂F ∂x^l , where H^γ_{αβ} (resp. γ^i_{jk}) are the Christoffel symbols of the metric h_{αβ} (resp. g_{ij}),

p = dim T , and U^{(α)}_{(i)j} =

∂U^{(α)}_{(i)} ∂x^j − ∂U^{(α)}_{(j)} ∂x^i . In other words, these extremals verify the harmonic map equations attached to the spray (H, G), namely, h^{αβ} { x^i_{αβ} + 2H^{(i)}_{(α)β} + 2G^{(i)}_{(α)β} } = 0.

(2.3)

Definition 2.1 The spray (H, G) constructed in the previous theorem is called the canonical spray attached to the autonomous metrical multi-time Lagrange space of electrodynamics.

Using the canonical spray (H, G), one naturally induces a nonlinear connection Γ = (M^{(i)}_{(α)β}, N^{(i)}_{(α)j}) on J^1(T, M ), which is also called the canonical nonlinear connection of the autonomous metrical multi-time Lagrange space of electrodynamics. Thus, denoting G^i = h^{αβ}G^{(i)}_{(α)β}, we establish the folowing theorem [12] Theorem 2.2 The canonical nonlinear connection of the autonomous metrical multitime Lagrange space of electrodynamics is determined by the temporal components

M^{(i)}_{(α)β} = 2H^{(i)}_{(α)β} = −H^γ_{αβ}x^i_γ

(2.4)

and the local spatial components

N^{(i)}_{(α)j} = ∂G^i ∂x^j_γ h_{αγ} = γ^i_{jk}x^k_α + h_{αγ} g^{il} 4 U^{(γ)}_{(l)j} .

(2.5)

Following the paper [12], by a direct calculation, we determine the Cartan canonical connection of the autonomous metrical multi-time Lagrange space of electrodynamics, together with its torsion and curvature local d-tensors.

Theorem 2.3 i) The Cartan canonical connection CΓ = (H^γ_{αβ}, G^k_{jγ}, L^i_{jk}, C^{i(γ)}_{j(k)}) of the autonomous metrical multi-time Lagrange space of electrodynamics has the coefficients H^γ_{αβ} = H^γ_{αβ}, G^k_{jγ} = 0, L^i_{jk} = γ^i_{jk}, C^{i(γ)}_{j(k)} = 0. (2.6)

ii) The torsion T of the Cartan canonical connection of the autonomous metrical multi-time Lagrange space of electrodynamics is determined by three local d-tensors, namely, R^{(m)}_{(μ)αβ} = −H^γ_{μαβ}x^m_γ , R^{(m)}_{(μ)αj} = − h_{μη}g^{mk} 4 H^η_{αγ}U^{(γ)}_{(k)j} + ∂U^{(η)}_{(k)j} ∂t^α ,

R^{(m)}_{(μ)ij} = r^m_{ijk}x^k_μ + h_{μη}g^{mk} 4 [ U^{(η)}_{(k)i|j} + U^{(η)}_{(k)j|i} ] , (2.7)

where H^γ_{μαβ} (resp. r^m_{ijk}) are the local curvature tensors of the semi-Riemannian metric h_{αβ} (resp. g_{ij}) and ”_{|i}” represents the local spatial horizontal covariant derivative induced by the Cartan connection.

iii) The curvature R of the Cartan canonical connection of the autonomous metrical multi-time Lagrange space of electrodynamics is determined by two local d-tensors, namely, H^η_{αβγ} and R^l_{ijk} = r^l_{ijk}, that is, exactly the curvature tensors of the semi- Riemannian metrics h_{αβ} and g_{ij}.

