arXiv:math.DG/0411070 v2 21 Apr 2005

Noether’s second theorem in a general setting. Reducible gauge theories

D.Bashkirov^1, G.Giachetta^2, L.Mangiarotti^2, G.Sardanashvily^1

1 Department of Theoretical Physics, Moscow State University, 117234 Moscow, Russia 2 Department of Mathematics and Informatics, University of Camerino, 62032 Camerino (MC), Italy

Abstract We prove Noether’s direct and inverse second theorems for Lagrangian systems on fiber bundles in the case of gauge symmetries depending on derivatives of dynamic variables and parameters of an arbitrary order. The appropriate notions of a reducible gauge symmetry and Noether identity are formulated, and their equivalence by means a certain intertwining operator is proved.

Mathematical subject classification: Primary 70S05, Secondary 53C80, 58A20

1 Introduction

Different variants of Noether’s second theorem state that, if a Lagrangian admits symmetries depending on parameters, its variational derivatives obey certain relations, called the Noether identity. In a rather general setting, this theorem has been formulated in [8]. Gauge symmetries and Noether identities need not be independent, and one speaks on N-stage reducible gauge symmetries and Noether identities. The notion of a reducible Noether identity has come from that of a reducible constraint [7], but it involves differential operators. Note that the conventional Batalin–Vilkovisky (BV) quantization of a classical gauge system necessarily starts with studying an hierarchy of its gauge symmetries and Noether identities in order to define the multiplet of ghosts and antifields, and to construct the so-called gauge-fixed Lagrangian [2, 13]. It should be also emphasized that, if a gauge symmetry is reducible, the components of a Noether current in classical field theory and the Ward identities in quantum field theory fail to be independent.

We present Noether’s second theorem and its inverse (Theorem 4.2) for Lagrangian systems on a fiber bundle Y → X in the case of gauge symmetries depending on derivatives of dynamic variables and parameters of an arbitrary order. Bearing in mind the extension of the BV quantization scheme to an arbitrary base manifold [3, 12], we pay the particular attention to global aspects of Noether’s second theorem. For this purpose, we consider Lagrangian formalism on the composite fiber bundle E → Y → X, where E → Y is a vector bundle of gauge parameters. Accordingly, a gauge symmetry is represented by a linear differential operator υ on E taking its values in the vertical tangent bundle V Y of Y → X.

The Noether identity for a Lagrangian L is defined by a differential operator Δ on the fiber bundle (2.12) which takes its values in the density-dual

E^∗ = E^∗ ⊗_Y^n∧ T^∗X (1.1)

of E → Y and whose kernel contains the image of the Euler–Lagrange operator δL of L, i.e.,

Δ ∘ δL = 0. (1.2)

Expressed in these terms, Noether’s second theorem and its inverse follow at once from the first variational formula (Proposition 3.1) and the properties of differential operators on dual fiber bundles (Theorem 8.1). Namely, there exists the intertwining operator η(υ) = Δ (8.4), η(Δ) = υ (8.5) such that

η(η(υ)) = υ, η(η(Δ)) = Δ, (1.3) η(υ ∘ υ^′) = η(υ^′) ∘ η(υ), η(Δ^′ ∘ Δ) = η(Δ) ∘ η(Δ^′). (1.4)

The appropriate notions of a reducible Noether identity and gauge symmetry are formulated, and their equivalence with respect to the intertwining operator η is proved (Theorem 5.3).

The following two examples aim to illustrate our exposition: (i) the gauge theory of principal connections for which gauge transformations need not be vertical, e.g., the topological gauge theory with the global Chern–Simons Lagrangian and the Yang–Mills gauge theory with a dynamic metric field, (ii) a gauge system of skew symmetric tensor fields with a reducible gauge symmetry, e.g., the topological BF theory.

2 Lagrangian formalism on fiber bundles

Lagrangian formalism on a fiber bundle Y → X is phrased in terms of the following graded differential algebra (henceforth GDA) [1, 10, 12, 15].

The finite order jet manifolds of Y → X form an inverse system X^π←− Y^{π10}←− J^1Y ←− · · · J^{r−1}Y^{πr−1}←− J^rY ←− · · · . (2.1) In the sequel, the index r = 0 stands for Y . Accordingly, we have the direct system O^∗X^{π∗}−→ O^∗Y^{π10 ∗}−→ O^∗_1Y −→ · · · O^∗_{r−1}Y^{πr−1 ∗}−→ O^∗_r Y −→ · · · (2.2) of GDAs O^∗_r Y of exterior forms on jet manifolds J^rY with respect to the pull-back monomorphisms π^r_{−1}^∗. Its direct limit O^∗_∞[Y ] is a GDA consisting of all exterior forms on finite order jet manifolds modulo the pull-back identification.

The projective limit (J^∞Y, π^∞_r : J^∞Y → J^rY ) of the inverse system (2.1) is a Fréchet manifold. A bundle atlas {(U_Y ; x^λ, y^i)} of Y → X yields the coordinate atlas

{((π^∞_0 )^{−1}(U_Y ); x^λ, y^i_Λ)}, y^{′i}_{λ+Λ} = ∂x^μ ∂x^{′λ} d_μy^{′i}_Λ, 0 ≤ |Λ|, (2.3)

of J^∞Y , where Λ = (λ_k...λ_1) is a symmetric multi-index, λ + Λ = (λλ_k ...λ_1), and

d_λ = ∂_λ + ∑ 0≤|Λ| y^i_{λ+Λ}∂^Λ_i , d_Λ = d_{λr} ∘ · · · ∘ d_{λ1} (2.4)

are total derivatives. There is the GDA epimorphism O^∗_∞[Y ] → O^∗_∞[U_Y ] obtained as the restriction of O^∗_∞Y to the chart (2.3). Then O^∗_∞[Y ] can be written in a coordinate form where the horizontal one-forms {dx^λ} and the contact one-forms {θ^i_Λ = dy^i_Λ − y^i_{λ+Λ}dx^λ} are generating elements of the O^0_∞[U_Y ]-algebra O^∗_∞[U_Y ]. Though J^∞Y is not a smooth manifold, the coordinate transformations of elements of O^∗_∞[Y ] are smooth since they are exterior forms on finite order jet manifolds.

There is the canonical decomposition O^∗_∞[Y ] = ⊕O^{k,m}_∞ [Y ] of O^∗_∞[Y ] into O^0_∞[Y ]-modules O^{k,m}_∞ [Y ] of k-contact and m-horizontal forms together with the corresponding projectors

h_k : O^∗_∞[Y ] → O^{k,∗}_∞ [Y ], h^m : O^∗_∞[Y ] → O^{∗,m}_∞ [Y ].

