arXiv:math.RT/0605103 v1 3 May 2006

TQFT with corners and tilting functors in the Kac-Moody case

Catharina Stroppel

Abstract

We study projective functors (i.e. direct summands of compositions of translations through walls) for parabolic versions of O as well as for integral regular blocks outside the critical hyperplanes in the symmetrizable Kac-Moody case. It turns out that in both situations the functors are completely determined by their restriction to the additive category generated by (the limit of) a ‘full projective tilting’ object. We describe how projective functors in the parabolic setup give rise to an invariant of tangle cobordisms and formulate a conjectural direct connection to Khovanov homology. Our main result, however, is the classification theorem for indecomposable projective functors in the Kac-Moody case verifying a conjecture of F. Malikov and I. Frenkel.

Contents

1 The finite dimensional parabolic situation 8 1.1 Notations and Preliminaries . . . . . . . . . . . . . . . . . . . . . 9 1.2 The algebras A^p = End_g(P^p) . . . . . . . . . . . . . . . . . . . . 9 1.3 O^p_0 as highest weight category . . . . . . . . . . . . . . . . . . . . 10 1.4 The full projective tilting module . . . . . . . . . . . . . . . . . . 11 1.5 The structure theorem for the category O^p_0 . . . . . . . . . . . . 12 1.6 Projective functors and projective tilting objects . . . . . . . . . 14 1.7 The graded version . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 An invariant of tangle cobordisms 19 2.1 The relevant functors and their morphisms . . . . . . . . . . . . 19 2.2 The tangle 2-category and its generators . . . . . . . . . . . . . . 23 2.3 The functorial invariant of tangles . . . . . . . . . . . . . . . . . 25 2.4 Oriented tangles and cobordisms . . . . . . . . . . . . . . . . . . 26 2.5 A conjectural connection with Khovanov homology . . . . . . . . 30

3 Kac-Moody algebras 32 3.1 The deformed category O_T . . . . . . . . . . . . . . . . . . . . . 32 3.2 Blocks outside the critical hyperplanes . . . . . . . . . . . . . . . 33 3.3 Translation through walls . . . . . . . . . . . . . . . . . . . . . . 33

3.4 The fake antidominant projective module . . . . . . . . . . . . . 34 3.5 Blocks containing an antidominant weight . . . . . . . . . . . . . 34 3.6 The centre . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 3.7 The structure theorem . . . . . . . . . . . . . . . . . . . . . . . . 37 3.8 The combinatorics of natural transformations . . . . . . . . . . . 39 3.9 Towards the classification theorem . . . . . . . . . . . . . . . . . 41 3.10 The classification of projective functors . . . . . . . . . . . . . . 42

Introduction

The original motivation of this paper was the spectacular “categorification program” described in [BFK99], where the authors propose a way to get tangle invariants via the representation theory of the Lie algebras sl_n. A first step in this programme was carried out in [Str05] where the main conjectures of [BFK99] were proved, thus providing a functorial tangle invariant. The functors there are built up from the so-called projective functors by some cone construction; these give tilting complexes and derived equivalences which provide a functorial action of the braid groups. The beautiful and amazing fact is that these functors lead to an “enriched” Jones invariant: the combinatorics of these functors (on the level of the Grothendieck group) is given by the Jones polynomial for tangles (see [Str05, Remark 7.3]). In the present paper we will mainly address the following three topics:

Invariants of tangles and cobordisms.

We follow the philosophy of [Rou] for example and consider not only the functors, which provide an invariant of tangles, but also natural transformations between them. This gives us (Theorem 2.5, Theorem 2.6) a “functorial realization” of the tangle 2-category: The functorial invariant from [Str05] associates to each tangle diagram a functor leading to a tangle invariant (up to shifts). In the present paper we will show that the indeterminacy up to shifts disappears if we work with oriented tangles instead and get therefore a functorial invariant of oriented tangles. Moreover, the tangle invariants will be enriched by assigning to each cobordism between two oriented tangles a natural transformation between the corresponding functors. We will prove that, up to scalars, this defines an invariant of cobordisms. Hence, we construct a 3-dimensional TQFT for manifolds with corner. It would be interesting to know whether the indeterminacy up to scalars can be explained in terms of an additional geometric or topological structure on the cobordisms.

Projective functors in the parabolic case and Khovanov homology.

We show that projective functors (and their morphisms) for the parabolic versions of the Bernstein-Gelfand-Gelfand category O are determined by evaluating at what we call a full projective tilting object (Theorem 1.8). This generalises the classification result of [BG80] for the projective functors of the category O to the parabolic versions of O, as well as the result of W. Soergel [Soe90] which says that the combinatorics of the category O is given by the endomorphism ring of a full projective tilting module. We conjecture that this result provides a direct link between the functorial invariants from [Str05] and the Khovanov homology introduced in [Kho00] and [Kho02] (Conjecture 2.9 and Example 2.10). In particular, the combinatorics of Khovanov’s homology should give a combinatorial description of the category of projective functors for certain parabolic categories O corresponding to sl_n. On the other hand the approach towards invariants of tangles and cobordisms we will describe is much “richer” than the one of [Kho02], since the underlying categories can be used to categorify (at least the main structures of) the tensor category of finite dimensional modules over the quantum group U_q(sl_2). It provides for example a categorical interpretation of the (dual) canonical bases and the Schur-Weyl duality. The first steps in this direction (using a Koszul dual setup) can be found in [FKS], based on [BFK99].

The classification of projective functors in the Kac-Moody case:

The classification theorem of projective functors in [BG80] and the Kazhdan- Lusztig combinatorics together can be formulated (in “modern” language) as follows: The projective endofunctors of the principal block of the category O associated with a semisimple complex Lie algebra g form a ringoid which is isomorphic to the ringoid Z[W ] of the associated Coxeter group. We will generalise this result to the case where g is a symmetrizable Kac-Moody algebra. The first problem which occurs there is how to define projective functors. In [MF99a], [MF99b] such functors (so-called tilting functors) were defined for blocks of the category O outside the critical hyperplanes associated to a symmetrizable Kac-Moody algebra. The definition uses the highly non-trivial Kazhdan-Lusztig tensoring. In [MF99a] and [MF99b], I. Frenkel and F. Malikov also formulated a classification theorem in analogy to [BG80]. Unfortunately, there is a gap in the proof which, so far, cannot be fixed. Therefore, instead of following this path and using the Kazhdan-Lusztig tensoring, we define projective functors in terms of translation functors as they appear in [Nei88], [Nei89] and [Fie03], and then prove the classification theorem proposed by I. Frenkel and F. Malikov.

We begin the paper by recalling the basics about parabolic category O. The first result is Theorem 1.8 which gives a description of homomorphism spaces between projective functors on the parabolic category O. This result is probably well-known to specialists, but we were unable to find it in the literature. The theorem states that the morphisms between projective functors F and G are the bimodule homomorphisms between F (T ) and G(T ), where T is a full projective tilting module. In the special case of the principal block O_0 of O this comes down to the well-known statement that morphisms between projective functors are simply the bimodule morphisms between certain special bimodules defined by W. Soergel. As an illustration we reprove the classification of projective functors from [BG80] using the Theorem 1.8 and Soergel’s bimodules. Although the arguments are all taken from [Soe92], there is a slight (but for our purposes important) difference between our approach and the ones in [Soe92] and [BG80]: they work either with Harish-Chandra bimodules or with a deformed version of category O_0 with deformation ring being the (localised) universal enveloping algebra S(h); we work with a specialisation with respect to the centre C of the category O_0. For our purposes this is much stronger, since it can be generalised to the case of Kac-Moody algebras where it is not clear how to define Harish- Chandra bimodules. It fits also better with the combinatorics of O_0 described in [Soe90] and generalised in [Fie04] to blocks (outside the critical hyperplanes) of category O for any symmetrizable Kac- Moody algebra.

This will be helpful in the last section when we define projective functors for blocks (outside the critical hyperplanes) of symmetrizable Kac–Moody algebras based on the translation functors defined in [Nei88], [Nei89] and [Fie03]. By definition, a projective functor is nothing else than a direct summand of direct sums of compositions of translations through walls. This definition works over any deformation ring, in particular we will deform with the centre Z of the category. Any projective functor F will have a deformed version F_Z .

For the principal block O_0 of the classical category O of some semisimple Lie algebra g, the centre Z is the endomorphism ring of a full projective-tilting module T , namely the indecomposable projective module with anti-dominant highest weight ([Soe90]). On the other hand, Z is also the endomorphism ring of any Z-deformed Verma module Δ_Z(λ) in the principal block ([Soe92]). As a special case of Theorem 1.8 we get that any projective endofunctor F is completely determined by the g ⊗_C Z-module F (T ) which is isomorphic (as a bimodule) to F_ZΔ_Z(0). The latter is a projective object in the Z-deformed category O. If we specialise to the usual category O we get a projective object in the principal block of O. This procedure gives a natural bijection between (indecomposable) projective endofunctors of O_0 and (indecomposable) projective objects in O_0 and a description of homomorphisms between such projective functors (see Section 1).

For Kac-Moody algebras the principal idea will be the same, but there are several obstacles to pass. Given a block O_Λ (outside the critical hyperplanes) it could happen that we have either (in the so-called positive level) enough projective modules, but no tilting modules and no anti-dominant weight, or we have tilting modules and an anti-dominant weight, but not necessarily projective modules (in the negative level). In particular, there need not to be a full projective-tilting module. We first concentrate on blocks, where there is an anti-dominant weight and use the idea of [RCW82] (in the special situation of [Fie03]) that one should use a limit of projective modules from truncated categories to get an analogue for Soergel’s antidominant projective module and then construct a fake full projective tilting module. We show in Theorem 3.5 that its endomorphism ring coincides with the centre Z of the category O_Λ (verifying a conjecture of P. Fiebig). Applying the tilting equivalence τ from [Soe97a], which is based on independent work of S. Arkhipov and A. Voronov, one obtains some block O_{τ(Λ)} which contains a dominant weight τ (λ). There, we have the deformed Verma module Δ_Z(τ (λ)) with endomorphism ring Z and have also translation functors (through walls) as defined in [Fie03]. In particular, our previous definition of projective endofunctors makes sense. Via the equivalence τ any such projective functor F induces some endofunctor, say τ (F ), of the block we started with. We call these functors also projective. Via τ , the projective modules in blocks of positive level become tilting modules in blocks of negative level, hence these projective functors τ (F ) map tilting modules to tilting modules. This is the reason why what we call “projective functors” are called “tilting functors” in [MF99b]. In analogy to the classical situation we will prove the following result which is a natural generalisation of [BG80] and coincides with the conjectural classification theorem in [MF99a] (note the typo in the formulation there).

Theorem. Let g be a symmetrizable Kac-Moody algebra over C . Let O_{C,Λ} be a regular block, outside the critical hyperplanes, of the corresponding category O such that Λ contains an antidominant weight λ.

(a) Let Z denote the centre of O_{C,Λ}. Let F_C, G_C : O_{C,Λ} → O_{C,Λ} be compositions of translations through walls with corresponding deformed functors F_Z , G_Z : O_{Z,Λ} → O_{Z,Λ}. Let Δ_Z (λ) be the Z-deformed Verma module with highest weight λ. Then there is an isomorphism of vector spaces (or even of rings if F_C ∼= G_C)

Hom(F_C, G_C) ∼= Hom_{g⊗Z}(F_ZΔ_Z (λ), G_ZΔ_Z(λ)).

(b) There are natural bijections of isomorphism classes { indecomposable projective endofunctors of O_{C,Λ})} F ↕ 1:1 ↓ { indecomposable tilting objects of O_{C,Λ} } F (Δ_C(λ)) ↕ 1:1 ↓ { indecomposable projective objects of O_{C,τ(Λ)} } τ (F (Δ_C(λ))) ↕ 1:1 ↓ { indecomposable projective endofunctors of O_{C,τ(Λ)}} τ (F )

The theorem implies in the classical case of a finite dimensional Lie algebra the results of [Bac01, Section 4]. With the results from Kazhdan-Lusztig theory, it follows that the projective functors from O_Λ to itself categorify the group algebra of the Coxeter group corresponding to the block O_Λ.

Certainly, one would like to have an explicit description of the centre Z. A first step to solve this problem was done in [Fie03], where the centre of a certain deformation O_{S(0) ,Λ} of O_{C,Λ} was determined. However, it remained an essential open question if specialisation gives rise to the specialised centre (as was implicitly claimed in [Fie03]). The methods of [Fie03] are not sufficient to confirm this claim. In general, the deformed situation is quite different from and much ”easier” than the specialised one (see e.g. [Fie04, Theorem 3.12] in comparison to Soergel’s Structure Theorem [Soe90]). However, we prove in Theorem 3.5 that the centre behaves well under specialisation, and together with the main result of [Fie03] it turns out that the endomorphism ring of the fake full projective module mentioned above is a completion of the cohomology ring (see e.g. [KK79]) of the full flag manifold corresponding to the Langlands dual group. In particular, it has a natural grading. Therefore, the next step would be to consider a graded version of the category O for Kac–Moody algebras in analogy to [BGS96] and define graded versions of projective functors using the approach of [Str03a]. In this way one should get a categorification of the generic Hecke algebra instead of just a categorification of the group algebra.

Let us come back to our invariants of tangles and cobordisms mentioned earlier. A classical knot is an embedded circle in R^3. Knot diagrams are generic projections of the image of such an embedding onto the plane. Two knot diagrams represent (up to ambient isotopy) the same knot if and only if they are related via a sequence of Reidemeister moves. These moves can be considered as surfaces in R^3 × [0, 1] properly mapped into R^2 × [0, 1], where the boundaries R^2×{0} and R^2×{1} are strings before and after the move. On the other hand, any such knot diagram can be decomposed into generating elementary parts by introducing a so-called height function. We have (see e.g. [CRS97, Theorem 2.2.1]) the following

Fact(R): two knot diagrams with a height function represent (up to ambient isotopy) the same knot if and only if they are related via a sequence of Reidemeister, T -, H- and N -moves. (see Section 2, Figure 2.3.1).

Instead of working with knots we will consider tangles. That means we fix a finite number (say m and n) of points in R^2 × {0} and R^2 × {1} respectively. An (m, n)-tangle is a set of disjoint smooth curves in R^2 × [0, 1], intersecting the boundary in n + m points, which are exactly the n + m endpoints of all the non-closed smooth curves. Any generic projection to the plane gives a tangle diagram. As for knot diagrams, Fact (R) holds and all the tangles can be written as a composition of elementary tangles which are depicted in Figure 2.2.1. Just as for knots, the moves have interpretations in terms of generic (knotted) surfaces (or cobordisms) properly embedded into R^3 × [0, 1], where the boundaries are the tangles before and after the move. Such a surface can be described via a family D_t, t ∈ [0, 1] of tangle diagrams by first projecting the surface to R^2 × [0, 1], and then letting D_t be the diagram representing the intersection with the planes R^2 × {t}. There are only finitely many critical points for t, which means between these points the diagrams undergo just planar isotopies. One can therefore describe the surfaces by a finite sequence of diagrams which represent the intersections at critical points. These sequences are called movies. In this way, any cobordism (or knotted surface in [CRS97]) between tangles can be described via a movie. In Figure 2.2.2 one can find 8 movies displayed. D. Roseman [Ros98] defined Reidemeister moves for surfaces and proved that two movies represent (up to ambient isotopy) the same knotted surface if and only if they are related via a sequence of Reidemeister moves.

In [CRS97] the authors gave a combinatorial description in form of a list of elementary string interactions and proved that the diagrams associated to any knotted surface is a finite sequence of elementary string interactions and that to each such finite sequence there exists in fact a corresponding knotted surface. Some elementary string interactions are depicted in Figure 2.2.2. The main theorem of [CRS97] gives a list of movie moves such that two sequences of elementary string interactions represent (up to ambient isotopy) the same knotted surface if and only if they are related via a sequence of movie moves. Examples of such movie moves are depicted in Figure 2.2.2.

