arXiv:math.DG/0411352 v1 16 Nov 2004

CLASSICAL FIELD THEORY ON LIE ALGEBROIDS:

MULTISYMPLECTIC FORMALISM

EDUARDO MARTÍNEZ

Abstract. The jet formalism for Classical Field theories is extended to the setting of Lie algebroids. We define the analog of the concept of jet of a section of a bundle and we study some of the geometric structures of the jet manifold. When a Lagrangian function is given, we find the equations of motion in terms of a Cartan form canonically associated to the Lagrangian. The Hamiltonian formalism is also extended to this setting and we find the relation between the solutions of both formalism. When the first Lie algebroid is a tangent bundle we give a variational description of the equations of motion. In addition to the standard case, our formalism includes as particular examples the case of systems with symmetry (covariant Euler-Poincaré and Lagrange Poincaré cases), variational problems for holomorphic maps, Sigma models or Chern- Simons theories. One of the advantages of our theory is that it is based in the existence of a multisymplectic form on a Lie algebroid.

1. Introduction

The idea of using Lie algebroids in Mechanics is due to Weinstein [60]. He showed that it is possible to give a common description of the most interesting classical mechanical systems by using the geometry of Lie algebroids (and their discrete analogs using Lie groupoids). The theory includes as particular cases systems with holonomic constraints, systems defined on Lie algebras, systems with symmetry and systems defined on semidirect products, described by the Euler-Lagrange equations (also known in each case as constrained Euler-Lagrange, Euler-Poincaré, Lagrange- Poincaré or Hammel equations [10]).

Following the ideas by Klein [37], a geometric formalism was introduced in [45], showing that the Euler-Lagrange equations are obtained be means of a symplectic equation. Here symplectic is to be understood in the context of Lie algebroids, i.e. a regular skew-symmetric bilinear form which is closed with respect to the exterior differential operator defined by the Lie algebroid structure. Also a Hamiltonian symplectic description was defined in [46] (see also [44, 15]).

Later [55, 48] this theory was extended to time-dependent Classical Mechanics by introducing a generalization of the notion of Lie algebroid when the bundle is no longer a vector bundle but an affine bundle. The particular case considered in [56] is the analog of a first jet bundle of a bundle M → R, and hence it is but a particular case of a first order Field Theory for a 1-dimensional space-time. Therefore, it is natural to investigate whether it is possible to extend our formalism to the case of a general Field Theory, where the space-time manifold is no longer one dimensional, and where the field equations are defined in terms of a variational problem.

The today standard formalism in classical Field Theory is the multisymplectic approach. It was implicit in the work of De Donder [12] and Lepage [38], and it

Date: October 15, 2004 (Preliminary versions: June 2001, December 2002). 2000 Mathematics Subject Classification. 58A20, 70S05, 49S05, 35F20, 53C15, 53D99, 58H99. Key words and phrases. Lie algebroids, jet bundles, Lagrangian and Hamiltonian Field theory, multisymplectic forms.

Partial financial support from MICYT grant BFM2003-02532 is acknowledged. 1

was rediscovered later on in the context of relativistic field theories [26, 24, 36, 1]. See also [6, 28, 29, 27, 18, 21, 19, 20, 32, 33, 52]. A recent renewed interest in multisymplectic geometry is in part motivated by the discovery of numerical integrators which preserve the multisymplectic form [3, 42, 43]

There exists other approaches in the literature, as it is the case of the polysymplectic formalism in its various versions: Günther’s formalism [31, 16, 17, 49] and that of Sardanashvily and coworkers [41, 25, 54]. See also [35, 51]. They will not be considered in this paper.

Generally speaking, there are three different but closely related aspects in the analysis of first order field theories:

• variational approach, which leads to the Euler-Lagrange equations, • multisymplectic formalism on the first jet bundle, and • infinite-dimensional approach on the space of Cauchy data.

In a previous paper [47] we have studied several aspects of the variational approach to the theory formulated in the context of Lie algebroids, a review of which is presented here in a more intrinsic way. The aim of this paper is to develop the multisymplectic formalism for those variational problems defined over Lie algebroids, and we will leave for the future the study of the infinite-dimensional formalism.

The standard geometrical approach to the Lagrangian description of first order classical field theories [6, 18, 28] is based on the canonical structures on the first order jet bundle [57] of a fiber bundle whose sections are the fields of the theory. Thinking of a Lie algebroid as a substitute for the tangent bundle to a manifold, the analog of the field bundle to be considered here is a surjective morphism of Lie algebroids π : E → F .

In the standard theory, a 1-jet of a section of a bundle is but the tangent map to that section at the given point, and therefore it is a linear map between tangent spaces which has to be a section of the tangent of the projection map. In our theory, the analog object is a linear map from a fiber of F to a fiber of E which is a section of the projection π. The space Jπ of these maps has the structure of an affine bundle and carries similar canonical structures to those of the first jet bundle, and it is in that space where our theory is based. In particular, in the affine dual of Jπ there exists a canonical multisymplectic form, which allows to define a Hamiltonian formalism.

One relevant feature of our theory is that it is a multisymplectic theory, i.e. in both the (regular) Lagrangian and the Hamiltonian approaches, the field equations are expressed in term of a multisymplectic form Ω, as the equations for some sections Ψ satisfying an equation of the form Ψ^⋆i_X Ω = 0. In this way it is possible to extend the category of multisymplectic manifolds to the category of multisymplectic Lie algebroids, where it is possible to study reduction within this category.

The situation is to be compared with the so called covariant reduction theory [9, 8, 7]. There the field equations are obtained by reducing the variational problem, i.e. by restricting the variations to those coming from variations for the original unreduced problem. Therefore, that equations are of different form in each case, Euler-Poincaré, Lagrange-Poincaré for a system with symmetry and (a somehow different) Lagrange-Poincaré for semidirect products. In contrast, our theory includes all these cases as particular cases and the equations are always of the same form. This fact must be important in the general theory of reduction.

The organization of the paper is as follows. In section 2 we will recall some differential geometric structures related to Lie algebroids, as the exterior differential, the tangent prolongation of a bundle with respect to a Lie algebroid, the tangent prolongation of a bundle map with respect to a morphism of Lie algebroids, and the flow defined by a section. In section 3 we define the manifold of jets in this generalized sense, and we will show that it is (the total space of) an affine bundle. The anchor and the bracket of the Lie algebroid introduce more structure which is presented there. In section 4 we consider repeated jets. This is necessary since the equations in our theory are, as in the standard case, second order partial differential equations (generally speaking). This leads us to the definition of holonomic and semiholonomic jets. The relation of jets on Lie algebroids and ordinary jets is studied in section 5 where we also show how to associate a partial differential equation to a submanifold of Jπ. We pay special attention to the conditions relating holonomic jets and morphisms of Lie algebroids. In section 6 we introduce the Lagrangian description of a Field Theory defined by a Lagrangian on Jπ. The equations of motion are expressed in terms of a Cartan form and of its differential, the multisymplectic form. In section 7 we show that, in the case F = T N , the equations obtained by the multisymplectic formalism coincide with the Euler-Lagrange equations determined by constrained variational calculus. The Hamiltonian counterpart is studied in section 8. We show the relation between the solutions in the Hamiltonian and in the Lagrangian approaches. In section 9 we show some examples where the theory can be applied and to end the paper we discuss some open problems and future work.

We finally mention that related ideas to those explained in this paper have been recently considered by Strobl and coworkers [59, 2] in the so called off-shell theory. In this respect our theory should be considered as the on-shell counterpart for the cases considered there.

Notation. All manifolds and maps are taken in the C^∞ category. The set of smooth functions on a manifold M will be denoted by C^∞(M ). The set of smooth vectorfields on a manifold M will be denoted X(M ). The set of smooth sections of a fiber bundle π : B → M will be denoted Sec(π) or Sec(B) when there is no possible confusion.

The tensor product of a vector bundle τ : E → M by itself p times will be denoted by τ^{⊗p} : E^{⊗p} → M , and similarly the exterior power will be denoted by τ^{∧p} : E^{∧p} → M . The set of sections of the dual τ^{∗∧p} : (E^∗)^{∧p} → M will be denoted by ⋀_p E. For p = 0 we have

⋀_0 E = C^∞(M ).

By a bundle map from π : P → M to π^′ : P^′ → M^′ we mean a pair Φ = (Φ, Φ) with Φ: P → P^′ and Φ : M → M^′ satisfying π^′ ∘ Φ = Φ ∘ π. The map Φ is said to be the base map. If P and P^′ are vector bundles and Φ is fiberwise linear we say that Φ is a vector bundle map.

Let τ : E → M and τ^′ : E^′ → M^′ be two vector bundles. Consider two points m ∈ M and m^′ ∈ M^′, and a linear map ϕ : E_m → E^′_m′ . The transpose or dual map is a map ϕ^⋆ : E^{′∗}_m′ → E^∗_m given by ⟨ϕ^⋆α, a⟩ = ⟨α, ϕ(a)⟩, for every α ∈ E^{′∗}_m′ . This action extends to covariant tensors as usual. If moreover ϕ is invertible, then we can extend ϕ^⋆ also to contravariant tensors. We just need to define it for vectors: if ζ ∈ E^′_m′ then ϕ^⋆ζ = ϕ^{−1}(ζ) ∈ E_m.

The notion of pullback of a tensor field by a vector bundle map needs some attention. Given a vector bundle map Φ = (Φ, Φ) from the vector bundle τ : E → M to the vector bundle τ^′ : E^′ → M^′ we define the pullback operator as follows. For every section β of the p-covariant tensor bundle ⊗^pE^{′∗} → M^′ we define the section Φ^⋆β of ⊗^pE^∗ → M by

(Φ^⋆β)_m(a_1, a_2, . . . , a_p) = β_{Φ(m)} ( Φ(a_1), Φ(a_2), . . . , Φ(a_p) ) , for every a_1, . . . , a_p ∈ E_m. The tensor Φ^⋆β is said to be the pullback of β by Φ. For a function f ∈ C^∞(M^′) (i.e. for p = 0) we just set Φ^⋆f = Φ^∗f = f ∘ Φ.

It follows that Φ^⋆(α ⊗ β) = (Φ^⋆α) ⊗ (Φ^⋆β). When Φ is fiberwise invertible, we define the pullback of a section σ of E^′ by (Φ^⋆σ)_m = (Φ_m)^{−1}(σ(Φ(m)), where Φ_m is the restriction of Φ to the fiber E_m over m ∈ M . Thus, the pullback of any tensor field is defined.

In the case of the tangent bundles E = T M and E^′ = T M^′, and the tangent map T φ : T M → T M^′ of a map φ : M → M^′ we have that (T φ, φ)^⋆β = φ^∗β is the ordinary pullback by φ of the covariant tensor field β on M^′. Notice the difference between the symbols^⋆ (star) and^∗ (asterisque).

2. Preliminaries on Lie algebroids

In this section we introduce some well known notions and develop new concepts concerning Lie algebroids that are necessary for the further developments. We refer the reader to [4, 39, 40, 34] for details about Lie groupoids, Lie algebroids and their role in differential geometry. While our main interest is in Lie algebroids, we will consider as an intermediate step the category of anchored vector bundles [5, 53].

Lie algebroids. Let M be an n-dimensional manifold and let τ : E → M be a vector bundle. A vector bundle map ρ : E → T M over the identity is called an anchor map. The vector bundle E together with an anchor map ρ is said to be an anchored vector bundle. A structure of Lie algebroid on E is given by a Lie algebra structure on the C^∞(M )-module of sections of the bundle, (Sec(E), [· , ·]), together with an anchor map, satisfying the compatibility condition [σ, fη] = f[σ, η] + ( ρ(σ)f ) η. Here f is a smooth function on M , σ, η are sections of E and we have denoted by ρ(σ) the vector field on M given by ρ(σ)(m) = ρ(σ(m)). From the compatibility condition and the Jacobi identity, it follows that the map σ → ρ(σ) is a Lie algebra homomorphism from Sec(E) to X(M ).

It is convenient to think of a Lie algebroid, and more generally an anchored vector bundle, as a substitute of the tangent bundle of M . In this way, one regards an element a of E as a generalized velocity, and the actual velocity v is obtained when applying the anchor to a, i.e., v = ρ(a). A curve a : [t_0, t_1] → E is said to be admissible if ṁ(t) = ρ(a(t)), where m(t) = τ (a(t)) is the base curve.

When E carries a Lie algebroid structure, the image of the anchor map, ρ(E), defines an integrable smooth generalized distribution on M . Therefore, M is foliated by the integral leaves of ρ(E), which are called the leaves of the Lie algebroid. It follows that a(t) is admissible if and only if the curve m(t) lies on a leaf of the Lie algebroid, and that two points are in the same leaf if and only if they are connected by (the base curve of) an admissible curve.

A Lie algebroid is said to be transitive if it has only one leaf, which is obviously equal to M . It is easy to see that E is transitive if and only if ρ is surjective. If E is not transitive, then the restriction of the Lie algebroid to a leaf L ⊂ M , E_{|L} → L is transitive.

Given local coordinates (x^i) in the base manifold M and a local basis {e_α} of sections of E, we have local coordinates (x^i, y^α) in E. If a ∈ E_m is an element then we can write a = a^αe_α(m) and thus the coordinates of a are (m^i, a^α), where m^i are the coordinates of the point m. The anchor map is locally determined by the local functions ρ^i_α on M defined by ρ(e_α) = ρ^i_α(∂/∂x^i). In addition, for a Lie algebroid, the Lie bracket is determined by the functions C^α_{βγ} defined by [e_α, e_β] = C^γ_{αβ}e_γ . The functions ρ^i_α and C^α_{βγ} are said to be the structure functions of the Lie algebroid in this coordinate system. They satisfy the following relations ρ^j_α ∂ρ^i_β ∂x^j − ρ^j_β ∂ρ^i_α ∂x^j = ρ^i_γ C^γ_{αβ}, and ∑ cyclic(α,β,γ) [ ρ^i_α ∂C^ν_{βγ} ∂x^i + C^μ_{αν}C^ν_{βγ} ] = 0,

which are called the structure equations of the Lie algebroid.

Exterior differential. The anchor ρ allows to define the differential of a function on the base manifold with respect to an element a ∈ E. It is given by df(a) = ρ(a)f. It follows that the differential of f at the point m ∈ M is an element of E^∗_m.

Moreover, a structure of Lie algebroid on E allows to extend the differential to sections of the bundle ⋀_p E which we will call just p-forms. If ω ∈ Sec( ⋀_p E) then dω ∈ Sec( ⋀_{p+1} E) is defined by dω(σ_0, σ_1, . . . , σ_p) = ∑ i ρ(σ_i)(−1)^iω(σ_0, . . . , ^σ_i, . . . , σ_p)+ + ∑ i<j (−1)^{i+j} ω([σ_i, σ_j], σ_0, . . . , ^σ_i, . . . , ^σ_j, . . . , σ_p). It follows that d is a cohomology operator, that is d^2 = 0.

Locally the exterior differential is determined by

dx^i = ρ^i_αe^α and de^γ = − 1 2 C^γ_{αβ}e^α ∧ e^β . In the rest of the paper the symbol d will refer to the exterior differential on the Lie algebroid E and not to the ordinary exterior differential on a manifold.

The usual Cartan calculus extends to the case of Lie algebroids (See [50]). For every section σ of E we have a derivation i_σ (contraction) of degree −1 and a derivation d_σ = i_σ ∘ d + d ∘ i_σ (Lie derivative) of degree 0. Since d^2 = 0 we have that d_σ ∘ d = d ∘ d_σ. Nevertheless, notice that there are derivations of degree 0 that commutes with the exterior differential d but are not Lie derivatives.

Admissible maps and morphisms. Let τ : E → M and τ^′ : E^′ → M^′ be two anchored vector bundles, with anchor maps ρ : E → T M and ρ^′ : E^′ → T M^′. Let Φ = (Φ, Φ) be a vector bundle map, that is Φ : E → E^′ is a fiberwise linear map over Φ : M → M^′. We will say that Φ is admissible if it maps admissible curves into admissible curves. It follows that Φ is admissible if and only if T Φ ∘ ρ = ρ^′ ∘ Φ. This condition can be conveniently expressed in terms of the exterior differential as follows. The map Φ is admissible if and only if Φ^⋆df = dΦ^⋆f for every function f ∈ C^∞(M^′).

If E and E^′ are Lie algebroids, then we say that Φ is a morphism if Φ^⋆dθ = dΦ^⋆θ for every θ ∈ Sec( ⋀ E). Obviously, a morphism is an admissible map. It is clear that an admissible map can be properly called a morphism of anchored vector bundles; nevertheless since our main interest is in Lie algebroids we will reserve the word morphism for a morphism of Lie algebroids.

Let (x^i) be a local coordinate system on M and (x^{′i}) a local coordinate system on M^′. Let {e_α} and {e^′_α} be local basis of sections of E and E^′, respectively, and {e^α} and {e^{′α}} the dual basis. The bundle map Φ is determined by the relations Φ^⋆x^{′i} = ϕ^i(x) and Φ^⋆e^{′α} = ϕ^α_β e^β for certain local functions ϕ^i and ϕ^α_β on M . Then Φ is admissible if and only if ρ^j_α ∂ϕ^i ∂x^j = ρ^{′i}_βϕ^β_α.

The map Φ is a morphism of Lie algebroids if and only if

ϕ^β_γ C^γ_{αδ} = ( ρ^i_α ∂ϕ^β_δ ∂x^i − ρ^i_δ ∂ϕ^β_α ∂x^i ) + C^{′β}_{θσ}ϕ^θ_αϕ^σ_δ , in addition to the admissibility condition above. In these expressions ρ^i_α, C^α_{βγ} are the structure functions on E and ρ^{′i}_α, C^{′α}_{βγ} are the structure functions on E^′.

The prolongation of a Lie algebroid. (See [45, 48, 53, 15]) Let π : P → M be a bundle with base manifold M . Thinking of E as a substitute of the tangent bundle to M , the tangent bundle to P is not the appropriate space to describe dynamical systems on P . This is clear if we note that the projection to M of a vector tangent to P is a vector tangent to M , and what one would like instead is an element of E, the ‘new’ tangent bundle of M .

A space which takes into account this restriction is the E-tangent bundle of P , also called the prolongation of P with respect to E, which we denote here by T^E P . It is defined as the vector bundle τ^E_P : T^E P → P whose fiber at a point p ∈ P_m is the vector space T^E_p P = { (b, v) ∈ E_m × T_pP | ρ(b) = T_pπ(v) } . We will frequently use the redundant notation (p, b, v) to denote the element (b, v) ∈ T_pE. In this way, the map τ^E_P is just the projection onto the first factor. The anchor of T^E P is the projection onto the third factor, that is, the map ρ^1 : T^E P → T P given by ρ^1(p, b, v) = v.

We also consider the map T π : T^E P → E defined by T π(p, b, v) = b. The bundle map (T π, π) will also be denoted by T π. The origin of the notation T π will become clear later on. An element Z = (p, b, v) ∈ T^E P is said to be vertical if it projects to zero, that is T π(Z) = 0. Therefore it is of the form (p, 0, v), with v a vertical vector tangent to P at p.

Given local coordinates (x^i, u^A) on P and a local basis {e_α} of sections of E, we can define a local basis {X_α, V_A} of sections of T^E P by

X_α(p) = ( p, e_α(π(p)), ρ^i_α ∂ ∂x^i | | p ) and V_A(p) = ( p, 0, ∂ ∂u^A | | p ) . If (p, b, v) is an element of T^E P , with b = z^αe_α, then v is of the form v = ρ^i_αz^{α ∂}_{∂xi} + v^{A ∂}_{∂uA} , and we can write

(p, b, v) = z^αX_α(p) + v^AV_A(p).

