arXiv:math.QA/0307038 v1 2 Jul 2003

SUPERCONFORMAL CHANGE OF VARIABLES FOR N = 1 NEVEU-SCHWARZ VERTEX OPERATOR SUPERALGEBRAS

KATRINA BARRON

Abstract. Superconformal change of variables formulas for N = 1 Neveu- Schwarz vertex operator superalgebras are presented for general invertible superconformal changes of variables. Using the underlying worldsheet supergeometry of propagating superstrings, geometric proofs of the change of variables formulas are given for the case of convergent superconformal changes of variables. More general formal algebraic proofs of the change of variables formulas in the case of formal superconformal changes of variables are then given. Finally, isomorphic families of N = 1 NS-VOSAs are derived from the superconformal change of variables formulas.

1. Introduction

In this paper, we prove superconformal change of variables formulas for an N = 1 Neveu-Schwarz vertex operator superalgebras (N = 1 NS -VOSAs) and for general invertible superconformal changes of variables. Using the correspondence between the worldsheet supergeometry of propagating superstrings in N = 1 superconformal field theory and the algebraic structure of N = 1 NS-VOSA developed in [B2], [B4] and [B5], we give geometric proofs of the change of variables formulas for the case of convergent superconformal changes of variables. More general formal algebraic proofs of the change of variables formulas in the case of formal superconformal changes of variables are then given. In addition, we introduce isomorphic families of N = 1 NS-VOSAs using the superconformal change of variables formulas.

This paper is organized as follows. In Section 2, we give preliminary definitions including the notions of N = 1 Neveu-Schwarz Lie superalgebra and superconformal superfunction. We recall the characterization of invertible superconformal functions vanishing at zero given in [B2] and [B4] as exponentials of superderivations which give a representation of the N = 1 Neveu-Schwarz algebra. This characterization is crucial for the development of the change of variables formulas. In Section 2.3, we introduce two series of supernumbers, Θ^{(1)}_j and Θ^{(2)}_j , for j ∈^1_2 N, which are determined by local coordinates vanishing at zero and infinity, respectively, and which will appear in the change of variables formulas.

In Section 3, we recall the notion of N = 1 Neveu-Schwarz vertex operator superalgebra over a Grassmann algebra (N = 1 NS-VOSA) given in [B2] and [B3] and recall some of the consequences of this notion which we will need later.

In Section 4, we present the change of variables formulas for two different types of changes of variables. First, in Section 4.1, we consider a change of variables by a

Date: July 2, 2003.

1991 Mathematics Subject Classification. Primary 17B68, 17B69, 17B81, 81R10, 81T40. Key words and phrases. Vertex operator superalgebras, superconformal field theory. The author was supported by an NSF Mathematical Sciences Postdoctoral Research Fellowship. 1

formal invertible superconformal function vanishing at zero. Second, in Section 4.2, we consider the change of variables associated to a formal invertible superconformal function vanishing at infinity. In both cases, we only state the results; we leave the proofs for Sections 5 and 6. In addition, in Remark 4.3 we indicate how to obtain the change of variables formula for an invertible superconformal change of variables vanishing at a non-zero point from the change of variables for an invertible superconformal function vanishing at zero.

In Section 5 we give geometric proofs of the change of variables formulas in the case of convergent superconformal changes of variables vanishing at zero and infinity. These geometric proofs rely on the worldsheet supergeometry of propagating superstrings in N = 1 superconformal field theory as developed in [B4], the notion of N = 1 supergeometric vertex operator superalgebra (N = 1 SG-VOSA) as introduced in [B5], and the isomorphism between the category of N = 1 SG-VOSAs and the category of N = 1 NS-VOSAs as proved in [B5]. In addition to giving alternate proofs to the formal algebraic proofs we will present in Section 6, this section gives the motivation behind the change of variables formulas.

Sections 5.1-5.3 recall the basic structures and results involved in the correspondence between the algebraic and geometric aspects of N = 1 NS-VOSAs. In Section 5.1, we recall from [B4] the moduli space of superspheres with tubes and the sewing operation and provide two important examples, Examples 5.1 and 5.2, of pairs of superspheres with tubes and the sewing operation. These examples are used in Sections 5.4 and 5.5, respectively, to prove the change of variables formulas. In Section 5.2, we recall the notion of N = 1 SG-VOSA from [B5]. In Section 5.3, we recall from [B5] how to construct an N = 1 NS-VOSA from an N = 1 SG-VOSA, and how to construct an N = 1 SG-VOSA from an N = 1 NS-VOSA, and then we recall the Isomorphism Theorem from [B5] which states that the two notions are equivalent because their respective categories are isomorphic. Finally in Sections 5.4 and 5.5, we use Examples 5.1 and 5.2 and the Isomorphism Theorem to prove the change of variables formulas for superconformal changes of variables convergent in a neighborhood of zero and infinity, respectively.

In Section 6, we give proofs of the change of variables formulas for formal algebraic, not necessarily convergent, changes of variables via a formal algebraic argument first employed in [B5] to prove the Isomorphism Theorem. However, in the proof of the Isomorphism Theorem we assumed that all local changes of variables were convergent in some neighborhood. In this section, and in the change of variables formulas presented in Section 4, we do not assume the convergence of the changes of variables and consequently cannot use the Isomorphism Theorem arising from the correspondence between the geometry and algebra as we do in Section 5. However, enough of the algebraic formalism used in the proof of the Isomorphism Theorem in [B5] carries over to the more general setting of formal not necessarily convergent changes of variables, and in Section 6 we retrace that part of the construction used in [B5] in this more general setting to obtain formal algebraic proofs of the change of variables formulas.

In Section 7, we use the results of the change of variables formulas presented in Section 4 to obtain families of isomorphic N = 1 NS-VOSAs. Finally, in Section 8, we combine the results of Sections 4 and 7 to give the change of variables formulas and family of isomorphic N = 1 NS-VOSAs for an invertible superconformal change of variables defined on a superannulus.

These results are super-extensions of the change of variables formulas developed by Huang in [H2]. However, there are some typos in [H2] for defining the isomorphic families of VOAs associated to the change of variable formulas in a neighborhood of infinity and in an annulus. We point out those mistakes in Remarks 7.3 and 8.3.

2. Preliminaries

2.1. Grassmann algebras and the N = 1 Neveu-Schwarz algebra. Let Z_2 denote the integers modulo two. For a Z_2-graded vector space V = V^0 ⊕ V^1, define the sign function η on the homogeneous subspaces of V by η(v) = i for v ∈ V^i, i = 0, 1. If η(v) = 0, we say that v is even, and if η(v) = 1, we say that v is odd. A superalgebra is an (associative) algebra A (with identity 1 ∈ A), such that: (i) A is a Z_2-graded algebra; (ii) ab = (−1)^{η(a)η(b)}ba for a, b homogeneous in A.

The exterior algebra over a vector space W , denoted ⋀ (W ), has the structure of a superalgebra. Fix W_L to be an L-dimensional vector space over C for L ∈ N with fixed basis {ζ_1, ..., ζ_L} such that W_L ⊂ W_{L+1}. We denote ⋀ (W_L) by ⋀ L and call this the Grassmann algebra on L generators. Note that ⋀ L ⊂ ⋀ L+1, and taking the direct limit as L → ∞, we have the infinite Grassmann algebra denoted by ⋀ ∞. We use the notation ⋀ ∗ to denote a Grassmann algebra, finite or infinite.

The Z_2-grading of ⋀ ∗ is given explicitly by ⋀_0 ∗ = { a ∈ ⋀ ∗ | | a = ∑ (i)∈I_∗ a_{(i)}ζ_{i1} ζ_{i2} · · · ζ_{i2n} , a_{(i)} ∈ C , n ∈ N }

⋀_1 ∗ = { a ∈ ⋀ ∗ | | a = ∑ (j)∈J_∗ a_{(j)}ζ_{j1} ζ_{j2} · · · ζ_{j2n+1} , a_{(j)} ∈ C , n ∈ N } , where

I_∗ = { (i) = (i_1, i_2, . . . , i_{2n}) | i_1 < i_2 < · · · < i_{2n}, i_l ∈ {1, 2, ..., ∗}, n ∈ N } , J_∗ = { (j) = (j_1, j_2, . . . , j_{2n+1}) | j_1 < j_2 < · · · < j_{2n+1}, j_l ∈ {1, 2, ..., ∗}, n ∈ N } , with {1, 2, ..., ∗} denoting {1, 2, ..., L} if ⋀ ∗ is the finite-dimensional Grassmann algebra ⋀ L and denoting the positive integers Z_+ if ⋀ ∗ = ⋀ ∞. We can also decompose ⋀ ∗ into body, ( ⋀ ∗)_B = {a_{(∅)} ∈ C }, and soul ( ⋀ ∗)_S = { a ∈ ⋀ ∗ | | a = ∑ (k) ∈ I_∗ ∪ J_∗ k ≠ (∅) a_{(k)}ζ_{k1} ζ_{k2} · · · ζ_{kn} , a_{(k)} ∈ C }

subspaces such that ⋀ ∗ = ( ⋀ ∗)_B ⊕ ( ⋀ ∗)_S . For a ∈ ⋀ ∗, we write a = a_B + a_S for its body and soul decomposition.

A Z_2-graded vector space g is said to be a Lie superalgebra if it has a bilinear operation [·, ·] such that for u, v homogeneous in g: (i) [u, v] ∈ g^{(η(u)+η(v))mod 2}; (ii) skew-symmetry holds [u, v] = −(−1)^{η(u)η(v)}[v, u]; (iii) the Jacobi identity holds (−1)^{η(u)η(w)}[[u, v], w] + (−1)^{η(v)η(u)}[[v, w], u] + (−1)^{η(w)η(v)}[[w, u], v] = 0.

For any Z_2-graded associative algebra A and for u, v ∈ A of homogeneous sign, we can define [u, v] = uv − (−1)^{η(u)η(v)}vu, making A into a Lie superalgebra. The algebra of endomorphisms of A, denoted End A, has a natural Z_2-grading induced from that of A, and defining [X, Y ] = XY −(−1)^{η(X)η(Y )}Y X for X, Y homogeneous in End A, this gives End A a Lie superalgebra structure. An element D ∈ (End A)^i, for i ∈ Z_2, is called a superderivation of sign i (denoted η(D) = i) if D satisfies the super-Leibniz rule D(uv) = (Du)v + (−1)^{η(D)η(u)}uDv for u, v ∈ A homogeneous.

The Virasoro algebra is the Lie algebra with basis consisting of the central element d (called the central charge) and L_n, for n ∈ Z, satisfying commutation relations

(2.1) [L_m, L_n] = (m − n)L_{m+n} + 1 12 (m^3 − m)δ_{m+n,0} d, for m, n ∈ Z. The N = 1 Neveu-Schwarz Lie superalgebra is a super-extension of the Virasoro algebra by the odd elements G_{n+1/2}, for n ∈ Z, with supercommutation relations [ G_{m+} 1_2 , L_n ] = ( m − n − 1 2 ) G_{m+n+} 1_2

(2.2) [ G_{m+} 1_2 , G_{n−} 1_2 ] = 2L_{m+n} + 1 3 (m^2 + m)δ_{m+n,0} d

(2.3)

in addition to (2.1). We denote the N = 1 Neveu-Schwarz algebra by ns.

Let V = ∐ k∈(1/2)ZV(k) be a module for ns, and let L(n), G(n − 1/2) ∈ End V

and c ∈ C be the representation images of L_n, G_{n−1/2} and d, respectively, such that L(0)v = kv for v ∈ V_{(k)}. If in addition, V_{(k)} = 0 for k sufficiently small, we call V a positive energy representation of ns.

2.2. Superanalytic and superconformal superfunctions. Let U be a subset of ⋀ ∗, and write U = U^0 ⊕ U^1 for the decomposition of U into even and odd subspaces. Let z be an even variable in U^0 and θ an odd variable in U^1. We call H : U −→ ⋀ ∗, mapping (z, θ) → H(z, θ), a ⋀ ∗-superfunction on U in (1,1)- variables or just a superfunction.

Let z_B be a complex variable and h(z_B ) a complex analytic function in some open set U_B ⊂ C . For z a variable in

⋀_0

∗, we define h(z) to be the Taylor expansion about the body of z = z_B + z_S . Then h(z) is well defined (i.e., convergent) in the open neighborhood {z = z_B + z_S ∈

⋀_0

∗ | z_B ∈ U_B } = U_B × (

⋀_0 ∗)_S ⊆ ⋀_0 ∗. Since h(z) is algebraic in each z_{(i)}, for (i) ∈ I_∗, it follows that h(z) is complex analytic in each of the complex variables z_{(i)}.

For n ∈ N, we introduce the notation ⋀ ∗>n to denote a finite Grassmann algebra ⋀ L with L > n or an infinite Grassmann algebra. We will use the corresponding index notations for the corresponding indexing sets I_{∗>n} and J_{∗>n}. A superanalytic ⋀ ∗>0-superfunction in (1,1)-variables H is a superfunction in of the form H(z, θ) = (f(z) + θξ(z), ψ(z) + θg(z)) = ( ∑ (i)∈I_{∗−1} f_{(i)}(z)ζ_{i1} ζ_{i2} · · · ζ_{in} + θ ∑ (j)∈J_{∗−1} ξ_{(j)}(z)ζ_{j1} ζ_{j2} · · · ζ_{j2n+1} , ∑ (j)∈J_{∗−1} ψ_{(j)}(z)ζ_{j1} ζ_{j2} · · · ζ_{j2n+1} + θ ∑ (i)∈I_{∗−1} g_{(i)}(z)ζ_{i1} ζ_{i2} · · · ζ_{in} )

where f_{(i)}(z_B ), g_{(i)}(z_B ), ξ_{(j)}(z_B ), and ψ_{(j)}(z_B ) are all complex analytic in some non-empty open subset U_B ⊆ C . If each f_{(i)}(z_B ), g_{(i)}(z_B ), ξ_{(j)}(z_B ), and ψ_{(j)}(z_B ) is complex analytic in U_B ⊆ C , then H(z, θ) is well defined (i.e., convergent) for {(z, θ) ∈ ⋀ ∗>0 | z_B ∈ U_B } = U_B × ( ⋀ ∗>0)_S . Consider the topology on ⋀ ∗ given by the product of the usual topology on ( ⋀ ∗)_B = C and the trivial topology on ( ⋀ ∗)_S . This topology on ⋀ ∗ is called the DeWitt topology. The natural domain of any superanalytic ⋀ ∗>0-superfunction is an open set in the DeWitt topology on ⋀ ∗>0.

Since 1/a = ∑ n∈N(−1)^na^n_S /a^{n+1}_B is well defined if and only if a_B ≠ 0, the set of invertible elements in ⋀ ∗, denoted ⋀_× ∗ , is given by ⋀_× ∗ = {a ∈ ⋀ ∗ | a_B ≠ 0}. We define the (left) partial derivatives ∂/∂z and ∂/∂θ acting on superfunctions which are superanalytic in some DeWitt open neighborhood U of (z, θ) ∈ ⋀ ∗>0 by Δz ( ∂ ∂z H(z, θ) ) + O((Δz)^2) = H(z + Δz, θ) − H(z, θ) Δθ ( ∂ ∂θ H(z, θ) ) = H(z, θ + Δθ) − H(z, θ) for all Δz ∈

⋀_0 ∗>0 and Δθ ∈ ⋀_1

∗>0 such that z + Δz ∈ U^0 = U_B × (

⋀_0 ∗>0)_S and θ + Δθ ∈ U^1 =

⋀_1 ∗>0. Note that ∂/∂z and ∂/∂θ are endomorphisms of the superalgebra of superanalytic superfunctions, and in fact, are even and odd superderivations, respectively.

If h(z_B ) is complex analytic in an open neighborhood of the complex plane, then h(z_B ) has a Laurent series expansion in z_B , given by h(z_B ) = ∑ l∈Zc_lz^l_B , for c_l ∈ C , and we have h(z) = ∑ n∈N(z^n_S /n!)h^{(n)}(z_B ) = ∑ l∈Zc_l(z_B + z_S )^l = ∑ l∈Zc_lz^l where (z_B + z_S )^l, for l ∈ Z, is always understood to mean expansion in positive powers of the second variable, in this case z_S . Thus if H is a ⋀ ∗>0-superfunction in (1, 1)-variables which is superanalytic in a (DeWitt) open neighborhood, H can be expanded as

(2.4) H(z, θ) = (∑ l∈Z a_lz^l + θ ∑ l∈Z n_lz^l, ∑ l∈Z m_lz^l + θ ∑ l∈Z b_lz^l )

for a_l, b_l ∈

⋀_0

∗−1 and m_l , n_l ∈

⋀_1 ∗−1. Define D to be the odd superderivation D = ∂/∂θ + θ∂/∂z acting on superanalytic superfunctions. Then D^2 = ∂/∂z, and if H(z, θ) = (z̃, θ̃) is superanalytic in some DeWitt open subset, then D transforms under H(z, θ) by D = (Dθ̃)D̃ + (Dz̃ − θ̃Dθ̃)D̃^2. We define a superconformal (1, 1)-superfunction on a DeWitt open subset U of ⋀ ∗>0 to be a superanalytic superfunction H under which D transforms homogeneously of degree one. Thus a superanalytic function H(z, θ) = (z̃, θ̃) is superconformal if and only if, in addition to being superanalytic, H satisfies Dz̃ − θ̃Dθ̃ = 0, for Dθ̃ not identically zero, thus transforming D by D = (Dθ̃)D̃. Let R be a superalgebra, let x be an even formal variable, and let φ be an odd formal variable. By this we mean that x commutes with all formal variables and all superalgebra elements and φ anticommutes with all odd formal variables and all odd superalgebra elements but commutes with even elements. We use the following notational conventions for V a vector space:

V [x] = {∑ j∈N v_j x^j | v_j ∈ V, all but finitely many v_j = 0 }

V [x, x^{−1}] = {∑ j∈Z v_j x^j | v_j ∈ V, all but finitely many v_j = 0 }

V [[x]] = {∑ j∈N v_j x^j | v_j ∈ V, }

V [[x, x^{−1}]] = {∑ j∈Z v_j x^j | v_j ∈ V, }

V ((x)) = {∑ j∈Z v_j x^j | v_j ∈ V, v_j = 0 for j sufficiently small }

V [φ] = V ⊕ φV. We will use analogous notation for several variables. Note that R((x))[φ] and R((x^{−1}))[φ] are superalgebras.

