arXiv:math.QA/0306332v2 6 Feb 2007

v1: January, 2003 v2: February, 2007

Noncommutative homotopy algebras

associated with open strings

Hiroshige Kajiura

Yukawa Institute for Theoretical Physics, Kyoto University Kyoto 606-8502, Japan e-mail: kajiura@yukawa.kyoto-u.ac.jp

Keywords: Homotopy algebra, string field theory, A_∞-algebra MSC 2000: 18G55;81T18;81T30

Abstract

We discuss general properties of A_∞-algebras and their applications to the theory of open strings. The properties of cyclicity for A_∞-algebras are examined in detail. We prove the decomposition theorem, which is a stronger version of the minimal model theorem, for A_∞- algebras and cyclic A_∞-algebras and discuss various consequences of it. In particular it is applied to classical open string field theories and it is shown that all classical open string field theories on a fixed conformal background are cyclic A_∞-isomorphic to each other. The same results hold for classical closed string field theories, whose algebraic structure is governed by cyclic L_∞-algebras.

Contents

1 Introduction and Summary 2 1.1 A_∞-spaces and A_∞-algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 A_∞-structures and classical open string field theory . . . . . . . . . . . . . . . . . 7 1.3 Dual description; formal noncommutative supermanifolds . . . . . . . . . . . . . 13 1.4 Noncommutativity, open strings, and D-branes . . . . . . . . . . . . . . . . . . . 14 1.5 Formal noncommutative symplectic supergeometry . . . . . . . . . . . . . . . . . 15 1.6 Plan of this paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2 A_∞-algebras 20 2.1 Coalgebras, coderivations, and cohomomorphisms . . . . . . . . . . . . . . . . . . 20 2.2 A_∞-algebras and A_∞-morphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.3 Cyclic A_∞-structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.4 Maurer-Cartan equations and deformation theory . . . . . . . . . . . . . . . . . . 26

3 Dual geometric description of homotopy algebras 28 3.1 The dual of coalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.2 Formal noncommutative supermanifolds . . . . . . . . . . . . . . . . . . . . . . . 30 3.3 Superfield and mixed description . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4 Odd symplectic geometry on formal noncommutative supermanifolds 35 4.1 The constant symplectic structures . . . . . . . . . . . . . . . . . . . . . . . . . . 35 4.2 The symplectic and Poisson structures . . . . . . . . . . . . . . . . . . . . . . . . 38 4.3 The symplectic diffeomorphisms and the Hamiltonian flows . . . . . . . . . . . . 42 4.4 The Darboux theorem for noncommutative odd symplectic structures . . . . . . 43 4.5 Cyclic A_∞-algebras from the dual pictures . . . . . . . . . . . . . . . . . . . . . . 44

5 The minimal model theorem 46 5.1 The decomposition theorem for A_∞-algebras . . . . . . . . . . . . . . . . . . . . 46 5.2 The decomposition theorem for cyclic A_∞-algebras . . . . . . . . . . . . . . . . . 52 5.3 Existence of the inverse of A_∞-quasi-isomorphisms . . . . . . . . . . . . . . . . . 54 5.4 Maurer-Cartan equations, Feynman graphs and the minimal model theorem . . . 54 5.5 Minimal cyclic A_∞-algebras and Feynman graphs . . . . . . . . . . . . . . . . . . 61

6 The minimal model theorem in the BV-formalism 63 6.1 Cyclic A_∞-structures in the BV-formalism . . . . . . . . . . . . . . . . . . . . . . 63 6.2 Gauge fixing in the BV-formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 6.3 Path integral, Feynman diagram and the minimal model theorem . . . . . . . . . 70 6.4 Equivalence of classical open string field theories . . . . . . . . . . . . . . . . . . 76

7 Homotopy equivalence, gauge equivalence and moduli spaces 79 7.1 Homotopy equivalence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 7.2 Gauge equivalence and the moduli space of an A_∞-algebra . . . . . . . . . . . . . 83

1 Introduction and Summary

This paper is the extended version of [53]. We shall discuss general properties of homotopy algebras and their application to string theory. Homotopy algebras and string theory are related to each other. General properties of homotopy algebra govern general properties of field theory of string, whereas, string theory or field theory gives some insight into the theory of homotopy algebras. The direct connection between them is realized in terms of formal supermanifolds. Homotopy algebras are described (by taking their duals) in terms of formal supermanifolds, of which their coordinates are just the fields of field theories. We concentrate on the theory related to tree-level open strings, whose relevant homotopy algebraic structures are A_∞-algebras [107]. A_∞-algebras appearing in open string theory have an additional structure, the cyclicity. We call them cyclic A_∞-algebras and examine their properties in detail. We also give a statement of formal noncommutative (odd) symplectic supergeometry and examine its local properties. It serves as a realization of A_∞-algebras equipped with cyclicity. The minimal model theorem [50] plays a key role in studying homotopy algebraic properties of A_∞-algebras. We prove a stronger version of the minimal model theorem, which we call the decomposition theorem, for A_∞- algebras and cyclic A_∞-algebras. For A_∞-algebras, a similar result is obtained independently in [72]. Various consequences of the decomposition theorem are then discussed. In particular it is applied to the classification of classical open string field theories.

In this section, we shall provide some background and main ideas of the present work. In subsection 1.1, we shall first recall some background history of A_∞-algebras. The construction of string field theory and the relevance of homotopy algebraic structures to them are reviewed in subsection 1.2. In subsection 1.3, we present some of our notations related to formal supermanifolds, which play a central role in this paper. Subsection 1.4 consists of additional comments for the noncommutativity of formal supermanifolds and their connection to physics of open strings. Subsection 1.5 is devoted to showing the idea of the construction of formal noncommutative symplectic supergeometry inspired from open strings. Subsection 1.2, subsection 1.3 and subsection 1.5 include our basic concept and tools leading to some of the main results of this paper. The contents and the results of this paper are summarized in subsection 1.6. Since in later sections we assume no knowledge presented in this section, the readers can skip this section and begin with section 2.

1.1 A_∞-spaces and A_∞-algebras An A_∞-space was introduced by J. Stasheff as a tool in the study of H(opf)-spaces [106, 108]. Roughly speaking, H-spaces are group-like topological spaces. A typical example is a based loop space. Let Y = ΩX be the space of based loops in X. For a based point x_0 ∈ X, an element of Y is a map x : [0, 1] → X where x(0) = x(1) = x_0 (Figure 1 (a)). We have a product as a

Figure 1: (a). An element in Y . (b). A homotopy between m_2(m_2(•, •)) and m_2(•, m_2(•, •)), where • symbolizes an element in Y .

group-like space m_2 : Y × Y → Y . It is given by connecting two loops as m_2(x, x^′)(t) = x(2t) for 0 ≤ t ≤ 1/2 and m_2(x, x^′)(t) = x^′(2(t−1/2)) for 1/2 ≤ t ≤ 1. m_2 is not associative but clearly there exists a homotopy described by an interval K_3 (Figure 1 (b)) m_3 : K_3 × Y × Y × Y −→ Y . When we represent the product by a trivalent planar tree, the relation above is characterized pictorially as in Figure 2(a). Next, when considering possible operations of (Y )^{×4} → Y by m_2,

Figure 2: (a). An interval as the associahedron K_3. (b). A pentagon as the associahedron K_4.

we have five vertices corresponding to tree graphs which consists of trivalent trees. Then one gets Figure 2(b) corresponding to the ‘homotopy pentagon relation’. One can see that each edge corresponds to K_3 and K_4 bounded by these edges is a pentagon. The corresponding homotopy m_4 : K_4 ×(Y )^{×4} → Y is then defined. Repeating this procedure then produces higher homotopies m_n : K_n × (Y )^{×n} −→ Y . For n ≥ 2, K_n is a polytope of dimension (n−2); K_2 is a point, K_3 is a interval, K_4 is a pentagon as above, and so on. As indicated in Figure 2(a) or (b), K_n is associated with an n-corolla, where an n-corolla is an n-tree without internal edges and an n-tree is a planar rooted tree with n leaves. For a planar rooted k-tree, l-tree and an integer 1 ≤ i ≤ k, one can consider the grafting of l-tree to k-tree along leaf i, given by identifying the root edge of the l-tree with the i-th leaf of k-tree (see Figure 3 (b)). Associated to the grafting, one can consider the following inclusion

Figure 3: (a). Notation for planar rooted tree. The above one is a 4-tree. (b). An example of grafting, grafting of a 3-corolla to a 4-corolla along leaf 3. map K_k ∘_i K_l → K_{k+l−1} . Then, by construction, the {K_n}_{n≥2} have the following recursion relation ∂K_n = ∑ k+l=n+1 k,l≥2 k∑ i=1 K_k ∘_i K_l (1.1)

for the codimension one boundary of K_n. One can confirm eq.(1.1) in the case of n = 4, where the summation in the right hand side produces five terms; the terms for k = 2, i = 1, 2 and k = 3, i = 1, 2, 3. They corresponds to the five edges of the pentagon in Figure 2 (b). The trees associated to the edges are just the ones associated to K_k ∘_i K_l. There also exist other relations for lower components (codimension greater than one boundaries) of K_n.

Generally, a topological space Y equipped with higher homotopies {m_n}_{n≥2} as above is called an A_∞-space [106] (for a brief review see [111], an origin of this concept is M. Sugawara’s work [114]). It is applied to the study of loop spaces [1, 14, 81]. Conversely, it is known that any topological space Y that admits the structure of an A_∞-space and whose connected components form a group is homotopy equivalent to a loop space [1]. It also appears in the construction of a classical open string field theory as will be mentioned in the next subsection.

The set of associahedra {K_n}_{n≥2} is one of the most typical example of topological operads. Though we avoid presenting the complicated definition, a (· · · ) operad [81] is a set of (· · · )- objects that correspond to corollas and are equipped with natural structures associated with trees and their grafting. (In the case here, (· · · ) = ‘topological’. ) The set {K_n}_{n≥2} is associated to a non-symmetric operad for which the corresponding trees are planar.^1 It is known that for any topological operad, the singular chain complex forms a differential graded (dg) operad. Since the associahedra are presented as cell complexes and the composition of trees is cellular, the cellular chains form a dg operad. Then the algebra over the dg operad is an A_∞-algebra [107], see below.

The theory of operads and trees are closely related to compactification of configuration spaces. It is known that K_n is obtained as the real compactification of (n − 2) distinct points in an interval (cf. the little interval operad; see [80], p94). The configuration space can further be related to the real compactification of the moduli space M_{n+1} of a disk with (n + 1) points on the boundary as indicated in Figure 4. The compactified moduli space M_{n+1} is defined as

Figure 4: (a). The identification of the interval with (n − 2) points on it with the boundary of the disk with (n + 1) points on the boundary. (b). Compactification of moduli space M_7. The figure above represents a boundary component of M_7. It just corresponds to the grafting of trees in Figure 3 (b).

the configuration space of (n + 1)-punctures on S^1 divided by conformal transformations. In the case when the Riemann surface is the disk, the conformal transformations are elements of SL(2, R). The degree of freedom can be killed by fixing three points on the boundary. As usual we denote the three points by 0, 1 and ∞. By choosing ∞ as the ‘root edge’, the interval is naturally identified with the arc between 0 and 1. The pattern of the degeneration of points on the boundary is just the same as the right hand side of eq.(1.1), which has 2 + 3 + · · · + (n − 1) terms corresponding to the boundary components. Other interesting examples of topological operads and their connection to compactifications can be found for instance in [31, 110].

Let H be a Z-graded vector space and m := {m_n : (H)^{⊗n} → H}_{n≥1} a collection of multilinear maps. The pair (H, m) is then an A_∞-algebra iff m satisfies the following relations (see also Definition 2.5)

m_1m_n + n∑ i=1 m_n(1^{⊗i−1} ⊗ m_1 ⊗ 1^{⊗n−i}) = − ∑ k+l=n+1 k≥2,l≥2 k∑ j=1 m_k(1^{⊗j−1} ⊗ m_l ⊗ 1^{⊗k−j}) (1.2)

1Here non-symmetric corresponds to noncocommutative in coalgebra description of A∞-algebras in section 2.

on H^{⊗n} for each n ≥ 1. The equation for n = 1 is just (m_1)^2 = 0, which implies that (H, m_1) forms a complex. The equation for n = 2 is then the Leibniz rule for the action of derivation m_1 on m_2. For n = 3 eq.(1.2) describes the associativity of m_2 up to homotopy. Comparing this with an A_∞-space, one can see that a topological space Y corresponds to a graded vector space H with the m_i for i ≥ 2 on the two sides corresponding to each other, where the action of ∂ on K_n corresponds to the action of m_1 on m_n in the left hand side of eq.(1.2). Namely, the correspondence is in some sense similar to the one between singular homology and deRham cohomology. This paper deals with this algebra side, some ‘deRham rings up to homotopy’.

Such algebraic treatments of homotopy theory were developed in rational homotopy theory by Quillen [89] and Sullivan [115, 34]. In particular [115] deals with differential forms on a manifold M, which form a differential graded algebra (dga). It is then shown that the dga of differential forms on M has the information of the rational homotopy type of M. Note that a dga is an A_∞-algebra (H, m) with m_3 = m_4 = · · · = 0. In particular, in this situation, the graded vector space H is the space of differential forms on M, m_1 is the exterior derivative and m_2 is the wedge product. For A_∞-algebras, there is a notion of homotopy. Two homotopy equivalent A_∞- algebras are transformed to each other by an A_∞-quasi-isomorphism, where quasi-isomorphisms are morphisms which preserves the cohomology with respect to m_1 (Definition 2.8). Then it is known that, for a given A_∞-algebra (H, m), there exists an A_∞-structure on H(H), the cohomology of the complex (H, m_1), which is A_∞-quasi-isomorphic to the original A_∞-algebra (H, m) [50] ([49] for the case (H, m) is a dga). This fact is called the minimal model theorem. The way of constructing minimal models of A_∞-algebras, in particular dgas, has been developed in the framework of homological perturbation theory as an important subject in algebraic topology (for example [35, 40, 36, 37, 38, 45], and see also [46] for the dg Lie algebra case). The minimal model theorem implies, for the case of dga of differential forms, that one can recover the rational homotopy type of M by considering the A_∞-structure on the deRham cohomology instead of the original deRham complex. In this case, the higher operations {m_n}_{n≥3} are related to the higher Massey-Yoneda products. One may also consider the (complex of) modules over M and Ext between them. Correspondingly, there are the notion of A_∞-modules over M and an A_∞- category on M (see [59, 72]). It is then known that the stories stated above hold in a similar way as for A_∞-algebras.

Such notions are applied to mathematical physics in many ways. One of the application is the homological mirror symmetry conjecture [63] which states some equivalences between an A_∞-category [22] on Calabi-Yau manifolds M (A-model side in physical terms) and the category of coherent sheaves on the mirror dual manifold M̂ (B-model side). This conjecture implies that both sides, that is, not only the A but also the B-model sides have some A_∞-structures. It is known that in some restricted situations both A and B model are described by topological Chern-Simons field theories [125] and one can obtain so-called D-brane superpotentials from the topological Chern-Simons field theories [73, 118, 74]. This is nothing but the minimal model theorem, where a topological Chern-Simons field theory has a structure of dga and a D-brane superpotential is regarded as the collection of higher Massey-Yoneda products [125].

Furthermore, not only the Chern-Simons field theory above but any field theory has a homotopy algebraic structure generally only if it satisfies a classical Batalin-Vilkovisky (BV-) master equation (see subsection 1.3). The typical examples are classical string field theories explained in the next subsection.

1.2 A_∞-structures and classical open string field theory String field theory is defined on a fixed conformal background of space-time (target space) M to which world sheet of strings (Riemann surfaces) are mapped, where a conformal background is a background (metric, etc.) of M so that the action of a string on M has conformal symmetry (see [95]). There exists several classes of string field theories corresponding to the classes of Riemann surfaces. The most general one is open-closed string field theory [129], which associates to the most general class of Riemann surfaces; Riemann surfaces with boundaries, genera and punctures. It includes various ‘sub-string field theories’; classical open string field theories - associated to disks (one boundary and no genus) with punctures only on the boundary, classical closed string field theories - associated to spheres (no boundary and no genus) with punctures, quantum closed string field theories - associated to Riemann surfaces with punctures (and genera) and without boundary, and so on. Genus and multi-boundaries relate to loops of closed strings and open strings, respectively. We use the term ‘classical’ (resp. quantum) for theory without such loop (resp. with such loops). There exists an abstract standard way for constructing these string field theories [77, 128]. We shall review it briefly in the case of classical open string field theories below. The essence is the same for the other SFTs.

The open string Hilbert space H is a Z-graded vector space. The conformal field theory technique gives us a basis system {e_i} of open string states (in terms of the oscillators in the mode expansions), where the grading of these basis is related to the ghost number of string states ([128, 85]). For each state e_i, consider a field ϕ^i (in the sense of field theory) whose degree is minus the degree of e_i so that the degree of Φ := e_iϕ^i is set to be zero. Φ is called a string field.^2 Moreover we have a degree one coboundary operator Q : H → H and a degree minus one antisymmetric bilinear form ω( , ) : H ⊗ H → C that are also defined canonically on the conformal background. Q and ω are called the BRST-operator [58] and the BPZ-inner product [13], respectively. They in fact define a degree-zero graded-symmetric bilinear form V_2 := ω(1 ⊗ Q) : H ⊗ H → C , which defines the kinetic term (quadratic term with respect to field {ϕ}) of the action of a classical open string field theory. The action is of the following form,

S(Φ) = 1 2 ω(Φ, QΦ) + ∑ k≥3 1 k V_k(Φ, . . . , Φ) ,

where V_k : H^{⊗k} → C is a degree zero cyclic multilinear map. We call {V_k}_{k≥3} the vertex maps. The term ‘cyclic’ indicates that V_k satisfies V_k(e_{i1} , . . . , e_{ik} ) = (−1)^{ei1 (ei2 +···+ei}k^)V_k(e_{i2} , . . . , e_{ik} , e_{i1} ) for any e_i ∈ H. It holds for k ≥ 2, where the case k = 2 is equivalent to the fact that V_2 is gradedsymmetric stated above. All the (multi-)linear maps introduced here are extended naturally to the polynomials of fields ϕ^i. Thus, the action S(Φ) is a degree zero polynomial function that has the cyclicity. To construct a string field theory is then to construct vertex maps {V_k}_{k≥3} satisfying certain conditions explained below. In order to do it, some conformal field theory

2For the relation to the usual notations in physics see also [53] subsection 5.2.

technique provides us with the following set-up [121, 4, 77, 128]. Let us consider a disk D with cyclic ordered n holomorphic half disks on the boundary S^1 for n ≥ 3. Namely, we have n holomorphic maps f_i, i = 1, . . . , n, from a half disk {z ∈ C |Im(z) ≥ 0, |z| ≤ 1} in an upper half plane H_+ = {z ∈ C |Im(z) ≥ 0} to the disk D which are injective and map the boundary Im(z) = 0 of the half disk to intervals on the boundary of the disk D with preserving the orientations. Thus, f_i maps the origin o of the half disk to a point (puncture) on the boundary of D, and these n holomorphic maps are defined so that f_1(o), . . . , f_n(o) are counterclockwise cyclic ordered and the images of the half disks by any two holomorphic maps do not overlap with each other. In particular, in order to fix the SL(2, R) automorphisms of the disk D, we fix three points f_1(o) =: 0, f_{n−1}(o) =: 1 and f_n(o) =: ∞. We denote the space of such disks with cyclic ordered n holomorphic half disks by ~M_n. It forms an infinite dimensional space. For a disk Σ_n ∈ ~M_n, the image of the arc defined by |z| = 1, |Im(z)| ≥ 0 by each holomorphic map f_i is regarded as an open string. The disk Σ_n thus describes the interaction of such n open strings, as in Figure 5 (a), with the initial condition of each open string being specified by the image of the origin f_i(o). An open string state space H is associated to each origin o of the half disk. In particular, since Q : H → H is a differential, (H, Q) forms a complex called the BRST-complex. The kernel (resp. cokernel) of Q is called the on-shell (resp. off-shell) state space, and the cohomology H(H) with respect to Q, the BRST cohomology, is called the physical state space. 3 For each Σ_n ∈ ~M_n, the corresponding correlation function (expectation value) of conformal field theory gives a map Σ_n : H^{⊗n} → C (as above we denote the map also by Σ_n). Moreover, one can consider the tangent space T ~M_n and the space of differential k-forms Ω̃^k_{diff} ( ~M_n) on ~M_n for each k ≥ 0 [121, 4, 128]. In particular, associated to the infinitesimal deformations of Σ_n, one can define a map Ω̃^k_n : H^{⊗n} → Ω̃^k_{diff} ( ~M_n) for each k.

Let M_n, n ≥ 3, be a suitable compactification of the moduli space of disks with n punctures on the boundary. The dimension of M_n is (n − 3). There is a projection π : ~M_n → M_n obtained by forgetting the holomorphic maps f_i, i = 1, . . . , n, except the image of the origin f_i(o). Namely, for Σ_n ∈ ~M_n, π(Σ_n) is the disk with n punctures specified by f_1(o), . . . , f_n(o).

Let us consider a map (section) σ : M_n → ~M_n such that π ∘ σ is identity. When restricting every e_i ∈ H to on-shell, the following map

Ṽ_n(e_{i1} , . . . , e_{in} ) := ∫ M_n σ^∗ ( Ω̃^{n−3}_n (e_{i1} , . . . , e_{in} ) ) ∈ C (1.3)

is in fact independent of the choice of σ, where the degree of the differential form (n − 3) is the dimension of M_n. These are nothing but the tree (on-shell) (scattering) amplitudes of open strings. Since the n insertions (=punctures) are on the boundary of the disk, A_n is a cyclic map. Moreover it is known that the on-shell correlation function vanishes if one of the external states is Q-exact. Thus the collection of open string scattering amplitudes can be defined on the physical state space H(H).

In this situation, the vertex maps {V_n}_{n≥3} should be constructed so that the perturbation theory reproduces the open string scattering amplitudes (1.3). In perturbation theory the on-

3Here we assume for simplicity that the basis ei are taken so that the subbasis of {ei} can span the on-shell state space or the physical state space.

shell scattering amplitudes are calculated by Feynman graphs. The usual construction of string field theory is then to decompose each M_n into cells so that cells correspond one to one with Feynman graphs. The vertex map V_n is determined by the pair (M^0_n, σ), where M^0_n ∈ M_n is a cell of M_n and σ : M^0_n → ~M_n is a map such that πσ is equal to the identity. We give such a pair (M^0_n, σ) so that σM^0_n ⊂ ~M_n has an SL(2, R) automorphism on the disk D which transforms f_i to f_{i+1} for 1 ≤ i ≤ n − 1 and f_n to f_1. Then V_n is given as

V_n(Φ, . . . , Φ) := ∫ M^0_n σ^∗ ( Ω̃^{n−3}_n (Φ, . . . , Φ) ) . (1.4)

By construction, V_n(e_{i1} , . . . , e_{in} ) is cyclic.^4

Let us consider an on-shell tree n-point open string scattering amplitude. The corresponding Feynman graphs are tree planar graphs, each of which consists of cyclic vertices, internal edges, and external edges. Each internal edge has two distinct vertices. Each external edge, called a leaf, has a vertex at one end and the other end is free (see Figure 5 (b)). Clearly, by ignoring

Figure 5: (a). A Riemann surface (disk) that describes an open string interaction. The corresponding Feynman diagram is the planar graph in Figure (b). The dashed lines denote the internal edges that correspond to propagators in the string field theory. Here the vertices are labeled by v_1, . . . , v_5. The numbers of legs for the vertices are e_1 = 3, e_2 = 4, e_3 = 5, e_4 = 3, e_5 = 5. The number of the internal edges equal I = 4. The graph has twelve external edges, and eq.(1.5) holds because 12 = 3 + 4 + 5 + 3 + 5 − 2 · 4.

the distinction between the root edge and the leaves of a rooted planar tree and regarding the root edge also as a leaf, one gets a planar tree graph. Thus, we have a natural surjection ř : G_{n−1} → G^{cyc}_n , where G_{n−1} is the set of rooted planar (n − 1)-trees and G^{cyc}_n is the set of planar graphs with n leaves. Let G^{cyc,I}_n be the set of planar trees with n leaves and I internal edges. Each element Γ^{cyc,I}_n ∈ G^{cyc,I}_n then has I + 1 vertices. We assign v_m, m = 1, 2, . . . , I + 1 to the vertices and let e_m be the number of incident (both internal and external) edges. The following identity then holds

n + 2I = I+1∑ m=1 e_m . (1.5)

4In section 3 in [53] the index for the differential form k in Ω̃^k_n is omitted. The correspondence of the notation between [53] and this paper is then given by Ωn = σ^∗Ω̃n.

For Γ^{cyc,I}_n , one can consider a number Ṽ_Γcyc,I_n (e_{i1} , . . . , e_{in} ) ∈ C . Essentially it is given by attaching V_{em} to each vertex v_m and to each internal edge a so-called propagator (Definition 6.4, denoted by V^+_L ∈ H ⊗ H) and e_{i1} , . . . , e_{in} to leaves cyclically (see Definition 6.9). The tree n-point open string scattering amplitude (1.3) is then reproduced by

Ṽ(e_{i1} , . . . , e_{in} ) := ∑ Γ^{cyc}_n ∈G^{cyc}_n 1 ♯Aut(Γ^{cyc}_n )

Ṽ_{Γcycn} (e_{i1} , . . . , e_{in} ) , (1.6)

where each e_i is on-shell, and Aut(Γ^{cyc}_n ) indicates the number of the automorphisms acting on Γ^{cyc}_n . The fraction^1_{♯Aut(Γ}cyc_{n )} is called the symmetric factor of the Feynman graph. (We shall discuss these Feynman graphs in detail in subsection 6.3. )

On the other hand, the propagator V^+_L is represented by an integral over [0, ∞].^5 Namely, the propagator or the internal edge has modulus τ ∈ [0, ∞] and, in a Riemann surface picture, a strip with fixed width and length τ is associated to it. Assume that {V_k}_{k≥3} are constructed so that the associated Riemann surfaces {σ : M^0_k → ~M_k}_{k≥3} can be joined with the strip (propagator) by sewing Riemann surfaces. Then, each graph Γ^{cyc,I}_n ∈ G^{cyc,I}_n is associated with a subspace of ~M_n, which we denote by ~M_{Γcyc,In} ⊂ ~M_n. The important point is that the compatibility with respect to the sewing of Riemann surface is known [77] (for classical open string theory, more explicitly in [93]), which implies, for instance, Ṽ_{Γcyc,In} (e_{i1} , . . . , e_{in} ) = ∫ ~M_{Γcyc,I} n Ω̃^{n−3}_n (e_{i1} , . . . , e_{in} ) .

Here note that the dimension of ~M_Γcyc,I_n is actually n − 3 and independent of I. The fact can be confirmed by eq.(1.5) as (e_1 − 3) + · · · + (e_{I+1} − 3) + I = (k + 2I − 3(I + 1)) + I = k − 3.

Suppose that the vertex maps {V_k}_{k≥3} in eq.(1.4) are constructed consistently up to k = n − 1 and then concentrate on the n-point amplitude (1.6). The Feynman graph without propagator(I = 0) consists only of the vertex V_n, which is not determined yet. For each Γ^{cyc,I}_n , I > 0, we assume the projection of ~M_Γcyc,I_n gives an inclusion, π( ~M_Γcyc,I_n ) ⊂ M_n , (1.7) and for any two distinct elements of G^{cyc}_n the images never have a common subspace except their boundaries. Let us denote M^I_k := ⋃ Γ^{cyc,I} n ∈G^{cyc,I}_n π( ~M_Γcyc,I_n ) . (1.8) Thus, M^0_n is determined as

M_n = M^0_n ∪ M^1_n ∪ M^2_n ∪ · · · ∪ M^{n−3}_n , (1.9)

where the common subspace M^I ∩M^{I′} , I ≠ I^′, has codimension greater than one. Furthermore, define σ : M^0_n → ~M_n so that σ(M^0_n) and ⋃ I≥1 ⋃ Γ^{cyc,I} n ∈G^{cyc,I}_n ( ~M_{Γcyc,In} ) form a continuous section

of the bundle ~M_n → M_n. Consequently one obtains V_n by eq.(1.4). One can see that the action

5This corresponds to the length parameter of the open string evolution.

Figure 6: The determination of the pair (M^0_n, σ).

is obtained by repeating this procedure. By construction it is clear that the action reproduces the tree open string scattering amplitudes by perturbation theory.

The action constructed as above actually satisfies the classical BV-master equation (1.13). First, consider the infinitesimal variation of the decomposition of Riemann surfaces, or more precisely, take the boundary ∂ of eq.(1.9). Since in eq.(1.7) we assumed π is an inclusion, then π commute with ∂. If one takes the boundary of eq.(1.8), the boundary operator ∂ acts on each ~M_{Γcyc,In} in the right hand side. Here ~M_{Γcyc,In} is a topological space σ(M0_{e1} ) × · · · × σ(M0_{eI+1} ) × [0, ∞]^I equipped with the information of the planar tree graph Γ^{cyc,I}_n . Then ∂ acts by the Leibniz rule on a vertex space M^0_{em} or a propagator [0, ∞]. Here the boundary of the propagator is {0} − {∞}. It is natural to require that in these construction the sum of all the contributions {∞} corresponds to the boundary of M_n. Then, acting by ∂ on eq.(1.9) yields

0 = ∂(M^0_n) + ∑ k_1+k_2=n+2 k_1,k_2≥3 1 2 ∂(M^0_{k1} ) −−(M^0_{k2} ) +(M^0_{k1} ) −−∂(M^0_{k2} ) +(M^0_{k1} )←→∘ (M^0_{k2} ) + ∑ k_1+k_2+k_3=n+4 k_1,k_2,k_3≥3

(· · ·) + · · · (1.10)

for n ≥ 3. We should explain some of the notations used above. First, we identify the image of the composition of two maps σ : M^0_{ki} → ~M_{ki} and π : ~M_{ki} ⊂ ~M_n → M_n with M^0_{ki} itself and wrote M^0_{ki} . Note that each M^0_{ki} is associated with a vertex. We then denoted by −− a topological space [0, ∞] with the operation of connecting two vertices with the propagator. Alternatively, ‘←→∘ ’ indicates the operation of grafting two vertices with ‘{0}’, the contracted propagator. The equation (1.10) is, in fact, equivalent to

0 = ∂(M^0_n) + ∑ k_1+k_2=n+2 k_1,k_2≥3 1 2 (M^0_{k1} )←→∘ (M^0_{k2} ) . (1.11)

The right hand side of the identity above is the sum of the first term and one of the second term in the right hand side of the identity(1.10). The equivalence holds because the other parts of eq.(1.10) cancel by induction. For example, ∂(M^0_{k1} ) −−(M^0_{k2} ) in the second term cancels one of the third term (· · · ) of the form ∑_{k+l=k} 1+2 k,l≥3 (_1 2 (M^0_k)←→∘ (M^0_l ) ) −−(M^0_{k2} ). The recursion equation

(1.11) is called the string factorization equation [105].

The string factorization equation (1.11) is actually equivalent to the BV-master equation. In fact, this identity (1.11) is an identity between (n−4)-dimensional moduli space and graphically an identity between planar tree graphs with n leaves. Thus, let us integrate σ^∗ ( Ω̃n−4_n (Φ, . . . , Φ) ) over the identity (1.11). The conformal field theory technique leads to the following result (cf. [128]):

0 = δ_1 ( 1 n V_n(Φ, . . . , Φ) ) + 1 2 ∑ k_1+k_2=n+2 k_1,k_2≥3

( 1 k V_k(Φ, . . . , Φ), 1 l V_l(Φ, . . . , Φ) ) . (1.12)

In the equation above, ( , ) :=^{←−∂}_{∂ϕi} ω^{ij −→∂}_{∂ϕj} and ω^{ij} is the inverse of ω_{ij} := ω(e_i, e_j ). This in fact defines an odd Poisson bracket and is called the BV-bracket. Also, δ_1 is defined by δ_1 := ( ,^1_2 ω(Φ, QΦ)). It satisfies (δ_1)^2 = 0 corresponding to the nilpotency Q^2 = 0 (or ∂^2 = 0). Summing up eq.(1.12) for n ≥ 3 and multiplying by two then lead to the classical BV-master equation (S(Φ), S(Φ)) = 0 . (1.13)

To summarize, to construct a string field theory is to construct {σ(M^0_k)}_{k≥3} so that they are compatible with the decomposition of the moduli spaces. The construction of {σ(M^0_k)}_{k≥3} is independent of the conformal background we choose. Whereas, Ω̃^• is determined canonically by the conformal background and taking a representation of {σ(M^0_k)}_{k≥3} by {Ω̃^{k−3}_k }_{k≥3} produces a string field theory action on the conformal background. Mathematically, {M^0_n}_{n≥3} forms an operad and, by taking its representation, one obtains an algebra H over the operad, where H is called an operad algebra [80].

As seen in the next subsection, an action which has cyclic vertices and satisfies the classical BV-master equation as above has an A_∞-structure. The A_∞-algebra in addition possesses an odd symplectic inner product and cyclicity. Such an algebra is called a cyclic A_∞-algebra (see Definition 2.11). The appearance of an A_∞-structure can already be seen from eq.(1.12). This identity is in fact a different but an equivalent expression of the A_∞-condition (1.2) under the situation cyclic symmetry exists. The structure of an A_∞-space can also be found in an explicit construction of the classical open string field theory in [85, 53], where M^0_{n+1} is just the associahedra K_n and string factorization equation (1.11) is just the cyclic version of eq.(1.1) [54]. The corresponding operad is called the A_∞-operad [80]. Similar stories hold for other classical string field theories. The underlying operad structure in classical closed string field theory is the L_∞-operad [60, 109]. For classical open-closed string case, see [55] and also a related earlier work [122].

The minimal model theorem appears naturally also in string theory. In [66] for any A_∞- algebra an explicit construction of the minimal model is given. The construction is just given by Feynman graphs. For classical open string field theories, these are just the Feynman graphs appearing above. This implies that the collection of the scattering amplitudes of open string theory forms a minimal cyclic A_∞-algebra. This statement is essentially already known. In [127] it is shown that the tree closed string theory has the structure of the L_∞-algebra (and it is extended to the quantum case in [121]). Thus, the minimal model theorem implies on a fixed conformal background all classical open string field theories are A_∞-quasi-isomorphic to each other [53]. Namely, the difference in the choice of the decomposition of moduli spaces leads to homotopy equivalence of A_∞-algebras, and the minimal model is obtained by homotopic deformation M^0_k → M_k.^6 Moreover one can show that these are not only quasi-isomorphic but A_∞-isomorphic (Theorem 6.18) due to Theorem 5.15.

