arXiv:math.DG/0410551 v2 16 Nov 2004

CLASSICAL FIELD THEORY ON LIE ALGEBROIDS: VARIATIONAL ASPECTS

EDUARDO MARTÍNEZ

Abstract. The variational formalism for classical field theories is extended to the setting of Lie algebroids. Given a Lagrangian function we study the problem of finding critical points of the action functional when we restrict the fields to be morphisms of Lie algebroids. In addition to the standard case, our formalism includes as particular examples the case of systems with symmetry (covariant Euler-Poincaré and Lagrange Poincaré cases), Sigma models or Chern-Simons theories.

1. Introduction

By using the geometry of Lie algebroids, Weinstein [24] showed that it is possible to give a common description of the most interesting classical mechanical systems. Later, this theory was extended to time-dependent Classical Mechanics in [20, 18], by introducing a generalization of the notion of Lie algebroid when the bundle is no longer a vector bundle but an affine bundle. The particular case considered in [21] is the analog of a first jet bundle of a bundle M → R, and hence it is but a particular case of a first order field theory for a 1-dimensional space-time. Therefore, it is natural to investigate whether it is possible to extend our formalism to the case of a general field theory, where the space-time manifold is no longer one dimensional.

Generally speaking, there are three different but closely related aspects in the analysis of first order field theories: the variational approach, which leads to the Euler-Lagrange equations, the multisymplectic formalism on the first jet bundle, and the infinite-dimensional approach on the space of Cauchy data. The aim of this paper is to study several aspects of the variational approach to the theory formulated in the context of Lie algebroids, and we will leave for the future the study of the multisymplectic and the infinite-dimensional formalism.

The standard geometrical approach to the Lagrangian description of first order Classical Field Theories [4, 10, 14, 1, 12] is based on the canonical structures on the first order jet bundle [22] of a fiber bundle whose sections are the fields of the theory. Thinking of a Lie algebroid as a substitute for the tangent bundle to a manifold, the analog of the field bundle to be considered here is a surjective morphism of Lie algebroids π : E → F . In the standard theory, a 1-jet of a section of a bundle is but the tangent map to that section at the given point, and therefore it is a linear map between tangent spaces which has to be a section of the tangent of the projection map. In our theory, the analog object is a linear map from a fiber of F to a fiber of E which is a section of the projection π. The space Jπ of these maps has the structure of an affine bundle and it is the space where our theory is developed.

In the case F = T N we can set a variational problem consisting in finding those morphisms of Lie algebroids which are critical points of the integral of a Lagrangian

2000 Mathematics Subject Classification. 58A20, 70S05, 49S05, 58H99. Key words and phrases. Lie algebroids, jet bundles, Lagrangian field theory. Talk delivered at the 9th International Conference on Differential Geometry and its Applications, Prague, September 2004.

Partial financial support from MICYT grant BFM2003-02532 is acknowledged. 1

function defined on Jπ. By the choice of some special variations determined by the underlying geometry, we can find the Euler-Lagrange equations.

The situation is to be compared with the so-called covariant reduction theory [7, 6, 5], where the field equations are obtained by reducing the variational problem, i.e. by restricting the variations to those coming from variations for the original unreduced problem. Therefore, the equations are of different form in each case, Euler-Poincaré, Lagrange-Poincaré for a system with symmetry and (a somehow different) Lagrange-Poincaré for semidirect products. In contrast, our theory includes all these cases as particular cases of a common setting.

We finally mention that related ideas to those explained in this paper have been recently considered by Strobl and coworkers [23, 2] in the so-called off-shell theory. In this respect our theory should be considered as the on-shell counterpart for the cases considered there.

The organization of the paper is as follows. In section 2 we will recall some differential geometric structures related to Lie algebroids, such as the exterior differential and the flow defined by a section. In section 3 we define the analog of the manifold of 1-jets in this algebraic setting, which is the space where the Lagrangian of the theory is defined. In section 4 we find local conditions for a section of our bundle to be a morphism of Lie algebroids. In section 5 we define the concept of complete lift of a section, which plays the role of the complete lift or first jet prolongation of a vector field in the standard theory. In section 6 we state the constrained variational problem we want to solve and we find the Euler-Lagrange equations. Finally, in section 7 we show some examples which illustrate the results in this paper.

Notation. All manifolds and maps are taken in the C^∞ category. The set of smooth functions on a manifold M will be denoted by C^∞(M ). The set of smooth vectorfields on a manifold M will be denoted X(M ). The set of smooth sections of a fiber bundle π : B → M will be denoted Sec(π) or Sec(B) when there is no possible confusion.

The tensor product of a vector bundle τ : E → M by itself p times will be denoted by τ^{⊗p} : E^{⊗p} → M , and similarly the exterior power will be denoted by τ^{∧p} : E^{∧p} → M . The set of sections of the dual τ^{∗∧p} : (E^∗)^{∧p} → M will be denoted by ⋀_p E. For p = 0 we have

⋀_0 E = C^∞(M ).

The notion of pullback of a tensor field by a vector bundle map needs some attention. Given a vector bundle map Φ : E → E^′ over a map ϕ : M → M^′, for every section β of the p-covariant tensor bundle ⊗^pE^{′∗} → M^′ we define the section Φ^⋆β of ⊗^pE^∗ → M by

(Φ^⋆β)_m(a_1, a_2, . . . , a_p) = β_{ϕ(m)} ( Φ(a_1), Φ(a_2), . . ., Φ(a_p) ) . The tensor Φ^⋆β is said to be the pullback of β by Φ. For a function f ∈ C^∞(M^′) (i.e. for p = 0) we just set Φ^⋆f = ϕ^∗f = f ∘ϕ. It follows that Φ^⋆(α⊗β) = (Φ^⋆α)⊗(Φ^⋆β).

When Φ is fiberwise invertible, we define the pullback of a section σ of E^′ by (Φ^⋆σ)_m = (Φ_m)^{−1}(σ(ϕ(m)), where Φ_m is the restriction of Φ to the fiber E_m over m ∈ M . Thus, the pullback of any tensor field is defined.

In the case of the tangent bundles E = T M and E^′ = T M^′, and the tangent map T φ : T M → T M^′ of a map φ : M → M^′ we have that (T φ)^⋆β = φ^∗β is the ordinary pullback by φ of a tensorfield β on M^′. Notice the difference between the symbols^⋆ (star) and^∗ (asterisque).

2. Preliminaries on Lie algebroids

In this section we recall some well known notions and introduce a few concepts concerning the geometry of Lie algebroids. We refer the reader to [3, 16] for details about Lie groupoids, Lie algebroids and their role in differential geometry.

