arXiv:math/0509532v2 [math.KT] 23 Jun 2008

Homological Quantum Field Theory

Edmundo Castillo and Rafael Díaz

Abstract

We show that the space of chains of smooth maps from spheres into a fixed compact oriented manifold has a natural structure of a transversal d-algebra. We construct a structure of transversal 1-category on the space of chains of maps from a suspension space S(Y ), with certain boundary restrictions, into a fixed compact oriented manifold. We define homological quantum field theories HLQFT and construct several examples of such structures. Our definition is based on the notions of string topology of Chas and Sullivan, and homotopy quantum field theories of Turaev.

1 Introduction

This work takes part in the efforts aimed to understand the mathematical foundations of quantum field theory by unveiling its underlying categorical structures. A distinctive feature of the categorical approach to field theory, to be reviewed in Section 4, is that it works better for theories with a rather large group of symmetries, for example, a theory invariant under arbitrary topological transformations. Thus our subject matter is deeply intertwined with algebraic topology. A major problem in algebraic topology with a long and rich history [48, 77, 78, 87, 97] is the classification of compact smooth manifolds, i.e. the description of the set of equivalences classes of manifolds, where two manifolds are equivalent if they are diffeomorphic. It has been proven that a classification is possible in all dimensions in principle except for the case dimension 4 which remains open. The 3 dimensional case have been settled with the completion by Pereleman of the Ricci flow approach to the Thurston geometrization program. However only in dimension two we can distinguish manifolds in an efficient computable way, i.e. given a couple of manifolds of the same dimension it is a hard problem to tell whether they are diffeomorphic manifolds or not. The standard way to distinguish non-diffeomorphic manifolds M_1 and M_2 is to find a topological invariant I such that I(M_1) ≠ I(M_2). By definition a topological invariant with values in a ring R is a map that assigns an element I(M) of R to each manifold M in such a way that diffeomorphic manifolds are mapped into the same element. Topological invariants thus provide a way to effectively distinguish non-diffeomorphic manifolds. A quintessential example is the Euler characteristic χ, a topological invariant powerful enough to classify 2 dimensional manifolds. An early achievement in algebraic topology, one whose consequences via the development of the theory of categories of Eilenberg and Mac Lane [69, 70] has already reshaped modern mathematics, was the realization of the necessity to study not only ring valued invariants, but also invariants taking values in arbitrary categories. Thus in this more general approach a topological invariant is a functor from the category of compact manifolds into a fixed target category. A prominent example is singular homology H, the functor that assigns to each manifold M the homology H(M) = H(C(M)) of the N-graded vector space

C(M) of singular chains on M, i.e. the space of closed singular chains modulo exact ones. For simplicity we always consider homology with complex coefficients. The Euler characteristic is the super-dimension of H(M), i.e. it is given by

χ(M) = sdim(H(M)) =

dim(M) ∑ i=0 (−1)^i dim(H^i(M)).

Hence homology is a categorification of the Euler characteristic, i.e. it is a functor with values in graded vector spaces linked to the Euler characteristic via the notion of super-dimension. The process of categorification is nowadays under active research from a wide range of viewpoints, see for example [8, 10, 13, 15, 14, 22, 23, 35, 42, 43, 61]. The example above illustrates the essence of the categorification idea: there are manifolds with equal Euler characteristic but nonisomorphic singular homology groups, thus the latter invariant is subtler and deeper. Likewise, in contrast with the correspondence M −→ H(M) which has been extensively studied in the literature, the correspondence M −→ C(M), is much less understood, although its core properties has been elucidated by Mandell in his works [71, 72]. The latter correspondence contains deeper information for the same reasons that homology contains deeper information than the Euler characteristic: a further level of categorification has been achieved, or in more mundane terms, non quasi-isomorphic complexes may very well have isomorphic homology. We are going to take this rather subtle issue seriously and make an effort to work consistently at the chain level, rather than at the purely homological level. This will require, among other things, that we use a different model for homology in place of singular homology. Chains on a manifold M in our model are smooth maps from manifolds with corners into M.

In this work we study topological invariants for compact oriented manifolds coming from the following simple idea. Fix a compact manifold L and for each manifold M consider the topological space M^L = {x | x: L −→ M piecewise smooth map }

provided with the compact-open topology. The map sending M into the homology H(M^L) of M^L is a topological invariant which assigns to each manifold a N-graded vector space. An interesting fact that will reemerge at various points in this work is that if L is chosen conveniently then the space H(M^L) is naturally endowed with a rich algebraic structure. Let us highlight a few landmarks in the historical development of this fruitful idea. The first example comes from classical algebraic topology. Given a topological space M with a marked point p ∈ M consider the space M^{S1}_p of loops in M based at p, i.e. the space

M^{S1}_p = {x | x : S^1 −→ M piecewise smooth and γ(1) = p} provided with the compact-open topology. The space of based loops comes with a natural product given by concatenation

M^{S1}_p × M^{S1}_p −→ M^{S1}_p .

This product, introduced by introduced by Pontryagin, is associative up to homotopy. By the Künneth formula and functoriality of homology the Pontryagin product induces an associative product H(M^{S1}_p ) ⊗ H(M^{S1}_p ) −→ H(M^{S1}_p )

on the homology groups of M^{S1}_p . Stasheff in his celebrated works [88, 89] introduced A_∞- spaces and A_∞-algebras as tools for the study of spaces homotopically equivalent to topological monoids. The primordial example of an A_∞-space is precisely M^{S1}_p the space of based loops. Likewise singular chains C(M^{S1}_p ) on M^{S1}_p are the quintessential example of an A_∞-algebra. The A_∞-structure on C(M^{S1}_p ) induces an associative product on the homology groups H(M^{S1}_p ) which agrees with the Pontryagin product. In this work we do not deal explicitly with A_∞- algebras or A_∞-categories, instead we shall use 1-algebras and 1-categories. However, the reader should be aware that these notions are, respectively, equivalent.

A second flow of ideas came from string theory, a branch of high energy physics that has been proposed by a distinguished group of physicist – references [105, 107, 108] are not too far from the spirit of this work – as a unifying theory for all fundamental forces of nature, including the standard model of nature and general relativity. The primordial object of study in string theory is the dynamics of a small loop moving inside a manifold M, i.e. in string theory the configuration space M is the infinite-dimensional space

M^{S1} = {x | x: S^1 −→ M smooth }

of non-based loops in M, provided with the compact-open topology. The analytical difficulties present in string theory have prevented, to this day, a fully rigorous mathematical description. Chas and Sullivan in their seminal work [25] initiated the study of strings using classical algebraic topology. The key observation made by them is that even though M^{S1} does not posses a product analogue to the Pontryagin product, the homology H(M^{S1} ) of M^{S1} comes with a natural associative product, which generalizes the Goldman bracket [51, 52] on homotopy classes of curves embedded in a compact Riemann surface. It is natural to wonder if that product arises from a product defined at the chain level. We have hit an important subtlety that will be a major theme of this work: the fact that the product at the chain level is naturally defined only for transversal chains and only if we use an appropriated definition of chains. To work with algebras, and more generally categories, with a product defined only for transversal tuples, we shall adopt the theory of transversal or partial algebras of Kriz and May [65]. To define the product at the chain level in Section 2 we present a model for homology using manifolds with corners instead of simplices as the possible domain for chains. This construction is motivated by the observation that the transversal intersection of chains with simplicial domain is in a natural way a (sum of) chain(s) having as domain a manifold with corners. With this provisions then one can show that indeed the Chas-Sullivan product comes from an associative up to homotopy product defined for transversal chains on the space of non-based loops, more precisely, we show that the space of chains is a transversal 1-algebra.

Since its introduction the full range of structures taking part of string topology has been study and generalized from various viewpoints, out which we mention just a few without pretension of being exhaustive; for comprehensive reviews of string topology in its various approaches the reader may consult [31, 89]. In addition to the string product there is a string bracket

{ , } : H(M^{S1} ) ⊗ H(M^{S1} ) −→ H(M^{S1} )

and a delta operator Δ : H(M^{S1} ) −→ H(M^{S1} ),

which are defined in such a way that they together with the string product give H(M^{S1} ) the structure of a Batalin-Vilkovisky or BV algebra. The space of functionals of fields, including ghost and anti-ghost, of a gauge theory is naturally endowed with the structure of a BV algebra [11, 12]. Cattaneo, Fröhlich and Pedrini have shown in [24] that the bracket of the BV structure on H(M^{S1} ) corresponds with the bracket of the BV structure on the functionals of the higher dimensional Chern-Simons action [3] with gauge group GL(n, C ). Another interesting approach to string topology is obtained via Hoschild cohomology, indeed Cohen and Jones show in [30] that there is a ring isomorphism

H(M^{S1} ) −→ H(C^∗(M), C^∗(M)),

where C^∗(M) is the co-chain algebra of a simply connected manifold M, and H(C^∗(M), C^∗(M)) is the Hoschild cohomology of C^∗(M) the algebra of co-chains in M. The ring structure on H(C^∗(M), C^∗(M)) is given by the Gerstenhaber cup product. It turns out that this isomorphism preserves the full BV structure on both sides, as shown in the recent works [47, 76], both based on the Félix, Thomas and Vigué-Porrier [46] cochain model for the product on H(M^{S1} ) using tools from rational homotopy theory.

Let us mention three additional approaches to string topology. Chataur in [26] described string topology in terms of the geometric cycles approach to homology [58]. Cohen in [27] studies string topology from the viewpoint of Morse theory, and shows that the Floer homology HF (T^∗M) of the cotangent bundle of M with the pair of pants product, is isomorphic to H(M^{S1} ) with the Chas-Sullivan product. In their works Cohen and Jones [30], and Cohen, Jones and Yan [32] describe the Chas-Sullivan product in terms of a ring spectrum structure of the Thom spectrum of a certain virtual bundle over M^{S1} . A most interesting feature of this approach is that it reveals that the essential technical point behind the Chas-Sullivan product lies in the construction of the so called ”umkehr” map

F_! : H(M) −→ H(N )

for maps F between infinite dimensional manifolds under suitable conditions, e.g. if F fits into a pull-back diagram M � F � N � M^f � N where the vertical arrows are Serre fibrations, and f is a smooth map between compact oriented manifolds. This construction is quite general and adaptable to a variety of context well beyond the product in string topology [28]. A fundamental observation by Sullivan [91] is that in addition to the product string homology H(M^{S1} ) comes with a natural co-associative co-product

H(M^{S1} ) −→ H(M^{S1} ) ⊗ H(M^{S1} ).

The co-product can also be explained using the Cohen-Jones technique, indeed, in greater generality Cohen and Godin [29] have constructed operations

μ_g : H(M^{S1} )^{⊗n} −→ H(M^{S1} )^{⊗m}

on string homology associated to each surface of genus g with n-incoming boundary components and m-outgoing boundary components. Moreover they show that the maps μ_g give H(M^{S1} ) the structure of a topological quantum field theory in a restricted sense, i.e. there should be a positive number of outgoing boundary components. We remark that in a recent work [94] Tamanoi has argued that in most cases, e.g. if g > 0, the operators μ_g must vanish.

A natural generalization of string homology arises if one considers the space of maps

M^{Sd} = {x | x : S^d −→ M smooth and constant around the north pole}

from a d-dimensional sphere into a compact oriented manifold, string topology being the case d=1. Thus we let M^{Sd} be the space, with the compact-open topology, of smooth maps from S^d to M constant in a neighborhood of the north pole, and C(M^{Sd} ) be the graded space of chains in M^{Sd} . In Section 2 we introduce the notion of transversal framed d-algebras, which is based upon the notion of d-algebras introduced by Kontsevich in [64]. After a degree shift on the complex C(M^{Sd} ) one can show the following result:

Theorem 10. C(M^{Sd} ) is a transversal framed d-algebra.

Theorem 10 implies, passing to homology, a result of Sullivan and Voronov [31, 104], concerning the algebraic structure on the homology groups of the spaces M^{Sd} .