Physically, string field theories have been investigated as a candidate for string theory which describes nonperturbative effects. This purpose requires the off-shell extension of string theory as above. A typical off-shell physics phenomenon is tachyon condensation [99]. Recently, string field theory has been applied in such a direction successfully [103, 86] (see also [67]). Though we assumed the existence of σ which required many consistency conditions as above, actually there exists many Lorentz-covariant string field theories (SFTs)^7 ; the covariant open or closed SFT with light cone type-like vertices(HIKKO’s SFT) [42], a very simple open SFT which consists of only a three-point vertex (Witten’s open SFT or cubic SFT) [124], nonpolynomial classical closed SFT constructed by ‘restricted polyhedron’ [68, 69], and so on. Witten’s SFT is treated in the context of BV-formalism[116, 15](see [117]). HIKKO’s closed SFT is also extended to quantum SFT by employing the quantum BV-master equation [41]. The quantum master equation is moreover applied to construct quantum closed SFT with symmetric vertices by Zwiebach [128]. Though this theory has infinite sort of vertices of higher punctures and higher genus, it has a very beautiful algebraic structure. For instance for the classical part, the set of the tree vertices has the structure of an L_∞-algebra. Open-closed SFT is also considered in this direction [129]. HIKKO-type open-closed SFT is given in [70, 5]. Recently a one parameter family of classical open string field theories, which possess A_∞-structures, has been constructed explicitly [85, 53, 54] by deforming the Witten’s cubic SFT [124].

1.3 Dual description; formal noncommutative supermanifolds For A_∞-algebras, we use mainly three descriptions; the coalgebra language, its dual language, and superfield description. Coalgebras are used to define A_∞-algebras precisely and simply. On the other hand, the dual description is geometric and intuitive as explained below. The superfield description, used in the previous subsection, is their mixed version. It is directly equivalent to the dual ones but the superfield description uses the notation used in coalgebra. This description is convenient to simplify indices. The operad structure is implicit in various arguments in this paper, but we shall not indicate it explicitly.

As in the previous subsection, given an A_∞-algebra (H, m), denote by {e_i} a basis of H and {ϕ^i} the dual coordinates. Reflecting the non(co)commutativity of H, the dual fields are treated as noncommutative as explained in section 3. We call Φ = e_iϕ^i the superfield, which is the string field in string field theory. Let us describe the A_∞-structure in coordinates as m_k(e_{i1} , . . . , e_{ik} ) = e_jc^j_{i1···ik} . 6This also implies that moduli spaces of open string correlation functions {M_k }, obtained by a suitable compactification, has the structure of an A∞-space. Though in a slightly different context, an A∞-space structure in open string theory is discussed in [21].

7String field theories of the type explained here are called (Lorentz) covariant string field theories in contrast to light cone type string field theories developed earlier.

For the collection c^j_{i1···ik} ∈ C for k ≥ 1, one can define the following degree one vector field, called the homological vector field, on a formal noncommutative supermanifold δ = ∞∑ k=1 ←− ∂ ∂ϕ^j c^j_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . (1.14) We often use the Einstein convention of summing over repeated indices as above. Note that the A_∞-condition is then rewritten as (δ)^2 = 0. We call this δ an A_∞-odd vector field.

On the other hand, let us consider a degree zero cyclic function of the form S = 1 2 V_{i1i2} ϕ^{i2} ϕ^{i1} + ∑ k≥3 1 k V_{i1···ik} ϕ^{ik} · · · ϕ^{i1}

where V_{i1···ik} ∈ C for k ≥ 2. For a given odd nondegenerate constant Poisson bracket ( , ) := ←− ∂ ∂ϕ^i ω ij −→ ∂ ∂ϕ^j , the Hamiltonian vector field of the Hamiltonian S, δ = ( , S) , is nilpotent iff (S, S) = 0. This δ is nothing but an A_∞-odd vector field (1.14), where the A_∞-structure is written as c^j_{i1···ik} = (−1)^{em} ω^{jm}V_{mi1···ik} . Although one can obtain an A_∞-algebra in such a way, it has an additional structure; the A_∞- structure is cyclic with respect to the odd Poisson structure. Thus, we denote the corresponding algebra by (H, ω, m) or (H, ω, S) and call it a cyclic A_∞-algebra (see Definition 2.11). Moreover one may notice that the condition (S, S) = 0 is nothing but the classical BV-master equation (1.13) in the BV-formalism. Then one can see that any cyclic field theory equipped with a classical BV-structure, including classical open string field theories in the previous subsection, has a cyclic A_∞-structure (Theorem 6.1).

1.4 Noncommutativity, open strings, and D-branes In the explanation above, we set {ϕ^i} to be formally-noncommutative coordinates. Mathematically, it is because, otherwise some informations of A_∞-algebras are lost in the dual supermanifold description. In the case of field theories equipped with classical BV-structure discussed in section 6, we identify the dual coordinates with the fields of field theory. The noncommutativity of fields then implies physically the presence of Chan-Paton factor in open string theory. Namely, the non(co)commutativity of H allows the freedom of the choice of the Chan-Paton factor, where the fields {ϕ^i} are described typically by N × N matrices with entries C . In other words, we have a representation of the theory in terms of N × N matrices.^8 Note that in the theory of open strings there exist D-branes and open strings must end on the D-branes. The size of the matrices N then means there exist N (parallel) D-branes. The typical gauge structure group is U(N), though the structure group depends on the (super)symmetry which

8More precisely when we define the cyclic structure on the action we treat the real part and imaginary part of C separately (see subsection 6.1).

the theory has. Note that, although we can represent classical open string field theory with N ×N matrices for any N, by definition the vertices V_{i1···ik} ∈ C are independent of N. However, just as we fix a representation by N × N matrices, the theory reduces to the one equipped with cyclic L_∞-structure.

For instance, let us represent the noncommutative fields by N × N matrices as

ϕ^i = ϕ^i_{11} · · · ϕ^i_{1N} . . .. . . . ϕ^i_{N1} · · · ϕ^i_{NN} .

The noncommutative product of ϕ^i’s are the usual multiplication of the matrices. Then the A_∞- odd vector field, as in eq.(1.14), is written in terms of the component fields ϕ^i_{pq}, 1 ≤ p, q ≤ N which are graded commutative. Correspondingly, the coefficients c^j_{i1···ik} ∈ C of the A_∞-odd vector field are graded-symmetrized with respect to the indices i_1 · · · i_k and the results turns out to define an L_∞-structure (see [75] for L_∞-algebras from symmetrizations of A_∞-algebras without passing through the dual supermanifold description). Another choice of the structure groups leads to another L_∞-algebra as the results of the graded symmetrizations of the component fields. In particular, if the size of the matrices are one (N = 1), the coefficients c^j_{i1···ik} ∈ C are completely symmetrized as the dual supermanifold description of a result in [75].

Namely, when one fixes a structure group, one loses a part of the informations which the open string theory has. A more familiar example is a gauge theory. The action, before being treated in the BV-formalism, is of the form S(A) = ∫ F_{μν} F^{μν} , F_{μν} = ∂_μA_ν − ∂_ν A_μ + [A_μ, A_ν ] .

If the structure group is U(N), each A_μ is an antiHermitian matrix. However in the case of U(1) gauge theory the commutator [A_μ, A_ν ] vanishes. Namely, the structure constants except for the kinetic term (quadratic term of the action) are lost. For this reason it is reasonable to set the fields fully noncommutative. Then we discuss universal structures of open strings independent of the choice of Chan-Paton factor.

The statements above imply that many properties which hold for A_∞-algebras do also hold for L_∞-algebras. That is, at least as far as homotopy algebraic properties are concerned, classical closed string theory can be understood from that of open string theory. For this reason we shall discuss only on A_∞-side in this paper.

1.5 Formal noncommutative symplectic supergeometry In order to discuss the algebraic properties of cyclic A_∞-algebras on a formal noncommutative supermanifold, we need some notions of noncommutative symplectic supergeometry, where a symplectic structure plays the role of a nondegenerate inner product defining the cyclicity of an A_∞-algebra (see subsection 2.3). Such a notion has appeared in [61, 62], where a constant symplectic structure is introduced. We shall extend it to a nonconstant one in the way inspired from the physics of open strings, and examine various mathematical properties of them such as the Darboux theorem (Theorem 4.15) in section 4. Note that another nonconstant extension is discussed in [30] based on Connes’s noncommutative differential geometry [20]. Also, a different nonconstant extension of the inner product, called the homotopy inner product, is proposed in [119].

When one considers a Poisson algebra on a formal noncommutative supermanifold, one first needs functions on it. We define them so that they can describe linear combinations of open string disk correlation functions, which are cyclic with respect to the open string insertions (punctures) on the boundary S^1 of the disk. Pictorially, such a function is displayed as

a_{i1···in} ϕ^{in} · · · ϕ^{i1} = aϕ^in ϕ^{in−1} ϕ^{in−2}

ϕ^{i1} cut . (1.15)

In order to translate such cyclic objects to purely algebraic terms, one needs to cut the boundary of the disk S^1 as above. The cyclicity is then encoded in the coefficient, that is, a_{i1···in} ∈ C in the left hand side of (1.15) is graded symmetric with respect to the cyclic permutations of i_1 · · · i_n. When one considers a constant symplectic structure on a formal noncommutative supermanifold, the corresponding constant odd Poisson bracket is naturally defined so that the bracket of two open string disks becomes an open string disk. It is then natural to write the odd Poisson bracket as the following double lines

(A, B) = a b cut . (1.16)

The choice of the place of the cut fixes the ambiguity of the sign ± for (A, B). The double line notation admits a natural extension to a nonconstant odd Poisson structure as follows

(A, B) = a b cut ϕ^I ϕ^J , (1.17)

where I denotes a multiindex and so ϕ^I = ϕ^{ik} · · · ϕ^{i1} if I = [i_k · · · i_1]. The corresponding equation is (A, B) = ∑ ij,IJ ±ω^{ij}_{JI} ( A ←− ∂ ∂ϕ^i ϕ^I −→ ∂ B ∂ϕ^j ϕ^J ) c , (see eq.(4.2) in Definition 4.5), where_c denotes the cyclic symmetrization and ω^{ij}_{JI} ∈ C has an appropriate constraint so that the bracket satisfies (B, A) = −(−1)^{AB} (A, B) and so on. One can define a notion of differential forms on formal noncommutative supermanifolds and the class of the odd Poisson brackets, which satisfy the Jacobi identity, can naturally be induced from closed two-forms (symplectic forms) on formal noncommutative supermanifolds (see section 4).

In string theory, the nonconstant symplectic structure here is relevant to background independent string field theory (recently preferably called a boundary string field theory) [126] (see also [43, 53]). Consequently, our definition as above seems to be natural also mathematically.

1.6 Plan of this paper Section 2 is devoted mostly to fixing our conventions for A_∞-algebras. The precise definition of cyclic A_∞-algebras is also included. In subsection 2.1, we recall the notion of coalgebras. A_∞-algebras are then defined in terms of coalgebras (the bar construction) in subsection 2.2. The cyclic A_∞-algebras are presented in subsection 2.3. Some basic facts around Maurer-Cartan equations for A_∞-algebras are mentioned briefly in subsection 2.4.

In section 3, A_∞-algebras are realized geometrically in the dual picture. In subsection 3.1, the dual is defined explicitly through an inner product, and its graphical realization is also presented. The dual picture is used in many papers, but there are few where the explicit relation is presented. All the tools presented in subsection 2.2 are reinterpreted in terms of formal noncommutative supermanifolds in subsection 3.2. We shall then define ‘superfield’ to simplify conventions in the dual picture, and mention some mixed description that interpolates between the coalgebra side and its dual side in subsection 3.3.

In section 4, we shall explore local properties of symplectic structures on the formal noncommutative supermanifolds, which are relevant to the dual picture of cyclic A_∞-algebras. The notion of formal noncommutative symplectic geometry appears for instance in [61, 62]. However, nonconstant symplectic structures are not explicitly written. We first define such covariant symplectic structures inspired by open strings. Namely, we consider cyclic formal functions. In subsection 4.1, we shall observe some basic properties of constant symplectic structures, which serve as the starting point of more general cases. We then define covariant odd symplectic structures in subsection 4.2, where we show a key lemma (Lemma 4.8), the Poincaré lemma on formal noncommutative supermanifolds. Using the lemma, we examine the properties of symplectic diffeomorphisms in subsection 4.3, and show the Darboux theorem on the formal noncommutative supermanifolds (Theorem 4.15) in subsection 4.4. The study of the formal noncommutative symplectic supergeometry is directly related to the notion of cyclic A_∞-algebras. We look back over cyclic A_∞-algebras from these dual pictures in subsection 4.5.

The purpose of section 5 is to understand clearer the minimal model theorem [50], one of the key theorem in homotopy algebras. For the construction of minimal models of A_∞- structures, in particular on the homology of a differential graded algebra (dga), various versions of homological perturbation theory (HPT) have been developed, for instance, by [35, 40, 36, 37, 38, 45]. Alternatively, as mentioned in [65], there exists another stronger version of the minimal model theorem. It enables us to understand clearly the homotopical structures of homotopy algebras. We call it the decomposition theorem and prove it explicitly (Theorem 5.4) in subsection 5.1. The decomposition theorem for cyclic A_∞-algebras is then shown in subsection 5.2. The decomposition theorem guarantees the existence of an inverse A_∞-quasi-isomorphism of an A_∞-quasi-isomorphism (Theorem 5.17) as stated in [65]. We shall explain it in subsection 5.3. Though the minimal model theorem follows from the decomposition theorem, the proof relies on inductive arguments and the explicit form of a minimal model is unclear. On the other hand, it is known that for any A_∞-algebra a minimal model can be given explicitly by using some Feynman diagrams [66] (see also [38, 45, 82] and [46] for L_∞ case). We demonstrate in subsection 5.4 that the Feynman diagrams arise naturally from the issue of finding the solutions of the Maurer-Cartan equation for an A_∞-algebra [53]. The cyclic A_∞ version of the explicit minimal model is discussed in subsection 5.5, which is directly related to section 6.

In section 6, these homotopy algebraic structures are applied to field theories equipped with classical BV-structures. The appearance of cyclic A_∞-structures in field theories is explained in subsection 6.1. To consider the perturbative expansion in the BV-formalism, we shall review briefly the notion of gauge fixing and propagators in our language and examine some properties of propagators in subsection 6.2. Subsection 6.3 then shows that the tree on-shell correlation functions of a classical BV-field theory define just the minimal cyclic A_∞-algebra defined in subsection 5.5 (Corollary 6.14, cf.[53]). Moreover, in subsection 6.4, the arguments in section 5 are applied to classical open string field theories, and it is shown that all classical string field theories on a fixed conformal background are cyclic A_∞-isomorphic to each other (Theorem 6.18). Cyclic A_∞-isomorphic means physically equivalent.

Finally, in section 7, we shall come back to some basic problems in A_∞-algebras. In subsection 7.1, we shall define homotopy between A_∞-morphisms and discuss various homotopy invariant algebraic structures of A_∞-algebras. In subsection 7.2, the notion of gauge equivalence and then the moduli space of A_∞-algebras are defined. The properties of the moduli spaces are then examined.

Throughout this paper, we employ the dual picture, the formal noncommutative supermanifolds, in various places. To describe the dual of coalgebras by dual coordinates has some subtlety when the graded vector space is infinite dimensional. For instance, field theory is just such a case. However, since field theory is a theory of fields, it is well-defined as far as assuming that field theory itself is well-defined. Moreover, the dual language is used in this paper only for intuitive and geometric understanding. Hence almost all of the arguments on the dual can be rearranged in coalgebra language and hold even in the model where it is subtle to take a canonical basis system. One of the issues we do not discuss is some convergences. For instance A_∞-morphisms or the solutions of the Maurer-Cartan equations, which are formally preserved under the A_∞-morphisms, are defined by polynomials of infinite powers. Of course many of the arguments in this paper make sense as formal power series. For instance, in the application to field theories, each coefficient of the Maurer-Cartan equations defines an on-shell S-matrix element. However, it is also interesting to examine whether the solutions of Maurer-Cartan equations converge. This problem of convergence depends on the model equipped with an A_∞- structure. Thus looking for some ‘good’ models might be a good issue. Alternatively, one can also argue these on an appropriate subspace due to, for instance, the momentum conservation of the vertices in the case of field theory. Therefore, some well-defined solutions of the equations of motions may be obtained in the subspace.

19

2 A_∞-algebras

In this section, we shall summarize some basic facts about A_∞-algebras ((strong) homotopy associative algebras). These facts are applicable in a similar way to L_∞-algebras ((strong) homotopy Lie algebras). We restrict our arguments to A_∞-algebras over a field k of characteristic zero. For more simplicity we set k = C .

A_∞- (and L_∞-) algebras are defined in different ways. One way is the operads. An A_∞- algebra is obtained by an algebra over a non-symmetric dg operad (see [80]). Another one is the bar construction and then A_∞-algebras are defined as coalgebras with some additional structures. The bar construction is useful to define A_∞-algebras in a simple manner and we take this definition in the present paper. For an intuitive or geometric realization of A_∞-algebras, the dual picture of coalgebras is suitable. It is the subject of the next section.

First we shall recall the notion of coalgebras in section 2.1. A_∞-algebras and A_∞-morphisms are then defined in terms of coalgebras in subsection 2.2. In subsection 2.3 we shall give a definition of A_∞-algebras with cyclic symmetry. For an A_∞-algebra, its Maurer-Cartan equation plays some important roles, which are explained briefly in subsection 2.4.

2.1 Coalgebras, coderivations, and cohomomorphisms An element of an A_∞-algebra belong to a Z-graded vector space H. In the bar construction, the free tensor coalgebra of H is treated as a coalgebra. We first provide the notions of coalgebras.

Definition 2.1 (Coalgebra, Coassociativity) Let C be a (generally infinite dimensional) graded vector space. When a coproduct △ : C −→ C ⊗ C is defined on C and it is coassociative, i.e.

(△ ⊗ 1)△ = (1 ⊗ △)△

then C is called a coalgebra.

Definition 2.2 (Coderivation) A linear operator m : C → C raising the degree of C by one is called coderivation when △m = (m ⊗ 1)△ + (1 ⊗ m)△

is satisfied. Here, for x, y ∈ C, the sign is defined as (1 ⊗ m)(x ⊗ y) = (−1)^x(x ⊗ m(y)) where the x on (−1) denotes the degree of x.

Definition 2.3 (Cohomomorphism) Given two coalgebras C and C^′, a cohomomorphism (coalgebra homomorphism) F from C to C^′ is a map of degree zero satisfying the condition △F = (F ⊗ F)△ . (2.1) Remark 2.4 Coassociativity of △, the conditions of coderivations and cohomomorphisms imply that the following diagrams commute: C^△−−−−→ C ⊗ C △ △⊗^1 C ⊗ C^{1⊗△}−−−−→ C ⊗ C ⊗ C , C^m−−−−→ C △ △ C ⊗ C^{1⊗m+m⊗1} −−−−−−−→ C ⊗ C , C^F−−−−→ C^′ △ △ C ⊗ C^{F⊗F}−−−−→ C^′ ⊗ C^′ .

If the orientation of these map are reversed and the coproduct is replaced by a product, then the coassociativity, the coderivation, and the cohomomorphism take place to associativity, a derivation, and a homomorphism of the corresponding algebra, respectively.

Reversing the orientation of the maps corresponds to taking the dual of the coalgebra. The precise meaning of the dual in the present paper is given in subsection 3.1.

Let H be a Z-graded vector space. Namely, H = ⊕_{k∈Z}H^k where H^k is a vector space of degree k. Consider the free tensor coalgebra of H C(H) = ⊕_{n≥0}H^{⊗n} as a coalgebra. Note that H^{⊗0} = C , which includes a counit 1.^9

Then the coassociative coproduct △ : C(H) → C(H) ⊗ C(H) is uniquely determined. For o_1 · · · o_n ∈ H^{⊗n} it is given by

△(o_1 · · · o_n) = n∑ k=0 (o_1 · · · o_k) ⊗ (o_{k+1} · · · o_n) , (2.2)

where the term for k = 0 is 1⊗(o_1 · · · o_n) and the term for k = n is (o_1 · · · o_n)⊗1. The form of the coderivation corresponding to this coproduct is also given as follows. Let {m_k : H^{⊗k} → H}_{k≥0} be a collection of multilinear maps of degree one, that is, for any o_1, . . . , o_n ∈ H which are homogemeous in degree and m_k : H^{⊗k} −→ H o_1 ⊗ · · · ⊗ o_k → m_k(o_1, . . . , o_k) , (2.3)

the image m_k(o_1, . . . , o_k) ∈ H is also homogeneous, where its degree is the sum of the degree of o_i, i = 1, . . . , k, plus one. Also, m_0 : C → H is defined so that m_0(1) has degree one. The operation on C(H) is given as

m_k(o_1 · · · o_n) = n−k∑ p=1 (−1)^{o1 +···+op−1} o_1 · · · o_{p−1}m_k(o_p, . . . , o_{p+k−1})o_{p+k} · · · o_n

for homogeneous elements o_1, . . . , o_n ∈ H, where o_1 + · · · + o_{p−1} on (−1) denotes the degree of o_1 · · · o_{p−1}. The sign factor appears when m_k, which has degree one, passes through the o_1 · · · o_{p−1}.

9One may or may not include the H^{⊗0} term for defining an A∞-algebra. If includes, one can also define a weak A∞-algebra uniformly, so we use this convention.

Then summing up these m_k for k ≥ 0,

m = m_0 + m_1 + m_2 + · · · , (2.4)

and this m is the coderivation. The coderivation on the coalgebra C(H) is always written in this form.

Moreover, the form of a cohomomorphism F : C(H) → C(H^′) is determined by a collection of degree zero multilinear maps {f_k : H^{⊗k} → H^′}_{k≥0}. For homogeneous elements o_1, . . . , o_n ∈ H, it is given as

F(o_1 · · · o_n) = ∑ 1≤k_1<k_2···<k_i=n e^{f0(1)}f_{k1} (o_1, . . . , o_{k1} )e^{f0(1)}f_{k2−k1} (o_{k1+1}, . . . , o_{k2} )e^{f0(1)} · · · e^{f0(1)}f_{n−ki−1} (o_{ki−1+1}, . . . , o_n) , (2.5)

where each f(· · · ) belongs to H^′ and e^{f0(1)} is defined by

e^{f0(1)} = 1 + f_0(1) + f_0(1) ⊗ f_0(1) + f_0(1) ⊗ f_0(1) ⊗ f_0(1) + · · · .

If f_0(1) = 0, eq.(2.5) is simplified since e^{f0(1)} = 1. Note that 1 is defined as H^{⊗m} ⊗ 1 ⊗ H^{⊗n} = H^{⊗(m+n)} for m, n ≥ 0 and m + n ≥ 1.

2.2 A_∞-algebras and A_∞-morphisms Definition 2.5 (A_∞-algebra [106, 107]) Let H be a graded vector space and C(H) = ⊕_{k≥0}H^{⊗k} be its tensor coalgebra. A weak A_∞-algebra is a coalgebra C(H) with a coderivation m = m_0 + m_1 + m_2 + · · · satisfying (m)^2 = 0 .

We denote the collection of multilinear maps {m_k}_{k≥0} also by m and the weak A_∞-algebra by (H, m). In particular, (H, m) is called an A_∞-algebra if m_0 = 0.

In general, a coderivation m : C → C on a coalgebra C satisfying (m)^2 = 0 as above is called a codifferential. Thus, a (weak) A_∞-algebra is a differential graded coalgebra of the tensor coalgebra of a graded vector space H.

For an A_∞-algebra (H, m), if we act (m)^2 = (m_1 + m_2 + · · · )^2 on o_1 · · · o_n ∈ C(H) for homogeneous elements o_1, . . . , o_n ∈ H, its image belongs to H^{⊗1} ⊕· · ·⊕H^{⊗n}. Then, the condition that the H^{⊗1} part of the image is equal to zero turns out to be ∑ k+l=n+1 j=0,...,k−1 (−1)^{o1 +···+oj} m_k(o_1, . . . , o_j , m_l(o_{j+1}, . . . , o_{j+l}), o_{j+l+1}, . . . , o_n) = 0 , (2.6)

where o_i on (−1) denotes the degree of o_i. The collection of the identities (2.6) for n ≥ 1 is the original definition of A_∞-algebras. On the other hand, the construction of A_∞-algebras using the tensor coalgebra C(H) is called the bar construction. Actually, eq.(2.6) is equivalent (i.e. sufficient) to m^2 = 0 due to the anticommutativity of m_i’s. This fact is clearer in the dual language in the next section, where the nilpotent coderivation m is replaced to a nilpotent differential δ on a formal (noncommutative) supermanifold.^{10}

Let us write down the first three constraints in eq.(2.6).

m^2_1 = 0 , m_1(m_2(o_1, o_2)) + m_2(m_1(o_1), o_2) + (−1)^{o1} m_2(o_1, m_1(o_2)) = 0 , (2.7) m_2(m_2(o_1, o_2), o_3) + (−1)^{o1} m_2(o_1, m_2(o_2, o_3))

+ m_1(m_3(o_1, o_2, o_3)) + m_3(m_1(o_1), o_2, o_3) + (−1)^{o1} m_3(o_1, m_1(o_2), o_3) + (−1)^{o1 +o2} m_3(o_1, o_2, m_1(o_3)) = 0 .

The first equation indicates m_1 is nilpotent and (H, m_1) defines a complex on the Z-graded vector space H. The second equation implies differential m_1 satisfies Leibniz rule for the product m_2. The third equation means product m_2 is associative up to the terms including m_3.

Remark 2.6 In the case m_n = 0 for n ≥ 3, an A_∞-algebra reduces to a differential graded (associative) algebra (dga). The differential d and the product • of dga g correspond to m_1 and m_2, respectively. However, the product • of dga preserves the degree and m_2 in A_∞-algebras raises the degree by one. For this reason, when a dga (g, d, •) is considered as an A_∞-algebra (H, m) defined in Definition 2.5, the degree in the A_∞-algebra is defined as the degree of the dga minus one. Namely, let s : g^k → (g[1])^{k−1} =: H^{k−1} be the isomorphism called the suspension, where g^k is the degree k part of g. This [1] ‘eats’ one degree of g, and then the degree of the image (g[1])^{k−1} is (k − 1) through the operation. Then the following diagram commutes g^k ⊗ g^{l •}−−−−→ g^{k+l} s s H^{k−1} ⊗ H^{l−1 m2( , )}−−−−→ H^{(k+l−2)+1} . There are many literatures where the degree of A_∞-algebras are defined with the dga degree. Usually Witten’s open string field theory [124], which has the structure of a dga, is also defined with the dga degree explained above. The degree is certainly natural from the origin of A_∞- algebras (see subsection 1.1). However, when higher products m_3, m_4, . . . are introduced, the degree given in Definition 2.2 is simpler for A_∞-algebras. For this reason, we use this convention in the present paper. The precise relation between these two conventions can be found in [27].

Definition 2.7 (A_∞-morphism) Given two weak A_∞-algebras (H, m) and (H^′, m^′), a weak A_∞-morphism F : (H, m) → (H^′, m^′) is a cohomomorphism from C(H) to C(H^′) satisfying

Fm = m^′F . (2.8)

In particular for two A_∞-algebras (H, m) and (H^′, m^′) a weak A_∞-morphism F : (H, m) → (H^′, m^′) is called an A_∞-morphism iff f_0 = 0.

10The dual language fits the field theory. In the context of BRST-formalism, physicists usually show the nilpotency of BRST-operator δ on polynomials of fields and ghosts (and antifields) by confirming the nilpotency on each component field. This is just the dual of eq.(2.6).

For an A_∞-morphism F : (H, m) → (H^′, m^′), evaluating the condition (2.8) with o_1 · · · o_n ∈ C(H), n ≥ 1, for homogeneous elements o_1, . . . , o_n ∈ H, one gets a relation in ⊕^n′_{=1}H^{′⊗n′} . Picking up the H^{′⊗1} part of the equation then yields ∑ 1≤k_1<k_2···<k_i=n m^′_i(f_{k1} (o_1, . . . , o_{k1} ), f_{k2−k1} (o_{k1+1}, . . . , o_{k2} ), . . . , f_{n−ki−1} (o_{ki−1+1}, . . . , o_n))

= ∑ k+l=n+1 k−1∑ j=0 (−1)^{o1 +···+oj} f_k(o_1, . . . , o_j , m_l(o_{j+1}, . . . , o_{j+l}), o_{j+l+1}, . . . , o_n) . (2.9)

The first two constraints in (2.9) read:

m^′_1(f_1(o_1)) = f_1(m_1(o_1)) , m^′_2(f_1(o_1), f_1(o_2)) = f_1(m_2(o_1, o_2)) + m^′_1(f_2(o_1, o_2)) + f_2(m_1(o_1), o_2) + (−1)^{o1} f_2(o_1, m_1(o_2)) .

In particular, the first equation implies that f_1 is a chain map between the complexes (H, ⇕_∞) and (H^′, ⇕^′_∞). In the dual picture explained in the next section, F is identified with a nonlinear map between two supermanifolds.

Definition 2.8 (A_∞-(quasi)-isomorphism) An A_∞-morphism F = {f_1, f_2, . . . } : (H, m) → (H^′, m^′) is called an A_∞-quasi-isomorphism if f_1 induces an isomorphism between the cohomology spaces H_{m1} (H) and H_m′_1 (H^′). In particular, if f_1 : H → H^′ is an isomorphism, F is called an A_∞-isomorphism. Moreover, if (H^′, m^′) = (H, m), we call F an A_∞-automorphism.

These are also defined in weak A_∞ level. It is clear that any A_∞-isomorphism F : (H, m) → (H^′, m^′) has its inverse A_∞-isomorphism F^{−1} : (H^′, m^′) → (H, m). Also, if F is an A_∞-quasiisomorphism, there exists an inverse quasi-isomorphism (we denote it also by F^{−1}) [64, 65], which will be discussed in subsection 5.3.

Remark 2.9 (Cocommutativity and L_∞-algebras) L_∞-algebras are obtained by imposing cocommutativity upon coalgebra C(H). A coalgebra C is cocommutative iff there exists an operator τ : C ⊗ C → C ⊗ C, τ(x ⊗ y) = (−1)^{xy}y ⊗ x that is compatible with the coproduct, τ△ = △ . The corresponding tensor coalgebra is C(H) divided by the ideal generated by o_i⊗o_j−(−1)^{oioj} o_j⊗ o_i. Namely, in this case elements in H are set to be graded commutative. An L_∞-algebra is then obtained by defining degree one codifferential (coderivation whose square is zero) so that it is compatible with the graded commutativity, that is, by graded symmetrizing each multi-linear map m_k [75] (see also [76, 24, 55], etc.).

2.3 Cyclic A_∞-structures In this subsection A_∞-structures with cyclic symmetry are defined. We consider a graded vector space H equipped with an odd constant symplectic inner product. An origin of these definitions is the BV-formalism as explained in subsection 6.1. The naturalness of these definitions can be realized from the dual picture in section 4.

Definition 2.10 (Odd constant symplectic structure) Let H be a graded vector space. An odd constant symplectic structure ω : H ⊗ H → C is a nondegenerate skewsymmetric bilinear map of degree minus one. Namely, for any homogeneous elements o, o^′ ∈ H, ω(o, o^′) ∈ C can be nonzero only if deg(o) + deg(o^′) = 1 since the degree of ω is minus one, and ω(o^′, o) = −ω(o, o^′) since it is skewsymmetric. Also, for any o ∈ H, there exists an element o^′ ∈ H such that ω(o, o^′) ≠ 0 since ω is nondegenerate.

Definition 2.11 (Cyclic A_∞-algebra) Suppose a graded vector space H is equipped with an odd constant symplectic structure ω : H ⊗ H → C in Definition 2.10. A triple (H, ω, m) is called a cyclic A_∞-algebra when (H, m) is an A_∞-algebra and m is cyclic with respect to ω, that is,

ω(o_1, m_k(o_2, . . . , o_{k+1})) = (−1)^{o2} ω(o_2, m_k(o_3, . . . , o_{k+1}, o_1))

holds for any homogeneous elements o_1, . . . , o_{k+1} ∈ H for each k ≥ 1.

A_∞-algebras with cyclic symmetry as above are considered in the context of mathematical physics for instance in [62, 129, 26]. See [80]. Also, a homotopy extension of this cyclicity is proposed in [119].

Remark 2.12 Let us define a collection of degree zero multilinear maps S := {V_k : H^{⊗k} → C }_{k≥2} by V_{k+1}(o_1, . . . , o_{k+1}) := (−1)^{o1} ω(o_1, m_k(o_2, . . . , o_{k+1})) .

The cyclicity of m implies V_{k+1}(o_1, . . . , o_{k+1}) = (−1)^{o1} V_{k+1}(o_2, . . . , o_{k+1}, o_1). Then a cyclic A_∞- algebra (H, ω, m) can also be defined by triple (H, ω, S). Hereafter we use both notations for a cyclic A_∞-algebra. Suppose first that S of degree zero is given. The degree of the inner product ω is then determined as minus one (odd).

Definition 2.13 (Cyclic A_∞-morphism) Let (H, ω, S) and (H^′, ω^′, S^′) be two cyclic A_∞- algebras and suppose there exists an A_∞-morphism F : (H, m) → (H^′, m^′). We then call F a cyclic A_∞-morphism when ω^′(f_1(o), f_1(o^′)) = ω(o, o^′) , (2.10) for any o, o^′ ∈ H and for fixed n ≥ 3, ∑ k,l≥1, k+l=n ω^′(f_k(o_1, . . . , o_k), f_l(o_{k+1}, . . . , o_n)) = 0 (2.11)

holds for any o_1, . . . , o_n ∈ H.

Remark 2.14 We shall explain in subsection 4.5 that, in the dual language, F is just the morphism which preserves the constant symplectic forms and the actions.

It is clear that cyclic A_∞-algebras and cyclic A_∞-morphisms can be defined also at weak level in the same way as in the previous subsection.

2.4 Maurer-Cartan equations and deformation theory Here we shall define Maurer-Cartan equations for A_∞-algebras and their roles in deformation theory (see [24]). Maurer-Cartan equation is an equation for elements of H. Therefore we usually concentrate on its degree-zero part so that the equation has an usual meaning. Let us consider an element Φ ∈ H^0 where H^0 is the degree-zero subvector space of H. Using the basis of H^0, {e^0_i }, one can express it as Φ = ∑ i e^0_i ϕ^i for ϕ^i ∈ C . Note that we shall define later a ‘superfield’ Φ as a more extended object than the one here, and consider the Maurer-Cartan equation in a similar manner as below. Alternatively, we shall discuss the situation here in a precise way in subsection 7.2. In this section we present some abstract definitions without the details.

Consider formally the following exponential map of Φ ∈ H^0

e^Φ := 1 + Φ + Φ ⊗ Φ + Φ ⊗ Φ ⊗ Φ + · · · . (2.12)

e^Φ ∈ C(H^0) ⊂ C(H) satisfies △e^Φ = e^Φ ⊗ e^Φ and such element is called a grouplike element.

Definition 2.15 (Maurer-Cartan equation) For an A_∞-algebra (H, m), define

m_∗(e^Φ) := m_1(Φ) + m_2(Φ ⊗ Φ) + m_3(Φ ⊗ Φ ⊗ Φ) + · · · .

m_∗(e^Φ) = 0 is called Maurer-Cartan equation for (H, m). We denote by MC(H, m) the solution space of the Maurer-Cartan equation for (H, m).