Lie algebroids. Let M be an n-dimensional manifold and let τ : E → M be a vector bundle. A vector bundle map ρ : E → T M over the identity is called an anchor map. The vector bundle E together with an anchor map ρ is said to be an anchored vector bundle. A structure of Lie algebroid on E is given by a Lie algebra structure on the C^∞(M )-module of sections of the bundle, (Sec(E), [· , ·]), together with an anchor map, satisfying the compatibility condition [σ, fη] = f[σ, η] + ( ρ(σ)f ) η. Here f is a smooth function on M , σ, η are sections of E and we have denoted by ρ(σ) the vector field on M given by ρ(σ)(m) = ρ(σ(m)). From the compatibility condition and the Jacobi identity, it follows that the map σ → ρ(σ) is a Lie algebra homomorphism from Sec(E) to X(M ).

It is convenient to think of a Lie algebroid as a substitute of the tangent bundle of M . In this way, one regards an element a of E as a generalized velocity, and the actual velocity v is obtained when applying the anchor to a, i.e., v = ρ(a). A curve a : [t_0, t_1] → E is said to be admissible if ṁ(t) = ρ(a(t)), where m(t) = τ (a(t)) is the base curve.

When E carries a Lie algebroid structure, the image of the anchor map, ρ(E), defines an integrable smooth generalized distribution on M . Therefore, M is foliated by the integral leaves of ρ(E), which are called the leaves of the Lie algebroid. It follows that a(t) is admissible if and only if the curve m(t) lies on a leaf of the Lie algebroid, and that two points are in the same leaf if and only if they are connected by (the base curve of) an admissible curve.

A Lie algebroid is said to be transitive if it has only one leaf, which is obviously equal to M . It is easy to see that E is transitive if and only if ρ is surjective. If E is not transitive, then the restriction of the Lie algebroid to a leaf L ⊂ M , E_{|L} → L is transitive.

Given local coordinates (x^i) in the base manifold M and a local basis {e_α} of sections of E, we have local coordinates (x^i, y^α) in E; if a ∈ E_m is an element then we can write a = a^αe_α(m) and thus the coordinates of a are (m^i, a^α), where m^i are the coordinates of the point m. The anchor map is locally determined by the local functions ρ^i_α on M defined by ρ(e_α) = ρ^i_α(∂/∂x^i). In addition, for a Lie algebroid, the Lie bracket is determined by the functions C^α_{βγ} defined by [e_α, e_β] = C^γ_{αβ}e_γ . The functions ρ^i_α and C^α_{βγ} are said to be the structure functions of the Lie algebroid in this coordinate system. They satisfy the following relations ρ^j_α ∂ρ^i_β ∂x^j − ρ^j_β ∂ρ^i_α ∂x^j = ρ^i_γ C^γ_{αβ}, and ∑ cyclic(α,β,γ) [ ρ^i_α ∂C^ν_{βγ} ∂x^i + C^μ_{αν}C^ν_{βγ} ] = 0.

which are called the structure equations of the Lie algebroid.

Exterior differential. The anchor ρ allows us to define the differential of a function on the base manifold with respect to an element a ∈ E. It is given by df(a) = ρ(a)f. It follows that the differential of f at the point m ∈ M is an element of E^∗_m.

Moreover, a structure of Lie algebroid on E allows us to extend the differential to sections of the bundle ⋀_p E which we will call just p-forms. If ω ∈ Sec( ⋀_p E) then dω ∈ Sec( ⋀_{p+1} E) is defined by dω(σ_0, σ_1, . . . , σ_p) = ∑ i ρ(σ_i)(−1)^iω(σ_0, . . . , ^σ_i, . . . , σ_p)+ + ∑ i<j (−1)^{i+j} ω([σ_i, σ_j], σ_0, . . . , ^σ_i, . . . , ^σ_j, . . . , σ_p).

It follows that d is a cohomology operator, that is d^2 = 0.

Locally the exterior differential is determined by

dx^i = ρ^i_αe^α and de^γ = − 1 2 C^γ_{αβ}e^α ∧ e^β . In this paper the symbol d will always denote the exterior differential on the Lie algebroid E and not the ordinary exterior differential on a manifold M to which it reduces when E is the standard Lie algebroid E = T M over M .

The usual Cartan calculus extends to the case of Lie algebroids (See [19]). For every section σ of E we have a derivation i_σ (contraction) of degree −1 and a derivation d_σ = i_σ ∘ d + d ∘ i_σ (Lie derivative) of degree 0. Since d^2 = 0 we have that d_σ ∘ d = d ∘ d_σ.

Admissible maps and morphisms. Let τ : E → M and τ^′ : E^′ → M^′ be two anchored vector bundles, with anchor maps ρ : E → T M and ρ^′ : E^′ → T M^′. Let Φ : E → E^′ be a fiberwise linear map over ϕ : M → M^′. We will say that Φ is admissible if it maps admissible curves into admissible curves. It follows that Φ is admissible if and only if T ϕ∘ρ = ρ^′∘Φ. This condition can be conveniently expressed in terms of the exterior differential as follows. The map Φ is admissible if and only if Φ^⋆df = dΦ^⋆f for every function f ∈ C^∞(M ). If E and E^′ are Lie algebroids, then we say that Φ is a morphism if Φ^⋆dθ = dΦ^⋆θ for every θ ∈ Sec( ⋀ E). Obviously, a morphism is an admissible map.

Let (x^i) be a local coordinate system on M and (x^{′i}) a local coordinate system on M^′. Let {e_α} and {e^′_α} be local basis of sections of E and E^′, respectively, and {e^α} and {e^{′α}} the dual basis. The bundle map Φ is determined by the relations Φ^⋆x^{′i} = ϕ^i(x) and Φ^⋆e^{′α} = ϕ^α_β e^β for certain local functions ϕ^i and ϕ^α_β on M . Then Φ is admissible if and only if ρ^j_α ∂ϕ^i ∂x^j = ρ^{′i}_βϕ^β_α. The map Φ is a morphism of Lie algebroids if and only if

ϕ^β_γ C^γ_{αδ} = ( ρ^i_α ∂ϕ^β_δ ∂x^i − ρ^i_δ ∂ϕ^β_α ∂x^i ) + C^{′β}_{θσ}ϕ^θ_αϕ^σ_δ , in addition to the admissibility condition above. In these expressions ρ^i_α, C^α_{βγ} are the structure functions on E and ρ^{′i}_α, C^{′α}_{βγ} are the structure functions on E^′.

Flow defined by a section. Every section of a Lie algebroid has an associated local flow composed of morphisms of Lie algebroids.

Theorem 1. Let σ be a section of a Lie algebroid τ : E → M . There exists a local flow Φ_s : E → E such that d_σθ = d ds Φ^⋆_sθ | | |_{s=0}, for any section θ of ⋀ E. For every fixed s, the map Φ_s is a morphism of Lie algebroids. The base maps ϕ_s : M → M are the flow of the vectorfield ρ(σ) ∈ X(M ).

Proof. Indeed, let X^C_σ be the vector field on E determined by its action on fiberwise linear functions X^C_σ θ̂ = ^d_σθ, for every section θ of E^∗, and which is known as the complete lift of σ (see [15, 17]). It follows that X^C_σ ∈ X(E) is projectable and projects to the vectorfield ρ(σ) ∈ X(M ). Thus, if we consider the flow Φ_s of X^C_σ and the flow ϕ_s of ρ(σ), we have that Φ_s is a bundle map over ϕ_s. Moreover, since X^C_σ is linear (maps linear functions into linear functions) we have that Φ_s is a vector bundle map for every s.