For j ∈ Z, define the following even and odd superderivations, respectively, L_j(x, φ) = − ( x^{j+1} ∂ ∂x + ( j + 1 2 )φx^j ∂ ∂φ ) (2.5)

G_{j−} 1_2 (x, φ) = −x^j ( ∂ ∂φ − φ ∂ ∂x ) (2.6)

in Der(R[[x, x^{−1}]]))[φ]). It is easy to check that L_j (x, φ) and G_{j−1/2}(x, φ) give a representation of the N = 1 Neveu-Schwarz superalgebra with central charge zero.

For any formal power series H ∈ R[[x, x^{−1}]][φ], we say that H(x, φ) = (x̃, φ̃) is superconformal if Dx̃ = φ̃Dφ̃ for D = ∂/∂φ + φ∂/∂x.

Let (R^0)^∞ be the set of all sequences A = {A_j}_{j∈Z+} of even elements in R, let (R^1)^∞ be the set of all sequences M = {M_{j−1/2}}_{j∈Z+} of odd elements in R, and let R^∞ = (R^0)^∞ ⊕ (R^1)^∞. Let (R^0)^× denote the set of invertible elements in R^0. Consider the set of formal superconformal power series H ∈ xR[[x]] ⊕ φR[[x]] with invertible even coefficient of φ, i.e., of the form

(2.7) H(x, φ) = ( a^2_□ ( x + ∑ j∈Z_+ a_j x^{j+1} + φ ∑ j∈Z_+ n_j x^j ) ,

a_□ ( ∑ j∈Z_+ m_{j−} 1_2 x^j + φ(1 + ∑ j∈Z_+ b_jx^j) ))

with a_□ ∈ (R^0)^×, (a, m) = {(a_j, m_{j−} 1_2 )}_{j∈Z+} ∈ R^∞ and satisfying Dx̃ = φ̃Dφ̃. If R = ⋀ ∗ and (x, φ) = (z, θ) then these are the invertible superconformal local coordinates vanishing at zero. Note that if H is given by (2.7), then the condition that H be superconformal means that n_j and b_j , for j ∈ Z_+, are completely determined by a_□, the a_j ’s and the m_{j−} 1_2 ’s, for j ∈ Z_+. In [B2] and [B4], we show that there is a bijection between the set of formal superconformal power series H ∈ xR[[x]] ⊕ φR[[x]] with invertible even coefficient of φ and the set of formal power series of the form

(2.8) exp ( − ∑ j∈Z_+ ( A_jL_j (x, φ) + M_{j−} 1_2 G_{j−} 1_2 (x, φ) ) ) · (a^2_□x, a_□φ)

with a_□ ∈ (R^0)^×, and (A, M ) = {(A_j , M_{j−} 1_2 )}_{j∈Z+} ∈ R^∞. As is shown in [B4], this defines a bijection E : R^∞ −→ R^∞ (2.9) (A, M ) → (a, m). which allows us to define a map Ẽ from R^∞ to the set of all formal superconformal power series in xR[[x]] ⊕ φR[[x]] with leading even coefficient of φ equal to one, by defining φẼ^0(A, M )(x, φ) = φ ( x + ∑ j∈Z_+ E_j(A, M )x^{j+1} ) , (2.10) φẼ^1(A, M )(x, φ) = φ ∑ j∈Z_+ E_{j−} 1_2 (A, M )x^j,

(2.11)

and letting Ẽ(A, M )(x, φ) be the unique formal superconformal power series with even coefficient of φ equal to one such that the even and odd components of Ẽ satisfy (2.10) and (2.11), respectively. Similarly, we define a map Ê from (R^0)^× × R^∞ to the set of all formal superconformal power series in xR[[x]] ⊕ φR[[x]] with invertible leading even coefficient of φ, by defining Ê(a_□ , A, M )(x, φ) = (Ê^0(a_□ , A, M )(x, φ), Ê^1(a_□, A, M )(x, φ)) (2.12) = (a^2_□Ẽ^0(A, M )(x, φ), a_□Ẽ^1(A, M )(x, φ).

Thus we have the following proposition which is proved in [B4].

Proposition 2.1. ([B4]) The map Ê from (R^0)^× × R^∞ to the set of all formal superconformal power series H(x, φ) ∈ xR[[x]] ⊕ φR[[x]] of the form

(2.13) φH(x, φ) = φ ( a^2_□ ( x + ∑ j∈Z_+ a_j x^{j+1} ) , a_□ ∑ j∈Z_+ m_{j−} 1_2 x^j )

and with even coefficient of φ equal to a_□ for (a_□, a, m) ∈ (R^0)^××R^∞, is a bijection.

The map Ẽ from R^∞ to the set of formal superconformal power series of the form (2.13) with a_□ = 1 and even coefficient of φ equal to one is also a bijection.

In particular, we have inverses Ẽ^{−1} and Ê^{−1}.

Note: In [B4], the space xR[[x]] ⊕ φR[[x]] was erroneously denoted xR[[x]][φ].

Remark 2.2. Let I(x, φ) = (1/x, iφ/x). Then I is superconformal and vanishing at (x, φ) = (∞, 0) = ∞. Note that the composition of two superconformal functions is again superconformal. Thus if H ∈ x^{−1}R[[x^{−1}]][φ] is superconformal, vanishing at infinity and with even coefficient of φx^{−1} equal to i, then H ∘ I^{−1} is superconformal, vanishing at zero and with even coefficient of φ equal to one. Then by Proposition 2.1, H ∘ I^{−1}(x, φ) = Ẽ(A, M )(x, φ), and therefore H(x, φ) = Ẽ(A, M ) ∘ I(x, φ) = exp ( − ∑ j∈Z_+ ( A_j L_j(x, φ) + M_{j−} 1_2 G_{j−} 1_2 (x, φ) ) ) · (x, φ) | | |_{(x,φ)=I(x,φ)}

= exp ( ∑ j∈Z_+ ( A_jL_{−j} (x, φ) + iM_{j−} 1_2 G_{−j+} 1_2 (x, φ) ) ) · (x, φ).

2.3. The {Θ^{(1)}_j , Θ^{(1)}_{j−1/2})}_{j∈Z}and {Θ^{(2)}_j , Θ^{(2)}_{j−1/2})}_{j∈Z}series. In this section we recall two series first introduced in [B4] which will play a central role in the change of variables formulas. Though rather technical as introduced here, a geometric motivation for these series will be given in Section 5.

Let α^{1/2}_0 and A_j , for j ∈ Z_+, be even formal variables and let M_{j−} 1_2 , for j ∈ Z_+, be odd formal variables. Let

H^{(1)}_{α1/20 ,A,M}(x, φ) = exp ( − ∑ j∈Z_+ ( A_jL_j (x, φ) + M_{j−} 1_2 G_{j−} 1_2 (x, φ) )) · ·(α^{1/2}_0 )^{−2L0(x,φ)} · (x, φ) = Ê(α^{1/2}_0 , A, M)(x, φ). Let (x̃, φ̃) = (H^{(1)}_{α1/20 ,A,M})^{−1}(x, φ) ∈ (α^{−1}_0 x, α^{− 12}_0 φ) + xC [x, φ][α^{− 12}_0 ][[A]][M].

Let w be another even formal variable and ρ another odd formal variable and define the superconformal shift s_{(x,φ)}(w, ρ) = (w − x − ρφ, ρ − φ). (2.14)

Then s_{(x,φ)} ∘ H^{(1)}_{α1/20 ,A,M} ∘ s^{−1}_{(x̃,φ̃)}(α^{−1}_0 w, α^{−1/2}_0 ρ) is in

wC [x, φ][α^{12}_0 , α^{− 12}_0 ][[A]][M][[w]] ⊕ ρC [x, φ][α^{12}_0 , α^{− 12}_0 ][[A]][M][[w]], is superconformal in (w, ρ), and the even coefficient of the monomial ρ is an element in (1 + xC [x][α^{1/2}_0 , α^{−1/2}_0 ][[A]][M] ⊕ φC [x][α^{1/2}_0 , α^{−1/2}_0 ][[A]][M]).

Let Θ^{(1)}_j = Θ^{(1)}_j (α^{1/2}_0 , A, M, (x, φ)) ∈ C [x, φ][α^{1/2}_0 , α^{−1/2}_0 ][[A]][M], for j ∈^1_2 N, be defined by

(2.15) ( exp(Θ^{(1)}_0 (α^{12}_0 , A, M, (x, φ)), { Θ^{(1)}_j (α^{12}_0 , A, M, (x, φ)),

Θ^{(1)}_{j− 12} (α^{12}_0 , A, M, (x, φ)) } j∈Z_+ )

= Ê^{−1}(s_{(x,φ)} ∘ H^{(1)}_{α1/20 ,A,M} ∘ s^{−1}_{(x̃,φ̃)}(α^{−1}_0 w, α^{− 12}_0 ρ)).

In other words, the Θ^{(1)}_j ’s are determined uniquely by

s_{(x,φ)} ∘ H^{(1)}_{α1/20 ,A,M} ∘ s^{−1}_{(x̃,φ̃)}(α^{−1}_0 w, α^{− 12}_0 ρ)

= exp ( ∑ j∈Z_+ ( Θ^{(1)}_j ( w^{j+1} ∂ ∂w + ( j + 1 2 )ρw^j ∂ ∂ρ ) + Θ^{(1)}_{j− 12} w^j ( ∂ ∂ρ − ρ ∂ ∂w ))) ·

exp ( Θ^{(1)}_0 ( 2w ∂ ∂w + ρ ∂ ∂ρ )) · (w, ρ). This formal power series in (w, ρ) gives the formal local superconformal coordinate at a puncture of the canonical supersphere obtained from the sewing together of two particular canonical superspheres with punctures as we shall in Example 5.1 in Section 5.1.

The following proposition states results contained in Corollary 3.44 and Proposition 3.45 in [B4]. Corollary 3.44 and Proposition 3.45 are in turn based on Proposition 3.30 of [B4]. However, there is a typo on line six on p.72 in [B4] of the proof of Proposition 3.30 and hence in the statement of Proposition 3.30 and in the statements of Corollary 3.44 and Proposition 3.45 which are based on Proposition 3.30. Line six on p.72 of the proof of Proposition 3.30 in [B4] should read exp ( −(α_0x̃ − x − α^{12}_0 φ̃φ) ∂ ∂w − (α^{12} φ̃ − φ) ( ∂ ∂ρ − ρ ∂ ∂w ))

rather than exp ( −(x̃ − α^{−1}_0 x) ∂ ∂w − (φ̃ − α^{− 12}_0 φ) ( ∂ ∂ρ − ρ ∂ ∂w )) . We will need the corrected results from Corollary 3.44 and Proposition 3.45 in [B4], and these results are given in the proposition below. It is the first line of the righthand side of equation (2.16) below that contains the corrected terms.

Proposition 2.3. ([B4]) The formal series Θ^{(1)}_j (t^{−1/2}α^{1/2}_0 , A, M, (x, φ)), for j ∈ 1 2 N, are in C [x, φ][A][M][α^{−1/2}_0 ][[t^{1/2}]]. Thus for a_□ ∈ (

⋀_0

∗)^×, and (A, M ) ∈ ⋀_∞ ∗ , the series Θ^{(1)}_j (t^{−1/2}a_□ , A, M, (x, φ)), for j ∈^1_2 N, are well defined and belong to ⋀ ∗[x, φ][[t^{1/2}]].

Let (x̃(t^{1/2}), φ̃(t^{1/2})) = (H^{(1)}_{t−1/2a□ ,A,M} )^{−1}(x, φ), and let V be a positive-energy module for ns. Then in ((End ( ⋀ ∗ ⊗_CV ))[[t^{12} ]][[x, x^{−1}]][φ])^0, the following identity holds for Θ^{(1)}_j (t^{1/2}) = Θ^{(1)}_j (t^{−1/2}a_□, A, M, (x, φ)).

(2.16) exp ( − ∞∑ m=−1 ∑ j∈Z_+ ( j + 1 m + 1 ) t^ja^{−2j}_□ x^{j−m} (( A_j + 2 ( j − m j + 1 ) t^{− 12} a_□x^{−1}φM_{j−} 1_2 ) L(m) + x^{−1} (( j − m j + 1 ) t^{− 12} a_□M_{j−} 1_2 + φ (j − m) 2 A_j ) G(m + 1 2 ) ))

= exp ( (t^{−1}a^2_□x̃(t^{12} ) − x − t^{− 12} a_□φ̃(t^{12} )φ)L(−1) + (t^{− 12} a_□φ̃(t^{12} ) − φ)G(− 1 2 ) ) · exp ( − ∑ j∈Z_+ ( Θ^{(1)}_j (t^{12} )L(j) + Θ^{(1)}_{j− 12} (t^{12} )G(j − 1 2 ) ) ) · exp ( −2Θ^{(1)}_0 (t^{12} )L(0) ) . Similarly, let B_j , for j ∈ Z_+, be even formal variables and let N_{j−} 1_2 , for j ∈ Z_+, be odd formal variables. Let

H^{(2)}(x, φ) = exp ( ∑ j∈Z_+ ( B_j L_{−j}(x, φ) + N_{j−} 1_2 G_{−j+} 1_2 (x, φ) )) · ( 1 x , iφ x )

= Ẽ(B, −iN ) ( 1 x , iφ x )

and let (x̃, φ̃) = (H^{(2)}_{B,N} )^{−1} ∘ I(x, φ) ∈ (x, φ) + C [x^{−1} , φ][[B]][N ].

Let w be another even formal variable and ρ another odd formal variable. Now write s_{(x,φ)}(w, ρ) = (−x + w − ρφ, ρ − φ). We will use the convention that we should expand (−x + w − ρφ)^j = (−x + w)^j − jρφ(−x + w)^{j−1} in positive powers of the second even variable w, for j ∈ Z. Then s_{(x,φ)} ∘ I^{−1} ∘ H^{(2)}_{B,N} ∘ s^{−1}_{(x̃,φ̃)}(w, ρ) ∈ wC [x^{−1}, φ][[B]][N ][[w]] ⊕ ρC [x^{−1}, φ][[B]][N ][[w]], is superconformal in (w, ρ), and the even coefficient of the monomial ρ is an element in (1 + x^{−1}C [x^{−1} , φ][[B]][N ]).

Let Θ^{(2)}_j = Θ^{(2)}_j (B, N , (x, φ)) ∈ C [x^{−1} , φ][[B]][N ], for j ∈^1_2 N, be defined by

(2.17) ( exp(Θ^{(2)}_0 (B, N , (x, φ)), { Θ^{(2)}_j (B, N , (x, φ)), Θ^{(2)}_{j− 12} (B, N , (x, φ)) } j∈Z_+ )

= Ê^{−1}(s_{(x,φ)} ∘ I^{−1} ∘ H^{(2)}_{B,N} ∘ s^{−1}_{(x̃,φ̃)}(w, ρ)).

In other words, the Θ^{(2)}_j ’s are determined uniquely by s_{(x,φ)} ∘ I^{−1} ∘ H^{(2)}_{B,N} ∘ s^{−1}_{(x̃,φ̃)}(w, ρ) = exp ( ∑ j∈Z_+ ( Θ^{(2)}_j ( w^{j+1} ∂ ∂w + ( j + 1 2 )ρw^j ∂ ∂ρ ) + Θ^{(2)}_{j− 12} w^j ( ∂ ∂ρ − ρ ∂ ∂w ))) ·

exp ( Θ^{(2)}_0 ( 2w ∂ ∂w + ρ ∂ ∂ρ )) · (w, ρ). This formal power series in (w, ρ) gives the formal local superconformal coordinate at a puncture of the canonical supersphere obtained from the sewing together of two particular canonical superspheres with punctures as we shall see in Example 5.2 in Section 5.1.

The following proposition states results contained in Corollary 3.47 and Proposition 3.48 in [B4]. Corollary 3.47 and Proposition 3.48 are in turn based on Proposition 3.31 of [B4]. However, there is a typo on line five of the proof of Proposition 3.31 (which appears on p.76 of [B4]) and hence in the statement of Proposition 3.31 and in the statements of Corollary 3.47 and Proposition 3.48 which are based on Proposition 3.31. Line five of the proof of Proposition 3.31 on p.76 in [B4] should read exp ( −(x̃ − x − φ̃φ) ∂ ∂w − (φ̃ − φ) ( ∂ ∂ρ − ρ ∂ ∂w )) · rather than exp ( −(x̃ − x) ∂ ∂w − (φ̃ − φ) ( ∂ ∂ρ − ρ ∂ ∂w )) · . We will need the corrected results from Corollary 3.47 and Proposition 3.48 in [B4], and these results are given in the proposition below. It is the first line of the righthand side of equation (2.18) below that contains the corrected term.

Proposition 2.4. ([B4]) The formal series Θ^{(2)}_j ({t^kB_k, t^{k−1/2}N_{k−1/2}}_{k∈Z+}, (x, φ)), for j ∈^1_2 N, are in C [x^{−1} , φ][B][N ][[t^{1/2}]]. Thus for (B, N ) ∈ ⋀_∞ ∗ , the series

Θ^{(2)}_j ({t^kB_k, t^{k− 12} N_{k−} 1_2 }_{k∈Z+}, (x, φ))

are well defined and belong to ⋀ ∗[x^{−1}, φ][[t^{1/2}]].

Let (x̃(t^{1/2}), φ̃(t^{1/2})) = (H^{(2)}_{{tjBj ,tj−1/2 Nj−1/2 }j∈Z+} )^{−1} ∘ I(x, φ), and let V be a

positive-energy module for ns. Then in ((End ( ⋀ ∗ ⊗_CV ))[[t^{1/2}]][[x, x^{−1}]][φ])^0, the following identity holds for Θ^{(2)}_j (t^{1/2}) = Θ^{(2)}_j ({t^kB_k, t^{k−1/2}N_{k−1/2}}_{k∈Z+}, (x, φ)).