In Theorem 2.6 we will extend the functorial invariant of tangles from [Str05] to an invariant of (oriented) tangles and cobordisms. To any tangle diagram we associate a functor and to each elementary string interaction we associate a natural transformation and show that these natural transformations satisfy (up to scalars) the relations from [CRS97]. Hence we get as a result a functorial invariant of oriented tangles and cobordisms which can be formulated as follows (using the notation from Section 1 and Section 2):

Theorem. There is a 2-functor Φ^{or} : T an^{or} → Func such that

1. if t_1 and t_2 are 1-morphisms which differ by a sequence of Reidemeister, T- , H- or N-moves then there in isomorphism of functors Φ^{or} (t_1) ∼= Φ^{or} (t_2).

2. if c_1 and c_2 are sequences of generating 2-morphisms which differ by a sequence of movie moves then Φ^{or} (c_1) = Φ^{or} (c_2).

Invariants of tangles and cobordisms were already obtained by M. Jacobsson and M. Khovanov ([Jac04], [Kho06]). These two papers contain an “enrichment” of the knot and tangle invariant introduced by M. Khovanov ([Kho00], [Kho02]) who assigned to each tangle or link diagram the homology of a combinatorially defined complex of H_n-bimodules for some explicit given algebra H_n. (For a very nice overview with simplified arguments we refer to [Bar05]).

In the first sight, there is no connection between the homology introduced by M. Khovanov and the approach proposed in [BFK99] and [Str05]. However, it turns out that the arguments which establish the extension of [Str05] to an invariant of cobordisms just mimic the arguments given in [Kho06], provided one actually proves that the functors have similar properties to the functors given by tensoring with the complexes of H_n-bimodules considered in [Kho02]. In Section 2 we will establish this and show that the functors share all the important nice properties. In [Bra02] it is already mentioned that a certain parabolic category O for sl_n is equivalent to a module category over an algebra A such that the algebra H_n used in [Kho02] is a subquotient of A. The algebra A is described in terms of quivers and relations in [Bra02]. Built on the results of T. Braden, we will formulate a conjecture (Conjecture 2.9) which bridges the approaches of [BFK99] and [Kho00]. It says the following. Based on [BFK99], we associate in particular to each (2m, 2n)-tangle t a functor

Φ^{or} (t) : ⨁_{2n} k=0 D^b(gmof -A^k_{2n}) → ⨁_{2m} k=0 D^b(gmof -A^k_{2m}), where D^b(gmof -A^k_n) denotes the bounded derived category of the graded version of O^{pk}_0 (sl_{2n}) which is the principal block of the parabolic category O corresponding to sl_{2n} with parabolic Weyl group isomorphic to S_k × S_{2n−k}. Recall that for each O^{pk}_0 (sl_{2n}) we have a full projective tilting module T^k_{2n}. If we first restrict Φ^{or} (t) to a functor from D^b(gmof -A^n_{2n}) to D^b(gmof -A^k_{2m}), and then to perfect complexes of projective tilting modules we finally assign to each (2m, 2n)-tangle a functor which can be realized as tensoring with a complex X̌(Φ^{or} (t)) of (End_g(T_{2m}), End_g(T_{2n}))- bimodules. We conjecture the following direct connection to Khovanov homology:

Conjecture. 1. For any natural number m, there is an isomorphism of algebras p_m : End_g(T_{2m}) ∼= H_m, where H_m denotes Khovanov’s algebra.

2. The homological tangle invariant t → H^•(X̌_Φor_{(t)}) is Khovanov’s invariant.

This conjecture will be illustrated for n = m = 2 in Example 2.10. If this conjecture is true, we get Khovanov’s tangle homology as a special case of our much more general approach. Given such a direct connection would embed Khovanov’s approach into the much richer structure coming from [BFK99], where most of the monoidal category of (quantised) sl_2-modules can be seen (see for example [FKS]), and vice versa it would provide the beautiful, computable and understandable combinatorics from Khovanov homology to describe the functorial tangle invariants.

Acknowledgements

I would like to thank Henning Haahr Andersen, Peter Fiebig, Igor Frenkel, Volodymyr Mazorchuk and Wolfgang Soergel for many helpful discussion related to this work. I also thank Tom Braden for detailed explanations and information about his work and Iain Gordon for comments on a previous version of the paper. I finally would like to thank the organisers of the BIRS meeting “Representations of Kac–Moody algebras and combinatorics” and the organisers of the ARTIN meeting 2004 who gave me the opportunity to present parts of these results. I am grateful to EPSRC for supporting me as a research associate.

1 The finite dimensional parabolic situation

In this section we study the principal block of parabolic versions of the Bernstein- Gelfand-Gelfand category O. We define the notion of projective functors generalising the definition in [BG80] and show that they are determined already by their restriction to projective modules which are also injective or tilting. The main result will be a theoretical description of morphism spaces between projective functors. It turns out that they are naturally graded. With the correct choice of a parabolic in type A, conjecturally the endomorphism ring of projective-injective modules gives rise to the algebra which defines Khovanov’s homology and therefore provides a representation theoretic interpretation of Khovanov’s combinatorial approach.

1.1 Notations and Preliminaries

For any ring R we denote by mod -R (mof -R) and R- mod (R- mof) respectively the category of (finitely generated) right/left R-modules. Likewise, R- mof -S = R⊗S^{opp}- mof = mof -R^{opp} ⊗S denotes the category of finitely generated (R, S)- bimodules. If, additionally, R and S are graded rings the symbols R- gmof, gmof -R, R- gmof -S etc. denote the corresponding categories of graded modules with degree preserving morphisms. In the following graded always means Zgraded. If M = ⊕_{i∈Z}M_i ∈ gmof -R is a graded module and n ∈ N, we denote by M ⟨n⟩ the object in gmof -R such that M ⟨n⟩ = M as right R-module, but the grading shifted by n, i.e. (M ⟨n⟩)_i = M_{i−n}. By an algebra we always mean a finite dimensional unitary associative algebra over the complex numbers.

Let g be a finite dimensional semisimple complex Lie algebra with its universal enveloping algebra U(g). We fix b ⊃ h, a Borel and a Cartan subalgebra. Let U(b) and U(h) be the corresponding universal enveloping algebras. Let O = O(g, b) denote the corresponding highest weight category defined by Bernstein, Gelfand and Gelfand ([BGG76]). The objects of this category are finitely generated U(g)-modules M which are locally U(b)-finite and have a weight space decomposition M = ⊕M_λ, where M_λ = {m ∈ M | hm = λ(h)m} for any h ∈ h. For precise definitions and properties of O we refer for example to [BG80], [Jan79], [Jan83].

Let W be the Weyl group corresponding to g with longest element w_0 ∈ W and let ρ denote the half-sum of positive roots. The category O has a decomposition into blocks, more precisely O = ⨁ O_{λ−ρ}, where λ runs through the set of dominant weights and O_{λ−ρ} denotes the block containing the simple module with highest weight λ − ρ. In particular, O_{−ρ} is semisimple and O_0 is the principal block containing the trivial representation.

We fix a parabolic subalgebra p containing b and consider the parabolic category O^p defined as the full subcategory of O given by locally p-finite objects. We refer to [RC80] and [Irv85] for properties. We fix P^p, a minimal projective generator of the main block O^p_0 of O^p and denote A^p = End_g(P^p) its endomorphism ring. The block decomposition of O induces a decomposition O^p = ⨁ O^p_{λ−ρ}. Note that the direct summands could become decomposable or even trivial. This is however not the case for the principal block O^p_0 on which we will focus our attention.

1.2 The algebras A^p = End_g(P^p)

Since P^p is a projective generator, the functor Hom_g(P^p, •) defines an equivalence of categories

ϵ^p : O^p_0 ~→ mof -A^p, (1.1) where mof -A^p denotes the category of finitely generated right A^p-modules (see e.g. [Bas68, Section 2]).

Example 1.1. For g = sl_n and p a maximal parabolic subalgebra with corresponding Weyl group isomorphic to S_1 × S_{n−1}, the algebra A^p is isomorphic to the path algebra of the quiver

• a_1 � • b_1 � a_2 � • b_2 � • a_{n−1} � • b_{n−1} �

with vertices 1, 2, . . ., n and the 2n arrows as indicated, with the relations b_1a_1 = 0, a_{i+1}a_i = 0 = b_ib_{i+1} and a_ib_i = b_{i+1}a_{i+1} whenever the expression makes sense. This is exactly the algebra appearing in [KS02].

In general, a (handy) explicit description of the algebra A^p is not known. However one can find partial information in the literature. Let us mention some: For type A or D and p a maximal parabolic, the paper [Bra02] of T. Braden gives a very nice and useful, but unfortunately not very handy, description of the algebras A^p in terms of quivers with relations. For the non-parabolic case p = b some explicit examples can be found in [Str03b], obtained by an algorithm based on [Soe90] and recently generalised and substantially improved in [Vyb]. All the algebras A^p can be equipped with a grading which turns them into Koszul algebras ([BGS96]). In the Example 1.1 the grading is obtained by putting every path in degree one. The dimension of the algebra can be determined using the combinatorics of parabolic Kazhdan-Lusztig polynomials (namely the n_{x,y} in the notation of [Soe97b]; see e.g. [BGS96, Theorem 3.11.4]). The representation type of the algebras in question is determined in [BN05]. The categories O^p are highest weight categories (in the sense of [CPS88]), hence the algebras A^p are quasi-hereditary in the sense of [Don98, Appendix].

1.3 O^p_0 as highest weight category

For λ ∈ h^∗ let W_λ = {w ∈ W | w · λ} denote the stabiliser of λ under the dot-action w · λ = w(λ + ρ) − ρ. We denote by W_p ⊆ W the parabolic subgroup corresponding to p. Let W^p denote the set of minimal coset representatives in W_p\W . The category O^p_0 is a highest weight category where the standard objects are the (generalised) Verma modules Δ^p(x · 0) with highest weights x · 0 for x ∈ W^p. Recall that Δ^p(x · 0) is the maximal quotient, contained in O^p, of the Verma module Δ(x · 0) = U(g) ⊗_{U(b)} C_{x·0} . We denote by L(x · 0) = L^p(x · 0) the simple head of Δ^p(x · 0) and by P^p(x · 0) its projective cover. (The latter is always considered as a direct summand of P^p.) By abuse of language, the standard, simple and projective modules in mof -A^p are denoted by the same symbols. A module in O^p_0 (or in mof -A^p respectively) has a standard flag, if it has a filtration with subquotients isomorphic to generalised Verma modules (or standard objects). Any projective module has a standard flag.

1.4 The full projective tilting module

Let T = T^p ∈ mof -A^p be a full projective tilting module, i.e. the direct sum over all modules constituting a system of representatives for the isomorphism classes of indecomposable objects which are at the same time projective, tilting and injective in mof -A^p. (Note that two of these three properties automatically force the third one, since there is a contravariant duality which preserves simple objects.) In [Irv85], Irving studied projective modules in O^p_0 and found a very nice characterisation of projective modules which are also injective. We summarise the main results of his paper in the following proposition:

Proposition 1.2. ([Irv85]) Let P ∈ O^p_0 be projective. Then the following are equivalent

(i) P is injective in O^p_0,

(ii) P is tilting in O^p_0 ,

(iii) the head of P contains only simple modules of maximal possible Gelfand- Kirillov dimension,

(iv) any composition factor of the head of P occurs as a submodule in some standard module Δ^p(x · 0),

(v) P is isomorphic to some direct sum of injective hulls of standard modules.

We choose T as a submodule of P^p and its endomorphism ring D^p = End_g(T ) as a subalgebra of A^p. Note that D^p is always a finite dimensional Frobenius algebra. If we are in the special situation, where p = b then T is the unique indecomposable projective-injective module (equivalent to the projective cover of the simple Verma module) with endomorphism ring C = U(h)/(U(h)^W_+ ), the algebra of coinvariants ([Soe90]). In particular, D^b is a commutative symmetric algebra.

Example 1.3. Let us consider the Example 1.1 and denote the indecomposable projective module corresponding to vertex i by P (i).

a.) If n = 3 then the vertices 1, 2, 3 correspond to the simple objects L(0), L(s · 0) and L(st · 0), where s, t are simple reflections. The socle series of the indecomposable projective modules are of the form P^p(0) = L(0)|L(s · 0), P^p(s · 0) = L(s · 0)|L(0) ⊕ L(st · 0)|L(s · 0) and P^p(st · 0) = L(st · 0)|L(s · 0)|L(st · 0). Note that P^p(0) = Δ^p(0), Δ^p(s · 0) = L(s · 0)|L(st · 0) and Δ^p(st · 0) = L(st · 0). We have T = P (2) ⊕ P (3). For arbitrary n ≥ 2, we have T = ⨁_n i=2 P (i). If n = 2 then T = P (2) and its endomorphism algebra is the graded algebra C [x]/(x^2), where x is of degree 2. This is exactly the algebra A⟨1⟩ in [Kho00].

In general, the module T is quite difficult to describe and its endomorphism algebra is not known. It is known, however, that for g = sl_n this algebra is symmetric, and depends only on the composition describing p, but not on the partition (see [MS]). Conjecturally the centre of this algebra is the cohomology ring of the associated Springer fibre (see [Kho04]).

1.5 The structure theorem for the category O^p_0

The philosophy behind our approach and one reason why we want to consider full projective-tilting modules is that from the knowledge of the full-tilting module T with its endomorphism ring End_g(T ) one could in principle recover the whole category O^p. This point of view fits perfectly well with the special case of Soergel’s description of O^b_0 in terms of modules over the coinvariant algebra End_g(T^b).

An important property of the full tilting module is given by the following proposition whose proof relies on the fact that projective objects in O^p_0 can be built up from the projective Verma module using translation functors and makes clear how one should understand Irving’s result from Proposition 1.2. It naturally generalises Soergel’s structure theorem ([Soe90]). To formulate it we need a little bit more notation. Let θ_s : O_0 −→ O_0 denote the translation through the s-wall as defined for example in [GJ81, Section 3]. The functor θ_s is exact and its own biadjoint, hence a so-called Frobenius functor. Note that θ_s maps the Verma module Δ(0) to the indecomposable projective module P (s · 0). By abuse of language we denote by the same symbol also its restriction θ_s : O^p_0 −→ O^p_0 as well as the induced endofunctor of mof -A^p (via (1.1)).

Definition 1.4. We call a functor F : O^p_0 −→ O^p_0 (or F : mof -A^p −→ mof -A^p) projective if it is a direct sum of direct summands of some composition of translations through walls. In this case we also say F is a projective functor on O^p_0 or mof -A^p respectively.

Remark 1.5. Note, that the classification theorem of projective functors from [BG80] (see Theorem 1.14 below) implies that our usage of the notation projective functor on O^b_0 is compatible with the definition in [BG80]. In this classification the functor θ_s is then the (up to isomorphism unique) projective functor mapping Δ(0) to the projective module P (s·0). Since P (s·0) is indecomposable, so is the functor θ_s (for a direct proof see Lemma 1.10 below).

In the Example 1.3 (a), we have an inclusion of P (0) into P (s · 0) such that the cokernel can be embedded into P (st · 0). In general the following holds:

Proposition 1.6. Let P ∈ gmof -A^p be projective. Then there exists a projectivetilting-copresentation, that is an exact sequence of the form 0 → P −→ ⨁ I T −→ ⨁ J T, for some finite index sets I, J.

