arXiv:math.KT/0510443 v2 9 Nov 2006

Homological matrices

Edmundo Castillo and Rafael Díaz

Abstract. We define homological matrices, construct examples of one-dimen-sion restricted homological quantum field theories, and show a relationship between the two theories.

1. Introduction

The purpose of this paper is to introduce examples of one-dimensional homological quantum field theories HLQFT, and to define a higher dimensional homological analogue of matrices. First we review the notion of HLQFT introduced in [2] which is based on the concept of cobordisms dotted with homology classes of maps into a fixed compact oriented smooth manifold. We demand that the maps from cobordisms to the fixed manifold be constant on each boundary component. This restriction is necessary in order to define composition of morphisms using transversal intersection on finite dimensional manifolds. We define a HLQFT as a monoidal functor from that category of extended cobordisms into the category of vector spaces.

Throughout this paper we work at the chain level. To do so we introduced in Section 2 transversal 1-categories following ideas by May and Kriz [9], and homology with corners for oriented smooth manifolds. In Section 3 we defined homological quantum field theory in arbitrary dimensions. Section 4 contains our main example of one-dimensional HLQFT which is based on the notion of parallel transportation along chains of paths.

In Section 5 we introduce a higher dimensional homological analogue of matrices using the graphical representation of matrices introduced in [6]. We describe the relation between 1-dimensional restricted HLQFT and higher dimensional matrices.

2. Transversal 1-categories

Fix a field k of characteristic zero. We denote by dg-vect the category of differential Z-graded k-vector spaces. Objects in dg-vect are pairs (V, d), where V = ⨁ i∈ZV_i is Z-graded k-vector space and d = ⨁ i∈Zd_i : V → V is such that d_i : V_i → V_{i−1} and d^2 = 0. If V is dg-vect then V [n] is the dg-vect such that V [n]^i = V^{i+n}. We say that V [n] is equal to V with degrees shifted down by n. If v ∈ V^i the are write |v| = i. If V is a dg-vect H(V ) denotes the homology of V. A

1991 Mathematics Subject Classification. Primary 18D20, 18G60; Secondary 55N25, 81T99. Key words and phrases. Homological quantum field theory, String. 1

dg-precategory C consist of a collection of objects Ob(C) and for any x, y ∈ Ob(C), a dg-vect C(x, y) called the space of morphisms from x to y. A dg-category C is a dg-precategory together with complex morphisms ∘: C(x, y) ⨂ C(y, z) −→ C(x, z) and id_x : k → C(x, x) turning C into a category. We think of k as the complex with zero differential concentrated in degree zero. For a dg-precategory C, we define the precategory H(C) as follows: Ob(H(C)) = Ob(C), and for any x, y ∈ Ob(H(C)), H(C)(x, y) = H(C(x, y)). One checks easily that if C is a dg-category, then H(C) is also a category.

A transversality structure C^⋆ in a dg-precategory C consist of the following data:

• For x_0, · · · , x_n ∈ Ob(C) a dg-vect C(x_0, · · · , x_n).

• inclusions i_n : C(x_0, · · · , x_n) → n⨂ i=1 C(x_{i−1}, x_i). This data should satisfy the following properties: • i_n : C(x_0, · · · , x_n) → n⨂ i=1 C(x_{i−1}, x_i) is a quasi-isomorphism, i.e., the in-

duced map

H(i_n): H(C(x_0, · · · , x_n)) → n⨂ i=1 H(C(x_{i−1}, x_i)) is an isomorphism.

• For each partition n = n_1 + · · · + n_k, the map i_n factors through k⨂ i=1 C(x_{ni−1} , · · · , x_{ni} ). Details are explained in [2]. In [8] the reader will find examples of transversal structures with applications to algebraic topology.

We think of C(x_0, · · · , x_n) as the differential graded subspace of n⨂ i=1 C(x_{i−1}, x_i) consisting of transversal n-tuples C(x_0, · · · , x_n). Thus any 0 or 1-tuple is automat-

ically transversal. For n ≥ 2 any closed n-tuple in n⨂ i=1 C(x_{i−1}, x_i) is homologous

to a closed transversal n-tuple, and any subsequence of a transversal sequence is transversal.

