arXiv:math.DG/0406393 v1 20 Jun 2004

Nonlinear Connections and Exact Solutions in Einstein and Extra Dimension Gravity

Sergiu I. Vacaru Departamento de Fisica, Instituto Superior Tecnico, Av. Rovisco Pais 1, Lisbon 1049-001, Portugal, and Departamento de Fisica Aplicada, Facultad de Ciencias Experimentales, Universidad de Huelva, 21071 Huelva, Spain

June 20, 2004

Abstract We outline a new geometric method of constructing exact solutions of gravitational field equations parametrized by generic off–diagonal metrics, anholonomic frames and possessing, in general, nontrivial torsion and nonmetricity. The formalism of nonlinear connections is elaborated for (pseudo) Riemannian and Einstein–Cartan–Weyl spaces.

1 Introduction: Nonlinear Connections

We consider a (n + m)–dimensional manifold V^{n+m}, provided with general metric and linear connection structure and of necessary smooth class. It is supposed that in any point u ∈ V^{n+m} there is a local splitting into n− and m– dimensional subspaces, V^{n+m}_u = V^n_u ⊕ V^{mn}_u . The local/abstract coordinates are denoted u = (x, y), or u^α = ( x^i, y^a ) , where i, j, k, ... = 1, 2, ..., n and a, b, c, ... = n + 1, n + 2, ..., n + m. The metric is parametrized in the form

g = g_{ij}(u)e^i ⊗ e^j + h_{ab}(u)e^a ⊗ e^b (1)

where ϑ^μ = [ϑ^i = dx^i, ϑ^a = dy^a + N^a_i (u)dx^i] (2)

is the dual frame to

e_ν = [e_i = ∂ ∂x^i − N^a_i (u) ∂ ∂y^a , e_a = ∂ ∂y^a ]. (3)

Let us denote by π^⊤ : T V^{n+m} → T V^n the differential of a map π : V^{n+m} → V^n defined by fiber preserving morphisms of the tangent bundles T V^{n+m} and

T V^n. The kernel of π^⊤is just the vertical subspace vV^{n+m} with a related inclusion mapping i : vV^{n+m} → T V^{n+m}.

Definition 1 A nonlinear connection (N–connection) N on space V^{n+m} is defined by the splitting on the left of an exact sequence 0 → vV^{n+m} → T V^{n+m} → T V^{n+m}/vV^{n+m} → 0, i. e. by a morphism of submanifolds N : T V^{n+m} → vV^{n+m} such that N ∘ i is the unity in vV^{n+m}.

Equivalently, a N–connection is defined by a Whitney sum of horizontal (h) subspace (hV^{n+m}) and vertical (v) subspaces, T V^{n+m} = hV^{n+m} ⊕ vV^{n+m}. (4) A space provided with N–connection structure will be denoted V^{n+m}_N . We shall use boldfaced indices for the geometric objects adapted to N–connections. The well known class of linear connections consists a particular subclass with the coefficients being linear on y^a, i. e. N^a_i (u) = Γ^a_{bj}(x)y^b.

To any sets N^a_i (u), we can associate certain anholonomic frames (2) and (3), with associated N–connection structure, satisfying the anholonomy relations

[ϑ_α, ϑ_β ] = ϑ_αϑ_β − ϑ_β ϑ_α = W^γ_{αβ} ϑ_γ

with (antisymmetric) nontrivial anholonomy coefficients W^b_{ia} = ∂_aN^b_i and W^a_{ji} = Ω^a_{ij} , where Ω^a_{ij} = e_{[i}N^a_{j]} are the coefficients of the N–connection curvature.

Essentially, the method to be presented in this work is based on the notion of N–connection and considers a Whitney-like splitting of the tangent bundle to a manifold into a horizontal (see discussion and bibliography in Refs. [1, 2, 3]). Here we emphasize that the geometrical aspects of the N–connection formalism has been studied since the first papers of E. Cartan [4] and A. Kawaguchi [5, 6] (who used it in component form for Finsler geometry), then one should be mentioned the so called Ehressman connection [7]) and the work of W. Barthel [8] where the global definition of N–connection was given. The monograph [9] consider the N–connection formalism elaborated and applied to geometry of generalized Finsler–Lagrange and Cartan–Hamilton spaces. There is a set of contributions by Spanish authors, see, for instance, [10, 11, 12].

