arXiv:math.DG/0110320 v2 2 May 2005

Heterotic String Data and Theta Functions

Adrian Clingher^∗

May 2, 2005

Abstract We use the language of differential cohomology to give an analytic description of the moduli space of classical vacua for heterotic string theory in eight dimensions. The complex structure of this moduli space is then related to the character of the appropriate Kac-Moody algebra.

1 Introduction

The general framework of heterotic string theory [24] [25] [10] involves the following defining geometric data:

1. a space-time which is a smooth spin manifold X, and 2. a principal G-bundle P → X.

The background fields F consist of triplets (g, A, B) consisting of:

1. a riemannian metric g on X, 2. a connection A on P , 3. a B-field B, which is, at least locally, a two-form on X.

The first conditions required by cancellation of anomalies are topological. The space-time X has to be ten-dimensional. The Lie group G must be (E_8 × E_8) ⋊ Z_2 or Spin(32)/Z_2.

The three background fields are to be considered up to gauge equivalence. This means that the connection is considered up to bundle isomorphism, that the metric is considered up to diffeomorphism equivalence, and that the two-form B is considered up to equivalence by adding exact two-forms. One of the major problems at this point has been to understand exactly the mathematical nature of the B-field. In the original physics interpretation [25], the B-field B is manipulated as a globally defined two-form on X with its contribution to the world-sheet path-integral being given by the phase: exp ( i ∫ Σ x^∗B ) . (1)

However, this definition is not fully satisfactory. First, B in this formulation lacks a gauge invariance. Second, the B-field interpretation in heterotic string theory must obey the world-sheet anomaly cancellation mechanism, as explained for instance by Witten in [19]. This requires, among other conditions, that the path-integral contribution (1) of B is not a complex number of unit length but rather an element in the total space of a non-trivial circle bundle. In addition, the field strength H_B, which is a globally defined three-form, has to satisfy the equation. dH_B = 1 4πc_G Tr (F_A ∧ F_A) − 1 4π Tr (F_g ∧ F_g) . (2)

Here F_A and F_g represent the curvature forms of the connection A and the Levi-Civita connection associated to the metric g in T X, respectively. The number c_G is the dual Coxeter number of G. In the naive interpretation of B as a globally defined two-form, H_B = dB. In particular H_B is a closed 3-form and cannot satisfy (2).

The above issues suggest that the B-field is not in fact a globally defined two-form but rather must be given by a more subtle object, which locally resembles a two-form but has a non-trivial global structure. In the recent years, it has been noted by a number of authors (see for instance [19] and [5]) that, in order to satisfy the above conditions, the B-field has to be understood within a gerbe-like formalism. In this paper

∗Department of Mathematics, Stanford University, Stanford CA 94304. Email:clingher@math.stanford.edu

we follow ideas developed by Freed in [5] and Hopkins and Singer in [21], and interpret the B-field as a non-flat 2-cochain in differential cohomology^1. These cochains appear as a mixture of Cech cocycles and local differential forms and can be regarded, in an open covering U_a of X, as multiplets: B = ( H, ω^2_a, ω^1_{ab}, ω^0_{abc}, ω^{−1}_{abcd} ) with H being a globally defined three-form (the field strength H_B) and ω^i local i-forms (constant functions to 2πZif i = −1). The anomaly cancellation condition appears in this formulation as:

ďB = CS_A − CS_g (3)

where ď represents the differentiation operator in differential cohomology and CS_A and CS_g are Chern-Simons terms regarded as non-flat 3-cocycles. One can introduce then a concept of gauge invariance for B-fields. Two B-fields are said to be gauge equivalent if the two differential 2-cochains underlying them differ by a coboundary of a flat differential 1-cochain. It follows that the globally defined 3-form H_B, the field strength of B, is gauge invariant. However, it is not necessarily true that H_B is closed. In fact, one recovers easily the expected equation (2) by just writing the anomaly cancellation condition (3) at the field strength level.

Moreover, apart from their rather technical construction, the B-fields as differential 2-cochains carry a very nice geometrical interpretation. They represent sections in a two-gerbe [11] and carry holonomy denoted: exp ( i ∫ Σ x^∗B ) (4) along any map x : Σ → X in the same way circle bundle connections carry holonomy along loops. This is the proper meaning of (1), the B-field contribution to the world-sheet path-integral. However the quantity (4) is not an unitary complex number but rather a point in the total space of a circle fibration, which fits exactly the picture required anomaly cancellation (see [19] for details).

In this framework, the heterotic classical vacua are obtained by taking the triplets (A, g, B) satisfying the cancellation condition (3) and imposing over them the classical Equations of Motion. These equations can be written as:

F_A = 0, Ric(g) = 0, H_B = 0. (5)

The moduli space of heterotic classical vacua M^G_{het} is then constructed out of all solutions to (5) modulo gauge equivalence.

The goal of this paper is to work out a precise mathematical description of the moduli space of classical vacua for heterotic string theory when the space-time is compactified along a two-torus. Namely, X = R^8×E with E a two-torus and the fields are considered up to Euclidean equivalence on the R^8 factor. The moduli space of quantum vacua associated to this case has been described in [24] and [25] from a purely physical perspective. In that formulation, the B-field appears as a globally defined two-form B and the metric and B fit together to form the imaginary and, respectively, the real part of the so-called complexified Kahler class. The physical quantum features of the theory depend then on a certain lattice of momenta L_{(A,g,B)} described by Narain in [24]. This is a rank 20 lattice that lives inside a fixed ambient real space R^{2,18}, is well-defined up to O(2) × O(18) rotations and is even and unimodular. The real group O(2, 18) acts transitively on the set of all L_{(A,g,B)} and, in this regard, one can consider the physical momenta as being parameterized by the 36-dimensional real homogeneous space:

O(2, 18)/O(2) × O(18). (6)

One identifies then the points in (6) corresponding to equivalent quantum theories. This amounts to factoring out the left-action of the group Γ of integral isometries of the lattice. The quantum (Narain) moduli space of distinct heterotic string theories compactified on the two-torus appears as:

M^{quantum} het = Γ\O(2, 18)/O(2) × O(18). (7)

From a geometric interest point of view, the above physics-inspired Narain construction has a couple of disadvantages. First, since (7) provides a description of quantum states, not all the identifications are accounted by classical geometry. As explained for example in [27], part of the Γ-action models the so-called quantum corrections and results in identifications of momenta for pairs of triplets (A, g, B) which are not isomorphic. Second, the Narain construction does not provide a holomorphic description. Technically, one

1 In the general heterotic string setting, this approach introduces the B-field as an object in differential KO-theory. However, when one compactifies over the two-torus, as is the case we shall be dealing with here, the topological type of the space-time is sufficiently low-dimensional that one can ignore the differences between KO-theory and standard cohomology.

can endow the homogeneous quotient (7) with a complex structure, but holomorphic families of elliptic curves and flat connections do not embed as holomorphic subvarieties in M^{quantum}_{het} (see the Appendix of [20] for an outline of this issue).

In this paper, we take a completely geometrical approach and use the interpretation of the B-fields as differential cochains in order to give an analytic description for the moduli space of classical vacua M^G_{het}. In section 4 we prove the following:

Theorem 1. The moduli space of classical solutions M^G_{het} can be given the structure of a 18-dimensional complex variety with orbifold singularities. Moreover, M^G_{het} represents the total space of a holomorphic C^∗ -fibration M^G_{het} → M_{E,G} (8)

over the moduli space M_{E,G} of isomorphism classes of pairs of elliptic curves and flat G-bundles, where G = (E_8 × E_8) ⋊ Z_2 in the case of the E_8 × E_8 heterotic theory and G = Spin(32)/Z_2 in the case of Spin(32)/Z_2 theory.

In this context, it is important then to analyze the holomorphic type of fibration (8). The structure of the base space M_{E,G} is well-known (see [9]). Given a fixed elliptic curve E, the family of equivalence classes of flat G-bundles (for G simply-connected) can be identified with the complex quotient:

W \ (Pic^o(E) ⊗_ZΛ_G)

where Λ_G represents the coroot lattice of G and W is the Weyl group. Using a coordinate oriented model to track down the variation of the elliptic curve, one can regard M_{E,G} as a complex orbifold:

Π_G\V_G. (9)

where V_G = H × (C ⊗_ZΛ_G). H represents the complex upper half-plane and Π_G is a modular group acting on V_G by mixing as a semi-direct product the SL(2, Z) action on H and the affine Weyl group action on C ⊗_ZΛ_G.

The model (9) allows us to analyze easily holomorphic C^∗ -fibrations over M_{E,G}. Such fibrations over a complex orbifold are best described in terms of equivariant line bundles over the universal cover. Those are holomorphic line bundles L → V_G where the action of the modular group Π_G on the base is given a lift to the fibers. All holomorphic line bundles over V_G are trivializable and a lift of the action of Π_G to fibers can be obtained through a set of automorphy factors (φ_a)_{a∈ΠG} with φ_a ∈ H^0(V_G, O^∗_{VG} ) satisfying: φ_{ab}(x) = φ_a(bx) · φ_b(x). Such a set generates a class in the group cohomology H^1(Π_G, H^0(V_G, O^∗_{VG} )). Two automorphy factor sets provide isomorphic fibrations if and only if they determine the same group cohomology class.

There is one particular important holomorphic C -fibration over M_{E,G}, the Λ_G-character fibration. This fibration can be defined using the model (9) as the fibration supporting the Λ_G-character function:

B_{ΛG} : V_G → C , B_{ΛG} (τ, z) =

Θ_{ΛG} (τ, z) η(τ )^{16}

(10)

where Θ_{ΛG} (τ, z) represents the holomorphic theta-function associated to the lattice Λ_G and η is Dedekind’s eta function. The holomorphic function B_{ΛG} has an important interpretation. It represents (see [12]) the zero-character of the level l = 1 basic highest weight representation of the Kac-Moody algebra associated to G. Under the action of the modular group, B_{ΛG} descends to a section in a non-trivial C -fibration: Z → M_{E,G} (11) We call this the Λ_G-character fibration. Then, as we prove in section 6, one has:

Theorem 2. The heterotic C^∗ -fibration (8) can be holomorphically identified with the C^∗ -fibration induced by the Λ_G-character fibration (11).

One can then conclude that, in the light of Theorem 1, the moduli space M^G_{het} of heterotic classical vacua compactified along the 2-torus can be seen naturally as the total space of the C^∗ -fibration associated to (11).

As a final note, we comment on the relation between the space M^G_{het} that we construct here and the Narain moduli space M^{quantum}_{het} of quantum vacua (7). It turns out that, there exists a diffeomorphism between an open neighborhood along the zero section of the zero-section in the C^∗ -fibration of M^G_{het} and an open subset of M^{quantum}_{het} on which the volume of the elliptic curve is large. That is precisely the region where physics predicts the quantum corrections became insignificant and the moduli spaces of classical and quantum vacua should coincide. This issue, as well as the place of M^G_{het} in the framework of the F-Theory/Heterotic String duality in eight dimensions, is the subject of a joint paper [20] with John Morgan.

This paper is a revised version of the author’s Ph.D. thesis at Columbia University. The author would like to take this opportunity to thank his teacher there, John Morgan, for his assistance, encouragement and patience.

2 The B-field as a Differential Cochain

This section introduces the framework needed for giving a precise definition of the B-field. We shall treat this object in the language of differential integral cohomology following ideas of Freed [5] and Hopkins-Singer [21]. This approach mixes together differential forms and integral cohomology and has its roots in earlier works of Deligne [4] and Cheeger-Simons [8]. However, as we shall see, the B-field is a cocycle rather than a class in this theory.

2.1 Differential Cohomology.

Let X be a smooth manifold. Choose U = (U_i)_{i∈I} , an open covering of X indexed by an ordered set I. For r, s ∈ Z, we set: Č^{r,s}(U) = 0 if s < −1 or r < 0 ; C^r(U, Ω^s_X ) if 0 ≤ s ; C^r(U, 2πZ) if s = −1.

where C^r(X, Ω^s_X ) represents the set of Cech r-cochains with values on the sheaf of s-forms on X, Ω^s_X :

C^r(U, Ω^s_X ) = ∏ i_0,i_1,....i_r Ω^s_X (U_{i0} ∩ U_{i1} ∩ ... ∩ U_{ir} ). Following [5], a flat differential n-cochain is defined as an element of the direct sum:

Č^n(U) := ⨁ r+s=n Č^{r,s}(U) In other words, one can see a flat differential n-cochain as a multi-plet of differential Cech cochains: ω = (ω^n_a , ω^{n−1}_{a1a2} , ω^{n−2}_{a1a2a3} , ...... ω^{−1}_{a1a2....an+2} ) There are two derivation operators acting on the above differential cochains. A vertical differentiation operator d : Č^{r,s}(U) → Č^{r,s+1}(U) represents the usual differentiation on each form component (inclusion if s = −1). A second horizontal operator δ : Č^{r,s}(U) → Č^{r+1,s}(U) is the Cech coboundary operator: δ(ω^n)_{a1,a2,....an+2} = n+2∑ j=1 (−1)^{j+1}ω^n_{a1...aj−1 aj+1 ...an+2} |_{Ua1 ∩....∩Uan+2} . The flat cochains together with the two derivations build a double complex (Č^{r,s}(U), d, δ). As usual in such situations a total differentiation can be introduced: ď: Č^n(U) → Č^{n+1}(U) , ď|_{Čr,s} = δ|_{Čr,s} + (−1)^{r+1}d|_{Čr,s} . (Č^∗(U), ď) is a cochain complex, defining flat n-cocycles and flat n-coboundaries which in turn generate U-cohomology groups Ȟ^n(U).

Let V = (V_j )_{j∈J} be a refinement of the open covering U = (U_i)_{i∈I} and σ : J → I be a subordination map such that V_j ⊂ U_{σ(j)} for any j ∈ J. One then has the restriction homomorphism:

σ^∗ : Č^n(U) → Č^n(V).

commuting with the two differentiation operators d and δ. This defines a morphism of cochain complexes inducing a homomorphism at cohomology level:

σ^U_V : Ȟ^n(U) → Ȟ^n(V).

As in Cech theory:

Lemma 3. The homomorphism σ^U_V depends only on the open covering U and refinement V and not on the choice of subordination map σ : J → I. Furthermore, σ^U is identity, and if W is a refinement of V then σ^U_W = σ^V_W ∘ σ^U_V .

Proof. Assume σ, σ^′ : J → I are two subordination maps with V_j ⊂ U_{σ(j)} ∩ U_σ′_{(j)}. We define a family of homomorphisms: k^q : Č^q(U) → Č^{q−1}(V)

by the following pattern. If ω = (ω^q_{i1} , ω^{q−1}_{i1i2} , ω^{q−2}_{i1i2i3} , ...... ω^{−1}_{i1i2....iq+2} ) ∈ Č^q(U) then k^q(ω) = η ∈ Č^{q−1}(V) where η = (η^{q−1}_{j1} , η^{q−2}_{j1j2} , η^{q−3}_{j1j2j3} , ...... η^{−1}_{j1j2....jn+1} ) ∈ Č^q(U) with components: η^{q−r}_{j1j2···jr} = r∑ t=1 (−1)^{t+1} ω^{q−r}_{σ(j1)···σ(jt)σ′(jt)σ′(jt+1)···σ′(jr)} |_{Vj1 ∩Vj1 ∩···∩Vjr} . (12) We claim that:

ďk^q + k^{q+1}ď = σ^∗ − (σ^′)^∗. (13)

Indeed, for a multi-index (j) = (j_1j_2 · · · j_r) one can write: (ˇ dk(ω) ) (j) = (−1)^r dk(ω)_{(j)} + [δk(ω)]_{(j)} =

= (−1)^r r∑ t=1 (−1)^{t+1} dω_{σ(j1)···σ(jt)σ}′_{(jt)···σ}′_{(jr )} + r∑ l=1 (−1)^{l+1}(kω)_{j1 ···jl−1 jl+1···jr} =

= (−1)^r r∑ t=1 (−1)^{t+1} dω_{σ(j1)···σ(jt)σ}′_{(jt)···σ}′_{(jr)} +

+ r∑ l=1 l−1∑ t=1 (−1)^{t+l}ω_{σ(j1)···σ(jt)σ}′_{(jt)···σ}′_{(jl−1)σ}′_{(jl+1)···σ}′_{(jr))} +

+ r∑ l=1 r−1∑ t=l (−1)^{t+l} ω_{σ(j1)···σ(jl−1)σ(jl+1 )···σ(jt−1 )σ}′_{(jt−1)···σ}′_{(jr ))}. Similarly, [ k(ďω) ] (j) = r∑ t=1 (−1)^{t+1} (ˇ dω ) σ(j_1)···σ(j_t)σ^′ (j_t)···σ^′(j_r ) = = (−1)^{r+1} r∑ t=1 (−1)^{t+1} dω_{σ(j1)···σ(jt)σ}′_{(it)···σ}′_{(ir )}+

+ r∑ t=1 t−1∑ l=1 (−1)^{t+l} ω_{σ(j1)···σ(jl−1)σ(jl+1 )···σ(jt)σ}′_{(jt)···σ}′_{(jr)}+

+ r∑ t=1 ( − ω_{σ(j1)···σ(jt−1)σ}′_{(jt)···σ}′_{(jr )} + ω_{σ(j1)···σ(jt)σ}′_{(jt+1)···σ}′_{(jr)} ) +

+ r∑ t=1 r+1∑ l=t+2 (−1)^{t+l} ω_{σ(j1)···σ(jt)σ}′_{(jt)···σ}′_{(jl−1)σ}′_{(il+1)···σ}′_{(jr)} . After canceling the terms with opposite signs, one obtains: (ˇ dk(ω) ) (j) + [ k(ďω) ] (j) = ω_{σ(i1)σ(i2 )···σ(ir )} − ω_σ′_{(i1)σ}′_{(i2)···σ}′_{(ir)}. Relation (13) shows that k^q represents a homotopy operator between the two cochain complex morphisms (σ^′)^∗ and σ^∗. Hence, they must induce identical morphisms at cohomology level. This proves the first part of lemma. The second part follows immediately.

Lemma 3 shows that (ˇ H^r(U), σ^U_V ) forms a direct system. One then takes the direct limit over all possible coverings, defining: Ȟ^r(X) = lim_→ U (ˇ H^r(U), σ^U_V ) . These flat differential cohomology groups are known to form the smooth Deligne cohomology of X [4].

The differential objects we wish to study and make use of are non-flat extensions of the above cochains. By definition, a non-flat differential cochain is a pair (H, ω) consisting of a global (n+1)-form H ∈ Ω^{n+1}(X) and a flat n-cochain ω. One represents such an object, in an open covering, as a multi-plet of form-valued Cech cochains: ω = (H, ω^n_a , ω^{n−1}_{a1a2} , ω^{n−2}_{a1a2a3} , ...... ω^{−1}_{a1a2....an+2} ). The top global form H represents the field strength of ω. Let us denote the set of non-flat differential n-cochains defined over an open covering U by:

N Č^n(U) = Č^n(U) × Ω^{n+1}(X).

The differentiation operator ď extends naturally to Č^n(U) . As in the flat case, (N Č^∗(U), ď) determines a cochain complex defining cocycles N Ž^n(U) and coboundaries N Ž^n(U).

The discussion in Lemma 3 can be immediately reformulated to the new context. For a refinement V of U with two distinct subordination maps σ, σ^′ : J → I, the two induced restriction homomorphisms:

σ^∗, (σ^′)^∗ : Č^n(U) → Č^n(V).

differ by:

ďk^q + k^{q+1}ď = σ^∗ − (σ^′)^∗. (14)

In above expression, k^∗ is the homotopy operator k^q : N Č^q(U) → N Č^{q−1}(V) defined by: k^q ( H, ω^q_{i1} , ω^{q−1}_{i1i2} , ω^{q−2}_{i1i2i3} , ......, ω^{−1}_{i1i2....iq+2} ) = ( 0, η^{q−1}_{j1} , η^{q−2}_{j1j2} , η^{q−3}_{j1j2j3} , ......, η^{−1}_{j1j2....jn+1} )

with components η^{q−r}_{j1j2....jr} , 1 ≤ r ≤ q given by formulas (12). In a similar manner to the flat case, projection

σ^U_V : N Ȟ^q(U) → N Ȟ^q (V)

does not depend on the choice of subordination assignment. Differential non-flat cohomology groups can then be defined: N Ȟ^∗(X) = lim_{→U} ( N Ȟ^r(U), σ^U_V ) . (15)

However, we are more interested here in non-flat cochains as explicit differential objects rather than as a framework for the above non-flat cohomology groups. In fact, one can show that the non-flat cohomology (15) recovers the Cech cohomology of X with coefficients in the sheaf of smooth functions to the circle, N Ȟ^n(X) ≃ H^n_{Cech}(X, S^1).