Accordingly, the exterior differential on O^∗_∞[Y ] is split into the sum d = d_H + d_V of the nilpotent total and vertical differentials

d_H (ϕ) = dx^λ ∧ d_λ(ϕ), d_V (ϕ) = θ^i_Λ ∧ ∂^Λ_i ϕ, ϕ ∈ O^∗_∞[Y ].

In particular, any finite order Lagrangian on a fiber bundle Y → X is a density L = Lω ∈ O^{0,n}_∞ [Y ], ω = dx^1 ∧ · · · ∧ dx^n, n = dim X. (2.5) In the framework of Lagrangian formalism, we deal with differential operators of the following type. Let W → Y → X, Z → Y → X be composite bundles, including W = Y , and let Z → Y be a vector bundle. By a k-order differential operator on W → X taking its values in Z → X is throughout meant a bundle morphism Δ : J^kW −→_Y Z. (2.6)

Its kernel Ker Δ is defined as the inverse image of the canonical zero section of Z → Y . In an equivalent way, the differential operator (2.6) is represented by a section Δ of the vector bundle J^kW ×_Y Z → J^kW . Given bundle coordinates (x^λ, y^i, w^r) on W and (x^λ, y^i, z^A) on Z with respect to the fiber basis {e_A} for Z → Y , this section reads Δ = Δ^A(x^λ, y^i_Λ, w^B_Λ )e_A, 0 ≤ |Λ| ≤ k. (2.7) Then the differential operator (2.6) is also represented by an element Δ = Δ^A(x^λ, y^i_Λ, w^B_Λ )z_A ∈ O^0_∞[W × Z^∗] (2.8) of the GDA O^∗_∞[W ×_X Z^∗], where Z^∗ → Y is the dual of Z → Y with coordinates (x^λ, y^i, z_A).

If W → Y is a vector bundle, a differential operator Δ (2.6) on the composite bundle W → Y → X is said to be linear if it is linear on the fibers of the vector bundle J^kW → J^kY . In this case, its representations (2.7) and (2.8) take the form Δ = ∑ 0≤|Ξ|≤k Δ^{A,Ξ}_r (x^λ, y^i_Λ)w^r_Ξe_A, 0 ≤ |Λ| ≤ k, (2.9) Δ = ∑ 0≤|Ξ|≤k Δ^{A,Ξ}_r (x^λ, y^i_Λ)w^r_Ξz_A, 0 ≤ |Λ| ≤ k. (2.10) In particular, every Lagrangian L (2.5) defines the Euler–Lagrange operator δL = ∑ 0≤|Λ| (−1)^{|Λ|}d_Λ(∂^Λ_i L)dy^i ∧ ω (2.11) on Y taking the values in the vector bundle V^∗Y ⊗_Y^n∧_X T^∗X → Y. (2.12) It is represented by the exterior form δL = E_iθ^i ∧ ω = ∑ 0≤|Λ| (−1)^{|Λ|}d_Λ(∂^Λ_i L)θ^i ∧ ω ∈ O^{1,n}_∞ [Y ], (2.13) where δϕ = ∑ 0≤|Λ| (−1)^{|Λ|}θ^i ∧ [d_Λ(∂^Λ_i ⌋dϕ)], ϕ ∈ O^{∗,n}_∞ [Y ], (2.14) is the variational operator acting on O^{∗,n}_∞ [Y ] so that δ ∘ d_H = 0 and δ ∘ δ = 0. There is the canonical decomposition dL = δL − d_H Ξ, (2.15) where Ξ_L = L + Ξ is a Lepagean equivalent of L. It reads Ξ_L = L + ∑ s=0 F^{λνs...ν1} i θ^i_{νs...ν1} ∧ ω_λ, F^{νk ...ν1} i = ∂^{νk...ν1}_i L − d_λF^{λνk...ν1}_i + h^{νk ...ν1}_i , ω_λ = ∂_λ⌋ω, where functions h obey the relations h^ν_i = 0, h^{(νk νk−1)...ν1}_i = 0 [14].

Remark 2.1. Given a Lagrangian L and its Euler-Lagrange operator δL (2.13), we further abbreviate A ≈ 0 with an equality which holds on-shell. This means that A is an element of a module over the ideal I_L of the ring O^0_∞[Y ] which is locally generated by the variational derivatives E_i and their total derivatives d_ΛE_i. One says that I_L is a differential ideal because, if a local functions f belongs to I_L, then every total derivative d_Λf does as well.

Remark 2.2. We will use the relations ∑ 0≤|Λ|≤k B^Λd_ΛA^′ = ∑ 0≤|Λ|≤k (−1)^{|Λ|}d_Λ(B^Λ)A^′ + d_H σ, (2.16) ∑ 0≤|Λ|≤k (−1)^{|Λ|}d_Λ(B^ΛA) = ∑ 0≤|Λ|≤k η(B)^Λd_ΛA, (2.17)

η(B)^Λ = ∑ 0≤|Σ|≤k−|Λ| (−1)^{|Σ+Λ|}C^{|Σ|}_{|Σ+Λ|}d_ΣB^{Σ+Λ}, C^a_b = b! a!(b − a)! , (2.18)

for arbitrary exterior forms A^′ ∈ O^{∗,n}_∞ [Q], A ∈ O^∗_∞[Q] and local functions B^Λ ∈ O^0_∞[Q] on jet manifolds of a fiber bundle Q → X. Since^k ∑ a=0 (−1)^aC^a_k = 0 for k > 0, it is easily verified that (η ∘ η)(B)^Λ = B^Λ. (2.19)

3 Gauge symmetries in a general setting

Let dO^0_∞Y be the O^0_∞[Y ]-module of derivations of the R-algebra O^0_∞[Y ]. Any ϑ ∈ dO^0_∞Y yields a graded derivation (the interior product) ϑ⌋ϕ of the GDA O^∗_∞[Y ] given by the relations ϑ⌋df = ϑ(f), f ∈ O^0_∞[Y ], ϑ⌋(ϕ ∧ σ) = (ϑ⌋ϕ) ∧ σ + (−1)^{|ϕ|}ϕ ∧ (ϑ⌋σ), ϕ, σ ∈ O^∗_∞[Y ], and a derivation L_ϑ (the Lie derivative) which satisfies the conditions L_ϑϕ = ϑ⌋dϕ + d(ϑ⌋ϕ), ϕ ∈ O^∗_∞[Y ], (3.1) L_ϑ(ϕ ∧ ϕ^′) = L_ϑ(ϕ) ∧ ϕ^′ + ϕ ∧ L_ϑ(ϕ^′), (3.2) L_ϑ(d_H ϕ) = d_H (L_ϑϕ). (3.3)

Relative to an atlas (2.3), a derivation ϑ ∈ dO^0_∞Y reads

ϑ = ϑ^λ∂_λ + ϑ^i∂_i + ∑ |Λ|>0 ϑ^i_Λ∂^Λ_i , (3.4) where the tuple of derivations {∂_λ, ∂^Λ_i } is defined as the dual of the set {dx^λ, dy^i_Λ} of generating elements for the O^0_∞[Y ]-algebra O^∗_∞[Y ] with respect to the interior product ⌋ [12].