It was realized early on in string theory that alongside closed strings it was necessary to consider open strings. A proper understanding of open strings requires the introduction of Dbranes which are Dirichlet boundary conditions for the endpoints of the open string. Perhaps the main weakness of string theory is that actually it is not a unique theory but rather allows for a high dimensional moduli space of models. Thus in a sense the main open problem in the string approach towards unification is to unify string theory itself. Various approaches have been proposed. A promising one is the so called M-theory which may be thought as a theory whose fundamental object is a membrane moving in a given ambient manifold. This approach stimulated the study of branes not just as boundary conditions but as fundamental objects in their on right. In particular in M-theory the dynamics of a membrane in 11 dimensions has been proposed as a unifying theory out of which the various models of string theory are obtained as boundary limits. One of the main topics of this work, developed in Section 3, is the study with tools from classical algebraic topology of the space of dynamic branes with D-branes as boundary conditions. Let I be the interval [−1, 1] and Y be a compact oriented brane whose dynamics in another manifold M we like to understand. The corresponding configuration space is M^{Y ×I} the space of smooth maps from Y × I into M. Notice that Y × I comes with two marked sub-manifolds, namely, its boundary components Y × {−1} and Y × {1}. For technical reason that will become clear we restrict our attention to a subset of possible motions for Y . Assume that N_0 and N_1 are compact oriented embedded sub-manifolds of M, then we define the space M^{S(Y )}(N_0, N_1) of Y -branes in M moving from N_0 to N_1, as follows:

M^{S(Y )}(N_0, N_1) = { γ | | γ ∈ M^{Y ×I} , γ(Y × {0}) ∈ N0, γ(Y × {1}) ∈ N1 γ is constant around Y × {−1} and Y × {1} } . By definition maps in M^{S(Y )}(N_0, N_1) are smooth maps that collapse the boundary components Y × {−1} and Y × {1} to points that live in N_0 and N_1, respectively. Once we have fixed our spaces of Y -branes we construct a product for transversal pairs of chains of Y -branes, i.e. we define a product

C(M^{S(Y )}(N_0, N_1)) ⊗ C(M^{S(Y )}(N_1, N_2)) −→ C(M^{S(Y )}(N_0, N_2))

that generalizes the Sullivan product for open strings [91] which is obtained in the case that Y is a single point. This product induces well-defined product on the corresponding homology groups H(M^{S(Y )}(N_0, N_1)) ⊗ H(M^{S(Y )}(N_1, N_2)) → H(M^{S(Y )}(N_0, N_2)),

which, after an appropriated degree shift, allows us to construct a new topological invariant which assigns to each compact oriented manifold M the graded category H(M^{S(Y )}) whose objects are embedded oriented sub-manifolds of M, and whose morphisms from N_0 to N_1 are homology classes of Y -branes extended from N_0 to N_1, i.e.

H(M^{S(Y )})(N_0, N_1) = H(M^{S(Y )}(N_0, N_1)).

Compositions are defined with the help of the product mentioned above. We are actually going to proof a stronger result: we show that there is a natural structure of transversal 1-category on the differential graded pre-category C(M^{S(Y )}) whose objects are embedded oriented submanifolds of M, and whose morphisms C(M^{S(Y )}(N_0, N_1)) are chains of Y -branes in M extended from N_0 to N_1. Moreover, after discussing some needed notions in universal algebra such as transversal 1-categories, transversal traces with values in a right O-module where O is an operad, we show the following result:

Theorem 18. C(M^{S(Y )}) is a transversal 1-category with a natural C(S^1)-trace.

Section 4 contains the main result of this work. We introduce the notion of the homological quantum field theory HLQFT which, in a sense, summarizes and extends the results of the previous sections. Essentially we construct new topological invariants for compact oriented manifold using the same basic idea that we have been developing, but instead of considering a correspondence of the form M −→ H(M^L) for fixed L, we consider how all this correspondences fit together as L changes. The first part of Section 4 may be regarded as a second introduction to this work and presents a general panorama of the categorical approach to the definition of quantum field theories. Let us here just highlight the main ingredients involved in our notion. The main object is the theory of cobordisms introduced by Thom in [95, 96]. From a physical point of view we may think of the theory of cobordisms as the theory of space and their interactions trough space-time. A subtle but fundamental issue is that both space and space-time may be disconnected. Another delicate issue that the empty space has to be included as a valid one. Using Thom’s cobordisms Atiyah [1] wrote down the axioms for topological quantum field theory TQFT, a type of quantum field theory that had been introduced earlier by Witten in [105, 107]. TQFT are of great interest for mathematicians since the vacuum to vacuum correlation functions of such theories are by construction topological invariants for compact oriented manifolds. The Atiyah’s axioms for TQFT essentially (omitting unitarity) identify the category of topological quantum field theories with the category of monoidal functors from the category of cobordisms into the category of finite dimensional vector spaces. A further development in the field was the introduction by Turaev in [100, 101] of homotopy quantum field theories, following a pattern similar to the one explained above for TQFT, but replacing the category of cobordisms by a certain category of cobordisms provided with homotopy classes of maps into a given topological space. A homotopy quantum field is a monoidal functor from that generalized category of cobordisms into vector spaces. In order to define homological quantum field theories we first introduce the notion of cobordisms provided with homology classes of maps into a fixed compact oriented smooth manifold. Next, we defined a HLQFT as a monoidal functor from that category of extended cobordisms into the category of vector spaces. In contrast with Turaev’s definition, we demand that the maps from cobordisms to the fixed manifold be constant on a neighborhood of each boundary component. This is a major technical restriction which is necessary in order to define composition of morphisms using transversal intersection on finite dimensional manifolds. Without imposing this restriction one is forced to deal with transversal intersections on infinite dimensional manifolds, a rather technical subject that we prefer to avoid in this paper. In Sections 5 and 6 we give examples and discuss the possible applications of homological quantum field theories in dimensions 1 and 2, respectively.

Acknowledgment

Our thanks to Raymundo Popper for his support and interest in the ideas of this work. The first author thanks Alexander Cardona and Sylvie Paycha for inviting him to deliver a talk at the school ”Geometric and Topological Methods for Quantum Field Theory,” Colombia 2007. The second author thanks Nicolas Andruskiewisth for inviting him to participate in the ”XIV Coloquio Latinoamericano de Algebra,” Argentina 2001, where he attended lectures on ”String Topology” by Dennis Sullivan. He thanks MSRI and the organizers of the conference ”String Topology,” Mexico 2006, for inviting him to participate. He also thanks Takashi Kimura and Bernardo Uribe for inviting him to deliver talks at Boston University and at the Universidad de los Andes, respectively.

2 Transversal algebras and categories

In this section we first introduce the basic background needed to state and prove the main results of this work. There are two fundamental ingredients that we shall need:

• We must be able to work with algebras, and categories, with products defined only for transversal sequences.

• We need to introduce an appropriated chain model for the homology of smooth manifolds such that the transversal intersection of chains becomes a transversal algebra.

Once we are done with these preliminary constructions, we apply them to study the algebraic structure on the space C(M^{Sd} ) of chains of maps form the d-sphere into a compact oriented manifold M.

In this work all vector spaces are defined over the complex numbers. We denote by dg-vect the symmetric monoidal category of differential Z-graded vector spaces. Objects in dg-vect are pairs (V, d), where V = ⨁ i∈Z V_i is Z-graded vector space and d: V −→ V is such that d_i : V_i −→ V_{i−1} and d^2 = 0. A morphism F : (V_1, d_1) −→ (V_2, d_2) is a degree preserving linear map f : V_1 −→ V_2 such that d_2f = fd_1. For each n ∈ Z, right tensor multiplication with the complex C [n] such that C [n]^{−n} = C and C [n]^i = 0 for i ≠ −n, gives a functor [n] : dg-vect −→ dg-vect which sends V into V [n] where V [n]^i = V^{i+n}. We say that V [n] is equal to V with degrees shifted down by n. To simplify notation at various stages in this work in which a degree shift is fixed within a given context, we shall write V for the vector space with shifted degrees. For example if a shift of degree by n is involved then V = V [n]. A differential graded precategory or dg-precategory C consists of following data:

• A collection of objects Ob(C).

• For x, y ∈ Ob(C) a differential graded vector space C(x, y) called the space of morphisms from x to y.

A prefunctor F : C −→ D consists of a map F : Ob(C) −→ Ob(D) and for each pair of objects x, y ∈ Ob(C) a morphism of differential graded vector spaces F_{x,y} : C(x, y) −→ D(F(x), F(y)). We define graded precategories or g-precategories as dg-precategories with vanishing differentials on the spaces of morphisms. The homology H(C) of a dg-precategory C is the g-precategory given by:

• Ob(H(C)) = Ob(C).

• H(C)(x, y) = H(C(x, y)) for objects x, y of H(C). Notice that if C is actually a category, i.e. in addition to the structure of pre-category it has compositions and identities, then H(C) is also a category with the induced composition maps. We do not want to restrict ourselves to consider only the case where C is a category for two reasons. On the one hand, we shall consider more general structures than simple categories, for example, structures where there are not just one but a whole set of different ways to compose morphisms. On the other hand, we are interested in the case where the compositions of morphisms in C are not a quite defined for all morphisms, but only for some sort of distinguished sequences of morphisms called transversal sequences. So what we need is to specify the conditions for the domain of definition of these partially defined compositions. We assume that for each sequence of objects x_0, ..., x_n we have a subspace C(x_0, · · · , x_n) of ⨂_n i=1 C(x_{i−1}, x_i) consisting of transversal n-tuples of morphisms of C, i.e. generic sequences for which compositions are well defined. We shall demand that any 0 or 1-tuple of morphisms is automatically transversal, and that for n ≥ 2 any closed n-tuple of morphisms in ⨂_n i=1 C(x_{i−1}, x_i) is homologous to a closed transversal n-tuple. Finally we demand that any subsequence of a transversal sequence be transversal. We formalize these ideas in our next the definition which is modelled on the corresponding notion for algebras given by Kriz and May [65].

Definition 1. A domain C^∗ in a dg-precategory C consists of the following data:

a. A differential graded vector space C(x_0, · · · , x_n) for x_0, · · · , x_n objects of C. b. C(∅) = k. c. Inclusion maps i_n : C(x_0, · · · , x_n) −→ ⨂_n i=1 C(x_{i−1}, x_i). This data should satisfy the following properties:

a. i_∅ : k −→ k is the identity map.

b. i_1 : C(x_0, x_1) −→ C(x_0, x_1) is the identity map.

c. i_n : C(x_0, · · · , x_n) −→ ⨂_n i=1 C(x_{i−1}, x_i) is a quasi-isomorphism, i.e. the induced map H(i_n): H(C(x_0, · · · , x_n)) −→ n⨂ i=1 H(C(x_{i−1}, x_i)) is an isomorphism.

d. For a partition n = n_1 + · · · + n_k of n in k parts, we set m_0 = 0 and m_i = n_1 + · · · + n_i, for 1 ≤ i ≤ k. The inclusion map i_n should factor through k⨂ i=1 C(x_{mi−1} , · · · , x_{mi} ) as indicated in the following commutative diagram k⨂ i=1 C(x_{mi−1} , · · · , x_{mi} ) ⊗i_{ni} �

C(x_0, · · · , x_n) i_n �

� � �

k⨂ i=1 m_i⨂

s=m_{i−1}+1 C(x_{s−1}, x_s)_= � n⨂ i=1 C(x_{i−1}, x_i)

In order to formally introduce the possibility of multiple types of compositions, we need to recall the notion of operads defined in a symmetric monoidal category with product ⊗ and unit object 1; typical examples of latter kind of categories, and the only ones that will be consider in this work, are the categories of sets, topological spaces, vector spaces, graded vector spaces and differential graded vector spaces. A non-symmetric operad O consists of a sequence O_n, for n ≥ 0, of objects in the corresponding category, an unit map η : 1 → O_1, and maps γ_k : O_k ⊗ O_{n1} ⊗ · · · ⊗ O_{nk} −→ O_{n1+...+nk} for k ≥ 1 and n_s ≥ 0. The maps γ_k are required to be associative and unital in the appropriated sense. The reader will find a lot information about operads in [75], see also [49] for a recent fresh approach. If in addition a right action of the symmetric group S_n on O_n is given and the maps γ_n are equivariant, then we say that O is an operad. To any object x in a symmetric monoidal category, there is attached an operad, called the endomorphisms operad, with is n component given by End_x(n) = Hom(x^n, x) For a given operad O in the same category, one says that x is a O algebra, if there is a morphisms of operads θ : O −→ End_x, i.e. a sequence of maps θ_k : O ⊗ x^k −→ x satisfying certain natural axioms. It is easy to check that there are operads whose algebras are exactly associative algebras, commutative algebra, Lie algebras, Poisson algebra, BV algebras, A_∞- algebras, A^N_∞-algebras [6], etc. One can in a similar fashion define for each operad the category O-categories. We shall not make explicit that definition since we are presently going to consider the more general notion of partial O categories.

Definition 2. Let O be a non-symmetric dg-operad and C be a dg-precategory. We say that C is a transversal O-category if the following data is given:

a. A domain C^∗ in C.

b. Maps θ_n : O_n ⊗ C(x_0, · · · , x_n) −→ C(x_0, x_n) for x_0, · · · , x_n ∈ Ob(C).

This data should satisfy the following axioms:

a. θ_1(1 ⊗ C(x_0, x_1)) = C(x_0, x_1) where 1 denotes the identity in O(1).

b. For n = n_1 + · · · + n_k, set m_0 = 0 and m_i = n_1 + · · · + n_i. The maps k⨂ i=1 O_{ni} ⊗ k⨂ i=1 C(x_{mi−1} , · · · , x_{mi} ) −→ k⨂ i=1 C(x_{mi−1} , x_{mi} )

obtained by the composition of the inclusion C(x_0, · · · , x_n) ⊆ k⨂ i=1 C(x_{mi−1} , · · · , x_{mi} ), shuffling, and the application of θ^{⊗k}, factors through C(x_{m0} , · · · , x_{mk} ) as indicated in the following diagram: k⨂ i=1 O_{ni} ⊗ C(x_0, · · · , x_n) �

� k⨂ i=1 C(x_{mi−1} , x_{mi} )

C(x_{m0} , · · · , x_{mk} ) � � � � � � �

c. The following diagram commutes

O_k ⊗ k⨂ s=1 O_{ns} ⊗ C(x_0, · · · , x_n)^{γk ⊗id} � � � � �

O_n ⊗ C(x_0, · · · , x_n) θ_n � � � � � �

O_k ⊗ k⨂ s=1 O_{ns} ⊗ k⨂ s=1 C(x_{ms−1} , · · · , x_{ms} ) shuffle �

O_k ⊗ C(x_{m0} , · · · , x_{mk} ) � � 1⊗i_k �

θ_k � C(x_0, x_n)

O_k ⊗ k⨂ s=1 O_{ns} ⊗ k⨂ s=1 C(x_{ms−1} , · · · , x_{ms} ) � O_k ⊗ k⨂ i=1 C(x_{mi−1} , x_{mi} )

Notice that in the definition above O is an operad in the standard sense, i.e. compositions are always well defined at the operadic level. What is transversally defined is the action of the operad O on the precategory C, i.e. the various composition of morphisms in C. In our next result we use the known fact that if O is a dg-operad, then the sequence H(O) given by H(O)_n = H(O_n) with the structural maps induced from those of O is a g-operad.