(2.18) exp (_∞∑ m=−1 ∑ j∈Z_+ ( −j + 1 m + 1 ) x^{−j−m} (( t^j B_j + 2φt^{j− 12} N_{j−} 1_2 ) L(m)

+ ( t^{j− 12} N_{j−} 1_2 + φx^{−1} (−j − m) 2 t^j B_j ) G(m + 1 2 ) ))

= exp ( (x̃(t^{12} ) − x − φ̃(t^{12} )φ)L(−1) + (φ̃(t^{12} ) − φ)G(− 1 2 ) ) · exp ( − ∑ j∈Z_+ ( Θ^{(2)}_j (t^{12} )L(j) + Θ^{(2)}_{j− 12} (t^{12} )G(j − 1 2 ) ) ) · exp ( −2Θ^{(2)}_0 (t^{12} )L(0) ) .

3. N = 1 Neveu-Schwarz vertex operator superalgebras

In this section, we recall the notion of N = 1 Neveu-Schwarz vertex operator superalgebra over a Grassmann algebra and with odd formal variables (N = 1 NS- VOSA) given in [B2] and [B3] and recall some of the consequences of this notion which we will need later.

Let x, x_0, x_1 and x_2 be even formal variables, and let φ, φ_1 and φ_2 be odd formal variables. For any formal Laurent series f(x) ∈ ⋀ ∞[[x, x^{−1}]], we can define

(3.1) f(x + φ_1φ_2) = f(x) + φ_1φ_2f^′(x) ∈ ⋀ ∞[[x, x^{−1}]][φ_1][φ_2].

Recall (cf. [FLM]) the formal δ-function at x = 1 given by δ(x) = ∑ n∈Zx^n. As developed in [B3], we have the following δ-function of expressions involving three even formal variables and two odd formal variables δ ( x_1 − x_2 − φ_1φ_2 x_0 ) = ∑ n∈Z (x_1 − x_2 − φ_1φ_2)^nx^{−n}_0

= δ ( x_1 − x_2

x_0 ) − φ_1φ_2x^{−1}_0 δ^′ ( x_1 − x_2 x_0 )

where δ^′(x) = d/dx δ(x) = ∑ n∈Znx^{n−1}, and we use the conventions that a function of even and odd variables should be expanded about the even variables and any expression in two even variables (such as (x_1 − x_2)^n, for n ∈ Z) should be expanded in positive powers of the second variable, (in this case x_2).

From [B3], we have the following δ-function identity which will be used in the proofs of Lemmas 6.1 and 6.3.

(3.2) x^{−1}_1 δ ( x_2 + x_0 + φ_1φ_2

x_1 ) = x^{−1}_2 δ ( x_1 − x_0 − φ_1φ_2

x_2 ) . Definition 3.1. An N = 1 NS-VOSA over ⋀ ∗ and with odd variables is a^1_2 Zgraded (by weight) ⋀ ∞-module which is also Z_2-graded (by sign)

(3.3) V = ∐ k∈^1_2 Z

V_{(k)} = ∐ k∈^1_2 Z

V^0_{(k)} ⊕ ∐ k∈^1_2 Z

V^1_{(k)} = V^0 ⊕ V^1 such that only ⋀ ∗ ⊆ ⋀ ∞ acts nontrivially,

(3.4) dim V_{(k)} < ∞ for k ∈ 1 2 Z,

(3.5) V_{(k)} = 0 for k sufficiently small, equipped with a linear map V ⊗ V −→ V [[x, x^{−1}]][φ], or equivalently, V −→ (End V )[[x, x^{−1}]][φ] v → Y (v, (x, φ)) = ∑ n∈Z v_nx^{−n−1} + φ ∑ n∈Z v_{n−} 1_2 x^{−n−1}

where v_n ∈ (End V )^{η(v)} and v_{n−1/2} ∈ (End V )^{(η(v)+1) mod 2} for v of homogeneous sign in V , x is an even formal variable, and φ is an odd formal variable, and where Y (v, (x, φ)) denotes the vertex operator associated with v, and equipped also with two distinguished homogeneous vectors 1 ∈ V^0_{(0)} (the vacuum) and τ ∈ V^1_{(3/2)} (the Neveu-Schwarz element). The following conditions are assumed for u, v ∈ V : (3.6) u_nv = 0 for n ∈^1_2 Zsufficiently large;

(3.7) Y (1, (x, φ)) = 1 (1 on the right being the identity operator); the creation property holds:

Y (v, (x, φ))1 ∈ V [[x]][φ] and lim_{(x,φ)→0} Y (v, (x, φ))1 = v;

the Jacobi identity holds:

x^{−1}_0 δ ( x_1 − x_2 − φ_1φ_2 x_0 ) Y (u, (x_1, φ_1))Y (v, (x_2, φ_2))

− (−1)^{η(u)η(v)}x^{−1}_0 δ ( x_2 − x_1 + φ_1φ_2 −x_0 ) Y (v, (x_2, φ_2))Y (u, (x_1, φ_1))

= x^{−1}_2 δ ( x_1 − x_0 − φ_1φ_2 x_2 ) Y (Y (u, (x_0, φ_1 − φ_2))v, (x_2, φ_2)),

for u, v of homogeneous sign in V ; the N = 1 Neveu-Schwarz algebra relations hold: [L(m), L(n)] = (m − n)L(m + n) + 1 12 (m^3 − m)δ_{m+n,0}(rank V ), [ G(m + 1 2 ), L(n) ] = (m − n − 1 2 )G(m + n + 1 2 ), [ G(m + 1 2 ), G(n − 1 2 ) ] = 2L(m + n) + 1 3 (m^2 + m)δ_{m+n,0}(rank V ),

for m, n ∈ Z, where G(n + 1 2 ) = τ_{n+1}, and 2L(n) = τ_{n+} 1_2 for n ∈ Z,

i.e.,

(3.8) Y (τ, (x, φ)) = ∑ n∈Z G(n + 1 2 )x^{−n− 12 − 32} + 2φ ∑ n∈Z L(n)x^{−n−2}, and rank V ∈ C ;

(3.9) L(0)v = kv for k ∈ 1 2 Z and v ∈ V_{(k)};

and the G(−1/2)-derivative property holds:

(3.10) ( ∂ ∂φ + φ ∂ ∂x ) Y (v, (x, φ)) = Y (G(− 1 2 )v, (x, φ)). The N = 1 NS-VOSA just defined is denoted by (V, Y (·, (x, φ)), 1, τ ), or for simplicity by V .

The following are consequences of the definition of N = 1 NS-VOSA with odd formal variables which we will need in our proofs of the change of variables formulas (cf. [B3]). We have

L(n)1 = G(n + 1 2 )1 = 0, for n ≥ −1

and τ = G(−3/2)1. There exists ω = (1/2)G(−1/2)τ ∈ V_{(2)} such that

(3.11) Y (ω, (x, φ)) = ∑ n∈Z L(n)x^{−n−2} − φ 2 ∑ n∈Z (n + 1)G(n − 1 2 )x^{−n−2}, and ω = L(−2)1. The supercommutator formula is given by

(3.12) [Y (u, (x_1, φ_1)), Y (v, (x_2, φ_2))]

= Res_{x0} x^{−1}_2 δ ( x_1 − x_0 − φ_1φ_2

x_2 ) Y (Y (u, (x_0, φ_1 − φ_2))v, (x_2, φ_2))

where Res_{x0} of a power series in x_0 is the coefficient of x^{−1}_0 . We have x^{2L(0)}

0 Y (v, (x, φ))x^{−2L(0)}_0 = Y (x^{2L(0)}_0 v, (x^2_0x, x_0φ)),

(3.13) and Y (e^{x0L(−1)+φ0G(− 12 )}v, (x, φ)) = e^{x0 ∂∂x +φ0}(^{∂∂φ +φ ∂∂x} )Y (v, (x, φ)) (3.14) = Y (v, (x + x_0 + φ_0φ, φ_0 + φ)). and e^{x0L(−1)+φ0G(− 12 )}Y (v, (x, φ))e^{−x0L(−1)−φ0G(− 12 )} = = Y (e^{x0 L(−1)+φ0G(− 12 )−2φ0φL(−1)}v, (x, φ)) = Y (v, (x + x_0 + φφ_0, φ + φ_0)).

(3.15)

Let (V_1, Y_1(·, (x, φ)), 1_1, τ_1) and (V_2, Y_2(·, (x, φ)), 1_2, τ_2) be two N = 1 NS-VOSAs over ⋀ ∗_1 and ⋀ ∗_2 , respectively. A homomorphism of N = 1 NS-VOSAs is a doubly

graded ⋀ ∞-module homomorphism γ : V_1 −→ V_2 such that γ(Y_1(u, (x, φ))v) = Y_2(γ(u), (x, φ))γ(v) for u, v ∈ V_1, γ(1_1) = 1_2, and γ(τ_1) = τ_2.

Remark 3.2. If (V_1, Y_1(·, (x, φ)), 1_1, τ_1) is an N = 1 NS-VOSA and V_2 is a ⋀ ∞- module which is isomorphic to V_1 for some ⋀ ∞-module isomorphism γ : V_1 −→ V_2, then defining Y_2 : V_2 −→ (EndV_2)[[x, x^{−1}]][φ] by Y_2(u, (x, φ))v = γ(Y_1(γ^{−1}(u), (x, φ))γ^{−1}(v)) for all u, v ∈ V_2, we have that (V_2, Y_2(·, (x, φ)), γ(1_1), γ(τ_1)), with^1_2 Z-grading and Z_2-grading on V_2 induced by V_1, is an N = 1 NS-VOSA which is isomorphic to (V_1, Y_1(·, (x, φ)), 1_1, τ_1).

Remark 3.3. Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA. In [B3], we also study the notion of N = 1 NS-VOSA over a Grassmann algebra without odd formal variables and show that (V, Y (·, (x, 0)), 1, τ ) is such an algebra. Conversely, given an N = 1 NS-VOSA without odd formal variables (V, Y (·, x), 1, τ ), we can define Ỹ (v, (x, φ)) = Y (v, x) + φY (G(−1/2)v, x), and then (V, Ỹ (·, (x, φ)), 1, τ ) is an N = 1 NS-VOSA with odd formal variables. Using this correspondence, in [B3] we prove that the category of N = 1 NS-VOSAS over ⋀ ∗ with odd formal variables is isomorphic to the category of N = 1 NS-VOSAs over ⋀ ∗ without odd formal variables. However, in including the odd formal variables the correspondence with the geometry and the role of the operator G(−1/2), as in the G(−1/2)-derivative property, is more explicit. In addition, in a related issue, the choice of the odd components, i.e., the φ components of the vertex operators, determines the form of the G(−1/2)-derivative property which in turn is directly related to the choice of superconformal operator D for the underlying worldsheet geometry.

4. Superconformal change of variables formulas for N = 1 NS-VOSAs

Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA. In this section, we present the change of variables formulas for two superconformal changes of variables. First, in Section 4.1, we consider the change of variables (x, φ) → H(x, φ) where H is a formal superconformal function vanishing at zero with invertible leading even coefficient of φ in its power series expansion about zero. This last condition is equivalent to H being bijective in a neighborhood of zero if H is convergent in a neighborhood of zero, however we do not assume H is convergent in a neighborhood of zero.

Second, in Section 4.2, we consider the change of variables (x, φ) → H ∘ I(x, φ) where H^{−1} is a formal superconformal function vanishing at infinity with leading even coefficient of φx^{−1} equal to i in its power series expansion about infinity. Thus H ∘ I is a formal invertible superconformal function taking infinity to infinity.

The results of this section will be proved in Sections 5 and 6. In Section 5, we give geometric proofs of the change of variables formulas for changes of variables convergent in a neighborhood of zero and infinity, respectively, and in Section 6, we give purely algebraic proofs in the more general case of formal changes of variables not necessarily convergent.

4.1. Superconformal change of variables at zero. Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA and let H be a formal invertible superconformal change of variables vanishing at zero. By Proposition 2.1, H^{−1} can be written uniquely as

(4.1) H^{−1}(x, φ) = exp ( − ∑ j∈Z_+ ( A_j L_j(x, φ)+M_{j−} 1_2 G_{j−} 1_2 (x, φ) )) ·a^{−2L0(x,φ)} □ ·(x, φ) for some a_□ ∈ (

⋀_0 ∞)^× and (A_j , M_{j−1/2}) ∈ ⋀ ∞ for j ∈ Z_+, and by Proposition 3.21 in [B4]

(4.2) H(x, φ) = a^{2L0(x,φ)}_□ · exp ( ∑ j∈Z_+ ( A_j L_j (x, φ) + M_{j−} 1_2 G_{j−} 1_2 (x, φ) )) · (x, φ).

Let t^{1/2} be an even formal variable and let H_t1/2 (x, φ) ∈ ⋀ ∞[t^{1/2}][[x]][φ] be defined by

H_t1/2 (x, φ) = (t^{− 12} a_□)^{2L0(x,φ)} · exp ( ∑ j∈Z_+ ( A_jL_j (x, φ) + M_{j−} 1_2 G_{j−} 1_2 (x, φ) )) · (x, φ)

so that by Proposition 3.13 in [B4]

H^{−1}_{t1/2} (x, φ) = exp ( − ∑ j∈Z_+ ( A_jL_j (x, φ) + M_{j−} 1_2 G_{j−} 1_2 (x, φ) )) · (t^{− 12} a_□)^{−2L0(x,φ)} · (x, φ). Let V be a positive energy module for the N = 1 Neveu-Schwarz algebra. Define

γ_{H,t}1/2 : V −→ V [t^{− 12} , t^{12} ] v → exp ( − ∑ j∈Z_+ ( A_j L(j) + M_{j−} 1_2 G(j − 1 2 ) )) · (t^{− 12} a_□)^{−2L(0)} · v.

Define γ_H : V −→ V , by γ_H = γ_{H,t}1/2 |_t1/2_{=1}. Note that γ_H is well-defined and bijective with inverse γ^{−1}_H = γ_H−1 .

Define

γ_{Θ(H,t}1/2_{,(x,φ))} : V −→ V [x, φ][[t^{12} ]]

v → (t^{− 12} a_□ )^{−2L(0)} · exp ( − ∑ j∈Z_+ ( Θ^{(1)}_j (t^{12} )L(j)

+ Θ^{(1)}_{j− 12} (t^{12} )G(j − 1 2 ) )) · exp(−Θ^{(1)}_0 (t^{12} )2L(0)) · v

where the Θ^{(1)}_j (t^{1/2}) = Θ^{(1)}_j (t^{−1/2}a_□, A, M, (x, φ)) ∈ ⋀ ∞[x, φ][[t^{1/2}]], for j ∈^1_2 Z_+, are defined by (2.15) with H^{(1)}_{α1/20 ,A,M}(x, φ) = H^{−1}_{t1/2} (x, φ). That is

(4.3) ( exp(Θ^{(1)}_0 (t^{12} a_□ , A, M, (x, φ)), { Θ^{(1)}_j (t^{12} a_□, A, M, (x, φ)),

Θ^{(1)}_{j− 12} (t^{12} a_□ , A, M, (x, φ)) } j∈Z_+ )

= Ê^{−1}(s_{(x,φ)} ∘ H^{−1}_{t1/2} ∘ s^{−1}_{Ht1/2 (x,φ)}(ta^{−2}_□ w, t^{12} a^{−1}_□ ρ)).

In other words, the Θ^{(1)}_j (t^{1/2})’s are uniquely determined by s_{(x,φ)} ∘ H^{−1}_{t1/2} ∘ s^{−1}_{Ht1/2 (x,φ)}(ta^{−2}_□ w, t^{12} a^{−1}_□ ρ) = exp ( ∑ j∈Z_+ ( Θ^{(1)}_j (t^{12} ) ( w^{j+1} ∂ ∂w + ( j + 1 2 )ρw^j ∂ ∂ρ ) + Θ^{(1)}_{j− 12} (t^{12} )w^j ( ∂ ∂ρ − ρ ∂ ∂w )) ) ·

exp ( Θ^{(1)}_0 (t^{12} ) ( 2w ∂ ∂w + ρ ∂ ∂ρ )) · (w, ρ). Finally, define γ^{−1}_{Θ(H,t1/2 ,(x,φ))} : V −→ V [x, φ][[t^{12} ]] v → exp(Θ^{(1)}_0 (t^{12} )2L(0)) · exp ( ∑ j∈Z_+ ( Θ^{(1)}_j (t^{12} )L(j)

+ Θ^{(1)}_{j− 12} (t^{12} )G(j − 1 2 ) )) · (t^{− 12} a_□)^{2L(0)} · v.

Proposition 4.1. Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA and H(x, φ) ∈ x ⋀ ∞[[x]] ⊕ φ ⋀ ∞[[x]] superconformal and invertible. Then H can be expressed uniquely as (4.2), the map

(4.4) γ_{Θ(H,(x,φ))} = γ_{Θ(H,t}1/2_{,(x,φ))}|_t1/2_{=1} : V −→ V [[x]][φ]

is well defined, and in V [[x^{−1}, x]][φ], we have the following change of variables formula (4.5) γ_H (Y (u, (x, φ))v) = Y (γ_{Θ(H,(x,φ))}(u), H(x, φ))γ_H (v), for u, v ∈ V . In particular, we have that γ^{−1}_{Θ(H,(x,φ))} = γ^{−1}_{Θ(H,t1/2 ,(x,φ))}|_t1/2_{=1} is well-defined, and (4.6) Y (u, H(x, φ))v = γ_H (Y (γ^{−1}_{Θ(H,(x,φ))}(u), (x, φ))γ^{−1}_H (v)). Furthermore, if H is convergent in a DeWitt open neighborhood of zero, then for (z, θ) in the domain of convergence, both sides of (4.5) and of (4.6) exist for (x, φ) = (z, θ) and are equal.