In order to prove the relation d_σθ =^d_{ds} Φ^⋆_sθ | | |_{s=0}, it is sufficient to prove it for 1-forms θ. Then for every m ∈ M and a ∈ E_m we have

⟨(d_σ θ)_m, a⟩ = ^d_σθ(a) = (X^C_σ θ̂)(a) = d ds (θ̂ ∘ Φ_s) | | |_{s=0}(a) = d ds ⟨θ_{ϕs(m)}, Φ_s(a)⟩ | | s=0 = d ds Φ^⋆_sθ | | s=0 (a). Moreover, the maps Φ_s are morphisms of Lie algebroids. Indeed, from the relation d ∘ d_σ = d_σ ∘ d we have that^d_{ds} (Φ^⋆_sdθ − dΦ^⋆_sθ) | | s=0 = 0. It follows that Φ^⋆_sdθ = dΦ^⋆_sθ, so that Φ_s is a morphism. □

By duality, it follows that d_σζ =^d_{ds} Φ^⋆_sζ | |_{s=0} for every section ζ of E. Therefore we have a similar formula for the derivative of any tensorfield.

Remark 2. In the case of the standard Lie algebroid E = T M we have that a section σ is but a vector field on M . In this case, the vector field X^C_σ is but the usual complete lift of the vectorfield σ and the flow defined by the section σ is but Φ_s = T ϕ_s where ϕ_s is the flow of the vectorfield σ. ⋄

3. Jets

We consider two vector bundles τ^E_M : E → M and τ^F_N : F → N and a surjective vector bundle map π : E → F over the map ν : M → N . Moreover, we will assume that ν : M → N is a smooth fiber bundle. We will denote by K → M the kernel of the map π, which is a vector bundle over M . Given a point m ∈ M , if we denote n = ν(m), we have the following exact sequence 0 → K_m → E_m → F_n → 0, and we can consider the set J_mπ of splittings ϕ of such sequence. More concretely, we define the following sets

L_mπ = { w : F_n → E_m | w is linear } J_mπ = { ϕ ∈ L_mπ | π ∘ ϕ = id_{Fn} } V_mπ = { ψ ∈ L_mπ | π ∘ ψ = 0 } . Therefore L_mπ is a vector space, V_mπ is a vector subspace of L_mπ and J_mπ is an affine subspace of L_mπ modeled on the vector space is V_mπ. By taking the union, Lπ = ∪_{m∈M} L_mπ, Jπ = ∪_{m∈M} J_mπ and Vπ = ∪_{m∈M} V_mπ, we get the vector bundle π̃_{10} : Lπ → M and the affine subbundle π_{10} : Jπ → M modeled on the vector bundle π_{10} : Vπ → M . We will also consider the projection π_1 : Jπ → N defined by composition π_1 = π ∘ π_{10}.

Remark 3. In the standard case, one has a bundle ν : M → N and then considers the tangent spaces at m ∈ M and n = ν(m) ∈ N together with the differential of the projection T_mν : T_mM → T_nN . A 1-jet at m, in the standard sense, is a linear map ϕ : T_nN → T_mM such that T_mν ∘ ϕ = id_{TnN} . It follows that there exist sections φ of the bundle ν such that φ(n) = m and T_nφ = ϕ. Thus, in the case of the tangent bundles τ_N : F ≡ T N → N and τ_M : E ≡ T M → M with π = T ν : T M → T N , our definition is equivalent to the standard definition of a 1-jet at a point m as an equivalence class of sections which has the same value and same first derivative at the point m. With the standard notations [22], we have that J^1ν ≡ J(T ν). Obviously, this example leads our developments throughout this paper. ⋄

In view of this fact, an element of J_mπ will be simply called a jet at the point m ∈ M and accordingly the bundle Jπ is said to be the first jet bundle of π.

Local coordinates on Jπ are given as follows. We consider local coordinates (x̄^i) on N and (x^i, u^A) on M adapted to the projection ν, that is x̄^i ∘ ν = x^i. We also consider local basis of sections {ē_a} of F and {e_a, e_α} of E adapted to the projection π, that is π ∘ e_a = ē_a ∘ ν and π ∘ e_α = 0. In this way {e_α} is a base of sections of K. An element w in L_mπ is of the form w = (w^b_ae_b + w^α_a e_α) ⊗ ē^a, and it is in J_mπ if and only if w^b_a = δ^b_a, i.e. an element ϕ in Jπ is of the form ϕ = (e_a + ϕ^α_a e_α) ⊗ ē_a. If we set y^α_a (ϕ) = ϕ^α_a , we have adapted local coordinates (x^i, u^A, y^α_a ) on Jπ. Similarly, an element ψ ∈ V_mπ is of the form ψ = ψ^α_a e_α ⊗ e^a. If we set y^α_a (ψ) = ψ^α_a , we have adapted local coordinates (x^i, u^A, y^α_a ) on Vπ. As usual, we use the same name for the coordinates in an affine bundle and in the associated vector bundle.

An element ζ ∈ L^∗_mπ defines an affine function ẑ on J_mπ by contraction ẑ(ϕ) = ⟨z, ϕ⟩ where ⟨·, ·⟩ is the pairing ⟨z, ϕ⟩ = tr(z ∘ϕ) = tr(ϕ∘z). Therefore, a section θ of L^∗π defines a fiberwise affine function θ̂ on Jπ, θ̂(ϕ) = ⟨θ_{π10 (ϕ)}, ϕ⟩ = tr(θ_{π10 (ϕ)} ∘ ϕ). In local coordinates, a section of L^∗π is of the form θ = (θ^a_b (x)e^b + θ^a_α(x)e^α) ⊗ ē_a, and the affine function defined by θ is θ̂ = θ^a (x) + θ^a_α(x)y^α_a .

Anchor. Consider now anchored structures on the bundles E and F , that is, we have two vector bundle maps ρ_F : F → T N and ρ_E : E → T M over the identity in N and M respectively. We will assume that the map π is admissible, that is ρ_F ∘ π = T ν ∘ ρ_E . Therefore we have

ρ_F (ē_a) = ρ^i_a ∂ ∂x̄^i and ρ_E (e_a) = ρ^i_a ∂ ∂x^i + ρ^A_a ∂ ∂u^A ρ_E (e_α) = ρ^A_α ∂ ∂u^A , with ρ^i_a = ρ^i_a(x), ρ^A_a = ρ^A_a (x, u) and ρ^A_α = ρ^A_α (x, u). Equivalently

dx̄^i = ρ^i_aē^a and { dx^i = ρ^i_ae^a du^A = ρ^A_a e^a + ρ^A_α e^α.