Theorem 3. If C is a transversal O-category then H(C) is an H(O)-category.

Indeed if C is a transversal O-category then the morphism i_n : C(x_0, · · · , x_n) −→ n⨂ i=1 C(x_{i−1}, x_i) is a quasi-isomorphism. Hence the vertical arrow in the diagram H(O_n) ⊗ H(C(x_0, · · · , x_n)) � � H(C(x_0, x_n))

H(O_n) ⊗ n⨂ i=1 H(C(x_{i−1}, x_i))

� � �

is also an isomorphism. The diagonal map above gives H(C) the structure of a H(O)-algebra.

The concept of transversal O-algebra where O is a non-symmetric operad is easily deduced from that of a transversal O-category. Indeed we say that a differential graded vector space A is a transversal O-algebra if the precategory C_A with a unique object p such that C_A(p, p) = A is an O-category. If O is an operad we demand in addition that the maps O_n ⊗ A_n −→ A be S_n-equivariant. The reader may consult [65] where various interesting examples of transversal O-algebras are studied. Another interesting example was introduced by Karoubi in [59, 60] where he associated to each simplicial set X its transversal Z-algebra of quasi-commutative cochains, which determines the homotopy type of X.

Corollary 4. If A is a transversal O-algebra, then H(A) is an H(O)-algebra.

This closes our comments on the structure of transversal categories. Let us next consider the chain model that we are going to be using along this work. In a nutshell, for a given manifold M, our space of chains in M is generated by smooth maps from manifolds with corners into M. We recall that a n-dimensional manifold with corners M is naturally a stratified manifold M = ⨆ 0≤l≤n ∂_lM where the smooth strata are the connected components of ∂_lM where

∂_lM = {m ∈ M | there exists local coordinates mapping m to ∂_lH^n_k }

where H^n_k = [0, ∞)^k × R^{n−k} = {(x_1, · · · , x_n) ∈ R^n | x_1 ≥ 0, · · · , x_k ≥ 0} and ∂_lH^n_k = {x ∈ H^n_k | x_i = 0 for exactly l of the first k indices}.

Given an oriented manifold M we define the graded vector space C(M) = ⨁ i∈N C_i(M), where C_i (M) denotes the complex vector space constructed as follows:

• Let C_i(M) be the vector space freely generated by equivalence classes of pairs (K, c) where K is a compact oriented manifold with corners and c : K −→ M is a smooth map. A pair (K, c) is equivalent to another (L, d) if and only if there exists a orientation preserving diffeormorphism f : K −→ L such that d ∘ f = c. Abusing notation the equivalence class of (K, c) is also denoted by (K, c). The collection of equivalence classes of such pairs is a set since any manifold with corners is diffeomorphic to a manifold with corners embedded in some R^n , and thus one can assume that the domain K of all chains are embedded in R^n for some n ∈ N.

• C_i(M) is the quotient of C_i(M) by the following relationships:

1)(K^{op}, c) = −(K, c) where K^{op} is the manifold K provided with the opposite orientation.

2) (K_1 ⊔ K_2, c_1 ⊔ c_2) = (K_1, c_1) + (K_2, c_2).

Figure 1 shows an example of a chain with domain a manifold with corners.

Figure 1: Example of a chain with domain a manifold with corners. We define a differential ∂ : C_i(M) −→ C_{i−1}(M) on C(M) as follows: ∂(K_,c) = ∑ L∈π_0(∂_1K) (L, c|_L),

where the sum ranges over the connected components of the first boundary strata ∂_1K of K provided with the induced boundary orientation. We denote by c|_L the restriction of c to the closure of L. Complexes C(M) enjoy the following crucial property that shows that we can compute singular homology using the manifold with corners chain model. Theorem 5. (C(M), ∂) is a differential Z-graded vector space. Moreover H(C(M), ∂) = H(M) = singular homology of M.

In fact the identity ∂^2(K, c) = ∑ L∈π_0(∂_2K) [(L, c|_L) + (L^{op}, c|_L)]

implies that ∂^2 = 0. There is an obvious inclusion i: C^s(M) −→ C(M) of the complex of singular chains into the complex of chains with manifolds with corners as domain of definitions. The map i is a quasi-isomorphism since any manifold with corners can be triangulated^1 and

1We thank J. Brasselet, M. Goresky, R. Melrose, and A. Dimca for helpful comments on the triangulation of manifold with corners. See references [55, 57, 103] for more information on triangulability.

thus any chain in C(M) is homologous to a chain in C^s(M).

The definition as well as many results for transversal smooth maps can be generalized along the lines of [56, 53] so that they apply to maps from manifolds with corners into smooth manifolds. Recall that two submanifolds K and L of a smooth manifold M are transversal if for each x ∈ K ∩ L one has that: T_xK + T_xL = T_xM. The remarkable fact is that if K and L are transversal, then K ∩ L is also a submanifold of M. Figure 2 shows a transversal pair, and a non-transversal pair of submanifolds of R^3 .

Figure 2: Left: transversal submanifolds. Right: non-transversal submanifolds. Likewise if f : K −→ M is a smooth map from a manifold with corners and L a submanifold of M, then we say that f is transversal to L if for x ∈ ∂_sK such that f(x) ∈ L we have that df(T_x∂_sK) + T_{f(x)}L = T_{f(x)}M. One can check that in this situation then the pre-image f^{−1}(L) is a submanifold with corners of K, and that the co-dimension of f^{−1}(L) is equal to the co-dimension of L. The notation f ⋔ L means that the map f is transversal to the submanifold L. Next, assume that we have maps f_1 : K_1 −→ M, ..., f_n : K_n −→ M from manifolds with corners into M. We say that the maps f_1, ..., f_n are transversal if the map (f_1, ..., f_n) : K_1 × ... × K_n −→ M, is transversal to Δ_n, the n-diagonal submanifold of M^n given by Δ_n = {(m, . . . , m) | m ∈ M}. In this case we have that (f_1, ..., f_n)^{−1}(L) = K_1 ×_M ... ×_M K_n is a submanifold with corners of K_1 × ... × K_n of co-dimension (n − 1) dim M. For example if K and L are manifolds with corners, f : K −→ M and g : L −→ M are smooth maps. Then f and g are transversal maps if for 0 ≤ s ≤ dim K, 0 ≤ t ≤ dim L the restrictions of f and g to ∂_sK and ∂_tL, respectively, are transversal maps, i.e. given x ∈ ∂_kK and y ∈ ∂_sL such that f(x) = g(y) = m, we must have that df(T_x∂_kK) + dg(T_y ∂_sL) = T_mM.

In short, two maps are transversal if their respective restrictions to the smooth strata are transversal.

One of the main advantages of the category of manifolds with corners is that unlike the category of manifolds with boundaries it is closed under Cartesian products, and even more remarkably it is generically closed under fibred products. Indeed with the notion of transversality given above one can show the following result [20]. Let K_x, K_y and K_z be oriented manifolds with corners and M be an oriented smooth manifold.

Theorem 6. Let x: K_x −→ M, y : K_y −→ M and z : K_z −→ M be transversal smooth maps, then

• K_x ×_M K_y = {(a, b) ∈ K_x × K_y | x(a) = y(b)} is in a natural way an oriented manifold with corners embedded in K_x × K_y.

• (K_x ×_M K_y) ×_M K_z = K_x ×_M K_y ×_M K_z = K_x ×_M (K_y ×_M K_z).

• K_x ×_M K_y = (−1)^{(dim Kx+dim M)(dim Kx+dim M)}K_y ×_M K_x.

We are ready to study the algebraic structure on the space of chains of maps from spheres into a given compact oriented manifold M. We let

D^d = {x ∈ R^d | x^2_1 + ... + x^2_d = 1}

be the unit disc in R^d . By definition a little disc in D^d is an affine transformation T_{a,r} : D^d −→ D^d given by T_{a,r}(x) = rx + a, where 0 < r < 1 and a ∈ D^d are such that im(T_{a,r}) ⊆ D^d. For n ≥ 0, consider the spaces

D^d_n = { (T_{a1 ,r1} , . . . , T_{an ,rn} ) | | a_i, a_j ∈ D^d, 0 < r_i < 1 such that if i ≠ j then im(T_{ai,ri} ) ∩ im(T_{aj ,rj} ) = ∅ } . Notice that the disc with center a and radius r is obtained as the image of the transformation T_{a,r} applied the standard disc D^d. The sequence of topological spaces D^d_n carries a natural structure of operad, called the little d-discs operad and denoted by D^d. The little disc operad was introduced by Boardman and Vogt, in its cubic version, in [16] and May in [74]. Figure 3 illustrates how compositions are defined in the operad of little discs.

Figure 3: Composition in the operad of little discs in the plane.

The framed little d-discs operad fD^d is obtained by placing an element of SO(d), the group of orientation and metric preserving linear transformations of Euclidean d-space, on each little disc. Explicitly we have that fD^d_n = D^d_n × SO(d)^n. The composition γ_k : fD^d_k × fD^d_{n1} × · · · × fD^d_{nk} −→ fD^d_{n1+...+nk} is given by γ_k[(c, g), (b_1 , h^1), ..., (b_k , h^k)] = (γ_k(c, g_1b_1, ..., g_kb_k), g_1h^1, ..., g_k h^k), where h^i = (h^i_1, ..., h^i_{ni} ) and g_ih^i = (g_ih^i_1, ..., g_ih^i_{ni} ).

Notice that the defining action of SO(d) on R^d induces an action SO(d) × D^d −→ D^d which in turns induces actions SO(d) × D^d_n −→ D^d_n. It is not hard to see that an algebra X over fD^d is the same as an algebra X over D^d provided with a SO(d) action SO(d) × X −→ X such that θ_k(a, g_1x_1, ..., g_k x_k) = gθ_k(a, x_1, ..., x_k). Moreover in this case the fD^d-structure on X is related to the fD^d-structure on X as follows: θ_{fD}d ((a, g_1, ..., g_k ), x_1, ..., x_k) = θ_Dd (a, g_1x_1, ..., g_k x_k). Definition 7. A transversal framed d-algebra is a transversal algebra over the operad C(fD^d) of chains in the framed little d-discs operad.

Definition 8. Let M^{Sd} be the set of smooth maps α: D^d −→ M constant in an open neighborhood of ∂(D^d). We topologize M^{Sd} with the compact-open topology.

Next we have to deal with a rather subtle and fundamental issue. We like to study the homology and more generally the chains on the space M^{Sd} . Above we introduced a chain model for smooth manifolds, where a chain is a smooth map from a manifold with corners into the manifold in question. Of course M^{Sd} is not a manifold in the usual sense since it is an infinite dimensional space. However with can avoid running into troubles by adopting the following convenient definition for the space of chains in M^{Sd} ; it is straightforward to check that with this definition we obtain a chain model that indeed computes the homology of M^{Sd} . Thus we shall consider the vector space C(M^{Sd} ) = ∞⨁ i=0 C_i(M^{Sd} )

generated by equivalence classes of maps x: K_x −→ M^{Sd} such that the associated map ^x: K_x × D^d −→ M given by ^x(c, p) = x(c)(p) is a smooth map.

Let e: M^{Sd} −→ M be the map given by e(α) = α(∂(D^d)). We shall also denote by e the induced map e: C(M^{Sd} ) −→ C(M) given by e( ∑ a_xx) = ∑ a_xe(x). Given chains x_i : K_{xi} −→ M^{Sd} for 1 ≤ i ≤ n consider the map

e(x_1, . . . , x_n): n∏ i=1 K_{xi} � M^{×n} (c_1, . . . , c_n) � � (e(x_1(c_1)), . . . , e(x_n(c_n))) The map e is smooth and thus according to Theorem 6 if e(x_1, . . . , x_n) ⋔ Δ_n then e^{−1}(Δ_n) = {(c_1, . . . , c_n) ∈ n∏ i=1 K_{xi} | e(x_1(c_1)) = · · · = e(x_n(c_n))} is a manifold with corners.

Consider the sequence C(M^{Sd} )^∗ in dg-vect where for n ≥ 0 we let C(M^{Sd} )^n ⊆ C(M^{Sd} )^{⊗n} be the subspace generated by tuples x_1 ⊗ · · · ⊗ x_n, with x_i ∈ C(M^{Sd} ) for 1 ≤ i ≤ n, such that e(x_1, · · · , x_n) ⋔ Δ_n. Theorem 9. C(M^{Sd} )^∗ is a domain in C(M^{Sd} ).