A derivation ϑ (3.4) is called contact if the Lie derivative L_ϑ (3.1) preserves the contact ideal of the GDA O^∗_∞[Y ] generated by contact forms. A derivation ϑ (3.4) is contact iff

ϑ^i_Λ = d_Λ(ϑ^i − y^i_μϑ^μ) + y^i_{μ+Λ}ϑ^μ, 0 < |Λ|. (3.5)

Any contact derivation admits the canonical horizontal splitting

ϑ = ϑ_H + ϑ_V = ϑ^λd_λ + (υ^i∂_i + ∑ 0<|Λ| d_Λυ^i∂^Λ_i ), υ^i = ϑ^i − y^i_μϑ^μ. (3.6)

Its vertical part ϑ_V is completely determined by the first summand

υ = υ^i(x^λ, y^i_Λ)∂_i, 0 ≤ |Λ| ≤ k. (3.7)

This is a section of the pull-back V Y ×_Y J^kY → J^kY of the vertical tangent bundle V Y → Y onto J^kY [6] and, thus, it is a k-order V Y -valued differential operator on Y . One calls υ (3.7) a generalized vector field on Y .

Proposition 3.1. It follows from the splitting (2.15) that the Lie derivative of a Lagrangian L (2.5) along a contact derivation ϑ (3.9) fulfills the first variational formula

L_ϑL = υ⌋δL + d_H (h_0(ϑ⌋Ξ_L)) + Ld_V (ϑ_H ⌋ω), (3.8)

where Ξ_L is a Lepagean equivalent of L [12].

A contact derivation ϑ (3.9) is called variational if the Lie derivative (3.8) is d_H -exact, i.e., L_ϑL = d_H σ, σ ∈ O^{0,n−1}_∞ [Y ]. A glance at the expression (3.8) shows that: (i) a contact derivation ϑ is variational only if it is projectable onto X, (ii) ϑ is variational iff its vertical part ϑ_V is well, (iii) it is variational if υ⌋δL is d_H -exact. By virtue of item (ii), we can restrict our consideration to vertical contact derivations ϑ = ∑ 0≤|Λ| d_Λυ^i∂^Λ_i . (3.9)

A generalized vector field υ (3.7) is called a variational symmetry of a Lagrangian L if it generates a variational vertical contact derivation (3.9).

A Lagrangian system on a fiber bundle Y → X is said to be a gauge theory if its Lagrangian L admits a family of variational symmetries parameterized by elements of a vector bundle E → Y as follows.

Let E → Y be a vector bundle coordinated by (x^λ, y^i, ξ^r ). Given a Lagrangian L on Y , let us consider its pull-back, say again L, onto E. Let ϑ_E be a contact derivation of the R-algebra O^0_∞[E], whose restriction ϑ = ϑ_E|_O0_{∞ Y} = ∑ 0≤|Λ| d_Λυ^i∂^Λ_i (3.10) to O^0_∞[Y ] ⊂ O^0_∞[E] is linear in coordinates ξ^r_Ξ. It is determined by a generalized vector field υ_E on E whose canonical projection υ : J^kE^{υE}−→ V E → E ×_Y V Y (see the exact sequence (3.12) below) is a linear V Y -valued differential operator υ = ∑ 0≤|Ξ|≤m υ^{i,Ξ}_r (x^λ, y^i_Σ)ξ^r_Ξ∂_i (3.11) on E → Y → X. Let ϑ_E be a variational symmetry of a Lagrangian L on E, i.e., L_{ϑE} L = d_H σ. Then one says that υ (3.11) is a gauge symmetry of a Lagrangian L. Remark 3.1. Note that any generalized vector field υ (3.11) gives rise to a generalized vector field υ_E on E and, thus, defines a contact derivation ϑ_E of O^0_∞[E]. Indeed, let us consider the exact sequence of vector bundles 0 → V_Y E → V E → E ×_Y V Y → 0, (3.12) where V_Y E is the vertical tangent bundle of E → Y . Its splitting Γ lifts υ to the generalized vector field υ_E = Γ ∘ υ on E such that the Lie derivative L_{ϑE} L = υ⌋δL + d_H (ϑ⌋Ξ_L) (3.13) depends only on υ, but not a lift Γ.

Remark 3.2. If υ (3.11) is a gauge symmetry, we obtain from the first variational formula (3.13) the weak conservation law 0 ≈ d_H (ϑ⌋Ξ_L − σ), (3.14) where J = ϑ⌋Ξ_L = ∑ 0≤|Λ| J^{λ,Λ}_r ξ^r_Λω_λ, (3.15) is a Noether current.

4 Noether’s second theorem

Let us start with the notion of a Noether identity.

Definition 4.1. Given a Lagrangian L (2.5) and its Euler–Lagrange operator δL (2.13), let E → Y be a vector bundle and Δ a linear differential operator of order 0 ≤ m on the composite bundle (2.12) with the values in the density-dual E^∗ (1.1) of E which obeys the condition (1.2). This condition is called the Noether identity, and Δ is the Noether operator.

Given bundle coordinates (x^λ, y^i, y_i) on the fiber bundle (2.12) and (x^λ, y^i, ξ^r ) on E, the Noether operator Δ is represented by the density

Δ = Δ_rξ^r ω = ∑ 0≤|Λ|≤m Δ^{i,Λ}_r (x^λ, y^j_Σ)y_{Λi}ξ^r ω ∈ O^{0,n}_∞ [E ×_Y V^∗Y ], 0 ≤ |Σ| ≤ m. (4.1) Then the Noether identity (1.2) takes the coordinate form ∑ 0≤|Λ|≤m Δ^{i,Λ}_r d_ΛE_iξ^r ω = 0. (4.2)

Theorem 4.2. If a Lagrangian L (2.5) admits a gauge symmetry υ (3.11), its Euler– Lagrange operator obeys the Noether identity (4.2) where the Noether operator (4.1) is Δ = η(υ) = ∑ 0≤|Σ|≤m (−1)^{|Σ|}d_Σ(υ^{i,Σ}_r y_i)ξ^r ω = ∑ 0≤|Λ|≤m η(υ)^{i,Λ}_r y_{Λi}ξ^r ω, (4.3) η(υ)^{i,Λ}_r = ∑ 0≤|Σ|≤m−|Λ| (−1)^{|Σ+Λ|}C^{|Σ|}_{|Σ+Λ|}d_Συ^{i,Σ+Λ}_r .