Let D^1 = {y ∈ R | |y| ≤ 1}. The operad of little intervals I = {I(n)}_{n≥1} is defined as follows: for each n ≥ 1, I(n) is the topological space

I(n) = { (T_{y1,r1} , . . . , T_{yn,rn} ) | | y_i, y_j ∈ D^1, 0 ≤ r_i < 1 such that if i ≠ j im(T_{yi,ri} ) ∩ im(T_{yj ,rj} ) = ∅ for all 1 ≤ i, j ≤ n } , where T_{a,r} : D^1 → D^1 is the affine transformation T_{a,r}(y) = ry + a, for x ∈ D^1 and r ≥ 0 small enough.

We regard I as a non-symmetric operad for the purposes of this note. Notice that a configuration of little intervals is naturally numbered using the order in D^1. Compositions in I = {I(n)}_{n≥1} are illustrated by Figure 1 We shall use the dg-vect operad of singular chains C_s(I) = {C_s(I(n))}_{n≥1} with compositions induced by those on I. A dg-precategory C is said to be a transversal 1-category if a domain C^⋆ in C is given together with maps θ_n : C_s(I(n)) ⊗ C(x_0, · · · , x_n) → C(x_0, x_n) for any x_0, · · · , x_n ∈ Ob(C). This data should satisfy

Figure 1. Example of a composition γ_2 : I(2) ⊗ I(3) ⊗ I(2) → I(5).

the following axioms: 1) θ_1(1 ⊗ ( )) = id : C(x_0, x_1)) → C(x_0, x_1), where 1 denotes the identity in C(I(1)). 2) For each partition n = n_1 + · · · + n_k, the map k⨂ i=1 C_s(I(n_i)) ⊗ ( n⨂ i=1 C(x_{ni−1} , · · · , x_{ni} )) → k⨂ i=1 C(x_{ni−1} , x_{ni} ) obtained by including

C(x_0, · · · , x_n) in k⨂ i=1 C(x_{ni−1} , · · · , x_{ni} ), shuffling, and applying θ^{⊗k} factors through

C(x_{n0} , x_{n1} , · · · , x_{nk} ), see [2]. Using that H(I(n)) = k for all n ≥ 1, it is shown in [2] that

Theorem 1. If C is a transversal 1-category then H(C) is a category.

The concept of transversal 1-algebra may be deduced from that of a transversal category as follows: a dg-vect A is a transversal 1-algebra if and only if the precategory C_A with only one object p, such that C_A(p, p) = A is a 1-category.

Corollary 2. If A is a transversal 1-algebra then H(A) is an associative algebra.

Smooth manifolds with corners are defined in [10]. Given a smooth manifold M we define the graded vector space

C(M) = ⨁ i∈N C_i(M),

with i ∈ N, where C_i (M) denotes the complex vector space ⟨ (K_x, x): K_x is a compact connected oriented i-manifold with corners and x: K_x → M is a smoth map ⟩ ⟨(K_x, x) − (−K_x, x)⟩ . For K an oriented manifold, −K denotes the same manifold provided with the opposite orientation. We let ∂ : C_i(M) → C_{i−1}(M) be the map given by ∂(K_x, x) = ∑ c(c, x_c), where the sum ranges over the connected components of ∂_1K_x provided with the induced boundary orientation and x_c denotes the restriction of x to the closure of c. In [2] is proven that

Theorem 3. (C(M), ∂) is a differential Z-graded k-vector space. Moreover

H(C(M), ∂) = H(M) := singular homology of M.

3. Homological quantum field theory

This work was motivated by our desired to understand and generalized string topology introduce by M.Chas and D. Sullivan [3], see also [4] and [12]. Indeed the category Cob^M_{1,r} of homological one dimensional restricted cobordisms enriched over a manifold M constructed in Section 4 includes open string topology on M as a particular case when one considers objects of the form c: [1] −→ D(M).