We check that the axioms of Definition 1 hold. Since C(M^{Sd} )^0 = C(M^{Sd} )^{⊗0} = k axiom 1 holds by convention. Clearly C(M^{Sd} )^1 = C(M^{Sd} )^{⊗1} = C(M^{Sd} ) since for any chain x: K_x −→ M^{Sd} in C(M^{Sd} ) one checks that e(x) ⋔ Δ_1 as follows im(de(x)) + im(dΔ_1) ⊇ im(dΔ_1) = T M.

Thus axiom 2 also holds. By Sard’s lemma any chain (x_1, · · · , x_n): n∏ i=1 K_{xi} −→ (M^{Sd} )^n is homologous to a chain (y_1, · · · , y_n): n∏ i=1 K_{yi} −→ (M^{Sd} )^n such that e(y_1, · · · , y_n) ⋔ Δ_n. Thus the inclusion maps i_n : C(M^{Sd} )^n −→ C(M^{Sd} )^{⊗n} are quasiisomorphisms and axiom 3 holds. Axiom 4 is an obvious consequence of the definition of C(M^{Sd} )^n given above.

Our next result provides a natural algebraic structure on the space C(M^{Sd} ) = C(M^{Sd} )[dim M] of chains of maps from the d-sphere into M with degrees shifted down by dim M. Notice that the action of SO(d) on D^d induces an action SO(d) × M^{Sd} −→ M^{Sd} . Theorem 10. The dg-vect C(M^{Sd} ) has a natural structure of transversal framed d-algebra.

In order to prove this result we must define for each n ≥ 0 a map θ_n : C(fD^d_n) ⊗ C(M^{Sd} )^n −→ C(M^{Sd} ).

This is done as follows. Given x ∈ C(D^d_n) and x_i ∈ C(M^{Sd} ) for 1 ≤ i ≤ n, then the domain of θ_n(x; x_1, . . . , x_n) is the manifold with corners given by K_{θn(x;x1,...,xn)} = K_x × e(x_1, ..., x_n)^{−1}(Δ_n). For c ∈ K_x we let x(c) be given by x(c) = (T_{p1(c),r1(c)}, · · · , T_{pn(c),rn(c)}, g_1(c), ..., g_n(c)). The map θ_n(x; x_1, . . . , x_n): K_{θn(x;x1,...,xn)} � C(M^{Sd} ) is such that for (c; c_1 · · · , c_n) ∈ K_{θn(x;x1··· ,xn)} and y ∈ D^d we have that

θ_n(x; x_1, . . . , x_n)(c; c_1, . . . , c_n)(y) = e(x_1(c_1)) if y /∈ ⋃ im(T_{pi(c),ri(c)}) g_i(c_i)x_i(c_i) (_{y−pi(c)} r_i(c) ) if y ∈ im(T_{pi(c),ri(c)}) We check axioms 1, 2 and 3 of Definition 2. We need to check that θ_1(1; x_1) = x_1, where 1 denotes the chain 1: {p} → D^d_1 × SO(d) p → (T_{0,1}, 1) Clearly K_{θ1(1;x1)} = {p} × e^{−1}(Δ_1) = {p} × K_{x1} ∼= K_{x1} . Moreover

θ_1(1; x_1)(p; c_1)(y) = e(x_1(c_1)) if y /∈ ⋃ im(T_{0,1}) x_1(c_1)(y) if y ∈ im(T_{0,1}) Since y ∈ im(T_{0,1}) for all y ∈ D^d we have that θ_1[(1; x_1)(c, c_1)](y) = x_1(c_1)(y) as it should, thus axioms 1 holds. Axiom 1 follows from a dimensional counting argument. Axiom 3 contains two statements, namely, that the domains and the chain maps associated with both sided of the commutative diagram agree. The first statement is a consequence of Theorem 6. The second statement follows essentially from the fact that M^{Sd} , the space of smooth from the sphere sending a neighborhood of the north pole into the fixed point p ∈ M, is in a natural way a fD^d-algebra [16].

Next result – due to Sullivan and Voronov [104] – is a consequence of Theorem 10, Theorem 3 and the characterization of H(fD^d)-algebras given by Salvatore and Wahl in [84]. Actually we use the reformulation of the Salvatore-Wahl theorem given in [31].

Corollary 11. The graded vector space H(M^{Sd+1} ) is a H(fD^{d+1})-algebra, i.e. it is provided with the following algebraic structures. Let x, y, z be homogeneous elements of H(M^{Sd} ).

a. An associative graded commutative product.

b. A degree n bracket such that H(M^{Sd+1} )[n] is a graded Lie algebra. c. [x, yz] = [x, y]z + (−1)^{(x̄+d)ȳ}y[x, z]. d. For d odd there are operators B_i : H(M^{Sd+1} ) −→ H(M^{Sd+1} )[4i − 1] for i in {1, ...,^{d−1}_2 }.

There is an operator Δ : H(M^{Sd+1} ) −→ H(M^{Sd+1} )[d] called the BV operator such that:

• Δ^2 = 0.

• (−1)^{x̄}[x, y] = Δ(xy) − Δ(x)y − (−1)^{x̄}xΔ(y). • Δ[x, y] = [Δ(x), y] − (−1)^{x̄}[x, Δ(y)].

e. For d even there are operators B_i : H(M^{Sd+1} ) −→ H(M^{Sd+1} )[4i − 1] for i in {1, ...,^d_2 }. f. Either in the even or odd case the operators B_i are such that

• B^2_i = 0.

• B_i is a graded derivation on the graded commutative algebra H(M^{Sd+1} ). • B_i is a graded derivation on the graded Lie algebra H(M^{Sd+1} )[n].

3 Transversal 1-categories

The operad of little discs in dimension 1 is usually called the operad of little intervals and is denoted by I. Figure 4 shows an example of composition in the operad of little intervals. Algebras defined over the operad of little intervals are called 1-algebras. It is easy to see that the homology of a 1-algebra is an associative algebra. We now introduce the corresponding notion for the case of pre-categories.

Definition 12. A transversal 1-category is a transversal dg-precategory over the operad C(I) of chains of little intervals.

Figure 4: Composition of little intervals.

Let M be a compact manifold and N_0, N_1 be connected oriented embedded submanifolds of M. Let Y be a smooth compact manifold. We denote by M^{S(Y )}(N_0, N_1) the set of all smooth maps f : Y × [−1, 1] → M, such that f(y, −1) ∈ N_0, f(y, 1) ∈ N_1, and f is a constant map in open neighborhoods of Y × {−1} and Y × {1}, respectively. M^{S(Y )}(N_0, N_1) is a topological space provided with the compact-open topology. Notice that M^{S(Y )}(N_0, N_1) is a subspace of Map(S(Y ), M) where S(Y ) = Y × [−1, 1]/ ∼ and ∼ is the equivalence relation on Y × [−1, 1] given by y_1 × {−1} ∼ y_2 × {−1} and y_1 × {1} ∼ y_2 × {1} for all y_1, y_2 ∈ Y.

Consider the complex vector space C(M^{S(Y )}(N_0, N_1)) = ∞⨁ i=0 C_i(M^{S(Y )}(N_0, N_1))

generated by chains x: K_x −→ M^{S(Y )}(N_0, N_1) such that the maps e_{−1}(x): K_x × Y −→ N_0 and e_1(x): K_x × Y → N_1 given by e_i(x)(c, y) = x(c)(y, i) are smooth for i = −1, 1. Consider the maps e_{−1} : M^{S(Y )}(N_0, N_1) → N_0 and e_1 : M^{S(Y )}(N_0, N_1) → N_1 given respectively by e_{−1}(f) = f(y, −1) ∈ N_0 and e_1(f) = f(y, 1) ∈ N_1.

We also denote by e_i the induced map e_i : C(M^{S(Y )}(N_0, N_1)) −→ C(N_0) given by e_i( ∑ a_xx) = ∑ a_xe_i(x). Given chains x_i : K_{xi} → M^{S(Y )}(N_{i−1}, N_i) for 1 ≤ i ≤ k, consider the map

e(x_1, . . . , x_n): k∏ i=1 K_{xi} −→ k−1∏ i=1 N_i × N_i that sends (c_1, . . . , c_k) to (e_1(x_1(c_1)), e_{−1}(x_2(c_2)), e_1(x_2(c_2)), . . . , e_{−1}(x_k(c_k))).

Set Ω_k = k∏ i=1 Δ^{Ni}_2 ⊂ k−1∏ i=1 Ni × Ni where Δ^{Ni}_2 = {(a, a) ∈ N_i × N_i} for 1 ≤ i ≤ k − 1. Clearly

e^{−1}(Ω_k) = { (c_1, . . . , c_k) ∈ k∏ i=1 K_{xi} | | e_1(x_i(c_i)) = e_{−1}(x_{i+1}(c_{i+1})) 1 ≤ i ≤ k − 1 }

According to Theorem 6 if e(x_1, . . . , x_k) ⋔ Ω_k then e^{−1}(Ω_k) = K_{x1} ×_{N1} K_{x1} ×_{N2} · · · ×_{Nk−1} K_{xk} is a manifold with corners.

Definition 13. The dg-precategory C(M^{S(Y )}) of chains of branes of type Y in M is such that:

a. Objects of C(M^{S(Y )}) are connected oriented embedded submanifolds of M. b. For N_0, N_1 objects in C(M^{S(Y )}) we set C(M^{S(Y )})(N_0, N_1) = C(M^{S(Y )}(N_0, N_1))[dim N_1].

We define a domain in C(M^{S(Y )})^⋆ in C(M^{S(Y )}) as follows: given N_0, · · · , N_k ∈ C(M^{S(Y )}) let C(M^{S(Y )}(N_0, · · · , N_k)) ⊆ k⨂ i=1 C(M^{S(Y )}(N_{i−1}, N_i)) be the space generated by tuples x_1 ⊗ · · · ⊗ x_k such that:

• x_i ∈ C(M^{S(Y )}(N_{i−1}, N_i)) for 1 ≤ i ≤ k, • e(x_1, · · · , x_k) ⋔ Ω_k.

The proof that C(M^{S(Y )})^∗ is a domain is similar to the proof of Lemma 9. Theorem 14. C(M^{S(Y )}) is a transversal 1-category.

Suppose we are given objects N_0, · · · , N_k in C(M^{S(Y )}) we introduce maps

θ_k(N_0, · · · , N_k): C(I_k) ⊗ k⨂ i=1 C(M^{S(Y )}(N_{i−1}, N_i)) −→ C(M^{S(Y )})(N_0, N_k)

as follows. Given x ∈ C(I_k) and x_i ∈ C(M^{S(Y )}(N_{i−1}, N_i)), then θ_k(x; x_1, . . . , x_k) has domain K_{θk (x;x1,...,xk)} = K_x × e^{−1}(Ω_k). Let x: K_x −→ I_k be such that for c ∈ K_x we have x(c) = (T_{p1(c),r1(c)}, · · · , T_{pk(c),rk(c)}).

The map θ_k(x; x_1, . . . , x_k): K_{θk(x;x1,...,xk)} −→ C(M^{S(Y )}) is such that for t ∈ I and y ∈ Y we have

θ[(x; x_1, . . . , x_k)(c; c_1, . . . , c_n)](y, t) = e_1(x_i(c_i)) if t /∈ ⋃ im(T_{pi(c),ri(c)}) x_i(c_i) ( y,^{t−pi(c)}_{ri(c)} ) if t ∈ im(T_{pi(c),ri(c)}) Axioms 1,2,3 of Definition 2 are proved as Theorem 10.

Figure 5 represents, schematically, the composition in the category C(M^{S(Y )}) where Y is a surface of genus 2.

Figure 5: Schematic representation of compositions in C(M^{S(Y )}).

Let us consider the map^− : I_n −→ I_n given by (T_{a1r1} , · · · , T_{anrn} ) = (T_{−a1 r1} , · · · , T_{−anrn} ). We also need the induced chain map^− : C(I(n)) −→ C(I(n)). An interesting feature of the 1-category C(M^{S(Y )}) is that it comes with a natural contravariant prefunctor r: C(M^{S(Y )}) −→ C(M^{S(Y )}) which is the identity on objects; for objects N_0, N_1 in C(M^{S(Y )}) the map r: C(M^{S(Y )})(N_0, N_1) −→ C(M^{S(Y )})(N_1, N_0) is defined as follows: for x ∈ C(M^{S(Y )})(N_0, N_1) the domain of r(x) is K_x and if c ∈ K_x then for −1 ≤ t ≤ 1 we set [r(x)(c)](y, t) = [x(c)](y, −t). Figure 6 illustrates the meaning of the functor r. It is not hard to check that r satisfies the following identity r(θ_n(x; x_1, · · · , x_n)) = ±θ_n(x; r(x_n), · · · , r(x_1)) ∘ s where x ∈ C(I_n), x_i ∈ C(M^{S(Y )})(N_{i−1}, N_i) and the map s: K_x × K_{x1} ×_{N1} K_{x2} × · · · ×_{Nn−1} K_{xn} −→ K_x × K_{xn} ×_{Nn−1} K_{xn−i} × · · · ×_{N1} K_{x1}

Figure 6: Example of an application of the functor r.

is given for a ∈ K_x and t_i ∈ K_{xi} by s(a; t_1, · · · t_n) = (a; t_n, · · · t_1).

