arXiv:math.AG/0508258 v3 31 Mar 2006

A Remark on a Theorem of math.AG/0511155

Kazushi Ueda

Abstract

We give another proof of a theorem of H. Kajiura, K. Saito, and A. Takahashi [9] based on the theory of weighted projective lines by Geigle and Lenzing [5, 6] and a theorem of Orlov [13] on triangulated categories of graded B-branes. The content of this paper appears in the appendix to math.AG/0511155.

1 Introduction

The Milnor lattice of a simple singularity is isomorphic to the root lattice of the corresponding simple Lie algebra, and the simple singularity can be constructed inside this simple Lie algebra as the intersection of the nilpotent cone with a transversal slice of a subregular nilpotent orbit [3]. In search of a good class of singularities where this relationship with Lie algebras might generalize, Saito introduced the notion of regular weight system [14] and considered a generalization of root systems coming from the Milnor lattices of the associated singularities [17]. However, Milnor lattices are hard to handle due to the transcendental nature of vanishing cycles, and to circumvent this difficulty, Saito asked for an algebraic or combinatorial construction of the root system starting from a regular weight system [15].

In [19], Takahashi proposed an answer to the problem of Saito based on mirror symmetry for Landau-Ginzburg orbifolds and its relation [18] with the duality of weight systems [16]. He introduced the triangulated category D^b_Z(A_f ) of graded matrix factorizations for a weighted homogeneous polynomial f building on earlier papers by Eisenbud [4], Hori and Walcher [8], Kapustin and Li [10, 11], and Orlov [12], which is equivalent to the triangulated categories of graded B-branes defined by Orlov [13]. He conjectured that this category for a polynomial associated with a regular weight system has a full exceptional collection and its Grothendieck group is isomorphic to the Milnor lattice of the singularity associated with the dual regular weight system. He in particular conjectured that when f is the defining polynomial of a simple singularity, then D^b_Z(A_f ) is equivalent as a triangulated category to the bounded derived category of finite-dimensional representations of a Dynkin quiver. The latter conjecture is solved by Takahashi [19] for A_n-singularities and by Kajiura, Saito, and Takahashi [9] for all the simple singularities:

Theorem 1 ([9, Theorem 3.1]). The triangulated category of graded Bbranes on a simple singularity is equivalent as a triangulated category to the bounded derived category of representations of a Dynkin quiver of the corresponding type.

We give another proof of the above theorem in this paper, which avoids the use of the classification of Cohen–Macaulay modules on simple singularities due to Auslander [1], and is based on the theory of weighted projective lines by Geigle and Lenzing [5, 6] and a theorem of Orlov [13] on triangulated categories of graded B-branes.

Acknowledgment: We have been greatly benefited from the lecture by Kentaro Hori in the summer of 2004 in Kyoto and the series of workshops “Toward categorical constructions of Lie algebras” in 2005 organized by Kyoji Saito and Atsushi Takahashi. We thank all the participants of the workshops for stimulating lectures and valuable discussions. The author is supported by JSPS Fellowships for Young Scientists No.15-5561.

2 Weighted projective lines of Geigle and Lenz- ing Let k be a field. For a sequence p = (p_0, p_1, p_2) of nonzero natural numbers, let L(p) be the abelian group of rank one generated by four elements ⃗x_0, ⃗x_1, ⃗x_2,⃗c with relations p_0⃗x_0 = p_1⃗x_1 = p_2⃗x_2 = ⃗c, and consider the k-algebra

R(p) := k[x_0, x_1, x_2]/(x^{p0}_0 + x^{p1}_1 + x^{p2}_2 )

graded by deg(x_s) = ⃗x_s ∈ L(p) for s = 0, 1, 2. Define the category of coherent sheaves on the weighted projective line of weight p as the quotient category

qgr R(p) := gr–R(p)/tor–R(p)

of the abelian category gr–R(p) of finitely-generated L(p)-graded R(p)-modules by its full subcategory tor–R(p) consisting of torsion modules. This definition is equivalent to the original one by Geigle and Lenzing due to Serre’s theorem in [5, section 1.8].