The theory of cobordisms was introduced by Rene Thom [13]. Using cobordisms Michael F. Atiyah [1] and G. B. Segal [11] introduced the axioms for topological quantum field theories TQFT and conformal field theories CFT, respectively. V. Turaev [14] introduced the axioms for homotopical quantum field theories. Essentially the axioms of Atiyah may be summarized as follows: 1) Consider the monoidal category Cob_n of n-dimensional cobordism. 2) Define the category of TQFT as the category MFunc(Cob_n, vect) of monoidal functors F : Cob_n → vect. The category of Segal’s CFT may also be recast as a category of monoidal functors. We shall define the category HLQFT of homological quantum field theories as follows 1) Construct a 1-category C ob^M_n for each n ≥ 1 and compact oriented smooth manifold M.

2) Consider the associated category Cob^M_n = H(C ob^M_n ).

3) Define the category HLQFT(M, n) to be the category of monoidal functors MFunc(Cob_n, vect).

Let us first define the transversal 1-category C ob^M_n . By we denote D(M) the set of all embedded connected oriented submanifolds of M. π_0(M) denotes the set of connected components of M. We define the completion of a manifold M to be M = ∏ c∈π_0(N) c. Figure 2 gives an example of a manifold and its completion.

Figure 2. Manifold N and its completion N.

Objects in C ob^M_n are triples (N, f, <) where N is a compact oriented manifold of dimension n − 1, f : π_0(N) → D(M) is any map, and < is a linear ordering on π_0(N). By convention the empty set is assumed to be a n-dimensional manifold for all n ∈ N. Let (N_i, f_i, <_i) and (N_o, f_o, <_o) be objects in C ob^M_n . We set

C ob^M_n ((N_i, f_i, <_i), (N_o, f_o, <_o)) = C ob^M_n ⧸ ∽

where C ob^M_n is the set of triples (P, α, ξ) such that 1) P is a compact oriented smooth manifold with corners of dimension n. 2) α : N_i ⨆ N_o × [0, 1] → im(α) ⊆ P is a diffeomorphism and α |_{Ni}^⨆_{No} → ∂P is a diffeomorphism such that α|_{Ni} reverses orientation and α|_{No} preserves orientation. 3) ξ ∈ C(Map(P, M)_{fi ,fo} ), where Map(P, M)_{fi ,fo} is the set of all smooth maps g : P → M such that for c ∈ π_0(N_j ), ξ(a, ) is a constant map with value in f_j (c) on an open neighborhood of c, for j = i, o. We considered C(Map(P, M)_{fi ,fo} ) with degrees shifted down by dim N_0. Thus ξ is a smooth map ξ : K_ξ × P → M for some compact oriented manifold with corners K_ξ.

If α ∈ Map(P M)_{fi ,fo} we define e_i(α) ∈ ∏ c∈π_0(N_i)

f_i(c) by e_i(α)(c) = e_i(x) for x ∈ c;

similarly e_o(α) ∈ ∏ c∈π_0(N_o)

f_o(c) is given by e_o(α)(c) = e_o(x) for x ∈ c. Triples

(P_1, α_1, ξ_1) ∼ (P_2, α_2, ξ_2) in C ob^M_n ((N_i, f_i, <_i), (N_o, f_o, <_o)) if and only if there is an orientation preserving diffeomorphism φ: P_1 → P_2 such that φ ∘ α_1 = α_2, and φ_⋆(ξ_1) = ξ_2.