We need some notions from universal algebra. The concepts that we need where introduce by Markl in [73], where the reader will find further details.

Definition 15. A right C(I)-module M consists of a sequence M_n of objects in dg-vect together with maps for k ≥ 0 λ_k : M_k ⊗ k⨂ s=1 C(I_{js} ) −→ Mj_1 + · · · + j_k that are associative and unital.

Consider the space S^1_n of configurations of n little discs inside the unit circle. S^1_n is obtained from I_n by identifying the ends points of the interval [−1, 1]. Markl in [73] shows that S^1_n is a right I_n-module in the topological category, as usual that result implies the following result. The compositions given S^1_n the structure of a right I_n-module is illustrated in Figure 7.

Figure 7: Example of the right I_n-module structure on S^1_n.

Lemma 16. C(S^1_n) is a right C(I_n)-module.

Definition 17. Let C be a transversal 1-category. A C(S^1)-trace over C is an object B in dg-vect together with maps T_{N0,··· ,Nk−1} : C(S^1_k) ⊗ C(N_0, · · · , N_{k−1}, N_0) −→ B for N_0, · · · , N_{k−1} objects of C, such that the following diagram is commutative

C(S^1_k) ⊗ k⨂ i=1 C(I_{ji} ) ⊗ C(N_0, · · · , N_{j−1}, N_0)^{λk⊗id}� � � �

C(S^1_j ) ⊗ C(N_0, · · · N_{j−1}, N_0) T � C(S^1_k) ⊗ k⨂ i=1 C(I_{ji} ) ⊗ k⨂ i=1 C(N_{ji−1} , · · · N_{ji} ) shuffle �

B

C(S^1_k) ⊗ k⨂ i=1 C(I_{ji} ) ⊗ k⨂ i=1 C(N_{ji−1} , · · · N_{ji} ) � C(S^1_k ) ⊗ k⨂ i=1 C(N_{ji−1} , N_{ji} ) T �

Let M be a compact oriented smooth manifold and Y be a compact smooth manifold. We denote by M^{Y ×S1} the set of smooth maps f : Y × S^1 → M. We impose on M^{Y ×S1} the compact-open topology and we set C(M^{Y ×S1} ) = ∞⨁ i=0 C_i(M^{Y ×S1} )

where C_i(M^{Y ×S1} ) is the vector space generated by chains x: K_x −→ M^{Y ×S1} such that the induced map ^x: K_x × Y × S^1 −→ M is a smooth map.

Theorem 18. C(M^{S(Y )}) admits a natural C(S^1)-trace.

To prove this result we define maps

T : C(S^1_n) ⊗ C(M^{S(Y )})(N_0, N_1) ⊗ · · · ⊗ C(M^{S(Y )})(N_{k−1}, N_0) −→ C(M^{Y ×S1} ). Assume we are given chains x ∈ C(S^1_k ), x_i ∈ C(M^{S(Y )}(N_{i−1}, N_i)) and x_k ∈ C(M^{S(Y )}(N_{k−1}, N_0)).

The k-tuple x_1 ⊗ · · · ⊗ x_k belongs to C(M^{S(Y )})(N_0, · · · , N_{k−1}, N_0) if and only if e(x_1, · · · x_k) ⋔ Ω_k. Then T (x; x_1, . . . , x_k) is the chain with domain K(x; x_1, . . . , x_k) = K_x × e^{−1}(Ω_k) and T (x; x_1, . . . , x_k): K_x × K_{x1} ×_{N1} K_{x1} ×_{N2} · · · ×_{N0} K_{x0} −→ M^{Y ×S1} is the map given by

[T (x; x_1, . . . , x_k)(c, c_1, . . . , c_k)](t) = e_1(x_i(c_i)) if t /∈ ⋃ im(T_{pi(c),ri(c)}) x_i(c_i) (_{t−yi(c)} r_i(c) ) if t ∈ im(T_{yi(c),ri(c)}) The rest of the proof is similar to that of Theorem 10.

Lemma 19. The category H(M^{S(Y )}) admits a natural H(S^1)-trace.

The result follows from Lemma 16, Theorem 3 and Corollary 4.

Note that in the case that Y is a point we recover known results from open string topology [91]. The category of homological open string carries additional structures, for example Sullivan has defined a co-category structure on it, and more generally Baas, Cohen and Ramirez [7] have shown that there are further categorical operations coming from surfaces of higher genera with boundaries and marked intervals on them. Tamanoi has discusses in [93] the conditions on the surfaces such that the corresponding operations are not necessarily trivial. It is not clear to us if these additional structures are also present on H(M^{S(Y )}) with Y a positive dimensional manifold.

4 Homological Quantum Field Theory

In this section we shall introduce the main definition of this work, namely, the notion of homological quantum field theories. To understand this notion two prerequisites are needed: the string topology of Chas and Sullivan that we have discussed in the previous sections, and the categorical approach [1] towards quantum field theory which we proceed to review.

Category Cob_d of d dimensional cobordisms. The leading role in the categorical approach to quantum field theory is the category Cob_d of cobordism introduced by René Thom in [95, 96]. For d ≥ 1 objects in Cob_d are compact oriented d−1 dimensional smooth manifolds. Morphisms between objects N_1 and N_2 in Cob_d are of two types:

1) A diffeomorphism from N_1 to N_2.

2) A compact oriented manifold with boundaries M – a cobordism – together with a diffeomorphism from (−N_1 ⊔ N_2) × [0, 1) onto an open neighborhood of ∂(M). This kind of morphisms are considered up to diffeomorphisms.

Composition of morphisms Cob_d is given by composition of diffeomorphisms and gluing of cobordisms manifolds. It is usually assumed that both morphisms and objects are provided with additional data. Thus we postulate that there is in addition a contravariant functor D : OBMan_d −→ Set from the category whose objects are either d dimensional manifolds with boundaries, or d − 1 manifolds without boundaries. Morphisms in OBMan_d are smooth maps. With the help of the functor D we define a colored category of cobordisms DCob_d whose objects are pairs (N, s) where N is an object of Cob_d and s ∈ F (N). We think of s as giving additional structure to the manifold N. Morphisms of type 1) are structure preserving diffeomorphisms. Morphisms of type 2) are cobordisms pairs (M, s) where M is a cobordism and s ∈ F (M). It is required that the structure s when restricted to the boundary of M agrees with the structure originally given to the boundary components of M.

Monoidal representations of Cob_d. Gradually it has become clear that the geometric background for the mathematical understanding of quantum fields is given by monoidal representations of the category of structured cobordisms, i.e., monoidal functors

F : DCob_d −→ vect

from D-cobordisms into vector spaces. Field theories are not determined by its geometric background and there are additional constrains for a realistic quantum field theory than those imposed by the fact that they yield monoidal representations of DCob_d. Different types of field theories correspond to different choices of different types of data on the objects and morphisms of the cobordisms category, i.e. different choices of the functor D. It is often the case that the sets of morphisms in DCob_d come with a natural topology. In those cases, a field theory is a continuous monoidal functor from DCob_d into vect. Some of the most relevant types of theories from this point of view are the following:

• Lorentzian quantum field theory LQF T . For a rather comprehensive mathematical introduction to field theory the reader may consult [36]. Unfortunately, the analytical difficulties have prevented, so far, fully rigorous constructions of field theories of this type. One considers the category LCob_d of Lorentzian cobordisms defined as Cob_d with the extra data: objects are provided with a Riemannian metric, morphisms are provided with a Lorenzian metric such that its restriction to the boundary components agree with the specified Riemannian metric on objects. Lorentzian quantum field theories LQF T are linear representation of the category LCob_d, i.e., monoidal functors F : LCob_d −→ vect.

• Euclidean quantum field theory EQF T . One constructs the category ECob_d of Euclidean or Riemannian cobordisms as in the Lorentzian situation; in this case the metrics on both objects and morphisms are assumed to be Riemannian. A Euclidean quantum field theory EQF T is a monoidal functor F : ECob_d −→ vect.

• Conformal field theory CF T . Riemaniann metrics g and h on a manifold M are said to be conformally equivalent if there exist a diffeomorphism f : M −→ M and a smooth map λ : M −→ R_+ such that f^∗(g) = λh. The category of conformal cobordisms CCob_d is defined as in the Euclidean case but now we demand that objects and morphisms be provided with Riemaniann metrics defined up to conformal equivalence. Conformal field theories CF T are monoidal functors F : CCob_d −→ vect. Unlike the previous types this sort of theory has been deeply studied in the mathematical literature. Kontsevich in [64] has proposed that conformal field theories are deeply related with d-algebras. The case d = 2 was first axiomatized by Segal in [85], it has attracted a lot of attention because of its relation with string theory, and because this case may be treated with complex analytic methods since a conformal metric on a surface is the same as a complex structure on it. There have been many developments in the subject out of which we cite just a few [4, 33, 34, 39].

• Topological quantum field theory TQFT. This sort of theory was described within the framework of linear representations of Cob_d by Atiyah in [1, 2]. In a sense this sort of theory is the prototype that indicates the possibilities of the categorical approach; it has been deeply studied in the literature, for example in the works [3, 9, 45, 62, 66, 67, 79, 82, 98, 99, 106]. In essence, the category TQFT of topological quantum field theories may be identified with the category MFunc(Cob_n, vect) of monoidal functors

F : Cob_n −→ vect,

that is, topological quantum field theory deals with the bare category of cobordisms without further structures imposed on its objects or morphisms.

• Homotopical quantum field theory HQFT. This sort of theory was introduced by Turaev in [99, 102] and has been further developed, among others, by Brightwell, Bunke, Porter, Rodrigues, Turaev, Turner and Willerton [17, 18, 80, 81, 83]. Fix a compact connected smooth manifold M. The category HCob^M_d of homotopically extended cobordisms M is such that its objects are d−1 dimensional smooth compact manifolds N together with a homotopy class of maps f : N −→ M. Morphisms in HCob^M_d from N_0 to N_1 are cobordisms P connecting N_0 and N_1 together with a homotopy class of maps g : P −→ M such that its restriction to the boundaries gives the agrees with the homotopy classes associate with them. A homotopical quantum field theory is a monoidal functor F : HCob^M_d −→ vect.

• Homological quamtun field theory HLQFT. A complete definition of this sort of theory is the main topic of this section. First one construct the category Cob^M_d of homological extended cobordisms. Its objects are d − 1 dimensional manifolds N together with a map sending each boundary component of N into an oriented embedded submanifolds of M. Morphisms are cobordisms together with an homology class of maps (constant on a neighborhood of each boundary component and mapping each boundary component into its associated embedded submanifold) from the cobordism into M. The compositions in Cob^M_d are defined in a rather interesting fashion using techniques originally introduced Chas and Sullivan in the context of String topology.

We proceed to define in details the category HLQFT_d. It would be done in the following steps:

• We construct a transversal 1-category C ob^M_d for each integer d ≥ 1 and each compact oriented smooth manifold M.

• Cob^M_d is defined by the identity Cob^M_d = H(C ob^M_d ).

• HLQFT_d(M) is defined as the category MFunc(Cob^M_n , vect) of monoidal functors from Cob^M_d to vect.

Objects of C ob^M_n are triples (N, f, <) such that: a. N is a compact oriented manifold of dimension d − 1. b. f : π_0(N) −→ D(M) is any map. For such a map f we set f = ∏ c∈π_0(N) f(c). c. < is a linear ordering on π_0(N).

By convention the empty set is assumed to be a d-dimensional manifold for all d ∈ N. Let (N_0, f_0, <_0) and (N_1, f_1, <_1) be objects in C ob^M_d , we set C ob^M_d ((N_0, f_0, <_0), (N_1, f_1, <_1)) = C ob^M_d ⧸ ∽, where by definition C ob^M_d is the set of triples (P, α, ξ) such that:

• P is a compact oriented smooth manifold with corners of dimension d. • α: N_0 ⨆ N_1 × [0, 1] −→ im(α) ⊆ P is a diffeomorphism and α |_{N0}^⨆_{N1} −→ ∂P is such that α|_{N0} reverses orientation, and α|_{N1} preserves orientation.

• ξ ∈ C(M^P_{f0,f1} ) = C(M^P_{f0,f1} )[dim N_1], where M^P_{f0,f1} is the space of smooth maps g : P −→ M such that for each c ∈ π_0(N_j ), g is a constant map with value in f_j(c) on an open neighborhood of c, for j = 0, 1.

For g ∈ M^P_{f0,f1} we define e_0(g) ∈ f_0, e_1(g) ∈ f_1 by e_0(g)(c) = e_0(x), e_1(g)(c) = e_1(x) for any x ∈ c. We define an equivalence relation on C ob^M_d ((N_0, f_0, <_0), (N_1, f_1, <_1)) as follows: triples (P_1, α_1, ξ_1) and (P_2, α_2, ξ_2) are equivalent if there is an orientation preserving diffeomorphism φ: P_1 −→ P_2 such that φ ∘ α_1 = α_2, and φ_⋆(ξ_1) = ξ_2.

