arXiv:math.DG/0308249 v1 26 Aug 2003

A Positive Mass Theorem for Spaces with Asymptotic SUSY Compactification

Xianzhe Dai

August 26, 2003

Abstract

We prove a positive mass theorem for spaces which asymptotically approach a flat Euclidean space times a Calabi-Yau manifold (or any special honolomy manifold except the quaternionic Kähler). This is motivated by the very recent work of Hertog-Horowitz- Maeda [HHM].

In general relativity, isolated gravitational systems are modelled by asymptotically flat spacetimes. The spatial slices of such spacetime are then asymptotically flat Riemannian manifolds. That is, Riemannian manifolds (M^n, g) such that M = M_0 ∪ M_∞ with M_0 compact and M_∞ ≃ R^n −B_R(0) for some R > 0 so that in the induced Euclidean coordinates the metric satisfies the asymptotic conditions

g_{ij} = δ_{ij} + O(r^{−τ} ), ∂_k g_{ij} = O(r^{−τ −1}), ∂_k ∂_lg_{ij} = O(r^{−τ −2}). (0.1)

Here τ > 0 is the asymptotic order and r is the Euclidean distance to a base point. The total mass (the ADM mass) of the gravitational system can then be defined via a flux integral [ADM], [LP] m(g) = lim_{R→∞} 1 4ω_n ∫ S_R (∂_ig_{ij} − ∂_j g_{ii}) ∗ dx_j . (0.2)

Here ω_n denotes the volume of the n − 1 sphere and S_R the Euclidean sphere with radius R centered at the base point.

If τ >^{n−2}_2 and n ≥ 2, then m(g) is independent of the asymptotic coordinates x_i, and thus is an invariant of the metric. The positive mass theorem [SY1], [SY2], [SY3], [Wi1] says that this total mass is nonnegative provided one has nonnegative local energy density.

Theorem 0.1 (Schoen-Yau, Witten). Suppose (M^n, g) is an asymptotically flat spin manifold of dimension n ≥ 3 and of order τ >^{n−2}_2 . If the scalar curvature R ≥ 0, then m(g) ≥ 0 and m(g) = 0 if and only if M = R^n.

Remark. The scalar curvature R is the local energy density.

According to string theory [CHSW], our universe is really ten dimensional, modelled by M^{3,1} ×X where X is a Calabi-Yau 3-fold. This is the so called Calabi-Yau compactification, which motivates the spaces we now consider.

We consider the complete Riemannian manifolds (M^n, g) such that M = M_0 ∪ M_∞ with M_0 compact and M_∞ ≃ (R^k − B_R(0)) × X for some R > 0 and X a compact simply connected Calabi-Yau manifold (or with any other special honolomy except Sp(m) · Sp(1)) so that the metric on M_∞ satisfies

g =^∘g +h,^∘g= g_Rk + g_X , h = O(r^{−τ} ),^∘∇h = O(r^{−τ −1}),^∘∇^∘∇h = O(r^{−τ −2}). (0.3)

Here^∘∇ is the Levi-Civita connection of^∘g, τ > 0 is the asymptotical order. We will call M a space with asymptotic SUSY compactification.

The mass for such a space is then defined by m(g) = lim_{R→∞} 1 4ω_kvol(X) ∫ S_R×X (^∘∇_e0_a g_{ja}−^∘∇_e0_j g_{aa}) ∗ dx_jdvol(X). (0.4)

Here {e^0_a} = {^∂_{∂xi} , f_α} is an orthornormal basis of^∘g, the ∗ operator is the one on the Euclidean factor, the index i, j run over the Euclidean factor and the index α runs over X while the index a runs over the full index of the manifold. In fact, this reduces to m(g) = lim_{R→∞} 1 4ω_kvol(X) ∫ S_R×X (∂_ig_{ij} − ∂_j g_{aa}) ∗ dx_j dvol(X). Remark. If τ >^{k−2}_2 and k ≥ 2, then m(g) is independent of the asymptotic coordinates.

Our main result is

Theorem 0.2. Let (M, g) be a complete spin manifold as above and the asymptotic order τ >^{k−2}_2 and k ≥ 3. If M has nonnegative scalar curvature, then m(g) ≥ 0 and m(g) = 0 if and only if M = R^k × X.