Proof. By Proposition 1.2, a module from O^p_0 is indecomposable projectivetilting if its socle (=head) is contained in the socle of a Verma module; and visa versa the projective hull of any simple composition factor occurring in the socle of a Verma module is injective. Therefore, any standard module, or even any module from gmof -A^p having a standard flag, embeds into a finite direct sum of copies of T . If P = Δ^p(0) is the projective standard module, then (by weight considerations) the cokernel of this embedding has again a standard filtration. Therefore, the statement of the lemma is true for P = Δ^p(0). Hence, there is a copresentation

0 → Δ^p(0)^i−→ ⨁ I T −→ ⨁ J T, for some finite sets I and J. Now, any projective module is of the form F Δ^p(0) for some projective functor F ([Irv85, Proposition (v)]). On the other hand, the socles of the indecomposable projective-injective modules in O^p_0 are exactly the simple objects with maximal Gelfand-Kirillov dimension (this is Proposition 1.2). Recall the following general fact: Assume M ∈ O^p_0 and Hom_g(L, M ) = 0 for any simple object in O^p_0 not having maximal Gelfand- Kirillov dimension and let F : O^p_0 → O^p_0 be a projective functor. Then, by definition, F M ∈ O^p_0 , but we also claim that Hom_g(L, F M ) = 0 for any simple object in O^p_0 not having maximal Gelfand-Kirillov dimension. To show this let G be the adjoint functor of F . This is again a projective functor and we get Hom_g(L, F M ) = Hom(GL, M ) = 0, since G does not increase the Gelfand- Kirillov dimension ([Jan83, Lemma 8.8]), and therefore any quotient of GL has smaller Gelfand-Kirillov dimension than any arbitrary non-zero submodule of M ([Jan83, Lemma 8.6]). The claim follows.

In particular, the socle of the cokernel K of F (i) has only composition factors of maximal Gelfand-Kirillov dimension. Applying again the Proposition 1.2 we know that the injective hull of K is also projective, hence a direct summand of some ⨁ I^′ T . On the other hand F (T ) is also projective and injective, hence a

direct summand of some ⨁ I^′ T . The statement for general P follows.

The following generalises [Soe90, Struktursatz] (see [Str03b, Theorem 10.1])

Corollary 1.7. The functor V^p = Hom_{mof -A}p (T, ϵ(•)) : O^p_0 → mof -D^p is fully faithful on projectives, i.e. it induces a natural isomorphism

Hom_g(P_1, P_2) ∼= Hom_{mof -D}p (V^pP_1, V^pP_2)

for projective objects P_1, P_2 ∈ O^p_0 .

Proof. Since any simple object occurring in the socle of a projective object in O^p_0 is not annihilated by V^p (Proposition 1.2), the natural map is injective. It is obviously an isomorphism if P_2 = T , since the dimension on both sides is just the number of simple composition factors of P_1 of maximal Gelfand dimension which equals the dimension of V^pP_1. Then it is also an isomorphism if P_2 is a finite direct sum of copies of T . For the general case, we take a copresentation C of P_2 coming from an injective-tilting copresentation for ϵP_2 via ϵ^{−1}. Then V^pC is exact and stays exact when applying Hom_{mof -D}p (V^pP_1, •). On the other hand, applying Hom_g(P_1, •) to C is also exact, since P_1 is projective. The desired result follows then using the Five lemma.

1.6 Projective functors and projective tilting objects

Any projective functor from mof -A^p to mof -A^p preserves the additive category of projective tilting objects. In the following we want to show that the functor is already determined by its restriction to this additive category.

Let F be a projective functor from mof -A^p to mof -A^p then F (T ) ∈ mof -A^p by definition. It has also a left D^p-module structure given by d.t = F (d)(t) for any d ∈ D^p, t ∈ F (T ) giving rise to a (D^p, A^p)-bimodule structure. By abstract nonsense ([Bas68, Section2]), since F is (right) exact, the functor F is isomorphic to tensoring with the A^p-bimodule F (P^p), however we claim the following stronger result describing the natural transformations Hom(F, G) between projective functors F and G:

Theorem 1.8. Let F , G be projective functors on mof -A^p. Let T ∈ mof -A^p be a full projective tilting module. There is an isomorphism of vector spaces (even of rings if F = G)

Hom(F, G) ~→ Hom_Dp_{- mof -A}p (F (T ), G(T )) ϕ → ϕ_T . Proof. By naturality of the transformation ϕ, the map ϕ_T is in fact a D^p-A^pbimodule morphism and therefore, our map is well-defined. We first show that it is injective. Assume ϕ_T = 0. Let P ∈ mof -A^p be projective. There is an injective-tilting copresentation as in Lemma 1.6. Since F and G are exact and commute with finite direct sums we get a commutative diagram with exact rows of the form

0 � F (P ) � ϕ_P � F ( ⨁ T ) 0 � 0 � G(P ) � G( ⨁ T ). Since the vertical map on the right hand side is zero, we have ϕ_P = 0 as well. Using a projective resolution we get ϕ_M = 0 for any M ∈ O^p_0. Therefore, the map ϕ → ϕ_T is injective.

Let ϕ_T ∈ Hom_Dp_{- mof -A}p (F (T ), G(T )) and let P ∈ mof -A^p be projective with an injective-tilting copresentation 0 → P^f−→ ⨁ I T^g−→ ⨁ J T,

Since F and G commute naturally with ⨁ , we get a diagram of the form

0 � F (P )^{F (f)}� F ( ⨁ T )^{F (g)} � ≀ � F ( ⨁ T ) ≀ � ⨁ F (T ) ⨁ ϕ_T �

⨁ F (T ) ⨁ ϕ_T � ⨁ G(T ) ≀ �

⨁ G(T ) ≀ � 0 � G(P )^{G(f)}� G( ⨁ T )^{G(g)} � G( ⨁ T ), where the rows are exact. The isomorphisms exist and are natural, since projective functors commute with direct sums (via the natural isomorphisms (⊕M ) ⊗ E ∼= ⊕(M ⊗ E) for M ∈ O^p_0 and E a finite dimensional module). Since ϕ_T is a (D^p, A^p)-bimodule morphism, it follows that the rectangle in the diagram above commutes. Since the rows are exact, restriction of the first vertical composition to F (P ) induces a unique morphism ϕ_P ∈ Hom_{mof -A}p (F (P ), G(P )). Standard arguments show that ϕ_P does not depend on the chosen representation and defines in fact a natural transformation ϕ between F and G restricted to the category of projective right A^p-modules. For N ∈ mof -A^p arbitrary we choose a projective resolution P^•. The naturality of ϕ defines a morphism of complexes Φ_N : F (P^•) −→ G(P^•) inducing a unique map ϕ_N ∈ Hom_{mof -A}p (F (N ), G(N )) by exactness of F and G. Again, standard arguments show that ϕ_N is independent of the chosen projective resolution. Moreover, this construction is natural in the sense that it defines a natural transformation between F and G as functors on mof -A^p.

Note that V^pF (T ) is a D^p-bimodule, where df = F (d) ∘ f and fd = f ∘ d for d ∈ D^p, f ∈ V^pF (T ). From Corollary 1.7 we directly get the following

Corollary 1.9. With the assumptions of Theorem 1.8 there is an isomorphism of vector spaces

Hom(F, G) ~→ Hom_Dp_{- mof -D}p (V^pF (T ), V^pG(T )) ϕ → V^p(ϕ_T ). 1.7 The graded version

To make the result stronger we would like to work in a graded setup. From [BGS96], it is known that A^p can be equipped with a non-negative grading turning it into a Koszul algebra. (In the example 1.1 the grading is given by putting all the arrows in degree 1).

We call a module P̃ ∈ gmof -A^p a graded lift of P ∈ mof -A^p if it is isomorphic to P after forgetting the grading. Projective modules, standard objects and simple modules, for each of them exists a graded lift ([Str03a] or for a more general setup [Zhu04]). Moreover, these lifts are unique up to isomorphism and grading shift ([Str03a, Lemma 1.5]), since all these modules are indecomposable. We fix standard lifts with the property that their heads are concentrated in degree zero. In [Str03a], graded lifts of translation functors are defined. By a graded lift we mean the following:

Assume C, B are graded rings and let F : C- mod → B-mod be a functor. Then a functor F̃ : C- gmod → B-gmod is a graded lift of F if it is a Z-functor (i.e. it commutes with the grading shifts in the sense of [AJS94, E.3]), such that f_B F̃ ∼= F f_C , where f_C : gmof -C → mof -C, f_B : gmof -B → mof -B denote the functors which forget the grading.

In [Str03a], it is shown that the translation functors θ_s : mof -A^p → mof -A^p, for any simple reflection s, have graded lifts

θ̃_s : gmof -A^b → gmof A^b.

On the other hand the natural projection of Koszul algebras A → A^p is graded and therefore, the functor θ̃_s restricts to a graded lift of θ_s : mof -A^p → mof -A^p for any p. The following statement can be obtained as a direct consequence of the classification theorem of projective functors ([BGS96]). We give an easy direct proof. Recall that a functor F between abelian categories is indecomposable if F ∼= F_1 ⊕ F_2 implies F_i = 0 for at least one i ∈ {1, 2}.

Lemma 1.10. For any simple reflection s, the functor θ_s : mof -A^b → mof A^b is indecomposable. A graded lift θ̃_s is unique up to isomorphism and grading shift.

Proof. Let F = F_1 ⊕ F_2 such that F_i ≠ 0 for i = 1, 2. In particular, F M = F_1M ⊕ F_2M for any standard module M . On the other hand, θ_sΔ(x · 0) ∈ O_0 is indecomposable. (From the properties of translation functors it follows easily that the socle of θ_s(M ) is simple, hence θ_sM is indecomposable.) In particular, F_{i(M)}(M ) = 0 for some i(M ) ∈ {1, 2}. The socle of any standard module Δ(x · 0) ∈ O^b is of the form Δ(w_0 · 0), hence not annihilated by any θ_s. From the exactness of F we get that i := i(Δ(w_0 ·0)) = i(M ) for any standard module M . Hence F_i is zero when restricted to the category of modules with standard flags. Since any projective module has a standard flag, the functor is zero on projectives, hence vanishes completely, since it is exact. Therefore, F_i = 0. This contradicts our assumption and therefore F is indecomposable. Since F is (right) exact, it is given by tensoring with some A^b-bimodule X. Since X is indecomposable, a graded lift is unique up to isomorphism and shift in the grading (this is [Str03a, Lemma 1.5] applied to A^b ⊗ (A^b)^{opp}).

Remark 1.11. Lemma 1.10 only holds in the case p = b. In general, the restriction of an indecomposable projective functor on O^b_0 to a functor on O^p_0 could be decomposable or even zero (see [Str05, Examples 3.7, Theorem 5.1]). In general it is not known how the restrictions decompose, not to mention a possible classification.

For any simple reflection s we fix a standard lift θ̃_s of θ_s : gmof -A^p → gmof -A^p such that the standard lift of Δ(0) is mapped to the standard lift of P (s · 0). An endofunctor of gmof -A^p is called graded projective, if it is a direct sum of (graded) direct summands of compositions of graded lifts of translation functors. If M , N ∈ gmof -B for some graded ring B, then Hom_B (M, N ) is graded by putting Hom_B(M, N )_n = {f ∈ Hom_B (M, N ) | f(M_k) ⊆ M_{k+n}, ∀k ∈ Z}. If C is also a graded ring and F : gmof -B → gmof -C is an exact functor then F is given by tensoring with some graded B − C-bimodule X_F . If G is another such functor we set

Hom(F, G) = ⨁ n∈Z Hom(F, Q)_n = ⨁ n∈Z Hom_{B⊗C}opp_{- mof} (X_F , X_G)_n.

We get the following refinement of Theorem 1.8:

Theorem 1.12. Let F , G : gmof -A^p −→ gmof -A^p be graded projective functors. There is an isomorphism of graded vector spaces (even of rings if F = G)

Hom(F, G) ∼= Hom_Dp_{- mof -A}p (F (T̃ ), G(T̃ )) ϕ → ϕ_{T̃} . Proof. Let Δ^p(0) ∈ gmof -A^p be the standard lift of the projective standard object. There is an inclusion Δ^p(0) into ⨁ i∈I T̃ ⟨i⟩ for a finite multiset I with elements from Z, because the injective hull of Δ^p(0) is a direct sum of indecomposable projective-injective modules (compare the proof of Lemma 1.6). Since T̃ has a graded Verma flag ([Str03a, Theorem 7.2]), the cokernel of this inclusion has again a graded Verma flag by weight considerations. Therefore P = Δ^p(0) has an injective-projective resolution of graded right A^p-modules, i.e. there is an exact sequence of graded modules of the form 0 → P −→ ⨁ i∈I T̃ ⟨i⟩ −→ ⨁ j∈J T̃ ⟨j⟩ (1.2)

for some finite multisets I and J with entries in Z. The statement follows then analogously to Proposition 1.6 and Theorem 1.8.

We denote by Z(R) the centre of any ring R. We want to give at least some description of the centre of O^p_0 ∼= gmof -A^p which is by definition the centre of the ring A^p. Note that it inherits a grading from A^p.

Corollary 1.13. Let id denote the identity functor on gmof -A^p. There are isomorphisms of (graded) rings

End(id)^{(1)}∼= End_Dp_{- mof -A}p (T̃ )^{(2)}∼= Z(D)^{(3)}∼= Z(A^p).

In particular, the homogeneous part of degree zero in Z(A^p) has dimension one.

Proof. The existence of the first two isomorphism follows directly from the previous two theorems and Corollary 1.9. The isomorphism (3) is just obtained from the natural isomorphism End(id) ∼= Z(A^p ) given by ϕ → ϕ_Ap (1). The last statement follows directly from the definition of the grading on A^p, since A^p is indecomposable and its homogeneous part of degree zero is semisimple.

Let x ∈ W and [x] = s_1s_2 ·. . .·s_r be a fixed composition of simple reflections. We denote by θ_{[x]} = θ_{sr} · . . . · θ_{s2} θ_{s1} the corresponding composition of translation functors and its graded version θ̃_{[x]} = θ̃_{sr} · · · θ̃_{s2} θ̃_{s1} , where θ̃_s denotes the standard graded lift of θ_s. Let R be a C -algebra with a W -action. For s ∈ W a simple reflection let R^s be the invariants under s. For x ∈ W as above we denote R_{[x]} = • ⊗_Rs1 R ⊗_Rs2 ⊗ · · · ⊗_Rsr R considered as a functor on mod -R. If additionally R is graded and the action of W is homogeneous, then R_{[x]} is even an endofunctor of gmod -R. In case C is any category having direct sums and A is a list of objects of C then we write Ind_C(A) for the set of iso-classes of direct summands of elements in A.

The next theorem is the classification theorem from [BG80]. We indicate a proof using Theorem 1.8, Corollary 1.9 and the deformation theory from [Soe92]:

Theorem 1.14. Let p = b. There are natural bijections of isomorphism classes { indecomposable projective functors on mof -A^b} F ↕ 1:1 ↓ Ind_Db_{- mof -A}b (θ_{[x]}T, x ∈ W ) F (T ) ↕ 1:1 ↓ { indecomposable projective objects of mof -A^b } F (Δ^b(0))

Proof. Theorem 1.8 implies that there is a bijection between indecomposable projective functors on mof -A^b and the set Ind_Db_{- mof -A}p (θ_{[x]}T, x ∈ W ), where T is the indecomposable projective-injective module in mof -A^b. Consider the algebra S = U(h) as a graded algebra with S_2 = h. Set S_+ = (h). By Soergel’s Endomorphismensatz ([Soe90]) we have a canonical isomorphism D^b ∼= S/(S^W_+ ), the coinvariant algebra which we denote by C. By Corollary 1.9, the functor V^b defines a bijection between the isomorphism classes of indecomposable functors on mod -A^p and

Ind_{C- mof -D}b (V^bθ_{[x]}T, x ∈ W ) = Ind_{C- mof -C} (C_{[x]}(C), x ∈ W ),

since it is known from [Soe90] that for any simple reflection s, there is an isomorphism of functors

V^bθ_s ∼= V^b(• ⊗_Cs C). (1.3)

There are isomorphisms of C-bimodules, or S-bimodules as follows:

C_{[x]}(C) = ( S/(S^W_+ ) ) [x](S/(S^W_+ ) = S_{[x]}(S/(S^W_+ ), since S^W ⊆ S^s for any simple reflection s, and S_{[x]}(S)(S/(S^W_+ ) = S_{[x]}(S) ⊗_S (S/(S^W_+ ). Now, the S-bimodules S_{[x]}(S) are exactly the Soergel special bimodules as defined in [Soe92] and [Soe05, Bemerkung 5.12]. By [Soe92, Proposition 11] specialisation gives a bijection between Ind_{S- mof -S} (S_{[x]}(S), x ∈ W ) and Ind_{C- mof -C} (C_{[x]}(C), x ∈ W ). The theorem follows therefore directly from [Soe05, Section 6].