Let C ob^M_d ((N_0, f_0, <_0), · · · , (N_k, f_k, <_k)) be the vector space generated by k-tuples {(P_i, α_i, ξ_i)}^k_{i=1} such that for 1 ≤ i ≤ k we have that (P_i, α_i, ξ_i) ∈ C ob^M_d ((N_{i−1}, f_{i−1}, <_{i−1}), (N_i, f_i, <_i)), and the map e(ξ_1, . . . , ξ_k): k∏ i=1 K_{ξi} −→ k−1∏ i=1 f_i × f_i given by

e(ξ_1, . . . , ξ_k)(c_1, . . . , c_k) = (e_1(ξ_1(c_1)), e_0(ξ_2(c_2)), e_1(ξ_2(c_2)), . . . , e_0(ξ_k(c_k))) is transversal to Ω_k = ∏_{k−1} i=1 Δ^{fi}_2 ⊂ ∏_{k−1} i=1 f_i × f_i where for 1 ≤ i ≤ k − 1 we set Δ^{Ni}_2 = {(a, a) ∈ f_i × f_i}.

Clearly we have that

e^{−1}(Ω_k) = { (c_1, . . . , c_k) ∈ k∏ i=1 K_{ξi} | | e_1(ξ_i(c_i)) = e_0(ξ_{i+1}(c_{i+1})) 1 ≤ i ≤ k − 1 }

Since e is a smooth map and e(ξ_1, . . . , ξ_k) ⋔ Ω_k then e^{−1}(Ω_k) = K_{ξ1} ×_{f 1} K_{ξ1} ×_{f 2} · · · ×_{f k−1} K_{xk} is a manifold with corners.

Given a ∈ C(I_k) and chains (P_i, α_i, ξ_i) ∈ C ob^M_d ((N_{i−1}, f_{i−1}, <_{i−1}), (N_i, f_i, <_i)) for 1 ≤ i ≤ k, the composition morphism a((P_1, α_1, ξ_1), · · · , (P_k, α_k, ξ_k)) ∈ C ob^M_n ((N_0, f_0, <_0), (N_k, f_k, <_k)) is the triple (a(P_1, · · · , P_k), a(α_1, · · · , α_k), a(ξ_1, · · · , ξ_k)) such that a(P_1, · · · , P_k) = P_1 ⨆ N_1 · · · ⨆ N_{k−1} P_k a(α_1, · · · , α_k) = α_1 |_{N0} ⨆ α_k |_{Nk} K_a(ξ_1, · · · , ξ_k) = K_a × K_{ξ1} ×_{f 1} K_{ξ2} × · · · ×_{f k−1} K_{ξk} The map a(ξ_1, · · · , ξ_k): K_a(ξ_1, · · · , ξ_k) × P_1 ⊔_{N1} · · · ⊔_{Nk−1} P_k −→ M is given by a(ξ_1, · · · , ξ_k)(s, t_1 · · · , t_k, u) = ξ_i(t_i)(u) for (s, t_1 · · · , t_k) in K_a × K_{ξ1} ×_{f 1} · · · ×_{f k−1} K_{ξk} and u ∈ P_i. Figure 8 represents a d-cobordism enriched over M and Figure 9 shows a composition of d-cobordism enriched over M.

Figure 8: Example of a d-cobordism enriched over M.

Let Cob^M_{d,r} be the full subcategory of Cob^M_d such that the empty set is not longer accepted as a valid object.

Proposition 20. Cob^M_d is a monoidal category with disjoint union ⊔ as product and empty set as unit. Furthermore Cob^M_{d,r} is a monoidal category without unit.

Figure 9: Composition of d-cobordism enriched over M.

Given monoidal categories C and D we let MFunc(C, D) be the category of monoidal functors from C to D.

Definition 21. The category of homological quantum field theories of dimension d is HLQFT_d(M) = MFunc(Cob^M_d , vect).

The category of restricted homological quantum field theories of dimension d is HLQFT_{d,r}(M) = MFunc(Cob^M_{d,r}, vect).

Let us try to digest the meaning of the previous definition. Objects in HLQFT_d(M) are monoidal functors F : Cob^M_d −→ vect, i.e. F assigns to each triple (N, f, <) a vector space F (N, f, <) in such a way that F (N, f, <) = ⨂ c∈π_0(N) F (c, f(c), <).

F assigns to each homological cobordism α from N to L a linear map F (α) : ⨂ c∈π_0(N) F (c, f(c), <) −→ ⨂ c∈π_0(L) F (c, f(c), <).

Morphisms in HLQFT_d(M)(F, G) are natural transformations T : F −→ G, i.e. for each triple (N, f, <) there is a linear map T_N : ⨂ c∈π_0(N) F (c, f(c), <) −→ ⨂ c∈π_0(N) G(c, f(c), <),

such that if α is an homologically extended cobordism from N to L then the following diagram is commutative

⨂ c∈π_0(N) F (c, f(c), <) F (α) �

T_N � ⨂ c∈π_0(N) G(c, f(c), <) G(α) � ⨂ c∈π_0(L) F (c, f(c), <) T_L � ⨂ c∈π_0(L) G(c, f(c), <) There is a canonical restricted homological quantum field theory attached to any given manifold M. Consider the prefunctor H: Cob^M_{d,r} −→ vect given on objects by H: Ob(Cob^M_d ) � Ob(vect) (N, f, <) � � H(N, f, <) = H(f) The image under H of (P, α, ξ) ∈ Cob^M_{d,r}((N_0, f_0, <_0), (N_1, f_1, <_1)) is the linear map H(P, α, ξ): H(N_0, f_0, <_0) � H(N_1, f_1, <_1) x � � H(P, α, ξ)(x) where for ξ ∈ H(Map(P, M)_{f0 ,f1} ) given by ξ : K_ξ −→ Map(P, M)_{f0 ,f1} , and x ∈ H(f_0) given by x: K_x −→ f_0, the domain K_{H(P,α,ξ)(x)} of H(P, α, ξ)(x) is given by K_{H(P,α,ξ)(x)} = K_x ×_{f 0} K_ξ, and the map H(P, α, ξ)(x) is given by H(P, α, ξ)(x)(a, t) = e_1(t), where t = (t_c)_{c∈π0(f0)}.

Theorem 22. H is a restricted homological quantum field theory.

Indeed let (P_1, α_1, ξ_1) ∈ Cob^M_{d,r}((N_0, f_0, <_0), (N_1, f_1, <_1)) and (P_2, α_2, ξ_2) ∈ Cob^M_{n,r}((N_1, f_1, <_1), (N_2, f_2, <_2)).

We must check that H((P_2, α_2, ξ_2) ∘ (P_1, α_1, ξ_1)) = H(P_2, α_2, ξ_2) ∘ H(P_1, α_1, ξ_1).

Since the domain of (P_2, α_2, ξ_2) ∘ (P_1, α_1, ξ_1) is K_{ξ1} ×_{f 1} K_{ξ2} , then the domain of H((P_2, α_2, ξ_2) ∘ (P_1, α_1, ξ_1))(x) is given by K_x ×_{f 0} (K_{ξ1} ×_{f 1} K_{ξ2} ).

On the other hand the domain of H(P_2, α_2, ξ_2) ∘ H(P_1, α_1, ξ_1)(x) is (K_x ×_{f 0} K_{ξ1} ) ×_{f 1} K_{ξ2} .

Thus we see that the domains agree and it is easy to check that the corresponding functions also agree.

5 1-dimensional homological quantum field theories

In this section, based on [19], we study examples of restricted homological quantum field theories in dimension one. First we show that there is a intimate relationship between Cob^M_{1,r} the category of homologically extended 1-dimensional cobordisms and the category H(M^I ) of open strings [91] in M. This relationship should not be confused with the fact, due to Cohen-Godin [29], that string homology is a restricted two dimensional topological quantum field theory. Second we show that there are plenty of non-trivial examples of HLQFT in dimension one, indeed we show that one can associate such an object to each connection on principal fiber bundle. Third we explore the notion of homological matrices and discuss its relationship with homological quantum fields theories in dimension one.

Let us first show how 1-dimensional homological quantum field theories are related to open string topology which was considered in Section 3 in the case that Y is a point. Objects in the open string category H(M^I ) are embedded submanifolds of M. The space of morphisms from N_0 and N_1 is given by H(M^I_{N0 ,N1} ) = H(M^I_{N0,N1} )[dim(N_1)]

the homology with degrees shifted down by dim N_1 of the space M^I_{N0,N1} of smooth path x : I −→ M constant on neighborhoods of 0 and 1. Composition of morphisms defined in Section 3 yields a map H(M^I_{N0,N1} ) ⊗ H(M^I_{N1,N2} ) −→ H(M^I_{N0,N2} )

turning H(M^I ) into a graded category.

Let us now consider the category HLQFT_{1,r} of restricted homological quantum field theories in dimension 1, which is given by

HLQFT_{1,r} = MFunc(Cob^M_{1,r}, vect).

An object f in Cob^M_{1,r} is just a map f : [n] −→ D(M) where we set [n] = {1, · · · , n}. Let S_n be the group of permutations of n letters. We shall use the notation f = ∏ i∈[n] f(i). The space of

morphisms in Cob^M_{1,r} from f to g is by definition given by

Cob^M_{1,r}(f, g) = ⨁ σ∈S_n n⨂ i=1 H(M^I_{f(i),g(σ(i))} ).

Composition of morphisms in Cob^M_{1,r} is given by the following composition of maps:

Cob^M_{1,r}(f, g) ⊗ Cob^M_{1,r}(g, h) � ⨁ σ,τ ∈S_n ⨂_n i=1 H(M^I_{f(i),g(σ(i))} ) ⊗ ⨂_n j=1 H(M^I_{g(j),h(τ (j))}) � ⨁ σ,τ ∈S_n ⨂_n i=1 H(M^I_{f(i),g(σ(i))} ) ⊗ H(M^I_{g(σ(i))} , M^I_{h(τ (σ(i)))}) � ⨁ σ,τ ∈S_n ⨂_n i=1 H(M^I_{f(i),h(τ (σ(i)))} ) � ⨁ ρ∈S_n ⨂_n i=1 H(M^I_{f(i),h(ρ(i))} ) � Cob^M_{1,r}(f, h)

.

where the second arrow permutes the order in the tensor products, the third arrow is the product in open string topology, and the other arrows are identities. The formula above shows that compositions in Cob^M_{1,r} are essentially determined by products in open string topology.

Let G be a compact Lie group and π : P −→ M be a principal G-bundle over M. We let A_P be the space of all connections on P . There are many ways to think of a connection on a principal fiber bundle, for us the most important fact is that associated to such a connection A ∈ A_P there is a notion of parallel transportation, i.e. if γ : I −→ M then A gives rise in a canonical way to a map T_A(γ) : P_{x(0)} −→ P_{x(1)}.

Figure 10 illustrates the process of parallel transportation. The most important properties of

Figure 10: Parallel transportation on a fiber bundle over M.

the operators T_A(γ) is that it is independent of reparametrizations of the curve γ, it depends continuously on both A and γ, and if γ_1 ∘ γ_2 is the path obtained by the concatenation of path γ_1 and γ_2 then T_A(γ_1 ∘ γ_2) = T_A(γ_2) ∘ T_A(γ_1).

Our next goal is to prove the following result.

Theorem 23. There is a natural map H : A_P −→ HLQFT_{1,r}(M).

For each connection A ∈ A_P we construct a functor H_A : Cob^M_{1,r} −→ vect.

It sends an object f of Cob^M_{1,r} into H_A(f) = H(P_f ) = H(P_f )[dim(f)], where P_{f(i)} denotes the restriction of P to f(i) ⊆ M and P_f = ∏ i∈[n] P_{f(i)}.

Theorem 23 follows from the next result.

Proposition 24. The map H_A : Cob^M_{1,r} −→ vect sending f into H_A(f) defines a one dimensional restricted homological quantum field theory.

We need to define linear maps H_A : Cob^M_{1,r}(f, g) −→ Hom(H(P_f ), H(P_g )).

By the previous discussion an element of Cob^M_{1,r}(f, g) is a tuple (σ, t) = (σ, t_1, ..., t_n) where σ ∈ S_n and t_i ∈ H(M^I_{f(i),g(σ(i))} ). The map H_A(σ, t): H(P_f ) → H(P_g) is defined as follows. Consider the projection map π : P_f −→ f, and let x be a chain x: K_x −→ P_f where x = (x_1, . . . , x_n). The domain of H_Λ(α, t)(x) is given by K_{HA(α,t)(x)} = K_x ×_f ∏ i∈[n] K_{ti}

The map H_A(α, t)(x): K_{HA(α,t)(x)} −→ P_g is given by [H_Λ(α, t)(x)](y; s_1, · · · s_n)_i = [T_A(t_i(s_i))](x_i(y)) where y ∈ K_x, s_i ∈ K_{ti} . The construction above produces objects of HLQFT_{1,r} from connections in principal bundles. It would be interesting to determine what is the image under this map of known families of connections, say for example flat connections or the N-flat connections introduced in [5]. We like to mention that there is a remarkable analogy between HLQFT in dimension one and the algebra of matrices. Recall [38] that we can identify the space of matrices with the vector space generated by bipartite graph with a unique edge with starting point in [n] and endpoint

Figure 11: Motivation for homological matrices.

in [m]. For example Figure 11 represents on the left a 5 × 5 matrix and on the right a higher dimensional homological analogue.

