arXiv:math.OA/0312512 v2 12 Feb 2004

Solitons in Affine and Permutation Orbifolds

Victor G. Kac^∗ Department of Mathematics MIT Cambridge, MA 02139 E-mail: kac@math.mit.edu

Roberto Longo^† Dipartimento di Matematica Università di Roma “Tor Vergata” Via della Ricerca Scientifica, 1, I-00133 Roma, Italy E-mail: longo@mat.uniroma2.it

Feng Xu^‡ Department of Mathematics University of California at Riverside Riverside, CA 92521 E-mail: xufeng@math.ucr.edu

Abstract We consider properties of solitons in general orbifolds in the algebraic quantum field theory framework and constructions of solitons in affine and permutation orbifolds. Under general conditions we show that our construction gives all the twisted representations of the fixed point subnet. This allows us to prove a number of conjectures: in the affine orbifold case we clarify the issue of “fixed point resolutions”; in the permutation orbifold case we determine all irreducible representations of the orbifold, and we also determine the fusion rules in a nontrivial case, which imply an integral property of chiral data for any completely rational conformal net.

∗Supported in part by NSF.

†Supported in part by GNAMPA-INDAM and MIUR. ‡Supported in part by NSF.

1 Introduction

Let A be a completely rational conformal net (cf. §3.5 and def. 3.6 following [21]). Let Γ be a finite group acting properly on A (cf. definition (3.4)). The starting point of this paper is Th. 3.7 proved in [44] which states that the fixed point subnet (the orbifold) A^Γ is also completely rational, and by [21] A^Γ has finitely many irreducible representations which are divided into two classes: the ones that are obtained from the restrictions of a representation of A to A^Γ which are called untwisted representations, and the ones which are twisted (cf. definition after Th. 3.7). It follows from Th. 3.7 that twisted representation of A^Γ always exists if A^Γ ≠ A. The motivating question for this paper is how to construct these twisted representations of A^Γ.

It turns out that all representations of A^Γ are closely related to the solitons of A (cf. §3.3 and Prop. 4.1). Solitons are representations of A_0, the restriction of A to the real line identified with a circle with one point removed. Every representation of A restricts to a soliton of A_0, but not every soliton of A_0 can be extended to a representation of A. In §4 we develop general theory of solitons in the case of orbifolds with two main results: Th. 4.5 gives a formula for the index of of solitons obtained from restrictions, and Th. 4.8 clarifies the general structure of the restriction of a soliton. These results are natural extensions of similar results in [33] and [45] in special cases.

The construction of solitons depends on the net A and the action of Γ. In the case of affine orbifold, our construction (cf. def. 5.6) is partially inspired by the “twisted representations” of [18], and in fact can be viewed as an “exponentiated version” of the “twisted representations” of [18] (cf. §5.2.1). Combined with the general properties of solitons described above, this construction allows us to clarify the issue of “fixed point” problem in [18] in Th. 5.16, and we also show that our construction gives all the irreducible representations of the fixed point subnet under general conditions in Th. 5.11 and Cor. 5.12, thus answering our motivating question in this case.

In the case of permutation orbifolds (cf. §6), our construction of solitons in (6.5) is a simple generalizations of the construction of solitons in [33] for the case of cyclic orbifolds. Note that the construction of solitons in [33] also leads to structure results such as a dichotomy for any split local conformal net. In Th. 8.1 (resp. Th. 8.5) we show that our construction gives all the irreducible representations of the cyclic orbifold (resp. the permutation orbifold), and in Th. 8.4 (resp. Th. 8.7) we list all the irreducible representations of the cyclic orbifold (resp. the permutation orbifold). These results generalize the results of [33] and prove a claim in [1] which is based on heuristic arguments. Using theses results in §9 we determine the fusion rules for the first nontrivial case when n = 2 in Th. 9.8 which implies an integral property of the chiral data for any completely rational net (cf. Cor. 9.9), proving a conjecture in the paper [5], that contained the first computations leading to correct fusion rules.

The rest of this paper is organized as follows: §2 and §3 are preliminaries on the algebraic quantum field theory framework where orbifold construction is considered. In these sections we have collected some basic notions that appear in this paper for the convenience of the reader who may not have an operator algebra background.

The results in §2,§3 are known except Prop. 3.8 on extensions of solitons which plays an important role in §7. In §4 we apply the results in §2 and §3 to obtain general properties of solitons under inductions and restrictions, and in particular we prove Th. 4.5 and Th. 4.8. In §5, after recalling basic definitions and properties in affine orbifold from [18], we give the constructions of solitons in §5.2 and in §5.2.1 compare it with the twisted representations in [18]. Th. 5.11 and its Cor. 5.12 are proved in §5.3. In §5.5 we clarify the issue of fixed point resolutions in Th. 5.16, Cor. 5.17. In §5.6 we illustrate the results of §5.5 in an example considered in [18]. In §6 we first recall the construction of solitons from [33] in the cyclic permutation case, and in §6.3 give the general construction of solitons for permutation orbifolds. We prove in §7 the important property of these solitons (Th. 7.1) which so far has no direct proof. In §8 we apply the results of previous sections to prove four theorems which are briefly described above. In §9 after proving some simple properties of S matrix (cf. Lemma 9.1), we determine the fusions of solitons in cyclic orbifold in a special case in Prop. 9.4. In §9.3 we determine the fusion rules for the case n = 2 in Th. 9.8 which implies an integral property in Cor. 9.9.

2 Elements of Operator Algebras and Conformal QFT For the convenience of the reader we collect here some basic notions that appear in this paper. This is only a guideline and the reader should look at the references for a more complete treatement.

2.1 von Neumann algebras

Let H be a Hilbert space that we always assume to be separable to simplify the exposition. With B(H) the algebra of all bounded linear operator on H a von Neumann algebra M is a^∗-subalgebra of B(H) containing the identity operator such that M = M^− (weak closure or, equivalently, strong closure).

Equivalently M = M^{′′} (von Neumann density theorem), where the prime denotes the commutant: M^′ ≡ {a ∈ B(H) : xa = ax ∀x ∈ M}.

A linear map η from a von Neumann algebra M to a von Neumann algebra N is positive if η(M_+) ⊂ N_+, where M_+ ≡ {x ∈ M : x > 0} denotes the cone of positive elements of M. η is normal if commutes with the sup operation, namely sup η(x_i) = η(sup x_i) for any bounded increasing net of elements in M_+; η is normal iff it is weakly (equivalently strongly) continuous on the unit ball of M. η is faithful if η(x) = 0, x ∈ M_+, implies x = 0. By a homomorphism of a von Neumann algebra we shall always mean an identity preserving homomorphism commuting with the ∗-operation, and analogously for isomorphisms and endomorphisms. Isomorphisms between von Neumann algebras are automatically normal. By a representation of M on a Hilbert space K we mean a homomorphism of M into B(K).

A state ω on von Neumann algebra M is a positive linear functional on M with the normalization ω(1) = 1. The relevant states for a von Neumann algebras are the normal states. By the GNS construction, every normal state of M is given by ω(x) = (π(x)Ω, Ω), where π is a normal representation of M on a Hilbert space K and Ω ∈ K is cyclic (i.e. π(M)Ω is dense in K, see below). Given ω, the triple (K, π, Ω) is unique up to unitary equivalence.

A factor is a von Neumann algebra with trivial center, namely M ∩ M^′ = C . We note that a factor is a simple algebra, i.e., the only weakly closed ideal of the factor is either trival or equal to the factor itself. If M is a factor (and K is separable), a representation of M on K is automatically normal.

A factor M is finite if there exists a tracial state ω on M, namely ω(xy) = ω(yx), x, y ∈ M (automatically normal and unique). Otherwise M is called an infinite factor. For a factor M, the following are equivalent:

• M is infinite;

• M is isomorphic to M ⊗ B(K), with K a separable infinite dimensional Hilbert space;

• M contains a non-unitary isometry (an isometry v is an operator with the property v^∗v = 1);

• M contains a non degenerate Hilbert H space of isometries with arbitrary dimension (but separable).

Here a Hilbert space of isometries H in M we mean a norm closed linear subspace H ⊂ M such that x^∗y ∈ C for all x, y ∈ M. Thus x, y → y^∗x is scalar product on H. Then, if L is a set with {v_ℓ, ℓ ∈ L} an orthonormal basis for H, we have v^∗_ℓ v_ℓ′ = δ_{ℓℓ}′ , namely the v_i’s are isometries H with pairwise orthogonal range projections. H is nondegenerate if the left support of H is 1, that is the final projections form a partition of the identity: ∑ ℓ∈L v_ℓv^∗_ℓ = 1. A factor M is of type III (or purely infinite) if every non-zero projection e ∈ M is equivalent to the identity, namely there exists an isometry v ∈ M wit vv^∗ = 1. As we shall see, factors appearing in CFT as local algebras are of type III and the reader may focus on this case for the need of this paper.

A semifinite factor is a factor M isomorphic to M_0 ⊗ B(K) with M_0 a finite factor and K a Hilbert space. Semifinite factor are characterized by the existence of a normal, possible unbounded, trace (that we do not define here). A factor is either semifinite or of type III.

A factor M of type III has only one representation (on a separable Hilbert space) up to unitary equivalence. Namely, if π : M → B(K) is a representation, there exists a unitary U : H → K such that π(x) = UxU^∗, x ∈ M.

Refs: [40].

2.2 Tomita-Takesaki modular theory

Let M be a von Neumann algebra and ω a normal faithful state on M. By the GNS construction, we may assume that ω = ( · Ω, Ω) with Ω a cyclic and separating vector (M acts standardly).

Here a vector Ω is cyclic if MΩ = H and separating if x ∈ M, xΩ = 0 implies x = 0. A vector is cyclic for M iff it is separating for M^′.

The anti-linear operator xΩ → x^∗Ω, x ∈ M, is closable and its closure is denoted by S. The polar decomposition S = JΔ^{1/2} gives a antiunitary involution J, the modular involution, and a positive non-singular linear operator Δ ≡ S^∗S, the modular operator.

We have

Δ^{it}MΔ^{−it} = M (1) JMJ = M^′, (2) in other words the modular theory associates with Ω a canonical “evolution”, i.e. a one-parameter group of modular automorphisms of M σ^ω_t ≡ AdΔ^{it} and an antiisomorphism AdJ of M with M^′.

Let N ⊂ M be an inclusion of von Neumann algebras. We always assume that N and M have the same identity. A conditional expectation ε : M → N is a positive, unital map from M onto N such that ε(n_1xn_2) = n_1ε(x)n_2, x ∈ M, n_1, n_2 ∈ N.

If ω is a faithful normal state of M, by Takesaki theorem there exists a normal conditional expectation ε : M → N preserving ω (i.e. ω · ε = ω) if and only if N is globally invariant under the modular group σ^ω of M.

If ρ is an endomorphism of M and ε : M → ρ(M) is a conditional expectation, the map φ ≡ ρ^{−1} · ε satisfies φ · ρ = id and is called a left inverse of ρ.

Refs: [40].

2.3 Jones index

Let N ⊂ M an inclusion of factors. The index of N in M can be defined by different point of views: analytic, probabilistic or tensor categorical.

Analytic definition. The index was originally considered by Jones in the setting of finite factors. Assume M to be finite and let ω be the faithful tracial state ω on M. As above we may assume that ω is the vector state given by the vector Ω. With e the projection onto NΩ, the von Neumann algebra generated by M and e M_1 = {M, e}^{′′} = J_M N^′J_M is a semifinite factor. N ⊂ M has finite index iff M_1 is finite and the index is then defined by λ = ω(e)^{−1} with ω also denoting the tracial state of M_1. Jones theorem shows the possible values for the index: λ ∈ { 4cos^2 π n , n ≥ 3 } ∪ [4, ∞] .

If N ⊂ M is an inclusion of finite factor, there exists a unique trace-preserving conditional expectation ε : M → N (σ^ω is trivial in this case).

A definition for the index [M : N]_ε of an arbitrary inclusion of factors N ⊂ M with a faithful normal conditional expectation ε : M → N was given by Kosaki using Connes-Haagerup dual weights. It depends on the choice of ε. Given ε, choose a normal faithful state ω of M with ω · ε = ω and Ω a cyclic vector implementing ω. If [M : N]_ε < ∞, it is possible to define a canonical expectation ε^′ : M_1 → M and then [M : N]_ε = ε^′(e)^{−1}, with e the projection onto NΩ. Jones restriction on the index values holds for [M : N]_ε as well.

The good properties are shared by the minimal index

[M : N] = inf_ε [M : N]_ε = [M : N]_{ε0}

where ε_0 is the unique minimal conditional expectation.

The analytic point of view will not play an explicit role in this paper. Probabilistic definition. Pimsner and Popa inequality, and its extension to the infinite factor case, shows that λ ≡ [M : N]^{−1}_ε is the best constant such that ε(x) ≥ λx, x ∈ M^+, where ε : M → N a normal conditional expectation (if M is finite-dimensional λ is not an optimal bound).

This gives a general way to define the index and a powerful tool to check whether a given inclusion has finite index.

Tensor categorical definition. We shall get to this point in a moment. Refs: [16, 22, 25, 28, 31, 35, 40] and references therein.

2.4 Joint modular structure. Sectors

Let N ⊂ M be an inclusion of infinite factors. We may assume that N^′ and M^′ are infinite so M and N have a cyclic and separating vector. With J_N and J_M modular conjugations of N and M, the unitary Γ = J_N J_M implements a canonical endomorphism of M into N γ(x) = ΓxΓ^∗, x ∈ M. γ depends on the choice of J_N and J_M only up to perturbations by an inner automorphism of M associated with a unitary in N. The restriction γ|N is called the dual canonical endomorphism (it is the canonical endomorphism associated with γ(M) ⊂ N). γ is canonical as a sector of M as we define now.

Given the infinite factor M, the sectors of M are given by

Sect(M) = End(M)/Inn(M)

namely Sect(M) is the quotient of the semigroup of the endomorphisms of M modulo the equivalence relation: ρ, ρ^′ ∈ End(M), ρ ∼ ρ^′ iff there is a unitary u ∈ M such that ρ^′(x) = uρ(x)u^∗ for all x ∈ M.

Sect(M) is a^∗-semiring (there is an addition, a product and an involution) equivalent to the Connes correspondences (bimodules) on M up to unitary equivalence. If ρ is an element of End(M) we shall denote by [ρ] its class in Sect(M). The operations are:

Addition (direct sum): Let ρ_1, ρ_2, . . . ρ_n ∈ End(M). Choose a non-degenerate n-dimensional Hilbert H space of isometries in M and a basis v_1, . . . v_n for H. Then ρ(x) ≡ n∑ i=1 v_iρ_i(x)v^∗_i , x ∈ M, is an endomorphism of M. The definition of the direct sum endomorphism ρ does not depend on the choice of H or on the basis, up to inner automorphism of M, namely ρ is a well-defined sector of M.

Composition (monoidal product). The usual composition of maps

ρ_1 · ρ_2(x) = ρ_1(ρ_2(x)), x ∈ M,

defined on End(M) passes to the quotient Sect(M).

Conjugation. With ρ ∈ End(M), choose a canonical endomorphism γ_ρ : M → ρ(M). Then ρ̄ = ρ^{−1} · γ_ρ

well-defines a conjugation in Sect(M). By definition we thus have

γ_ρ = ρ · ρ̄ (3)

Refs: [14, 22, 26] and references therein.

2.5 The tensor category End(M)

With M an infinite factor, then End(M) is a strict tensor C^∗-category, as is already implicit in the previous section.

More precisely define a category End(M) whose objects are the elements of End(M) and the arrows Hom(ρ, ρ^′) between the objects ρ, ρ^′ are Hom(ρ, ρ^′) ≡ {a ∈ M : aρ(x) = ρ^′(x)a ∀x ∈ M}. The composition of intertwiners (arrows) is the operator product. Clearly Hom(ρ, ρ^′) is a Banach space and there is a^∗-operation a ∈ Hom(ρ, ρ^′) → a^∗ ∈ Hom(ρ^′, ρ) with the usual properties and the C^∗-norm equality ||a^∗a|| = ||a||^2. Thus End(M) is a C^∗-category.

Moreover there is a tensor (or monoidal) product in End(M). The tensor product ρ ⊗ ρ^′ is simply the composition ρρ^′. For simplicity the symbol ⊗ is thus omitted in this case: ρ ⊗ ρ^′ = ρρ^′. If σ, σ^′ ∈ End(M), and t ∈ Hom(ρ, ρ^′), s ∈ Hom(σ, σ^′), the tensor product arrow t ⊗ s is the element of Hom(ρ ⊗ σ, ρ^′ ⊗ σ^′) given by t ⊗ s ≡ tρ(s) = ρ^′(s)t .

As usual, there is a natural compatibility between tensor product and composition, thus End(M) is a C^∗-tensor category. Moreover there is an identy object ι for the tensor procuct (the identity automorphism).

So far we have not made much use that M is an infinite factor. This enters crucially for the conjugation in End(M).

If ρ is irreducible (i.e. ρ(M)^′ ∩ M = C ) and has finite index, then ρ̄ is the unique sector such that ρρ̄ contains the identity sector. More generally the objects ρ, ρ̄ ∈ End(M) are conjugate according to the analytic definition and have finite index if and only if there exist isometries v ∈ Hom(ι, ρρ̄) and v̄ ∈ Hom(ι, ρ̄ρ) such that

v̄^∗ ⊗ 1_{ρ̄} · 1_{ρ̄} ⊗ v ≡ v̄^∗ρ̄(v) = 1 d , v^∗ ⊗ 1_ρ · 1_ρ ⊗ v̄ ≡ v^∗ρ(v̄) = 1 d , for some d > 0.

The minimal possible value of d in the above formulas is the dimension d(ρ) of ρ; it is related to the minimal index by

[M : ρ(M)] = d(ρ)^2

(tensor categorical definion of the index) and satisfies the dimension properties d(ρ_1 ⊕ ρ_2) = d(ρ_1) + d(ρ_2) d(ρ_1ρ_2) = d(ρ_1)d(ρ_2) d(ρ̄) = d(ρ). It follows that the the subcategory of End(M) having finite-index objects is a C^∗-tensor category with conjugates and direct sums.

Formula (3) shows that given γ ∈ End(M) the problem of deciding whether it is a canonical endomorphism with respect to some subfactor is essentially the problem of finding a “square root” ρ. γ is canonical and has finite index iff there exist isometries t ∈ Hom(ι, γ), s ∈ Hom(γ, γ^2) satisfying the algebraic relations

s^∗s^∗ = s^∗γ(s^∗) (4) s^∗γ(t) ∈ C \{0} , s^∗t ∈ C \{0}. (5) It is immediate to generalize the notion of Sect(M) to Sect(M, N), for a pair of factors M, N. They are the homomorphisms of M into N up to unitary equivalence given by a unitary in N. If N ⊂ M is an inclusion of infinite factors, the canonical endomorphism γ : M → N is a well defined element of Sect(M, N); if [M : N] < ∞, the above formula show that γ is the conjugate sector of the inclusion homomorphism ι_N : N → M: γ = ῑ_N ι_N , γ ↾ N = ι_N ῑ_N .