The anchor allows us to define the concept of total derivative of a function with respect to a section. Given a section σ ∈ Sec(F ), the total derivative of a function f ∈ C^∞(M ) with respect to σ is the function ^df ⊗ σ, i.e. the affine function associated to df ⊗ σ ∈ Sec(L^∗π). In particular, the total derivative with respect to an element ē_a of the local basis of sections of F , will be denoted by f́_{|a}. In this way, if σ = σ^aē_a then ^df ⊗ σ = f́_{|a}σ^a, where the coordinate expression of f́_{|a} is f́_{|a} = ρ^i_a ∂f ∂x^i + (ρ^A_a + ρ^A_α y^α_a ) ∂f ∂u^A . Notice that, for a function f in the base N , we have that f́_{|a} = ρ^i_a^{∂f}_{∂xi} are just the components of df in the basis {ē_a}.

Bracket. Let us finally assume that we have Lie algebroid structures on τ^F_N : F → N and on τ^E_M : E → M , and that the projection π is a morphism of Lie algebroids. This condition implies the vanishing of some structure functions.

We have the following expressions for the brackets of elements in the basis of sections

[ē_a, ē_b] = C^c_{ab}ē_c and

[e_a, e_b] = C^γ_{ab}e_γ + C^c_{ab}e_c [e_a, e_β] = C^γ_{aβ}e_γ [e_α, e_β] = C^γ_{αβ}e_γ .

where C^a_{bc} = C^a_{bc}(x) is a basic function. The exterior differentials in F and E are determined by dē^a = − 1 2 C^a_{bc}ē^b ∧ ē^c and { de^a = −^1_2 C^a_{bc}e^b ∧ e^c de^α = −^1_2 C^α_{bc}e^b ∧ e^c − C^α_{bγ} e^b ∧ e^γ −^1_2 C^α_{βγ} e^β ∧ e^γ .

Affine structure functions. We define the affine functions Z^α_{aγ} and Z^α_{ac} by Z^α_{aγ} = ^ (d_{eγ} e^α) ⊗ ē_a and Z^α_{ac} = ^(d_{ec} e^α) ⊗ ē_a.

Explicitly, we have Z^α_{aγ} = C^α_{aγ} + C^α_{βγ} y^β_a and Z^α_{ac} = C^α_{ac} + C^α_{βc}y^β_a .

Indeed, (d_{eγ} e^α) ⊗ ē_a = i_{eγ} ( − 1 2 C^α_{bc}e^b ∧ e^c − C^α_{bθ}e^b ∧ e^θ − 1 2 C^α_{βθ}e^β ∧ e^θ ) ⊗ ē_a = (C^α_{bγ}e^b + C^α_{βγ} e^β ) ⊗ ē_a,

and thus Z^α_{aγ} = ^

(C^α_{bγ} e^b + C^α_{βγ} e^β) ⊗ ē_a = C^α_{aγ} + C^α_{βγ} y^β_a . The second coordinate expression can be found in a similar way.

4. Morphisms and admissible maps By a section of π we mean a vector bundle map Φ such that π ∘ Φ = id, (i.e.

we consider only linear sections of π). It follows that the base map ϕ : N → M is a section of ν, i.e. ν ∘ ϕ = id_N . The set of sections of π will be denoted by Sec(π). We will find local conditions for this map to be an admissible map between anchored vector bundles and also local conditions for this map to be a morphism of Lie algebroids. The set of those sections of π which are a morphism of Lie algebroids will be denoted by M(π).

Taking adapted local coordinates (x^i, u^A) on M , the map ϕ has the expression ϕ(x^i) = (x^i, ϕ^A(x)). If we moreover take an adapted basis {e_a, e_α} of local sections of E, then the expression of Φ is given by Φ(ē_a) = e^a + ϕ^α_a e_α, so that the map Φ is determined by the functions ( ϕ^A(x), ϕ^α_a (x) ) locally defined on N . The action on the dual basis is Φ^⋆e^a = ē^a, and Φ^⋆e^α = ϕ^α_a ē^a, and for the coordinate functions Φ^⋆x^i = x̄^i and Φ^⋆u^A = ϕ^A.

Let us see what the admissibility condition Φ^⋆(df) = d(Φ^⋆f) means for this maps. We impose this condition to the coordinate functions. Taking f = x^i we get an identity (i.e. no new condition arises), and taking f = u^A we get

dϕ^A = d(Φ^⋆u^A) = Φ^⋆(du^A) = Φ^⋆(ρ^A_a e^a + ρ^A_α e^α) = [(ρ^A_a ∘ ϕ) + (ρ^A_α ∘ ϕ)ϕ^α_a ] ē^α, from where we get that Φ is an admissible map if and only if ρ^i_a ∂ϕ^A ∂x^i = (ρ^A_a ∘ ϕ) + (ρ^A_α ∘ ϕ)ϕ^α_a .

In order to simplify the writing, we will apply the usual convention and we will omit the composition with ϕ, since we know that this is an equation to be satisfied at the point m = ϕ(n) = (x^i, ϕ^A(x)) for every n ∈ N . With this convention, the above equation is written as ρ^i_a ∂u^A ∂x^i = ρ^A_a + ρ^A_α y^α_a .

Let us now see what the condition of being a morphism means in coordinates. If we impose Φ^⋆de^a = dΦ^⋆e^a we get an identity, so that we just have to impose

Φ^⋆de^α = dΦ^⋆e^α. On one hand we have

d(Φ^⋆e^α) = d(ϕ^α_a ē^a) = 1 2 ( ρ^i_b ∂ϕ^α_c ∂x^i − ρ^i_c ∂ϕ^α_b ∂x^i − ϕ^α_a C^a_{bc} ) ē^b ∧ ē^c and on the other hand

Φ^⋆d(e^α) = −Φ^⋆ ( 1 2 C^α_{βγ} e^β ∧ e^γ − C^α_{bγ}e^b ∧ e^γ − 1 2 C^α_{bc}e^b ∧ e^c )

= − 1 2 ( C^α_{βγ} ϕ^β_b ϕ^γ_c + C^α_{bγ}ϕ^γ_c − C^α_{cγ} ϕ^γ_b − C^α_{bc} ) ē^b ∧ ē^c Thus, the bundle map Φ is a morphism if and only if it satisfies ρ^i_b ∂ϕ^α_c ∂x^i − ρ^i_c ∂ϕ^α_b ∂x^i − ϕ^α_a C^a_{bc} + C^α_{βγ} ϕ^β_b ϕ^γ_c + C^α_{bγ} ϕ^γ_c − C^α_{cγ} ϕ^γ_b = C^α_{bc},

in addition to the admissibility condition. Taking into account our notation f́_{|a} = ρ^i_a^{∂f}_{∂xi} for a function f ∈ C^∞(N ), we can write the above expressions as

ú^A_{|a} = ρ^A_a + ρ^A_α y^α_a ( ý^α_{c|b} + C^α_{bγ}y^γ_c ) − ( ý^α_{b|c} + C^α_{cγ} y^γ_b ) + C^α_{βγ} y^β_b y^γ_c − y^α_a C^a_{bc} = C^α_{bc}. where we recall that they are to be satisfied at every point m = ϕ(n).