Let π : gr–R(p) → qgr R(p) be the natural projection. For M ∈ gr–R(p) and ⃗x ∈ L(p), let M(⃗x) be the graded R(p)-module obtained by shifting the grading by ⃗x; M(⃗x)_{⃗n} = M_{⃗n+⃗x}, and put O(⃗n) = πR(p)(⃗n). Then the sequence (E_0, . . . , E_N ) = (O, O(⃗x_0), O(2⃗x_0), · · · , O((p_0 − 1)⃗x_0), O(⃗x_1), O(2⃗x_1), · · · , O((p_2 − 1)⃗x_2), O(⃗c)) of objects of qgr R(p), where N = p_0 + p_1 + p_2 − 2, is a full strong exceptional collection by [5, Proposition 4.1]. Define the dualizing element ⃗ω ∈ L(p) by ⃗ω = ⃗c − ⃗x_0 − ⃗x_1 − ⃗x_2 and a Z-graded subalgebra R^′(p) of R(p) by R^′(p) = ⨁ n≥0 R^′(p)_n, R^′(p)_n = R(p)_{−n⃗ω} . (1)

A weight sequence p = (p_0, p_1, p_2) is called of Dynkin type if 1 p_0 + 1 p_1 + 1 p_2 > 1. A weight sequence of Dynkin type yields the rational double point of the corresponding type:

Proposition 2 ([6, Proposition 8.4.]). For a weight sequence p of Dynkin type, the Z-graded algebra R^′(p) has the form k[x, y, z]/f_p(x, y, z) where the homogeneous generators (x, y, z) and the relation f_p(x, y, z) are displayed in the following table:

weight Generators (x, y, z) Z-degrees Relations f_p A_{p+q} (1, p, q) (x_1x_2, x^{p+q}_2 , x^{p+q}_1 ) (1, p, q) x^{p+q} − yz D_{2l−2} (2, 2, 2l) (x^2, x^2_0, x_0x_1x_2) (2, 2l, 2l + 1) z^2 + x(y^2 + yx^l) D_{2l−1} (2, 2, 2l + 1) (x^2, x_0x_1, x^2_0x_2) (2, 2l + 1, 2l + 2) z^2 + x(y^2 + zx^l) E_6 (2, 3, 3) (x_0, x_1x_2, x^3_1) (3, 4, 6) z^2 + y^3 + x^2z E_7 (2, 3, 4) (x_1, x^2, x_0x_2) (4, 6, 9) z^2 + y^3 + x^3y E_8 (2, 3, 5) (x_2, x_1, x_0) (6, 10, 15) z^2 + y^3 + x^5 Moreover, we have the following:

Proposition 3 ([6, Proposition 8.5]). For a weight sequence p of Dynkin type, there exists a natural equivalence qgr R(p) ∼= qgr R^′(p), where qgr R^′(p) is the quotient category of the abelian category gr–R^′(p) of finitely-generated Z-graded R^′(p)-modules by its full subcategory tor–R^′(p) consisting of torsion modules.

3 Graded B-branes on simple singularities

For the Z-graded algebra R^′(p) given above, define the triangulated category of graded B-branes as the quotient category

D^{gr}_{Sg}(R^′(p)) := D^b(gr–R^′(p))/D^b (grproj–R^′(p))

of the bounded derived category D^b (gr–R^′(p)) by its full triangulated subcategory D^b(grproj–R^′(p)) consisting of perfect complexes, i.e., bounded complexes of projective Z-graded modules [13]. D^{gr}_{Sg}(R^′(p)) is equivalent to HMF^{gr}_{k[x,y,z]}(f_p) in the notation of [9]. Note that R^′(p) is Gorenstein with Gorenstein parameter one, i.e.,

Ext^i_A(k, A) = { k(1) if i = 2, 0 otherwise,

which follows from, e.g., [7, Corollary 2.2.8 and Proposition 2.2.10]. Thus there exists a fully faithful functor Φ_0 : D^{gr}_{Sg}(R^′(p)) → D^b(qgr R^′(p)) and a semiorthogonal decomposition

D^b(qgr R^′(p)) = ⟨E_0, Φ_0D^{gr}_{Sg}(R^′(p))⟩

by [13, Theorem 2.5.(i)]. Therefore, D^{gr}_{Sg}(R^′(p)) is equivalent to the full triangulated subcategory of D^b(qgr R^′(p)) generated by the strong exceptional collection (E_1, . . . , E_N ). Its total morphism algebra End( ⨁_n i=1 E_i) is isomorphic to the path algebra of the Dynkin quiver

⃗Δ(p) :

⃗x_0 2⃗x_0 · · · (p_0 − 1)⃗x_0

⃗x_1 2⃗x_1 · · · (p_1 − 1)⃗x_1 ⃗c

⃗x_2 2⃗x_2 · · · (p_2 − 1)⃗x_2 x_0x_0x_0x_0x_1x_1x_1x_1x_2x_2x_2x_2 (2)

of the corresponding type, obtained from the quiver appearing in [5, section 4] by removing the leftmost vertex. Since D^{gr}_{Sg}(R^′(p)) is an enhanced triangulated category, the equivalence D^{gr}_{Sg}(R^′(p)) ≃ D^b(mod–C ⃗Δ(p)) follows from Bondal and Kapranov [2, Theorem 1].