Thus it is clear how to define the higher dimensional homological analogue of the algebra of matrices; we call the new algebra the algebra of homological graphs. It is simple given by

HG(f, g) = ⨁ j∈[m],i∈[n] H(M^I_{f(j),g(i)})

where f : [m] −→ D(M) and g : [n] −→ D(M). Moreover one can define a product on the space of homological matrices that generalizes the usual product of matrices. It is given by combining the usual matrix product with the product of open strings, see [19] for details. The higher dimensional product is represented in Figure 12.

Figure 12: Composition for homological graphs.

Figure 13: Higher dimensional morphisms in the Schur_4 category.

Once we have defined an homological analogue of the algebra of matrices, the problem of extending the usual constructions with matrices to the higher dimensional case arises naturally. In [19] we explored that question and found that several well-known constructions for matrices may indeed be generalized to the homological context. One of them is the possibility of defining homological Schur algebras and Schur categories. Recall that the Schur_k category [40] is such that its objects are positive integers and its morphisms are given by

Schur_k(n, m) = Sym^k(End(C^n , C^m )),

i.e. Schur_k is the k-symmetric power of the category of linear maps between the vector spaces C^n . An example of a morphism in the category Schur_4 is displayed on the left of Figure 13.

On the right there is an example of a morphisms in the higher dimensional Schur category. The product rule in the symmetric powers of algebras or categories where introduced in [40] and has been further studied in [39, 41, 44]. Figure 14 shows, schematically, an example of composition in the Schur_2 category. Notice that in this case the product of basis elements is not an element of the basis. Representations of homological Schur_k(n, n) algebras are deeply related with one dimensional homological quantum field theories [19].

Figure 14: Example of composition in the Schur_2 category.

6 Two dimensional homological quantum field theory

In this section we study homological quantum field theories in dimension 2. Our first goal is to generalize the map from connections to HLQFT_{1,r} to the 2-dimensional situation. Our second goal is two define a the membrane homology H(M) associated with each compact oriented manifold M. The matrix graded algebra H(M) may be regarded as a 2-dimensional analogue of the Chas-Sullivan string topology.

Let M be a compact oriented smooth manifold and consider the space M^{S1} of free loops on M. We assume that we are given a complex Hermitian line bundle L on M^{S1} . According to Segal [86] a B-field or string connection on L is a rule that assigns to each pair (Σ, y) where Σ is a surface with a boundary and y is a map y : Σ −→ M a parallel transportation operator

B_y : L_{∂(Σ)−} −→ L_{∂(Σ)+} ,

where the extension of L to (M^{S1} )^n is defined by the rule L_{(x1,...,xn)} = L_{x1} ⊗ ... ⊗ L_{xn} . The assignment y −→ B_y is assumed to have the following properties:

• It is a continuous map taking values in unitary operators. Therefore we have induced maps B_y : L^1_{∂(Σ)−} −→ L^1_{∂(Σ)+} between the corresponding circle bundles.

• It is transitive with respect to the gluing of surfaces.

• It is a parametrization invariant.

Let B_L be the space of B-fields or string connections on L. Our next goal is to prove the following result.

Theorem 25. There is a natural map B_L −→ HLQFT_{2,r}(M).

Thus for each B field we need to construct a functor

H_B : Cob^M_{2,r} −→ vect.

Since the only compact manifold without boundary of dimension 1 is a circle, then an object in Cob^M_{2,r} is a map f : [n] −→ D(M). The functor H_B is defined by the rule

H_B (f) = H(L^1_f ) = H(L^1_f )[dim(f)],

where H(L^1_f ) = H(L^1_{f(1)×...×f(n)}).

The notation L^1_{f(1)×...×f(n)} makes sense since f(1) × ... × f(n) ⊆ M × ... × M ⊆ M^{S1} × ... × M^{S1} . Proposition 26. The map H_B : Cob^M_2 −→ vect sending f into H(L^1_f ) defines a two dimensional restricted homological quantum field theory.

We need to define linear maps

H_B : Cob^M_{2,r}(f, g) −→ Hom(H(L^1_f ), H(L^1_g)).

Suppose f : [n] −→ D(M), g : [m] −→ D(M), that we are given a chain x : K_x −→ L^1_f , and that we have another chain y : K_y −→ M^Σ_{f,g}, where Σ is a surface with n incoming boundaries and m outgoing boundaries. The maps π(x) and e_0(y) allow us to define the domain of H_B (x)(y) as follows K_{HB (x)(y)} = K_x ×_f K_y.

The map H_B (x)(y) : K_{HB (x)(y)} −→ L^1_g is given by H_B (y)(x)(s, t) = B_{y(t)}[x(s)].

Next we proceed to construct the membrane topology associated with each compact oriented manifold M. Let us take a closer look at objects in the category Cob^M_{2,r}. We focus our attention on objects f : [n] −→ D(M) such that f is constantly equal to M, thus the map f becomes irrelevant and this type of objects are indexed by positive integers. A morphism from [n] to [m] is a homology class of the space M^Σ of maps from Σ into M that are constant around the boundaries of Σ, where Σ is a compact oriented surface with n incoming boundary components and m outgoing boundary components. We shall further restrict our attention to connected surfaces Σ.

For integers n, m ≥ 1, let Σ^m_{n,g} be a connected Riemann surface of genus g with n incoming marked points and m outgoing marked points. Let M^{Σmn,g} be the space of smooth maps from

Figure 15: An element in M^Σ and the corresponding element in M^{Σmn} .

Σ^m_{n,g} to M which are constant in a neighborhood of each marked point. If Σ is a genus g surface with n incoming boundary components and m outgoing boundary components, then the spaces M^Σ and M^{Σmn,g} are homotopically equivalent, see Figure 15 for an example illustrating the homotopy equivalence between M^Σ and M^{Σmn,g} . Therefore we have that

H(M^Σ) = H(M^{Σmn,g} ).

We are going to use the following algebraic definition. We say that an algebra (A, p) is a matrix graded if A = ∞⨁ n,m=1 A^m_n , p: A^m_n ⊗ A^k_m → A^k_n, and p |_Am_{n ⊗A}k_l = 0 if l ≠ m.

Definition 27. The membrane homology of a compact oriented manifold M is given by H(M) = ∞⨁ n,m=1 H^m_n (M),

where H^m_n (M) = ⨁_∞ g=0 H^m_{n,g}(M) and H^m_{n,g}(M) = H(M^{Σmn,g} )[m dim(M)].

Figure 16 and Figure 17 show, schematically, examples of an element in H^2_{3,2}(M) and an element of M^{Σ12,1} .

Using the composition rule in Cob^M_{2,r} and the fact the gluing of Σ^m_{n,g} and Σ^l_{k,g} is Σ^l_{n,g+k} one arrives to the following conclusion.

Theorem 28. H(M) is a matrix graded algebra.

The product of the elements shown in Figures 16 and 17 is shown in Figure 18.

Finally we like to mention that membrane homology of a manifold M comes equipped with a canonical representation. For a vector space V we let T_+(V ) = ⨁_∞ n=1 V^{⊗n}.

Figure 16: Element in M^{Σ23,2} .

Figure 17: Element in M^{Σ12,1} .

Theorem 29. T_+(H(M)) where H(M) = H(M)[dimM] is a representation of H(M).

We have seen that the membrane topology is an interesting algebraic structure associated to each oriented manifold. It would be interesting to compute it explicitly for familiar spaces, and also to study its relation with other types of two dimensional field theories, such as topological conformal field theories in the sense of [62, 63].

7 Conclusion

In this work we introduced three new topological invariants for compact oriented manifolds. The first invariant is a functor Oman −→ tfd-alg from Oman the groupoid of compact oriented manifolds into tfd-alg the category of transversal algebras over the operad C(fD^d) of chains of framed little d-discs. The functor is given by the correspondence M −→ C(M^{Sd} ), which maps a compact oriented manifold M into the space C(M^{Sd} ) of chains of maps from the d-sphere into M. The second invariant depends on the choice of a compact oriented manifold Y . It is a functor Oman −→ t1-Cat

Figure 18: Element i(x, y) ∈ M^{Σ13,4} .

from compact oriented manifolds into t1-Cat the category of small transversal 1-categories, i.e. categories over the operad C(I) of chains of little intervals; the functor is given by the correspondence M −→ C(M^{S(Y )}), sends a compact oriented manifold into the 1-category C(M^{S(Y )}). Our third invariant depends only on the choice of an integer d ≥ 1. It is a functor Oman −→ g-Cat from Oman to g-Cat the category of small graded categories, and its given by the correspondence M −→ HLQFT_{d,r}(M), sending a manifold M into the category HLQFT_{d,r}(M) of restricted homological quantum fields theories on M. Given a compact oriented manifold we have constructed several examples of objects in the category HLQFT_{d,r}(M). We paid especial attention to the cases d = 1 and d = 2. In the former case we see that connections on line bundles on M are sources of objects in HLQFT_{1,r}(M). Likewise B-fields on line bundle over M^{S1} is a source of examples of object in HLQFT_{2,r}(M). From the notion of homological quantum field in dimension 2 we constructed an algebra associated to each compact oriented manifold called the membrane topology of M. This algebra may be thought as a 2-dimensional generalization of the string topology of Chas and Sullivan.

Finally, let us mention a few open problems and ideas for future research that arise naturally from the results of this work:

• Further examples of HLQFT are needed. A potential source of examples could be the higher dimensional generalizations of B-fields, for example using the higher-dimensional notion of parallel transport of Gomi and Terashima [54], or perhaps the parallel transport for n-Lie algebras recently developed in [90].

• The main obstacle towards an explicit description of the category of homological quantum fields theories is that only for a handful of spaces the homology groups H(M^L) are known explicitly. Results along this line are very much welcome.

• It would be interesting to investigate to what extend the notion of HLQFT can be extended to yield topological invariants for singular (non-smooth) manifolds. A step forward in that direction have been taken by Lupercio, Uribe and Xicotencatl in [68] where they consider string topology on orbifolds.

References

[1] M. Atiyah, Topological quantum field theory, Publ. Math. Inst. Hautes Etudes Sci. 17 (1982), 661-692.

[2] M. Atiyah, The Geometry and Physics of Knots. Cambridge Univ. Press, Cambridge 1990.

[3] M. Alexandrov, M. Kontsevich, A. Schwarz and O. Zaboronsky, Geometry of the master equation and topological quantum field theory. Int. J. Mod. Phys. 12 (1997), 1405-1429

[4] J. Andersen and K. Ueno, Geometric construction of modular functors from conformal field theory. J. Knot Theory Ramif. 16 (2007), 127202.

[5] M. Angel and R. Díaz, N-flat connections, in S. Paycha and B. Uribe (Eds.), Geometric and Topological Methods for Quantum Field Theory. Contemp. Math. 432, Amer. Math. Soc., Providence 2007, pp. 163-172.

[6] M. Angel and R. Díaz, A^N_∞-algebras. Preprint arXiv:math.QA/0612661.

[7] N. Baas, R. Cohen and A. Ramirez, The topology of the category of open and closed strings, in Alejandro Ádem, Jesús González and Guillermo Pastor (Eds.), Recent Developments in Algebraic Topology. Contemp. Math. 407, Amer. Math. Soc., Providence 2006, pp. 11-26.

[8] J. Baez and J. Dolan, Categorification, in E. Getzler, M. Kapranov (Eds.), Higher category theory. Contemp. Math. 230, Amer. Math. Soc., Providence 1998, pp. 1-36.

[9] J. Baez and J. Dolan, Higher-dimensional Algebra and Topological Quantum Field Theory, J. Math. Phys. 36 (1995), 6073-6105.

[10] J. Baez and J. Dolan, From finite sets to Feynman diagrams, in B. Engquist and W. Schmid (Eds.), Mathematics unlimited - 2001 and beyond. Springer, Berlin 2001, pp. 29-50.

[11] I. Batalin and G. Vilkovisky, Gauge algebra and quantization. Phys. Lett. B 102 (1981), 27-31.

[12] I. Batalin and G. Vilkovisky, Quantization of gauge theories with linearly dependent generators. Phys. Rev. D 28 (1983), 2567-2582.

[13] H. Blandín and R. Díaz, Compositional Bernoulli numbers. Afr. Diaspora J. Math. in press.

[14] H. Blandín and R. Díaz, On the combinatorics of hypergeometric functions. Adv. Stud.

Contemp. Math. 14 (2007), 153-160.

[15] H. Blandín and R. Díaz, Rational combinatorics. Adv. Appl. Math. 40 (2008), 107-126.

[16] J. Boardman and R. Vogt, Homotopy invariant algebraic structures on topological spaces.

Lecture Notes in Math. 347, Springer-Verlag, Berlin 1973.

[17] M. Brightwell, P. Turner and S. Willerton, Homotopy Quantum Field Theories and Related Ideas. Int. J. Mod. Phys. A 18 (2003), 115-122 [18] U. Bunke, P. Turner and S. Willerton, Gerbes and homotopy quantum field theories.

Algebr. Geom. Topol.4 (2004), 407-437.