Let us denote the set of non-flat differential cochains on X by

N Č^n(X) = ⋃ U N Č^n(U). Among the cochains in N Č^n(X) we give special consideration to those associated to global differential forms. Let T ∈ Ω^n(X) be such a n-form. In a given open covering, U = (U_i)_{i∈I} , one can consider a differential cocycle with only two non-vanishing components as follows: (dT, T |_{Ui} , 0, 0, · · ·) . (16) This makes a non-flat differential n-cocycle. In future considerations we shall use differential forms in cocycle-like computations, always interpreting the form as in (16).

There exists a natural equivalence relation on the set of non-flat differential n-cocycles.

Definition 4. Two cocycles ω_1 ∈ N Ž^n(U_1) and ω_2 ∈ N Ž^n(U_2) are said to be equivalent (denoted ω_1 ∼ ω_2) if there exists a common refinement U and corresponding subordination maps such that the difference of the two restrictions of ω_1 and ω_2 on N Ž^n(U) is a coboundary of a differential flat (n-1)-cochain on U.

Clearly, two flat n-cocycles are equivalent if and only if they determine the same class in Ȟ^n(X). The relation ∼ does not extend as equivalence relation for general non-flat n-cochains. That is because there exist n-cochains ω ∈ N Č^n(U) which restricted on a refinement U^′ through two distinct subordination maps give restrictions ω^′, ω^{′′} ∈ N Č^n(U^′) such that the difference ω^′ − ω^{′′} = ďk^nω + k^{n+1}ďω is not necessarily a coboundary of a flat (n − 1)-cochain. However, relation ∼ is still an equivalence relation on the subset B^n(X) ⊂ N Č^n(X) defined as:

B^n(X) = { ω ∈ N Č^n(U) | U open covering, ďω ∈ Ω^{n+1}(X) } . (17)

2.2 Geometrical Interpretation

The differential cochains introduced above have a nice geometrical interpretation. Roughly speaking, they represent connections on higher dimensional analogues of circle bundles, n-gerbes. Let us start by looking at the low-dimensional models.

In a given open covering U = (U_a)_{a∈A} of X, a non-flat differential zero-cochain appears as a triplet σ = (T, f_a, t_{ab}) with T being a global 1-form, f_a local functions and t_{ab} 2πZ-valued assignments. If σ is a cocycle, relations dT = 0, T_a = df_a and f_a − f_b = t_{ab} assure us that the local functions q_a = exp(if_a) glue together to a global function q : X → S^1. Moreover, the global 1-form T is obtained by just pulling back through q the Maurer-Cartan form of S^1. Two zero-cocycles are equivalent if and only if they determine the same global map q : X → S^1.

In a similar open neighborhood, a non-flat one-cochain appears as: ω = (H, θ_a, h_{ab}, r_{abc}) where H is a global 2-form, θ_a are local 1-forms, h_{ab} are local functions and r_{abc} are 2πZ-valued integral assignments. Again, if ω is a cocycle then the local ingredients above are related by dH = 0, H_a = dθ_a, θ_a − θ_b = h_{ab}, h_{bc} − h_{ac} + h_{ab} = r_{abc} and r_{bcd} − r_{acd} + r_{abd} − r_{abc} = 0. Let g_{ab} : U_a ∩ U_b → S^1 be the local functions g_{ab} = exp(ih_{ab}). They satisfy the relation g_{ab}g^{−1}_{ac} g_{bc} = 1 and therefore make a Cech 1-cocycle with a cohomology class in H^1(X, S^1). Such an object is known to determine a circle bundle L → X. The rest of the cocycle conditions tell that local 1-forms θ_a glue together to form a circle connection on L. The global two-form H is naturally the curvature of the connection. One can read the connection holonomy along 1-loops directly from the cocycle ω. Let us assume γ : S^1 → X is a smooth loop in X. The open covering (U_a)_{a∈A} will, by restriction, cover γ. We choose a triangulation of the loop γ subordinated to the covering. Such a feature is determined by a union:

γ = Δ_1 ∪ Δ_2 ∪ .... ∪ Δ_n

with Δ_i : [0, 1] → γ , Δ_i(1) = Δ_{i+1}(0) for 1 ≤ i ≤ n − 1 and Δ_n(1) = Δ_1(0). The triangulation γ is subordinated to the covering (U_a)_{a∈A} in the sense that a subordination map ρ : {1, · · ·n} → A is chosen such that Δ_i ⊂ U_{ρ(i)}. The holonomy of the connection around the loop γ can then be computed as the exp(i · hol_γ ) where:

hol_γ = ∑ i ∫ Δ_i θ_{ρ(i)} − ∑ i ∫ Δ_i(0)

h_{ρ(i)ρ(i−1)} (18)

Here, ρ(−1) = ρ(n). So far, it seems that the above formula for hol_γ depends on the choice of triangulation and subordination map. However, one can show that under variations of triangulation of the loop or subordination map ρ, the expression hol_γ gets modified by an element in 2πZ. The exponential exp(i · hol_γ ) remains therefore unchanged under such modifications.

Geometrically, a non-flat differential one-cocycle is therefore just a circle bundle connection. One verifies immediately that two one-cocycles are equivalent if and only if the corresponding connections are gauge equivalent.

Assume now that under the above conditions one introduces a non-flat one-cochain σ satisfying ďσ = ω. Using the earlier notation, one obtains: H = dT , θ_a = T_a −df_a, h_{ab} = −f_a +f_b +t_{ab} and r_{abc} = t_{bc} −t_{ac} +tab. From here, one deduces that g_{ab} = q^{−1}_a q_b and therefore the local functions q_a glue together to form a global section trivializing the circle bundle L. Moreover, the holonomy of the connection is described in this trivialization by just integrals of the global 1-form T . One can say therefore that relation ďσ = ω realizes σ as a “geometrical” section in L, in the sense that the information provides a section together with its behavior under holonomy of the existing S^1-connection.

The above arguments can be generalized to fit higher dimensional differential cochains. Let ω ∈ N Ž^n(X) be a differential non-flat n-cocycle described in an open covering (U_a)_{a∈A} as a multi-plet: ω = (H, ω^n_a , ω^{n−1}_{a1a2} , ω^{n−2}_{a1a2a3} , .... ω^0_{a1a2....an+1} , ω^{−1}_{a1a2 ....an+2} ). (19) The upper index represents the degree of the corresponding local form. The −1 index corresponds to locally constant functions taking values in 2πZ. One defines local S^1-valued functions: g_{a1a2....an+1} : U_{a1} ∩ U_{a2} ∩ · · · ∩ U_{an+1} → S^1, g_{a1a2 ....an+1} = exp(i · ω^0_{a1a2....an+1} ). It is a straightforward computation that (δg)_{a1 a2....an+2} = 1 and therefore g defines a Cech n-cocycle. This data defines (see [11] for details) a (n-1)-gerbe. These are objects which, due to their geometrical features, can be considered higher dimensional analogues of circle bundles. The cocycle ω defines then a connection on such a (n-1)-gerbe. Such a connection carries, as we shall explain shortly, a holonomy along any embedded closed n-manifold. Two connections are said to be gauge equivalent if they determine similar holonomies. Moreover an equality of type ďσ = ω with σ ∈∈ N Č^{n−1}(X) can also be explained geometrically. Similarly to the circle bundle case, the (n-1)-cochain σ determines a section trivializing the n-gerbe underlying ω.

Let us explain how the holonomy associated to a gerbe connection of type ω is defined. Suppose Y is a n-dimensional closed submanifold embedded in X. In order to define the holonomy of ω along Y one needs two additional ingredients:

1. A dual cell decomposition for Y. That is a decomposition dual to a triangulation. (We need each vertex to be adjacent to n edges, each edge to be adjacent to n − 1 2-cells, and so on.) Let us describe the top cells as (Δ_i)_{i∈I} . They inherit orientation from the orientation of Y. We denote by Δ_{i1i2...ik} the n+1-k dimensional cell obtained by intersecting Δ_{i1} , Δ_{i2} , .... Δ_{ik} (if such a cell exist). We assume the following orientation convention. A cell Δ_{i1i2...ik} receives orientation as boundary component in Δ_{i1i2...ik−1} . That means Δ_{i1i2} is oriented as boundary component in Δ_{i1} which is oriented a priori. Δ_{i1i2i3} gets orientation as part of the boundary of Δ_{i1i2} , and so on. We will refer to a multi-index in the form (i) = (i_1i_2 · · · i_k). Δ_{(i)} will then be a (n + 1 − k)-cell with a certain orientation. Permuting the elements in the index does not change the cell but the orientation changes according to the signature of the permutation.

2. A subordination map, ρ : I → A such that Δ_i ⊂ U_{ρ(i)}.

These being settled, one defines the holonomy of ω along Y as exp (i · hol_Y (ω)) where:

hol_Y (ω) = n+1∑ k=1 (−1)^{k+1} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} ω^{n+1−k} ρ(i_1)ρ(i_2 )...ρ(i_k) (20)

Here we just pick an order relation on I to make sure we do not use the same cell twice during summation. It can be seen that above formula generalizes the holonomy description for 1-cocycles presented earlier. The holonomy does not depend on the choice of dual cell decomposition or subordination map. That is justified by: Claim 5. The expression hol_Y (ω) above varies by an element in 2πZunder modifications of the dual cell decomposition Δ_i or of the subordination map ρ.

Proof. We follow two steps. Firstly, we show that varying the subordination map for the same cell decomposition changes expression (20) by an element in 2πZ. Secondly, we’ll see that refining a cell decomposition under the same subordination map does not change (20). These will be enough to prove Claim 5 .

To start with the first step, let us assume that the initial subordination map of (Δ_i)_{i∈I} , : ρ : I → A is modified over a unique cell Δ_{io} such that: ~ρ(i) = { ρ(i) if i ≠ i_o ; ~ρ(i_o) ≠ ρ(i_o) if i = i_o ;

Let hol_Y (ω) be the holonomy defined using the subordination map ρ and ~hol_Y (ω) be the holonomy defined using ~ρ. We claim the following happens:

hol_Y (ω) − ~hol_Y (ω) = ∑ (i)=(i_o=i_1 >i_2>···i_{n+1} ) ∫ Δ_{(i)} ω^{−1}_{ρ(i1)~ρ(i1)ρ(i2 )···ρ(in+1 )}

The quantity on the right is then a sum of numbers in 2πZ(integrals are just functions evaluated in points) and the difference of the two holonomies is therefore 2π times an integer. That completes the first step. Let us prove the relation above. Assume the order relation for indices i ∈ I is chosen such that i_o is the largest index. We make the following notations:

P_k = ∑ (i)=(i_o=i_1>i_2>···>i_k) ∫ Δ_{(i)} ( ω^{n+1−k} ρ(i_1)ρ(i_2)...ρ(i_k) − ω n+1−k ~ρ(i_1)ρ(i_2)...ρ(i_k) )

and S_k = ∑ (i)=(i_o=i_1 >i_2>···>i_k) ∫ Δ_{(i)} dω^{n−k}_{ρ(i1)~ρ(i1)ρ(i2 )···ρ(ik)} Therefore hol_Y (ω) − ~hol_Y (ω) = n+1∑ k=1 (−1)^{k+1} P_k

But P_1 = S_1 and in general for 2 < k : S_{k−1} + (−1)^{k+1} P_k = S_k This results by just applying Stokes’ Theorem. Hence:

hol_Y (ω) − ~hol_Y (ω) = n+1∑ k=1 (−1)^{k+1} P_k = S_1 + n+1∑ k=2 (S_k − S_{k−1}) = S_{n+1}

And since: S_{n+1} = ∑ (i)=(i_o=i_1 >i_2>···>i_{n+1} ) ∫ Δ_{(i)} ω^{−1}_{ρ(i1)~ρ(i1)ρ(i2)···ρ(in+1 )} the needed identity is proved.

We cover now the second step. Let us assume we have two different dual cell decompositions (Δ_i)_{i∈I} and (Δ_j)_{j∈J} with the latter one being a refinement of the former. Say, there’s a map: φ : J → I such that Δ_j ⊂ Δ_{φ(j)} .

Moreover, both decompositions are subordinated to the covering U_a through maps: ρ : I → A ρ ∘ φ : J → A . Assume the indices in both I and J are ordered such that the refinement map φ is increasing. We have two expressions for holonomy, depending on which decomposition we are using: n+1∑ k=1 (−1)^{k+1} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} ω^{n+1−k} ρ(i_1)ρ(i_2)...ρ(i_k) and_{n+1} ∑ k=1 (−1)^{k+1} ∑ (j)=(j_1>j_2>···>j_k) ∫ Δ_{(j)} ω^{n+1−k} ρ(j_1)ρ(j_2)...ρ(j_k) They are the same though. That is (roughly speaking) because ω^{n+1−k}_{ρ(j1)ρ(j2 )...ρ(jk)} vanishes as soon as two sub-indices are the same. This completes the second step.

2.3 Definition of the B-Field.

We are in position to give a definition for the B-field [5]. Recall the notation in (17). Definition 6. Let space-time X be a smooth manifold. A B-field on X is a non-flat differential 2-cochain B ∈ B^2(X) defined over an open covering U.

Let us recall that for non-flat differential n-cochains in:

B^n(X) = { ω ∈ N Č^n(U) | U covering, ďω ∈ Ω^{n+1}(X) } one has the equivalence relation ∼ defined in 2.1 which extends the standard cocycle equivalence.

Definition 7. Two B-fields B_1, B_2 ∈ B^2(X) are said to be (gauge) equivalent if B_1 ∼ B_2.

Two B-fields cannot be normally added up unless they are defined on the same open covering. However, there is a well-defined summation rule on the set of equivalence classes:

B^2(X)/ ∼ . (21)

For B_1, B_2 ∈ B^2(X), one defines [B_1] + [B_2] = [B^′_1 + B^′_2], where B^′_1, B^′_2 are restrictions of B_1, B_2 on an open covering refining both coverings underlying B_1 and B_2. This definition does not depend on the choice of refinement or subordination maps. In this respect, (21) becomes a group.

Let ω ∈ Ω^3(X) be a fixed 3-form and: T_ω = {[B] | B ∈ B^2(X), ďB = ω}. The equivalence relation does not modify the field strength H_B of a B-field B ∈ B^2(X). There is then an exact sequence:

0 → Ȟ^2(X) → B^2(X)/ ∼^Φ→ Ω^3(X) × Ω^3(X)

with Φ(B) = (H_B , ďB). Clearly, T_ω = Φ^{−1}(Ω^3(X)×{ω}). One can therefore conclude that the field strength projection map:

T_ω → Ω^3(X), [B] → H_B

realizes a fibration over the image, the fibers being principal homogeneous spaces for the second smooth Deligne cohomology, Ȟ^2(X).

Let us review the geometrical meaning attached to these objects. Any B-field contains a 3-form ω = ďB which (as a differential 3-cocycle in the sense of (16)) can be seen as a connection A_ω on the trivial 2-gerbe over X. A_ω has exact field strength (given by dH_B = dω) and it may very well carry holonomy along closed 3-manifolds embedded in X. The B-field can be seen as a (geometrical) section trivializing the 2-gerbe. Since B is not required to be flat, the section is not necessarily parallel with respect to A_ω. In fact, its covariant derivative with respect to A_ω is H_B.

In general, according to above definition, B-fields are just non-flat differential 2-cochains. They do not carry holonomy in the standard sense. (Non-flat 2-cocycles can be viewed as connections on gerbes and do carry holonomy along closed surfaces.) However, as mentioned above, B can be regarded then as a section trivializing a 2-gerbe. But a non-flat 2-cocycle can be seen (integrated down, see the appendix for details) to give a circle bundle connection over the space of embedded closed surfaces in X. Its underlying circle bundle is trivial but has no natural trivialization. A B-field which is a section of a 2-gerbe integrates down to produce a section of this circle bundle. Thus, a B-field assigns to any closed surface Σ mapping to X, a point in the circle fiber over the point of the space of mappings given by Σ → X. We denote this by: exp ( i ∫ Σ B )

and interpret it as the holonomy of the B-field along Σ. If B is a cocycle (ďB = 0) the circle bundle has a canonical trivialization and with respect to that, the quantity above can be seen as a unitary complex number, well-defined up to an overall phase factor independent of the mapping. It realizes the standard gerbe connection holonomy.

2.4 The Chern-Simons Cocycle.

Let G be a compact, simply-connected, simple Lie group and P → X a principal G-bundle. To any choice of connection A on P → X, one can associate a non-flat differential Chern-Simons 3-cocycle CS_A ∈ N Ž^3(X). As shown by Freed in [5], a general definition for CS_A can be achieved by pulling back a universal choice on BG through classifying maps. However, in this way CS_A is well-defined just up to a flat differential 3-coboundary. For computational reasons we would like to introduce CS_A directly as a 3-cocycle. Although not canonically, this can be achieved by fixing a local trivialization of the bundle. Our task is further eased by the fact that all G-bundles we shall be dealing with throughout this paper are trivializable.

Let g be the Lie algebra of G and ad: G → End(g) the adjoint representation. Chern-Weil theory provides an isomorphism: H^4(BG, R) ≃ I^2(G) where I^2(G) represents the family of ad-invariant quadratic forms on g. Such a quadratic form is called integral if it represents an integral cohomology class in H^4(BG, R). For compact, simply connected, simple, Lie groups G, H^4(BG, Z) ≃ Z. The integral ad-invariant forms make a free group a rank one. A generator is given by: q(a) = 1 16π^2c_G < a, a >_k . (22) Here, the right-hand side bracket denotes the Killing form on g. The number c_G is the Dynkin index of G which is always integer or half-integer . c_G = 1/2 for G = SU(n). For G = E_8 the number c_G equals the dual Coxeter number 30.

The Lie bracket on g can be naturally extended to a graded Lie algebra bracket on Ω^∗(X, g). Precisely,

[ω^p, ω^q] (v_1, v_2 · · · v_{p+q} ) = = 1 (p + q)! ∑ σ∈S_{p+q} (−1)^{sgn(σ)} [ ω^p(v_{σ(1)}, v_{σ(2)} · · · v_{σ(p)}), ω^q(v_{σ(p+1)}, · · · v_{σ(p+q)}) ] . It satisfies [ω^p, ω^q ] = (−1)^{pq+1} [ω^q , ω^p] as well as the Jacobi identity

[ω^p, [ω^q, ω^r ]] = [[ω^q, ω^r] , ω^p] + (−1)^{pq} [ω^q , [ω^p, ω^r ]] .

The inner product (22) extends as well to a pairing:

⟨·, ·⟩ : Ω^p(X, g) ⊗ Ω^q (X, g) → Ω^{p+q} (X)

⟨ω^p, ω^q ⟩ (v_1, v_2 · · · v_{p+q} ) = = 1 (p + q)! ∑ σ∈S_{p+q} (−1)^{sgn(σ)} ⟨ ω^p(v_{σ(1)}, v_{σ(2)} · · · v_{σ(p)}), ω^q (v_{σ(p+1)}, · · ·v_{σ(p+q)} ) ⟩ k . One can check that: ⟨ω^p, ω^q ⟩ = (−1)^{pq} ⟨ω^q , ω^p⟩ and ⟨ω^p, [ω^q, ω^r]⟩ = ⟨[ω^p, ω^q ] , ω^r ⟩ . On G, one has the g-valued Maurer-Cartan 1-form θ_G, which assigns to each vector its left-invariant extension. This satisfies:

L^∗_g θ_G = θ_G, and R^∗_gθ_G = ad_g−1 θ_G where L_g, R_g : G → G represent left and right multiplication with g ∈ G. Its differential verifies the Maurer- Cartan equation: dθ_G + 1 2 [θ_G, θ_G] = 0.

Combining the two pairing operators we obtain a new 3-form on G:

W_G = − 1 6 ⟨θ_G, [θ_G, θ_G]⟩ ∈ Ω^3(G, R). It is a closed bi-invariant 3-form with integral periods.

We introduce then the connection data. A connection on P → X can be seen as a 1-form A ∈ Ω^1(P, g) satisfying: L^∗_pA = θ_G, and R^∗_gA = ad_g−1 A. The curvature, F = dA + 1 2 [A, A] verifies:

L^∗_pF = 0, and R^∗_gF = ad_g−1 F as well as the Bianchi identity; dF + 1 2 [A, F ] = 0. The Chern-Simons 3-form is by definition a global form on the total space: CS_A = ⟨ A, dA + 1 3 [A, A] ⟩ = ⟨ A, F − 1 6 [A, A] ⟩ ∈ Ω^3(P, R). Its basic properties are: • L^∗_pCS_A = W_G • R^∗_gCS_A = CS_A • dCS_A = ⟨F, F ⟩ the last relation being the standard computation for the Chern-Simons action.