Remark 1.15. a.) Let p = b. Since all the constructions are compatible with gradings we get also a natural bijection of iso-classes of indecomposable graded projective endofunctors and indecomposable projective objects of gmof -A.

b.) Theorem 1.14 is not true for arbitrary p (see [Str05, Examples 3.7]).

c.) Using the results from Kazhdan-Lusztig theory one can view Theorem 1.14 as a categorification of the integral group algebra Z[W ] as follows: There is an isomorphism of Z-algebras between Z[W ] and the Grothendieck ring of the indecomposable projective functors on O^b_0 mapping the Kazhdan- Lusztig basis element C_w in the notation of [Soe97b] to the indecomposable projective functor which maps the projective Verma module in O^b_0 to the indecomposable projective module with highest weight w·0. More generally, the graded versions of projective functors categorify the (generic) Hecke algebra corresponding to the Weyl group of g (a precise formulation can be found in [Str05, Corollary 2.5]).

2 An invariant of tangle cobordisms

Now we would like to go one step further in the categorification program proposed in [BFK99]. The main result of [Str05] describes a functorial tangle invariant in terms of bounded derived categories of certain O^p_0 for g of type A. More precisely we associated to each (m, n)-tangle diagram a functor between a bounded derived category defined by certain O^p_0 for sl_m and a bounded derived category defined by certain O^p_0 for sl_n. It was shown that, up to shifts, this assignment defines a functorial invariant. In this section we will prove what was already announced in [Str05], namely that this assignment can be extended firstly to a functorial invariant of oriented tangles (such that the discrepancy with respect to shifts disappears) and secondly to a 2-functor, which means one can associate to each oriented cobordism between two oriented tangles a (up to scalars) well-defined homomorphism between the corresponding functors. In this way the functorial tangle invariant is extended to an invariant of tangles with cobordisms.

2.1 The relevant functors and their morphisms

Let now be g = sl_n. We have W = S_n generated by the simple reflections s_i, 1 ≤ i < n with the relations s_is_j = s_j s_i if |i − j| ≥ 2 and s_is_j s_i = s_j s_is_j if

|i − j| = 1. For 1 ≤ k < n let p_k denote the maximal parabolic subalgebra corresponding to the simple root α_k (i.e. the corresponding parabolic subgroup is generated by all s_j , where j ≠ k). Set p_0 = p_n = g. To simplify notation let O^{pi}_μ denote the zero category if n < i or i < 0 and μ ∈ h^∗.

Fix 1 ≤ i < n, k ∈ {0, . . ., n}. Let θ_i = θ_{si} denote the translation functor through the i-th wall with its standard lift θ̃_i. Let λ_i ∈ h^∗ be integral with stabiliser W_{λi} = {e, s_i}. In the following we need the translation functors

θ^i_0 : O^{pk}_0 (sl_n) −→ O^{pk}_{λi} (sl_n) (2.1) θ^0_i : O^{pk}_{λi} (sl_n) −→ O^{pk}_0 (sl_n) (2.2)

on and out off the i-th wall. These are adjoint functors such that θ^0_i θ^i_0 ∼= θ_i (see e.g. [GJ81]). Enright and Shelton ([ES87, chapter 11]) defined an equivalence of categories

ζ_{n,k} : O^{pk}_{λ1} (sl_n) ~→O^{pk−1}_0 (sl_{n−2}). (2.3)

We consider the following functors

∩^k_{i,n} : O^{pk}_0 (sl_n) −→ O^{pk−1}_0 (sl_{n−2}) ∪^k_{i,n} : O^{pk}_0 (sl_n) −→ O^{pk+1}_0 (sl_{n+2})

defined as

∩^k_{i,n} = ζ_{n,k}θ^1_0θ_2θ_3 · · · θ_i ∪^k_{i,n} = θ_iθ_{i−1} · · · θ_2θ^0_1ζ^{−1}_{n+2,k+1}

For P^{pk}_n ∈ O^{pk} (sl_n) a minimal projective generator we denote its endomorphism ring by A^k_n. For the following we fix equivalences (1.1) for any A^k_n and, concerning the notation, we will not distinguish the objects and functors on each side. We have graded versions θ̃_i, θ̃^{λi}_0 , θ̃^0_{λi} of translation through, on and out of the wall as defined in [Str03a]. They are normalised such that θ̃^{λi}_0 (resp. θ̃^0_{λi} ) maps a simple module concentrated in degree zero to a simple module (resp. a module with head) concentrated in degree −1. Since the equivalences ζ_{k,n} are compatible with the grading ([RH04]), we get also (standard) graded lifts ~∩^k_{i,n} and ~∪^k_{i,n} of ∩^k_{i,n} and ∪^k_{i,n} respectively. They have the following properties:

Lemma 2.1. a.) The functors ∩^k_{i,n} and ∪^k_{i,n} are indecomposable. In particular, a graded lift is unique up to isomorphism and grading shift.

b.) The standard lifts provide adjoint pairs of functors ( ~∩^k_{i,n}⟨−1⟩, ~∪^{k−1}_{i,n−2} ) and ( ~∪^k_{i,n−2}⟨1⟩, ~∩^{k+1}_{i,n} ) .

Proof. a.) Assume that ∩^k_{i,n} decomposes as ∩^k_{i,n} ∼= F_1 ⊕ F_2. Then ∪^{k−1}_{i,n−2}∩^k_{i,n} ∼= ∪^{k−1}_{i,n−2}F_1 ⊕ ∪^{k−1}_{i,n−2}F_2. Since ∪^{k−1}_{i,n−2}∩^k_{i,n} ∼= θ_i is indecomposable ([Str05, Lemma 6.3, Theorem 5.1]) it follows say ∪^{k−1}_{i,n−2}F_1 = 0. Assume ∪^{k−1}_{i,n−2}(L) = 0 for some simple object L. Then 0 = θ_{i−1} ∪^{k−1}_{i,n−2} (L) ∼= θ_{i−1}θ_i · · · θ_2θ^0_1(L^′) for some simple object L^′. Since θ_j θ_j′ θ_j ∼= θ_j for |j − j^′| = 1 ([Str05, Theorem 4.1]) it follows inductively that θ_2θ^0_1 (L^′) = 0, hence 0 = θ^1_0 θ_2θ^0_1(L^′) ∼= L^′ because of [BFK99, Lemma 4]. Therefore, F_1 = 0 contradicting our assumption. That means ∩^k_{i,n} is indecomposable. The uniqueness of a graded lift follows form [Str03a, Lemma 1.5] (applied to the rings A^k_n ⊗ (A^{k−1}_{n−2})^{opp} and A^k_n ⊗ (A^{k+1}_{n+2})^{opp} respectively).

Assume ∪^k_{i,n} decomposes as ∪^k_{i,n} ∼= F_1 ⊕ F_2 is decomposable. As above we deduce that, without loss of generality, F_1∩^{k+1}_{i,n+2} = 0. Hence, 0 = F_1 ∩^{k+1}_{i,n+2} ∪^k_{i,n} ∼= F_1 ⊕ F_1 by [Str05, Theorem 6.2]. We get F_1 = 0 contradicting our assumption.

b.) The adjointnesses follow directly from the definitions and the adjoint pairs (θ̃^0_1⟨1⟩, θ̃^1_0), (θ̃^1_0 ⟨−1⟩, θ̃^0_1), and (θ̃_i, θ̃_i) ([Str03a, Theorem 8.4, Corollary 8.3]).

We describe the endomorphism rings of these functors.

Theorem 2.2. For any 1 ≤ i ≤ n the following holds:

a.) There is an isomorphism of graded vector spaces

End(~∪^k_{i,n}) ∼= Z(A^k_n) ⊕ Z(A^k_n)⟨2⟩ ∼= End(~∩^k_{i,n}).

Hence they are non-negatively graded and one-dimensional in degree zero.

b.) The vector spaces Hom(id, θ̃_i) and Hom(θ̃_i, id) are both strictly positively graded and one-dimensional in degree one (with basis the adjunction morphism).

Proof. There are isomorphisms of graded vector spaces

Hom(~∪^k_{i,n}, ~∪^k_{i,n}) ∼= Hom(id⟨−1⟩, ~∩^{k+1}_{i,n+2} ~∪^k_{i,n}) (Lemma 2.1) ∼= Hom(id⟨−1⟩, id⟨−1⟩ ⊕ id⟨1⟩) ([Str05, Theorem 6.2]) ∼= Hom(id, id ⊕ id⟨2⟩).

The existence of the first isomorphism follows therefore from Corollary 1.13. Assuming the existence of the second isomorphism from part (a), part (b) follows by adjunction (Lemma 2.1) and the self-adjointness of θ̃_i ([Str03a, Corollary 6.3]), since θ̃_i ∼= ∪^{k−1}_{i,n−2}~∩^k_{i,n} (see [Str05, Proposition 6.7]), and the adjunction morphisms are both of degree one ([Str03a]). To establish the second isomorphism of part (a) we have to work more. Let for the moment P be the chosen minimal projective generator of O^{pk}_0 (sl_n) with endomorphism ring A = A^k_n and let P_λ be a minimal projective generator of O^{pk}_λ where λ is an integral weight with stabiliser W_λ = {e, s_1}. Set B = End_g(P_λ). The composition F = θ^1_0θ_2 · · · θ_i : mof −A → mof −B is therefore given as tensoring with the bimodule

F := Hom_g(P_λ, F (P )) ∈ A- mof −B

with the actions af = F (a) ∘ f and fb = f ∘ b, where f ∈ F, a ∈ A, b ∈ B. Let F̂ = θ_i · · · θ_2θ^0_1 be the adjoint functor with describing bimodule F̂ = Hom_g(P, F̂ (P_λ)) ∈ B- mof −A. Since F ∈ A- mof and B ∈ B- mof, the space Hom_{mof −B}(F, B) becomes naturally a (B, A)-bimodule. We claim that there are isomorphisms of (B, A)-bimodules

Hom_{mof −B} ( F, B )_Φ ←− Hom_g ( F (P ), P_λ )_Ψ −→ F̂, Here (Φ(g))(b) = g ∘ b and Ψ is given by adjointness, i.e. g → F̂ (g) ∘ η, where η : id → F̂ F is the adjunction morphism. We calculate with a ∈ A and b ∈ B explicitly Ψ(bga) = F̂ (bga) ∘ η = F̂ (bg ∘ F (a)) ∘ η = F̂ (bg) ∘ (F̂ F (a)) ∘ η = F̂ (bg) ∘ η ∘ a = F̂ (b) ∘ Ψ(g) ∘ a = bΨ(g)a. Hence, Ψ is in fact an isomorphism of bimodules. Since Φ(bga)(h) = Φ(b ∘ g ∘ F (a))(h) = Φ(b ∘ g)(F (a) ∘ h) = (bΦ(g))(F (a) ∘ h) = (bΦ(g)a)(h), the map Φ is compatible with the bimodule structures. It is obviously an isomorphism, since P_λ is a projective generator. Now, Hom_{mof −B} (•, B) defines an equivalence e : A- mof −B ~→B- mof −A with inverse functor Hom_{B- mof} (•, B). Therefore,

End(F ) ∼= End_{A- mof −B}(F) ∼= End_{B- mof −A}(F̂) ∼= End(F̂ ).

From the definitions of the graded translation functors it follows directly that all the isomorphisms are grading preserving. The Theorem follows.

To simplify the setup, instead of working with derived categories, we will work with homotopy categories of complexes. To make it consistent with [Str05], one only has to replace all bounded derived categories appearing there by the bounded homotopy category of perfect complexes (for the general setup we refer for example to [KZ98]). Given a complex (X^•, d) we have the differentials d : X^i → X^{i−1} and (X[k])^i = X^{i+k} for any k ∈ Z.

Let K^b_{per} (gmof −A^k_n) denote the bounded homotopy category of perfect complexes of graded A^k_n-modules. Let C^k_i be the endofunctor of K^b_{per}(gmof −A^k_n) given by tensoring with the complex of graded A^k_n-bimodules · · · → 0 → A^k_n⟨1⟩ → θ̃_iA^k_n → 0 → · · · (2.4) where the map is the adjunction morphism (see Theorem 2.2) and θ̃_iA^k_n is concentrated in position zero. The functor C^k_i defines an auto-equivalence of K^b_{per} (gmof −A^k_n) ([Str05, Section 7]). Let K^k_i be its inverse, that is the functor given by tensoring with the complex · · · → 0 → θ̃_iA^k_n → A^k_n⟨−1⟩ → 0 → · · · (2.5)

If F is a finite composition of functors of the form C^k_i , K^k_i for some fixed k, then we have (via (2.4) and (2.5)) the corresponding complex, say X(F ) of graded A^k_n-bimodules. We consider X(F ) as an object in K^b(A^k_n- gmof -A^k_n), the homotopy category of complexes of graded A^k_n-bimodules and denote by End(F ) its endomorphism ring.

Lemma 2.3. Let F be a finite composition of functors of the form C^k_i , K^k_i for some fixed k.

a.) There is an isomorphism of graded rings End(F ) ∼= Z(A^k_n).

b.) If G = ~∩_{k,n}F and there exists a grading preserving isomorphism f : G ∼= H for some functor H : K^b_{per} (gmof −A^k_n) → K^b_{per} (gmof −A^{k−1}_{n−2}). Then f is unique up to a scalar.

Proof. The first statement follows directly from [Ric89]. For a nice direct argument we refer to [Kho06, Proposition 1]. For the second statement we assume there is another isomorphism f^′, then f^{′−1} ∘ f ∈ End(G) is of degree zero and by Theorem 2.2 a scalar multiple of the identity.

We set C_i := ⊕^n_{k=0}C^k_i , considered as an auto-functor of ⨁_n k=0 K^b_{per} (gmof −A^k_n) and let K_i = ⊕^n_{k=0}K^k_i be its inverse.

2.2 The tangle 2-category and its generators

Let A_n = ⊕^n_{k=1}A^k_n. In [Str05], we assigned to a plane diagram of a tangle with m bottom and n top points a functor from K^b_{per} (gmof −A_m) to K^b_{per} (gmof −A_n). Up to shifts, this assignment provided an invariant of isomorphism classes of tangles. We also looked at the category COB of 2-cobordisms, where the objects are a finite number of labelled oriented one-manifolds and the morphisms are cobordisms. By considering the objects as special oriented (0, 0)-tangles we assigned (in a 2-functorial way) to each object some functor and to each morphisms a natural transformation between the corresponding functors ([Str05, Theorem 8.1]) satisfying the defining relations for the isotopy classes of cobordisms. In the following we will show that this can be extended to arbitrary oriented tangles giving rise to a functorial invariant of tangles and cobordism.

More precisely, let T an denote the category of tangles, i.e. objects are the positive integers and morphisms are unframed tangle diagrams. Let T an^{or} be the 2-category of oriented tangles and cobordisms, i.e. objects are the positive integers, morphisms are unframed oriented tangles and 2-morphisms are diagrams of tangle cobordisms. For details see for example [BL03], [CRS97], [CS98], [Fis94]. This 2-category is of interest, since the 1-morphisms give rise to an algebraic description of tangles (and hence of knots and links), whereas the 2-morphisms describe compact surfaces smoothly embedded in R^4.