References

[1] Maurice Auslander. Rational singularities and almost split sequences.

Trans. Amer. Math. Soc., 293(2):511–531, 1986.

[2] A. I. Bondal and M. M. Kapranov. Enhanced triangulated categories.

Mat. Sb., 181(5):669–683, 1990.

[3] E. Brieskorn. Singular elements of semi-simple algebraic groups. In Actes du Congrès International des Mathématiciens (Nice, 1970), Tome 2, pages 279–284. Gauthier-Villars, Paris, 1971.

[4] David Eisenbud. Homological algebra on a complete intersection, with an application to group representations. Trans. Amer. Math. Soc., 260(1):35–64, 1980.

[5] Werner Geigle and Helmut Lenzing. A class of weighted projective curves arising in representation theory of finite-dimensional algebras. In Singularities, representation of algebras, and vector bundles (Lambrecht, 1985), volume 1273 of Lecture Notes in Math., pages 265–297. Springer, Berlin, 1987.

[6] Werner Geigle and Helmut Lenzing. Perpendicular categories with applications to representations and sheaves. J. Algebra, 144(2):273–343, 1991.

[7] Shiro Goto and Keiichi Watanabe. On graded rings. I. J. Math. Soc.

Japan, 30(2):179–213, 1978.

[8] Kentaro Hori and Johannes Walcher. F -term equations near Gepner points. J. High Energy Phys., (1):008, 23 pp. (electronic), 2005.

[9] Hiroshige Kajiura, Kyoji Saito, and Atsushi Takahashi. Matrix factorizations and representations of quivers II: type ADE case. math.AG/0511155, 2005.

[10] Anton Kapustin and Yi Li. D-branes in Landau-Ginzburg models and algebraic geometry. J. High Energy Phys., (12):005, 44 pp. (electronic), 2003.

[11] Anton Kapustin and Yi Li. Topological correlators in Landau-Ginzburg models with boundaries. Adv. Theor. Math. Phys., 7(4):727–749, 2003.

[12] D. O. Orlov. Triangulated categories of singularities and D-branes in Landau-Ginzburg models. Tr. Mat. Inst. Steklova, 246(Algebr. Geom. Metody, Svyazi i Prilozh.):240–262, 2004.

[13] D. O. Orlov. Derived categories of coherent sheaves and triangulated categories of singularities. math.AG/0503632, 2005.

[14] Kyoji Saito. Regular system of weights and associated singularities.

In Complex analytic singularities, volume 8 of Adv. Stud. Pure Math., pages 479–526. North-Holland, Amsterdam, 1987.

[15] Kyoji Saito. Around the theory of the generalized weight system: relations with singularity theory, the generalized Weyl group and its invariant theory, etc. [ MR0855023 (88c:32015a); MR0876442 (88c:32015b)]. In Selected papers on harmonic analysis, groups, and invariants, volume 183 of Amer. Math. Soc. Transl. Ser. 2, pages 101–143. Amer. Math. Soc., Providence, RI, 1998.

[16] Kyoji Saito. Duality for regular systems of weights. Asian J. Math., 2(4):983–1047, 1998. Mikio Sato: a great Japanese mathematician of the twentieth century.

[17] Kyoji Saito. Extended affine root system. I – IV. Publ. Res. Inst.

Math. Sci., 2000. 21(1985), 75–179; 26(1990), 15–78; 33(1997), 301– 329; 36(2000), 385–421.

[18] Atsushi Takahashi. K. Saito’s duality for regular weight systems and duality for orbifoldized Poincaré polynomials. Comm. Math. Phys., 205(3):571–586, 1999.

[19] Atsushi Takahashi. Matrix factorizations and representations of quivers I. math.AG/0506347, 2005.

Research Institute for Mathematical Sciences, Kyoto University, Oiwakecho, Kitashirakawa, Sakyo-ku, Kyoto, 606-8502, Japan.

e-mail address : kazushi@kurims.kyoto-u.ac.jp