So far, all objects were defined on the total space of the bundle. However, by employing a choice of local trivializations, all data can be transfered down to X. Here we simplify our discussion. We assume that the G-bundle P → X is trivial. We fix, once for all, a global section s : X → P trivializing the bundle. In this setting, everything can be pulled-back on X. We shall keep the same notation for the curvature 1-form and its curvature and Chern-Simons three-form although what we really mean is their pull-back through the section s. The Chern-Simons non-flat differential 3-cocycle can then be defined as the 3-cocycle induced by the global 3-form: 2π ⟨ A, dA + 1 3 [A, A] ⟩ = 2π ⟨ A, F − 1 6 [A, A] ⟩ ∈ Ω^3(X, R). In differential cocycle language the Chern-Simons 3-cocycle can be represented in a random open covering as: CS_A = 2π ( ⟨F, F ⟩ , ⟨ A, dA + 1 3 [A, A] ⟩ |_{Ua} , 0, 0, 0, 0 ) . (23)

This makes a well-defined cocycle since the global 4-form 2πH = 2π ⟨F, F ⟩ ∈ Ω^4(X) has periods in 2πZ. If G = SU(n), H = ch_2(F ) and its associated 4-cohomology class recovers the second Chern class c_2(P ) ∈ H^4(X, Z). Since the bundle is trivial this cohomology class vanishes.

The formulation (23) of CS_A depends on the choice of trivialization s. However, a variation of s changes CS_A by a flat 3-coboundary. The gauge class of the 3-cocycle does not change. The above definition of the Chern-Simons 3-cocycle can be extended to non-trivial G-bundles. The construction process involves fixing a family of local trivializations. However, we shall not deal with the non-trivial bundle case here.

We continue with:

Lemma 8. The holonomy of CS_A along a closed 3-manifold W embedded in X recovers the Chern-Simons invariant cs(W, A).

Proof. This follows from standard arguments in Chern-Simons theory. Let W → X be an embedded closed 3-manifold. There always exists a 4-manifold M such that ∂M = W . The bounding 4-manifold M is not necessarily embedded in X. Due to its triviality, the bundle P extends to a G-bundle ~P over M . The global section S and connection A extend also to ~s and ~A on ~P . Therefore the restriction on W of the Chern-Simons cocycle CS extends to a non-flat 3-cocycle CS_{~A} on M . In this setting:

hol_W (CS_A) = exp ( 2π · ∫ M ⟨ ~F , ~F ⟩) . (24)

But (24) is exactly the Chern-Simons invariant cs(W, A).

In what follows we analyze the way Chern-Simons cocycles (seen here as global 3-forms due to triviality of the bundle) change under the action of symmetry group G of bundle automorphisms φ for P covering orientation preserving diffeomorphisms φ̄ on X.

Theorem 9.

1. For each φ ∈ G and connection A there exist a differential flat 2-chain θ_{(A,φ)} ∈ B^2(X) such that

CS_φ∗_A = φ̄^∗CS_A + ďθ_{(A,φ)}. (25)

2. For any two φ_1, φ_2 ∈ G, the quantity: [ θ_{(A,φ1∘φ2)} ] − [ θ_{(φ}∗_{1 A,φ2)} ] − [ φ̄^∗_2θ_{(A,φ1 )} ] (26)

vanishes in B^2(X)/ ∼.

Proof. We look at the first part of the theorem. The symmetry group G consist of all automorphisms φ of the bundle P covering orientation preserving diffeomorphisms φ̄ on X. It includes as a normal subgroup the group of standard gauge transformations G(P ). Technically, we have the following short exact sequence of groups:

{1} → G(P ) → G → Diff^+(X) → {1}. (27)

Due to triviality of the bundle the above sequence splits. Indeed there is a map Diff^+(X) → G, φ̄ ⇝ φ̄_o sending a diffeomorphism φ̄ of X to the unique automorphism of P leaving the section s invariant. This map builds a section for the second projection in the exact sequence (27). Therefore any automorphism φ ∈ G can be decomposed uniquely as:

φ = ψ ∘ φ̄_o (28)

with ψ ∈ G(P ). The symmetry group can then be understood as a semi-direct product:

G(P ) ⋊ Diff^+(X).

Let ψ be a standard gauge transformation. In the chosen trivialization s, ψ can be seen through a smooth function t : X → G. For any connection A we get:

ψ^∗A = ad_t−1 A + t^∗θ_G.

The Chern-Simons three-form gets modified as follows: ⟨ ψ^∗A, dψ^∗A + 1 3 [ψ^∗A, ψ^∗A] ⟩ − ⟨ A, dA + 1 3 [A, A] ⟩ = d ⟨ad_t−1 A, t^∗θ_G⟩ + t^∗W_G. (29)

The 3-form W_G is closed and has integral periods. Therefore, one could interpret 2π · W_G as a flat 3- cocycle with trivial holonomy. Hence, we can pick a universal choice of a flat 2-cochain η ∈ Č^2(G) satisfying ďη = 2π · W_G. Based on this assumption we define:

θ_{(A,ψ)} = 2π · ⟨ad_t−1 A, t^∗θ_G⟩ + t^∗η (30)

The first term on the right-hand side of (30) is to be interpreted as a non-flat differential 2-cochain representable in a random covering U_a as: 2π · (0, ⟨ad_t−1 A, t^∗θ_G⟩ |_{Ua} , 0, 0, 0 ) . In this setting θ_{(A,ψ)} as defined in (30) becomes a differential flat 2-cochain. A straight-forward computation based on (29) shows that:

CS_ψ∗_A = CS_A + ďθ_{(A,ψ)}. (31)

Here we make use of the fact that CS_A and CS_ψ∗_A, as 3-cocycles associated to global 3-forms, can be represented in any choice of open covering, in particular on the covering underlying θ_{(A,ψ)}. The above expression is then (25) in the case of a standard gauge transformation.

Let us consider φ ∈ G. According to (28), we can uniquely decompose φ as: φ = ψ ∘ φ̄_o where φ̄_o is the unique automorphism covering φ̄ on base space, preserving the trivializing section s and ψ ∈ G(P ). Clearly:

CS_φ∗_A = CS_{(ψ∘φ̄o)}∗_A = CS_{φ̄}∗_{o(ψ}∗_{A)} = φ̄^∗CS_ψ∗_A = φ̄^∗ ( CS_A + ďθ_{(A,ψ)} ) . (32)

Defining: θ_{(A,φ)} = φ̄^∗θ_{(A,ψ)} and using this in (32) we obtain: CS_ψ∗_A = φ̄^∗CS_A + ďθ_{(A,ψ)} which is exactly equation (25).

We prove now the second part of the theorem. As before, we start by analyzing the case when the two automorphisms involved are just gauge transformations. Let ψ_1, ψ_2 ∈ G(P ). We have: P^{ψ1}→ P^{ψ2}→ P X = X = X. The three flat 2-cochains involved, θ_{(A,ψ1∘ψ2)}, θ_{(ψ}∗_{1 A,ψ2)} and θ_{(A,ψ1)} live on different open coverings. However, our goal is to prove an equality involving their equivalence classes. We take a common refinement and make choices of subordination maps restricting therefore the three flat 2-cochains on a unique common open covering where they can be added up. The equivalence classes won’t be affected by the choice of refinement. In this setting:

θ_{(A,ψ1∘ψ2 )} − θ_{(ψ}∗_{1 A,ψ2)} − θ_{(A,ψ1)} = (33) = 2π · ⟨ ad_{(t2t1)t}−1 A, (t_2t_1)^∗θ_G ⟩ − 2π · ⟨ ad_t−1_2 (ad_t−1_1 A + t^∗_1θ_G), t^∗_2θ_G ⟩ − − 2π · ⟨ ad_t−1_1 A, t^∗_1θ_G ⟩ + (t_2t_1)^∗η − t^∗_2η − t^∗_1η = = 2π · ⟨ ad_t−1_2 t^∗_1θ_G, t^∗_2θ_G ⟩ + (t_2t_1)^∗η − t^∗_2η − t^∗_1η. (34)

Therefore, expression (33) does not depend on connection A. Now, clearly, (34) makes a differential 2-cocycle. That is because: ď ( 2π · ⟨ ad_t−1_2 t^∗_1θ_G, t^∗_2θ_G ⟩ + (t_2t_1)^∗η − t^∗_2η − t^∗_1η ) = = 2π · d ⟨ ad_t−1_2 t^∗_1θ_G, t^∗_2θ_G ⟩ + (t_2t_1)^∗W_G − t^∗_2W_G − t^∗_1W_G = 0.

It is also a flat 2-cocycle since all 2-cochains θ_{(A,ψ)} are flat. We show (34) is actually a coboundary of a flat differential 1-cochain. That follows from the fact that its holonomy along any embedded compact oriented 2-manifold vanishes. Let Σ ⊂ X be an embedded smooth surface. There always exist a compact, oriented 3-manifold W such that ∂W = Σ. It is not necessarily that W is embedded in X. The bundle P extends to ~P over W and so does the trivialization s. Obstruction theory (based on π_1(G) = 0) shows that the two gauge transformations ψ_i, i ∈ {1, 2} extend to gauge transformations ~ψ_i, i ∈ {1, 2} in ~P . They correspond to functions: ~t_i : W → G. Accordingly, the flat 2-cocycle (34) extends to a flat 2-cocycle 2π · ⟨ ad_{~t}−1_2 ~t^∗_1θ_G, ~t^∗_2θ_G ⟩ + (~t_2~t_1)^∗η − ~t^∗_2η − ~t^∗_1η. (35)

But, in such situations the holonomy of (34) along Σ is just the exponential of the strength field of (35) integrated over W . The latter vanishes since the strength field of (35) is zero.

We look now at the general case. Assume that φ_1, φ_2 ∈ G covering φ̄_1, φ̄_1 ∈ Diff^+(X) P^{φ1}→ P^{φ2}→ P

X^{φ̄1}→ X^{φ̄1}→ X and they decompose as: φ_i = ψ_i ∘ φ̄_{io}, i ∈ {1, 2}. By definition θ_{(A,φi)} = φ̄^∗_i θ_{(A,ψi)}. Let ψ^′_1 = φ̄_{2o} ∘ ψ_1 ∘ φ̄^{−1}_{2o} ∈ G(P ). For any connection A we then have:

θ_{(φ̄}∗_{2oA,ψ1)} = φ̄^∗_2θ_{(A,ψ}′_{1 )}. (36)

Therefore, expression (26) becomes: [ θ_{(A,φ2∘φ1)} ] − [ θ_{(φ}∗_{2 A,φ1)} ] − [ φ̄^∗_1θ_{(A,φ2)} ] = (φ̄_{2o} ∘ φ̄_{1o})^∗ [ θ_{(A,ψ2 ∘ψ}′_{1)} ] − (37) − φ̄^∗_1 [ θ_{(φ}∗_{2 A,ψ1)} ] − φ̄^∗_1φ̄^∗_2 [ θ_{(A,ψ2 )} ] .

Now, from the case of pure gauge transformations we know that, on some common refining sub-covering:

θ_{(A,ψ2∘ψ}′_{1)} − θ_{(ψ}∗_{2 A,ψ}′_{1)} − θ_{(A,ψ2)} (38)

is a coboundary of a differential flat 1-cochain. Putting together relations (37) and (38) we obtain that: [ θ_{(A,φ2∘φ1)} ] − [ θ_{(φ}∗_{2 A,φ1)} ] − φ̄^∗_1 [ θ_{(A,φ2)} ] = φ̄^∗_1φ̄^∗_2 [ θ_{(ψ}∗_{2 A,ψ}′_{1)} ] − − φ̄^∗_1 [ θ_{(φ}∗_{2 A,ψ1)} ] + [ˇ d{flat 1 − cochain} ] . Using equality (36) with connection ψ^∗_2 A we notice that the first term in the right-hand side of above expression vanishes. We can therefore conclude that: [ θ_{(A,φ2∘φ1)} ] − [ θ_{(φ}∗_{2 A,φ1)} ] − φ̄^∗_1 [ θ_{(A,φ2 )} ] = 0.

The above features are the basic facts about Chern-Simons cocycles when G is a simply-connected, simple, Lie group. However, the two compact groups we shall use throughout the paper, (E_8 × E_8) ⋊ Z_2 and Spin(32)/Z_2, do not quite fall in this category. In what follows we adapt the previous discussion to those cases.

G = (E_8 × E_8) ⋊ Z_2. A trivializable G-bundle P → X can be understood as a sum P_1 × P_2 with P_i → X, i ∈ {1, 2} trivializable E_8-bundles. A section s is P can be fixed in the form of a pair (s_1, s_2) with s_i section in P_i. Following the pattern, one can view a G-connection on P as a pair A = (A_1, A_2) with A_i, i = 1, 2 as E_8-connections on P_i’s. We define then the Chern-Simons cocycle as:

CS^G_A = CS^{E8}_{A1} + CS^{E8}_{A2} . (39)

The differential 2-cochains θ_{(A,φ)} can be reconstructed as well. The group of automorphisms φ of P has as index-two subgroup the group of automorphisms φ = (φ_1, φ_2) with φ_i automorphisms of P_i. The Z_2 quotient is generated by the automorphism that exchanges the two E_8 factors. We go ahead and define for φ = (φ_1, φ_2):

θ^G_{(A,φ)} = θ^{E8}_{(A1 ,φ1)} + θ^{E8}_{(A2 ,φ2)}. (40)

A straightforward computation shows that Theorem 9 is still true.

G = Spin(32)/Z_2. Let P → X be a trivializable G = Spin(32)/Z_2-connection. We set a section s. The Lie group projection Spin(32) → Spin(32)/Z_2 induces an isomorphism at Lie algebra level. We define the Chern- Simons cocycle corresponding to a connection A by using the trace pairing of the standard 32-dimensional representation of Spin(32). To view it in a different way, say ~P is the trivial lifting of P to a Spin(32)-bundle ~P^p→ P

X = X (41)

together with a section ~s = p^∗s. There is then a 1-to-1 correspondence (given by pull-back through p) between G-connections on P and Spin(32)-connections on ~P . The Chern-Simons cocycle can then be defined as: CS^G_A = 1 2 · CS^{Spin(32)}

p^∗A . (42)

The θ_{(A,φ)} 2-cochains can be extended similarly. Here we make use of the fact that, as we mentioned before, the symmetry group G in the Spin(32)/Z_2 case consists of only liftable automorphisms. So, any φ ∈ G covering φ̄ ∈ Diff^+(X) can be seen as coming from an automorphism ~φ of ~P . We define then: θ^G_{(A,φ)} = 1 2 · θ_{(p}∗_{A, ~φ)}. (43) It can be seen that, up to a coboundary of a differential flat 1-cochain, the right side of (43) does not depend on the choice of automorphism lifting ~φ. Indeed, say ~φ is a different lifting. Then ~φ = ξ ∘ ~φ where ξ is the gauge transformation in ~P which consist in each fiber of right multiplication with q, the exotic element in Z_2. Let ~φ = ψ ∘ φ̄_o with ψ gauge transformation. Then, for any connection ~A on ~P , θ_{( ~A, ~φ)} = φ̄^∗θ_{(φ̄∗ ~A,ψ)} and θ_{( ~A,~φ)} = φ̄^∗θ_{(φ̄∗ ~A,ξ∘ψ)}.

But, up to a coboundary of a flat 1-chain, θ_{(φ̄∗ ~A,ξ∘ψ)} = θ_{(φ̄∗ ~A,ψ)} + θ_{(ψ∗φ̄∗ ~A,ξ)}. The last term on the right side above vanishes. That happens because, denoting B = ψ^∗φ̄^∗ ~A and applying definition (30) one can write:

θ_{(B,ξ)} = 2π · ⟨ad_t−1 B, t^∗θ_G⟩ + t^∗η (44)

where t : X → Spin(32) is the map associated to the gauge transformation in the given trivialization. In the case of ξ, the map t is constant. Therefore, both terms in the right side of (44) vanish. Going back to the two equations above, that is enough to conclude: θ_{( ~A, ~φ)} = θ_{( ~A,~φ)} up to a coboundary of a flat 1-cochain.

Expression (43) gives then a well-defined formulation for θ^G_{(A,φ)}. Theorem 9 is verified.

We finish this section with a short remark about the gravitational SO(10) Chern-Simons.

G = SO(10). The gravitational Chern-Simons term CS_g appears in the anomaly cancellation condition (45) described in next chapter. It represents the Chern-Simons cocycle associated to the Levi-Civita connection induced by riemannian metric g on T X. That can be seen as a connection on the SO(10)-principal bundle of orthonormal oriented frames associated to T X. So CS_g is basically the Chern-Simons cocycle of a SO(10)-connection. However, the space-time X is endowed from the beginning with a spin structure. The Levi-Civita connection lifts uniquely to a Spin(10) connection on the fixed spin bundle. We define CS_g to be half of the Chern-Simons associated to the Spin(10)-lifted Levi-Civita. The Lie group Spin(10) is simply-connected (and in our particular case of space-time the spin structure is trivializable) so the entire previous discussion applies.

3 The String Data

In this section, we analyze the parameter data for heterotic string theory. In general, a 10-dimensional spin manifold X is chosen as a space-time and a gauge bundle is fixed to be a G-principal bundle P → X. For anomaly cancellation reasons [10], the Lie group G must be one of the two choices (E_8 × E_8) ⋊ Z_2 or Spin(32)/Z_2. The string data specifying a theory consist of a triplet (g, A, B) involving a metric on X, a G-connection on P and a B-field in the form of a differential non-flat 2-cochain on X. Equations of Motion [10] impose the following conditions:

1. The metric g on X is Ricci flat.

2. The G-connection A on P has vanishing curvature. 3. The B-field B has vanishing field strength.

These classical solutions to the Equations of Motion are to be considered up to gauge equivalence. However, before factoring to equivalence classes, there is one more constraint to be taken into account. This is the anomaly cancellation condition interpreted by Freed [5] as:

ďB = CS_A − CS_g . (45)

CS_A and CS_g are the Chern-Simons 3-cocycles corresponding to the connection A, respectively the lifted Levi-Civita connection associated to the metric g on the fixed spin bundle of X. Their construction was explained in section 2.4. The possibility of imposing such a constraint requires an a priori topological condition on space-time X. Namely,

λ(P ) = p_1(T X) in H^4(X, Z). (46)

Here λ ∈ H^4(BG, Z) represents the level of the theory.

In case G = (E_8 × E_8) ⋊ Z_2 one obtains H^4(BG, Z) = H^4(BE_8, Z) × H^4(BE_8, Z). It is a known fact [14] that for a simply-connected, simple Lie group H, H^4(BH, Z) ≃ Z. A generator ξ for H^4(BE_8, Z) is obtained via Chern-Weil theory from the ad-invariant quadratic form:

I_o : e_8 → R, I_o(a) = 1 16π^2c_{E8} ⟨a, a⟩_k where e_8 is the Lie algebra of E_8, ⟨·, ·⟩ represents the Killing form on e_8 and c_{E8} = 30 is the dual Coxeter number. The level of the G = (E_8 × E_8) ⋊ Z_2 theory is then chosen as λ = (ξ, ξ) ∈ H^4(BG, Z).

The case G = Spin(32)/Z_2 can be treated similarly. One obtains H^4(BG, Z) ≃ Zand the level of the theory is chosen to be the generator λ ∈ H^4(BG, Z) representing in Chern-Weil theory the quadratic form: 1 2 I_o : spin(32) → R, 1 2 I_o(a) = 1 2 · 1 16π^2c_{Spin(32)} ⟨a, a⟩_k . The particular case of eight-dimensional heterotic string is simpler from this point of view. One compactifies from ten to eight dimensions. The space time is X = E × R^8, with E a 2-dimensional torus. Condition (46) is satisfied by default since there is no 4-cohomology. In this particular framework, the classical solutions to the Equations of Motion are invariant under orientation preserving isometries of R^8 and we consider only R^8-invariant solutions. Therefore we can equivalently regard the three objects involved as:

1. g, flat metric on E.

2. A, G-connection on a fixed principal bundle P → E. 3. B, flat differential cochain on E with ďB = CS_A − CS_g.

If G = (E_8 × E_8) ⋊ Z_2 all G-bundles over a 2-torus are topologically trivial. However, for G = Spin(32)/Z_2 there exist a non-trivial topological type. The topological type of the bundle is characterized by the generalized Stiefel-Whitney class ~w_2 ∈ H^2(X, Z_2) which measures the obstruction to lifting the structure group of the bundle to Spin(32). Nevertheless, the Spin(32)/Z_2 heterotic string assumes that the gauge bundle allows such a lifting (P carries a vector structure in physics terminology). Therefore we consider from now on that the G-bundle P → E is topologically trivial.

Let us denote:

~M_{het} = {(g, A, [B]) | g flat metric, F_A = 0, H_B = 0, [B] ∈ T_ω where ω = CS_A − CS_g } and P_G = {(g, A) | g flat metric, F_A = 0} .

One cannot consider the equivalence class of a general differential 2-cochain. However, all bundles involved here are trivializable. Therefore, as explained in section 2.4, the two Chern-Simons cocycles CS_A and CS_g are global 3-forms. The B-fields appearing in the definition of ~M_{het} are then included in B^2(X) and their equivalence class is well-defined.