Remark. The result extends without change to the case with more than one end. Remark. Just like in the usual case, the restriction k ≥ 3 has to do with getting the correct spin structure at the ends. See section 5 for additional comments regarding the spin structures of the ends.

Our motivation comes from a very recent work of Hertog-Horowitz-Maeda [HHM] on the Calabi-Yau compactifications. Using the existence result of Stolz [S1], [S2] on metrics of positive scalar curvature, they constructed classical configurations which has regions of (arbitrarily large) negative energy density as seen from the four dimensional perspective. This should be contrasted with the positivity (nonnegativity) of the total mass, as guaranteed by Theorem 0.2. According to [HHM], physical consequences of the negative energy density include possible violation of Cosmic Censorship and new thermal instability.

The Lorentzian version of Theorem 0.2 will be discussed in a separate paper.

Acknowledgement: This work is motivated and inspired by the work of Gary Horowitz and his collaborators [HHM]. The author is indebted to Gary for sharing his ideas and for interesting discussions. The author would also like to thank Is Singer for bringing them together and for useful discussion. Thanks are also due to Xiao Zhang for useful comments.

1 Manifolds with special holonomy

For a complete Riemannian manifold (M^n, g), the holonomy group Hol(g) (with respect to a base point) is the subgroup of O(n) generated by parallel translations along all loops at the base point. For simply connected irreducible nonsymmetric spaces, Berger has given a complete classification of possible holonomy groups, namely, SO(n) which is the generic situation, U(m) (if n = 2m) which is Kähler, SU(m) for Calabi-Yau, Sp(m) · Sp(1) (if n = 4m) which is called quaternionic Kähler, Sp(m) which is called hyper-Kähler, Spin(7) (if n = 8), and G_2 (if n = 7). Except the generic and Kähler cases, the rest are called special holonomy.

If a Riemannian manifold (M, g) is spin, then one can consider spinors ϕ on M which are sections of the spinor bundle S. The Levi-Civita connection ∇ of g lifts to a connection of the spinor bundle, which will still be denoted by the same notation. In fact, any metric connections lift in the same way. The Dirac operator Dϕ = e_i · ∇_{ei} ϕ, where e_i is a local orthonormal basis of M and e_i· is the Clifford multiplication. A spinor ϕ is parallel if ∇ϕ = 0.

Implicitly, all these depend on the underlying spin structure, which is in one-to-one correspondence with elements of H^1(M, Z_2) [LM]. Thus, for simply connected manifolds, one has a unique spin structure. It seems that the issue of spin structure in this context is a subtle one, deserving further study. (See also section 5.)

All manifolds with special holonomy, with the exception of the quaternionic Kähler ones, carry nonzero parallel spinor. In fact, one has the following theorem of McKenzie Wang [Wa].

Theorem 1.1. Let (M, g) be a complete, simply connected, irreducible Riemannian spin manifold and N be the dimension of parallel spinors. Then N > 0 if and only if the holonomy group is one of SU(m), Sp(m), Spin(7), G_2.

Remark. Wang [Wa] actually characterizes each special holonomy by the number of parallel spinors.

Remark. Manifolds with parallel spinors are called supersymmetric (SUSY) in physics literature.

2 Proof of Theorem 0.2

Our proof is an extension of Witten’s spinor proof [Wi1]. Here we follow the idea of Anderson and Dahl [AnD] and use the following alternative formula for the Lichnerowicz formula.

Lemma 2.1. Given a spinor ϕ on a Riemannian spin manifold, define a 1-form α via α(X) = ⟨(∇_X + X · D)ϕ, ϕ⟩. Then div α = R 4 |ϕ|^2 + |∇ϕ|^2 − |Dϕ|^2.