Conversely, if the Euler–Lagrange operator of a Lagrangian L obeys the Noether identity (4.2), this Lagrangian admits a gauge symmetry υ (3.11) where υ = η(Δ) = ∑ 0≤|Σ|≤m (−1)^{|Σ|}d_Σ(Δ^{i,Σ}_r ξ^r )∂_i = ∑ 0≤|Λ|≤m η(Δ)^{i,Λ}_r ξ^r_Λ∂_i, (4.4) η(Δ)^{i,Λ}_r = ∑ 0≤|Σ|≤m−|Λ| (−1)^{|Σ+Λ|}C^{|Σ|}_{|Σ+Λ|}d_ΣΔ^{i,Σ+Λ}_r . (4.5)

Proof. Given an operator υ (3.11), the operator Δ = η(υ) (4.3) is defined in accordance with Theorem 8.1 in Appendix. Since the density υ⌋δL = υ^iE_iω = ∑ 0≤|Ξ|≤m υ^{i,Ξ}_r ξ^r_ΞE_iω is d_H -exact, the Noether identity δ(υ⌋δL) = η(υ) ∘ δL = 0 holds. Conversely, any operator Δ (4.1) defines the generalized vector field υ = η(Δ) (4.4). Due to the Noether identity (4.2), we obtain 0 = ∑ 0≤|Λ|≤m ξ^r Δ^{i,Λ}_r d_ΛE_iω = ∑ 0≤|Λ|≤m (−1)^{|Λ|}d_Λ(ξ^r Δ^{i,Λ}_r )E_iω + d_H σ = ∑ 0≤|Ξ|≤m υ^{i,Ξ}_r ξ^r_ΞE_iω + d_H σ = υ⌋δL + d_H σ, i.e., υ is a gauge symmetry of L. □

By virtue of the relations (1.3), there is one-to-one correspondence between gauge symmetries of a Lagrangian L and the Noether identities for δL. Example 4.1. If a gauge symmetry υ = (υ^i_r ξ^r + υ^{i,μ}_r ξ^r_μ)∂_i (4.6) is of first jet order in parameters, the corresponding Noether operator (4.3) and Noether identity take the form Δ = [(υ^i_r − d_μυ^{i,μ}_r )y_i − υ^{i,μ}_r y_{μi}]ξ^rω, (4.7) [υ^i_rE_i − d_μ(υ^{i,μ}_r E_i)]ξ^rω = 0. (4.8)

Any Lagrangian L has gauge symmetries. In particular, there always exist trivial gauge symmetries υ = ∑ Λ η(M)^{i,Λ}_r ξ^r_Λ, M^{i,Λ}_r = ∑ Σ T^{i,j,Λ,Σ}d_ΣE_j , T^{j,i,Λ,Σ}_r = −T^{i,j,Σ,Λ}_r , corresponding to the trivial Noether identity ∑ Σ,Λ T^{j,i,Λ,Σ} r d_ΣE_j d_ΛE_i = 0.

Furthermore, given a gauge symmetry υ (3.11), let E^′ → Y be a vector bundle and h a linear differential operator on some composite bundle E^′ → Y → X, coordinated by (x^λ, y^i, ξ^{′s}), with values in the vector bundle E → Y . Then the composition υ^′ = υ ∘ h = υ^{′i,Λ}_s ξ^{′s}_Λ ∂_i, υ^{′i,Λ}_s = ∑ Ξ+Ξ^′=Λ ∑ 0≤|Σ|≤m−|Ξ| υ^{i,Ξ+Σ} r d_Σh^{r,Ξ′}_s , is a variational symmetry of the pull-back of a Lagrangian L onto E^′, i.e., a gauge symmetry. In view of this ambiguity, we agree to say that a gauge symmetry υ (3.11) of a Lagrangian L is complete if any different gauge symmetry υ^′_0 of L factorizes through υ as υ^′ = υ ∘ h + T, T ≈ 0. A complete gauge symmetry always exists, but the vector bundle of its parameters need not be finite-dimensional.

Accordingly, given the Noether operator (4.1), let H be a linear differential operator on E^∗ → Y → X with values in the density-dual E^{′∗} (1.1) of some vector bundle E^′ → Y . Then the composition Δ^′ = H ∘ Δ is also a Noether operator. We agree to call the Noether operator (4.1) complete if a different Noether operator Δ^′ factors through Δ as

Δ^′ = H ∘ Δ + F, F ≈ 0.

Proposition 4.3. A gauge symmetry υ of a Lagrangian L is complete iff the associated Noether operator is also.

Proof. The proof follows at once from Proposition 8.2 in Appendix. Given a gauge symmetry υ of L, let υ^′ be a different gauge symmetry. If η(υ) is a complete Noether operator, then η(υ^′) = H ∘ η(υ) + F, F ≈ 0, and, by virtue of the relations (1.4), we have υ^′ = υ ∘ η(H) + η(F ), where η(F ) ≈ 0 because I_L is a differential ideal. The converse is similarly proved. □

5 Reducible gauge theories

Let us extend Noether’s second theorem to the analysis of reducible gauge systems.

Definition 5.1. A complete Noether operator Δ ≉ 0 (4.1) and the corresponding Noether identity (1.2) are said to be N-stage reducible (N = 0, 1, . . .) if there exist vector bundles E_k → Y and differential operators Δ_k, k = 0, . . . , N, such that:

(i) Δ_k is a linear differential operator on the density-dual E^∗_{k−1} → Y → X of E_{k−1} → Y with values in the density-dual E^∗_k of E_k, where E_{−1} = E;

(ii) Δ_k ≉ 0 for all k = 0, . . . , N;

(iii) Δ_k ∘ Δ_{k−1} ≈ 0 for all k = 0, . . . , N, where Δ_{−1} = Δ;

(iv) if Δ^′_k is another differential operator possessing these properties, then it factors through Δ_k on-shell.

In particular, a zero-stage reducible Noether operator is called reducible. In this case, given bundle coordinates (x^λ, y^i, ξ_r) on E^∗ and (x^λ, y^i, ξ^{r0} ) on E_0, a differential operator Δ_0 reads Δ_0 = ∑ 0≤|Ξ|≤m_0 Δ^{r,Ξ}_{r0} ξ_{Ξr}ξ^{r0} ω. (5.1)

Then the reduction condition Δ_0 ∘ Δ ≈ 0 takes the coordinate form ∑ 0≤|Ξ|≤m_0 Δ^{r,Ξ}_{r0} d_Ξ( ∑ 0≤|Λ|≤m Δ^{i,Λ}_r y_{Λi})ξ^{r0} ω ≈ 0, (5.2)

i.e., the left hand-side of this expression takes the form ∑ 0≤|Σ|≤m_0 +m M^{i,Σ}_{r0} y_{Σi}ξ^{r0} ω,

where all the coefficients M^{i,Σ}_{r0} belong to the ideal I_L.