The above ~M_{het} and P_G spaces carry natural smooth structures. There is a projection map:

π : ~M_{het} → P_G, (47)

realizing a smooth fibration. The space of gauge classes of flat 2-cocycles, Ȟ^2(E) ≃ S^1 acts freely and transitively on each fiber. In this sense, (47) becomes a principal circle bundle. This raw picture must be divided out by symmetries. The symmetry group G consists of bundle automorphisms covering any orientation preserving diffeomorphism of the base: P^φ→ P ↓ ↓ E^{φ̄}→ E G^{def}= { φ ∈ Aut_G(P ) | φ̄ ∈ Diff^+(E) } . (48) (Strictly speaking this is the symmetry group for (E_8 × E_8) ⋊ Z_2 case. If G = Spin(32)/Z_2, G is only made out of those automorphisms that can be lifted to Spin(32) automorphisms.) The group G is a non-trivial extension of the diffeomorphism group of E by the group of changes of gauge of the bundle P : {1} → G(P ) → G → Diff^+(E) → {1}. G acts naturally on both, the total and base spaces of (47). The action on P_G is the standard one: P_G × G → P_G, (g, A).φ = (φ̄^∗g, φ^∗A). In order to establish the action on the total space, we use the following facts: CS_{φ̄}∗_g = φ̄^∗CS_g and CS_φ∗_A = φ̄^∗CS_A + ďθ_{(A, φ)}. Here θ_{(A, φ)} is a flat 2-cochain in B^2(X) as described in section 2.4. The action ~M_{het} × G → ~M_{het} can then be described as: (g, A, [B]).φ = (φ̄^∗g, φ^∗A, [φ̄^∗B] + [θ_{(A, φ)}]). It is a well defined action since, as is established in 2.4,

[θ_{(A, φ1∘φ2)}] − [θ_{(φ}∗_{1 A, φ2)}] − [φ̄^∗_2θ_{(A, φ1)}] = 0.

The symmetry group action commutes with the projection π factoring the circle bundle (47). However, as we shall see, there are points in the base for which the stabilizer group does not act trivially on the fiber above. Nevertheless, all stabilizer groups are finite. The circle bundle (47) descends to a circle fibration: ~M_{het} /G → P_G /G. (49) The total space above represents exactly the moduli space of heterotic string parameters M_{het}. Our goal is to describe this space in detail and characterize the circle fibration (49).

4 Anomaly Cancellation: Chern-Simons vs. Pfaffians

The discussion in section 3 was based on a smooth family of metrics and G-connections on a 2-torus. The associated space of B-field equivalence classes forms the total space of a principal circle bundle over the parameter space. Moreover, this bundle carries a natural connection. Now, let ρ be a complex unitary representation of the Lie group G. Using ρ one can construct for each pair (A, g) a complex elliptic operator, the coupled Dirac operator. A determinant line bundle can be associated to this family of operators. It carries canonical Quillen connection and metric. Under certain conditions, a tensor combination of such determinant bundles recovers completely the B-field circle bundle with its connection. The determinant tensor combination forms the so-called fermionic anomaly of the family. The identification existing between the two bundles is known as the Green-Schwartz anomaly cancellation. This section provides the details of the construction.

4.1 The Chern-Simons Bundle

To begin with, we establish the following general setting. Let p : Z → Y be a smooth fibration of manifolds with all fibers isomorphic to a 2-torus E. We assume the following geometrical data:

• A spin structure and a metric g^{(Z/Y )} on the tangent bundle along the fibers T (Z/Y ) → Z. • A projection T Z → T (Z/Y ).

• A (trivializable) SO(n)-bundle U → Z endowed with a connection A^{grav}. • A (trivializable) G-principal bundle Q → Z endowed with a connection A^{gauge}. • A complex unitary representation ρ : G → U (r) carrying a real structure (meaning that representation ρ can be obtain by complexification from a real representation).

The tangent bundle over the fibers of p can be endowed with a canonical connection. Indeed, let g^Y be an arbitrary riemannian metric on Y . Since T Z = p^∗T Y ⊕ T (Z/Y ), the pull-back p^∗g^Y together with g^{(Z/Y )} generates a riemannian metric on Z. Let ∇^Z be its Levi-Civita connection. Projecting ∇^Z on the tangent bundle along fibers we obtain a connection ∇^{(Z/Y )}. It is independent of the choice of metric g^Y on Y [2].

The Chern-Simons cocycle associated to the family:

CS = CS_Agauge − CS_Agrav . (50)

is a non-flat 3-cocycle^2 in N Ž^3(Z). It can be seen as a connection on a 2-gerbe over Z. Fixing an y ∈ Y we obtain a 2-torus E_y = p^{−1}(y) together with a G-connection A^{gauge}_y = A^{gauge}|_{Ey} and a metric g_y on T E_y. The restriction A^{grav}_y = A^{grav}|_{Ey} recovers the Levi-Civita connection associated to g_y. Therefore

CS|_{Ey} = CS_A^{gauge}_y − CS_A^{grav}_y ∈ N Ž^3(E_y).

2 Due to the fact that the two bundles involved are trivializable, the Chern-Simons cocycle CS actually represents, as explained in section 2.4, a global 3-form.

The Chern-Simons 3-cocycle (50) can be pushed-forward (see section 7) to Y , defining a 1-cocycle: ω = ∫ Z/Y CS ∈ N Ž^1(Y ) (51)

which can be geometrically interpreted as a circle connection on a certain principal circle bundle

R_Y → Y. (52)

We call this the Chern-Simons bundle associated to the family.

Now, we incorporate the B-fields. Let: ~M_Y = { (y, [B]) | [B] ∈ T_ω, where ω = CS_A^{gauge}_y − CS_A^{grav}_y } . (53)

~M_Y can be endowed with a canonical topology and smooth structure. The projection π : ~M_Y → Y makes then a circle bundle under the action on the total space of Ȟ^2(E) ≃ S^1.

Theorem 10. There exist a canonical circle bundle isomorphism Φ_Y : ~M_Y^{ΦY}→ R_Y

Y = Y identifying the B-field parameter space ~M_Y to the total space of the circle bundle (52).

Proof. The correspondence Φ_Y goes as follows. Let (y, [B]) be an element in ~M_Y . B is a non-flat 2-cochain on E_y satisfying:

ďB = CS_{Agaugey} − CS_{Agravy} . (54)

We take:

Φ_Y ([B]) = [∫ E_y B ] (55)

The integral inside (55) is explained in section 7. Although the construction of the integral itself on 2-cochains in not canonical, its (gauge) equivalence class is well-defined. Φ_Y ([B]) is simply an equivalence class of a 0-cochain over the point y ∈ Y . (Roughly speaking such a 0-cochain over a point is just a real number, two 0-cochains being equivalent if the difference of the two numbers is in 2πZ.) But CS_A^{gauge}_y − CS_A^{grav}_y = CS|_{Ey} and equation (54) shows B can be interpreted as a section in the 2-gerbe underlying CS_A^{gauge}_y − CS_A^{grav}_y . The integration mechanism commutes with differentiation (see section 7). Hence, formally: ď (∫ E_y B ) = ∫ E_y ( CS_A^{gauge}_y − CS_A^{grav}_y ) . In this light, Φ_Y ([B]) can be regarded as a geometrical section in the circle bundle underlying the 1-cocycle ∫ E_y ( CS_A^{gauge}_y − CS_A^{grav}_y ) = (∫ Z/Y CS ) | | |_y = ω|y (56)

Yet, this circle bundle is just the circle R_y over y. Therefore a section represents just a a point in R_y. Hence, Φ_Y ([B]) can be seen as being an element inside the total space of the Chern-Simons bundle (52).

The map Φ_Y is well-defined since two gauge-equivalent B-fields integrate to gauge-equivalent 0-cochains generating the same section-point in R_Y . One checks immediately that it realizes an equivariant isomorphism.

Remark 11. As seen above, the total space of the Chern-Simons bundle (52) describes the space of equivalence classes of B-fields associated to a family of metrics and connections Y . The connection ω naturally induced on this circle bundle has curvature:

Ω_ω = ∫ Z/Y (H_Agauge − H_Agauge ) where H_Agauge and H_Agrav are the strength fields of the Chern-Simons cocycles CS_Agauge and CS_Agrav . The holonomy along a smooth loop γ : S^1 → Y can be obtained as:

hol_ω(γ) = cs(W, A_{gauge}) · cs(W, A_{grav})^{−1},

the two factors on the right side representing Chern-Simons invariants along the closed 3-manifold W swept by γ inside Z.

4.2 Chern-Simons vs. Pfaffians.

Next, we establish a relation between the above Chern-Simons circle bundle and determinant bundles for analytic Dirac operators. We follow arguments described in [7]. There are fixed metrics and spin structures on each 2-torus E_y in the family. Therefore, one can define Dirac operators:

D^+_y : S^+_y → S^−_y . (57)

There is a holomorphic interpretation for these operators. A metric on a surface induces a complex structure through its conformal class. The spin structure is then a holomorphic root K^{1/2} for the canonical line K. Dirac operators become just ∂-operators:

∂_K1/2 : E^0(K^{1/2}) → E^{0,1}(K^{1/2}). (58)

They build a determinant line bundle Det(D^+_y ) → Y which comes endowed with a Quillen metric and connection [16]. Moreover, the natural pairing:

E^0(K^{1/2}) ⊗ E^{0,1}(K^{1/2}) → C , a ⊗ b ⇝ ∫ E a ⊗ b (59)

gives an isomorphism: E^{0,1}(K^{1/2}) ≃ E^0(K^{1/2})^∗.

The Dirac operators (58) can then be regarded as skew-adjoint operators:

∂_K1/2 : E^0(K^{1/2}) → E^0(K^{1/2})^∗. (60)

In these conditions the corresponding determinant line bundle admits a square root. This square root is the pfaffian complex line bundle (see [7] for details):

Pfaff(D^+_y ) → Y. (61)

It comes equipped with a metric and connection which are half the ones on the determinant line.

The framework can be further developed. One couples the Dirac operators (57) to the following families of connections:

• connection ∇^{grav}_y induced by A^{grav}_y in the rank n complex bundle associated to U_y through the (complexified) standard representation of SO(n).

• connection ∇^{gauge}_y induced by A^{gauge}_y in the rank r complex hermitian bundle associated to Q_y through the representation ρ.

• connection ∇^{Z/Y}_y on T E_y ⊗_ZC .

We obtain three families of elliptic operators: D^{grav}_y , D^{gauge}_y and D^{(Z/Y )}_y . Each family builds a pfaffian line bundle. The pfaffians can be constructed since all three complex bundles supporting the coupling connections have natural real structures.

We consider the following fermionic combination depending on two integers α and β.:

L_{ferm} = Pfaff(D^{gauge}_y ) ⊗ (Pfaff(D_y) )^{⊗β} ⊗ ( Pfaff(D^{(Z/Y )}_y ) )_{⊗α} ⊗ ( Pfaff(D^{grav}_y ) )_{⊗(−α)} . (62)

The tensor product (62) produces a complex line bundle L_{ferm} → Y and is endowed with a canonical Quillen metric g_q and compatible unitary connection∇_q [7] [2]. Moreover, in the case of a holomorphic family Y , (62) inherits a holomorphic structure compatible with the connection. Restricting (62) to unit circles in each fiber we obtain a circle bundle ~L_{ferm} → Y , the phase pfaffian. The Quillen connection descends to ~L_{ferm}.

Under certain conditions the phase pfaffian can be identified (up to an overall phase) to the Chern- Simons circle bundle (52). Explicitly, let us assume that G is a simply-connected, compact Lie group and λ ∈ H^4(BG, Z) is the integral class giving the level of the Chern-Simons cocycle. The strength field of the Chern-Simons cocycle is then a de Rham representative for the image of λ in real cohomology. The unitary representation ρ : G → U (r) induces a cohomology map at the level of classifying spaces: Bρ^4 : H^4(BU (r), Z) → H^4(BG, Z).

Theorem 12. If Bρ^4(c_2) = 2α · λ and α(n + 22) = r + β then the Quillen connection ∇_q on the phase pfaffian ~L_{ferm} and the α-multiple of the Chern-Simons connection ω existing on the α-th tensor power of (52) have the same curvature and holonomy.

Proof. To begin with, we compute the curvature of the fermionic anomaly (62). The basic ingredient here is Bismut-Freed formula [7] which computes the curvature of the Quillen connection on a general pfaffian line bundle. In our particular case we obtain:

Ω^{Lferm} = π (∫ Z/Y Â(Ω^{(Z/Y )}) ( ch(Ω^{gauge}) + β + α ch(Ω^{(Z/Y )}) − α ch(Ω^{grav}) ) ) (2) . (63)

Let:

p = p_1 ( ∇^{(Z/Y )} )

be the Chern-Weil representative for the first Pontriagin class written in terms of connection ∇^{(Z/Y )} on the vertical tangent space T (Z/Y ) → Y . Then:

Â(Ω^{(Z/Y )}) = 1 − p 24 + · · · ch(Ω^{gauge}) = r + ch_1(Ω^{gauge}) + ch_2(Ω^{gauge}) + · · · ch(Ω^{grav}) = n + ch_1(Ω^{grav}) + ch_2(Ω^{grav}) + · · · ch(Ω^{(Z/Y )}) = 2 + p + · · · Rewriting the relevant terms inside the integral (63), one obtains:

Ω^{Lferm} = π ∫ Z/Y ( α(22 + n) − β − r 24 p + ch_2(Ω^{gauge}) − α ch_2(Ω^{grav}) ) . Assuming r + β = α(22 + n), the above expression becomes:

Ω^{Lferm} = π ∫ Z/Y (ch_2(Ω^{gauge}) − α ch_2(Ω^{grav})) . (64)

The strength field of the gauge Chern-Simons is:

H_{CSAgauge} = 2π · 1 2α · ch_2(Ω^{grav})

whereas for the gravitational Chern-Simons:

H_{CSAgrav} = 2π · 1 2 · ch_2(Ω^{grav}).

Combining this with (64) we obtain

Ω^{Lferm} = α ∫ Z/Y (H_{CSAgauge} − H_{CSAgrav} ) .

The equality of holonomies is more delicate. It relies on a key relation between ξ-invariants and Chern- Simons invariants [1]. The facts we need here are best summarized in the following lemma ([6], Proposition 3.20):

Lemma 13. Let M be a spin three-manifold, g a riemannian metric on M and E → M a complex hermitian vector bundle with compatible connection A. We denote by D^+_{(g,A)} the standard Dirac operator coupled to connection A. Its ξ-invariant is defined as: ξ(A) = η(A) + h(A) 2 where η(A) is the spectral eta-invariant [3] of D^+_{(g,A)} and h(A) is the dimension of the kernel of this operator.

Assume that for a certain positive integer N , the formal combination: [ N · Â(Ω^g ) ch(Ω^A) ] (4) represents the Chern-Weil representative of an integral characteristic class c ∈ H^4(BU, Z). We denote by cs(A) ∈ U (1) the level c Chern-Simons invariant associated to the connection A. Then, the unitary complex number:

e^{2Nπi·ξ(A)} · cs(A)^{−1} (65)

is a spin bordism invariant depending only on the class of E → M in Ω^{spin}_3 (BU ). In particular, if E extends over a spin 4-manifold bounding M , then (65) vanishes.

We use this technical lemma for our purposes. Let γ : S^1 → Y be a smooth loop. We denote by W the spin 3-manifold swept by γ inside Z. We pick a metric on S^1. It induces a metric on g_o on W . For each ϵ we construct the Dirac operator associated to the scaled metric g_o/ϵ^2. Coupling this Dirac operator with the restrictions of each of the three connections existing on Z, A^{gauge}, A^{grav} and ∇^{(Z/Y )} we obtain three elliptic operators. The three ξ-invariants associated to them are obtain on the following pattern [3]:

ξ_ϵ = η_ϵ + h_ϵ 2 where η_ϵ represents the eta-invariant associated to the corresponding Dirac operator and h_ϵ is the dimension of the kernel. In fact, as shown in [6], in dimension 3 the ξ-invariant is independent of the metric and therefore the index ϵ can be ignored. The fermionic holonomy along γ can be obtained through Witten’s adiabatic limit formula [3] which for this particular case stands as:

hol_{Lferm} (γ) = e^{−πiξ} where ξ = ξ^{gauge} + α ξ^{(Z/Y )} − α ξ^{grav}. (66)

Now, the curvature considerations explained earlier together with Lemma 13 led us to conclude that:

e^{−πiξ} · cs(W, A_{gauge})^{−α} · cs(W, A_{grav})^α (67)

is a spin bordism invariant. Since any given closed spin 3-manifold can be realized as the boundary of a spin 4-manifold and all connections considered here extend, (67) must vanish.

The theorem 12 allows one to identify (up to an overall phase) the two circle bundles: R^{⊗α}_Y ≃ ~L_{ferm} Y = Y. (68)

Next, we are going to apply this pattern in two particular cases relevant to our discussion.

4.3 The adjoint pfaffian.

Let us return to heterotic variables on a 2-torus. For simplicity we analyze the case G = (E_8 × E_8) ⋊ Z_2. Let us consider Y = P_G be the family of pairs of flat metrics on E and flat G-connections on the trivial Gbundle P → E. The group of symmetries G consists of bundle automorphisms covering orientation preserving diffeomorphisms on the base space X. As explained earlier the moduli space of string variables M_{het} makes the total space of a fibration:

~M_{het} /G → P_G /G (69) which is obtained by factoring out the action of the symmetry group G from a circle line bundle:

π : ~M_{het} → P_G. (70)

Moreover, the action of G on the base space has finite stabilizer groups. (69) makes a circle fibration.

We apply the earlier discussion to a particular framework involving a family Y given by the following geometrical data:

• Y = P_G , Z = E × P_G, fibration p : Z → Y is just projection on the first factor. • the tangent bundle along the fibers, T (Z/Y ) is just T E × P_G → E × P_G. It is endowed with a metric g^{(Z/Y )} and a connection ∇^{(Z/Y )}.

• U → E × P_G is the rank 10 real vector bundle obtained by direct summing T (Z/Y ) with the rank 8 trivial vector bundle over E × P_G. It is endowed with metric g^{grav} = g^{(Z/Y )} ⊕ g_{prod} and connection A^{grav} = ∇^{(Z/Y )} ⊕ ∇_{prod} ( g_{prod} and ∇_{prod} are the product metric and connection on the rank 8 trivial real bundle over E × P_G).

• Q = P × P_G. We endow it with a gauge connection A^{gauge} such that A^{gauge}|_{P ×(A, g)} = A. • ρ is the adjoint representation of G. It has rank 496.

By theorem 10, the line bundle (70) can be canonically identified to the Chern-Simons circle bundle associated to the family Y = P_G: ~M_{het}^≃→ R_{PG}

P_G = P_G.

(71)

The right hand side bundle comes equipped with a Chern-Simons circle connection. We consider the fermionic pfaffian phase combination ~L_{ad} associated to this particular geometric data with α = c_{E8} = 30 and β = 464. Interpreting theorem 12 accordingly we obtain:

Corollary 14. There exist a circle bundle isomorphism (unique up to multiplication by a unitary complex number) between the order c_{E8} tensor power of circle bundle (70) and the adjoint phase pfaffian ~L_{ad},

~M^{⊗cE}8_{het} ≃ ~L_{ad}

P_G = P_G.

(72)

identifying the Chern-Simons connection to a c_G order fraction of the Quillen connection.

Proof. For a simply-connected, simple, compact Lie group G, H^4(BG, Z) ≃ Z. An explicit generator θ corresponds to the integral ad-invariant quadratic form: q : g → R, q(a) = 1 16π^2c < a, a >_k where the above right-hand side pairing < ·, · >_k represents the Killing form. The number c is always integer or half-integer. For G = SU (n), c = 1/2. For G = E_8, c equals the dual Coxeter number c_{E8} = 30.

Here we analyze the case G = (E_8 × E_8) ⋊ Z_2. The Chern-Simons level λ ∈ H^4(BG, Z) ≃ Z⊕ Z corresponds to (θ, θ) where θ is the generator in H^4(BE_8, Z). The adjoint representation ad : E_8 → SU (248) induces a cohomology map:

Bad^4 : H^4(BSU (248), Z) → H^4(BE_8, Z), with Bad^4(c_2) = 2c_{E8} · θ = 60 · θ.

The adjoint representation of G is then just ρ = (ad, ad) : E_8 × E_8 → SU (248) × SU (248) → SU (496) and induces:

Bρ^4 : H^4(BSU (496), Z) → H^4(BSU (248), Z) × H^4(BSU (248), Z)^{Bad4 ×Bad4}→ H^4(BG, Z)

with Bρ^4(c_2) = (2c_{E8} · θ, 2c_{E8} · θ) = 2c_{E8} · λ. Taking then α = c_{E8} = 30 and β = 464, both conditions in Theorem 12 are satisfied.

In the light of above statement, the heterotic fibration ~M_{het} → P_G can be regarded naturally as a root of order c_{E8} for the adjoint pfaffian phase ~L_{ad}. The latter can be further simplified. One can write:

D^{grav}_{(A, g)} = D^{(Z/Y )}_{(A, g)} ⊕ D_g(C^8 ).