Vertical elements are linear combinations of {V_A}.

The anchor map ρ^1 applied to a section Z of T^E P with local expression Z = Z^αX_α + V^AV_A is the vectorfield on E whose coordinate expression is

ρ^1(Z) = ρ^i_αZ^α ∂ ∂x^i + V^A ∂ ∂u^A . If E carries a Lie algebroid structure, then so does T^E P . The Lie bracket associated can be easily defined in terms of projectable sections as follows. A section Z of T^E P is said to be projectable if there exists a section σ of E such that T π ∘ Z = σ ∘ π. Equivalently, a section Z is projectable if and only if it is of the form Z(p) = (p, σ(π(p)), X(p)), for some section σ of E and some vector field X on E. The Lie bracket of two projectable sections Z_1 and Z_2 is then given by

[Z_1, Z_2](p) = (p, [σ_1, σ_2](m), [X_1, X_2](p)), p ∈ P, m = π(p).

It is easy to see that [Z_1, Z_2](p) is an element of T^E_p P for every p ∈ P . Since any section of T^E P can be locally written as a linear combination of projectable sections, the definition of the Lie bracket for arbitrary sections of T^E P follows.

The Lie brackets of the elements of the basis are

[X_α, X_β] = C^γ_{αβ} X_γ , [X_α, V_B] = 0 and [V_A, V_B] = 0. and the exterior differential is determined by dx^i = ρ^i_αX^α du^A = V^A and dX^γ = − 1 2 C^γ_{αβ}X^α ∧ X^β dV^A = 0,

where {X^α, V^A} is the dual basis to {X_α, V_A}.

Prolongation of a map. The tangent map extends to a map between the prolongations whenever we have an admissible map. Let Ψ = (Ψ, Ψ) be a bundle map from the bundle π : P → M to the bundle π^′ : P^′ → M^′. Let Φ = (Φ, Φ) be an admissible map from τ : E → M to τ^′ : E^′ → M^′. Moreover, assume that both base maps coincide, Ψ = Φ. The prolongation of Ψ with respect to Φ is the mapping T^ΦΨ : T^E P → T^{E′} P^′ defined by T^ΦΨ(p, b, v) = (Ψ(p), Φ(b), T_pΨ(v)).

It is clear from the definition that T^ΦΨ ≡ (T^ΦΨ, Ψ) is a vector bundle map from τ^E_P : T^E P → P to τ^{E′}_P ′ : T^{E′} P^′ → P^′.

Proposition 1. The map T^ΦΨ is an admissible map. Moreover, T^ΦΨ is a morphism of Lie algebroids if and only if Φ is a morphism of Lie algebroids.

Proof. It is clearly admissible because ρ^1 ∘ T^ΦΨ = T Ψ ∘ ρ^1. Therefore we have d(T^ΦΨ)^⋆F = (T^ΦΨ)^⋆dF for every function F ∈ C^∞(P^′). In order to prove that d(T^ΦΨ)^⋆β = (T^ΦΨ)^⋆dβ for every β ∈ Sec(E^{′∗}), we take into account that every 1-form on T^{E′} P^′ can be expressed as a linear combination of exact forms dF and basic forms (T π^′)^⋆θ, for F ∈ C^∞(P^′) and θ ∈ Sec(E^{′∗}). (This is clear in coordinates where X^α = (T π)^⋆e^α and V^A = dy^A). Therefore it is enough to prove that relation for this kind of forms.

For an exact 1-form β = dF we have d(T^ΦΨ)^⋆dF − (T^ΦΨ)^⋆ddF = dd(T^ΦΨ)^⋆F − 0 = 0 where we have used that T^ΦΨ is admissible.

For a basic form β = (T π^′)^⋆θ we have d(T^ΦΨ)^⋆(T π^′)^⋆θ = d(T π^′ ∘ T^ΦΨ)^⋆θ = d(Φ ∘ T π)^⋆θ = d(T π)^⋆Φ^⋆θ = (T π)^⋆dΦ^⋆θ, where we have used that T π is a morphism. On the other hand (T^ΦΨ)^⋆d(T π^′)^⋆θ = (T^ΦΨ)^⋆(T π^′)^⋆dθ = (T π^′∘T^ΦΨ)^⋆dθ = (Φ∘T π)^⋆dθ = (T π)^⋆Φ^⋆dθ, where we have used that T π^′ is a morphism. Therefore, T^ΦΨ is a morphism if and only if (T π)^⋆(dΦ^⋆θ − Φ^⋆dθ) = 0.

Since T π is surjective the above equation holds if and only if Φ is a morphism. □ Given local coordinates x^i on M and x^{′i} on M^′, local adapted coordinates (x^i, u^A) on P and (x^{′i}, u^{′A}) on P^′ and local basis of section {e_α} of E and {e^′_α} of E^′, the maps Φ and Ψ are determined by Φ^⋆e^{′α} = Φ^α_β e^β and Ψ(x, u) = (ϕ^i(x), ψ^A(x, u)). Then the action of T^ΦΨ is given by (T^ΦΨ)^⋆X^{′α} = Φ^α_β X^β

(T^ΦΨ)^⋆V^{′A} = ρ^i_α ∂ψ^A ∂x^i X^α + ∂Ψ^A ∂u^B V^B,

Equivalently, for every p ∈ P we have

T^Φ_p Ψ(X_α(p)) = Φ^β_α(m)X^′_β (p^′) + ρ^i_α(m) ∂Ψ^B ∂x^i (p)V^′_B (p^′),

T^Φ_p Ψ(V_A(p)) = ∂Ψ^B ∂u^A (p) V^′_B (p^′),

where m = π(p) and p^′ = Ψ(p).

Remark 2. The following special situations are relevant:

• If E = E^′ and the base map of Ψ is the identity in M , Ψ = id_M , we can always take as Φ the identity in E, Φ = id = (id_E , id_M ). In this case, we will simplify the notation and we will write T Ψ instead of T^{id}Ψ.

• We can consider as the bundle P the degenerate case of id_M : M → M .

Then we have a canonical identification E ≡ T^E M , given explicitly by a ∈ E ≡ (m, a, ρ(a)) ∈ T^E M , where m = τ (a). • With this identification, the map T π : T^E P → T^E M ≡ E is just (p, a, v) → (m, a, ρ(a)) ≡ a, which justifies the notation T π for the projection onto the second factor.

• Moreover, if Φ = (Φ, Φ) is an admissible map from the bundle τ : E → M to the bundle τ^′ : E^′ → M^′, then we can identify the maps Φ ≡ T^ΦΦ and therefore Φ ≡ T^ΦΦ. ⋄ We finally mention that the composition of prolongation maps is the prolongations of the composition. Indeed, let Ψ^′ be another bundle map from π^′ : P^′ → M^′ to another bundle π^{′′} : P^{′′} → M^{′′} and Φ^′ be another admissible map from τ^′ : E^′ → M^′ to τ^{′′} : E^{′′} → M^{′′} both over the same base map. Since Φ and Φ^′ are admissible maps then so is Φ^′ ∘ Φ, and thus we can define the prolongation of Ψ^′ ∘ Ψ with respect to Φ^′ ∘ Φ. We have that T^{Φ′∘Φ}(Ψ^′ ∘ Ψ) = (T^{Φ′} Ψ^′) ∘ (T^ΦΨ).

Flow of a section. Every section of a Lie algebroid has an associated local flow composed of morphisms of Lie algebroids as we are going to explain next. In this context, by a flow on a bundle τ : E → M we mean a family of vector bundle maps Φ_s = (Φ_s, Φ_s) where Φ_s is a flow (in the ordinary sense) on the manifold E and Φ_s is a flow (in the ordinary sense) on the manifold M .

Theorem 3. Let σ be a section of a Lie algebroid τ : E → M . There exists a local flow Φ_s on the bundle τ : E → M such that d_σθ = d ds Φ^⋆_sθ | | |_{s=0}, for any section θ of ⋀ E. For every fixed s, the map Φ_s is a morphism of Lie algebroids. The base flow Φ_s : M → M is the flow (in the ordinary sense) of the vectorfield ρ(σ) ∈ X(M ).

Proof. Indeed, let X^C_σ be the vector field on E determined by its action on fiberwise linear functions, X^C_σ θ̂ = ^d_σθ, for every section θ of E^∗, and which is known as the complete lift of σ (see [30, 45]). It follows that X^C_σ ∈ X(E) is projectable and projects to the vectorfield ρ(σ) ∈ X(M ). Thus, if we consider the flow Φ_s of X^C_σ and the flow Φ_s of ρ(σ), we have that Φ_s = (Φ_s, Φ_s) is a flow on the bundle τ : E → M . Moreover, since X^C_σ is linear (maps linear functions into linear functions) we have that Φ_s are vector bundle maps.

In order to prove the relation d_σθ =^d_{ds} Φ^⋆_sθ | | |_{s=0}, it is enough to prove it for 1-forms. If θ be a section of E^∗, then for every m ∈ M and a ∈ E_m we have

⟨(d_σ θ)_m, a⟩ = ^d_σθ(a) = (X^C_σ θ̂)(a) = d ds (θ̂ ∘ Φ_s) | | |_{s=0}(a) = d ds ⟨θ_{Φs(m)}, Φ_s(a)⟩ | | |_{s=0} = d ds Φ^⋆_sθ | | |_{s=0}(a). Moreover, the maps Φ_s are morphisms of Lie algebroids. Indeed, from the relation d ∘ d_σ = d_σ ∘ d we have that^d_{ds} (Φ^⋆_sdθ − dΦ^⋆_sθ) | | |_{s=0} = 0 for every section θ of E^∗. It follows that Φ^⋆_sdθ = dΦ^⋆_sθ, so that Φ_s is a morphism. □

By duality, we have that d_σζ = d ds Φ^⋆_sζ | | |_{s=0} for every section ζ of E. Therefore we have a similar formula for the derivative of any tensorfield.

Remark 4. Alternatively one can describe the flow of a section in terms of Poisson geometry. A Lie algebroid structure is equivalent to a fiberwise linear Poisson structure on the dual E^∗. The section σ defines a linear function in E^∗, and thus has an associated Hamiltonian vectorfield. The flow of this vectorfield is the transpose of the flow defined here. Since the flow of a Hamiltonian vectorfield leaves invariant the Poisson tensor its dual is a morphism of Lie algebroids. See [23] for the details. ⋄

Remark 5. In the case of the standard Lie algebroid E = T M we have that a section σ is but a vector field on M . In this case, the flow defined by the section σ is but Φ_s = (T ϕ_s, ϕ_s) where ϕ_s is the ordinary flow of the vectorfield σ. ⋄

In the case of a projectable section of T^E P the flow can be expressed in terms of the flows of its components.

Proposition 6. Let Z be a projectable section of T^E P and let σ ∈ Sec(E) the section to which it projects. Let Φ_s be the flow of the section σ. Let Ψ_s be the flow of the vectorfield ρ^1(Z) ∈ X(P ), Ψ_s the flow of the vector field ρ(σ) ∈ X(M ), and Ψ_s = (Ψ_s, Ψ_s). The flow of Z is T^{Φs} Ψ_s.

Proof. We first note that T^{Φs} Ψ_s is well defined since the base maps of both Φ_s and Ψ_s are equal to the flow of ρ(σ). We have to prove that d_Zβ =^d_{ds} (T^{Φs} Ψ_s)^⋆β | | |_{s=0}, for every form β ∈ ⋀ T^E P . But it is sufficient to prove it for 0-forms and 1-forms.

For a function F ∈ C^∞(P ) we have that

d_ZF = ρ^1(Z)F = d ds F ∘ Ψ_s | |_{s=0} = d ds (T^{Φs} Ψ_s)^⋆F | |_{s=0}. For 1-forms it is sufficient to prove the property for exact and basic 1-forms. For an exact form β = dF we have d_ZdF = dd_ZF = d d ds (T^{Φs} Ψ_s)^⋆F | | |_{s=0} = d ds d(T^{Φs} Ψ_s)^⋆F | | |_{s=0} = d ds (T^{Φs} Ψ_s)^⋆dF | | |_{s=0}. Finally for a basic form β = (T π)^⋆θ we have

d_Z[(T π)^⋆θ] = (T π)^⋆d_σθ = (T π)^⋆ d ds Φ^⋆_sθ | | s=0 = d ds (T π)^⋆Φ^⋆_sθ | | s=0 = d ds (Φ_s ∘ T π)^⋆θ | | |_{s=0} = d ds (T π ∘ T^{Φs} Ψ_s)^⋆θ | | |_{s=0} = d ds (T^{Φs} Ψ_s)^⋆[(T π)^⋆θ] | | |_{s=0}, which ends the proof. □

3. Jets

In this section we introduce our generalization of the space of jets, which will be the manifold where the Lagrangian of a field theory is defined. The key idea is to substitute the tangent bundle of a manifold by an appropriate Lie algebroid. To clarify the exposition we will introduce the concepts in an incremental manner, defining the concepts first on vector spaces, then on vector bundles and later introducing the anchor and finally the Lie algebroid structure.

Splittings of exact sequences. Let F and E be two finite dimensional real vector spaces and let π : E → F be a surjective linear map. If we denote by K the kernel of π, we have the following exact sequence 0 −→ K^i−→ E^π−→ F −→ 0, where i is the canonical inclusion. Therefore we have the induced sequence 0 −→ Lin(F, K)^{i∘}−→ Lin(F, E)^{π∘}−→ Lin(F, F ) −→ 0. For every linear map ζ : F → F we set Lin^ζ (F, E) = { ϕ ∈ Lin(F, E) | π ∘ ϕ = ζ } . It follows that Lin^ζ (F, E) is an affine subspace of Lin(F, E) with underlying vector space Lin^0(F, E) = Lin(F, K). For ζ = id_F we have that Lin^{id}(F, E) is the set of splittings of the original sequence and it is a model for all that affine spaces. The following diagram explain the situation

0 � Lin(F, K)^{i∘} � Lin(F, E)^{π∘} � Lin(F, F ) � 0

Lin^{id}(F, E)

� constant=id � � � � .

The vector space dual to Lin(F, E) is Lin(F, E)^∗ = Lin(E, F ), with the pairing ⟨p, w⟩ = tr(p ∘ w) = tr(w ∘ p), for p ∈ Lin(E, F ) and w ∈ Lin(F, E). It follows that any element p ∈ Lin(E, F ) can be identified with an element p̃ in the bidual space Lin(F, E)^∗ = Lin(E, F )^{∗∗}, that is, with a linear function p̃: Lin(F, E) → R given by p̃(w) = tr(p∘w). By restricting to the affine space Lin^{id}(F, E) we get affine functions p̂ : Lin^{id}(F, E) → R explicitly given by p̂(ϕ) = tr(p ∘ ϕ). The linear function p̄ associated to the affine function p̂ is obtained by restriction of p̃ to Lin(F, K), that is, p̄(ψ) = tr(p|_K ∘ Ψ).

Obviously any linear map from Lin(F, E) to R is of the form p̃ for a unique p. Also, every affine function is of the form p̂, but notice that there can be many elements p giving the same affine function. If p, q ∈ Lin(E, F ) are such that p̂ = q̂ then p|_K = q|_K and tr(p − q) = 0, where p − q is to be understood as an endomorphism of F .

Let us fix basis {ē_a} in F and {e_a, e_α} in E, adapted to π, that is, such that π(e_a) = ē_a and π(e_α) = 0. Then we have the following expressions

w = ē^b ⊗ (y^a_b e_a + y^α_b e_α) w ∈ Lin(F, E)

p = (p^a_b e^b + p^a_αe^α) ⊗ ē_a p ∈ Lin(E, F )

ϕ = ē^a ⊗ (e_a + y^α_a e_α) ϕ ∈ Lin^{id}(F, E) ψ = ē^a ⊗ y^α_a e_α ψ ∈ Lin(F, K), and the corresponding linear and affine functions are

p̃ = p^a_b y^b_a + p^a_αy^α_a and p̂ = p^a + p^a_αy^α_a .

The linear function associated to p̂ is p̄ = p^a_αy^α_a . In particular we have that π ∈ Lin(E, F ) and π̂ = tr(id) = dim F is constant. From this expression it is clear that two elements p and q define the same affine function if and only if p^a_α = q^a_α and p^a_b − q^a_b is trace free.

Vector bundles. We consider now two vector bundles τ^E_M : E → M and τ^F_N : F → N and a surjective vector bundle map π : E → F over the map π : M → N , as it is shown in the diagram E τ^E_M � π � F τ^F_N � M_π � N

Moreover, we will assume that π is a surjective submersion, so that π : M → N is a smooth fiber bundle. By the symbol π we mean the vector bundle map π = (π, π). We will denote by K → M the kernel of the map π, which is a vector bundle over M . Given a point m ∈ M , if we denote n = π(m), we have the following exact sequence 0 −→ K_m −→ E_m −→ F_n −→ 0, and we can perform point by point similar constructions to those given above.

We will use the notations L_mπ ≡ Lin(F_n, E_m), J_mπ ≡ Lin^{id}(F_n, E_m) and V_mπ ≡ Lin(F_n, K_m), that is,

L_mπ = { w : F_n → E_m | w is linear } J_mπ = { ϕ ∈ L_mπ | π ∘ ϕ = id_{Fn} } V_mπ = { ψ ∈ L_mπ | π ∘ ψ = 0 } . Therefore L_mπ is a vector space, V_mπ is a vector subspace of L_mπ and J_mπ is an affine subspace of L_mπ modeled on the vector space is V_mπ. The dual vector space of L_mπ is L^∗_mπ ≡ Lin(E_m, F_n), that is,

L^∗_mπ = { p : E_m → F_n | p linear }

By taking the union, Lπ = ∪_{m∈M} L_mπ, Jπ = ∪_{m∈M} J_mπ and Vπ = ∪_{m∈M} V_mπ, we get the vector bundle π̃_{10} : Lπ → M , the vector subbundle π_{10} : Vπ → M and the affine subbundle π_{10} : Jπ → M modeled on the vector bundle Vπ. The vector bundle dual to Lπ is L^∗π = ∪_{m∈M} L^∗_mπ → M . We also consider the projection π_1 : Jπ → N given by composition π_1 = π ∘ π_{10}.

Every section θ ∈ Sec(L^∗π) defines the fiberwise linear function θ̃ ∈ C^∞(Lπ) by θ̃(z) = tr(θ_m ∘ z), for z ∈ Lπ and where m = π̃_{10}(z). Its restriction to Jπ defines

the affine function θ̂ ∈ C^∞(Jπ) by θ̂(ϕ) = tr(θ_m ∘ ϕ),

for ϕ ∈ Jπ and where m = π_{10}(ϕ).

Remark 7. In the standard case one has a bundle ν : M → N and then considers the tangent spaces at m ∈ M and n = ν(m) ∈ N together with the differential of the projection T_mν : T_mM → T_nN . If we set π = (T ν, ν), an element ϕ ∈ J_mπ is a linear map ϕ : T_nN → T_mM such that T_mν ∘ ϕ = id_{TnN} . It follows that there exist sections φ of ν such that φ(n) = m and T_nφ = ϕ. Thus, in the case of the tangent bundles τ_N : F ≡ T N → N and τ_M : E ≡ T M → M with π = (T ν, ν), an element ϕ ∈ J_mπ can be identified with a 1-jet at the point m, i.e. an equivalence class of sections which has the same value and same first derivative at the point m. With the standard notations [57], we have that J^1ν ≡ Jπ. Obviously, this example leads our developments throughout this paper. ⋄

In view of this fact, an element of J_mπ will be simply called a jet at the point m ∈ M and accordingly the bundle Jπ is said to be the first jet bundle of π.