Remark 4.2. The odd components M_{j−1/2}, for j ∈ Z_+, and the even soul components (a_□ )_S and (A_j )_S , for j ∈ Z_+, of the change of variables related to H act on both the even and odd components of the vertex operator and thus appear even if we restrict ourselves to an N = 1 NS-VOSA without odd formal variable components. However, if V is an N = 1 NS-VOSA over C rather than over a Grassmann algebra ⋀ ∗ ≠ C then the affect of the soul components of the change of variables related to H, i.e., the affects of (a_□ )_S , (A_j )_S and M_{j−1/2}, for j ∈ Z_+, will be trivial. (Recall that an N = 1 NS-VOSA over a Grassmann algebra ⋀ ∗ is defined to be a ⋀ ∞-module where only the subalgebra ⋀ ∗ acts nontrivially.) This trivialization of the soul components for N = 1 NS-VOSAs over C occurs regardless of whether the odd variable components of V are included or not. Thus, if V is an N = 1 NS-VOSA over C , to realize a superconformal change of coordinates involving soul components, one must consider ⋀ ∗ ⊗_CV with ⋀ ∗ = ⋀ ∞ or ⋀ L, where L > 0.

Remark 4.3. For invertible superconformal change of variables F (x, φ) vanishing at (z, θ) ≠ 0, we can write F (x, φ) = H ∘ s_{(z,θ)}(x, φ) where H is invertible and vanishing at zero, and we can use the superconformal shift formula given by (3.15) which, when combined with the change of variables formulas given in Proposition 4.1 above, provide the appropriate change of variables formulas.

Remark 4.4. Replacing the superconformal function H(x, φ) by the body portion of H, setting all odd variables and the soul portion of supernumbers equal to zero and restricting V to V^0 in Proposition 4.1, we obtain the change of variables formula for a VOA in the case of an invertible analytic function vanishing at zero as developed in [H2].

4.2. Superconformal change of variables at infinity. Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA. In this section we consider a change of variables (x, φ) → H ∘ I(x, φ) where H^{−1} is formally superconformal vanishing at infinity with even coefficient of φx^{−1} equal to i in its power series expansion about infinity. By Remark 2.2, H^{−1} can be written uniquely as

H^{−1}(x, φ) = exp ( ∑ j∈Z_+ ( B_j L_{−j} (x, φ) + N_{j−} 1_2 G_{−j+} 1_2 (x, φ) )) · ( 1 x , iφ x ) , (4.7)

for some (B, N ) ∈ ⋀_∞ ∞. Let

H^{−1}_{t1/2} (x, φ) = exp ( ∑ j∈Z_+ ( t^j B_j L_{−j} (x, φ) + t^{j− 12} N_{j−} 1_2 G_{−j+} 1_2 (x, φ) )) · ( 1 x , iφ x ) .

Proposition 3.17 in [B4] implies that I^{−1} ∘ H^{−1}_{t1/2} (x, φ) ∈ (x, φ) + ⋀ ∞[t^{1/2}][[x^{−1}]][φ] is given by (4.8)

I^{−1} ∘ H^{−1}_{t1/2} (x, φ) = exp ( ∑ j∈Z_+ ( t^jB_j L_{−j} (x, φ) + t^{j− 12} N_{j−} 1_2 G_{−j+} 1_2 (x, φ) )) · (x, φ), and thus (4.9)

H_t1/2 ∘ I(x, φ) = exp ( − ∑ j∈Z_+ ( t^j B_j L_{−j}(x, φ) + t^{j− 12} N_{j−} 1_2 G_{−j+} 1_2 (x, φ) )) · (x, φ).

Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA. Let V^′ = ∐ k∈^1_2 ZV ∗ (k) be the graded dual space of V , and let L^′(j) and G^′(j − 1/2), for j ∈ Z_+, be the adjoint operators corresponding to L(−j) and G(−j + 1/2), respectively. Define

ξ_{H∘I,t}1/2 : V^′ −→ V^′[t^{12} ] v^′ → exp ( − ∑ j∈Z_+ ( t^j B_j L^′(j) + t^{j− 12} N_{j−} 1_2 G^′(j − 1 2 ) )) · v^′

and define ξ_{H∘I} : V^′ −→ V^′, by ξ_{H∘I} = ξ_{H∘I,t}1/2 |_t1/2_{=1}. Note that ξ_{H∘I} is well defined and bijective. Let V̄ = ∏ k∈^1_2 ZV(k) = (V

′)^∗ be the algebraic completion of

V . Let ξ^∗_{H∘I,t1/2} : V̄ −→ V̄ [t^{12} ] v → exp ( − ∑ j∈Z_+ ( t^jB_j L(−j) + t^{j− 12} N_{j−} 1_2 G(−j + 1 2 ) )) · v be the adjoint operator corresponding to ξ_{H∘I,t}1/2 , and let ξ^∗_{H∘I} = ξ^∗_{H∘I,t1/2} |_t1/2_{=1} be the adjoint operator corresponding to ξ_{H∘I} .

Define ξ_{Θ(H∘I,t}1/2_{,(x,φ))} : V −→ V [x^{−1}, φ][[t^{12} ]] v → exp ( − ∑ j∈Z_+ ( Θ^{(2)}_j (t^{12} )L(j) + Θ^{(2)}_{j− 12} (t^{12} )G(j − 1 2 ) )) · exp ( −Θ^{(2)}_0 (t^{12} )2L(0) ) · v where the Θ^{(2)}_j (t^{1/2}) = Θ^{(2)}_j ({t^kB_k, t^{k−1/2}N_{k−1/2}}_{k∈Z+}, (x, φ)) ∈ ⋀ ∞[x^{−1}, φ][[t^{1/2}]] are defined by (2.17) with H^{(2)}_{B,N} (x, φ) = H^{−1}_{t1/2} (x, φ). That is

(4.10) ( exp(Θ^{(2)}_0 ({t^kB_k, t^{k−1/2}N_{k−1/2}}_{k∈Z+}, (x, φ)), { Θ^{(2)}_j ({t^kB_k, t^{k−1/2}N_{k−1/2}}_{k∈Z+}, (x, φ)), Θ^{(2)}_{j− 12} ({t^kB_k, t^{k−1/2}N_{k−1/2}}_{k∈Z+}, (x, φ)) } j∈Z_+ )

= Ê^{−1}(s_{(x,φ)} ∘ I^{−1} ∘ H^{−1}_{t1/2} ∘ s^{−1}_{Ht1/2 ∘I(x,φ)}(w, ρ)). In other words, the Θ^{(2)}_j (t^{1/2})’s are uniquely determined by s_{(x,φ)} ∘ I^{−1} ∘ H^{−1}_{t1/2} ∘ s^{−1}_{Ht1/2 ∘I(x,φ)}(w, ρ) = exp ( ∑ j∈Z_+ ( Θ^{(2)}_j (t^{12} ) ( w^{j+1} ∂ ∂w + ( j + 1 2 )ρw^j ∂ ∂ρ ) + Θ^{(2)}_{j− 12} (t^{12} )w^j ( ∂ ∂ρ − ρ ∂ ∂w )) ) ·

exp ( Θ^{(2)}_0 (t^{12} ) ( 2w ∂ ∂w + ρ ∂ ∂ρ )) · (w, ρ). Finally, define ξ^{−1}_{Θ(H∘I,t1/2 ,(x,φ))} : V −→ V [x^{−1}, φ][[t^{12} ]] v → exp ( Θ^{(2)}_0 (t^{12} )2L(0) ) · exp ( ∑ j∈Z_+ ( Θ^{(2)}_j (t^{12} )L(j)

+ Θ^{(2)}_{j− 12} (t^{12} )G(j − 1 2 ) )) · v. Proposition 4.5. Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA and H(x, φ) ∘ I ∈ (x, φ) + ⋀ ∞[[x^{−1}]][φ] formally superconformal. Then H ∘ I can be expressed uniquely as (4.9) with t^{1/2} = 1, the map (4.11) ξ_{Θ(H∘I,(x,φ))} = ξ_{Θ(H∘I,t}1/2_{,(x,φ))}|_t1/2_{=1} : V −→ V [[x^{−1}]][φ] is well defined, and in V̄ [[x^{−1}, x]][φ], we have the following change of variables formula (4.12) Y (u, (x, φ))ξ^∗_{H∘I} (v) = ξ^∗_{H∘I} (Y (ξ_{Θ(H∘I,(x,φ))}(u), H ∘ I(x, φ))v), for u, v ∈ V . In particular, we have that ξ^{−1}_{Θ(H∘I,(x,φ))} = ξ^{−1}_{Θ(H∘I,t1/2 ,(x,φ))}|_t1/2_{=1} is well-defined, and (4.13) Y (u, H ∘ I(x, φ))v = (ξ^∗_{H∘I} )^{−1}(Y (ξ^{−1}_{Θ(H∘I,(x,φ))}(u), (x, φ))ξ^∗_{H∘I}(v)). Furthermore, if H ∘ I is convergent in a DeWitt open neighborhood of infinity, then for (z, θ) in the domain of convergence of H ∘ I both sides of (4.12) and of (4.13) exist when (x, φ) = (z, θ) and are equal.

Remark 4.6. Equation (4.12) in Proposition 4.5 above, is the superextension of the change of variables formula given at the top of p. 181 in [H2]. This can be seen by letting Huang’s f^{−1}(x) be the body of H(x, φ) (and thus f^{−1}(1/x) is the body of H ∘ I(x, φ)), setting all odd variables and the soul portion of supernumbers equal to zero and restricting V to V^0. (Note that Huang’s operator ξ^∗_{1/f} is the body portion of our operator ξ^∗_{H∘I} if f^{−1} is the body of H.)

5. Geometric proofs for convergent superconformal changes of variables

In this section, we give geometric proofs of Propositions 4.1 and 4.5 in the case of convergent superconformal changes of variables. These geometric proofs rely on the correspondence between the worldsheet supergeometry of propagating superstrings in N = 1 superconformal field theory and the algebraic structure of N = 1 NS- VOSA developed in [B4] and [B5]. More than just giving alternate proofs to the formal algebraic proofs we will present in Section 6, this section gives the motivation behind the change of variables formulas.

In Sections 5.1-5.3 we recall some of the basic results and structures of this geometric/algebraic correspondence. For more details, the reader should refer to [B4] and [B5]. In Sections 5.4 and 5.5, we present the actual proofs of Propositions 4.1 and 4.5, respectively.

5.1. The moduli space of N = 1 superspheres with tubes and the sewing operation. In [B4], we define the moduli space SK(n) of N = 1 superspheres with n incoming ordered tubes and one outgoing tube, for n ∈ N. Incoming “tubes” represent propagating incoming superstrings and the one outgoing “tube” represents an outgoing propagating superstring in the worldsheet supergeometry of N = 1 superconformal field theory. These propagating superstrings sweep out a supersurface or worldsheet in space time which has superconformal coordinate transition functions. Such a supersurface is called a super-Riemann surface. It is shown in [B4] that each incoming or outgoing tube can be represented by an oriented puncture and local superconformal coordinates vanishing at the puncture. Thus the moduli space SK(n) is the set of equivalence classes, under superconformal equivalence, of genus zero super-Riemann surfaces with n incoming ordered punctures, one outgoing puncture, and local superconformal coordinates vanishing at the punctures.

Furthermore the Uniformization Theorem for genus-zero super-Riemann surfaces proved by Crane and Rabin in [CR] states that any compact genus-zero super- Riemann surface (i.e., supersphere) is superconformally equivalent to the super- Riemann sphere denoted SĈ . Just as the usual Riemann sphere is identified with the complex plane and a point added at infinity, the super-Riemann sphere SĈ can be thought of as the Grassmann algebra ⋀ ∞ together with a fiber at infinity given by ∞ × ( ⋀ ∞)_S . Thus SĈ has two coordinate charts ⋀ ∞ = SĈ ⧹(∞ × ( ⋀ ∞)_S ) and ⋀ ∞ ∼= SĈ ⧹(0 × (⋀_∞)_S ) with coordinate transition function from the first coordinate chart to the second given by I(w, ρ) = (1/w, iρ/w) for (w, ρ) ∈ ( ⋀ ∞)^×;

see [B4]. Let H = { (A, M ) ∈ ⋀_∞ ∞ | Ẽ(A, M )(z, θ) is an absolutely convergent power

series in some neighborhood of (z, θ) = 0 } , and for n ∈ Z_+, let SM^{n−1} = {( (z_1, θ_1), ..., (z_{n−1}, θ_{n−1}) ) | (z_i, θ_i) ∈ ⋀_× ∞, (z_i)_B ≠ (z_j )_B, for i ≠ j } . Note that for n = 1, the set SM^0 has exactly one element. It is shown in [B4], that as a set SK(n) = SM^{n−1} × H × ( ( ⋀_0 ∞)^× × H )_n for n ∈ Z_+, and SK(0) = { (A, M ) ∈ H | (A_1, M_{1/2}) = (0, 0) } . Each element Q ∈ SK(n) can be thought of as the super-Riemann sphere with n incoming punctures, one outgoing puncture and local superconformal coordinates vanishing at the punctures, where this super-Riemann sphere Q is a canonical representative of the equivalence class of superspheres with tubes superconformally equivalent to Q. For example, for Q ∈ SK(n) given by Q = ( (z_1, θ_1), ..., (z_{n−1}, θ_{n−1}); (A^{(0)}, M^{(0)}), (a^{(1)}_□ , A^{(1)}, M^{(1)}), ..., (a^{(n)}_□ , A^{(n)}, M^{(n)}) ) this is the canonical representative of the equivalence class of superspheres superconformally equivalent to Q where Q is the super-Riemann sphere with outgoing puncture at (∞, 0) ∈ SĈ and local coordinate vanishing at infinity given by Ẽ(A^{(0)}, −iM^{(0)})(1/w, iρ/w), the i-th incoming puncture at (z_i, θ_i) ∈ SĈ and local

coordinate vanishing at the puncture given by Ê(a^{(i)}_□ , A^{(i)}, M^{(i)})(w−z_i −ρθ_i, ρ−θ_i ), for 1 ≤ i ≤ n − 1, and last incoming puncture at (0, 0) ∈ SĈ and local coordinate vanishing at the puncture given by Ê(a^{(n)}_□ , A^{(n)}, M^{(n)})(w, ρ).

In [B4], we define a (partial) sewing operation on SK = ⋃ n∈NSK(n), denoted by i∞_0 : SK(m) × SK(n) → SK(m + n − 1) (Q_1, Q_2) → Q_{1 i}∞_0 Q_2,

where m ∈ Z_+, n ∈ N, and 1 ≤ i ≤ m. This sewing together of Q_1 and Q_2 is defined if there exists r_1 > r_2 > 0 such that there exists a (DeWitt) open ball of radius r_2 > 0 about zero which is contained in the image of the local coordinate map vanishing at the i-th puncture of Q_1 but whose preimage contains no other punctures, and a (DeWitt) open ball of radius 1/r_1 about zero which is contained in the image of the local coordinate map vanishing at the outgoing puncture of Q_2 but whose preimage contains no other punctures. The sewn sphere is then obtained by removing the preimage of the ball of radius r_2 from Q_1 and the preimage of the ball off radius 1/r_1 from Q_2 and identifying the superannuli of the two boundaries using the superconformal inversion I(w, ρ) = (1/w, iρ/w). See [B4] for details.

The resulting sewn supersphere is then in a superconformal equivalence class of superspheres whose canonical representative can be expressed as an element of SK(m + n − 1). Much of the details which we will leave out here, but which are given in [B4], concern the determination of the superconformal uniformizing function that maps the resulting sewn supersphere to its canonical representative in SK(m + n − 1).

Below we give two examples of the sewing together of two canonical superspheres and the determination of the resulting canonical supersphere. These examples are the two that we will need for the geometric proofs of Propositions 4.1 and 4.5 in the case of convergent changes of variables.

Example 5.1. Denote by 0 the infinite sequence in ⋀_∞ ∞ that consists of all zeros. Let Q_1 = (0, (a_□, A, M )) ∈ SK(1),

i.e., Q_1 is the canonical supersphere representative with one outgoing tube at infinity and local coordinate given by (1/w, iρ/w), and one incoming puncture at zero and local coordinate given by

H^{−1}(w, ρ) = exp ( − ∑ j∈Z_+ ( A_jL_j (w, ρ) + M_{j−} 1_2 G_{j−} 1_2 (w, ρ) )) · a^{−2L0(w,ρ)} □ · (w, ρ).

In otherwords, the local coordinate vanishing at zero is given by (4.1) with (x, φ) = (w, ρ) where we are assuming that H^{−1} is convergent in a neighborhood of zero, i.e, that (A, M ) ∈ H. Let Q_2 = ((z, θ); 0, (1, 0), (1, 0)) ∈ SK(2),

i.e., Q_2 is the canonical supersphere representative with one outgoing tube at infinity and local coordinate given by (1/w, iρ/w), the first incoming puncture at (z, θ) and local coordinate given by s_{(z,θ)}(w, ρ) = (w − z − ρθ, ρ − θ), and second incoming puncture at zero and local coordinate (w, ρ). from the definition of sewing on SK, Q_2 can be sewn to Q_1 if there exists a ball of radius r > 0 in the image of H^{−1}, i.e., in the domain of convergence of H, such that r > |z_B |. In this case, we can form the sewn supersphere Q_{1 1}∞_0 Q_2, and there exists a uniformizing function F : Q_{1 1}∞_0 Q_2 → SĈ which, restricted to Q_1, is given by F_1(w, ρ) = F |_{Q1} (w, ρ) = (w, ρ) and, restricted to Q_2, is given by F_2(w, ρ) = F |_{Q2} (w, ρ) = H(w, ρ). Thus the resulting canonical supersphere has: outgoing puncture at F_1(∞, 0) = (∞, 0) with local coordinate vanishing at the puncture given by I ∘ F^{−1}_1 (w, ρ) = I(w, ρ) = (1/w, iρ/w); first incoming puncture at F_2(z, θ) = H(z, θ) with local coordinate vanishing at the puncture given by s_{(z,θ)} ∘ F^{−1}_2 (w, ρ) = s_{(z,θ)} ∘ H^{−1}(w, ρ) = s_{(z,θ)} ∘ H^{−1} ∘ s^{−1}_{H(z,θ)} ∘ s_{H(z,θ)}(w, ρ); and last incoming puncture at F_2(0, 0) = H(0, 0) = (0, 0) with local coordinate vanishing at the puncture given by F^{−1}_2 (w, ρ) = H^{−1}(w, ρ).