The second operator on the right hand side represents just the Dirac operator on E associated to the metric g coupled with the product connection on the trivial rank 8 vector bundle over E. This does not depend on connection A and is just eight times the standard Dirac operator D_g associated to metric g. Therefore:

det(D^{grav}_{(A, g)}) = det(D^{(Z/Y )}_{(A, g)} ) ⊗ det(D_g)^8.

Rewriting the fermionic pfaffian combination (62), one obtains:

L_{ad} = Pfaff(D^{gauge}_{(A, g)}) ⊗ Pfaff(D_g )^{⊗(β−8α)} = Pfaff(D^{gauge}_{(A, g)}) ⊗ Pfaff(D_g )^{⊗224} (73)

The ~L_{ad} represents just the phase of (73).

The action of symmetry group G on P_G preserves the geometric data. Therefore, the group G acts [7] [6] on each of the pfaffians involved in (73) preserving the Quillen metrics and connections. Hence, there is an action of G on the phase pfaffian ~L_{ad}. It makes (72) an equivariant isomorphism. The identification can be pushed down to quotients. One obtains an isomorphism of fibrations: ~M^{⊗cE8}_{het} /G^≃→ ~L_{ad} /G

P_G /G = P_G /G. (74)

This correspondence provides a first link relating the heterotic parameters to fermionic pfaffian phases. However, it does not offer quite enough input about the string parameter moduli space since one obtains information about, roughly speaking, the order c_{E8} tensor power of the moduli space and not the moduli space itself. One way to use the same construction and decrease the order of the power would be to choose a lower rank representation. E_8 does not have irreducible representations in rank lower than 248. However, reducing the group structure one can get lower rank representations.

4.4 The spin pfaffian

Let H = Spin(16) × Spin(16). There is a copy of Spin(16)/Z_2 sitting as a subgroup inside E_8. Taking its double cover one obtains a Lie group morphism j : Spin(16) → E_8. It is known (see [14]) that the induced cohomology map:

Bj^4 : H^4(BE_8, Z) → H^4(BSpin(16), Z) (75)

is an isomorphism.

We denote by P_H the family of pairs (A, g) of flat connections on the trivial H-bundle over E and flat metrics on E. There is a projection map:

σ : P_H → P_G (76)

assigning to each H-connection its associated G-connection through:

j × j : Spin(16) × Spin(16) → (E_8 × E_8) ⋊ Z_2

We use the earlier geometric data on P_H taking as representation ρ the standard 32-dimensional representation available for H. This will provide a pfaffian since it is actually a real representation. The space of gauge classes of B-fields associated to the P_H family makes the top space of the Chern-Simons circle bundle

R_H → P_H . (77)

Moreover, due to (75) the circle bundle (77) is exactly the pull-back of the Chern-Simons bundle from P_G through projection σ:

R_H ≃ σ^∗R_G → R_G ≃ ~M_{het}

P_H = P_H^σ→ P_G = P_G.

(78)

The Chern-Simons connection on R_H gets identified with the pull-back through σ of the Chern-Simons connection on R_G.

Next, we build the fermionic combination of pfaffians corresponding to the 32-dimensional representation ρ and α = 1, β = 0:

L_ρ = Pfaff(D^{gauge}_{(A, g)}) ⊗ Pfaff(D^{(Z/Y )}_g ) ⊗ Pfaff(D^{grav}_g )^{⊗−1}.

It can be simplified to:

L_ρ = Pfaff(D^{gauge}_{(A, g)}) ⊗ Pfaff(D_g)^{⊗−8} (79)

Employing Theorem 12, one obtains:

Corollary 15. There is a circle bundle isomorphism (unique up to multiplication by a unitary complex number) between the phase pfaffian combination (79) and the pull-back to P_H of the raw (E_8 × E_8) ⋊ Z_2 heterotic bundle (47): ~L_ρ ≃ σ∗ ~M_{het} → ~M_{het}

P_H = P_H^σ→ P_G

(80)

transporting the Chern-Simons connection on ~M_{het} back to the Quillen connection existing on the pfaffian phase bundle.

Proof. We verify the conditions in Theorem 12. Let ξ be the generator in H^4(BSpin(16), Z) ≃ Z. If θ is the generator in H^4(BE_8, Z) then, as mentioned before, under the map j : Spin(16) → E_8, we get an isomorphism:

Bj^4H^4(BE_8, Z) → H^4(BSpin(16), Z)

with Bj^4(θ) = ξ. The Chern-Simons cocycle of level λ = (θ, θ) ∈ H^4(BG, Z) pulls then back to the Chern-Simons theory corresponding to level ~λ = (ξ, ξ) ∈ H^4(BH, Z).

We just have to check then the conditions needed in Theorem 12. Let s : Spin(16) → SU(16) be the complexification of the standard 16-dimensional real representation of Spin(16). It induces a cohomology map:

Bs^4 : H^4(BSU (16), Z) → H^4(BSpin(16), Z)

with Bs^4(c_2) = 2 · ξ. The 32-dimensional representation ρ = (s, s) : H → SU (16) × SU (16) → SU (32) induces then:

Bρ^4 : H^4(BSU (32), Z) → H^4(BSU (16), Z) × H^4(BSU (16), Z)^{Bs4×Bs4}→ H^4(BH, Z)

with Bρ^4(c_2) = (2 · ξ, 2 · ξ) = 2~λ.

The symmetry group G_H acts on P_H . It preserves the geometric data necessary for building the pfaffians, and determines [7] [6] an unitary action on

Pfaff(D^{gauge}_{(A, g)}) ⊗ Pfaff(D_g)^{⊗−8}.

Moreover, any H-gauge transformation induces a G-gauge transformation and therefore we have a group morphism: i : G_H → G. The two actions commute, making the isomorphisms in diagram (80) equivariant. There exist then a circle fibration identification at quotient level: ~L_ρ /G_H ≃ ρ∗ ( ~M_{het} /G ) → ~M_{het} /G

P_H /G_H = P_H /G_H^σ→ P_G /G (81)

Therefore, the heterotic fibration pulls-back to recover the spin pfaffian. Summarizing the information obtained throughout this section we can say:

Proposition 16.

1. The moduli space of G = E_8 × E_8 heterotic parameters, M_{het} makes the total space of a circle fibration

M_{het} → P_G /G. (82)

This is obtained by factoring out the action of the symmetry group G from circle bundle ~M_{het} → P_G. 2. As an equivariant model, (82) represents a root of order c_{E8} = 30 for the adjoint pfaffian phase fibration: ~L_{ad} /G → P_G /G. 3. The pull-back of (82) through the σ projection of (76) recovers the pfaffian phase corresponding to the 32-dimensional representation of Spin(16) × Spin(16).

We finish this section with a short note about the G = Spin(32)/Z_2 case. This can be handled similarly to the E_8 × E_8 case. However, there are a couple differences we enumerate here. First of all, as mentioned before, the bundle P is chosen such that it carries a vector structure. Since we are working over the 2-torus, P must be topologically trivializable. We choose the trivial Spin(32) bundle ~P as a lift for P .

The Lie group projection Spin(32) → Spin(32)/Z_2 induces an isomorphism at Lie algebra level. Chern- Simons cocycles for Spin(32)/Z_2-connections on P are then defined (see section 2.4) using the Killing form of spin(32). The symmetry group G is made out of liftable symmetries, namely those automorphisms of P which can be lifted to automorphisms on ~P .

Based on this framework the entire E_8 × E_8 discussion in this section can be adapted to work for G = Spin(32)/Z_2. The spin pfaffian arrives via the standard 32-dimensional spin representation ρ of H = Spin(32). The analog of Proposition 16 can be formulated:

Proposition 17.

1. The moduli space of G = Spin(32)/Z_2 heterotic parameters, M_{het} makes the total space of a circle fibration M_{het} → P_G /G. (83)

This can be regarded as an equivariant model. (83) is obtained by factoring out the action of the symmetry group G from a circle bundle ~M_{het} → P_G.

2. As an equivariant model, (83) represents a root of order 30 for the adjoint pfaffian phase fibration: ~L_{ad} /G → P_G /G. 3. The pull-back of (83) through P_H → P_G recovers the pfaffian phase corresponding to the 32-dimensional representation of Spin(32). Moreover, the pull-back commutes with the actions of the symmetry group G, creating an identification of equivariant models.

One can interpret this description of Spin(32)/Z_2 heterotic parameters along the lines set by Witten [19] in his analysis of world-sheet anomaly cancellation. Our definition of B-fields as differential 2-cochains recovers the properties Witten enlists in his discussion on the nature of these fields. The Spin(32)/Z_2 analog of pfaffian combination (79) represents the supergravity fermionic anomaly circle bundle and its cancellation mechanism can be seen through ideas similar to world-sheet anomaly cancellation.

Evaluating the supergravity path integral for a fixed Riemann surface (namely the choice E ⊂ E × R^8) one obtains a product combination:

L^{−1}_ρ (A, g) exp ( i ∫ E B ) . (84)

Here, L^{−1}_ρ (A, g) represents the inverse of the pfaffian combination (79) while the second factor is the “holonomy” of the B-field B along the 2-torus E. Both factors represent sections of non-trivial line bundles. The first one makes a section in the inverse of the line bundle L_ρ. The second quantity, as discussed in section 1, takes values in the total space of a circle bundle, the Chern-Simons bundle R. Both bundles carry unitary connections. In order for the path integral combination (84) to be a complex number, not just a point in the total space of a tensor bundle, one needs to covariantly trivialize the tensor combination L^{−1}_ρ ⊗ R. A trivialization can be achieved only if the two phase bundles can be made to cancel each other. In other words, if a smooth isomorphism ~L_ρ ≃ R identifying the two circle holonomies does exist. The third statement in Proposition 17 provides exactly such an isomorphism.

5 Moduli of Heterotic Data and the Character Fibration

Let G be one of the two Lie group choices E_8 × E_8 or Spin(32)/Z_2. We analyze the family P_G up to gauge equivalence. The family is made out of pairs consisting of flat G-connections A and flat metrics g over the 2-torus E. By convention, if G = Spin(32)/Z_2 we consider only those connections that can be lifted to Spin(32). The gauge group G is represented by automorphisms φ of the bundle covering orientation preserving diffeomorphisms φ̄ on E (as mentioned earlier if G = Spin(32)/Z_2 one considers only liftable automorphisms). G enters a short exact sequence: {1} → G(P ) → G → Diff^+(E) → {1} and acts on P_G as φ · (A, g) = (φ^∗A, φ̄^∗g).

The space of flat metrics splits as:

Met_o(E) = Conf(E) × R^∗_+

any given metric producing a conformal class and a volume. It is known that, on a 2-torus, a conformal class produces a complex structure. The group of orientation preserving diffeomorphisms Diff^+(E) acts on Met_o(E) leaving the volume component invariant. Therefore:

Met_o(E)/Diff^+(E) = ( Conf(E)/Diff^+(E) ) × R^∗_+. Two conformal classes determine isomorphic complex structures on E if and only if they can be transformed one into the other through an orientation-preserving diffeomorphism. The orbit space:

M_E = Conf(E)/Diff^+(E)

represents then the family of isomorphism classes of elliptic curves. For practical reasons we shall identify a complex structure on a 2-torus by a complex number τ inside the upper half-plane H. The corresponding elliptic curve is obtained by factoring the lattice Z⊕ τ Zout of the complex plane C . Two points in the upper half-plane τ_1 and τ_2 determine isomorphic complex structures if and only if:

τ_2 = aτ_1 + b cτ_1 + d with ( a b c d ) ∈ SL(2, Z). One can therefore describe the moduli space of isomorphic classes of elliptic curves as a complex orbifold:

M_E = PSL(2, Z)\H. (85)

Turning to connections, the family of gauge equivalence classes of G-connections over a 2-torus is identified to Hom(π_1(E), G)/G, the group G acting on the space of homomorphisms by conjugation. A gauge class can therefore be seen as a pair of commuting elements in G, up to simultaneous conjugation. For simply connected groups this picture can be refined (see for example [9]). Any two commuting elements in G can be simultaneously conjugated inside a maximal torus. This also holds for liftable G-connections if G is connected but not necessarily simply-connected. We make a choice of maximal torus T → G. Let W = W (T, G) be the associated Weyl group and t_R⊂ g be the Cartan sub-algebra. There is then a 1-to-1 correspondence:

Hom(π_1(E), G) /G ≃ Hom(π_1(E), T ) /W. (86)

We consider the coroot lattice Λ_G ⊂ t_R. The Weyl group acts on Λ_G preserving the set of coroots. There is an identification T ≃ U (1) ⊗_ZΛ_G commuting with the Weyl action. Under this identification:

Hom(π_1(E), T ) ≃ Hom(π_1(E), U (1) ⊗_ZΛ_G) ≃ Hom(π_1(E), U (1)) ⊗_ZΛ_G. (87)

The set Hom(π_1(E), U (1)) represents the family of gauge equivalence classes of flat hermitian line bundles. In the presence of a complex structure E_τ this can be regarded as Pic^o(E_τ ). Hence, using (86) and (87), on a complex torus E_τ the space of gauge classes of G-connections can be identified to the complex orbifold:

(Pic^o(E) ⊗_ZΛ_G) /W. (88)

For G = E_8 × E_8, this is a product of two identical 8-dimensional complex weighted projective spaces [13]. If G = Spin(32)/Z_2 then (88) makes a quotient of a 16-dimensional complex weighted projective space by Z_2 × Z_2. Bringing things together one concludes:

Theorem 18. ([9] [13]) The moduli space M_{E, G} of equivalence classes of flat G-connections over elliptic curves can be given the structure of a 17-dimensional complex variety. It fibers over the moduli space of elliptic curves:

M_{E, G} → M_E (89)

all fibers being 16-dimensional compact complex orbifolds. Moreover, there is a diffeomorphism of stratified spaces: P_G/G ≃ M_{E, G} × R^∗_+, (90) the second factor on the right-hand side representing the volume of the flat metric on E.

Let us recapitulate now the facts of previous sections. Following section 3, in both relevant cases G = (E_8 × E_8) ⋊ Z_2 and G = Spin(32)/Z_2, the moduli space of heterotic string data M^G_{het} is obtained by factoring out the action of the symmetry group G in the principal circle bundle of (47):

~M^G_{het} → P_G. (91)

As discussed in section 4, this bundle is endowed with a Chern-Simons S^1-connection. Furthermore, the quotient space P_G/G splits as in (90). Since the gravitational Chern-Simons invariant does not vary under flat conformal transformations, the bundle (91) can be trivialized along the volume direction and therefore the space M^G_{het} can be seen as the total space of a C^∞ fibration with fibers isomorphic to R^∗_+ × S^1 = C^∗ :

M^G_{het} → M_{E,G}. (92)

One can see at this point that M^G_{het} inherits a natural structure of analytic space. Indeed, looking at the C^∗ -fibration that covers (92), one sees that this fibration is associated to a C^∞ fibration with complex lines over a smooth complex manifold which is endowed with a connection and compatible hermitian metric. These features induce a natural complex structure on the total space of the line bundle which descends to an analytic structure on M^G_{het}. Moreover, in this setting, fibration (92) becomes a holomorphic (Seifert) C^∗ -fibration. The analysis of this holomorphic structure of (92) is the central goal of this paper.

In future considerations we shall use an abstract, coordinate oriented, working model for M_{E, G}. Namely, let:

V_G^{def}= H × (C ⊗_ZΛ_G) .

Every pair (τ, z) ∈ V_G can be seen to determine an elliptic curve E_τ together with a flat G-connection connection on E_τ . Indeed, one can take: E_τ = C /Z⊕ τ Z and then the factor z can be seen to determine an element in:

(Pic^o(E_τ ) ⊗_ZΛ_G) /W ≃ (E_τ ⊗_ZΛ_G) /W (93)

which according to the previous arguments define a corresponding G-flat connection on E_τ . Let pr_1 : V_G → H be the projection on the first factor. For each τ ∈ H take:

L_τ : = {τ } × ((Z⊕ τ Z) ⊗ Λ_G) ⊂ pr^{−1}_1 (τ ).

Then L_τ represents a family of 32-dimensional lattices sitting fiber-wise inside the fibration pr_1.

Definition 19. Let Π_G be the group of holomorphic automorphisms of the fibration pr_1 which preserve the lattice family L and cover PSL(2, Z) transformations on H.

It turns out that two elements (τ, z) and (τ^′, z^′) of H × Λ_C determine isomorphic pairs of elliptic curves and flat G-connections if and only if they can be transformed one into another through an isomorphism in Π_G. In this sense, the analytic space:

Π_G \ (H × Λ_C) (94)

can be seen as the moduli space of pairs of elliptic curves and flat G-bundles^3 M_{E,G}. Also, there is a canonical projection p : Π_G → PSL(2, Z) which commutes with pr_1 inducing a fibration: Π_G\V_G → PSL(2, Z)\H. This is the model for projection (89) in theorem 18.

Let us single out the following three particular subgroups of Π_G:

3 Again, in the case G = Spin(32)/Z_2, one considers only Spin(32)-liftable connections

• S_G = { ψ ∈ Π_G | | | ψ(τ, z) = (_{aτ+b} cτ+d , z cτ+d ) where ( a b c d ) ∈ SL(2, Z) }

• T_G = { ψ ∈ Π_G | | | ψ(τ, z) = (τ, z + q1 + τ q2) where (q1, q2) ∈ ΛG ⊕ ΛG }

• W_G = { ψ = id ⊕ f ∈ Π_G | | | f ∈ O(Λ) } . The three subgroups S_G, T_G and W_G generate the entire Π_G. In addition, note that S_G ∩ W_G = {±id} and that Ker(p) is generated by W_G and T_G. One concludes from these facts that Π_G is a semi-direct product:

Π_G = T_G ⋊ ( W_G ×_{{±id}} S_G ) . (95)

The model (94) allows us now to describe easily holomorphic line bundles over the moduli space of of elliptic curves and flat G-bundles, M_{E, G}. Such bundles over a complex orbifold are best described in terms of equivariant line bundles over the cover. These equivariant bundles are line bundles L → V_G where the action of the group Π_G on the base is given a lift to the fibers. All holomorphic line bundles over V_G are trivial and a lift of the action to fibers can be obtained through a set of automorphy factors (φ_a)_{a∈ΠG} with φ_a ∈ H^0(V_G, O^∗_{VG} ) satisfying: φ_{ab}(x) = φ_a(b · x)φ_b(x). Such a set makes a 1-cocycle φ in Z^1(Π_G, H^0(V_G, O^∗_{VG} )). Two automorphy factors provide isomorphic line bundles on M_{E, G} if and only if they determine the same cohomology class in H^1(Π_G, H^0(V_G, O^∗_{VG} )). To state this rigorously, there is a canonical map ϕ entering the following exact sequence:

{1} → H^1(Π_G, H^0(V_G, O^∗_{VG} ))^ϕ→ H^1(M_{E, G}, O^∗_{ME, G} ) → H^1(V_G, O^∗_{VG} ) ≃ {1}. (96)

There is an important holomorphic line bundle living on M_{E, G}. Leaving aside more advanced interpretation, one can minimally define this bundle as the fibration with lines supporting the character function of Λ_G. Indeed, in both cases G = E_8 × E_8 and G = Spin(32)/Z_2, the coroot lattice Λ_G is positive definite, unimodular and even and therefore, one can define then an associated holomorphic theta function (see [12] [15] for details) :

Θ_{ΛG} : V_G → C , Θ_{ΛG} (τ, z) = ∑ γ∈Λ e^{πi(2(z,γ)+τ(γ,γ))}. (97) The pairing appearing above represents the bilinear complexification of the integral pairing on Λ_G. The Λ_G-character function can be written then as a quotient of Θ_{ΛG} :

B_{ΛG} : V_G → C , B_Λ(τ, z) =

Θ_{ΛG} (τ, z) η(τ )^{16}

. (98)

Here, η(τ ) is Dedekind’s eta function: η(τ ) = e^{πiτ/12} ∞∏ m=1 ( 1 − e^{2πimτ} ) , which is an automorphic form of weight 1/2 and multiplier system given by a group homomorphism χ : SL_2(Z) → Z/24Z, in the sense that [18]: η(γ · τ ) = χ(γ) √ cτ + d η(τ ) for γ = ( a b c d ) ∈ SL_2(Z).

The character terminology for (98) is justified by its role in the representation theory of infinite-dimensional Lie algebras. The function B_{ΛG} is the zero-character of the level l = 1 basic highest weight representation of the Kac-Moody algebra associated to G (see [12] for details).

The function B_{ΛG} obeys the following transformation properties:

Proposition 20. ([12]) Under the action of the group Π_G, the Λ_G-character function (98) transforms as :

B_{ΛG} (g · (τ, z)) = φ^{ch}_g (τ, z) · B_{ΛG} (τ, z), g ∈ Π_G.

The factors φ^{ch}_a can be described on the generators of the group Π_G as:

• φ^{ch}_g (τ, z) = e^{πi(−2<q2,z>−τ<q2 ,q2>)} for g ∈ T_G induced by (q_1, q_2) ∈ Λ_G ⊕ Λ_G.