Definition 5.2. A complete gauge symmetry υ ≉ 0 (3.11) is said to be N-stage reducible if there exist vector bundles E_k → Y and differential operators υ^k, k = 0, . . . , N, such that:

(i) υ^k is a linear differential operator on the composite bundle E_k → Y → X with values in the vector bundle E_{k−1} → Y ;

(ii) υ^k ≉ 0 for all k = 0, . . . , N;

(iii) υ^{k−1} ∘ υ^k ≈ 0 for all k = 0, . . . , N, where υ^k, k = −1, stands for υ; (iv) if υ^{′k} is another differential operator possessing these properties, then υ^{′k} factors through υ^k on-shell.

Theorem 5.3. A gauge symmetry υ is N-stage reducible iff the associated Noether identity is also.

Proof. The proof follows at once from Theorem 8.1 and Proposition 8.2 in Appendix. Let us put Δ_k = η(υ^k), k = 0, . . . , N. If υ^k ≈ 0, then η(υ^k) ≈ 0 because I_L is a differential ideal. By the same reason, if υ^{k−1} and υ^k obey the reduction condition υ^{k−1} ∘ υ^k ≈ 0, then η(υ^{k−1} ∘ υ^k) = η(υ^k) ∘ η(υ^{k−1}) ≈ 0. The converse is justified in a similar way. The equivalence of the conditions in items (iv) of Definitions 5.1 and 5.2 is proved similarly to that in Proposition 4.3. □

Remark 5.1. Let a gauge symmetry υ (3.11) be reducible. Given bundle coordinates (x^λ, y^i, ξ^{r0} ) on E_0, the differential operator υ^0 reads

υ^0 = ∑ 0≤|Λ|≤m_0 υ^{r,Λ}_{r0} ξ^{r0}_Λ ∂_r,

and the reduction condition υ ∘ υ^0 ≈ 0 takes the form ∑ 0≤|Ξ|≤m υ^{i,Ξ}_r d_Ξ( ∑ 0≤|Λ|≤m_0 υ^{r,Λ}_{r0} ξ^{r0}_Λ )∂_i ≈ 0.

In particular, it follows that the Noether current J (3.15) vanishes on-shell if

ξ^r = ∑ 0≤|Λ|≤m_0 υ^{r,Ξ}_{r0} ξ^{r0}_Λ

and, consequently, its components J^{λ,Λ}_r are not independent.

6 Example I

This example addresses the gauge model of principal connections on a principal bundle P → X with a structure Lie group G whose automorphisms need not be vertical. In a general setting, the gauge-natural prolongations of P and the associated natural-gauge bundles can be considered [6].

Principal connections on a principal bundle P → X are represented by sections of the quotient C = J^1P/G → X, (6.1)

called the bundle of principal connections. This is an affine bundle coordinated by (x^λ, a^r_λ) such that, given a section A of C → X, its components A^r_λ = a^r_λ ∘ A are coefficients of the familiar local connection form (i.e., gauge potentials). We consider the GDA O^∗_∞[C].

Infinitesimal generators of one-parameter groups of automorphisms of a principal bundle P are G-invariant projectable vector fields on P → X. They are associated to sections of the vector bundle T_GP = T P/G → X. This bundle is endowed with the coordinates (x^λ, τ^λ = ẋ^λ, ξ^r) with respect to the fiber bases {∂_λ, e_r} for T_GP , where {e_r} is the basis for the right Lie algebra g of G such that [e_p, e_q] = c^r_{pq}e_r. If

u = u^λ∂_λ + u^re_r, v = v^λ∂_λ + v^re_r, (6.2)

are sections of T_GP → X, their bracket reads

[u, v] = (u^μ∂_μv^λ − v^μ∂_μu^λ)∂_λ + (u^λ∂_λv^r − v^λ∂_λu^r + c^r_{pq}u^pv^q)e_r.

Any section u of the vector bundle T_GP → X yields the vector field

u_C = u^λ∂_λ + (c^r_{pq}a^p_λu^q + ∂_λu^r − a^r_μ∂_λu^μ)∂^λ_r (6.3)

on the bundle of principal connections C (6.1) [9].

In order to describe a gauge symmetry in this gauge model, let us consider the bundle product E = C ×_X T_GP, (6.4) coordinated by (x^λ, a^r_λ, τ^λ, ξ^r ). It can be provided with the generalized vector field

υ_E = υ = (c^r_{pq}a^p_λξ^q + ξ^r_λ − a^r_μτ^μ_λ − τ^μa^r_{μλ})∂^λ_r . (6.5)

With a subbundle V_GP = V P/G → X of the vector bundle T_GP coordinated by (x^λ, ξ^r ), we have the exact sequence of vector bundles 0 → V_GP −→ T_GP → T X → 0. The pull-back of this exact sequence via C admits the canonical splitting which takes the coordinate form τ^λ∂_λ + ξ^r e_r = τ^λ(∂_λ + a^r_λe_r) + (ξ^r − τ^λa^r_λ)e_r. (6.6) Due to this splitting, the generalized vector field (6.5) is brought into the form

υ = (c^r_{pq}a^p_λξ^{′q} + ξ^{′r}_λ + τ^μF^r_{λμ})∂^λ_r , ξ^{′r} = ξ^r − τ^λa^r_λ. (6.7)

This generalized vector field is a gauge symmetry of the global Chern–Simons Lagrangian in gauge theory on a principal bundle with a structure semi-simple Lie group G over a threedimensional base X. Given a section B of C → X (i.e., a background gauge potential), this Lagrangian reads

L = [ 1 2 a^G_{mn}ε^{αβγ}a^m_α (F^n_{βγ} − 1 3 c^n_{pq}a^p_βa^q_γ ) − 1 2 a^G_{mn}ε^{αβγ} B^m_α (F (B)^n_{βγ} (6.8) − 1 3 c^n_{pq}B^p_βB^q_γ ) − d_α(a^G_{mn}ε^{αβγ}a^m_β B^n_γ )]d^3x, F (B)^r_{λμ} = ∂_λB^r_μ − ∂_μB^r_λ + c^r_{pq}B^p_λB^q_μ, F^r_{λμ} = a^r_{λμ} − a^r_{μλ} + c^r_{pq}a^p_λa^q_μ, where a^G is the Killing form [5, 11]. Its first term is the well-known local Chern–Simons Lagrangian, the second one is a density on X, and the Lie derivative of the third term is d_H -exact due to the relation (3.3). The corresponding Noether identities (4.8) read

c^r_{pq}a^p_λE^λ_r − d_λ(E^λ_q ) = 0, (6.9) −a^r_{μλ}E^λ_r + d_λ(a^r_μE^λ_r ) = 0. (6.10)

The first one is the well-known Noether identity corresponding to the vertical gauge symmetry

υ = (c^r_{pq}a^p_λξ^q + ξ^r_λ)∂^λ_r .