C ob^M_n ((N_0, f_0, <_0), · · · , (N_k, f_k, <_k)) is the set of all k-tuples {(P_i, α_i, ξ_i)}^k_{i=1} such that (P_i, α_i, ξ_i) ∈ C ob^M_n ((N_{i−1}, f_{i−1}, <_{i−1}), (N_i, f_i, <_i)) and for all 1 ≤ i ≤ j ≤ k the map e(ξ_1, . . . , ξ_n) : k∏ i=1 K_{ξi} → k−1∏ i=1 N_i × N_i e(ξ_1, . . . , ξ_k)(c_1, . . . , c_k) = (e_o(ξ_1(c_1)), e_i(ξ_2(c_2)), e_o(ξ_2(c_2)), . . . , e_i(ξ_k(c_k)))

is transversal to_{Ωk =}^{k∏} i=1 Δ^{Ni}_2 ⊂ k−1∏ i=1 N_i × N_i where Δ N_i 2 = {(a, a) ∈ N_i × N_i} for

1 ≤ i ≤ k − 1. Clearly

(3.1)_e−1_{(Ωk ) =} { (c_1, . . . , c_k) ∈ k∏ i=1 K_{ξi} | | |^{eo(ξi(ci)) = ei(ξi+1(ci+1))} 1 ≤ i ≤ k − 1 }

Since e is a smooth map and e(ξ_1, . . . , ξ_k) ⋔ Ω_k then K_{ξ1} ×_{N 1} K_{ξ1} ×_{N 2} · · · ×_{N k−1} K_{xk} = e^{−1}(Ω_k)

is a manifold with corners.

Given a ∈ C_s(I(k)), (P_i, α_i, ξ_i) ∈ C ob^M_n ((N_{i−1}, f_{i−1}, <_{i−1}), (N_i, f_i, <_i)) for 1 ≤ i ≤ k, the composition morphism a((P_1, α_1, ξ_1), · · · , (P_k , α_k, ξ_k)) ∈ C ob^M_n ((N_0, f_0, <_0 ), (N_k, f_k, <_k))) is the triple (a(P_1, · · · , P_k), a(α_1, · · · , α_k), a(ξ_1, · · · , ξ_k)) where

a(P_1, · · · , P_k) = P_1 ⨆ N_1 · · · ⨆ N_{k−1} P_k a(α_1, · · · , α_k) = α_1 |_{N0} ⨆ α_k |_{Nk} K_a(ξ_1, · · · , ξ_k) = K_a × K_{ξ1} ×_{N 1} K_{ξ2} × · · · ×_{N k−1} K_{ξk}

The map a(ξ_1, · · · , ξ_k ): K_a(ξ_1, · · · , ξ_k)×P_1 ⨆ N_1 · · · ⨆ N_{k−1} P_k → M is given by a(ξ_1, · · · ,

ξ_k)((s, t_1 · · · , t_k), u) = ξ_i(t_i)(u) for any tuple (s, t_1 · · · , t_k) in K_a×K_{ξ1} ×_{N 1} · · ·×_{N k−1} K_{ξk} and u ∈ P_i. Figure 3 represents a n-cobordism enriched over M and Figure 4 shows a composition of n-cobordism enriches over M.

Cob^M_{n,r} is the full subcategory of Cob^M_n , such that the empty set is not included as an object.

Proposition 4. (Cob^M_n , ⊔, ∅) is a monoidal category with disjoint union ⊔ as product and empty set as unit. Cob^M_{n,r} is a monoidal category without unit.

Given monoidal categories C and D we denote by MFunc(C, D) the category of monoidal functors from C to D.

Definition 5. HLQFT(M, d) = MFunc(Cob^M_n , vect) and HLQFT_r(M, d) = MFunc(Cob^M_{n.r}, vect). HLQFT_d(M, d) is the category of homological quantum field

Figure 3. A ncobordism enriched over M.

Figure 4. Composition of n-cobordisms enriched over M.

theories of dimension d. HLQFT_r(M, d) is the category of restricted homological quantum field theories of dimension d.