In otherwords, letting Θ^{(1)}_j = Θ^{(1)}_j (t^{−1/2}a_□ , A, M, (z, θ))|_t1/2_{=1} ∈ ⋀ ∞ be defined by (4.3), the resulting canonical supersphere is given by

Q_{1 1}∞_0 Q_2 = (H(z, θ); 0, Ê^{−1}(s_{(z,θ)} ∘ H^{−1} ∘ s^{−1}_{H(z,θ)}(w, ρ)), (a_□, A, M ))

= (H(z, θ); 0, (a_□e^{Θ(1)0} , {a^{2j}_□ Θ^{(1)}_j , a^{2j−1}_□ Θ^{(1)}_{j− 12} }_{j∈Z+}), (a_□, A, M )).

(5.1)

Note in particular that this implies that if H(w, ρ) is convergent in a neighborhood of zero, i.e., if (A, M ) ∈ H, and (z, θ) is in the radius of convergence, then Θ^{(1)}_j (t^{−1/2}a_□, A, M, (x, φ)) is convergent for t^{1/2} = 1 and (x, φ) = (z, θ).

Example 5.2. Let Q_1 = ((z, θ); 0, (1, 0), (1, 0)) ∈ SK(2).

(which is described in detail in Example 5.1 above) and, Q_2 = ((B, N ), (1, 0)) ∈ SK(1), i.e., Q_2 is the canonical supersphere representative with one outgoing tube at infinity and local coordinate given by

H^{−1}(w, ρ) = exp ( ∑ j∈Z_+ ( B_j L_{−j} (w, ρ) + N_{j−} 1_2 G_{−j+} 1_2 (w, ρ) )) · ( 1 w , iρ w ), and one incoming puncture at zero and local coordinate given by (w, ρ). In otherwords, the local coordinate vanishing at infinity is given by (4.7) with (x, φ) = (w, ρ), where we are assuming that H^{−1} is convergent in a neighborhood of infinity, i.e, that (B, N ) ∈ H. from the definition of sewing on SK, Q_2 can be sewn to the last puncture of Q_1 if there exists a ball of radius 1/r, for r > 0, about zero which lies in the image of H and such that 1/|z_B| < 1/r, i.e., such that (z, θ) is in the domain of convergence of H ∘ I. In this case, we can form the sewn supersphere Q_{1 2}∞_0 Q_2, and there exists a uniformizing function F : Q_{1 2}∞_0 Q_2 → SĈ which, restricted to Q_1, is given by F_1(w, ρ) = F |_{Q1} (w, ρ) = H ∘ I(w, ρ) and, restricted to Q_2, is given by F_2(w, ρ) = F |_{Q2} (w, ρ) = (w, ρ).

Thus the resulting canonical supersphere has: outgoing puncture at F_1(∞, 0) = H ∘ I(∞, 0) = (∞, 0) with local coordinate vanishing at the puncture given by I ∘ F^{−1}_1 (w, ρ) = H^{−1}(w, ρ); first incoming puncture at F_1(z, θ) = H ∘ I(z, θ) with local coordinate vanishing at the puncture given by s_{(z,θ)} ∘ F^{−1}_1 (w, ρ) = s_{(z,θ)} ∘ I^{−1} ∘ H^{−1}(w, ρ) = s_{(z,θ)} ∘ I^{−1} ∘ H^{−1} ∘ s^{−1}_{H∘I(z,θ)} ∘ s_{H∘I(z,θ)}(w, ρ); and last incoming puncture at F_2(0, 0) = (0, 0) with local coordinate vanishing at the puncture given by F^{−1}_2 (w, ρ) = (w, ρ).

In otherwords, letting Θ^{(2)}_j = Θ^{(2)}_j ({t^kB_k, t^{k−1/2}N_{k−1/2}}_{k∈Z+}, (z, θ))|_t1/2_{=1} ∈ ⋀ ∞ be defined by (4.10), the resulting canonical supersphere is given by Q_{1 2}∞_0 Q_2 = (H ∘ I(z, θ); (B, N ), Ê^{−1}(s_{(z,θ)} ∘ I^{−1} ∘ H^{−1} ∘ s^{−1}_{H∘I(z,θ)}(w, ρ)), (1, 0)) = (H ∘ I(z, θ); (B, N ), (e^{Θ(2)0} , {Θ^{(2)}_j , Θ^{(2)}_{j− 12} }_{j∈Z+}), (1, 0)).

(5.2)

Note in particular that this implies that if H^{−1}(w, ρ) is convergent in a neighborhood of infinity, i.e., if (B, N ) ∈ H, and (z, θ) is in the radius of convergence of H ∘ I, then Θ^{(2)}_j ({t^kB_k, t^{k−1/2}N_{k−1/2}}_{k∈Z+}, (z, θ)) is convergent for t^{1/2} = 1 and (x, φ) = (z, θ).

5.2. N = 1 supergeometric vertex operator superalgebras. In this section we introduce the notion of N = 1 supergeometric vertex operator superalgebra (N = 1 SG-VOSA). But before we do this, we will need some further definitions and notations.

Let ⟨·, ·⟩ be the natural pairing between V^′ and V̄ . For n ∈ N, let SF_V (n) = Hom^⋀_∞ (V^{⊗n}, V̄ ).

For m ∈ Z_+, n ∈ N, and any positive integer i ≤ m, we define the t^{1/2}-contraction

(·_i ∗_0 ·)_t1/2 : SF_V (m) × SF_V (n) → Hom(V^{⊗(m+n−1)}, V̄ [[t^{12} , t^{− 12} ]]) (f, g) → (f_i ∗_0 g)_t1/2 , by (5.3) (f_i ∗_0 g)_t1/2 (v_1 ⊗ · · · ⊗ v_{m+n−1}) = ∑ k∈^1_2 Z f(v_1 ⊗ · · · ⊗ v_{i−1} ⊗ P (k)(g(v_i ⊗ · · · ⊗ v_{i+n−1})) ⊗ v_{i+n} ⊗ · · · ⊗ v_{m+n−1})t^k for all v_1, ..., v_{m+n−1} ∈ V , where for any k ∈^1_2 Z, the map P (k) : V̄ → V_{(k)} is the canonical projection map.

If for arbitrary v^′ ∈ V^′, v_1, ..., v_{m+n−1} ∈ V , the formal Laurent series in t^{1/2} ⟨v^′, (f_i ∗_0 g)_t1/2 (v_1 ⊗ · · · ⊗ v_{m+n−1})⟩ is absolutely convergent when t^{1/2} = 1, then (f_i ∗_0 g)_1 is well defined as an element of SF_V (m + n − 1), and we define the contraction (f_i ∗_0 g) in SF_V (m + n − 1) of f and g by f_i ∗_0 g = (f_i ∗_0 g)_t1/2_{=1}.

In [B5] (resp., in [B4]) we define a left action of the symmetric groups S_n on SF_V (n) (resp., on SK(n)). These actions are needed to define the notion of N = 1 SG-VOSA but will not be used elsewhere in this paper. Therefore we refer the readers to [B5] and [B4] for details.

A supermeromorphic superfunction on SK(n), for n ∈ Z_+, is a superfunction F : SK(n) → ⋀ ∞ of the form F (Q) = F ( (z_1, θ_1), ..., (z_{n−1}, θ_{n−1}); (A^{(0)}, M^{(0)}), (a^{(1)}_□ , A^{(1)}, M^{(1)}), ...,

(5.4) (a^{(n)}_□ , A^{(n)}, M^{(n)}) ) = F_0 ( (z_1, θ_1), ..., (z_{n−1}, θ_{n−1}); (A^{(0)}, M^{(0)}), (a^{(1)}_□ , A^{(1)}, M^{(1)}), ...,

(a^{(n)}_□ , A^{(n)}, M^{(n)}) ) × (_{n−1}∏ i=1 z^{−si}_i ∏ 1≤i<j≤n−1 (z_i − z_j − θ_iθ_j )^{−sij} )

where s_i and s_{ij} are nonnegative integers and

F_0 ( (z_1, θ_1), ..., (z_{n−1}, θ_{n−1}); (A^{(0)}, M^{(0)}), (a^{(1)}_□ , A^{(1)}, M^{(1)}), ..., (a^{(n)}_□ , A^{(n)}, M^{(n)}) ) is a polynomial in the z_i’s, θ_i’s, a^{(i)}_□ ’s, (a^{(i)}_□ )^{−1}’s, A^{(i)}_j ’s, and M^{(i)}_{j−1/2}’s. For n = 0 a supermeromorphic superfunction on SK(0) is a polynomial in the components of elements of SK(0), i.e., a polynomial in the A^{(0)}_j ’s, and M^{(0)}_{j−1/2}’s. For F of the form (5.4), we say that F has a pole of order s_{ij} at (z_i, θ_i) = (z_j , θ_j).

Finally, the last ingredient we will need to introduce the notion of N = 1 SG- VOSA is the Γ(a_□ , A, M, B, N ) series which was introduced and studied in [B4] and [B5]. This series is based on the local coordinates of the incoming puncture, represented by (a_□, A, M ) ∈ (

⋀_0

∞)^× × H, and the outgoing puncture, represented by (B, N ), being sewn when two superspheres with tubes are sewn together. The main fact we will need for the geometric proofs of the change of variables formulas is contained in the following lemma which follows from Proposition 3.33 in [B4].

Lemma 5.3. Let (A, M ), (B, N ) ∈ H and a_□ ∈ (

⋀_0

∞)^×. If either (A, M ) = 0 or (B, N ) = 0, then Γ(a_□ , A, M, B, N ) = 0.

Definition 5.4. An N = 1 SG-VOSA over ⋀ ∗ is a^1_2 Z-graded (by weight) ⋀ ∞- module which is also Z_2-graded (by sign) V = ∐ k∈^1_2 Z

V_{(k)} = ∐ k∈^1_2 Z

V^0_{(k)} ⊕ ∐ k∈^1_2 Z

V^1_{(k)} = V^0 ⊕ V^1

such that only the subspace ⋀ ∗ of ⋀ ∞ acts non-trivially on V ,

dim V_{(k)} < ∞ for k ∈ 1 2 Z, and for any n ∈ N, a map ν_n : SK(n) → SF_V (n) satisfying the following axioms:

(1) Positive energy axiom:

V_{(k)} = 0 for k sufficiently small.

(2) Grading axiom: Let v^′ ∈ V^′, v ∈ V_{(k)}, and a ∈ (

⋀_0 ∞)^×. Then ⟨v^′, ν_1(0, (a, 0))(v)⟩ = a^{−2k}⟨v^′, v⟩. (3) Supermeromorphicity axiom: For any n ∈ Z_+, v^′ ∈ V^′, and v_1, ..., v_n ∈ V , the function Q → ⟨v^′, ν_n(Q)(v_1 ⊗ · · · ⊗ v_n)⟩ on SK(n) is a canonical supermeromorphic superfunction (in the sense of (5.4)), and if (z_i, θ_i) and (z_j, θ_j ), for i, j ∈ {1, ..., n}, i ≠ j, are the i-th and j-th punctures of Q ∈ SK(n), respectively, then for any v_i and v_j in V , there exists N (v_i, v_j) ∈ Z_+ such that for any v^′ ∈ V^′ and v_k ∈ V , k ≠ i, j, the order of the pole (z_i, θ_i) = (z_j , θ_j) of ⟨v^′, ν_n(Q)(v_1 ⊗ · · · ⊗ v_n)⟩ is less then N (v_i, v_j).

(4) Permutation axiom: Let σ ∈ S_n. Then for any Q ∈ SK(n)

σ(ν_n(Q)) = ν_n(σ(Q)).

(5) Sewing axiom: There exists a unique complex number c (the central charge or rank) such that if Q_1 ∈ SK(m) and Q_2 ∈ SK(n) are given by

Q_1 = ((z_1, θ_1), ..., (z_{m−1}, θ_{m−1}); (A^{(0)}, M^{(0)}), (a^{(1)}, A^{(1)}, M^{(1)}), ..., (a^{(m)}, A^{(m)}, M^{(m)})), and Q_2 = ((z^′_1, θ^′_1), ..., (z^′_{n−1}, θ^′_{n−1}); (B^{(0)}, N^{(0)}), (b^{(1)}, B^{(1)}, N^{(1)}), ..., (b^{(n)}, B^{(n)}, N^{(n)})), and if the i-th tube of Q_1 can be sewn with the 0-th tube of Q_2, then for any v^′ ∈ V^′ and v_1, ..., v_{m+n−1} ∈ V , ⟨v^′, (ν_m(Q_1)_i ∗_0 ν_n(Q_2))_t1/2 (v_1 ⊗ · · · ⊗ v_{m+n−1})⟩

is absolutely convergent when t^{1/2} = 1, and

ν_{m+n−1}(Q_{1 i}∞_0 Q_2) = (ν_m(Q_1)_i ∗_0 ν_n(Q_2)) e^{−Γ(a(i),A(i) ,M (i),B(0) ,N (0) )c}.

We denote the N = 1 supergeometric vertex operator superalgebra defined above by (V, ν = {ν_n}_{n∈N}) or just by (V, ν).

5.3. The isomorphism between the category of N = 1 SG-VOSAs and the category of N = 1 NS-VOSAs. In this section we recall from [B5] how to construct an N = 1 NS-VOSA from an N = 1 SG-VOSA, and how to construct an N = 1 SG-VOSA from an N = 1 NS-VOSA. We then recall the Isomorphism Theorem from [B5] which states that the two notions are equivalent by showing that their respective categories are isomorphic. But first we must recall the ι function introduced in [B2] and [B5] which maps rational superfunctions to power series expanded about certain variables. This ι function is a generalization of the ι function of [FLM]. Let ⋀ ∞[x_1, x_2, ..., x_n]_S be the ring of rational functions obtained by inverting (localizing with respect to) the set S = {_n∑ i=1 a_ix_i | a_i ∈ ⋀_0

∞, not all (a_i)_B = 0 } . Recall the map ι_{i1...in} : F[x_1, ..., x_n]_S −→ F[[x_1, x^{−1}_1 , ..., x_n, x^{−1}_n ]] defined in [FLM] where coefficients of elements in S are restricted to the field F. We extend this map to ⋀ ∞[x_1, x_2, ..., x_n]_S[φ_1, φ_2, ..., φ_n] = ⋀ ∞[x_1, φ_1, x_2, φ_2, ..., x_n, φ_n]_S in the obvious way obtaining ι_{i1...in} : ⋀ ∞[x_1, φ_1, ..., x_n, φ_n]_S −→ ⋀ ∞[[x_1, x^{−1}_1 , ..., x_n, x^{−1}_n ]][φ_1, ..., φ_n]. Let ⋀ ∞[x_1, φ_1, x_2, φ_2, ..., x_n, φ_n]_S′ be the ring of rational functions obtained by inverting the set

S^′ = {_n∑ i,j=1 i<j (a_ix_i + a_{ij}φ_iφ_j ) | a_i, a_{ij} ∈ ⋀_0 ∞, not all (a_i)_B = 0 } .

Since we use the convention that a function of even and odd variables should be expanded about the even variables, we have 1 ∑_{ni,j=1} i<j (a_ix_i + a_{ij}φ_iφ_j ) = 1 ∑_n i=1 a_ix_i − ∑_{ni,j=1} i<j a_{ij}φ_iφ_j ( ∑_n i=1 a_ix_i)^2 . Thus ⋀ ∞[x_1, φ_1, x_2, φ_2, ..., x_n, φ_n]_S′ ⊆ ⋀ ∞[x_1, φ_1, x_2, φ_2, ..., x_n, φ_n]_S, and ι_{i1...in} is well defined on ⋀ ∞[x_1, φ_1, x_2, φ_2, ..., x_n, φ_n]_S′ .

In the case n = 2, the map ι_{12} : ⋀ ∞[x_1, φ_1, x_2, φ_2]_S′ −→ ⋀ ∞[[x_1, x_2]][φ_1, φ_2] is given by first expanding an element of ⋀ ∞[x_1, φ_1, x_2, φ_2]_S′ as a formal series in ⋀ ∞[x_1, φ_1, x_2, φ_2]_S and then expanding each term as a series in ⋀ ∞[[x_1, x_2]][φ_1, φ_2] containing at most finitely many negative powers of x_2 (using binomial expansions for negative powers of linear polynomials involving both x_1 and x_2).

Note that in the case of functions of one even variable x_1 and one odd variable φ_1, the function ι_1 is the identity.

Given an N = 1 supergeometric VOSA, we construct an (algebraic) N = 1 NS- VOSA. Let (V, ν) be an N = 1 SG-VOSA over ⋀ ∗. We define the vacuum 1_ν ∈ V̄ by 1_ν = ν_0(0); an element τ_ν ∈ V̄ by τ_ν = (−∂/∂ϵ)ν_0(0, M (ϵ, 3/2)), where M (ϵ, 3/2) is the series of odd supernumbers given by M (ϵ, 3/2) = {0, ϵ, 0, 0, ...}; and the vertex operator Y_ν(u, (x, φ)) = ∑ n∈Zu_nx^{−n−1} + φ ∑ n∈Zu_{n−1/2}x^{−n−1} associated with u ∈ V by

(5.5) u_nv + θu_{n−} 1_2 v = Res_z (z^nν_2((z, θ); 0, (1, 0), (1, 0))(v^′ ⊗ u ⊗ v)) ,

where Res_z means taking the residue at the singularity z = 0, i.e., taking the coefficient of z^{−1}.

Proposition 5.5. ([B5]) The elements 1_ν and τ_ν of V̄ are in fact in V_{(0)} and V_{(3/2)}, respectively. If the rank of (V, ν) is c, then (V, Y_ν (·, (x, φ)), 1_ν, τ_ν) is an N = 1 NS-VOSA with odd formal variables and with rank c .

Given an N = 1 NS-VOSA over ⋀ ∗ with rank c ∈ C , (V, Y (·, (x, φ)), 1, τ ), we construct an N = 1 SG-VOSA by defining a sequence of maps: ν^Y_n : SK(n) → SF_V (n) Q → ν^Y_n (Q) by ⟨v^′, ν^Y_n ( (z_1, θ_1), ..., (z_{n−1}, θ_{n−1}); (A^{(0)}, M^{(0)}), (a^{(1)}, A^{(1)}, M^{(1)}), ...