The second Noether identity (6.10) is brought into the form

−a^r_μ[c^r_{pq}a^p_λE^λ_r − d_λ(E^λ_q )] + F^r_{λμ}E^λ_r = 0,

i.e., it is equivalent to the Noether identity F^r_{λμ}E^λ_r = 0, which also comes from the splitting (6.6) of the generalized vector field υ. This Noether identity however is trivial since F^r_{λμ} = 0 is the kernel of the Euler–Lagrange operator of the Chern–Simons Lagrangian (6.8).

In order to obtain a gauge symmetry of the Yang–Mills Lagrangian, one should complete the generalized vector field (6.5) with the term acting on a world metric.

Let LX the fiber bundle of linear frames in the tangent bundle T X of X. It is a principal bundle with the structure group GL(n, R), n = dim X, which admits reductions to its maximal compact subgroup O(n). Global sections of the quotient bundle Σ = LX/O(n) are Riemannian metrics on X. If X obeys the well-known topological conditions, pseudo- Riemannian metrics on X are similarly described. Being an open subbundle of the tensor bundle^2∨ T X, the fiber bundle Σ is provided with bundle coordinates σ^{μν} . It admits the canonical lift u_Σ = u^λ∂_λ + (σ^{νβ}∂_ν u^α + σ^{αν} ∂_ν u^β ) ∂ ∂σ^{αβ} (6.11) of any vector field u = u^λ∂_λ on X. We describe the gauge system of principal connections and a dynamic metric field on the bundle product

E = C ×_X Σ ×_X T_GP, (6.12)

coordinated by (x^λ, a^r_λ, σ^{αβ}, τ^λ, ξ^r). It can be provided with the generalized vector field

υ = (c^r_{pq}a^p_λξ^q + ξ^r_λ − a^r_μτ^μ_λ − τ^μa^r_{μλ})∂^λ_r + (σ^{νβ} τ^α_ν + σ^{αν} τ^β_ν − τ^λσ^{αβ}_λ ) ∂ ∂σ^{αβ} . (6.13)

This is a gauge symmetry of the sum of the Yang–Mills Lagrangian L_{YM}(F^r_{αβ}, σ^{μν} ) and a Lagrangian of a metric field. The corresponding Noether identities read

c^r_{pq}a^p_λE^λ_r − d_λ(E^λ_q ) = 0, −a^r_{μλ}E^λ_r + d_λ(a^r_μE^λ_r ) − σ^{αβ}_μ E_{αβ} − 2d_ν (σ^{νβ}E_{μβ} ) = 0.

The first one is the Noether identity (6.9). Then the second identity is brought into the form

F^r_{λμ}E^λ_r − 2∇_ν (σ^{νβ} E_{μβ} ) = 0,

where ∇_ν are covariant derivatives with respect to the Levi–Civita connection

K = dx^λ ⊗ (∂_λ + K_λ^μ_νẋ^ν ˙∂_μ), K_λ^μ_ν = − 1 2 σ^{νβ} (σ_{λβμ} + σ_{μβλ} − σ_{βλμ}).

7 Example II

Let us consider gauge theory of skew symmetric tensor fields. These are exterior forms on a base manifold X of degree more than one. We need not specify a gauge model, but refer to the topological BF theory [4]. This is a theory of two exterior forms A and B of form degree |A| = dim X − |B| − 1. Another example is a gauge theory of an exterior form A in the presence of a background metric on X whose Lagrangian is similar to that of an electromagnetic field.

A generic gauge system of skew symmetric tensor fields is defined on the fiber bundle

Y =^p∧_X T^∗X ⊕_X^q∧_X T^∗X, (7.1)

coordinated by (x^λ, A_{μ1...μp} , B_{ν1...νq} ). The corresponding GDA is O^∗_∞[Y ]. There are the canonical p- and q-forms A = 1 p! A_{μ1...μp} dx^{μ1} ∧ · · · ∧ dx^{μp} ∈ O^{0,p}_∞ [Y ], B = 1 q! B_{ν1 ...νq} dx^{ν1} ∧ · · · ∧ dx^{νq} ∈ O^{0,q}_∞ [Y ] (7.2) on Y . A Lagrangian of the above-mentioned topological BF theory reads

L_{BF} = A ∧ d_H B, p + q = n − 1. (7.3)

A gauge symmetry of a generic gauge system of skew symmetric tensor fields, e.g., of the Lagrangian (7.3) is the following. Let us consider the fiber bundle

E = Y ×_X^{p−1}∧_X T^∗X ×_X^{q−1}∧_X T^∗X, (7.4)

where p−1 ∧ T^∗X ×_X^{q−1}∧ T^∗X is the fiber bundle of gauge parameters with coordinates (x^λ, ε_{μ1...μp−1} , ξ_{ν1 ...νq−1} ). Let ε = 1 (p − 1)! ε_{μ1...μp−1} dx^{μ1} ∧ · · · ∧ dx^{μp−1} ∈ O^{0,p−1}_∞ [E], ξ = 1 (q − 1)! ξ_{ν1 ...νq−1} dx^{ν1} ∧ · · · ∧ dx^{νq−1} ∈ O^{0,q−1}_∞ [E] be canonical exterior forms like (7.2) on E (7.4). The above mentioned gauge symmetry is given by the generalized vector field υ = d_{μ1} ε_{μ2...μp} ∂ ∂A_{μ1...μp} + d_{ν1} ξ_{ν2 ...νq} ∂ ∂B_{ν1...νq} , (7.5) which acts on the exterior forms A and B (7.2) by the law L_{ϑE} A = d_H ε, L_{ϑE} B = d_H ξ. (7.6) In accordance with the formula (4.8), the corresponding Noether identity takes the form −ε_{μ2...μp} d_{μ1} E^{μ1 ...μp} = 0, −ξ_{ν2...νq} d_{ν1} E^{ν1 ...νq} = 0. (7.7) For instance, the equalities

L_{ϑE} L_{BF} = (L_{ϑE} A) ∧ d_H B) + A ∧ (L_{ϑE} d_H B) = d_H ε ∧ d_H B + A ∧ (L_{ϑE} d_H B) = d_H (ε ∧ d_H B) show that the generalized vector field (7.5) is a gauge symmetry of the Lagrangian L_{BF} (7.3). This Lagrangian provides the Euler–Lagrange equations d_H A = 0, d_H B = 0, and the Noether identity (7.7) is brought into the form d_H d_H A ≡ 0, d_H d_H B ≡ 0. It should be emphasized that the gauge symmetry (7.5) by no means exhausts all variational symmetries of the Lagrangian L_{BF}. Any generalized vector field υ on Y such that L_ϑA is d_H -exact and L_ϑB is d_H -closed is a variational symmetry of this Lagrangian.

