arXiv:math.AP/0310071 v1 6 Oct 2003

Multiple vortices for a self-dual CP (1) Maxwell-Chern-Simons model

Francesco Chiacchio and Tonia Ricciardi^∗

Dipartimento di Matematica e Applicazioni Università di Napoli Federico II Via Cintia, 80126 Naples, Italy fax: +39 081 675665

francesco.chiacchio@dma.unina.it
    tonia.ricciardi@unina.it

Abstract

We prove the existence of at least two doubly periodic vortex solutions for a self-dual CP (1) Maxwell-Chern-Simons model. To this end we analyze a system of two elliptic equations with exponential nonlinearities. Such a system is shown to be equivalent to a fourth-order elliptic equation admitting a variational structure.

Key Words: nonlinear elliptic system, nonlinear fourth-order elliptic equation, Chern-Simons vortex theory

MSC 2000 Subject Classification: 35J60

0 Introduction

The vortex solutions for the self-dual CP (1) Maxwell-Chern-Simons model introduced in [14] (see also the monographs [9, 12, 22]) are described by a system of two elliptic equations with exponential nonlinearities defined on a twodimensional Riemannian manifold. Such a system (henceforth, the “CP (1) system”) was considered in [7], where among other results the authors prove the existence of one doubly periodic solution by super/sub methods. On the other hand, formal arguments from physics as well as certain analogies with the U (1) Maxwell-Chern-Simons model [5, 19] and with the CP (1) “pure” Chern-Simons model [6, 13] suggest that solutions to the CP (1) system should be multiple. In the special case of single-signed negative vortex points, a second solution for the CP (1) system was exhibited in [18]. The method employed in [18] is not directly applicable to the general case, due to the singularities produced by the positive vortex points. Our aim in this note is to prove multiplicity of solutions for the CP (1) system in the general case of vortex points of either sign. In fact, we shall prove multiplicity for an abstract system of nonlinear elliptic

∗Partially supported by the MIUR National Project Variational Methods and Nonlinear Differential Equations

equations which includes the CP (1) system as a special case, thus emphasizing some essential features of the CP (1) system which ensure the multiplicity of vortex solutions.

For the sake of simplicity we define our equations on the flat 2-torus M = R^2/Z^2, although it will be clear that corresponding results hold true on general compact Riemannian 2-manifolds. We fix p_1, . . . , p_m ∈ M the “positive vortex points” and q_1, . . . , q_n ∈ M the “negative vortex points”. The CP (1) system as introduced in [14] and analyzed in [7] is given by Δ~u =2q ( −N + S − 1 − e^{~u} 1 + e^{~u} ) − 4π m∑ j=1 δ_{pj} + 4π n∑ k=1 δ_{qk} on M

ΔN = − κ^2q^2 ( −N + S − 1 − e^{~u} 1 + e^{~u} ) + q 4e^{~u} (1 + e^{~u})^2 N on M where the couple (~u, N ) is the unknown variable, q, κ > 0 and S ∈ R are constants and δ_{pj} , δ_{qk} are the Dirac measures centered at p_j, q_k. Setting v = N − S, s = −S, λ = 2/κ, ε = 1/(κq), the above system takes the form: −Δ~u =ε^{−1}λ(v − f(e^{~u})) + 4π m∑ j=1 δ_{pj} − 4π n∑ k=1 δ_{qk} on M (1) −Δv =ε^{−1} [ λf^′(e^{~u})e^{~u}(s − v) − ε^{−1}(v − f(e^{~u})) ] on M, (2) where f : [0, +∞) → R is defined by f(t) = (t − 1)/(t + 1). In the special case m = 0 system (1)–(2) was introduced in [17] with the aim of providing a unified framework for the results in [5, 16, 19] and in [7]. A multiplicity result for (1)– (2) when m = 0 was obtained in [18]. Our main result concerns the multiplicity of solutions for system (1)–(2) in the case m > 0 under the following

Assumptions on f:

(f0) f : [0, +∞) → R smooth and f^′(t) > 0 ∀t > 0;

(f1) f(0) < s < sup_{t>0} f(t) < +∞;

(f2) sup_{t>0} t^4 |f^{′′′}(t)| < +∞.

For later use, we note that assumptions (f0)–(f1)–(f2) imply that there exists f_∞ > s such that

(3) sup_{t>0} [ t|f(t) − f_∞| + t^2f^′(t) + t^3|f^{′′}(t)| + t^4|f^{′′′}(t)| ] < +∞. Clearly, f defined by f(t) = (t − 1)/(t + 1) satisfies (f0)–(f1)–(f2) for every −1 < s < 1. We restrict our attention to the case m > n. It will be clear that the case m < n may be treated analogously, while the case m = n requires an altogether different method and will not be considered here. Our main result is the following

Theorem 0.1. Let m > n and suppose that f satisfies assumptions (f0)–(f1)– (f2). Then there exists λ_0 > 0 with the property that for every fixed λ ≥ λ_0 there exists ε_λ > 0 such that for each 0 < ε ≤ ε_λ system (1)–(2) admits at least two solutions.

The remaining part of this note is devoted to the proof of Theorem 0.1. In Section 1 we prove that system (1)–(2) is equivalent to the following nonlinear elliptic equation of the fourth order:

ε^2Δ^2u − Δu (4) = − ελ [ f^{′′} ( e^{σ+u} ) e^{σ+u} + f^′ ( e^{σ+u} )] e^{σ+u} |∇(σ + u)|^2 + 2ελΔf ( e^{σ+u} ) + λ^2f^′ ( e^{σ+u} ) e^{σ+u} ( s − f ( e^{σ+u} )) + 4π(m − n) on M, where σ is the Green function uniquely defined by −Δσ = 4π ∑_m j=1 δ_{pj} − 4π ∑_n k=1 δ_{qk} − 4π(m − n), ∫ M σ = 0 (note that |M | = 1). By formally setting ε = 0 in (4) we obtain the “limit” equation

(5) −Δu = λ^2f^′ ( e^{σ+u} ) e^{σ+u} ( s − f ( e^{σ+u} )) + 4π(m − n) on M. For f(t) = (t−1)/(t+1) equation (5) describes the vortex solutions for the CP (1) Chern-Simons model introduced in [13] and analyzed in [6]. When f(t) = t and s = 1, equation (5) describes the vortex solutions for the U (1) Chern- Simons model introduced in [10, 11], which has received considerable attention by analysts in recent years, see [4, 8, 15, 21] and the references therein. In turn, solutions to (4) correspond to critical points in the Sobolev space H^2(M ) for the functional I_ε defined by