4. One-dimensional HLQFT

For n ∈ N we set [n] = {1, · · · , n}. Let M be a compact oriented smooth manifold and π : P → M be a principal fiber G-bundle for G a compact Lie group. Let A_P denote the space of planar connections on P, and let Λ ∈ A_P be a connection. If γ : I → M is a smooth curve on M and x ∈ P is such that π(x) = γ(0), then we let P_Λ(γ, x) be ^γ(1) where ^γ is the horizontal lift of γ with respect to A such that ^γ(0) = x. The goal of this section is to construct a map H: A_P → HLQFT_r(M, 1). For each connection Λ ∈ A_P we construct a one-dimension restricted homological quantum field theory H_Λ : Cob^M_{1,r} → vect. For c ∈ Ob(Cob^M_{1,r}) we let c be ∏ i∈[n] c(i). Notice that an object in Cob^M_{1,r} is a map c: [n] → D(M) for some n ∈ N^+ . On objects H_Λ : Ob(Cob^M_{1,r}) → Ob(vect) is the map given by

H_Λ(c) = H( ∏ i∈[n] P |_{c(i)}) where P |_{c(i)} denotes the restriction of P to c(i) ⊆ M. Notice that a morphism in Cob_1 from c to d consists of a pair (α, t) where α is a permutation α : [n] → [n], and t = {t_1 · · · t_n} is such that t_i ∈ H(Map(I_c, M)_{ci,d(α(i))}) where I_c is a 1-dimensional compact manifold with boundary (a closed interval). Figure 5 shows a picture of a morphism in Cob_1. The map

H_Λ(α, t): H( ∏ i∈[n] P |_{c(i)}) → H( ∏ i∈[n] P |_{d(i)})

is defined as follows: consider the natural projection π : ∏ i∈[n] P |_{c(i)}→ ∏ i∈[n] c(i), and let x be a chain x: K_x → ∏ i∈[n] P |_{c(i)}, where x = (x_1, . . . , x_n). The domain of

Figure 5. A morphism in Cob_1.

H_Λ(α, t)(x) is given by

K_{HΛ(α,t)(x)} = K_x ×_c ∏ i∈[n] K_{ti}

The map H_Λ(α, t)(x): K_{HΛ(α,t)(x)} → ∏ i∈[n] P |_{d(i)} is given by

[H_Λ(α, t)(x)](y; y_1, · · · y_n) = ∏ i∈[n] P (t_i(y_i), x_i) where y ∈ K_x, y_i ∈ K_{ti} . Theorem 6. For any Λ ∈ A_P the map H_Λ defines on 1-dimensional homological quantum field theory.

Proof. We need to show that H_Λ((β, s) ∘ (α, t)) = H_Λ(β, s) ∘ H_Λ(α, t). Since

K_{HΛ((β,s)∘(α,t))}(x) = K_x ×_{N i} ( ∏ c∈π_0(N_i) K_{t(c)} ×_{N m} ∏ d∈π_0(N_m)

K_{s(d)}) and K_{HΛ(β,s)∘HΛ(α,t)} = (K_x ×_{N i} ∏ c∈π_0(N_i) K_{t(c)}) ×_{N m} ∏ d∈π_0(N_m) K_{s(d)} the domains H_Λ((β, s) ∘ (α, t)) and H_Λ(β, s) ∘ H_Λ(α, t) agree. The corresponding maps also agree since P (γ ∘ β, x) = P (α, P (β, x)). □

5. Homological matrices

In this section we develop a higher dimensional analogue of matrices and matrix multiplication. Díaz and Pariguan in [6] used the following graphical representation of matrices. Let Digraph(m, n) be the C -vector space generated by the set of directed bipartite graphs Γ with one edge starting in [m] and ending in [n], so Γ is given by an element Γ ∈ [m] × [n]. Digraph(m, n) and the vector space M_{m×n}(C ) of complex matrices of format m × n are naturally isomorphic via the correspondence shown in Figure 6.