3 Maxwell equations of autonomous metrical multitime Lagrange space of electrodynamics

In order to develope the electromagnetic theory of the autonomous metrical multitime Lagrange space, let us consider the canonical Liouville d-tensor C=x^i_α ∂ ∂x^i_α on the jet fibre bundle of order one, and let us construct the deflection d-tensors [8] D̄^{(i)}_{(α)β} = x^i_{α/β} = 0

D^{(i)}_{(α)j} = x^i_{α|j} = − 1 4 g^{im}h_{αμ}U^{(μ)}_{(m)j} d^{(i)(β)} (α)(j) = x i α|^{(β)}_{(j)} = δ^i_jδ^β_α,

(3.1)

where ”_{/β}”, ”_{|j}” and ”|^{(β)}_{(j)} ” are the local covariant derivatives induced by the Cartan canonical connection CΓ.

Multiplying the deflection d-tensors by the vertical fundamental metrical d-tensor h^{αβ}(t)g_{ik}(x), we construct the d-tensors, D̄^{(α)}_{(i)β} = 0

D^{(α)}_{(i)j} = − 1 4 U^{(α)}_{(i)j} d^{(α)(β)} (i)(j) = h αβg_{ij}. (3.2)

Taking into account the general expressions of the local electromagnetic d-tensors of a metrical multi-time Lagrange space [8], by a direct calculation, we deduce the following Proposition 3.1 The local electromagnetic d-tensors of the autonomous metrical multi-time Lagrange space of electrodynamics have the expressions,

F^{(α)}_{(i)j} = 1 2 [ D^{(α)}_{(i)j} − D^{(α)}_{(j)i} ] = 1 8 [ U^{(α)}_{(j)i} − U^{(α)}_{(i)j} ] = − 1 4 U^{(α)}_{(i)j}

f^{(α)(β)}

(i)(j) = 1 2 [ d^{(α)(β)} (i)(j) − d (α)(β) (j)(i) ] = 0.

(3.3)

Particularizing the Maxwell equations of electromagnetic field, described in the general case of a metrical multi-time Lagrange space [8], we deduce the main result of the electromagnetism of the autonomous metrical multi-time Lagrange space of electrodynamics.

Theorem 3.2 The electromagnetic local components F^{(α)}_{(i)j} of the autonomous metrical multi-time Lagrange space of electrodynamics are governed by the following equations of Maxwell type,

F^{(α)}_{(i)j/β} = 1 2 A_{{i,j}}h^{αμ}g_{im}R^{(m)}_{(μ)βj} ∑ {i,j,k} F (α) (i)j|k = 0 ∑ {i,j,k} F (α) (i)j| (γ) (k) = 0,

(3.4) where A_{{i,j}} represents an alternate sum and ∑ {i,j,k} means a cyclic sum.

4 Einstein equations and conservation laws of autonomous metrical multi-time Lagrange space of electrodynamics

In order to develope the gravitational theory of the autonomous metrical multitime Lagrange space of electrodynamics EDM L^n_p , we point out that the vertical metrical d-tensor G^{(α)(β)}_{(i)(j)} = h^{αβ}(t)g_{ij}(x) and the canonical nonlinear connection Γ = (M^{(i)}_{(α)β}, N^{(i)}_{(α)j}) of this space induce a natural gravitational h-potential on the 1-jet space J^1(T, M ), which is expressed by [8] G = h_{αβ}dt^α ⊗ dt^β + g_{ij}dx^i ⊗ dx^j + h^{αβ}g_{ij}δx^i_α ⊗ δx^j_β . Let us consider CΓ = (H^γ_{αβ}, G^k_{jγ}, L^i_{jk}, C^{i(γ)}_{j(k)}) the Cartan canonical connection of M L^n_p .

We postulate that the Einstein which govern the gravitational h-potential G of the metrical multi-time Lagrange space of electrodynamics EDM L^n_p are the Einstein equations attached to the Cartan canonical connection and the adapted metric G on J^1(T, M ), that is, Ric(C) − Sc(C) 2 G = KT , where Ric(C) represents the Ricci d-tensor of the Cartan connection, Sc(C) is its scalar curvature, K is the Einstein constant and T is an intrinsec tensor of matter which is called the stress-energy d-tensor.