Proof. Choose an orthonormal basis e_a such that ∇e_a = 0 at the given point. Then (Einstein summation enforced)

div α = (∇_{ea} α)(e_a) = e_a(α(e_a)) = ⟨(∇_{ea} + e_a · D)ϕ, ∇_{ea} ϕ⟩ + ⟨∇_{ea} (∇_{ea} + e_a · D)ϕ, ϕ⟩ = |∇ϕ|^2 − |Dϕ|^2 + ⟨(δ_{ab} + e_a · e_b·)∇_{ea} ∇_{eb} ϕ, ϕ⟩. The last term is just ⟨ 1 2 [e_a·, e_b·]∇_{ea} ∇_{eb} ϕ, ϕ⟩ = ⟨ 1 4 [e_a·, e_b·]R(e_a, e_b)ϕ, ϕ⟩ = R 4 |ϕ|^2 by the usual calculation as in the Lichnerowicz formula [LM].

Therefore, for any compact domain Ω ⊂ M, ∫ Ω [ R 4 |ϕ|^2 + |∇ϕ|^2 − |Dϕ|^2] dvol(g) = ∫ ∂Ω ∑ ⟨(∇_{ea} + e_a · D)ϕ, ϕ⟩ int(e_a) dvol(g), = ∫ ∂Ω ∑ ⟨(∇_ν + ν · D)ϕ, ϕ⟩ dvol(g|_{∂Ω}) (2.5) where e_a is an orthonormal basis of g and ν is the unit outer normal of ∂Ω. Also, here int(e_a) is the interior multiplication by e_a.

In particular, for a harmonic spinor ϕ, i.e., Dϕ = 0, the left hand side of (2.5) will be nonnegative provided R ≥ 0. On the other hand, if the harmonic spinor ϕ can be chosen so that it is asymptotic to a parallel spinor at infinity and we choose the domain Ω so that ∂Ω = S_R × X, then we will show that the right hand side of (2.5) converges to the mass (up to a positive normalizing constant). Thus, for the first part of our theorem, we are left with two tasks. First, we need to show the existence of harmonic spinors which are asymptotic to a parallel spinor. Second, we need to show that the limit of the boundary term converges to the mass. The existence of the harmonic spinor is dealt with in section 4 (Lemma 4.1) after the necessary analysis in the next section and the computation of the limit of the boundary term is also left to Section 4 (Lemma 4.2).

We now continue with the proof of the rigidity. If m(g) = 0, then it follows that ϕ is a (nonzero) parallel spinor on M. This implies that M is Ricci flat, as e_a · R(e_a, X)ϕ = − 1 2 Ric(X) ϕ. Thus, we are in a position to use the splitting theorem of Cheeger-Gromoll [CG]. To find lines in M, we start with sequences of pairs of points p_i, q_i in M_∞ ≃ (R^k − B_R(0)) × X. When R is sufficiently large, one can choose p_i, q_i so that their distance is comparable to their Euclidean distance. It follows that one can construct a line in M this way. Similarly, we can construct k lines in M that are almost perpendicular to each other. It follows that M = R^k × X. 3 Fibered boundary calculus

We will use the fibered boundary calculus of Melrose-Mazzeo [MM] (and further developed by Boris Vaillant in his thesis [V] and in [HHMa]) to solve for the harmonic spinor with the correct asymptotic behavior.

The change of variable r =^1_x makes metric into what is called fibered boundary metric, which is defined in the more general setting as follows.

Consider a complete noncompact Riemannian manifold (M, g). Assume that M has a compactification M̄ such that ∂M̄ comes with a fibration structure F → ∂M̄^π−→ B. Moreover, in a neighborhood of the boundary ∂M̄, the metric g has the form g = dx^2 x^4 + π^∗(g_B) x^2

+ g_F (3.6)

where x is a defining function of the boundary, i.e., x = 0 on ∂M̄ and dx ≠ 0 on the boundary. Also, g_B is a metric on the base B, g_F is a family of fiberwise metrics.

Thus, in the setting of spaces with asymptotic SUSY compactification, one has a trivial fibration S^{k−1} × X and x =^1_r .

We will use the notation M, M̄, and ∂M, ∂M̄ interchangeably. For a manifold with boundary, the Lie algebra of b-vector fields consists of vector fields tangent to the boundary

V_b(M) = {V | V is tangent to the boundary ∂M}

The Lie algebra of vector fields associated with the fibered boundary metric is

V_{f b} = {V ∈ V_b(M) | V is tangent to the fibers F at ∂M, V x = O(x^2)}. (3.7)

If y is local coordinates of B and z is local coordinates of F , then V_{f b} is spanned by x^2∂_x, x∂_y , ∂_z. The fibered boundary vector fields V_{f b} generate the ring of fibered boundary differential operators. The Dirac operator D associated to the fibered boundary metric is such a fibered boundary differential operator of first order.