Fix a compact oriented manifold M. We proceed to construct a higher dimensional homological analogue of matrices by generalizing the spaces Digraph(m, n) as follows: 1) We replace each point of the set [m] by oriented embedded submanifold

Figure 6. Graphical representation of matrices

of M. So the indices of a generalized matrix are maps c: [m] → D(M). 2) The vector space Digraph(m, n) is replaced by the space HG(c, d) of homological bipartite graphs with one packet of edges, where c: [m] → D(M) and d: [n] → D(M). The space HG(c, d) is given by

HG(c, d) = ⨁ j∈[m]i∈[n] H(Map(I, M)_{c(j),d(i)})

with degrees in H(Map(I, M)_{c(j),d(i)}) shifted by dim(d(i)). 3) Given A ∈ HG(d, e) and B ∈ HG(c, d) then we define the product AB ∈ HG(c, e) of A and B by the rule (AB)_{ki} = ∑ j∈[m] A_{kj} ∘ B_{ji} for all i ∈ [n], j ∈ [m] and k ∈ [p] where B_{ji} ∈ H(Map(I, M)_{c(i),d(j))}, A_{kj} ∈ H(Map(I, M)_{d(j),e(k))} and the composition maps

∘: H(Map(I, M)_{d(j),e(k)}) ⊗ H(Map(I, M)_{c(i),d(j)}) → H(Map(I, M)_{c(i),e(k)})

are defined as for 1-dimensional homological quantum field theories.

Figure 7. Example of an element in HG(c, d).

For a map c: [n] → D(M), the space HG(c, c) is an algebra which may be regarded as higher dimensional homological analogue of M_n(C ). A representation of HG(c, c) on a C -vector space V is a linear map ρ: HG(c, c) → End(V ) such that ρ(AB) = ρ(A)ρ(B). Figure 8 shows an example of product of homological matrix in HG(d, e) with a homological matrix HG(c, d).

Theorem 7. ⨁ i∈[n] H(c(i)), where H(c(i)) is shifted down by dim(c(i)), is a

representation of HG(c, c).

Figure 8. Homological analog of matrix products

Proof. Let A ∈ ⨁ i,j∈[n] H(Map(I, M)_{c(i),c(j)}) and e ∈ ⨂ i∈[n] H(c(i)) then we set

(Ae)_i = ∑ j∈[n] A_{ij} ∘ e_j , where A_{i,j} ∈ HG(c(j), c(i)) and e_j ∈ H(c(j)) and the compo-

sition maps ∘: H(Map(I, M)_{c(i),c(j)}) ⊗ H(c(j)) → H(c(i)) are define as in Theorem 6. □

In [5] the m-symmetric power S^mA of an algebra A is defined as follows: as a vector space S^mA = (A^{⊗m})_{Sm} , (S_m-coinvariants.) The product in S^mA is that as if a_1 ⊗ · · · ⊗ a_m ∈ S^mA and b_1 ⊗ · · · ⊗ b_m ∈ S^mA then

(a_1 ⊗ · · · ⊗ a_m)·(b_1 ⊗ · · · ⊗ b_m) = 1 m! ∑ σ∈S_m sgn(a, b, σ)(a_1b_σ−1_{(1)}) ⊗ · · · ⊗ (a_mb_σ−1_{(m)})

where sgn(a, b, σ) = (−1)^e and e = e(a, b, σ) = ∑ i>j |a_ib_σ−1_{(j)}| + ∑ σ(i)>σ(j) |bibj |. As shown in [5] if A is the algebra End(R^{p|q} ) of supermatrices of dimension (p | q) × (p | q) then S^m(End)(R^{p|q} ) is the Schur superalgebra (see [7]) which controls the polynomial representations of End(R^{p|q} ). We proceed to define Schur algebras in the homological context.

Definition 8. For c: [n] → D(M) we set Schur_m(c, c) = S^m(HG(c, c)).

Figure 9 shows an element of Schur_4(c, c) = S^4(H(c, c)). Figure 10 shows a product in Schur_2(c, c).

Figure 9. Higher dimensional analog of Schur algebras.

Theorem 9. If V is a representation of H(c, c) then S^mV is a representation of Schur_m(c, c).