Because m(e^Φ) = e^Φ · m_∗(e^Φ) · e^Φ, m_∗(e^Φ) = 0 is equivalent to m(e^Φ) = 0, where 1 is defined as H^{⊗m} ⊗ 1 ⊗ H^{⊗n} = H^{⊗(m+n)} for m, n ≥ 0 and m + n ≥ 1. When an A_∞-algebra is a dga, i.e. m_3 = m_4 = · · · = 0, its Maurer-Cartan equation takes the form m_1(Φ) + m_2(Φ ⊗ Φ) = 0. It is nothing but the condition of a ‘flat connection’. In the case of field theory equipped with a classical BV-structure, the theory has a cyclic A_∞-structure, and its Maurer-Cartan equation is just the equation of motion of the action (see eq.(5.26)).

Remark 2.16 The solution space MC(H, m) of the Maurer-Cartan equation for (H, m) parameterizes deformations of original A_∞-algebra (H, m).

Generally, for a A_∞-algebra (H, m) and a Z-graded vector space H̃, suppose a cohomomorphism F̃ : C(H̃) → C(H) is given. Then there exists the inverse cohomomorphism F̃^{−1} : C(H̃) → C(H) such that F̃F̃^{−1} = 1 and F̃^{−1}F̃ = 1. Namely, a weak A_∞-structure m̃ = F̃ −1mF̃ : C(H̃) → C(H̃) is induced. Actually, it is clear that F̃m̃ = mF̃ holds.

In this situation let us consider the cohomomorphism F̃ = {f̃_0, f̃_1, . . . } with f̃_0 = Φ ∈ H^0, f̃_1 = Id and f̃_k = 0 for k ≥ 2. The induced A_∞-structure m̃ = {m̃_0, m̃_1, . . . } is given of the form

m̃_k(o_1, . . . , o_k) = ∑ l_0≥0,...,l_k≥0 m_{k+l0+···+lk} (Φ^{⊗l0} , o_1, Φ^{⊗l1} , . . . , Φ^{⊗lk−1} , o_k, Φ^{⊗lk} )

for k ≥ 0. In the equation above, o_i in both sides are identified with each other by f̃_1 = Id : H̃ → H. One can easily see, by concentrating on the case k = 0 in the equation above, that the induced weak A_∞-algebra (H̃, m̃) is an A_∞-algebra if and only if Φ ∈ MC(H, m).

In the case of cyclic A_∞-algebras, this means that, for each solution of the equation of motion, another A_∞-algebra is defined. Such a property is observed in classical closed string field theory, i.e. for (cyclic) L_∞-algebras in [94] and is related to the problem of background independence of string field theory (see the end of subsection 6.4).

The solution space MC(H, m) is a subspace of the whole deformation space of A_∞-algebra (H, m) that is defined by

{m_{def} : C(H) → C(H); degree one coderivation |(m + m_{def} )^2 = 0} .

From string theory point of view, the A_∞-structure m is related to a structure of tree open string interactions (for the case of string field theories see subsection 1.2, and for a topological string case see for instance [22]), and the deformation associated to MC(H, m) corresponds to deformation that comes from condensation of open string fields.

When we are interested in the space MC(H, m), it is often convenient to relate (H, m) to another A_∞-algebra (H̃, m̃). Suppose that there exists an A_∞-morphism F̃ : (H̃, m̃) → (H, m). The A_∞- morphism F̃ then preserves the solutions of the Maurer-Cartan equations. In the context of field theory, this fact means that cyclic A_∞-morphisms preserve the equations of motions. For Φ̃ ∈ MC(H̃, m̃), Φ is constructed as the pushforward of F̃, a (nonlinear) coordinate transformation between two formal noncommutative supermanifolds (see the next section),

Φ = F̃_∗(Φ̃) = ∞∑ n=1 f̃_n(Φ̃, . . . , Φ̃) . (2.13)

It by construction satisfies F̃(e^{Φ̃}) = e^Φ. The following equality then holds,

m(e^Φ) = mF̃(e^{Φ̃}) = F̃m̃(e^{Φ̃}) ,

and one can immediately see that Φ ∈ MC(H, m) (i.e. m(e^Φ) = 0) if Φ̃ ∈ MC(H̃, m̃) (i.e. m̃(e^{Φ̃}) = 0).

More precisely, for a given A_∞-algebra (H, m), there exists a notion of gauge transformation (Definition 7.9). It is, so to speak, an automorphism of the theory generated by infinitesimal transformations. As seen in subsection 6.1 it just corresponds to the gauge transformation in classical BV-field theory. By definition it preserves MC(H, m), i.e. , the equation of motion. What should be considered is then, instead of MC(H, m), the moduli space of A_∞-algebra (H, m), that is defined by dividing MC(H, m) over the gauge transformation (see Definition 7.13). An A_∞-morphism, that preserves the solution space of Maurer-Cartan equations, in fact induces a well-defined morphism between the moduli spaces. In particular, it is known that the moduli spaces are isomorphic to each other if there exists an A_∞-quasi-isomorphism between them (Theorem 7.16). Such generality of homotopy algebras is, for instance in L_∞ case, applied by M. Kontsevich [65] to the proof of the existence of deformation quantizations [12] on Poisson manifolds and their classification.

3 Dual geometric description of homotopy algebras

We shall give the dual description of A_∞-algebras. In this picture, A_∞-algebras are understood more geometrically. The definition of the dual of a coalgebra in the present paper is given in subsection 3.1. Its geometric viewpoint is explained in subsection 3.2, where we deal with a formal noncommutative supermanifold. In subsection 3.3 we define the notion of superfield which simplify the convention in the dual picture. It will be used in later discussions. These arguments hold similarly for L_∞-algebras.

3.1 The dual of coalgebras Let H be a graded vector space, and C(H) := ⊕^∞_{n=0} (H^{⊗n}) be its tensor coalgebra. The basis of H is denoted by {e_i}, and here we define the dual basis of e_{i1} · · · e_{ik} ∈ H^{⊗k} by introducing a natural pairing as follows. At first, denote the dual basis of {e_i} by {e^i}, and define a pairing between H and H^∗ as ⟨e^i|e_j⟩ = δ^i_j . (3.1)

We represent an elements of C(H) as g = ∑_∞ k=1 g^{ik ···i1} e_{i1} · · · e_{ik} , and an element of C(H)^∗, the dual of C(H) as a = ∑_∞ k=1 a_{i1···ik} e^{ik} · · · e^{i1} . Generalizing the above pairing between H and H^∗ (3.1), here the pairing between C(H) and C(H)^∗ is defined as ⟨e^{ik} · · · e^{i1} |e_{j1} · · · e_{jl} ⟩ = ϵ^{i1···ik}_{j1···jl} , (3.2) where ϵ^{i1···ik}_{j1···jl} is defined to be zero if k ≠ l and ϵ^{i1···ik}_{j1···jk} = δ^{i1}_{j1} · · · δ^{ik}_{jk} if k = l. In addition we define ⟨1|1⟩ = 1. Moreover, for a_1, . . . , a_n ∈ C(H)^∗ and g_1, . . . , g_n ∈ C(H), the pairing of n-tensor is given by ⟨a_1 ⊗ · · · ⊗ a_n|g_1 ⊗ · · · ⊗ g_n⟩ = ⟨a_1|g_1⟩ · · · ⟨a_n|g_n⟩ . Since now we have obtained the pairing between C(H) and its dual C(H)^∗, we can translate operations on C(H) into those on C(H)^∗. For the coproduct △ on C(H), the product m on C(H)^∗ is defined as ⟨m(a ⊗ b)|g⟩ = ⟨a ⊗ b|△g⟩ , (3.3) the derivation δ corresponding to the coderivation m is defined as ⟨δ(a)|g⟩ = ⟨a|m(g)⟩ , (3.4) and homomorphism F^∗ corresponds to the cohomomorphism F from C(H) to another tensor algebra C(H^′) is determined as ⟨F^∗(a)|g⟩ = ⟨a|F(g)⟩ . (3.5) Because g ∈ C(H) and a ∈ C(H^′)^∗, the homomorphism F^∗ is a map from C(H^′)^∗ to C(H)^∗. Therefore F^∗ is in fact the pullback of F. Here we write the elements of C(H) on the left hand side and the elements of C(H)^∗ on the right hand side. The operations on C(H^′) or C(H^′)^∗ are distinguished by attaching^′ to them. The above definitions of the operations on C(H)^∗ translate various conditions for the operations on C(H) into those on C(H)^∗ as follows. The coassociativity of △ is equivalent to the associativity of m : ⟨m(m(a ⊗ b) ⊗ c)|g⟩ = ⟨a ⊗ b ⊗ c|(△ ⊗ 1)△(g)⟩

=

⟨m(a ⊗ m(b ⊗ c))|g⟩ = ⟨a ⊗ b ⊗ c|(1 ⊗ △)△g⟩ . (3.6)

The condition that m is the coderivation is translated into the Leibniz rule for δ: ⟨δ · m(a ⊗ b)|g⟩ = ⟨a ⊗ b|△ · m(g)⟩

=

⟨m(δ ⊗ 1 + 1 ⊗ δ)(a ⊗ b)|g⟩ = ⟨a ⊗ b|(m ⊗ 1 + 1 ⊗ m)△g⟩ . (3.7)

The condition that F : C(H) → C(H^′) is a cohomomorphism is rewritten as the one that F^∗ : C(H^′)^∗ → C(H)^∗ is a homomorphism: ⟨F^∗ · m^′(a ⊗ b)|g⟩ = ⟨a ⊗ b|△^′ · F(g)⟩

=

⟨m(F^∗(a) ⊗ F^∗(b))|g⟩ = ⟨a ⊗ b|(F ⊗ F)△g⟩ . (3.8)

(H, m) is an A_∞-algebra means that (C(H)^∗, δ) is a complex on the dual: 0 = ⟨δ · δ(a)|g⟩ = ⟨a|m · m(g)⟩ = 0 . (3.9) Finally the condition that F is an A_∞-morphism is translated into the equivariance of F^∗: ⟨δ · F^∗(a)|g⟩ = ⟨a|F · m(g)⟩

=

⟨F^∗ · δ^′(a)|g⟩ = ⟨a|m^′ · F(g)⟩ . (3.10)

The above statement will be realized with some graphs.^{11} In the above explanation, the elements of C(H) are written in the left hand side of the pairings (ket), and the elements of the dual algebra C(H)^∗ are in the right hand side (bra). Here, for the algebra on the left hand side, we represent the product m, the derivation δ, and the homomorphism F^∗ as m =⊃−, δ = − δ −, F^∗ = − F^∗ −. According to the operations of the algebra from left, the lines of the graphs are connected to the right direction. In other words, the operations on the algebra C(H)^∗ in the left hand side from left yields the flow from the left to the right on the lines of the graphs. Next, for the coalgebra C(H) in the right hand side, we represent the coproduct △, the coderivation m, and the cohomomorphism F as △ =⊃−, m = − m −, F = − F −, and define the orientation of the operation from the right to the left on the lines of the graphs. Lastly, in order to distinguish the left and right in the pairings, we introduce ⟨ | ⟩ between the algebra C(H) and the coalgebra C(H)^∗.

The definition of the algebra C(H)^∗ dual to the coalgebra C(H) (3.3)(3.4)(3.5) are written graphically as follows. The graphs in both sides of the equations represent the C valued

11The graphs used below is different from that in the body of this paper. In fact, a line denotes the flow of an element of H in the body of this paper, but the line used below denotes an element of C(H).

a b g a b g

| | ⟨m(a ⊗ b) g⟩ ⟨a ⊗ b △g⟩ Figure 7: ⟨m(a ⊗ b)|g⟩ = ⟨a ⊗ b|△g⟩ eq.(3.3)

a g a g δ m

Figure 8: ⟨δ(a)|g⟩ = ⟨a|m(g)⟩ eq.(3.4)

pairings. The arrow on the dashed line in Figure 7 denotes the orientation of the operations in both sides. The m is defined so that the pairing is invariant when the | on the right hand side of Figure 7 is moved to the left. Then the ⊃− is m on the left of |, and it becomes △ on the right of |. Similarly, in Figure 8, the − δ − on the left of | becomes − m − on the right and the − m − is − δ − when is transferred to the left. The situation is similar for − F^∗ − and − F − (Figure 9).

From the rewriting above, the following dualities can be understood naturally by using graphs; m is a coderivation vs. the δ is a derivation (3.7), the F is a cohomomorphism vs. the F^∗ is a homomorphism (3.8), the (H, m) is an A_∞-algebra vs. the (C(H)^∗, δ) is a complex(3.9), and the F is an A_∞-morphism vs. the F^∗ is δ-equivariant (3.10). For instance, eq.(3.8) is shown as Figure 10.

3.2 Formal noncommutative supermanifolds In this subsection, we represent explicitly m, δ and F^∗, which correspond to △, m and F, respectively, and realize them geometrically on the algebra C(H)^∗ dual to the C(H). For the coassociative coproduct

△(e_1 · · · e_n) = n−1∑ k=1 (e_1 · · · e_k) ⊗ (e_{k+1} · · · e_n) ,

the corresponding associative product m defined in eq.(3.3) are written as

m((e^{ik} · · · e^{i1} ) ⊗ (e^{jl} · · · e^{j1} )) = e^{jl} · · · e^{j1} e^{ik} · · · e^{i1} . (3.11) a g a g F^∗ F

Figure 9: ⟨F^∗(a)|g⟩ = ⟨a|F(g)⟩ eq.(3.5)

a b g a b F^∗ F^∗ g F F a b g a b g F^∗ F

Figure 10: ⟨F^∗ · m(a ⊗ b)|g⟩ = ⟨m(F^∗(a) ⊗ F^∗(b))|g⟩ eq.(3.8)

For a = ∑_∞ k=1 a_{i1···ik} e^{ik} · · · e^{i1} and b = ∑_∞ l=1 b_{j1···jl} e^{jl} · · · e^{j1} , m(a ⊗ b) becomes m(( ∞∑ k=1 a_{i1···ik} e^{ik} · · · e^{i1} ) ⊗ ( ∞∑ l=1 b_{j1···jl} e^{jl} · · · e^{j1} )) = ∑ n (a · b)_{m1···mn} e^{mn} · · · e^{m1}

(a · b)_{m1 ···mn} = n−1∑ p=1 ϵ^{i1···ipj1···jn−p} m_1···m_n ai_1···i_p bj_1···j_{n−p} . It is easily seen that by the above definition of m, (a · b)_{m1 ···mn} = ⟨m(a ⊗ b)|e_{m1} · · · e_{mn} ⟩ = ⟨a ⊗ b|△(e_{m1} · · · e_{mn} )⟩ holds.

a, b ∈ C(H)^∗ can be regarded as the polynomial functions on the graded vector space H. The dual basis {e^i} is thought of as the coordinates (coordinate functions) of vector space H, though it is graded and noncommutative when the product structure is also considered. Hereafter we change the notation and denote e^i by ϕ^i. C(H)^∗ is also replaced by C(ϕ) and its element is represented as a(ϕ) = ∞∑ k=1 a_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . The coordinate functions {ϕ^i} will then be treated as fields in the sense of field theory. The pair of Z-graded vector space H and the algebra of formal power series of the coordinates C(ϕ) on H is called formal supermanifold [3, 65]. We call so, though this may be an infinitesimal neighborhood or germ of a more general global supermanifold. Though usually the term ‘super’ indicates Z_2- graded, we use it for Z-graded object. The term ‘formal’ is that in formal power series or in formal geometry. In our situation, the coordinates are associative but noncommutative, so this is a formal noncommutative supermanifold. On the other hand, the dual picture of an L_∞-algebra is described by a formal (commutative) supermanifold. Namely, all the arguments in this paper can be translated into those for L_∞-algebras by imposing the graded commutativity upon {ϕ^i} corresponding to the graded commutativity in the L_∞-algebra (Remark 2.9).

• coderivation

Next, for a coderivation m = m_1 + m_2 + · · · ,

m_k(e_{i1} · · · e_{in} ) = n−k∑ p=1 (−1)^{ei1 +···+eip} e_{i1} · · · e_{ip−1} m_k(e_{ip} , . . . , e_{ip+k−1} )e_{ip+k} · · · e_{in} , (3.12)

we construct δ which is the dual to m. By the definition of δ (3.4), one sees that a derivation corresponding to the coderivation may be constructed separately for k. Let us express m_k : H^{⊗k} → H as m_k(e_{i1} , . . . , e_{ik} ) = e_j c^j_{i1···ik} , c^j_{i1···ik} ∈ C (3.13) and then δ_k : C(H)^∗ → C(H)^∗,

δ_k = ←− ∂ ∂ϕ^j c^j_{i1···ik} ϕ^{ik} · · · ϕ^{i1} is a derivation. Here we identify the span of the coordinate {ϕ^i} with H^∗ and replace e^i to ϕ^i. The derivation δ is constructed as

δ = δ_1 + δ_2 + · · · = ∞∑ k=1 ←− ∂ ∂ϕ^j c^j_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . (3.14) It is regarded as an (odd) formal vector field on the formal noncommutative pointed supermanifold. The formal manifold with such δ is called Q-manifold in [3].^{12} Note that the condition that m_k is a coderivation is replaced to that δ_k satisfies the Leibniz rule on the polynomials of ϕ^i’s. For instance the operation of δ on (ϕ^3ϕ^2ϕ^1) is defined as

δ_k(ϕ^3ϕ^2ϕ^1) = ϕ^3ϕ^2c^1_{i1···ik} ϕ^{ik} · · · ϕ^{i1} +(−1)^{e1} ϕ^3c^2_{i1···ik} ϕ^{ik} · · · ϕ^{i1} ϕ^1 +(−1)^{e1+e2} c^3_{i1···ik} ϕ^{ik} · · · ϕ^{i1} ϕ^2ϕ^1 .

The sign arises when the δ with degree one passes through some elements which have their degree.

In field theories equipped with a classical BV-structure, this δ is just the BV-BRST transformation as seen in subsection 6.1. Note that in this case {ϕ^i} consists of both fields and antifields.

12This Q does not correspond to the BRST operator Q in the body of this paper but δ. δ in this paper is written as Q in [3].

Remark 3.1 When m satisfies m · m = 0, we have relations between m_k. Rewriting m_k using eq.(3.13) yields relations between c^j_{i1···ik} . On the other hand, in the dual language, the condition m · m = 0 is equivalent to δ · δ = 0. Calculating δ · δ and concentrating on the terms of n powers of ϕ^i lead to ∑ k+l=n+1 δ_l · δ_k = ( ←− ∂ ∂ϕ^i c^i_{1···ik} ϕ^{ik} · · · ϕ^{i1} ) ←− ∂ ∂ϕ^j c^j_{1···jl} ϕ^{jl} · · · ϕ^{j1}

= ←− ∂ ∂ϕ^i ∑ k+l=n+1 k∑ m=1 (−1)^{ei1 +···+eim−1} c^i_{1···ik} c^{im}_{j1···jl} ϕ^{ik} · · · ϕ^{im+1} ( ϕ^{jl} · · · ϕ^{j1} ) ϕ^{im−1} · · · ϕ^{i1} . The coefficient of ϕ^n · · · ϕ^1 then reads 0 = ∑ k+l=n+1 m=0,...,k−1 (−1)^{e1 +···+em} c^i_{1···m,im,m+l+1···n}c^{im}_{m+1···m+l} . (3.15)

This is exactly the relation m · m = 0 (or eq.(2.6)) rewritten with {c^i_{1 ···ik} }.

• cohomomorphism

In the terminology of the formal supermanifold, a homomorphism corresponding to a cohomomorphism F are constructed as follows. For two graded vector spaces H, H^′ and a cohomomorphism F : C(H) → C(H^′) defined in eq.(2.5), let us now express f_n as f_n(e_{i1} , . . . , e_{in} ) = e_j′ f^{j′}_{i1···in} , f^{j′}_{i1···in} ∈ C for n ≥ 0. The homomorphism F^∗ actually gives the pullback from C(H^′)^∗, the formal power series ring on H^′, to C(H)^∗. Moreover F^∗ : C(H^′)^∗ → C(H)^∗ is induced from F_∗ below F_∗ : H → H^′ ϕ → ϕ^′ = F_∗(ϕ) , ϕ^{j′} = F^{j′}_∗ (ϕ) = f^{j′} +f^{j′}_i ϕ^i+f^{j′}_{i1i2} ϕ^{i2} ϕ^{i1} +· · ·+f^{j′}_{i1···in} ϕ^{in} · · · ϕ^{i1} +· · · , (3.16) where {ϕ^i} and {ϕ^{i′} } are the coordinates on H and H^′, respectively. Namely, for an element a(ϕ^′) := ∑_∞ k=1 a_i′_{1···i}′_k ϕ^{i′}k · · · ϕ^{i′1} ∈ C(H^′)^∗, F^∗(a(ϕ^′)) = a(F_∗(ϕ)) holds. One can see that the cohomomorphism F is, in the dual geometric picture, a nonlinear map F_∗ from a formal supermanifold H to H^′. If f^{j′} = 0, the F_∗ preserves the origin.

• A_∞-morphism

The condition that this F is an A_∞-morphism is equivalent to the statement that this map F_∗ between two formal supermanifolds is compatible with the actions of δ and δ^′ on both sides, i.e. F_∗ is a morphism between Q-manifolds. For any a(ϕ^′) ∈ C(H^′)^∗, the condition is

F^∗δ^′(a(ϕ^′)) = δF^∗a(ϕ^′) , (3.17)

and is written explicitly as F^∗ ( a(ϕ^′) ←− ∂ ∂ϕ^{j′} c^{j′} (ϕ^′) ) = a(F_∗(ϕ)) ←− ∂ ∂ϕ^j c^j (ϕ) , where we expressed δ =^{←−∂}_{∂ϕj} c^j (ϕ). Because a(F_∗(ϕ))^{←−∂}_{∂ϕj} c^j (ϕ) = F^∗ ( a(ϕ^′)^{←−∂}_{∂ϕj′} )_{ϕj′ ←−∂} ∂ϕ^j c j (ϕ) in the right hand side, we get F^∗ ( c^{j′} (ϕ^′) ) = ϕ^{j′} ←− ∂ ∂ϕ^j c^j (ϕ) . (3.18)

We can see that when δ and F^∗ are given and F^∗ has its inverse, then δ^′ is induced as c^{j′} (ϕ^′) = (F^{−1})^∗ (_{ϕj′ ←−∂} ∂ϕ^j c j (ϕ) ) . This is the dual description of m^′ = FmF^{−1} when F is an A_∞-isomorphism.

The dual description of cyclicity will be discussed in the next section.

3.3 Superfield and mixed description Definition 3.2 (superfield) For basis {e_i} of H and the dual basis {ϕ^i}, we define Φ := e_iϕ^i ∈ H ⊗ H^∗ and call it the superfield.

Since the degree of ϕ^i is minus the degree of e_i, the superfield Φ has degree zero. The roles are in fact similar to those of superfield in supersymmetric field theory, though some more extended notions are included. Note that the term ‘superfield’ does not mean that Φ is a field (function) on our supermanifold. In the case of string field theory it is called the string field.

It is useful to incorporate the coalgebra description and its dual. The multilinear map m_k : H^{⊗k} → H is extended to operation on Φ^{⊗k} as m_k(Φ, . . . , Φ) = e_jc^j_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . In other words, m_k(Φ, . . . , Φ) ∈ H ⊗ (H^∗)^{⊗k} is defined by this equation. Since e_j is identified with^{←−∂}_{∂ϕj} , m_k(Φ, . . . , Φ) is identified with δ_k. Similarly, for multilinear map f_k : H^{⊗k} → H^′ which defines a cohomomorphism or A_∞-morphism F, its operation on superfields is defined by f_k(Φ, . . . , Φ) = e_j′ f^{j′}_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . F_∗ in eq.(3.16) is then represented by

Φ^′ = F_∗(Φ) = f_1(Φ) + f_2(Φ, Φ) + f_3(Φ, Φ, Φ) + · · · .

Polynomial functions C(ϕ) also have superfield description. For a_{i1···ik} ϕ^{ik} · · · ϕ^{i1} ∈ C(ϕ), let us define a multilinear map a_k : H^{⊗k} → C such that a_k(e_{i1} , . . . , e_{ik} ) = a_{i1···ik} . Any element in C(ϕ) is then expressed as a_k(Φ, . . . , Φ) = a_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . In the next section we shall also consider cyclic functions, which is defined by imposing cyclic condition upon a_{i1···ik} ∈ C (Definition 4.1). Namely, they are described by a cyclic multilinear map a_k : H^{⊗k} → C .

Thus, superfield Φ can be thought of as an expression of general element in H and also play the role of complete system of H. One can see that in this superfield description one can discuss the dual side without the indices.

Instead of superfield Φ ∈ H ⊗ H^∗, one can consider more generally H over associative graded algebra C(ϕ̃) generated freely by {ϕ̃^i}, though we do not use it later in this paper. An element of the C(ϕ̃)-module H is represented as A(ϕ̃) = e_iA^i(ϕ̃) where A^i(ϕ̃) ∈ C(ϕ̃). The degree of A(ϕ̃) is just the sum deg(e_i) + deg(A^i(ϕ̃)). C(H) is then extended to C(H ⊗ C(ϕ̃)). The coproduct is defined just in a similar way as that on C(H). Furthermore, the operations of any coderivation m : C(H) → C(H) and any cohomomorphism F : C(H) → C(H^′) are naturally extended to operations on C(ϕ̃)-module. It is convenient to rewrite each element in C(H ⊗ C(ϕ̃)) into that of the form in C(H) ⊗ C(ϕ̃) as follows,

e_{i1} A^{i1}_1 (ϕ̃) · · · e_{in} A^{in}_n (ϕ̃) = (−1)^{∑n−1k=1 Aikk (∑nl=k+1(Aill +ei}l^{))}e_{i1} · · · e_{in} (A^{in}_n (ϕ̃) · · · A^{i1}_1 (ϕ̃)) ,

where A^{ik}_k in the sign factor in the left hand side indicates deg(A^{ik}_k (ϕ̃)). The sign factor is determined as the Kostul sign that arises when A^{ik}_{ik} passes through e_{ik+1} · · · e_{in} A^{in}_{in} · · · A^{ik+1}_{ik+1} for k = n − 1, n − 2, . . . , 1. The expression of the right hand side enables us to extend any operation on C(H) to that on C(H ⊗ C(ϕ̃)). Though we related elements in C(H ⊗ C(ϕ̃)) to that in C(H) ⊗ C(ϕ̃), we should not consider all elements in C(H) ⊗ C(ϕ̃). Only those that comes from C(H ⊗ C(ϕ̃)) have a tree structure and can have an A_∞-structure, and so on.

4 Odd symplectic geometry on formal noncommutative supermanifolds

A constant symplectic structure of a cyclic A_∞-algebra is a constant symplectic structure on a formal noncommutative supermanifold. Such noncommutative symplectic geometry is discussed in [61]. In this section we shall discuss nonconstant symplectic structures. They can be defined naturally from the physics of open strings. After considering the constant ones in subsection 4.1, we shall first define general nonconstant ones in subsection 4.2. Such geometry is discussed by A. Schwarz [92] in case of graded commutative supermanifolds, where the existence of the Darboux theorem is known. In [92] the body (even coordinates parts) of the supermanifolds are treated global. However, in noncommutative case, local properties have never been discussed enough. Therefore we shall discuss the local properties of nonconstant symplectic and Poisson structures. We show a key lemma (Lemma 4.8), the Poincaré’s lemma on the formal noncommutative supermanifolds. Due to the lemma, we examine the properties of symplectic diffeomorphisms in subsection 4.3, and show the Darboux theorem on the formal noncommutative supermanifolds (Theorem 4.15) in subsection 4.4. The study of the formal noncommutative symplectic supergeometry is directly related to the notion of cyclic A_∞-algebras. We look back over cyclic A_∞-algebras from these dual pictures in subsection 4.5.

4.1 The constant symplectic structures Consider a Z-graded vector space H equipped with a constant odd symplectic structure ω : H ⊗ H → C in Definition 2.10. For {e_i} basis of H, denote

ω_{ij} := ω(e_i, e_j ) .

It defines a symplectic structure on formal noncommutative supermanifold of H. Its inverse is defined by ω_{ij}ω^{jk} = ω^{kj}ω_{ji} = δ^k_i and it defines an odd Poisson structure as seen below. The graded antisymmetry implies

ω_{ji} = −ω_{ij} , ω^{ji} = −ω^{ij} = −(−1)^{(i+1)(j+1)}ω^{ij} .

As above, in this section we often denote deg(e_i) simply by i instead of e_i. The existence of the nondegenerate symplectic structure depends on the structure of H but is natural in the context of the BV-formalism in field theory.

Next, we define an algebra of functions to construct an odd Poisson algebra. In the previous section we considered an associative noncommutative polynomial algebra C(H)^∗ = C(ϕ) on a formal noncommutative supermanifold. In this section, we need to consider additional structure on C(ϕ). The idea of the following definition is that explained in subsection 1.5.

Definition 4.1 (Function on a formal noncommutative supermanifold) For ϕ^i the dual coordinate of e_i, let us consider an element^1_k a_{i1···ik} ϕ^{ik} · · · ϕ^{i1} ∈ C(ϕ) whose coefficient a_{i1···ik} is cyclic, a_{i1···ik} = (−1)^{(ik +···+i2)i1} a_{i2···iki1} . Such elements have the following property 1 k a_{i1···ik} ϕ^{ik} · · · ϕ^{i1} = 1 k a_{i2···ik i1} ϕ^{i1} ϕ^{ik} · · · ϕ^{i2} = (−1)^{(ik +···+i2)i1} 1 k a_{i1···ik} ϕ^{i1} ϕ^{ik} · · · ϕ^{i2} . That is, the coordinates ϕ^i are regarded cyclic. We denote by C(ϕ)_c the subgroup of C(ϕ). We also consider the free tensor algebra of C(ϕ)_c and denote it by T C(ϕ)_c. The free tensor product is defined to be graded commutative and denoted by •. For instance for A, B ∈ C(ϕ)_c, B • A = (−1)^{AB} A • B holds.

The cyclic symmetry for C(ϕ)_c is just the property of open string disk as explained in subsection 1.5. This is similar to a ‘trace’ in the terminology of noncommutative geometry [20]. The restriction C(ϕ) → C(ϕ)_c (given by cyclic symmetrization) is regarded as a trace which keeps all other informations of C(ϕ). Considering T C(ϕ)_c are also natural from the viewpoints of the BVformalism. As an element in C(ϕ)_c is regarded as an S^1 as in eq.(1.15), an element in T C(ϕ)_c can be characterized by a multiple copy of S^1. However we do not need T C(ϕ)_c essentially in this paper. The essential necessity of it is related to ‘homotopy algebras of quantum open strings’ if it would be defined.

Definition 4.2 (Odd Poisson structure (Gerstenhaber structure)) A Gerstenhaber algebra is an algebra equipped with degree zero associative product • and degree one bracket ( , ) satisfying the following equations:

(a) (B, A) = −(−1)^{(A+1)(B+1)}(A, B),

(b) (A, B • C) = (A, B) • C + (−1)^{(A+1)B} B • (A, C),

(c) (−1)^{(A+1)(C+1)}((A, B), C) + cyclic = 0

where A, B and C are elements of the algebra. A, B and C on (−1) denote the degree of A, B and C, respectively.

An odd Poisson algebra can then be constructed from the constant symplectic structure in Definition 2.10. The odd Poisson bracket can be defined so that it fits the picture in eq.(1.16).

Definition 4.3 (Constant Poisson structure) On T C(ϕ)_c let us consider a Poisson bracket written as follows,

( , ) = ←− ∂ ∂ϕ^i ω^{ij} −→ ∂ ∂ϕ^j . (4.1)

For two elements of C(ϕ)_c, the bracket is defined explicitly as 1 k V_{i1···ik} ϕ^{ik} · · · ϕ^{i1} ←− ∂ ∂ϕ^i ω^{ij} −→ ∂ ∂ϕ^j 1 l V_{j1···jl} ϕ^{jl} · · · ϕ^{j1} := 1 k + l − 2 V_{i1···ik} ω^{i1jl} V_{j1···jl} ( ϕ^{ik} · · · ϕ^{i2} ϕ^{jl−1} · · · ϕ^{j1} + cyclic )

= 1 k + l − 2 ( V_{iil···ik+l−2} ω^{ij}V_{i1···il−1j} + cyclic ) ϕ^{ik+l−2} · · · ϕ^{i1} . In the second equality, the ‘cyclic’ means that ϕ^{ik} · · · ϕ^{i2} ϕ^{jl−1} · · · ϕ^{j1} is moved cyclic such as ϕ^{ik} · · · ϕ^{i2} ϕ^{jl−1} · · · ϕ^{j1} −→ (−1)^{(ik +···+i2+jl−1+···+j2)j1} ϕ^{j1} ϕ^{ik} · · · ϕ^{i2} ϕ^{jl−1} · · · ϕ^{j2} −→ · · · and these (k + l − 2) terms are then summed up in (· · ·). In the third line, ‘cyclic’ indicates that i_1 · · · i_{k+l−2} is moved cyclic with appropriate sign and the resulting (k + l − 2) terms are then summed up. More explicitly, for b_{i1···ik+l−2} := V_{iil···ik+l−2} ω^{ij} V_{i1···il−1j} ∈ C , the coefficient of ϕ^{ik+l−2} · · · ϕ^{i1} in the third line is written as 1 k + l − 2 k+l−2∑

k^′=1 (−1)^{(i1 +···+ik′−1)(ik′ +···+ik+l−2)}b_{ik′ ···ik+l−2·i1···ik′−1} . By definition, this coefficient is cyclic with respect to the indices i_1 · · · i_{k+l−2}.

The cyclicity is a natural property of open string, where operators e_{i1} · · · e_{ik+l−2} are inserted on a boundary of an open string disk S^1.

As in commutative case, this constant Poisson bracket actually satisfies the Jacobi identity. It follows from Lemma 4.12, but it can also be shown by writing pictures as in subsection 1.5. Consequently, (C(ϕ)_c, ( , )) forms a Lie algebra. Moreover we can extend the bracket on T C(ϕ)_c naturally by using Definition 4.2 (b). Thus, (T C(ϕ)_c, ( , )) forms a Gerstenhaber algebra.

Remark 4.4 (Additional structure) Note that the property of Definition 4.2(b) holds also for A ∈ C(ϕ)_c and B, C ∈ C(ϕ) with the replacement of the product • with the usual associative product in C(ϕ). This implies that (A, ) and also ( , A) act as a derivation on C(ϕ). Pictorially this fact can be seen as follows. For instance for B ∈ C(ϕ) and A ∈ C(ϕ)_c, the operation of ( , A) is figured as

( , A) = A

where the double line corresponds to ω^{ij}. (B, A) is then expressed as

∑ k ± A 1 2 k n B = ∑ k ± A

1 2 n k B .

Namely, the interval of B becomes also an interval after the insertion of S^1 of A.

We can also extend ω^{ij} to be nonconstant and define a natural class of nonconstant Poisson structures on a formal noncommutative supermanifold. They are defined as closed two-forms on the formal noncommutative supermanifold as seen in the next subsection.