Local coordinates on Jπ are given as follows. We consider local coordinates (x̄^i) on N and (x^i, u^A) on M adapted to the projection π, that is x̄^i ∘ π = x^i. We also consider local basis of sections {ē_a} of F and {e_a, e_α} of E adapted to the projection π, that is π ∘ e_a = ē_a ∘ π and π ∘ e_α = 0. In this way {e_α} is a base of sections of K. An element w in L_mπ is of the form w = (w^b_ae_b + w^α_a e_α) ⊗ ē^a, and it is in J_mπ if and only if w^b_a = δ^b_a, i.e. an element ϕ in Jπ is of the form ϕ = (e_a + ϕ^α_a e_α) ⊗ ē_a. If we set y^α_a (ϕ) = ϕ^α_a , we have adapted local coordinates (x^i, u^A, y^α_a ) on Jπ. Similarly, an element ψ ∈ V_mπ is of the form ψ = ψ^α_a e_α ⊗ e^a. If we set y^α_a (ψ) = ψ^α_a , we have adapted local coordinates (x^i, u^A, y^α_a ) on Vπ. As usual, we use the same name for the coordinates in an affine bundle and in the vector bundle on which it is modeled. A section of L^∗π is of the form θ = (θ^a_b (x)e^b + θ^a_α(x)e^α) ⊗ ē_a, and the affine function defined by θ is θ̂ = θ^a (x) + θ^a_α(x)y^α_a .

Anchor. We now assume that the given vector bundles are anchored vector bundles, that is, we have two vector bundle maps ρ_F : F → T N and ρ_E : E → T M over the identity in N and M respectively.

We will assume that the map π is admissible, that is dπ^⋆f = π^⋆df, where on the left d stands for the exterior differential in E while on the right d stands for the exterior differential in F . Let us see what this condition means in terms of the components of the anchor.

The anchor is determined by the differential of the coordinate functions dx̄^i = ρ̄^i_aē^a on F and dx^i = ρ^i_ae^a + ρ^i_αe^α, du^A = ρ^A_a e^a + ρ^A_α e^α on E. Applying the admissibility condition to the coordinates functions x̄^i we get

ρ̄^i_ae^a = π^⋆(dx̄^i) = d(π^⋆x̄^i) = dx^i = ρ^i_ae^a + ρ^i_αe^α,

where we have used that π^⋆ē^a = e^a. Therefore ρ̄^i_a = ρ^i_a (is a basic function) and ρ^i_α = 0. We have

dx̄^i = ρ^i_aē^a and { dx^i = ρ^i_ae^a du^A = ρ^A_a e^a + ρ^A_α e^α,

and equivalently

ρ_F (ē_a) = ρ^i_a ∂ ∂x̄^i and ρ_E (e_a) = ρ^i_a ∂ ∂x^i + ρ^A_a ∂ ∂u^A ρ_E (e_α) = ρ^A_α ∂ ∂u^A , with ρ^i_a = ρ^i_a(x), ρ^A_a = ρ^A_a (x, u) and ρ^A_α = ρ^A_α (x, u).

The anchor allows to define the concept of total derivative of a function with respect to a section. Given a section σ ∈ Sec(F ), the total derivative of a function f ∈ C^∞(M ) with respect to σ is the function ^df ⊗ σ, i.e. the affine function associated to df ⊗ σ ∈ Sec(L^∗π). In particular, the total derivative with respect to the element ē_a of the local basis of sections of F , will be denoted by f́_{|a}. In this way, if σ = σ^aē_a then ^df ⊗ σ = f́_{|a}σ^a, where the coordinate expression of f́_{|a} is f́_{|a} = ρ^i_a ∂f ∂x^i + (ρ^A_a + ρ^A_α y^α_a ) ∂f ∂u^A .

In particular, for the coordinate functions we have x́^i_{|a} = ρ^i_a and ú^A_{|a} = ρ^A_a + ρ^A_α y^α_a , so that the chain rule f́_{|a} =^{∂f}_{∂xi} x́^i_{|a} +^{∂f}_{∂uA} ú^A_{|a} applies.

Notice that, for a basic function f (i.e. the pullback of a function in the base N ) we have that f́_{|a} = ρ^i_a^{∂f}_{∂xi} are just the (pullback of) components of df in the basis {ē_a}. Bracket. Let us finally assume that we have Lie algebroid structures on τ^F_N : F → N and on τ^E_M : E → M , and that the projection π is a morphism of Lie algebroids. The kernel K of π is a π-ideal, that is, the bracket of two projectable sections is projectable, and the bracket of a projectable section with a section of K is again a section of K.

This can be locally seen in the vanishing of some structure functions. The morphism condition π^⋆(dθ) = d(π^⋆θ) applied to the 1-forms θ = ē^a gives

π^⋆(dē^a) = π^⋆ ( − 1 2 C̄^a_{bc}ē^b ∧ ē^c ) = − 1 2 C̄^a_{bc}e^b ∧ e^c d(π^⋆ē^a) = − 1 2 C^a_{bc}e^b ∧ e^c − C^a_{bγ}e^b ∧ e^γ − 1 2 C^a_{βγ} e^b ∧ e^γ , that is C̄^a_{bc} = C^a_{bc} C^a_{bγ} = 0 and C^a_{βγ} = 0.

It follows that C^a_{bc} is a basic function and that the exterior differentials in F and E are determined by dē^a = − 1 2 C^a_{bc}ē^b ∧ ē^c and { de^a = −^1_2 C^a_{bc}e^b ∧ e^c de^α = −^1_2 C^α_{bc}e^b ∧ e^c − C^α_{bγ} e^b ∧ e^γ −^1_2 C^α_{βγ} e^β ∧ e^γ .

Equivalently, we have the following expressions for the various brackets

[ē_a, ē_b] = C^c_{ab}ē_c and

[e_a, e_b] = C^γ_{ab}e_γ + C^c_{ab}e_c [e_a, e_β] = C^γ_{aβ}e_γ [e_α, e_β] = C^γ_{αβ}e_γ .

Remark 8. It follows from our local calculations that one can avoid the extra bar in the notation as long as one is working with functions and sections of F^∗ and E^∗, but one has to be careful when working with sections of F and E. More explicitly, one can omit the bar about coordinates x̄^i and forms ē^a but we must use a bar when referring to the elements ē_a of the basis of sections of F , in order to distinguish it from the sections e_a of E. In what follows we will omit the bar over the coordinates x^i but to avoid any confusion we will explicitly distinguish ē^a and ē_a, from e^a and e_a, respectively. ⋄ Affine structure functions. The structure functions can be combined to give some affine functions which contains part of the structure of Lie algebroid and that will naturally appear in our treatment of Lagrangian Field Theory.

We define the affine functions Z^α_{aγ} and Z^α_{ac} by Z^α_{aγ} = ^ (d_{eγ} e^α) ⊗ ē_a and Z^α_{ac} = ^(d_{ec} e^α) ⊗ ē_a.

Explicitly, we have Z^α_{aγ} = C^α_{aγ} + C^α_{βγ} y^β_a and Z^α_{ac} = C^α_{ac} + C^α_{βc}y^β_a .

Indeed, (d_{eγ} e^α) ⊗ ē_a = i_{eγ} ( − 1 2 C^α_{bc}e^b ∧ e^c − C^α_{bθ}e^b ∧ e^θ − 1 2 C^α_{βθ}e^β ∧ e^θ ) ⊗ ē_a = (C^α_{bγ}e^b + C^α_{βγ} e^β ) ⊗ ē_a, and thus Z^α_{aγ} = ^ (C^α_{bγ}e^b + C^α_{βγ} e^β ) ⊗ ē_a = C^α_{aγ} + C^α_{βγ} y^β_a .

Similarly (d_{ec} e^α) ⊗ ē_a = i_{ec} ( − 1 2 C^α_{bd}e^b ∧ e^d − C^α_{bθ}e^b ∧ e^θ − 1 2 C^α_{βθ}e^β ∧ e^θ ) ⊗ ē_a = (C^α_{bc}e^b + C^α_{βc}e^β ) ⊗ ē_a,

and thus Z^α_{ac} = ^ (C^α_{bc}e^b + C^α_{βc}e^β ) ⊗ ē_a = C^α_{ac} + C^α_{βc}y^β_a .

Notice that ^

(d_{eγ} e^b) ⊗ ē_a=0 and that ^(d_{ec} e^b) ⊗ ē_a = C^b_{ac}. For completeness we will sometimes write Z^b_{ac} = C^b_{ac} and Z^b_{aγ} = 0.

4. Repeated jets and second-order jets The equations for a (standard) classical Field Theory are generally second-order partial differential equations. In geometric terms, this equations determine a submanifold of the manifold of second-order jets, also called 2-jets. Therefore, we need to define the analog of a second-order jet in this generalized setting. In order to do that we follow the identification of a 2-jet with a holonomic repeated first-order jet (see [57]). Therefore, we need a Lie algebroid with base Jπ (which will be just prolongations of Jπ with respect to E) and a surjective morphism to F . Then we will consider jets for this morphism and we will select those who satisfy some holonomy condition. This holonomy condition is expressed in terms of the contact ideal, that will also be defined here.

Prolongation of Jπ. We consider the E-tangent bundle T^E Jπ to the jet manifold Jπ. Recall that the fibre of this bundle at the point ϕ ∈ J_mπ is

T^E_ϕ Jπ = { (a, V ) ∈ E_m × T_ϕJπ | | ρ(a) = T π_{10}(V ) } .

Local coordinates (x^i, u^A) on M and a local basis {e_a, e_α} of sections of E determine local coordinates (x^i, u^A, y^α_a ) on Jπ and a local basis {X_a, X_α, V^a_α} of sections of T^E Jπ as was explained in section 2. Explicitly, those sections are given by

X_a(ϕ) = (ϕ, e_a(m), ρ^i_a ∂ ∂x^i + ρ^A_a ∂ ∂u^A ) X_α(ϕ) = (ϕ, e_α(m), ρ^A_α ∂ ∂u^A ) V^a_α(ϕ) = (ϕ, 0_m, ∂ ∂y^α_a ). With this settings, an element Z = (ϕ, a, V ) ∈ T^E_ϕ Jπ can be written as Z = a^bX_b + a^αX_α+V^α_a V^a_α, and the components a and V has the local expression a = a^be_b +a^αe_α and V = ρ^1(Z) = ρ^i_ba^b ∂ ∂x^i + (ρ^A_b a^b + ρ^A_α a^α) ∂ ∂u^A + V^α_a ∂ ∂y^α_a . The brackets of the elements in that basis are

[X_a, X_b] = C^c_{ab}X_c + C^γ_{ab}X_γ [X_a, X_β] = C^γ_{aβ}X_γ [X_α, X_β] = C^γ_{αβ}X_γ [X_a, V^b_β] = 0 [X_α, V^b_β] = 0 [V^a_α, V^b_β] = 0.

The dual basis is to be denoted {X^a, X^α, V^α_a } and the exterior differential on T^E Jπ is determined by the differential of the coordinate functions dx^i = ρ^i_aX^a du^A = ρ^A_a X^a + ρ^A_α X^α dy^α_a = V^α_a ,

and the differential of the elements of the basis

dX^a = − 1 2 C^a_{bc}X^b ∧ X^c

dX^α = − 1 2 C^α_{bc}X^b ∧ X^c − C^α_{bγ}X^b ∧ X^γ − 1 2 C^α_{βγ} X^β ∧ X^γ dV^α_a = 0.

Finally, defining the map π_{10} = T π_{10} we have that the bundle map π_{10} = (π_{10}, π_{10}) is a surjective morphism from the Lie algebroid τ^E_{Jπ} : T^E Jπ → Jπ to the Lie algebroid τ^E_M : E → M . We will also consider the projection π_1(ϕ, a, V ) = π(a), so that the bundle map π_1 = (π_1, π_1) is a surjective morphism from the Lie algebroid τ^E_{Jπ} : T^E Jπ → Jπ to the Lie algebroid τ^F_N : F → N . Notice that π_1 is just the composition π_1 = π ∘ π_{10}.

Repeated jets. Once we have defined the first jet manifold Jπ, we can iterate the process by considering the Lie algebroids τ^F_N : F → N and τ^E_{Jπ} : T^E Jπ → Jπ, the projection π_1

T^E Jπ τ^E_{Jπ} �

π_1 � F τ^F_N � Jπ_{π1} � N

and the set of jets of the above diagram which is the manifold Jπ_1 fibred over Jπ. An element ψ of Jπ_1 at the point ϕ ∈ Jπ is thus a linear map ψ : F_n → T^E_ϕ Jπ such that π_1 ∘ ψ = id_{Fn} , where n = π_1(ϕ). Let us see the explicit form of ψ. Proposition 9. An element ψ ∈ Jπ_1 is of the form (ϕ, ζ, V ) for ϕ, ζ ∈ Jπ with π_{10}(ϕ) = π_{10}(ζ) and V : F_{π1 (ϕ)} → T_ϕJπ a linear map satisfying T π_{10} ∘ V = ρ_E ∘ ζ.

Proof. Indeed, ψ is a linear map ψ : F_n → T^E_ϕ Jπ, so that it is of the form ψ(b) = (ϕ, ζ(b), V (b)) for some linear maps ζ : F_n → E_m and V : F_n → T_ϕJπ. The condition π_1 ∘ ψ = id_{Fn} is just π(ζ(b)) = b, for every b ∈ F_n, i.e. π ∘ ζ = id_{Fn} , which is just to say that ζ is an element of Jπ. Moreover, ψ(b) is an element of T^E Jπ, so that we have T π_{10}(V (b)) = ρ_E (ζ(b)), for every b ∈ F_n. In other words T π_{10}∘V = ρ_E ∘ζ. □

Local coordinates (x^i, u^A) and a local base of sections {e_a, e_α} as before, provide natural local coordinates for Jπ_1. The three components of an element ψ = (ϕ, ζ, V ) ∈ Jπ_1 are locally of the form ϕ = (e_a + y^α_a e_α) ⊗ ē^a, ζ = (e_a + z^α_a e_α) ⊗ ē^a, and V = ( ρ^i_a ∂ ∂x^i + (ρ^A_a + ρ^A_α z^α_a ) ∂ ∂u^A + y^β_{ba} ∂ ∂y^β_b ) ⊗ ē^a. Therefore, (x^i, u^A, y^α_a , z^α_a , y^α_{ba}) are local coordinates for ψ. In terms of this coordinates and the associated local basis of T^E Jπ we have the local expression ψ = (X_a + z^α_a X_α + y^α_{ba}V^b_α) ⊗ ē_a.

Contact forms. Contact forms are 1-forms on T^E Jπ which satisfies a property of verticality, as it is explained in what follows. A jet ϕ ∈ J_mπ, being a splitting of an exact sequence, determines two complementary projectors h_ϕ : E_m → E_m and v_ϕ : E_m → E_m given by

h_ϕ(a) = ϕ(π(a)) and v_ϕ(a) = a − ϕ(π(a)).

An element Z = (ϕ, a, V ) ∈ T^E Jπ is said to be horizontal if a is horizontal with respect to ϕ, that is, v_ϕ(a) = 0. In coordinates a horizontal element is of the form

Z = a^b(X_b|_ϕ + y^β_b X_β|_ϕ) + V^β_b V^b_β|_ϕ,

where y^α_a are the coordinates of ϕ. Let (T^E Jπ)^∗ the vector bundle dual to T^E Jπ. An element μ ∈ (T^E_ϕ Jπ)^∗ is said to be vertical if it vanishes on every horizontal element at ϕ. It follows that a vertical element is of the form μ = μ_α(X^α|_ϕ−y^α_a X^a|_ϕ), where y^α_a are the coordinates of ϕ.

A contact 1-form is a section of (T^E Jπ)^∗ which is vertical at every point. It follows that it is a semibasic form and that the set of contact 1-forms is spanned by the forms θ^α = X^α − y^α_a X^a.

Every contact 1-form can be obtained as follows. Given a section α of π_{10}^∗(E^∗) (a section of E^∗ along π_{10}) we define the contact 1-form ᾰ by means of ⟨ᾰ, (ϕ, a, V )⟩ = ⟨α_ϕ, v_ϕ(a)⟩, for (ϕ, a, V ) ∈ Jπ. The ⋀ (T^E Jπ)-module generated by contact 1-forms is said to be the contact module and will be denoted by M^c. Since T^E Jπ is a Lie algebroid, we have a differential on it, and we can consider the differential ideal generated by contact 1-forms. This ideal is said to be the contact ideal and will be denoted I^c. The contact ideal and the contact module are different (as sets), that is the contact ideal is not generated by contact 1-forms. Indeed, an easy calculation shows that dθ^α + 1 2 C^α_{βγ} θ^β ∧ θ^γ + Z^α_{bγ} X^b ∧ θ^γ =

= X^a ∧ V^α_a + 1 2 ( y^α_a C^a_{bc} − C^α_{βγ} y^β_b y^γ_c − C^α_{bγ} y^γ_c + C^α_{cγ}y^γ_b + C^α_{bc} ) X^b ∧ X^c,

which cannot be written in the form A^α_β ∧ θ^β .

Second-order jets. We define here the analog of the second order jet bundle as a submanifold of the repeated first jet bundle, in the same way as in the standard theory the manifold J^2ν can be considered as the submanifold of J^1(J^1ν) of holonomic jets.

Definition 10. A jet ψ ∈ J_ϕπ_1 is said to be semiholonomic if ψ^⋆θ = 0 for every element θ in the contact module M^c at ϕ. The set of all semiholonomic jets will be denoted ^Jπ_1, that is,

^Jπ_1 = { ψ ∈ Jπ_1 | ψ^⋆θ = 0 for every θ ∈ M^c } .

Proposition 11. An element ψ ∈ J_ϕπ_1 is semiholonomic if and only if it is of the form ψ = (ϕ, ϕ, V ). In other words if and only if it satisfies T π_{10} ∘ ψ = τ^E_{Jπ} (ψ).

Proof. Indeed, this is equivalent to v_ϕ ∘ ζ = 0 which implies ζ = ϕ. A proof in coordinates is as follows. If the coordinates of ϕ are (x^i, u^A, y^α_a ), and the local expression of ψ ∈ J_ϕπ_1 is ψ = (X_a + z^α_a X_α + y^α_{ba}V^b_α) ⊗ ē_a, then

ψ^⋆θ^α = ψ^⋆(X^α − y^α_a X^a) = (z^α_a − y^α_a )ē^α,

so that ψ^⋆θ^α = 0 if and only if z^α_a = y^α_a which is equivalent to ϕ = ζ. □

In the local coordinate system (x^i, u^A, y^α_a , z^α_a , y^α_{ab}) on Jπ_1, the coordinates of a semiholonomic jet are of the form (x^i, u^A, y^α_a , y^α_a , y^α_{ab}), and thus the set ^Jπ_1 of semiholonomic jets is a submanifold of Jπ_1 in which we have local coordinates (x^i, u^A, y^α_a , y^α_{ab}). Definition 12. A jet ψ ∈ J_ϕπ_1 is said to be holonomic if ψ^⋆θ = 0 for every element θ in the contact ideal I^c at ϕ. The set of all holonomic jets will be denoted J^2π, that is, J^2π = { ψ ∈ Jπ_1 | ψ^⋆θ = 0 for every θ ∈ I^c } .

Holonomic jets play the role of second-order jets in the case of the standard theory of jet bundles, and we frequently refer to a holonomic jet as a second order jet or simply as a 2-jet.

From the definition it follows that a holonomic jet is necessarily semiholonomic, but notice that not every semiholonomic jet is holonomic.