The 1-morphisms are generated by the elementary tangles as depicted in Figure 2.2.1. i.e. the 1-morphisms are just the products of elementary tangle diagrams. For an (m, n)-tangle diagram T_1 and an (m^′, n^′)-tangle diagram T_2, the composition T_2T_1 is defined if and only if n = m^′. In this case T_2T_1 is an

Figure 2.2.1: Elementary tangle diagrams generating the 1-morphisms

(m, n^′)-tangle diagram and obtained by putting T_2 on top of T_1 and identifying the bottom points of T_2 with the top points of T_1. The 2-morphisms in the category T an are diagrams of cobordisms generated by birth, death, saddle points, Reidemeister moves, shifting relative heights of distant crossings, local extrema, the identity morphisms, cusps on fold lines, and double point arcs crossing a fold line. The typical generators (apart from the identities) are depicted in Figure 2.3.1. These are the elementary string interactions from [CRS97], where one can also find the corresponding surfaces displayed. Any 2-morphism is a composition of generating 2-morphisms, the generating 2-morphisms are obtained by reading the typical generators either upwards or downwards, taking their vertical and horizontal mirror images and changing between negative and positive crossings. For details we again refer to [CRS97].

Recall that two tangle diagrams represent (up to ambient isotopy) the same tangle if they differ by a sequence of Reidemeister moves. As briefly mentioned in the introduction, to any cobordism (more precisely to any knotted surface in the sense of [CRS97]) there is an associated sequence of generating 2-morphisms. Moreover to any sequence of generating 2-morphisms there is a cobordism (knotted surface) whose diagram sequence is the given one ([CRS97, Theorem 3.5.4]). By [CRS97, Theorem 3.5.5], two sequences of generating 2-morphisms represent (up to ambient isotopy) the same cobordism if they differ by a sequence of socalled movie moves (see also [CRS97], [CS98], [BL03] or [Fis94]). Examples of movie moves are depicted in Figure 2.2.2. For a complete list of movie moves we refer to [CRS97, Theorem 3.5.5].

Figure 2.2.2: The movie moves 11 to 14

2.3 The functorial invariant of tangles

As suggested in [BFK99], we associated in [Str05] functors to elementary tangles

as follows: To the identity tangle with n strands we associate the identity functor

on K^b_{per} (gmof -A_n) = ⨁_n k=0 K^b_{per} (gmof −A^k_n). For the U-turns we assign

⇝ ~∩i,n⟨1⟩ : K^b_{per} ( gmof -An ) −→ K^b_{per} ( gmof -An−2 ) .

⇝ ~∪i,n⟨−1⟩ : K^b_{per} ( gmof -An ) −→ K^b_{per} ( gmof -An+2 ) .

To the i-th right twisted curl we associate the functor C_i := C_i⟨1⟩. To the i-th

left twisted curl we associate the inverse functor K_i := K_i⟨−1⟩.

Remark 2.4. The assignments differ slightly from the ones in [Str05] as follows:

In [Str05] we took ~∩_{i,n} instead of ~∩_{i,n}⟨1⟩ and also ~∪_{i,n} instead of ~∩_{i,n}⟨−1⟩.

Moreover, we swapped the assignments for left and right twisted curls. We introduced this renormalisation to make it compatible with Khovanov homology (see Conjecture 2.9).

Let Fun denote the category which we define as follows: The objects are the bounded homotopy categories K^b_{per}(gmof -A_n) (i.e. the objects are indexed by the natural numbers). The 1-morphisms are functors between the corresponding categories.

Theorem 2.5. (see [Str05, Theorem 7.1]) There is a functor Φ : T an → Fun which is given on objects by n ∈ N → K^b_{per} (gmof -A_n), and on elementary 1-morphisms by the assignments above, such that if t_1 and t_2 are 1-morphisms which differ by a sequence of Reidemeister moves then there is an isomorphism of functors Φ(t_1) ∼= Φ(t_2)⟨3r⟩[r] for some r ∈ Z.

Proof. This is [Str05, Theorem 7.1] and Remark 2.4, since the renormalisation is compatible with the Reidemeister, N , H, and T -moves.

Hence, the functor Φ defines, up to shifts, a functorial invariant of tangles. Moreover (see [Str05, Proof of Theorem 7.1]), it turns out that the shift problems only occur in H-moves.

2.4 Oriented tangles and cobordisms

Theorem 2.5 can be improved and made more natural by working with oriented tangles and cobordisms instead. Let Func denote the 2-category with underlying category Fun: The objects are the bounded homotopy categories K^b_{per} (gmof -A_n), the 1-morphisms are functors between the corresponding categories, the 2-morphisms are the natural transformations between the functors, but after forgetting the grading and only up to a multiplication with a homogeneous element of degree 0 of the centre of the source or image category. We would like to construct a functorial invariant of oriented tangles and cobordisms.

To any elementary oriented tangle without crossing we associate the same functors as before. Let us consider the four H-moves of non-oriented tangles depicted in Figure 2.4.1, and let F_i 1 ≤ i ≤ 8 be the corresponding functors. Then it is known that we have isomorphisms of Z-functors F_1⟨−3⟩[−1] ∼= F_2, F_3⟨−3⟩[−1] ∼= F_4, F_5⟨3⟩[1] ∼= F_6, F_7⟨3⟩[1] ∼= F_8 (see [Str05, Proof of Theorem 7.1], note the signs appear because of Remark 2.4).

For oriented crossings we modify the assignment as follows: To an oriented crossing as depicted in Figure 2.4.2

we associate the functor C_i⟨−3⟩[−1] and to an oriented crossing as depicted in Figure 2.4.3 we associate the functor K_i⟨3⟩[1]. We get the oriented versions

Figure 2.3.1: Typical generating 2-morphisms

Figure 2.4.1: The H-moves

Figure 2.4.2: Oriented crossing inducing a shift ⟨−3⟩[−1].

Figure 2.4.3: Oriented crossings inducing a shift ⟨3⟩[1].

of the H-moves as depicted in Figure 2.4.4. On can see immediately that our renormalisation precisely implies that the two functors corresponding to a move are now isomorphic (without any shifts!).

Theorem 2.6. There is a functor of 2-categories Φ^{or} : T an^{or} → Func which is given on objects by n ∈ N → K^b_{per} (gmof -A_n), and on elementary 1-morphisms by the assignments above, such that

1. if t_1 and t_2 are 1-morphisms which differ by a sequence of Reidemeister moves then there is an isomorphism of functors Φ^{or} (t_1) ∼= Φ^{or} (t_2).

2. if c_1 and c_2 are sequences of generating 2-morphisms which differ by a sequence of movie moves then Φ^{or} (c_1) = Φ^{or} (c_2).

The proof of this result requires the following auxiliary lemma:

Lemma 2.7. Let n be any positive integer and let 1 ≤ i, k ≤ n. There is an isomorphism of functors

ϕ_{i,n} : ~∩^{pk}_{i,n+2} ~∪^{pk}_{i,n} ∼= id⟨1⟩ ⊕ id⟨1⟩ : gmof −A^k_n → gmof −A^k_n.

Proof. Since p_k is a maximal parabolic, we have by [Str05, Theorem 4.1] isomorphisms of endofunctors of gmof −A^k_n as follows

θ̃_iθ̃_jθ̃_i ∼= θ̃_jθ̃_iθ̃_j if |i − j| = 1, (2.6)

It is well-known (see e.g. [BG80]) that θ^i_0θ^0_i ∼= id ⊕ id and θ̃^i_0θ̃^0_i ∼= id⟨1⟩ ⊕ id⟨−1⟩ (the latter by [Str03a, Theorem 8.2 (4)]). For i = 1, the statement of the lemma follows then directly from the definitions, since the Enright-Shelton equivalences are compatible with the grading [RH04]. For i > 1 we can deduce, by applying the relations (2.6), that it is enough to consider the case i = 2. Then, by [BFK99, Lemma 4], the lemma is true if we forget the grading. To determine the graded shifts we just apply [Str03a, Theorem 8.2 (2), Theorem 5.3] and the lemma follows.

From now on we fix an isomorphism ϕ_{i,n} as in Lemma 2.7 for any i, n.

Proof of Theorem 2.6. From Theorem 2.5 we have the functor Φ. Since Reidemeister moves of type I do not involve any crossings of the form displayed in Figure 2.4.3 or Figure 2.4.2 we do not have to check anything there. For type II moves we are either in the situation as for tangles without orientation or we have the assignments from Figure 2.4.3 and Figure 2.4.2 and hence the statement follows. The moves of type III can be easily checked, since we know the result for the non-oriented case. For T -moves and N -moves nothing is to

Figure 2.4.4: oriented H-moves

check. Finally, the functors are defined such that the H-moves work. Therefore Φ^{or} defines a functorial invariant of oriented tangles.

We have now to assign to each generating 2-morphism a functor between the corresponding functors.

Reidemeister moves: All different types of Reidemeister moves correspond to two isomorphic functors ([Str05, Proof of Theorem 7.1]). For any such move m we fix an isomorphism i(m) which is grading preserving such that if we read the move upside down we get the inverse isomorphism. Then we define Φ(m) = i(m).

T-moves: By [Str05, Theorem 6.2, (6.1), (6.2)] we know that all the T-moves correspond to pairs of isomorphic functors if we forget the grading. Assume ~∩^{pk}_{i+1,n+2} ~∪^{pk}_{i,n} ∼= id⟨k⟩ for some k ∈ Z. Then we have ~∪^{pk}_{i+1,n} ~∩^{pk}_{i+1,n+2} ~∪^{pk}_{i,n} ~∩^{pk}_{i,n+2} ∼= ~∪^{pk}_{i+1,n} ~∩^{pk}_{i,n+2}⟨k⟩. However [Str05, Proposition 6.7] tells us that the left hand side of this isomorphism is isomorphic to θ̃_{i+1}θ̃_i, whereas the right hand side is isomorphic to θ̃_{i+1}θ̃_i⟨k⟩. Hence k = 0. For any typical T-move m we fix a grading preserving isomorphism t(m) such that if we read the move upside down we have the inverse isomorphism. Then we define Φ(m) = t(m).

H-move: All different types of H-moves correspond to two isomorphic functors. For any such move m we fix an isomorphism h(m) which is grading preserving such that if we read the move upside down we get the inverse isomorphism. Then we define Φ(m) = h(m).

N-moves: All different types of N -moves correspond to two isomorphic functors. For any such move m we fix an isomorphism n(m) which is grading preserving such that if we read the move upside down we get the inverse isomorphism. Then we define Φ(m) = n(m).

Saddle point: There are the degree preserving adjunction morphisms id⟨1⟩ → θ̃_i and θ̃_i → id⟨−1⟩ (Theorem 2.2). We fix isomorphisms ψ_{i,n} : ~∪_{i,n} ~∩_{i,n} ∼= θ̃_i which exist by [Str05, Proposition 6.7]. To each saddle point move we associate the natural transformation which is induced from the corresponding adjunction morphism.

Births/Deaths: Via the isomorphisms ϕ_{i,n} we get a surjection ~∩^{pk}_{i,n+2} ~∪^{pk}_{i,n} → id⟨1⟩ and an inclusion id⟨−1⟩ → ~∩^{pk}_{i,n+2} ~∪^{pk}_{i,n} (both maps homogeneous of degree zero). To each birth move we associate the corresponding natural transformation

(which is then homogeneous of degree −1).

It is left to show that the natural transformations satisfy the relations given by the movie moves. Because of our results in Section 2, the arguments are quite routine and mimic the arguments in [Kho06]. Now the statement follows directly by copying the arguments from [Kho06] if we make the following correspondences: Proposition 2 there corresponds to our Corollary 1.13; the Corollaries 1 and 2 to our Lemma 2.3 and Corollary 1.13. Khovanov’s Proposition 3 with Corollary 3 should be replaced by Lemma 2.1 and Theorem 2.2. Corollary 4 corresponds to our Lemma 2.3 again. By repeating the arguments from [Kho06] the theorem follows.

Remark 2.8. Although we have the invariant of the non-oriented tangles only up to shifts, the corresponding natural transformations would nevertheless satisfy the relations from [CRS97], since the only movie moves including H-moves are the moves 11 to 14 from Figure 2.2.2 and one can easily check that the corresponding natural transformations agree up to scalars, i.e. are well-defined.

2.5 A conjectural connection with Khovanov homology

In [Kho00] and [Kho02], M. Khovanov introduced a homological tangle and link invariant, now known as Khovanov homology. To any (2n, 2m)-tangle diagram he associated a certain complex of graded (H_n, H_m)-bimodules for some combinatorially defined algebras H_n, H_m. He proved that taking the graded cohomology groups defines an invariant of tangles and links. As already mention in [Bra02], there is a connection between the algebras A^p from Section 1 where g = sl_{2n} and p is the parabolic subalgebra given by all (n, n)-upper block matrices and Khovanov’s algebra H_n.

On the other hand, to each (2n, 2m)-tangle diagram t we associated a functor F = Φ^{or} (t) : K^b_{per} ( gmof -A_{2n} ) −→ K^b_{per} ( gmof -A_{2m} ) which can be described by tensoring with a complex X_F of graded (A_{2m}, A_{2n})-bimodules. Let F^′ denote the restriction of F to a functor F^′ : K^b_{per} ( gmof -A^n_{2n} ) −→ K^b_{per} ( gmof -A^m_{2m} ) and let X^′_F be the associated complex of bimodules. From Theorem 1.8 we know that we do not loose any information if we restrict the functors to the categories of projective-tilting modules. Let X̌_F denote the corresponding complex of graded (D^m_{2m}, D^n_{2n})-bimodules. Let H^•(F ) denote the graded cohomology of X̌_F .

The following conjecture relates the functorial invariant with Khovanov’s invariant:

Conjecture 2.9. The homological tangle invariant t → H^•(X̌_Φor_{(t)}) is Khovanov’s invariant.

We would like to illustrate this on an

Example 2.10. Let us consider the 2-category of oriented (2, 2)-tangles. It has a single object, 2, and the functorial invariant Φ^{or} from Theorem 2.6 assigns to each oriented (2, 2) tangle t an endofunctor of the bounded derived category of mof-A_2 and, via restriction, of mof-A^1_2. Recall that mof-A^1_2 ∼= O_0(sl_2). From Example 1.3 we have D^2 ∼= C [x]/(x^2) = A⟨1⟩. Set C = D^2. Let us describe X̌_{Φor (t)} explicitly in terms of graded C-bimodules. To the flat diagram with two vertical strands we associated the identity functor which is given by tensoring with the graded (C, C)-bimodule C. To the other flat (cap-cup) diagram we associated the translation functor θ̃_1. Via the functor V^b from Corollary 1.7 this becomes tensoring with C ⊗_C C⟨−1⟩ (see [Soe90]). To the left twisted curls depicted in Figure 2.4.3 we associated the functor given by tensoring with the complex of graded C-bimodules ( · · · → 0 → C ⊗_C C⟨−1⟩^m−→ C⟨−1) → 0 · · · ) ⟨−1⟩⟨3⟩[1], which is · · · → 0 → C ⊗_C C⟨1⟩^m−→ C⟨1⟩ → 0 → · · · , (2.7) where m is the multiplication map and C⟨1⟩ is concentrated in position zero of the complex (see also [Str05, Section 8]). To the right twisted curl depicted in Figure 2.4.3 we associated the functor given by tensoring with the complex ( · · · → 0 → C⟨1⟩^Δ−→ C ⊗_C C⟨−1⟩ → 0 · · · ) ⟨1⟩⟨−3⟩[−1], where Δ is mapping 1 to X ⊗ 1 + X ⊗ 1. Hence we get the complex · · · → 0 → C⟨−1⟩^Δ−→ C ⊗_C C⟨−3⟩ → 0 · · · , (2.8) where C⟨−1⟩ is concentrated in position zero of the complex.

On the other hand Khovanov associated to the flat diagram with two vertical strands the algebra A⟨1⟩ = C and to the other flat tangle the C-bimodule A ⊗ A⟨1⟩ ∼= C ⊗_C C⟨−1⟩. To the left twisted curls depicted in Figure 2.4.3 corresponds the complex ( · · · → 0 → A ⊗ A⟨1⟩^m−→ A⟨1 − 1⟩ → 0 → · · · ) ⟨2⟩[−1], = ( · · · → 0 → A ⊗ A⟨3⟩^m−→ A⟨2⟩ → 0 → · · · )

where A⟨2⟩ ∼= C⟨1⟩ is concentrated in position zero. Hence the complex coincides with (2.7). The complex associated in [Kho02] to the right twisted curl depicted in Figure 2.4.2 is exactly the complex (2.8).