We considered N–connections for Clifford and spinor structures [13, 14], on superbundles and (super) string theory [15] as well in noncommutative geometry and gravity [16]. The idea to apply the N–connections formalism as a new geometric method of constructins exact solutions in gravity theories was suggested in Refs. [17, 18] and developed and applied in a number of works, see for instance, Ref. [19, 20, 21]). This contribution outlines the author’s and co–authors’ results.

2 N–distinguished Torsions and Curvatures

The geometric constructions can be adapted to the N–connection structure:

Definition 2 A distinguished connection (d–connection) D = {Γ^α_{βγ} } on V^{n+m}_N is a linear connection conserving under parallelism the Whitney sum (4).

Any d–connection D is represented by irreducible h- v–components Γ^α_{βγ} = ( L^i_{jk}, ~L^a_{bk}, C^i_{jc}, ~C^a_{bc} ) stated with respect to N–elongated frames (2) and (3).

This defines a N–adapted splitting into h– and v–covariant derivatives, D = D^{[h]} + D^{[v]}, where D^{[h]} = (L, ~L) and D^{[v]} = (C, ~C). A d–tensor (distinguished tensor, for instance, a d–metric like (1)) formalism and d–covariant differential and integral calculus can be elaborated [1] for spaces provided with general N–connection, d–connection and d–metric structure and nontrivial nonmetricity Q_{αβ} ⊜ −Dg_{αβ}. The simplest way is to use N–adapted differential forms like Γ^α_β = Γ^α_{βγ} ϑ^γ with the coefficients defined with respect to (2) and (3).

Theorem 3 The torsion T^α ≑ Dϑ^α = dϑ^α + Γ^α_β ∧ ϑ^β of a d–connection has the irreducible h- v– components (d–torsions),

T^i_{jk} = L^i_{[jk]}, T^i_{ja} = −T^i_{aj} = C^i_{ja}, T^a_{ji} = Ω^a_{ji},

T^a_{bi} = T^a_{ib} = ∂N^a_i ∂y^b − L^a_{bi}, T^a_{bc} = C^a_{[bc]}. (5) Proof. By a straightforward calculation we can verify the formulas.

The Levi–Civita linear connection ∇ = {^∇Γ^α_{βγ} }, with vanishing torsion and nonmetricity, is not adapted to the global splitting (4). One holds:

Proposition 4 There is a preferred, canonical d–connection structure, ^Γ, on V^{n+m} N , constructed only from the metric coefficients [g_{ij}, h_{ab}, N^a_i ] and satisfying the conditions ^Q_{αβ} = 0 and ^T^i_{jk} = 0 and ^T^a_{bc} = 0.

Proof. By straightforward calculations with respect to the N–adapted bases (2) and (3), we can verify that the connection

^Γ^α_{βγ} =^∇Γ^α_{βγ} + ^P^α_{βγ} (6)

with the deformation d–tensor

^P^α_{βγ} = (P^i_{jk} = 0, P^a_{bk} = ∂N^{ak} ∂y^b , P^i_{jc} = − 1 2 g^{ik}Ω^a_{kj}h_{ca}, P^a_{bc} = 0) satisfies the conditions of this Proposition. It should be noted that, in general, the components ^T^i_{ja}, ^T^a_{ji} and ^T^a_{bi} are not zero. This is an anholonomic frame (or, equivalently, off–diagonal metric) frame effect.

The torsion of the connection (6) is denoted ^T^α_{βγ} . In a similar form we can prove:

Theorem 5 The curvature R^α_β ≑ DΓ^α_β = dΓ^α_β − Γ^γ_β ∧ Γ^α_γ of a d–connection Γ^α_γ has the irreducible h- v– components (d–curvatures), R^i_{hjk} = e_kL^i_{hj} − e_jL^i_{hk} + L^m_{hj} L^i_{mk} − L^m_{hk}L^i_{mj} − C^i_{ha}Ω^a_{kj}, R^a_{bjk} = e_kL^a_{bj} − e_j L^a_{bk} + L^c_{bj}L^a_{ck} − L^c_{bk}L^a_{cj} − C^a_{bc}Ω^c_{kj}, R^i_{jka} = e_aL^i_{jk} − D_kC^i_{ja} + C^i_{jb}T^b_{ka}, (7) R^c_{bka} = e_aL^c_{bk} − D_kC^c_{ba} + C^c_{bd}T^c_{ka}, R^i_{jbc} = e_cC^i_{jb} − e_bC^i_{jc} + C^h_{jb}C^i_{hc} − C^h_{jc}C^i_{hb}, R^a_{bcd} = e_dC^a_{bc} − e_cC^a_{bd} + C^e_{bc}C^a_{ed} − C^e_{bd}C^a_{ec}. Contracting the components of (7) we prove:

