arXiv:math/0702140v2 [math.QA] 12 Apr 2007

Lectures on Noncommutative Geometry

Masoud Khalkhali

Contents

1 Introduction 2

2 From C^∗-algebras to noncommutative spaces 3 2.1 Gelfand-Naimark theorems . . . . . . . . . . . . . . . . . . . 3 2.2 GNS, KMS, and the flow of time . . . . . . . . . . . . . . . . 7 2.3 From groups to noncommutative spaces . . . . . . . . . . . . 13 2.4 Continuous fields of C^∗-algebras . . . . . . . . . . . . . . . . 20 2.5 Noncommutative tori . . . . . . . . . . . . . . . . . . . . . . 22

3 Beyond C^∗-algebras 26 3.1 Algebras stable under holomorphic functional calculus . . . . 26 3.2 Almost commutative and Poisson algebras . . . . . . . . . . . 30 3.3 Deformation theory . . . . . . . . . . . . . . . . . . . . . . . . 36

4 Sources of noncommutative spaces 40 4.1 Noncommutative quotients . . . . . . . . . . . . . . . . . . . 41 4.2 Hopf algebras and quantum groups . . . . . . . . . . . . . . . 46

5 Topological K-theory 51 5.1 The K_0 functor . . . . . . . . . . . . . . . . . . . . . . . . . 52 5.2 The higher K-functors . . . . . . . . . . . . . . . . . . . . . 60 5.3 Bott periodicity theorem . . . . . . . . . . . . . . . . . . . . 64 5.4 Further results . . . . . . . . . . . . . . . . . . . . . . . . . . 65 5.5 Twisted K-theory . . . . . . . . . . . . . . . . . . . . . . . . 67 5.6 K-homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

6 Cyclic Cohomology 70 6.1 Cyclic cocycles . . . . . . . . . . . . . . . . . . . . . . . . . . 71 6.2 Connes’ spectral sequence . . . . . . . . . . . . . . . . . . . . 75 6.3 Topological algebras . . . . . . . . . . . . . . . . . . . . . . . 77

6.4 The deformation complex . . . . . . . . . . . . . . . . . . . . 78 6.5 Cyclic homology . . . . . . . . . . . . . . . . . . . . . . . . . 80 6.6 Connes-Chern character . . . . . . . . . . . . . . . . . . . . . 85 6.7 Cyclic modules . . . . . . . . . . . . . . . . . . . . . . . . . . 90 6.8 Hopf cyclic cohomology . . . . . . . . . . . . . . . . . . . . . 93

Abstract

This text is an introduction to a few selected areas of Alain Connes’ noncommutative geometry written for the volume of the school/conference “Noncommutative Geometry 2005” held at IPM Tehran. It is an expanded version of my lectures which was directed at graduate students and novices in the subject.

1 Introduction

David Hilbert once said “No one will drive us from the paradise which Cantor created for us” [70]. He was of course referring to set theory and the vast new areas of mathematics which were made possible through it. This was particularly relevant for geometry where our ultimate geometric intuition of space so far has been a set endowed with some extra structure (e.g. a topology, a measure, a smooth structure, a sheaf, etc.). With Alain Connes’ noncommutative geometry [18, 22, 24], however, we are now gradually moving into a new ‘paradise’, a ‘paradise’ which contains the ‘Hilbertian paradise’ as one of its old small neighborhoods. Interestingly enough though, and I hasten to say this, methods of functional analysis, operator algebras, and spectral theory, pioneered by Hilbert and his disciples, play a big role in Connes’ noncommutative geometry.

The following text is a greatly expanded version of talks I gave during the conference on noncommutative geometry at IPM, Tehran. The talks were directed at graduate students, mathematicians, and physicists with no background in noncommutative geometry. It inevitably covers only certain selected parts of the subject and many important topics such as: metric and spectral aspects of noncommutative geometry, the local index formula, connections with number theory, and interactions with physics, are left out. For an insightful and comprehensive introduction to the current state of the art I refer to Connes and Marcolli’s article ‘A Walk in the Noncommutative Garden’ [34] in this volume. For a deeper plunge into the subject one can’t do better than directly going to Connes’ book [24] and original articles.

I would like to thank Professors Alain Connes and Matilde Marcolli for their support and encouragement over a long period of time. Without their kind support and advice this project would have taken much longer to come to its conclusion, if ever. My sincere thanks go also to Arthur Greenspoon who took a keen interest in the text and kindly and carefully edited the entire manuscript. Arthur’s superb skills resulted in substantial improvments in the original text.

2 From C^∗-algebras to noncommutative spaces

Our working definition of a noncommutative space is a noncommutative algebra, possibly endowed with some extra structure. Operator algebras, i.e. algebras of bounded linear operators on a Hilbert space, provided the first really deep insights into this noncommutative realm. It is generally agreed that the classic series of papers of Murray and von Neumann starting with [103], and Gelfand and Naimark [61] are the foundations upon which the theory of operator algebras is built. The first is the birthplace of von Neumann algebras as the noncommutative counterpart of measure theory, while in the second C^∗-algebras were shown to be the noncommutative analogues of locally compact spaces. For lack of space we shall say nothing about von Neumann algebras and their place in noncommutative geometry (cf. [24] for the general theory as well as links with noncommutative geometry). We start with the definition of C^∗-algebras and results of Gelfand and Naimark. References include [7, 24, 49, 57].

2.1 Gelfand-Naimark theorems

By an algebra in these notes we shall mean an associative algebra over the field of complex numbers C . Algebras are not assumed to be commutative or unital, unless explicitly specified so. An involution on an algebra A is a conjugate linear map a → a^∗ satisfying

(ab)^∗ = b^∗a^∗ and (a^∗)^∗ = a

for all a and b in A. By a normed algebra we mean an algebra A such that A is a normed vector space and ‖ab‖ ≤ ‖a‖‖b‖, for all a, b in A. If A is unital, we assume that ‖1‖ = 1. A Banach algebra is a normed algebra which is complete as a metric space. One of the main consequences of completeness is that norm convergent series are convergent; in particular if ‖a‖ < 1 then the geometric series ∑_∞ n=1 a^n is convergent.

From this it easily follows that the group of invertible elements of a unital Banach algebra is open in the norm topology.

Definition 2.1. A C^∗-algebra is an involutive Banach algebra A such that for all a ∈ A the C^∗-identity ‖aa^∗‖ = ‖a‖^2 (1) holds.

A morphism of C^∗-algebras is an algebra homomorphism f : A −→ B which preserves the ∗ structure, i.e.

f(a^∗) = f(a)^∗, for all a ∈ A.

The C^∗-identity (1) puts C^∗-algebras in a unique place among all Banach algebras, comparable to the unique position enjoyed by Hilbert spaces among all Banach spaces. Many facts which are true for C^∗-algebras are not necessarily true for an arbitrary Banach algebra. For example, one can show, using the spectral radius formula ρ(a) = Lim ‖a^n‖^1n coupled with the C^∗-identity, that the norm of a C^∗-algebra is unique. In fact it can be shown that a morphism of C^∗-algebras is automatically contractive in the sense that for all a ∈ A, ‖f(a)‖ ≤ ‖a‖. In particular they are always continuous. It follows that if (A, ‖ ‖_1) and (A, ‖ ‖_2) are both C^∗-algebras then ‖a‖_1 = ‖a‖_2, for all a ∈ A. Note also that a morphism of C^∗-algebras is an isomorphism if and only if it is one to one and onto. Isomorphisms of C^∗-algebras are necessarily isometric.