Define the L^2 and Sobolev spaces as follows. L^2(M, S) = L^2(M, S; dvol(g)) = L^2(M, S, dxdydz x^{2+l} ) if dim B = l. L^{p,2}(M, S) = { ϕ ∈ L^2(M, S) | ∇_{V1} · · ·∇_{Vj} ϕ ∈ L^2(M, S), ∀j ≤ p, V_i ∈ V_b }. For γ ∈ R, the space of conormal sections of order γ is defined to be A^γ (M, S) = { ϕ ∈ C^∞(M, S) | ∇_{V1} · · · ∇_{Vj} ϕ| ≤ Cx^γ , ∀j, V_i ∈ V_b }, while the space of polyhomogeneous sections is A^∗_{phg}(M, S) = { ϕ ∈ A^∗(M, S) | ϕ ∼ ∑ Reγj →∞ N_j∑

k=0 ψ_{jk}x^{γj} (log x)^k, ψ_{jk} ∈ C^∞(∂M, S) }.

Here the expansion is the usual asymptotic expansion, uniform with all the derivatives. We usually specify all possible pair (γ_j, N_j ) that can appear in the expansion and the collection of (γ_j, N_j ) is called the index set.

Assume that ker D_F has constant dimension so it forms a vector bundle on the base B. Let Π_0 be the orthogonal projection onto ker D_F and Π_⊥ = I − Π_0. The following is a summary of the results developed in [MM], [V], [HHMa].

Theorem 3.1. Suppose that a is not an indicial root of Π_0x^{−1}DΠ_0. Then

D : x^aL^{1,2}(M, S) → x^{a+1}Π_0L^2(M, S) ⊕ x^aΠ_⊥L^2(M, S)

is Fredholm. If Dϕ = 0 for ϕ ∈ x^aL^2(M, S), then ϕ is polyhomogeneous with exponents in its expansion determined by the indicial roots of Π_0x^{−1}DΠ_0 and truncated at a. If Dξ = ψ for ψ ∈ A^a(M, S) and ξ ∈ x^{c−1}Π_0L^{1,2}(M, S) ⊕ x^cΠ_⊥L^{1,2}(M, S) and c < a, then ξ ∈ Π_0A^I_{phg} (M, S) + A^a(M, S). For the precise definition of the indicial root, and in particular, the indicial root of Π_0x^{−1}DΠ_0, we refer the reader to [MM], [HHMa]. For our purpose, we only note that it is a discrete set.

Remark. Strictly speaking, only^∘g is a fibered boundary metric in the pure sense but it is easy to see that the result generalize to the metric g. In any case, the metric perturbation produces only a lower order term (Cf. section 4).

Lemma 3.2. If R ≥ 0 and a >^{k−2}_2 is not an indicial root, then

D : x^aL^{1,2}(M, S) → x^{a+1}Π_0L^2(M, S) ⊕ x^aΠ_⊥L^2(M, S)

is an isomorphism.

Proof. We first see that it is injective. If Dϕ = 0 for ϕ ∈ x^aL^2(M, S), then by Theorem 3.1, ϕ ∈ A^a_{phg}(M, S). Now, from (2.5), ∫ Ω [|∇ϕ|^2 + R 4 |ϕ|^2]dvol = ∫ ∂Ω ⟨∇_ν ϕ, ϕ⟩ dvol(∂Ω). By taking Ω so that ∂Ω = S_r × X and r → ∞ we see that the right hand side goes to zero since ϕ ∈ A^a_{phg}(M, S) and a >^{k−2}_2 . It follows then by the assumption R ≥ 0 that ϕ is parallel and hence zero.

Now, if ω is in the cokernel of D, then, by the Fredholm property, ω ∈ x^{a+1}Π_0L^2(M, S)⊕ x^aΠ_⊥L^2(M, S) and ω is a weak solution of Dirac equation: ⟨ω, Dξ⟩ = 0, ∀ξ ∈ x^aL^{1,2}(M, S). It follows by the regularity part of Theorem 3.1, ω ∈ A^a_{phg}(M, S). Therefore the same argument as above shows ω = 0.