4.2 The symplectic and Poisson structures We can extend the constant odd Poisson structure to nonconstant ones.

Definition 4.5 (Covariant odd Poisson bracket) On T C(ϕ)_c we define the following degree one nondegenerate bracket (A, B) = ∑ ij,IJ (−1)^{(B−j)J} ω^{ij}_{JI} ( A ←− ∂ ∂ϕ^i ϕ^I −→ ∂ B ∂ϕ^j ϕ^J ) c , (4.2)

where I, J are multi-indices for polynomials of coordinates ϕ^i and_c denotes the operation of cyclic symmetrization as in Definition 4.3. The nondegeneracy is equivalent to the nondegeneracy of ω_{ij,∅∅}. The coefficients are required to satisfy ω^{ji}_{IJ} = −(−1)^{(i+1)(j+1)+IJ} ω^{ij}_{JI} so that the bracket has the property of Definition 4.2 (a). We then call eq.(4.2) an odd Poisson bracket if it satisfies the Jacobi identity (Definition 4.2 (c)).

The geometric picture of this definition is figured in eq.(1.17).

We would like to know the condition that the Jacobi identity holds. We shall discuss it by translating these Poisson structure into symplectic side. For considering symplectic geometry on formal noncommutative supermanifolds, we need vector fields, differential forms, and so on.

Definition 4.6 (Hamiltonian vector field) Using the properties of derivation in Definition 4.2 (b) and Remark 4.4, we define a Hamiltonian vector field. For a Hamiltonian B ∈ C(ϕ)_c, we denote the corresponding Hamiltonian vector field by δ_B = ( , B) .

Note that δ_B has degree B + 1. The operation of δ_B : C(ϕ) → C(ϕ) is defined by δ_B ( a_{i1···in} ϕ^{in} · · · ϕ^{i1} )

= n∑ j=1 a_{i1···ij−1jij+1···in} (−1)^{(B+1)(i1 +···+ij−1)}ϕ^{in} · · · ϕ^{j+1} ( (−1)^{(B−k)J} ω^{jk}_{JI} ϕ^I −→ ∂ B ∂ϕ^k ϕ^J ) ϕ^{j−1} · · · ϕ^{i1} for a_{i1···in} ϕ^{in} · · · ϕ^{i1} ∈ C(ϕ). One can see that this is a natural extension of the derivation in Remark 4.4. The operation δ_B : C(ϕ)_c → C(ϕ)_c is then defined by cyclic symmetrizing the equation above. Namely, one obtains δ_B A := (A, B) for A ∈ C(ϕ)_c.

Definition 4.7 (Exterior derivative and differential form) We first extend each coordinate ϕ^i by exterior derivative d as 0 → ϕ^i → dϕ^i → 0 . For d we introduce another degree ♯. We assign ♯(d) = 1. We denote by φ the coordinate ϕ or its exterior derivative dϕ. A differential form is then defined of the form a(φ) := 1 k a_{μ1···μk} φ^{μk} · · · φ^{μ1} . The space of differential forms is then denoted by C(φ). Denote ♯(φ_μ) =: ♯_μ (= 0 or 1) and then the degree of differential form is simply the sum ♯(φ^{μk} · · · φ^{μ1} ) = ♯_{μk} + · · · + ♯_{μ1} .

The space of l-th differential forms is denoted by C(φ)^{⟨l⟩}. C(φ) is then the direct sum of C(φ)^{⟨l⟩} for l ≥ 0. We further define the subspace C(φ)_c ⊂ C(φ) consisting of cyclic elements as follows. Recall that, for a(φ) ∈ C(φ) above, φ^{μk} is ϕ^{ik} or dϕ^{ik} . We then say a(φ) ∈ C(φ) is cyclic, a(φ) ∈ C(φ)_c, iff the coefficient satisfies a_{μ1···μk} = (−1)^{i1(i2+···+ik)+♯μ1 (♯μ2 +···+♯μk )}a_{μ2···μkμ1} . Namely, we count the degree for H and that for differential forms independently. The space of cyclic l-th differential forms is denoted by C(φ)^{⟨l⟩}_c . The action of exterior derivative is naturally extended to that on C(φ)^{⟨l⟩} and C(φ)^{⟨l⟩}_c . Especially, d : C(φ)^{⟨l⟩}_c → C(φ)^{⟨l+1⟩}_c is given by da(φ) = 1 k k∑ i=1 (−1)^{♯μ1 +···+♯μi−1} a_{μ1···μk} φ^{μk} · · · dφ^{μi} · · · φ^{μ1} . (4.3) Note that dφ^{μi} = 0 iff ♯_{μi} = 1. In the expression above it is clear that (d)^2 = 0. Thus a complex (C(φ)^{⟨·⟩}_c , d) is given. We also consider (T C(φ)^{⟨·⟩}_c , d) with a natural extension.

One can write eq.(4.3) in a cyclic expression as da(φ) = ( 1 k k∑ i=1 (−1)^{♯μ1 +···+♯μi−1} a_{μ1 ···μ̌i···μk} ) φ^{μk} · · · φ^{μ1} . Here μ̌_i denotes the index corresponding to d^{−1}φ_{μi} . That is, a_{μ1···μ̌i···μk} = 0 if ♯_{μi} = 0. Thus d can be regarded as operation on the coefficient such as (da)_{μ1 ···μk} = ∑_k i=1(−1)^{♯μ1 +···+♯μi−1} a_{μ1···μ̌i···μk} . In this expression the complex is realized as an analogue of Cech cohomology. Note that in noncommutative case C(φ)^{⟨l⟩} and C(φ)^{⟨l⟩}_c do not vanish trivially for any l ≥ 0 even if the supermanifold is finite dimensional.

Lemma 4.8 (Poincaré’s lemma) The cohomology with respect to d is trivial.

proof. One can construct a homotopy operator d^{−1} : C(φ)^{⟨l+1⟩}_c → C(φ)^{⟨l⟩}_c which satisfies

dd^{−1} + d^{−1}d = Id .

It is constructed explicitly as

d^{−1}a(φ) = 1 k k∑ i=1 (−1)^{♯μ1 +···+♯μi−1} a_{μ1 ···μk} φ^{μk} · · · (d^{−1}φ^{μi} ) · · · φ^{μ1} . This fact completes the proof. ■ This local triviality of the deRham complex implies that this noncommutative geometry provides some natural extension of usual commutative geometry. We shall use this fact for later subsections. We shall see that the symplectic diffeomorphism discussed in the next subsection is related to the first deRham cohomology, whereas, the Darboux theorem in subsection 4.4 is equivalent to the triviality of the second deRham cohomology.

Remark 4.9 (Compatibility with transformations) Let (H, T C(ϕ)_c) and (H^′, T C(ϕ^′)_c) be two formal noncommutative supermanifolds and F^∗ : T C(ϕ^′)_c → T C(ϕ)_c a pullback induced by a map ϕ^{i′} = f(ϕ) = f^{i′}_j + f^{i′}_j ϕ^j + f^{i′}_{j1j2} ϕ^{j2} ϕ^{j1} + · · · . For a(ϕ^′) ∈ C(ϕ^′)_c, F^∗(a(ϕ)) is written explicitly as F^∗(a(ϕ^′)) = ( a(f(ϕ)) )_c

where_c is the operation of cyclic symmetrization as in Definition 4.3. An exterior derivative d on T C(φ^′)_c is related to that on T C(φ)_c by F^∗(dϕ^{i′} ) = dϕ^i −→ ∂ f(ϕ) ∂ϕ^i (= f(ϕ) ←− ∂ ∂ϕ^i dϕ^i) . By using this relation, F^∗ : T C(ϕ^′)_c → T C(ϕ)_c can be extended naturally to F^∗ : T C(φ^′)_c → T C(φ). F^∗ : (T C(φ^′)_c, d) → (T C(φ)_c, d) is then compatible with the exterior derivatives on both sides. That is, F^∗d = dF^∗ .

Definition 4.10 (Odd symplectic structure) The odd symplectic structure on a formal noncommutative supermanifold is defined by degree minus one closed 2-form in C(φ)_c.^{13} We represent it as ω = ∑ ij,IJ ω_{ji,JI} ( ϕ^I dϕ^iϕ^J dϕ^j ) c , where I and J are multi-indices. Note that, by the definition of C(φ)_c, the polynomial that consists of ϕ’s and dϕ’s are cyclic. We then denote by_c that ϕ^I dϕ^iϕ^J dϕ^j is defined to be cyclic symmetrized. From this, the coefficient satisfies ω_{ij,IJ} = −ω_{ji,JI} .

In order to relate the odd Poisson structure and the odd symplectic structure, we need to define the contraction of forms with vector fields.

Definition 4.11 (Contraction) For an element in C(φ)^{⟨k⟩}, the contraction with k vector fields are defined by ϕ^{I1} dϕ^{i1} ϕ^{I2} dϕ^{i2} · · · dϕ^{ik} ϕ^{Ik+1} (δ_{A1} , . . . , δ_{Ak} ) = ϕ^{I1} (−1)^{(A1+1)(I2 +i2+···+ik+Ik+1)}(dϕ^{i1} , δ_{A1} )ϕ^{I2} (−1)^{(A2 +1)(I3···+ik+Ik+1)}(dϕ^{i2} , δ_{A2} ) · · · · · · (−1)^{(Ak +1)Ik+1} (dϕ^{ik} , δ_{Ak} )ϕ^{Ik+1} . When we write δ_A =^{←−∂}_{∂ϕi} A^i(ϕ), (dϕ^i, δ_A) = A^i(ϕ).

The contraction of an element in C(φ)^{⟨k⟩}_c with k vector fields follows from the formula above. Any element in C(φ)^{⟨k⟩}_c is written in the form a(φ) := a_{Ik,ik,...,I1,i1} ϕ^{I1} dϕ^{i1} ϕ^{I2} dϕ^{i2} · · · dϕ^{ik} where a_{Ik,ik,...,I1,i1} ∈ C has a condition of cyclicity. The contraction with k vector fields is then given by a(φ)(δ_{A1} , . . . , δ_{Ak} ) = a_{Ik,ik,...,I1,i1} ( ϕ^{I1} dϕ^{i1} ϕ^{I2} dϕ^{i2} · · · dϕ^{ik} (δ_{A1} , . . . , δ_{Ak} ) ) c . One can see that the definition of contraction is well-defined, that is, the cyclicity of C(φ)_c is compatible with the cyclicity of C(ϕ)_c. By the cyclic permutation of k vector fields, one gets

a(φ)(δ_{A2} , . . . , δ_{Ak} , δ_{A1} ) = (−1)^{k−1}(−1)^{(A1 +1)(∑kl=2(Al+1))}a(φ)(δ_{A1} , . . . , δ_{Ak} ) .

The Poisson bracket and the symplectic structure is then related to each other by

(A, B) = ω(δ_A, δ_B ) . (4.4)

The odd Poisson structure and the odd symplectic structure are inverse to each other. Explicitly in component language, these are related by ∑ i,I+J=K,I^′+J^′=K^′ ω_{ji,JI} ω^{ik}_J ′_I′ (−1)^{I′+J ′+kJ ′} = ∑ i,I+J=K,I^′+J^′=K^′ ω^{ki}_I′_J ′ ω_{ij,IJ} (−1)^{iI′} = δ_{K,∅}δ_K′_{,∅}δ^k_j . 13It is not defined as an closed element of T C(φ)c. The definition above is natural from the viewpoints of open string physics.

Note that ω_{ji,JI} is uniquely determined when ω^{ik}_J ′_I′ is given and vice versa. This fact can easily be checked by induction with respect to the powers of ϕ.

Lemma 4.12 An odd bracket ( , ) of the form in eq.(4.2) satisfies the Jacobi identity iff the corresponding two-form ω is closed. Namely, ( , ) is an odd Poisson bracket iff ω is an odd symplectic form.

proof. It follows from calculating dω(δ_A, δ_B , δ_C ) for A, B, C ∈ C(ϕ)_c directly and using the correspondence (4.4). ■ Remark 4.13 δ_{C(ϕ)c} is an algebraic homomorphism between the Gerstenhaber algebra and the Lie super algebra defined as follows.

δ_{(B,A)} = [δ_A, δ_B ] , [δ_A, δ_B ] := δ_Aδ_B − (−1)^{(A+1)(B+1)}δ_B δ_A .

4.3 The symplectic diffeomorphisms and the Hamiltonian flows It is known in the usual commutative situation that the infinitesimal symplectic diffeomorphisms are generated by Hamiltonian vector fields. Namely, the following holds (A, B) + δ_ϵ(A, B) = (A + δ_ϵA, B + δ_ϵB) up to ϵ^2. This fact holds also in the noncommutative situation.

Proposition 4.14 Any infinitesimal symplectic diffeomorphisms on a formal noncommutative symplectic supermanifold can be expressed as a Hamiltonian vector fields. proof. Let us define inner product of a(φ) = a_{Ik,ik,...,I1,i1} ϕ^{I1} dϕ^{i1} ϕ^{I2} dϕ^{i2} · · · dϕ^{ik} ∈ C(φ)^{⟨k⟩}_c with vector field δ_A =^{←−∂}_{∂ϕj} A^j(ϕ) by ι_{(δA)}a(φ) = a_{Ik,ik,...,I1,i1} ϕ^{I1} dϕ^{i1} ϕ^{I2} dϕ^{i2} · · · A^k(ϕ) . It is shown directly that the infinitesimal transformation of a(φ) ∈ C(φ)^{⟨k⟩}_c by δ_A is then Lie derivative, (dι_{δA} + ι_{δA} d)a(φ) . Here assume that an infinitesimal transformation δ_ϵ :=^{←−∂}_{∂ϕi} ϵ^i(ϕ) preserves the symplectic form ω, 0 = 2(dι_{δϵ} + ι_{δϵ} d)ω . Because dω = 0, the second term is dropped out. Thus, the condition of the vector field δ_ϵ to preserve the symplectic form is

0 = dι_{δϵ} ω = d ∑ ij,IJ ω_{ji,JI}ϕ^I dϕ^iϕ^J ϵ^i(ϕ) c .

By Lemma 4.8 d-closed forms are d-exact, so ∑ ij,IJ ωji,JI ( ϕ^I dϕ^iϕ^J ϵ^i(ϕ) ) c is written as dϵ for some degree one element ϵ ∈ C(ϕ)_c. Namely, for any A ∈ C(ϕ)_c

ω(δ_A, δ_ϵ) = (dϵ)(δ_A)

holds. Since the left hand side is δ_ϵA and the right hand side is (ϵ, A) = (A, ϵ), one gets

δ_ϵ = ( , ϵ) . ■ Note that the integral of this infinitesimal symplectic diffeomorphism is written of the form

e^{( ,ϵ)} = 1 + ∑ k≥1 1 k! ( , ϵ)^k (4.5)

where ( , ϵ)^k acts on A ∈ T C(ϕ)_c as (· · · ((A, ϵ), ϵ), . . . , ϵ). In fact, from the properties of the Poisson bracket, one can check the transformation satisfies (a) e^{( ,ϵ)}AB = e^{( ,ϵ)}A · e^{( ,ϵ)}B , A, B ∈ C(ϕ), AB ∈ C(ϕ), (a’) e^{( ,ϵ)}A • B = e^{( ,ϵ)}A • e^{( ,ϵ)}B , A, B ∈ T C(ϕ)_c, (b) e^{( ,ϵ)}(A, B) = (e^{( ,ϵ)}A, e^{( ,ϵ)}B) , A, B ∈ T C(ϕ)_c . Condition (a) implies that the finite transformation is a homomorphism induced by a coordinate transformation. Condition (a^′) and (b) just mean that the transformation preserves the product • and symplectic form, respectively.

4.4 The Darboux theorem for noncommutative odd symplectic structures Theorem 4.15 Any symplectic form on a formal noncommutative supermanifold can be transformed to be constant by a coordinate transformation.

proof. Let ω be any symplectic form on a formal noncommutative supermanifold. We shall consider to transform it to be constant from the lower power of the coordinates ϕ. Suppose now that ω is transformed to be constant up to k powers of ϕ. We then consider the transformation of the form ϕ^i −→ ϕ^i + f^i(ϕ) , f^i(ϕ) := f^i_{i1···ik+1} ϕ^{ik+1} · · · ϕ^{i1} . By this transformation, ω is transformed to ω_{ji,∅∅}dϕ^idϕ^j + ∑ |I+J|=k ω_{ji,JI} ( ϕ^I dϕ^iϕ^J dϕ^j ) c + · · · −→ ω_{ji,∅∅}dϕ^idϕ^j + ∑ |I+J|=k ω_{ji,JI} ( ϕ^I dϕ^iϕ^J dϕ^j ) c + 2d ( ω_{ji,∅∅}f^i(ϕ)dϕ^j ) ) c + · · ·

Here note that since ω is closed separately with respect to the powers of ϕ, ω_{ji,JI} ϕ^I dϕ^iϕ^J dϕ^j is closed and furthermore exact due to Lemma 4.8. Therefore it can be canceled by 2d ( ω_{ji,∅∅}f^i(ϕ)dϕ^j ) ) with appropriate f^i since the constant part ω_{ji,∅∅} is nondegenerate. Thus, ω is transformed to be constant up to (k + 1) powers of ϕ. Repeating this process completes the proof. ■ Since the Poincaré’s lemma (Lemma 4.8) holds, one can also extend the above results to a noncommutative version of Darboux-Weinstein’s theorem [123]. In contrast, one can also prove Proposition 4.14 in the previous subsection by power expansion as in Theorem 4.15.

4.5 Cyclic A_∞-algebras from the dual pictures Here we shall reconsider the meaning of cyclic A_∞-algebras from the viewpoints of odd symplectic geometry on formal noncommutative supermanifolds.

Let us consider any degree zero function S ∈ C(ϕ)_c which has critical point at the origin ϕ = 0 on a formal noncommutative supermanifolds. Such a function can be written as S = 1 2 V_{i1i2} ϕ^{i2} ϕ^{i1} + ∑ k≥3 1 k V_{i1···ik} ϕ^{ik} · · · ϕ^{i1} (4.6) where V_{i1···ik} ∈ C and S ∈ C(ϕ)_c. As seen later, this is just the action of field theory.

For a given covariant odd Poisson structure in Definition 4.5, let us consider the Hamiltonian vector field of S δ = ( , S) . (4.7)

By definition it has degree one. It is furthermore nilpotent iff S satisfies

(S, S) = 0 , (4.8)

where ( , ) is a covariant odd Poisson structure in Definition 4.5. This fact follows from the Jacobi identity of ( , ). Namely, the Hamiltonian vector field δ of S satisfying (S, S) = 0 defines an A_∞-structure. We remark that eq.(4.8) corresponds to the classical BV-master equation explained later. Let us call such a triple (C(ϕ)_c, ω, S) or equivalently (C(ϕ)_c, ω, δ) a pre cyclic A_∞-supermanifold, where ω is the (covariant) odd symplectic structure (Definition 4.10) corresponding to the given covariant odd Poisson structure (Definition 4.5).

On the other hand, by Theorem 4.15 one can transform any odd symplectic formal noncommutative supermanifolds to the one where the symplectic structure ω is constant, i.e. , a skew symmetric bilinear form on H. In this case, the (k + 1)-power terms of S just correspond to the A_∞-structure m_k such as c^j_{i1···ik} = (−1)^{em} ω^{jm}V_{mi1···ik} , k ≥ 2 , (4.9) where ω^{jm} is constant. Note that the equation above is equivalent to the one in Remark 2.12. The A_∞-odd vector field is then written as

δ = ( , S) = ∞∑ k=1 ←− ∂ ∂ϕ^j c^j_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . Thus, any pre cyclic A_∞-supermanifold (C(ϕ)_c, ω, S) is isomorphic to the one with a constant symplectic structure where the (k + 1)-power terms of S just correspond to the A_∞-structure m_k. We call such a pre cyclic A_∞-supermanifold (C(ϕ)_c, ω, S) a cyclic A_∞-supermanifold. This is exactly the dual description of the cyclic A_∞-algebra (H, ω, S) in Definition 2.11.

Next, let us consider the relation between two pre cyclic A_∞-supermanifolds (C(ϕ)_c, ω, S) and (C(ϕ^′)_c, ω^′, S^′). Suppose that there exists a morphism F_∗ (eq.(3.16) ) preserving the origins (f^{j′} = 0) and the symplectic forms, F^∗ω^′ = ω .

Proposition 4.16 The following two statements are equivalent;

• F preserves the value of the action S = F^∗S^′.

• F : (H, m) → (H^′, m^′) is an A_∞-morphism.

Note that here f_1 may not be an isomorphism. This equivalence follows from the fact that the symplectic structures on both sides are non-degenerate. We call F : (C(ϕ)_c, ω, S) → (C(ϕ^′)_c, ω^′, S^′) preserving the origins, the symplectic forms F^∗ω^′ = ω and the actions S = F^∗S^′ a morphism between the (pre) cyclic A_∞-supermanifolds.

In this situation, both pre cyclic A_∞-supermanifolds (C(ϕ)_c, ω, S) and (C(ϕ^′)_c, ω^′, S^′) are isomorphic to some cyclic A_∞-supermanifolds (C(ϕ)_c, ω̃, S̃) and (C(ϕ^′)_c, ω̃^′, S̃^′) where ω̃ and ω̃^′ are constant. Let F̃ : (C(ϕ)_c, ω̃, S̃) → (C(ϕ)_c, ω, S) and F̃^′ : (C(ϕ^′)_c, ω̃^′, S̃^′) → (C(ϕ^′)_c, ω^′, S^′) be two isomorphisms. The composition map (F̃^′)^{−1}FF̃ : (C(ϕ)_c, ω̃, S̃) → (C(ϕ^′)_c, ω̃^′, S̃^′) is then an A_∞-morphism preserving the constant symplectic structures. Thus, there exists a functor from the category of pre cyclic A_∞-supermanifolds to the category of cyclic A_∞-supermanifolds.

A morphism between two cyclic A_∞-supermanifolds is in fact the dual description of a cyclic A_∞-morphism in Definition 2.13. For two cyclic A_∞-supermanifolds (C(ϕ)_c, ω, S), (C(ϕ^′)_c, ω^′, S^′) and a morphism F_∗ : (C(ϕ)_c, ω, S) → (C(ϕ^′), ω^′, S^′), the condition F^∗ω^′ = ω is written as ∑ k^′,l^′ ω^′_k′_l′ d(F_∗(ϕ^{l′} ))d(F_∗(ϕ^{k′} )) c = ∑ i,j ω^′_{ij}dϕ^j dϕ^i . Reading the coefficient of each term of polynomial fields separately and dualizing back, one gets ω^′(f_1(e_i), f_1(e_j )) = ω(e_i, e_j ) (eq.2.10) and ∑ k,l≥1, k+l=n ∑ cyc(i,j) ω^′(f_k(. . . , e_{jq} , e_i, e_{i1} , . . . ), f_l(. . . , e_{ip} , e_j , e_{j1} , . . . )) = 0 (4.10)

for fixed n ≥ 3, p ≥ 0 and q = n − p − 2 ≥ 0, where cyc(i, j) indicates all possible cyclic permutations for {e_i, e_{i1} , . . . , e_{ip} , e_j , e_{j1} , . . . , e_{jq} } but keeping e_i in f_k(· · · ) and e_j in f_l(· · · ). However, eq.(4.10) includes overlapping equivalent identities. For instance, when we consider the case of order {e_i, e_j , e_{j1} , . . . , e_{jn−2} }, the summation cyc(i, j) drops out and eq.(4.10) simply gives ∑ k,l≥1, k+l=n ω^′(f_k(e_{jl} , . . . , e_{jn−2} , e_i), f_l(e_j , e_{j1} , . . . , e_{jl−1} )) = 0 .

Namely, the condition (4.10) just reduces to eq.(2.11) and the condition of morphisms between cyclic A_∞-supermanifolds is actually equivalent to the condition of cyclic A_∞-morphisms in Definition 2.13.

5 The minimal model theorem

The following theorem is one of the key theorems in homotopy algebra.

Theorem 5.1 (Minimal model theorem [50]) Given any A_∞-algebra (H, m), let H^p be the cohomology of H with respect to m_1. Then there necessarily exists an A_∞-algebra (H^p, m̃^p) and an A_∞-quasi-isomorphism from (H^p, m̃^p) to (H, m).

The purpose of this section is to clarify and to develop basic properties of A_∞-algebras around this theorem. For the construction of minimal models of A_∞-structures, in particular of dgas, various versions of homological perturbation theory (HPT) have been developed, for instance by [35, 40, 36, 37, 38, 45]. On the other hand, it was mentioned in [65] that there exists another stronger version of the minimal model theorem, which we call the decomposition theorem. In subsection 5.1 we shall show explicitly the decomposition theorem (Theorem 5.4). A similar result is obtained independently in [72] in the framework of a closed model category [89]. The decomposition theorem includes the minimal model theorem and implies various basic properties of homotopy algebras. In subsection 5.2 we show the decomposition theorem for cyclic A_∞-algebras. The decomposition theorem guarantees the existence of an inverse A_∞-quasiisomorphism of an A_∞-quasi-isomorphism (Theorem 5.17) as stated in [65]. We shall explain it in subsection 5.3. Though the minimal model theorem follows from the decomposition theorem, the proof relies on inductive arguments and the form of the minimal model is not explicit. On the other hand, for any A_∞-algebra, its minimal model can be given explicitly and more recently in [66] in terms of some Feynman diagrams. The Feynman diagram expression provides us with intuitive understanding of the minimal model, though it is equivalent to minimal models given by formula as in the traditional homological perturbation theory (see [38, 45, 82]). We demonstrate in subsection 5.4 that it arises naturally from the issue of finding the solutions of the Maurer-Cartan equation for an A_∞-algebra [53]. Subsection 5.5 presents the cyclic A_∞ version, which is directly related to section 6, where we shall show that the minimal cyclic algebra is derived by semiclassical perturbation theory of field theory in the BV-formalism.

5.1 The decomposition theorem for A_∞-algebras Definition 5.2 (Minimal A_∞-algebra) An A_∞-algebra (H, m) is called minimal if m_1 = 0 on H.

Definition 5.3 An A_∞-algebra (H, m) is called linear contractible if m_k = 0 for k ≥ 2 and Q = m_1 has trivial cohomology.

The following theorem holds.

Theorem 5.4 (Decomposition theorem for A_∞-algebras) Any A_∞-algebra is A_∞-isomorphic to the direct sum of a minimal A_∞-algebra and a linear contractible A_∞-algebra.

This subsection is devoted to proving this theorem based on the strategy presented in [65]. We shall prove it in terms of formal noncommutative supermanifolds. However the result holds even in the case that the dual side is not well-defined in a strict sense, since the proof can be translated into that on the corresponding coalgebra side (see Remark 5.7).

For Q the coboundary operator of the complex (H, Q := m_1), we first give the analogue of the Hodge-Kodaira decomposition; consider a degree minus one linear map Q^+ : H → H satisfying QQ^+ + Q^+Q + P = 1 (5.1)

on H such that P^2 = P and QP = 0 hold. Namely, P is the projection onto the cohomology of (H, Q). By definition P Q = 0 and QQ^+Q = Q hold, which lead to (QQ^+)^2 = QQ^+, (Q^+Q)^2 = Q^+Q and

(QQ^+)(Q^+Q) = (Q^+Q)(QQ^+) = 0 , P (Q^+Q) = (Q^+Q)P = 0 , P (QQ^+) = (QQ^+)P = 0 .

In physical terms, QQ^+, Q^+Q and P are the projections onto Q-trivial states, unphysical states and physical states, respectively. We denote QQ^+ = P^t and Q^+Q = P^u and express the decomposition of H as

H = H^t ⊕ H^u ⊕ H^p , H^p := P H , H^t := P^tH , H^u := P^uH . (5.2)

In other words, we give a splitting of the complex (H, Q):

(H, Q)^π � (H^p, 0) ι � with a contracting homotopy Q^+ : H → H such that 1 − P = QQ^+ + Q^+Q for P := ι ∘ π (we shall sometimes omit ∘). Here 0 is the zero differential on H^p. As above, we shall often denote the image of H^p by ι also by H^p. By definition P^2 = P holds. Also, since ι : (H^p, 0) → (H, Q) and π : (H, Q) → (H^p, 0) are chain maps, QP = P Q = 0 hold. Thus, these data give the decomposition (5.2). Note that this set-up is a special case (in particular the differential on H^p is zero) of the strong deformation retract or SDR which is the starting point of various versions of homological perturbation theory (see [35, 40, 36, 37, 38, 45]).

We decompose the dual coordinates {ϕ^i} of H into {x^i}, {y^j } and {p^k}, the dual coordinates corresponding to the basis of H^t, H^u and H^p, respectively.

Our goal for the proof of Theorem 5.4 is to construct a local diffeomorphism around the origin of the formal noncommutative supermanifold such that x^i and y^j span the contractible directions, whereas p^k is a coordinate of the minimal part.

For the first step, we should examine the properties of the cohomology with respect to Q on formal noncommutative supermanifolds.

Definition 5.5 (δ_1-complex) Let C(ϕ)^k be the space of associative noncommutative polynomial functions on a formal noncommutative supermanifold of total degree k. δ_1 : C(ϕ)^k → C(ϕ)^{k+1}, which is the dual of Q on H, then defines a complex. We denote it by (C(ϕ)^⋆, δ_1) and call the δ_1-complex.

Lemma 5.6 (δ_1-cohomology) For any element a_{i1···ik} ϕ^{ik} · · · ϕ^{i1} ∈ C(ϕ)^⋆, its cohomology part is represented as a_{i1···ik} p^{ik} · · · p^{i1} = ( a_{i1···ik} ϕ^{ik} · · · ϕ^{i1} ) | |_{x=y=0} . (5.3)

We denote by C(p)^⋆ the space of such elements.

proof. This follows from the fact that one can construct a degree minus one homotopy operator H^∗ on C(ϕ)^⋆ such that Id − P = δ_1H^∗ + H^∗δ_1 ,

where P is the projection corresponding to eq.(5.3). This H^∗ will be constructed explicitly later in Lemma 7.4.^{14} ■ One may notice that this corresponds to the dual version (supermanifold description) of so-called the tensor trick (see [36, 37, 38, 45]).

proof of Theorem 5.4. The A_∞-odd vector field is then written as

δ = δ_1 + δ_2 + · · · ,

δ_1 = ←− ∂ ∂x^i c^i_j y^j , · · · , δ_n = ←− ∂ ∂ϕ^i c^i_{k1···kn} ϕ^{kn} · · · ϕ^{k1} for n ≥ 2. Note that δ_1 acts nontrivially on the contractible part only. Now we would like to bring δ_n, n ≥ 2, to the form^{←−∂}_{∂pi} c^i_{k1···kn} p^{kn} · · · p^{k1} by a coordinate transformation. Suppose now that δ_n is such a form for n ≤ l. By the (l + 1) powers-part of the A_∞-condition, we have ←− ∂ ∂x^i ( c_x^i_{j1···jl+1} ϕ^{jl+1} · · · ϕ^{j1} ) ←−∂ ∂x^k c^k_j y^j + ←− ∂ ∂x^i c^i_j c_y^j_{1···jl+1} ϕ^{jl+1} · · · ϕ^{j1} = 0 , (5.4) ←− ∂ ∂y^i ( c_y^i_{j1···jl+1} ϕ^{jl+1} · · · ϕ^{j1} ) ←−∂ ∂x^k c^k_j y^j = 0 , (5.5) ←− ∂ ∂p^i ( c_p^i_{j1···jl+1} ϕ^{jl+1} · · · ϕ^{j1} ) ←−∂ ∂x^k c^k_j y^j + ∑ n≥2 δ_nδ_{l+2−n} = 0 , (5.6)

where c_x^i_{j1···jl+1} ϕ^{jl+1} · · · ϕ^{j1} ∈ C(ϕ) is the coefficient of δ_{l+1} with respect to^{←−∂}_{∂xi} , and so on. We sometimes ignore the upper indices i and indicate by c_x, c_y and c_p these coefficients in C(ϕ). One can see that c_y is δ_1-closed from eq.(5.5). Moreover, eq.(5.4) implies c_y does not have δ_1-cohomology since the first term includes y^j and the second term does not. Therefore c_y is δ_1-exact due to Lemma 5.6. Alternatively, the first and second terms of eq.(5.6) are independent of each other since the first term includes y^j and second term does not. Thus, c_p is δ_1-closed.

We would like to remove c_x, c_y and the δ_1-exact part of c_p. Note that in fact we know a transformation which removes c_x and c_y. It is given by the A_∞-quasi-isomorphism in subsection 5.4. However it is instructive to construct the transformation inductively without assuming this knowledge.

14More precisely, we will construct an operator H in Lemma 7.4 and H^∗ is just the dual of H.

Consider the following coordinate transformation

ϕ^i = ϕ^{′i} + f^i(ϕ) , f^i(ϕ) = f^i_{k1···kl+1} ϕ^{′kl+1} · · · ϕ^{′k1} . (5.7)

Its inverse transformation is ϕ^{′i} = ϕ^i − f^i(ϕ) + · · · . We write the transformation (5.7) separately with respect to x, y and p such as

x^i = x^{′i} + f^i_x(ϕ) , y^j = y^{′j} + f^j_y (ϕ) , p^k = p^{′k} + f^k_p (ϕ) .

δ is then transformed as (see eq.(3.18)) δ −→ δ + ←− ∂ ∂x^i c^i_j f^j_y (ϕ) − ←− ∂ ∂ϕ^k ( f^k(ϕ) ←− ∂ ∂x^i c^i_j y^j ) + · · · . The conditions for the correction terms f^i(ϕ) to cancel δ_{l+1} except its minimal part are

c^i_j f^j_y (ϕ) − f^i_x(ϕ) ←− ∂ ∂x^k c^k_j y^j + c_x^i_{j1···jl+1} ϕ^{jl+1} · · · ϕ^{j1} = 0 , (5.8) − f^i_y(ϕ) ←− ∂ ∂x^i c^i_j y^j + c_y^i_{j1···jl+1} ϕ^{jl+1} · · · ϕ^{j1} = 0 , (5.9) − f^i_p(ϕ) ←− ∂ ∂x^i c^i_j y^j + c_p^i_{j1···jl+1} ϕ^{jl+1} · · · ϕ^{j1} = (polynomial of p’s) . (5.10)

We shall perform the transformation by dividing it into two steps. First, find a solution of eq.(5.8) and eq.(5.9) for f_x and f_y which removes c_x and c_y. There exist ambiguities for the solution; one solution is given by f_x = 0 and f^j_y = −c̄^j_kc^k_{x,j1···jl+1} ϕ^{jl+1} · · · ϕ^{j1} . It is clear that it satisfies eq.(5.8). In order to confirm eq.(5.9) one may employ eq.(5.4), an A_∞-condition for δ under the induction hypothesis. Next, c_p is δ_1-closed as stated above and eq.(5.10) implies the δ_1-exact part is removed by f_p. The remaining δ_1-cohomology part of c_p then forms the minimal A_∞-structure. This completes the induction. ■

Remark 5.7 In the proof above, one can see that the coordinate transformation f^i(ϕ) was constructed only from Q^+ and m. Therefore, the proof can be rewritten purely on the coalgebra side and is independent of whether the dual supermanifold description is strictly well-defined or not (see [56]).

Given an A_∞-algebra (H, m), let us denote by (H_{dc}, m_{dc}) a direct sum of a minimal A_∞-algebra and a linear contractible A_∞-algebra obtained by Theorem 5.4 and (H^p_{dc}, m^p_{dc}) its minimal part. One can obtain an A_∞-isomorphism F_{dc} : (H_{dc}, m_{dc}) → (H, m) by composing inductively A_∞- isomorphisms (5.7). As stated above, the A_∞-isomorphism is not unique so the decomposed model (H_{dc}, m_{dc}) is not unique. Moreover, even if (H_{dc}, m_{dc}) is fixed, the A_∞-isomorphism F_{dc} : (H_{dc}, m_{dc}) → (H, m) is not unique since there exists gauge transformations (see Definition 7.9).