The gauge symmetry υ (7.5) is reducible. Without a loss of generality, let us put q ≥ p. Then υ is q-stage reducible as follows. Let us consider vector bundles E_k = Y ×_X^{p−k−2}∧_X T^∗X ×_X^{q−k−2}∧_X T^∗X, 0 ≤ k < p − 2, E_k = Y ×_X R ×_X^{q−p}∧_X T^∗X, k = p − 2, (7.8) E_k = Y ×_X^{q−k−2}∧_X T^∗X, k > p − 2, over Y provided with fiber coordinates (ε^k_{μ1 ...μp−k−2} , ξ^k_{ν1 ...νq−k−2} ), (α, ξ^{p−2}_{ν1 ...νq−p} ), (ξ^k_{ν1 ...νq−k−2} ), respectively. Then the differential operators υ_0 = d_{μ1} ε^0_{μ2...μp−1} ∂ ∂ε_{μ1...μp−1} + d_{ν1} ξ^0_{ν2 ...νq−1} ∂ ∂ξ_{ν1 ...νq−1} , υ_k = d_{μ1} ε^k_{μ2...μp−k−1} ∂ ∂ε^{k−1}_{μ1...μp−k−1} + d_{ν1} ξ^k_{ν2 ...νq−k−1} ∂ ∂ξ^{k−1}_{ν1...νq−k−1} , 0 < k < p − 2, υ_{p−2} = d_μα ∂ ∂ε^{p−3}μ + d_{ν1} ξ^{p−2}_{ν2 ...νq−p+1} ∂ ∂ξ^{p−3}ν_1...ν_{q−p+1} , υ_k = d_{ν1} ξ^k_{ν2 ...νq−k−1} ∂ ∂ξ^{k−1}_{ν1...νq−k−1} , k > p − 2, satisfy the conditions of Definition 5.2.

Accordingly, there is a family of associated k-stage Noether operators Δ_k. Let the density duals E^∗ → Y , E^∗_k → Y of the vector bundles E → Y (7.4), E_k → Y (7.8) be provided with fiber coordinates (ε^{μ1 ...μp−1} , ξ^{ν1 ...νq−1} ), (ε^{μ1 ...μp−k−2}_k , ξ^{ν1 ...νq−k−2}_k ), (α, ξ^{ν1...νq−p}_{p−2} ), (ξ^{ν1 ...νq−k−2}_k ), respectively. Then we have Δ_0 = −[ε^0_{μ2...μp−1} d_{μ1} ε^{μ1...μp−1} + ξ^0_{ν2 ...νq−1} d_{ν1} ξ^{ν1 ...νq−k−1}_{k−1} ]ω, Δ_k = −[ε^k_{μ2...μp−k−1} d_{μ1} ε^{μ1 ...μp−k−1} k−1 + ξ^k_{ν2 ...νq−k−1} d_{ν1} ξ^{ν1...νq−k−1}_{k−1} ]ω, 0 < k < p − 2, Δ_{p−2} = −[αd_με^μ_{p−3} + ξ^{p−2}_{ν2 ...νq−p+1} d_{ν1} ξ^{ν1 ...νq−p+1}_{p−3} ]ω, Δ_k = −ξ^k_{ν2 ...νq−k−1} d_{ν1} ξ^{ν1...νq−k−1} k−1 ω, k > p − 2. 8 Appendix. Differential operators on dual fiber bundles

Given a fiber bundle Y → X, let E → Y , Q → Y be vector bundles coordinated by (x^λ, y^i, ξ^r ) and (x^λ, y^i, q^a), respectively. Let E^∗, Q^∗ be their duals and E^∗, Q^∗ their density-duals (1.1) coordinated by (x^λ, y^i, ξ_r), (x^λ, y^i, q_a) and (x^λ, y^i, ξ_r), (x^λ, y^i, q_a), respectively. Let υ be a linear Q-valued differential operator on E → Y → X. It is represented by the function (2.10):

υ = υ^aq_a = ∑ 0≤|Λ|≤m υ^{a,Λ}_r (x^λ, y^i_Σ)ξ^r_Λq_a ∈ O^0_∞[E ×_Y Q^∗], 0 ≤ |Σ| ≤ m. (8.1)

Let Δ be an m-order linear differential operator on the density-dual Q^∗ → Y → X of Q → Y with values in the density-dual E^∗ of E. It is represented by the function Δ = ∑ 0≤|Λ|≤m Δ^{a,Λ}_r (x^λ, y^i_Σ)q_{Λa}ξ^r ∈ O^0_∞[(E^∗)^∗ ×_Y Q^∗], 0 ≤ |Σ| ≤ m. (8.2)

Let Jω be a volume form on X such that ξ_r = Jξ_r and ξ^r = Jξ^r. Then the function (8.2) defines the density Δ = ΔJω which reads

Δ = Δ_rξ^r ω = ∑ 0≤|Λ|≤m Δ^{a,Λ}_r (x^λ, y^i_Σ)q_{Λa}ξ^rω ∈ O^{0,n}_∞ [E ×_Y Q^∗], 0 ≤ |Σ| ≤ m. (8.3)

Theorem 8.1. Any linear Q-valued differential operator υ (8.1) on E → Y → X yields the linear E^∗-valued differential operator η(υ) = ∑ 0≤|Σ|≤m (−1)^{|Σ|}d_Σ(υ^{a,Σ}_r q_a)ξ^r ω = ∑ 0≤|Λ|≤m η(υ)^{a,Λ}_r q_{Λa}ξ^r ω, (8.4)

η(υ)^{a,Λ}_r = ∑ 0≤|Σ|≤m−|Λ| (−1)^{|Σ+Λ|}C^{|Σ|}_{|Σ+Λ|}d_Σ(υ^{a,Σ+Λ}_r ), on Q^∗ → Y → X. Conversely, any linear E^∗-valued differential operator Δ (8.3) on Q^∗ → Y → X defines the linear Q-valued differential operator η(Δ) = ∑ 0≤|Σ|≤m (−1)^{|Σ|}d_Σ(Δ^{a,Σ}_r ξ^r)q_a = ∑ 0≤|Λ|≤m η(Δ)^{a,Λ}_r ξ^r_Λq_a, (8.5) η(Δ)^{a,Λ}_r = ∑ 0≤|Σ|≤m−|Λ| (−1)^{|Σ+Λ|}C^{|Σ|}_{|Σ+Λ|}d_Σ(Δ^{a,Σ+Λ}_r ), on E → Y → X. The relations (1.3) hold.