Proposition 13. A semiholonomic jet ψ is holonomic if its coordinates satisfy the equations M^α_{ab} = 0, where the local functions M^α_{ab} are defined by M^γ_{ab} ≡ y^γ_{ab} − y^γ_{ba} + C^γ_{bα}y^α_a − C^γ_{aβ}y^β_b − C^γ_{αβ}y^α_a y^β_b + y^γ_c C^c_{ab} + C^γ_{ab}. Proof. Indeed, from the above expression of dθ^α we have

ψ^⋆dθ^α = ψ^⋆(X^b ∧ V^α_b + 1 2 ( y^α_a C^a_{bc} − C^α_{βγ} y^β_b y^γ_c − C^α_{bγ}y^γ_c + C^α_{cγ} y^γ_b + C^α_{bc} ) X^b ∧ X^c) = 1 2 ( y^α_{bc} − y^α_{cb} + y^α_a C^a_{bc} − C^α_{βγ} y^β_b y^γ_c − C^α_{bγ}y^γ_c + C^α_{cγ} y^γ_b + C^α_{bc} ) ē^b ∧ ē^c = 1 2 M^α_{bc}ē^b ∧ ē^c from where the result immediately follows. □

Remark 14. The above condition is to be interpreted point by point. That is, we take the value of any contact form at the point ϕ and then take the pullback. We did not write explicitly the point ϕ in order to simplify the reading of the formulas.

The condition M^α_{bc} = 0 admits a geometrical interpretation as the condition for ψ to be the jet of a morphism of Lie algebroids (see section 5). Therefore we refer to it as the infinitesimal morphism condition. ⋄

Remark 15. In the standard case where E = T M and F = T N with coordinate basis of vectorfields the above conditions reduce to u^A_{ij} = u^A_{ji}, which is the pointwise condition for the matrix u^A_{ij} to be the Hessian of some functions u^A. ⋄

From the above proposition we see that J^2π is a submanifold of Jπ_1 and that local coordinates for J^2π are (x^i, u^A, y^α_a , y^α_{ab}) for a ≤ b. The coordinates y^α_{ab} for a > b are determined by the equations M^α_{ab} = 0.

5. Morphisms and admissible maps

By a section of π we mean a vector bundle map Φ such that π ∘ Φ = id, which explicitly means π∘Φ = id_N and π∘Φ = id_F (In other words we consider only linear sections of π). The set of sections of π will be denoted by Sec(π). The set of those sections of π which are admissible as a map between anchored vector bundles will be denoted by Sec^{adm}(π), and the set of those sections of π which are a morphism of Lie algebroids will be denoted by M(π). Clearly Sec(π) ⊂ Sec^{adm}(π) ⊂ M(π). We will find in this section local conditions for a section to be an admissible map between anchored vector bundles and local conditions for a section to be a morphism of Lie algebroids.

Taking adapted local coordinates (x^i, u^A) on M , the map Φ has the expression Φ(x^i) = (x^i, ϕ^A(x)). If we moreover take an adapted basis {e_a, e^α} of local sections of E, then the expression of Φ is given by Φ(ē_a) = e^a + ϕ^α_a e_α, so that the map Φ is determined by the functions ( ϕ^A(x), ϕ^α_a (x) ) locally defined on N . The pullback of the coordinate functions is Φ^⋆x^i = x^i and Φ^⋆u^A = ϕ^A and the pullback of dual basis is Φ^⋆e^a = ē^a, and Φ^⋆e^α = ϕ^α_a ē^a

Let us see what the admissibility condition Φ^⋆(df) = d(Φ^⋆f) means for this maps. As before, we impose this condition to the coordinate functions. Taking f = x^i we get an identity (i.e. no new condition arises), and taking f = u^A we get dϕ^A = d(Φ^⋆u^A) = Φ^⋆(du^A) = Φ^⋆(ρ^A_a e^a + ρ^A_α e^α) = [(ρ^A_a ∘ Φ) + (ρ^A_α ∘ Φ)ϕ^α_a ] ē^α, from where we get that Φ is an admissible map if and only if ρ^i_a ∂ϕ^A ∂x^i = (ρ^A_a ∘ Φ) + (ρ^A_α ∘ Φ)ϕ^α_a .

In order to simplify the writing, we can omit the composition with Φ, since we know that this is an equation to be satisfied at the point m = Φ(n) = (x^i, ϕ^A(x)) for every n ∈ N . (This is but the usual practice). With this convention, the above equation is written as ρ^i_a ∂u^A ∂x^i = ρ^A_a + ρ^A_α y^α_a .

Let us now see what the condition of being a morphism means in coordinates. If we impose Φ^⋆de^a = dΦ^⋆e^a we get an identity, so that we just have to impose Φ^⋆de^α = dΦ^⋆e^α. On one hand we have

d(Φ^⋆e^α) = d(ϕ^α_a ē^a) = 1 2 ( ρ^i_b ∂ϕ^α_c ∂x^i − ρ^i_c ∂ϕ^α_b ∂x^i − ϕ^α_a C^a_{bc} ) ē^b ∧ ē^c and on the other hand

Φ^⋆d(e^α) = −Φ^⋆ ( 1 2 C^α_{βγ} e^β ∧ e^γ − C^α_{bγ}e^b ∧ e^γ − 1 2 C^α_{bc}e^b ∧ e^c )

= − 1 2 ( C^α_{βγ} ϕ^β_b ϕ^γ_c + C^α_{bγ}ϕ^γ_c − C^α_{cγ} ϕ^γ_b − C^α_{bc} ) ē^b ∧ ē^c Thus, the bundle map Φ is a morphism if and only if it satisfies ρ^i_b ∂ϕ^α_c ∂x^i − ρ^i_c ∂ϕ^α_b ∂x^i − ϕ^α_a C^a_{bc} + C^α_{βγ} ϕ^β_b ϕ^γ_c + C^α_{bγ} ϕ^γ_c − C^α_{cγ} ϕ^γ_b = C^α_{bc},

in addition to the admissibility condition. As before, in this equation is to be satisfied at every point m = Φ(n) in the image of Φ.

Taking into account our notation f́_{|a} = ρ^i_a^{∂f}_{∂xi} for a function f ∈ C^∞(N ) we can write the above expressions as ú^A_{|a} = ρ^A_a + ρ^A_α y^α_a ý^α_{c|b} − ý^α_{b|c} + C^α_{bγ} y^γ_c − C^α_{cγ} y^γ_b + C^α_{βγ} y^β_b y^γ_c − y^α_a C^a_{bc} = C^α_{bc}. where we recall that this equations are to be satisfied at every point m = Φ(n). Notice the similarity between the above expression and the infinitesimal morphism condition M^α_{bc} = 0. The following subsections will make clear this relation. Remark 16. In the standard case where E = T M and F = T N with coordinate basis of vectorfields the above morphism conditions reduce to

y^A_i = ∂u^A ∂x^i and ∂y^A_i ∂x^j = ∂y^A_j ∂x^i . It follows that every admissible map is a morphism, and moreover is the tangent map of a section of ν. Therefore, in the standard case, by considering morphisms we are just considering 1-jet prolongation of sections of the base bundle. ⋄

Sections of π_1. At this point we want to make clear the equivalence between sections of π_1 : Jπ → N and vector bundle maps which are sections of π.

Indeed, let Φ ∈ Sec(π) be a section of π. For every point n ∈ N , the restriction of Φ to the fibre F_n is a map from F_n to the fibre E_m, where m = Φ(n). This map Φ_n ≡ Φ | |_{Fn} : F_n → E_m satisfies π ∘ Φ_n = id_{Fn} and thus Φ_n ∈ J_mπ. In this way, we

have defined a map Φ̌ : N → Jπ given by Φ̌(n) = Φ_n. The map Φ̌ is a section of π_1; indeed, for every n ∈ N ,

(π_1 ∘ Φ̌)(n) = π_1(Φ̌(n)) = π ( π_{10}(Φ_n) ) = π(m) = n. Conversely, given a section Ψ : N → Jπ of π_1, we define the map Φ : N → M by Φ = π_{10} ∘ Ψ. Thus Φ is a section of π and for every n ∈ N we have that Ψ(n) ∈ J_{Φ(n)}π. Therefore Ψ(n), being a jet, is a map Ψ(n) : F_n → E_{Φ(n)} such that π ∘ Φ = id_{Fn} . Consider now the map Φ : F → E given by Φ(b) = Ψ(n)(b) for every b ∈ F , where n = τ^F_N (b). In this way we have that Φ = (Φ, Φ) is a linear bundle map and (π ∘ Φ)(b) = π(Ψ(n)(b)) = b for every b ∈ F and where n = τ^F_N (b), so that Φ is a section of π. By construction, it is clear that Φ | |_{Fn} = Ψ(n) for every n ∈ N , so that Φ̌ = Ψ. Thus we have proved the following result.

Proposition 17. There is a one to one correspondence between the set Sec(π) of vector bundle maps which are sections of π and the set of sections of π_1.

Moreover, Φ̌ is a fibred map over Φ, i.e. π_{10} ∘ Φ̌ = Φ. We will denote by Φ̌ the bundle map Φ̌ = (Φ̌, Φ) (from the bundle id: N → N to the bundle π_{10} : Jπ → M ).

The above equivalence is important since we will look for equations to be satisfied by a vector bundle map Φ, and this will be reformulated as an equation on Jπ, which is to be satisfied by the associated map Φ̌. Moreover, we will impose to Φ to be a morphism of Lie algebroids, so that we need a condition expressed in terms of jets equivalent to the admissibility and the morphism condition.

Jet prolongation of sections of π. Let Φ = (Φ, Φ) be a section of π which is admissible as a map between anchored vector bundles, i.e. Φ ∈ Sec^{adm}(π), and we consider the associated map Φ̌ : N → Jπ of π_1. Since the base map of both Φ and Φ̌ is Φ and Φ is admissible, we can construct the prolongation map T^ΦΦ̌: F ≡ T^F N → T^E Jπ, and hence the bundle map Φ^{(1)} = T^ΦΦ̌ = (T^ΦΦ̌, Φ̌) from τ^F_N : F → N to τ^E_{Jπ} : T^E Jπ → Jπ. This map is a section of π_1 and moreover it is admissible Φ^{(1)} ∈ Sec^{adm}(π_1). The section of (π_1)_1 : Jπ_1 → N associated to Φ^{(1)} will be denoted Φ̌^{(1)} .

Definition 18. The map Φ^{(1)} is said to be the first jet prolongation of Φ, and the section Φ̌^{(1)} is said to be the first jet prolongation of the section Φ̌.

Proposition 19. For every admissible section Φ ∈ Sec^{adm}(π) the section Φ̌^{(1)} is semiholonomic.

Proof. Indeed, the explicit expression of Φ^{(1)} is

Φ^{(1)}_n (b) = T^ΦΦ̌(n, b, ρ_F (b)) = (ˇ Φ(n), Φ(b), T Φ̌(ρ_F (b)) ) = ( Φ_n, Φ_n(b), T Φ̌(ρ_F (b)) ) . so that Φ̌^{(1)} (n) = (Φ_n, Φ_n, T Φ̌ ∘ ρ_F ) is semiholonomic for every n ∈ N . □

In local coordinates (x^i, u^A, y^α_a , z^α_a , y^α_{ab}) in Jπ_1, if the expression of Φ̌ is Φ̌(x) = (x^i, ϕ^A, ϕ^α_a ), then the expression of Φ̌^{(1)} is Φ̌^{(1)}(x) = (x^i, ϕ^A, ϕ^α_a , ϕ^α_a , ϕ́^β_{b|a}). Indeed, from the general expression of the prolongation of a map with respect to a morphism we have

Φ^{(1)⋆}X^a = (T^ΦΦ̌)^⋆X^a = ē^a Φ^{(1)⋆}X^α = (T^ΦΦ̌)^⋆X^α = ϕ^α_a ē^a Φ^{(1)⋆}V^β_b = (T^ΦΦ̌)^⋆V^β_b = dϕ^β_b = ϕ́^β_{b|a}ē^a,

so that Φ^{(1)} = (X_a + ϕ^α_a X_α + ϕ́^β_{b|a}V^β_b ) ⊗ ē^a, which is equivalent to the above coordinate expression.

From this local result we see that, if Φ is an admissible section of π, then Φ is a morphism if and only if Φ̌^{(1)} is holonomic, i.e. takes values in J^2π. In the following subsection we will perform a more detailed study of this fact.

Morphisms and holonomic jets. The equations for a classical Field Theory as they arise from variational calculus are equations for a morphism of Lie algebroids [47]. On the other hand, the equations that we are going to set are equations for jets. Therefore, it is necessary to find conditions that select jets of morphism among the set of jet of general maps. In this section we will find such condition in terms of holonomy.

Proposition 20. Let Ψ ∈ Sec(π_1) be such that the associated map Ψ̌ is a semiholonomic section and let Φ̌ be the section of π_1 to which it projects. Then (1) The bundle map Ψ is admissible if and only if Φ is admissible and Ψ = Φ^{(1)} . (2) The bundle map Ψ is a morphism of Lie algebroids if and only if Ψ = Φ^{(1)} and Φ is a morphism of Lie algebroids.

Proof. In local adapted coordinates (x^i, u^A, y^α_a , z^α_a , y^α_{ab}) on Jπ_1 we have that the section Ψ̌ associated to Ψ is Ψ̌(x) = (x^i, ϕ^A(x), ϕ^α_a (x), ψ^β_a , ψ^β_{ba}) so that the action of Ψ by pullback is Ψ^⋆x^i = x^i Ψ^⋆X^a = ē^a Ψ^⋆u^A = ϕ^A Ψ^⋆X^β = ψ^β_a ē^a Ψ^⋆y^α_a = ϕ^α_a Ψ^⋆V^β_b = ψ^β_{ba}ē^a.

Let us see the conditions for Ψ to be an admissible map between anchored bundles. We impose Ψ^⋆df = dΨ^⋆f for the coordinate functions. For f = x^i we get an identity. For f = u^A we have

Ψ^⋆du^A − dΨ^⋆u^A = Ψ^⋆(ρ^A_a X^a + ρ^A_α X^α) − dϕ^A = ( ρ^A_a + ρ^A_α ψ^α_a − ρ^i_a ∂ϕ^A ∂x^i ) ē^a. Finally for f = y^β_b we have

Ψ^⋆dy^β_b − dΨ^⋆y^β_b = Ψ^⋆V^β_b − dϕ^β_b = ( ψ^β_{ba} − ρ^i_a ∂ϕ^β_b ∂x^i ) ē^a Therefore, the map Ψ is admissible if and only if

(a) ϕ́^A_{|a} = ρ^A_a + ρ^A_α ψ^α_a , and (b) ϕ́^β_{b|a} = ψ^β_{ba}.

We now impose Ψ^⋆dθ = dΨ^⋆θ for θ an element in the dual basis {X^a, X^β, V^β_b }. For θ = X^a we get an identity. For θ = X^α we have

Ψ^⋆dX^α = Ψ^⋆ ( − 1 2 C^α_{βγ} X^β ∧ X^γ − C^α_{bγ}X^b ∧ X^γ − 1 2 C^α_{bc}X^b ∧ X^c )

= − 1 2 ( C^α_{βγ} ψ^β_b ψ^γ_c + C^α_{bγ} ψ^γ_c − C^α_{cβ}ψ^β_b − C^α_{bc} ) ē^b ∧ ē^c, and dΨ^⋆X^α = d(ψ^α_a ē^a) = − 1 2 ( ρ^i_c ∂ψ^α_b ∂x^i − ρ^i_b ∂ψ^α_c ∂x^i + ψ^α_a C^a_{bc} ) ē^b ∧ ē^c. Finally, for θ = V^β_b = dy^β_b we also get an identity

dΨ^⋆V^α_a − Ψ^⋆dV^α_a = dΨ^⋆dy^α_a = ddΨ^⋆y^α_a = 0,

provided that the admissibility conditions hold.

Therefore, Ψ is a morphism if and only if in addition to (a) and (b) it satisfies the equation

(c) ψ́^α_{b|c} − ψ́^α_{c|b} − C^α_{βγ} ψ^β_b ψ^γ_c − C^α_{bγ} ψ^γ_c + C^α_{cβ}ψ^β_b + ψ^α_a C^a_{bc} + C^α_{bc} = 0.

Let us consider a semiholonomic section Ψ̌, so that ψ^α_a = ϕ^α_a . Then the above condition (a) reads ϕ́^A_{|a} = ρ^A_a +ρ^A_α ϕ^α_a which is but the admissibility conditions for the map Φ, and condition (b) reads ϕ́^β_{b|a} = ψ^β_{ba}, which is just expressing that Ψ = Φ^{(1)} . This proves the first statement.

Moreover, the section Ψ is a morphism if it is admissible, and therefore it is of the form Ψ = Φ^{(1)} for Φ admissible, and in addition it satisfies condition (c) which is just expressing that the admissible map Φ is a morphism. This proves the second statement. □

Obviously the relation between Ψ and Φ is by projection (both projections): T π_{10} ∘ Ψ(n) = Φ_n = (π_1)_{10}(Ψ(n)) for all n ∈ N .

Corollary 21. Let Φ be an admissible section of π. Then Φ is a morphism of Lie algebroids if and only if Φ̌^{(1)} is holonomic

Proof. Notice first that, by the above proposition, if Φ is admissible then Ψ = Φ^{(1)} is semiholonomic and admissible, i.e. satisfies conditions (a) y (b) in the proof of the theorem. The result follows by noticing that Φ^{(1)} is holonomic if and only if M^α_{ab} = 0, which is just condition (c). □

6. The Lagrangian formalism

We consider a Lagrangian function L ∈ C^∞(Jπ) and a fixed nowhere-vanishing form ω ∈ ⋀_r F of maximal degree r = rank(F ), to which we refer as the volume form. We will denote by ω̃ = π^⋆_1ω the pullback of the volume form to T^E Jπ by the projection π_1. The product L = Lω̃ ∈ ⋀_r T^E Jπ will be called the Lagrangian density.

We will define in this section the Cartan forms associated to the Lagrangian and, in terms of them, we will get a system of partial differential equations which will be called the Euler-Lagrange partial differential equations. In order to do that we will consider the analogs of the the vertical lifting and the vertical endomorphism in the standard theory.

Vertical lifting. The bundle Jπ being affine has a well defined vertical lifting map. If ϕ ∈ J_mπ then we have a map^V_ϕ : V_mπ → T_ϕJπ, given by

ψ^V_ϕ f = d dt f(ϕ + tψ) | | |_{t=0}, for every function f ∈ C^∞(Jπ). Moreover, in the special case of Jπ, we have some additional structure. Indeed, an element ϕ is but a splitting of an exact sequence, and we have the associated vertical projector v_ϕ : E_m → K_m ⊂ E_m given by v_ϕ(a) = a − ϕ(π(a)). This allows to extend the vertical lifting operation to elements φ ∈ L_mπ, by (v_ϕ ∘ φ)^V_ϕ , which is well defined because Im(v_ϕ) ⊂ K_m.

Definition 22. The map ξ^V : π_{10}^∗(Lπ) → T^E Jπ given by ξ^V (ϕ, φ) = ( ϕ, 0, (v_ϕ ∘ φ)^V_ϕ ) . is said to be the vertical lifting map.

In coordinates, if ϕ = (e_a + y^α_a e_α) ⊗ ē^a and φ = (φ^b_ae_b + φ^α_a e_α) ⊗ ē^a then v_ϕ = e_α ⊗ (e^α − y^α_a e^a) and ξ^V (ϕ, φ) = (φ^α_a − y^α_b φ^b_a)V^a_α.

This construction will be generally used in the case of a map φ of the form φ = b ⊗ λ, with b ∈ E_m and λ ∈ F_n. In such case ξ^V (ϕ, b ⊗ λ) = ( ϕ, 0, (v_ϕ(b) ⊗ λ)^V_ϕ ) , and its coordinate expression is ξ^V (ϕ, b ⊗ λ) = λ_a(b^α − y^α_c b^c)V^a_α.