Proof. a_1 ⊗ · · · ⊗ a_m ∈ Schur_m(c, c) and v_1 ⊗ · · · ⊗ v_m ∈ S^mV then a_1 ⊗ · · · ⊗ a_m· ( v_1 ⊗ · · · ⊗ v_m ) = 1 m! ∑ σ∈S_m sgn(a, v, σ)a_1(v_σ−1_{(1)}) ⊗ · · · ⊗ a_m(v_σ−1_{(m)}) where sgn(a, v, σ) = (−1)^e and e = e(a, v, σ) = ∑ i>j |a_i(v_σ−1_{(j)})|+ ∑ σ(i)>σ(j) |vivj |. □ For the rest of the paper we work with even dimensional homology groups.

Also we assume that the map c: [n] → D(M) is such that dim (c(i)) is even for all i ∈ [n]. Theorem 10. Let c: [n] → D(N) and C = ⨆ i∈[n] c(i). There is an algebra

inclusion i: Cob^M_{1,r}(C, C) → Schur_m(c, c). Thus any representation of Schur_m(c, c) induces a representation of Cob^M_{1,r}(C, C).

Proof. Al element of Cob^M_{1,r}(C, C) is a sequence a = (a_i)^n_{i=1} where a_i ∈ H(Map(I, M)_{c(i),c(α(i))}) for some α : [n] → [n] biyective. The map i is such that i(a) = a_1 ⊗ · · · a_m. □ Corollary 11. S^m( n⨁ i=1 H(c(i))) is a representation of Cob^M_{1,r}(C, C).

Figure 10. Example of a product in S^2(HG(1, 1)).

Acknowledgment. We thank Delia Flores de Chela, Raymundo Popper, Eddy Pariguan, Sylvie Paycha and Bernardo Uribe.

References

[1] M. F. Atiyah, Topological quantum field theory I, Ann. Inst. Fourier (Grenoble) Publications mathématiques de l’Institut des Hautes Études Scientifiques, 17 (4), 1982, 661-692.

[2] E. Castillo and R. Díaz, Homological quantum field theory , math.KT/0509532. [3] M. Chas and D. Sullivan,String Topology, math.GT/9911159.

[4] R. L.Cohen, and J. D. S. Jones, A homotopy theoretic realization of string topology, Math.

Ann. 324 (4), 2002, 773-798.

[5] R. Díaz and E. Pariguan. Quantum symmetric functions. Communications in Algebra. Vol 33, Issue 6, 2005, 1947-1978.

[6] R. Diaz, and E. Pariguan, Graphical introduction to classical Lie algebras, math.RT/0504602.

To appear in Boletin de la Asociacion Matemática Venezolana.

[7] J. A. Green, Polynomial representations of GL_n, no. 830, Lecture notes in mathematics.

Springer-Velarg, New York, 1980.

[8] M. Karoubi, Cochaines quasi-commutatives en topologie algebrique, http://arxiv.org/ftp/math/papers/0509/0509268.pdf.

[9] I. Kriz and J. P. May, Operads, Algebras, Modules, and Motives, 233, Astérisque, 1995.

[10] R. Melrose, Differential analysis on manifolds with corners, http://www-math.mit.edu∼rbm/book.html.

[11] G. B. Segal, The definition of conformal field theory, 1988.

[12] D. Sullivan,Open and Closed String field theory interpreted in classical Algebraic Topology, Topology, Geometry and Quantum Field Theory. London Math. Soc. Lecture Notes vol. 308, (2004), 344-357.

[13] R. Thom, Sur les variétés cobordantes., Colloque de topologie et géométrie différentielle, Strasbourg, 7, 1952, La Bibliothue Nationale et Universitaire de Strasbourg.

[14] V. Turaev, Homotopy field theory in dimension 2 and group-algebras, QA/9910010.

Departamento de Matemáticas, Universidad Central de Venezuela (UCV). Current address: Universidad Central de Venezuela, Av. Los Ilustres, Los Chaguaramos, Caracas-Venezuela

E-mail address: ecastill@euler.ciens.ucv.ve

Departamento de Matemáticas, Universidad Central de Venezuela (UCV) E-mail address: rdiaz@euler.ciens.ucv.ve Current address: Universidad Central de Venezuela, Av. Los Ilustres, Los Chaguaramos, Caracas-Venezuela