Example 2.1. let X be a locally compact Hausdorff space and let A = C_0(X) denote the algebra of continuous complex valued functions on X vanishing at infinity. Equipped with the sup norm and the involution defined by complex conjugation, A is easily seen to be a commutative C^∗-algebra. It is unital if and only if X is compact, in which case A will be denoted by C(X). By a fundamental theorem of Gelfand and Naimark, to be recalled below, any commutative C^∗-algebra is of the form C_0(X) for a canonically defined locally compact Hausdorff space X.

Example 2.2. The algebra A = L(H) of all bounded linear operators on a complex Hilbert space H endowed with the operator norm and the usual adjoint operation is a C^∗-algebra. The crucial C^∗-identity ‖aa^∗‖ = ‖a‖^2 is easily checked. When H is finite dimensional of dimension n we obtain the matrix algebra A = M_n(C ). A direct sum of matrix algebras

A = M_{n1} (C ) ⊕ M_{n2} (C ) ⊕ · · · ⊕ M_{nk} (C )

is a C^∗-algebra as well. It can be shown that any finite dimensional C^∗- algebra is unital and is a direct sum of matrix algebras [7, 49]. In other words, finite dimensional C^∗-algebras are semisimple.

Any norm closed subalgebra of L(H) which is also closed under the adjoint map is clearly a C^∗-algebra. A nice example is the algebra K(H) of compact operators on H. By definition, a bounded operator T : H → H is called compact if it is the norm limit of a sequence of finite rank operators. By the second fundamental theorem of Gelfand and Naimark, to be discussed below, any C^∗-algebra is realized as a subalgebra of L(H) for some Hilbert space H.

Let A be an algebra. A character of A is a nonzero multiplicative linear map χ : A → C . If A is unital then necessarily χ(1) = 1. Let ^A denote the set of characters of A. It is also known as the maximal spectrum of A. If A is a Banach algebra it can be shown that any character of A is automatically continuous and has norm one. We can thus endow ^A with the weak* topology inherited from A^∗, the continuous dual of A. The unit ball of A^∗ is compact in the weak* topology and one can deduce from this fact that ^A is a locally compact Hausdorff space. It is compact if and only if A is unital.

When A is a unital Banach algebra there is a one to one correspondence between characters of A and the set of maximal ideals of A: to a character χ we associate its kernel, which is a maximal ideal, and to a maximal ideal I one associates the character χ : A → A/I ≃ C . If A is a C^∗-algebra a character is necessarily a C^∗ morphism.

An arbitrary C^∗-algebra may well have no characters at all. This happens, for example, for simple C^∗-algebras, i.e. C^∗-algebras with no nontrivial closed two-sided ideal; a simple example of these are matrix algebras M_n(C ). A commutative C^∗-algebra, however, has plenty of characters to the extent that characters separate points of A and in fact completely characterize it, as we shall see.

Example 2.3. Let X be a locally compact Hausdorff space. For any x ∈ X we have the evaluation character

χ = ev_x : C_0(X) −→ C , ev_x(f) = f(x).

It is easy to see that all characters of C_0(X) are of this form and that the map X → ^ C_0(X), x → ev_x is a homeomorphism.

For any commutative Banach algebra A, the Gelfand transform

Γ : A → C_0( ^A)

is defined by Γ(a) = â, where â(χ) = χ(a). It is a norm contractive algebra homomorphism, as can be easily seen. In general Γ need not be injective or surjective, though its image separates the points of the spectrum. The kernel of Γ is the nilradical of A consisting of nilpotent elements of A.

The paper of Gelfand and Naimark [61] is the birthplace of the theory of C^∗-algebras. Together with Murray-von Neumann’s series of papers on von Neumann algebras [103], they form the foundation stone of operator algebras. The following two fundamental results on the structure of C^∗- algebras are proved in this paper. The first result is the foundation for the belief that noncommutative C^∗-algebras can be regarded as noncommutative locally compact Hausdorff spaces.

Theorem 2.1. (Gelfand-Naimark [61]) a) For any commutative C^∗-algebra A with spectrum ^A the Gelfand transform A −→ C_0( ^A), a → â, defines an isomorphism of C^∗-algebras.

b) Any C^∗-algebra is isomorphic to a C^∗-subalgebra of the algebra L(H) of bounded operators on a Hilbert space H.

Using part a), it is easy to see that the functors X ⊏ C_0(X), A ⊏ ^A define an equivalence between the category of locally compact Hausdorff spaces and proper continuous maps and the opposite of the category of commutative C^∗-algebras and proper C^∗-morphisms. Under this correspondence compact Hausdorff spaces correspond to unital commutative C^∗-algebras. We can therefore think of the opposite of the category of C^∗-algebras as the category of locally compact noncommutative spaces.

Exercise 2.1. Let X be a compact Hausdorff space and x_0 ∈ X. To test your understanding of the Gelfand-Naimark theorem, give a completely C^∗- algebraic definition of the fundamental group π_1(X, x_0).

2.2 GNS, KMS, and the flow of time

We briefly indicate the proof of part b) of Theorem (2.1) in the unital case. It is based on the notion of state of a C^∗-algebra and the accompanying ‘left regular representation’, called the GNS (Gelfand-Naimark-Segal) construction. We then look at the KMS (Kubo-Martin-Schwinger) condition characterizing the equilibrium states in quantum statistical mechanics and the time evolution defined by a state. In the context of von Neumann algebras, a fundamental result of Connes states that the time evolution is unique up to inner automorphisms.

The concept of state is the noncommutative analogue of Borel probability measure. A state of a unital C^∗-algebra A is a positive normalized linear functional φ : A → C : φ(a^∗a) ≥ 0 ∀a ∈ A, and φ(1) = 1. The expectation value of an element (an ‘observable’) a ∈ A, when the system is in the state φ, is defined by φ(a). This terminology is motivated by states in statistical mechanics where one abandons the idea of describing the state of a system by a point in the phase space. Instead, the only reasonable question to ask is the probability of finding the system within a certain region in the phase space. This probability is of course given by a probability measure μ. Then the expected value of an observable f : M → R, if the system is in the state μ, is ∫ fdμ. Similarly, in quantum statistical mechanics the idea of describing the quantum states of a system by a vector (or ray) in a Hilbert space is abandoned and one instead uses a density matrix, i.e. a trace class positive operator p with Tr(p) = 1. The expectation value of an observable a, if the system is in the state p, is given by Tr(ap).

A state is called pure if it is not a non-trivial convex combination of two other states. This corresponds to point masses in the classical case and to vector states in the quantum case.

Example 2.4. By the Riesz representation theorem, there is a one to one correspondence between states on A = C(X) and Borel probability measures on X, given by φ(f) = ∫ X fdμ. φ is pure if and only if μ is a Dirac mass at some point x ∈ X. Example 2.5. For A = M_n(C ), there is a one to one correspondence between states φ of A and positive matrices p with Tr(p) = 1 (p is called a density matrix). It is given by φ(a) = Tr (ap). φ is pure if and only if p is of rank 1.