In the situation above, both the inclusion ι : H^p_{dc} → H_{dc} and the projection π : H_{dc} → H^p_{dc} such that ι ∘ π = P naturally extend to A_∞-quasi-isomorphisms by setting the leading linear maps of the A_∞-quasi-isomorphisms to be ι and π, and their higher multilinear maps zero. We write them also as ι : (H^p_{dc}, m^p_{dc}) → (H_{dc}, m_{dc}) and π : (H_{dc}, m_{dc}) → (H^p_{dc}, m^p_{dc}). Then one can see that F_{dc} ∘ ι is an A_∞-quasi-isomorphism from (H^p_{dc}, m^p_{dc}) to (H, m) and an inverse A_∞-quasi-isomorphism is given by π ∘ (F_{dc})^{−1} : (H, m) → (H^p_{dc}, m^p_{dc}).

Although the existence of a minimal model for any A_∞-algebra is guaranteed from Theorem 5.4, the minimal model is not unique as stated above. A trivial ambiguity is the one given by an A_∞-isomorphism transforming a minimal A_∞-algebra to another one. On this point, from Theorem 5.4, one can state the following.

Corollary 5.8 For an A_∞-algebra (H, m), suppose that it has a minimal model (H^p, m̃^p) and an A_∞-quasi-isomorphism F̃^p : (H^p, m̃^p) → (H, m) are given. Then, there exist a decomposed A_∞-algebra (H_{dc}, m_{dc}) whose minimal part is the minimal A_∞-algebra (H^p, m̃^p) and an A_∞-isomorphism F_{dc} : (H_{dc}, m_{dc}) → (H, m). Equivalently, the A_∞-quasi-isomorphism F̃^p : (H^p, m̃^p) → (H, m) can be described by the composition F_{dc} ∘ ι, where ι : (H^p, m̃^p) → (H_{dc}, m_{dc}) is the inclusion.

Corollary 5.9 Given a minimal model (H^p, m̃^p) of an A_∞-algebra (H, m) and an A_∞-quasiisomorphism F̃^p : (H^p, m̃^p) → (H, m), there exists an inverse A_∞-quasi-isomorphism (F̃^p)^{−1} : (H, m) → (H^p, m̃^p).

Corollary 5.10 (Uniqueness of minimal A_∞-algebras) For an A_∞-algebra (H, m), its minimal A_∞-algebra is unique up to an isomorphism on H^p.

proof. These three corollaries are shown at the same time as follows. For an arbitrary decomposed A_∞-algebra (H^′_{dc}, m^′_{dc}) of an A_∞-algebra (H, m) and an A_∞-isomorphism F^′_{dc} : (H^′_{dc}, m^′_{dc}) → (H, m), let us consider the following diagram

(H, m)^{(F} ′ dc)^{−1}� (H^′_{dc}, m^′_{dc}) F^′_{dc} � π^′ � (H^p, m̃^p) F̃ p � F^p � (H′p dc, m^{′p}_{dc}) . ι^′ �

Note that F^′_{dc} has its inverse A_∞-isomorphism (H^′_{dc})^{−1} and ι^′ has its inverse A_∞-quasi-isomorphism π^′. The composition π^′ ∘ (F^′_{dc})^{−1} ∘ F̃^p then gives an A_∞-quasi-isomorphism from (H^p, m̃^p) to (H^{′p}_{dc}, m^{′p}_{dc}). Denote this composition map by F^p : (H^p, m̃^p) → (H^{′p}_{dc}, m^{′p}_{dc}). Since H^p = H^{′p}_{dc}, it is not only a quasi-isomorphism but also an isomorphism. On the other hand, one can consider an A_∞-algebra (H_{dc}, m_{dc}) which is the direct sum of the minimal A_∞-algebra (H^p, m̃^p) and the contractible part of (H^′_{dc}, m^′_{dc}). Clearly, there exists an A_∞-isomorphism F : (H_{dc}, m_{dc}) → (H^′_{dc}, m^′_{dc}) which is the natural extension of F^p. Thus, the composition of ι : (H^p, m̃^p) → (H_{dc}, m_{dc}) with F yields an A_∞-quasi-isomorphism F ∘ ι : (H^p, m̃^p) → (H^′_{dc}, m^′_{dc}). This leads to Corollary 5.8; F̃^p = F_{dc} ∘ ι where F_{dc} := F^′_{dc} ∘ F.

It is clear that the existence of inverse quasi-isomorphisms (Corollary 5.9) follows from Corollary 5.8. Namely, an inverse quasi-isomorphism of F_{dc} ∘ ι is given by π ∘ F_{dc}.

The uniqueness of the minimal model (Corollary 5.10) then follows from Corollary 5.9. Since Corollary 5.9 implies the existence of an A_∞-quasi-isomorphism between any two minimal models and moreover the quasi-isomorphism is an isomorphism, one can see that there exists an A_∞-isomorphism between any two minimal models of an A_∞-algebra (H, m). ■ We shall construct a minimal model explicitly by using Feynman graphs in Definition 5.18 in subsection 5.4. Corollary 5.10 then implies that the explicit minimal model is unique up to A_∞-isomorphisms on H^p.

Remark 5.11 (Geometric realization) One can realize the results around the decomposition theorem above geometrically as follows. An A_∞-algebra (H, m) is equivalent to a formal

Figure 11: The embedding of the minimal model.

noncommutative supermanifold with an A_∞-odd vector field δ. Denote δ = δ_1 + δ_• where δ_1 is the dual of m_1 and δ_• is the rest. First we fix the basis of the formal noncommutative supermanifold from δ and its homotopy operator (Q^+) and decompose H = H^p ⊕ H^t ⊕ H^u as a graded vector space. Theorem 5.4 implies that there exists a nonlinear coordinate transformation so that the vector field δ_• flows along the H^p direction and does not depend on H^t ⊕ H^u direction. This fact guarantees the existence of the minimal model. Moreover for a minimal model (H^p, m̃^p), an A_∞-quasi-isomorphism F̃^p : (H^p, m̃^p) → (H, m) can be regarded as an embedding of a hypersurface H^p into H as in Figure 5.11, though it is a formal noncommutative graded hypersurface. It follows from the condition on the A_∞-morphisms F̃^pm̃^p = mF̃^p that on the hypersurface in H the A_∞-odd vector field δ = δ_• is tangent to it.^{15} Corollary 5.8 then implies that such an embedding can necessarily be given by the inclusion ι and a nonlinear coordinate

15Note that δ1 vanishes on the hypersurface.

transformation F_{dc} preserving the tangent space at the origin O. Thus, one can see that many ordinary geometric intuitions are valid in formal noncommutative graded situations.

5.2 The decomposition theorem for cyclic A_∞-algebras In this subsection we prove the decomposition theorem for cyclic A_∞-algebras. For a given cyclic A_∞-algebra (H, ω, m), the proof requires a homotopy operator which gives an orthogonal decomposition of H with respect to the inner product ω. Let us begin with arbitrary homotopy operator Q^+ which defines a Hodge-Kodaira decomposition of H

QQ^+ + Q^+Q + P = 1 .

There are ambiguities of the choice of Q^+; H^t = QQ^+H is unique, but H^p = P H is unique modulo H^t and H^u = Q^+QH is unique modulo H^t ⊕ H^p. For the odd symplectic inner product ω of the cyclic A_∞-algebra (H, ω, m) with homogeneous basis {e_i} of H, denote

ω_{ij} := ω(e_i, e_j ) .

From the cyclicity ω(H, QH) = −ω(QH, H) holds, which implies the following properties independent of the ambiguities; if e_j ∈ H^t then ω_{ij} = 0 for e_i ∈ H^t ⊕ H^p, and if e_j ∈ H^t ⊕ H^p then ω_{ij} = 0 for e_i ∈ H^t. If we denote the block element of matrix {ω_{ij}} where e_i ∈ H^u and e_j ∈ H^p as ω_{up} and similar for the other eight block elements, the matrix {ω_{ij}} is represented as the left hand side of eq.(5.11). This implies that by basis transformation corresponding to the ambiguity in Q^+ the inner product ω is decomposed as the right hand side

{ω_{ij}} = ω_{uu} ω_{up} ω_{ut} ω_{pu} ω_{pp} ω_{pt} ω_{tu} ω_{tp} ω_{tt} = ω_{uu} ω_{up} ω_{ut} ω_{pu} ω_{pp} 0 ω_{tu} 0 0 −→ 0 0 ω_{ut} 0 ω_{pp} 0 ω_{tu} 0 0

. (5.11)

Thus, there exists a homotopy operator Q^+, which defines the state space H^u, so that ω is decomposed orthogonally.

Definition 5.12 (Homotopy operator of Q compatible with ω) Given a cyclic A_∞-algebra (H, ω, m), let QQ^+ + Q^+Q + P = 1 be a Hodge-Kodaira decomposition of H. We call Q^+ a homotopy operator of Q compatible with ω if ω(H^p, H^u) = ω(H^u, H^u) = 0. (When (H, ω, m) is a cyclic A_∞-algebra, ω(H^t, H^p) = ω(H^t, H^t) = 0 is automatically satisfied. )

Note that a homotopy operator Q^+ of Q compatible with ω satisfies

ω(1 ⊗ Q^+) = ω(Q^+ ⊗ 1) , ω(1 ⊗ P ) = ω(P ⊗ 1) . (5.12)

In particular, the first equation follows from ω(1 ⊗ Q^+) = ω(QQ^+ ⊗ Q^+) = ω(Q^+ ⊗ QQ^+) = ω(Q^+ ⊗ 1). As stated above, any cyclic A_∞-algebra (H, ω, m) has a homotopy operator of Q compatible with ω. It satisfies additional conditions compared with a homotopy operator defining the usual Hodge-Kodaira decomposition; however, it is still not unique. The remaining ambiguity is just related to the choice of the gauge fixing (Definition 6.3) when the propagator (Definition 6.4) is constructed in the BV-formalism.

The properties of the δ_1-complex are similar to those in the previous non-cyclic case.

Definition 5.13 (Cyclic δ_1-complex) Let C(ϕ)^k_c be the space of associative noncommutative polynomial cyclic functions on a formal noncommutative supermanifold of total degree k. The action δ_1 on it satisfies the Leibniz rule and so preserves the cyclicity. δ_1 : C(ϕ)^k_c → C(ϕ)^{k+1}_c then defines a complex. We denote it by (C(ϕ)^⋆_c , δ_1) and call it the cyclic δ_1-complex.

Lemma 5.14 (Cyclic δ_1-cohomology) For any element a_{i1···ik} ϕ^{ik} · · · ϕ^{i1} ∈ C(ϕ)^⋆_c , its cohomology part is represented as a_{i1···ik} p^{ik} · · · p^{i1} = ( a_{i1···ik} ϕ^{ik} · · · ϕ^{i1} ) | |_{x=y=0} . We denote by C(p)^⋆_c the space of such elements.

proof. The corresponding homotopy operator on C(ϕ)^⋆_c can be obtained by the cyclic symmetrization of the homotopy operator in Lemma 5.6. ■

Theorem 5.15 (Decomposition theorem for cyclic A_∞-algebra) Any cyclic A_∞-algebra is cyclic A_∞-isomorphic to the direct sum of a minimal cyclic A_∞-algebra and a linear contractible cyclic A_∞-algebra.

Note that this implies the symplectic form is also decomposed into the direct sum. proof. Let us represent the A_∞-odd vector field of a cyclic A_∞ algebra (H, ω, S) as

δ = ( , S) , S = S_2 + S_3 + · · · , S_k = 1 k V_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . As in the proof of Theorem 5.4, the strategy of the proof is to construct a cyclic A_∞-isomorphism so that the induced cyclic A_∞-structure (H, ω, S^′) is of the form S^′ = S_2 + S^′_3 + S^′_4 + · · · with S^′_k ∈ C(p)^⋆_c for k ≥ 3. We choose the coordinates of linear contractible direction as x and y, and minimal direction as p. Suppose that S_k belongs to C(p)^k_c ⊂ C(ϕ)^k_c up to l, that is, S_k =^1_k V_{i1···ik} p^{ik} · · · p^{i1} for 3 ≤ k ≤ l. The (l + 1) powers-part of the A_∞-condition^1_2 (S, S) = 0 implies

0 = S_{l+1} ←− ∂ ∂x^i c^i_jy^j + 1 2 ∑ k≥3 (S_k, S_{l+3−k}) . The first term and second term are independent because the first one includes y^j and the second one does not. Thus, S_{l+1} is δ_1-closed. Recall that by Proposition 4.14 any coordinate transformation preserving a constant symplectic structure can be written in the form in eq.(4.5). The transformation S −→ e^{( ,ϵ(ϕ))}S(ϕ) = S(ϕ) − ϵ(ϕ) ←− ∂ ∂x^i c^i_j y^j + · · · , ϵ(ϕ) = ϵ_{i1···il+1} ϕ^{il+1} · · · ϕ^{i1} can cancel the exact part of S_{l+1} by an appropriate ϵ(ϕ) and we can transform S_{l+1} to be an element of C(p)^{l+1}_c . Thus the statement of this theorem can be proved by induction. ■ This procedure is similar to homological perturbation theory in [44].

Note that this result is stronger than Theorem 5.4. Namely, it claims that any cyclic A_∞- algebra can be transformed to the direct sum of a minimal and a contractible one with the cyclicity (or equivalently the constant symplectic structure) being preserved.

Corollary 5.16 For a cyclic A_∞-quasi-isomorphism F^p from a minimal cyclic A_∞-algebra to another cyclic A_∞-algebra, there exists an inverse cyclic A_∞-quasi-isomorphism.

proof. The proof is just the same as for Corollary 5.9.

5.3 Existence of the inverse of A_∞-quasi-isomorphisms The decomposition theorem in the previous subsections gives clear understanding for the properties of homotopy algebras. One usage is to prove the following.

Theorem 5.17 (Existence of the inverse quasi-isomorphism) Let (H, m) and (H^′, m^′) be two A_∞-algebras and assume that an A_∞-quasi-isomorphism F from (H, m) to (H^′, m^′) is given. Then there exists an inverse A_∞-quasi-isomorphism (F)^{−1} : (H^′, m^′) → (H, m).

The outline of Theorem 5.17 is presented by M. Kontsevich in [65] for L_∞-case. The author was noticed by M. Akaho [2] the necessity of the decomposition theorem, instead of minimal model theorem, for the proof of Theorem 5.17.

proof. First, we transform both A_∞-algebras (H, m) and (H^′, m^′) to their minimal models (H^p, m̃^p) and (H^{′p}, m̃^{′p}) by A_∞-quasi-isomorphisms F̃^p and F̃^{′p} in Theorem 5.4. F̃^p and F̃^{′p} have their inverse quasi-isomorphisms, and the A_∞-quasi-isomorphism F^p from (H^p, m̃^p) to (H^{′p}, m̃^{′p}) is then given by the composition (F̃^{′p})^{−1} ∘ F ∘ F̃^p

(H, m)^F �

(F̃^p)^{−1} � (H^′, m^′)

(F̃^{′p})^{−1} � (H^p, m̃^p) F̃ p � F^p � (H^{′p}, m̃^{′p}) F̃ ′^p �

(F^p)^{−1} � so that the diagram commutes. Because the quasi-isomorphism F^p is isomorphism, it has its inverse, and one can obtain an A_∞-quasi-isomorphism as F̃^p ∘ (F^p)^{−1} ∘ (F̃^{′p})^{−1}. ■ In the situation (H, m) = (H^p, m̃^p), (H^′, m^′) = (H, m) and F^′ = F̃^p the statement of this theorem reduces to Corollary 5.9.

It is clear that this theorem holds also for cyclic A_∞-algebras.

5.4 Maurer-Cartan equations, Feynman graphs and the minimal model theorem For a given A_∞-algebra (H, m), the existence of its minimal A_∞-algebra was shown in subsection 5.1. The existence was proved inductively and an explicit form of the minimal A_∞-algebra is unclear. In [66] (see also [38, 45, 82] and [46] for L_∞ case) the explicit form is presented by using Feynman graphs. In this subsection we shall discuss the ‘meaning’ of the minimal A_∞-algebra given explicitly in [66].

Here we construct the A_∞-morphism {f̃^p_k } and A_∞-structure {m̃^p_k} with k ≥ 2 naturally as the problem of finding the solutions for the Maurer-Cartan equation. This explanation of the minimal model theorem is inspired by a lecture by K. Fukaya [23] (see [24]). We shall then prove that the (H^p, m̃^p) and F̃ are indeed an A_∞-algebra and an A_∞-quasi-isomorphism, respectively, for the sake of completeness. The procedure of finding the solution is quite natural and standard, and so similar procedures can be found in various problems. In the context of cyclic A_∞/L_∞- algebras for open/closed string field theory, the Maurer-Cartan equations are the equations of motions of the actions, and the procedure relates to the way of finding some classical solutions (L_∞ case [84, 71]) or constructing the tachyon potential (A_∞ case [83], see also [53]).

Consider solving the Maurer-Cartan equation (MC-eq.) for an A_∞-algebra: ∑ k≥1 m_k(Φ) = 0 . (5.13)

Hereafter we often use a shorthand notation m_k(Φ) for m_k(Φ, . . . , Φ) as above. This is an extended MC-eq. of that in Definition 2.15 in the sense that here we take Φ = e_iϕ^i ∈ H ⊗ H^∗ the superfield in Definition 3.2, that is, we include e_i of any degree and then ϕ^i is the formal noncommutative coordinate. As in the previous subsections, consider the Hodge-Kodaira decomposition QQ^+ + Q^+Q + P = 1 (Q := m_1)

and decompose H as H = H^t ⊕ H^u ⊕ H^p where H^p := P H, H^t := QQ^+H and H^u := Q^+QH. As seen in subsection 6.1, in the case of field theory, Q^+ can be regarded as the propagator and also plays the role of the gauge fixing. P is then the projection onto the physical states.^{16} Here we assume that Φ is sufficiently ‘small’; smaller than the radius of convergence, or equivalently Φ is assumed to be multiplied by the corresponding small parameter ℏ << 1, or instead the ℏ is treated as a formal parameter. Then the solution is almost the solution of Q(Φ) = 0, in the sense that Q(Φ) ∼ O(ℏ^2). Since the solutions for eq.(5.13) are preserved under the gauge transformation δ_αΦ = Q(α) + m_2(α, Φ) + m_2(Φ, α) + · · · ∼ Q(α), we will find the gauge fixed solutions Q^+Φ = 0. We express the gauge fixed Φ as Φ|_{gf} = Φ^p + Φ^u where Φ^p ∈ H^p and Φ^u ∈ H^u. As explained below, Φ^u can be solved recursively for the power of Φ^p. Because here we regard that Φ^p is ‘small’, one can define a degree by the power of Φ^p. By substituting Φ|_{gf} = Φ^p + Φ^u into Φ, the MC-eq. (5.13) turns out to be

Q(Φ^u) + ∑ k≥2 m_k(Φ^p + Φ^u) = 0 , (5.14)

and acting by Q^+ on both sides of this equation yields

Φ^u = − ∑ k≥2 Q^+m_k(Φ^p + Φ^u) . (5.15)

As will be presented explicitly later, Φ^u is expressed in terms of the powers of Φ^p by substituting the right hand side of eq.(5.15) into Φ^u in the right hand side of eq.(5.15) itself recursively. However not all Φ|_{gf} = Φ^p + Φ^u expressed in terms of Φ^p give the solution of eq.(5.13) because

16The arguments in this subsection can be generalized to some situation where QQ^+ + Q^+Q + P = 1 still holds but the condition that QQ^+, Q^+Q and P are projections is not satisfied. As an application of such a generalization to SFT, see section 6 of [53], where a one parameter family of quasi-isomorphic A∞-algebras is constructed from a given A∞-algebra in terms of tree graphs as in this subsection.

eq.(5.15) is derived from ‘Q^+ acting via eq.(5.13)’. In order to find Φ^u which is the solution of eq.(5.13), we substitute eq.(5.15) in the MC-eq.(5.13) once again,

0 = Q(Φ^p + Φ^u) + ∑ k≥2 m_k(Φ)

= (Q^+Q + P − 1) ∑ k≥2 m_k(Φ) + ∑ k≥2 m_k(Φ)

= Q^+Q ∑ k≥2 m_k(Φ) + ∑ k≥2 P m_k(Φ)

(5.16)

and we can get a condition (obstruction) for Φ^p. The first term in the third line of eq.(5.16) vanishes due to MC-eq.(5.13) because Q ∑ k≥2 m_k(Φ) = −QQ(Φ) = 0, and a condition for Φ^p is derived as ∑ k≥2 P m_k(Φ^p + Φ^u) = 0 . (5.17)

The minimal A_∞-algebra (H^p, m̃^p) and the A_∞-quasi-isomorphism F̃^p : (H^p, m̃^p) → (H, m) are given by eq.(5.17) and eq.(5.15), respectively. As mentioned above, a nonlinear map from H^p to H is obtained by substituting the right hand side of eq.(5.15) into the right hand side of the equation Φ|_{gf} = Φ^p + Φ^u recursively. Here we want to distinguish the element of H^p from that of H, so we rewrite Φ^p ∈ H^p as Φ̃^p ∈ H^p. Let us represent the nonlinear map by a collection of multilinear maps f̃^p_l : (H^p)^{⊗l} → H as

Φ|_{gf} = f̃^p_1 (Φ̃^p) + f̃^p_2 (Φ̃^p, Φ̃^p) + f̃^p_3 (Φ̃^p, Φ̃^p, Φ̃^p) + · · · (5.18)

where f̃^p_1 : H^p → H the inclusion map. Alternatively, eq.(5.17) is also expressed as an equation for Φ̃^p by substituting eq.(5.18) into eq.(5.17). Let us write it also by a collection of multilinear maps m̃^p_l : (H^p)^{⊗l} → H^p as ι ∑ k≥2 m̃^p_k(Φ̃^p) = 0 , (5.19)

where ι : H^p → H is the inclusion. Once m̃^p_k(Φ̃^p) and f̃^p_k (Φ̃^p) are obtained, m̃^p_k(e^p_{i1} , . . . , e^p_{ik} ) and f̃^p_k (e^p_{i1} , . . . , e^p_{ik} ) can be obtained immediately as the coefficient of ϕ^{ik} · · · ϕ^{i1} , where e^p_i are bases of H^p and Φ̃^p = e^p_i ϕ^i. As shown in the end of this subsection, (H^p, m̃^p := {m̃^p_k}_{k≥2}) forms a minimal A_∞-algebra. The equation (5.19) is just the Maurer-Cartan equation for (H^p, m̃^p). F̃ p := {f̃^p_l }_{l≥1} is then an A_∞-quasi-isomorphism from (Hp, m̃p) to (H, m).

From the field theory point of view the above result means that if the expectation value of physical states satisfying the Maurer-Cartan equation (5.19) is given, the solution of the equations of motions for field theory (5.13) is obtained by the A_∞-quasi-isomorphism (5.18).

Here we summarize the arguments above and define the A_∞-structure and A_∞-quasi-isomorphism precisely.

Definition 5.18 (An explicit minimal model) Given an A_∞-algebra (H, m), assume that we have a splitting of the complex (H, Q) such that ι : H^p → H is the inclusion, π : H → H^p is the projection and Q^+ : H → H is the contracting homotopy 1 − P = QQ^+ + Q^+Q for

P = ι ∘ π. Then, an A_∞-structure m̃^p on the cohomology H^p and an A_∞-quasi-isomorphism F̃ p : (Hp, m̃p) → (H, m) are constructed as follows. F̃ p = {f̃^p_l : (Hp)⊗l → H}_{l≥1} is defined recursively with respect to k as

f̃^p_k = −Q^+ ∑ i≥2 ∑ 1≤k_1<k_2···<k_i=k m_i(f̃^p_{k1} ⊗ f̃^p_{k2−k1} ⊗ · · · ⊗ f̃^p_{k−ki−1} )

with f̃^p_1 := ι : H^p → H. m̃^p = {m̃^p_k : (H^p)^{⊗k} → H}_{k≥2} is then given by

m̃^p_k = π ∑ i≥2 ∑ 1≤k_1<k_2···<k_i=k m_i(f̃^p_{k1} ⊗ f̃^p_{k2−k1} ⊗ · · · ⊗ f̃^p_{k−ki−1} ) .

It is also convenient to present an alternative description of Definition 5.18 in terms of rooted planar tree graphs. It is related to Feynman graphs in field theory in section 6.

Definition 5.19 (Rooted planar tree graph) A rooted planar tree graph is a simply connected rooted planar tree without loops. It consists of vertices, internal edges and external edges. Both ends of an internal edge are on two vertices. An external edge has one end on a vertex and another end is free. The number of incident edges at a vertex is greater than three. The term ‘planar’ means the cyclic order of edges at each vertex is distinguished. A rooted planar tree has a root that is a free end of an external edge. The external edge is called the root edge. The vertex on which the root edge ends is the root vertex. The free ends of the remaining external edges are called the leaves. We call a rooted planar tree that has k leaves a k-tree and

Figure 12: (a). Notation for planar rooted tree. The above one is a 4-tree. (b). An example of grafting, grafting of 3-corolla to 4-corolla along leaf 3.

denote it by Γ_k. We denote by G_k the set of k-trees.

For k-tree Γ_k, l-tree Γ_l and an integer 1 ≤ i ≤ k, the grafting of l-tree to k-tree along leaf i is given by identifying the root edge of the Γ_l with the i-th leaf of Γ_k (see Figure 12 (b)). The resulting (k + l − 1)-tree is denoted by Γ_k ∘_i Γ_l.

G_1 has only one element | that has no vertex. A k-tree that has only one vertex is called a k-corolla. Any other tree, that has more than one vertices, is obtained by grafting corollas.

Definition 5.20 (Minimal model; an alternative description) Let us define a map f̃ : G_k → (H^{⊗k} → H) as follows. To the 1-tree (that has no vertex) we associate the identity operator Id : H → H. To a k-corolla, we associate −Q^+m_k : H^{⊗k} → H. For any k-tree Γ_k and l-tree Γ_l, denote the associated endomorphisms by f̃_{Γk} ∈ (H^{⊗k} → H) and f̃_{Γl} ∈ (H^{⊗l} → H). f̃ is then defined so that it is compatible with the grafting of the trees. Namely, to Γ_k ∘_i Γ_l we associate f̃_{Γk∘iΓl} = f̃_{Γk} ∘ ( 1^{⊗(i−1)} ⊗ f̃_{Γl} ⊗ 1^{⊗(k−i)} ) : H^{⊗(k+l−1)} → H . Thus, for any k-tree, f̃_{Γk} is defined. The A_∞-quasi-isomorphism F̃^p = {f̃^p_k }_{k≥1} is then defined by f̃^p_k = ∑ Γ_k∈G_k f̃_{Γk} ∘ (ι)^{⊗k} ,

where ι : H^p → H is the inclusion.

The minimal A_∞-structure m̃^p is defined by using another map m̃ : G_k → (H^{⊗k} → H). To the 1-tree we associate the differential Q : H → H. To a k-corolla, we associate m_k :

H^{⊗k} → H. To any k-tree Γ_k denote the associated endomorphisms by m̃_{Γk} ∈ (H^{⊗k} → H). For a grafting Γ_k ∘_i Γ_l we associate m̃_{Γk∘iΓl} = m̃_{Γk} ∘ ( 1^{⊗(i−1)} ⊗ f̃_{Γl} ⊗ 1^{⊗(k−i)} ) : H^{⊗(k+l−1)} → H . Thus, for any tree graph, m̃ is defined so that it is compatible with this grafting. m̃^p is then given by m̃^p_k = π ∘ ∑ Γ_k∈G_k m̃_{Γk} ∘ (ι)^{⊗k} ,

where π : H → H^p is the projection. Note that m̃^p_1 automatically vanishes.

As a result, for a given l-tree Γ_l, m̃^p_{Γl} is given by attaching m_k to each vertex that has (k + 1)-incident edges, −Q^+ to each internal edge, ι to each leave and π to the root edge. f̃^p_{Γl} is also given in the same way but replacing π on the root edge to −Q^+.

An explicit example is given in Figure 13. In the order of the graphs in Figure 13, we have

m̃^p_4(o^p_1, o^p_2, o^p_3, o^p_4) = π ∘ m_4(o^p_1, o^p_2, o^p_3, o^p_4) + π ∘ m_3(−Q^+m_2(o^p_1, o^p_2), o^p_3, o^p_4) + π ∘ m_3(o^p_1, −Q^+m_2(o^p_2, o^p_3), o^p_4) + π ∘ m_3(o^p_1, o^p_2, −Q^+m_2(o^p_3, o^p_4)) + π ∘ m_2(−Q^+m_3(o^p_1, o^p_2, o^p_3), o^p_4) + π ∘ m_2(o^p_1, −Q^+m_3(o^p_2, o^p_3, o^p_4)) + π ∘ m_2(−Q^+m_2(−Q^+m_2(o^p_1, o^p_2), o^p_3), o^p_4) + π ∘ m_2(o^p_1, −Q^+m_2(−Q^+m_2(o^p_2, o^p_3), o^p_4)) + π ∘ m_2(−Q^+m_2(o^p_1, o^p_2), −Q^+m_2(o^p_3, o^p_4)) + π ∘ m_2(−Q^+m_2(o^p_1, −Q^+m_2(o^p_2, o^p_3)), o^p_4) + π ∘ m_2(o^p_1, −Q^+m_2(o^p_2, −Q^+m_2(o^p_3, o^p_4))) ,

for o^p_1, o^p_2, o^p_3, o^p_4 ∈ H^p and f̃^p_4 is obtained similarly but replaced each π on the outgoing line to −Q^+.

m̃^p_4 (or f̃^p_4 ) = + + +

+ +

+

+ +

+

+

Figure 13: For example m̃^p_4 and f̃^p_4 are given. The large dots represent the vertices {m_k}. The dashed lines denote the internal edges and we attach −Q^+ on them. The dotted line on each graph is the root edge, on which we attach π for m̃^p_k and −Q^+ for f̃^p_k . For m̃^p_4 and f̃^p_4 , all such 4-trees are summed up with weight +1.

We emphasize that the definition above is derived essentially by using eq.(5.15) recursively.

Φ|_{gf} = Φ̃^p − Q^+ ∑ k≥2 m_k(Φ|_{gf} ) .

Let us extend the equation above to

Φ = Φ̃ − Q^+ ∑ k≥2 m_k(Φ) , (5.20)

where Φ̃ ∈ H. One can construct an A_∞-isomorphism Φ̃ → Φ recursively in a similar way as in Definition 5.18. Then one can get another A_∞-algebra as the pullback of (H, m) by this isomorphism. Let us denote this A_∞-algebra by (H, m̃) and the A_∞-isomorphism by F̃ : (H, m̃) → (H, m). The explicit forms of m̃ := {m̃_k}_{k≥1} and F̃ := {f̃_k}_{k≥1} are given in the terminology in Definition 5.20 as

f̃_k = ∑ Γ_k∈G_k f̃_{Γk} (k ≥ 1) , m̃_1 = m_1 = Q , m̃_k = P ∘ ∑ Γ_k∈G_k m̃_{Γk} (k ≥ 2) .

In particular, one has f̃_1 = Id. Note that these are the operations not on H^p but on H. That is, m̃_k : H^{⊗k} → H^p ⊂ H and f̃_k : H^{⊗k} → H do not vanish generally even if one of the H in H^{⊗k} includes an element in H^t ⊕ H^u. For ι : H^p → H the inclusion map, we have the relations m̃^p_k = π ∘ m̃_k ∘ (ι)^{⊗k} and f̃^p_k = f̃_k ∘ (ι)^{⊗k} for k ≥ 2.

Remark 5.21 Since F̃ : (H, m̃) → (H, m) is not only an A_∞-quasi-isomorphism but also an A_∞-isomorphism, it has its inverse A_∞-isomorphism (F̃)^{−1} : (H, m) → (H, m̃), which is given by (F̃)^{−1}_∗ : H −→ H Φ → Φ̃ := Φ + Q^+ ∑ k≥2 m_k(Φ) .

In the rest of this subsection we shall give a proof of the statement below.

Lemma 5.22 (H^p, m̃^p) and (H, m̃) are in fact A_∞-algebras and F̃^{(p)} (by F̃^{(p)} we denote F̃ or F̃ p ) is an A_∞-morphism.

proof. The fact that (H^p, m̃^p) is an A_∞-algebra and F̃^p is an A_∞-quasi-isomorphism between (H^p, m̃^p) to (H, m) immediately follows from the fact that (H, m̃) is an A_∞-algebra and F̃ is an A_∞-quasi-isomorphism between (H, m̃) to (H, m). The latter fact is explicitly described by the equations on H as mF̃ = F̃m̃ , (m̃)^2 = 0 .

The former is obtained by restricting these equations to H^p, that is, m F̃ ι = F̃ m̃ ι and (m̃)^2 ι = 0 on H^p. Therefore we will prove the latter fact. In order to see this, it is enough to confirm the following two facts : mF̃ = F̃m̃ and (m̃)^2 = 0 on H. These are shown at the same time by checking m̃ = F̃^{−1}mF̃ (5.21)

since F̃^{−1}F̃ = 1 and F̃F̃^{−1} = 1. We shall show it below in the dual picture. Let δ be A_∞-odd vector fields corresponding to m. Recall that (F̃)^{−1}_∗ (Φ̃) = Φ + Q^+ ∑ k≥2 m_k(Φ, . . . , Φ), and we write it as ϕ̃^i = ϕ^i + c̄^i_j ∑ k≥2 c^j_{i1···ik} ϕ^{ik} · · · ϕ^{i1} , (5.22) where Q^+e_j = e_ic̄^i_j . The coordinate transformation corresponding to F̃_∗ : Φ̃ → Φ is obtained by using ϕ^i = ϕ̃^i − c̄^i_j ∑ k≥2 c^j_{i1···ik} ϕ^{ik} · · · ϕ^{i1} (5.23) recursively.

Let δ̃ be the A_∞-odd vector field dual to F̃^{−1}mF̃ in the right hand side of eq.(5.21). From now we rewrite δ as this δ̃ using eq.(5.22) and eq.(5.23), and show that the δ̃ is in fact the A_∞-odd vector field dual to m̃ defined by eq.(5.20). For

δ = ←− ∂ ∂ϕ^i c^i_j ϕ^j + ∑ k≥2 c^i_{1···ik} ϕ^{ik} · · · ϕ^{i1} ,

δ̃ is obtained by

δ̃ = ←− ∂ ∂ϕ̃^i ϕ̃i←−∂ ∂ϕ^l c^l_j ϕ^j + ∑ k≥2 c^l_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . (5.24)

Here^{ϕ̃i←−∂}_{∂ϕl} = δ^i_k + c̄^i_j ∑ k≥2 c^j_{i1···ik} ( ϕ^{ik} · · · ϕ^{i1} ) ←−_∂ ∂ϕ^l by using eq.(5.22) and all ϕ’s are supposed to be

substituted into by eq.(5.23). Thus eq.(5.24) is further rewritten as

δ̃ = ←− ∂ ∂ϕ̃^i c^i_j ϕ̃^j − c̄^j_l ∑ n≥2 c^l_{j1···jn} ϕ^{jn} · · · ϕ^{j1}

+ ←− ∂ ∂ϕ̃^i ∑ k≥2 c^i_{1···ik} ϕ^{ik} · · · ϕ^{i1}

+ ←− ∂ ∂ϕ̃^i c̄^i_j ∑ k≥2 c^j_{i1···ik} ( ϕ^{ik} · · · ϕ^{i1} ) ←−∂ ∂ϕ^l ∑ n≥1 c^l_{j1···jn} ϕ^{jn} · · · ϕ^{j1} .