We use ⟨λ, μ⟩ to denote the dimension of Hom(λ, μ); it can be ∞, but it is finite if λ, μ have finite index. ⟨λ, μ⟩ depends only on [λ] and [μ]. Moreover we have if ν have finite dimension, then ⟨νλ, μ⟩ = ⟨λ, ν̄μ⟩, ⟨λν, μ⟩ = ⟨λ, μν̄⟩ which follows from Frobenius duality. μ is a subsector of λ if there is an isometry v ∈ M such that μ(x) = v^∗λ(x)v, ∀x ∈ M. We will also use the following notation: if μ is a subsector of λ, we will write as μ ≺ λ or λ ≻ μ. A sector is said to be irreducible if it has only one subsector.

Refs: [7, 29, 32] and references therein.

3 Conformal nets on S^1

By an interval of the circle we mean an open connected non-empty subset I of S^1 such that the interior of its complement I^′ is not empty. We denote by I the family of all intervals of S^1.

A net A of von Neumann algebras on S^1 is a map I ∈ I → A(I) ⊂ B(H) from I to von Neumann algebras on a fixed Hilbert space H that satisfies:

A. Isotony. If I_1 ⊂ I_2 belong to I, then A(I_1) ⊂ A(I_2).

If E ⊂ S^1 is any region, we shall put A(E) ≡ ⋁ E⊃I∈I A(I) with A(E) = C if E has empty interior (the symbol ∨ denotes the von Neumann algebra generated).

The net A is called local if it satisfies: B. Locality. If I_1, I_2 ∈ I and I_1 ∩ I_2 = ∅ then [A(I_1), A(I_2)] = {0}, where brackets denote the commutator.

The net A is called Möbius covariant if in addition satisfies the following properties C,D,E,F:

C. Möbius covariance. There exists a strongly continuous unitary representation U of the Möbius group Möb (isomorphic to P SU(1, 1)) on H such that U(g)A(I)U(g)^∗ = A(gI), g ∈ Möb, I ∈ I. Note that this implies A(Ī) = A(I), I ∈ I (consider a sequence of elements g_n ∈ Möb converging to the identity such that g_nĪ ↗ I).

D. Positivity of the energy. The generator of the one-parameter rotation subgroup of U (conformal Hamiltonian) is positive.

E. Existence of the vacuum. There exists a unit U-invariant vector Ω ∈ H (vacuum vector), and Ω is cyclic for the von Neumann algebra ⋁ I∈I A(I).

By the Reeh-Schlieder theorem Ω is cyclic and separating for every fixed A(I). The modular objects associated with (A(I), Ω) have a geometric meaning

Δ^{it}_I = U(Λ_I (2πt)), J_I = U(r_I ) .

Here Λ_I is a canonical one-parameter subgroup of Möb and U(r_I ) is a antiunitary acting geometrically on A as a reflection r_I on S^1.

This implies Haag duality: A(I)^′ = A(I^′), I ∈ I , where I^′ is the interior of S^1 ∖ I.

F. Irreducibility. ⋁ I∈I A(I) = B(H). Indeed A is irreducible iff Ω is the unique U-invariant vector (up to scalar multiples). Also A is irreducible iff the local von Neumann algebras A(I) are factors. In this case they are III_1-factors in Connes classification of type III factors (unless A(I) = C for all I).

By a conformal net (or diffeomorphism covariant net) A we shall mean a Möbius covariant net such that the following holds:

G. Conformal covariance. There exists a projective unitary representation U of Diff(S^1) on H extending the unitary representation of Möb such that for all I ∈ I we have U(g)A(I)U(g)^∗ = A(gI), g ∈ Diff(S^1), U(g)xU(g)^∗ = x, x ∈ A(I), g ∈ Diff(I^′), where Diff(S^1) denotes the group of smooth, positively oriented diffeomorphism of S^1 and Diff(I) the subgroup of diffeomorphisms g such that g(z) = z for all z ∈ I^′.

Let G be a simply connected compact Lie group. By Th. 3.2 of [8], the vacuum positive energy representation of the loop group LG (cf. [36]) at level k gives rise to an irreducible conformal net denoted by A_{Gk} . By Th. 3.3 of [8], every irreducible positive energy representation of the loop group LG at level k gives rise to an irreducible covariant representation of A_{Gk} .

3.1 Doplicher-Haag-Roberts superselection sectors in CQFT

The DHR theory was originally made on the 4-dimensional Minkowski spacetime, but can be generalized to our setting. There are however several important structure differences in the low dimensional case.

A (DHR) representation π of A on a Hilbert space H is a map I ∈ I → π_I that associates to each I a normal representation of A(I) on B(H) such that π~_I ↾ A(I) = π_I , I ⊂ Ĩ, I, Ĩ ⊂ I .

π is said to be Möbius (resp. diffeomorphism) covariant if there is a projective unitary representation U_π of Möb (resp. Diff^{(∞)}(S^1), the infinite cover of Diff(S^1) ) on H such that π_{gI} (U(g)xU(g)^∗) = U_π (g)π_I (x)U_π (g)^∗

for all I ∈ I, x ∈ A(I) and g ∈ Möb (resp. g ∈ Diff^{(∞)}(S^1)). Note that if π is irreducible and diffeomorphism covariant then U is indeed a projective unitary representation of Diff(S^1).

By definition the irreducible conformal net is in fact an irreducible representation of itself and we will call this representation the vacuum representation.

Given an interval I and a representation π of A, there is an endomorphism of A localized in I equivalent to π; namely ρ is a representation of A on the vacuum Hilbert space H, unitarily equivalent to π, such that ρ_I ′ = id ↾ A(I^′).

Fix an interval I_0 and endomorphisms ρ, ρ^′ of A localized in I_0. Then the composition (tensor product) ρρ^′ is defined by

(ρρ^′)_I = ρ_I ρ^′_I

with I an interval containing I. One can indeed define (ρρ^′)_I for an arbitrary interval I of S^1 (by using covariance) and get a well defined endomorphism of A localized in I_0. Indeed the endomorphisms of A localized in a given interval form a tensor C^∗-category. For our needs ρ, ρ^′ will be always localized in a common interval I.

If π and π^′ are representations of A, fix an interval I_0 and choose endomorphisms ρ, ρ^′ localized in I_0 with ρ equivalent to π and ρ^′ equivalent to π^′. Then π · π^′ is defined (up to unitary equivalence) to be ρρ^′. The class of a DHR representation modulo unitary equivalence is a superselection sectors (or simply a sector).

Indeed the localized endomorphisms of A for a tensor C^∗-category. For our needs, ρ, ρ^′ will be always localized in a common interval I.

We now define the statistics. Given the endomorphism ρ of A localized in I ∈ I, choose an equivalent endomorphism ρ_0 localized in an interval I_0 ∈ I with Ī_0 ∩ Ī = ∅ and let u be a local intertwiner in Hom(ρ, ρ_0) as above, namely u ∈ Hom(ρ~_I , ρ_{0,}~_I ) with I_0 following clockwise I inside Ĩ which is an interval containing both I and I_0.

The statistics operator ε := u^∗ρ(u) = u^∗ρ~_I (u) belongs to Hom(ρ^2_Ĩ , ρ^2_Ĩ ). An elementary computation shows that it gives rise to a presentation of the Artin braid group ϵ_iϵ_{i+1}ϵ_i = ϵ_{i+1}ϵ_iϵ_{i+1}, ϵ_iϵ_i′ = ϵ_i′ ϵ_i if |i − i^′| ≥ 2,

where ε_i = ρ^{i−1}(ε). The (unitary equivalence class of the) representation of the Artin braid group thus obtained is the statistics of the superselection sector ρ.

It turns out the endomorphisms localized in a given interval form a braided C^∗- tensor category with unitary braiding.

The statistics parameter λ_ρ can be defined in general. In particular, assume ρ to be localized in I and ρ_I ∈ End((A(I)) to be irreducible with a conditional expectation E : A(I) → ρ_I (A(I)), then λ_ρ := E(ϵ) depends only on the superselection sector of ρ.

The statistical dimension d_{DHR}(ρ) and the univalence ω_ρ are then defined by d_{DHR}(ρ) = |λ_ρ|^{−1} , ω_ρ = λ_ρ |λ_ρ| . Refs: [7, 9, 25, 26, 31].

3.2 Index-statistics and spin-statistics relations

Let ρ be an endomorphism localized in the interval I. A natural connection between the Jones and DHR theories is realized by the index-statistics theorem

Ind(ρ) = d_{DHR}(ρ)^2.

Here Ind(ρ) is Ind(ρ_I )); namely d((ρ_I )) = d_{DHR}(ρ). We will thus omit the suffix DHR in the dimension. Since by duality ρ(A(I)) ⊂ A(I) coincides with ρ(A(I)) ⊂ ρ(A(I^′))^′ one may rewrite the above index formula directly in terms of the representation ρ.

The map ρ → ρ_I is a faithful functor of C^∗-tensor categories of endomorphism of |A localized in I into End(M) with M ≡ A(I). Passing to quotient one obtains a natural embedding Superselection sectors −→ Sect(M).

Restricting to finite-dimensional endomorphisms, the above functor is full, namely, given endomorphisms ρ, ρ^′ localized in I, if a ∈ Hom(ρ_I , ρ^′_I ) then a intertwines the representations ρ and ρ^′ (this is obviously true also in the infinite-dimensional case if there holds the strong additivity property below, but otherwise a non-trivial result).

The conformal spin-statistics theorem shows that ω_ρ = e^{i2πL0(ρ)} , where L_0(ρ) is the conformal Hamiltonian (the generator of the rotation subgroup) in the representation ρ. The right hand side in the above equality is called the univalence of ρ.

Refs: [11, 25].

3.3 Genus 0 S, T -matrices

Next we will recall some of the results of [37] and introduce notations.

Let {[λ], λ ∈ L} be a finite set of all equivalence classes of irreducible, covariant, finite-index representations of an irreducible local conformal net A. We will denote the conjugate of [λ] by [λ̄] and identity sector (corresponding to the vacuum representation) by [1] if no confusion arises, and let N^ν_{λμ} = ⟨[λ][μ], [ν]⟩. Here ⟨μ, ν⟩ denotes the dimension of the space of intertwiners from μ to ν (denoted by Hom(μ, ν)). We will denote by {T_e} a basis of isometries in Hom(ν, λμ). The univalence of λ and the statistical dimension of (cf. §2 of [10]) will be denoted by ω_λ and d(λ) (or d_λ)) respectively.

Let φ_λ be the unique minimal left inverse of λ, define: Y_{λμ} := d(λ)d(μ)φ_μ(ϵ(μ, λ)^∗ϵ(λ, μ)^∗), (6) where ϵ(μ, λ) is the unitary braiding operator (cf. [10] ).

We list two properties of Y_{λμ} (cf. (5.13), (5.14) of [37]) which will be used in the following:

Lemma 3.1.

Y_{λμ} = Y_{μλ} = Y^∗_{λμ̄} = Y¯_{λμ̄}. Y_{λμ} = ∑ k N^ν_{λμ} ω_λω_μ ω_ν d(ν). We note that one may take the second equation in the above lemma as the definition of Y_{λμ}.

Define a := ∑ i d^2_{ρi} ω^{−1}_{ρi} . If the matrix (Y_{μν} ) is invertible, by Proposition on P.351 of [37] a satisfies |a|^2 = ∑ λ d(λ)^2.

Definition 3.2. Let a = |a| exp(−2πi^{c0}_8 ) where c_0 ∈ R and c_0 is well defined mod 8Z.

Define matrices S := |a|^{−1}Y, T := CDiag(ω_λ) (7) where C := exp(−2πi c_0 24 ). Then these matrices satisfy (cf. [37]):

Lemma 3.3.

SS^† = T T^† = id, ST S = T^{−1}ST^{−1}, S^2 = Ĉ, T Ĉ = ĈT = T, where Ĉ_{λμ} = δ_{λμ̄} is the conjugation matrix.

Moreover N^ν_{λμ} = ∑ δ S_{λδ}S_{μδ} S^∗_{νδ} S_{1δ} . (8)

is known as Verlinde formula.

We will refer the S, T matrices as defined above as genus 0 modular matrices of A since they are constructed from the fusion rules, monodromies and minimal indices which can be thought as genus 0 chiral data associated to a Conformal Field Theory.

We note that in all cases c_0 − c ∈ 8Z, where c is the central charge associated with the projective representations of Diff(S^1) of the conformal net A (cf. [17] or [33]). We will prove in Lemma 9.7 that c_0 − c ∈ 4Zunder general conditions.

The commutative algebra generated by λ’s with structure constants N^ν_{λμ} is called fusion algebra of A. If Y is invertible, it follows from Lemma 3.3, (8) that any nontrivial irreducible representation of the fusion algebra is of the form λ →^{Sλμ}_{S1μ} for some μ.

3.4 The orbifolds

Let A be an irreducible conformal net on a Hilbert space H and let Γ be a finite group. Let V : Γ → U(H) be a unitary representation of Γ on H. If V : Γ → U(H) is not faithful, we set Γ^′ := Γ/kerV .

Definition 3.4. We say that Γ acts properly on A if the following conditions are satisfied:

(1) For each fixed interval I and each g ∈ Γ, α_g(a) := V (g)aV (g^∗) ∈ A(I), ∀a ∈ A(I); (2) For each g ∈ Γ, V (g)Ω = Ω, ∀g ∈ Γ.

We note that if Γ acts properly, then V (g), g ∈ Γ commutes with the unitary representation U of Möb.

Define B(I) := {a ∈ A(I)|α_g(a) = a, ∀g ∈ Γ} and A^Γ(I) := B(I)P_0 on H_0 where H_0 := {x ∈ H|V (g)x = x, ∀g ∈ Γ} and P_0 is the projection from H to H_0. Then U restricts to an unitary representation (still denoted by U) of Möb on H_0. Then:

Proposition 3.5. The map I ∈ I → A^Γ(I) on H_0 together with the unitary representation (still denoted by U) of Möb on H_0 is an irreducible Möbius covariant net.

The irreducible Möbius covariant net in Prop. 3.5 will be denoted by A^Γ and will be called the orbifold of A with respect to Γ. We note that by definition A^Γ = A^{Γ′} .

3.5 Complete rationality

We first recall some definitions from [21] . Recall that I denotes the set of intervals of S^1. Let I_1, I_2 ∈ I. We say that I_1, I_2 are disjoint if Ī_1 ∩ Ī_2 = ∅, where Ī is the closure of I in S^1. When I_1, I_2 are disjoint, I_1 ∪ I_2 is called a 1-disconnected interval in [46]. Denote by I_2 the set of unions of disjoint 2 elements in I. Let A be an irreducible Möbius covariant net as in §2.1. For E = I_1 ∪ I_2 ∈ I_2, let I_3 ∪ I_4 be the interior of the complement of I_1 ∪ I_2 in S^1 where I_3, I_4 are disjoint intervals. Let

A(E) := A(I_1) ∨ A(I_2), Â(E) := (A(I_3) ∨ A(I_4))^′.

Note that A(E) ⊂ Â(E). Recall that a net A is split if A(I_1) ∨ A(I_2) is naturally isomorphic to the tensor product of von Neumann algebras A(I_1) ⊗ A(I_2) for any disjoint intervals I_1, I_2 ∈ I. A is strongly additive if A(I_1) ∨ A(I_2) = A(I) where I_1 ∪ I_2 is obtained by removing an interior point from I.

Definition 3.6. [21] A is said to be completely rational if A is split, strongly additive, and the index [Â(E) : A(E)] is finite for some E ∈ I_2 . The value of the index [Â(E) : A(E)] (it is independent of E by Prop. 5 of [21]) is denoted by μ_A and is called the μ-index of A. If the index [Â(E) : A(E)] is infinity for some E ∈ I_2, we define the μ-index of A to be infinity.

A formula for the μ-index of a subnet is proved in [21]. With the result on strong additivity for A^Γ in [44], we have the complete rationality in following theorem.

Note that, by our recent results in [33], every irreducible, split, local conformal net with finite μ-index is automatically strongly additive.

Theorem 3.7. Let A be an irreducible Möbius covariant net and let Γ be a finite group acting properly on A. Suppose that A is completely rational. Then:

(1): A^Γ is completely rational or μ-rational and μ_AΓ = |Γ^′|^2μ_A; (2): There are only a finite number of irreducible covariant representations of A^Γ (up to unitary equivalence), and they give rise to a unitary modular category as defined in II.5 of [39] by the construction as given in §1.7 of [48].

Suppose that A and Γ satisfy the assumptions of Th. 3.7. Then A^Γ has only finite finite number of irreducible representations λ̇ and ∑ λ̇ d(λ̇)^2 = μ_AΓ = |Γ^′|^2μ_A.

The set of such λ̇’s is closed under conjugation and compositions, and by Cor. 32 of [21], the Y -matrix in (6) for A^Γ is non-degenerate, and we will denote the corresponding genus 0 modular matrices by Ṡ, Ṫ . We note that d(λ̇) is conjectured to be related to the asymptotic dimension of Kac-Wakimoto in [19], and one can find a precise statement of the conjecture and its consequences in [27] and in §2.3 of [50]. Denote by λ̇ (resp. μ) the irreducible covariant representations of A^Γ (resp. A) with finite index. Denote by b_{μλ̇} ∈ N ∪ {0} the multiplicity of representation λ̇ which appears in the restriction of representation μ when restricting from A to A^Γ. The b_μ˙_λ are also known as the branching rules. An irreducible covariant representation λ̇ of A^Γ is called an untwisted representation if b_μ˙_λ ≠ 0 for some representation μ of A. These are representations of A^Γ which appear as subrepresentations in the the restriction of some representation of A to A^Γ. A representation is called twisted if it is not untwisted. Note that

∑_˙ λ d(λ̇)b_μ˙_λ = d(μ)|Γ^′|, and b_1˙_λ = d(λ̇). So we have ∑ λ̇ untwisted

d(λ̇)^2 ≤ ∑ μ ( ∑ λ̇ d(λ̇)b_{μλ̇})^2 = |Γ^′|+ ∑ μ≠1 d(μ)^2|Γ^′|^2 < |Γ^′|^2+ ∑ μ≠1 d(μ)^2|Γ^′|^2 = μ_AΓ if Γ^′ is not a trivial group, where in the last = we have used Th. 3.7. It follows that the set of twisted representations of A^Γ is not empty. This fact has already been observed in a special case in [21] under the assumption that A^Γ is strongly additive. Note that this is very different from the case of cosets, cf. [47] Cor. 3.2 where it was shown that under certain conditions there are no twisted representations for the coset.