Example 2.6. For a different example, assume π : A → L(H) is a representation of A on a Hilbert space H. This simply means π is a morphism of C^∗-algebras. Given any unit vector v ∈ H, we can define a state on A by φ(a) = ⟨π(a)v, v⟩. Such states are called vector states. As a consequence of the GNS construction, to be described next, one knows that any state is a vector state in the corresponding GNS representation.

Let φ be a positive linear functional on A. Then ⟨a, b⟩ := φ(b^∗a) is a positive semi-definite bilinear form A and hence satisfies the Cauchy- Schwarz inequality. That is, for all a, b in A we have |φ(b^∗a)|^2 ≤ φ(a^∗a)φ(b^∗b). Let N = {a ∈ A; φ(a^∗a) = 0}. It is easy to see, using the above Cauchy-Schwarz inequality, that N is a closed left ideal of A and ⟨a + N, b + N⟩ := ⟨a, b⟩, is a positive definite inner product on the quotient space A/N. Let H_φ denote the Hilbert space completion of A/N. The GNS representation π_φ : A −→ L(H_φ) is, by definition, the unique extension of the left regular representation A × A/N → A/N, (a, b + N) → ab + N. Let v = 1 + N. Notice that we have φ(a) = ⟨(π_φa)(v), v⟩, for all a ∈ A. This shows that the state φ can be recovered from the GNS representation as a vector state.

Example 2.7. For A = C(X) and φ(f) = ∫ X fdμ, where μ is a Borel probability measure on X, we have H_φ = L^2(X, μ). The GNS representation is the representation of C(X) by multiplication operators on L^2(X, μ). In particular, when μ is the Dirac mass at a point x ∈ X, we have H_φ ≃ C and π_φ(f) = f(x).

The GNS representation (π_φ, H_φ) may fail to be faithful. It can be shown that it is irreducible if and only if φ is a pure state [7, 49]. To construct a faithful representation, and hence an embedding of A into the algebra of bounded operators on a Hilbert space, one first shows that there are enough pure states on A. The proof of the following result is based on the Hahn- Banach and Krein-Milman theorems.

Lemma 2.1. For any positive element a of A, there exists a pure state φ on A such that φ(a) = ‖a‖.

Using the GNS representation associated to φ, we can then construct, for any a ∈ A, an irreducible representation π of A such that ‖π(a)‖ = |φ(a)| = ‖a‖. We can now prove the second theorem of Gelfand and Naimark.

Theorem 2.2. Every C^∗-algebra is isomorphic to a C^∗-subalgebra of the algebra of bounded operators on a Hilbert space.

Proof. Let π = ∑ φ∈S(A) πφ denote the direct sum of all GNS representations

for all states of A. By the above remark π is faithful.

Exercise 2.2. Identify the GNS representation in the case where A = M_n(C ) and φ is the normalized trace on A. For which state is the standard representation on C^n obtained?

In the remainder of this section we look at the Kubo-Martin-Schwinger (KMS) equilibrium condition for states and some of its consequences. KMS states replace the Gibbs equilibrium states for interacting systems with infinite degrees of freedom. See [12] for an introduction to quantum statistical mechanics; see also [33] and the forthcoming book of Connes and Marcolli [36] for relations between quantum statistical mechanics, number theory and noncommutative geometry. For relations with Tomita-Takesaki theory and Connes’ classification of factors the best reference is Connes’ book [24].

A C^∗-dynamical system is a triple (A, G, σ) consisting of a C^∗-algebra A, a locally compact group G and a continuous action

σ : G −→ Aut (A)

of G on A, where Aut (A) denotes the group of C^∗-automorphisms of A. The correct continuity condition for σ is strong continuity in the sense that for all a ∈ A the map g → σ_g(a) from G → A should be continuous. Of particular interest is the case G = R representing a quantum mechanical system evolving in time. For example, by Stone’s theorem one knows that one- parameter groups of automorphisms of A = L(H) are of the form σ_t(a) = e^{itH} ae^{−itH} , where H, the Hamiltonian of the system, is a self- adjoint, in general unbounded, operator on H. Assuming the operator e^{−βH} is trace class, the corresponding Gibbs equilibrium state at inverse temperature β =^1_{kT} > 0 is the state φ(a) = 1 Z(β) Tr (ae^{−βH} ), (2)

where the partition function Z is defined by

Z(β) = Tr (e^{−βH} ).

According to Feynman [56], formula (2) for the Gibbs equilibrium state (and its classical analogue) is the apex of statistical mechanics. It should however be added that (2) is not powerful enough to deal with interacting systems with an infinite number of degrees of freedom (cf. the first chapter of Connes’ book [24] for an example), and in general should be replaced by the KMS equilibrium condition.

Let (A, σ_t) be a C^∗-dynamical system evolving in time. A state φ : A → C is called a KMS state at inverse temperature β > 0 if for all a, b ∈ A there exists a function F_{a,b}(z) which is continuous and bounded on the closed strip

0 ≤ Im z ≤ β in the complex plane and holomorphic in the interior such that for all t ∈ R F_{a,b}(t) = φ(aσ_t(b)) and F_{a,b}(t + iβ) = φ(σ_t(b)a). Let A ⊂ A denote the set of analytic vectors of σ_t consisting of those elements a ∈ A such that t → σ_t(a) extends to a holomorphic function on C . One shows that A is a dense ∗-subalgebra of A. Now the KMS condition is equivalent to a twisted trace property for φ: for all analytic vectors a, b ∈ A we have φ(ba) = φ(aσ_{iβ} (b)). Notice that the automorphism σ_{iβ} obtained by analytically continuing σ_t to imaginary time (in fact imaginary temperature!) is only densely defined.

Example 2.8. Any Gibbs state is a KMS state as can be easily checked.

Example 2.9. (Hecke algebras, Bost-Connes and Connes-Marcolli systems [9, 33]) A subgroup Γ_0 of a group Γ is called almost normal if every left coset γΓ_0 is a finite union of right cosets. In this case we say (Γ, Γ_0) is a Hecke pair. Let L(γ) denote the number of distinct right cosets Γ_0γ_i in the decomposition γΓ_0 = ∪_iΓ_0γ_i,

and let R(γ) = L(γ^{−1}).

The rational Hecke algebra A_Q = H_Q (Γ, Γ_0) of a Hecke pair (Γ, Γ_0) consists of functions with finite support

f : Γ_0 \ Γ → Q

which are right Γ_0-invariant, i.e. f(γγ_0) = f(γ) for all γ ∈ Γ and γ_0 ∈ Γ_0. Under the convolution product

(f_1 ∗ f_2)(γ) := ∑ Γ_0\Γ

f_1(γγ^{−1}_1 )f_2(γ_1),

H_Q (Γ, Γ_0) is an associative unital algebra. Its complexification

A_C = A_Q ⊗_Q C

is a ∗-algebra with an involution given by

f^∗(γ) := f(γ^{−1}).