• φ^{ch}_g = e^{πic<z,z>cτ+d} for g ∈ S_G induced by ( a b c d ) ∈ SL(2, Z).

• φ^{ch}_g = 1 for g ∈ W_G.

The function B_{ΛG} descends therefore to a holomorphic section of a holomorphic C -fibration:

Z → Π_G\ (H × Λ_C) = M_{E,G}. (99)

for which a set of automorphy factors are given by the φ^{ch}_g in proposition 20.

The main result of this paper asserts:

Theorem 21. There exist a holomorphic isomorphism of C^∗ -fibrations between (92) and the C^∗ the Λ_Gcharacter fibration (99). The isomorphism is unique up to twisting with a non-zero complex number.

The rest of the paper is dedicated to proving this theorem.

6 Proof of Theorem 21.

Our strategy is as follows. We shall exploit the link described in section 4 between the heterotic fibration:

M^G_{het} → P_G/G (100)

and the pfaffian combinations (73) and (79) in order to explicitly compute a set of automorphy factors φ^{het}_g , g ∈ Π_G for (92). Then we shall compare φ^{het}_g such computed with the automorphy factors φ^{ch}_g of the Λ_G-character fibration (99) provided by proposition 20.

6.1 Determinants of Flat Line Bundles over Elliptic Curves

One can regard a pair consisting of an elliptic curve and a flat hermitian line bundle as an element (τ, u) ∈ H × C . The imaginary complex number τ determines a complex structure E_τ on the 2-torus whereas a complex number u = ατ + β ∈ C determines a flat bundle of holonomy map: h : π_1(E) ≃ Z⊕ Z→ U (1), h(m, n) = e^{2πi(αm+βn)}. The projection pr_1 : H × C → H carries fiber wise a continuous family of lattices U_τ = Z⊕ τ Z⊂ H × C . We denote by Π_{U(1)} the group of automorphisms of projection pr_1, preserving the lattice family U_τ and covering PSL(2, Z) transformations on the base. Two pairs (τ_1, u_1) and (τ_2, u_2) determine isomorphic pairs of elliptic curves and flat line bundles if and only if they belong to the same orbit under the action of Π_{U(1)}. The moduli space of elliptic curves and flat hermitian line bundles can then be seen as:

M_{E,U(1)} = Π_{U(1)}\ (H × C ) . (101)

The induced projection:

M_{E,U(1)} → M_E = PSL(2, Z)\H

makes a holomorphic torus fibration, the fiber over [τ ] ∈ M_E being Pic^o(E_τ ). The symmetry group Π_{U(1)} is generated by two particular subgroups:

• S_{U(1}) = { ψ ∈ Π_{U(1)} | | | ψ(τ, u) = (_{aτ+b} cτ+d , u cτ+d ) where ( a b c d ) ∈ SL(2, Z) } ≃ SL(2, Z)

• T_{U(1)} = { ψ ∈ Γ_{U(1)} | | | ψ(τ, u) = (τ, u + a1 + a2τ ) where (a1, a2) ∈ Z⊕ Z } ≃ Z⊕ Z. The group Π_{U(1)} can then be generated as a semi-direct product T_{U(1)} ⋊ S_{U(1)}.

Consider then the odd spin structure (trivial double cover of the frame bundle) on E. In the presence of a metric on E, there is then an induced Dirac operator. Moreover, this operator can be coupled to the flat connections creating therefore a family of elliptic differential operators. Interpreting the flat line bundles as holomorphic line bundles, one can see these operators as ∂_L operators. The family determines then a determinant C -fibration (see [7] for more details):

Det(D_L) → M_{E,U(1)} (102)

carrying a natural determinant section det : M_{E,U(1)} → Det(D_L). One can use then the model (101) to describe a set of automorphy factors for this fibration.

Lemma 22. The determinant fibration (102) can be obtained by factoring the trivial holomorphic line bundle over H × C by a set of automorphy factors φ_g , g ∈ Π_{U(1)} with:

1. φ_g (τ, u) = (−1)^{q1 +q2} e^{πi(−2uq2−τq2 )} for g ∈ T_{U(1)} determined by (q_1, q_2) ∈ Z⊕ Z

2. φ_g (τ, u) = χ(m)^2 e^{πi cu2cτ+d} for g ∈ S_{U(1)} associated to m = ( a b c d ) ∈ SL(2, Z).

Moreover, the determinant section det in obtained in this setting as the factorization of the holomorphic function: f : H × C → C , f(τ, u) = ϑ_1(τ, u) η(τ ) . Here ϑ_1(τ, u) is Siegel’s twisted theta function:

ϑ_1(τ, u) = ∑ n∈Z e^{2πi}(^{u− 12} )(^{n+ 12} )^{+πiτ}(^{n+ 12} )^2 .

Proof. We follow arguments from [7]. The determinant line (102) can be endowed with Quillen metric and connection compatible with the holomorphic structure. The Quillen norm of the determinant section det is then computed as regularized determinant. According to [17] [7], one has: || det(τ, u) || = | | | | e^{πiuu2} ϑ_1(τ, u) η(τ ) | | | | (103)

with u_2 coming from the decomposition u = u_1 + τ u_2.

Let us consider the pull-back π^∗Det(D_L) through the covering map π : H × C → M_{E,U(1)}. The determinant section det pulls back to a new section ~det in π^∗Det(D_L). The Quillen metric and connection pull-back to π^∗Det(D_L) as well. One computes then the curvature of the pull-back connection as:

Ω = ∂∂ log‖ ~det‖^2 (104)

Combining with (103) we get: Ω = ∂∂ (2πiuu_2) = 2πi ∂∂ ( u^2 − uu τ − τ ) (105)

We choose now a holomorphic trivialization for π^∗Det(D_L). It is not possible to find a covariant trivialization (with respect to the pull-back Quillen connection ∇_Q) since the curvature does not vanish. However, one can deform the connection to: ∇^′ = ∇_Q − μ , μ ∈ Ω^1(H × C ).

and remove the curvature. In performing this deformation, we keep in mind that we need a holomorphic trivialization so, we wish to keep the connection compatible with the holomorphic structure. In order to achieve this, the deformation 1-form must satisfy:

dμ = Ω and μ^{0,1} = 0 . (106)

We make the choice: μ = 2πi∂ ( u^2 − uu τ − τ ) (107)

which satisfies conditions (106). The new connection ∇^′ is flat and therefore it is possible now to choose a holomorphic covariant section denoted σ. Clearly, ~det = fσ with f holomorphic function. In connection with (103) one gets then: | f | = | | | | ϑ_1(τ, z) η(τ ) | | | | . Since f is holomorphic, we see that, up to multiplication by an unitary complex number: f = ϑ_1(τ, z) η(τ ) . (108)

The automorphy factors result then from the well-known transformation rules for (108). They are (as described in [18]) :

f(τ, u + q_1 + τ q_2) = (−1)^{q1+q2} e^{πi(−2uq2−τq2 )} f(τ, u) for (q_1, q_2) ∈ Z⊕ Z (109) f ( aτ + b cτ + d , u cτ + d ) = χ(m)^2 e^{πicz2cτ+d} f(τ, z) for m = ( a b c d ) ∈ SL(2, Z). (110)

There is a particular case of this construction that we need to also analyze. Suppose that we give up the coupling with flat connections and just consider the Dirac operators induced by the flat metrics of the elliptic curves. As showed in (60), these operators can be interpreted as skew-symmetric operators. In this setting, there exists a square root for the determinant, the pfaffian. This C -fibration:

Pfaff(∂_τ ) → M_E = PSL(2, Z)\H. (111)

appeared earlier in the fermionic combinations (79) and (73). Removing the flat connections from lemma 22 one obtains:

Corollary 23. The holomorphic pfaffian fibration (111) can be obtained by factoring out of the trivial line over H by a set of automorphy factors:

φ^o_m(τ ) = χ(m) for m = ( a b c d ) ∈ SL(2, Z). 6.2 Automorphy Factors for Fermionic Pfaffians

We employ now the data of previous section to compute automorphy factors for the line bundles (79) and (73). Each of the two is a tensor product involving pfaffian bundles. Automorphy factors for the simplest one are given by Corollary 23. In this section we compute the automorphy factors for the other two.

The first one to look at is the adjoint pfaffian:

Pfaff(D_{ad}) → M_{E, G}. (112)

This holomorphic line bundle is obtained as the pfaffian of the family of Dirac operators coupled to flat connections on the complex vector bundle associated to the adjoint representation of G. This complex vector bundle has a natural real structure. The pfaffian carries a canonical holomorphic section pfaff_{ad} : M_{E, G} → Pfaff(D_{ad}). Working under coordinate model: M_{E, G} = Π_G\V_G we can describe the bundle as follows:

Lemma 24. The pfaffian line bundle (112) can be obtained by factoring out the trivial line over the universal cover V_G by means of automorphy factors φ^{ad}_g , g ∈ Π_G defined on generators as:

1. φ^{ad}_g (τ, z) = e^{cG πi(−2<z,q2>−τ<q2 ,q2 >)} for g ∈ T_G associated to (q_1, q_2) ∈ Λ_G ⊕ Λ_G

2. φ^{ad}_g (τ, z) = χ(m)^N e^{cG πi c<z,z>cτ+d} for g ∈ S_G associated to m = ( a b c d ) ∈ SL(2, Z)

3. φ^{ad}_g (τ, z) = 1 for g ∈ W_G.

Here c_G = 30 is the Coxeter number of the group G (it takes the same value for both choices E_8 × E_8 and Spin(32)/Z_2) and N = dim(G) = 496.

Proof. Let r be a root of G. One can also look at r as a particular weight r : T → U (1) where T is a choice of maximal torus T ⊂ G. For each flat T -connection A one can use the weight to associate a flat hermitian line bundle, or a holomorphic line bundle. This association leads to an analytic projection: σ_r : M_{E, T} → M_{E,U(1)}. Employing coordinate models one can see this map can be seen as being factored from: ~σ_r : V_G → H ⊕ C , ~σ_r (τ, z) = (τ, < r^∨, z >). In this setting, the adjoint determinant appears as a tensor product over all roots of G (including the zero ones):

~Det(D_{ad}) = ⨂ r σ^∗_r Det(D_L). (113)

After factoring out the action of the Weyl group, the line bundle (113) descends to the determinant fibration Det(D_{ad}) → M_{E, G}. Lemma 22 provides a set of automorphy factors φ^r_g, g ∈ Π_G for each σ^∗_r Det(D_L). These are defined on generators of Π_G as:

1. φ^r_g (τ, z) = (−1)(^{<r∨,q1>+<r∨,q2 >}) e^{πi(−2<r∨,z><r∨,q2>−τ<r∨ ,q2>2)} for g ∈ T_G associated to (q_1, q_2) ∈ Λ_G ⊕ Λ_G

2. φ^r_g (τ, z) = χ(m)^2 e^{πi c<r∨,z>2cτ+d} for g ∈ S_G associated to m = ( a b c d ) ∈ SL(2, Z).

One can then construct a set of automorphy factors ~φ^{ad}_g , g ∈ Π_G for the adjoint determinant by just taking the product of above quantities over all roots of G. An useful shortcut here is provided by the formula: ∑ r < r^∨, z_1 >< r^∨, z_2 >= 2c_G < z_1, z_2 > . (114)

One obtains therefore that ~φ^{ad}_g can be given on generators of Π_G as:

1. ~φ^{ad}_g (τ, z) = e^{2cGπi(−2<z,q2>−τ<q2 ,q2>)} for g ∈ T_G associated to (q_1, q_2) ∈ Λ_G ⊕ Λ_G

2. ~φ^{ad}_g (τ, z) = χ(m)^{2N} e^{2cGπi c<z,z>2cτ+d} for g ∈ S_G associated to m = ( a b c d ) ∈ SL(2, Z).

It is straightforward then that a set of automorphy factors φ^{ad}_g for the adjoint pfaffian can be obtained by factoring the exponents of ~φ^{ad}_g by two. The Weyl action factors are constant 1 due to the Weyl invariance of the pfaffian section.

As opposed to the adjoint pfaffian, the spin pfaffian line bundle appearing in fermionic combination (79) corresponds to a lower rank representation. However, such representations do not exist on G and therefore, in order to lower the rank one has to reduce the bundle group. For the sake of clarity, let us assume that we analyze the case G = (E_8 × E_8) ⋊ Z_2. Set then H = Spin(16) × Spin(16). There exists then a Lie group homomorphism: α : Spin(16) → E_8 which doubles to α × α : H → G. Any flat H-connection induces then an associated flat G-connection and this correspondence produces an analytic morphism between the respective moduli spaces: σ : M_{E,H} → M_{E,G}. (115) This map can be explicitly realized in coordinate models. Let x_1, x_2, · · · x_8 be the fundamental (co)weights of SO(16). The (co)roots of Spin(16) can then be seen as: 1 2 (±x_i ± x_j ) , 1 ≤ i < j ≤ 8 and they generate the (co)root lattice Λ_{Spin(16)} of Spin(16). The (co)root lattice of E_8 makes a sub-lattice of Λ_{Spin(16)}. The (co)roots are obtained in two series:

±x_i ± x_j, these are from Spin(16)/Z_2 and there are 112 of them 1 2 (±x_1 ± x_2 · · · ± x_8) , where there are an even number of minus signs.

The Lie group homomorphism α : Spin(16) → E_8 induces then a morphism of coroot lattices:

α_Λ : Λ_{Spin(16)} → Λ_{E8} , α_Λ ( 1 2 (±x_i ± x_j) ) = ±x_i ± x_j. This homomorphism, in turn, canonically extends to a homomorphism α : Λ_H → Λ_G commuting with the Weyl projection p : W_H → W_G. One gets therefore the map:

id ⊕ (id ⊗ α) : Π_H \H × (C ⊗_ZΛ_H ) → Π_G\H × (C ⊗_ZΛ_G) (116)

which models exactly the complex variety morphism (115).

As mentioned earlier, unlike E_8, Spin(16) admits a representation in rank 16, the spin representation. Taking the direct sum of two such representations, one obtains a representation ρ for H in dimension 32. Coupling the Dirac operators on elliptic curves with flat connections induced by representation ρ, one obtains a ρ-pfaffian C -fibration:

Pfaff(D_ρ) → M_{E, H} . (117) It turns out that in the coordinate model:

M_{E, H} = Π_H \H × (C ⊗_ZΛ_H )

we have:

Lemma 25. The holomorphic pfaffian fibration (117) can be by factoring out the trivial line bundle over the universal cover H ⊕ (C ⊗_ZΛ_H ) by means of a set of automorphy factors φ^ρ_g, g ∈ Π_H which can be given on generators of Π_H as:

1. φ^ρ_g (τ, z) = e^{πi(−2<z,q2>−τ<q2 ,q2>)} for g ∈ T_H associated to (q_1, q_2) ∈ Λ_H ⊕ Λ_H

2. φ^ρ_g (τ, z) = χ(m)^{16} e^{πi c<z,z>cτ+d} for g ∈ S_H associated to m = ( a b c d ) ∈ SL(2, Z)

3. φ^ρ_g (τ, z) = 1 for g ∈ W_H .

Proof. The representation ρ is determined by thirty two weights on the maximal torus of H represented by two copies of x_1, x_2, · · · x_8, −x_1, −x_2, · · · − x_8. Each weight x determines an analytic map: σ_x : M_{E, T} → M_{E, U(1)} which is can be described at the level of universal covers as: H ⊕ (C ⊗_ZΛ_H ) → H ⊕ C , (τ, u ⊗ λ) ⇝ (τ, u · x(λ)). The pull-back of the determinant bundle on M_{E, U(1)} through the morphism σ_x determines a holomorphic line bundle σ^∗_xDet(D_L) → M_{E, T} . Tensoring over all weights we obtain:

~Det(D_ρ) = ⨂ w σ^∗_xDet(D_L).

This bundle and its holomorphic section are invariant under the action of the Weyl group W_H . Factoring out the Weyl action, one obtains therefore the ρ-determinant fibration Det(D_ρ) → M_{E, H} which is the square of (117). Once again, lemma 22 can be used to determine a set of automorphy factors φ^x_g , g ∈ Π_H for each σ^∗_xDet(D_L). These factors can be read on generators of Π_H as:

1. φ^x_g (τ, z) = (−1)^{x(q1 )+x(q2)} e^{πi(−2x(z)x(q2)−τx(q2 )2)} for g ∈ T_H associated to (q_1, q_2) ∈ Λ_H ⊕ Λ_H

2. φ^x_g (τ, z) = χ(m)^2 e^{πi c·x(z)2cτ+d} for g ∈ S associated to for m = ( a b c d ) ∈ PSL(2, Z).

Taking the product over all weights and using the fact that: 2 · 8∑ i=1 x_i(a) · x_i(b) = < a, b > for all a, b ∈ Λ_H , we obtain a set of automorphy factors ~φ^ρ_g , g ∈ Π_H for the ρ-determinant fibration. They are:

1. ~φ^ρ_g (τ, z) = e^{2πi(−2<z,q2>−τ<q2 ,q2 >)} for g ∈ T_H associated to (q_1, q_2) ∈ Γ_H ⊕ Γ_H

2. ~φ^ρ_g (τ, z) = χ(m)^{32} e^{2πi cu2cτ+d} for g ∈ S_H associated to m = ( a b c d ) ∈ SL(2, Z).

The factor corresponding to the Weyl action is identically 1. The pfaffian fibration is obtained by grouping together the weights of opposite sign. Therefore, one can obtain a set φ^ρ_g of automorphy factors for the ρ-pfaffian fibration (117) by just dividing the exponents in ~φ^ρ_g by two.

There is a similar Spin(32)/Z_2 analog for Lemma 25. In this case one takes H to be Spin(32) and ρ to be the spin representation of Spin(32).

6.3 Heterotic Fibration = Character Fibration

We are now in position to finish the proof of theorem 21. Recall the basic facts. The moduli space of G-heterotic data makes an 18-dimensional complex variety M^G_{het} which is the total space of the heterotic Chern-Simons C^∗ -fibration:

M_{het} → M_{E, G}. (118) Under the coordinate description:

M_{E,G} = Π_G\H × (C ⊗_ZΛ_G) , the holomorphic type of fibration (118) is given, equivariantly, by the class of a set of automorphy factors φ^{het}_g , g ∈ Π_G, which describe a way to factor (118) from the trivial line bundle over the universal cover H × (C ⊗_ZΛ_G) of the base.

The fermionic tensor products constructed as pfaffian phase combinations in section 4 were holomorphic C -fibrations:

L_{ad} → M_{E, G} and L_ρ → M_{E, H} obtained as in (73) (79):

L_{ad} = Pfaff(D_{ad}) ⊗ (Pfaff(D_g))^{⊗224} (119) and L_ρ = Pfaff(D_ρ) ⊗ (Pfaff(D_g ))^{⊗−8} . (120) Proposition 26.

• The adjoint anomaly fibration:

L_{ad} → M_{E, G} = Π_G\H × (C ⊗_ZΛ_G)

can be described by a set of automorphy factors ϕ^{ad}_g , g ∈ Π_G given on generators of Π_G as: 1. ϕ^{ad}_g (τ, z) = e^{cG πi(−2<z,q2>−τ<q2 ,q2>)} for g ∈ T_G associated to (q_1, q_2) ∈ Λ_G ⊕ Λ_G 2. ϕ^{ad}_g (τ, z) = e^{cG πi c<z,z>cτ+d} for g ∈ S_G associated to m = ( a b c d ) ∈ SL(2, Z).

3. ϕ^{ad}_g (τ, z) = 1 for g ∈ W_G.

For both cases G = (E_8 × E_8) ⋊ Z_2 and G = Spin(32)/Z_2 the Coxeter number c_G = 30. • The ρ-anomaly fibration:

L_ρ → M_{E, H} = Π_H \H × (C ⊗_ZΛ_H ) can be described by a set of automorphy factors ϕ^ρ_g, g ∈ Π_H given on generators of Π_H as: 1. ϕ^ρ_g(τ, z) = e^{πi(−2<z,q2>−τ<q2 ,q2>)} for g ∈ T_H associated to (q_1, q_2) ∈ Λ_H ⊕ Λ_H 2. ϕ^ρ_g(τ, z) = e^{πi c<z,z>cτ+d} for g ∈ S_H associated to m = ( a b c d ) ∈ SL(2, Z).

3. ϕ^ρ_g(τ, z) = 1 for g ∈ W_H .