(5.25)

Note that, by the A_∞-condition for δ, the equation of the third line is replaced by ←− ∂ ∂ϕ̃^i c̄^i_j ( −c^j_l ) ∑ n≥1 c^l_{j1···jn} ϕ^{jn} · · · ϕ^{j1} . Thus one can get

δ̃ = ←− ∂ ∂ϕ̃^i c^i_jϕ̃^j + ←− ∂ ∂ϕ̃^i ∑ k≥2 (δ^i_l − c^i_jc̄^j_l − c̄^i_j c^j_l ) ∑ k≥2 c^l_{i1···ik} ϕ^{ik} · · · ϕ^{i1} . The second term of the first line, the term of the second line and the one of the third line in eq.(5.25) are gathered as the second term above. (δ^i_l − c^i_jc̄^j_l − c̄^i_j c^j_l ) restricts the indices l to those in H^p, i.e. , the dual description of P . Therefore by substituting eq.(5.23) recursively in the equation above one can see that δ̃ above is just the dual expression of m̃. Thus the proof is completed. ■ Another proof in terms of the ‘superfield’ Φ is presented in [53].

5.5 Minimal cyclic A_∞-algebras and Feynman graphs There exists an explicit construction of the minimal model also for cyclic A_∞-algebras. In this subsection we shall see that the arguments in the previous subsection are applicable directly to cyclic version.

Our starting point is the (extended) Maurer-Cartan equation (5.13) in the previous subsection. One can see that the equation is identified with δ = 0. As stated in subsection 4.5, a cyclic A_∞-algebra (H, ω, m) has a degree zero cyclic function, the action S ∈ C(ϕ)_c (eq.(4.6)). The A_∞-odd vector field is then given by δ = ( , S). Since the odd constant Poisson bracket ( , ) is nondegenerate, it is just equivalent to the equation of motion of the action, −→ ∂ ∂ϕ^j S = 0 . (5.26)

The action is expressed in terms of the superfield Φ as

S(Φ) = ∑ k≥2 1 k V_k(Φ, . . . , Φ) = 1 2 ω(Φ, QΦ) + ∑ k≥3 1 k ω(Φ, m_{k−1}(Φ, . . . , Φ)) , (5.27)

where V_k(e_{i1} , . . . , e_{ik} ) = V_{i1···ik} .

Lemma 5.23 (A minimal cyclic A_∞-algebra) For a given cyclic A_∞-algebra (H, ω, m), suppose we have a Hodge-Kodaira decomposition of H with a homotopy operator Q^+ of Q compatible with ω. Then, construct the explicit minimal A_∞-algebra (H^p, m̃^p) of the A_∞-algebra (H, m) and the A_∞-quasi-isomorphism F̃^p : (H^p, m̃^p) → (H, m) in Definition 5.18. Next, define a symplectic structure ω̃^p on H^p by restricting the symplectic structure ω on H to H^p, that is, ω̃^p := ω(ι ⊗ ι) for ι : H^p → H.

(a) The A_∞-structure m̃^p is cyclic with respect to ω̃^p, that is, (H^p, ω̃^p, m̃^p) defines a minimal cyclic A_∞-algebra.

(b) F̃^p : (H^p, ω̃^p, m̃^p) → (H, ω, m) is a cyclic A_∞-quasi-isomorphism.

proof. Recall that, for each k ≥ 2, m̃^p_k is defined so that it is associated to the summation over all rooted planar k-trees. The sum of all k-trees is cyclic, that is, invariant with respect to the cyclic permutations of the root and the leaves (see also subsection 6.3). Statement (a) follows from this fact together with the conditions (5.12). For statement (b), by the definition of cyclic A_∞-morphisms (Definition 2.13), it is sufficient to show that F̃^p preserves the symplectic structures ω̃^p and ω. (F̃^p)^∗ω is written as^{17} ( (F̃^p)^∗ω ) ij = −→ ∂ ϕ^k ∂p̃^i ω_{kl} ϕ^l ←− ∂ ∂p̃^j = (−1)^{epi} ω ( −→ ∂ ∂p̃^i Φ, Φ ←− ∂ ∂p̃^j ) , where p̃^i is the dual coordinate of the basis vector e^p_i ∈ H^p. Since Φ = Φ̃^p −Q^+ ∑ k≥2 m_k(Φ) and the image of Q^+ vanishes in the symplectic inner product in the right hand side of the above equation, the right hand side becomes (−1)^{epi} ω(^{−→∂}_{∂p̃i} Φ̃^p, Φ̃^{p ←−∂}_{∂p̃j} ) = ω̃^p_{ij}. Thus it has been shown that the map F̃^p preserves the symplectic structures. ■ These facts together with Proposition 4.16 further imply that the action of the corresponding minimal cyclic A_∞-algebra

S̃(Φ̃^p) = ∑ k≥2 1 k + 1 ω^p(Φ̃^p, m̃^p_k(Φ̃^p)) (5.28)

can also be obtained by the pullback of S(Φ) by F̃^p

S̃(Φ̃^p) = (F̃^p)^∗S(Φ) = ( S((F̃^p)_∗(Φ̃^p)) ) c . (5.29)

It is also interesting to show the equality S̃(Φ̃^p) = (F̃^p)^∗S(Φ) directly; (F̃^p)^∗S(Φ) coincides with S̃(Φ̃p) due to some nontrivial combinatorial cancellations (see subsection 5.3 of [53]).

As stated previously, the homotopy types of cyclic A_∞-algebras are classified by their minimal cyclic A_∞-algebras. For a given cyclic A_∞-algebra, its minimal one is unique up to cyclic A_∞- isomorphisms. Namely, we have at least a decomposed cyclic A_∞-algebra whose minimal part is the one given explicitly in this subsection. Note however that a cyclic A_∞-isomorphism from

17The equation below is actually equivalent to the one for odd Poisson structure. The equivalence follows from ωij ω^{jk} = δ^k_i and ω̃^p_{ij}ω̃^{p,jk} = δ^k_i .

the decomposed one to the original one is not given explicitly. It might be interesting to explore the relation between the explicit construction of a minimal model and the way of the proof of the decomposition theorem in subsection 5.2.

6 The minimal model theorem in the BV-formalism

In this section we shall apply the homotopy algebraic structures discussed in the previous section to field theory equipped with classical BV-structures. In subsection 6.1, it is shown that any cyclic field theory equipped with a classical BV-structure has a cyclic A_∞-structure (Theorem 6.1). Subsection 6.2 is devoted to a brief review of perturbative expansion in the BV-formalism and to translating it into our language. The perturbative expansion is necessary for computing correlation functions in the subsequent subsections. Also, we shall show that the propagator in the BV-formalism, which is defined in subsection 6.2, is a homotopy operator Q^+ in the previous section (Proposition 6.5). In subsection 6.3 it is then shown that the tree on-shell correlation functions of a cyclic field theory equipped with a classical BV-structure define just the minimal cyclic A_∞-algebra defined in subsection 5.5 (Corollary 6.14 (cf.[53])). Moreover in subsection 6.4 the arguments in section 5 are applied to the classification of classical open string field theories, and it is shown that all classical string field theories on a fixed conformal background are cyclic A_∞-isomorphic to each other (Theorem 6.18). The theorem means all classical string field theories on a fixed conformal background are related by field redefinitions and so physically equivalent to each other.

6.1 Cyclic A_∞-structures in the BV-formalism The BV-formalism is formulated on formal supermanifolds equipped with odd symplectic forms, where the coordinates of supermanifolds are just the fields. Since we discuss field theories related to open string theory, we let the fields noncommutative as explained in subsection 1.4. We shall first explain that our noncommutative symplectic supergeometry just fits the BV-formalism.

For any odd symplectic form one can take a Darboux coordinate due to Theorem 4.15. We denote the odd symplectic form on Z-graded vector space H in a Darboux coordinate by {ω_{ij} } = ( 0 −1 1 0 ) . (6.1)

In this coordinate, let us decompose the basis {e_i} into {e_a} and {e^∗_a} such that −ω(e_a, e^∗_b ) = ω(e^∗_b , e_a) = δ_{ab} and ω(e_a, e_b) = ω(e^∗_a, e^∗_b ) = 0. Then we have H = H_+ ⊕ H_−, where H_+ and H_− are the Z-graded vector spaces spanned by {e_a} and {e^∗_a}, respectively. As above, we use indices a, b, . . . for the basis of H_+ or H_−. For bases e_a and e^∗_a, we denote the associated dual fields by ϕ^a and ϕ^{a,∗}, respectively. Also, it is more convenient to prepare the notation ϕ^∗_a := ω_{ab}ϕ^{b,∗} where ω_{ab} is the one in eq.(6.1). The odd Poisson bracket associated to eq.(6.1) is then written as ( , ) = ←− ∂ ∂ϕ^i ω^{ij} −→ ∂ ∂ϕ^j = ←− ∂ ∂ϕ^a −→ ∂ ∂ϕ^∗_a − ←− ∂ ∂ϕ^∗_a −→ ∂ ∂ϕ^a . (6.2)

This is just the situation in the BV-formalism [10, 11, 44, 33]. In the context of the BVformalism, {ϕ^a} consists of usual fields of degree zero, ghost fields of degree one, and ghosts of ghosts with degree two, ... and also so-called antighosts whose degree is defined negative (so that the gauge fixing (Definition 6.3) can be performed in the BV-formalism). For each ϕ^a, its antifield ϕ^∗_a is then introduced, where its degree is defined as

deg(ϕ^∗_a) = −1 − deg(ϕ^a) .

This is equivalent to deg(e_a) + deg(e^∗_a) = 1. For a constant symplectic form ω, this fact determines the degree of ω to be minus one. Thus, our definition for the degree of ω (Definition 2.10) is natural also from the viewpoint of the BV-formalism.

The BV-formalism is applied mainly to two cases. Originally [10, 11], it is a general method to quantize gauge-invariant actions consistently. In such a usage one begins with the gauge invariant action which does not include antifields, one adds the terms including antifields to the original action so that the action satisfies the master equation and is proper (Definition 6.2). The BV-quantization of Poisson-σ model in [18] is a good example. On the other hand, it is used to determine higher terms of actions. Namely, starting from an action which consists only a kinetic term, when one includes higher interaction terms as deformation of the action preserving its symmetry, the BV-master equation becomes constraints for the determination of the higher interaction terms. String field theory as reviewed in subsection 1.2 is just the latter case. A similar application to topological field theories is given by [8] and developed for example in [3, 48, 87, 19, 9].

In any case the action in the BV-formalism is, by power series of fields, written as S = 1 2 V_{i1i2} ϕ^{i2} ϕ^{i1} + ∑ k≥3 1 k V_{i1···ik} ϕ^{ik} · · · ϕ^{i1} , V_{i1···ik} ∈ C , (6.3)

where {ϕ^i} consists of both fields and antifields. We consider the case when the action is cyclic S ∈ C(ϕ)_c. We call such a field theory a cyclic field theory. Moreover suppose that S satisfies the classical BV-master equation (S, S) = 0 , (6.4)

where ( , ) is the odd Poisson bracket in eq.(6.2). In this situation we say that the action is equipped with a classical BV-structure.

The BV-BRST transformation is then defined by the Hamiltonian vector field of S

δ = ( , S) . (6.5)

With this δ, the classical master equation (6.4) is written as δS = 0. Moreover, by using the Jacobi identity of the BV-bracket and the classical BV-master equation (6.4), (δ)^2 = 0 holds. Namely, the following three statements are equivalent; the action S satisfies the BV-master equation (6.4), the action S is invariant under the BV-BRST transformation (6.5), and the BV-BRST transformation δ is nilpotent.

As stated in subsection 4.5, this δ is nothing but the A_∞-odd vector field. It is written in the form δ = ( , S) = ∞∑ k=1 ←− ∂ ∂ϕ^j c^j_{i1···ik} ϕ^{ik} · · · ϕ^{i1} , (6.6) where c^j_{i1···ik} = (−1)^{el} ω^{jl}V_{li1···ik} (eq.(4.9)). Note that the {c^j_{i1···ik} } not only defines an A_∞- structure but also has a cyclic structure since the set {V_{ii1···ik} } defines the cyclic field theory. The algebraic structures of these field theories are the cyclic A_∞-structure in Definition 2.11.

Generally the following fact holds.

Theorem 6.1 Any field theory has a cyclic A_∞-structure if the action is cyclic, S ∈ C(ϕ)_c, and satisfies a classical BV-master equation.

In Theorem 6.1 we assumed the fields {ϕ^i} are associative. An example of field theory with a cyclic action is nonabelian single trace gauge theory. Here nonabelian means each field is N × N matrix for some N ∈ N (see subsection 1.4). Single trace then corresponds to S ∈ C(ϕ)_c, not T C(ϕ)_c. If we assume the fields (graded) commutative, the A_∞-structure reduces to an L_∞-structure. Namely, Theorem 6.1 implies that any field theory which consists of usual graded commutative fields has a (cyclic) L_∞-structure if it is equipped with a classical BV-structure (such as in [8, 3, 48, 87, 19, 9]). Of course this fits also the case when the matrix fields are decomposed into graded commutative component fields as mentioned in subsection 1.4.

Usually field theory deals with fields {ϕ^i}, the dual side, where Z-graded vector space H is implicit. However we can now express the A_∞-structure explicitly by employing the arguments in subsection 3.3. For each field ϕ^i one can define its dual base e_i ∈ H whose degree is minus the degree of ϕ^i. Then one can associate to V_{i1···ik} for k ≥ 2 a cyclic multilinear map V_k : H ⊗ · · · ⊗ H → C as V_k(e_{i1} , . . . , e_{ik} ) = V_{i1···ik} . It can also be written as V(e_{i1} , . . . , e_{ik} ) = (−1)^{ei}1 ω(e_{i1} , m_{k−1}(e_{i2} , . . . , e_{ik} )) (Remark 2.12) since ω is nondegenerate. Also, for the operation ω( , ) : H ⊗ H → C we count the degree minus one by not ‘,^′ but ω, and extend naturally the operation to the one over C(ϕ). Each term of the action (6.3) is then represented as V_{i1···ik+1} ϕ^{ik+1} · · · ϕ^{i1} = (−1)^{ei1} ω_{i1j} c^j_{i2···ik+1} ϕ^{ik+1} · · · ϕ^{i2} · ϕ^{i1} = ϕ^{i1} ω(e_{i1} , e_j c^j_{i2···ik+1} )ϕ^{ik+1} · · · ϕ^{i2} = ω(e_{i1} ϕ^{i1} , m_k(e_{i2} ϕ^{i2} , . . . , e_{ik+1} ϕ^{ik+1} )) = ω(Φ, m_k(Φ, . . . , Φ)) , and the action is given by eq.(5.27), S = 1 2 ω(Φ, QΦ) + ∑ k≥2 1 k + 1 ω(Φ, m_k(Φ)) . (6.7)

From the form of the kinetic term one can see that the degrees of Q, ω and Φ are assigned consistently. Of course classical open string field theory constructed as in subsection 1.2 also takes this form. In this case, Φ = e_iϕ^i is just the string field where {e_i} is the basis of the string Hilbert space H and ϕ^i are its coordinate whose degree is minus the degree of e_i. The inner product ω is known as BPZ-inner product.

6.2 Gauge fixing in the BV-formalism To proceed the path-integral in the BV-formalism, it is necessary to fix a gauge. Roughly speaking, the gauge fixing corresponds to killing the degree of freedom of gauge transformations. When choose a gauge fixing, one can construct a propagator canonically. The aim of this subsection is to explain these facts and to show that the propagator is just a homotopy operator Q^+ as in the previous section (Proposition 6.5). The statement of the path-integral (perturbative expansion) given in this subsection is formal. We shall write down the definition explicitly in the next subsection.

Formally, given an action S ∈ C(ϕ)_c as in eq.(6.7), the starting point of the path-integral is the partition function of the field theory, Z = ∫ DΦ e^{−S} . (6.8)

Let us separate the action into the quadratic term and others. We denote the quadratic term by S_2 =^1_2 ω(Φ, QΦ) and the rest terms by S_{int} := s_3 + s_4 + · · · . Then we have e^{−S} = e^{−Sint} e^{−S2} in eq.(6.8). In perturbation theory, the partition function (6.8) is computed by perturbative expansion, which is essentially the Gaussian integral of e^{−S2} where e^{−Sint} is Taylor expanded. Here we should define the integration ∫ DΦ in some sense. In fact, the Hessian of the kinetic term S_2 is degenerate and one cannot integrate over the whole space Φ by perturbative expansion.

For this purpose, the properties of the kinetic term should be examined. The degeneracy is directly related to the gauge transformation. For the BV-BRST transformation of the string field, δΦ = ∑ k≥1 m_k(Φ) = m_∗(e^Φ), the gauge transformation is defined correspondingly as a degree zero transformation δ_α given by

δ_αΦ = m_∗(e^Φαe^Φ)

:= Qα + m_2(α, Φ) + m_2(Φ, α) + m_3(α, Φ, Φ) + m_3(Φ, α, Φ) + m_3(Φ, Φ, α) + · · · ,

(6.9)

where α = e_iα^i is a gauge parameter of degree minus one. More precisely, α^i is treated as a graded parameter that belongs to H^∗[1] and can be identified with α^i = ϕ^i[1]. The degree of α^i is then minus the degree of e_i minus one. One may notice that this is the gauge transformation for A_∞-algebras discussed in subsection 7.2. We shall discuss more on the properties of gauge transformations there. The gauge transformation is written as δ_αΦ = m_∗(e^Φ)^{←−∂}_{∂ϕi} α^i, and in the language of the component fields, it is

δ_α = ∞∑ k=1 ←− ∂ ∂ϕ^j c^j_{i1···ik} ( ϕ^{ik} · · · ϕ^{i1} ←− ∂ ∂ϕ^i α^i ) . (6.10)

By standard arguments in the BV-formalism [11, 44], one sees the following facts. First, the action is invariant under this δ_α because 0 = (S, S)^{←−∂}_{∂ϕi} α^i implies δ_αS = 0. Moreover, 0 = ω_{kj} −→ ∂ ∂ϕ^j (S, S) ←− ∂ ∂ϕ^i α^i | | | |_{∂S∂ϕ =0} = 2 ( ω_{kj} −→ ∂ ∂ϕ^j S ←− ∂ ∂ϕ^l ) ( ω^{lm} −→ ∂ ∂ϕ^m S ←− ∂ ∂ϕ^i ) α^i | | | |_{∂S∂ϕ =0} (6.11)

indicates that the generator of the gauge transformation is degenerate and the rank of the Hessian for the quadratic part of the action S_2 is less than half of the number of the basis {e_i} on the space {ϕ|^{∂S}_{∂ϕ} = 0}, though the number of the basis is infinity. The origin ϕ = 0 is also the solution for {ϕ|^{∂S}_{∂ϕ} = 0}, and eq.(6.11) at the origin is nothing but the condition (Q)^2 = 0. Hereafter for simplicity we choose the origin for the solution for {ϕ|^{∂S}_{∂ϕ} = 0} (without loss of generality).

Definition 6.2 (Proper) At the origin ϕ = 0 if the ratio of the rank of the Hessian over the number of the basis is just half, the action is called proper (see [10, 11, 44, 33]). (This is a traditional definition, but when we say an action is proper, we assume an additional condition stated later in eq.(6.15).)

The Hessian at the origin is V_{i1i2} in eq.(6.3), which is determined by Q. Let us consider the decomposition (5.2) H = H^t ⊕ H^u ⊕ H^p. The rank of the Hessian is equal to the rank of unphysical states H^u which generate the gauge transformations. rank(H^u) is equal to rank(H^t), where H^t is Q-trivial states. The condition of the proper is then equivalent to the condition that rank(H^u)/rank(H) =^1_2 . Note that it does not imply that rank(H^p) = 0. When an action is proper, H^p corresponds to so-called the Green kernel and rank(H^p)/rank(H^u) = 0 holds. String field theory is also proper where Q is the BRST-operator [58] of conformal field theory on a fixed background. (The reducibility of the gauge group of string field theory action then comes from the Virasoro symmetry of Q.)

Given a proper action, the gauge fixing and the path-integral measure DΦ are defined as follows.

Definition 6.3 (Gauge fixing) Let us consider a degree minus one element Ψ in C(ϕ)_c, which is called the gauge fixing fermion. The power of fields for Ψ is assumed to be greater than or equal to two. A BV-gauge fixing is defined as restriction of antifields to the lagrangian submanifold ϕ^∗_a =^{∂Ψ}_{∂ϕa} . The path-integral measure in eq.(6.8) is then the integration over the space of fields {ϕ^a}, the dual of the graded vector space H_+. We denote it by DΦ_{gf} .

Thus, choosing Ψ determines the gauge fixing. In the original context of the BV-formalism, restricting the antifields to zero (Ψ = 0) recovers the original action that consists of only degree zero fields, where the rank of the Hessian is possibly less than the rank of the fields. We call it the trivial gauge. The gauge fixing is then performed by shifting the trivial gauge ϕ^∗_a = 0 to ϕ^∗_a =^{∂Ψ}_{∂ϕa} so that the rank of the Hessian is equal to the rank of the fields, i.e. half of the rank of the total space H. In case of string field theories, however, the antifields are originally included in the quadratic term S_2, and BV-master equation is used in order to determine the form of higher vertices. Therefore the trivial gauge fixing can also be a candidate for consistent gauge fixing. This trivial gauge is called Siegel gauge in string field theory.

Let us now examine some properties of the kinetic term of a proper action. We write Qe_j = e_kc^k_j and in matrix expression

c := {c^k_j } = ( c_1 c_2 c_3 c_4 ) . The kinetic term V_{ij} is then written as ωc = ( −c_3 −c_4 c_1 c_2 ) . (6.12)

V_{ij} is graded symmetric since vertices are defined to be cyclic. This implies that c satisfies

(ωc)_{ji} = (−1)^{ei} (ωc)_{ij}

where ω is the one in eq.(6.1). When we write † for the transpose with the sign factor, the above equation becomes ωc = (ωc)^† . One then obtains that c_2 = c^†_2, c_3 = c^†_3 and c_4 = −c^†_1.

Alternatively, when fixing a gauge, one can bring the gauge fixing condition ϕ^∗_a =^{∂Ψ}_{∂ϕa} to the form ϕ^∗_a = 0 by a coordinate transformation of the form

Φ^′ = Φ + Φ ←− ∂ ∂ϕ^∗_a −→ ∂ Ψ ∂ϕ^a . The second term in the right hand side is written as −(Φ, Ψ). This transformation preserves the symplectic form, since it is a special case of the transformation eq.(4.5), that is,

Φ^′ = e^{( ,Ψ)}Φ . (6.13)

For the kinetic term ωc, only the linear part of the coordinate transformation is relevant. When we represent the gauge fixing fermion as Ψ_a = ϕ^aψ_{ab}ϕ^b+· · · , the linear part of the transformation is as follows ( 1 0 ψ 1 ) . In this coordinate the kinetic term is just −c_3 since the gauge fixing is ϕ^∗_a = 0. The rank of c_3 in eq.(6.12) is then half of the rank of total space.

Though c_3 is degenerate because of the Green kernel generally, let us first consider the case c_3 is nondegenerate, where the cohomology with respect to Q = m_1 is trivial. In this situation, the condition c^2 = 0 implies that c can be written as ωc = T^† ( −c_3 0 0 0 ) T , T := ( 1 (c_3)^{−1}c_1 0 1 ) .

Note that T preserves the BV-symplectic form in the Darboux coordinate T^† ( 0 −1 1 0 ) T = ( 0 −1 1 0 ) . (6.14)

By the definition of proper (Definition 6.2) it is natural that the properties of the kinetic term above holds also in general situations. Namely, when we say an action is proper, we assume that, in the coordinate where the gauge fixing is ϕ^∗_a = 0, there exists a linear transformation T = ( 1 t 0 1 ) , t − t^† = 0

which preserves the symplectic form (6.14) and transforms the kinetic term {c^k_j } of the form ( c_1 c_2 c_3 c_4 ) = T^{−1} ( 0 0 c_3 0 ) T . (6.15)

One can see that H^p is just linearly isomorphic to two copies of the kernel of c_3. t = (c_3)^{−1}c_1 is a solution of eq.(6.15). On the other hand, c^2 = 0 leads to P_Lc_4 = c_4 and c_1P_L = c_1, and in addition P_Lc_1 = c_1 and c_4P_L = c_4 hold if eq.(6.15) is satisfied.

Given a gauge fixing Ψ, a propagator is constructed canonically as follows.

Definition 6.4 (Propagator in BV-formalism) Let Ψ ∈ C(ϕ)_c be a gauge fixing fermion. By this gauge fixing, the quadratic term of the action is written in terms of fields only (not antifields) as^1_2 ϕ^a(V_{gf} )_{ab}ϕ^b for some graded symmetric (i.e. cyclic) matrix V_{gf} . It is also regarded as a bilinear map V_{gf} : H_+ ⊗ H_+ → C such that V_{gf} (e_a, e_b) = (V_{gf} )_{ab}. The gauge fixing fermion is taken so that the rank of V_{gf} is maximal. Note that V_{gf} is degenerate only for on-shell states. The degeneracy corresponding to gauge orbits (orbits of the gauge transformations) is killed by the gauge fixing. Let P_{gf} : H_+ → H_+ be the projection onto the kernel of V_{gf} . The BV-propagator V^+_{gf} is then given by the inverse of V_{gf} such that

V^+_{gf} V_{gf} = V_{gf} V^+_{gf} = 1 − P_{gf} (6.16)

on H_+ in the matrix expression.

Proposition 6.5 A propagator in the BV-formalism is a homotopy operator of (H, Q).

proof. As stated previously, in the coordinate where the gauge fixing is ϕ^∗ = 0, the gauge fixed kinetic term is V_{gf} = −c_3. The propagator V^+_{gf} ∈ H_+ ⊗ H_+ given in Definition 6.4 is naturally extended to the one in H ⊗ H. We denote it by V^+_L . Let us define a degree one operator Q^+ : H → H, Q^+(e_i) = e_jc̄^j_i in matrix expression by

c̄ := V^+_L ω = ( V^+_{gf} 0 0 0 ) ω = ( 0 V^+_{gf} 0 0 ) . (6.17)

Q^+ then satisfies the Hodge-Kodaira decomposition (5.1)

QQ^+ + Q^+Q + P = 1 , (6.18)

where P : H → H is the projection onto the on-shell state. That is, Q^+ is a homotopy operator. This is because the action is proper. More precisely, one can make a coordinate transformation T in eq.(6.15) where the kinetic term ωc is transformed to be of the form ( −c_3 0 0 0 ) . Note that T preserves the matrix (6.17) corresponding to the homotopy operator Q^+. In this coordinate it is clear that eq.(6.18) holds. ■

6.3 Path integral, Feynman diagram and the minimal model theorem In subsection 5.4, we obtained an explicit form of the minimal model (H^p, ω̃^p, m̃^p) of cyclic A_∞-algebra (H, ω, m). There, a cyclic A_∞-morphism F̃^p from minimal cyclic A_∞-algebra (H^p, ω̃^p, m̃^p) to (H, ω, m) was also constructed. Here let (H, ω, m) be the cyclic A_∞-algebra of a field theory whose action is proper (Definition 6.2). Then we can see that the n-point vertex defined by A_∞-structure m̃^p is nothing but the tree level n-point correlation function of the field theory(Lemma 6.13).

This subsection is devoted to show that the scattering amplitudes of the field theory computed by the Feynman rule coincides with ±^1_n ω(e^p_{i1} , m̃^p_{n−1}(e^p_{i2} , . . . , e^p_{in} )) where e^p_{i1} , . . . , e^p_{in} ∈ H^p are the external states of the amplitude.

Let us first write down the explicit definition of the perturbative expansion. It is obtained by fixing the gauge, constructing the propagator and eq.(6.8). Let O(Φ) ∈ T C(ϕ)_c be any operators. Then its path-integral is formally given by ⟨O(Φ)⟩ ∼ ∫ DΦ O(Φ)e^{−S} | |_{gf} = ∫ DΦ_{gf} O(Φ_{gf} )e^{− ∑k≥3 1k Vk(Φgf ,...,Φgf )}e^{−S2|gf} , (6.19)

where |_{gf} denotes a gauge fixing (Definition 6.3) in the previous subsection, Φ_{gf} denotes the gauge fixed Φ, and S_2|_{gf} =^1_2 ω(Φ_{gf} , QΦ_{gf} ). The path integral (6.19) is not well-defined precisely since we do not define the integral DΦ_{gf} on a formal noncommutative supermanifold. Instead, we shall define the path integral precisely at the level of the perturbative expansion below. Since S_2|_{gf} is quadratic with respect to Φ_{gf} , e^{−S2|gf} is a gaussian. Then the perturbative expansion is essentially the gaussian integral where e^{− ∑k≥3 1k Vk(Φgf ,...,Φgf )} is Taylor expanded. In field theory it is calculated by so-called Wick contraction. One can rewrite it in a purely algebraic manner as follows. We take it as the starting point of our definition.

Definition 6.6 (Perturbative expansion) For O(Φ) ∈ T C(ϕ)_c, The perturbative expansion of O(Φ) is defined by ⟨O(Φ)⟩ = ( O(Φ) · e^{− ∑k≥3 1k Vk(Φ,...,Φ)} ) e (_1 2 V^{+,ij}_L^{←−∂}_{∂ϕi}^{←−∂}_{∂ϕj} )| | |_{Φ=0} , (6.20) where V^+_L is the propagator constructed in the gauge |_{gf} as in Definition 6.4 and the below. Here the derivation^{←−∂}_{∂ϕi} acts on ( O(Φ) · e^{− ∑k≥3 1k Vk(Φ,...,Φ)} ) from right with an appropriate Kostul sign.

The above expression is the one derived directly from eq.(6.19) only if the gauge fixing fermion is quadratic Ψ = ϕ^aψ_{ab}ϕ^b (since otherwise V_k(Φ_{gf} , . . . , Φ_{gf} ) in eq.(6.19) includes terms higher than k powers of fields {ϕ^a}). However, as stated in the previous subsection, a gauge fixing is equivalent to a particular field transformation preserving the symplectic form; perturbative expansion with gauge fixing Ψ is performed by trivial gauge Ψ = 0 after field redefinition (6.13). Thus, we indicate by V_k(Φ, . . . , Φ) in eq.(6.20) the term of k powers after the such a field redefinition associated to Ψ. The dependence or independence of the choice of the gauge fixing will be stated in the end of this subsection.

The perturbative expansion (6.20) gives a well-defined linear map ⟨· · ·⟩ : T C(ϕ)_c → C . Especially the path integral above reduces to the ordinary one if the fields are (graded) commutative. 18 The value (6.20) is calculated by Feynman rules as follows. Let us consider eq.(6.20) in the case when O(Φ) = a_1(ϕ) • · · · • a_n(ϕ) where a_r(ϕ) :=^1_{kr} a_ir_{1···i}r_{kr} ϕ^{irk}r · · · ϕ^{ir1} ∈ C(ϕ)_c for each 1 ≤ r ≤ n. We call each a_r(ϕ) an observable vertex and assign o_r to it. Moreover we associate o^r_a, 1 ≤ a ≤ k_r to each field in a_r(Φ). On the other hand, e^− ∑ k≥3 1 k V_k(Φ,...,Φ) is Taylor expanded.

Each term is characterized by a multiindex Λ := {λ_3 ∈ Z_{≥0}, λ_4 ∈ Z_{≥0}, . . . } and given by Π_{l≥3} 1 λ_l! ( − 1 l V_l(Φ) )_{λl} = 1 λ_3! ( − 1 3 V_3(Φ) )_{λ3} • 1 λ_4! ( − 1 4 V_4(Φ) )_{λ4} • · · · . It is a product of m := ( ∑ l≥3 λ_l) numbers of vertices. Namely, the equation above is

V_{e1} (Φ) • · · · • V_{em} (Φ)

up to an appropriate coefficient, where 3 ≤ e_1 ≤ · · · ≤ e_m. To each V_{eq} (Φ), 1 ≤ q ≤ m, we assign a vertex v_q. Moreover we associate v^q_a, 1 ≤ a ≤ e_q to each field in V_{eq} (Φ). We indicate both observable vertices and vertices by (observable) vertices. The set of fields of (observable) vertices is denoted by V ert(O, Λ) := {o^1, .., o^1_{k1} , . . . . , o^n_1 , .., o^n_{kn} , v^1 , .., v^1_{e1} , . . . . , v^m_1 , .., v^m_{em} } . In this situation, consider the value ( O(Φ) • Π_{l≥3} 1 λ_l! ( − 1 l V_l(Φ) )_{λl} ) e (_1 2 V^{+,ij}_L^{←−∂}_{∂ϕi}^{←−∂}_{∂ϕj} )| | |_{Φ=0} . The value vanishes if (k_1 + · · · + k_n) + (e_1 + · · · + e_m) is odd. When it is even, the equation above is equal to ( O(Φ) • Π_{l≥3} 1 λ_l! ( − 1 l V_l(Φ) )_{λl} ) 1 2^{I′} I^′! ( V^{+,ij}_L ←− ∂ ∂ϕ^i ←− ∂ ∂ϕ^j )_I′ (6.21)

18For the Feynman rule in operator language, see [53]. Comparing it from the argument here in component field theory picture, one can see the equivalence between them. The reference [117] also provides us with useful informations.

where 2I^′ = (k_1 + · · · + k_n) + (e_1 + · · · + e_m). We have 2I^′ differentials that act on (observable) vertices. We assign ed^p_a, 1 ≤ p ≤ I^′, a = 1, 2 to each differential and denote the set by Edge(I^′) := {ed^1, ed^1_2, ed^2_1, ed^2, . . . , ed^{I′}_1 , ed^{I′}_2 } . Consider isomorphisms from the set Edge(I^′) to the set V ert(O, Λ). We have (2I^′)! such isomorphisms. Denote the set of the isomorphisms by F̃ (O, Λ).