Notice that if Γ_0 is normal in Γ then one obtains the group algebra of the quotient group Γ/Γ_0. We refer to [9, 33] for the C^∗-completion of A_C , which is similar to the C^∗-completion of group algebras. There is a one-parameter group of automorphisms of this Hecke algebra (and its C^∗-completion) defined by

(σ_tf)(γ) = ( L(γ) R(γ) )_{−it} f(γ). Let P^+ denote the subgroup of the “ax + b” group with a > 0. The corresponding C^∗-algebra for the Hecke pair (Γ_0, Γ) where Γ = P^+_Q and Γ_0 = P^+_Z is the Bost-Connes C^∗-algebra. We refer to [33] for a description of the Connes-Marcolli system. One feature of these systems is that their partition functions are expressible in terms of zeta and L-functions of number fields.

Given a state φ on a C^∗-algebra A one may ask if there is a one-parameter group of automorphisms of A for which φ is a KMS state at inverse temperature β = 1. Thanks to Tomita’s theory (cf. [24, 7]) one knows that the answer is positive if A is a von Neumann algebra which we will denote by M now. The corresponding automorphism group σ^φ_t , called the modular automorphism group, is uniquely defined subject to the condition φσ^φ_t = φ for all t ∈ R.

A von Neumann algebra typically carries many states. One of the first achievements of Connes, which set his grand classification program of von Neumann algebras in motion, was his proof that the modular automorphism group is unique up to inner automorphisms. More precisely he showed that for any other state ψ on M there is a continuous map u from R to the group of unitaries of M such that

σ^φ_t (x) = u_tσ^ψ_t (x)u^{−1}_t and u_{t+s} = u_tσ^φ_s u_s.

It follows that the modular automorphism group is independent, up to inner automorphisms, of the state (or weight) and if Out (M) denotes the quotient of the group of automorphisms of M by inner automorphisms, any von Neumann algebra has a god-given dynamical system

σ : R → Out (M)

attached to it. This is a purely non-abelian phenomenon as the modular automorphism group is trivial for abelian von Neumann algebras as well for type II factors. For type III factors it turns out the the modular automorphism group possesses a complete set of invariants for the isomorphism type of the algebra in the injective case. This is the beginning of Connes’ grand classification theorems for von Neumann algebras, for which we refer the reader to his book [24] and references therein.

2.3 From groups to noncommutative spaces

Many interesting C^∗-algebras are defined as group C^∗-algebras or as crossed product C^∗-algebras. Group C^∗-algebras are completions of group algebras with respect to certain pre C^∗-norms. To illustrate some of the general ideas of noncommutative geometry and noncommutative index theory, we shall sketch Connes’ proof of ‘connectedness’ of the group C^∗-algebra of free groups.

Example 2.10. (group C^∗−algebras) To any locally compact topological group G one can associate two C^∗-algebras, the full and the reduced group C^∗-algebras of G, denoted by C^∗(G) and C^∗_r (G), respectively. There is a 1-1 correspondence between unitary representations of G and the representations of C^∗(G) and a 1-1 correspondence between unitary representations of G which are equivalent to a sub-representation of its left regular representation and representations of the reduced group C^∗-algebra C^∗_r (G). Both algebras are completions of the convolution algebra of G (under different norms). There is always a surjective C^∗-morphism C^∗(G) → C^∗_r (G) which is injective if and only if the group G is amenable. It is known that abelian, solvable, as well as compact groups are amenable while, for example, nonabelian free groups are non-amenable. Here we consider only discrete groups.

Let Γ be a discrete group and let H = ℓ^2(Γ) denote the Hilbert space of square summable functions on Γ. It has an orthonormal basis consisting of delta functions {δ_g}, g ∈ Γ. The left regular representation of Γ is the unitary representation π : Γ −→ L(ℓ^2(Γ)) defined by (πg)f(h) = f(g^{−1}h). Let C Γ be the group algebra of Γ. There is a unique linear extension of π to an (injective) ∗-algebra homomorphism π : C Γ −→ L(H), π( ∑ a_gg) = ∑ a_gπ(g). The reduced group C^∗-algebra of Γ, denoted by C^∗_r Γ, is the norm closure of π(C Γ) in L(H). It is obviously a unital C^∗-algebra. The canonical trace τ on C^∗_r Γ is defined by τ(a) = ⟨aδ_e, δ_e⟩, for all a ∈ C^∗_r Γ. Notice that on C Γ we have τ( ∑ a_gg) = a_e. It is easily seen that τ is positive and faithful in the sense that τ(a^∗a) ≥ 0 for all a with equality holding only for a = 0.

The full group C^∗-algebra of Γ is the norm completion of C Γ under the norm ‖f‖ = sup {‖π(f)‖; π is a ∗-representation of C Γ},

where by a ∗-representation we mean a ∗-representation on a Hilbert space. Note that ‖f‖ is finite since for f = ∑ g∈Γ a_gg (finite sum) and any ∗- representation π we have ‖π(f)‖ ≤ ∑ ‖π(a_gg)‖ ≤ ∑ |a_g|‖π(g)‖ ≤ ∑ |a_g|. By its very definition it is clear that there is a 1-1 correspondence between unitary representations of Γ and C^∗ representations of C^∗Γ. Since the identity map id : (C Γ, ‖ ‖) → (C Γ, ‖ ‖_r ) is continuous, we obtain a surjective C^∗-algebra homomorphism C^∗Γ −→ C^∗_r Γ. It is known that this map is an isomorphism if and only if Γ is an amenable group [7, 49, 57].

Example 2.11. By Fourier transform, or the Gelfand-Naimark theorem, we have an algebra isomorphism C^∗_r Z^n ≃ C(T^n). Under this isomorphism, the canonical trace τ is identified with the Haar measure on the torus T^n. More generally, for any abelian group Γ let ^Γ = Hom (Γ, T) be the group of unitary characters of Γ. It is a compact group which is in fact homeomorphic to the space of characters of the commutative C^∗-algebra C^∗_r Γ. Thus the Gelfand transform defines an algebra isomorphism C^∗_r Γ ≃ C(^Γ) (3)

Again the canonical trace τ on the left hand side is identified with the Haar measure on C(^Γ).

In general one should think of the group C^∗-algebra of a group Γ as the “algebra of coordinates” on the noncommutative space representing the unitary dual of Γ. Note that by the above example this is fully justified in the commutative case. In the noncommutative case, the unitary dual is a badly behaved space in general but the noncommutative dual is a perfectly legitimate noncommutative space (see the unitary dual of the infinite dihedral group in [24, 34] and its noncommutative replacement).

Example 2.12. For a finite group Γ the group C^∗-algebra coincides with the group algebra of Γ. From basic representation theory we know that the group algebra C Γ decomposes as a sum of matrix algebras C^∗Γ ≃ C Γ ≃ ⊕M_{ni} (C ), where the summation is over the set of conjugacy classes of Γ.

Example 2.13. (A noncommutative ‘connected’ space) A projection in an ∗-algebra is a selfadjoint idempotent, i.e. an element e satisfying

e^2 = e = e^∗.

It is clear that a compact space X is connected if and only if C(X) has no non-trivial projections. Let us agree to call a noncommutative space represented by a C^∗-algebra A ‘connected’ if A has no non-trivial projections. The Kadison conjecture states that the reduced group C^∗-algebra of a torsion-free discrete group is connected. This conjecture is still open although it has now been verified for various classes of groups [120]. The validity of the conjecture is known to follow from the surjectivity of the Baum-Connes assembly map, which is an equivariant index map

μ : K^Γ_∗ (EΓ) −→ K_∗(C^∗_r (Γ).