3.6 Restriction to the real line: Solitons

Denote by I_0 the set of open, connected, non-empty, proper subsets of R, thus I ∈ I_0 iff I is an open interval or half-line (by an interval of R we shall always mean a non-empty open bounded interval of R).

Given a net A on S^1 we shall denote by A_0 its restriction to R = S^1 ∖ {−1}. Thus A_0 is an isotone map on I_0, that we call a net on R. In this paper we denote by J_0 := (0, ∞) ⊂ R.

A representation π of A_0 on a Hilbert space H is a map I ∈ I_0 → π_I that associates to each I ∈ I_0 a normal representation of A(I) on B(H) such that π~_I ↾ A(I) = π_I , I ⊂ Ĩ, I, Ĩ ∈ I_0 . A representation π of A_0 is also called a soliton. As A_0 satisfies half-line duality, namely A_0(−∞, a)^′ = A_0(a, ∞), a ∈ R, by the usual DHR argument [7] π is unitarily equivalent to a representation ρ which acts identically on A_0(−∞, 0), thus ρ restricts to an endomorphism of A(J_0) = A_0(0, ∞). ρ is said to be localized on J_0 and we also refer to ρ as soliton endomorphism.

Clearly a representation π of A restricts to a soliton π_0 of A_0. But a representation π_0 of A_0 does not necessarily extend to a representation of A.

If A is strongly additive, and a representation π_0 of A_0 extends to a DHR representation of A, then it is easy to see that such an extension is unique, and in this case we will use the same notation π_0 to denote the corresponding DHR representation of A. 3.7 A result on extensions of solitons

The following proposition will play an important role in proving Th.7.1.

Proposition 3.8. Let H_1, H_2 be two subgroups of a compact group Γ which acts properly on A , and let π be a soliton of A_0. Assume that A is strongly additive. Suppose that π ↾ A^{Hi} , i = 1, 2 are DHR representations. Then π ↾ (A^{H1} ∨ A^{H2} ) is also a DHR representation, where A^{H1} ∨ A^{H2} is an intermediate net with (A^{H1} ∨ A^{H2} )(I) = A^{H1} (I) ∨ A^{H2} (I), ∀I.

Proof Let I be an arbitrary interval with −1 ∈ I. It is sufficient to show that π has a normal extension to A^{H1} (I) ∨ A^{H2} (I). Since π is a soliton, by choosing a unitary equivalence class of π we may assume that π(x) = x, ∀x ∈ A(I^′). Let J ⊃ I be an interval sharing a boundary point with I and let I_0 = J ∩ I^′. Since π ↾ A^{Hi} is a DHR representation, it is localizable on I_0. Denote the corresponding DHR representation localized on I_0 by π_{i,I0} , then we can find unitary u_i such that u_iπ_{i,I0} u^∗_i = π on A^{Hi} . It follows that u_i ∈ A^{Hi} (J) since π is localized on I, and we have π(x) = u_ixu^∗_i , ∀x ∈ A^{Hi} (I). Note that A^{H1} (I) ∩ A^{H2} (I) ⊃ A^Γ(I), hence u^∗_2u_1 ∈ A^Γ(I)^′ ∩ A(J). Since A^Γ ⊂ A is a strongly additive pair (cf. [49]), it follows that A^Γ(I)^′ ∩ A(J) = A(I_0), and u_1xu^∗_1 = u_2xu^∗_2, ∀x ∈ A(I). Hence Ad_{u1} defines a normal extension of π from A^{H1} (I) to A^{H1} (I) ∨ A^{H2} (I). Such an extension is also unique by definition. ■

4 Induction and restriction for general orbifolds

Let A be a Möbius covariant net and B a subnet. Given a bounded interval I_0 ∈ I_0 we fix canonical endomorphism γ_{I0} associated with B(I_0) ⊂ A(I_0). Then we can choose for each I ⊂ I_0 with I ⊃ I_0 a canonical endomorphism γ_I of A(I) into B(I) in such a way that γ_I ↾ A(I_0) = γ_{I0} and λ_{I1} is the identity on B(I_1) if I_1 ∈ I_0 is disjoint from I_0, where λ_I ≡ γ_I ↾ B(I).

We then have an endomorphism γ of the C^∗-algebra A ≡ ∪_I A(I) (I bounded interval of R).

Given a DHR endomorphism ρ of B localized in I_0, the α-induction α_ρ of ρ is the endomorphism of A given by α_ρ ≡ γ^{−1} · Adε(ρ, λ) · ρ · γ , where ε denotes the right braiding unitary symmetry (there is another choice for α associated with the left braiding). α_ρ is localized in a right half-line containing I_0, namely α_ρ is the identity on A(I) if I is a bounded interval contained in the left complement of I_0 in R. Up to unitarily equivalence, α_ρ is localizable in any right halfline thus α_ρ is normal on left half-lines, that is to say, for every a ∈ R, α_ρ is normal on the C^∗-algebra A(−∞, a) ≡ ∪_{I⊂(−∞,a)}A(I) (I bounded interval of R), namely α_ρ ↾ A(−∞, a) extends to a normal morphism of A(−∞, a). We have the following Prop. 3.1 of [33]:

Proposition 4.1. α_ρ is a soliton endomorphism of A_0.

4.1 Solitons as endomorphisms

Let A be a conformal net and Γ a finite group acting properly on A (cf. (3.4). We will assume that A is strongly additive. Let π be an irreducible soliton of A_0 localized on J_0 = (0, ∞). Note that the restriction of π to A(J_0) is an endomorphism and we denote this restriction by π when no confusion arises. Let π_AΓ be a soliton of A^Γ_0 localized on J_0 and unitarily equivalent to π ↾ A^Γ. Let ρ_1 be an endomorphism of A(J_0) such that ρ_1(A(J_0)) = A^Γ(J_0) and ρ_1ρ̄_1 = γ, where γ is the canonical endomorphism from A(J_0) to A^Γ(J_0). Note that [γ] = ⨁ g∈Γ^′ [g ′], where for simplicity we have used [g] to denote the sector of A(J_0) induced by the automorphism β_g. By [31] as sectors of A^Γ(J_0) we have [π_AΓ ] = [γπ ↾ A^Γ(J_0)].

Definition 4.2. Define Γ_π := {h ∈ Γ|[hπh^{−1}] = [π]}. Note that kerV (cf. definition before (3.4)) is a normal subgroup of Γ_π and let Γ^′_π := Γ_π /kerV .

Note that Hom(π_AΓ , π_AΓ )_AΓ_{(J0 )} ≃ Hom(ρ̄_1πρ_1, ρ̄_1πρ_1)_{A(J0)}.

By Frobenius duality we have ⟨π_AΓ , π_AΓ ⟩ = ⟨λ, γλγ⟩. Lemma 4.3. (1) If g ≠ h, then ⟨π, gπh^{−1}⟩ = 0;

(2) ⟨π, γπγ⟩ = |Γ^′_π | = ⟨γπ ↾ A^Γ, γπ ↾ A^Γ⟩ where Γ^′_π = Γ_π /kerV ; (3) ⟨γπ ↾ A^Γ, γπ ↾ A^Γ⟩ = ⟨γ_1π ↾ A^{Γπ} , γ_1π ↾ A^{Γπ} ⟩ where γ_1 is the canonical endomorphism from A(J_0) to A^{Γπ} (J_0);

(4) Every irreducible summand of π ↾ A^{Γπ}_0 (as soliton of A^{Γπ}_0 ) remains irreducible when restricting to A^Γ_0 .

Proof Note that gπh^{−1} = gπg^{−1}gh^{−1}, and gπg^{−1} is a soliton equivalent to πg^{−1} but localized on J_0. By Lemma 8.5 of [33] we have proved (1). (2),(3) follows from (1) and the definition of Γ_π . (4) follows from (3). ■

Proposition 4.4. Let π_1, π_2 be two irreducible solitons of A_0 . If there is g ∈ Γ^′ such that [π_1] = [gπ_2g^{−1}], then [γπ_1 ↾ A^Γ] = [γπ_2 ↾ A^Γ]. Otherwise ⟨γπ_1 ↾ A^Γ, γπ_2 ↾ A^Γ⟩ = 0.

Proof By Frobenius duality and Lemma 8.5 of [33] we have

⟨γπ_1 ↾ A^Γ, γπ_2 ↾ A^Γ⟩ = ∑ g∈Γ^′ ⟨π_1, gπ_2g^{−1}⟩

Hence ⟨γπ_1 ↾ A^Γ, γπ_2 ↾ A^Γ⟩ = 0 if there is no g ∈ Γ^′ such that [π_1] = [gπ_2g^{−1}]. If there is g ∈ Γ such that [π_1] = [gπ_2g^{−1}], then

⟨γπ_1 ↾ A^Γ, γπ_2 ↾ A^Γ⟩ = ∑ h∈Γ^′_{π1} ⟨π_1, hgπ_2g^{−1}h^{−1}⟩ = |Γ^′_{π1} |

By exchanging π_1 and π_2 we get

⟨γπ_1 ↾ A^Γ, γπ_2 ↾ A^Γ⟩ = ⟨γπ_1 ↾ A^Γ, γπ_1 ↾ A^Γ⟩ = ⟨γπ_2 ↾ A^Γ, γπ_2 ↾ A^Γ⟩

It follows that [γπ_1 ↾ A^Γ] = [γπ_2 ↾ A^Γ]. ■

Theorem 4.5. Assume that π is irreducible with finite index and [β] = [γπ ↾ A^Γ] = ⨁ j m_j [β_j]. Then [α_{βj} ] = m_j ( ⨁ i[h_iπh^{−1}_i ]) where h_i are representatives of Γ/Γ_π . In particular d(β_j ) = m_j d(π)^{|Γ|}_{|Γπ|} , and ∑ j d(β_j )^2 =^{|Γ|2}_{|Γπ |} d(π)^2.

Proof By the definition we have [γα_β] = [βγ] = [γπγ]. So we have ⟨γα_β , π⟩ = ⟨γπγ, π⟩ = |Γ_π |. By Lemma 8.5 of [33] we have ⟨γα_β , π⟩ = ⟨α_β , π⟩, and therefore α_β ≻ |Γ_π |π. By Lemma 8.1 of [33] we have [h_iα_β h^{−1}_i ] = [α_β], so [α_β] ≻ |Γ^′_π | ⨁ i[h_iπh^{−1}_i ]. On the other hand d(α_β ) = d(β) = |Γ^′|d(π) = |Γ^′_π | ∑ i d(h_iπh^{−1}_i ). It follows that

[α_β] = |Γ^′_π | ( ⨁ i [h_iπh^{−1}_i ] ) . Note that by Lemma 8.1 of [33] [h^{−1}_i α_{βj} h_i] = [α_{βj} ], hence ⟨α_{βj} , h_iπh^{−1}_i ⟩ = ⟨h^{−1}_i α_{βj} h_i, π⟩ = ⟨α_{βj} , π⟩. So we must have [α_{βj} ] = k_j ( ⨁ i[h_iπh^{−1}_i ]) for some positive integer k_j . We note that k_j = ⟨α_{βj} , π⟩ ≤ ⟨β_j , γπ ↾ A^Γ⟩ = m_j by definitions and Frobenius duality. On the other hand ∑ j m_j k_j = |Γ^′_π | = ∑ j m^2_j , and we conclude that k_j = m_j . Since by definition |Γ| |Γ_π | = |Γ^′| |Γ^′_π | , the proof of the theorem follows. ■

4.2 Solitons as representations

In this section we use π̂ to denote an irreducible soliton of A_0 on a Hilbert space H_π . Let π be a soliton unitarily equivalent to π̂ but localized on J_0 as in the previous section. The restriction of π̂ to A^Γ_0 , denoted by π̂ ↾ A^Γ_0 is also a soliton. Define Hom(π̂ ↾ A^Γ_0 , π̂ ↾ A^Γ_0 ) := {x ∈ B(H_π)|xπ̂(a) = π̂(a)x, ∀x ∈ A^Γ_0 }, and let ⟨π̂ ↾ A^Γ_0 , π̂ ↾ A^Γ_0 ⟩ = dimHom(π̂ ↾ A^Γ_0 , π̂ ↾ A^Γ_0 ).

Lemma 4.6. (1) ⟨π̂ ↾ A^Γ_0 , π̂ ↾ A^Γ_0 ⟩ = ⟨γπ ↾ A^Γ_0 , γπ ↾ A^Γ_0 ⟩;

(2) h ∈ Γ_π if and only if π̂ · Ad_h ≃ π̂ as representations of A_0.

Proof By [31] π̂ ↾ A^Γ_0 and γπ ↾ A^Γ_0 are unitarily equivalent as solitons of A^Γ_0 . Note that γπ ↾ A^Γ_0 is localized on J_0, and (1) follows directly. As for (2), we note that h^{−1}πh is localized on J_0 and unitarily equivalent to π̂ · Ad_h, and (2) now follows from the definition (4.2). ■

From (2) of Lemma 4.6 we have for any h ∈ Γ^′_π , there is a unitary operator denoted by π̂(h) on H_π such that Ad_{π̂(h)}∗ · π̂ = π̂ · Ad_h as solitons of A_0. Since π̂ is irreducible, there is a U(1) valued cocycle c_π (h_1, h_2) on Γ_π such that π̂(h_1)π̂(h_2) = c_π (h_1, h_2)π̂(h_1h_2). We note that c_π (h_1, h_2) is fixed up to coboundaries (cf. §2 of [20]). Hence h → π̂(h) is a projective unitary representation of Γ^′_π on H_π with cocycle c_π . Assume that H_π = ⨁ σ∈E M_σ ⊗ V_σ where E is a subset of irreducible projective representations of Γ^′_π with cocycle c_π , and M_σ is the multiplicity space of representation V_σ of Γ_π . Then by definition each M_σ is a representation of A^Γ_0 .

Lemma 4.7. Fix an interval I. Assume that π̂ is a representation of A(I) (resp. a projective representation of Γ^′ with cocycle c_π) on a Hilbert space H such that π̂(β_h(x)) = π̂(h)π̂(x)π̂(h)^∗, ∀x ∈ A(I). Let σ_1 ∈ Γ̂^′ where Γ̂^′ denotes the set of irreducible representations of Γ^′, and σ_2 be an irreducible summand of the representation π̂ of Γ^′. Then:

(1) any irreducible summand σ of σ_1 ⊗ σ_2 appears as an irreducible summand in the projective representation π̂ of Γ^′ with cocycle c_π. In particular if σ_2 is the trivial representation of Γ^′ then all elements of Γ̂^′ appear as irreducible summand of the representation π of Γ^′.

(2) Every irreducible projective representation of Γ^′ with cocycle c_π appear as an irreducible summand of π̂, and ∑ σ,σ has cocycle c_π

dim(σ)^2 = |Γ^′|^2.

Proof Ad(1): Since the action of Γ^′ on A is proper, and A^Γ(I) is a type III factor, for any σ_1 ∈ Γ̂^′, by Page 48 of [14] we can find a basis V (σ_1)_i, 1 ≤ i ≤ dimσ_1 in A(I) such that V (σ_1)^∗_i V (σ_1)_j = δ_{ij} , and the linear span of V (σ_1)_i, 1 ≤ i ≤ dimσ_1 forms the irreducible representation σ_1 of Γ^′. Let W (σ_2)_i ∈ H, 1 ≤ i ≤ dimσ_2 be an orthogonal basis of representation σ_2. We claim that the vectors π(V (σ_1)_i)W (σ_2)_j , 1 ≤ i ≤ dimσ_1, 1 ≤ j ≤ dimσ_2 in H are linearly independent. If ∑ ij C_{ij} π(V (σ_1)_i)W (σ_2)_j = 0 for some complex numbers C_{ij} , multiply both sides by π̂(V (σ_1)^∗_i ) and use the orthogonal property of V (σ_1)_j ’s above we have ∑ j C_{ij} W (σ_2)_j = 0, and hence C_{ij} = 0 since W (σ_2)_j ’s are linearly independent. It follows that the linear span of π̂(V (σ_1)_i)W (σ_2)_j , 1 ≤ i ≤ dimσ_1, 1 ≤ j ≤ dimσ_2 gives a tensor product representation of Γ^′ on a subspace of H, and the lemma follows.

Ad (2): Let σ_3 be an irreducible summand of π, and let σ_4 be an arbitrary irreducible projective representation of Γ^′ with cocycle c_π. By definition σ̄_3 ⊗ σ_4 is a representation of Γ^′ (σ̄_3 stands for the conjugate of σ_3), and hence σ̄_3 ⊗ σ_4 ≻ σ_5 for some σ_5 ∈ Γ̂^′, and it follows that σ_4 appears as an irreducible summand of σ_3 ⊗ σ_5, and so by (2) every irreducible projective representation of Γ^′ with cocycle c_π appears as an irreducible summand of π. Note the twisted group algebra C^{cπ} [Γ^′] with cocycle c_π (cf. P. 85 of [20]) is semisimple, and the equality in (2) follows. ■

Theorem 4.8. (1) Hom(π̂ ↾ A^Γ, π̂ ↾ A^Γ) = ⨁ σ∈E Mat(dim(σ)) where E is the set of irreducible projective representations of Γ^′_π with the cocycle c_π ; (2) ∑ σ∈E dim(σ)^2 = |Γ^′_π |;

(3) M_σ as defined before Lemma 4.7 is an irreducible representation of A^Γ_0 , and M_σ is not unitarily equivalent to M_σ′ if σ ≠ σ^′.

Proof (1) (2) follows directly from Lemma 4.7. As for (3), note that by (2) of Lemma 4.3 and (1) of Lemma 4.6 we have ⟨π̂ ↾ A^Γ, π̂ ↾ A^Γ⟩ = |Γ^′|. On the other hand ⟨π ↾ A^Γ, π ↾ A^Γ⟩ ≥ ∑ σ∈E dimV^2_σ with equality iff M_σ as above is an irreducible representation of A^Γ_0 , and M_σ is not unitarily equivalent to M_σ′ if σ ≠ σ^′. Since we have equality by (2), (3) is proved. ■

Since for cyclic group H^2(Z_k, U(1)) = 0, we have proved the following corollary which generalizes Lemma 2.1 of [45].

Corollary 4.9. If Γ^′_π = Z_k for some positive integer k, then Hom(π̂ ↾ A^Γ, π̂ ↾ A^Γ) is isomorphic to the group algebra of Z_k, and π̂ ↾ A^Γ decomposes into k distinct irreducible pieces.