Corollary 6 a) The Ricci d–tensor R_{αβ} ≑ R^τ_{αβτ} has the irreducible h- v– components R_{ij} ≑ R^k_{ijk}, R_{ia} ≑ −R^k_{ika}, R_{ai} ≑ R^b_{aib}, R_{ab} ≑ R^c_{abc}. (8) b) The scalar curvature of a d–connection is ←− R ≑ g^{αβ}R_{αβ} = g^{ij}R_{ij} + h^{ab}R_{ab}. c) The Einstein d–densor is computed G_{αβ} = R_{αβ} −^1_2 g_{αβ} ←− R. In modern gravity theories one considers more general linear connections generated by deformations of type Γ^α_{βγ} = ^Γ^α_{βγ} + P^α_{βγ} .We can split all geometric objects into canonical and post-canonical pieces which results in N–adapted geometric constructions. For instance, R^α_β = ^R^α_β + DP^α_β + P^α_γ ∧ P^γ_β (9) for P^α_β = P^α_{βγ} ϑ^γ .

3 Anholonomic Frames and Nonmetricity in String Gravity

For simplicity, we investigate here a class of spacetimes when the nonmetricity and torsion have nontrivial components of type T ≑ e_α⌋T^α = κ_0ϕ, Q ≑ 1 4 g^{αβ} Q_{αβ} = κ_1ϕ, Λ ≑ ϑ^αe^β⌋(Q_{αβ} − Qg_{αβ}) = κ_2ϕ (10) where κ_0, κ_1, κ_2 = const and ϕ = ϕ_αϑ^α. The abstract indices in (10) are ”upped” and ”lowed” by using η_{άβ́} and its inverse defined from the vielbein decompositions of d–metric, g_{αβ} = e^{α′}_α e^{β′}_β η_α′_β′ .

Let us consider the strengths H_{νμ} ≑ ^D_νϕ_μ − ^D_μϕ_ν +W^γ_{μν} ϕ_γ (intensity of ϕ_γ ) and ^H_{νλρ} ≑ e_νB_{λρ} +e_ρB_{νλ} +e_λB_{ρν} (antysimmetric torsion of the B_{ρν} = −B_{νρ} from the bosonic model of string theory with dilaton field Φ) and introduce H_{νλρ} ≑ ^Z_{νλρ} + ^H_{νλρ}, ^Z_{νλ} ≑ ^Z_{νλρ}ϑ^ρ = e_λ⌋ ^T_ν − e_ν ⌋ ^T_λ + 1 2 (e_ν⌋e_λ⌋ ^T_λ)ϑ^γ .

We denote the energy–momentums of fields:

Σ^{[ϕ]}_{αβ} ≑ H^μ_α H_{βμ} − 1 4 g_{αβ} H^{νμ}H_{νμ} + μ^2(ϕ_αϕ_β − 1 2 g_{αβ}ϕ_ν ϕ^ν ),

μ^2 = const, Σ^{[mat]}_{αβ} is the source from any possible matter fields and Σ^{[T ]}_{αβ} ( ^T_ν , Φ) contains contributions of torsion and dilatonic fields.

Theorem 7 The dynamics of sigma model of bosonic string gravity with generic off–diagonal metrics, effective matter and torsion and nonmetricity (10) is defined by the system of field equations ^R_{αβ} − 1 2 g_{αβ} ←− R̂ = k(Σ^{[ϕ]}_{αβ} + Σ^{[mat]}_{αβ} + Σ^{[T ]}_{αβ} ), (11)

^D_ν H^{νμ} = μ^2ϕ^μ, ^D^ν(H_{νλρ}) = 0,

where k = const, and the Euler–Lagrange equations for the matter fields are considered on background V^{n+m}_N ).

Proof. See details in Ref. [2].

In terms of differential forms the eqs. (11) are written η_{αβγ} ∧ ^R^{βγ} = ^Υ_α, (12) where, for the volume 4–form η ≑ ∗1 with the Hodje operator ”∗”, η_α ≑ e_α⌋η, η_{αβ} ≑ e_β ⌋η_α, η_{αβγ} ≑ e_γ ⌋η_{αβ}, ..., ^R^{βγ} is the curvature 2–form and Υ_α denote all possible sources defined by using the canonical d–connection. The deformation of connection (6) defines a deformation of the curvature tensor of type (9) but with respect to the curvature of the Levi–Civita connection,^∇R^{βγ} . The gravitational field equations (12) transforms into

η_{αβγ} ∧^∇R^{βγ} + η_{αβγ} ∧^∇Z^{βγ} = ^Υ_α, (13)

where^∇Z^β_γ = ∇P^β_γ + P^β_α ∧ P^α_γ .