Therefore, in the example of (2, 2)-tangles, Khovanov homology is nothing else than the homology of the functorial invariant from 2.6 restricted to the underlying category given by projective-tilting modules.

3 Kac-Moody algebras

In this section we consider projective (respectively tilting) functors for symmetrizable Kac-Moody algebras. Given any regular block outside the critical hyperplanes, the main result is the classification theorem of these projective endofunctors - which can be viewed as a categorification of the group algebra of the integral Weyl group associated to the block. The result was conjectured in [MF99b], where the authors defined tilting functors via the so-called Kazhdan-Lusztig tensoring. Since this construction is highly non-trivial we decided to work with an alternative definition instead. Our approach is based on the translation functors introduced and described in [Nei88], [Nei89] and [Fie03].

Let now g be a symmetrizable Kac-Moody algebra (in the sense of [Kac90]) over the complex numbers with a fixed triangular decomposition g = n^−⊕h⊕n = n^− ⊕ b. Let U = U(g), B = U(b) and S = U(h) denote the corresponding universal enveloping algebras. Let W be the Weyl group. Let T be a deformation algebra, i.e an associative commutative noetherian unital S-algebra. Important examples will be T = C ∼= S/(h) and T = S_{(0)} which is the localisation of S at (h). Let t : S → T be the morphism defining the S-structure on T . Since g is symmetrizable we have a non-degenerated symmetric bilinear form on g inducing a non-degenerated bilinear form (•, •) : h^∗ × h^∗ → C on h via restriction and dualising. This extends T -linearly to a bilinear form (•, •)_T : h^∗ ⊗ T × h^∗ ⊗ T → T . We consider the restriction t_h of t to h as an element of Hom_C(h, T ) = h^∗ ⊗ T and define h_μ = (μ, t_h)_T for any μ ∈ h^∗ ⊂ h^∗ ⊗ T . Let (•, •)_C be the specialisation of (•, •)_T . A weight λ ∈ h^∗ lies outside the critical hyperplanes if (λ+ρ+t_h, β)_C /∈ Z(β, β)_C for any imaginary root β. We fix ρ ∈ h^∗ such that (ρ, α) = 1 for any simple root α. The dot-action of the Weyl group on h^∗ is defined as in the finite dimensional case. In the following we assume the reader to be familiar with the definition and results of [Fie03] and [Fie04].

3.1 The deformed category O_T

We consider the T -deformed category O denoted by O_T . It is the full subcategory of the category of U ⊗ T -modules given by locally B ⊗ T -finite objects having a weight decomposition M = ⨁ λ∈h^∗ Mλ, such that M_λ = {m ∈ M | hm = (λ + t)(h)m, for all h ∈ h}, where the (λ + t)(h) are considered as elements of T , see e.g. [Fie03, Section 2.1]. Set g_T = g ⊗ T . For λ ∈ h^∗ the composition B → S^{λ+t}−→ T defines a B-structure on T which commutes with the usual left T -action. The resulting B ⊗ T -structure on T will be denoted by T_λ. We denote by Δ_T (λ) ∈ O_T the T -deformed Verma module Δ_T (λ) = U ⊗_B T_λ with highest weight λ. If T is local with maximal ideal m or T = C then the isomorphism classes L_T (λ) of simple objects in O_T are parametrised by elements λ ∈ h^∗ by taking their highest weights. Under the specialisation functor T /m ⊗_T • the simple objects in O_T become the simple objects in the ordinary BGG-category O_{T /m} (where the modules need not to be finitely generated). For details we refer to [Fie03, Proposition 2.1].

3.2 Blocks outside the critical hyperplanes

Let now T be a local deformation algebra with maximal ideal m and residue field isomorphic to C . There is a block decomposition ([Fie03, Section 2.4])

O_T = Π_ΛO_{T,Λ}

indexed by certain sets Λ of weights (the highest weights of the simple objects in the block). The block O_{T,Λ} is the full subcategory of O_T given by all objects where the highest weights of any subquotient are contained in Λ. If all the weights of Λ are outside the critical hyperplanes then we call O_{T,Λ} a block outside the critical hyperplanes. If moreover T is a local deformation domain then Λ is the dot-orbit of any of its elements under the corresponding integral Weyl group W_T (Λ) (which is generated by reflections corresponding to real roots only, [Fie03, page 699]). If T → T^′ is a homomorphism of local deformation algebra domains, then the base change functor T^′ ⊗_T • maps the blocks of O_T to the blocks of O_T ′ ([Fie03, Corollary 2.10]). On the other hand, for T^′ = T /m the resulting decomposition is exactly the block decomposition from [KK79, Theorem 2]. In case T → T^′ is a homomorphism of deformation algebras we denote by O_T ′_{,Λ} the image of a block O_{T,Λ} under the base change functor. In general, this is not a block, but a direct sum of blocks ([Fie03, Lemma 2.9, Corollary 2.10]). For any O_{T,Λ} we denote by M_{T,Λ} the full subcategory of O_{T,Λ} given by all modules having a finite Verma flag.

3.3 Translation through walls

Let T be any local deformation algebra domain. Let O_{T,Λ}, O_{T,Λ}′ be two blocks, outside the critical hyperplanes. Let λ ∈ Λ, λ^′ ∈ Λ^′. Assume that

(1) λ − λ^′ is integral and there is a dominant weight ν in the W-orbit of λ − λ^′ (in particular W_T (Λ) = W_T (Λ^′)),

(2) λ and λ^′ lie in the closure of the same Weyl chamber,

(3) under the dot-action, the W_T (Λ)-stabiliser of λ is contained in the W_T (Λ^′)- stabiliser of λ^′,

then there are the translation functors onto the wall and out of the wall θ_{on} : M_{T,Λ} → M_{T,Λ}′ θ_{out} : M_{T,Λ}′ → M_{T,Λ} as defined in [Fie03]. The definition of θ_{on} is completely analogous to the finite dimensional case, and given by tensoring with the simple integrable highest weight module L(ν) and projection onto the block. The functor θ_{out} is defined by taking a limit of certain truncations of the functor tensoring with the restricted dual of L(ν) (see [Fie03, 4.1]). If λ^′ lies exactly on the s-wall, i.e. the W_T (Λ^′)- stabiliser of λ^′ is {e, s} and λ is regular, then we have the translation functor θ_s = θ_{out}θ_{on} through the s-wall. Note that translation functors commute with base change in the sense of [Fie03, 5.2]. In particular, it gives translation functors for any S_{(0)}-algebra T^′.

3.4 The fake antidominant projective module

Let O_{T,Λ} ⊂ O_T denote a regular block where all the corresponding weights are outside the critical hyperplanes. In general, O_{T,Λ} does not have enough projectives. In particular, in the Kac-Moody case, Soergel’s famous “antidominant projective module” does not need to exist. However, there are ([Fie03, Theorem 2.7]) enough projectives in the truncated categories O^ν_{T,Λ} given by all objects in O_{T,Λ} whose weights are ≤ ν (with ν ∈ h^∗ fixed). If Λ contains an antidominant weight λ, we denote by P^n_T (λ) the projective cover of the simple module L_T (λ) in O^{λ+nχ}_{T,Λ} , where χ is the sum of all simple roots. We choose a compatible system of surjections p_{m,n} : P^m_T (λ)→→P^n_T (λ) for m ≥ n and denote P^∞_T (λ) = lim←− P^n(λ). By definition, there is a canonical isomorphism

Hom_{gT} (P^∞_T (λ), lim←− P^n_T (λ)) ∼= lim←− Hom_g(P^∞_T (λ)P^n_T (λ)).

Since the largest quotient of P^∞_T (λ) contained in O^{λ+nχ} is P^n_T (λ), the induced inclusion

Hom_{gT} (P^n_T (λ), P^n_T (λ)) → Hom_{gT} (P^∞_T (λ), P^n_T (λ))

is in fact an isomorphism. Therefore, we have canonically

lim←− End_{gT} (P^n_T (λ)) ∼= lim←− Hom_{gT} (P^∞_T (λ), P^n_T (λ)) ∼= Hom_{gT} (P^∞_T , lim ←− P^{nT} (λ)) = End_{gT} (P^∞_T (λ)). (3.1)

If F : M_{T,Λ} → M_{T,Λ} is a composition of translations through walls we set F P^∞_T (λ) = lim←− F P^n_T (λ), where the defining maps are the F (p_{m,n}) for m ≥ n.

3.5 Blocks containing an antidominant weight

The definition of translation functors through walls is based on the existence of some dominant weight ν as stated above. Such a dominant weight need not to exist in general for any block O_{T,Λ} outside the critical hyperplanes. However, in these cases there will be an antidominant weight λ ∈ Λ. We will study such blocks now. Let T be a local deformation algebra and let O_{T,Λ} be a regular block outside the critical hyperplanes. Let us assume Λ to have an antidominant weight λ. Let τ (Λ) = {−2ρ − λ | λ ∈ Λ}. In particular, τ (Λ) contains a dominant weight, and therefore O_{Λ,T} has enough projectives. We consider the (Chevalley-)anti-automorphism σ interchanging root spaces g_α and g_{−α} and the principal anti-automorphism γ : S → S, h → −h for any h ∈ h. For a g-module M , we denote by^σ M the space M but with σ-twisted g-action. Likewise, given an S-module N , the symbol^γ N denotes N with γ-twisted action of S. The semi-infinite bimodule S_{−2ρ} with respect to the semi-infinite character −2ρ is defined in [Soe97a] (and relies on the work of Arkhipov, Frenkel and Voronov). It provides an equivalence of categories

τ : M_{T,Λ} ~→M^{opp}_{γT,τ(Λ)} (3.2)

which maps short exact sequences to such ([Soe97a]). More precisely, the equivalence is constructed as follows: We consider the functor T_{−2ρ} : M →^σ ( (S_{−2ρ} ⊗_U M )^⊛ ) from the category of g_T -modules whose weight spaces are free T -modules of finite rank. Hence (S_{−2ρ} ⊗_U M )^⊛ := ⨁ λ∈h∗ HomT ((S−2ρ ⊗U M )λ, T ) is again a free

T -module. The natural right g-action becomes a left g-action after twisting with σ. Hence T_{−2ρ}(M ) is a g_T -module. The arguments in [Soe97a] show that T_{−2ρ} restricts to an equivalence (3.2), called the tilting equivalence, sending Δ_T (μ) to Δγ_T (τ (μ)) for any μ ∈ Λ. Note that if T = S_{(0)} or T = C , then^γ T ∼= T as S-modules. Therefore, if P ∈ O_{T,τ(Λ)} is projective and finitely generated, hence in M_{T,Λ}, then τ (P ) ∈ M^{opp}_{T,Λ} is tilting, i.e. it has a finite Verma flag and

Ext^1_{OT,Λ} (Δ(μ), τ (P )) = Ext^1_{Oγ T ,τ(Λ)}(P, Δ(τ (μ)) = 0

for any μ ∈ Λ. It follows directly from the definitions that T_{−2ρ} commutes with base change. Via these tilting equivalences the translation functors θ_s from Section 3.2 give rise to translation functors θ_s for blocks containing an antidominant weight.

In the following an antidominant block means a regular block O_{T,Λ} outside the critical hyperplanes such that Λ contains an antidominant weight which we denote by λ.

We first need an analogue of Proposition 1.2, namely that the simple objects occurring in the socle of a Verma module in O^p are of maximal Gelfand-Kirillov.

Lemma 3.1. Let O_{C,Λ} be an antidominant block. Let X ∈ M_{C,Λ}. Then Hom_g ( P^∞_C (λ), X^′ ) ≠ 0 for any submodule X^′ of X.

Proof. As a submodule of a module with Verma flag, X^′ contains a Verma module, hence also Δ_C(λ) by [Fie04, Theorem 3.10].

The following result is again well-known in the finite dimensional situation (see e.g. [Jan83, 4.13 (1)]):

Lemma 3.2. Let T be a local deformation algebra domain or T = C . Let O_{T,Λ} be an antidominant block. Then P^n_T (λ) has a finite Verma flag and for any μ ∈ Λ we have (P^n_T (λ) : Δ_T (μ)) = 1 if n ≫ 0.

Proof. The existence of a finite Verma flag is given by [Fie03, Theorem 2.7]. The multiplicity formula is [Fie04, Lemma 3.8].

3.6 The centre

Recall from Section 1 that the centre C of the algebra A^b, or equivalently the centre of the category O^b_0 , is isomorphic to the endomorphism ring of the full tilting module T , which is Soergel’s ”antidominant projective module”, and the classification theorem of projective functors can be obtained by considering certain special C-bimodules. We would like to generalise this approach to the Kac-Moody case. Therefore we first describe the centre of the deformed categories O_{T,Λ} (generalising the main result of [Fie03]).

Lemma 3.3. Let T = S_{(0)} or T_C. Let O_{T,Λ} be an antidominant block and s ∈ W(Λ) a simple reflection. Then θ_sP^∞_T (λ) ∼= P^∞_T (λ) ⊕ P^∞_T (λ).

Proof. By definition of the translation functors, θ_sP^n_T (λ) is projective in a suitable truncation O^′_{T,Λ} of O_{T,Λ}. Since T = S_{(0)} or T = C the functor θ_s is self-adjoint ([Fie03, Corollary 5.10]). Since dim_C Hom_{gT} (P^n_C (λ), θ_sΔ_C(λ)) = 2 by [Fie03, Corollary 5.10, Proposition 4.1] and [Fie04, Remark 3.9 (2)] we get that the indecomposable cover of Δ_C(λ) ∈ O^′_{C,Λ} occurs with multiplicity 2 as a direct summand of θ_sP^n_C (λ). Therefore, in θ_sP^n_{S(0)} (λ), the indecomposable cover of Δ_{S(0)} (λ) occurs with multiplicity 2 as well ([Fie03, Proposition 2.6, Lemma 5.4]), since the blocks in O_C are the specialisations of the blocks of O_{S(0)} . If another direct summand occurs, than it has to occur for any m > n. However, Lemma 3.2 says that any Verma module occurs in θ_sP^∞_T (λ) once, and [Fie03, Proposition 4.1] implies that any Verma module occurs in θ_sP^∞_T (λ) with multiplicity 2. It follows θ_sP^∞_T (λ) ∼= P^∞_T (λ) ⊕ P^∞_T (λ).

Remark 3.4. If T is any local deformation algebra then θ_sP^∞_T (λ) is isomorphic to a finite direct sum of fake antidominant projective modules P^∞_T (λ^′), each occurring with finite multiplicity. ([Fie03, Lemma 5.4], [Fie04, Remark 3.9]).

Theorem 3.5. Let O_{S(0) ,Λ} be an antidominant block. Let T = C or S_{(0)} → T be a morphism of local deformation algebras. There is a natural isomorphism

I = I_{T,Λ} : End(id_{OT,Λ} ) ∼= End_{gT} (T ⊗_{S(0)} P^∞_{S(0)}(λ))

Proof. Using the identifications (3.1) we claim that ϕ → ϕ_∞ := {ϕ_P n_{T (λ)}} defines the required isomorphism.

Injectivity: If T = C then the injectivity follows directly from Lemma 3.1. For the general case we have to work more. Assume ϕ_∞ = 0. Assume now T = S_{(0)} and let X ∈ O_{T,Λ} be a tilting module (having a finite Verma flag). Let us assume X is indecomposable. By [Fie04, Section 4] X is a direct summand of some F Δ_T (λ), where F is a composition of translations through walls. Since P^n_T (λ) has a finite Verma flag with Δ_T (λ) at the top, and F preserves short exact sequences of modules with finite Verma flag ([Fie03, Proposition 4.1]), F P^n_T (λ) surjects onto X. By Lemma 3.3, a (finite) direct sum of P^∞_T (λ) surjects onto X. Hence ϕ_X = 0. Since O_{T,Λ} is generated by modules having a finite Verma flag ([Fie03, Theorem 2.7]), I is injective. The general case follows by base change using Remark 3.4.