4 Computation of the mass

Recall that g =^∘g +h with^∘g= g_Rk +g_X and h = O(r^{−τ} ),^∘∇h = O(r^{−τ −1}),^∘∇^∘∇h = O(r^{−τ −2}). Let e^0_a be the orthonormal basis of^∘g which consists of^∂_{∂xi} followed by an orthonormal basis f_α of g_X . Orthonormalizing e^0_a with respect to g gives rise an orthonormal basis e_a of g. Moreover, e_a = e^0_a − 1 2 h_{ab}e^0_b + O(r^{−2τ} ). (4.8)

This gives rise to a gauge transformation A : SO(^∘g) ∋ e^0_a → e_a ∈ SO(g) which identifies the corresponding spin groups and spinor bundles.

To compare ∇ and^∘∇, in particular their lifts to the spinor bundles, one introduces a new connection ∇^0 = A∘^∘∇ ∘A^{−1}. This connection is compatible with the metric g but has a torsion

T (X, Y ) = ∇^0_X Y − ∇^0_Y X[X, Y ] = −(^∘∇_X A)A^{−1}Y + (^∘∇_Y A)A^{−1}X. (4.9)

The difference of ∇ and ∇^0 is then expressible in terms of the torsion 2⟨∇^0_X Y − ∇_X Y, Z⟩ = ⟨T (X, Y ), Z⟩ − ⟨T (X, Z), Y ⟩ − ⟨T (Y, Z), X⟩, (4.10) where we use the metric g for the inner product ⟨ , ⟩.

Since ∇ and ∇^0 are both g-compatible, their induced connections on the spinor bundle differ by ∇_{ea} − ∇^0_{ea} = − 1 4 ∑ b,c (ω_{bc}(e_a)−^∘ω_{bc} (e_a))e_be_c, (4.11)

where e_b, e_c act on the spinors by the Clifford multiplication and the connection 1-forms ω_{bc}(e_a) = ⟨∇_{ea} e_b, e_c⟩,^∘ω_{bc} (e_a) = ⟨^∘∇_{ea} e_b, e_c⟩. From (4.10) and (4.9) we obtain

∇_{ea} − ∇^0_{ea} = 1 8 ∑ b≠c (^∘∇_{eb} g_{ac}−^∘∇_{ec} g_{ab})e_be_c + O(r^{−2τ −1}) (4.12)

for the difference of the two connections acting on spinors.

Lemma 4.1. There exists a harmonic spinor on (M, g) which is asymptotic to a parallel spinor at infinity.

Proof. Our manifold M = M_0 ∪ M_∞ with M_0 compact and M_∞ ≃ (R^k − B_R(0)) × X. Since k ≥ 3 and X is simply connected, the end M_∞ is also simply connected, and therefore has a unique spin structure coming from the product of the restriction of the spin structure on R^k and the spin structure on X.

Now pick a unit norm parallel spinor ψ_0 of (R^k , g_Rk ) and a unit norm parallel spinor ψ_1 of (X, g_X). Then ϕ_0 = A(ψ_0 ⊗ ψ_1) defines a spinor of M_∞. We extend ϕ_0 smoothly inside. Then ∇^0ϕ_0 = 0 outside the compact set. Thus, it follows from (4.12) that

∇ϕ_0 = O(r^{−τ −1}). (4.13)

We now construct our harmonic spinor by setting ϕ = ϕ_0 + ξ and solve Dξ = −Dϕ_0 ∈ O(r^{−τ −1}). By using Lemma 3.2, adjusting τ slightly if necessary so that it is not one of the indicial root, we have a solution ξ ∈ O(r^{−τ} ).