5. Complete lift of a section

In this section we will define the lift of a projectable section of E to a vectorfield on Jπ, in a similar way to the definition of the first jet prolongations of a projectable vectorfield in the standard theory of jet bundles [22].

We consider a section σ of a Lie algebroid E projectable over a section η of F . We denote by Ψ_s the flow on E associated to σ and by Φ_s the flow on F associated to η. We recall that, for every fixed s, the maps Ψ_s and Φ_s are morphisms of Lie algebroids. Moreover, the base maps ψ_s and ϕ_s, are but the flows of the vectorfields ρ_E (σ) and ρ_F (η), respectively.

The projectability of the section implies the projectability of the flow. It follows that (locally, in the domain of the flows) we have defined a map LΨ_s : Lπ → Lπ by means of LΨ_s(w) = Ψ_s ∘ w ∘ Φ_{−s}.

By restriction of LΨ_s to Jπ we get a map JΨ_s, which is a local flow in Jπ. We will denote by X^{(1)}_σ the vector field on Jπ generating the flow JΨ_s. The vectorfield X^{(1)}_σ will be called the complete lift to Jπ of the section σ. Since JΨ_s projects to the flow Ψ_s it follows that the vector field X^{(1)}_σ projects to the vector field ρ^E (σ) in M .

Derivative of a section of L^∗π. In order to find a more operational redefinition of the complete lift, we consider the derivative of a section of L^∗π with respect to a projectable section. If we are given a projectable section σ of E, then we can define the Lie derivative of θ ∈ Sec(L^∗π) with respect to σ by means of d_σθ = d ds Ψ^⋆_sθ | | |_{s=0}. Here by Ψ^⋆_sθ we mean (Ψ^⋆_s θ)_m = Φ_{−s} ∘ θ_{ψs(m)} ∘ Ψ_s, so that the above derivative is given explicitly by

(d_σ θ)(a) = d ds ( Φ_{−s} ( θ_{ψs (m)}(Ψ_s(a)) ))| |_{s=0}, for every a ∈ E_m. It can be easily seen that this prescription defines a derivation of the module of sections of L^∗π, with associated vector field ρ^E (σ).

An alternative definition can be given as follows. Given θ ∈ Sec(L^∗π) we take P any section of E^∗ ⊗ E such that θ = π ∘ P . Then we have that d_σθ = π ∘ d_σP. The right hand side is independent of the choice of P because K is a π-ideal. Indeed, if we take two different tensors P they differ by a section ζ of E^∗ ⊗ K. Then, for any section η ∈ Sec(E), π ( (d_σζ)(η) ) = π ( d_σ(ζ(η)) ) − π ( ζ(d_ση) ) = π ( d_σ(ζ(η)) ) , which vanishes, because σ is projectable and θ(η) a section of K.

The equivalence of both definitions follows by taking into account that (Ψ^⋆_sP )_m = Ψ_{−s} ∘ P_{ψ(m)} ∘ Ψ_s and thus (Ψ^⋆_s θ)_m = Φ_{−s} ∘ θ_{ψ(m)} ∘ Ψ_s = Φ_{−s} ∘ π ∘ P_{ψ(m)} ∘ Ψ_s = π ∘ Ψ_{−s} ∘ P_{ψ(m)} ∘ Ψ_s = π ∘ (Ψ^⋆_sP )_m.

In particular, the above definition implies that the usual rules for calculating Lie derivatives apply to the calculation of d_σθ.

Notice the following relation between the action of L^∗Ψ_s and the pullback (Ψ^⋆_sθ)_m = L^∗Ψ_s(θ_{ψs(m)}).

Indeed, for every m ∈ M and w ∈ L_mπ we have

⟨L^∗Ψ_s(θ_{ψs(m)}), w⟩ = ⟨θ_{ψs(m)}, LΨ_s(w)⟩ = tr(θ_{ψs (m)} ∘ Ψ_s ∘ w ∘ Φ_{−s}) = tr(Φ_{−s} ∘ θ_{ψs (m)} ∘ Ψ_s ∘ w) = ⟨(Ψ^⋆_s θ)_m, w⟩.

With the help of the derivative of a section of L^∗π we can characterize the complete lift of a projectable section of E in terms of its action on affine functions as follows.

Proposition 4. Given a projectable section σ of E the vectorfield X^{(1)}_σ is is characterized by the following properties

• X^{(1)}_σ is projectable and projects to ρ(σ), and • L_X(1)_σ θ̂ = ^d_σθ, for every section θ of L^∗π.

Proof. It is easy to see that both conditions are compatible, and therefore they define a unique vectorfield in Jπ. We just have to prove that X^{(1)}_σ satisfies those properties. From the definition of X^{(1)}_σ it is clear that it projects to ρ(σ). Moreover, for every section θ of Lπ^∗ we have that θ̂(JΨ_s(ϕ)) = ⟨θ_{ψs(m)}, JΨ_s(ϕ)⟩ = ⟨θ_{ψs(m)}, LΨ_s(ϕ)⟩

= ⟨L^∗Ψ_s ( θ_{ψs(m)} ) , ϕ⟩ = ⟨(Ψ^⋆_s θ)_m, ϕ⟩ and taking the derivative with respect to s at s = 0,

X^{Jπ}_σ (θ̂)(ϕ) = d ds θ̂(JΨ_s(ϕ)) | |_{s=0} = d ds ⟨(Ψ^⋆_sθ)_m , ϕ⟩ | |_{s=0} = ⟨(dσθ)m, ϕ⟩ = ^dσθ(ϕ) which concludes the proof. □ Local expression. Locally, a section σ = σ^ae_a + σ^αe_α is projectable if σ^a = σ^a(x^i) depends only on x^i. If its complete lift X^{(1)}_σ projects to ρ(σ) it must be of the form

X^{(1)}_σ = ρ^i_aσ^a ∂ ∂x^i + (ρ^A_a σ^a + ρ^A_α σ^α) ∂ ∂u^A + σ^α_a V^a_α.

where the function σ^α_a are to be determined by the second condition. If we take the local section θ = e^α ⊗ ē_a of L^∗π, then θ̂ = y^α_a , and thus σ^α_a = d_σC y^α_a = d_σC θ̂ = ^d_σθ. We have

d_σθ = (d_σe^α) ⊗ ē_a + e^α ⊗ (d_ηē_a) = (d_σe^α) ⊗ ē_a − e^α ⊗ d_{ēa} η.