Surjectivity: Via restriction the modules {Z^n_{T,Λ} := End(id_Oλ+nχ_{T,Λ} )}_{n∈N}form a projective system and Z_{T,Λ} := End(id_{OT,Λ} ) ∼= lim←− Z^n_{T,Λ}. It is sufficient to show that End(id_Oλ+nχ_{T,Λ} ) → End_{gT} (T ⊗_{S(0)} P^n_{S(0)}(λ)), ϕ → ϕ_P n_{T (λ)} defines an isomorphism for any n ∈ N. If T = S_{(0)} then the statement is true by [Fie04, Lemma 3.12]. Let now Q = Quot(S_{(0)}) be the quotient field of S_{(0)}. Since there are no extensions between Verma modules, there are canonical isomorphisms End ( id_Oλ+nχ_{Q,Λ} ) ∼ = ∏ λ+nχ≥μ∈Λ End_{gQ} ( Δ_Q(μ) ) ∼ = ∏ λ+nχ≥μ∈Λ Q.

On the other hand

End_{gQ} ( Q ⊗_{S(0)} P^n_{S(0)}(λ) ) ∼ = Endg_Q ( ∏ λ+nχ≥μ∈Λ Δ_Q(μ) )

∼= ∏ λ+nχ≥μ∈Λ End_{gQ} ( Δ_Q(μ) )

by Lemma 3.2. Since the maps in question are morphisms of free Q-modules of finite rank, I becomes an isomorphism I_{Q,Λ} at the generic point. We have to show that it also becomes an isomorphism I_{C,Λ} at the closed point to get the surjectivity in general. For this let f ∈ End_{gC} (C ⊗_{S(0)} P^∞_{S(0)}). Recall that specialisation defines an isomorphism End_{gC} (C ⊗_{S(0)} P^∞_{S(0)}(λ)) ∼= C ⊗_{S(0)} End_{gS(0)} (P^∞_{S(0)}(λ)) ([Fie03, Proposition 2.4] or [Fie04, Remark 3.9]) under which f corresponds to some 1⊗g. Since I_{S(0) ,Λ} is an isomorphism, there exists some ϕ ∈ End(id_{OS(0) ,Λ} ) such that I_{S(0),Λ}(ϕ) = g. Then 1 ⊗ ϕ ∈ End(id_{OC,Λ}) ([Fie03, Proposition 3.1]) and by definition of I we get I_{C,Λ}(1 ⊗ ϕ) = I_{S(0),Λ}(1 ⊗ ϕ) = 1 ⊗ g = f. This means I_{C,Λ} is surjective. The statement of the theorem follows.

We denote Z_{T,Λ} = End(id_{OT,Λ} ), the centre of O_{T,Λ}.

Corollary 3.6. Let O_{S(0) ,Λ} be an antidominant block. Let T = C or S_{(0)} → T be a morphism of local deformation algebras. Then there is a natural isomorphism

Z_{T,Λ} ∼= T ⊗_{S(0)} Z_{S(0) ,Λ}.

Proof. Let n ∈ N. There are isomorphisms of rings

T ⊗_{S(0)} End_{gS(0)} ( P^n_{S(0)}(λ) ) ∼ = Endg_T ( T ⊗_{S(0)} P^n_{S(0)}(λ) ) by [Fie03, Proposition 2.4] and [Fie03, Proposition 2.6]. Taking limits the theorem gives the statement.

3.7 The structure theorem

Let O_{S(0) ,Λ} be an antidominant block. Let S_{(0)} → T be a morphism of local deformation algebras. We consider the functor V_T = Hom_{gT} (T ⊗_{S(0)} P^∞_{S(0)}(λ), •) :

O_{T,Λ} → mod -Z_{T,Λ}. Note that with the assumptions of Corollary 3.6 and the formulas (3.1) there are canonical isomorphisms of Z_{T,Λ}-modules

V_{S(0)} lim←− P^n_{S(0)}(λ) ∼= lim←− V_{S(0)}P^n_{S(0)} ∼= lim←− End_{gS(0)} (P^n_{S(0)}(λ)) ∼= End_{gS(0)} (P ∞_{S(0)}) ∼= Z_{S(0),Λ}. (3.3)

Using Corollary 3.6, specialisation gives an isomorphism

V_T lim←−(T ⊗_{S(0)} P^n_{S(0)}(λ)) ∼= lim←− V_{S(0)}(T ⊗_{S(0)} P^n_{S(0)}) ∼= T ⊗_{S(0)} (lim ←− End^{gS(0)} (P^{nS(0)}(λ))) ∼= T ⊗_{S(0)} End_{gS(0)} (P ∞_{S(0)}) ∼= T ⊗_{S(0)} Z_{S(0),Λ} ∼= Z_{T,Λ}. (3.4)

Recall that the deformed Verma modules in an antidominant block O_{S(0) ,Λ} are exactly the ones with highest weight in Λ = W(Λ) · λ. In [Fie03, Theorem 3.6] one can find an explicit description of the centre Z_{S(0) ,Λ} as a subring of Π_{w∈W(Λ)}S_{(0)} by looking at the acting on each deformed Verma module. Together with Corollary 3.6 we get a concrete description of Z_{C,Λ}. From this description we also get a natural right action of W(Λ) on Z := Z_{S(0) ,Λ}. For any simple reflection s ∈ W(Λ) we denote by Z^s its invariants and get the following important result

Lemma 3.7. Z is a free Z^s-module and gives rise to a self-adjoint functor functor •_Zs Z : mof -Z → mof -Z.

Moreover, there is an isomorphism of functors V_{S(0)}θ_s(•) ∼= V_{S(0)}(•) ⊗_Zs Z.

Proof. Set R = S_{(0)}. The following argument is due to P. Fiebig: Let α be the simple root corresponding to s. For w ∈ W such that w · λ ∈ Λ we set z_w = h_{w(α)}. In particular, z_w = −z_{ws} and also {z_w} ∈ Z by [Fie03, Theorem 3.6]. Let now a = {a_w} be an element of Z. We claim that there are uniquely defined elements c_+, c_− ∈ Z^s such that a = c_+ + c_−z and (hence 1, z the desired basis). From the general equality ws = s_{wα}w, we get a_{ws} = a_{sw(α)} ≡ a_w mod z_w by [Fie03, Theorem 3.6]. Let now r_1, r_2 ∈ R such that r_1 ≡ r_2 mod h for some 0 ≠ h ∈ h. Then the equation (r_1, r_2) = c_+(1, 1) + c_−(h, −h) has the unique solution c_∓ =^1_{2h} (r_1 ∓ r_2). By [Fie03, Theorem 3.6] the elements x_+, x_− exist and are contained in Z, because a ∈ Z^s. The self-adjointness follows then as in [Soe05, Proposition 5.10]. The last statement is [Fie04, Theorem 4.1].

Lemma 3.8. Let O_{S(0) ,Λ} be an antidominant block. Let T = C or let S_{(0)} → T be a morphism of local deformation algebras. Then V_T induces an isomorphism

Φ : Hom_{gT} (X, Y ) ∼= Hom_{ZT,Λ} (V_TX, V_TY )

for X = T ⊗_{S(0)} P^∞_{S(0)}(λ) and any Y ∈ O_{T,Λ} or Y = T ⊗_{S(0)} F P^∞_{S(0)}(λ), where F is a finite composition of translation functors through walls.

Proof. Let first Y ∈ O_{T,Λ}. By definition of V_T we have

V_TY = Hom_{gT} (T ⊗_{S(0)} P^∞_{S(0)}(λ), Y ) → Hom_{ZT,Λ} (V_TX, V_TY ) ∼= V_TY,

the latter by evaluating f at the identity morphism id. This composition is mapping f ∈ V_TY to V_T(f)(id) = f ∘ id = f, hence the middle arrow is an isomorphism and the statement follows for any Y ∈ O_{T,Λ}. Then the lemma follows by taking limits.

The following is a crucial refinement of [Fie04, Theorem 3.25].

Theorem 3.9 (Structure theorem). Let O_{S(0) ,Λ} be an antidominant block. Let T = C or let S_{(0)} → T be a morphism of local deformation algebras. Let X, Y ∈ O_{T,Λ} be tilting modules. Then V_T induces a natural inclusion

Φ : Hom_{gT} (X, Y ) → Hom_{ZT,Λ} (V_TX, V_T Y ) (3.5)

which is an isomorphism (at least) if T = S(0) or T = C .

Proof. Recall from [Fie04] that any indecomposable tilting module X ∈ O_{T,Λ} is a direct summand of some T ⊗_{S(0)} (F Δ_{S(0)}(λ)) for some composition F of translations through walls. Hence it is enough to show the statement for X = T ⊗_{S(0)} (F Δ_{S(0)}(λ)). Choose compatible surjections P^n_{S(0)}(λ) → Δ_{S(0)}(λ) for n ≥ 0. Then F P^n_{S(0)}(λ) → F Δ_{S(0)}(λ) is again surjective ([Fie03, Proposition 4.1]) and so is the specialisation T ⊗_{S(0)} (F P^n_{S(0)}(λ)) → T ⊗_{S(0)} (F Δ_{S(0)}(λ)), and it stays surjective if we apply the exact functor V_T . Thanks to Lemma 3.3 it is enough to verify (3.5) for X = T ⊗_{S(0)} P^∞_{S(0)}(λ). This is however Lemma 3.8. Let now T = S_{(0)} or T = C . Because of the self-adjointness of translations through walls [Fie04, Corollary 5.10, Proposition 3.11 (4)] and Lemma 3.7 we may assume that F is isomorphic to the identity, hence X ∼= Δ_T (λ). Let I be the maximal ideal of Z_{T,Λ} = End_{gT} (P^∞_T (λ)). Then Hom_{gT} (X, Y ) can be identified with the space {f ∈ Hom_{gT} (P^∞_T (λ), Y ) | f ∘ g = 0, g ∈ I} and Hom_{gT} (V_TX, V_TY ) can be identified with the space {f ∈ Hom_{ZT,Λ} (V_TP^∞_T (λ), Y ) | f ∘ g = 0, g ∈ I}. So, the theorem follows from Lemma 3.8.

3.8 The combinatorics of natural transformations

Our next step is to prove a generalisation of Theorem 1.8 for Kac-Moody algebras. We start with some preparations. From now on we fix an antidominant block O_{S(0) ,Λ}. Let T = S(0) or T = C and denote P^m = P^m_T (λ) and P = P^∞_T (λ). Note that, for any finite composition F of translation functors through walls, the module F P has naturally a Z_{T,Λ}-module structure, by definition of the centre. This action commutes with the second left Z_{T,Λ}-structure given by z.m = F (z)(m) for any z ∈ Z_{T,Λ} = End_{gT} (P ), m ∈ F P . Via the functor V_T the first left action converts into the usual right Z_{T,Λ}-action on V_T F P and the second actions turns into the left Z_{T,Λ}-action z.f = F (z_P ) ∘ f. We have a projective system { H_m := Hom_{gT} (P, F P^m(λ)) = V_TF P^m(λ) } n∈N

given by the maps F (p_{m,n}) ∘ · : H_m → H_n for m ≥ n. Set V_T F P (λ) = Hom_{gT} ( P, lim←− F P^n(λ) ) ∼ = lim←− Homg_T (P (λ), F P^n(λ)). We get the following generalisation of Theorem 1.8:

Theorem 3.10. Let T = S_{(0)} or T = C and let O_{T,Λ} be an antidominant block. Let F , G : M_{T,Λ} → M_{T,Λ} be finite compositions of translations through walls. There is a natural isomorphism of vector spaces (even of rings if F = G)

Hom(F, G) ∼= Hom_{ZT,Λ- mod -ZT,Λ} (V_TF P^∞(λ), V_TGP^∞(λ))

Proof. We claim that ϕ → a^ϕ ∈ H where (a^ϕ)_n({g_j}_{j∈N}) = ϕ_n ∘ g_n with ϕ_n = ϕ_P n defines the required isomorphism, where H is defined as follows

Hom_{Z- mod -Z} (V_TF P, V_TGP )

= Hom_{Z- mod -Z} ( Hom_{gT} ( P, lim←− m F P^m ) , Hom_{gT} ( P, lim←− n GP^n ))

= lim←− n Hom_{Z- mod -Z} ( lim←− m Hom_{gT} ( P, F P ) , Hom_{gT} ( P, GP )) =: H

Well-defined: Since ϕ is a natural transformation, one easily deduces that a^ϕ is a Z_{T,Λ}-bimodule morphism. For m ≥ n we have G(p_{m,n}) ∘ (a^ϕ)_m({g_j}_{j∈N}) = G(p_{m,n}) ∘ ϕ_m ∘ g_m = ϕ_n ∘ F (p_{m,n}) ∘ g_m = ϕ_n ∘ g_n = (a^ϕ)_n({g_j}_{j∈N}) and our map is therefore well-defined.

Injectivity: Assume a^ϕ = 0, in particular ϕ_n = 0 for any n ∈ N. For any tilting module X ∈ O_{T,Λ} we choose compatible surjections p_n : P^n_{S(0)}(λ) → Δ_{S(0)}(λ) for n ≥ 0. Then F (p_n) is again surjective ([Fie03, Proposition 4.1]). Since ϕ is a natural transformation we get ϕ_X ∘ F (p_n) = G(p_n) ∘ ϕ_n = 0 for any n > 0, so ϕ_X = 0. Since M_{T,Λ} is generated by tilting modules (see Section 3.5) the injectivity follows.

Surjectivity: Since (under the assumptions on T ) any translation through the wall is self-adjoint ([Fie03, Corollary 5.10]), using Lemma 3.7 we are allowed to assume F = id. Let f ∈ Hom_{Z- mod -Z} (V_TP, V_T GP ). Let X ∈ M_{T,Λ}. We choose a complex K : ⊕_{i∈I} P^∞ → ⊕_{j∈J} P^∞ → X → 0 with finite sets I and J such that VK is exact; in other words the homology of K does not contain L_T (λ) as a composition factor. We get a commutative diagram of the form ⊕_{i∈I} VP � ⊕f � ⊕_{j∈J} VP � ⊕f � VX � f_X � 0

⊕_{i∈I} VGP � ⊕j∈J VGP � VGX � 0 where the rows are complexes and where, by assumption, the first row is exact. Since f is a Z_{T,Λ}-bimodule map, the left part of the diagram commutes inducing a unique morphism f_X as indicated. If X is tilting, then the Structure Theorem 3.9 induces a unique map f_X ∈ Hom_{gT} (X, GX) which is natural. By standard arguments, this induces a natural transformation id → G when restricted to the additive category of tilting modules. Since M_{T,Λ} is generated by tilting modules the surjectivity follows.

3.9 Towards the classification theorem

We still fix an antidominant block O_{S(0) ,Λ} and denote R = S(0), Z = Z_{R,Λ}, and will use the notation from Section 1.7.

Proposition 3.11. Let [x] = s_1s_2 · · · s_r and [y] = s_{r+1}s_{r+2} · · · s_{r+q} be fixed compositions of simple reflections in W(Λ). Then the following hold

a.) Hom_{mod -Z} (Z_{[x]}(R), Z_{[y]}(R)) = Hom_{R- mod -Z} Hom_Z (Z_{[x]}(R), Z_{[y]}(R)), where R acts in the latter by multiplication from the left hand side.

b.) The space Hom_{R- mod -Z} (Z_{[x]}(R), Z_{[y]}(R)) is a (graded) free left R-module of finite rank.

c.) The canonical map defines an isomorphism of vector spaces

C ⊗R HomR- mod -Z (Z_{[x]}(R), Z_{[y]}(R)) ∼= HomC⊗_R R- mod -Z (Z_{[x]}(R⊗RC ), Z_{[y]}(R⊗RC )).

d.) The canonical map defines an isomorphism

Z ⊗_R Hom_{R- mod -Z} (Z_{[x]}(R), Z_{[y]}(R)) ∼= Hom_{Z- mod -Z} (Z_{[x]}(Z ⊗_R R), Z_{[y]}(Z ⊗_R R))

= Hom_{Z- mod -Z} (Z_{[x]}(Z), Z_{[y]}(Z)).