5 Solitons in Affine Orbifold

5.1 Conformal nets associated with the affine algebras

Let G be a compact Lie group of the form G := G^0 × G^1 × · · · × G^s where G^0 = U(1)^r , and G^j , j = 1, ..., s, are simple simply-connected groups. Let g^j denoted the Lie algebra of G^j , j = 0, ..., s and let L := {ω ∈ g^0|e^{2πiω} = 1}. Note that G^0 = U(1)^r = R^r/L. We assume that g = ⨁ j g^j is equipped with a symmetric even negative definite invariant bilinear form. This means that the length square of any ω ∈ ig^j (j = 0, ..., s) such that e^{2πiω} = 1 is an even integer. Note that our condition on the bilinear form is slightly stronger than the condition on P. 61 of [18] to ensure locality of our nets (cf. Remark 1.1 of [18]). When restricted to a simple g^j , the even property means that the bilinear form is equal to k_j (v|v^′), where k_j ∈ N will be identified with the level of the affine Kac-Moody algebra ĝ^j and (v|v^′) = 1 2g^∨_j Tr_gj (Ad_vAd_v′ )

(g^∨_j is the dual Coxeter number of g^j ). We will fix k_0 = 1.

We will denote by L̃G the central extension of LG whose Lie algebra is the (smooth) affine Kac-Moody algebra ĝ. For an interval I ⊂ S^1, we denote by L̃_I G : {f ∈ L̃G|f(t) = e, ∀t ∈ I^′ where e id the identity element in G, and L̃_I g : {p ∈ L̃_g|p(t) = 0, ∀t ∈ I^′. We will write elements of L̃g as (f, c) where f ∈ Lg, c ∈ C and (0, c) is in the center of L̃g. Denote by A_{Gk} the conformal net associated with representations of L̃G at level k = (k_0, ..., k_s). The following lemma follows from [41]:

Lemma 5.1. A_{Gk} is strongly additive.

For simplicity we will denote A_{Gk} by A in this chapter. Let Z_j ⊂ G^j denote the center of G^j , j = 1, ..., s, and let Z^0 = L^∗/L where L^∗ := {μ ∈ g^0|(μ|ω) ∈ Z, ∀ω ∈ L}.

The following finite subgroup of G will play an important role:

Z(G) := Z^0 × Z^1 × · · · × Z^s

Recall from §4.2 of [18] that an element g ∈ G is called non-exceptional if there exists β(g) ∈ ig such that g = e^{2πiβ(g)} and the centralizer G_g := {b^′ ∈ G|b^′gb^{′−1} = g} of g is the same as G_{β(g)} : {b^′ ∈ G|b^′β(g)b^{′−1} = β(g)}, the centralizer of β(g).

Let Γ be a finite subgroup of G. Then it follows by definition that Γ acts properly on A. We will be interested in the irreducible representations of A^Γ. Note that Z(G) acts on A trivially. Hence A^Γ = A^{⟨Γ,Z(G)⟩} where ⟨Γ, Z(G)⟩ is the subgroup of G generated by Γ, Z(G). Without losing generality, we will always assume that Γ ⊃ Z(G). By definition before (3.4) we have Γ^′ = Γ/Z(G).

The following definition is definition 4.1 of [18]:

Definition 5.2. A group Γ is called a non-exceptional subgroup of G if for any g ∈ Γ there exists ζ ∈ Z(G) such that ζg is a non-exceptional element.

Recall from [18] that every element of Z can be written in the form

ζ = (ζ^{(0)}_{j0} , ..., ζ^{(s)}_{js} ) ∈ Z_0 × · · · × Z_s, ζ^{(ν)}_{jν} = e^{2πiΛ(ν)j} .

Here Λ^{(0)}_j generate the finite abelian group L^∗/L; for each simple component g the fundamental weight Λ_j belongs to the set J (1.33) of [18]. If both g and ζ_j g are non-exceptional, we can write

β(ζ_j g) = β(g) + Λ_j + m, [β(g), β(ζ_jg)] = 0, e^{2πim} = 1. (9)

Now we define the action of ζ_j on Λ. By Lemma 4.1 of [18] the phase factor

σ_j (b^′) = e^{2πi(kΛj +km|β′ )}, b^′ = e^{2πiβ′} ∈ Γ_g, [β^′, Λ_j + m] = 0 (10)

gives a 1-dimensional representation of σ_j of Γ_g. The transformation Λ → ζ_j (Λ) of a lattice weight Λ ∈ L^∗ is given by ζ_j (Λ) = (Λ + Λ_j )modL. If g is a simple rank l Lie algebra and Λ is an integral weight at level k, then ζ_j (Λ) := kΛ_j + w_j Λ where w_j is the unique element of the Weyl group of g that permutes the set {−θ, α_1, ..., α_l} and satisfies −w_j θ = α_j .

Definition 5.3. [18] For any ζ ∈ Z, Λ = ∑ ν Λ^ν , we define:

ζ(Λ) = ∑ ν (w_{jν} Λ^ν + k_ν Λ_{jν} ).

We will use π_Λ to denote the irreducible representations of L̃G on a Hilbert space H_Λ with highest weight Λ.

Note that π_Λ gives an irreducible representation of A_{Gk} by §3 of [8] on H_Λ. We will write ζ = e^{2πiβ(ζ)} with β(ζ) = (β(ζ^{(0)}_{j0} ), ..., β(ζ^{(s)}_{js} )) and β(ζ^{(ν)}_{jν} ) = Λ^{(ν)}_j + m where m is as in (10). Let P_g : [0, 1] → G be a map with P_g(θ) = e^{2πiβ(g)θ}, 0 ≤ θ ≤ 1, P_{ζg} : [0, 1] → G be a map with P_{ζg}(θ) = e^{2πiβ(ζg)θ}, 0 ≤ θ ≤ 2π, and P_ζ : [0, 1] → G be a map with P_ζ (θ) = e^{2πiβ(ζ)θ}, 0 ≤ θ ≤ 1. We note that Ad_{Pζ} is an automorphism of LG since ζ is in the center of G.

Lemma 5.4. (1) If g is non-exceptional then P_g ∈ Z(G_g);

(2) If ζg, g are non-exceptional then P_{ζg} P^{−1}_g = P_ζ .

Proof If h ∈ G_g, since g is non-exceptional, it follows that he^{2πiθβ(g)}h^{−1} = e^{2πiθβ(g)}, 0 ≤ θ ≤ 1 and (1) is proved.

Since ζg, g are non-exceptional , by (9) [β(ζg), β] = 0 and (2) follows immediately. ■ Lemma 5.5. If ζg, g are non-exceptional in , and with notations as above, we have:

(1) Ad_{Pζ} lifts to an automorphism denoted by Ad_ζ of L̃G; (2) The induced action of Ad_ζ on L̃g is given by

Ad_ζ (f, c) = (Ad_{Pζ} .f, k(ζ|f) + c);

(3) There is an unitary U : H_{ζ(Λ)} → H_Λ such that U^∗π_{ζ(Λ)}(Ad_ζ )U = π_Λ as representations of L̃G;

(4) U^∗π_{ζ(Λ)}(h)σ_ζ (h)U = π_Λ(h) for any h ∈ Γ_g, where σ_ζ = ⊗_ν σ_{jν} with σ_{jν} as defined in (10).

Proof We note that the path P_{ζg}P^∗_g is an element of L(G/Z(G)). When G is semisimple, (1),(2) follows from Lemma 4.6.5 and equation (4.6.4) of [36]. The proof in §4.6 of [36] also generalizes easily to the proof of (1) and (2) when G = G_0 = U(1)^r . As for (3), first note that π_{ζ(Λ)}(Ad_ζ ) is an irreducible representation of L̃G, since such irreducible representations are classified (cf. [36] and [17]), we just have to identify it with the known representations. By using Th. 4.2 of [18] for the special case when the group Γ is trivial, we conclude that the character of π_{ζ(Λ)} · Ad_ζ is the same as that of π_Λ(L̃G), and it follows that they are unitarily equivalent as representations of L̃G.

For any h = e^{2πiβ′} ∈ G_g ⊂ L̃G, by (2) we have

π_Λ(Ad_ζ (h)) = π_Λ(h) ∏ ν e^{2πik(β′|Λjν +m)} = π_Λ(h)σ_ζ(h) Using (3) we have U^∗π_{ζ(Λ)}(h)σ_ζ (h)U = π_Λ(h) ■ 5.2 Constructions of solitons

Let π_Λ be an irreducible representation of L̃G with highest integral weight Λ. We will denote the net A_{Gk} simply by A in this section. For g ∈ G, let β(g) be an element in the Lie algebra of G such that e^{2πiβ(g)} = g. Define P_g(θ) := e^{2πiθβ(g)}, 0 ≤ θ ≤ 1. Identify R with the open interval (0, 1) via a smooth map φ : (−∞, +∞) → (0, 1), φ(t) =^1_π (tan^{−1}(t) +^π_2 ). For any I ⊂ R, Let P_{g,I} ∈ L_I G be a loop localized on I such that P_{g,I} (t) = P_g(φ(t)), ∀t ∈ I.

Definition 5.6. For any x ∈ A(I), define π̂_{Λ,g,I} (x) := π_Λ(P_{g,I} xP^∗_{g,I} ).

We note that the above definition is independent of the choice of P_{g,I} : if P̃_{g,I} is another loop such that P̃_{g,I} (t) = P_{g,I} (t), ∀t ∈ I, then P̃_{g,I} (t)P^{−1}_{g,I} is a loop with support in I^′, and so π_Λ(P_{g,I} xP^∗_{g,I} ) = π_Λ(P̃_{g,I} xP̃^∗_{g,I} ), ∀x ∈ A(I). One checks easily that definition (5.6) defines a soliton, and we denote it by π̂_{Λ,g}.

Fix J_0 := (0, ∞) ⊂ R. To obtain a soliton equivalent to π̂_{Λ,g} but localized on J_0, we choose a smooth path P^{J0}_g ∈ C^∞(R, G) which satisfies the following boundary conditions: P^{J0}_g (t) = e, if − ∞ < t ≤ 0 and P^{J0}_g (t) = g, if 1 ≤ t < ∞. For any interval I ⊂ R, we choose a loop P^{J0}_{g,I} ∈ LG such that P^{J0}_{g,I} (t) = P^{J0}_g (t), ∀t ∈ I.

Definition 5.7. For any x ∈ A(I), define π_{Λ,g,I} := Λ(P^{J0}_{g,I} xP^{J0}_{g,I}^∗) where we use Λ to denote a representation unitarily equivalent to π_Λ but localized on J_0.

We denote the soliton in the above definition as π_{Λ,g}.

Proposition 5.8. The unitary equivalence class of π_{Λ,g} is independent of the choice of the path P^{J0}_g as long as it satisfies the boundary conditions given as above, and π_{Λ,g} is localized on J_0. Moreover π_{Λ,g} is unitarily equivalent to π̂_{Λ,g}, and π_{Λ,g} restricts to a DHR representation of A^{⟨g⟩} where ⟨g⟩ denotes the closed subgroup of G generated by g. Proof If P̃^{J0}_g is another path which satisfies the same boundary condition as P^{J0}_g , then P̃^{J0}_g P^{J0}_g^{−1} ∈ LG, and the first statement of the proposition follows by definition. By definition π_{Λ,g,J} ′_0 (x) = x, ∀x ∈ A(J^′_0) since P^{J0}_g (t) = e, if −∞ < t ≤ 0, and so π_{Λ,g} is localized on J_0. Since P^{J0}_g P^{−1}_g extends to an element in LG, it follows that π_{Λ,g} is unitarily equivalent to π̂_{Λ,g}. To prove the last statement, let I be an interval with −1 ∈ I. It is sufficient to show that π_{Λ,g} has a normal entension to A^{⟨g⟩}(I). Recall from §3.6 that we identify R = S^1 ∖ {−1} and J_0 = (0, ∞) ⊂ R. Since the net A is strongly additive by Lemma 5.1, and so A^{⟨g⟩} is strongly additive by [49], we can assume that A^{⟨g⟩}(I) = A^{⟨g⟩}(−∞, a) ∨ A^{⟨g⟩}(b, ∞) where a < b. Let us assume that P^{J0}_{g,(−∞,a)} and P^{J0}_{g,(b,∞)} are the elements in LG such that Ad_{Λ(P} J_{0g,(−∞,a) )} = π_{Λ,g,(−∞,a)}

and Ad_{Λ(P} J_{0g,(b,∞) )} = π_{Λ,g,(b,∞)} as in Definition 5.7. Choose an element P̃ ∈ LG so that P̃ (t) = gP^{J0}_{g,(−∞,a)}(t), −∞ < t < a and P̃ (t) = P^{J0}_{g,(b,∞)}(t), b < t < ∞. Then by definition AdΛ(P̃ )(x) = π_{Λ,g}(x), ∀x ∈ A^{⟨g⟩}(−∞, a) ∨ A^{⟨g⟩}(b, ∞), and hence AdΛ(P̃ ) defines the normal extension of π_{Λ,g} to A^{⟨g⟩}(I). ■

Proposition 5.9. As sectors of A(J_0) we have:

(1) [π_{Λ,g}] = [Λπ_{1,g}];

(2) [π_{1,g1} π_{1,g2} ] = [π_{1,g1g2} ], [hπ_{Λ,g}h^{−1}] = [π_{Λ,hgh}−1 ];

(3) Assume that Λ, μ are irreducible DHR representations of A. Then ⟨Λ, μπ_{1,g}h⟩ = 1 if and only if h ∈ Z(G), g ∈ Z(g) and Λ = g^{−1}(μ) where the action of the center is as in (5.3). In all other cases ⟨Λ, μπ_{1,g}h⟩ = 0;

(4) If Λ_1, Λ_2 are irreducible DHR representations of A , then ⟨π_{Λ1 ,g1} , π_{Λ2,g2} h⟩ = 1 if and only if h ∈ Z(G) and there exists a g ∈ Z(G) such that g_2 = gg_1 and Λ_2 = g^{−1}(Λ_1). In all other cases ⟨π_{Λ1 ,g1} , π_{Λ2,g2} h⟩ = 0;

(5) The stabilizer Γ_{Λ,g} of π_{Λ,g} (cf. (4.2)) is given by Γ_{Λ,g} = {h ∈ Γ|hgh^{−1} = g_1g, g_1(Λ) = Λ, g_1 ∈ Z(G)}.

Proof (1) and (2) follows directly from definition 5.7. Now assume that ⟨Λ, μπ_{1,g}h⟩ = 1. By lemma 8.5 of [33] we conclude that [h] = [1] and so h ∈ Z(G), hence [Λ] = [μπ_{1,g}], and it follows that μπ_{1,g} is a DHR representation of the net A. In particular μπ_{1,g} is normal on A(−∞, 0) ∨ A(1, ∞). Choose μ to be localized on A(0, 1). Since A(−∞, 0) ∨ A(1, ∞) is a type III von Neumann algebra, there is a unitary u such that π_{1,g}(x) = uxu^∗, ∀x ∈ A(−∞, 0) ∨ A(1, ∞). Since π_{1,g} = id on A(−∞, 0) and π_{1,g} = Ad_g on A(1, ∞), we have u ∈ A(−∞, 0)^′ ∩ A^G(1, ∞)^′. By (2) of Lemma 3.6 in [49] the pair A^G ⊂ A is strongly additive (cf. Definition 3.2 of [49] ) since A is strongly additive by Lemma 5.1, and so A(−∞, 0)^′ ∩ A^Γ(1, ∞)^′ = A(0, 1). Therefore u ∈ A(0, 1), Ad_g (x) = x, ∀x ∈ A(1, ∞), and so g ∈ Z(G). Hence we have ⟨Λ, μπ_{1,g}⟩ = 1. By (3) of Lemma 5.5 and definition of π_{1,g} we have Λ = g^{−1}(μ) where the action of the center is defined in (5.3).

As for (4), by (1) and (2) we have

⟨π_{Λ1 ,g1} , π_{Λ2,g2} h⟩ = ⟨Λ_1π_{1,g1} , Λ_2π_{1,g2} h⟩ = ⟨Λ_1, Λ_2π_{1,g2} hπ_{Λ1,g}−1_1 ⟩ (11)

= ⟨Λ_1, Λ_2π_{1,g2hg}−1_{1 h}−1 h⟩ (12)

and (4) follows from the above equation and (3). (5) follows from definitions and (4). ■ 5.2.1 Comparing solitons with “twisted representations”

Let e^{2πiβ} = g and choose the Cartan subalgebra of g which contains β. In the definition (5.6), if we choose x = π_1(y), y ∈ L̃_I G, then π̂_{Λ,g,I} (π_1(y)) = π_Λ(P_{g,I} yP^∗_{g,I} ). Note that Ad_{Pg,I} is an automorphism of L̃_I G, and induces an automorphism on L̃_I g. By Prop. 4.3.2 of [36], if we write elements of L̃_I g as (f, c), where f ∈ C^∞(S^1, g) with support in I, and c ∈ C , then Ad_{Pg,I} (f, c) = (Ad_{Pg,I} .f, c + k(β|f)) (13) Let us check that (13) agrees with the definition of twisted representation 2.11-2.14 of [18] on L̃_I g, ∀I ⊂ R. Let E^α be a raising or lowering operator as on Page 64 of [18]. Let f_1 ∈ C^∞(S^1, R) be a smooth map such that f_1(t) = 0, ∀t ∈ I^′. By the commutation relation [E^α, β] = −(α|β)E^α we have Ad_{Pg,I} .f = z^{−(α|β)}E^αf_1 where z^{−(α|β)} := e^{−2πiθ(α|β)} as a function on [0, 1], and (β|f_1E^α) = 0 by definition. By (13) we have Ad_{Pg,I} (f_1E^α, c) = (z^{−(α|β)}E^αf_1, c)

which is the restriction of (2.11) of [18] to L̃_I g. Similarly one can check that (13) agrees with the definition of twisted representation 2.12-2.14 of [18] on L̃_I g, ∀I ⊂ R.

Hence our soliton representations in Definition 5.6 can be regarded as “exponentiated” version of the twisted representations in §2 of [18]. In the next section we shall see that these soliton representations are important in constructing irreducible DHR representations of A^Γ. Motivated by the above observations, we have the following conjecture:

Conjecture 5.10. There is a natural one to one correspondence between the set of irreducible DHR representations of A^Γ and the set of irreducible representations of the orbifold chiral algebra as defined on Page 74 of [18] with gauge group Γ.

We note that this conjecture, together with the results of §5.4 and §5.5, give a prediction on the the set of irreducible representations of the orbifold chiral algebra as defined on Page 74 of [18] with non-exceptional gauge group Γ.

5.3 Completely rational case

Assume that the net A associated to G has the property that

μ_A = ∑ Λ d(Λ)^2 (14)

where the sum is over all irreducible projective representations of LG of a fixed level. When G = SU(N) this property is proved by [46]. We show that all irreducible DHR representations of A^Γ are obtained from decomposing the restriction of solitons π_{Λ,g} to A^Γ, answering one of the motivating questions for this paper. By Prop. 4.4 π_{Λ1,g1} ↾ A^Γ ≃ π_{Λ2,g2} ↾ A^Γ iff there exists h ∈ Γ such that [hπ_{Λ1,g1} h^{−1}] = [π_{Λ2,g2} . By (2) and (4) of Prop. 5.9 this is true if there is a g_3 ∈ Z(G) such that Λ_2 = g^{−1}_3 (Λ_1) and g_2 = hg_3g_1h^{−1}. Define an action of group Z(G)×Γ on the set (Λ, g) by (g_3, h).(Λ, g) = (g_3^{−1}(Λ), hg_3g_1h^{−1}). Denote the orbit of (Λ, g) by {Λ, g}. Note that the stabilizer of (Λ, g) has the same order as the stabilizer Γ_{Λ,g} of π_{Λ,g} by (5) of Prop. 5.9. Hence the orbit {Λ, g} contains^{|Z(G)×Γ|}_{|ΓΛ,g |} elements. Let [γπ_{Λ,g}] = ∑ i m_i[β_i] where β_i are irreducible DHR representations of A^Γ.