...(a^{(n)}, A^{(n)}, M^{(n)}) ) (v_1 ⊗ · · · ⊗ v_n)⟩

(5.6) = ι^{−1}_{1···n−1}⟨e^− ∑ j∈Z+ ( A^{(0)}_j L^′(j)+M^{(0)}_{j− 12} G^′(j−^1_2 ) ) v^′, Y (e^− ∑ j∈Z+ ( A^{(1)}_j L(j)+M^{(1)}_{j− 12} G(j−^1_2 ) ) · (a^{(1)})^{−2L(0)} · v_1, (x_1, φ_1)) · · · Y (e^− ∑ j∈Z+ ( A^{(n−1)} j L(j)+M^{(n−1)}_{j− 12} G(j−^1_2 ) ) · (a^{(n−1)})^{−2L(0)} · v_{n−1}, (x_{n−1}, φ_{n−1}))· e^− ∑ j∈Z+ ( A^{(n)}_j L(j)+M^{(n)}_{j− 12} G(j−^1_2 ) ) · (a^{(n)})^{−2L(0)} · v_n⟩ | | | |_{(xi,φi)=(zi ,θi)} for n ∈ Z_+, v^′ ∈ V^′, and v_1, ..., v_n ∈ V , and by

⟨v^′, ν^Y_0 (A^{(0)}, M^{(0)})⟩ = ⟨e^− ∑ j∈Z+ ( A^{(0)}_j L^′(j)+M^{(0)}_{j− 12} G^′(j−^1_2 ) ) v^′, 1⟩. Proposition 5.6. ([B5]) The pair (V, ν^Y ) is an N = 1 SG-VOSA over ⋀ ∗. Let SG(c, ∗) be the category of N = 1 SG-VOSAs over ⋀ ∗ with central charge c, and let SV(φ, c, ∗) be the category of N = 1 NS-VOSAs over ⋀ ∗ with odd formal variables and central charge c where ∗ is L ∈ N or ∞. Let 1_{SV} and 1_{SG} be the identity functors on SV(φ, c, ∗) and SG(c, ∗), respectively.

Theorem 5.7. ([B5]) ([B5]) For any c ∈ C , the two categories SV(φ, c, ∗) and SG(c, ∗) are isomorphic with isomorphism given by the following functors acting on objects and morphisms F_{SV} : SV(φ, c, ∗) −→ SG(c, ∗) ((V, Y (·, (x, φ)), 1, τ ), γ) → ((V, ν^Y ), γ) and F_{SG} : SG(c, ∗) −→ SV(φ, c, ∗) ((V, ν), γ) → ((V, Y_ν (·, (x, φ)), 1_ν, τ_ν), γ)

which satisfy F_{SV} ∘ F_{SG} = 1_{SG} and F_{SG} ∘ F_{SV} = 1_{SV} .

5.4. Geometric proof of Proposition 4.1 for superconformal change of coordinates convergent in a neighborhood of zero.

Proof. Assuming that H(x, φ) given by (4.2) is convergent and bijective in a neighborhood of zero, we have Q_1 = (0, (a_□, A, M )) ∈ SK(1), and Q_2 = ((z, θ); 0, (1, 0), (1, 0)) ∈ SK(2).

From Example 5.1, we see that if (z, θ) is in the radius of convergence of H, then Q_2 can be sewn to Q_1 and

Q_{1 1}∞_0 Q_2 = (H(z, θ); 0, Ê^{−1}(s_{(z,θ)} ∘ H^{−1} ∘ s^{−1}_{H(z,θ)}(w, ρ)), (a_□, A, M )) = (H(z, θ); 0, (a_□e^{Θ(1)0} , {a^{2j}_□ Θ^{(1)}_j , a^{2j−1}_□ Θ^{(1)}_{j− 12} }_{j∈Z+}), (a_□, A, M )).

(5.7) Therefore from the Isomorphism Theorem 5.7, the sewing axiom for an N = 1 SG-VOSA, and Lemma 5.3 we have that ⟨v^′, γ_H (Y (u, (x, φ))v)⟩|_{(x,φ)=(z,θ)} = ι^{−1}_1 ⟨v^′, e^− ∑ j∈Z+ ( A_j L(j)+M_{j−} 1_2 G(j−^1_2 ) ) · a^{−2L(0)} □ · Y (u, (z, θ))v⟩ = ⟨v^′, (ν^Y_1 (Q_1)_1 ∗_0 ν^Y_2 (Q_2))(u ⊗ v)⟩ = ⟨v^′, (ν^Y_2 (Q_{1 1}∞_0 Q_2)(u ⊗ v)⟩ = ⟨v^′, Y (γ_{Θ(H)} (u), H(x, φ))γ_H (v)⟩ | |_{(x,φ)=(z,θ)} (5.8) for u, v ∈ V , v^′ ∈ V^′, and (z, θ) in the domain of convergence of H. Thus γ_{Θ(H)} is well defined and we have that γ_H (Y (u, (x, φ))v) = Y (γ_{Θ(H)}(u), H(x, φ))γ_H (v), as formal power series in V [[x^{−1}, x]][φ], with both sides convergent and equal if (x, φ) = (z, θ) is in the domain of convergence of H. Since γ_{Θ(H,t}1/2_{,(x,φ))}|_t1/2_{=1} is well-defined, so is Θ^{(1)}_j (t^{1/2})|_t1/2_{=1} and thus so is γ^{−1}_{Θ(H,t1/2 ,(x,φ))}|_t1/2_{=1}. This, the fact that γ_{Θ(H,(x,φ))} ∘γ^{−1}_{Θ(H,(x,φ))}(v) = v for v ∈ V , and the fact that γ_H is invertible, give us equation (4.6). □

5.5. Geometric proof of Proposition 4.5 for superconformal change of coordinates convergent in a neighborhood of infinity. Proof. Let Q_1 = ((z, θ); 0, (1, 0), (1, 0)) ∈ SK(2).

Assuming that H^{−1}(x, φ) given by (4.7) is convergent and bijective in a neighborhood of infinity, we have Q_2 = ((B, N ), (1, 0)) ∈ SK(1).

From Example 5.2, we see that if (z, θ) is in the radius of convergence of H ∘ I, then Q_2 can be sewn to Q_1 and

Q_{1 2}∞_0 Q_2 = (H ∘ I(z, θ); (B, N ), Ê^{−1}(s_{(z,θ)} ∘ I^{−1} ∘ H^{−1} ∘ s^{−1}_{H∘I(z,θ)}(w, ρ)), (1, 0)) = (H ∘ I(z, θ); (B, N ), (e^{Θ(2)0} , {Θ^{(2)}_j , Θ^{(2)}_{j− 12} }_{j∈Z+}), (1, 0)).

(5.9) Therefore from the Isomorphism Theorem 5.7, the sewing axiom for an N = 1 SG-VOSA, and Lemma 5.3 we have that ⟨v^′, Y (u, (x, φ))ξ^∗_{H∘I} (v)⟩|_{(x,φ)=(z,θ)} = ∑ k∈^1_2 Z ⟨v^′, Y (u, (x, φ))P_k(ξ^∗_{H∘I} (v))⟩|_{(x,φ)=(z,θ)} (5.10)

= ⟨v^′, (ν^Y_2 (Q_1)_2 ∗_0 ν^Y_1 (Q_2))(u ⊗ v)⟩ = ⟨v^′, ν^Y_2 (Q_{1 2}∞_0 Q_2)(u ⊗ v)⟩ = ⟨ξ_{H∘I} (v^′), Y (ξ_{Θ(H∘I,(x,φ))}(u), H ∘ I(x, φ))v⟩ | (x,φ)=(z,θ) = ⟨v^′, ξ^∗_{H∘I} (Y (ξ_{Θ(H∘I,(x,φ))}(u), H ∘ I(x, φ))v)⟩ | (x,φ)=(z,θ) . (5.11) for u, v ∈ V , v^′ ∈ V^′ and (z, θ) in the radius of convergence of H ∘ I. In particular, the above equality implies that ⟨v^′, (ν^Y_2 (Q_1)_2 ∗_0 ν^Y_1 (Q_2))_t1/2 (u ⊗ v)⟩ is absolutely convergent when t^{1/2} = 1, and is equal to ⟨v^′, Y (u, (x, φ))ξ^∗_{H∘I} (v)⟩|_{(x,φ)=(z,θ)} = ⟨v^′, ξ^∗_{H∘I} (Y (ξ_{Θ(H∘I,(x,φ))}(u), H ∘ I(x, φ))v)⟩ | |_{(x,φ)=(z,θ)} , implying ξ_{Θ(H∘I,(x,φ))} = ξ_{Θ(H∘I,t}1/2_{,(x,φ))}|_t1/2_{=1} is well defined for (z, θ) in the radius of convergence of H ∘ I. Thus, as formal power series in V̄ [[x^{−1}, x]][φ], we have Y (u, (x, φ))ξ^∗_{H∘I} (v) = ξ^∗_{H∘I} (Y (ξ_{Θ(H∘I,(x,φ))}(u), H ∘ I(x, φ))v) (5.12) and both sides are well defined and equal for (x, φ) = (z, θ) in the radius of convergence of H ∘ I. In addition, since ξ_{Θ(H∘I,t}1/2_{,(x,φ))}|_t1/2_{=1} is well-defined, so is Θ^{(2)}_j (t^{1/2})|_t1/2_{=1} and thus so is ξ^{−1}_{Θ(H∘I,t1/2 ,(x,φ))}|_t1/2_{=1}. This, the fact that ξ_{Θ(H∘I,(x,φ))} ∘ ξ^{−1}_{Θ(H∘I,(x,φ))}(v) = v for v ∈ V , and the fact that ξ^∗_{H∘I} is invertible, give us equation (4.13). □

6. Formal algebraic proofs for formal superconformal changes of variables 6.1. Formal algebraic proof of Proposition 4.1 for formal superconformal change of coordinates at zero. In this section, we let H(x, φ) ∈ ⋀ ∞[[x]][φ] be the formal superconformal power series given by (4.2), but this time we do not assume that H(x, φ) converges in a neighborhood of zero.

We will prove Proposition 4.1 by a formal algebraic argument first employed in [B5] to construct an N = 1 SG-VOSA from an N = 1 NS-VOSA (i.e., to prove Proposition 5.6 above). This result was then used in [B5] to prove the Isomorphism Theorem 5.7. The difference in the present case is that we are not assuming the convergence of H and consequently cannot use the Isomorphism Theorem 5.7 as we did in Section 5. However, as it turns out, enough of the algebraic formalism used in [B5] carries over to the current more general setting, and we will be retracing that part of the construction used in [B5] in this more general setting.

We first prove the following bracket formula.

Lemma 6.1. Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA over a Grassmann algebra. For u ∈ V , t^{1/2} a formal even variable, a_□ ∈ (

⋀_0

∞)^×, and (A_j, M_{j−1/2}) ∈ ⋀ ∞, for j ∈ Z_+, we have the following bracket formula in (End V )[[t^{1/2}]][[x^{−1}, x]][φ] [ ∑ j∈Z_+ ( t^j a^{−2j}_□ A_jL(j) + t^{j− 12} a^{−2j+1}_□ M_{j−} 1_2 G(j − 1 2 ) ) , Y (u, (x, φ)) ]

(6.1) = Y (_∞ ∑ k=−1 ∑ j∈Z_+ ( j + 1 k + 1 ) t^j a^{−2j}_□ x^{j−k} (( A_j + 2 ( j − k j + 1 ) t^{− 12} a_□x^{−1}φM_{j−} 1_2 ) L(k)

+ x^{−1} (( j − k j + 1 ) t^{− 12} a_□M_{j−} 1_2 + φ (j − k) 2 A_j ) G(k + 1 2 ) ) u, (x, φ). )

Furthermore, if we apply both sides of (6.1) to v ∈ V , then we can set t^{1/2} = 1 and both sides are well-defined elements of V ((x))[φ].

Proof. From (3.12), we have

[Y (τ, (x_1, φ_1)), Y (u, (x, φ))]

= Res_{x0} x^{−1}δ ( x_1 − x_0 − φ_1φ x ) Y (Y (τ, (x_0, φ_1 − φ))u, (x, φ)). Let l_t(x_1) = ∑ j∈Z_+ t^ja^{−2j}_□ A_j x^{j+1}_1 and g_t(x_1) = ∑ j∈Z_+ t^{j− 12} a^{−2j+1}

□ M_{j−} 1_2 x^j_1.

Then

φ_1Res_{x1} l_t(x_1)Y (ω, (x_1, φ_1)) = φ_1 ∑ j∈Z_+ t^j a^{−2j}_□ A_jL(j)

φ_1Res_{x1} g_t(x_1)Y (τ, (x_1, φ_1)) = φ_1 ∑ j∈Z_+ t^{j− 12} a^{−2j+1}

□ M_{j−} 1_2 G(j − 1 2 ), and by the G(−1/2)-derivative property (3.10), we have

Y (ω, (x_1, φ_1)) = Y ( 1 2 G(− 1 2 )τ, (x_1, φ_1)) = 1 2 ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) Y (τ, (x_1, φ_1)).

Thus

φ_1 [ ∑ j∈Z_+ ( t^j a^{−2j}_□ A_j L(j) + t^{j− 12} a^{−2j+1}_□ M_{j−} 1_2 G(j − 1 2 ) ) , Y (u, (x, φ)) ]

= φ_1Res_{x1} [( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) ) Y (τ, (x_1, φ_1)), Y (u, (x, φ)) ]

= φ_1Res_{x1} (( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) )

Res_{x0} x^{−1}δ

(x_1 − x_0 − φ_1φ x ) Y (Y (τ, (x_0, φ_1 − φ))u, (x, φ)) )

= Y ( φ_1Res_{x1} Res_{x0} ( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) )

x^{−1}δ ( x_1 − x_0 − φ_1φ x ) Y (τ, (x_0, φ_1 − φ))u, (x, φ) ) .

However using the δ-function identity (3.2), we have

φ_1Res_{x1} Res_{x0} ( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) )

x^{−1}δ (x_1 − x_0 − φ_1φ x ) Y (τ, (x_0, φ_1 − φ))

= φ_1Res_{x1} Res_{x0} ( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) )

x^{−1}_1 δ

( x + x_0 + φ_1φ x_1 ) Y (τ, (x_0, φ_1 − φ))

= φ_1Res_{x1} Res_{x0} ( 1 2 l_t(x_1) ( ∂ ∂φ_1 x^{−1}_1 δ

( x + x_0 + φ_1φ x_1 )) Y (τ, (x_0, −φ)) + 1 2 l_t(x_1)x^{−1}_1 δ

( x + x_0 x_1 ) ∂ ∂φ_1 Y (τ, (x_0, φ_1))

+ g_t(x_1)x^{−1}_1 δ (x + x_0 x_1 ) Y (τ, (x_0, −φ)) )

= φ_1Res_{x1} Res_{x0} ((∑ n∈Z n(x + x_0)^{n−1}φx^{−n−1}_1 )( 1 2 ∑ j∈Z_+ t^ja^{−2j}_□ A_j x^{j+1}_1 )

(∑ k∈Z G(k + 1 2 )x^{−k−2} 0 ) + (∑ n∈Z (x + x_0)^nx^{−n−1}_1 )( 1 2 ∑ j∈Z_+ t^ja^{−2j}_□ A_j x^{j+1}_1 )

( 2 ∑ k∈Z L(k)x^{−k−2}_0 ) + (∑ n∈Z (x + x_0)^nx^{−n−1}_1 )( ∑ j∈Z_+ t^{j− 12} a^{−2j+1}

□ M_{j−} 1_2 x^j_1 )

(∑ k∈Z G(k + 1 2 )x^{−k−2} 0 − 2φL(k)x^{−k−2}_0 ))

= φ_1Res_{x0} (∑ l∈N ∑ k∈Z ∑ j∈Z_+ ( (j + 1) ( j l ) x^{j−l}x^l_0 φ 2 t^ja^{−2j}_□ A_j G(k + 1 2 )x^{−k−2} 0 + ( j + 1 l ) x^{j−l+1}x^l_0t^ja^{−2j}_□ A_j L(k)x^{−k−2}_0 + ( j l ) x^{j−l}x^l_0t^{j− 12} a^{−2j+1}_□ M_{j−} 1_2 ( G(k + 1 2 ) − 2φL(k) ) x^{−k−2} 0 ))

= φ_1 ∑ l∈N ∑ j∈Z_+ ( (j + 1) 2 ( j l ) x^{j−l}φt^j a^{−2j}_□ A_j G(l − 1 2 )

+ ( j + 1 l ) x^{j−l+1}t^ja^{−2j}_□ A_j L(l − 1) + ( j l ) x^{j−l}t^{j− 12} a^{−2j+1}_□ M_{j−} 1_2 (G(l − 1 2 ) − 2φL(l − 1)) )

= φ_1 ∞∑ k=−1 ∑ j∈Z_+ (( j + 1 k + 1 ) t^j a^{−2j}_□ x^{j−k} ( A_j + 2 ( j − k j + 1 ) x^{−1}t^{− 12} a_□ φM_{j−} 1_2 ) L(k)

+ ( j k + 1 ) t^ja^{−2j}_□ x^{j−k−1} ( (j + 1) 2 φA_j + t^{− 12} a_□M_{j−} 1_2 ) G(k + 1 2 ) )

which finishes the proof of (6.1).

Since V is a positive energy representation for the Neveu-Schwarz algebra and by the truncation condition for Y (·, (x, φ)), when applied to v ∈ V , each side of (6.1) is in V ((x))[φ][t^{1/2}] and thus well defined when t^{12} = 1. □

We have the following immediate corollary to Lemma 6.1.

Corollary 6.2.

e^− ∑ j∈Z+ ( t^j a^{−2j}_□ A_j L(j)+t^{j− 1}2 a^{−2j+1}_□ M_{j−} 1_2 G(j−^1_2 ) ) Y (u, (x, φ))· e ∑ j∈Z+ ( t^j a^{−2j}_□ A_j L(j)+t^{j− 1}2 a^{−2j+1}_□ M_{j−} 1_2 G(j−^1_2 ) )

= Y ( exp ( − ∞∑ k=−1 ∑ j∈Z_+ ( j + 1 k + 1 ) t^j a^{−2j}_□ x^{j−k} (( A_j + 2 ( j − k j + 1 ) t^{− 12} a_□x^{−1}φM_{j−} 1_2 ) L(k) + x^{−1} ((j − k j + 1 ) t^{− 12} a_□M_{j−} 1_2 + φ (j − k) 2 A_j ) G(k + 1 2 ) )) u, (x, φ) ) .