Vertical endomorphism. Given a section ν ∈ Sec(F^∗) we can define a linear map S_ν : T^E Jπ → T^E Jπ, known as the vertical endomorphism, by means of projection and vertical lifting. If Z = (ϕ, a, V ) ∈ T^E Jπ then

S_ν (Z) = ξ^V ( ϕ, a ⊗ ν_n ) , where m = π_{10}(ϕ) and n = π(m).

From this expression it is clear that S_ν depends linearly in ν, a fact which helps to find the coordinate expression of S_ν . If ν = ν_aē^a and we denote S^a ≡ S_ēa then S_ν = ν_aS^a and

S^a(X_b(ϕ)) = S^a ( ϕ, e_b, ρ^i_b ∂ ∂x^i + ρ^A_b ∂ ∂u^A ) = ξ^V (ϕ, v_ϕ(e_b) ⊗ ē^a)

= −y^α_b ξ^V (ϕ, e_α ⊗ ē^a) = −y^α_b V^a_α(ϕ),

S^a(X_β (ϕ)) = S^a ( ϕ, e_β, ρ^A_β ∂ ∂u^A ) = ξ^V (ϕ, v_ϕ(e_β ) ⊗ ē^a) = V^a_β(ϕ) and S^a(V^b_β(ϕ)) = S^a ( ϕ, 0, ∂ ∂y^β_b ) = ξ^V (ϕ, 0) = 0.

Thus the coordinate expression of S^a is S^a = (X^α −y^α_b X^b)⊗V^a_α = θ^α ⊗V^a_α, where we recall that θ^α = X^α −y^α_b X^b are the elements of a basis of contact 1-forms. Therefore the expression of the vertical endomorphism is

S = θ^α ⊗ ē_a ⊗ V^a_α.

As usual we will denote S_ω the r-form obtained by contraction (of the second tensorial factor) with the volume form ω. In coordinates

S_ω = θ^α ∧ ω_a ⊗ V^a_α.

Cartan forms. With the help of the vertical endomorphism we define the Lagrangian multimomentum r-form Θ_L ∈ ⋀_r T^E Jπ by Θ_L = S_ω(dL) + Lω, which in local coordinates reads

Θ_L = ∂L ∂y^α_a θ^α ∧ ω_a + Lω. By taking the differential of the multimomentum form we have the Lagrangian multisymplectic (r + 1)-form Ω_L = −dΘ_L. In coordinates we have

Ω_L = 1 2 [ ∂^2L ∂y^β_a ∂u^B ρ^B_γ − ∂^2L ∂y^γ_a ∂u^B ρ^B_β + ∂L ∂y^α C^α_{βγ} ] θ^β ∧ θ^γ ∧ ω_a +

∂^2L ∂y^α_a ∂y^β_b θ^α ∧ V^β_b ∧ ω_a+ + [ ∂^2L ∂y^α_a ∂u^B (ρ^B_a + ρ^B_β y^β_a ) +

∂^2L ∂y^α_a ∂x^i ρ^i_a + ∂L ∂y^α_a C^b_{ba} − ∂L ∂y^γ_a Z^γ_{aα} − ∂L ∂u^A ρ^A_α ] θ^α ∧ ω. Euler-Lagrange equations. By a solution of the Hamiltonian system defined by a Lagrangian L we mean a morphism Φ : F → E such that its prolongation satisfies the equation Φ^{(1) ⋆}(i_X Ω_L) = 0, for every section X of T^E Jπ vertical over F . The above equations are said to be the Euler-Lagrange equations for the Lagrangian L. We will obtain in this section the local expression of this equations and the system of partial differential equations which defines.

We will start from a slightly more general point of view and we will look for sections Ψ of π_1 such that they satisfy the so called De Donder equations, Ψ^⋆(i_X Ω_L) = 0, for every section X of T^E Jπ vertical over F . Later on we will impose that Ψ is admissible and finally a morphism.

Since Ψ is a section of π_1 it has an associated section Φ ∈ Sec(π), such that Φ̌ = Ψ. In coordinates Ψ is of the form Ψ = (X_a + ψα_a X_α + ψβ_{ba}Vb_β) ⊗ ēa and the base map Φ is of the form Φ(x) = (x^i, ϕ^A(x), ϕ^α_a (x)). Therefore we have Ψ^⋆x^i = x^i Ψ^⋆X^a = ē^a Ψ^⋆u^A = ϕ^A Ψ^⋆X^β = ψ^β_a ē^a Ψ^⋆y^α_a = ϕ^α_a Ψ^⋆V^β_b = ψ^β_{ba}ē^a.

Taking X = V^b_β in the De Donder equations we get

i_X Ω_L = −

∂^2L ∂y^α_a ∂y^β_b θ^α ∧ ω_a and thus Ψ^⋆(i_X Ω_L) = −

∂^2L ∂y^α_a ∂y^β_b (ψ^α_a − ϕ^α_a ) ∧ ω

which vanishes if and only if ∂^2L ∂y^α_a ∂y^β_b (ψ^α_a − ϕ^α_a ) = 0.

We will say that the Lagrangian is regular if the linear map ξ^α_a →^{∂2L}_{∂yαa ∂yβb} ξ^α_a is regular at every point. In the case of a regular Lagrangian the solution of the above equation is just ψ^α_a = ϕ^α_a , that is Ψ is semiholonomic. On the other hand, if the section Ψ is semiholonomic, the above conditions are always satisfied, that is

Proposition 23. If Ψ is a semiholonomic section then Ψ^⋆(i_X Ω_L) = 0 for every section X of T^E Jπ vertical over E.

In general we will be treating with singular Lagrangians. Therefore, in what follows we will consider only semiholonomic sections.

Taking now X = X_α we obtain

i_X Ω_L = = 1 2 [ ∂^2L ∂y^α_a ∂u^B ρ^B_β − ∂^2L ∂y^βa ∂u^B ρ^B_α + ∂L ∂y^γ C^γ_{αβ} ] θ^β ∧ ω_a +

∂^2L ∂y^α_a ∂y^β_b V^β_b ∧ ω_a+ + [ ∂^2L ∂y^α_a ∂u^B (ρ^B_a + ρ^B_β Φ^β_a ) +

∂^2L ∂y^α_a ∂x^i ρ^i_a + ∂L ∂y^α_a C^b_{ba} − ∂L ∂y^γ_a Z^γ_{aα} − ∂L ∂u^A ρ^A_α ] ω. and thus

Ψ^⋆(i_X Ω_L) = [ ∂^2L ∂y^α_a ∂y^β_b ψ^β_{ba} + ∂^2L ∂y^α_a ∂u^B (ρ^B_a + ρ^B_β ϕ^β_a ) +

∂^2L ∂y^α_a ∂x^i ρ^i_a +

+ ∂L ∂y^α_a C^b_{ba} − ∂L ∂y^γ_a Z^γ_{aα} − ∂L ∂u^A ρ^A_α ] ω, so that the coefficients ψ^α_{ba} must satisfy

∂^2L ∂y^α_a ∂y^β_b ψ^β_{ba} + ∂^2L ∂y^α_a ∂u^B (ρ^B_a + ρ^B_β ϕ^β_a ) +

∂^2L ∂y^α_a ∂x^i ρ^i_a + ∂L ∂y^α_a C^b_{ba} − ∂L ∂y^γa Z^γ_{aα} − ∂L ∂u^A ρ^A_α = 0.

In addition to this equations we have the admissibility condition. As a consequence of proposition 20, if Ψ is semiholonomic and admissible, then Ψ = Φ^{(1)} with Φ admissible. Thus ϕ́^A_{|a} = ρ^A_a + ρ^A_α ϕ^α_a and ϕ́^β_{b|a} = ψ^β_{ba},

so that the first three terms in the above equation are but the expression of the total derivative of ∂L/∂y^α_a , so that we finally get ( ∂L ∂y^α_a )_′ |a + ∂L ∂y^α_a C^b_{ba} − ∂L ∂y^γa Z^γ_{aα} − ∂L ∂u^A ρ^A_α = 0.

If we finally impose that Ψ is not only admissible but a morphism (i.e. Φ is a morphism) we get the system of partial differential equations ρ^i_a ∂u^A ∂x^i = ρ^A_a + ρ^A_α y^α_a ρ^i_a ∂y^β_b ∂x^i = y^β_{ba} ( y^γ_{ab} + C^γ_{bα}y^α_a ) − ( y^γ_{ba} + C^γ_{aβ}y^β_b ) − C^γ_{αβ}y^α_a y^β_b + y^γ_c C^c_{ab} + C^γ_{ab} = 0 ( ∂L ∂y^α_a )_′ |a + ∂L ∂y^α_a C^b_{ba} − ∂L ∂y^γa Z^γ_{aα} − ∂L ∂u^A ρ^A_α = 0,

which are said to be the Euler-Lagrange partial differential equations.

Alternative expression of Ω_L and the Euler-Lagrange form. If we introduce the forms θ^β_b = V^β_b − y^β_{ba}X^a, which are forms on T^E J^2π, then the pullback of Ω_L to T^E J^2π is (we omit the pullback in the notation)

Ω_L = 1 2 [ ∂^2L ∂y^β_a ∂u^B ρ^B_γ − ∂^2L ∂y^γ_a ∂u^B ρ^B_β + ∂L ∂y^α C^α_{βγ} ] θ^β ∧ θ^γ ∧ ω_a +

∂^2L ∂y^α_a ∂y^β_b θ^α ∧ θ^β_b ∧ ω_a+

+ [ ∂^2L ∂y^α_a ∂y^β_b y^β_{ba} + ∂^2L ∂y^α_a ∂u^B (ρ^B_a + ρ^B_β y^β_a ) +

∂^2L ∂y^α_a ∂x^i ρ^i_a + ∂L ∂y^α_a C^b_{ba} − ∂L ∂y^γa Z^γ_{aα} − ∂L ∂u^A ρ^A_α ] θ^α ∧ ω.

and the last term is the Euler-Lagrange (r + 1)-form δL = [( ∂L ∂y^α_a )_′ |a + C^b_{ba} ( ∂L ∂y^α_a ) − ∂L ∂y^γa Z^γ_{aα} − ∂L ∂u^A ρ^A_α ] θ^α ∧ ω. The Euler-Lagrange equations can be written as δL = 0, which define a subset (a submanifold under some regularity conditions) of J^2π on which the jet prolongation Φ^{(1)} of a solution Φ has to take value.

7. Variational Calculus

In this section we will show that, in the case F = T N , our formalism admits a variational description, i.e. the Euler-Lagrange equations obtained by the multisymplectic formalism are the equations for critical sections of a constrained variational problem [47].

Variational problem. We consider the following variational problem: Given a Lagrangian function L ∈ C^∞(Jπ) and a volume form ω on N , find the critical points of the action functional

S(Φ) = ∫ N (L ∘ Φ̌) ω defined on the set of morphisms sections of π, that is, on the set M(π).

The above variational problem is a constrained problem, not only because the condition π ∘ Φ = id_F , which can be easily solved, but because we are restricting Φ to be a morphism of Lie algebroids, which is a condition on the derivatives of Φ. We will explicitly find some curves in the space of morphisms which will allow us to get the equations satisfied by the critical sections.

In order to use all our geometric machinery, we will reformulate the variational problem. If we consider the Lagrangian density L = Lω̃ ∈ ⋀ T^E Jπ, then we have that (L ∘ Φ̌) ω = Φ^{(1) ⋆}L.

Indeed, the base map of Φ^{(1)} is Φ̌ so that we have Φ^{(1) ⋆}L = L ∘ Φ̌. Moreover, since Φ^{(1)} is a section of π_1, we have that Φ^{(1) ⋆}ω̃ = ω. Therefore we can write the action as S(Φ) = ∫ N Φ^{(1)⋆}L.

On the other hand, since the difference between L and Θ_L is a contact form and Φ^{(1)} is semiholonomic, we have that Φ^{(1) ⋆}L = Φ^{(1) ⋆}Θ_L. Therefore the action functional can be rewritten as

S(Φ) = ∫ N Φ^{(1)⋆}Θ_L.

In order to find admissible variations we consider sections of E and the associated flow. With the help of this flow we can transform morphisms of Lie algebroids into morphisms of Lie algebroids as it is explained in the next subsection.

Jet prolongation of maps and sections. In this subsection we return momentarily to the general case of a general Lie algebroid F .

Consider a vector bundle map Ψ = (Ψ, Ψ) from E to E which induces the identity in F , that is π ∘ Ψ = π, or explicitly π ∘ Ψ = π and π ∘ Ψ = π. The map Ψ induces a map between jets Ψ̌: Jπ → Jπ by composition, Ψ̌(ϕ) = Ψ ∘ ϕ. The map Ψ̌ is well defined since π ∘ (Ψ̌(ϕ)) = π ∘ Ψ ∘ ϕ = π ∘ ϕ = id, that is, the image of Ψ̌ is in Jπ. Moreover, Ψ̌ is a fiberwise affine map over the map Ψ. Thus we have the affine bundle map Ψ̌ = (Ψ̌, Ψ) from π_{10} : Jπ → M to itself. By tangent prolongation we have the bundle map Ψ^{(1)} = T^ΨΨ̌ from τ^E_{Jπ} : T^E Jπ → Jπ to itself which will be called the jet-prolongation of Ψ.

Proposition 24. Let Φ = (Φ, Φ) be a section of π and Ψ a vector bundle map over the identity in F . We consider the transformed map Φ^′ = Ψ ∘ Φ, i.e. Ψ^′ = Ψ ∘ Φ and Φ^′ = Ψ ∘ Φ. Then

(1) The maps Φ̌ and Φ̌^′ associated to Φ and Φ^′ are related by Φ̌^′ = Ψ̌ ∘ Φ̌. (2) The jet prolongation of Φ and of Φ^′ are related by Φ^{′(1)} = Ψ^{(1)} ∘ Φ^{(1)} .

Proof. Indeed, the base maps are Φ^′ = Ψ ∘ Φ, and for every n ∈ N , Φ̌^′(n) = Φ^′_n = Ψ ∘ Φ_n = Ψ ∘ (Φ̌(n)) = Ψ̌(Φ̌(n)),

which proves the first. For the second we have

Φ^{′(1)} = T^{Φ′}Φ̌^′ = T^{Ψ∘Φ}Ψ̌ ∘ Φ̌ = T^ΨΨ̌ ∘ T^ΦΦ̌ = Ψ^{(1)} ∘ Φ^{(1)} ,

where we have used the composition property for E-tangent prolongations. □

We will say that a section σ of E is π-vertical if it projects to the zero section on F , that is π ∘ σ = 0. Let σ be a π-vertical section of E, and consider the flow Ψ_s = (Ψ_s, Ψ_s) of σ. We recall that Ψ_s is the flow of the vector field ρ(σ).

The associated map Ψ̌_s is a flow on the manifold Jπ and we denote by X̌_σ ∈ X(Jπ) its infinitesimal generator. It follows that T π_{10} ∘ X̌_σ = ρ(σ) ∘ π_{10} and thus for every m ∈ M and every ϕ ∈ J_mπ we have that (ϕ, σ(m), X̌_σ (ϕ)) is an element of T^E Jπ at the point ϕ. Therefore we have defined a section σ^{(1)} ∈ Sec(T^E Jπ) given by σ^{(1)} (ϕ) = (ϕ, σ(m), X̌_σ(ϕ)), where m = π_{10}(ϕ). This section is said to be the jet-prolongation of σ ∈ Sec(E) or the complete lift to Jπ of the section σ.

Proposition 25. The first jet prolongation of a π-vertical section satisfies the following properties

(1) The jet prolongation σ^{(1)} of σ is projectable and projects to σ. (2) The jet prolongation σ^{(1)} of σ preserves the contact ideal, that is, if θ is a contact form then d_σ(1) θ is a contact form.

(3) The jet prolongation σ^{(1)} of σ is the only section of T^E Jπ which satisfies the above two properties (1) and (2).

(4) The flow of the jet prolongation σ^{(1)} is Ψ^{(1)}_s , where Ψ_s is the flow of the section σ.

(5) If the local expression of the section σ is σ = σ^αe_α, then the local expression of the the jet prolongation of σ is

σ^{(1)} = σ^αX_α + (σ́^α_{|a} + Z^α_{aβ}σ^β )V^a_α

Proof. Property (1) is obvious from the definition of σ^{(1)} and property (4) follows from proposition 6.

To prove (2) we notice that if Ψ is a bundle map and if β is a section of E^∗ and β̆ is the associated contact form then Ψ^{(1) ⋆}β̆ = Ψ̆⋆β, the contact form associated to Ψ^⋆β. Then (2) follows since the flow of σ^{(1)} is Ψ^{(1)}_s .

In local coordinates, from property (1) we have that σ^{(1)} has the form σ^{(1)} = σ^αX_α + σ^α_a V^a_α, for some functions σ^α_a . Then taking the Lie derivative of a contact form θ^α = X^α − y^α_a X^a we get

d_σ(1) θ^α = i_σ(1) dθ^α + di_σ(1) θ^α

= C^α_{βγ} σ^γ θ^β + Z^α_{aγ} σ^γ X^a − σ^α_a X^a + dσ^α

= (Z^α_{aγ} σ^γ + σ́^α_{|a} − σ^α_a )X^a + ( ρ^A_β ∂σ^α ∂u^A + C^α_{βγ} σ^γ ) θ^β .

which is a contact form if and only if σ^α_a = σ́^α_{|a} + Z^α_{aγ} σ^γ . This proves (5). Finally, property (3) follows from the above coordinate expression. □

Proposition 26. If f ∈ C^∞(N ) then (fσ)^{(1)} = fσ^{(1)} + (df ⊗ σ)^V .

Proof. Both (fσ)^{(1)} and fσ^{(1)} project to fσ, so that they differ in a vertical section V = (fσ)^{(1)} − fσ^{(1)} . From the coordinate expression of σ^{(1)} we have that V = f́_{|a}σαVa_α which is but the local expression of (df ⊗ σ)V . □

Remark 27. In more generality, one can define the complete lift of any section σ of E which is projectable to a section σ̄ of F , not necessarily the zero section. Indeed, we just need to define the flow of the vectorfield ρ^1(σ^{(1)} ). The flow Ψ_s of the section σ projects to the flow Φ_s of the section σ̄, that is π ∘ Ψ_s = Φ_s ∘ π. Then we can define the maps JΨ_s : Jπ → Jπ by means of JΨ_s(ϕ) = Ψ_s ∘ ϕ ∘ Φ_{−s}. This maps define a local flow on the manifold Jπ whose infinitesimal generator is (by definition) the vectorfield ρ^1(σ^{(1)} ).

Even more generally, one can define the complete lift of a nonprojectable section σ of E by imposing the first two conditions in proposition 25. We will not study such constructions in this paper since we will not need it. ⋄

Equations for critical sections. Going back to our variational problem for F = T N , let Φ be a critical point of S. An admissible variation of Φ is but a curve M(π) starting at Φ, that is a map s → Φ_s such that Φ_s is (for every fixed s) a section of π and a morphism of Lie algebroids. To find one of such curves we consider a π-vertical section σ of E (thus its flow Ψ_s : E → E projects to the identity in F = T N ) with compact support. It follows that, for every fixed s, the bundle map Φ_s = Ψ_s ∘ Φ is a section of π and a morphism of Lie algebroids, that is, s → Φ_s is a curve in M(π). Thus we have that 0 = d ds S(Φ_s) | | s=0 = ∫ N d ds Φ^{(1)}_s^⋆Θ_L | | s=0 = ∫ N d ds ( Ψ^{(1)}_s ∘ Φ^{(1)})^⋆Θ_L )| |_{s=0} = ∫ N d ds Φ^{(1) ⋆} ( Ψ^{(1)}_s^⋆Θ_L )| |_{s=0} = ∫ N Φ^{(1) ⋆} d ds ( Ψ^{(1)}_s^⋆Θ_L )| |_{s=0} = ∫ N Φ^{(1) ⋆}d_σ(1) Θ_L,

where we have used that Φ^{(1)}_s = Ψ^{(1)}_s ∘ Φ^{(1)} and that Ψ^{(1)}_s is the flow of the jet prolongation σ^{(1)} of the section σ.