Also d_σe^α = di_σe^α + i_σ de^α = dσ^α + σ^bi_{ea} de^α + σ^β i_{eβ} de^α. and d_{ēa} η = [ē_a, η] = ( ρ^i_a ∂σ^b ∂x^i + σ^cC^b_{ac} ) ē_b Putting all together

d_σθ = dσ^α ⊗ ē_a + σ^b(i_{eb} de^α ⊗ ē_a) + σ^β(i_{eβ} de^α ⊗ ē_a) − ( σ́^b_{|a} + σ^cC^b_{ac} ) e^α ⊗ ē_b, and taking into account the definition of the functions Z^α_{ab} and Z^α_{aβ} we arrive to

σ^α_a = σ́^α_{|a} + Z^α_{ab}σ^b + Z^α_{aβ} σ^β − y^α_b ( σ́^b_{|a} + σ^cC^b_{ac} ) . In particular, if σ projects to 0, i.e. σ^a = 0, we have

X^{(1)}_σ = ρ^A_α σ^α ∂ ∂u^A + ( σ́^α_{|a} + Z^α_{aβ}σ^β ) ∂ ∂y^α_a . 6. Variational Calculus

In what follows in this paper we consider the case where the Lie algebroid F is the tangent bundle F = T N with ρ_F = id_{T N} and [·, ·] the usual Lie bracket of vectorfields on N . The Lie algebroid E remains a general Lie algebroid.

Variational problem. Given a Lagrangian function L ∈ C^∞(Jπ) and a volume form ω ∈ ⋀_r (T N ), where r = dim(N ), we consider the following variational problem: find the critical points of the action functional

S(Φ) = ∫ N L(Φ) ω defined on the set of sections of π which are moreover morphisms of Lie algebroids, that is, defined on the set M(π). Here by L(Φ) we mean the function n → L(Φ_n), where Φ_n ∈ Jπ is the restriction of Φ the fiber F_n = T_nN .

It is important to notice that the above variational problem is a constrained problem, not only because the condition π ∘ Φ = id_F , which can be easily solved, but because of the condition of Φ being a morphism of Lie algebroids, which is a condition on the derivatives of Φ. Taking coordinates on N such that the volume form is ω = dx^1 ∧ · · · ∧ dx^r, the problem is to find the critical points of ∫ N L(x^i, u^A, y^α_a ) dx^1 ∧ · · · ∧ dx^r subject to the constraints ∂u^A ∂x^a = ρ^A_a + ρ^A_α y^α_a ∂y^α_c ∂x^b − ∂y^α_b ∂x^c + C^α_{bγ} y^γ_c − C^α_{cγ}y^γ_b + C^α_{βγ} y^β_b y^γ_c − y^α_a C^a_{bc} = C^α_{bc}. The first method one can try for solving the problem is to use Lagrange multipliers. Nevertheless, one has no warranties that all solutions to this problem are normal (i.e. not strictly abnormal). In fact, in very simple cases as the problem of a Heavy top [17] one can easily see that there will be strictly abnormal solutions. Therefore we will try another alternative, which consists in finding explicitly finite variations of a solution, that is, by defining a curve in M(π) starting at the given solution.

Equations for critical sections. In order to find admissible variations we consider sections of E and the associated flow. With the help of this flow we can transform morphisms of Lie algebroids into morphisms of Lie algebroids.

Let Φ be a critical point of S. In order to find admissible variations we consider a π-vertical section σ of E. Its flow Ψ_s : E → E projects to the identity in F = T N . Moreover we will require σ to have compact support. Since for every fixed s, the map Ψ_s is a morphism of Lie algebroids, it follows that the map Φ_s = Ψ_s ∘ Φ is a section of π and a morphism of Lie algebroids, that is, s → Φ_s is a curve in M(π). Using this kind of variations we have the following result.

Theorem 5. A map Φ is a critical section of S if and only if in local coordinates such that the volume form is ω = dx^1 ∧ · · · ∧ dx^r the components y^α_a of Φ satisfy the system of partial differential equations ∂u^A ∂x^a = ρ^A_a + ρ^A_α y^α_a ∂y^α_a ∂x^b − ∂y^α_b ∂x^a + C^α_{bγ}y^γ_a − C^α_{aγ} y^γ_b + C^α_{βγ} y^β_b y^γ_a + C^α_{ab} = 0 d dx^a ( ∂L ∂y^α_a ) = ∂L ∂y^γ_a Z^γ_{aα} + ∂L ∂u^A ρ^A_α . Proof. Recall that by L(Φ) we mean the function in N given by L(Φ)(n) = L(Φ_n), where Φ_n is the restriction of Φ : F → E to the fibre F_n. The function L(Φ_s) is

L(Φ_s)(n) = L(Ψ_s ∘ Φ_n) = L(JΨ_s(Φ_n) = (JΨ^∗_s L)(Φ)(n),

and therefore the variation of the action along the curve s → Φ_s is 0 = d ds S(Φ_s) | | |_{s=0} = ∫ N d ds L(Φ_s) | | |_{s=0}ω = ∫ N (L_X(1)_σ L)(Φ) ω.

Taking into account the local expression of X^{(1)}_σ for a π-vertical σ, we have that

L_X(1)_σ L = ρ^A_α σ^α ∂L ∂u^A + ( dσ^α dx^a + Z^α_{aβ}σ^β ) ∂L ∂y^α_a = σ^α [ ρ^A_α ∂L ∂u^A + Z^γ_{aα} ∂L ∂y^γ_a − d dx^a ( ∂L ∂y^α_a )] + d dx^a ( σ^α ∂L ∂y^α_a ) . Let us denote by δL the expression with components δL_α = d dx^a ( ∂L ∂y^α_a ) − Z^γ_{aα} ∂L ∂y^γ_a − ρ^A_α ∂L ∂u^A and by J_σ the (r − 1)-form (along π_1) J_σ = σ^{α ∂L}_{∂yαa} ω_a with ω_a = i ∂_{∂xa} ω. Then we have that 0 = d ds S(Φ_s) | | |_{s=0} = ∫ N (δL_α σ^α)ω + ∫ N d(J_σ ∘ Φ). Since σ has compact support the second term vanishes by Stokes theorem. Moreover, since the section σ is arbitrary, by the fundamental theorem of the Calculus of Variations, we get δL = 0, which are the Euler-Lagrange equations. Notice that the first two equations in the above statement are but the morphism conditions. □

Remark 6. We can consider a more general problem and we can look for the critical points of the action ∫ N L(Φ) ω where Φ is restricted to be an admissible map, i.e. with the constraints u^A_{,a} = ρ^A_a + ρ^A_α y^α_a . If we apply formally the Lagrange multiplier trick we get the first and the third of the above equations for^{∂L}_{∂yαa} = ρ^A_α p^a_A, where p^A_a the Lagrange multipliers. Moreover the integrability conditions for the admissibility equations are ρ^A_α M^α_{ab} = 0, where

M^α_{ab} = ∂y^α_a ∂x^b − ∂y^α_b ∂x^a + C^α_{bγ} y^γ_a − C^α_{aγ}y^γ_b + C^α_{βγ} y^β_b y^γ_a + C^α_{ab}

i.e. M^α_{ab} = 0 are the morphism condition. Therefore, if ρ|_K is injective we recover the three field equations. Nevertheless, even in that case, we cannot ensure that the Lagrange multiplier method captures all the solutions. ⋄

Noether’s theorem. It is well-known that Noether’s theorem is a consequence of the existence of a variational description of a problem. In the standard case [10], when the Lagrangian is invariant by the first jet prolongation of a vertical vectorfield Z then the Noether current J = i_Z(1) Θ_L is a conserved current, that is, its pullback by any solution of the Euler-Lagrange equations is a closed form on the base manifold N , and therefore its integral over any closed (r − 1)-dimensional submanifold vanishes. We will show that a similar statement can be obtained for a field theory over Lie algebroids.