In an adapted basis (X_A) = ( δ δt^α , δ δx^i , ∂ ∂x^i_α ) , the curvature d-tensor R of the

Cartan connection is expressed locally by R(X_C , X_B )X_A = R^D_{ABC} X_d. Hence, it follows that we have R_{AB} = Ric(X_A, X_B) = R^D_{ABD} and Sc(C) = G^{AB}R_{AB} , where

G^{AB} = h_{αβ}, for A = α, B = β g^{ij} , for A = i, B = j h_{αβ}g^{ij} , for A =^{(i)}_{(α)} , B =^{(j)}_{(β)}

0, otherwise.

Taking into account the expressions of the local curvature d-tensors of the Cartan connection, we deduce that we have the following two effective local Ricci d-tensors, namely, H_{αβ} and R_{ij} = r_{ij}, where H_{αβ} (resp. r_{ij}) are the Ricci tensors associated to the semi-Riemannian metric h_{αβ} (resp. g_{ij}), the rest of these vanishing.

Denoting H = h^{αβ}H_{αβ}, R = g^{ij} R_{ij} and S = h_{αβ}g^{ij} R^{(α)(β)}_{(i)(j)} , the scalar curvature of Cartan connection becomes Sc(C) = H + R + S. By a direct calculation, we conclude that the effective scalar curvatures of a metrical multi-time Lagrange space are H = h^{αβ}H_{αβ} and r = g^{ij} r_{ij}, that is, exactly the scalar curvatures of the semi- Riemannian metrics h_{αβ} and g_{ij}.

Consequently, we can establish the following

Theorem 4.1 The Einstein equations which govern the gravitational h-potential G, induced by the Lagrangian function of autonomous metrical multi-time Lagrange space of electrodynamics, take the form

(E_1) H_{αβ} − H + r 2 h_{αβ} = KT_{αβ} r_{ij} − H + r 2 g_{ij} = KT_{ij} − H + r 2 h^{αβ}g_{ij} = KT^{(α)(β)}_{(i)(j)} ,

(E_2)

0 = T_{αi}, 0 = T_{iα}, 0 = T^{(α)}_{(i)β}

0 = T^{(β)}_{α(i)} , 0 = T^{(α)}_{i(j)} , 0 = T^{(α)}_{(i)j} .

Remarks 4.1 i) Asumming that p = dim T > 2 and n = dim M > 2, the set (E_1) of the Einstein equations can be rewritten in the more natural form

(E^′_1) H_{αβ} − H 2 h_{αβ} = KT̃_{αβ} R_{ij} − R 2 g_{ij} = KT̃_{ij},

where T̃_{AB}, A, B ∈ {α, i} are the adapted local components of a new stress-energy d-tensor T̃ . This new form of the Einstein equations will be treated detalied in the more general case of a generalized metrical multi-time Lagrange space [9].

ii) It is remarkable that, writing the Einstein equations of metrical multi-time Lagrange space of electrodynamics in the new form (E^′_1), these reduce to the classical ones.

Note that, in order to have the compatibility of the Einstein equations, it is necessary that the certain adapted local components of the stress-energy d-tensor vanish ”a priori”.

At the same time, it is well known that, from a physical point of view, the stressenergy d-tensor T must verify the local conservation laws T^B_{A|B} = 0, ∀ A ∈ {α, i,^{(α)}_{(i)} }, where T^B_A = G^{BD}T_{DA}.

In these conditions, by computations, we obtain the following

Theorem 4.2 The conservation laws of the Einstein equations of the gravitational h-potential of autonomous metrical multi-time Lagrange space reduce to [ H^μ_β − H + r 2 δ^μ_β ] /μ = 0 [ r^m_j − H + r 2 δ^m_j ] |m = 0.

Remark 4.2 Taking into account the components T̃_{αβ} and T̃_{ij} of the new stress-energy d-tensor T appeared in the (E^′_1) form of the Einstein equations, the conservation laws modify in the following simple and natural form T̃^μ_{β/μ} = 0, T̃^m_{j|m} = 0. (4.1)

All these will be discussed detalied in [9].