By Th. 4.5 ∑ i d(β_i)^2 =^{|Γ′|2}_{|Γ′Λ,g |} d(Λ)^2. By Prop. 4.4 we get the sum of index of all different irreducible DHR representations of A^Γ coming from decomposing the restriction of π_{Λ,g} to A^Γ is given by ∑ {Λ,g} |Γ^′|^2 |Γ^′_{Λ,g} | d(Λ)^2.

Since the orbit {Λ, g} contains^{|Z(G)×Γ|}_{|ΓΛ,g |} elements, the above sum is equal to ∑ Λ,g |Γ^′|^2 |Γ| d(Λ)^2 = |Γ^′|^2μ_A = μ_AΓ

where in the last = we have used Th. 3.7. By Th. 33 of [21] we have proved the following:

Theorem 5.11. If equation (14) holds, then every irreducible DHR representation of A^Γ is contained in the restriction of π_{Λ,g} to A^Γ for some Λ, g where π_{Λ,g} is defined as in (5.7).

Let G = SU(N_1) × SU(N_2) × · · · × SU(N_m) and let level k = (k_1, ..., k_m). Since A_{Gk} verifies equation (14) by [46], we have the following:

Corollary 5.12. Let Γ ⊂ G = SU(N_1)×SU(N_2)×· · ·×SU(N_m) be a finite subgroup. Then every irreducible DHR representation of A^Γ_{Gk} is contained in the restriction of π_{Λ,g} to A^Γ_{Gk} for some Λ, g ∈ Γ where π_{Λ,g} is defined as in definition (5.7) and A^Γ_{Gk} is the conformal net associated with the projective representation of LG at level k = (k_1, ..., k_m). 5.4 Identifying representations of A^Γ for non-exceptional Γ

In this section we assume that Γ is a non-exceptional finite subgroup of G (cf. 5.2). Assume that g ∈ Γ is a non-exceptional element in Γ with g = e^{2πiβ} and G_g = G_β . We will choose the path P_g as P_g(θ) = e^{2πiθβ} , 0 ≤ θ ≤ 1. Let σ be an irreducible character of the group Γ_β := Γ ∩ G_β = Γ_g . Let

P_{Λ,σ} := σ(1) |Γ_g | ∑ h∈Γ_β σ^∗(h)π_Λ(h) (15)

By Lemma 5.15 P_{Λ,σ} π_{Λ,g} is a direct sum of σ(1) copies of a DHR representation of A^Γ (on P_{Λ,σ} H_Λ) which we denote by π_{Λ,g,σ}. We have:

Proposition 5.13. Let h ∈ N_G(Γ_g) := {b ∈ G|bΓ_gb^{−1} = Γ_g}. Then as representation of A^{Γg} we have π_{Λ,g,σ} · Ad_h−1 ≃ π_{Λ,hgh}−1_{,σ}h where σ^h is an irreducible representation of Γ_{hgh}−1 defined by σ^h(b) = σ(h^{−1}bh).

Proof By definition (5.6) ∀x ∈ A(I), I ⊂ R we have

π̂_{Λ,g}(Ad_h−1 x) = π_Λ(P_{g,I} h^{−1}xhP^∗_{b,I} ) = π_Λ(g)^∗π_Λ(hP_{g,I} h^{−1}xhP^∗_{g,I} h^{−1})π_Λ(h) (16) = π_Λ(h)^∗π̂_{Λ,hgh}−1 (x)π_Λ(h) (17)

On the other hand from the definition (15) one checks that

π_Λ(h)^∗P_{Λ,σ}h π_Λ(h) = P_{Λ,σ}

It follows that ∀y ∈ A^{Γg} (I) π_{Λ,g,σ} · Ad_h−1 y = π_Λ(g)^∗π_{Λ,hgh}−1_{,σ}h (y)π_Λ(g). ■

Proposition 5.14. For the pair of non-exceptional triples X = (Λ, g, σ) and

ζ(X) := ( ∑ ν (w_{jν} Λ^ν + k_ν Λ_{jν} , ζg, σ ⊗ (⊗_ν σ_{jν} ))

where σ_{jν} is defined as in (10), we have π_X ≃ π_{ζ(X)} as DHR representations of A^{Γg}_0 . Proof For any a ∈ A(I) we have:

π̂_{ζ(Λ),ζg}(a) = π_{ζ(Λ)}(P_{ζg}P^∗_g P_g aP^∗_g P_g P^∗_{ζg}) = π_{ζ(Λ)}(P_ζ P_g xP^∗_g P^∗_ζ ) where we have used (2) of Lemma 5.4. By (3) of Lemma 5.5 There exists a unitary U such that π_{ζ(Λ)}(P_ζ P_gaP^∗_g P^∗_ζ ) = Uπ_{Λ,g} (a)U^∗.

By (4) of Lemma 5.5 π_{ζ(Λ)}(h) = Uπ_Λ(h)σ_ζ(h)U^∗, and it follows by definition (15) P_{ζ(Λ),σ⊗σζ} = UP_{Λ,σ} U^∗, hence the proposition is proved by definition. ■

5.5 Details on decomposing solitons: fixed point resolutions

Assume that g ∈ Γ is a non-exceptional element with g = e^{2πiβ} and G_g = G_β . We will choose the path P_g as P_g(θ) = e^{2πiθβ}, 0 ≤ θ ≤ 1. Let π̂_{Λ,g} ↾ A^Γ ≃ ∑ i m_iβ_i where β_i are irreducible DHR representations of A^Γ. Define Γ_g := {h ∈ Γ|hg = gh}. Note that Γ_g is a normal subgroup of Γ_{Λ,g} and Γ_{Λ,g} /Γ_g = {h ∈ Z(G)|hΛ = Λ} is an abelian group (cf. (5) of Lemma 5.9).

Lemma 5.15. For all x ∈ A(I), h ∈ Γ_g, π_Λ(h)π̂_{Λ,g}(x)π_Λ(h)^∗ = π̂_{Λ,g}(hxh^∗).

Proof Since π_1(L̃_I G) generates A(I), it is sufficient to check the equation for x = π_1(y), y ∈ L_I G. As elements in LG we have hP_{g,I} yP^{−1}_{g,I} h^{−1} = P_{g,I} hyh^{−1}P^{−1}_{g,I} where we have used hP_gh^{−1} = P_g by (1) of Lemma 5.4. It follows by definition (5.6) that π_Λ(h)π̂_{Λ,g}(x)π_Λ(h)^∗ = π̂_{Λ,g}(hxh^∗). ■

Assume that when restricting to A^{Γg} , H_Λ = ⨁ σ∈E M_σ ⊗V_σ where V_σ are irreducible representation spaces of Γ_g , E ⊂ IrrΓ_g and M_σ the corresponding multiplicity spaces. By Th. 4.1 of [18], σ appears in the above decomposition iff σ|Z(G) = Λ|Z(G). Applying Th. 4.8 to the pair A^{Γg} ⊂ A, each M_σ with σ|Z(G) = Λ|Z(G) is an irreducible DHR representation of A^{Γg} . We will denote M_σ by π_{Λ,g,σ} . When Γ_{Λ,g}/Γ_g is nontrivial, the next question is how π_{Λ,g,σ} decomposes when restricting to A^{ΓΛ,g} . This is the issue of “fixed point resolutions”, since the action of the center has a nontrivial fixed point on the quadruples as described on Page 78 of [18], and the question about the nature of how π_{Λ,g,σ} decomposes as representation of A^Γ is implicitly raised. Assume that Γ_{Λ,g} /Γ_g = {h ∈ Z(G)|hΛ = Λ}. Then A^{ΓΛ,g} ⊂ A^{Γg} is the fixed point subnet under the action of Γ_{Λ,g} /Γ_g. Note that Γ_{Λ,g}/Γ_g ≃ {ζ ∈ Z(G)|ζΛ = Λ} and denote the isomorphism by h → ζ(h). Then we have:

Theorem 5.16. (1): ⟨π_{Λ,g,σ} ↾ A^Γ, π_{Λ,g,σ} ↾ A^Γ⟩ = |{h ∈ Γ_{Λ,g} /Γ_g |σ_{ζ(h)} ≃ σ ⊗ σ_ζ }| where σ_{ζ(h)} is as defined in (4) of Lemma 5.5;

(2): π_{Λ,g,σ} ↾ A^Γ decomposes into irreducible representations of A^Γ which are in one-to-one correspondence with all irreducible projective representation of the group Γ_{Λ,g} /Γ_g with a fixed cocycle.

Proof Ad (1): A^{ΓΛ,g} ⊂ A^{Γg} is the fixed point subnet under the action of Γ_{Λ,g} /Γ_g . Applying Lemma 4.3 to the pair A^{ΓΛ,g} ⊂ A^{Γg} , ⟨π_{Λ,g,σ} ↾ A^{Γg} , π_{Λ,g,σ} ↾ A^{Γg} ⟩ is equal to the number of elements h ∈ Γ_{Λ,g} /Γ_g such that π_{Λ,g,σ} ≃ π_{Λ,g,σ} (Ad.h) as representations of A^{Γg} . By Prop.5.13 π_{Λ,g,σ} (Ad_h) ≃ π_{Λ,hgh}−1_{,σ}h = π_{Λ,ζ(h)g,σ}h , and by Prop. π_{Λ,g,σ} ≃ π_{Λ,ζ(h)g,σ⊗σζ(h)} as representations of A^{Γg} . It follows that π_{Λ,g,σ} ≃ π_{Λ,g,σ}(Ad.h) as representations of A^{Γg} iff σ^h ≃ σ ⊗ σ_{ζ(h)}. Hence ⟨π_{Λ,g,σ} ↾ A^{ΓΛ,g} , π_{Λ,g,σ} ↾ A^{ΓΛ,g} ⟩ = |{h ∈ Γ_{Λ,g}/Γ_g |σ_{ζ(h)} ≃ σ ⊗ σ_ζ }| By (4) of Lemma 4.3 (1) is proved. (2) follows by applying Th. 4.8 to the pair A^{ΓΛ,g} ⊂ A^{Γg} and (4) of Lemma 4.3. ■

Combine the above theorem with Cor. 4.9 we immediately have:

Corollary 5.17. If the group {h ∈ Γ_{Λ,g} /Γ_g |σ^h ≃ σ ⊗ σ_ζ(h)} is cyclic of order m, then π_{Λ,g,σ} ↾ A^Γ decomposes into m irreducible pieces.

5.6 An example

Here we illustrate Cor. 5.17 in the example 6.4 of [18]. We keep the same notation of [18]. Set G = SU(2) and Γ = H_8 the quaternion group. H_8 has 8 elements,{1, ϵ, q_i, ϵ, q_i, i = 1, 2, 3, }; they obey the multiplication rules q^2_i = ϵ, q_iq_j q^{−1}_i = ϵq_j = q^{−1}_j , i ≠ j. We note that q_i, ϵq_i are non-exceptional elements of SU(2). The centralizer of Γ_{qi} ≃ Z_4, and we will label its irreducible representations by the exponents σ = 0, +1, −1, 2. There are 5 irreducible representations of H_8, {α_0, α_1, α_2, α_3, α_4} with dimensions 1, 1, 2, 1, 1 respectively. The characters of these representations are given on Page 94 of [18].

Consider the net A_{SU (2)2k1} . The irreducible DHR representations of A_{SU (2)2k1} are labeled by irreducible representations of L̃SU(2) at level 2k_1, and we will use integers 0, 1, ..., 2k_1 to label these representations such that 0 is the vacuum representation. The only representation which is fixed by the action of the center is k_1. We note that σ_ϵ = 2k_1(mod)4. When k_1 is odd, consider the DHR representation π_{k1 ,qj ,1}. We have Γ_{k1 ,qj} = H_8. We note that σ_ϵ = 2k_1(mod)4, and so the stabilizer of π_{k1,qj ,±1} is {h ∈ H_8/Z_4|σ^h ≃ σ_{ζ(h)}} ≃ Z_2. Hence by Cor. 5.17, π_{k1,qj ,±1} decomposes into two distinct irreducible DHR representations of A^{H8}_{SU (2)2k1} . When k_1 = 1 this is first observed in [18] by identifying A^{H8}_{SU (2)2k1} with the tensor products of three “Ising Models” (cf. Page 99 of [18]).

When k_1 is even, consider the DHR representation π_{k1,qj ,0} or π_{k1,qj ,2}. Similar as above the stabilizer of π_{k1 ,qj,0} or π_{k1,qj ,2} is Z_2, and by using Cor. 5.17 again we conclude that π_{k1,qj ,0} or π_{k1,qj ,2} decomposes into two distinct irreducible DHR representations of A^{H8}_{SU (2)2k1} .

6 Constructions of solitons for permutation orbifolds

6.1 Preliminaries on cyclic orbifolds

In the rest of this paper we assume that A is completely rational. D := A ⊗ A... ⊗ A (n-fold tensor product) and B := D^{Zn} (resp. D^{Pn} where P_n is the permutation group on n letters) is the fixed point subnet of D under the action of cyclic permutations (resp. permutations). Recall that J_0 = (0, ∞) ⊂ R. Note that the action of Z_n (resp. P_n) on D is faithful and proper. Let v ∈ D(J_0) be a unitary such that β_g(v) = e^{2πin} v (such v exists by P. 48 of [14]) where g is the generator of the cyclic group Z_n and β_g stands for the action of g on D. Note that σ := Ad_v is a DHR representation of B localized on J_0. Let γ : D(J_0) → B(J_0) be the canonical endomorphism from D(J_0) to B(J_0) and let γ_B := γ ↾ B(J_0). Note [γ] = [1] + [g] + ... + [g^{n−1}] as sectors of D(J_0) and [γ_B] = [1] + [σ] + ... + [σ^{n−1}] as sectors of B(J_0). Here [g^i] denotes the sector of D(J_0) which is the automorphism induced by g^i. All the sectors considered in the rest of this paper will be sectors of D(J_0) or B(J_0) as should be clear from their definitions. All DHR representations will be assumed to be localized on J_0 and have finite statistical dimensions unless noted otherwise. For simplicity of notations, for a DHR representation σ_0 of D or B localized on J_0, we will use the same notation σ_0 to denote its restriction to D(J_0) or B(J_0) and we will make no distinction between local and global intertwiners for DHR representations localized on J_0 since they are the same by the strong additivity of D and B. The following is Lemma 8.3 of [33]:

Lemma 6.1. Let μ be an irreducible DHR representation of B. Let i be any integer. Then:

(1) G(μ, σ^i) := ε(μ, σ^i)ε(σ^i, μ) ∈ C , G(μ, σ)^i = G(μ, σ^i). Moreover G(μ, σ)^n = 1; (2) If μ_1 ≺ μ_2μ_3 with μ_1, μ_2, μ_3 irreducible, then G(μ_1, σ^i) = G(μ_2, σ^i)G(μ_3, σ^i); (3) μ is untwisted if and only if G(μ, σ) = 1; (4) G(μ̄, σ^i) = Ḡ(μ, σ^i). 6.2 One cycle case

First we recall the construction of solitons for permutation orbifolds in §6 of [33]. Let h : S^1 ∖ {−1} ≃ R → S^1 be a smooth, orientation preserving, injective map which is smooth also at ±∞, namely the left and right limits lim_{z→−1}±^{dnh}_{dzn} exist for all n.

The range h(S^1 ∖ {−1}) is either S^1 minus a point or a (proper) interval of S^1. With I ∈ I, −1 /∈ I, we set Φ_{h,I} ≡ AdU(k) , where k ∈ Diff(S^1) and k(z) = h(z) for all z ∈ I and U is the projective unitary representation of Diff(S^1) associated with A. Then Φ_{h,I} does not depend on the choice of k ∈ Diff(S^1) and Φ_h : I → Φ_{h,I} is a well defined soliton of A_0 ≡ A ↾ R.

Clearly Φ_h(A_0(R))^{′′} = A(h(S^1 ∖ {−1}))^{′′}, thus Φ_h is irreducible if the range of h is dense, otherwise it is a type III factor representation. It is easy to see that, in the last case, Φ_h does not depend on h up to unitary equivalence.

Let now f : S^1 → S^1 be the degree n map f(z) ≡ z^n. There are n right inverses h_i, i = 0, 1, . . . n − 1, for f (n-roots); namely there are n injective smooth maps h_i : S^1 ∖ {−1} → S^1 such that f(h_i(z)) = z, z ∈ S^1 ∖ {−1}. The h_i’s are smooth also at ±∞.

Note that the ranges h_i(S^1 ∖ {−1}) are n pairwise disjoint intervals of S^1, thus we may fix the labels of the h_i’s so that these intervals are counterclockwise ordered, namely we have h_0(1) < h_1(1) < · · · < h_{n−1}(1) < h_0(1), and we choose h_j = e^{2πij}n h_0, 0 ≤ j ≤ n − 1. For any interval I of R, we set π_{1,{0,1...n−1},I} ≡ χ_I · (Φ_{h0 ,I} ⊗ Φ_{h1 ,I} ⊗ · · · ⊗ Φ_{hn−1 ,I} ) , (18) where χ_I is the natural isomorphism from A(I_0)⊗· · ·⊗A(I_{n−1}) to A(I_0)∨· · ·∨A(I_{n−1}) given by the split property, with I_k ≡ h_k(I). Clearly π_{1,{0,1...n−1}} is a soliton of D_0 ≡ A_0 ⊗ A_0 ⊗ · · · ⊗ A_0 (n-fold tensor product). Let p ∈ P_n. We set π_{1,{p(0),p(1),...,p(n−1)}} = π_{1,{0,1...,n−1}} · β_p−1 (19) where β is the natural action of P_n on D, and π_{1,{0,1...,n−1}} is as in (18). The following is part of Prop. 6.1 in [33]:

Proposition 6.2. (1): Index(π_{1,{0,1...,n−1}}) = μ^{n−1}_A . (2): The conjugate of π_{1,{0,1...,n−1}} is π_{1,{0,n−1,n−2,...,1}}. Let λ be a DHR representation of A. Given an interval I ⊂ S^1 ∖ {−1}, we set

Definition 6.3. π_{λ,{p(0),p(1),...,p(n−1)},I}(x) = π_{λ,J} (π_{1,{p(0),p(1),...,p(n−1)},I}(x)) , x ∈ D(I) , where π_{1,{p(0),p(1),...,p(n−1)},I} is defined as in (19), and J is any interval which contains I_0 ∪ I_1 ∪ ... ∪ I_{n−1}. Denote the corresponding soliton by π_{λ,{p(0),p(1),...,p(n−1)}}. When p is the identity element in P_n, we will denote the corresponding soliton by π_{λ,n}.