Lemma 4.2. For the harmonic spinor ϕ constructed above, we have lim_{R→∞} ∫ S_R ×X ∑ ⟨(∇_{ea} + e_a · D)ϕ, ϕ⟩ int(e_a) dvol(g) = ω_kvol(X)m(g). Proof. By (2.5), ∫ S_R ×X ∑ ⟨(∇_{ea} +e_a·D)ϕ, ϕ⟩ int(e_a) dvol(g) = Re ∫ S_R×X ∑ ⟨(∇_{ea} +e_a·D)ϕ, ϕ⟩ int(e_a) dvol(g). Now, ⟨(∇_{ea} + e_a · D)ϕ, ϕ⟩ = ⟨ 1 2 [e_a·, e_b·] ∇_{eb} ϕ, ϕ⟩ = ⟨ 1 2 [e_a·, e_b·] ∇_{eb} ϕ_0, ϕ_0⟩ + ⟨ 1 2 [e_a·, e_b·] ∇_{eb} ϕ_0, ξ⟩ + ⟨ 1 2 [e_a·, e_b·] ∇_{eb} ξ, ϕ_0⟩ + ⟨ 1 2 [e_a·, e_b·] ∇_{eb} ξ, ξ⟩. (4.14) The second term and the last term are O(r^{−2τ −1}) and therefore contribute nothing in the limit. For the third term, one notice that if β is the n − 2 form β = ⟨[e_a·, e_b·] ϕ, ψ⟩ int(e_a) int(e_b) dvol(g) (Einsterin summation here and below), then d β = −2 (⟨[e_a·, e_b·] ∇_{eb} ϕ, ψ⟩ int(e_b) dvol(g) + ⟨[e_a·, e_b·] ϕ, ∇_{eb} ψ⟩ int(e_b) dvol(g)) = −4 (⟨[e_a·, e_b·] ∇_{eb} ϕ, ψ⟩ int(e_b) dvol(g) − ⟨ϕ, [e_a·, e_b·] ∇_{eb}ψ⟩ int(e_b) dvol(g)) (4.15)

which yields ∫ ∂Ω ⟨[e_a·, e_b·] ∇_{eb}ϕ, ψ⟩ int(e_b) dvol(g) = ∫ ∂Ω ⟨ϕ, [e_a·, e_b·] ∇_{eb} ψ⟩ int(e_b) dvol(g). It follows then that the third term is similarly dealt with as the second. Thus the only contribution is coming from the first term, for which we note that ⟨ 1 2 [e_a·, e_b·] ∇_{eb} ϕ_0, ϕ_0⟩ = ⟨ 1 2 [e_a·, e_b·](∇_{eb} − ∇^0_{eb} )ϕ_0, ϕ_0⟩ = 1 16 ∑ c≠d (^∘∇_{ec} g_{bd}−^∘∇_{ed} g_{bc})⟨[e_a·, e_b·] e_c · e_d · ϕ_0, ϕ_0⟩ + O(r^{−2τ −1}) by (4.12). Now 1 16 ∑ c≠d (^∘∇_{ec} g_{bd}−^∘∇_{ed} g_{bc})⟨[e_a·, e_b·] e_c · e_d · ϕ_0, ϕ_0⟩ = 1 8 ∑ c≠d (^∘∇_{ec} g_{bd}−^∘∇_{ed} g_{bc})⟨e_a · e_b · e_c · e_d · ϕ_0, ϕ_0⟩ + 1 8 ∑ c≠d (^∘∇_{ec} g_{ad}−^∘∇_{ed} g_{ac})⟨e_c·, e_d · ϕ_0, ϕ_0⟩ = 1 8 ∑ c≠d ∘ ∇e_c gbd⟨ea · eb · ec · ed · ϕ0, ϕ0⟩ + 1 8 ∑ c≠d ∘ ∇e_d gbb⟨ea · ed · ϕ0, ϕ0⟩ + 1 8 ∑ c≠d (^∘∇_{ec} g_{bd}−^∘∇_{ed} g_{bc})⟨e_c · e_d · ϕ_0, ϕ_0⟩ = 1 8 ∑ c≠d ∘ ∇e_c gbb⟨ea · ec · ϕ0, ϕ0⟩ + 1 4 ∑ c≠d ∘ ∇e_b gbd⟨ea · ed · ϕ0, ϕ0⟩ + 1 8 ∑ c≠d ∘ ∇e_d gbb⟨ea · ed · ϕ0, ϕ0⟩ + 1 8 ∑ c≠d (^∘∇_{ec} g_{bd}−^∘∇_{ed} g_{bc})⟨e_c · e_d · ϕ_0, ϕ_0⟩

For the last equality, we use e_c ·e_d· =^1_2 [e_c·, e_d·] for c ≠ d, and [e_c·, e_d·] skew-hermitian to see that its real part is zero. Finally, one uses e_a · e_d· =^1_2 [e_a·, e_d·] − δ_{ad} and the skew-hermitian property of the commutators to obtain Re ( ⟨ 1 2 [e_a·, e_b·] ∇_{eb} ϕ_0, ϕ_0⟩ )

= 1 4 (^∘∇_{eb} g_{ab}−^∘∇_{ea} g_{bb})|ϕ_0|^2 + O(r^{−2τ −1}).