Furthermore, if we apply both sides of the equation above to v ∈ V , we can set t^{12} = 1.

We are now ready to prove Proposition 4.1 in the case of a formal invertible superconformal change of coordinates vanishing at zero.

Proof. Denote

H_t1/2 (x, φ) = (x̃(t^{12} ), φ̃(t^{12} )) = (t^{− 12} a_□)^{2L0(x,φ)} · exp ( ∑ j∈Z_+ ( A_j L_j(x, φ) + M_{j−} 1_2 G_{j−} 1_2 (x, φ) )) · (x, φ).

By Corollary 6.2, Proposition 2.3, equation (3.14), and equation (3.13), we have

γ_{H,t}1/2 (Y (u, (x, φ))v) = e^− ∑ j∈Z+ ( A_j L(j)+M_{j− 12} G(j−^1_2 ) ) · (t^{− 12} a_□)^{−2L(0)}Y (u, (x, φ))v = e^− ∑ j∈Z+ ( A_j L(j)+M_{j−} 1_2 G(j−^1_2 ) ) · (t^{− 12} a_□)^{−2L(0)}Y (u, (x, φ)) · (t^{− 12} a_□)^{2L(0)} · e ∑ j∈Z+ ( A_j L(j)+M_{j−} 1_2 G(j−^1_2 ) ) · e^− ∑ j∈Z+ ( A_j L(j)+M_{j−} 1_2 G(j−^1_2 ) ) · (t^{− 12} a_□ )^{−2L(0)} · v

= (t^{− 12} a_□)^{−2L(0)}e^− ∑ j∈Z+ ( t^j a^{−2j}_□ A_j L(j)+t^{j− 1}2 a^{−2j+1}_□ M_{j−} 1_2 G(j−^1_2 ) ) Y (u, (x, φ)) e ∑ j∈Z+ ( t^j a^{−2j}_□ A_j L(j)+t^{j− 1}2 a^{−2j+1}_□ M_{j−} 1_2 G(j−^1_2 ) ) (t^{− 12} a_□ )^{2L(0)}· e^− ∑ j∈Z+ ( A_j L(j)+M_{j−} 1_2 G(j−^1_2 ) ) · (t^{− 12} a_□)^{−2L(0)} · v

= (t^{− 12} a_□)^{−2L(0)}Y ( exp ( − ∞∑ k=−1 ∑ j∈Z_+ ( j + 1 k + 1 ) t^ja^{−2j}_□ x^{j−k} (( A_j + 2 ( j − k j + 1 ) t^{− 12} a_□x^{−1}φM_{j−} 1_2 ) L(k) + x^{−1} (( j − k j + 1 ) t^{− 12} a_□M_{j−} 1_2 + φ (j − k) 2 A_j ) G(k + 1 2 ) )) u, (x, φ) )

(t^{− 12} a_□ )^{2L(0)} · e^− ∑ j∈Z+ ( A_j L(j)+M_{j−} 1_2 G(j−^1_2 ) ) · (t^{− 12} a_□)^{−2L(0)} · v

= (t^{− 12} a_□)^{−2L(0)}Y ( e^{((t− 12 a□ )2x̃(t 12 )−x−t− 12 a□φ̃(t 12 )φ)L(−1)+(t− 12 a□φ̃(t 12 )−φ)G(− 12 )}· e^− ∑ j∈Z+ ( Θ^{(1)}_j (t^12 )L(j)+Θ^{(1)}_{j− 12} (t^12 )G(j−^1_2 ) ) · e^{−2Θ(1)0 L(0)}u, (x, φ) )

(t^{− 12} a_□ )^{2L(0)} · e^− ∑ j∈Z+ ( A_j L(j)+M_{j−} 1_2 G(j−^1_2 ) ) · (t^{− 12} a_□)^{−2L(0)} · v

= (t^{− 12} a_□)^{−2L(0)}Y ( e^− ∑ j∈Z+ ( Θ^{(1)}_j (t^12 )L(j)+Θ^{(1)}_{j− 12} (t^12 )G(j−^1_2 ) ) · e^{−2Θ(1)0 (t 12 )L(0)}u,

(t^{−1}a^2_□x̃(t^{12} ), t^{− 12} a_□φ̃(t^{12} )) ) (t^{− 12} a_□)^{2L(0)} · e^− ∑ j∈Z+ ( A_j L(j)+M_{j−} 1_2 G(j−^1_2 ) ) · (t^{− 12} a_□)^{−2L(0)} · v

= Y ( (t^{− 12} a_□ )^{−2L(0)}e^− ∑ j∈Z+ ( Θ^{(1)}_j (t^12 )L(j)+Θ^{(1)}_{j− 12} (t^12 )G(j−^1_2 ) ) · e^{−2Θ(1)0 (t 12 )L(0)}u,

(x̃(t^{12} ), φ̃(t^{12} )) ) · e^− ∑ j∈Z+ ( A_j L(j)+M_{j−} 1_2 G(j−^1_2 ) ) · (t^{− 12} a_□)^{−2L(0)} · v = Y (γ_{Θ(H,t}1/2_{,(x,φ))}(u), H_t1/2 (x, φ))γ_{H,t}1/2 (v), for u, v ∈ V . Thus we have (6.2) γ_{H,t}1/2 (Y (u, (x, φ))v) = Y (γ_{Θ(H,t}1/2_{,(x,φ))}(u), H_t1/2 (x, φ))γ_{H,t}1/2 (v). By the truncation condition and the fact that V is a positive energy module for the Neveu-Schwarz algebra, both sides of (6.2) are formal power series in V [t^{−1/2}, t^{1/2}]((x))[φ], and thus well defined at t^{1/2} = 1. This proves the first statement of Proposition 4.1 and equation (4.5) for general formal superconformal change of variables H vanishing at zero. In addition, since γ_{Θ(H,t}1/2_{,(x,φ))}|_t1/2_{=1} is well-defined, so is Θ^{(1)}_j (t^{1/2})|_t1/2_{=1} and thus so is γ^{−1}_{Θ(H,t1/2 ,(x,φ))}|_t1/2_{=1}. This, the fact that γ_{Θ(H,(x,φ))} ∘γ^{−1}_{Θ(H,(x,φ))}(v) = v for v ∈ V , and the fact that γ_H is invertible, give us equation (4.6). □

6.2. Formal algebraic proof of Proposition 4.5 for formal superconformal change of coordinates at infinity. In this section, we let H^{−1}(x, φ) ∈ x^{−1} ⋀ ∞[[x^{−1}]][φ] be the formal superconformal power series given by (4.7), but this time we do not assume that H^{−1} converges in a neighborhood of infinity.

As in Section 6.1, we will prove Proposition 4.5 by a formal algebraic argument first employed in [B5] to construct an N = 1 SG-VOSA from an N = 1 NS-VOSA.

We first prove the following bracket formula.

Lemma 6.3. Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA over a Grassmann algebra. For u ∈ V , t^{1/2} a formal even variable, and (B_j , N_{j−1/2}) ∈ ⋀ ∞, for j ∈ Z_+, we have the following bracket formula in (End V )[[t^{1/2}]][[x^{−1}, x]][φ] [ ∑ j∈Z_+ ( t^j B_j L(−j) + t^{j− 12} N_{j−} 1_2 G(−j + 1 2 ) ) , Y (u, (x, φ)) ]

(6.3) = Y (_∞∑ m=−1 ∑ j∈Z_+ ( −j + 1 m + 1 ) x^{−j−m} (( t^jB_j + 2φt^{j− 12} N_{j−} 1_2 ) L(m)

+ ( t^{j− 12} N_{j−} 1_2 + φx^{−1} (−j − m) 2 t^j B_j ) G(m + 1 2 ) ) u, (x, φ) ) . Proof. From (3.12), we have

[Y (τ, (x_1, φ_1)), Y (u, (x, φ))]

= Res_{x0} x^{−1}δ ( x_1 − x_0 − φ_1φ x ) Y (Y (τ, (x_0, φ_1 − φ))u, (x, φ)). Let l_t(x_1) = ∑ j∈Z_+ t^j B_j x^{−j+1}_1 and g_t(x_1) = ∑ j∈Z_+ t^{j− 12} N_{j−} 1_2 x^{−j+1}_1 .

Then

φ_1Res_{x1} l_t(x_1)Y (ω, (x_1, φ_1)) = φ_1 ∑ j∈Z_+ t^jB_j L(−j)

φ_1Res_{x1} g_t(x_1)Y (τ, (x_1, φ_1)) = φ_1 ∑ j∈Z_+ t^{j− 12} N_{j−} 1_2 G(−j + 1 2 ),

and by the G(−1/2)-derivative property (3.10), we have

Y (ω, (x_1, φ_1)) = Y ( 1 2 G(− 1 2 )τ, (x_1, φ_1)) = 1 2 ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) Y (τ, (x_1, φ_1)).

Thus

φ_1 [ ∑ j∈Z_+ ( t^j B_j L(−j) + t^{j− 12} N_{j−} 1_2 G(−j + 1 2 ) ) , Y (u, (x, φ)) ]

= φ_1Res_{x1} [( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) ) Y (τ, (x_1, φ_1)), Y (u, (x, φ)) ]

= φ_1Res_{x1} (( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) )

Res_{x0} x^{−1}δ

(x_1 − x_0 − φ_1φ x ) Y (Y (τ, (x_0, φ_1 − φ))u, (x, φ)) )

= Y ( φ_1Res_{x1} Res_{x0} ( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) )

x^{−1}δ ( x_1 − x_0 − φ_1φ x ) Y (τ, (x_0, φ_1 − φ))u, (x, φ) ) . However using the δ-function identity (3.2), we have

φ_1Res_{x1} Res_{x0} ( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) )

x^{−1}δ (x_1 − x_0 − φ_1φ x ) Y (τ, (x_0, φ_1 − φ))

= φ_1Res_{x1} Res_{x0} ( 1 2 l_t(x_1) ( ∂ ∂φ_1 + φ_1 ∂ ∂x_1 ) + g_t(x_1) )

x^{−1}_1 δ

( x + x_0 + φ_1φ x_1 ) Y (τ, (x_0, φ_1 − φ))

= φ_1Res_{x1} Res_{x0} ( 1 2 l_t(x_1) ( ∂ ∂φ_1 x^{−1}_1 δ

( x + x_0 + φ_1φ x_1 )) Y (τ, (x_0, −φ)) + 1 2 l_t(x_1)x^{−1}_1 δ

( x + x_0 x_1 ) ∂ ∂φ_1 Y (τ, (x_0, φ_1))

+ g_t(x_1)x^{−1}_1 δ (x + x_0 x_1 ) Y (τ, (x_0, −φ)) )

= φ_1Res_{x1} Res_{x0} ((∑ n∈Z n(x + x_0)^{n−1}φx^{−n−1}_1 )( 1 2 ∑ j∈Z_+ t^jB_j x^{−j+1}_1 )

(∑ k∈Z G(k + 1 2 )x^{−k−2} 0 ) + (∑ n∈Z (x + x_0)^nx^{−n−1}_1 )( 1 2 ∑ j∈Z_+ t^jB_j x^{−j+1}_1 )

( 2 ∑ k∈Z L(k)x^{−k−2}_0 ) + (∑ n∈Z (x + x_0)^nx^{−n−1}_1 )( ∑ j∈Z_+ t^{j− 12} N_{j−} 1_2 x^{−j+1}_1 )

(∑ k∈Z G(k + 1 2 )x^{−k−2} 0 − 2φL(k)x^{−k−2}_0 ))

= φ_1Res_{x0} (∑ l∈N ∑ k∈Z ∑ j∈Z_+ ( (−j + 1) ( −j l ) x^{−j−l}x^l_0 φ 2 t^j B_j G(k + 1 2 )x^{−k−2} 0 + ( −j + 1 l ) x^{−j−l+1}x^l_0t^jB_j L(k)x^{−k−2}_0 + ( −j + 1 l ) x^{−j−l+1}x^l_0t^{j− 12} N_{j−} 1_2 ( G(k + 1 2 ) − 2φL(k) ) x^{−k−2} 0 ))

= φ_1 ∑ l∈N ∑ j∈Z_+ ( (−j + 1) 2 ( −j l ) x^{−j−l}φt^j B_j G(l − 1 2 )

+ ( −j + 1 l ) x^{−j−l+1}t^jB_j L(l − 1) + ( −j + 1 l ) x^{−j−l+1}t^{j− 12} N_{j−} 1_2 (G(l − 1 2 ) − 2φL(l − 1)) )

= φ_1 ∞∑ m=−1 ∑ j∈Z_+ (( −j + 1 m + 1 ) ( t^jB_j L(m) + t^{j− 12} N_{j−} 1_2 (G(m + 1 2 ) ) x^{−j−m}

+ φ ( −j + 1 m + 1 ) ( (−j − m) 2 x^{−1}t^jB_j G(m + 1 2 ) + 2t^{j− 12} N_{j−} 1_2 L(m) ) x^{−j−m} )

= φ_1 ∞∑ m=−1 ∑ j∈Z_+ ( −j + 1 m + 1 ) x^{−j−m} (( t^j B_j + 2φt^{j− 12} N_{j−} 1_2 ) L(m)

+ ( t^{j− 12} N_{j−} 1_2 + φx^{−1} (−j − m) 2 t^j B_j ) G(m + 1 2 ) )

which finishes the proof of (6.3). □

We have the following immediate corollary to Lemma 6.3.

Corollary 6.4. e ∑ j∈Z+ ( t^j B_j L(−j)+t^{j− 1}2 N_{j− 12} G(−j+^1_2 ) ) Y (u, (x, φ))· e^− ∑ j∈Z+ ( t^j B_j L(−j)+t^{j− 1}2 N_{j− 12} G(−j+^1_2 ) )

= Y ( exp (_∞ ∑ m=−1 ∑ j∈Z_+ ( −j + 1 m + 1 ) x^{−j−m} (( t^jB_j + 2φt^{j− 12} N_{j−} 1_2 ) L(m)

+ ( t^{j− 12} N_{j−} 1_2 + φx^{−1} (−j − m) 2 t^jB_j ) G(m + 1 2 ) )) u, (x, φ) ) . We are now ready to prove Proposition 4.5 in the case of a formal invertible superconformal change of variables H ∘ I taking infinity to infinity.

Proof. Denote H_t1/2 ∘ I(x, φ) = (x̃(t^{12} ), φ̃(t^{12} ))

= exp ( − ∑ j∈Z_+ ( t^j B_j L_{−j}(x, φ) + t^{j− 12} N_{j−} 1_2 G_{−j+} 1_2 (x, φ) ) ) · (x, φ). By Corollary 6.4, Proposition 2.4, and equation (3.14), we have Y (u, (x, φ))ξ^∗_{H∘I,t1/2} (v) = Y (u, (x, φ))e^− ∑ j∈Z+ ( t^j B_j L(−j)+t^{j− 1}2 N_{j−} 1_2 G(−j+^1_2 ) ) · v = e^− ∑ j∈Z+ ( t^j B_j L(−j)+t^{j− 1}2 N_{j−} 1_2 G(−j+^1_2 ) ) · e ∑ j∈Z+ ( t^j B_j L(−j)+t^{j− 1}2 N_{j−} 1_2 G(−j+^1_2 ) )

Y (u, (x, φ))e^− ∑ j∈Z+ ( t^j B_j L(−j)+t^{j− 1}2 N_{j−} 1_2 G(−j+^1_2 ) ) · v

= e^− ∑ j∈Z+ ( t^j B_j L(−j)+t^{j− 1}2 N_{j−} 1_2 G(−j+^1_2 ) ) Y ( exp (_∞ ∑ m=−1 ∑ j∈Z_+ ( −j + 1 m + 1 ) x^{−j−m} (( t^jB_j + 2φt^{j− 12} N_{j−} 1_2 ) L(m) + ( t^{j− 12} N_{j−} 1_2 + φx^{−1} (−j − m) 2 t^j B_j ) G(m + 1 2 ) ))

u, (x, φ) ) v

= e^− ∑ j∈Z+ ( t^j B_j L(−j)+t^{j− 1}2 N_{j−} 1_2 G(−j+^1_2 ) ) · Y ( e ( (x̃(t^12 )−x−φ̃(t^12 )φ)L(−1)+(φ̃(t^12 )−φ)G(−^1_2 ) ) ·

exp ( − ∑ j∈Z_+ ( Θ^{(2)}_j (t^{12} )L(j) + Θ^{(2)}_{j− 12} (t^{12} )G(j − 1 2 ) )) ·

exp ( −2Θ^{(2)}_0 (t^{12} )L(0) ) · u, (x, φ) ) v

= e^− ∑ j∈Z+ ( t^j B_j L(−j)+t^{j− 1}2 N_{j−} 1_2 G(−j+^1_2 ) ) · Y ( exp ( − ∑ j∈Z_+ ( Θ^{(2)}_j (t^{12} )L(j) + Θ^{(2)}_{j− 12} (t^{12} )G(j − 1 2 ) ) ) ·

exp ( −2Θ^{(2)}_0 (t^{12} )L(0) ) · u, (x̃(t^{12} ), φ̃(t^{12} )) ) v = ξ^∗_{H∘I,t1/2} (Y (ξ_{Θ(H∘I,t}1/2_{,(x,φ))}(u), H_t1/2 ∘ I(x, φ))v), for u, v ∈ V . Thus we have (6.4) Y (u, (x, φ))ξ^∗_{H∘I,t1/2} (v) = ξ^∗_{H∘I,t1/2} (Y (ξ_{Θ(H∘I,t}1/2_{,(x,φ))}(u), H_t1/2 ∘ I(x, φ))v) as formal power series in V [[t^{1/2}]][[x^{−1}, x]][φ]. Setting t^{1/2} = 1 on the left-hand side of (6.4), we see that both sides of (6.4) are well-defined elements of V̄ [[x^{−1}, x]][φ]. This proves the first statement of Proposition 4.5 and equation (4.12) for general formal superconformal change of variables H at infinity. In addition, since ξ_{Θ(H∘I,t}1/2_{,(x,φ))}|_t1/2_{=1} is well defined, Θ^{(2)}_j (t^{1/2})|_t1/2_{=1} must also be well defined, and thus so is ξ^{−1}_{Θ(H∘I,t1/2 ,(x,φ))}|_t1/2_{=1}. This, the fact that for v ∈ V , we have ξ_{Θ(H∘I,(x,φ))} ∘ ξ^{−1}_{Θ(H∘I,(x,φ))}(v) = v , and the fact that ξ^∗_{H∘I} is invertible, give us equation (4.13). □ 7. Isomorphism classes of N = 1 NS-VOSAs arising from superconformal changes of variables For H a formally superconformal of the form (4.2), we note that (4.5) is equivalent to (7.1) γ_H (Y (u, (x, φ))v) = Y (γ_{Θ(H,(x,φ))} ∘ γ^{−1}_H ∘ γ_H (u), H(x, φ))γ_H (v). Thus by Remark 3.2, we have the following corollary to Proposition 4.1. Corollary 7.1. Let H, γ_H and γ_{Θ(H,(x,φ))} be as in Section 4.1. Define V_H = γ_H (V ),