The following follows from Prop. 6.4 of [33]:

Proposition 6.4. The above definition is independent of the choice of J, thus π_{λ,{p(0),p(1),...p(n−1)},I} is a well defined soliton of D.

We can localize π_{1,{p(0),p(1),...p(n−1)}}, π_{λ,{p(0),p(1),...p(n−1)}} and λ on J_0. Denote by π̃, π̃_λ and (λ, 1, 1, ..., 1) := λ ⊗ ι ⊗ ι · · · ⊗ ι ↾ D(J_0) respectively the corresponding endomorphisms of D(I). Then as sectors of D(J_0) we have [π̃_λ] = [π̃ · (λ, 1, 1, ...1) ]. In particular Index(π_{λ,{p(0),p(1),...p(n−1)}}) = d(λ)^2μ^{n−1}_A .

6.3 General case

Let ψ : {0, 1, ..., n − 1} → L where L is the set of all irreducible DHR representations of D. For any p ∈ P_n we set p.ψ(i) := ψ(p^{−1}.i), i = 0, ..., n − 1 where P_n acts via permutation on the n numbers {0, 1, ..., n − 1}. Assume that p.ψ = ψ, and p = c_1...c_k is a product of disjoint cycles. Since p.ψ = ψ, ψ takes the same value denoted by ψ(c_j ) on the elements {a_1, a_2, ...a_l} of each cycle c_j = (a_1...a_l). A presentation f_j of the cycle c_j = (a_1...a_l) is a list of numbers {b_1, ..., b_l} such that (b_1...b_l) = c_j as cycles. The length l(f_j ) of f_j is l. We note that for a cycle of length l there are l different presentations. For each element x = x_0 ⊗ x_1 ⊗ · · · ⊗ x_{n−1} ∈ D, and each cycle c = (a_1...a_l) with a fixed presentation f = {b_1, ...b_l}, we define x_{c,f} = x_{b1} ⊗x_{b2} ⊗· · ·⊗x_{bl} . Now we are ready to define solitons for permutation orbifolds:

Definition 6.5. Assume that p.ψ = ψ and p = c_1...c_k is a product of disjoint cycles as above. For each c_j we fix a presentation f_j . Then for any x = x_0 ⊗x_1 ⊗· · ·⊗x_{n−1} ∈ D(I), I ⊂ S^1 ∖ −1 = R, π_{ψ,p} ≡ π_{ψ,c1c2...,ck ,f1,...fk} (x) = π_{λ1,l(f1)}(x_{c1,f1} ) ⊗ π_{λ2,l(f2)}(x_{c2,f2} ) ⊗ · · · ⊗ π_{λk,l(fk )}(x_{ck ,fk} ) on H_{ψ(c1)} ⊗ H_{ψ(c2 )} ⊗ · · · ⊗ H_{ψ(ck )} where π_{λj,l(fj )} is as in Def. 6.3.

Here and in the following, to simplify notations, we do not put the interval suffix I in a representation, if no confusion arises.

Lemma 6.6. The unitary equivalence class of π_{ψ,p} in Definition 6.5 depends only on p ∈ P_n. Proof We have to check that the unitary equivalence class of π_{ψ,p} in Definition 6.5 is independent of the order c_1, ...c_k and the presentation of c_j . The first case is obvious, and second case follows from (a) of Prop. 6.2 in [33]. ■

Due to the above lemma, for each p ∈ P_n we will fix a choice of the order c_1, ...c_k and presentations of c_1, ...c_k. For simplicity we will denote the corresponding soliton simply by π_{ψ,p}.

Proposition 6.7. π_{h.ψ,hph}−1 ≃ π_{ψ,p} · β_h−1 as solitons of D_0, p, h ∈ P_n.

Proof Let p = c_1...c_k be a product of disjoint cycles with c_j = (a_1...a_l). Then hph^{−1} = hc_1h^{−1}...hc_kh^{−1} with hc_j h^{−1} = (h(a_1)...h(a_l)). Note that h.ψ(h(a_1)) = ψ(a_1) = ψ(c_j ), and β_h−1 (x_0 ⊗ x_1 ⊗ · · · ⊗ x_{n−1}) = x_{h(0)} ⊗ x_{h(1)} ⊗ · · · ⊗ x_{h(n−1)}, ∀x_0 ⊗ x_1 ⊗ · · · ⊗ x_{n−1} ∈ D(I). The proposition now follows directly from definition (6.5). ■

7 Identifying solitons in the permutation orbifolds

The goal in this section is to prove the following:

Theorem 7.1. Let π_{ψ1,p1} , π_{ψ2 ,p2} be two solitons as given in definition (6.5). Then π_{ψ1,p1} ≃ π_{ψ2,p2} as solitons of D_0 if and only if ψ_1 = ψ_2, p_1 = p_2.

We note that even for the first nontrivial case n = 3 we do not know a direct proof of the theorem. Our proof is indirect and is divided into the following steps:

7.1 Identifying solitons: Cyclic case

We will first prove Th. 7.1 for the case when both p_1, p_2 are one cycle. In this case ψ_1 (resp. ψ_2) is a constant function with value denoted by λ_1 (resp. λ_2). We will denote ψ_1 (resp. ψ_2) simply by λ_1 (resp. λ_2). If g ∈ Γ, we will denote by D^{⟨g⟩} the fixed-point subnet of D under the subgroup generated by g.

Proposition 7.2. (1). Let g_1 = (01, ...n − 1) and g_2 = g^m_1 with (m, n) = 1. Then π_{λ1,g1} ≃ π_{λ1,g2} if and only if λ_1 = λ_2, g_1 = g_2;

(2). If π_{λ1,g1} restricts to a DHR representation a subnet B with D^{⟨g1 ⟩} ⊂ B ⊂ D, then B = D^{⟨g1 ⟩}.

Proof Ad (1): It is sufficient to show that if π_{λ1,g1} ≃ π_{λ1,g2} , then λ_1 = λ_2, g_1 = g_2.

Since (m, n) = 1, there exists h ∈ P_n such that hg_1h^{−1} = g_2. By Prop. 6.7, we can assume that π_{λ1,g1} ≃ π_{λ2,g1} · Ad_h. As in §8.3 of [33], we denote the n irreducible DHR representations of D^{⟨g1⟩} of π_{λ1,g1} by τ^{(0)}_{λ1} , ..., τ^{(n−1)}_{λ1} . Since π_{λ1,g1} ≃ π_{λ2,g1} · Ad_h, we must have τ^{(0)}_{λ1} ≃ τ^{(i)}_{λ2} · Ad_h for some 0 ≤ i ≤ n − 1. By (48) of [33] we have that

[τ^{(0)}_{λ1} ] ≺ [(λ, 1, ..., 1) ↾ D^{⟨g1⟩}τ^{(0)}], and (2) and (3) of Lemma 6.1 we have G(τ^{(0)}_{λ1} , σ^{k(1)}) = G(τ^{(0)}, σ^{k(1)}) = e^{2πi}n , where 1 ≤ k(1) ≤ n − 1 and (k(1), n) = 1 (cf. the paragraph after (47)). Similarly G(τ^{(i)}_{λ2} , σ^{k(1)}) = e^{2πi}n . On the other hand note that by definition

G(τ^{(i)}_{λ2} · Ad_h), σ^{k(1)} · Ad_h) = G(τ^{(i)}_{λ2} , σ^{k(1)}) = e^{2πin}

Since [Adh.g] = [g^m], we have σ · Ad_h ≃ σ^m, and so we have

G(τ^{(i)}_{λ2} · Ad_h, σ^{k(1)} · Ad_h) = G(τ^{(i)}_{λ2} · Ad_h, σ^{mk(1)}) = G(τ^{(0)}_{λ1} , σ^{k(1)}))^m = e^{2πin}

where in the second = we have used (1) of Lemma 6.1. Hence e^{2πi}n = e^{2πim}n and it follows that m = 1 since (m, n) = 1. So we have π_{λ1,g1} ≃ π_{λ2,g1} , and by (2) of Th. 8.6 in [33] we have λ_1 = λ_2.

Ad (2): First we note that the subnet B = D^{⟨gl1 ⟩} for some 1 ≤ l ≤ n, n = ll_1 by the Galois correspondence (cf. [14]). Also the vacuum representation of D^{⟨gl1 ⟩} restricts to ⨁ 1≤i≤l σ l_1i of D⟨g_1 ⟩ . If π λ_1,g_1 restricts to a DHR representation of D

⟨g^l_1 ⟩ , by applying

(3) of Lemma 6.1 to the pair D^{⟨g1 ⟩} ⊂ D^{⟨gl1 ⟩} we conclude that G(τ^{(0)}_{λ1} , σ^{l1} ) = 1. Since G(τ^{(0)}_{λ1} , σ^{k(1)}) = e^{2πin} , by using (1) of Lemma 6.1 we have

G(τ^{(0)}_{λ1} , σ^{l1k(1)}) = G(τ^{(0)}_{λ1} , σ^{l1} )^{k(1)} = 1 = G(τ^{(0)}_{λ1} , σ^{k(1)})^{l1} = e^{2πl1in}

Hence n|l_1 and we conclude that l_1 = n, B = D^{⟨g1⟩}. ■

Proposition 7.3. Let g_1 (resp. g_2) be one cycle of length n. Then π_{λ1,g1} ≃ π_{λ2,g2} if and only if λ_1 = λ_2, g_1 = g_2.

Proof It is sufficient to show that if π_{λ1,g1} ≃ π_{λ2,g2} , then λ_1 = λ_2, g_1 = g_2.

Note that π_{λ1,g1} (resp. π_{λ2,g2} ) restricts to a DHR representation of D^{⟨g1 ⟩} (resp. D^{⟨g2 ⟩}), it follows that π_{λ1,g1} restricts to a DHR representation of D^{⟨g2⟩}. By Prop.3.8 π_{λ1,g1} restricts to a DHR representation of D^{⟨g1⟩} ∨D^{⟨g2 ⟩}, and by (2) of 7.2 we must have D^{⟨g1 ⟩} ∨ D^{⟨g2 ⟩} = D^{⟨g1 ⟩}. It follows that D^{⟨g2 ⟩} ⊂ D^{⟨g1 ⟩} and by Galois correspondence again (cf. [14]) we have ⟨g_2⟩ ⊂ ⟨g_1⟩. Exchanging g_1 and g_2 we conclude that ⟨g_2⟩ = ⟨g_1⟩. Hence g_2 = g^m_1 for some integer m with (m, n) = 1. By (1) of Prop.7.2 we have proved that g_1 = g_2, λ_1 = λ_2. ■

7.2 Proof of Th.7.1 for general case and its corollary

Assume that g_1 = c_1c_2...c_k and g_2 = c^′_1...c^′_l where c_j (resp. c^′_i) are disjoint cycles. Fix 1 ≤ j ≤ k and let c_j = (a_1...a_m). Let us first show that a_1, ..., a_m must appear in one cycle of g_2. Let U be the unitary such that π_{ψ1,g1} = Ad_U · π_{ψ2,g2} . Choose x = x_0 ⊗ x_1 ⊗ · ⊗ x_n ∈ D_0 such that x_i = 1 if i ≠ a_j , j = 1, ..., m, and no other constraints. Denote by D_{0,cj} the subalgebra of D_0 generated by such elements. We note that π_{ψ1,g1} (D_{0,cj} ) is B(H_{cj} ), a type I factor by strong additivity. If a_1, ..., a_m appear in more than one cycle of g_2, then by definition (18) π_{ψ2,p2} (D_{0,cj} ) will be tensor products of factors of the form π_λ(A_J ), where J is a union of intervals of S^1, but J̄ ≠ S^1, and so π_{ψ1,p1} (D_{0,cj} ) will be tensor products of type III factors, contradicting π_{ψ1,p1} (D_{0,cj} ) = Uπ_{ψ2 ,p2} (D_{0,cj} )U^∗. By exchanging the role of g_1 and g_2 we conclude that a_1, ..., a_m must be exactly the elements in one cycle c^′_i of g_2 for some 1 ≤ i ≤ l, and we have π_{ψ1,p1} (D_{0,cj} ) = Uπ_{ψ2,p2} (D_{0,c}′_i )U^∗. Let H = H_{ψ1(cj )} ⊗ H_r. We have UB(H_{ψ1(cj )})U^∗ = B(H_{ψ2(c}′_{i)}). Since every automorphism of a type I factor is inner, there a unitary U_1H_{ψ2 (c}′_{i)} → H_{ψ1 (cj )} such that UB(H_{ψ1(cj )})U^∗ = U_1B(H_{ψ2(c}′_{i)})U^∗_1 . Hence π_{ψ1(cj ),l(cj )} = U_1π_{ψ2(c}′_{i),l(c}′_{i)}U^∗_1 on D_{0,cj} , and by Prop.7.3 we conclude that c_j = c^′_i, ψ_1(c_j ) = ψ_2(c^′_i). Since j is arbitrary, exchanging the roles of g_1 and g_2 we have proved g_1 = g_2, ψ_1 = ψ_2.

Proposition 7.4. Assume that p = c_1...c_k where c_i are disjoint cycles. Let ψ be such that p.ψ = ψ. Then:

(1): The centralizer (cf. (4.2)) of π_{ψ,p} in P_n is Γ_{ψ,} = {h ∈ P_n|h.ψ = ψ, hph^{−1} = p; (2) If p ∈ Z_n, the centralizer (cf. (4.2)) of π_{ψ,p} in Z_n is Γ_{ψ,p} = {h ∈ Z_n|h.ψ = ψ, hph^{−1} = p; (3): d(π_{ψ,p})^2 = ∏ 1≤i≤k d(ψ(ci)) 2μ^{n−k}_A . Proof (1) (2) follows from Prop. 6.7 and Th. 7.1. Assume that each cycle c_i has length m_i, 1 ≤ i ≤ k. Then ∑ 1≤i≤k mi = n. By definition (6.5), we have d(πψ,p) 2 = ∏ 1≤i≤k d(πψ(ci )) 2. By Prop.6.4 and (1) of Prop. 6.2 d(π_{ψ(ci)})^2 = d(ψ(c_i))^2μ^{mi−1}_A , hence

d(π_{ψ,p})^2 = ∏ 1≤i≤k d(ψ(c_i))^2μ^{mi −1}_A = ∏ 1≤i≤k d(ψ(c_i))^2μ^{n−k}_A . 8 Identifying all the irreducible representations of the permutation orbifolds

8.1 Cyclic orbifold case

Theorem 8.1. Let g = (01...n − 1). Then every irreducible DHR representation of D^{Zn} appears as an irreducible summand of π_{ψ,g}i for some ψ, g^i.

Proof By Prop. 4.4 π_{ψ1,g}i_1 ↾ B ≃ π_{ψ2,g}i_2 ↾ B iff there exists h ∈ Z_n such that π_{ψ1,g}i_1 (β_h−1 ) ≃ π_{ψ2,g}i_2 , and by Prop. 6.7 and (2) of Prop. 7.4 we have h.ψ_1 = ψ_2, hg^{i1} h^{−1} = g^{i2} . Denote the orbit of π_{ψ1,g}i_1 under the action of Z_n by {ψ_1, g^{i1} }. Note that the orbit {ψ_1, g^{i1} } has length^n_{|Γψ1 ,gi1 |} . By Th. 4.5 the sum of index of the

irreducible summands of π_{λ,g}i is^{n2}_{|Γψ,gi |} d(π_{λ,g})^2. Hence the sum of index of distinct

irreducible summands of π_{λ,g} for all ψ, g ∈ Z_n is given by ∑ {ψ,g^i} n^2 |Γ_{ψ,gi} | d(πλ,g^i ) 2 where the sum is over different orbits. Assume that g^i = c_1...c_k. Then k = (n, i) (the greatest common divisor of n and i) and each cycle c_i has length^n_{(n,i)} . For each element ψ_2, g^{i2} in the orbit {ψ, g^i}, by (3) of Prop. 7.4 d(π_{ψ2,g}i_2 )^2 = d(π_{λ,g}i )^2 = ∏ 1≤j≤(n,i) d(ψ(cj ) 2μ^{n−(n,i)} A Hence ∑ {ψ,g^i} n^2 |Γ_{ψ,g}i | d(π_{ψ,g}i )^2 = ∑ λ,0≤i≤n 1_n |Γ_{ψ,gi} | n^2 |Γ_{ψ,g}i | d(π_{ψ,g}i )^2 = n ∑ ψ,0≤i≤n ∏ 1≤j≤(n,i) d(ψ(c_j )^2μ^{n−(n,i)}_A = n^2μ^n_A = μ_DZn (20)

where in the last = we have used Th. 3.7. The theorem now follows from Th. 30 of [21]. ■ Let us now decompose π_{λ,g} into irreducible pieces. In this case Γ_{λ,g} = Z_n since g = (012...n−1) (cf. (2) of Prop. 7.4). By definition (18) ∀x_0 ⊗x_1 ⊗· · ·⊗x_{n−1} ∈ D(I), π_{λ,g} · Ad_g−1 (x_0 ⊗ x_1 ⊗ · · · ⊗ x_{n−1}) = π_{λ,g}(x_1 ⊗ x_2 ⊗ · · · ⊗ x_0) (21)

= π_λ(R( 2π n ))π_{λ,g}(x_0 ⊗ x_1 ⊗ · · · ... ⊗ x_{n−1})π_λ(R( 2π n ))^∗ (22)

Here π_λ(R(·)) denotes the unitary one-parameter rotation subgroup in the representation λ. Note that π_λ(R(^{2π}_n ))^n = π_λ(R(2π)) = C_λid for some complex number C_λ, |C_λ| = 1. Let Ω_λ ∈ H_λ be a unit vector such that π_λ(R(^{2π}_n )Ω_λ = C^′_λΩ_λ with (C^′_λ)^n = C_λ.

Definition 8.2. π_{λ,g}(g) := C^′_λ^{−1}π_λ(R(^{2π}_n )), and π_{λ,g}(g^i) := π_λ(g)^i.

Then it follows that g^i → π_{λ,g}(g^i) gives a representation of Z_n on H_λ, and π_{λ,g}(g^i).Ω_λ = Ω_λ. So Ω_λ affords a trivial representation of of Z_n on H_λ. It follows from Lemma 4.7 that all irreducible representations of Z_n appear in the representation π_λ. It follows by Th. 4.8 that π_{λ,g,i}, i ∈ Ẑ_n are distinct irreducible representations.