Proof. One must show that the differential operators given by the local coordinate expressions (8.4) and (8.5) are globally defined. The function υ (8.1) yields the density υ = ∑ 0≤|Λ|≤m υ^{a,Λ}_r ξ^r_Λq_aω ∈ O^{0,n}_∞ [E ×_Y Q^∗]. (8.6) Its Euler–Lagrange operator δ(υ) = E_idy^i ∧ ω + E_r dξ^r ∧ ω + E^adq_a ∧ ω takes its values in the fiber bundle V^∗(E ×_Y Q^∗) ⊗_{E ×} Y Q^∗ n ∧_X T^∗X, (8.7)

where V^∗(E ×_Y Q^∗) is the vertical cotangent bundle of the fiber bundle E ×_Y Q^∗ → X. There is its canonical projection α_E : V^∗(E ×_Y Q^∗) → V^∗E → V^∗_Y E, (8.8) onto the vertical cotangent bundle V^∗_Y E of E → Y . Then we obtain a differential operator (α_E ∘ δ)(υ) on E ×_Y Q^∗ with values in the fiber bundle V^∗_Y E ⊗_E^n∧ T^∗X. It reads (α_E ∘ δ)(υ) = E_rdξ^r ⊗ ω = ∑ 0≤|Λ|≤m (−1)^{|Λ|}d_Λ(υ^{a,Λ}_r q_a)dξ^r ⊗ ω,

where {dξ^r } is the fiber basis for V^∗_Y E → E and the tensor product ⊗ is over C^∞(X). Due to the canonical isomorphism V^∗_Y E = E^∗ ×_Y E, this operator defines the density (8.4). Conversely, the Euler–Lagrange operator of the density (8.3) takes its values in the fiber bundle (8.7) and reads δ(Δ) = E_idy^i ∧ ω + E_rdξ^r ∧ ω + E^adq_a ∧ ω. (8.9) In order to repeat the above mentioned procedure, let us consider a volume form Jω on X and substitute dq_a ∧ ω = Jdq_a ∧ ω into the expression (8.9). Using the projection α_Q : V^∗(E ×_Y Q^∗) → V^∗_Y Q^∗ like α_E (8.8) and the canonical isomorphism V^∗_Y Q^∗ = Q ×_Y Q^∗, we come to the density ∑ 0≤|Λ|≤m (−1)^{|Λ|}d_Λ(Δ^{a,Λ}_r ξ^r)q_aJω ∈ O^{0,n}_∞ [E ×_Y Q^∗] and, hence, the function (8.5). The relations (1.3) result from the relation (2.19). □ Relations (1.3) show that the intertwining operator η (8.4) – (8.5) provides a bijection between the sets Diff(E, Q) and Diff(Q^∗, E^∗) of differential operators (8.1) and (8.3). Proposition 8.2. Compositions of operators υ ∘ υ^′ and Δ^′ ∘ Δ obey the relations (1.4). Proof. It suffices to prove the first relation. Let υ ∘ υ^′ ∈ Diff(E^′, Q) be a composition of differential operators υ ∈ Diff(E, Q) and υ^′ ∈ Diff(E^′, E). Given fibred coordinates (ξ^r) on E → Y , (ϵ^p) on E^′ → Y and (q_a) on Q^∗ → Y , this composition defines the density (8.6) υ ∘ υ^′ = ∑ Λ υ^{a,Λ}_r d_Λ( ∑ Σ υ^{′r,Σ}_p ϵ^p_Σ)q_aω. Following the relation (2.16), one can bring this density into the form ∑ Σ υ^{′r,Σ}_p ϵ^p_Σ ∑ Λ (−1)^{|Λ|}d_Λ(υ^{a,Λ}_r q_a)ω + d_H σ = ∑ Σ υ^{′r,Σ}_p ϵ^p_Σ ∑ Λ η(υ)^{a,Λ}_r q_{Λa}ω + d_H σ. Its Euler–Lagrange operator projected to V^∗_Y E^′ ⊗_{E′} T^∗X is ∑ Σ (−1)^{|Σ|}d_Σ(υ^{′r,Σ}_p ∑ Λ η(υ)^{a,Λ}_r q_{Λa})dϵ^p ⊗ ω = ∑ Σ η(υ^′)^{r,Σ}_p d_Σ( ∑ Λ η(υ)^{a,Λ}_r q_{Λa})dϵ^p ⊗ ω, that leads to the desired composition η(υ^′) ∘ η(υ). □

References

[1] Anderson I 1992 Introduction to the variational bicomplex Contemp. Math. 132 51-73 [2] Barnich G, Brandt F and Henneaux M 2000 Local BRST cohomology in gauge theories Phys. Rep. 338 439-569 [3] Bashkirov D and Sardanashvily G 2005 On the BV quantization of gauge gravitation theory Int. J. Geom. Methods Mod. Phys. 2 No.2 [4] Birmingham D, Blau M, Rakowski M and Thompson G 1991 Topological field theories Phys. Rep. 209 129-340 [5] Borowiec A, Ferraris M and Francaviglia M 2003 A covariant formalism of Chern– Simons gravity J. Phys. A 36 2589-2598

[6] Fatibene L and Francaviglia M 2003 Natural and Gauge Natural Formalism for Classical Field Theories. A Geometric Perspective Including Spinors and Gauge Theories (Dordrecht: Kluwer)

[7] Fish M and Henneaux M 1990 Homological perturbation theory and algebraic structure of the antifield-antibracket formalism for gauge theories Commun. Math. Phys. 128 627-640

[8] Fulp R, Lada T and Stasheff J 2003 Noether variational Theorem II and the BV formalism Rend. Circ. Mat. Palermo (2) Suppl. No. 71 115-126

[9] Giachetta G, Mangiarotti L and Sardanashvily G 2000 Connections in Classical and Quantum Field Theory (Singapore: World Scientific)

[10] Giachetta G, Mangiarotti L and Sardanashvily G 2001 Cohomology of the infinite-order jet space and the inverse problem J. Math. Phys. 42 4272-4282

[11] Giachetta G, Mangiarotti L and Sardanashvily G 2003 Noether conservation laws in higher-dimensional Chern-Simons theory Mod. Phys. Lett. A 18 2645-2651

[12] Giachetta G, Mangiarotti L and Sardanashvily G 2005 Lagrangian supersymmetries depending on derivatives. Global analysis and cohomology. Commun. Math. Phys. (accepted) (Preprint hep-th/0407185)

[13] Gomis J, París J and Samuel S 1995 Antibracket, antifields and gauge theory quantization Phys. Rep 295 1-145

[14] Gotay M 1991 A multisymplectic framework for classical field theory and the calculus of variations. In: Mechanics, Analysis and Geometry: 200 Years after Lagrange (Amsterdam: North Holland) 203-235.

[15] Takens F 1979 A global version of the inverse problem of the calculus of variations J.

Diff. Geom. 14 543-562