Proof. a.) The ring R is obviously included in the centre Z = Z_{OR,Λ} via the diagonal embedding R → ∏ μ∈W(Λ) R, r → {r}μ. The image is s-invariant

for any simple reflection s. The claim follows then from the definitions.

b.) We consider the following compositions of translations through walls F_R = θ_{sr} · · · θ_{s2} θ_{s1} , G_R = θ_{sr+q} · · · θ_{sr+2} θ_{sr+1} : O_{R,Λ} → O_{R,Λ} with its specialisations F_C and G_C. The Structure Theorem 3.9 together with [Fie04, Theorem 4.1] provides a natural isomorphism of vector spaces, compatible with the left R-action, as follows

Hom_{mod -Z} (Z_{[x]}(R), Z_{[y]}(R)) ∼= Hom_{gR} (F_RΔ_R(λ), G_RΔ_R(λ)).

The latter is a free R-module of finite rank, because via the tilting equivalence from Section 3.5 we are in the situation of [Fie03, Proposition 2.4] where it is shown that the morphism spaces between truncated projective modules are free R-modules of finite rank. Using part (a) we are done.

c.) We claim that there are natural isomorphisms

C ⊗_R Hom_{mod -Z} (Z_{[x]}(R), Z_{[y]}(R)) (1) ∼= C ⊗_R Hom_{gR} (F_RΔ_R(λ), G_RΔ_R(λ)) (2) ∼= Hom_{gC} (F_CΔ_C(λ), G_CΔ_C(λ)) (3) ∼= Hom_{mod -C⊗RZ} (V_C(F_CΔ_C(λ)), V_C(G_CΔ_C(λ))) (4) ∼= Hom_{mod -C⊗RZ} (V_R(F_RΔ_R(λ)) ⊗_R C , V_R(G_RΔ_R(λ)) ⊗_R C ) ∼= Hom_{C⊗RR- mod -Z} (Z_{[x]}(R ⊗_R C ), Z_{[y]} (R ⊗_R C )).

The isomorphism (1) follows from the Structure Theorem 3.9, Lemma 3.7 and Part (b). The isomorphism (2) exists by [Fie03, Proposition 2.4, Corollary 5.11] and the tilting equivalence. Thanks again to the Structure Theorem and Corollary 3.6 we have (3). Finally (4) is given by [Fie04, Proposition 3.11]. Using part (a), the proposition follows.

d.) This is completely analogous to [Soe92, Lemma 12].

3.10 The classification of projective functors

In this section we formulate and prove the classification theorems for projective functors. The crucial result is given by the following description of morphisms between compositions of translation functors as morphisms between translated deformed Verma modules, where the deformation ring is the centre of the original category.

Theorem 3.12. Let T = S_{(0)} or T = C and let O_{T,Λ} be an antidominant block with centre Z_T . Let F_T , G_T : O_{T,Λ} → O_{T,Λ} be compositions of translation through walls with corresponding compositions F_{ZT} , G_{ZT} : O_{ZT ,Λ} → O_{ZT ,Λ}. Then there is an isomorphism of vector spaces (or even of rings if F = G)

Hom(F_T , G_T ) ∼= Hom_{gZT} (F_{ZT} Δ_{ZT} (λ), G_{ZT} Δ_{ZT} (λ)).

Proof. Let first be T = S_{(0)} = R. Let F̂ , Ĝ denote the functors obtained from Lemma 3.7 such that V_RF ∼= F̂ V_R and V_RG ∼= ĜV_R. Then we have isomorphisms of vector spaces (or rings)

Hom(F_R, G_R) ∼= Hom_{Z- mod -Z} (V_RF_RP ∞_R (λ), V_RG_RP ∞_R (λ)) (Theorem 3.10) ∼= Hom_{Z- mod -Z} (F̂_RV_RP ∞_R (λ), Ĝ_RV_RP ∞_R (λ)) ∼= Hom_{Z- mod -Z} (F̂_R(Z), Ĝ_R(Z)) (Theorem 3.5) ∼= Z ⊗_R Hom_{R- mod -Z} (F̂_R(R), Ĝ_R(R)) (Proposition 3.11 (d)) ∼= Z ⊗_R Hom_{mod -Z} (F̂_R(R), Ĝ_R(R)) (Proposition 3.11 (a)) ∼= Z ⊗_R Hom_{mod -Z} (F̂_RV_RΔ_R(λ), Ĝ_RV_RΔ_R(λ)) ∼= Z ⊗_R Hom_{mod -Z} (V_RF_RΔ_R(λ), V_RG_RΔ_R(λ)) ∼= Z ⊗_R Hom_{gR} (F_RΔ_R(λ), G_RΔ_R(λ)) (Structure Theorem) ∼= Hom_{gZ} (F_RΔ_Z (λ), G_RΔ_Z (λ)),

the latter by [Fie03, Proposition 2.4] and the tilting equivalence. Hence the Theorem follows for T = S_{(0)}. The case T = C follows then by specialisation or by copying the arguments.

We call an endofunctor F of O_{T,Λ} projective if it is a direct sum of direct summands of some compositions of translation through walls. The following classification of projective functors (justifying their name) follows immediately:

Corollary 3.13 (The Classification Theorem).

Let T = S_{(0)} or T = C and let O_{T,Λ} be an antidominant block with centre Z_T . There are natural bijections of isomorphism classes { indecomposable projective functors on O_{T,Λ}} ↕ 1:1 { indecomposable tilting objects of O_{T,Λ} } ↕ 1:1 { indecomposable projective objects of O_{T,τ(Λ)} } Proof. The F_T Δ_{ZR} (λ)’s for F a projective functor are tilting modules in O_{ZT ,Λ} (via the tilting equivalence using [Fie03, Corollary 5.11, Proposition 2.4]). Any tilting module is obtained in such a way ([Fie04, Section 4]). Moreover, the isomorphism classes of (indecomposable) tilting objects in O_{ZT ,Λ} correspond exactly to the ones in O_{S(0) ,Λ} via specialisation, because Z is local. Hence the classification follows.

We have a Krull-Remak-Schmidt property for projective functors:

Corollary 3.14. Let F : O_{C,Λ} → O_{C,Λ} be a projective functor. Then

a.) F ∼= ⨁_r i=1 F_i for some indecomposable functors F_i and r ∈ N.

b.) Moreover, F (Δ_C(λ)) ∼= ⨁_r i=1 F_i(Δ_C(λ)) is a decomposition into indecomposable direct summands.

Proof. The claim follows directly from the previous Theorem 3.12 and Corollary 3.13.

References

[AJS94] H. H. Andersen, J. C. Jantzen, and W. Soergel, Representations of quantum groups at a pth root of unity and of semisimple groups in characteristic p: independence of p, Astérisque (1994), no. 220.

[Bac01] E. Backelin, The Hom-spaces between projective functors, Represent.

Theory 5 (2001), 267–283 (electronic).

[Bar05] D. BarNatan, Khovanov’s homology for tangles and cobordisms, Geom. Topol. 9 (2005), 1443–1499 (electronic).

[Bas68] H. Bass, Algebraic K-theory, W. A. Benjamin, Inc., New York- Amsterdam, 1968.

[BFK99] J. Bernstein, I. Frenkel, and M. Khovanov, A categorification of the Temperley-Lieb algebra and Schur quotients of U (sl_2) via projective and Zuckerman functors, Selecta Math. (N.S.) 5 (1999), no. 2, 199– 241.

[BG80] J. N. Bernstein and S. I. Gel^′fand, Tensor products of finite- and infinite-dimensional representations of semisimple Lie algebras, Compositio Math. 41 (1980), no. 2, 245–285.

[BGG76] I. N. Bernstein, I. M. Gel^′fand, and S. I. Gel^′fand, A certain category of g-modules, Funkcional. Anal. i Priložen. 10 (1976), no. 2, 1–8.

[BGS96] A. Beilinson, V. Ginzburg, and W. Soergel, Koszul duality patterns in representation theory, J. Amer. Math. Soc. 9 (1996), no. 2, 473–527.

[BL03] J. C. Baez and L. Langford, Higher-dimensional algebra. IV. 2- tangles, Adv. Math. 180 (2003), no. 2, 705–764.

[BN05] B. Boe and D. Nakano, Representation type of the blocks of category O^S , Adv. Math. 196 (2005), no. 1, 193–256.

[Bra02] T. Braden, Perverse sheaves on Grassmannians, Canad. J. Math. 54 (2002), no. 3, 493–532.

[CPS88] E. Cline, B. Parshall, and L. Scott, Finite-dimensional algebras and highest weight categories, J. Reine Angew. Math. 391 (1988), 85–99.

[CRS97] J. Carter, J. Rieger, and M. Saito, A combinatorial description of knotted surfaces and their isotopies, Adv. Math. 127 (1997), no. 1, 1–51.

[CS98] J. Carter and M. Saito, Knotted surfaces and their diagrams, Mathematical Surveys and Monographs, vol. 55, American Mathematical Society, Providence, RI, 1998.

[Don98] S. Donkin, The q-Schur algebra, London Mathematical Society Lecture Note Series, vol. 253, Cambridge, 1998.

[ES87] T. Enright and B. Shelton, Categories of highest weight modules: applications to classical Hermitian symmetric pairs, Mem. Amer. Math. Soc. 67 (1987), no. 367.

[Fie03] P. Fiebig, Centers and translation functors for the category O over Kac-Moody algebras, Math. Z. 243 (2003), no. 4, 689–717.

[Fie04] , The combinatorics of category O for symmetrizable Kac- Moody algebras, arXiv:math.RT/0305378, to appear in Transformation groups, 2004.

[Fis94] J. Fischer, Jr., 2-categories and 2-knots, Duke Math. J. 75 (1994), no. 2, 493–526.

[FKS] I. Frenkel, M. Khovanov, and C. Stroppel, A categorification of finitedimensional irreducible representations of quantum sl(2) and their tensor products, arXiv:math.QA/0511467.

[GJ81] O. Gabber and A. Joseph, Towards the Kazhdan-Lusztig conjecture, Ann. Sci. École Norm. Sup. (4) 14 (1981), no. 3, 261–302.

[Irv85] R. Irving, Projective modules in the category O_S : self-duality, Trans.

Amer. Math. Soc. 291 (1985), no. 2, 701–732.

[Jac04] M. Jacobsson, An invariant of link cobordisms from Khovanov homology, Algebr. Geom. Topol. 4 (2004), 1211–1251 (electronic).

[Jan79] J. Jantzen, Moduln mit einem höchsten Gewicht, Lecture Notes in Mathematics, vol. 750, Springer, Berlin, 1979.

[Jan83] J. C. Jantzen, Einhüllende Algebren halbeinfacher Lie-Algebren, Ergebnisse der Mathematik und ihrer Grenzgebiete (3), vol. 3, Springer-Verlag, Berlin, 1983.

[Kac90] V. Kac, Infinite-dimensional Lie algebras, third ed., Cambridge University Press, Cambridge, 1990.

[Kho00] M. Khovanov, A categorification of the Jones polynomial, Duke Math.

J. 101 (2000), no. 3, 359–426.

[Kho02] , A functor-valued invariant of tangles, Algebr. Geom. Topol.

2 (2002), 665–741 (electronic).

[Kho04] , Crossingless matchings and the cohomology of (n, n) Springer varieties, Commun. Contemp. Math. 6 (2004), no. 4, 561–577.

[Kho06] , An invariant of tangle cobordisms, Trans. Amer. Math. Soc.

358 (2006), no. 1, 315–327 (electronic).

[KK79] V. Kac and D. Kazhdan, Structure of representations with highest weight of infinite-dimensional Lie algebras, Adv. in Math. 34 (1979), no. 1, 97–108.

[KS02] M. Khovanov and P. Seidel, Quivers, Floer cohomology, and braid group actions, J. Amer. Math. Soc. 15 (2002), no. 1, 203–271 (electronic).

[KZ98] S. König and A. Zimmermann, Derived equivalences for group rings, Lecture Notes in Mathematics, vol. 1685, Springer-Verlag, Berlin, 1998.

[MF99a] F. Malikov and I. Frenkel, Annihilating ideals and tilting functors, Funktsional. Anal. i Prilozhen. 33 (1999), no. 2, 31–42, 95.

[MF99b] , Annihilating ideals and tilting functors, Funct. Anal. Appl.

33 (1999), no. 2, 106–115.

[MS] V. Mazorchuk and C. Stroppel, Projective-injective modules, Serre functors and symmetric algebras, arXiv:math.RT0508119.

[Nei88] W. Neidhardt, Local projective resolutions and translation functors for Kac-Moody algebras, Trans. Amer. Math. Soc. 305 (1988), no. 1, 221–245.

[Nei89] , Translation to and fro over Kac-Moody algebras, Pacific J.

Math. 139 (1989), no. 1, 107–153.

[RC80] A. Rocha-Caridi, Splitting criteria for g-modules induced from a parabolic and the Berňsteĭn-Gel^′fand-Gel^′fand resolution of a finitedimensional, irreducible g-module, Trans. Amer. Math. Soc. 262 (1980), no. 2, 335–366.

[RCW82] A. Rocha-Caridi and N. Wallach, Projective modules over graded Lie algebras. I, Math. Z. 180 (1982), no. 2, 151–177.

[RH04] S. Ryom-Hansen, Koszul duality of translation- and Zuckerman functors, J. Lie Theory 14 (2004), no. 1, 151–163.

[Ric89] J Rickard, Morita theory for derived categories, J. London Math. Soc.

(2) 39 (1989), no. 3, 436–456.

[Ros98] D. Roseman, Reidemeister-type moves for surfaces in fourdimensional space, Knot theory, Banach Center Publ., vol. 42, Polish Acad. Sci., Warsaw, 1998, pp. 347–380.

[Rou] R. Rouquier, Categorification of the braid groups, arXiv:math.RT/0409593.

[Soe90] W. Soergel, Kategorie O, perverse Garben und Moduln über den Koinvarianten zur Weylgruppe, J. Amer. Math. Soc. 3 (1990), no. 2, 421– 445.

[Soe92] , The combinatorics of Harish-Chandra bimodules, J. Reine Angew. Math. 429 (1992), 49–74.

[Soe97a] , Charakterformeln für Kipp-Moduln über Kac-Moody- Algebren, Represent. Theory 1 (1997), 115–132 (electronic).

[Soe97b] , Kazhdan-Lusztig polynomials and a combinatorics for tilting modules, Represent. Theory 1 (1997), 83–114 (electronic).

[Soe05] , Kazhdan-lusztig-polynome und unzerlegbare bimoduln ”uber polynomringen, arXiv:math.RT/0403496, 2005.

[Str03a] C. Stroppel, Category O: Gradings and Translation functors, Journal of Algebra 268 (2003), no. 1, 301–326.

[Str03b] , Category O: quivers and endomorphism rings of projectives, Represent. Theory 7 (2003), 322–345 (electronic).

[Str05] , Categorification of the Temperley-Lieb category, tangles, and cobordisms via projective functors, Duke Math. J. 126 (2005), no. 3, 547–596.

[Vyb] M. Vybornov, Perverse sheaves, Koszul IC-modules, and the quiver for the category O, arXiv:math.AG/0309247.

[Zhu04] B. Zhu, On characteristic modules of graded quasi-hereditary algebras, Comm. Algebra 32 (2004), no. 8, 2919–2928.

C. Stroppel, Department of Mathematics, University of Glasgow, 15 University Gardens, Glasgow G12 8QW, (United Kingdom).