Corollary 8 A subclass of solutions of the gravitational field equations for the canonical d–connection defines also solutions of the Einstein equations for the Levi–Civita connection if and only if η_{αβγ} ∧^∇Z^{βγ} = 0 and ^Υ_α =^∇Υ_α, (i. e. the effective source is the same for both type of connections).

Proof. It follows from the Theorem 7.

This property is very important for constructing exact solutions in Einstein and string gravity, parametrized by generic off–diagonal metrics and ahnolonomic frames with associated N–connection structure (see Refs. in [1, 2] and [3]) and equations (13)).

Let us consider a five dimensional ansatz for the metric (1) and frame (2) when u^α = (x^i, y^4 = v, y^5); i = 1, 2, 3 and the coefficients

g_{ij} = diag[g_1 = ±1, g_2(x^2, x^3), g_3(x^2, x^3)], h_{ab} = diag[h_4(x^k, v), h_5(x^k, v)], N^4_i = w_i(x^k, v), N^5_i = n_i(x^k, v) (14)

are some functions of necessary smooth class. The partial derivative are briefly denoted a^• = ∂a/∂x^2, a^′ = ∂a/∂x^3, a^∗ = ∂a/∂v. 4 Main results:

Theorem 9 The nontrivial components of the Ricci d–tensors (8) for the canonical d–connection (6) are

R^2 = R^3 = − 1 2g_2g_3

[g^{••}_3 − g^•_2 g^•_3 2g_2 − (g^•_3)^2 2g_3

+ g^{′′}_2 − g^′_2g^′_3 2g_3 − (g^′_2)^2 2g_2 ], R^4 = R^5 = − 1 2h_4h_5

[h^{∗∗}_5 − h^∗_5(ln | |√|h_4h_5| | |)_∗], (15) R_{4i} = −w_i β 2h_5 − α_i 2h_5

, R_{5i} = − h_5 2h_4 [n^{∗∗}_i + γn^∗_i ], α_i = ∂_ih^∗_5 −h^∗_5∂_i ln | | | √ |h_4h_5| | | | , β = h^{∗∗}_5 −h^∗_5[ln | | | √ |h_4h_5| | | |]^∗, γ = 3h^∗_5/2h5−h^∗_4/h4

h^∗_4 ≠ 0 and h^∗_5 ≠ 0.

Proof. It is provided in Ref. [2].

Corollary 10 The Einstein equations (12) for the ansatz (14) are compatible for vanishing sources and if and only if the nontricial components of the source, with respect to the frames (3) and (2), are any functions of type

^Υ^2 = ^Υ^3 = Υ_2(x^2, x^3, v), ^Υ^4 = ^Υ^5 = Υ_4(x^2, x^3) and ^Υ^1 = Υ_2 + Υ_4.

Proof. The proof, see details in [2], follows from the Theorem 9 with the nontrivial components of the Einstein d-tensor, ^G^α_β = ^R^α_β −^1_2 δ^α_β ←− R̂, computed to satisfy the conditions

G^1 = −(R^2 + R^4), G^2 = G^3 = −R^4(x^2, x^3, v), G^4 = G^5 = −R^2(x^2, x^3).

Having the values (15), we can proove [2] the

Theorem 11 The system of gravitational field equations (11) (equivalently, of (12)) for the ansatz (14) can be solved in general form if there are given certain values of functions g_2(x^2, x^3) (or, inversely, g_3(x^2, x^3)), h_4(x^i, v) (or, inversely, h_5(x^i, v)) and of sources Υ_2(x^2, x^3, v) and Υ_4(x^2, x^3).

Finally, we note that we have elaborated a new geometric method of constructing exact solutions in extra dimension gravity and general relativity theories. The classes of solutions define very general integral varieties of the vacuum and nonvacuum Einstein equations, in general, with torsion and nonmetricity and corrections from string theory, and/or noncommutative/quantum variables. For instance, in five dimensions, the metrics are generic off–diagonal and depend on four coordinates. So, we have proved in explicit form how it is possible to solve the Einstein equations on nonholonomic manifolds (see mathematical problems analized in Refs. [22, 23]), in our case, provided with nonlinear connection structure.