Proof. This is a straightforward computation based on Lemmas (24), (25) and Corollary (23). In this setting, after checking the above formulas upon the character bundle automorphy factors of Proposition 20 one concludes:

Remark 27. Under the analytic map σ : M_{E,H} → M_{E,G} the two fermionic fibrations (119) and (120) are related to the Λ_G-character fibration Z → M_{E,G} of (99) as follows:

L_ρ ≃ σ^∗Z, L_{ad} ≃ Z^{⊗cG} . (121)

This remark we exploit in order to extract information about the automorphy factors φ^{het}_g of (118). The considerations in section 4 allow us to affirm the following two holomorphic fibration isomorphisms:

1. L_ρ ≃ σ^∗L_{het} 2. L_{ad} ≃ L^{⊗cG}_{het} .

These statements can subsequently be translated into the following equivalences of automorphy factors: 1. [( φ^{het}_a ) a∈Π_G ]_{cG} ∼ ( ϕ^{ad}_a ) a∈Π_G 2. ( φ^{het}_{p(b)} ) b∈Π_H ∼ (ϕ^ρ_b )_{b∈ΠH} The equivalence relation “∼” asserts the factors on the two sides realize the same group cohomology class in

H^1(Π_G, H^0(O^∗_{H×(C⊗ΛG)}))

in the first assertion or H^1(Π_H , H^0(O^∗_{H×(C⊗ΛH )}) in the second assertion or, in geometrical terms, the two sets of automorphy factors determine isomorphic equivariant line bundles on the universal cover of the base space. As defined earlier, c_G represents the Coxeter number of G. For both G = (E_8 × E_8) ⋊ Z_2 and G = Spin(32)/Z_2 we have c_G = 30.

The two equivalence relations above and Remark 27 allows us to conclude that that the two sets of automorphy factors φ^{het}_a and φ^{ch}_a are related:

φ^{het}_a ∼ f_a · φ^{ch}_a (122)

where f_a ∈ H^1(Π_G, H^0(O^∗_{H×(C⊗ΛG)})) and satisfies:

1. (f_a)^{30} = 1 for any a ∈ Π_G. 2. f_{p(b)} = 1 for any b ∈ Π_H .

Since all f_a are holomorphic functions, the first condition above implies that they are all constant functions. Therefore, the set f_a can be reduced to a group homomorphism f : Π_G → Z_{30} with p(Π_H ) ⊂ Ker(f).

We note immediately that f_a = 0 for a ∈ S_G as S_G = p(S_H ). Let us next analyze the restriction of f on W_G. In the case G = Spin(32)/Z_2, H = Spin(32) one has p(W_H ) = W_G and therefore f vanishes on W_G. For the other case, G = (E_8 × E_8) ⋊ Z_2, H = Spin(16) × Spin(16), and the image p(W_H ) is a subgroup of index 135 = 3^3 · 5 in W_G. This can be deduced form the orders of the Weyl groups of Spin(16) and E_8, whose explicit computations one can find, for example, in [22]. Therefore, the image of the character f restricted to W_G is either {0} or a subgroup of Z_{30} of odd order. But W_G is generated by elements of order two. Hence Im(f) = {0}. We conclude then that, in both cases, the character f vanishes on the Weyl transformations in W_G. Let us then continue with an analysis of the behavior of f on T_G. This group is acted upon by W_G and, under the identification, T_G ≃ Λ_G × Λ_G, this action is the Weyl action. Since the Weyl action is transitive on the roots, we conclude that the homomorphism f takes the same value on all roots in Λ_G × Λ_G. However, some of the roots are coming from the roots of H and therefore all roots must belong to Ker(f). This shows that f_a = 0 for any a ∈ T_G and since we have already proved that f vanishes on W_G and S_G, conclude that f is identically zero on Π_G.

By (122) the automorphy factors φ^{het}_a and φ^{ch}_a are equivalent and hence the heterotic C^∗ -fibration (118) is holomorphically isomorphic to the Λ_G-character fibration Z → M_{E,G} of (99). This completes the proof of theorem 21.

7 Appendix: The Push-Forward Map.

In this appendix we clarify the push-forward mechanism for differential cocycles. This feature has been used in section 4 in order to construct the Chern-Simons bundle (52) associated to a family of heterotic parameters.

As mentioned in [5], differential cohomology classes can be integrated. In other words, there exists a push-forward homomorphism of the following type: ∫ E : Ȟ^n(X × E) → Ȟ^{n−d}(X) (123)

where X and E are smooth closed manifolds and dim_RE = d. Moreover, there are (non-canonical) extensions of this cohomology map to push-forward morphisms for non-flat differential cochains: ∫ E : N Č^n(X × E) → N Č^{n−d}(X) (124) Such kind of map integrates non-flat n-cochains from X × E down to non-flat (n − d)-cochains on X. And carries certain properties as diffeomorphism invariance, sensitivity to orientation, Stokes’ theorem and gluing law. The goal of this appendix is to describe in detail the construction of (124).

Recall that there is an integration map for differential forms: ∫ E : Λ^n(X × E) → Λ^{n−d}(X) (125)

which gives rise to a morphism of the de Rham complexes: ∫ E : Λ^•(X × E) → Λ^{•−d}(X) (126)

The induced homomorphism ∫ E : H^n_{dR}(X × E) → H^{n−d}_{dR} (X) (127) represents the cap product with the fundamental homology class [E] ∈ H^d(E). We would like to reproduce the same pattern for differential cohomology.

The push-forward mechanism, in the framework we are going to use, is in some sense a generalization of the higher gerbe connection holonomy, which a non-flat n-cocycle defines along a closed embedded nmanifold. This has been discussed briefly in section 2.2. namely, if one assumes that X reduces to just a point and d = n then the particular map : ∫ E : N Ž^n(E) → N Ž^0({point}) ≃ R (128) returns a real number whose exponential gives precisely the holonomy of the n-cocycle along E. Accordingly, we construct the push-forward mechanism along the lines holonomy was defined in section 2.2.

Let X and E be closed smooth manifolds and the real dimension of E is d. Assume that X and E are endowed with (contractible) open coverings: X = ⋃ a∈A U_a, E = ⋃ b∈B U_b and that the covering of E is admissible, in the sense that it admits a subordinated dual cell decomposition. This creates a product covering of X × E: X × E = ⋃ (ab)∈A×B U_{(ab)} with U_{(ab)} = U_a × U_b.

As with holonomy, we make a choice of dual cell decomposition for E, (Δ_i)_{i∈I} , Δ_i representing the top dcells. We keep the same orientation convention. Δ_{(i1>i2···>ik)} is the (d + 1 − k)-face obtained by intersecting Δ_{i1} , Δ_{i2} , · · · , Δ_{ik} if such a thing does exist. The orientation we consider on Δ_{(i1>i2>···>ik)} is the one obtained when regarding Δ_{(i1>i2>···>ik)} as a boundary component in Δ_{(i1>i2>···>ik−1)}. As before, suppose the decomposition is subordinated to the covering (U_b)_{b∈B} through a subordination map ρ : I → B, Δ_i ⊂ U_{ρ(i)} (129) We now describe the push-forward map. Let ω be a non-flat n-cochain on X × E. We assume that the product covering U_{(ab)} = U_a × U_b is chosen to be sufficiently small such that ω can be represented in this covering as a multiplet:

ω = ( H, ω^n_{(a1b1)}, ω^{n−1}_{(a1b1)(a2b2)}, ω^{n−2}_{(a1b1)(a2b2)(a3b3)}, · · · , ω^{−1}_{(a1b1)(a2b2)···(an+2 bn+2)} ) (130) The integration map associates then to each ω a non-flat (n-d)-cochain: A = ∫ E ω ∈ N Č^{n−d}(X). and such an object can be represented in the covering (U_a)_{a∈A} as a multiplet: A = ( T, A^{n−d}_{a1} , A^{n−d−1}_{a1 a2} , · · · , A^{−1}_{a1a2···an−d+2} ). (131) Definition 28. The components T and A_{(a)} are defined as: T = ∫ E H (132) and for higher indices (a) = (a_1a_2 · · · a_r) , A^{n−d+1−r} (a) = d+1∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)}

T^{(a)}_{ρ((i))}ω (133)

if 1 ≤ r ≤ n + 1 − d and A^{−1}_{(a)} = (−1)^{(n−d+1)d} ∑ (i)=(i_1>i_2>···>i_{d+1}) ∫ Δ_{(i)}

T^{(a)}_{ρ((i))}ω (134) for r = n + 2 − d. For a multi-index (i) = (i_1 > i_2 > · · · > i_k) in the second sum, ρ((i)) is defined as (ρ(i_1)ρ(i_2) · · · ρ(i_k)). The symbols: T^{(a1a2···ar )} (b_1b_2···b_k) ω (135)

represent local (n + 2 − r − k)-forms (local constant functions with values in 2πZif n + 2 − r − k = −1) living on (U_{a1} ∩ U_{a2} ∩ · · · ∩ U_{ar} ) × (U_{b1} ∩ U_{b2} ∩ · · · ∩ U_{bk} ). The exact formulation of symbols (135) is given by the next definition. By convention, in expressions (133) and (134), integration over points (Δ_{(i)} with |(i)| = d + 1) means just evaluating the respective forms on Δ_{(i)}.

Definition 29. Let the two multi-indices be:

(a) = (a_1, a_2, · · · , a_r) and (b) = (b_1, b_2, · · · , b_k).

We set T^{(a)}_{(b)} ω = ∑ γ∈D (−1)^{A(d)} ω^{n+2−k−r} d (136)

where D stands for the set of paths in the rectangular network (a_p, b_q) generated by (a) = (a_1, a_2, · · · , a_r) and (b) = (b_1, b_2, · · · , b_k) joining (a_1, b_1) to (a_r , b_k) and moving only to the right or upward. A(γ) stands for the area of the domain bounded by the path γ and the b-axis. For γ = ( (a_{p1} b_{q1} ), (a_{p2} b_{q2} ), · · · (a_{pr+k−1} b_{qt+r−1} ) ) we define ω^{n+2−k−r} γ = ω^{n+2−r−k} (a_{p1} b_{q1} )(a_{p2} b_{q2} )···(a_{pr+k−1} b_{qk+r−1} ). (137)

We make the remark here that in (137), if the number of nodes in the path γ is n + 2 then ω^{−1}_γ ∈ 2πZ. Relation (134) let us then conclude that A^{−1}_{(a)} ∈ 2πZfor |(a)| = n − d + 2, and therefore, the multiplet A described in definition 28 is indeed a differential cochain. One obtains therefore a push-forward map: ∫ E : N Č^n(X × E) → N Č^{n−d}(X) (138) It satisfies the following propriety:

Theorem 30. For every non-flat differential cocycle ω ∈ N Ž^N (X × E), the push-forward: ∫ E ω is a (n-d)-dimensional non-flat differential cocycle on X.

Moreover, theorem 30 is just a particular case of a Stokes-like integration argument.

Theorem 31. The push forward map defined above for differential cochains commutes with the differentiation operator ď. Namely, ∫ E ďω = ď ( ∫ E ω ) (139)

Based on above statement, one concludes that the integration mechanism constructed so far sends differential cocycles to differential cocycles and coboundaries of flat differential cochains to coboundaries of flat cochains. This induces therefore a push-forward cohomology map: ∫ E : Ȟ^n(X × E) → Ȟ^{n−d}(X). (140)

Proof. (of Theorem 31) Theorem 30 will follow as a corollary. Assume that the input ω is a non-flat differential n-cochain on a product open covering of X × E and η = ďω ∈ N Č^{n+1}(X × E). We are going to show that the push-forward cochains: A = ∫ E ω = ( T, A^{n−d}_{a1} , A^{n−d−1}_{a1 a2} , · · · , A^{−1}_{a1a2···an−d+2} ) (141) and B = ∫ E η = ( Q, B^{n−d}_{a1} , B^{n−d−1}_{a1 a2} , · · · , B^{−1}_{a1 a2···an−d+2} ) (142) satisfy ďA = B. That means:

dT = Q, T_{|Ua1} − dA_{a1} = B_{a1} and (δA)_{(a)} + (−1)^{|(a)|} dA_{(a)} = B_{(a)} . The first identity can be quickly proved: dT = d (∫ E H ) = ∫ E d_xH = ∫ E dH − ∫ E d_yH = ∫ E dH = Q. Here d_x and d_y are derivatives along X, respectively Y direction.

Let us prove that T_{|Ua1} − dA_{a1} = B_{a1} . We have: T − dA_{a1} = ∫ E H − dA_{a1} =

= ∫ E H − d+1∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} d_xT^{a1}_{(ρ(i1)ρ(i2)···ρ(ik))}ω =

= ∑ i_1 ∫ Δ_{i1} H −

− d+1∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} (dT^{a1}_{(ρ(i1)ρ(i2)···ρ(ik))}ω − d_yT^{a1}_{(ρ(i1)ρ(i2)···ρ(ik))}ω). But Stockes’ Theorem provides: ∑ (i)=(i_1>i_2>···>i_{k−1}) ∫ Δ_{(i)} d_yT^{a1}_{(ρ(i1)ρ(i2)···ρ(ik−1))}ω =

= ∑ (i)=(i_1>i_2>···>i_k) (−1)^{n−d+1+k+1} ∫ Δ_{(i)} [δ_bT^{a1}_{(.)} ω]_{(ρ(i1)ρ(i2))···ρ(ik))}. Here δ_b means Cech differentiation with respect to the second indices. Continuing along these lines one obtains that T − dA_{a1} equals: ∑ i_1 ∫ Δ_{i1} (H − dT^{a1}_{ρ(i1)}ω) − d+1∑ k=2 (−1)^{(n−d+1)(k+1)}

∑ (i)=(i_1>i_2>···>i_k) (∫ Δ_{(i)}

(dT^{a1}_{(ρ(i1)ρ(i2)···ρ(ik))} + (−1)^k [δ_bT^{a1}_{(.)} ω]_{(ρ(i1)ρ(i2))···ρ(ik))}) ) . However, ďω = η and therefore:

H − dT^{a1}_{ρ(i1)}ω = H − dω^n_{(a1ρ(i1))} = η^{n+1}_{(a1ρ(i1))} = T^{a1}_{ρ(i1)}η and dT^{a1}_{(ρ(i1)ρ(i2)···ρ(ik))}ω + (−1)^k [δ_bT^{a1}_{(.)} ω]_{(ρ(i1)ρ(i2))···ρ(ik))} = dω^{n+1−k} (aρ(i_1))(aρ(i_2))···(aρ(i_k)) + (−1) k [δω^{n+1−k}]_{(aρ(i1))(aρ(i2))···(aρ(ik))} =

= (−1)^k η^{n+2−k}_{(aρ(i1))(aρ(i2))···(aρ(ik))} = (−1)^kT^{a1}_{(ρ(i1 )ρ(i2)···ρ(ik))}η. Hence: T − dA_{a1} = = ∑ i_1 ∫ Δ_{i1}

T^{a1}_{ρ(i1 )}η + d+1∑ k=2 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} (−1)^kT^{a1}_{(ρ(i1 )ρ(i2)···ρ(ik))}η =

= d+1∑ k=1 (−1)^{(n−d+2)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} T^{a1}_{(ρ(i1)ρ(i2)···ρ(ik))}η = B_{a1} . We are now in position to prove the cocycle condition for higher indices. Namely:

[δA]_{(a)} + (−1)^{|(a)|} dA_{(a)} = B_{(a)} for (a) = (a_1a_2 · · · a_r ), |(a)| = r ≤ n − d + 2. We have: dA_{(a)} = d+1∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)}

d_xT^{(a)}_{ρ((i))}ω and (δA)_{(a)} = d+1∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)}

[δ_aT^{(.)}_{ρ((i))}ω]^{(a)}.

Taking into account d_xT^{(a)}_{ρ((i))}ω = dT^{(a)}_{ρ((i))}ω − d_yT^{(a)}_{ρ((i))}ω we write:

[δA]_{(a)} + (−1)^r dA_{(a)} = = d+1∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} ( [δ_aT^{(.)}_{ρ((i))}ω]^{(a)} + (−1)^r d_xT^{(a)}_{ρ((i))}ω ) =

= d+1∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} ( [δ_aT^{(.)}_{ρ((i))}ω]^{(a)} + (−1)^rdT^{(a)}_{ρ((i))}ω − (−1)^rd_yT^{(a)}_{ρ((i))}ω ) . But ∑ (i)=(i_1>i_2>···>i_{k−1} ) ∫ Δ_{(i)}

d_yT^{(a)}_{ρ((i))}ω = (−1)^{n−d+r+k+1} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)}

[δ_bT^{(a)}_{(.)} ω]_{ρ((i))}.

Therefore we continue:

[δA]_{(a)} + (−1)^r dA_{(a)} = (143) = ∑ i_1 ∫ Δ_{i1} ( [δ_aT^{(.)}_{ρ(i1)}ω]^{(a)} + (−1)^r dT^{(a)}_{ρ(i1)}ω ) + d+1∑ k=2 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} ( [δ_aT^{(.)}_{ρ((i))}ω]^{(a)} + (−1)^r dT^{(a)}_{ρ((i))}ω + (−1)^{k+1}[δ_bT^{(a)}_{(.)} ω]_{ρ((i))} ) . We claim now that the right part of identity (143) is exactly B_{(a)}. To clarify this assertion we need the following lemma:

Lemma 32. Let ω ∈ N Č^n(X × E) be a non-flat differential n-cocycle and ďω = η ∈ N Č^{n+1}(X × E). We consider the symbols T^{(a)}_{(b)} ω and T^{(a)}_{(b)} η introduced by Definition 29 . They satisfy the following relation:

T^{(a)}_{(b)} η = (−1)^{|(a)|+|(b)|+1} dT^{(a)}_{(b)} ω + (−1)^{|(b)|+1} [δ_aT^{(.)}_{(b)}ω]^{(a)} + [δ_bT^{(a)}_{(.)} ω]_{(b)}. (144) If |(a)| = 1 or |(b)| = 1 the second or the third term in (144) disappears.

Before giving a proof for Lemma 32 , let us notice that this this ends the proof of theorem 31 . Indeed, one can see that the terms appearing in summation (143) can be immediately rewritten as:

[δ_aT^{(.)}_{ρ(i1 )}ω]^{(a)} + (−1)^r dT^{(a)}_{ρ(i1)}ω = T^{(a)}_{ρ(i1 )}η (145) and [δ_aT^{(.)}_{ρ((i))}ω]^{(a)} + (−1)^r dT^{(a)}_{ρ((i))}ω + (−1)^{k+1}[δ_bT^{(a)}_{(.)} ω]_{ρ((i))} = (−1)^{k+1}T^{(a)}_{ρ((i))}η. (146) Therefore, [δA]_{(a)} + (−1)^r dA_{(a)} =

= ∑ i_1 ∫ Δ_{i1}

T^{(a)}_{ρ(i1)}η + d+1∑ k=2 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)}

(−1)^{k+1}T^{(a)}_{ρ((i))}η =

= d+1∑ k=1 (−1)^{(n−d+2)(k+1)} ∑ (i)=(i_1 >i_2>···>i_k) ∫ Δ_{(i)}

T^{(a)}_{ρ((i))}η = B_{(a)}.

This finishes the proof.

We still have to provide a proof for lemma 32 that was used above.

Proof. (of Lemma 32.) Let us recall the definition of the symbols T^{(a)}_{(b)} . For (a) = (a_1, a_2, · · · , a_r) and (b) = (b_1, b_2, · · · , b_k), these objects are expressed as: T^{(a)}_{(b)} ω = ∑ γ∈D (−1)^{A(γ)} ω^{n+2−k−r} γ (147)

where D is the set of paths γ = ( (a_{p1} b_{q1} ), (a_{p2} b_{q2} ), · · ·(a_{pr+k−1} b_{qr+k−1} ) ) in the rectangular network {(a_i b_j) | i ∈ {1 · · ·r}, j ∈ {1 · · · k}} starting at (a_1 b_1) , ending up at (a_r b_k) and moving only upward or to the right. A(γ) represents the area of the domain bounded by the path γ and the b-axis. With this in mind: T^{(a)}_{(b)} η = ∑ γ∈D (−1)^{A(d)} η^{n+2−k−r} γ =

= ∑ γ∈D (−1)^{A(γ)} ( (δω^{n+2−k−r})_γ + (−1)^{r+k−1} dω^{n+1−k−r}_γ ) =

= ∑ γ∈D (−1)^{A(γ)} (δω^{n+2−k−r})_γ + (−1)^{r+k−1} ∑ γ∈D (−1)^{A(γ)} ω^{n+1−k−r} γ .

The second term on the left hand side above is exactly (−1)^{|(a)|+|(b)|+1} dT^{(a)}_{(b)} ω ,so, in order to complete the proof of the lemma we just have to show: ∑ γ∈D (−1)^{A(γ)} (δω^{n+2−k−r})_γ = (−1)^{|(b)|+1} [δ_aT^{(.)}_{(b)}ω]^{(a)} + [δ_bT^{(a)}_{(.)} ω]_{(b)} (148)

One can prove this by observing that both sides of (148) are made of terms of type: ± ω^{n+3−r−k} (a_{p1} b_{q1} )(a_{p2} b_{q2} )···(a_{pk+r−2} q_{ik+r−2} ) .