Using that d_σ(1) = i_σ(1) ∘d+d∘i_σ(1) we have that d_σ(1) Θ_L = i_σ(1) dΘ_L+di_σ(1) Θ_L = −i_σ(1) Ω_L + di_σ(1) Θ_L, so that 0 = ∫ N Φ^{(1) ⋆}d_σ(1) Θ_L = − ∫ N Φ^{(1) ⋆}i_σ(1) Ω_L + ∫ N Φ^{(1) ⋆}di_σ(1) Θ_L.

The second term vanishes; indeed Θ_L is semibasic, so that i_σ(1) Θ_L depends only on the values of σ, not on their derivatives, and since σ has compact support we have that ∫ N Φ^{(1) ⋆}di_σ(1) Θ_L = ∫ N d[Φ^{(1)⋆}i_σ(1) Θ_L] = 0.

Therefore we get 0 = ∫ N Φ^{(1) ⋆}i_σ(1) Ω_L.

We now prove that this implies Φ^{(1) ⋆}i_σ(1) Ω_L = 0 for every σ. Indeed, if we take the section fσ, for f ∈ C^∞(N ), then (fσ)^{(1)} = fσ^{(1)} + (df ⊗ σ)^V , so that

Φ^{(1)⋆}i_{(fσ)}(1) Ω_L = fΦ^{(1) ⋆}i_σ(1) Ω_L + Φ^{(1)⋆}i_{(df⊗σ)}V Ω_L.

But Φ^{(1)} is semiholonomic and (df ⊗ σ)^V is vertical, so that by proposition 23 we have Φ^{(1)⋆}i_{(df⊗σ)}V Ω_L = 0. Therefore 0 = ∫ N Φ^{(1) ⋆}i_{(fσ)}(1) Ω_L = ∫ N f[Φ^{(1) ⋆}i_σ(1) Ω_L],

for every function f ∈ C^∞(N ). From the fundamental theorem of the Calculus of Variations we get that Φ^{(1) ⋆}i_σ(1) Ω_L = 0 for every σ.

Finally we show that this condition is equivalent to Φ^{(1)⋆}i_X Ω_L = 0 for every π_1-vertical section X of T^E Jπ. Indeed, the above equation is tensorial in X, so that it is equivalent to the same condition for projectable sections X. But a if X is projectable and projects to σ, then X = σ^{(1)} + V for some vertical section. Thus Φ^{(1) ⋆}i_X Ω_L = Φ^{(1)⋆}i_σ(1) Ω_L + Φ^{(1)⋆}i_V Ω_L, but the last term vanishes because V is vertical and Φ^{(1)} is semiholonomic.

Therefore, in the case of a tangent bundle F = T N with the standard Lie algebroid structure, we have proved that

Theorem 28. The following conditions are equivalent:

(1) A morphism Φ is a critical section of S.

(2) In local coordinates such that the volume form is ω = dx^1 ∧ · · · ∧ dx^r and ρ^i_a = δ^i_a, the components y^α_a of a vector bundle map Φ ∈ Sec(π) satisfy the system of partial differential equations ∂u^A ∂x^a = ρ^A_a + ρ^A_α y^α_a ∂y^α_a ∂x^b − ∂y^α_b ∂x^a + C^α_{bγ}y^γ_a − C^α_{aγ} y^γ_b + C^α_{βγ} y^β_b y^γ_a + C^α_{ab} = 0 d dx^a ( ∂L ∂y^α_a ) = ∂L ∂y^γa Z^γ_{aα} + ∂L ∂u^A ρ^A_α . (3) A morphism Φ satisfies the Euler-Lagrange equations Φ^{(1) ⋆}i_X Ω_L = 0, for every π_1-vertical section X.

Proof. The equivalence of (1) and (3) has been already established. In order to prove that (2) is equivalent to (3) we just have to notice that

C^a_{bc} = 0 and f́_{|a} = df dx^a because e_i = ∂/∂x^i is a coordinate basis. □

Noether’s theorem. Noether’s theorem is a consequence of the existence of a variational description of the problem. In the standard case [18], when the Lagrangian is invariant by the first jet prolongation of a vertical vectorfield Z then the Noether current J = i_Z(1) Θ_L is a conserved current. By a conserved current we mean a (r − 1)-form such that its pullback by any solution of the Euler-Lagrange equations is a closed form on the base manifold N . Therefore the integral of the (r − 1)-form J over any closed (r − 1)-dimensional submanifold vanishes.

We will show that a similar statement can be obtained for a field theory over general Lie algebroids F and E: for every symmetry of the Lagrangian we get a form which is closed over every solution of the Euler-Lagrange equations. But now the word conserved has only a partial meaning, because when the Lie algebroid F is not T N we do not have a volume integral neither a Stokes theorem.

In what follows in this subsection F is a general Lie algebroid, not necessarily a tangent bundle.

Following the steps in the derivation of the equation for critical sections, if σ is any π-vertical section of E (we do not need it to be compactly supported) we have that Φ^{(1) ⋆}d_σ(1) L = d[Φ^{(1)⋆}i_σ(1) Θ_L] − Φ^{(1) ⋆}i_σ(1) Ω_L, It follows that if Φ is a solution of the Euler-Lagrange equations Φ^{(1)⋆}i_σ(1) Ω_L = 0, then Φ^{(1) ⋆}d_σ(1) L = d[Φ^{(1)⋆}i_σ(1) Θ_L].

The above is the base of Noether’s theorem.

Definition 29. We will say that the Lagrangian density L is invariant under a π-vertical section σ ∈ Sec(E) if d_σ(1) L = 0.

It follows from this definition that L is invariant under σ if and only if it is invariant under the flow of σ^{(1)} , that is Φ^{(1)}_s^⋆L = L.

Definition 30. A (r − 1)-form λ is said to be a conserved current if Φ^{(1)⋆}λ is a closed form for any solution Φ of the Euler-Lagrange equations.

With these definitions and taking into account the above arguments we have the following result.

Theorem 31. Let σ ∈ Sec(E) be a π-vertical section. If the Lagrangian density is invariant under σ then i_σ(1) Θ_L is a conserved current.

Proof. If d_σ(1) L = 0, from the relation Φ^{(1) ⋆}d_σ(1) L = d[Φ^{(1)⋆}i_σ(1) Θ_L], we have that d[Φ^{(1)⋆}i_σ(1) Θ_L], for every solution Φ of the Euler-Lagrange equations. □

We insist however that the lack of an integral description does not allow to interpret this as a conservation law in the classical sense.

8. The Hamiltonian formalism

For the Hamiltonian approach we consider the affine dual of Jπ. This is the bundle whose fiber over m ∈ M is the set of all affine maps from J_mπ to R. As in the standard case, there is a more convenient representation of this bundle as a bundle of r-forms, which we will denote by the same symbol. Explicitly, we consider the bundle π_{10}^† : J^†π → M whose fibre at m ∈ M is

J^†_mπ = { λ ∈ (E^∗_m)^{∧r} | i_{k1} i_{k2} λ = 0 for all k_1, k_2 ∈ K_m } .

An element in J^†π has the local expression λ = λ_0ω + λ^a_αe^α ∧ ω_a and it is identified with the affine map λ_0 + λ^a_αy^α_a . We thus have local coordinates (x^i, u^A, μ_0, μ^a_α) on J^†π, where μ_0 and μ^a_α are the functions given by μ_0(λ) = λ_0 and μ^a_α(λ) = λ^a_α. We also consider the E-tangent bundle to J^†π, whose fibre at the point λ is T^E_λ J^†π = { (a, V ) ∈ E_m × T_λJ^†π | | ρ_E (a) = T π_{10}^†(V ) } ,

and the projection π_{10}^† = T π_{10}^†, which defines the bundle map π^†_{10} = (π_{10}^†, π_{10}^†).

On J^†π we have a canonically defined r-form Θ, the multimomentum form, given by Θ_λ = (π^†_{10})^⋆λ, or explicitly, Θ_λ(Z_1, Z_2, . . . , Z_r) = λ(a_1, a_2, . . ., a_r), for Z_i = (λ, a_i, V_i) ∈ T^E_λ J^†π, i = 1, . . ., r. The canonical multimomentum form has the local expression Θ = μ_0ω + μ^a_αX^α ∧ ω_a.

The differential of the canonical multimomentum form is (minus) the canonical multisymplectic form on J^†π, that is Ω = −dΘ. Its local expression is

Ω = X^α ∧ P^a_α ∧ ω_a + 1 2 μ^a_γ C^γ_{αβ}X^α ∧ X^β ∧ ω_a − P_0 ∧ ω − μ^a_γ (C^γ_{aα} + C^b_{ab}δ^γ_α)X^α ∧ ω.

We also consider the vector bundle dual to Vπ represented as the bundle π_{10}^∗ : V^∗π → M whose fibre at m ∈ M is the set of all linear maps ξ : K_m → F^{∧(r−1)}_n , where n = π(m). An element of V^∗π is of the form ξ = ξ^a_αe^α ∧ ω_a, and therefore we have local coordinates (x^i, u^A, μ^a_α) on V^∗π, where μ^a_α(ξ) = ξ^a_α.

We have used the same symbol for the coordinates μ^a_α in J^†π and in V^∗π because the manifold J^†π is fibred over the manifold V^∗π. Indeed, an element λ in J^†_mπ is an affine map and therefore has an associated linear map, which is represented as an element of V^∗π, and thus provides a surjective submersion ℓ : J^†π → V^∗π. As before, we consider the E-tangent bundle T^E V^∗π whose fibre at ξ ∈ V^∗π is

T^E_ξ V^∗π = { (a, V ) ∈ E_m × T_ξ V^∗π | | ρ_E (a) = T π_{10}^∗(V ) } .

In order to avoid confusions, the basis of local sections of T^E J^†π will be denoted (X_a, X_α, P^0, P^α_a ) and similarly, the basis of local sections of T^E V^∗π will be denoted (X_a, X_α, P^α_a ). That is, we will denote the vertical elements ( ξ, 0,^∂_{∂μaα} ) by P^α_a instead of V^α_a as before. Accordingly, the dual basis will be denoted (X^a, X^α, P_0, P^a_α) and (X^a, X^α, P^a_α), respectively.

Liouville-Cartan forms. By a Hamiltonian section we mean a section of the bundle ℓ : J^†π → V^∗π. With the help of a Hamiltonian section h we can pullback the canonical multimomentum and multisymplectic forms to V^∗π, Θ_h = (T h)^⋆Θ and Ω_h = (T h)^⋆Ω.

Notice that Ω_h = −dΘ_h since T h is a morphism of Lie algebroids. Locally, a Hamiltonian section h is determined by a local function H(x^i, u^A, μ^a_α) by means of h(x^i, u^A, μ^a_α) = (x^i, u^A, μ^a_α, −H(x^i, u^A, μ^a_α)), that is, the coordinate μ_0 is determined by μ_0 = −H(x^i, u^A, μ^a_α). It follows that the forms Θ_h and Ω_h have the local expression Θ_h = μ^a_αX^α ∧ ω_a − Hω and Ω_h = X^α ∧ P^a_α ∧ ω_a + 1 2 μ^a_γ C^γ_{αβ}X^α ∧ X^β ∧ ω_a + dH ∧ ω − μ^a_γ (C^γ_{aα} + C^b_{ab}δ^γ_α)X^α ∧ ω.

Hamilton equations. A solution of the Hamiltonian system defined by a Hamiltonian section h is a morphism Λ from τ^F_N : F → N to τ^E_V∗_π : T^E V^∗π → V^∗π such that Λ^⋆ (i_X Ω_h) = 0, for every section X of T^E V^∗π vertical over F . The above equations are said to be the Hamiltonian field equations.

Such a map Λ has the local expression Λ = (X_a + Λ^α_a X_α + Λ^c_{γa}P^γ_a) ⊗ ē^a. By taking the section X = P^α_a in the Hamilton equations we get

i_X Ω = ∂H ∂μ^a_α ω − X^α ∧ ω_a and then Λ^⋆(i_X Ω) = ( ∂H ∂μ^a_α − Λ^α_a ) ω, from where we get

Λ^α_a = ∂H ∂μ^a_α . Taking now the section X = X_α in the Hamilton equations we get

i_X Ω = ( ρ^A_α ∂H ∂u^A − μ^c_γ (C^γ_{cα} + C^b_{ab}δ^γ_α) ) ω + ( P^a_α + μ^a_γ C^γ_{αβ}X^β ) ∧ ω_a and thus

Λ^⋆(i_X Ω) = ( ρ^A_α ∂H ∂u^A − μ^c_γ (C^γ_{cα} + C^γ_{βα}Λ^β_α) + Λ^c_{αc} − μ^c_γ C^b_{ab} ) ω, from where we get the relation Λ^c_{αc} = −ρ^A_α ∂H ∂u^A + μ^c_γ ( C^γ_{cα} + C^γ_{βα}Λ^β_c ) − μ^a_βC^b_{ab}. It follows that the Hamiltonian field equations are

Λ^α_a = ∂H ∂μ^a_α and Λ^c_{αc} + μ^b_αC^c_{bc} = −ρ^A_α ∂H ∂u^A + μ^c_γ ( C^γ_{cα} + C^γ_{βα} ∂H ∂μ^c_β ) . Notice that they do not determine Λ, but they provide the value of Λ^c_{αc} the trace of Λ^a_{αb}.

On the other hand, the map Λ must be a morphism; in particular it is an admissible map ρ^1 ∘ Λ = T Λ ∘ ρ_F , which in coordinates reads ρ^i_a ∂u^A ∂x^i = ρ^A_a + ρ^A_α Λ^α_a and ρ^i_a ∂μ^c_γ ∂x^i = Λ^c_{γa}.

The additional properties for being a morphism are ( ∂H ∂μ^a_α )_′ |b − ( ∂H ∂μ^b_α )_′ |a + C^α_{βγ} ∂H ∂μ^b_β ∂H ∂μ^a_γ + C^α_{bγ} ∂H ∂μ^a_γ − C^α_{aγ} ∂H ∂μ^b_γ + C^α_{ba} = 0 and Λ^a_{αb|c} − Λ^a_{αc|b} = Λ^a_{αd}C^d_{cb}, but this one is a consequence of the admissibility conditions. Therefore we get the system of partial differential equations ρ^i_a ∂u^A ∂x^i = ρ^A_a + ρ^A_α ∂H ∂μ^a_α ( ∂H ∂μ^a_α )_′ |b − ( ∂H ∂μ^b_α )_′ |a + C^α_{βγ} ∂H ∂μ^b_β ∂H ∂μ^a_γ + C^α_{bγ} ∂H ∂μ^a_γ − C^α_{aγ} ∂H ∂μ^b_γ + C^α_{ba} = 0

ρ^i_c ∂μ^c_α ∂x^i + μ^b_αC^c_{bc} = −ρ^A_α ∂H ∂u^A + μ^c_γ ( C^γ_{cα} + C^γ_{βα} ∂H ∂μ^c_β ) . which will be called the Hamiltonian partial differential equations.

The Legendre transformation. Let ϕ_0 ∈ Jπ and m = π_{10}(ϕ_0). We define ^F_L(ϕ_0) ∈ J†_mπ as follows. For every ϕ ∈ J_mπ, we consider the map t → φ(t) = L(ϕ_0 +t(ϕ−ϕ_0)). The value of ^F_L(ϕ_0) over ϕ is the first order affine approximation of φ at t = 0, ^F_L(ϕ_0)(ϕ) = φ(0) + φ^′(0).

The map ^F_L : Jπ → J^†π is said to be the Legendre map or the Legrendre transformation.

In coordinates, if ϕ_0 = (e_a + y^α_a e_α) ⊗ ē^a and ϕ = (e_a + z^α_a e_α) ⊗ ē^a, then φ(t) = L(x^i, u^A, y^α_a + t(z^α_a − y^α_a )), so that

^F_L(ϕ_0)(ϕ) = φ(0) + φ^′(0) = L(x^i, u^A, y^α_a ) + ∂L ∂y^α_a (x^i, u^A, y^α_a )(z^α_a − y^α_a ),

which under the canonical identification (p + p^a_αz^α_a ) ≡ pω + p^a_αe^α ∧ ω_a corresponds to ^F_L(ϕ_0)(ϕ) = ∂L ∂y^α_a (e^α − y^α_b e^b) ∧ ω_a + ( L − ∂L ∂y^α_a y^α_a ) ω,

It follows from this expression that ^F_L is smooth and that (T ^F_L)^⋆Θ = Θ_L. Therefore (T ^F_L)^⋆Ω = Ω_L

Finally, the reduced Legendre transformation is the map F_L : Jπ → V^∗π given by projection F_L = ℓ ∘ ^F_L. In coordinates, if ψ ∈ Vπ has coordinates ψ = (x^i, u^A, v^α_a ) then we have F_L(ϕ_0)(ψ) = ∂L ∂y^α_a (x^i, u^A, y^α_a ) v^α_a ,

which under the canonical identification p^a_αz^α_a ≡ p^a_αe^α ∧ ω_a corresponds to

F_L(ϕ_0)(ψ) = ∂L ∂y^α_a e^α ∧ ω_a. In local coordinates the tangent prolongation of the Legendre transformation is given by

(T ^F_L)^⋆x^i = x^i (T ^F_L)^⋆X^a = X^a (T ^F_L)^⋆u^A = u^A (T ^F_L)^⋆X^α = X^α

(T ^F_L)^⋆μ_0 = L − ∂L ∂y^α y^α_a ≡ E_L (T ^F_L)^⋆P_0 = dE_L

(T ^F_L)^⋆μ^a_α = ∂L ∂y^α (T ^F_L)^⋆P^a_α = d ( ∂L ∂y^α )

and (T F_L)^⋆x^i = x^i (T F_L)^⋆X^a = X^a (T F_L)^⋆u^A = u^A (T F_L)^⋆X^α = X^α

(T F_L)^⋆μ^a_α = ∂L ∂y^α (T F_L)^⋆P^a_α = d ( ∂L ∂y^α )

Equivalence. If the Legendre transformation F_L is a (global) diffeomorphism we will say that the Lagrangian is hyperregular. In this case both formalisms, the Lagrangian and the Hamiltonian, are equivalent.

Proposition 32. The following conditions are equivalent:

(1) F_L is a local diffeomorphism.

(2) For every ϕ ∈ Jπ the linear map T_ϕF_L is invertible. (3) The Lagrangian L is regular.

Proof. [(1) ⇔ (2)] If F_L is a local diffeomorphism, then T F_L is invertible. Thus, for every ϕ ∈ Jπ we have that (F_L(ϕ), a, V ) → (ϕ, a, (T_ϕF_L)^{−1}(V )) is the inverse of T_ϕF_L. Conversely, if T_ϕF_L is invertible for every ϕ ∈ Jπ, and V ∈ T_ϕJπ is such that T_ΦF_L(V ) = 0, then V is vertical (because F_L is a map over the identity) and thus T_ϕF_L(ϕ, 0, V ) = (F_L(ϕ), 0, T_ϕF_L(V )) = (F_L(ϕ), 0, 0).

Since T_ϕF_L in invertible, we get that V = 0.