(7.2) Y_H (u, (x, φ)) = Y (γ_{Θ(H,(x,φ))} ∘ γ^{−1}_H (u), H(x, φ)), (7.3) 1_H = γ_H (1)

(7.4) = 1, τ_H = γ_H (τ )

(7.5) = a^{−3}_□ τ. Then (V_H , Y_H (·, (x, φ)), 1_H, τ_H ) is an N = 1 NS-VOSA and is isomorphic to (V, Y, 1, τ ). Similarly for H^{−1} a formally superconformal power series of the form (4.7), we note that since ξ^∗_{H∘I} is invertible, (4.12) is equivalent to (ξ^∗_{H∘I} )^{−1}(Y (u, (x, φ))v) = Y (ξ_{Θ(H∘I,(x,φ))}(u), H ∘ I(x, φ))(ξ^∗_{H∘I} )^{−1}(v)) = Y (ξ_{Θ(H∘I,(x,φ))} ∘ ξ^∗_{H∘I} ∘ (ξ^∗_{H∘I} )^{−1}(u), H ∘ I(x, φ))(ξ^∗_{H∘I} )^{−1}(v)). Thus by Remark 3.2, we have the following corollary to Proposition 4.5. Corollary 7.2. Let H ∘ I, ξ^∗_{H∘I} and ξ_{Θ(H,(x,φ))} be as in Section 4.2. Define V_{H∘I} = ∐ n∈^1_2 Z

(ξ^∗_{H∘I} )^{−1}(V_{(n)}),

(7.6) Y_{H∘I} (u, (x, φ)) = Y (ξ_{Θ(H∘I,(x,φ))} ∘ ξ^∗_{H∘I} (u), H ∘ I(x, φ)), (7.7) 1_{H∘I} = (ξ^∗_{H∘I} )^{−1}(1)

(7.8) = 1 + N 3_2 τ + B_2ω + terms of higher weight in V , τ_{H∘I} = (ξ^∗_{H∘I} )^{−1}(τ )

(7.9) = τ + terms of higher weight in V .

Then (V_{H∘I} , Y_{H∘I} (·, (x, φ)), 1_{H∘I}, τ_{H∘I} ) is an N = 1 NS-VOSA and is isomorphic to (V, Y, 1, τ ).

Remark 7.3. In [H2], Huang defines families of isomorphic VOAs derived from a change of variables f where f is an invertible analytic function vanishing at infinity. However, there is a mistake in his definition of the operator Y_{1/f} (u_{1/f} , x)v_{1/f} on p. 181. Instead of defining Y_{1/f} (u_{1/f} , x)v_{1/f} = Y (ψ^{1/f}_x (u_{1/f} ), 1/f(x))v_{1/f} (7.10) = Y (ξ^{−1}_x ∘ (ξ^∗_{1/f} )^{−1}(u_{1/f} ), 1/f(x))v_{1/f} one should define Y_{1/f} (u_{1/f} , x)v_{1/f} = Y (ψ^{1/f}_{1/f(x)}(u_{1/f} ), 1/f(x))v_{1/f} (7.11) = Y (ξ^{−1}_{1/f(x)} ∘ (ξ^∗_{1/f} )^{−1}(u_{1/f} ), 1/f(x))v_{1/f} .

The superextension of this is equivalent to using the equation (4.12) to note that ξ^∗_{H∘I} (Y (u, (x, φ))v) = Y (ξ^{−1}_{Θ(H∘I,I−1 ∘H−1 (x,φ))}(u), I^{−1} ∘ H^{−1}(x, φ))ξ^∗_{H∘I} (v) = Y (ξ^{−1}_{Θ(H∘I,I−1 ∘H−1 (x,φ))} ∘ (ξ^∗_{H∘I} )^{−1} ∘ ξ^∗_{H∘I} (u), I^{−1} ∘ H^{−1}(x, φ))ξ^∗_{H∘I} (v). Thus defining V_I−1_{∘H}−1 = ∐ n∈^1_2 Z ξ^∗_{H∘I} (V_{(n)}), (7.12) Y_I−1_{∘H}−1 (u, (x, φ)) = Y (ξ^{−1}_{Θ(H∘I,I−1 ∘H−1 (x,φ))} ∘ (ξ^∗_{H∘I} )^{−1}(u), (7.13) I^{−1} ∘ H^{−1}(x, φ)), (7.14) 1_I−1_{∘H}−1 = ξ^∗_{H∘I} (1)

(7.15) τ_I−1_{∘H}−1 = ξ^∗_{H∘I} (τ ) (7.16) (7.17) gives an N = 1 NS-VOSA isomorphic to (V, Y, 1, τ ). One recovers the correct analogous formulas for the non-super case given in [H2] by letting f be the body component of H^{−1}, setting all odd components and soul portions of supernumbers equal to zero and restricting V to V^0. (Recall that Huang’s operator ξ^∗_{1/f} is the body portion of our operator ξ^∗_{H∘I} if f^{−1} is the body of H.)

8. Superconformal change of variables in an annulus Let Σ_B be a closed annulus in the complex plane with Jordan curves C_1 and C_2 as its boundary. Let Σ be the superannulus in ⋀ ∞ with body Σ_B and such that Σ is closed under the DeWitt topology, i.e., let Σ = Σ_B × ( ⋀ ∞)_S . Let H^{−1}(z, φ) be an invertible orientation-preserving superconformal map defined on Σ.

Let Σ_2 be the open subset of ⋀ ∞ in the DeWitt topology whose body is the exterior of C_2 in the complex plane union {∞}. Assume that C_1 and C_2 were chosen such that C_1 ⊂ (Σ_2)_B . Assume that the interior of C_2 and the interior of the body of the subset H^{−1}(C_2 × ( ⋀ ∞)_S ) both contain zero. Let Σ_1 be the open subset of ⋀ ∞ in the DeWitt topology whose body is the interior of the body of H^{−1}(C_1 × ( ⋀ ∞)_S ) in the complex plane.

Let M = Σ_1 ⊔ Σ_2/{p = q if p ∈ Σ, q ∈ H^{−1}(Σ), and H^{−1}(p) = q}.

Then M is a super-Riemann surface with superconformal coordinate charts given by the two open neighborhoods Σ_1 and Σ_2, and the superconformal coordinate transition H^{−1}. It is clear that topologically, M is a supersphere. Thus by the Uniformization Theorem for super-Riemann surfaces proved in [CR], M must be superconformally equivalent to the super-Riemann sphere SĈ . Let F be a superconformal isomorphism from M to SĈ . Then F restricted to Σ_1 and Σ_2, respectively, gives invertible superconformal functions F_1 and F_2, respectively, such that for (w, ρ) in the interior of Σ

F_2(w, ρ) = F_1 ∘ H^{−1}(w, ρ),

or equivalently

(8.1) H^{−1}(w, ρ) = F^{−1}_1 ∘ F_2(w, ρ).

We can assume that

F_1(0, 0) = (0, 0)

(8.2) F_2(∞, 0) = (∞, 0)

(8.3) lim w→∞ ∂ ∂ρ F_2(w, ρ) = 1,

(8.4)

since if equations (8.2)-(8.4) do not hold, we can compose F with a global superconformal transformation T from SĈ to SĈ , such that equations (8.2)-(8.4) hold for T ∘ F ; see [B4].

Since F_1 is superconformal and invertible in a neighborhood of zero, and vanishing at zero, F_1(x, φ) can be written in the form of (4.2), and since F_2 is superconformal satisfying equations (8.3) and (8.4), F_2 can be written in the form of the righthand side of (4.8) with t^{1/2} = 1. Thus by Propositions 4.1 and 4.5, we have

(ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (Y (u, (x, φ))v)

= (ξ^∗_F −1_2 )^{−1}(Y (γ_{Θ(F1 ,(x,φ))}(u), F_1(x, φ))γ_{F1} (v)) = Y (ξ_{Θ(F} −1_{2 ,F1 (x,φ))} ∘ γ_{Θ(F1 ,(x,φ))}(u), F^{−1}_2 ∘ F_1(x, φ))(ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (v) = Y (ξ_{Θ(F} −1_{2 ,F1 (x,φ))} ∘ γ_{Θ(F1 ,(x,φ))}(u), H(x, φ))(ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (v) = Y (ξ_{Θ(F} −1_{2 ,F1 (x,φ))} ∘ γ_{Θ(F1 ,(x,φ))} ∘ γ^{−1}_{F1} ∘ ξ^∗_F −1_2 ∘ (ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (u), H(x, φ))(ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (v).

Thus by Remark 3.2, we have the following Corollary to Propositions 4.1 and 4.5.

Corollary 8.1. Let H^{−1} be a superconformal map defined on the superannulus Σ as given above, and let F_1 and F_2 be the unique superconformal coordinates defined in neighborhoods of 0 and ∞, respectively, and satisfying (8.1)-(8.4). Let (V, Y (·, (x, φ)), 1, τ ) be an N = 1 NS-VOSA. We have the following change of variables formulas in V̄ [[x^{−1}, x]][φ] (8.5) (ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (Y (u, (x, φ))v) = Y (ξ_{Θ(F} −1_{2 ,F1 (x,φ))} ∘ γ_{Θ(F1 ,(x,φ))}(u), H(x, φ))(ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (v), i.e., (8.6) Y (u, H(x, φ))v = (ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (Y (γ^{−1}_{Θ(F1 ,(x,φ))} ∘ ξ^{−1}_{Θ(F −12 ,F1(x,φ))}(u), (x, φ))γ^{−1}_{F1} ∘ ξ^∗_F −1_2 (v)), for u, v ∈ V , and for (z, θ) in the domain of convergence of H, both sides of (8.5) and of (8.6) exist for (x, φ) = (z, θ) and are equal. Furthermore, define V_H = (ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (V ),

(8.7)

Y_H (u, (x, φ)) = Y (ξ_{Θ(F} −1_{2 ,F1(x,φ))} ∘ γ_{Θ(F1 ,(x,φ))} ∘ γ^{−1}_{F1} ∘ ξ^∗_F −1_2 (u),

(8.8) H(x, φ)), (8.9) 1_H = (ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (1),

(8.10) τ_H = (ξ^∗_F −1_2 )^{−1} ∘ γ_{F1} (τ ).

(8.11) (8.12) Then (V_H , Y_H (·, (x, φ)), 1_H, τ_H ) is an N = 1 NS-VOSA and is isomorphic to (V, Y, 1, τ ). Remark 8.2. We have assumed that the annulus Σ and its image under H^{−1} circumscribe zero. However, if it does not, we can use the superconformal shift change of variables formulas given by (3.15) which, when combined with the change of variables given in Corollary 8.1 above, provide the appropriate change of variables formula.

Remark 8.3. The formula for Y_{1/f} on p. 183 in [H2] is incorrect. The formula should read Y_{1/f} (u_{1/f} , x)v_{1/f} = Y (ξ^{−1}_{(F (2) )−1 ∘F (1) (x)} ∘ ψ^{F (1)}_x ∘ (ξ^∗_{(F (2) )−1} )^{−1}(u_{1/f} ), (F^{(2)})^{−1} ∘ F^{(1)}(x))v_{1/f} = Y (ξ^{−1}_{f(x)} ∘ ψ^{F (1)}_x ∘ (ξ^∗_{(F (2) )−1} )^{−1}(u_{1/f} ), f(x))v_{1/f} .

In addition, the isomorphism in Theorem 7.4.8 in [H2] should be ξ^∗_{(F (2) )−1} ∘ φ_F (1) .

References

[B1] K. Barron, A supergeometric interpretation of vertex operator superalgebras, Int. Math. Res.

Notices, 1996 No. 9, Duke University Press, 409–430.

[B2] K. Barron, The supergeometric interpretation of vertex operator superalgebras, Ph.D. thesis, Rutgers University, 1996.

[B3] K. Barron, “N = 1 Neveu-Schwarz vertex operator superalgebras over Grassmann algebras and with odd formal variables” in Representations and Quantizations: Proceedings of the International Conference on Representation Theory, July 1998, Shanghai China, Springer- Verlag, 9–39.

[B4] K. Barron, The moduli space of N = 1 superspheres with tubes and the sewing operation, Memoirs Amer. Math. Soc., 162, Num. 772, 2003.

[B5] K. Barron, The notion of N = 1 supergeometric vertex operator superalgebra and the isomorphism theorem, Commun. in Contemp. Math., to appear; preprint available at http://arXiv.org/abs/math.QA/0301273.

[BHL] K. Barron, Y.-Z. Huang and J. Lepowsky, Factorization of formal exponentials and uniformization, J. Alg. 228 (2000), 551–579.

[BPZ] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infinite conformal symmetries in two-dimensional quantum field theory, Nuclear Phys. B 241 (1984), 333–380.

[Bo] R. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, Proc. Nat. Acad. Sci.

USA 83 (1986), 3068–3071.

[CR] L. Crane and J. Rabin, Super Riemann surfaces: uniformization and Teichmüller theory, Commun. Math. Phys. 113 (1988), 601–623.

[D] B. DeWitt, Supermanifolds, 2nd ed., Cambridge Monogr. Math. Phys., Cambridge Univ.

Press, Cambridge, 1992.

[DL] C. Dong and J. Lepowsky, Generalized Vertex Algebras and Relative Vertex Operators, Progr. Math., 112, Birkhäuser, Boston, 1993.

[FFR] A. J. Feingold, I. B. Frenkel and J. F. X. Ries, Spinor Construction of Vertex Operator Algebras, Triality and E^{(1)}_8 , Contemp. Math. 121, Amer. Math. Soc., Providence, 1991.

[FG] W. Fischer and H. Grauert, Lokal-triviale Familien kompakter komplexer Mannigfaltigkeiten, Nachr. Akad. Wiss. Göttingen Math.-Phys. Kl. 1965, 89–94.

[Fk] I. B. Frenkel, talk presented at the Institute for Advanced Study, 1988. [FHL] I. B. Frenkel, Y.-Z. Huang and J. Lepowsky, On axiomatic approaches to vertex operator algebras and modules, Memoirs Amer. Math. Soc. 104, Num. 494, 1993.

[FLM] I. B. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and the Monster, Academic Press, New York, 1988.

[Fd] D. Friedan, “Notes on string theory and two dimensional conformal field theory” in Unified String Theories, World Scientific, Singapore, 1986, 162–213.

[FS] D. Friedan and S. Shenker, The analytic geometry of two-dimensional conformal field theory, Nuclear Phys. B 281 (1987), 509–545.

[G] P. Goddard, “Meromorphic conformal field theory” in Infinite-Dimensional Lie Algebras and Groups, ed. by V. Kac, Adv. Ser. Math. Phys. 7, World Scientific, Teaneck, N.J., 1989, 556–587.

[GKO] P. Goddard, A. Kent and D. Olive, Unitary Representations of the Virasoro and Super- Virasoro Algebras, Commun. Math. Phys. 103 (1986), 105–119.

[H1] Y.-Z. Huang, On the geometric interpretation of vertex operator algebras, Ph.D. thesis, Rutgers University, 1990.

[H2] Y.-Z. Huang, Two Dimensional Conformal Geometry and Vertex Operator Algebras, Birkhäuser, Boston, 1997.

[HL1] Y.-Z. Huang and J. Lepowsky, “Vertex operator algebras and operads”, in: The Gelfand Mathematical Seminar, 1990–1992, ed. L. Corwin, I. Gelfand and J. Lepowsky, Birkhäuser, Boston, 1993, 145–161.

[HL2] Y.-Z. Huang and J. Lepowsky, “Operadic formulation of the notion of vertex operator algebra”, in: Mathematical Aspects of Conformal and Topological Field Theories and Quantum Groups, ed. P. Sally, M. Flato, J. Lepowsky, N. Reshetikhin and G. Zuckerman, Contemp. Math. 175, Amer. Math. Soc., Providence, 1994, 131–148.

[K] V. Kac, Lie superalgebras, Adv. Math. 26 (1977), 8–96.

[KW] V. Kac and W. Wang, “Vertex operator superalgebras and their representations”, in Mathematical Aspects of Conformal and Topological Field Theories and Quantum Groups, ed. by P. Sally, M. Flato, J. Lepowsky, N. Reshetikhin and G. Zuckerman, Contemp. Math. 175, Amer. Math. Soc., Providence, 1994, 161–191.

[M] J. P. May, The geometry of iterated loop spaces, Lecture Notes in Math., No. 271, Springer- Verlag, Berlin, 1972.

[NS] A. Neveu and J. H. Schwarz, Factorizable dual model of pions, Nucl. Phys. B 31 (1971), 86–112.

[R] A. Rogers, Graded manifolds, supermanifolds and infinite-dimensional Grassmann algebras, Commun. Math. Phys. 105 (1986), 375–384 [S] G. Segal, The definition of conformal field theory, preprint.

[T] H. Tsukada, Vertex operator superalgebras, Comm. Algebra 18 (1990), 2249–2274. [V] C. Vafa, Conformal theories and punctured surfaces, Phys. Lett. B 199 (1987), 195–202.

Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556 E-mail address: kbarron@nd.edu