Consider a section σ of E vertical over F = T N , and the associated vector field X^{(1)}_σ . We can associate to σ a current J_σ (i.e. a (r − 1)-form along π_1) as in the standard case by means of

J_σ = ∂L ∂y^α_a σ^αω_a, which can be defined intrinsically via vertical lifting.

Definition 7. We will say that the Lagrangian density L is invariant under a π-vertical section σ ∈ Sec(E) if L_X(1)_σ L = 0. An (r − 1)-form λ along π_1 is said to be a conserved current if λ ∘ Φ is a closed form on N for any solution Φ of the Euler-Lagrange equations.

It follows from this definition that L is invariant under σ if and only if it is invariant under JΨ_s, where Ψ_s is the flow defined by the section σ.

Theorem 8. Let σ ∈ Sec(E) be a π-vertical section. If the Lagrangian is invariant under the section σ then J_σ is a conserved current.

Proof. Indeed, following the steps in the derivation of the Euler Lagrange equations we have that (L_X(1)_σ L)ω = δL_ασ^αω + d(J_σ ∘ Φ). Therefore, if Φ is a solution of the Euler-Lagrange equations, the first term vanishes and, since L_X(1)_σ L = 0, we have that d(J_σ ∘ Φ) = 0. □

7. Examples

Standard case. In the standard case, we consider a bundle ν : M → N , the standard Lie algebroids F = T N and E = T M and the tangent map π = T ν : T M → T N . Then we have that Jπ = J^1ν. When we choose coordinate basis of vectorfields (i.e. of sections of T N and T M ) we recover the equations for the standard first order field theory.

Moreover, if we consider a different basis, what we get is the equations for a first order field theory but written in pseudo-coordinates. In particular, one can take an Ehresmann connection on the bundle ν : M → N and use an adapted local basis

ē_i = ∂ ∂x^i , and e_i = ∂ ∂x^i + Γ^A_i ∂ ∂u^A , e_A = ∂ ∂u^A . In this case, the greek indices and the latin capital indices coincide. We have the brackets

[e_i, e_j] = −R^A_{ij}e_A, [e_i, e_B ] = Γ^A_{iB} e_A and [e_A, e_B] = 0, where we have written Γ^B_{iA} = ∂Γ^B_i /∂u^A and where R^A_{ij} is the curvature tensor of the nonlinear connection we have chosen. The components of the anchor are ρ^i_j = δ^i_j , ρ^A_i = Γ^A_i and ρ^A_B = δ^A_B so that the Euler-Lagrange equations are ∂u^A ∂x^i = Γ^A_i + y^A_i ∂y^A_i ∂x^j − ∂y^A_j ∂x^i + Γ^A_{jB}y^B_i − Γ^A_{iB}y^B_j = R^A_{ij} d dx^i ( ∂L ∂y^A_i ) − Γ^B_{iA} ∂L ∂y^B_i = ∂L ∂u^A . See [4, 10] for an alternative derivation of this equations.

Time-dependent Mechanics. In [20, 21] we developed a theory of Lagrangian Mechanics for time dependent systems defined on Lie algebroids, where the base manifold is fibered over the real line R. Since time-dependent mechanics is but a 1-dimensional field theory, our results must reduce to that.

The morphism condition is just the admissibility condition so that, if we write x^0 ≡ t and y^α_0 ≡ y^α, the Euler-Lagrange equations are du^A dt = ρ^A_0 + ρ^A_α y^α d dt ( ∂L ∂y^α ) = ∂L ∂y^γ (C^γ_{0α} + C^γ_{βα}y^β ) + ∂L ∂u^A ρ^A_α , in full agreement with [18].

Chern-Simons theory. We consider a Lie algebra g with an ad-invariant metric k. We choose a basis {ϵ_α} of g and the structure constants C^α_{βγ} in that basis. If k_{αβ} are the components of the metric k, then the symbols C_{αβγ} = k_{αμ}C^μ_{βγ} are skewsymmetric in all indices. We consider a 3-dimensional manifold N and the Lie algebroid E = T N × g → N with the projection onto the first factor. A basis for sections of E is given by e_α(n) = (n, ϵ_α). The maps π and ν are π(v, ξ) = v and ν = id_N .

If a map Φ from T N to E is a section of π, then Φ is of the form Φ(v) = (v, A^α(v)ϵ_α) for some 1-forms A^α on N . In other words Φ^⋆e^α = A^α. The Lagrangian density for Chern-Simons theory is

L dx^1 ∧ dx^2 ∧ dx^3 = 1 3! C_{αβγ} A^α ∧ A^β ∧ A^γ . With the notation of this paper, the coordinates y^α_a are the components of A^α, that is, A^α = y^α_a dx^a. Therefore the Lagrangian is L = C_{αβγ} y^α_1 y^α_2 y^α_3 .

There is no admissibility condition in this case, since there are no coordinates u^A. The morphism conditions are ý^α_{i|j} − ý^α_{j|i} − C^α_{βγ} y^β_j y^γ_i = 0, and can be written conveniently in terms of the 1-forms A^α as dA^α + 1 2 C^α_{βγ} A^β ∧ A^γ = 0.

For the momenta, we have that ∂L ∂y^α_1 = C_{αβγ} y^β_2 y^γ_3 , ∂L ∂y^α_2 = C_{βαγ} y^β_1 y^γ_3 , and ∂L ∂y^α_1 = C_{βγα}y^β_1 y^γ_2 , so that the Euler-Lagrange equations reduce to d dx^a ∂L ∂y^α_a − ∂L ∂y^γa C^γ_{βα}y^β_a = C_{αβγ} [ (y^β_{2|1} − y^β_{1|2} − C^β_{μν}y^μ_1 y^ν_2 )y^γ_3 +

+ (y^β_{1|3} − y^β_{3|1} − C^β_{μν}y^μ_3 y^ν_1 )y^γ_2 +

+ (y^β_{3|2} − y^β_{2|3} − C^β_{μν}y^μ_2 y^ν_3 )y^γ_1 ] = 0 vanish identically in view of the morphism condition.

The conventional Lagrangian density for the Chern-Simons theory is L^′ω = k_{αβ} ( A^α ∧ dA^β + 1 3 C^β_{μν} A^α ∧ A^μ ∧ A^ν )

The difference between L^′ and L is a multiple of the morphism condition L^′ω − Lω = k_{αμ}A^μ [ dA^α + 1 2 C^α_{βγ} A^β ∧ A^γ ] . Therefore both Lagrangians coincide on the set M(π) of morphisms, which is the set where the action is defined.