[(2) ⇔ (3)] From the local expression of the prolongation of F_L we get that T_ϕF_L is invertible if and only if the matrix^{∂2L}_{∂yαa ∂yβb} is invertible, which is equivalent to the regularity of the Lagrangian. □

Theorem 33. Let L be a hyperregular Lagrangian. If Φ is a solution of the Euler- Lagrange equations then Λ = T F_L ∘ Φ^{(1)} is a solution of the Hamiltonian field equations. Conversely, if Λ is a solution of the Hamiltonian field equations then there exists one and only one solution Φ of the Euler-Lagrange equations such that Λ = T F_L ∘ Φ^{(1)}.

Proof. Let Φ ∈ Sec(π) be a solution of the Euler-Lagrange equations and define Λ = T F_L ∘ Φ^{(1)} . Then Λ is a morphism, because so is Φ^{(1)} and T F_L. Moreover, it is a solution of the Hamiltonian field equations. Indeed, if X and Y are such that T F_L ∘ Y = X ∘ F_L, then Λ^⋆i_X Ω = Φ^{(1) ⋆}(T F_L)^⋆i_X Ω = Φ^{(1) ⋆}i_Y (T F_L)^⋆Ω = Φ^{(1)} i_Y Ω_L.

If Φ is a solution of the Euler-Lagrange equations then the right hand side vanishes for every Y vertical, and then the left hand side vanishes for every X vertical. (Notice that if Y is vertical and arbitrary so is X.)

Conversely, let Λ be a solution of the Hamiltonian field equations, and define Ψ = (T F_L)^{−1} ∘ Λ. Then, for every vertical Y we have

Ψ^⋆i_Y Ω_L = Ψ^⋆i_Y (T F_L)^⋆Ω = Ψ^⋆(T F_L)^⋆i_X Ω = (T F_L ∘ Ψ)^⋆i_X Ω = Λ^⋆i_X Ω. so that Ψ satisfies Ψ^⋆i_X Ω_L = 0, for every vertical X. Since the Lagrangian is regular we have that Ψ is semiholonomic. But since Λ is a morphism, so is Ψ, and hence Ψ is jet prolongation Ψ = Φ^{(1)} with Φ a morphism. Therefore Φ ∈ Sec(π) is a solution of the Euler-Lagrange field equations. □

Unfortunately, the most interesting examples of Lagrangian field theories are singular, so that the above result does not apply. In such cases we can proceed as in [13] or alternatively as it is explained in the next subsection.

The unified formalism. Probably the best alternative in the analysis of the Hamiltonian equations is the so-called unified formalism [22, 14].

Consider the fibred product Jπ ×_M V^∗π → M , and the map λ_L : Jπ ×_M V^∗π → J^†π defined by λ_L(ϕ, ψ)(ϕ^′) = L(ϕ) + ψ(ϕ^′ − ϕ). In local coordinates, if ϕ = (x^i, u^A, y^α_a ), ψ = (x^i, u^A, μ^a_α) and ϕ^′ = (x^i, u^A, z^α_a ), then

λ_L(ϕ, ψ)(ϕ^′) = L(x^i, u^A, y^α_a ) + μ^a_α(z^α_a − y^α_a ).

Thus the coordinates of λ_L(ϕ, ψ) are (x^i, u^A, L(x^i, u^A, y^α_a ) − μ^a_αy^α_a , μ^a_α), that is the value of the coordinate μ_0 of λ_L(ϕ, ψ) is μ_0 = L(x^i, u^A, y^α_a ) − μ^a_αy^α_a .

We consider the E-tangent bundle τ^E_{Jπ×M V}∗_π : T^E (Jπ ×_M V^∗π) → Jπ ×_M V^∗π and the projections υ_{10} and υ_1 from this bundle to τ^E_M : E → M and τ^F_N : F → N , respectively.

By pulling back the canonical multisymplectic form Ω on J^†π to Jπ ×_M V^∗π by T λ_L we get a multisymplectic form Ω^L on Jπ ×_M V^∗π,

Ω^L = (T λ_L)^⋆Ω, in terms of which we set the field equations. Notice that if we define Θ^L = (T λ_L)^⋆Θ then Ω^L = −dΘ^L. In coordinates Θ^L = (L − μ^a_αy^α_a )ω + μ^a_αX^α ∧ ω_a = Lω + μ^a_αθ^α ∧ ω_a.

Definition 34. By a solution of unified field equations we mean a morphism Υ ∈ Sec(υ_1) such that Υ^⋆(i_X Ω^L) = 0 for every υ_1-vertical section X of T^E (Jπ ×_M V^∗π).

We will see that this equations reproduce the field equations and the semiholonomy condition.

The section Υ is of the form Υ = (Ψ, Λ), where Ψ is a section of Jπ and Λ is a section of V^∗π, both projecting to the same section of π. It is easy to see that Υ is a morphism of Lie algebroids if and only if Ψ and Λ are morphisms of Lie algebroids.

We consider the forms Δ^L = Θ^L − (T pr_1)^⋆Θ_L and Ξ^L = Ω^L − (T pr_1)^⋆Ω_L, so that Ξ^L = −dΔ^L. In coordinates we have that

Δ^L = ( μ^a_α − ∂L ∂y^α_a ) θ^α ∧ ω_a.

Proposition 35. Let Υ ∈ Sec(υ_1) be a morphism, and Ψ, Λ its components.

(1) Υ^⋆i_Z Ω^L = 0 for every T pr_1-vertical section Z if and only if Ψ is semiholonomic (and hence holonomic).

(2) Υ^⋆i_Z Ω^L = 0 for every T υ-vertical section Z if and only if Ψ is semiholonomic and ImΥ ⊂ Graph(F_L).

(3) Υ^⋆i_Z Ω^L = 0 for every T υ-vertical section Z if and only if Υ^⋆i_W Ω^L = 0 for every section W .

Proof. Indeed, for Z = P^α_a we have that i_Pα_a Ξ^L = −θ^α ∧ ω_a, so that Υ^⋆i_Pα_a Ξ^L = Ψ^⋆θ^α ∧ ω vanishes if and only if Ψ is semiholonomic. Since Ψ is a morphism we have that Ψ is holonomic. This proves the first condition.

For the second we have

i_Va_α Ξ^L =

∂^2L ∂y^α_a ∂y^β_b θ^β ∧ ω_b + ( μ^a_α − ∂L ∂y^α_a ) ω. Therefore Υ^⋆i_Z Ω^L = 0 for Z = P^α_a and Z = V^a_α if and only if Ψ is semiholonomic and Υ^⋆ ( μ^a_α −^{∂L}_{∂yαa} ) = 0, that is, Υ takes values on the graph of the Legendre transformation F_L.

Finally, for the third we take Z = X_α and thus i_{Xα} Ξ^L = −d_{Xα} Δ^L + d(i_{Xα} Δ_L).

The pullback by Υ of the second term vanishes because Υ^⋆ commutes with d and

Υ^⋆i_{Xα} Δ_L = Υ^⋆ ( μ^a_α − ∂L ∂y^α_a ) ω_a = 0.

Thus we have Υ^⋆i_{Xα} Ξ^L = −Υ^⋆d_{Xα} Δ^L which vanishes as a consequence of the first two properties

Υ^⋆d_{Xα} Δ^L = Υ^⋆ [ d_{Xα} ( μ^b_β − ∂L ∂y^β_b )] [ Υ^⋆θ^β ∧ ω_a ] +

+ Υ^⋆ ( μ^b_β − ∂L ∂y^β_b ) Υ^⋆ [ d_{Xα} (θ^β ∧ ω_b) ] = 0 + 0 = 0.

This proves the third. □

We notice that if Ψ is semiholonomic and Υ = (Ψ, Λ) is a morphism of Lie algebroids (admissible is sufficient) such that the base map is in the graph of the Legendre transformation, ImΥ ⊂ Graph(F_L), then Υ itself is in the graph of T F_L, that is, Λ = T F_L ∘ Ψ. Indeed, if we denote by ζ the bundle map ζ = Υ − (Ψ, T F_L ∘ Ψ), then we have that ζ^⋆x^i = 0, ζ^⋆u^A = 0, ζ^⋆y^α_a = 0 and

ζ^⋆μ^a_α = ( μ^a_α − ∂L ∂y^α_a ) ∘ Υ which vanishes if ImΥ ⊂ Graph(F_L). Moreover we have that ζ^⋆X^a = 0, ζ^⋆X^α = 0 (because Ψ is semiholonomic), ζ^⋆V^α_a = 0, and

ζ^⋆P^a_α = ζ^⋆dμ^a_α = dζ^⋆μ^a_α = d [( μ^a_α − ∂L ∂y^α_a ) ∘ Υ ]

which vanishes because ImΥ ⊂ Graph(F_L).

Proposition 36. Let Υ = (Ψ, Λ) be a solution of the unified field equations. Then Ψ = Φ^{(1)} with Φ a solution of the Euler-Lagrange equations and Λ = T F_L ∘ Φ^{(1)}.

Conversely, if Φ is solution of the Euler-Lagrange equations then Υ = (Φ^{(1)} , T F_L∘ Φ^{(1)} ) is a solution of the unified field equations.

Proof. Let Υ be a solution of the unified field equations. Then if Z = (X, Y ) is a section of T^E Jπ ×_M V^∗π we have Ψ^⋆i_X Ω_L = Υ^⋆i_Z Ξ^L.

Thus for a T pr_1-vertical Z we have that X = 0, and thus Υ^⋆i_Z Ξ^L = 0, so that Ψ is semiholonomic, and hence holonomic Ψ = Φ^{(1)} . On the other hand if Z is T pr_2- vertical, then X is vertical and by proposition 23 we get that Ψ^⋆i_X Ω_L = 0. Thus Υ^⋆i_Z Ξ^L = 0 and it follows that Υ is in the graph of the Legendre transformation, i.e. it is of the form Υ = (Ψ, T F_L ∘ Ψ). Finally, since Υ^⋆i_Z Ξ^L vanishes for verticals Z, it vanishes for every Z, and hence Ψ^⋆i_X Ω_L = 0. Thus Ψ = Φ^{(1)} satisfies the De Donder equations, i.e. Φ is a solution of the Euler-Lagrange equations.

Conversely, let Φ be a solution of the Euler-Lagrange equations and set Υ = (Φ^{(1)} , T F_L ∘ Φ^{(1)} ). Since Φ is a morphism so is Φ^{(1)}, hence so is T F_L ∘ Φ^{(1)} and hence so is Υ. Thus Υ^⋆i_Z Ω^L = Ψ^⋆i_X Ω_L + Υ^⋆i_Z Ξ_L = Υ^⋆i_Z Ξ_L, which vanishes because Φ^{(1)} is semiholonomic and (by definition) the image of Υ is contained in the graph of the Legendre transformation. □

9. Examples Standard case. In the standard case, we consider a bundle π : M → N , the standard Lie algebroids F = T N and E = T M and the tangent map π = T π : T M → T N . Then we have that Jπ = J^1π. Thus we recover the standard first order Field Theory defined on sections on the bundle M . If we take coordinate basis, we recover the local expression of the Euler-Lagrange field equations and the Hamiltonian field equations. Moreover, if we take general non-coordinate basis of vectorfields, our equations provides an expression of the standard Euler-Lagrange and Hamiltonian field equations written in pseudo-coordinates.

In particular, one can take an Ehresmann connection on the bundle π : M → N and use an adapted local basis

ē_i = ∂ ∂x^i and e_i = ∂ ∂x^i + Γ^A_i ∂ ∂u^A e_A = ∂ ∂u^A . In this case, the greek indices and the latin capital indices coincide. Then we have the brackets

[e_i, e_j] = −R^A_{ij}e_A, [e_i, e_B ] = Γ^A_{iB} e_A and [e_A, e_B] = 0, where we have written Γ^B_{iA} = ∂Γ^B_i /∂u^A and where R^A_{ij} is the curvature tensor of the nonlinear connection we have chosen. The components of the anchor are ρ^i_j = δ^i_j , ρ^A_i = Γ^A_i and ρ^A_B = δ^A_B so that the Euler-Lagrange equations are ∂u^A ∂x^i = Γ^A_i + y^A_i ∂y^A_i ∂x^j − ∂y^A_j ∂x^i + Γ^A_{jB}y^B_i − Γ^A_{iB}y^B_j = R^A_{ij} d dx^i ( ∂L ∂y^A_i ) − Γ^B_{iA} ∂L ∂y^B_i = ∂L ∂u^A .

On the Hamiltonian side we have the Hamiltonian field equations ∂u^A ∂x^i = Γ^A_i + ∂H ∂μ^i_A d dx^j ( ∂H ∂μ^i_A ) − d dx^i ( ∂H ∂μ^j_A ) + Γ^A_{jB} ∂H ∂μ^i_B − Γ^A_{iB} ∂H ∂μ^j_B = R^A_{ij} ∂μ^i_A ∂x^i − μ^i_B Γ^B_{iA} = − ∂H ∂u^A . See [6, 18, 21] for alternative derivations of this equations.

Time-dependent Mechanics. In [55, 56] we developed a theory of Lagrangian and Hamiltonian mechanics for time dependent systems defined on Lie algebroids, where the base manifold is fibred over the real line R. Later, in [48], we generalize such results to the case of a general manifold (not necessarily fibred over R) which was based on the notion of Lie algebroid structure over an affine bundle. Since time-dependent mechanics is but a 1-dimensional Field Theory, our results must be related to that.

The case where the manifold M is fibred over R fits in the scheme developed in this paper as follows. Consider a Lie algebroid τ^E_M : E → M and the standard Lie algebroid τ_R: T R → R. We consider the Lie subalgebroid K = ker(π) and define A = { a ∈ E | | | | π(a) = ∂ ∂t } . Then A is an affine subbundle modeled on K and the ‘bidual’ of A is (A^†)^∗ = E. Moreover, the Lie algebroid structure on E defines by restriction a Lie algebroid structure on the affine bundle A.

Conversely, let A be an affine bundle with a Lie algebroid structure as in [48]. Then the vector bundle E ≡ (A^†)^∗ has an induced Lie algebroid structure. If ρ̃ is the anchor of this bundle then the map π defined by π(z) = T π(ρ̃(z)) is a morphism. Moreover we have that A = { a ∈ E | | π(a) =^∂_{∂t} } as above.

We have a canonical identification of A with Jπ. Indeed, let T : Jπ → A be the map T (ϕ) = Φ(^∂_{∂t} ). Then T is well defined, i.e. T (ϕ) ∈ A because π(a) = π(ϕ( ∂ ∂t )) = (π ∘ ϕ)( ∂ ∂t ) = ∂ ∂t . The inverse of the map T is clearly T^{−1}(a) = a dt, where by ϕ = a dt we mean the map ϕ(τ^∂_{∂t} ) = τ a. One can easily follow the correspondences between both theories. For instance the vertical endomorphism S_{dt} associated to the volume form dt is the vertical endomorphism as defined in [48].

The morphism condition is just the admissibility condition so that the Euler- Lagrange equations are du^A dt = ρ^A_0 + ρ^A_α y^α d dt ( ∂L ∂y^α ) = ∂L ∂y^γ (C^γ_{0α} + C^γ_{βα}y^β ) + ∂L ∂u^A ρ^A_α , where we have written x^0 ≡ t and y^α_0 ≡ y^α. This expression is in agreement with [48]. For the Hamilton equations we have du^A dt = ρ^A_0 + ρ^A_α ∂H ∂μ_α dμ_α dt = μ_γ (C^γ_{0α} + C^γ_{βα} ∂H ∂μ_β ) − ρ^A_α ∂H ∂u^A .

where we have written μ^0_α ≡ μ_α.

The autonomous case. A very common case in applications is that of systems depending on morphisms from a Lie algebroid to another one, which are not sections of any bundle. In this case we construct the bundle E as the product of both algebroids. We assume that we have two Lie algebroids τ^F_N : F → N and τ^G_Q : G → Q over different bases and we set M = N × Q and E = F × G, where the projections are both the projection over the first factor π(n, q) = n and π(a, k) = a. The anchor is the sum of the anchors and the bracket is determined by the brackets of sections of F and G (a section of F commutes with a section of G). We therefore have that ρ^α_a = 0, C^α_{ab} = 0 and C^α_{aβ} = 0.

In this case a jet at a point (n, q) is of the form ϕ(a) = (a, ζ(a)), so that it is equivalent to a map ζ : F_n → G_q. Therefore, in what follows we identify Jπ with the set of linear maps from a fibre of F to a fibre of G. This is further justified by the fact that a map Φ : F → G is a morphism of Lie algebroids if and only if the section (id, Φ) : F → F × G of π is a morphism of Lie algebroids.

The affine functions Z^γ_{aα} reduce to Z^γ_{aα} = C^γ_{βα}y^β_a and thus the Euler-Lagrange equations are ( ∂L ∂y^α_a )_′ |a + C^b_{ba} ( ∂L ∂y^α_a ) = ∂L ∂y^γ_a C^γ_{βα}y^β_a + ∂L ∂u^A ρ^A_α . In the more particular and common case where F = T N we can take a coordinate basis, so that we also have C^c_{ab} = 0. Therefore the Euler-Lagrange partial differential equations are ∂u^A ∂x^a = ρ^A_α y^α_a d dx^a ( ∂L ∂y^α_a ) = ∂L ∂y^γa C^γ_{βα}y^β_a + ∂L ∂u^A ρ^A_α , ∂y^α_a ∂x^b − ∂y^α_b ∂x^a + C^α_{βγ} y^β_b y^γ_a = 0,

Autonomous Classical Mechanics. When moreover F = T R → R then we recover Weinstein’s equations for a Lagrangian system on a Lie algebroid du^A dt = ρ^A_α y^α d dt ( ∂L ∂y^α ) = ∂L ∂y^γ C^γ_{βα}y^β + ∂L ∂u^A ρ^A_α , where, as before, we have written x^0 ≡ t and y^α_0 ≡ y^α. For the Hamilton equations we have du^A dt = ρ^A_α ∂H ∂μ_α dμ_α dt = μ_γ C^γ_{βα} ∂H ∂μ_β − ρ^A_α ∂H ∂u^A . where we have written μ^0_α ≡ μ^0_α.

Poisson Sigma model. As an example of autonomous theory, we consider a 2- dimensional manifold N and it tangent bundle F = T N . On the other hand, consider a Poisson manifold (Q, Λ). Then the cotangent bundle G = T^∗Q has a Lie algebroid structure, where the anchor is ρ(σ) = Λ(σ, · ) and the bracket is [σ, η] = d^{T Q}_{ρ(σ)}η − d^{T Q}_{ρ(η)}σ − d^{T Q}Λ(σ, η), where d^{T Q} is the ordinary exterior differential on Q.

The Lagrangian density for the Poisson Sigma model is L(ϕ) = −^1_2 ϕ^⋆Λ. In coordinates (x^1, x^2) on N and (u^A) in Q we have that Λ =^1_2 Λ^{JK ∂}_{∂uJ} ∧^∂_{∂uK} . A jet at the point (n, q) is a map ϕ : T_nN → T^∗_q Q, locally given by ϕ = y_{Ki}du^K ⊗ dx^i. Thus we have local coordinates (x^i, u^K, y_{Ki}) on Jπ. The local expression of the Lagrangian density is

L = − 1 2 Λ^{JK}A_J ∧ A_K = − 1 2 Λ^{JK} y_{J1}y_{K2} dx^1 ∧ dx^2.

where we have written A_K = Φ^⋆(∂/∂u^K ) = y_{Ki}dx^i.

A long but straightforward calculation shows that for the Euler-Lagrange equation d dx^a ( ∂L ∂y^α_a ) = ∂L ∂y^γ_a C^γ_{βα}y^β_a + ∂L ∂u^A ρ^A_α the right hand side vanishes while the left hand side reduces to 1 2 Λ^{LJ} ( y_{L2|1} − y_{L1|2} + ∂Λ^{MK} ∂u^L y_{M1}y_{K2} ) = 0.