This means that if there are enough ‘elliptic operators’ on the classifying space for proper actions of Γ then one can prove an integrality theorem for values of τ(e), which then immediately implies the conjecture (e is a projection and τ is the canonical trace on C^∗_r (Γ)). This principle is best described in the example below, due to Connes, where the validity of the conjecture for free groups F_n is established [22]. Notice that the conjecture is obviously true for finitely generated torsion-free abelian groups Z^n since by Pontryagin duality C^∗(Z^n) ≃ C(T^n) and T^n is clearly connected.

Let τ : C^∗_r (F_2) → C be the canonical trace. Since τ is positive and faithful, if we can show that, for a projection e, τ(e) is an integer then we can deduce that e = 0 or e = 1. The proof of the integrality of τ(e) is remarkably similar to integrality theorems for characteristic numbers in topology proved through index theory. In fact we will show that there is a Fredholm operator F^+_e with the property that

τ(e) = index (F^+_e ), which clearly implies the integrality of τ(e). For p ∈ [1, , ∞), let L^p(H) ⊂ L(H) denote the Schatten ideal of p-summable compact operators on H.

The proper context for noncommutative index theory is the following [22]:

Definition 2.2. A p-summable Fredholm module over an algebra A is a pair (H, F ) where 1. H = H^+ ⊕ H^− is a Z/2-graded Hilbert space with grading operator ε, 2. H is a left even A-module, 3. F ∈ L(H) is an odd operator with F^2 = I and for all a ∈ A one has [F, a] = F a − aF ∈ L^p(H). (4) We say that (H, F ) is a Fredholm module over A if instead of (4) we have: [F, a] ∈ K(H) (5) for all a ∈ A.

The p-summability condition (4) singles out ‘smooth subalgebras’ of A: the higher the summability order p is the smoother a ∈ A is. This principle is easily corroborated in the commutative case. The smoother a function is the more rapidly decreasing its Fourier coefficients are. That is why if A is a C^∗-algebra, the natural condition to consider is the ‘compact resolvent’ condition (5) instead of (4). In general any Fredholm module over a C^∗- algebra A defines a series of subalgebras of ‘smooth functions’ in A which are closed under holomorphic functional calculus and have the same K-theory as A (cf. Section 3.1 for an explanation of these terms).

For A = C^∞(M), M a closed n-dimensional smooth manifold, p-summable Fredholm modules for p > n are defined using elliptic operators D acting between sections of vector bundles E^+ and E^− on M. Then one lets F =^D_{|D|} be the phase of D (assuming D is injective), and H^+ and H^− the Hilbert spaces of square integrable sections of E^+ and E^−, respectively. The algebra of continuous (respec. smooth) functions on M acts by multiplication on sections and the resulting pair (H, F ) is a Fredholm module (resp. psummable Fredholm module for p > n).

Now let (H, F ) be a 1-summable Fredholm module over an algebra A. Its character is the linear functional Ch (H, F ) : A → C defined by

Ch (H, F )(a) = 1 2 Tr (εF [F, a]), which is finite for all a ∈ A thanks to the 1-summability condition on (H, F ). As a good exercise the reader should check that Ch (H, F ) is in fact a trace on A.

The second ingredient that we need is an index formula. Let e ∈ A

be an idempotent. Let F = [ 0 Q P 0 ] , H_1 = eH^+, H_2 = eH^{−1} and P^′ :

H_1 → H_2 and let Q^′ : H_2 → H_1 be the restrictions of P and Q to H_1 and H_2, respectively. The trace condition [F, e] ∈ L^1(H) is equivalent to P^′Q^′ − 1_{H2} ∈ L^1(H_2) and Q^′P^′ − 1_{H1} ∈ L^1(H_1), which of course imply that the operator F^+_e := P^′ (6)

is Fredholm and its Fredholm index is given by

Index F^+_e = Tr(I − Q^′P^′) − Tr(I − P^′Q^′) = 1 2 Tr(εF [F, e]) = Ch (H, F )(e).

We see that we are done provided we can construct a 1-summable Fredholm module over a dense and closed under holomorphic functional calculus subalgebra A of A = C^∗_r (F_2) such that for any projection e ∈ A, τ(e) = Ch(H, F )(e). It is known that a group is free if and only if it acts freely on a tree. Let then T be a tree with a free action of F_2 and let T^0 and T^1 denote the set of vertices and edges of T respectively. Let H^+ = ℓ^2(T^0), H^− = ℓ^2(T^1) ⊕ C with orthonormal basis denoted by ε_q. The action of F_2 on T induce an action of C^∗_r (F_2) on H^+ and H^− respectively. Fixing a vertex p ∈ T^0 we can define a one to one correspondence φ : T^0 −p → T^1 by sending q ∈ T^0 −p to the edge containing q and lying between p and q. This defines a unitary operator P : H^+ → H^− by

P (ε_q) = ε_{φ(q)} and P (ε_p) = (0, 1).

The compact resolvent condition (36) is a consequence of almost equivariance of φ in the sense that for any q ∈ T^0 − p, φ(gq) = gφ(q) for all but a finite number of g, which is not difficult to prove.

Exercise 2.3. Prove the last statement. To see what is going on start with Γ = Z and go through all the steps in the proof.

Let A ⊂ A denote the subalgebra of all a ∈ A such that [F, a] ∈ L^1(H). Clearly (H, F ) is a 1-summable Fredholm module over A. It can be shown that A is stable under holomorphic functional calculus in A (see Section 3.1). It still remains to be checked that for all a ∈ A we have Ch (H, F )(a) = τ(a), which we leave as an exercise.

Example 2.14. (crossed product algebras) Let α : G → Aut (A) be an action of a group G by algebra automorphisms on an algebra A. The action of g on a will be denoted by g(a). The (algebraic) crossed product algebra A ⋊ G is the algebra generated by the two subalgebras A and C G subject to relations gag^{−1} = g(a), for all g in G and a ∈ A. Formally we define A ⋊ G = A ⊗ C G with product given by (a ⊗ g)(b ⊗ h) = ag(b) ⊗ gh. One checks that this is an associative product and that the two definitions are in fact the same.

In many cases A = C(X) or A = C^∞(X) is an algebra of functions on a space X and G acts on X by homeomorphisms or diffeomorphisms. Then there is an induced action of G on A defined by (gf)(x) = f(g^{−1}(x)). One of the key ideas of noncommutative geometry is Connes’ dictum that in such situations the crossed product algebra C(X) ⋊ G replaces the algebra of functions on the quotient space X/G (see Section 4.1 for more on this).

Example 2.15. Let G = Z_n be the cyclic group of order n acting by translations on X = {1, 2, · · · , n}. The crossed product algebra C(X) ⋊ G is the algebra generated by elements U and V subject to the relations

U^n = 1, V^n = 1, UV U^{−1} = λV,

where λ = e^{2πi}n . Here U is a generator of Z_n, V is a generator of Ẑ_n and we have used the isomorphism C(X) ≃ C Ẑ_n.