References

[1] G. S. Asanov, Gauge-Covariant Stationary Curves on Finslerian and Jet Fibrations and Gauge Extension of Lorentz Force, Tensor N. S. , Vol 50 (1991), 122-137.

[2] L. A. Cordero, C. T. J. Dodson, M. de Léon, Differential Geometry of Frame Bundles, Kluwer Academic Publishers, 1989.

[3] M. J. Gotay, J. Isenberg, J. E. Marsden, Momentum Maps and the Hamiltonian Structure of Classical Relativistic Fields, http://xxx.lanl.gov/hep/9801019, 1998.

[4] N. Kamron et P. J. Olver, Le Probléme d’equivalence à une divergence prés dans le calcul des variations des intégrales multiples, C. R. Acad. Sci. Paris, t. 308, Série I, p. 249-252, 1989.

[5] R. Miron, M. Anastasiei, The Geometry of Lagrange Spaces: Theory and Applications, Kluwer Academic Publishers, 1994.

[6] R. Miron, M. S. Kirkovits, M. Anastasiei, A Geometrical Model for Variational Problems of Multiple Integrals, Proc. of Conf. of Diff. Geom. and Appl. , June 26-July 3, 1988, Dubrovnik, Yugoslavia.

[7] M. Neagu, Harmonic Maps between Generalized Lagrange Spaces, Southeast Asian Bulletin of Mathematics, Springer-Verlag, 2000, in press.

[8] M. Neagu, Multi-Time Lagrangian Geometry of Physical Fields, Workshop on Diff. Geom. , Global Analysis, Lie Algebras, Aristotle University of Thessaloniki, Greece, Aug. 27-Sept. 2, 2000; http://xxx.lanl.gov/math.DG/0009117, 2000.

[9] M. Neagu, Generalized Metrical Multi-Time Lagrangian Geometry of Physical Fields, 2000, to appear.

[10] M. Neagu, The Geometry of Relativistic Rheonomic Lagrange Spaces, 2000, http://xxx.lanl.gov/math.DG/0010090, 2000.

[11] M. Neagu, C. Udrişte, Geometrical Objects on Jet Fibre Bundle of Order One, Third Conference of Balkan Society of Geometers, Politehnica University of Bucarest, Romania, July 31-August 3, 2000; http://xxx.lanl.gov/math.DG/0009049, 2000; Sent to Journal of the London Mathematical Society, 2000.

[12] M. Neagu, C. Udrişte, The Geometry of Multi-Time Lagrange Spaces, http://xxx.lanl.gov/math.DG/0009071, 2000.

[13] P. J. Olver, Applications of Lie Groups to Differential Equations, Springer-Verlag, 1986.

[14] D. Saunders, The Geometry of Jet Bundle, Cambridge University Press, New York, London, 1989.

[15] C. Udrişte, Nonclassical Lagrangian dynamics and potential maps, Proc. of the Conference on Mathematics in Honour of Prof. Radu Roşca at the Occasion of his Ninetieth Birthday, Katolieke University Brussel, Katolieke University Leuven, Belgium, Dec. 11-16, 1999; http://xxx.lanl.gov/math.DS/0007060, 2000.

[16] C. Udrişte, Solutions of DEs and PDEs as potential maps using first order Lagrangians, Centenial Vrânceanu, Romanian Academy, University of Bucharest, June 30-July 4, 2000; http://xxx.lanl.gov/math.DS/0007061, 2000.

[17] C. Udrişte, M. Neagu, Geometrical Interpretation of Solutions of Certain PDEs, Balkan Journal of Geometry and Its Applications, 4,1 (1999), 145-152.

University POLITEHNICA of Bucharest Department of Mathematics I Splaiul Independentei 313 77206 Bucharest, Romania e-mail: mircea@mathem.pub.ro