I_ε(u) = ε^2 2 ∫ (Δu)^2 + 1 2 ∫ |∇u|^2 + ελ ∫ f^′ ( e^{σ+u} ) e^{σ+u}|∇(σ + u)|^2 + λ^2 2 ∫ ( f ( e^{σ+u} ) − s )_2 − 4π(m − n) ∫ u. The two desired solutions for (1)–(2) will be obtained as a local minimum and a mountain pass for I_ε (in the sense of Ambrosetti and Rabinowitz [1]). The main issue will be to produce a local minimum for I_ε. To this end, in Section 2 we first construct a supersolution ū for equation (5). By adapting to the fourth order equation (4) the constrained minimization technique for second order equations in Brezis and Nirenberg [3] (see also Tarantello [21]), we set A = {u ∈ H^2(M ), u ≤ ū a.e. on M } and we consider u_ε ∈ A satisfying I_ε(u_ε) = min_A I_ε. Then u_ε is a subsolution for (4). By an accurate analysis we show that for small values of ε we have in fact the strict inequality u_ε < ū everywhere on M . Consequently, u_ε is an internal minimum point for I_ε on A in the sense of H^2, and thus it yields a local minimum for I_ε. On the other hand we have I_ε(c) → −∞ on constant functions c → +∞. Consequently, I_ε has a mountain pass geometry. In Section 3 we prove the Palais-Smale condition for I_ε. At this point, the classical mountain pass theorem in [1] concludes the proof of Theorem 0.1. The Appendix contains some simple technical facts which are repeatedly used throughout the proofs.

Notation. Henceforth, unless otherwise specified, all equations are defined on M , all integrals are taken over M with respect to the Lebesgue measure and all functional spaces are defined on M in the usual way. In particular, we denote by L^p, 1 ≤ p ≤ +∞, the Lebesgue spaces and by H^k, k ≥ 1 the Sobolev spaces. We denote by C > 0 a general constant, independent of certain parameters that will be specified in the sequel, and whose actual value may vary from line to line.

1 Preliminaries

In this section we show that system (1)–(2) admits a variational structure. We set A = 4π(m − n) > 0. Following a technique introduced by Taubes for selfdual models (see [12]), we denote by σ the Green’s function uniquely defined by − Δσ = 4π m∑ j=1 δ_{pj} − 4π n∑ k=1 δ_{qk} − A ∫ σ = 0

(recall that |M | = 1). Setting ~u = σ + u system (1)–(2) takes the form −Δu = ε^{−1}λ ( v − f ( e^{σ+u} )) + A (6) −Δv = ε^{−1} [ λf^′ ( e^{σ+u} ) e^{σ+u}(s − v) − ε^{−1} ( v − f ( e^{σ+u} ))] . (7) In turn, system (6)–(7) is equivalent to a fourth order equation. We note that equation (7) may be written in the equivalent form:

(8) −Δv + ε^{−2}(1 + ελf^′(e^{σ+u})e^{σ+u})v = ε^{−2}[f(e^{σ+u}) + ελf^′(e^{σ+u})e^{σ+u}].

By uniqueness for equation (8) for every fixed u, if v ∈ L^1 is a distributional solution for (8), then it is in fact H^1. We first show:

Lemma 1.1. Suppose (u, v) ∈ H^1 × H^1 is a weak solution for system (6)–(7). Then (u, v) is a classical solution.

Proof. Throughout this proof, we denote by α > 0 a general Hölder exponent. By (8), v ∈ C^α. Then by (6), u ∈ C^{1,α}. By Lemma 4.2 and (3), f (e^{σ+u}) and f^′ (e^{σ+u}) e^{σ+u} are Lipschitz continuous. Therefore, by (8) v ∈ C^{2,α}. In turn, by (6) u ∈ C^{2,α} and in particular (u, v) is a classical solution.

Lemma 1.2. The couple (u, v) ∈ H^1 ×H^1 is a weak solution for system (6)–(7) if and only if u ∈ H^2 is a weak solution for the fourth order equation

ε^2Δ^2u−Δu (9) = − ελ [ f^{′′} ( e^{σ+u} ) e^{σ+u} + f^′ ( e^{σ+u} )] e^{σ+u} |∇(σ + u)|^2 + 2ελΔf ( e^{σ+u} ) + λ^2f^′ ( e^{σ+u} ) e^{σ+u} ( s − f ( e^{σ+u} )) + A, and v is defined by (10) v = −ελ^{−1}Δu − ελ^{−1}A + f ( e^{σ+u} ) . Proof. Suppose (u, v) ∈ H^1 × H^1 is a weak solution for (6)–(7). Then by Lemma 1.1 we have in particular u ∈ H^2. Solving (6) for v, we obtain (10). Inserting the expression for v as given by (10) into (7), we find that u is a distributional solution for the equation

ε^2Δ^2u − Δu =ελΔf ( e^{σ+u} ) + ελf^′ ( e^{σ+u} ) e^{σ+u} (Δu + A)

(11)

+ λ^2f^′ ( e^{σ+u} ) e^{σ+u} ( s − f(e^{σ+u} ) ) + A.

On the other hand, by the identities (46) and (47) in the Appendix we have, in

the sense of distributions:

Δf ( e^{σ+u} ) + f^′ ( e^{σ+u} ) e^{σ+u} (Δu + A) = Δf ( e^{σ+u} ) + f^′ ( e^{σ+u} ) e^{σ+u}Δ(σ + u)

(12)

= 2Δf ( e^{σ+u} ) − { f^{′′} ( e^{σ+u} ) e^{σ+u} + f^′ ( e^{σ+u} )} e^{σ+u} |∇(σ + u)|^2 . Inserting into (11), we conclude that u ∈ H^2 satisfies (9).

Conversely, suppose u ∈ H^2 is a weak solution for (9). Then v defined by

(10) belongs to L^2, and thus it is a distributional solution for (7). By uniqueness

of solutions to (8) for fixed u, we conclude that v ∈ H^1.