[19] E. Castillo and R. Díaz, Homological matrices, in S. Paycha and B. Uribe (Eds.), Geometric and Topological Methods for Quantum Field Theory. Contemp. Math. 432, Amer. Math. Soc., Providence 2007, pp. 181-192.

[20] E. Castillo and R. Díaz, Homology and manifolds with corners. Preprint arXiv:math.GT/0611839.

[21] E. Castillo and R. Díaz, Membrane Topology. Adv. Stud. Contemp. Math. 15 (2007), 59-68. [22] E. Castillo and R. Díaz, Rota-Baxter categories. Preprint arXiv:math.CT/0612218. [23] E. Castillo and R. Díaz, Categorical renormalization. In preparation. [24] A. Cattaneo, J. Fröhlich and B. Pedrini, Topological Field Theory Interpretation of String Topology. Comm. Math. Phys. 240 (2003), 397-421.

[25] M. Chas and D. Sullivan, String Topology. Preprint arXiv:math.GT/9911159. [26] D. Chataur, A bordism approach to string topology. Int. Math. Res. Notices 2005 (2005), 2829-2875.

[27] R. Cohen, Morse theory, graphs, and string topology, in Morse theoretic methods in nonlinear analysis and symplectic topology. NATO Sci. Ser. II: Math., Phys., Chem. 217, Springer, Dordrecht 2006, pp. 149-184.

[28] R. Cohen, Umhehr maps. Preprint arXiv:math.AT/0711.0540.

[29] R. Cohen and V. Godin, A polarized view of string topology, in Topology, Geometry and Quantum Field Theory. London Math. Soc. Lecture Notes 308 (2004), 127-154.

[30] R. Cohen and J. Jones, A homotopy theoretic realization of string topology. Math. Ann.

324 (2002), 773-798.

[31] R. Cohen, K. Hess and A. Voronov, String Topology and Cyclic Homology. Birkhäuser, Basel 2006.

[32] R. Cohen, J. Jones and J. Yan, The loop homology algebra of spheres and projective spaces.

Progr. Math. 215 (2004), 77-92.

[33] K. Costello, Topological conformal field theories and gauge theories. Geometry and Topology 11 (2007), 1539-1579.

[34] K. Costello, Topological conformal field theories and Calabi-Yau categories. Adv. Math.

210 (2007), 165-214.

[35] L. Crane and D. Yetter, Examples of categorification. Gahiers Topologie Géom.

Defférentielle Catég. 39 (1998), 3-25.

[36] P. Deligne, P. Etingof, D. Freed, L. Jeffrey, D. Kazhdan, J. Morgan, D. Morrison and E.

Witten (Eds.), Quantum Fields and strings: A course for mathematicians, Vol. 1 and 2. Amer. Math. Soc., Providence 1999.

[37] P. Di Francesco, P. Mathieu and D. Sénéchal, Conformal Field Theory. Springer-Verlag, New York 1997.

[38] R. Díaz and E. Pariguan, Graphical introduction to classical Lie algebras. Bol. Asoc. Mat.

Venez. XII (2005), 185-216.

[39] R. Díaz and E. Pariguan, On the q-meromorphic Weyl algebra, arXiv:math.QA/0804.0183. [40] R. Díaz and E. Pariguan, Quantum symmetric functions, Comm. Alg. 33 (2005) 1947-1978. [41] R. Díaz and E. Pariguan, Symmetric quantum Weyl algebra, Ann. Math. Blaise Pascal 11 (2004) 187-203.

[42] R. Díaz and E. Pariguan, Super, quantum and noncommutative species. Preprint arXiv:math.CT/0509674.

[43] R. Díaz and E. Pariguan, Categorification of Feynman integrals. In preparation. [44] R. Díaz and M. Rivas, Symmetric Boolean algebras. Preprint arXiv:math.CO/0612134. [45] R. Dijkgraaf and E. Witten, Topological gauge theories and group cohomology, Commun.

Math. Phys. 129 (1990), 393-429.

[46] Y. Felix, J. Thomas and M. Vigue-Poirrier, Rational String Topology. J. Eur. Math. Soc.

9 (2006), 123-156.

[47] Y. Felix and J. Thomas, Rational BV-algebra in String Topology. Preprint arXiv: math.AT 0705.4194.

[48] R. Friedman and J. Morgan, Smooth four-manifolds and complex surfaces. Springer-Verlag, Berlin 1994.

[49] E. Getzler, Operads revisited. Preprint arXiv:math.CT/0701767 [50] E. Getzler, Two-dimensional topological gravity and equivariant cohomology. Commun.

Math. Phys. 163 (1994), 473-489.

[51] W. Goldman, Representations of fundamental groups of surfaces, in Geometry and Topology. Lecture Notes in Math. 1167, Springer, Berlin 1985, pp. 95-117.

[52] W. Goldman, Invariant functions on Lie groups and Hamiltonian ows of surface group representations. Invent. Math. 85 (1986), 263-302.

[53] M. Golubitsky and V. Guillemin, Stable mappings and Their Singularities. Springer-Verlag, New York 1973.

[54] K. Gomi and Y. Terashima, Higher-Dimensional Parallel Transports, Math. Res. Lett. 8 (2001), 25-33.

[55] M. Goresky, Triangulation of stratified objects. Proc. Amer. Math. Soc. 72 (1978), 193-200. [56] V. Guillemin and A. Pollack, Differential Topology. Prentice Hall, New Jersey 1974. [57] F. Johnson, On the triangulation of smooth fibre bundles. Fund. Math. 118 (1983), 39-58. [58] M. Jakob, A bordism-type description of homology. Manuscripta Math. 96 (1998), 67-80. [59] M. Karoubi, Cochaînes quasi-commutatives en topologie algébrique. Preprint arXiv:math.AT/0509268.

[60] M. Karoubi, Topologie et formes différentielles, in Leons de mathmatiques d’aujourd’hui Vol. 2. Editions Cassini, Paris 2003, pp. 251-270.

[61] M. Khovanov, A categorification of Jones polynomial. Duke Math. J. 143 (1986), 288-348. [62] T. Kimura, Topological Quantum Field Theory and Algebraic Structures. Lecture Notes in Phys. 662, Springer, Berlin 2005, pp. 255-287, [63] T. Kimura, J. Stasheff and A. Voronov, On operads structures of moduli spaces and string theory. Comm. Math. Phys. 171 (1995), 1-25.

[64] M. Kontsevich, Operads and motives in deformation quantization. Lett. Math. Phys. 48 (1999), 35-72.

[65] I. Kriz and J. May, Operads, Algebras, Modules, and Motives. Astérisque 233, Soc. Math.

France, Paris 1995.

[66] R. Lawrence, An Introduction to Topological Field Theory. Proc. Symp. Appl. Math. 51 (1996), 89-128.

[67] E. Lupercio and B. Uribe, Topological Quantum Field Theories, Strings and Orbifolds, in S. Paycha and B. Uribe (Eds.), Geometric and Topological Methods for Quantum Field Theory. Contemp. Math. 432, Amer. Math. Soc., Providence 2007, pp. 73-98.

[68] E. Lupercio, B. Uribe and M. Xicotencatl, Orbifold String Topology. Preprint arXiv:math.AT/0512658.

[69] S. Mac Lane, Categories for the Working Mathematician. Springer, Berlin and New York 1971.

[70] S. Mac Lane and I. Moerdijk, Sheaves in Geometry and Logic: A First Introduction to Topos Theory. Springer-Verlag, New York 1992.

[71] M. Mandell, Cochain Multiplications. Amer. J. Math. 124 (2002), 547-566.

[72] M. Mandell, E_∞-algebras and p-adic homotopy theory. Topology 40 (2001), 43-94. [73] M. Markl, Free loop space and cyclohedra. Rend. Circ. Mat. Palermo 71 (2003), 151-157. [74] J. May, The geometry of Iterated Loop Spaces. Lecture Notes in Math. 271, Springer-Verlag, Berlin 1972.

[75] J. May, J.-L. Loday, J. Stasheff and A. Voronov (Eds.), Operads: Proceedings of Renaissance Conferences. Contemp. Math. 202, Amer. Math. Soc., Providence 1997.

[76] L. Menichi, Batalin-Vilkovisky algebra structures on Hochschild. Preprint arXiv:math.QA/0711.1946.

[77] J. Milnor, Towards the Poincaré Conjecture and the Classification of 3-Manifolds. Notices Amer. Math. Soc. 50 (2003), 1226-1233.

[78] G. Perelman, The entropy formula for the Ricci flow and its geometric. Preprint arXiv:math.DG/0211159.

[79] R. Picken, TQFT’s and gerbes. Algebr. Geom. Topol. 4 (2004), 243-272. [80] T. Porter and V. Turaev, Formal Homotopy Quantum Field Theories, I: Formal Maps and Crossed C-algebras. Preprint arXiv:math.QA/0512032.

[81] T. Porter and V. Turaev, Formal Homotopy Quantum Field Theories, II : Simplicial Formal Maps. Preprint arXiv:math.QA/0512034.

[82] F. Quinn, Lectures on Axiomatic Topological Quantum Field Theory, in Geometry and Quantum Field Theory. Inst. Adv. Stud. Park City Math. Series, Amer. Math. Soc., Providence 1995, pp. 325-453.

[83] G. Rodrigues, Homotopy Quantum Field Theories and the Homotopy Cobordism Category in Dimension 1 + 1. J. Knot Theory Ramif. 12 (2003), 287-320.

[84] P. Salvatore and N. Wahl, Framed discs operads and Batalin-Vilkovisky algebras. Q. J.

Math 54 (2003), 213-231.

[85] G. Segal, The definition of conformal field theory. London Math. Soc. Lecture Note Ser.

308 (2004), 421-575.

[86] G. Segal, Topological structures in string topology. Phil. Trans. R. Soc. Lond. A 359 (2001), 1389-1398.

[87] S. Smale, The generalized Poincar conjecture in higher dimensions. Bull. Amer. Math. Soc.

66 (1960), 373-375.

[88] J. Stasheff, Homotopy associativity of H-spaces, I. Trans. Amer. Math. Soc. 108 (1963), 275-292.

[89] J. Stasheff, Homotopy associativity of H-spaces, II. Trans. Amer. Math. Soc. 108 (1963), 293-312.

[90] H. Sati, U. Schreiber and J. Stasheff, L-infinity algebra connections and applications to String and Chern-Simons n-transport. Preprint arXiv:math.DG/0801.3480.

[91] D. Sullivan, Open and closed string theory interpreted in Classical algebraic topology, in Topology, Geometry and Quantum Field Theory. London Math. Soc. Lecture Notes 308 (2004), 344-357.

[92] D. Sullivan, String Topology: Background and Present State. Preprint arXiv:math.GT/0710.4141

[93] H. Tamanoi, String operations in orientable open-closed string topology. Preprint arXiv:math.AT/0803.1038.

[94] H. Tamanoi, Triviality of String Operations Associated to Higher Genus Orientable Surfaces. Preprint arXiv:math.AT/0706.1276.

[95] R. Thom, Quelques propiétés des variétés bords. Coll. Top. Strasbourg V (1951), p. 10.

[96] R. Thom, Quelques propiétés globales des variétés differentiables. Comm. Math. Helv 28 (1954), 17-86.

[97] W. Thurston, Three-Dimensional Geometry and Topology Vol. 1. Princeton Univ. Press, Princeton 1997.

[98] B. Toen, Notes on higher categorical structures in topological quantum field theory.

Preprint http://www.picard.ups-tlse.fr∼toen/note.html.

[99] V. Turaev, Axioms for topological quantum field theories. Ann. Fac. Sci. Toulouse Math.

(6) 3 (1994), 135-152.

[100] V. Turaev, Homotopy field theory in dimension 2 and group-algebras. Preprint arXiv:math.QA/9910010.

[101] V. Turaev, Homotopy field theory in dimension 3 and crossed group-categories. Preprint arXiv:math.GT/0005291.

[102] V. Turaev, Quantum invariants of knots and 3-manifolds. Walter de Gruyter, Berlin 1994.

[103] A. Verona, Stratified mappings—structure and triangulability. Lecture Notes in Math.

1102, Springer-Verlag, Berlin 1984.

[104] A. Voronov, Notes on universal algebra, in M. Lyubich and L. Takhtajan (Eds.), Graphs and Patterns in Mathematics and Theoretical Physics. Proc. Sympos. Pure Math. 73, Amer. Math. Soc., Providence 2005, pp. 81-103.

[105] E. Witten, Non-commutative geometry and string field theory. Nuclear Phys. B 268 (1986), 253-294.

[106] E. Witten, Quantum Field Theory and the Jones Polynomial.Comm. Math. Phys. 121 (1989), 351-399.

[107] E. Witten and B. Zwiebach, Algebraic structures and differential geometry in twodimensional string theory. Nuclear Phys. B 377 (1992), 55-112.

[108] B. Zwiebach, Closed string field theory: quantum action and the BV master equation.

Nuclear Phys. B 390 (1993), 33-152.

edmundocastillo@gmail.com Escuela de Matemáticas, Facultad de Ciencias, Universidad Central de Venezuela, Av. Los Ilustres Los Chaguaramos, A.P.: 20513, Caracas 1020, Venezuela.

ragadiaz@gmail.com Grupo de Física-Matemática, Universidad Experimental de las Fuerzas Armadas, Caracas 1010, Venezuela.