This yields lim_{R→∞} ∫ S_R×X ∑ ⟨(∇_{ea} + e_a · D)ϕ, ϕ⟩ int(e_a) dvol(g) = lim_{R→∞} ∫ S_R ×X 1 4 (^∘∇_{eb} g_{ab}−^∘∇_{ea} g_{bb})|ϕ_0|^2int(e_a) dvol(g). To see that this reduces to the definition of the mass, we first note that one can replace e_a by e^0_a in the integrand on the right hand side, producing only an error of O(r^{−2τ −1}), then replace dvol(g) by dxdvol_X with a similar error term.

5 Negative energy solutions in Kaluza-Klein theory

It was observed by Witten that positive energy theorems do not extend immediately to Kaluza-Klein theory [Wi2]. He observed that there are two zero energy solutions on a space asymptotic to M_4 × S^1 which should lead to perturbatively negative energy solutions.

The explicit negative energy solutions were constructed later in [BP], [BH]. The following example is from [BH].

The analytically continued Reissner-Nordström metric

ds^2 = (1 − 2m r − q^2 r^2

)dθ^2 + (1 − 2m r − q^2 r^2

)^{−1}dr^2 + r^2dΩ^2,

where r ≥ r_+ = m + √ m^2 + q^2, θ ∈ R/^{2πr2+}_{r+−m} Z and dΩ^2 is the standard metric on the 2-sphere. This is a scalar flat metric on R^2 × S^2 and asymptotic to R^3 × S^1 at infinity. The mass can be computed via (0.4), which is m(g) = 1 2 m r_+ − m 2πr^2_+

. (5.16)

For fixed asymptotic geometry, i.e., fixed circle size^{2πr2+}_{r+ −m} = l, this can be made arbitrarily negative if one takes m < 0 sufficiently large, while q ≠ 0 is chosen appropriately (which will necessarily be large as well).

The reason here is that the end R^3 × S^1, and in particular, S^1 has the wrong spin structure! Recall that S^1 has two spin structures which correspond to the trivial double cover of S^1 and the nontrivial double cover of S^1. Here, since S^1 bounds the disk inside, it has the spin structure corresponding to the nontrivial double cover. It therefore has no parallel spinor.

References

[AnD] L. Andersson, M. Dahl, Scalar curvature rigidity for asymptotically locally hyperbolic manifolds, Ann. Glob. Anal. Geom. 16(1998), 1-27.

[ADM] S. Arnowitt, S. Deser, C. Misner, Coordinate invariance and energy expressions in general relativity, Phys. Rev. 122(1961), 997-1006.

[AsHa] A. Ashtekar, R. Hansen, A unified treatment of null and spatial infinity in general relativity. I. Universal structure, asymptotic symmetries, and conserved quantities at spatial infinity, J. Math. Phys. 19(1978), 1542-1566.

[AsHo] A. Ashtekar, G. Horowitz, Energy-momentum of isolated systems cannot be null, Phys. Lett. 89A(1982), 181-184.

[Ba1] R. Bartnik, The mass of an asymptotically flat manifold, Comm. Pure Appl. Math.

36(1986), 661-693.

[Ba2] R. Bartnik, Quasi-spherical metrics and prescribed scalar curvature, J. Diff. Geom.

37(1993), 31-71.

[BP] D. Brill and H. Pfister, States Of Negative Total Energy In Kaluza-Klein Theory, Phys. Lett. B 228 (1989) 359.

[BH] D. Brill and G. T. Horowitz, Negative Energy In String Theory, Phys. Lett. B 262 (1991) 437.