Equation (9) admits a variational formulation, as stated in the following

Lemma 1.3. u ∈ H^2 is a weak solution for (9) if and only if it is a critical

point for the C^1 functional I_ε defined on H^2 by:

I_ε(u) = ε^2 2 ∫ (Δu)^2 + 1 2 ∫ |∇u|^2 (13)

+ελ ∫ f^′ ( e^{σ+u} ) e^{σ+u}|∇(σ + u)|^2 + λ^2 2 ∫ ( f ( e^{σ+u} ) − s )_2 − A ∫ u. Proof. By Lemma 4.1 and properties of f as in (3), I_ε is well-defined and C^1

on H^2. We compute, for any ϕ ∈ H^2: d dt | | | |_{t=0} ∫ f^′ ( e^{σ+u+tϕ} ) e^{σ+u+tϕ} |∇(σ + u + tϕ)|^2 = ∫ [ f^{′′} ( e^{σ+u} ) e^{σ+u} + f^′ ( e^{σ+u} )] e^{σ+u} |∇(σ + u)|^2 ϕ + 2 ∫ f^′ ( e^{σ+u} ) e^{σ+u}∇(σ + u) · ∇ϕ. Consequently, ⟨I^′_ε(u), ϕ⟩ =ε^2 ∫ ΔuΔϕ + ∫ ∇u · ∇ϕ (14) + ελ ∫ [ f^{′′} ( e^{σ+u} ) e^{σ+u} + f^′ ( e^{σ+u} )] e^{σ+u} |∇(σ + u)|^2 ϕ + 2ελ ∫ f^′ ( e^{σ+u} ) e^{σ+u}∇(σ + u) · ∇ϕ + λ^2 ∫ f^′ ( e^{σ+u} ) e^{σ+u} ( f(e^{σ+u} ) − s ) ϕ − A ∫ ϕ. Since

(15) ∫ f^′ ( e^{σ+u} ) e^{σ+u}∇(σ + u) · ∇ϕ = ∫ ∇f ( e^{σ+u} ) · ∇ϕ = − ∫ Δf ( e^{σ+u} ) ϕ, it follows that critical points of I_ε correspond to solutions for (9), as asserted.

2 A local minimum

Our aim in this section is to prove the existence of a local minimum for the functional I_ε, as stated in the following Proposition 2.1. There exists λ_0 > 0 with the property that for every fixed λ ≥ λ_0 there exists ε_λ > 0, such that for any 0 < ε ≤ ε_λ there exists a solution u_ε to (9) corresponding to a local minimum for the functional I_ε.

Throughout this section, we denote by C > 0 a general constant independent of ε > 0. Following an idea in [6], we first construct a supersolution for the “limit” equation

(16) −Δu = λ^2f^′ ( e^{σ+u} ) e^{σ+u} ( s − f ( e^{σ+u} )) + A, which is formally obtained from (9) by setting ε = 0.

Lemma 2.1. There exists λ_0 > 0 such that for all λ ≥ λ_0 equation (16) admits a (distributional) supersolution ū.

Proof. We fix ρ > 0 such that B_ρ(p_j ) ∩ B_ρ(p_l) = ∅ for all j ≠ l and m∑ j=1 |B_ρ(p_j)| < 1 2 . We denote by g a smooth cutoff function satisfying

g(x) = 1, if x ∈^m ⋃ j=1 B_ρ(p_j ) 0, if x ∈ M \^m ⋃ j=1 B_{2ρ}(p_j )

and 0 ≤ g(x) ≤ 1 for all x ∈ M. Let u^∗ be the function uniquely defined by − Δu^∗ = A − 4πm + 8πm ( g − ∫ g ) + 4π n∑ k=1 δ_{qk} ∫ u^∗ = 0.

We define ū = u^∗ + C̄, with C̄ > 0 sufficiently large so that

(17) f(e^{σ+ū} ) − s > c_0 on M

for some c_0 > 0. Such a C̄ exists by (f1) since σ + u^∗ is bounded below on M . We claim that for all λ sufficiently large, ū is a supersolution for (16). Indeed, if x ∈^m ⋃ j=1 B_ρ(p_j), then g(x) = 1 and in view of (17)

−Δū ≥ A − 4πm + 8πm 1 − m∑ j=1 |B_ρ(p_j)| + 4π n∑ j=1 δ_{qk} ≥ A ≥ λ^2f^′ ( e^{σ+ū} ) e^{σ+ū} ( s − f ( e^{σ+ū} )) + A.

On the other hand, if x ∈ M \^m ⋃ j=1 B_ρ(p_j ), we have:

−Δū ≥A − 4πm − 8πm ∫ g + 4π n∑ k=1 δ_{qk} ≥ A − 12πm.

Let us check that on M \^m ⋃ j=1 B_ρ(p_j ) we have A − 12πm ≥ λ^2f^′ ( e^{σ+ū} ) e^{σ+ū} ( s − f ( e^{σ+ū} )) + A for all λ sufficiently large. Indeed, we can choose C_1 > 0 such that

C^{−1}_1 ≤ e^{σ+ū} ≤ C_1 on M \ m⋃ j=1 B_ρ(p_j ).

In view of (17) there exists c_2 > 0 such that f^′ ( e^{σ+ū} ) e^{σ+ū} ( s − f ( e^{σ+ū} )) ≤ −c_2 < 0 on M \ m⋃ j=1 B_ρ(p_j ).

Therefore, for λ large, ū is a subsolution for (16) in M \^m ⋃ j=1 B_ρ(p_j).

Henceforth, we fix λ ≥ λ_0. We note that solutions to (16) correspond to critical points in H^1 for the functional I_0 defined by

I_0(u) = 1 2 ∫ |∇u|^2 + λ^2 2 ∫ (f(e^{σ+u} ) − s)^2 − A ∫ u, for u ∈ H^1. We define A = { u ∈ H^2 : u ≤ ū } . Then A is a convex closed subset of H^2 and consequently there exists u_ε ∈ H^2 satisfying I_ε(u_ε) = min_A I_ε.

Since u_ε − ϕ ∈ A for every ϕ ∈ H^2, ϕ ≥ 0 we have I_ε(u_ε − ϕ) ≥ I_ε(u_ε) for every ϕ ∈ H^2, ϕ ≥ 0. Therefore, u_ε is a weak subsolution for (9), i.e., it satisfies

ε^2Δ^2u_ε−Δu_ε

(18) ≤ − ελ [ f^{′′} ( e^{σ+uε} ) e^{σ+uε} + f^′ ( e^{σ+uε} )] e^{σ+uε} |∇(σ + u_ε)|^2 + 2ελΔf ( e^{σ+uε} ) + λ^2f^′ ( e^{σ+uε} ) e^{σ+uε} ( s − f ( e^{σ+uε} )) + A. in the weak sense. The main step towards proving Proposition 2.1 will be to prove the strict inequality u_ε < ū on M , see Lemma 2.4 below. We begin by establishing:

Lemma 2.2. There exists a subsolution u_0 ∈ H^1 for equation (16) such that u_ε ⇁ u_0 weakly in H^1, strongly in L^p for every p ≥ 1 and a.e. on M . Furthermore, u_0 < ū.

Proof. We denote by μ ∈ A the constant function defined by μ(x) = min_M ū for all x ∈ M.