Then eq.(6.20) is represented in the following form Π_{l≥3} 1 λ_l! 1 l^{λl} 1 2^{I′} I^′! · ∑ Υ̃(O,Λ)∈F̃ (O,Λ) N_{Υ̃(O,Λ)} , (6.22)

where N_{Υ̃(O,Λ)} ∈ C is given by the product of a_ir_{1···i}r_{kr} , V_iq_{1···i}q_{eq} , V^{+,ij}_L and the Kostul sign factor. One can consider two actions on the set Edge(I^′); the exchange between ed^p_1 and ed^p_2 for each p, and the exchange between the pair (ed^p_1, ed^p_2) and (ed^{p′}_1 , ed^{p′}_2 ) for any p ≠ p^′. One can also consider an action on V ert(O, Λ), the cyclic permutations in o^r_1, . . . , o^r_{kr} for each r or in v^q_1, . . . , v^q_{eq} for each q. These actions induce automorphisms on F̃ (O, Λ) and N_{Υ̃(O,Λ)} is independent of the automorphisms. Let us denote by F (O, Λ) the set of isomorphisms F̃ (O, Λ) over these automorphisms. Moreover we introduce the direct sum, F (O) := ⨁ Λ F (O, Λ). The perturbative expansion eq.(6.20) is the sum of eq.(6.22) with respect to Λ. It is rewritten as ⟨O(Φ)⟩ = ∑ Υ(O)∈F (O) 1 Λ! N_{Υ(O)} , (6.23)

where Λ! := Π_{l≥3}^1_{λl!} . Note that 1 l^{λl} 1 2^{I′} I^′!

in eq.(6.22) is canceled by the automorphisms. Associated to each Υ(O) ∈ F (O, Λ), we define Feynman graphs for a cyclic field theory (H, ω, S) as follows.

Definition 6.7 (Feynman graph) In the situation above, let us arrange the observable vertices o_r and vertices v_q from left to right on a plane such as •_{o1} •_{o2} · · · •_{on} •_{v1} · · · •_{vm−1} •_{vm} . Moreover, connect any two (observable) vertices to each other by edges so that the number of incident edges is k_r at observable vertex o_r and e_q at vertex v_q. We call such graphs the Feynman graphs for a cyclic field theory (H, ω, S). Hereafter we identify an element Υ(O) ∈ F (O) with a Feynman graph. The cyclic order of the edges around each (observable) vertex is distinguished. Two edges that intersect on the plane can pass through each other and two graphs before and after this process are not distinguished.

Connecting two (observable) vertices by an edge is called the Wick contraction. The contraction indicates that two differentials in^1_2 V^{+,ij}_L^{←−∂}_{∂ϕi}^{←−∂}_{∂ϕj} act on the fields in the two (observable) vertices.

Now we are interested in tree on-shell amputated amplitudes.

Definition 6.8 (Feynman graphs for n-point amplitudes) An n-point amplitude is calculated by eq.(6.23) with a_r(Φ) = ϕ^{jr} , that is, O(Φ) = ϕ^{j1} • · · · • ϕ^{jn} . Each ϕ^{jr} is called an external field. We call the corresponding vertex a external vertex. A Feynman graph Υ(O) ∈ F (O) is called connected if any two (observable) vertices of Υ(O) is connected to each other by the edges. When Υ(O) includes a circle S^1 consisting of the edges, the S^1 is called a loop. The set of connected Feynman graphs is denoted by F^{conn}(O) ⊂ F (O). Moreover we denote the set of every connected tree Feynman graphs by T (O) ⊂ F^{conn}(O), where a tree Feynman graph means a Feynman graph without loops. The value ⟨O(Φ)⟩|_{conn} := ∑ Υ(O)∈F^{conn}(O) 1 Λ! N_{Υ(O)}

is then the n-point amplitude. Moreover, restricting the Feynman graphs in F^{conn}(O) to those in T (O) one gets the n-point tree amplitude, ⟨O(Φ)⟩|conn_{tree} := ∑ Υ(O)∈T (O) 1 Λ! N_{Υ(O)} .

For a connected tree Feynman graph, the Wick contraction by the edges can be divided into two processes; the contractions between n external fields ϕ^{j1} • · · · • ϕ^{jn} and the vertices, and the contractions between the vertices. As explained below, the latter process produces some function of n powers of Φ that associates to planar tree graphs (Definition 5.19 below). We shall define cyclic functions associated to the planar tree graphs in Definition 6.9 as we defined the multilinear map m̃_{Γk} associated to rooted planar k-tree. After the latter process, the former one, the contractions of the cyclic function with n external fields, finishes the calculation for the value associated to the Feynman graph.

Definition 6.9 (Cyclic function associated to planar graphs) Let G^{cyc}_n be the set of planar tree graphs with n-leaves. An element Γ^{cyc}_n ∈ G^{cyc}_n is a rooted planar (n−1)-tree without the distinction of the root edge and the leaves, that is, the root edge is regarded as a leaf.^{19} Denote the natural surjection by ř : G_{n−1} → G^{cyc}_n . Now we regard G_{n−1} and G^{cyc}_n as vector spaces and denote them also by themselves. Namely, for the set G_{n−1} (resp. G^{cyc}_n ), their elements are regarded as the bases of the vector space G_{n−1} (resp. G^{cyc}_n ). ř : G_{n−1} → G^{cyc}_n is then regarded as a vector bundle. For an element Γ^{cyc}_n ∈ G^{cyc}_n , there exist n choices to pick up one of the leaves as the root edges. Summing over these n numbers of (n − 1)-trees and dividing by n defines a section s : G^{cyc}_n → G_{n−1}.

First we define a (H)^{⊗k} → H valued linear function m̃^{cyc}_k on vector space G_k in a similar way as in Definition 5.20. To an elementary k-tree we associate m_k : H^{⊗k} → H. For any k-tree Γ_k denote the associated endomorphisms by m̃^{cyc}_{Γk} : (H)^{⊗k} → H. For a grafting Γ_k ∘_i Γ_l we associate m̃^{cyc}_{Γk∘iΓl} = m̃^{cyc}_{Γk} ∘ ( 1^{⊗(i−1)} ⊗ f̃_{Γl} ⊗ 1^{⊗(k−i)} ) : H^{⊗(k+l−1)} → H , 19Here a notation is changed compared to that in [53]. Γ^{cyc}_n here is denoted by Γ^{cyc}_{n−1} in [53].

where f̃_{Γl} : (H)^{⊗l} → H are those in Definition 5.20. m̃^{cyc}_{Γk} are then defined so that they are compatible with this grafting. Note that m̃_{Γk} = π ∘ m̃^{cyc}_{Γk} , that is, removing π on the root edge in Definition 5.20 leads to m̃^{cyc}.

(H)^{⊗n} → C valued cyclic function on vector space G^{cyc}_n is then defined by 1 n Ṽ_{Γcycn} = (s^∗m̃^{cyc})(Γ^{cyc}_n ) := ω ∘ (1 ⊗ (m̃^{cyc}(s(Γ^{cyc}_n )))) .

Definition 6.10 ((Amputated) tree on-shell scattering amplitude) For each element in T (O), O(Φ) = ϕ^{j1} • · · · • ϕ^{jn} , remove the external vertices together with the edges whose one end is the external vertices. One gets a tree graph with n free ends. Denote by T_n the set of the graphs obtained in such a way. We denote the surjection by Ampu : T (O) → T_n and call it the amputation map. It is an n!-to-one map. We regard T (O) and T_n also as vector spaces. Any element in T_n is isomorphic to an element in G^{cyc}_n as a planar tree graph. Thus we have a surjection t : T_n → G^{cyc}_n . G_{n−1} ř � F (O) ⊃ T (O)^{Ampu} � T_n^t � G^{cyc}_n s �

The (amputated) tree correlation functions for a cyclic field theory (H, ω, S) is the collection of the following cyclic functions {Ṽ_v}_{n≥3},

Ṽ_n := ∑ Υ_n∈T_n 1 Λ! Ṽ_{t(Υn)} . (6.24)

The tree on-shell correlation functions is given by Ṽ^p_n := Ṽ_n ∘ (ι)^{⊗n} : (H^p)^{⊗n} → C .

It is called also the tree on-shell scattering amplitudes or the tree on-shell S(cattering)-matrices.

Remark 6.11 The scattering amplitudes are usually defined on the gauge fixed subspace of H. In this sense the scattering amplitude in the Definition above is an extended one that is defined on the whole graded vector space H.

Lemma 6.12 For O(Φ) = ϕ^{j1} • · · · • ϕ^{jn} and for a fixed Υ_n ∈ T_n, we have V^{+,j1j′1} L −→ ∂ ∂ϕ^{j′}1 · · · V^{+,jnj′n} L −→ ∂ ∂ϕ^{j′}n · ( − 1 n Ṽ_{t(Υn)}(Φ, . . . , Φ) ) = ∑ Υ(O)∈Ampu^{−1}(Υ_n) N_{Υ(O)} . (6.25)

Consequently, ∑ Υ(O)∈T (O) 1 Λ! N_{Υ(O)} = V^{+,j1j′1}_L −→ ∂ ∂ϕ^{j′}1 · · · V^{+,jnj′n} L −→ ∂ ∂ϕ^{j′}n · ( − 1 n Ṽ_n(Φ, . . . , Φ) )

holds [53]. ■

This implies that the Definition 6.10 actually gives the amputated n point tree amplitudes in a usual sense in field theory.

Lemma 6.13 ([53]) {Ṽ_n}_{n≥3} is given by

Ṽ_n = ∑ Γ_{n−1}∈G_{n−1} ω ∘ ( 1 ⊗ m̃^{cyc}_{Γn−1} ) = ∑ Γ^{cyc}_n ∈G^{cyc}_n 1 ♯ (ř^{−1}(Γ^{cyc}_n ))

Ṽ_{Γcycn} . (6.26)

Here ♯ ( ř^{−1}(Γ^{cyc}_n ) ) indicates the number of the elements of the set ř^{−1}(Γ^{cyc}_n ). ■

In the terminology of Feynman graphs, 1/♯ ( ř^{−1}(Γ^{cyc}_n ) ) is the symmetric factor of graph Γ^{cyc}_n .^{20}

Corollary 6.14 ([53]) For a given cyclic field theory (H, ω, S), the tree on-shell correlation functions are given by Ṽ^p_n = ω ∘ (1 ⊗ m̃^p_{n−1}) and therefore they form the minimal cyclic A_∞-algebra (H^p, ω̃^p, m̃^p) in eq.(5.28).

For the proof of Lemma 6.12, one may calculate each Υ(O) ∈ T (O) using the correspondence ←− ∂ ∂ϕ^i V^{+,ij}_L −→ ∂ ∂ϕ^j ( 1 k + 1

V_{k+1}(Φ) ) = ←− ∂ ∂ϕ^i c̄^i_l c^l(ϕ) ,

that comes from V^{+,ii1}_L ω_{i1l} = c̄^i_l where Q^+(e_l) = e_ic̄^i_l. Lemma 6.13, that is, the equivalence of eq.(6.24) and (6.26) follows from concentrating the inverse of t for each element in G^{cyc}_n . ■

Remark 6.15 Corollary 6.14 indicates that the collection of on-shell correlation functions in Definition 6.10 forms the ‘minimal action’ S̃(Φ̃^p) in eq.(5.28),

S̃(Φ̃^p) = ∑ k≥2 1 k + 1 ω(Φ̃^p, m̃^p_k(Φ̃^p)) .

The action S̃(Φ̃^p) is in fact an effective action in the following sense. S̃(Φ̃^p) is obtained by substituting Φ|_{gf} = F̃^p(Φ̃^p) into S(Φ) as explained above. When we express Φ = Φ^t + Φ|_{gf} = Φ^t + Φ^p + Φ^u where Φ^t, Φ^p and Φ^u denotes the trivial, physical and unphysical modes of Φ, respectively, the substitution means Φ^p = Φ̃^p and Φ^u = f(Φ̃^p). As seen from eq.(5.15), the latter is nothing but the equation of motion for Φ^u. Moreover, S̃(Φ̃^p) is related to S(Φ) by integrating Φ^u at tree level through a gauge fixing as ∫ DΦ^u e^{−S(Φ)}|_{gf} = e^{−S̃(Φ̃p)} , (6.27)

under an appropriate definition of the integration. In this sense the action S̃(Φ̃^p) is an effective action. The pair of gauge fixing |_{gf} , which extract Φ^t, and the extraction of Φ^u by substituting is an analogue of symplectic reduction, where the extraction of Φ^u can also be regarded as the restriction Φ|_{S(Φ)=0} (see also a comment in Remark 6.19). Also, it is clear that our arguments are applicable to constructions of any other tree level effective actions.

20The number ♯ ( ř^{−1}(Γ^{cyc}_n ) ) coincides with the number of the automorphisms acting on Γ^{cyc}_n which we denoted by ♯Aut(Γ^{cyc}_n ) in eq.(1.6) in the Introduction.

Remark 6.16 (Independence of the choice of gauge fixing) We encoded the dependence of gauge fixing Ψ in the following two; a cyclic A_∞-isomorphism from the original cyclic A_∞- algebra (H, ω, S), and propagator V^+_L . The higher terms than the quadratic term of Ψ are absorbed into the cyclic A_∞-isomorphism. Whereas, a propagator V^+_L is derived by a welldefined gauge fixing. Note that V^+_L determines the decomposition H = H^t ⊕ H^p ⊕ H^u. Any V^+_L derived by a well-defined gauge fixing picks up the same (or isomorphic) minimal part H^p.

Suppose that we have two minimal cyclic A_∞-algebra (H^p, ω̃^p, m̃^p) and (H^{p′} , ω̃^{p′} , m̃^{p′} ) that are obtained by two gauge fixing conditions. The uniqueness of minimal model (Corollary 5.10) implies that minimal cyclic A_∞-algebras obtained by perturbative expansion are independent of the choice of the gauge fixing at least up to isomorphisms on them.

In general in field theory, it is known that S-matrices are ‘invariant’ under (certain class of) field redefinition, which is called an equivalence theorem [57]. Physically, the fact stated above might be thought of as a version of this theorem.

6.4 Equivalence of classical open string field theories In this subsection we shall apply the relation between the minimal model theorem and Feynman graph in the previous subsection to classical open string field theories constructed as in subsection 1.2. For the family of the well-defined string field theories, Lemma 6.13 gives us a classification of string field theories (Theorem 6.18) described below. The field transformations induce oneto-one correspondence of moduli spaces of classical solutions between such string field theories in the context of deformation theory. We shall explain that the classical solutions are regarded as those corresponding to marginal deformations.

A classical open string field theory is defined on a fixed conformal background (see the beginning of subsection 1.2). For a fixed conformal background, a Z-graded vector space H is given canonically. H is called an open string Hilbert space, where each base e_i is called an open string state and the associated dual coordinate ϕ^i is a field in the sense of field theory. The superfield Φ := e_iϕ^i ∈ H ⊗ H^∗ is then called the string field. Moreover, a degree one coboundary operator Q : H → H and an odd constant symplectic structure ω( , ) : H ⊗ H → C are defined canonically. Q and ω are called the BRST-operator [58]^{21} and the BPZ-inner product [13], respectively, on the fixed conformal background. The information with which open string theory provides us is the collection of on-shell open string scattering amplitudes. As a subset of the collection of the on-shell open string scattering amplitudes, we have on-shell tree open string scattering amplitudes which are cyclic multilinear maps (H^p)^{⊗k} → C for k ≥ 3.

Though string field theories are usually constructed by decomposing the moduli spaces of Riemann surfaces into cell as explained in subsection 1.2, we shall give a purely algebraic definition for classical open string field theories as follows.

Definition 6.17 (Classical open string field theory : axiom) A classical open string field theory is an action S(Φ) ∈ C(ϕ)_c satisfying the following properties:

21Here BRST-operator indicates the operator that induces the BRST transformation in the sense of string world sheet theory. Do not confuse it with the (BV-)BRST transformation in string field theory explained in subsection 6.2.

(a) Φ is the string field, ω : H ⊗ H → C is the BPZ-inner product and Q : H → H is the BRST operator on a fixed conformal background ,

(b) The action S(Φ) is of the form S(Φ) = 1 2 ω(Φ, QΦ) + ∑ k≥2 1 k + 1 ω(Φ, m_k(Φ, . . . , Φ)) where

S(Φ) ∈ C(ϕ)_c ,

(c) the action S(Φ) satisfies the classical BV-master equation (S, S) = 0 and is proper ,

(d) the on-shell scattering amplitudes (Definition 6.10) of the action S(Φ) by perturbative expansion reproduces the tree on-shell open string scattering amplitudes on the fixed conformal background.

The fact that (H, ω, S) is a cyclic A_∞-algebra follows from the condition (b) and (c).

Theorem 6.18 (cf. [53]) All the well-defined classical open string field theories which are constructed on a fixed conformal background are cyclic A_∞-isomorphic to each other.

proof. Let (H, ω, S) be a cyclic A_∞-algebra describing a classical open string field theory on a fixed conformal background. Lemma 6.13 states that the collection of the on-shell scattering amplitudes for the action S forms a minimal cyclic A_∞-algebra just in the way given in subsection 5.5. We denote it by (H^p, ω^p, S̃^p). As stated in the end of subsection 5.5, Theorem 5.15 further implies that (H, ω, S) are cyclic A_∞-isomorphic to the decomposed cyclic A_∞-algebra (H^p, ω^p, S̃^p) ⊕ (H^t ⊕ H^p, Q), where (H^t ⊕ H^u, Q) is the linear contractible cyclic A_∞-algebra such that H = H^p ⊕ (H^t ⊕ H^u) and Q is the restriction of the original differential Q : H → H in (H, ω, S) onto H^t ⊕ H^u. Suppose (H, ω, S^′) be another cyclic A_∞-algebra of a classical open string field theory on the same conformal background. Then, it is cyclic A_∞-isomorphic to the decomposed cyclic A_∞-algebra (H^p, ω^p, S̃^{′p}) ⊕ (H^t ⊕ H^p, Q). On the other hand, by Definition 6.17 (d), both of these two minimal cyclic A_∞-algebras (H^p, ω^p, S̃^p) and (H^p, ω^p, S̃^{′p}) give the same minimal cyclic A_∞-algebra consisting of the on-shell open string scattering amplitudes. This implies that two decomposed cyclic A_∞-algebras (H^p, ω^p, S̃^p) ⊕ (H^t ⊕ H^p, Q) and (H^p, ω^p, S̃^{′p})⊕(H^t ⊕H^p, Q) are cyclic A_∞-isomorphic to each other. Since the composition of any two cyclic A_∞-isomorphisms forms a cyclic A_∞-isomorphism, one can conclude that (H, ω, S) and (H, ω, S^′) are cyclic A_∞-isomorphic to each other. ■ In physical terms, this theorem means any two classical string field theories on a conformal background are transformed to each other by a field redefinition (preserving classical BVstructures). This may also be thought of as a converse statement of the equivalence theorem (‘S-matrices are invariant under field redefinitions’) [57] for field theories equipped with classical BV-structures. In contrast two cyclic A_∞-algebras are not connected by a field definition if their minimal cyclic A_∞-algebras are different from each other. This fact is also clear and follows from Theorem 5.15. Usually a string field theory is constructed by decomposing Riemann surfaces as in subsection 1.2. However, the actions which are transformed to each other by field redefinitions with preserving BV-symplectic forms are regarded to be equivalent [100, 26]. Thus, Theorem 6.18 implies also the sufficiency of the axiom of string field theory in Definition 6.17.

Remark 6.19 Since there exists a cyclic A_∞-isomorphism between any two classical open string field theories on a fixed conformal background, one may expect that it transforms all the equations of motions in one side to those in another side. However, the problem depends on convergence problem of the transformation, that depends on the models we consider, and the answer may be ‘no’ in general. On the other hand, in the context of deformation theory, the solutions for equations of motions, i.e. the Maurer-Cartan equations, are assumed to be of the form Φ = ℏΦ̃^p + O(ℏ^2) for ℏ a ‘small’ deformation parameter. The argument in subsection 5.4 is just the case where the small parameter is thought to be included in Φ̃^p. Such solutions are expressed as Φ = F̃^p_∗ (Φ̃^p) where Φ̃^p is a solution for Maurer-Cartan equation m̃^p_∗(e^{Φ̃p} ) = 0. Namely, they are the solutions which corresponds to the continuous deformations from the origin Φ = 0. They are regarded as the marginal deformation in the terminology of conformal field theory. The solutions satisfy not only the equation of motion but S(Φ) = 0. Now the problem of the convergence still remains, though we expect in string field theories they are valid at least in some neighborhood of the origin. However, if we treat ℏ as a formal deformation parameter, then all the solutions are valid. Namely, all classical open string field theories on a fixed conformal background have isomorphic moduli spaces of ‘formal marginal deformations’. It follows from Theorem 6.18 and Theorem 7.16 in subsection 7.2.

The fact that the collection of open string tree scattering amplitudes possesses a minimal cyclic A_∞-structure has essentially appeared in some literatures. It is described in [127] that the S^2 tree amplitudes for closed strings has a L_∞-structure, where the external states are restricted to physical states and therefore it has vanishing Q. This implies that the tree level closed string free energy satisfies the classical BV-master equation. The result is extended to quantum closed string, and it is shown that the free energy which consists of the closed string loop amplitudes satisfies the quantum BV-master equation [121]. These structures are derived in the context of 2D-string theory, i.e. the dimension of the target space is two. However they are in fact the general structures of the string world sheet, and reinterpreted in [128] from a world sheet viewpoint explained below. The open string version of this L_∞-structure is nothing but the A_∞-structure m̃^p above.

From string world sheet point of view, a string field theory action is usually constructed by decomposing {M_n}_{n≥3}, moduli spaces of disk with n punctures on the boundary, into cell (see subsection 1.2). The vertex map V := ω ∘ (1 ⊗ m_{n−1}) : H^{⊗n} → C is determined by a certain integral over the cell M^0_n ⊂ M_n. {M^0_k}_{k≥3} satisfy some consistency condition and then forms a topological operad. The string field theory constructed at the limit {M^0_k}_{k≥3} → {M_k}_{k≥3} then turns out to be the on-shell open string scattering amplitudes. This also implies that the on-shell open string scattering amplitudes form a minimal cyclic A_∞-algebra. This interpretation is just the one given in [128] for closed string case. Note that, for a {M^0_k}_{k≥3} constructed consistently, one can in fact take a continuous deformation from {M^0_k}_{k≥3} to {M_k}_{k≥3} with preserving the cyclicity. This implies that all {M^0_k}_{k≥3} that are constructed consistently are homotopic to each other as topological operads [54].

The continuous deformation from {M^0_k}_{k≥3} to {M_k}_{k≥3} is related to renormalization group flow [88] of string world sheet theory in the sense of [6, 47], etc. Note that, for a given conformal background, the field ϕ^i is the coupling constant for open string state e_i and also thought of as ‘source’ for e_i from world sheet theory viewpoints. Let (H, ω, S̃) be the decomposed cyclic A_∞-algebra whose minimal part is (H^p, ω^p, S̃^p). It is an algebra over operad {M_k}_{k≥3} and is essentially the generating function (or free energy) of tree open string world sheet theory. The action S(Φ) over {M^0_k}_{k≥3} then defines some kind of deformed free energy of world sheet theory. The renormalization group flow is the flow (solution of differential equations) of the coupling constants such that the free energy S(Φ) over {M^0_k}_{k≥3} is preserved under the continuous deformation. Now, by Theorem 6.18, there exists continuous field redefinition that preserves the free energy S(Φ) under the continuous deformation of {M^0_k}_{k≥3}. Namely, the field redefinition of string field theory is just the renormalization group flow of string world sheet. On the other hand, string field theory is a field theory on the target space where strings are mapped. One can also consider the renormalization group as a target space field theory [16]. The correspondence between the world sheet renormalization group and the target space one is then discussed in [17, 85]. Namely, the world sheet renormalization group, which is target space field redefinition, can also be regarded as the target space renormalization group, though our theory is classical as a target space field theory.

Though the (abstract) way of the construction is given, physically string field theory has had mainly two general puzzles that should be resolved. One is the relation between different string field theory actions on the same conformal background. The another one is then the background independence of the action; namely, if a string field theory action does give an nonperturbative definition of string theory, any classical solution should correspond to a vacuum (conformal background) of the string theory and the action expanded around the classical solution should describe a string field theory on the corresponding conformal background. Both problems have ever resolved only at infinitesimal level. In [43] (for quantum closed string field theory) it is shown that on a fixed conformal background any infinitesimal variation of the way of decomposition of moduli space is absorbed by an infinitesimal field redefinition. The background independence for (infinitesimal) marginal deformation is discussed and shown in [96, 97, 98, 90, 100, 101, 102, 71]. Theorem 6.18 then gives the answer for the first problem for classical string field theory. We believe that similar result holds for quantum case^{22} and it could be the starting point for the problem of the background independence.

7 Homotopy equivalence, gauge equivalence and moduli spaces

In this section we shall discuss homotopy theoretical aspects of A_∞-algebras. In subsection 7.1 we shall define homotopy between an A_∞-morphism, and show that two A_∞-algebras are homotopy equivalent to each other iff there exists an A_∞-quasi-isomorphism between them (Theorem 7.5). Similar results are obtained in the framework of twisting cochains [51, 52], in terms of operads [79], in a purely algebraic way [25], more recently in [72] in terms of closed model categories [72], and so on. In subsection 7.2 we shall define the notion of gauge equivalence, and define the moduli space of an A_∞-algebra as the solution space of the Maurer-Cartan equation for the

22Some (homotopy) algebraic structures for quantum closed SFT are discussed in [101, 102, 78].

A_∞-algebra modulo gauge equivalence. The homotopy invariance of the moduli spaces are then shown in Theorem 7.16. A characteristic of our approach is to apply the decomposition theorem (Theorem 5.4), which enables us to show both Theorem 7.5 and Theorem 7.16. See also [56].

7.1 Homotopy equivalence Definition 7.1 (Homotopy of A_∞-morphisms) Given two A_∞-algebras (H, m) and (H^′, m^′) and two (weak) A_∞-morphisms F, G : (H, m) → (H^′, m^′), we say that G is homotopic to F when there exists degree minus one operator H : C(H) → C(H^′) such that

G − F = m^′H + Hm . (7.1)

We call H the homotopy operator between A_∞-morphisms G and F.

Note that if we forget the cohomomorphism structures of F, G and regard (C(H), m), (C(H^′), m^′) as complexes of groups such as deRham complex, then the definition is the homotopy operator H is just the usual one.

Remark 7.2 (A condition for H) Note that F and G are cohomomorphisms. Therefore H has a condition defined by (F ⊗ F)△ = △F, (G ⊗ G)△ = △G and eq.(7.1). One of the most simplest solutions for the condition is given by [39, 104] △H = (F ⊗ H + H ⊗ G)△ . (7.2) Under this condition, H is determined if the collection of degree minus one map h_n : H^{⊗n} → H^′ for n ≥ 0 is given as follows: H = ∑ n≥0 F ⊗ h_n ⊗ G . (7.3)

One can see that if the image of H in C(H^′) is restricted to H^′, H just reduces to ∑ n h_n. General solutions are then written of the form △H = ((F ⊗ H + H ⊗ G) + A) △ for a degree minus one element A ∈ C(H) ⊗ C(H). In this paper we treat all such H as homotopies without fixing a condition for △H.

Lemma 7.3 The homotopy in Definition 7.1 actually defines an equivalence relation.

proof. It is easy to confirm the fact.

Lemma 7.4 Let (H_{dc}, m_{dc}) be a direct sum of a minimal A_∞-algebra and a linear contractible A_∞-algebra, and (H^p_{dc}, m^p_{dc}) the corresponding minimal A_∞-algebra. We have A_∞-quasi-isomorphisms π : (H_{dc}, m_{dc}) → (H^p_{dc}, m^p_{dc}) and ι : (H^p_{dc}, m^p_{dc}) → (H_{dc}, m_{dc}) and the composition P = ι ∘ π : (H_{dc}, m_{dc}) → (H_{dc}, m_{dc}) is also an A_∞-quasi-isomorphism. In this situation, A_∞-quasiisomorphisms Id : (H_{dc}, m_{dc}) → (H_{dc}, m_{dc}) and P : (H_{dc}, m_{dc}) → (H_{dc}, m_{dc}) are homotopic to each other.

proof. The homotopy H satisfying Id−P = mH +Hm is obtained explicitly by setting F = Id, G = P , h_1 = Q^+ and h_n = 0 for n ≠ 1 in the condition (7.2), that is,

H = Id ⊗ Q^+ ⊗ P .

Note that here we denote Id and P as cohomomorphisms on C(H_{dc}). ■ The following theorem is known, which follows from the results in [51, 52] in the framework of twisting cochains, where homotopy is defined as in Definition 7.1 but with the additional condition (7.2). Now we can show this theorem by applying the decomposition theorem (Theorem 5.4).

Theorem 7.5 For two A_∞-algebras (H, m) and (H^′, m^′), suppose that there exists an A_∞-quasiisomorphism F : (H, m) → (H^′, m^′). Then there exists an inverse A_∞-quasi-isomorphism F^{−1} : (H^′, m^′) → (H, m) such that F^{−1} ∘ F is homotopic to the identity Id on (H, m) and F ∘ F^{−1} is homotopic to the identity Id on (H^′, m^′).

proof. The inverse A_∞-quasi-isomorphism is just given by Theorem 5.17 combined with Corollary 5.9. It is of the form

F^{−1} = F_{dc} ∘ ι ∘ (F^p)^{−1} ∘ π^′ ∘ (F^′_{dc})^{−1} ,

where we have the following commutative diagram

(H, m)^F �

(F_{dc})^{−1} � (H^′, m^′)

(F^′_{dc})^{−1} � (H_{dc}, m_{dc}) F_{dc} �

π � (H^′_{dc}, m^′_{dc}) F^′_{dc} �

π^′ � (H^p_{dc}, m^p_{dc}) ι � F^p � (H^{′p}_{dc}, m^{′p}_{dc}) . ι^′ �

(F^p)^{−1} �

Since one already knows the existence of F^{−1}, one can see that

(F_{dc})^{−1} ∘ (F^{−1} ∘ F) ∘ F_{dc} = P .

From Lemma 7.4, there exists a homotopy operator H_o such as

Id − P = m_{dc}H_o + H_om_{dc}

on (H_{dc}, m_{dc}). Acting F_{dc} from left and (F_{dc})^{−1} from right in both sides of the equation above, one can obtain Id − (F)^{−1} ∘ F = mH + Hm

where H := F_{dc} ∘ H_o ∘ (F_{dc})^{−1} and we used the fact that m = F_{dc} ∘ m_{dc} ∘ (F_{dc})^{−1}. Thus it is shown that Id and F^{−1} ∘ F are homotopic to each other with homotopy operator H. The fact that F ∘ F^{−1} is homotopic to Id can also be shown in a similar way. ■

Note that an A_∞-morphism (H, m) → (H, m) that is not an A_∞-quasi-isomorphism cannot be homotopic to the identity. However, the converse is not true. Namely, an A_∞-quasi-isomorphism is not necessarily homotopic to the identity. For instance, in general there exist A_∞-isomorphisms associated to discrete A_∞-automorphisms on (H, m).

Given two A_∞-algebras (H, m), (H^′, m^′), an A_∞-morphism F : (H, m) → (H^′, m^′) is called a homotopy equivalence between the two A_∞-algebras iff there exists an A_∞-morphism F^{−1} : (H^′, m^′) → (H, m) such that F^{−1} ∘ F and F ∘ F^{−1} are homotopic to the identity (see [24]). Then Theorem 7.5 implies that the notion of the homotopy equivalence of A_∞-algebras is equivalent to the existence of A_∞-quasi-isomorphisms between the A_∞-algebras.

We end this subsection with some byproducts from the decomposition theorem (Theorem 5.4) and the notion of homotopy equivalence of A_∞-algebras. There is the notion of homotopy invariant algebraic structures by Boardman and Vogt [14] and the notion is translated into homotopy algebraic language in [79](see also [80]). Namely, homotopy algebras should have the following three properties (Corollary 7.6, Corollary 7.7, Corollary 7.8) so that they actually define homotopy invariant algebraic structures. They can be shown due to our arguments until now.

Corollary 7.6 For an A_∞-algebra (H, m), a chain complex (H^′, m^′_1) and a chain complex f_1 : (H, m_1) → (H^′, m^′_1), there exists an A_∞-structure on H^′ and an A_∞-morphism F whose leading term is f_1.

Corollary 7.7 Suppose two A_∞-algebras (H, m), (H^′, m^′) and an A_∞-morphism F : (H, m) → (H^′, m^′) are given. Moreover suppose there exists a chain map g_1 : (H, m_1) → (H^′, m^′_1) that is chain homotopic to f_1. Then there exists an A_∞-morphism G : (H, m) → (H^′, m^′) whose leading term is g_1.

Corollary 7.8 Given an A_∞-quasi-isomorphism F : (H, m) → (H^′, m^′) and g_1 : (H^′, m^′_1) → (H, m_1), a chain homotopy inverse of f_1, there exists an A_∞-quasi-isomorphism G : (H^′, m^′) → (H, m).

proof. Corollary 7.6 can be shown due to the decomposition theorem. For an A_∞-algebra (H, m) one can consider a decomposed A_∞-algebra (H_{dc}, m_{dc}) and it is clear that f_1 is naturally extended to an A_∞-quasi-isomorphism and it induces a decomposed A_∞-structure on H^′. F is then obtained by the composition of the A_∞-quasi-isomorphism with (F_{dc})^{−1} : (H, m) → (H_{dc}, m_{dc}).

Corollary 7.7 follows from the notion of homotopy of A_∞-morphisms. That is, G : (H, m) → (H^′, m^′) is obtained by G = F + m^′H + Hm (7.4)

if a homotopy operator H exists. Here the problem is that whether there exists the H such that the restriction of eq.(7.4) to the term H → H^′ is g_1 = f_1 + m^′_1h_1 + h_1m_1 for h_1 the chain homotopy. Such H does exist. One such is constructed by eq.(7.3) with h_0 = h_2 = h_3 = · · · = 0.

Corollary 7.8 is almost the same as Theorem 7.5 and also follows from the decomposition theorem. ■

7.2 Gauge equivalence and the moduli space of an A_∞-algebra Roughly speaking, the moduli space of an A_∞-algebra is degree zero solution space of the Maurer-Cartan equation over gauge equivalence. Therefore we should define the gauge equivalence. Two elements in H are called gauge equivalent if they are transformed to each other by a gauge transformation. Then the gauge transformation is usually defined as integrals of some infinitesimal transformations along paths in H. There exist mainly two candidates of the infinitesimal transformation. In terms of formal noncommutative supermanifolds, they are the followings.

(a) The infinitesimal gauge transformation is defined by

δ_α = ←− ∂ ∂ϕ^i ( c^i(ϕ) ←− ∂ ∂ϕ^j α^j )

where α^j ∈ C for deg(e_j) = 0 and α^j = 0 for deg(e_j ) ≠ 0.

(b) The infinitesimal gauge transformation is defined by

δ_α = [δ, α(ϕ)] , α(ϕ) := ←− ∂ ∂ϕ^i α^i(ϕ) = ←− ∂ ∂ϕ^i ∑ k≥0 α^i_{j1···jk} ϕ^{jk} · · · ϕ^{j1} , α^i_{j1···jk} ∈ C

where δ is the A_∞-odd vector field and α(ϕ) is a degree minus one vector field (see [65]).

The infinitesimal transformation (a) is just the gauge transformation in cyclic field theory (6.10) explained in subsection 6.1. More precisely, restricting the graded gauge parameter α^j , deg(e_j ) ≠ 0, to zero leads to the definition (a) above. Note that the gauge transformation (6.10) just reduces to transformation (a) in the degree-zero subvector space of H. The infinitesimal transformation (a) forms a Lie algebra only on-shell, where on-shell means the solution space of the Maurer-Cartan equation. Namely, the Lie bracket closes modulo the Maurer-Cartan equation. This implies the infinitesimal transformations are integrable on-shell and so the definition (a) is sufficient to define the moduli space of A_∞-algebras. The integral is given by the usual exponential map (see below).