Note that g^i = c_1...c_k is a product of k = (n, i) disjoint cycles of the same length n (n,i) . Let h ∈ Γψ,g^i . Then Adh induces a permutation among the cycles c1, ..., ck. We

define an element h^′ ∈ P_k by the formula hc_ih^{−1} = c_h′_{(i)}, i = 1, ..., k. We note that in the definition of π_{ψ,g} a presentation of g has been fixed. Assume that hf_h′−1_{(i)}h^{−1} = h^{′′}(i).f_i where h^{′′}(i) is an element in the cyclic group generated by c_i. Define Definition 8.3. π_{ψ,g}i (h) := h^′ ( π_{ψ(c1),c1} (h^{′′}(1)) ⊗ · · · ⊗ π_{ψ(ck ),ck} (h^{′′}(k) ) where the action of h^′ ∈ P_k on H_{ψ(c1)} ⊗ · · · H_{ψ(ck )} is by permutation of the tensor factors, and π_{ψ(ci),ci} (h^{′′}(i)) is as defined in definition (8.2).

One checks easily that Definition 8.3 gives a representation of Γ_{ψ,g}i , Ad_{πψ,gi (h)}π_{ψ,g}i = π_{ψ,g}i Ad_h, and the vector Ω_{ψ(c1 )}⊗· · ·⊗Ω_{ψ(ck )} is fixed by π_{ψ,g}i (Γ_{ψ,g}i ). It follows by lemma 4.7 and Th. 4.8 that we have proved the following:

Theorem 8.4. π_{ψ,g}i_{,σ∈Γ̂ψ,gi} gives all the irreducible summands of π_{ψ,g}i ↾ D^{Zn}.

We note that Th. 8.1 and Th. 8.4 generalizes the considerations of §8 of [33] for the case n = 2, 3, 4.

8.2 Permutation orbifold case

Theorem 8.5. Every irreducible DHR representation of D^{Pn} appears as an irreducible summand of π_{ψ,p} for some ψ, p ∈ P_n.

Proof The proof is similar to the proof of Th. 8.1 with small modifications. By Prop. 4.4 and Th. 7.1 π_{ψ1,p1} ↾ D^{Pn} ≃ π_{ψ2,p2} ↾ D^{Pn} iff there exists h ∈ P_n such that h.ψ_1 = ψ_2, hp_1h^{−1} = p_2. Denote the orbit of π_{ψ1,p1} under the action of P_n by {ψ_1, p_1}. Note that the orbit {ψ_1, p_1} has length^n_{|Γψ1 ,p1 |} . By Prop. 4.5 the sum of index of

the irreducible summands of π_{λ,p} is^{n!2}_{|Γψ,p |} d(π_{ψ,p})^2. Hence the sum of index of distinct irreducible summands of π_{ψ,p} for all ψ, p ∈ P_n is given by ∑ {ψ,p} nd(πλ,p) 2 where the sum is over different orbits. Assume that p = c_1...c_k is a product of disjoint cycles. For each element ψ_2, p_2 in the orbit {ψ, p}, by Prop. 7.4 d(π_{ψ2 ,p2} )^2 = d(π_{ψ,p})^2 = ∏ 1≤j≤k d(ψ(cj ) 2μ^{n−k}_A Hence ∑ {ψ,p} n!^2 |Γ_{ψ,p}| d(π_{ψ,p})^2 = n! ∑ ψ,p ∏ 1≤j≤k d(ψ(c_j )^2μ^{n−k}_A = n!^2μ^n_A = μ_DPn

where in the last = we have used Th. 3.7. The theorem now follows from Th. 30 of [21]. ■

Let p = c_1...c_k be a product of k disjoint cycles . Let h ∈ Γ_{ψ,p}. Then Ad_h induces a permutation among the cycles c_1, ..., c_k. We define an element h^′ ∈ P_k by the formula hc_ih^{−1} = c_h′_{(i)}, i = 1, ..., k. We note that in the definition of π_{ψ,g} a presentation of g has been fixed. Assume that hf_h′ −1_{(i)}h^{−1} = h^{′′}(i).f_i where h^{′′}(i) is an element in the cyclic group generated by c_i. Define

Definition 8.6. π_{ψ,p}(h) := h^′ ( π_{ψ(c1),c1} (h^{′′}(1)) ⊗ · · · ⊗ π_{ψ(ck ),ck} (h^{′′}(k) ) where the action of h^′ ∈ P_k on H_{ψ(c1)} ⊗ · · · H_{ψ(ck )} is by permutation of the tensor factors, and π_{ψ(ci),ci} (h^{′′}(i)) is as defined in definition (8.2).

One checks easily that Definition 8.6 gives a representation of Γ_{ψ,p}, Ad_{πψ,p (h)}π_{ψ,p} = π_{ψ,p}Ad_h, and the vector Ω_{ψ(c1 )} ⊗· · ·⊗Ω_{ψ(ck )} is fixed by π_{ψ,p}(Γ_{ψ,p}). It follows by Lemma 4.7, Th. 4.8 that π_{ψ,p,σ∈Γ̂ψ,p} gives all the irreducible summands of π_{ψ,p} ↾ D^{Pn}, and we have proved:

Theorem 8.7. π_{ψ,p,σ∈Γ̂ψ,p} gives all the irreducible summands of π_{ψ,p} ↾ D^{Pn}.

Note that by Prop. 8.7 and Th. 8.5 the irreducible DHR representations of D^{Pn} are labeled by triples (ψ, p, σ) with p.ψ = ψ, σ ∈ Γ̂_{ψ,p} with equivalence relation ∼, (ψ, p, σ) ∼ (ψ_1, p_1, σ_1) iff there is h ∈ P_n such that ψ_1 = h.ψ, p_1 = hph^{−1}, σ_1 = σ^h. In [1], based on heuristic argument it is claimed that the irreducible representations of D^{Pn} should be given by the set of pairs (ψ, φ) where φ is an irreducible representation of the double D(F_ψ ) of the stabilizer F_ψ = {p ∈ P_n|p.ψ = ψ} with equivalence relation (ψ, φ) ∼ (ψ_1, φ_1) iff there is h ∈ P_n such that ψ_1 = h.ψ, φ_1 = φ^h. We note that the irreducible representation of the double D(F_ψ ) are labeled by (g, π)/F_ψ, where g ∈ F_ψ, π is an irreducible representation of the centralizer of g in F_ψ, and the action of F_ψ on (g, π) is given by h.(g, π) = (hgh^{−1}, π^h). Hence the labels [1] are exactly the same as the labels we described above, and we have confirmed this claim of [1].

9 Examples of fusion rules

9.1 Some properties of S matrix for general orbifolds

Let A be a completely rational conformal net and let Γ be a finite group acting properly on A. By Th. 3.7 A^Γ has only finitely many irreducible representations. We use λ̇ (resp. μ) to label representations of A^Γ (resp. A). We will denote the corresponding genus 0 modular matrices by Ṡ, Ṫ (cf. (7). Denote by λ̇ (resp. μ) the irreducible covariant representations of A^Γ (resp. A) with finite index. Recall that b_μ˙_λ ∈ Zdenote the multiplicity of representation λ̇ which appears in the restriction of representation μ when restricting from A to A^Γ. b_μ˙_λ is also known as the branching rules.

Lemma 9.1. (1) If τ is an automorphism (i.e., d(τ ) = 1) then S_{τ (λ)μ} = G(τ, μ)^∗S_{λμ} where τ (λ) := τ λ, G(τ, μ) = ϵ(τ, μ)ϵ(μ, τ ); (2) For any h ∈ Γ, let h(λ) be the DHR representation λ · Ad_h−1 . Then S_{λμ} = S_{h(λ)h(μ)}; (3) If λ → z(λ)^{Sλμ}_{S1μ} gives a representation of the fusion algebra of A where z(λ) is a complex-valued function, z(1) = 1, then there exists an automorphism τ such that z(λ) =^{Sλτ}_{Sλ1} ; (4) If [α˙_λ] = [μα˙_δ], then for any λ̇_1, μ_1 with b˙_{λ1μ1} ≠ 0 we have^{Sλ̇λ̇1}_{S ˙1λ̇1} =^{Sμμ1}_{S1μ1}^{Sδ̇λ̇1}_{S ˙1λ̇1} ;

Proof Ad (1): Since λ →^{Sλμ}_{S1μ} is a representation of the fusion algebras, it follows that S_{τ (λ)μ} S_{1μ} = S_{λμ} S_{1μ} S_{τ μ} S_{1μ} On the other hand S_{τ μ} S_{1μ} = ω_τ ω_μ ω_{τ μ} = G(τ, μ)^∗ where the last equation follows from the monodromy equation (cf.[37]) and (1) is proved.

Ad (2) By Lemma 3.1, it is sufficient to show that N^{h(δ)}_{h(λ)h(μ)} = N^δ_{λμ} and ω_{h(λ)} = ω_λ. The first equation follows from the definition. For the second one, we note that ω_λ = π_λ(R(2π)). Since h commutes with the vacuum unitary representation of Möb, it follows that ω_{h(λ)} = ω_λ.

Ad (3): By assumption λ → z(λ)^{Sλ1}_{S11} is a non-trivial representation of the fusion algebra, and so there exists τ such that z(λ)^{Sλ1}_{S11} =^{Sλτ}_{S1τ} , ∀λ. Hence |z(λ)| ≤ 1. From

z(λ_1) S_{λ1μ} S_{1μ} z(λ_2) S_{λ2μ} S_{1μ} = ∑ λ_3

N^{λ3}_{λ1λ2} z(λ_1)z(λ_2) S_{λ3μ} S_{1μ} (23) = ∑ λ_3

N^{λ3}_{λ1λ2} z(λ_3) S_{λ3μ} S_{1μ} (24)

we have ∑

λ_3

N^{λ3}_{λ1λ2} (z(λ_1)z(λ_2) − z(λ_3)) S_{λ3μ} S_{1μ} = 0.

Using N^{λ3}_{λ1λ2} = ∑ δ S_{λ1 δ} S_{λ2 δ} S^∗_{λ3 δ} S_{1δ} and the orthogonal property of S matrix in Lemma 3.3

we have N^{λ3}_{λ1λ2} (z(λ_1)z(λ_2) − z(λ_3)) = 0.

Since N^1_{λ1λ̄1} = 1 we have z(λ_1)z(λ̄_1) = 1. So we conclude that |z(λ)| = 1, ∀λ, and | 1 S_{1τ} |^2 ∑ λ | S_{λτ} S_{1τ} |^2 = ∑ λ | S_{λ1} S_{11}

|^2 = | 1 S_{11}

|^2

Hence S_{1τ} = S_{11} and d(τ ) = 1, i.e., τ is an automorphism.

Ad (4): By [49] or [4] there is a unit vector ψ in the vector space spanned by the irreducible components of α˙_{λ2} , ∀λ_2 such that

α˙_λψ =

S˙_λ˙_{λ1} S_{˙1}˙_{λ1} ψ, μψ = S_{μμ1} S_{1μ1} , α˙_δψ = S˙_δ˙_{λ1} S_{˙1}˙_{λ1} ψ and (4) follows immediately. ■

9.2 Fusions of solitons in cyclic orbifolds

Let B ⊂ D be as in §6.1. Set i = 0 in Th. 8.4. In this ψ is a constant function, and we denote it by its value λ. For simplicity we will label the representation π_{λ,g}j_{,i} (g = (01...n − 1)) by (λ, g^j , i). Define (λi) := (λ, 1, i) where i ∈ ^Z_n ≃ Z_n.

Lemma 9.2. If (k, n) = 1, then ∑ 0≤j≤n−1 e^{2πikjn} N^{(δ0)}_{(λ0)(μ0)} = N^δ_{λμ}

Proof Let V := Hom(δ, λμ) ⊂ A(J_0). Note that Z_n acts on W := V ⊗V ⊗· · ·⊗V (ntensor factors) by permutations. Let W_j := {w ∈ W |β_g(w) = e^{−2πij} nw}. Note that if w ∈ W_j , then wv^j ∈ Hom(v^{−j} δ^{⊗n} v^j , λ^{⊗n} · μ^{⊗n} ) ∩ D^{Zn}(J_0), where v is defined as before

Lemma 6.1. Hence we have an injective map w ∈ W_j → wv^j ∈ Hom((δj), (λ0)(μ0)). By definition the map is also surjective. So we have ∑ 0≤j≤n−1 e^{− 2πikjn} N^{(δ0)}_{(λ0)(μ0)} = ∑ 0≤j≤n−1 e^{− 2πikjn} dimW_j = Tr_W (β_gk )

When (k, n) = 1, g^k is one cycle, and it follows that T r_W (β_gk ) = dimV = N^δ_{λμ}. Take the complex conjugate of both sides we have proved the lemma. ■

Lemma 9.3. Let f_μ := (μ, g, 0). Then:

(1) G(σ, f_μ) = e^{2πl1in} for some integer l_1 with (l_1, n) = 1; (2) λ →^{S(λ0)fμ}_{S(10)fμ} is a representation of the fusion algebra of A; (3) There exists an automorphism τ, [τ^2] = [1] such that^{S(λ0)fμ}_{S(10)fμ} =^{Sλτ (μ)}_{S1τ (μ)}

Proof Ad(1): By the paragraph after (47) in [33] we have G(σ^{k(1)}, f_μ) = e^{2πin} where (k(1), n) = 1. By (1) of Lemma 6.1 we have G(σ, f_μ)^{k(1)} = e^{2πi}n . Choose l_1 such that l_1k(1) = 1modn we have G(σ, f_μ) = e^{2πl1i}n for some integer l_1 with (l_1, n) = 1.

As for (2) and (3), first we note that by Lemma 6.1, if δ ≺ (λ0)(μ0), then δ is untwisted. Suppose that δ is an irreducible component of the restriction of (δ_1, ..., δ_n) to D^{Zn}. We claim that S_{δfμ} = 0 if δ_i ≠ δ_j for some i ≠ j. In fact if δ_i ≠ δ_j for some i ≠ j, then the stabilizer of (δ_1, ..., δ_n) under the action of Z_n is a proper subgroup of Z_n, and by Th. 4.5 α_δ is reducible, and [σ^kδ] = [δ] for some 1 ≤ k ≤ n − 1 . By (1) of Lemma 7 we have S_{δfμ} = S_σk_{(δ)fμ} = G(σ^k, f_μ)^∗S_{δfμ} Since G(σ^k , f_μ) = e^{2πkl1}n with (l_1, n) = 1 by (1), G(σ^k , f_μ)^∗ ≠ 1, hence S_{δfμ} = 0. So we have S_{(λ10)fμ} S_{(10)fμ} S_{(λ20)fμ} S_{(10)fμ} = ∑ λ_3,0≤j≤n−1 N^{((λ3j)}

(λ_10)(λ_20) S_{(λ3j)fμ} S_{(10)fμ} (25) = ∑ λ_3,0≤j≤n−1 N^{(λ3j)}_{(λ10)(λ20)}e^{2πijl1n} S_{(λ30)fμ} S_{(10)fμ} (26)

= N^{λ3}_{λ1λ2} S_{(λ30)fμ} S_{(10)fμ} (27)

where we have used (1) of Lemma 9.1 and Lemma 9.2 in the second = and third = respectively.

Ad (2): Since α_{fμ} = (μ, 1, ..., 1)α_{f1} by (48) of [33], by (4) of Lemma 9.1 we have S_{fμ(λ0)} S_{(10)(λ0)} = S_{μλ} S_{1λ} S_{f1 (λ0)} S_{(10)(λ0)}

Combined with (1) it follows that there exists τ such that the map λ → S_{λτ} d(λ)S_{1τ} S_{λμ} S_{1μ} gives a representation of the fusion algebra of A. By (3) of lemma 9.1 we have that τ is an automorphism and S_{(λ0)f1} S_{(10)f1} = S_{λτ} S_{1τ} Let h ∈ P_n such that hgh^{−1} = g^{−1}. By definition h((λ0)) = (λ0). By Prop. 6.2 [h(f_1)] = [σ^j (f̄_1)] for some 1 ≤ j ≤ n, and it follows by Lemma 9.1 that S_{(λ0)f1} = S_{h((λ0))h(f1)} = S_{(λ0)σ}j_(¯_{f1)} = S_{(λ0)}¯_{f1} = S^∗_{(λ0)f1} ,

hence^{Sλτ}_{S1τ} =^{Sλτ̄}_{S1τ} , ∀λ, and so [τ ] = [τ̄ ]. ■ We conjecture that [τ ] = [1] in the above lemma.

Let f_1 := (1, g, 0) where 0 stands for the trivial representation of Z_n. In [33] the questions about the nature of [α^k_{f1} ] = [π^k_{1,g}] (cf. (44) of [33]) where k is an integer is raised.

Proposition 9.4. When n is even we have

[π^n_{1,g}] = ⨁ λ_1,...,λ_n M_{λ1,...,λn} [(λ_1, ..., λ_n)] where M_{λ1,...,λn} := ∑ λ S^{2−2g}_{1λ} ∏ 1≤i≤n S_{λi λ} S_{1λ} with g = (n−1)(n−2) 2 . Proof We note that by Lemma 6.1 π^{n−1}_{1,g,0} is untwisted, and must be sum of irreducible untwisted representations. It follows that by Cor. 8.4 of [33] that

[α^n_f ] = ⨁ λ_1,...,λ_n M_{λ1,...,λn} [(λ_1, ..., λ_n)] with M_{λ1,...,λn} non-negative integers. Let μ be any irreducible subsector of α^{n−1}_f . By the equation above μα_f ≻ (λ_1, ..., λ_n) for some (λ_1, ..., λ_n), and by Frobenius duality μ ≺ (λ_1, ..., λ_n)ᾱ_f . By (46) of [33] [(λ_1, ..., λ_n)ᾱ_f ] = ∑ λ⟨λ_1 · · · λ_n, λ⟩[(λ, 1, 1, ..., 1)ᾱ_f ] and by (48) of [33] each (λ, 1, 1, ..., 1)ᾱ_f is irreducible. Hence [μ] = [(λ, 1, 1, ..., 1)ᾱ_f ] for some λ. Hence [α^{n−1}_{f1} ] = [π^{n−1}_{1,g} ] = ⨁ λ m_λ[(λ, 1, ..., 1)π̄_{1,g}] with m_λ non-negative integers. By (4) of Lemma 9.1 we have ( S_{f1(μ0)} S_{(10)(μ0)}

)^{n−1} = ∑ λ m_λ S_{λμ} S_{1μ} S^∗_{f1(μ0)} S_{(10)(μ0)}

Note that^1_{S2(10)(10)} = μ_DZn = n^2μ_D = n^{2 1}_{S2n11} , hence S_{(10)(10)} =^{Sn11}_n . From^{S(λ0)(10)}_{S(10)(10)} = d((λ0)) = nd(λ)^n we have S_{(λ0)(10)} = S^n_{λ1}. By (2) of Lemma 9.3 and our assumption that n is even and hence [τ^n] = [1], we have 1 S^{(n−1)(n−2)} 1μ = ∑ λ m_λ S^∗_{λμ} S_{1λ}

By orthogonal property of S matrix in Lemma 3.3 we have

m_λ = ∑ μ S_{λμ} S^{n2−3n+1} 1μ Combine this with (46) of [33] and (8) the proposition follows. ■

We remark M_{λ1,...,λn} is the dimension of genus^{(n−1)(n−2)}_2 conformal blocks with the insertion of representations λ_1, ..., λ_n. Also note that^{(n−1)(n−2)}_2 is the genus of an algebraic curve with degree n. It may be interesting to give a geometric interpretation of Prop.9.4.