Then I_ε(u_ε) ≤ I_ε(μ) ≤ C. Since we also have ∫ u_ε ≤ ∫ ū ≤ C, we readily derive the estimates

ε ‖Δu_ε‖_2 + ‖∇u_ε‖_2 + ε ∫ f^′(e^{σ+uε} )e^{σ+uε} |∇ (σ + u) |^2 + | | | | ∫ u_ε | | | | ≤ C (19)

In particular, we have ‖u_ε‖_H1 ≤ C. Therefore, by Sobolev embeddings there exists u_0 ∈ H^1 such that up to subsequences u_ε ⇁ u_0 weakly in H^1, strongly in L^p for every p ≥ 1 and a.e. on M . In particular, u_0 ≤ ū on M . Taking limits in (18), we find that u_0 is a subsolution for (16). Now the strong maximum principle yields u_0 < ū on M .

Now we can strengthen the convergences stated in Lemma 2.2. Lemma 2.3. The following limits hold:

(i) lim_{ε→0} I_ε(u_ε) = inf_A I_0 = I_0(u_0) (ii) lim_{ε→0} ε ‖Δu_ε‖_2 = 0 (iii) lim_{ε→0} ε ∫ f^′(e^{σ+uε} )e^{σ+uε} |∇(σ + u_ε)|^2 = 0.

Furthermore, u_0 is in fact a solution for (16).

Proof. Proof of (i). The functional I_ε may be written in the form

(20) I_ε(u) = ε^2 2 ‖Δu‖^2 + ελ ∫ f^′(e^{σ+u})e^{σ+u} |∇(σ + u)|^2 + I_0(u)

for every u ∈ H^2. Consequently I_ε(u_ε) = inf_A I_ε ≥ inf_A I_0, and therefore (21) lim inf_{ε→0} I_ε(u_ε) ≥ inf_A I_0. In order to prove that (22) lim sup_{ε→0} I_ε(u_ε) ≤ inf_A I_ε, we observe that for any η > 0 we can select u_η ∈ A such that I_0(u_η) ≤ inf_A I_0 + η.

Then we have I_ε(u_ε) ≤I_ε(u_η) ≤ I_0(u_η) + ∘_ε(1) ≤ inf_A I_0 + η + ∘_ε(1).

Therefore

(23) lim sup_{ε→0} I_ε(u_ε) ≤ inf_A I_0 + η,

and since η can be chosen arbitrarily small we obtain (22). From (21) and (22) we obtain (i).

Proof of (ii)–(iii). Since u_ε ⇁ u_0 weakly in H^1, we have

lim inf ε→0 I_0(u_ε) ≥ I_0(u_0).

Therefore,

inf_A I_0 = lim_{ε→0} I_ε(u_ε)

= lim_{ε→0} { ε^2 2 ‖Δu_ε‖^2 + ελ ∫ f^′(e^{σ+uε} )e^{σ+uε} |∇(σ + u_ε)|^2 + I_0(u_ε) }

≥I_0(u_0) ≥ inf_A I_0.

Hence, (ii) and (iii) are established. By (i) we obtain that u_ε → u_0 strongly in H^1 and I_0(u_0) = inf_A I_0. Since we also have u_0 < ū (see Lemma 2.2), we have that u_0 belongs to the interior of A in the C^0-topology. In particular, u_0 is a local minimum for I_0 in the C^1-topology. By the Brezis and Nirenberg argument in [3], u_0 is a local minimum for I_0 in the H^1-topology and thus it is in fact a solution for (16).

Now we are ready to prove the following crucial strict inequality:

Lemma 2.4. For every fixed λ ≥ λ_0 there exists ε_λ > 0 such that for every 0 < ε < ε_λ there holds

(24) u_ε < ū on M.

Proof. We denote a(u) = − [ f^{′′}(e^{σ+u})e^{σ+u} + f^′(e^{σ+u}) ] e^{σ+u} |∇ (σ + u)|^2 + 2Δf(e^{σ+u})

for all u ∈ H^2 and F_ε =ελa(u_ε) + λ^2f^′(e^{σ+uε} )e^{σ+uε} ( s − f(e^{σ+uε} ) ) + A, F_0 =λ^2f^′(e^{σ+u0} )e^{σ+u0} ( s − f(e^{σ+u0} ) ) + A. Then (18) may be written in the form:

ε^2Δ^2u_ε − Δu_ε ≤ F_ε.

Now we exploit the decomposition ε^2Δ^2 − Δ = (−ε^2Δ + 1)(−Δ). Let G_ε be the Green function for the operator −ε^2Δ + 1 on M . In what follows we shall repeatedly use the properties of G_ε established in Lemma 4.4 in the Appendix. Since G_ε > 0 on M , from the above inequality we derive

(25) −Δu_ε ≤ G_ε ∗ F_ε.

Claim: There exists 1 < q < 2 such that

(26) ‖F_ε − F_0‖_q → 0 as ε → 0.

Proof of (26). We only show that ε ‖a(u_ε)‖_q → 0 as ε → 0, since the remaining estimates follow by compactness arguments in a straightforward manner. By identity (47) in the Appendix we may write

a(u_ε) = [ f^{′′}(e^{σ+uε} )e^{σ+uε} + f^′(e^{σ+uε} ) ] e^{σ+uε} |∇(σ + u_ε)|^2 + 2f^′(e^{σ+uε} )e^{σ+uε} Δ(σ + u_ε).

Therefore, in view of (3) it suffices to show that as ε → 0 ε ‖ ‖ ‖ [ f^{′′}(e^{σ+uε} )e^{σ+uε} + f^′(e^{σ+uε} ) ] e^{σ+uε} |∇σ|^2 ‖ ‖ ‖_q → 0

(27) ε‖ |∇u_ε|^2‖_q → 0 (28) ε ‖ ‖f^′(e^{σ+u}ε )e^{σ+u}ε Δ(σ + u_ε) ‖ ‖_q → 0. (29)

To see (27), note that by Lemma 4.1 in the Appendix and properties of f as stated in (3), [ f^{′′}(e^{σ+uε} )e^{σ+uε} + f^′(e^{σ+uε} ) ] e^{σ+uε} |∇σ|^2 ≤ C ( 1 + e^{uε} + e^{−uε} ) . By (19) and the Moser-Trudinger inequality (see, e.g., Aubin [2]), we have ‖e^{uε} ‖_q ≤ Ce^{∫ uε} e^{q‖∇uε‖2} ≤ C. Similarly, we obtain ‖e^{−uε} ‖_q ≤ C. Therefore, (27) is established. To see (28), let 1 < q < α < 2. Then by Hölder’s inequality and (19), ∫ |∇u_ε|^{2q} = ∫ |∇u_ε|^α|∇u_ε|^{2q−α} ≤ (∫ |∇u_ε|^2 )_{α/2} (∫ |∇u_ε|^{2(2q−α)/(2−α)} )_{(2−α)/2}