On the other hand, infinitesimal transformation (b) forms a Lie algebra on the whole space H. This fact can also be confirmed by a direct calculation. Note that the transformation (b) reduces to transformation (a) if α^i_{j1···jk} = 0 for k ≥ 1. One can see that extending α to ϕ-dependent one leads to a Lie algebra which closes even off-shell.

A natural extension of gauge transformation in differential graded Lie algebra case [32, 91] to A_∞-algebras leads to the choice (a) (see [24]). Thus, (a) is also natural and in fact sufficient for our purpose. However, in this subsection we shall use (b) as the definition of the gauge transformation. By employing the arguments in section 3, we translate the above into coalgebra language and define precisely the gauge transformation.

Definition 7.9 (Gauge transformation) Given an A_∞-algebra (H, m), let us consider a piecewise smooth path of weak A_∞-automorphisms U_{α[0,t]} : (H, m) → (H, m), 0 ≤ t ≤ 1 defined as a coalgebra homomorphism U_{α[0,t]} : C(H) → C(H) satisfying the following differential equation d dt U_{α[0,t]} = ( [m, α(t)]U_{α[0,t]} ) , U_{α[0,0]} = Id .

Here α(t) : C(H) → C(H) is a degree minus one coderivation which consists of α(t) = α_0(t) + α_1(t) + α_2(t) + · · · , where each coderivation α_k(t) is defined by the lift of a multilinear map H^{⊗k} → H like as m = m_0 + m_1 + m_2 + · · · , and then [m, α(t)] := mα(t) + α(t)m : C(H) → C(H). We call a weak A_∞-automorphism U_{α[0,1]} : (H, m) → (H, m) a gauge transformation.

The integral along the path [0, s] is represented explicitly by an iterated integral, U_{α[0,s]} := Pe ∫_s 0 dt[m,α(t)] = 1 + ∫_s 0 dt[m, α(t)] + ∫ s>t>t^′>0 dtdt^′[m, α(t)][m, α(t^′)] + · · · , (7.5) where P is the one which is what is called the path-ordering. Note that if α(t) is constant with respect to t the equation above reduces to the ordinary exponential map (in terms of coalgebra side).

U_{α[0,1]} = Pe

∫_1 0 dt[m,α] = e[m,α] := 1 + [m, α] + 1 2! ([m, α])^2 + 1 3! ([m, α])^3 + · · · .

Lemma 7.10 U_{α[0,s]} in eq.(7.5) is actually a weak A_∞-automorphism on (H, m). Namely, the gauge transformations are weak A_∞-automorphisms.

proof. The fact that U_{α[0,s]}m = mU_{α[0,s]} can be shown directly. In this calculation, one may use [m, [m, α]] = 0, which is just the infinitesimal description of the statement of this Lemma and follows from the Jacobi identity. ■

Lemma 7.11 The gauge transformation U_{α[0,1]} is homotopic to the identity on A_∞-algebra (H, m).

proof. First we have U_{α[0,1]} − Id =

∫_1 0 ds d ds U_{α[0,s]} , where by definition^d_{ds} U_{α[0,s]} = [m, α(s)]U_{α[0,s]}. Moreover Lemma 7.10 and the fact that F is an A_∞-morphism imply that the equation above is rewritten as

U_{α[0,1]} − Id = mH + Hm , H =

∫_1 0 ds α(s)U_{α[0,s]} . The arguments above are similar to those of Weinstein-Darboux theorem [123], though the usage is different. ■ Note that the converse of Lemma 7.11 is not true. As seen in Lemma 7.4 the retraction for the linear contractible direction is homotopic to the identity, which is not a gauge transformation.

Remark 7.12 The composition of gauge transformations is a gauge transformation. In fact, for given two gauge transformation U_{α[0,1]} and U_α′_{[0,1]}, the composition is given by

U_α′_{[0,1]} ∘ U_{α[0,1]} = U_α′′_{[0,1]} , α^{′′}(t) = { α(2t) 0 ≤ t ≤^1_2 α^′(2t − 1)^1_2 ≤ t ≤ 1 .

Of course it is clear that one can take other α^{′′} that come from a reparametrization of t.

We shall below consider the moduli space of an A_∞-algebra in H^0, the degree zero part of H, though our formalism may be appropriate to extend it to the whole degree (cf. subsection 3.3, subsection 5.4 and [7]). In order to avoid the problem of convergence, one often considers in general the tensor product of maximal ideal of an Artin algebra with H (see [24]). For simplicity, we shall introduce a formal parameter ℏ and deal with H ⊗ ℏC [[ℏ]] from now on.

Definition 7.13 (Moduli space of an A_∞-algebra) For an A_∞-algebra (H, m), let Φ be a degree zero element in ℏH[[ℏ]] := H ⊗ C ℏ[[ℏ]], where ℏ is a formal deformation parameter. We define the solution space of Maurer-Cartan equation for A_∞-algebra (H, m) by

MC(H, m) = {Φ ∈ ℏH[[ℏ]] | m_∗(e^Φ) = 0, deg(Φ) = 0} .

By definition, gauge transformations (Definition 7.9) preserve the space MC(H, m). We call Φ_1, Φ_2 ∈ MC(H, m) are gauge equivalent to each other when they are transformed to each other by a gauge transformation, that is, e^{Φ2} = U_{α[0,1]}e^{Φ1} or equivalently Φ_2 = (U_{α[0,1]})_∗(Φ_1) for some α(t), 0 ≤ t ≤ 1. Remark 7.12 guarantees that this actually defines an equivalence relation. The moduli space of A_∞-algebra (H, m) is then defined by MC(H, m) modulo the gauge equivalence ∼, M(H, m) := MC(H, m)/ ∼ .

Lemma 7.14 Given two A_∞-algebras (H, m), (H^′, m^′) and an A_∞-morphism F : (H, m) → (H^′, m^′), one can define the gauge transformation on the image of F so that it is compatible with the gauge transformation in (H, m) when restricted to the solution spaces of the Maurer-Cartan equations.

proof. It is sufficient to show it infinitesimally. What should be shown is then that there exists a degree minus one coderivation α^′ on H^′ such that

[m^′, α^′]F ( e^Φ ) = F[m, α] ( e^Φ ) (7.6)

holds if m ( e^Φ ) = 0.

Let us define a degree minus one coderivation α^′ on H^′ by

α^′(Φ^′) = F(α(e^Φ)) | (H^′)^{⊗1} = f1(α(Φ)) + f2(α(Φ), Φ) + f2(Φ, α(Φ)) + · · ·

where α(Φ) = α_0 + α_1(Φ) + α_2(Φ, Φ) + · · · . This α^′ actually satisfies eq.(7.6). One can see that it follows from the condition of A_∞-morphisms (Definition 2.7) (m^′F − Fm)α ( e^Φ ) = 0 . ■ Note that this Lemma, combined with the fact that an A_∞-morphism preserves the solution spaces of the Maurer-Cartan equations as shown in subsection 2.4, implies that an A_∞-morphism F : (H, m) → (H^′, m^′) actually induces a well-defined map from M(H, m) to M(H^′, m^′). In particular, if F is an A_∞-isomorphism, it induces an isomorphism on the moduli spaces.

Lemma 7.15 For a direct sum (H_{dc}, m_{dc}) of a minimal A_∞-algebra (H^p_{dc}, m^p_{dc}) and a linear contractible A_∞-algebra, the projection P : H_{dc} → H_{dc} induces the identity map Id on M(H_{dc}, m_{dc}).

proof. For the Maurer-Cartan equation of the decomposed A_∞-algebra (H_{dc}, m_{dc}), m_{dc,1}Φ + ∑ k≥2 m_{dc,k}(Φ) = 0 ,

the first term and the second term should be zero independently, and the second term is nothing but the Maurer-Cartan equation of the minimal part (H^p_{dc}, m^p_{dc}). Here, for the solutions of m_{dc,1}(Φ) = 0, the m_{dc,1}-exact part is obviously gauge equivalent to zero; for instance, one may take α(t) = α : C → H^{−1}_{dc} and then m_{dc,1}(α) ∈ H^0_{dc} is generated by a gauge transformation. Thus, any gauge equivalent class in MC(H_{dc}, m_{dc}) can be represented by an element in H^p and from which the statement of this Lemma follows. ■ Then we obtain the following, the A_∞ version of the theorem in differential graded Lie algebra case [32, 91].

Theorem 7.16 Given two A_∞-algebras (H, m), (H^′, m^′) and suppose that there exists an A_∞- quasi-isomorphism F : (H, m) → (H^′, m^′). Then the moduli spaces of these two A_∞-algebras are isomorphic to each other: M(H, m) ≃ M(H^′, m^′) .

proof. By Theorem 7.5, we have an inverse A_∞-quasi-isomorphism F^{−1} : (H^′, m^′) → (H, m) such that F^{−1} ∘ F and F ∘ F^{−1} are homotopic to the identity Id. Denote by F_∼ : M(H, m) → M(H^′, m^′) and (F)^{−1}_∼ : M(H^′, m^′) → M(H, m) the corresponding maps between the moduli spaces. One may show the following two equations

(F)^{−1}_∼ ∘ F_∼ = Id , F_∼ ∘ (F)^{−1}_∼ = Id . (7.7)

On the other hand, in the proof of Theorem 7.5 we know that

(F_{dc})^{−1} ∘ (F^{−1} ∘ F) ∘ F_{dc} = P , (F^′_{dc})^{−1} ∘ ((F^′)^{−1} ∘ F^′) ∘ F^′_{dc} = P^′ hold, and furthermore Lemma 7.15 implies that P : H_{dc} → H_{dc} and P^′ : H^′_{dc} → H^′_{dc} induce the identities Id on M(H_{dc}, m_{dc}) and M(H^′_{dc}, m^′_{dc}), respectively. This implies eq.(7.7). ■ The L_∞-version of this theorem is used in the proof of Kontsevich’s deformation quantization [65].

We ends with leaving some comments. Though we defined homotopy between A_∞-morphisms as in Definition 7.1, one can consider another definition of homotopy based on interpolating two A_∞-morphisms with one parameter family of A_∞-morphisms. Such one is used in [24, 56]. This homotopy is included in the homotopy in Definition 7.1 in the sense that integrating the homotopy along the one parameter path yields a homotopy operator H in Definition 7.1. However the converse is not true. Actually, the homotopy obtained in such a way satisfies a condition in Remark 7.2 but the condition is different from, for instance, eq.(7.2). This another definition of homotopy is more compatible with the gauge transformation, where the gauge transformation (a) is in fact more natural than (b) used in this paper. Moreover, all of the theorems and corollaries in this section, for instance, remain true even if we replace Definition 7.1 to this another one [56].

All the arguments in this section hold in a similar way for cyclic A_∞-algebras. Note that, in the cyclic case, the gauge transformation preserves the form of the action S but does not preserve the form of the odd constant symplectic form. Moreover, all the arguments above hold true if an A_∞-algebra is replaced to an L_∞-algebra, too. In the cyclic case, these properties are closely related to the BV-formalism [10, 11, 33, 44]. To exploring these relations should be very interesting (see for instance [113, 112]).

Acknowledgments

I am very grateful to A. Kato for helpful discussions, precise advice and encouragement. Also, I would like to thank T. Asakawa, H. Hata, Y. Kazama, T. Kugo, H. Kunitomo and T. Nakatsu for valuable discussions in physics, and M. Akaho, K. Fukaya, T. Gocho, S. Hosono, T. Kimura, J. Stasheff, Y. Terashima and A. Voronov for valuable discussions in mathematics. Especially, I am very grateful to S. Hosono for careful reading this manuscript and J. Stasheff for reading this manuscript, many valuable comments and encouragement. The author is supported by JSPS Research Fellowships for Young Scientists.

References

[1] J. F. Adams, Infinite loop spaces, Ann. of Math. Stud., Vol. 90, Princeton Univ. Press, Princeton, N.J., 1978.

[2] M. Akaho, Talk given at topology seminar in Univ. of Tokyo in July, 2001.

[3] M. Alexandrov, M. Kontsevich, A. Schwartz and O. Zaboronsky, “The Geometry of the master equation and topological quantum field theory,” Int. J. Mod. Phys. A 12 (1997) 1405 [hep-th/9502010].

[4] L. Alvarez-Gaume, C. Gomez, G. W. Moore and C. Vafa, “Strings In The Operator Formalism,” Nucl. Phys. B 303 (1988) 455.

[5] T. Asakawa, T. Kugo and T. Takahashi, “BRS invariance of unoriented open-closed string field theory,” Prog. Theor. Phys. 100 (1998) 831, hep-th/9807066.

[6] T. Banks and E. J. Martinec, Nucl. Phys. B 294 (1987) 733.

[7] S. Barannikov, M. Kontsevich, “Frobenius manifolds and formality of Lie algebras of polyvector fields,” Internat. Math. Res. Notices 1998, no. 4, 201–215, math.AG/9710032.

[8] G. Barnich and M. Henneaux, “Consistent Couplings Between Fields With A Gauge Freedom And Deformations Of The Master Equation,” Phys. Lett. B 311 (1993) 123, hepth/9304057.

[9] I. Batalin and R. Marnelius, “Superfield algorithms for topological field theories,” In ”Olshanetsky, M. (ed.) et al.: Multiple facets of quantization and supersymmetry” 233-251, hep-th/0110140.

[10] I. A. Batalin and G. A. Vilkovisky, “Gauge Algebra And Quantization,” Phys. Lett. B 102 (1981) 27.

[11] I. A. Batalin and G. A. Vilkovisky, “Quantization Of Gauge Theories With Linearly Dependent Generators,” Phys. Rev. D 28 (1983) 2567 [Erratum-ibid. D 30 (1983) 508].

[12] F. Bayen, M. Flato, C. Frønsdal, A. Lichnerowicz, D. Sternheimer, “Deformation theory and quantization I, II,” Ann. Phys. 111 (1978), 61-110, 111-151.

[13] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, “Infinite Conformal Symmetry In Two-Dimensional Quantum Field Theory,” Nucl. Phys. B 241 (1984) 333.

[14] J. M. Boardman, R. M. Vogt, Homotopy Invariant Algebraic Structures on Topological Spaces, Lecture Notes in Mathematics 347, Springer, 1973.

[15] M. Bochicchio, “Gauge Fixing For The Field Theory Of The Bosonic String,” Phys. Lett.

B 193 (1987) 31. “String Field Theory In The Siegel Gauge,” Phys. Lett. B 188 (1987) 330.

[16] R. Brustein and S. P. De Alwis, “Renormalization group equation and nonperturbative effects in string field theory,” Nucl. Phys. B 352 (1991) 451.

[17] R. Brustein and K. Roland, “Space-time versus world sheet renormalization group equation in string theory,” Nucl. Phys. B 372 (1992) 201.

[18] A. S. Cattaneo and G. Felder, “A path integral approach to the Kontsevich quantization formula,” Commun. Math. Phys. 212 (2000) 591–611, math.QA/9902090.

[19] A. S. Cattaneo and G. Felder, “On the AKSZ formulation of the Poisson sigma model,” Lett. Math. Phys. 56 (2001) 163, math.QA/0102108.

[20] A. Connes, Noncommutative geometry, Academic Press 1994.

[21] L. Cornalba and R. Schiappa, “Nonassociative star product deformations for D-brane worldvolumes in curved backgrounds,” Commun. Math. Phys. 225 (2002) 33, hep-th/0101219.

[22] K. Fukaya, “Morse homotopy, A^∞-category, and Floer homologies,” Proceedings of GARC Workshop on Geometry and Topology ’93 (Seoul, 1993), 1–102, Lecture Notes Ser., 18, Seoul Nat. Univ., Seoul, 1993.

[23] K. Fukaya, Lecture at Inst. of Tech. in Tokyo in December, 2000.

[24] K. Fukaya, “Deformation theory, Homological Algebra, and Mirror symmetry,” (2001) available at http://www.kusm.kyoto-u.ac.jp/~fukaya/fukaya.html.

[25] K. Fukaya, Y.-G. Oh, H. Ohta, K. Ono, “Lagrangian intersection Floer theory - anomaly and obstruction,” preprint available at http://www.kusm.kyoto-u.ac.jp/~fukaya/fukaya.html.

[26] M. R. Gaberdiel and B. Zwiebach, “Tensor constructions of open string theories I: Foundations,” Nucl. Phys. B 505 (1997) 569, hep-th/9705038.

[27] E. Getzler, J.D.S. Jones, “A_∞-algebras and the cyclic bar complex,” Ill. Journ. Math. 34, 256 (1990).

[28] E. Getzler, M. M. Kapranov, “Cyclic operads and cyclic homology,” Geometry, topology, & physics, 167–201, Conf. Proc. Lecture Notes Geom. Topology, IV, Internat. Press, Cambridge, MA, 1995.

[29] E. Getzler, M. M. Kapranov, “Modular operads,” Compositio Math. 110 (1998), no. 1, 65–126.

[30] V. Ginzburg, “Non-commutative symplectic geometry, quiver varieties, and operads,” Math.

Res. Lett. 8 (2001), no. 3, 377–400.

[31] V. Ginzburg, M. Kapranov, “Koszul duality for operads,” Duke Math. J. 76 (1994), no. 1, 203–272.

[32] W. M. Goldman, J. J. Millson, “The deformation theory of representations of fundamental groups of compact Kähler manifolds,” Inst. Hautes Études Sci. Publ. Math. No. 67 (1988), 43–96. “The homotopy invariance of the Kuranishi space,” Illinois J. Math. 34 (1990), no. 2, 337–367.

[33] J. Gomis, J. Paris and S. Samuel, “Antibracket, antifields and gauge theory quantization,” Phys. Rept. 259 (1995) 1, hep-th/9412228.

[34] P. A. Griffiths, J. W. Morgan, Rational homotopy theory and differential forms, Progress in Mathematics, 16. Birkhäuser, Boston, Mass., 1981. xi+242 pp.

[35] V. K. A. M. Gugenheim, “On a perturbation theory for the homology of the loop-space,” J. Pure Appl. Algebra 25 (1982), 197–205.

[36] V. K. A. M. Gugenheim, L. A. Lambe, “Perturbation theory in differential homological algebra. I,” Illinois J. Math. 33 (1989), no. 4, 566–582.

[37] V. K. A. M. Gugenheim, L. A. Lambe, J. D. Stasheff, “Algebraic aspects of Chen’s twisting cochain,” Illinois J. Math. 34 (1990), no. 2, 485–502.

[38] V. K. A. M. Gugenheim, L. A. Lambe, J. D. Stasheff, “Perturbation theory in differential homological algebra II,” Illinois J. Math. 35 (1991), no. 3, 357–373.

[39] V. K. A. M. Gugenheim, H. J. Munkholm, “On the extended functoriality of Tor and Cotor,” J. Pure Appl. Algebra 4 (1974), 9–29.

[40] V. K. A. M. Gugenheim, J. D. Stasheff, “On perturbations and A_∞-structures,” Bull. Soc.

Math. Belg. Sér. A 38 (1986), 237–246.

[41] H. Hata, “Construction Of The Quantum Action For Path Integral Quantization Of String Field Theory,” B 339 (1990) 663.

[42] H. Hata, K. Itoh, T. Kugo, H. Kunitomo and K. Ogawa, “Manifestly Covariant Field Theory Of Interacting String,” B 172 (1986) 186. “Manifestly Covariant Field Theory Of Interacting String. 2,” B 172 (1986) 195. “Covariant String Field Theory,” D 34 (1986) 2360. “Covariant String Field Theory. 2,” D 35 (1987) 1318.

[43] H. Hata and B. Zwiebach, “Developing the covariant Batalin-Vilkovisky approach to string theory,” Annals Phys. 229 (1994) 177, hep-th/9301097.

[44] M. Henneaux and C. Teitelboim, Quantization of gauge systems, Princeton, USA: Univ.

Pr. (1992) 520 p.

[45] J. Huebschmann, T. Kadeishvili, “Small models for chain algebras,” Math. Z. 207 (1991), 245–280.

[46] J. Huebschmann and J. Stasheff, “Formal solution of the Master Equation via HPT and deformation theory,” Forum Mathematicum, 14 (2002), 847-868, math.AG/9906036.

[47] J. Hughes, J. Liu and J. Polchinski, “Virasoro-Shapiro From Wilson,” Nucl. Phys. B 316 (1989) 15.

[48] N. Ikeda, “A deformation of three dimensional BF theory,” JHEP 0011 (2000) 009, hepth/0010096. “Deformation of BF theories, topological open membrane and a generalization of the star deformation,” JHEP 0107 (2001) 037, hep-th/0105286.

[49] T. V. Kadeishvili, “On the theory of homology of fiber spaces,” (Russian) International Topology Conference (Moscow State Univ., Moscow, 1979). Uspekhi Mat. Nauk 35 (1980), no. 3(213), 183–188 ; (English) Russian Math. Surveys 35 (1980) 231–238, math.AT/0504437.

[50] T. V. Kadeishvili, “The algebraic structure in the homology of an A(∞)-algebra,” (Russian) Soobshch. Akad. Nauk Gruzin. SSR 108 (1982), no. 2, 249–252 (1983).

[51] T. V. Kadeishvili, “The category of differential coalgebras and the category of A(∞)- algebras,” (in Russian) Trudy Tbiliss. Mat. Inst. Razmadze Akad. Nauk Gruzin. SSR 77 (1985), 50–70.

[52] T. V. Kadeishvili, “The functor D for a category of A(∞)-algebras,” (Russian) Soobshch.

Akad. Nauk Gruzin. SSR 125 (1987), no. 2, 273–276.

[53] H. Kajiura, “Homotopy algebra morphism and geometry of classical string field theories,” Nucl. Phys. B 630 (2002) 361, hep-th/0112228.

[54] “A_∞-space and classical open string field theories,” in preparation in collaboration with J. Stasheff.

[55] H. Kajiura and J. Stasheff, “Homotopy algebras inspired by classical open-closed string field theory,” Commun. Math. Phys. 263, 553–581 (2006), math.QA/0410291; “Openclosed homotopy algebra in mathematical physics,” J. Math. Phys., 47 023506 (2006), hep-th/0510118.

[56] H. Kajiura and Y. Terashima, “Homotopy equivalence of A_∞-morphisms and gauge transformations,” preprint, 2003.

[57] S. Kamefuchi, L. O’Raifeartaigh and A. Salam, “Change Of Variables And Equivalence Theorems In Quantum Field Theories,” Nucl. Phys. 28 (1961) 529.

[58] M. Kato and K. Ogawa, “Covariant Quantization Of String Based On Brs Invariance,” Nucl. Phys. B 212 (1983) 443.

[59] B. Keller, “Introduction to A-infinity algebras and modules,” Homology Homotopy Appl.

3(2001), no. 1, 1–35, math.RA/9910179.

[60] T. Kimura, J. Stasheff and A. A. Voronov, “On operad structures of moduli spaces and string theory,” Commun. Math. Phys. 171 (1995) 1, hep-th/9307114.

[61] M. Kontsevich, “Formal (non)commutative symplectic geometry,” The Gelfand Mathematical Seminars, 1990–1992, 173–187, Birkhäuser Boston, Boston, MA, 1993.

[62] M. Kontsevich, “Feynman diagrams and low-dimensional topology,” First European Congress of Mathematics, Vol. II (Paris, 1992), 97–121, Progr. Math., 120, Birkhäuser, Basel, 1994.

[63] M. Kontsevich, “Homological algebra of mirror symmetry,” Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Zürich, 1994), 120–139, Birkhäuser, Basel, 1995.

[64] M. Kontsevich, “ Formality Conjecture,” D. Sternheimer et al. (eds.), Deformation Theory and Symplectic Geometry, Kluwer 1997, 139-156.

[65] M. Kontsevich, “Deformation quantization of Poisson manifolds,” Lett. Math. Phys. 66 (2003), no. 3, 157–216, math.QA/9709040.

[66] M. Kontsevich and Y. Soibelman, “Homological mirror symmetry and torus fibrations,” Symplectic geometry and Mirror symmetry (Seoul, 2000), pp.203–263, World Sci. Publishing, River Edge, NJ, 2001, math.SG/0011041.

[67] V. A. Kostelecky and S. Samuel, “The Static Tachyon Potential In The Open Bosonic String Theory,” Phys. Lett. B 207 (1988) 169.

[68] T. Kugo, H. Kunitomo and K. Suehiro, “Nonpolynomial Closed String Field Theory,” Phys.

Lett. B 226 (1989) 48.

[69] T. Kugo and K. Suehiro, “Nonpolynomial Closed String Field Theory: Action And Its Gauge Invariance,” Nucl. Phys. B 337 (1990) 434.

[70] T. Kugo and T. Takahashi, “Unoriented open-closed string field theory,” Prog. Theor. Phys.

99 (1998) 649, hep-th/9711100.

[71] T. Kugo and B. Zwiebach, “Target space duality as a symmetry of string field theory,” Prog. Theor. Phys. 87 (1992) 801, hep-th/9201040.

[72] K. Lefèvre-Hasgawa, “Sur les A_∞-catégories,” math.CT/0310337.

[73] C. I. Lazaroiu, “String field theory and brane superpotentials,” JHEP 0110 (2001) 018, hep-th/0107162.

[74] C. I. Lazaroiu and R. Roiban, “Holomorphic potentials for graded D-branes,” JHEP 0202 (2002) 038, hep-th/0110288. “Gauge-fixing, semiclassical approximation and potentials for graded Chern-Simons theories,” JHEP 0203 (2002) 022, hep-th/0112029.

[75] T. Lada and M. Markl, “Strongly homotopy Lie algebras,” Comm. Algebra 23 (1995), no.

6, 2147–2161.

[76] T. Lada and J. Stasheff, “Introduction to sh Lie algebras for physicists,” Internat. J. Theoret. Phys. 32 (1993) 1087-1103.

[77] A. LeClair, M. E. Peskin and C. R. Preitschopf, “String Field Theory On The Conformal Plane. 1. Kinematical Principles,” Nucl. Phys. B 317 (1989) 411. “String Field Theory On The Conformal Plane. 2. Generalized Gluing,” Nucl. Phys. B 317 (1989) 464.

[78] M. Markl, “Loop homotopy algebras in closed string field theory,” Commun. Math. Phys.

221 (2001) 367, hep-th/9711045.

[79] M. Markl, “Homotopy algebras are homotopy algebras,” Forum Math. 16 (2004) 129, math.AT/9907138.

[80] M. Markl, S. Shnider, J. Stasheff, Operads in algebra, topology and physics, Mathematical Surveys and Monographs, 96. American Mathematical Society, Providence, RI, 2002. x+349 pp. [81] J. P. May, The Geometry of Iterated Loop Spaces, Lecture Notes in Mathematics 271, Springer, 1972.

[82] S. A. Merkulov, “Strong homotopy algebras of a Kähler manifold,” Internat. Math. Res.

Notices 1999, no. 3, 153–164, math.AG/9809172.

[83] N. Moeller and W. Taylor, “Level truncation and the tachyon in open bosonic string field theory,” Nucl. Phys. B 583 (2000) 105, hep-th/0002237.

[84] S. Mukherji and A. Sen, “Some all order classical solutions in nonpolynomial closed string field theory,” Nucl. Phys. B 363 (1991) 639.

[85] T. Nakatsu, “Classical open-string field theory: A(infinity)-algebra, renormalization group and boundary states,” Nucl. Phys. B 642 (2002) 13, hep-th/0105272.

[86] K. Ohmori, “A review on tachyon condensation in open string field theories,” hepth/0102085.

[87] J. Park, “Topological open p-branes,” Symplectic geometry and mirror symmetry (Seoul, 2000), 311–384, World Sci. Publishing, River Edge, NJ, 2001, hep-th/0012141.

[88] J. Polchinski, “Renormalization And Effective Lagrangians,” Nucl. Phys. B 231 (1984) 269.

[89] D. Quillen, “Rational homotopy theory,” Ann. of Math. (2) 90 (1969) 205–295.

[90] K. Ranganathan, H. Sonoda and B. Zwiebach, “Connections on the state space over conformal field theories,” Nucl. Phys. B 414 (1994) 405, hep-th/9304053.

[91] M. Schlessinger and J. Stasheff, “Deformaion theory and rational homotopy type,” U.

of North Carolina preprint, 1979; short version: “The Lie algebra structure of tangent cohomology and deformation theory,” J. Pure Appl. Alg. 38 (1985), 313–322.

[92] A. Schwarz, “Geometry of Batalin-Vilkovisky quantization,” Commun. Math. Phys. 155 (1993) 249, hep-th/9205088.

[93] A. S. Schwarz and A. Sen, “Gluing Theorem, Star Product And Integration In Open String Field Theory In Arbitrary Background Fields,” Int. J. Mod. Phys. A 6 (1991) 5387.

[94] A. Sen, “Equations Of Motion In Nonpolynomial Closed String Field Theory And Conformal Invariance Of Two-Dimensional Field Theories,” Phys. Lett. B 241 (1990) 350.

[95] A. Sen, “Open String Field Theory In Nontrivial Background Field: Gauge Invariant Action,” Nucl. Phys. B 334 (1990) 350. “Open String Field Theory In Arbitrary Background Field. 2. Feynman Rules And Four Point Amplitudes,” Nucl. Phys. B 334 (1990) 395.

“Open String Field Theory In Nontrivial Background Field. 3. N Point Amplitude,” Nucl. Phys. B 335 (1990) 435.

[96] A. Sen, “On The Background Independence Of String Field Theory,” Nucl. Phys. B 345 (1990) 551.

[97] A. Sen, “On The Background Independence Of String Field Theory. 2. Analysis Of On-Shell S Matrix Elements,” Nucl. Phys. B 347 (1990) 270.

[98] A. Sen, “On the background independence of string field theory. 3. Explicit Field redefinitions,” Nucl. Phys. B 391 (1993) 550, hep-th/9201041.

[99] A. Sen, “Tachyon condensation on the brane antibrane system,” JHEP 9808 (1998) 012, hep-th/9805170. “Non-BPS states and branes in string theory,” hep-th/9904207.

[100] A. Sen and B. Zwiebach, “A Proof of local background independence of classical closed string field theory,” Nucl. Phys. B 414 (1994) 649, hep-th/9307088.

[101] A. Sen and B. Zwiebach, “Quantum background independence of closed string field theory,” Nucl. Phys. B 423 (1994) 580, hep-th/9311009.

[102] A. Sen and B. Zwiebach, “Background independent algebraic structures in closed string field theory,” Commun. Math. Phys. 177 (1996) 305, hep-th/9408053.

[103] A. Sen and B. Zwiebach, “Tachyon condensation in string field theory,” JHEP 0003 (2000) 002, hep-th/9912249.

[104] V. A. Smirnov, Simplicial and operad methods in algebraic topology, (in English), Translated from the Russian manuscript by G. L. Rybnikov. Translations of Mathematical Monographs, 198. American Mathematical Society, Providence, RI, 2001. pp235.

[105] H. Sonoda and B. Zwiebach, “Closed String Field Theory Loops With Symmetric Factorizable Quadratic Differentials,” Nucl. Phys. B 331 (1990) 592.

[106] J. D. Stasheff, “On the homotopy associativity of H-spaces, I.,” Trans. Amer. Math. Soc.

108 (1963) 275.

[107] J. D. Stasheff, “On the homotopy associativity of H-spaces, II.,” Trans. Amer. Math. Soc.

108 (1963) 293.

[108] J. Stasheff, H-spaces from a homotopy point of view, Lecture Notes in Mathematics, Vol.

161 Springer-Verlag, Berlin-New York 1970 v+95 pp.

[109] J. Stasheff, “Closed string field theory, strong homotopy Lie algebras and the operad actions of moduli spaces,” Perspectives in mathematical physics, 265–288, Conf. Proc. Lecture Notes Math. Phys., III, Int. Press, Cambridge, MA, 1994, hep-th/9304061.

[110] J. Stasheff, “From operads to ”physically” inspired theories,” Operads: Proceedings of Renaissance Conferences (Hartford, CT/Luminy, 1995), 53–81, Contemp. Math., 202, Amer. Math. Soc., Providence, RI, 1997.

[111] J. Stasheff, “The pre-history of operads,” Proceedings of Renaissance Conferences (Hartford, CT/Luminy, 1995), 9–14, Contemp. Math., 202, Amer. Math. Soc., Providence, RI, 1997.

[112] J. Stasheff, “Deformation theory and the Batalin-Vilkovisky master equation.” Deformation theory and symplectic geometry (Ascona, 1996), 271–284, Math. Phys. Stud., 20, Kluwer Acad. Publ., Dordrecht, 1997.

[113] J. Stasheff, “The (secret?) homological algebra of the Batalin-Vilkovisky approach,” Secondary calculus and cohomological physics(Moscow, 1997), 195–210, Contemp. Math., 219, Amer. Math. Soc., Providence, RI, 1998.

[114] M. Sugawara, “A condition that a space is group-like,” Math. J. Okayama Univ. 7 (1957) 123–149.

[115] D. Sullivan, “Infinitesimal computations in topology,” Inst. Hautes Études Sci. Publ.

Math. No. 47 (1977), 269–331 (1978). “Differential forms and the topology of manifolds,” Manifolds—Tokyo 1973 (Proc. Internat. Conf., Tokyo, 1973), pp. 37–49. Univ. Tokyo Press, Tokyo, 1975.

[116] C. B. Thorn, “Perturbation Theory For Quantized String Fields,” Nucl. Phys. B 287 (1987) 61.

[117] C. B. Thorn, “String Field Theory,” Phys. Rept. 175 (1989) 1.

[118] A. Tomasiello, “A-infinity structure and superpotentials,” JHEP 0109 (2001) 030, hepth/0107195.

[119] T. Tradler, “Infinity-Inner-Products on A-Infinity-Algebras,” math.AT/0108027; “The BV Algebra on Hochschild Cohomology Induced by Infinity Inner Products,” math.QA/0210150.

[120] C. Vafa, “Operator Formulation On Riemann Surfaces,” Phys. Lett. B 190 (1987) 47.

[121] E. Verlinde, “The Master equation of 2-D string theory,” Nucl. Phys. B 381 (1992) 141, hep-th/9202021.

[122] A. Voronov, “The Swiss-cheese operad,” Homotopy invariant algebraic structures (Baltimore, MD, 1998), 365–373, Contemp. Math., 239, Amer. Math. Soc., Providence, RI, 1999.

[123] A. Weinstein, “Symplectic manifolds and their Lagrangian submanifolds,” Advances in Math. 6 (1971) 329–346.

[124] E. Witten, “Noncommutative Geometry And String Field Theory,” Nucl. Phys. B 268 (1986) 253.

[125] E. Witten, “Chern-Simons gauge theory as a string theory,” Prog. Math. 133 (1995) 637, hep-th/9207094.

[126] E. Witten, “On background independent open string field theory,” Phys. Rev. D 46 (1992) 5467, hep-th/9208027.

[127] E. Witten and B. Zwiebach, “Algebraic structures and differential geometry in 2−D string theory,” Nucl. Phys. B 377 (1992) 55, hep-th/9201056.

[128] B. Zwiebach, “Closed string field theory: Quantum action and the B-V master equation,” Nucl. Phys. B 390 (1993) 33, hep-th/9206084.

[129] B. Zwiebach, “Oriented open-closed string theory revisited,” Annals Phys. 267 (1998) 193, hep-th/9705241.