[CG] J. Cheeger, D. Gromoll, The splitting theorem for manifolds of non-negative Ricci curvature, J. Diff. Geom., 6(1971), 119-128.

[CHSW] P. Candelas, G. Horowitz, A. Strominger, E. Witten, Vacuum configurations for superstrings, Nucl. Phys. B258(1985), 46-

[Ch1] P. Chruściel, Boundary conditions at spatial infinity from a Hamiltonian point of view, Topological Properties and Global Structure of Space-Time (Erice, 1985), NATO, Adv. Sci. Inst. Ser. B: Phys. 138, Plenum, New York, 1986, 49-59.

[GHHP] G. Gibbons, S. Hawking, G. Horowitz, M. Perry, Positive mass theorems for black holes, Commun. Math. Phys. 88(1983), 295-308.

[HHMa] T. Hausel, E. Hunsicker, R. Mazzeo, Hodge cohomlogy of gravitational instantons, to appear in Duke Math J.

[HHM] T. Hertog, G. Horowitz, K. Maeda, Negative energy density in Calabi-Yau compactifications, hep-th/0304199.

[He] M. Herzlich, The positive mass theorem for black holes revisited, J. Geom. Phys.

26(1998), 97-111.

[HM] G. Horowitz, R. Myers, The AdS/CFT correspondence and a new positive energy conjecture for general relativity, Phys. Rev. D59(1999), 026005.

[HP] G. Horowitz, M. Perry, Gravitational energy cannot become negative, Phys. Rev.

Lett. 48(1982), 371-374.

[HT] G. Horowitz, P. Tod, A relation between local and total energy in general relativity, Commun. Math. Phys. 85(1982), 429-447.

[LM] H. Lawson, M. Michelsohn, Spin Geometry, Princeton Math. Series, vol. 38, Princeton University Press, 1989.

[LP] J. Lee, T. Parker, The Yamabe problem, Bull. Amer. Math. Soc. 17(1987), 31-81.

[MM] R. Mazzeo, R. Melrose, Pseudodifferential operators on manifolds with fibered boundaries, Asian J. Math, 2(1998), 833-866.

[PT] T. Parker, C. Taubes, On Witten’s proof of the positive energy theorem, Commun.

Math. Phys. 84(1982), 223-238.

[Pe] R. Penrose, Some unsolved problems in classical general relativity, Seminar on Differential Geometry, ed. S.T. Yau, Annals of Math. Stud. 102, Princeton Univ. Press, Princeton, 1982, 631-668.

[RegT] T. Regge, C. Teitelboim, Role of surface integrals in the Hamiltonian formulation of general relativity, Ann. Phys. 88(1974), 286-318.

[S1] S. Stolz, Simply Connected Manifolds of Positive Scalar Curvature, Bull. Amer.

Math. Soc. 23(1990), 427 .

[S2] S. Stolz, Simply connected manifolds of positive scalar curvature, Ann. of Math. (2) 136 (1992), no. 3, 511–540.

[SY1] R. Schoen, S.T. Yau, On the proof of the positive mass conjecture in general relativity, Commun. Math. Phys. 65(1979), 45-76.

[SY2] R. Schoen, S.T. Yau, The energy and the linear momentum of spacetimes in general relativity, Commun. Math. Phys. 79(1981), 47-51.

[SY3] R. Schoen, S.T. Yau, Proof of the positive mass theorem. II, Commun. Math. Phys.

79(1981), 231-260.

[V] B. Vaillant, Index and spectral theory for manifolds with generalized fibered cusps, preprint math.DG/0102072 [Wa] M. Wang, Parallel spinors and parallel forms, Ann. Global Anal. Geom., 7(1989), no.1, 59-68.

[Wi1] E. Witten, A new proof of the positive energy theorem, Commun. Math. Phys.

80(1981), 381-402.

[Wi2] E. Witten, Instability Of The Kaluza-Klein Vacuum, Nucl. Phys. B 195 (1982) 481. [Yo] J. York, Energy and momentum of the gravitational field, Essays in General Relativity, ed. F.J. Tipler, Academic Press, New York, 1980.

[Z] X. Zhang, Angular momentum and positive mass theorem, Commun. Math. Phys.

206(1999), 137-155.