Note that the conjecture [τ ] = [1] at the end of previous section is true, then the above proposition is also true for odd n.

9.3 n=2 case

In this section we consider the fusions rules for the simplest non-trivial case n = 2. Partial results have been obtained in §8 of [33]. We will confirm the results in §4.6 of [5]. Let us first simply our notations by introducing similar notations in [5]. Let ^(λ0) := (λ, −1, 0), ^(λ1) := (λ, −1, 1). Note that by §2 of [33] we can choose

ω_{^(λ0)} = e^{2πi(Δλ+} c 8 ) 2 , ω_{^(λ1)} = e^{2πi(Δλ+1+} c 8 ) 2 (28)

where c is the central charge. We also note by definitions

ω_{(λ0)} = e^{4πiΔλ} = ω^2_{(λ1)}, ω_{(λ1λ2)} = e^{2πi(Δλ1 +Δλ2 )}, λ_1 ≠ λ_2 (29)

Lemma 9.5. (1)

N^{(λ30)}_{^(λ1ϵ1) ^(λ2ϵ2 )} + N^{(λ31)}_{(λ1ϵ1)(λ2ϵ2 )} = ∑ μ S^2_{λ̄3μ}S_{λ1μ}S_{λ2μ} S^2_{1μ}

where ϵ_1, ϵ_2 = 0 or 1; (2) N^{(λ4λ5)}

(λ_1ϵ_1)(λ_2ϵ_2) = ∑ μ S¯_{λ4μ}S¯_{λ5μ}S_{λ1μ}S_{λ2μ} S^2_{1μ} ; (3) ∑ μ S^2_{λ3μ}S_{λ1μ}S_{λ2μ} S^2_{1μ} 1 ω^2_{λ3} d((λ_30))+ ∑ μ,λ_4 ≠λ_5 S_{λ4μ}S_{λ5μ}S_{λ1μ}S_{λ2μ} S_{1μ} 1 ω^2_{λ3} d(λ_4)d(λ_5)) =

S_{λ1μ}T^2_μ S_{λ2μ} S^2_{11} e^{−2πic06}

where c_0 is defined as in (3.2).

Proof Ad (1): By (48) and (3) of Prop. 8.8 in [33] we have

⟨α_{^(λ1ϵ1)}α_{^(λ2ϵ2)}, (λ_3, λ_3)⟩ = ⟨λ_1λ_2λ̄_3λ̄_3, 1⟩

Note that ⟨α_{(λ1ϵ1 )}α_{(λ2ϵ2 )}, (λ_3, λ_3)⟩ = N^{(λ30)}_{(λ1ϵ1 )(λ2ϵ2 )} + N^{(λ31)}_{(λ1ϵ1 )(λ2ϵ2 )} and by (8) (1) is proved. (2) is proved in a similar way.

Ad (3): ∑ μ S^2_{λ3μ}S_{λ1μ}S_{λ2μ} S^2_{1μ} 1 ω^2_{λ3} d((λ_30)) + ∑ μ,λ_4≠λ_5 S_{λ4μ}S_{λ5μ}S_{λ1μ}S_{λ2μ} S^2_{1μ} 1 ω^2_{λ3} d(λ_4)d(λ_5)) (30) = ∑ μ S_{λ1μ}S_{λ2μ} S^2_{1μ} ( ∑ λ_3

S¯_{λ3μ}S¯_{λ31} ω_{λ3} )^2 (31)

From Lemma 3.3 we have S^∗T^{−1}S^∗ = T S^∗T and so ∑ λ_3 S¯_{λ3μ}S_{λ31} 1 ω_{λ3} = S_{1μ}e^{−πic012} T_μ

Substitute into the equations above we have proved (3). ■

Define matrices T^12 such that T^{12}_{λμ} = δ_{λμ}e^{πi(Δλ− c0}24^) and

Definition 9.6.

P := T^{12} ST^2ST^{12} , ~P = e^{2πi(c−c0)8} P.

It follows by (6) that

Y_{^(λ1ϵ1 ) ^(λ2ϵ2 )} = ω_{(^λ1ϵ1)}ω_{(^λ2ϵ2 )} × ( ∑ λ_3

(N^{(λ30)}_{(λ1ϵ1 )(λ2ϵ2)} + N^{(λ31)}_{(λ1ϵ1 )(λ2ϵ2)}) 1 ω^2_{λ3} d((λ_30))+ (32) 1 2 ∑ λ_4≠λ_5

(N^{(λ4λ5)}

(λ_1ϵ_1)(λ_2ϵ_2) + N

(λ_31) (λ_1ϵ_1)(λ_2ϵ_2)) 1 ω_{λ4} ω_{λ5} d((λ_4λ_5))) (33)

= ω_{(λ1ϵ1)}ω_{(λ2ϵ2 )} × ( ∑ μ S^2_{λ3μ}S_{λ1μ}S_{λ2μ} S^2_{1μ} 1 ω^2_{λ3} d((λ_30))+ (34) ∑ μ,λ_4≠λ_5 S_{λ4μ}S_{λ5μ}S_{λ1μ}S_{λ2μ} S^2_{1μ} 1 ω_{λ4} ω_{λ5} d(λ_4)d(λ_5)) = e^{πi(ϵ1+ϵ2 )} ~P_{λ1λ2} S^2_{11}

(35)

where in the last = we have used (3) of Lemma 9.5. Note that S^2_{(10)(10)} =^1_{4μD} =^1_{4μ2A} = 1 4 S^4_{11}, and so S_{(10)(10)} =^1_2 S^2_{11}. It follows by (7) that

S_{^(λ1ϵ1) ^(λ2ϵ2 )} = e^{πi(ϵ1 +ϵ2 )} 1 2 ~P_{λ1λ2}

Note that by Lemma 9.3 we have

S_{(λ0) ^(μ0)} = S_{(λ0) ^(μ0)} S_{λμ} S_{1μ} × S_{τ λ} S_{1λ} Since [τ^2] = [1],^{Sτ λ}_{S1λ}^2 = 1, and so^{Sτ λ}_{S1λ} = ±1. By (1) of Lemma 9.1 we can choose our labeling ~(λ0), ~(λ1) such that as a set { ~(λ0), ~(λ1)} is the same as {(λ0), (λ1)} and

S_{~(λϵ) ^(μ0)} = e^{πiϵ}S_{(10) ^(10)} S_{λμ} S_{1μ} From [α_{(λ1λ2)}] = [(λ_1, λ_2)] + [(λ_2, λ_1)] and (4) of Lemma 9.1 we have S_{(λ1λ2)(λϵ)} S_{(10)(λϵ)} = S_{λ1λ} S^2_{1λ} + S_{λ1λ} S^2_{1λ} , S_{(λ1λ2)(λμ)} S_{(10)(λμ)} = S_{λ1λ}S_{λ1μ} S_{1λ}S_{1μ} + S_{λ2λ}S_{λ2μ} S_{1λ}S_{1μ} Since S_{(10)(10)} = 1 2 S^2_{11}, we get the following on the entries of S-matrix of D^{Z2}:

S_{(λμ)(λ1μ1 )} = S_{λλ1} S_{μμ1} + S_{λμ1} S_{μλ1} , S_{(λμ)} ~(λ_1ϵ) = S_{λλ1} S_{μλ1} (36) S_{(λμ} ^ (λ_1μ_1) = 0, S_{~(λ,ϵ) ~(λ1,ϵ1 )} = 1 2 S^2_{λλ1} (37) S_{~(λ,ϵ) ^(λ1,ϵ1)} = 1 2 e^{πiϵ}S_{λλ1} , S_{^(λ,ϵ) ^(λ1,ϵ1 )} = 1 2 e^{πi(ϵ+ϵ1 )}P_{λλ1} , ϵ = 0, 1 (38)

Denote by ċ_0 the number (well defined mod8Z) of D^{Z2} (cf. (3.2). Lemma 9.7. (1) ċ_0 − 2c_0 ∈ 8Z;

(2) c_0 − c ∈ 4Z.

Proof By Lemma 3.3 we have ST S = T^{−1}ST^{−1} (39) First let us compare the (10)(10) entry of both sides for S, T matrix of D^{Z2}. By using the formula before the lemma we have: ( ∑ λ S^2_{1λ}e^{2πiΔλ} )^2 = e^{2πiċ08} S^2_{11}.

On the other hand comparing the entry 11 of (39) for S-matrix of D we have ∑ λ S^2_{1λ}e^{2πiΔλ} = e^{2πic08} S_{11}, and (1) follows by combining the two equations.

As for (2), we compare the entry ^(λ0)(10) of both sides of (39). By using the equations before the lemma the ^(λ0)(10) entry of the left hand side of (39) is given by e^{2πi(c−c0)}8 e^{πi(c0)}24 multiplied by the λ1 entry of the matrix P T^12 S. By applying (39) to S, T matrix of D we have

P T^{12} S = T^{12} ST^2ST S = T^{−12} ST^{−2}.

Using these equations to compare with the ^(λ0)(10) entry of right hand side of (39) we have e^{2πi(c−c0)}4 = 1 and (2) if proved. ■

By (8) and (2) of Lemma 9.7 we immediately obtain the following fusion rules:

N^{(λ2μ2 )}

(λμ)(λ_1μ_1 ) = N λ_2 λλ_1 N μ_2 μμ_1 + N μ_2 λλ_1 N λ_2 μμ_1 + N μ_2 λμ_1 N λ_2 μλ_1 + N λ_2 λμ_1 N λ_1 μμ_2 (40)

N^{~(λ2ϵ)}_{(λμ)(λ1μ1 )} = N^{λ2}_{λλ1} N^{λ2}_{μμ1} + N^{λ2}_{λμ1} N^{λ2}_{μλ1} (41) N^{~(λ2ϵ)}_{~(λϵ) ~(λ1ϵ1)} = 1 2 N^{λ2}_{λλ1} (N^{λ2}_{λλ1} + e^{πi(ϵ+ϵ1 +ϵ2 )}) (42)

N^{λ2μ2}_{^(λϵ) ^(λ1ϵ1 )} = ∑ μ N^μ_{λλ1} N^{μ2}_{μλ̄2} (43)

N^{^(λ2ϵ2)}_{^(λϵ) ^(λ1ϵ1 )} = 1 2 ∑ μ S^2_{λμ}S_{λ1μ}S_{λ2μ} S^2_{1μ} + 1 2 e^{πi(ϵ+ϵ1 +ϵ2 )} ∑ μ S_{λμ}P_{λ1μ}P_{λ2 μ} S^2_{1μ}

(44)

where ϵ, ϵ_1, ϵ_2 = 0 or 1. Let us summarize the above equations in the following:

Theorem 9.8. The fusion rules of D^{Z2} are given by the above equations.

From the theorem we immediately have:

Corollary 9.9. For any completely rational A 1 2 ∑ μ S^2_{λ1μ}S_{λ2μ}S_{λ3μ} S^2_{1μ} ± 1 2 ∑ μ S_{λ1μ}P_{λ2μ}P_{λ3 μ} S^2_{1μ}

is a non-negative integer where P is defined in (9.6).

Cor. 9.9 confirmed a conjecture in §4.6 of [5]. We note that even for known examples the direct confirmation of Cor. 9.9 seems to be very tedious.

It will be an interesting question to generalize our results to n > 2 cases.

References

[1] P. Bantay, Permutation orbifolds, Nucl. Phys. B 633 (2002), no. 3, 365–378. [2] K. Barron, C. Dong & G. Mason, Twisted sectors for tensor product vertex operator algebras associated to permutation groups, Commun. Math. Phys. 227 (2002), no. 2, 349–384.

[3] J. Böckenhauer & D. E. Evans, Modular invariants, graphs and α-induction for nets of subfactors I, Commun. Math. Phys. 197 (1998) 361–386.

[4] J. Böckenhauer, D. E. Evans & Y. Kawahigashi, On α-induction, chiral projectors and modular invariants for subfactors, Commun. Math. Phys. 208 (1999) 429–487.

[5] L. Borisov, M.B. Halpern & C. Schweigert, Systematic approach to cyclic orbifold, Internat. J.

Modern Phys. A 13 (1998), no. 1, 125–168.

[6] R. Brunetti, D. Guido & R. Longo, Modular structure and duality in conformal quantum field theory, Commun. Math. Phys. 156 (1993) 201–219.

[7] S. Doplicher, R. Haag & J. E. Roberts, Local observables and particle statistics, I. Commun.

Math. Phys. 23, 199-230 (1971); II. 35, 49-85 (1974).

[8] J. Fröhlich and F. Gabbiani, Operator algebras and conformal field theory, Commun. Math.

Phys., 155, 569-640 (1993).

[9] K. Fredenhagen, K.-H. Rehren & B. Schroer, Superselection sectors with braid group statistics and exchange algebras, I. Commun. Math. Phys. 125 (1989) 201–226, II. Rev. Math. Phys. Special issue (1992) 113–157.

[10] D. Guido & R. Longo, Relativistic invariance and charge conjugation in quantum field theory, Commun. Math. Phys. 148 (1992) 521–551.

[11] D. Guido & R. Longo, The conformal spin and statistics theorem, Commun. Math. Phys. 181 (1996) 11–35.

[12] D. Guido, R. Longo & H.-W. Wiesbrock, Extensions of conformal nets and superselection structures, Commun. Math. Phys. 192 (1998) 217–244.

[13] R. Haag, “Local Quantum Physics”, 2nd ed., Springer-Verlag, Berlin, Heidelberg, New York 1996.

[14] M. Izumi, R. Longo & S. Popa, A Galois correspondence for compact groups of automorphisms of von Neumann Algebras with a generalization to Kac algebras, J. Funct. Analysis, 155, 25-63 (1998).

[15] F. Hiai, Minimizing index of conditional expectations onto subfactors, Publ. Res. Inst. Math.

Sci. 24 (1988), 673–678.

[16] V. F. R. Jones, Index for subfactors, Invent. Math. 72 (1983) 1–25.

[17] V. G. Kac, “Infinite Dimensional Lie Algebras”, 3rd Edition, Cambridge University Press, 1990.

[18] V. G. Kac and I. Todorov, Affine orbifolds and rational conformal field theory extensions of W_{1+∞}, Commun. Math. Phys. 190 (1997) 57–111.

[19] V. G. Kac and M. Wakimoto, Modular and conformal invariance constraints in representation theory of affine algebras, Advances in Math., 70, 156-234 (1988).

[20] G. Karpilovsky, Projective representations of finite groups, Monographs and Textbooks in Pure and Applied Mathematics, Vol.94, 1985.

[21] Y. Kawahigashi, R. Longo & M. Müger, Multi-interval subfactors and modularity of representations in conformal field theory, Commun. Math. Phys. 219 (2001) 631–669.

[22] H. Kosaki, “Type III Factors and Index Theory”, Res. Inst. of Math., Lect. Notes 43, Seul Nat.

Univ. 1998.

[23] H. Kosaki, R. Longo, A remark on the minimal index of subfactors, J. Funct. Anal. 107 (1992), 458–470.

[24] R. Longo, Simple injective subfactors, Adv. Math. 63 (1987), 152-171. [25] R. Longo, Index of subfactors and statistics of quantum fields. I, Commun. Math. Phys. 126 (1989) 217–247.

[26] R. Longo, Index of subfactors and statistics of quantum fields. II, Commun. Math. Phys. 130 (1990) 285–309.

[27] R. Longo, An analogue of the Kac-Wakimoto formula and black hole conditional entropy, Commun. Math. Phys. 186 (1997), 451-479.

[28] R. Longo, Minimal index and braided subfactors, J. Funct. Anal. 109 (1992), 98–112. [29] R. Longo, A duality for Hopf algebras and for subfactors. I, Commun. Math. Phys. 159 (1994) 133–150.

[30] R. Longo, Conformal subnets and intermediate subfactors, Commun. Math. Phys. 237 n. 1-2 (2003), 7–30.

[31] R. Longo & K.-H. Rehren, Nets of subfactors, Rev. Math. Phys. 7 (1995) 567–597. [32] R. Longo & J. E. Roberts, A theory of dimension, K-theory 11 (1997) 103–159. [33] R. Longo & F. Xu, Topological sectors and a dichotomy in conformal field theory, math.OA/0309366, to appear in Commun. Math. Phys.

[34] M. Müger, On soliton automorphisms in massive and conformal theories, Rev. Math. Phys. 11 (1999), no. 3, 337–359.

[35] M. Pimsner, & S. Popa, Entropy and index for subfactors, Ann. Scient. Ec. Norm. Sup. 19 (1986), 57–106.

[36] A. Pressley and G. Segal, “Loop Groups” Oxford University Press 1986. [37] K.-H. Rehren, Braid group statistics and their superselection rules, in “The Algebraic Theory of Superselection Sectors”, D. Kastler ed., World Scientific 1990.

[38] J. E. Roberts, Local cohomology and superselection structure, Commun. Math. Phys. 51 (1976) 107–119.

[39] V. G. Turaev, Quantum invariants of knots and 3-manifolds, Walter de Gruyter, Berlin, New York 1994 [40] M. Takesaki, “Theory of Operator Algebras”, vol. I, II, III, Springer Encyclopaedia of Mathematical Sciences 124 (2002), 125, 127 (2003).

[41] V. Toledano Laredo, “Fusion of Positive Energy Representations of LSpin_{2n}”, Ph.D. dissertation, University of Cambridge, 1997 [42] F. Xu, New braided endomorphisms from conformal inclusions, Commun. Math. Phys. 192 (1998) 347–403.

[43] F. Xu, Applications of braided endomorphisms from conformal inclusions, Internat. Math. Res.

Notices (1998) 5–23.

[44] F. Xu, Algebraic orbifold conformal field theories, Proceedings of National Academy of Sci. USA, Vol. 97, no. 26, 14069-14073.

[45] F. Xu, Algebraic coset conformal field theories II, Publ. RIMS, Kyoto Univ. 35 (1999) 795-824. [46] F. Xu, Jones-Wassermann subfactors for disconnected intervals, Commun. Contemp. Math. 2 (2000) 307–347.

[47] F. Xu, On a conjecture of Kac-Wakimoto, Publ. RIMS, Kyoto Univ. 37 (2001) 165-190.

[48] F. Xu, 3-manifold invariants from cosets, math.GT/9907077. [49] F. Xu, Strong additivity and conformal nets, preprint 2003.

[50] F. Xu, Algebraic coset conformal field theories, Commun. Math. Phys. 211 (2000) 1–43.