≤C‖∇u_ε‖^{2q−α}_{2(2q−α)/(2−α)}. Consequently, in view of Lemma 2.3–(ii): ε‖ |∇u_ε|^2‖_q ≤Cε‖∇u_ε‖^{(2q−α)/q}_{2(2q−α)/(2−α)} ≤Cε^{1−(2q−α)/q} ( ε‖∇u_ε‖_{2(2q−α)/(2−α)} )_{(2q−α)/q} ≤Cε^{1−(2q−α)/q}‖εΔu_ε‖^{(2q−α)/q}_2 → 0, and (28) follows. Finally, by identity (46) in the Appendix and (3) we have ε‖f^′(e^{σ+uε} )e^{σ+uε} Δ(σ + u_ε)‖_q =ε ‖ ‖Af^′(e^{σ+u}ε )e^{σ+u}ε + f^′(e^{σ+u}ε )e^{σ+u}ε Δu_ε ‖ ‖_q ≤ε ‖ ‖Af^′(e^{σ+u}ε )e^{σ+u}ε ‖ ‖_q + ε ‖ ‖f^′(e^{σ+u}ε )e^{σ+u}ε Δu_ε ‖ ‖_q =ε ‖ ‖f^′(e^{σ+u}ε )e^{σ+u}ε Δu_ε ‖ ‖_q + ∘_ε(1).

By the Hölder inequality, Lemma 2.3-(ii) and (3) we have ε ‖ ‖f^′(e^{σ+u}ε )e^{σ+u}ε Δu_ε ‖ ‖_q ≤ Cε ‖Δu_ε‖_2 → 0 as ε → 0, which yields (29). We conclude that ε‖a(u_ε)‖_q → 0, as asserted, and the desired claim (26) follows.

By (26) and properties of G_ε as in Lemma 4.4 we derive ‖G_ε ∗ F_ε − F_0‖_q ≤ ‖G_ε ∗ (F_ε − F_0)‖_q + ‖G_ε ∗ F_0 − F_0‖_q

(30) ≤ ‖F_ε − F_0‖_q + ε^2 ‖ΔF_0‖_q → 0 as ε → 0. We define w_ε as the unique solution for (−Δ + 1)w_ε = G_ε ∗ F_ε + u_ε .

Then in view of (25) we have (−Δ + 1) (u_ε − w_ε) ≤ 0 and therefore by the maximum principle u_ε ≤ w_ε, on M. Since u_0 satisfies (16), we have −Δu_0 = F_0.

Consequently, (−Δ + 1) (w_ε − u_0) = G_ε ∗ F_ε − F_0 + u_ε − u_0, and therefore (30), Lemma 2.2 and standard elliptic estimates yield ‖w_ε − u_0‖_Cα ≤ C ( ‖G_ε ∗ F_ε − F_0‖_q + ‖u_ε − u_0‖_q ) → 0. In particular, w_ε converges uniformly to u_0. Taking into account that u_ε ≤ w_ε and u_0 < ū on M , we conclude that for all ε > 0 sufficiently small we have the desired strict inequality u_ε < ū.

Now we can provide the Proof of Proposition 2.1. Let λ_0 > 0 as in Lemma 2.1 and for every fixed λ ≥ λ_0 let ε_λ > 0 as in Lemma 2.4. Then by Lemma 2.4 the function u_ε defined by I_ε(u_ε) = min_A I_ε satisfies the strict inequality u_ε < ū for every 0 < ε < ε_λ. In particular, by the Sobolev embedding ‖u‖_∞ ≤ C ‖u‖_H2 for all u ∈ H^2, for every ε > 0 sufficiently small there exists an H^2-neighborhood of u_ε entirely contained in A. Therefore, for such values of ε, u_ε belongs to the interior of A in the sense of H^2. It follows that u_ε is a critical point for I_ε corresponding to a local minimum, as asserted.

3 The Palais-Smale condition

In this section we prove the Palais-Smale condition for I_ε for every fixed ε, λ > 0. Proposition 3.1. For every fixed ε, λ > 0 the functional I_ε satisfies the Palais- Smale condition.

We denote by (u_j ), u_j ∈ H^2, j = 1, 2, 3, . . . a Palais-Smale sequence for the functional I_ε. That is, (u_j) satisfies: I_ε(u_j ) → α ∈ R, (31) ‖I^′_ε(u_j)‖_{H−1} → 0 (32)

as j → +∞. We have to show that (u_j) admits a subsequence strongly convergent in H^2. By compactness, it suffices to show that (u_j ) is bounded in H^2. It will be useful to decompose u_j in the following way

u_j = u^′_j + c_j, where ∫ u^′_j = 0 and c_j ∈ R.

Then condition (31) is equivalent to

I_ε(u_j) = ε^2 2 ∫ (Δu_j)^2 + 1 2 ∫ |∇u_j|^2 + ελ ∫ f^′(e^{σ+uj} )e^{σ+uj} |∇(σ + u_j)|^2 (33) + λ^2 2 ∫ (f(e^{σ+uj} ) − s)^2 − Ac_j → α and (32) implies (see (14))

∘_j(1) ‖Δu_j‖_2 = ⟨I^′_ε(u_j ), u^′_j⟩ = ε^2 ∫ (Δu_j)^2 + ∫ |∇u_j|^2 (34) + ελ ∫ [ f^{′′}(e^{σ+uj} )e^{σ+uj} + f^′(e^{σ+uj} ) ] e^{σ+uj} |∇(σ + u_j )|^2 u^′_j + 2ελ ∫ f^′(e^{σ+uj} )e^{σ+uj} ∇(σ + u_j ) · ∇u_j + λ^2 ∫ f^′(e^{σ+uj} )e^{σ+uj} (f(e^{σ+uj} ) − s)u^′_j It is readily checked that c_j ≥ −C for some C > 0. Indeed, by (33) we have (35) −Ac_j ≤ ε^2 2 ∫ (Δu_j)^2 − Ac_j ≤ I_ε(u_j) ≤ C.

Furthermore, if either c_j ≤ C or ‖Δu_j‖_2 ≤ C, then u_j is bounded in H^2. Indeed, if c_j ≤ C then we readily obtain from (35) that ‖Δu_j‖_2 ≤ C. Suppose ‖Δu_j‖_2 ≤ C. Then by Sobolev embeddings we also have ∫ |∇u_j|^2 ≤ C and ‖ ‖u^′_j ‖ ‖_∞ ≤ C. We have ∫ f^′(e^{σ+uj} )e^{σ+uj} |∇(σ + u_j)|^2 = ∫ ∇(f(e^{σ+uj} )) · ∇(σ + u_j) = − ∫ f(e^{σ+uj} )Δ(σ + u_j) = − A ∫ f(e^{σ+uj} ) + 4πmf_∞ − 4πnf(0) − ∫ f(e^{σ+uj} )Δu_j and therefore by (3) ∫ f^′(e^{σ+uj} )e^{σ+uj} |∇(σ + u_j)|^2 ≤ C(1 + ‖Δu_j‖_2) ≤ C.