We have an isomorphism

C(X) ⋊ Z_n ≃ M_n(C ). (7)

To see this consider the n × n matrices u = 1 0 · · · 0 0 λ̄ 0 0 0 0 λ̄^2 0 0 · · · · · · 0 λ̄^{n−1} , v = 0 1 0 0 1 · · · 0 0 1 1 1 0 They clearly satisfy the relations u^n = 1, v^n = 1, uvu^{−1} = λv. Moreover one checks that the matrices u^pv^q for 1 ≤ p, q ≤ n are linearly independent, which shows that the algebra generated by u and v in M_n(C ) is all of M_n(C ). The isomorphism (7) is now defined by U → u, V → v. This isomorphism can be easily generalized:

Exercise 2.4. Let Z_n act on an algebra A. Show that the dual group Ẑ_n acts on A ⋊ Z_n and that we have an isomorphism A ⋊ Z_n ⋊ Ẑ_n ≃ M_n(A). Extend this to actions of finite abelian groups.

The above isomorphism is a discrete analogue of Takai duality for C^∗- crossed products of actions of locally compact abelian groups (cf. [7]) A ⋊ G ⋊ Ĝ ≃ A ⊗ K(L^2(G)), where K is the algebra of compact operators.

The above purely algebraic theory can be extended to a C^∗-algebraic context. For any locally compact topological group G acting by C^∗-automorphisms on a C^∗-algebra A, one defines the reduced A⋊_r G and the full A⋊G crossed product C^∗-algebras. Assuming G = Γ is a discrete group, to define the crossed product let π : A → L(H) be a faithful representation of A (the definition turns out to be independent of the choice of π). Consider the Hilbert space ℓ^2(Γ, H) of square summable functions ξ : Γ → H and define a representation ρ : A ⋊ Γ → L(H) by (ρ(x)ξ)(g) = ∑ h π(g^{−1}(x(h)))ξ(h^{−1}g) for all x ∈ A ⋊ Γ, ξ ∈ H, and g ∈ Γ. It is an injective ∗-algebra homomorphism and the reduced C^∗-crossed product algebra A ⋊_r Γ is defined to be the norm completion of the image of ρ.

Example 2.16. The crossed product C^∗-algebra

A_θ = C(S^1) ⋊ Z

is known as the noncommutative torus. Here Z acts on S^1 by rotation through the angle 2πθ.

2.4 Continuous fields of C^∗-algebras

Let X be a locally compact Hausdorff topological space and for each x ∈ X let a C^∗-algebra A_x be given. Let also Γ ⊂ ∐ A_x be a ∗-subalgebra. We say this data defines a continuous field of C^∗-algebras over X if 1) for all x ∈ X, the set {s(x); s ∈ Γ} is dense in A_x, 2) for all s ∈ Γ, x → ‖s(x)‖ is continuous on X, 3) Γ is locally uniformly closed, i.e. for any section s ∈ ∐ A_x, if for any x ∈ X we can approximate s around x arbitrarily closely by elements of Γ, then s ∈ Γ.

To any continuous field of C^∗-algebras over a locally compact space X we associate the C^∗ algebra of its continuous sections vanishing at infinity (a section s : X → ∐ A_x is called continuous if x → ‖s(x)‖ is continuous).

Examples 2.1. i) A rather trivial example is the C^∗-algebra

A = Γ(X, End (E))

of continuous sections of the endomorphism bundle of a vector bundle E over a compact space X. A nice example of this is the noncommutative torus A_θ for θ =^p_q a rational number. As we shall see

A p_q ≃ Γ(T^2, End (E))

is the algebra of continuous sections of the endomorphism bundle of a vector bundle of rank q over the torus T^2. Notice that in general C(X) ⊂ Z(A) is a subalgebra of the center of A. As we shall see Z(A p_q ) ≃ C(T^2). ii) A less trivial example is the field over the interval [0, 1], where A_x = M_2(C ) for 0 < x < 1 and A_0 = A_1 = C ⊕ C .

iii) The noncommutative tori A_θ, 0 ≤ θ ≤ 1, can be put together to form a continuous field of C^∗-algebras over the circle (see [7]).

Exercise 2.5. An Azumaya algebra is the algebra of continuous sections of a (locally trivial) bundle of finite dimensional full matrix algebras over a space X. Give an example of an Azumaya algebra which is not of the type Γ(End (E)) for some vector bundle E.

Of particular interest are C^∗-algebras of continuous sections of a locally trivial bundle of algebras with fibers the algebra K(H) of compact operators and structure group Aut K(H). When H is infinite dimensional such bundles can be completely classified in terms of their Dixmier-Douady invariant δ(E) ∈ H^3(X, Z) [51]. (cf. [108] for a modern detailed account). The main reason for this is that any automorphism of K(H) is inner. In fact for any Hilbert space H there is an exact sequence of topological groups

1 −→ U(1) −→ U(H)^{Ad}−→ Aut K(H) −→ 1, (8)

where the unitary group U(H) has its strong operator topology and the automorphism group Aut K(H) is taken with its norm topology. It is rather easy to see that if H is infinite dimensional then U(H) is contractible. (A much harder theorem of Kuiper states that it is also contractible under the norm topology, but this is not needed here.)

Let X be a locally compact Hausdorff and paracompact space. Locally trivial bundles over X with fibers K(H) and structure group Aut(K(H)) are classified by their classifying class in the Čech cohomology group H^1(X, Aut(K(H)). Now, since the middle term in (8) is contractible, it stands to reason to expect that

H^1(X, Aut K(H)) ≃ H^2(X, U(1)) ≃ H^3(X, Z).

The first isomorphism is actually not so obvious because (8) is an exact sequence of nonabelian groups, but it is true (cf. [108] for a proof). The resulting class δ(E) ∈ H^3(X, Z) is a complete isomorphism invariant of such bundles.

Continuous fields of C^∗-algebras are often constructed by crossed product algebras. Given a crossed product algebra A⋊_α R, by rescaling the action α_t to α_{st}, we obtain a one-parameter family of crossed product algebras A⋊_αs R over [0, ∞) whose fiber at 0 is A ⊗ C_0(R). For example, the translation action of R on itself will give a field of C^∗-algebras whose fiber at 0 is C_0(R) ⊗ C_0(R) ≃ C_0(R^2 ) and at t > 0 is C_0(R) ⋊_α R ≃ K(L^2(R)).

Example 2.17. Let H be the discrete Heisenberg group of upper triangular matrices 1 a c 0 1 b 0 0 1 , with integer entries. It is a solvable, and hence amenable, group which means that the reduced and full group C^∗-algebras of H coincide. The group C^∗-algebra C^∗(H) can also be defined as the C^∗-algebra generated by three unitaries U, V, W subject to relations UV = W V U, UW = W U, V W = W V. (9) They correspond to elements

u = 1 1 0 0 1 0 0 0 1 , v = 1 0 0 0 1 1 0 0 1 , w = 1 0 1 0 1 0 0 0 1 .

Notice that W is central and in fact it generates the center Z(A) ≃ C(S^1). For each e^{2πiθ} ∈ S^1, we have a surjective C^∗-morphism f_θ : C^∗(H) −→ A_θ by sending U → U, V → V and W → e^{2πiθ}1. This is clear from (9). Thus, roughly speaking, the Heisenberg group C^∗-algebra C^∗(H) can be viewed as a ‘noncommutative bundle’ over the circle with noncommutative tori A_θ as fibers. Notice, however, that this bundle is not a locally trivial bundle of algebras as different fibers are not isomorphic to each other. One can show in fact C^∗(H) is the C^∗-algebra of continuous sections of a field of C^∗-algebras over the circle whose fiber at e^{2πiθ} is the noncommutative torus A_θ (cf. [7, 57] and references therein).