In view of the morphism condition, we see that this equation vanishes. Thus the field equations are just ∂u^J ∂x^a + Λ^{JK} y_{Ka} = 0 ∂y_{Ja} ∂x^b − ∂y_{Jb} ∂x^a + ∂Λ^{KL} ∂u^J y_{Kb}y_{La} = 0, or in other words

dϕ^J + Λ^{JK} A_K = 0 dA_J + 1 2 Λ^{KL}_{,J} A_K ∧ A_L = 0.

The conventional Lagrangian density for the Poisson Sigma model [59] is L^′ = tr(Φ ∧ T Φ) +^1_2 Φ^⋆Λ, which in coordinates reads L^′ = A_J ∧ dϕ^J +^1_2 Λ^{JK} A_J ∧ A_K . The difference between L^′ and L is a multiple of the admissibility condition dϕ^J + Λ^{JK} A_K ;

L^′ − L = A_J ∧ dϕ^J + 1 2 Λ^{JK} A_J ∧ A_K + 1 2 Λ^{JK} A_J ∧ A_K = A_J ∧ (dϕ^J + Λ^{JK} A_K ).

Therefore both Lagrangians coincide on admissible maps, and hence on morphisms, so that the actions defined by them are equal.

Remark 37. In the conventional analysis of the Poisson Sigma model [59] the morphism condition is not imposed a priori and it is a result of the field equations. The 1-form A_J acts as a Lagrange multiplier and something special occurs for this model since the multiplier is known in advance, not as consequence of the field equations. ⋄

Remark 38. In more generality, one can consider a presymplectic Lie algebroid, that is, a Lie algebroid with a 2-cocycle Ω, and the Lagrangian density L = −^1_2 Φ^⋆Ω. The Euler-Lagrange equations vanishes as a consequence of the morphism condition and the closure of Ω so that we again get a topological theory. In this way one can generalize the theory for Poisson structures to a theory for Dirac structures. ⋄

Holomorphic maps. Given two complex manifolds (N, J_N ) and (M, J_M ) a map φ : N → M is a holomorphic map if its tangent map commutes the complex structures, that is, T φ ∘ J_N = J_M ∘ T φ. In many applications one has to consider a Lagrangian depending on holomorphic sections of a bundle ν : M → N , the projection ν being holomorphic T ν ∘ J_M = J_N ∘ T ν. Our theory can include also such systems as follows.

Since a complex structure J on a manifold Q satisfies d^2_J = 0, we have that T Q can be endowed with a Lie algebroid structure in which the exterior differential is d_J = [i_J , d^{T Q}]. Therefore a first idea is to use such Lie algebroid structures on both complex manifolds. Nevertheless, we have that a bundle map Φ = (Φ, Φ) is a morphism if and only if it is admissible, i.e. J_M ∘ Φ = T Φ ∘ J_N , which determines the map Φ by Φ = −J_M ∘ T Φ ∘ J_N . Therefore, we do not get a holomorphic maps except if we impose the additional condition Φ = T Φ.

Since tangent maps are the only morphisms between tangent bundles (with the standard Lie algebroid structure), we can solve the problem by considering together both Lie algebroid structures on a complex manifold Q,

• the standard one, where the exterior differential is the standard exterior differential d^{T Q},and • the Lie algebroid structure provided by the complex structure, where the exterior differential is d_J = [i_J , d^{T Q}].

Notice that both structures are compatible in the sense that [d_J , d^{T Q}] = 0.

This is done by introducing an additional parameter λ ∈ R as follows. For a complex manifold (Q, J) we set G = R × T Q → R × Q, the vector bundle with projection τ^G_{R×Q}(λ, v) = (λ, τ_Q(v)). On G we consider the Lie algebroid structure given by the exterior differential d = d^{T Q} + λd_J , with dλ = 0. Then it is clear that d^2 = 0 so that we have endowed G with a Lie algebroid structure. The anchor is ρ_G = (0, id_{T Q} + λJ), that is ρ_G(λ, v) = (0, v + λJv) ∈ T R× T Q, We consider the above construction for the complex manifold N and we get the Lie algebroid F = R × N , and for the complex manifold M and we get the Lie algebroid E = R× M . The projection π = (π, π) given by π(λ, v) = (λ, T ν(v)) and π(λ, m) = (λ, ν(m)) is a morphism of Lie algebroids since ν is holomorphic.

Given a map Φ = (Φ, Φ) form T N to T M we have a the bundle map Φ^′ from F to E defined by Φ^′(λ, w) = (λ, Φ(w)) and Φ^′(λ, n) = (λ, Φ(n)). Then Φ^′ is a morphism of Lie algebroids if and only if Φ is a holomorphic map and Φ = T Φ. Indeed, Φ^′ is a morphism if and only if it is admissible ρ_E ∘ Φ^′ = T Φ^′ ∘ ρ_F . This is equivalent to

(0, Φ(w) + λJ_M (Φ(w))) = (0, T Φ(w) + λT Φ(J_N (w)))

for every (λ, w) ∈ F , which finally is equivalent to

Φ = T Φ and J_M ∘ T Φ = T Φ ∘ J_N .

Conversely, if Ψ is a morphism form F to E, which is λ independent, then Ψ = Φ^′ for some holomorphic map Φ and with Φ = T Φ. Obviously, Φ^′ is a section of π if and only is Φ is a section of ν.

Systems with symmetry. The case of a system with symmetry is very important in Physics. We consider a principal bundle ν : P → M with structure group G and we set N = M , F = T N and E = T P/G (the Atiyah algebroid of P ), with π = ([T ν], id_M ). (Here [T ν]([v]) = T ν(v) for [v] ∈ T P/G.) Sections of π are just principal connections on P and a section is a morphism if and only if it is a flat connection. The kernel K is just the adjoint bundle (P × g)/G → M .

An adequate choice of a local basis of sections of F , K and E is as follows. Take a coordinate basis ē_i = ∂/∂x^i for F = T M , take a basis {ϵ_α} of the Lie algebra g and the corresponding sections of the adjoint bundle {e_α}, so that C^γ_{αβ} are the structure constants of the Lie algebra. Finally we take sections {e_i} of E such that e_i projects to ē_i, that is, we chose a (local) connection and e_i is the horizontal lift of ē_i. Thus we have [e_i, e_j ] = −Ω^α_{ij} e_α and [e_i, e_α] = 0. In this case there are no coordinates u^A, and with the above choice of basis we have that the Euler-Lagrange equations are ∂y^α_a ∂x^b − ∂y^α_b ∂x^a + C^α_{βγ} y^β_b y^γ_a = Ω^α_{ab} d dx^a ( ∂L ∂y^α_a ) − ∂L ∂y^γ_a C^γ_{βα}y^β_a = 0. In particular, if we chose as connection for the definition of our sections a flat connection (for instance a solution of our variational problem or just a coordinate basis) then this equations reduce to ∂y^α_a ∂x^b − ∂y^α_b ∂x^a + C^α_{βγ} y^β_b y^γ_a = 0 d dx^a ( ∂L ∂y^α_a ) − ∂L ∂y^γa C^γ_{βα}y^β_a = 0, which are the so called Euler-Poincaré equations [9, 8].

The case considered in [7] where the Lagrangian has only a partial symmetry can be analised in a similar way.

10. Conclusions and outlook

We have developed a consistent Field Theory defined over Lie algebroids, finding the Euler-Lagrange equations via a multisymplectic form. We also proved that when the base Lie algebroid is a tangent bundle we have a variational formulation. The admissible variations are determined by the geometry of the problem and are not prescribed in an ad hoc manner. It will be interesting to find a variational formulation for the general case.

Particular cases of our Euler-Lagrange equations are the Euler-Poincaré equations for a system defined on the bundle of connections of a principal bundle, the Lagrange-Poincaré equations for systems defined on a bundle of homogeneous spaces and the Lagrange-Poincaré for systems defined in semidirect products. Our formalism can also describe variational problems defined for holomophic maps.

We have also studied a Hamiltonian formalism and we have proved the equivalence with the Lagrangian formalism in the cases of a hyperregular Lagrangian. Moreover, we have defined a unified formalism which incorporates the relevant aspects of both the Lagrangian and the Hamiltonian formalism.

Among the many advantages of our treatment we mention that it is a multisymplectic theory, that is the field equations are obtained via a multisymplectic equation. This will help in studying the theory of reduction of systems with symmetry and to establish a procedure of reduction by stages. In this respect, the results by Śniatycki [58] are relevant.

On the other hand, there are many aspects that has been left out of this paper and can be interesting in it own. For instance, the geometry of our extended notion of jet bundles needs to be studied in more detail, defining the total and contact differential which will allow to write the Euler-Lagrange equations in a simplified way. Systems of partial differential equations are also worth to study and condition for the formal integrability of such systems has to be established. For that, it is obviously necessary to define the concept of higher-order jets.

Finally, in [48] we gave an axiomatic definition of a Lie algebroid structure over an affine bundle which encodes the geometric structure necessary for developing time-dependent Classical Mechanics. It would be nice to isolate the geometric structure necessary for developing field theories defining what could be called a Lie multialgebroid.

References

[1] Binz E, Śniatycki J and Fisher H, The Geometry of Classical fields, North Holland, Amsterdam, 1988.

[2] Bojowald M, Kotov A and Strobl T, Lie algebroid morphisms, Poisson Sigma Models, and off-shell closed gauge symmetries, arXiv:math.DG/0406445 (2004) [3] Bridges TJ and Reich S Multi-symplectic integrators: numerical schemes for Hamiltonian PDEs that conserve symplecticity Phys. Lett. A 284 (2001), no. 4-5, 184-193 [4] Cannas da Silva A and Weinstein A , Geometric models for noncommutative algebras, Amer. Math. Soc., Providence, RI, 1999; xiv+184 pp.

[5] Cantrijn F and Langerock B, Generalised connections over a vector bundle map, Differential Geom. Appl. 18 (2003), no. 3, 295-317.

[6] Cariñena JF, Crampin M and Ibort LA, On the multisymplectic formalism for first order field theories, Diff. Geom. Appl. 1 (1991) 345-374.

[7] Castrillón López M and Ratiu TS, Reduction in principal bundles: covariant Lagrange- Poincaré equations, Comm. Math. Phys. 236 (2003), no. 2, 223-250.

[8] Castrillón López M, García-Pérez PL and Ratiu TS, Euler-Poincaré reduction on principal bundles, Lett. Math. Phys. 58 (2001), no. 2, 167-180.

[9] Castrillón López, Ratiu TS and Shkoller S, Reduction in principal fiber bundles: covariant Euler-Poincaré equations Proc. Amer. Math. Soc. 128 (2000), no. 7, 2155-2164.

[10] Cendra H, Marsden JE and Ratiu TS, Lagrangian reduction by stages, Mem. Amer. Math.

Soc. 152 (2001), no. 722, x+108 pp.

[11] Cortés J and Martínez M, Mechanical control systems on Lie algebroids IMA Journal of Mathematical Control and Information, 21 (2004) 457–492.

[12] De Donder T, Théorie invariantive du calcul des variations Bull. Acad. de Belg. (1929) [13] de León M, Marín-Solano J and Marrero JC, A Geometrical approach to Classical Field Theories: A constraint algorithm for singular theories, In Proc. on New Developments in Differential geometry, L. Tamassi-J. Szenthe eds., Kluwer Acad. Press, (1996) 291-312.

[14] de León M, Marrero JC and Martín de Diego D, A new geometrical setting for classical field theories, In Classical and Quantum Integrability. Banach Center Pub. 59, Inst. of Math., Polish Acad. Sci., Warsawa (2002) 189-209.

[15] de León M, Marrero JC and Martínez E, Lagrangian submanifolds and dynamics on Lie algebroids, arXiv:math.DG/0407528 (2004) [16] de León M, Merino E and Salgado M, k-cosymplectic manifolds and Lagrangian field theories, J. Math. Phys. 42 (2001), no. 5, 2092-2104.

[17] de León M, Merino E, Oubiña JA, Rodrigues PR and Salgado M, Hamiltonian Systems on k-cosymplectic Manifolds, J. Math. Phys. 39(2) (1998) 876-893.

[18] Echeverría-Enríquez A, Muñoz-Lecanda MC and Román-Roy N, Geometry of Lagrangian first-order classical field theories. Forts. Phys. 44 (1996) 235-280.

[19] Echeverría-Enríquez A, Muñoz-Lecanda MC and Román-Roy N, Multivector Fields and Connections: setting Lagrangian Equations in Field Theories, J. Math. Phys. 39(9) (1998) 4578-4603.

[20] Echeverría-Enríquez A, Muñoz-Lecanda MC and Román-Roy N, Multivector Field Formulation of Hamiltonian Field Theories: Equations and Symmetries, J. Phys. A: Math. Gen. 32 (1999) 8461-8484.

[21] Echeverría-Enríquez A, Muñoz-Lecanda MC and Román-Roy N, Geometry of Multisymplectic Hamiltonian First-order Field Theories, J. Math. Phys. 41(11) (2000) 7402-7444.

[22] Echeverría-Enríquez A, López C, Marín-Solano J, Muñoz-Lecanda MC and Román- Roy, Narciso, Lagrangian-Hamiltonian unified formalism for field theory J. Math. Phys. 45 (2004), no. 1, 360–380.

[23] Fernandes RL Lie algebroids, holonomy and characteristic classes, Adv. Math. 170 (2002), no. 1, 119-179.

[24] García-Pérez PL, The Poincaré-Cartan invariant in the calculus of variations, Symp. Math.

14 (Convegno di Geometria Simplettica e Fisica Matematica, INDAM, Rome, 1973), Acad. Press, London (1974) 219-246.

[25] Giachetta G, Mangiarotti L and Sardanashvily G, New Lagrangian and Hamiltonian Methods in Field Theory, World Scientific Pub. Co., Singapore (1997).

[26] Goldschmidt H and Sternberg S, The Hamilton-Cartan formalism in the calculus of variations Ann. Inst. Fourier (Grenoble) 23 (1973), no. 1, 203–267.

[27] Gotay MJ, A Multisymplectic Framework for Classical Field Theory and the Calculus of Variations I: Covariant Hamiltonian formalism, In Mechanics, Analysis and Geometry: 200 Years after Lagrange, M. Francaviglia Ed., Elsevier Science Pub. (1991) 203-235.

[28] Gotay MJ, Isenberg J and Marsden JE, Momentum maps and classical relativistic fields.

Part I: Covariant field theory, MSRI preprint 1997.

[29] Gotay MJ, Isenberg J and Marsden JE, Momentum maps and classical relativistic fields.

Part II: Canonical analysis of field theories, MSRI preprint 1999.

[30] Grabowski J and Urbanski P, Tangent and cotangent lifts and graded Lie algebras associated with Lie algebroids, Ann. Global Anal. Geom. 15 (1997), no. 5, 447-486.

[31] Günther C, The polysymplectic Hamiltonian formalism in the Field Theory and the calculus of variations I: the local case, J. Diff. Geom. 25 (1987) 23-53.

[32] Hélein F and Kouneiher J, Finite dimensional Hamiltonian formalism for gauge and quantum field theories, J. Math. Phys. 43(5) (2002) 2306-2347.

[33] Hélein F and Kouneiher J, Covariant Hamiltonian formalism for the calculus of variations with several variables, arXiv:math-ph/0211046 (2002).

[34] Higgins PJ and Mackenzie K, Algebraic constructions in the category of Lie algebroids, J.

of Algebra 129 (1990) 194–230.

[35] Kanatchikov IV, Canonical structure of Classical Field Theory in the polymomentum phase space, Rep. Math. Phys. 41(1) (1998) 49-90.

[36] Kijowski J and Tulczyjew WM, A Symplectic Framework for Field Theories, Lect. Notes Phys. 170, Springer-Verlag, Berlin (1979).

[37] Klein J, Espaces variationnels et mécanique, Ann. Inst. Fourier 12 (1962) 1–124. [38] Lepage T, Acad. Roy. Belgique. Bull. Cl. Sci. 22 (1936). 716-735.

[39] Mackenzie K, Lie groupoids and Lie algebroids in differential geometry, London Math. Soc.

Lect. Note Series 124 (Cambridge Univ. Press) (1987).

[40] Mackenzie K, Lie algebroids and Lie pseudoalgebras, Bull. London Math. Soc. 27 (1995) 97–147.

[41] Mangiarotti L and Sardanashvily G, Connections in classical and quantum field theory, World Scientific Publishing (River Edge, NJ) (2000).

[42] Marsden JE, Patrick GW and Shkoller S, Multisymplectic geometry, variational integrators, and nonlinear PDEs, Comm. Math. Phys. 199 (1998), no. 2, 351-395.

[43] Marsden JE, Pekarsky S, Shkoller S and West M, Variational methods, multisymplectic geometry and continuum mechanics, J. Geom. Phys. 38 (2001), no. 3-4, 253-284.

[44] Martínez E, Geometric Formulation of Mechanics on Lie algebroids, In Procs. of the VIII Fall Workshop on Geometry and Physics, Medina del Campo 1999. Publicaciones de la RSME (2001).

[45] Martínez E, Lagrangian Mechanics on Lie algebroids, Acta Appl. Math. 67 (2001) 295-320. [46] Martínez E, Hamiltonian Mechanics on Lie algebroids, preprint 2000 [47] Martínez E, Classical field theory on Lie algebroids: variational aspects, arXiv:math.DG/0410551, preprint 2004 [48] Martínez E, Mestdag T and Sarlet W, Lie algebroid structures and Lagrangian systems on affine bundles J. Geom. Phys. 44 (2002), no. 1, 70-95.

[49] Munteanu F, Rey AM and Salgado M, The Günther’s formalism in classical field theory:

momentum map and reduction, J. Math. Phys. 45 (2004), no. 5, 1730-1751. [50] Nijenhuis A, Vector form brackets in Lie algebroids, Arch. Math. (Brno) 32 (1996), no. 4, 317-323.

[51] Norris LK, Generalized Symplectic Geometry in the Frame Bundle of a Manifold, Proc.

Symposia in Pure Math. 54(2) (1993) 435-465.

[52] Paufler C and Romer H, Geometry of Hamiltonean n-vectorfields in multisymplectic field theory, J. Geom. Phys. 44(1) (2002) 52-69.

[53] Popescu M and Popescu P, Geometric objects defined by almost Lie structures, In Lie Algebroids, Banach Center Publications, 54 (2001) 217–233.

[54] Sardanashvily G, Generalized Hamiltonian Formalism for Field Theory. Constraint Systems, World Scientific, Singapore (1995).

[55] Sarlet W, Mestdag T and Martínez E, Lagrangian equations on affine Lie algebroids, In:

Differential Geometry and its Applications, Proc. 8th Int. Conf. (Opava 2001), D. Krupka et al (Editors), to appear.

[56] Sarlet W, Mestdag T and Martínez E, Lie algebroid structures on a class of affine bundles, J. Math. Phys. 43 (2002), no. 11, 5654-5674.

[57] Saunders DJ, The Geometry of Jet Bundles, London Math. Soc. Lect. Notes Ser. 142, Cambridge, Univ. Press, 1989.

[58] Śniatycki J, Multisymplectic reduction for proper actions, Canadian Journal of Maths. 56 (2004), no. 3, 638–654 [59] Strobl T, Gravity from Lie algebroid morphisms, Comm. Math. Phys. 246 (2004), no. 3, 475-502.

[60] Weinstein A, Lagrangian Mechanics and groupoids, In: Mechanics day (Waterloo, ON, 1992), Fields Institute Communications 7, American Mathematical Society (1996) 207–231.

Eduardo Martínez: Departamento de Matemática Aplicada, Facultad de Ciencias, Universidad de Zaragoza, 50009 Zaragoza, Spain

E-mail address: emf@unizar.es