On the other hand the term ∫ (f(e^{σ+uj} ) − s)^2 is bounded. Therefore we derive from (33) that

α + ∘_j(1) = I_ε(u_j) ≤ −Ac_j + C

and consequently c_j ≤ C. In view of the above remarks, henceforth we assume that

(36) ‖Δu_j‖_2 → +∞ and c_j → +∞ as j → +∞.

By (35) and assumption (36) we then have

(37) ‖Δu_j‖_2 ≤ Cc^{1/2}_j .

The following identity will be useful.

Lemma 3.1. For all u ∈ H^2 the following identity holds: ∫ [ f^{′′}(e^{σ+u})e^{σ+u} + f^′(e^{σ+u}) ] e^{σ+u} |∇ (σ + u)|^2 u + 2 ∫ f^′(e^{σ+u})e^{σ+u}∇ (σ + u) · ∇u = ∫ f^′(e^{σ+u})e^{σ+u}∇ (σ + u) · ∇u − ∫ f^′(e^{σ+u})e^{σ+u}Δ (σ + u) u.

Proof. Integrating by parts we have ∫ [f^{′′}(e^{σ+u})e^{σ+u} + f^′(e^{σ+u})]e^{σ+u} |∇ (σ + u)|^2 u

(38) = ∫ ∇ [ f^′(e^{σ+u})e^{σ+u} ] · ∇ (σ + u) u = − ∫ f^′(e^{σ+u})e^{σ+u}Δ (σ + u) u − ∫ f^′(e^{σ+u})e^{σ+u}∇ (σ + u) · ∇u.

The asserted identity follows.

Now we can provide the

Proof of Proposition 3.1. By (34) and Lemma 3.1 we have

∘_j(1)‖Δu_j‖_2 ≥ε^2 ∫ (Δu_j)^2 + ελ ∫ [f^{′′}(e^{σ+uj} )e^{σ+uj} + f^′(e^{σ+uj} )]e^{σ+uj} |∇(σ + u_j )|^2 u^′_j +2ελ ∫ f^′(e^{σ+uj} )e^{σ+uj} ∇(σ + u_j) · ∇u_j + λ^2 ∫ f^′(e^{σ+uj} )e^{σ+uj} (f(e^{σ+uj} ) − s)u^′_j =ε^2 ‖Δu_j‖^2 + ελ ∫ f^′(e^{σ+uj} )e^{σ+uj} ∇ (σ + u_j) · ∇u_j − ελ ∫ f^′(e^{σ+uj} )e^{σ+uj} Δ (σ + u_j) u^′_j

+ λ^2 ∫ f^′(e^{σ+uj} )e^{σ+uj} (f(e^{σ+uj} ) − s)u^′_j and therefore, since ∫ f^′(e^{σ+uj} )e^{σ+uj} |∇u_j|^2 ≥ 0, ∘_j (1)‖Δu_j‖_2 ≥ ε^2‖Δu_j‖^2 + ελ ∫ f^′(e^{σ+uj} )e^{σ+uj} ∇σ · ∇u_j (39) −ελ ∫ f^′(e^{σ+uj} )e^{σ+uj} Δ (σ + u_j) u^′_j

+ λ^2 ∫ f^′(e^{σ+uj} )e^{σ+uj} ( f(e^{σ+uj} ) − s ) u^′_j . By properties of f and the Sobolev embedding ‖ ‖u^′_j ‖ ‖_∞ ≤ C ‖Δu_j‖_2 we have

(40) | | | | ∫ f^′(e^{σ+uj} )e^{σ+uj} (f(e^{σ+uj} ) − s)u^′_j | | | | ≤ C ‖Δu^j‖2 . By the Hölder inequality and Sobolev embeddings we have | | | | ∫ f^′(e^{σ+uj} )e^{σ+uj} ∇σ · ∇u_j | | | | ≤ C‖∇σ‖^p‖∇u^j‖^{p′} ≤ C ‖Δu^j‖2 , (41)

for any 1 ≤ p < 2. By (46) in the Appendix and Sobolev embeddings we have | | | | ∫ f^′(e^{σ+uj} )e^{σ+uj} Δσ u^′_j | = A | | | | ∫ f^′(e^{σ+uj} )e^{σ+uj} u^′_j | | | | ≤ C ‖Δu^j‖2 . (42)

Finally, we claim that there exists j̄ such that for all j ≥ j̄

(43) | | | | ∫ f^′(e^{σ+uj} )e^{σ+uj} Δu_ju_j | | | | ≤ ε^2 2 ‖Δu_j‖^2 .

To prove (43), we write for ρ > 0 ∫ f^′(e^{σ+uj} )e^{σ+uj} Δu_ju_j = ∫ ∪^n_{h=1} B_ρ(q_j ) f^′(e^{σ+uj} )e^{σ+uj} Δu_ju^′_j + ∫ M\[∪^n_{h=1} Bρ(qj )] f^′(e^{σ+uj} )e^{σ+uj} Δu_ju^′_j .

In view of the assumptions on f, the Cauchy-Schwarz inequality and Sobolev embeddings, we estimate | | | ∫ ∪^n_{h=1} B_ρ(q_j ) f^′(e^{σ+uj} )e^{σ+uj} Δu_ju^′_j | | |

≤C (∫ ∪^n_{h=1} B_ρ(q_j )

(Δu_j)^2 )_{1/2} (∫ ∪^n_{h=1} B_ρ (q_j ) u^{′2}_j )_{1/2}

≤C ‖Δu_j‖_2 ‖u_j^′‖_∞ (_n ∑ h=1 |B_ρ(q_j)| )_{1/2} ≤ Cρ ‖Δu_j‖^2 . Therefore, we may choose ρ > 0 such that

(44) | | | | | ∫ ∪^n_{h=1} B_ρ(q_j ) f^′(e^{σ+uj} )e^{σ+uj} Δu_ju^′_j | | | | | ≤ ε^2 4 ‖Δu_j‖^2.

We define

e_0 = min M\[∪^n_{h=1} Bρ(qj )] e^σ > 0. By (36), (37) and the embedding ‖u^′_j‖_∞ ≤ C‖Δu_j‖_2 we have min M\[∪^n_{h=1} Bρ(qj )] e^{σ+uj} ≥ min M\[∪^n_{h=1} Bρ(qj )] e^{σ−‖u′j ‖∞+cj} ≥ e_0e^{−C√cj +cj} ≥e_0e^{cj /2} → +∞ as j → +∞. Therefore, by properties of f and since c_j → ∞, for every μ > 0 there exists j_μ ∈ N such that if j ≥ j_μ then f^′(e^{σ+uj} )e^{σ+uj} ≤ μ on M \ [∪^n_{h=1}B_ρ(q_j)]. We conclude that for j ≥ j_μ we have | | | | ∫ M\[∪^n_{h=1} Bρ(qj )] f^′(e^{σ+uj} )e^{σ+uj} Δu_ju^′_j | | | | ≤ Cμ ‖Δu_j‖^2 . We choose μ > 0 such that

(45) | | | | | ∫ M\[∪^n_{h=1} Bρ(qj )] f^′(e^{σ+uj} )e^{σ+uj} Δu_ju^′_j | | | | | ≤ ε^2 4 ‖Δu_j‖^2.