2.5 Noncommutative tori

These algebras can be defined in a variety of ways, e.g. as the C^∗-algebra of the Kronecker foliation of the two-torus by lines of constant slope dy = θdx, as the crossed product algebra C(S^1) ⋊ Z associated to the automorphism of the circle through rotation by an angle 2πθ, as strict deformation quantization, or by generators and relations as we do here.

Let θ ∈ R and λ = e^{2πiθ}. The noncommutative torus A_θ is the universal unital C^∗-algebra generated by unitaries U and V subject to the relation UV = λV U (10) The universality property here means that given any unital C^∗-algebra B with two unitaries u and v satisfying uv = λvu, there exists a unique unital C^∗ morphism A_θ → B sending U → u and V → v.

Unlike the purely algebraic case where any set of generators and relations automatically defines a universal algebra, this is not the case for universal C^∗-algebras. Care must be applied in defining a norm satisfying the C^∗- identity, and in general the universal problem does not have a solution (cf. [7] for more on this). For the noncommutative torus we proceed as follows. Consider the unitary operators U, V : ℓ^2(Z) → ℓ^2(Z) defined by (Uf)(n) = e^{2πiθn}f(n), (V f)(n) = f(n − 1). They satisfy UV = λV U. Let A_θ be the unital C^∗-subalgebra of L(ℓ^2(Z)) generated by U and V . To check the universality condition, it suffices to check that the operators U^mV^n, m, n ∈ Z, are linearly independent, which we leave as an exercise.

Using the Fourier isomorphism ℓ^2(Z) ≃ L^2(S^1), we see that A_θ can also be described as the C^∗-subalgebra of L(L^2(S^1)) generated by the operators (Uf)(z) = f(λz) and (V f)(z) = zf(z) for all f ∈ L^2(S^1). This presentation also makes it clear that we have an isomorphism

A_θ ≃ C(S^1) ⋊ Z

where Z acts by rotation though the angle 2πθ.

Since the Haar measure on S^1 is invariant under rotations, the formula τ( ∑ f_iV^i) = ∫ S^1

f_0

defines a faithful positive normalized trace τ : A_θ → C . This means that τ is a trace and

τ(aa^∗) > 0, τ(1) = 1,

for all a ≠ 0. On the dense subalgebra of A_θ generated by U and V we have τ( ∑ a_{mn}U^mV^n) = a_{00}. (11)

Exercise 2.6. Show that if θ is irrational then there is a unique trace, given by (11), on the subalgebra of A_θ generated by U and V . For rational values of θ show that there are uncountably many traces.

The map U → V and V → U defines an isomorphism A_θ ≃ A_{1−θ}. This shows that we can restrict to θ ∈ [0,^1_2 ). It is known that in this range A_{θ1} is isomorphic to A_{θ2} if and only if θ_1 = θ_2. Notice that A_θ is commutative if and only if θ is an integer, and simple Fourier theory shows that A_0 is isomorphic to the algebra C(T^2) of continuous functions on the 2-torus. For irrational θ, A_θ is known to be a simple C^∗-algebra, i.e. it has no proper closed two-sided ideal. In particular it has no finite dimensional representations [7, 49, 57].

For θ =^p_q a rational number, A_θ has a finite dimensional representation. To see this consider the unitary q × q matrices

u = 1 0 · · · · · · 0 0 λ 0 · · · 0 0 0 λ^2 · · · 0 · · · 0 · · · · · · 0 λ^{q−1} , v = 0 0 · · · · · · 1 1 0 0 · · · 0 0 1 0 · · · 0 · · · 0 · · · · · · 1 0 They satisfy the relations

uv = λvu, u^q = v^q = 1. (12)

It follows that there is a unique C^∗ map from A_θ → M_q(C ) sending U → u and V → v. This, of course, implies that A_θ is not simple for θ a rational number. In fact it is known that in this case A_θ is Morita equivalent to the commutative algebra C(T^2), as we shall see shortly.

Exercise 2.7. Show that the C^∗-algebra generated by relations (12) is isomorphic to M_q(C ). (hint: it suffices to show that the matrices u^iv^j , 1 ≤ i, j ≤ q, are linearly independent.)

Assuming θ =^p_q is rational, we have U^qV = V U^q and V^qU = UV^q, which show that U^q and V^q are in the center of A_θ. In fact it can be shown that they generate the center and we have

Z(A_θ) ≃ C(T^2).

One shows that there is a (flat) vector bundle E of rank q over T^2 such that A p_q is isomorphic to the algebra of continuous sections of the endomorphism bundle of E, A p_q ≃ Γ(T^2, End (E)).

Exercise 2.8. Show that if θ is irrational then Z(A_θ) = C 1.

There is a dense ∗-subalgebra A_θ ⊂ A_θ that deserves to be called the algebra of ‘smooth functions’ on the noncommutative torus (see Section 3.1 for more on the meaning of the word smooth in noncommutative geometry). By definition A_θ consists of elements of the form ∑ (m,n)∈Z^2 a_{mn}U^mV^n

where (a_{mn}) ∈ S(Z^2) is a rapid decay Schwartz class function, i.e. for all k ≥ 1 Sup_{m,n} |a_{mn}|(1 + |m| + |n|)^k < ∞. Exercise 2.9. Show that A_0 ≃ C^∞(T^2).

A derivation or infinitesimal automorphism of an algebra A is a linear map δ : A → A satisfying δ(ab) = δ(a)b + aδ(b) for all a, b ∈ A. For the algebra A = C^∞(M) of smooth functions on a manifold M one checks that there is a one to one correspondence between derivations on A and vector fields on M. For this reason derivations are usually considered as noncommutative analogues of vector fields. The fundamental derivations of the noncommutative torus, δ_1, δ_2 : A_θ → A_θ are the derivations uniquely defined by their values on generators of the algebra

δ_1(U) = U, δ_1(V ) = 0, and δ_2(U) = 0, δ_2(V ) = V,

or equivalently

δ_1( ∑ (m,n)∈Z^2 a_{mn}U^mV^n) = ∑ (m,n)∈Z^2 ma_{mn}U^mV^n,

and similarly for δ_2.

The invariance property of the Haar measure for the torus has a noncommutative counterpart. It is easy to see that the canonical trace τ : A_θ → C is invariant under δ_1 and δ_2, i.e. τ(δ_i(a)) = 0 for i = 1, 2 and all a ∈ A_θ.

Exercise 2.10. Find all derivations of A_θ.

Remark 1. Although they are deformations of Hopf algebras (in fact deformations of a group), noncommutative tori are not Hopf algebras. They are however in some sense Hopf algebroids. Since they are groupoid algebras, this is not surprising.

The definition of noncommutative tori can be extended to higher dimensions. Let Θ be a real skew-symmetric n × n matrix and let λ_{jk} = e^{2πiΘjk} . The noncommutative torus A_Θ is the universal unital C^∗-algebra generated by unitaries U_1, U_2, · · · , U_n with U_kU_j = λ_{jk}U_j U_k for all 1 ≤ j, k ≤ n. Alternatively, A_Θ is the universal C^∗-algebra generated by unitaries U_l, l ∈ Z^n with U_lU_m = e^{πi⟨l, Θm⟩}U_{l+m}, for all l, m ∈ Z^n. From this it follows hat for any B ∈ GL(n, Z) we have A_{BΘB}t ≃ A_Θ. The definitions of the invariant trace, smooth subalgebras, and fundamental derivations are easily extended to higher dimensions. The isomorphism types and Morita equivalence classes of higher dimensional noncommutative tori, as well as finite projective modules over them has been extensively studied in recent years.