Acknowledgement: The author is grateful to the Organizes for supporting his participation at the Conference ”Geometría de Lorentz, Murcia 2003, 12-14 de Noviembre”, for partial support from ”Consejeria de Educacion de la Junta de Andalucia” and the ”Grupo de Estructura de la Materia” of the University of Huelva for his kind hospitality. He also thanks the referee for valuable remarks and D. Leites, M. de Leon and F. Etayo for important discussions on the geometry of nonholonomic manifolds and nonlinear connection formalism.

References

[1] S. Vacaru, Generalized Finsler Geometry in Einstein, String and Metric– Affine Gravity, hep-th/0310132.

[2] S. Vacaru, E. Gaburov and D. Gontsa, A Method of Constructing Off– Diagonal Solutions in Metric–Affine and String Gravity, hep–th/0310133.

[3] S. Vacaru and E. Gaburov, Noncomnmutative Symmetries and Stability of Black Ellipsoids in Metric–Affine and String Gravity, hep–th/0310134.

[4] E. Cartan, Les Espaces de Finsler (Herman, Paris, 1935)

[5] A. Kawaguchi, Beziehung zwischen einer metrischen linearen Ubertangung and einer nichtmetrischen in einem allgemeinen metrischen Raume. Akad. Wetensch. Amsterdam Proc. 40 (1937) 596–601.

[6] A. Kawaguchi, On the Theory of Non–linear Connections, I. Tensor, N. S.

2 (1952) 123–142; II. Tensor, N. S. 6 (1956) 165–199.

[7] C. Ehresmann, Les connexions infinitesimales dans un espace fibre differentiable. Coll. Topologia, Bruxelles (1955) 29–55.

[8] W. Barthel, Nichtlineare Zusammenhange und deren Holonomie gruppen.

J. Reine Angew. Math. 212 (1963) 120–149.

[9] R. Miron, D. Hrimiuc, H. Shimada and V. S. Sabau, The Geometry of Hamilton and Lagrange Spaces (Kluwer, 2000).

[10] M. de Leon and C. Villaverde, C. R. Acad. Sci. Paris, serie I, 293 (1981) 51–54.

[11] F. Etayo, The geometry of good squares of vector bundles, Riv. Mat. Univ.

Parma 17 (1991) 131–147.

[12] A. Ferrández, Nearly-Kaehler curvature operators. Rev. Roumaine Math.

Pures Appl. 29 (1984), no. 3, 225–229

[13] S. Vacaru: Spinor Structures and Nonlinear Connections in Vector Bundles, Generalized Lagrange and Finsler Spaces, J. Math. Phys. 37 (1996) 508- 523.

[14] S. Vacaru and N. Vicol, Nonlinear Connections and Spinor Geometry, Int.

J. Math. and Math. Sciences. (IJMMS), 23 (2004) 1189-1237.

[15] S. Vacaru: Interactions, Strings and Isotopies in Higher Order Anisotropic Superspaces (Hadronic Press, Palm Harbor, FL, USA, 1998), 450 pages, math-ph/0112065.

[16] S. Vacaru, Gauge and Einstein Gravity from Non-Abelian Gauge Models on Noncommutative Spaces, Phys. Lett. B 498 (2001) 74-82.

[17] S. Vacaru, Anholonomic Soliton-Dilaton and Black Hole Solutions in General Relativity, JHEP, 04 (2001) 009; gr-qc/0005025.

[18] S. Vacaru: Locally Anisotropic Kinetic Processes and Thermodynamics in Curved Spaces, Ann. Phys. (N.Y.), 290, N 2 (2001) 83-123.

[19] S. Vacaru and O. Tintareanu-Mircea, Anholonomic Frames, Generalized Killing Equations, and Anisotropic Taub NUT Spinning Spaces, Nucl. Phys. B 626 (2002) 239-264.

[20] Vacaru and D. Singleton, Warped, Anisotropic Wormhole / Soliton Configurations in Vacuum 5D Gravity, Class. Quant. Gravity, 19 (2002), 2793- 2811.

[21] S. Vacaru and H. Dehnen, Locally Anisotropic Structures and Nonlinear Connections in Einstein and Gauge Gravity, Gen. Rel. Grav. 35 (2003) 209-250.

[22] D. Leites, E.Poletaeva, V.Serganova, On Einstein equations on manifolds and supermanifolds, J.Nonlin.Math.Phys. 9 (2002) 394-425.

[23] D. Leites, The Riemann tensor for nonholonomic manifolds, math.RT/0202213.