Now (44) and (45) yield (43) with j̄ = j_μ.

Now we can conclude the proof of Proposition 3.1. Indeed, inserting the estimates (40)–(41)–(42)–(43) into (39) we obtain

ε^2 ‖Δu_j‖^2 ≤ C ‖Δu_j‖_2 + ε^2 2 ‖Δu_j‖^2

and consequently we derive that ‖Δu_j‖_2 ≤ C. This is a contradiction since we have assumed (36).

Now we can finally prove our main result:

Proof of Theorem 0.1. By Proposition 2.1, there exists λ_0 > 0 such that for every λ ≥ λ_0 fixed, there exists ε_λ > 0 such that for every 0 < ε ≤ ε_λ the functional I_ε admits a critical point corresponding to a local minimum. By Proposition 3.1, I_ε satisfies the Palais-Smale condition. If u_ε is not a strict local minimum, it is known that I_ε has a continuum of critical points (see, e.g., [21]). In particular, I_ε has at least two critical points. If u_ε is a strict local minimum, we note that on constant functions c → +∞ we have I_ε(c) → −∞. Therefore I_ε admits a mountain pass structure in the sense of Ambrosetti and Rabinowitz [1]. Hence by the mountain pass theorem [1] we obtain the existence of a second critical point for I_ε. In either case, we conclude that the fourth order equation (9) admits at least two solutions. By the equivalences as stated in Lemma 1.1 and in Lemma 1.2, system (6)–(7) admits at least two solutions, as asserted.

4 Appendix

We collect in this Appendix the proofs of some simple properties which have been repeatedly used throughout this note. Recall that σ is defined as the unique distributional solution for −Δσ = 4π ∑_m j=1 δ_{pj} − 4π ∑_m k=1 δ_{qk} , ∫ σ = 0.

Therefore, there exist smooth functions γ_j , θ_k and ρ > 0 such that σ(x) = γ_j (x) + log |x − p_j |^{−2} in B_ρ(p_j) and σ(x) = θ_k(x) + log |x − q_k|^2 in B_ρ(q_k).

Lemma 4.1. Suppose ϕ : [0, +∞) → R is a smooth function satisfying |ϕ(t)| ≤ C_ϕ min{t, t^{−1}} for some C_ϕ > 0. Then there exists C_ϕ > 0 depending on ϕ only such that for all measurable functions u we have

ϕ(e^{σ+u})|∇σ|^2 ≤ C_ϕ(1 + e^u + e^{−u}).

Proof. In M \ ∪^m_{j=1}B_ρ(p_j) \ ∪^n_{k=1}B_ρ(q_k) we have ϕ(e^{σ+u})|∇σ|^2 ≤ C_ϕ sup M\∪^m_{j=1} B_ρ(p_j )\∪^n_{k=1} B_ρ (q_k) |∇σ|^2. In B_ρ(p_j) we have ϕ(e^{σ+u})|∇σ|^2 ≤ C_ϕe^{−(σ+u)}|∇σ|^2 ≤ C_ϕ sup_{Bρ (pj )}(e^{−σ} |∇σ|^2) e^{−u}. In B_ρ(q_k) we have ϕ(e^{σ+u})|∇σ|^2 ≤ C_ϕe^{σ+u}|∇σ|^2 ≤ C_ϕ sup_{Bρ(qk )}(e^σ|∇σ|^2) e^u. Now the asserted estimate follows.

Lemma 4.2. If u ∈ C^1 and ϕ : [0, +∞) → R is a smooth function satisfying |ϕ^′(t)| ≤ C_ϕ min{t^{−1/2}, t^{−3/2}} for some C_ϕ > 0, then ϕ(e^{σ+u}) is Lipschitz continuous on M (with Lipschitz constant depending on u).

Proof. We need only check the claim near the vortex points p_j , q_k. By the mean value theorem we have, for x, y ∈ B_ρ(p_j ), x, y ≠ p_j:

ϕ(e^{(σ+u)(x)}) − ϕ(e^{(σ+u)(y)}) =ϕ^′(e^{(σ+u)(y+θ(x−y))})e^{(σ+u)(y+θ(x−y))}∇(σ + u)(y + θ(x − y)) · (x − y) for some 0 ≤ θ ≤ 1. By properties of σ and ϕ, |ϕ(e^{(σ+u)(x)}) − ϕ(e^{(σ+u)(y)})| ≤C_ϕ[e^{−(σ+u)(y+θ(x−y))}]^{1/2}|∇(σ + u)(y + θ(x − y))| |x − y| ≤C_ϕe^{‖u‖∞/2}|y + θ(x − y) − p_j| ( 1 + |y + θ(x − y) − p_j |^{−1} + ‖∇u‖_∞ ) |x − y| ≤C_ϕe^{‖u‖∞/2}(1 + ‖∇u‖_∞) |x − y|. A similar argument yields Lipschitz continuity near the q_k’s, and the statement follows.

Lemma 4.3. For any u ∈ H^2 the following identities hold, in the sense of distributions:

(46) f^′ ( e^{σ+u} ) e^{σ+u}Δσ = Af^′ ( e^{σ+u} ) e^{σ+u} and

Δf ( e^{σ+u} ) (47) = { f^{′′} ( e^{σ+u} ) e^{σ+u} + f^′ ( e^{σ+u} )} e^{σ+u}|∇(σ + u)|^2 + f^′ ( e^{σ+u} ) e^{σ+u}Δ(σ + u). Proof. By (3) the function f^′ (e^{σ+u}) e^{σ+u} may be extended by continuity to the whole of M by setting it equal to 0 at p_j, q_k. In view of the definition of σ we obtain (46).

Since u ∈ H^2, (47) holds pointwise almost everywhere on M . By Lemma 4.1, the right hand side of (47) belongs to L^1, and it is absolutely continuous in the x-variable, for almost every fixed y. Therefore, (47) holds in the sense of distributions.

Finally, we prove some properties for the Green function G_ε for the operator −ε^2Δ + 1 on M .

Lemma 4.4. Let G_ε = G_ε(x, y) be the Green function defined by

(−ε^2Δ_x + 1)G_ε = δ_y on M.