We have to show that, after cancellation, the same terms appear in both sides, with the same signatures. Let γ = [ (a_{p1} b_{q1} )(a_{p2} b_{q2} ) · · · (a_{pk+r−1} b_{qk+r−1} ) ] be a path in D. We have: (a_{p1} b_{p1} ) = (a_1b_1) and (a_{pk+r−1} b_{qk+r−1} ) = (a_r b_k). Let t ∈ 1, · · · , k + r − 1. We denote by γ_t the broken path obtained after removing the point (a_{pt} b_{qt} ) from γ. In other words: γ_t = [ (a_{p1} b_{q1} ) (a_{p2} b_{q2} ) · · · (a_{pt−1} b_{qt−1} ) (a_{pt+1} b_{qt+1} ) · · · (a_{pk+r−1} b_{qk+r−1} ) ] .

Let ω^{n+3−k−r} γ_t = ω n+3−k−r (a_{p1} b_{q1} )(a_{p2} q_{i2} )···(a_{pt−1} b_{qt−1} )(a_{pt+1} b_{qt+1} )···(a_{pk+r−1} b_{qk+r−1} ) . ω^{n+3−k−r} γ_t appears in the right hand side of equation (148) with signature:

(−1)^{A(γ)+t+1} We analyze what happens on the other side. There are four cases to be considered.

1. b_{qt−1} = b_{qt} = b_{qt+1} . This happens if the path γ keeps going horizontally in the vicinity of the node (a_{pt} b_{qt} ).

2. a_{pt−1} = a_{pt} = a_{pt+1} . This happens when the path keeps climbing vertically in the vicinity of the node (a_{pt} b_{qt} ).

3. b_{qt−1} = b_{qt} = b_{qt+1} − 1. The path γ makes a lower L with center in (a_{pt} b_{qt} ). 4. a_{pt−1} = a_{pt} = a_{pt+1} − 1. The path makes a upper L with center in (a_{pt} b_{qt} ).

For each case we get a term (−1)^{A(γ)+t+1} ω^{n+3−k−r} γ_t = (−1) A(γ)+t+1 ωn+3−k−r (a_{p1} b_{q1} )(a_{p2} b_{q2} )···(a_{pt−1} b_{qt−1} )(a_{pt+1} b_{qt+1} )···(a_{pk+r−1} b_{qk+r−1} ) on the right side of the equation. Let us notice that the last two cases, 3 and 4, cancel each other in some way. For example, if case 3 happens then the corresponding term (−1)^{A(γ)+t+1} ω^{n+3−k−r} γ_t gets canceled by the term (−1)^{A(~γ)+t+1} ω^{n+3−k−r} ~γ_t where ~γ is the path :

~γ = [ (a_{p1} b_{q1} )(a_{p2} b_{q2} ) · · · (a_{pt−1} , b_{qt−1} )(a_{pt−1}, b_{qt+1})(a_{pt+1} , b_{qt+1} ) · · · (a_{pk+r−1} b_{qk+r−1} ) ] (~γ is obtained from γ by downgrading the upper L at step t to a lower L). Clearly: ω^{n+3−k−r} ~γ_t = ω n+3−k−r γ_t (as we are removing exactly the step where the two paths differ) and since A(~γ) = A(γ) − 1 we get: (−1)^{A(γ)+t+1} ω^{n+3−k−r} γ_t + (−1) A(~γ)+t+1 ωn+3−k−r ~γ_t = 0. It is also clear that such terms do not appear on the left side of the equation (148).

It remains to look at the first two cases. Let us analyze the first case. In this situation, the term ω^{n+3−k−r} γ_t appears in (δ_bT^{(a1a2···ar)} (.) ω)_{(b1 b2···bk)} but not in (δ_aT^{(.)}_{(b1b2···bk)}ω)_{(a1a2 ···ar )} . We check the sign which ω^{n+3−k−r}_{γt} carries on the left side of equation (148). Assume q_t = f and p_t = g. Then γ_t can be interpreted as a path in the rectangular network (a_pb_q) generated by (a_1, a_2, · · · a_r ) and (b_1, b_2, · · · b_{f−1}, b_{f+1}, · · · b_{fk} ). The area bounded by γ_t and b-axis is: A(γ_t) = A(γ) − (γ − 1). Therefore ω^{n+3−k−r}

γ_t appears in T^{(a1a2 ···ar )} (b_1b_2···b_{f−1} b_{f+1}···b_k) ω with sign (−1)^{A(γt)} = (−1)^{A(γ)−g+1} . But T^{(a1a2···ar )} (b_1b_2···b_{f−1} b_{f+1} ···b_k) ω is a term in (δbT

(a_1a_2···a_r )

(.) ω)_{(b1b2···bk)} with sign (−1)^{f+1} and (δ_bT^{(a1a2···ar)}_{(.)} ω)_{(b1 b2···bk)} appears on the left hand side of expression (148) with positive sign. Therefore, the following term appears once in the left hand side of (148): (−1)^{A(γ)−g+1+f+1} ω^{n+3−k−r} γ_t .

Since f + g = t + 1, A(γ) − g + 1 + f + 1 ≡ A(γ) + t + 1 (mod 2) and hence, the sign for ω^{n+3−k−r}_{γt} in the left hand side of (148) coincides with the sign in the right hand side.

One clears the second case in a similar manner. Then, drawing a conclusion, the entire right hand side of expression (148) appears exactly the same in the left hand side. It can immediately be checked that the reverse holds too. Each term in the left hand side of equation (148) appears in the mirror on the right hand side. Therefore, the equality holds and the proof of the lemma is complete.

The integration mechanism: ∫ E ω = A = ( T, A^{n−d}_{a1} , A^{n−d−1}_{a1 a2} , · · · , A^{−1}_{a1a2···an−d+2} ) (149) with: T = ∫ E H, (150)

A_{(a)} = d+1∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1 >i_2>···>i_k) ∫ Δ_{(i)}

T^{(a)}_{ρ((i))}ω , |(a)| ≤ n − d + 1 (151) and A^{−1}_{a1 a2···an−d+2} = (−1)^{(n−d+1)d} ∑ (i)=(i_1>i_2>···>i_k) ∫ Δ_{(i)} T^{a1a2 ···an−d+2} ρ((i)) ω , (152)

is now complete. However, there is one more issue to be discussed. The push-forward map obtained: ∫ E : N Č^n(X × E) → N Č^{n−d}(X) (153) commutes with differentiation operator ď, realizing therefore a morphism of cochain complexes. · · ·^ď→ N Č^{n−1}(X × E)^ď→ N Č^n(X × E)^ď→ N Č^{n+1}(X × E)^ď→ · · · ∫_E ∫_E ∫_E · · ·^ď→ N Č^{n−d−1}(X)^ď→ N Č^{n−d}(X)^ď→ N Č^{n−d+1}(X)^ď→ · · · This morphism is far from being canonical. It depends on choices of dual cell decomposition Δ_i of the compact manifold E and subordination map ρ. However, one can measure its variation when using different sets of choices.

Proposition 33. Assume that (Δ_i, ρ) and (Δ^′_i, ρ^′) are two distinct pairs of dual cell decompositions and corresponding subordination maps. Let: ∫_′ E and ∫ E be the associated push-forward morphisms. There exists a homotopy operator: k^n : N Č^n(X × E) → N Č^{n−d−1}(X) (154) such that for any differential non-flat n-cocycle ω ∈ N Ž^n(X × E), ∫ E ω − ∫_′ E ω = ďk^n(ω) + k^{n+1}(ďω). (155)

Proof. The proof goes in two steps. Initially, we show that the above statement holds if the two cell decompositions are the same and only the subordination maps are different. Secondly, we prove that refining a decomposition in the same subordination map does not change the integration process.

Let us proceed with the first step and construct the homotopy operator. · · ·^ď→ N Č^{n−1}(X × E)^ď→ N Č^n(X × E)^ď→ N Č^{n+1}(X × E)^ď→ · · · k^{n−1} ↙ ∫_′ E ∫ E k^n ↙ ∫_′ E ∫ E k^{n+1} ↙ ∫_′ E ∫ E · · ·^ď→ N Č^{n−d−1}(X)^ď→ N Č^{n−d}(X)^ď→ N Č^{n−d+1}(X)^ď→ · · ·

We keep the notations used earlier. The subordination maps are defined as: ρ, ρ^′ : I → B. Let ω be a n-cocycle in N Ž^n(X × E) described in the product open covering as: ω = (H, ω^n_a , ω^{n−1}_{a1a2} , ω^{n−2}_{a1a2a3} , .... ω^0_{a1a2....an+1} , ω^{−1}_{a1a2 ....an+2} ). (156) We define Θ = k^n(ω) ∈ N Č^{n−d−1}(X) represented in the open covering (U_a)_{a∈A} of X as: Θ = ( 0, Θ^{n−d−1} a_1 , Θ n−d−2 a_1 a_2 , · · · Θ −1 a_1a_2···a_{n−d+1} ) . (157)

The components of (157) are obtained as follows. Let (a) = (a_1a_2 · · · a_r ), 1 ≤ k ≤ n − d + 1. Then: Θ^{n−d−r} (a) = d+1∑ k=1 (−1)^{(n−d)(k+1)} ∑ (i) =(i_1 >i_2>···>i_k) ∫ Δ_{(i)} (_k ∑ t=1 (−1)^{t+1}T^{(a)}_{(ρ(i1)ρ(i2)···ρ(it)ρ′ (it)···ρ′(ik))}ω ) . (158)

The integrals over points are considered to be restrictions over the corresponding X-slices. If r = n − d + 1, the above summation is made for k = d + 1 only.

Denote by A_{(a)} respectively A^′_{(a)}, the components of the (n−d)-cochains on X obtained from integrating ω using the subordination ρ respectively ρ^′. We compute:

(δΘ)_{(a)} + (−1)^{|(a)|} dΘ_{(a)} = d+1∑ k=1 (−1)^{(n−d)(k+1)}

k∑ t=1 (−1)^{t+1} ∑ (i)=(i_1>···>i_k) ∫ Δ_{(i)} ( [δ_aT^{(.)}_{(ρ(i1)···ρ(it)ρ′(it)···ρ′ (ik))}ω]^{(a)} + (−1)^{|(a)|}d_xT^{(a)}_{(ρ(i1)···ρ(it)ρ′ (it)···ρ′(ik))}ω ) =

= d+1∑ k=1 k∑ t=1 (−1)^{(n−d)(k+1)+t+1} ∑ (i)=(i_1>···>i_k) ( [δ_aT^{(.)}_{(ρ(i1 )···ρ(it)ρ′(it)···ρ′(ik))}ω]^{(a)} +

+ (−1)^{|(a)|} dT^{(a)}_{(ρ(i1)···ρ(it)ρ′(it)···ρ′(ik))}ω + (−1)^{|(a)|+1} d_yT^{(a)}_{(ρ(i1)···ρ(it)ρ′(it)···ρ′(ik))}ω ). But, for a fixed k: k∑ t=1 ∑ (j)=(j_1>···>j_{k−1} ) (−1)^{t+1} ∫ Δ_{(j)} d_yT^{(a)}_{(ρ(j1)···ρ(jt)ρ′(it)···ρ′(ik−1 ))}ω =

= (−1)^{(n−d+|(a)|+k+1)} k+1∑ t=1 ∑ (i)=(i_1>···>i_k) (−1)^{t+1} ∫ Δ_{(i)} ( [δ_bT^{(a)}_{(.)} ω]_{(ρ(i1)···ρ(it)ρ}′_{(it)···ρ}′_{(ik))} + (T^{(a)}_{(ρ(i1)ρ(i2)···ρ(ik))}ω − T^{(a)}_{(ρ′(i1)ρ′ (i2)···ρ′ (ik))}ω ) ) . On can see the above equality by just applying Stokes’ Theorem and carefully removing the canceling terms. Using that in the earlier expression we get:

(δΘ)_{(a)} + (−1)^{|(a)|} dΘ_{(a)} = d+1∑ k=1 k∑ t=1 (−1)^{(n−d)(k+1)+t+1} ∑ (i)=(i_1>···>i_k) ( [δ_aT^{(.)}_{(ρ(i1)···ρ(it)ρ′(it)···ρ′ (ik))}ω]^{(a)} + (−1)^{|(a)|} dT^{(a)}_{(ρ(i1)···ρ(it)ρ′(it)···ρ′ (ik))}ω +

+ (−1)^k [δ_bT^{(a)}_{(.)} ω]_{(ρ(i1)···ρ(it)ρ}′_{(it)···ρ}′_{(ik))} + (−1)^{k+1} (T^{(a)}_{(ρ(i1)ρ(i2 )···ρ(ik))}ω − T^{(a)}_{(ρ′ (i1)ρ′(i2)···ρ′ (ik))}ω ) ). According to Lemma 32, the first three terms inside the above summation make: (−1)^k T^{(a)}_{(ρ(i1 )···ρ(it)ρ′ (it)···ρ(ik))}ďω.

Therefore:

(δΘ)_{(a)} + (−1)^{|(a)|} dΘ_{(a)} = = − d+1∑ k=1 k∑ t=1 (−1)^{(n−d+1)(k+1)+t+1} ∑ (i) =(i_1>i_2>···>i_k) ∫ Δ_{(i)} ( T^{(a)}_{(ρ(i1)ρ(i2)···ρ(it)ρ′ (it)···ρ′(ik))}ďω ) +

+ d+1∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1 >···>i_k) ∫ Δ_{(i)} ( T^{(a)}_{(ρ(i1)ρ(i2 )···ρ(ik))}ω − T^{(a)}_{(ρ′ (i1)ρ′(i2)···ρ′ (ik))}ω ) . The first sum on the right hand-side of above equality represents exactly the (a)-component of k^{n+1}(ďω). Therefore we obtain:

(δΘ)_{(a)} + (−1)^{|(a)|} dΘ_{(a)} = − [ k^{n+1}(ďω) ] (a) + A_{(a)} − A^′_{(a)},

In other words: [ ďk^n(ω)]_{(a)} + [k^{n+1}(ďω)]_{(a)} = A_{(a)} − A^′_{(a)}.

Equality (155) follows. The first part of the proof is complete.

We continue with the second step. Let us assume that we are dealing with two different cell decompositions (Δ_i)_{i∈I} and (Δ_j)_{j∈J} and the latter one is a refinement of the former. Say, there is a map:

φ : J → I such that Δ_j ⊂ Δ_{φ(j)}.

Also, assume that both decompositions are subordinated to covering (U_b)_{b∈B} and the subordination map for Δ_i is ρ : I → B. The subordination on Δ_j can be taken as ρ ∘ φ.

Say the integration of ω using the first pair (Δ_i, ρ) is : ∫ E ω = A = ( T, A^{n−d}_{a1} , A^{n−d−1}_{a1 a2} , · · · , A^{−1}_{a1a2···an−d+2} ) (159) whereas the integration of ω using (Δ_j, ρ ∘ φ) is: ~∫ E ω = ~A = ( T, ~A^{n−d}_{a1} , ~A^{n−d−1}_{a1 a2} , · · · , ~A^{−1}_{a1a2···an−d+2} ). (160) Our goal is to prove that these two multiplets are actually the same. We have:

A_{(a)} = d∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (i)=(i_1 >i_2>···>i_k) ∫ Δ_{(i)}

T^{(a)}_{ρ((i))}ω . (161)

and ~A_{(a)} = d∑ k=1 (−1)^{(n−d+1)(k+1)} ∑ (j)=(j_1>j_2>···>j_k) ∫ Δ_{(j)}

T^{(a)}_{ρ(φ(j))}ω . (162)

(the order relations on J and I are such chosen to make φ an increasing map).

But, ω_{(c)} vanishes as soon as the multi-index (c) includes two identical sub-indices (by convention). Therefore, in sum (162) all terms: ∫

Δ_{(j)}

T^{(a)}_{ρ(φ(j))}ω

for which (j) contains two sub-indices j_u and j_v with φ(j_u) = φ(j_v), vanish. After removing those, the terms in expression (162) can be summed up to make the ones in (161). The second step is complete.

Let us finish up the appendix by making the following observations related to Proposition 33. First, although the integration mechanism we devised for differential cochains depends on ingredient choices (dual cell decomposition and subordination assignment), the induced cohomology push-forward map does not depend on those. One can extend the arguments in the proof and take into account a variation of the product open covering too. Under a change of admissible open covering, the integration mechanism stays again in the same homotopy class. One can therefore conclude that the induced cohomology push-forward map: ∫ E : Ȟ^n(X × E) → Ȟ^{n−d}(X) does not depend at all on the choice of product open covering, dual cell decomposition and subordination relation.

Second, the construction can be extended to work for differential cochains having as derivatives global forms. Namely, let B^n(X) be the set of non-flat differential n-cochains ω such that ďω ∈ Ω^n(X). We know from section 1 that the flat coboundary equivalence relation extends to B^n(X). One can show then that, for ω_1, ω_2 ∈ B^n(X × E), defined on admissible product coverings, with ω_1 ∼ ω_2 ∫ E ω_1 ∼ ∫ E ω_2 in B^{n−d}(X)

regardless of the choice of dual cell decomposition subordinated to the two distinct open coverings. One obtains, therefore, a canonical push-forward homomorphism: ∫ E : B^n(X × E)/ ∼ → B^{n−d}(X)/ ∼ . References

[1] M. F. Atiyah, V. K. Patodi, and I. M. Singer. Spectral asymmetry and Riemannian geometry. II. Math.

Proc. Cambridge Philos. Soc., 78(3):405–432, 1975.

[2] Jean-Michel Bismut and Daniel S. Freed. The analysis of elliptic families. I. Metrics and connections on determinant bundles. Comm. Math. Phys., 106(1):159–176, 1986.

[3] Jean-Michel Bismut and Daniel S. Freed. The analysis of elliptic families. II. Dirac operators, eta invariants, and the holonomy theorem. Comm. Math. Phys., 107(1):103–163, 1986.

[4] Jean-Luc Brylinski. Loop spaces, characteristic classes and geometric quantization. Birkhäuser Boston Inc., Boston, MA, 1993.

[5] Daniel S. Freed. Dirac charge quantization and generalized differential cohomology. In Surveys in Differential Geometry, 129-194, Int. Press, Somerville, MA, 2000 [6] Daniel S. Freed. Determinants, torsion, and strings. Comm. Math. Phys., 107(3):483–513, 1986. [7] Daniel S. Freed. On determinant line bundles. In Mathematical Aspects of String Theory., 189–238.

World Sci. Publishing, Singapore, 1987.

[8] Jeff Cheeger and James Simons. Differential characters and geometric invariants. In Geometry and topology (College Park, Md.), 50–80. Lecture Notes in Math., 1167, Springer, Berlin, 1985.

[9] Robert Friedman, John W. Morgan, and Edward Witten. Principal G-bundles over elliptic curves.

Math. Res. Lett., 5(1-2):97–118, 1998.

[10] Michael B. Green, John H. Schwarz, and Edward Witten. Superstring theory. Vol. 2. Cambridge University Press, Cambridge, second edition, 1988.

[11] Nigel Hitchin. Lectures on special lagrangian submanifolds. math.DG / 9907034. [12] Victor G. Kac and Dale H. Peterson. Infinite-dimensional Lie algebras, theta functions and modular forms. Adv. in Math., 53(2):125–264, 1984.

[13] Eduard Looijenga. Root systems and elliptic curves. Invent. Math., 38(1):17–32, 1976/77. [14] Mamoru Mimura and Hirosi Toda. Topology of Lie groups. I, II. American Mathematical Society, Providence, RI, 1991.

[15] David Mumford. Tata lectures on theta. I. Birkhäuser Boston Inc., Boston, MA, 1983. [16] D. Quillen. Determinants of Cauchy-Riemann operators on Riemann surfaces. Funktsional. Anal. i Prilozhen., 19(1):37–41, 96, 1985.

[17] D. B. Ray and I. M. Singer. Analytic torsion for complex manifolds. Ann. of Math. (2), 98:154–177, 1973.

[18] Carl Ludwig Siegel. Advanced analytic number theory. Tata Institute of Fundamental Research, Bombay, 1980.

[19] Edward Witten. World-sheet corrections via D-instantons. J. High Energy Phys., (2), 2000. [20] Adrian Clingher and John W. Morgan. Mathematics Underlying the F-Theory/Heterotic String Duality in Eight Dimensions. Comm. Math. Phys., 254 (3), 2005, 513-563 [21] M.J. Hopkins and I.M. Singer. Quadratic Functions in Geometry Topology and M-Theory.

math.AT/0211216 [22] N. Bourbaki. Éléments de mathématique. Fasc. XXXIV. Actualités Scientifiques et Industrielles, No.

1337, Hermann, Paris, 1968.

[23] C. Vafa. Evidence for F-theory. Nucl. Phys. B, (469), 1996.

[24] K. Narain. New heterotic string theories in uncompactified dimensions ¡ 10. Phys. Lett., 169B (1), 1986. [25] K. Narain, M. Sarmadi, and E. Witten. A note on toroidal compactification of heterotic string theory..

Nucl. Phys. B, (279) (3-4) , 1987 [26] E. Witten. Global gravitational anomalies. Comm. Math. Phys., 100:197–229, 1985. [27] Paul S. Aspinwall and David R. Morrison. String Theory on K3 surfaces. In Mirror symmetry, II, pages 703–716. Amer. Math. Soc., Providence, RI, 1997.