Systems with symmetry. The case of a system with symmetry is very important in Physics. We consider a principal bundle ν : P → M with structure group G and we set N = M , F = T N and E = T P/G (the Atiyah algebroid of P ), with π([v]) = T ν(v). Sections of π are just principal connections on P and a section is a morphism if and only if it is a flat connection. The kernel K is just the adjoint bundle (P × g)/G → M .

An adequate choice of a local basis of sections of F , K and E is as follows. Take a coordinate basis ē_i = ∂/∂x^i for F = T M , take a basis {ϵ_α} of the Lie algebra g and the corresponding sections of the adjoint bundle {e_α}, so that C^γ_{αβ} are the structure constants of the Lie algebra. Finally we take sections {e_i} of E such that e_i projects to ē_i, that is, we chose a (local) connection and e_i is the horizontal lift of ē_i. Thus we have [e_i, e_j ] = −Ω^α_{ij} e_α and [e_i, e_α] = 0. In this case there are no coordinates u^A, and with the above choice of basis we have that the Euler-Lagrange equations are ∂y^α_a ∂x^b − ∂y^α_b ∂x^a + C^α_{βγ} y^β_b y^γ_a = Ω^α_{ab} d dx^a ( ∂L ∂y^α_a ) − ∂L ∂y^γ_a C^γ_{βα}y^β_a = 0. In particular, for the definition of our sections we can choose a flat connection (for instance a solution of our variational problem or just a coordinate basis). Then we have that Ω^α_{ab} = 0 in the above equations, which are then called the covariant Euler-Poincaré equations [7, 6].

8. Conclusions and outlook

In this contribution, we have dealt with the constrained variational problem consisting in finding the critical sections of the integral of a Lagrangian function, where the fields are restricted to be morphisms from T N to a Lie algebroid E, and we have found the Euler-Lagrange equations. The admissible variations are determined by the geometry of the problem and are not prescribed in an ad hoc manner.

Particular cases of our Euler-Lagrange equations are the Euler-Poincaré equations for a system defined on the bundle of connections of a principal bundle, the Lagrange-Poincaré equations for systems defined on a bundle of homogeneous spaces and the Lagrange-Poincaré for systems defined in semidirect products.

In the standard case, when E = T M , the existence of a multisymplectic form is fundamental in the development of the theory. Preliminary calculations show that in the case of arbitrary Lie algebroids one can also find a Cartan form [11, 13] and a multisymplectic form, and the field equations are obtained via a multisymplectic equation.

Another interesting problem under development is the determination of those Lagrangians which give rise to null Euler-Lagrange equations, as it was the case of the Chern-Simons theory. Finally, it would be interesting to find a variational principle for the case of a general Lie algebroid F ≠ T N .

References

[1] Binz E, Sniatycki J and Fisher H, The Geometry of Classical fields, North Holland, Amsterdam, 1988.

[2] Bojowald M, Kotov A and Strobl T, Lie algebroid morphisms, Poisson Sigma Models, and off-shell closed gauge symmetries, arXiv:math.DG/0406445 (2004) [3] Cannas da Silva A and Weinstein A , Geometric models for noncommutative algebras, Amer. Math. Soc., Providence, RI, 1999; xiv+184 pp.

[4] Cariñena JF, Crampin M and Ibort LA, On the multisymplectic formalism for first order field theories, Diff. Geom. Appl. 1 (1991) 345-374.

[5] Castrillón López M and Ratiu TS, Reduction in principal bundles: covariant Lagrange- Poincaré equations, Comm. Math. Phys. 236 (2003), no. 2, 223-250.

[6] Castrillón López M, García-Pérez PL and Ratiu TS, Euler-Poincaré reduction on principal bundles, Lett. Math. Phys. 58 (2001), no. 2, 167-180.

[7] Castrillón López, Ratiu TS and Shkoller S, Reduction in principal fiber bundles: covariant Euler-Poincaré equations Proc. Amer. Math. Soc. 128 (2000), no. 7, 2155-2164.

[8] Cortés J and Martínez M, Mechanical control systems on Lie algebroids IMA Journal of Mathematical Control and Information, to appear.

[9] de León M, Marrero JC and Martínez E, Lagrangian submanifolds and dynamics on Lie algebroids, arXiv:math.DG/0407528 (2004) [10] Echeverría-Enríquez A, Muñoz-Lecanda MC and Román-Roy N, Geometry of Lagrangian first-order classical field theories. Forts. Phys. 44 (1996) 235-280.

[11] García-Pérez PL, The Poincaré-Cartan invariant in the calculus of variations, Symp. Math.

14 (Convegno di Geometria Simplettica e Fisica Matematica, INDAM, Rome, 1973), Acad. Press, London (1974) 219-246.

[12] Giachetta G, Mangiarotti L and Sardanashvily G, New Lagrangian and Hamiltonian Methods in Field Theory, World Scientific Pub. Co., Singapore (1997).

[13] Goldschmidt H and Sternberg S, The Hamilton-Cartan formalism in the calculus of variations Ann. Inst. Fourier (Grenoble) 23 (1973), no. 1, 203–267.

[14] Gotay MJ, Isenberg J and Marsden JE, Momentum maps and classical relativistic fields.

Part I: Covariant field theory, MSRI preprint 1997.

[15] Grabowski J and Urbanski P, Tangent and cotangent lifts and graded Lie algebras associated with Lie algebroids, Ann. Global Anal. Geom. 15 (1997), no. 5, 447-486.

[16] Mackenzie K, Lie groupoids and Lie algebroids in differential geometry, London Math. Soc.

Lect. Note Series 124 (Cambridge Univ. Press) (1987).

[17] Martínez E, Lagrangian Mechanics on Lie algebroids, Acta Appl. Math. 67 (2001) 295-320. [18] Martínez E, Mestdag T and Sarlet W, Lie algebroid structures and Lagrangian systems on affine bundles J. Geom. Phys. 44 (2002), no. 1, 70-95.

[19] Nijenhuis A, Vector form brackets in Lie algebroids, Arch. Math. (Brno) 32 (1996), no. 4, 317-323.

[20] Sarlet W, Mestdag T and Martínez E, Lagrangian equations on affine Lie algebroids, In:

Differential Geometry and its Applications, Proc. 8th Int. Conf. (Opava 2001), D. Krupka et al (Editors), to appear.

[21] Sarlet W, Mestdag T and Martínez E, Lie algebroid structures on a class of affine bundles, J. Math. Phys. 43 (2002), no. 11, 5654-5674.

[22] Saunders DJ, The Geometry of Jet Bundles, London Math. Soc. Lect. Notes Ser. 142, Cambridge, Univ. Press, 1989.

[23] Strobl T, Gravity from Lie algebroid morphisms, Comm. Math. Phys. 246 (2004), no. 3, 475-502.

[24] Weinstein A, Lagrangian Mechanics and groupoids, In: Mechanics day (Waterloo, ON, 1992), Fields Institute Communications 7, American Mathematical Society (1996) 207–231.

Eduardo Martínez: Departamento de Matemática Aplicada, Facultad de Ciencias, Universidad de Zaragoza, 50009 Zaragoza, Spain E-mail address: emf@unizar.es