Then

i) G_ε > 0 on M × M and for every fixed y ∈ M we have G_ε ⇁ δ_y as ε → 0, weakly in the sense of measures;

ii) ‖G_ε ∗ h‖_q ≤ ‖h‖_q for all 1 ≤ q ≤ +∞;

iii) If Δh ∈ L^q for some q ≥ 1 then ‖G_ε ∗ h − h‖_q ≤ ε^2 ‖Δh‖_q .

Proof. Proof of (i). Note that since −ε^2Δ+1 is coercive, G_ε is well defined (e.g., by Stampacchia’s duality argument [20]). By the maximum principle, G_ε > 0 on M × M . Integrating over M with respect to x, we have ∫ G_ε(x, y) dx = ∫ |G_ε(x, y)| dx = 1 and therefore there exists a Radon measure μ such that G_ε(·, y) ⇁ μ as ε → 0, weakly in the sense of measures. For φ ∈ C^∞ we compute:

φ(y) = ε^2 ∫ G_ε(x, y)(−Δφ)(x) dx + ∫ G(x, y)φ(x) dx → ∫ φ dμ as ε → 0. By density of C^∞ in C, we conclude that μ = δ_y . Proof of (ii). For q = 1, we have:

‖G_ε ∗ h‖_1 = ∫ |(G_ε ∗ h)(x)| dx ≤ ∫ dy|h(y)| ∫ G_ε(x, y) dx = ∫ |h| = ‖h‖_1. For q = ∞ we have, for any x ∈ M : |G_ε ∗ h(x)| ≤ ‖h‖_∞ ∫ G_ε(x, y) dy = ‖h‖_∞ ∫ G_ε(x, y) dx = ‖h‖_∞, and therefore ‖G_ε ∗ h‖_∞ ≤ ‖h‖_∞. The general case follows by interpolation. Proof of (iii). Suppose 1 < q < +∞. Let U_ε = G_ε ∗ h. Then we can write

−ε^2Δ(U_ε − h) + (U_ε − h) = ε^2Δh.

Multiplying by |U_ε − h|^{q−2}(U_ε − h) and integrating, we obtain

ε^2(q − 1) ∫ |U_ε − h|^{q−2}|∇(U_ε − h)|^2 + ∫ |U_ε − h|^q =ε^2 ∫ Δh|U_ε − h|^{q−2}(U_ε − h). By positivity of the first term above and Hölder’s inequality, ∫ |U_ε − h|^q ≤ ε^2 ∫ |Δh||U_ε − h|^{q−1} ≤ ε^2‖Δh‖_q‖U_ε − h‖^{q−1}_q . Hence ‖U_ε − h‖_q ≤ ε^2‖Δh‖_q and (iii) follows recalling the definition of U_ε in the case 1 < q < +∞. Taking limits for q → 1 and q → +∞, we obtain the general case.

Acknowledgments

T.R. is grateful to Professor Gabriella Tarantello for interesting and stimulating discussions.

References

[1] A. Ambrosetti and P. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14 (1973), 349–381.

[2] Th. Aubin, Nonlinear Analysis on Manifolds: Monge-Ampère Equations, Springer-Verlag, New York, Berlin, 1982.

[3] H. Brezis and L. Nirenberg, H^1 versus C^1 local minimizers, C.R. Acad. Sci.

Paris, Série I 317 (1993), 465–472.

[4] L.A. Caffarelli and Y. Yang, Vortex condensation in the Chern-Simons- Higgs model: An existence theorem, Commun. Math. Phys. 168 (1995), 321–336.

[5] D. Chae and N. Kim, Vortex Condensates in the Relativistic Self-Dual Maxwell-Chern-Simons-Higgs System, preprint.

[6] D. Chae and H.S. Nam, Multiple Existence of the Multivortex Solutions of the Self-Dual Chern-Simons CP (1) Model on a Doubly Periodic Domain, Lett. Math. Phys. 49, 297–315.

[7] D. Chae and H.S. Nam, On the Condensate Multivortex Solutions of the Self-Dual Maxwell-Chern-Simons CP (1) Model, Ann. H. Poincaré 2 (2001), 887–906.

[8] W. Ding, J. Jost, J. Li and G. Wang, An analysis of the two-vortex case in the Chern-Simons Higgs model, Calc. Var. and PDE 7 No. 1 (1998), 87–97.

[9] G. Dunne, Self-Dual Chern-Simons Theories, Lecture Notes in Physics, vol.

M36, Springer-Verlag, Berlin, New York, 1995.

[10] J. Hong, Y. Kim and P.Y. Pac, Multivortex solutions of the Abelian Chern- Simons theory, Phys. Rev. Lett. 64 (1990), 2230–2233.

[11] R. Jackiw and E. Weinberg, Self-dual Chern–Simons vortices, Phys. Rev.

Lett. 64 (1990), 2234–2237.

[12] A. Jaffe, C. Taubes, Vortices and Monopoles, Birkhäuser, Boston, 1980.

[13] K. Kimm, K. Lee and T. Lee, The self-dual Chern-Simons CP (N ) models, Phys. Lett. B 380 (1996), 303–307.

[14] K. Kimm, K. Lee and T. Lee, Anyonic Bogomol’nyi Solitons in a Gauged O(3) Sigma Model, Phys. Rev. D 53 (1996), 4436–4440.

[15] M. Nolasco and G. Tarantello, Double vortex condensates in the Chern- Simon-Higgs theory, Cal. Var. and DE 9 (1999), 31–94.

[16] T. Ricciardi, Asymptotics for Maxwell-Chern-Simons multivortices, Nonlin.

Anal. T.M.A., 50 no. 8 (2002), 1093–1106.

[17] T. Ricciardi, On a nonlinear elliptic system from Maxwell-Chern-Simons vortex theory, Asympt. Anal. 35 No. 2 (2003), 113–126.

[18] T. Ricciardi, Multiplicity for a nonlinear elliptic fourth order equation in Maxwell-Chern-Simons vortex theory, to appear on Diff. Int. Eqs.

[19] T. Ricciardi and G. Tarantello, Vortices in the Maxwell-Chern-Simons Theory, Comm. Pure Appl. Math. 53 no. 7 (2000), 811–851.

[20] G. Stampacchia, Le problème de Dirichlet pour les équations elliptiques du second ordre à coefficients discontinus, Ann. Inst. Fourier, Grenoble 15 (1965), 189–258.

[21] G. Tarantello, Multiple condensate solutions for the Chern-Simons-Higgs theory, J. Math. Phys. 37 (1996), 3769–3796.

[22] Y. Yang, Solitons in field theory and nonlinear analysis, Springer Monographs in Mathematics, Springer-Verlag, New York, 2001.