3 Beyond C^∗-algebras

To plunge deeper into noncommutative geometry one must employ various classes of noncommutative algebras that are not C^∗-algebras. They include dense subalgebras of C^∗-algebras which are stable under holomorphic functional calculus, e.g. algebras of smooth functions on noncommutative tori. Another class consists of almost commutative algebras. They have a Poisson algebra as their semiclassical limit and include algebras of differential operators and enveloping algebras. They appear in questions of deformation quantization and its applications.

3.1 Algebras stable under holomorphic functional calculus

We are going to describe a situation where many features of the embedding C^∞(M) ⊂ C(M) of the algebra of smooth functions on a closed manifold into the algebra of continuous functions is captured and extended to the noncommutative world.

Let A be a unital Banach algebra and let f be a holomorphic function defined on a neighborhood of sp (a), the spectrum of a ∈ A. Let

f(a) := 1 2πi ∫ γ f(z)(z1 − a)^{−1}dz, (13) where the contour γ goes around the spectrum of a only once (counter clockwise). The integral is independent of the choice of the contour and it can be shown that for a fixed a, the map f → f(a) is a unital algebra map from the algebra of holomorphic functions on a neighborhood of sp (a) to A. It is called the holomorphic functional calculus. If f happens to be holomorphic in a disc containing sp(a) with power series expansion f(z) = ∑ c_iz^i, then one shows, using the Cauchy integral formula, that f(a) = ∑ c_ia^i. If A is a C^∗-algebra and a is a normal element then, thanks to the Gelfand-Naimark theorem, we have the much more powerful continuous functional calculus from C(sp (a)) → A. It extends the holomorphic functional calculus (see below).

Definition 3.1. Let B ⊂ A be a unital subalgebra of a unital Banach algebra A. We say B is stable under holomorphic functional calculus if for all a ∈ B and all holomorphic functions on sp (a), we have f(a) ∈ B.

Example 3.1. 1) The algebra C^∞(M) of smooth functions on a closed smooth manifold M is stable under holomorphic functional calculus in C(M). The same can be said about the algebra C^k(M) of k-times differentiable functions. The algebra C [X] of polynomial functions is not stable under holomorphic functional calculus in C[0, 1].

2) The smooth noncommutative torus A_θ ⊂ A_θ is stable under holomorphic functional calculus.

Let sp_B (a) denote the spectrum of a ∈ B with respect to the subalgebra B. Clearly sp_A (a) ⊂ sp_B (a) but the reverse inclusion holds if and only if invertibility in A implies invertibility in B. A good example to keep in mind is C [x] ⊂ C[0, 1]. It is easy to see that if B is stable under holomorphic functional calculus, then we have the spectral permanence property

sp_A (a) ⊂ sp_B (a).

Conversely, under some conditions on the subalgebra B the above spectral permanence property implies that B is stable under holomorphic functional calculus. In fact, in this case for all z ∈ sp_A (a), (z1 − a)^{−1} ∈ B and if there is a suitable topology in B, stronger than the topology induced from A, in which B is complete, one can then show that the integral (13) converges in B. We give two instances where this technique works.

Let (H, F ) be a Fredholm module over a Banach algebra A and assume that the action of A on H is continuous.

Proposition 3.1. ([24]) For each p ∈ [1, ∞), the subalgebra A = {a ∈ A; [F, a] ∈ L^p(H)} is stable under holomorphic functional calculus.

Exercise 3.1. (smooth compact operators). Let K^∞ ⊂ K be the algebra of infinite matrices (a_{ij} ) with rapid decay coefficients. Show that K^∞ is stable under holomorphic functional calculus in the algebra of compact operators K. Another source of examples are smooth vectors of Lie group actions. Let G be a Lie group acting continuously on a Banach algebra A. An element a ∈ A is called smooth if the map G → A sending g → g(a) is smooth. It can be shown that smooth vectors form a dense subalgebra of A which is stable under holomorphic functional calculus.

Example 3.2. The formulas U → λ_1U, V → λ_2V, where (λ_1, λ_2) ∈ T^2, define an action of the two-torus T^2 on the noncommutative torus A_θ. Its set of smooth vectors can be shown to coincide with the smooth noncommutative torus A_θ [17].

For applications to K-theory and density theorems, the following result is crucial [116].

Proposition 3.2. If B is a dense subalgebra of a Banach algebra A which is stable under holomorphic functional calculus then so is M_n(B) in M_n(A) for all n ≥ 0.

Now let e ∈ A be an idempotent in A. For any ϵ > 0 there is an idempotent e^′ ∈ B such that ‖e − e^′‖ < ϵ. In fact, since B is dense in A we can first approximate it by an element g ∈ B. Since sp (e) ⊂ {0, 1}, sp (g) is concentrated around 0 and 1. Let f be a holomorphic function which is identically equal to 1 around 0 and 1. Then

e^′ = f(g) = 1 2πi ∫ γ f(z)(z1 − e)^{−1}dz, is an idempotent in B which is close to e. In particular [e] = [f(g)] in K_0(A) (see Section 5.1). Thanks to the above Proposition, we can repeat this argument for M_n(B) ⊂ M_n(A) for all n. It follows that if B is dense is A and is stable under holomorphic functional calculus, the natural embedding B → A induces an isomorphism K_0(B) ≃ K_0(A) in K-theory (cf. also the article of J. B. Bost [8] where a more general density theorem along these lines is proved).

Example 3.3. (Toeplitz algebras) The original Toeplitz algebra T is defined as the universal unital C^∗-algebra generated by an isometry, i.e. an element S with S^∗S = I. It can be concretely realized as the C^∗-subalgebra of L(ℓ^2(N)) generated by the unilateral forward shift operator S(e_i) = e_{i+1}, i = 0, 1, · · · . Since the algebra C(S^1) of continuous functions on the circle is the universal algebra defined by a unitary u, the map S → u defines a C^∗-algebra surjection σ : T −→ C(S^1), called the symbol map. It is an example of the symbol map for pseudodifferential operators of order zero over a closed manifold (see below).

The rank one projection I − SS^∗ is in the kernel of σ. Since the closed ideal generated by I − SS^∗ is the ideal K of compact operators, we have K ⊂ Ker σ. With some more work one shows that in fact K = Ker σ and therefore we have a short exact sequence of C^∗-algebras, called the Toeplitz extension (due to Coburn, cf. [53, 57]) 0 −→ K −→ T^σ−→ C(S^1) −→ 0. (14) There is an alternative description of the Toeplitz algebra and extension (14) that makes its relation with pseudodifferential operators and index theory more transparent. Let H = L^2(S^1)^+ denote the Hilbert space of square integrable functions on the circle whose negative Fourier coefficients vanish and let P : L^2(S^1) → L^2(S^1)^+ denote the canonical projection. Any continuous function f ∈ C(S^1) defines a Toeplitz operator

T_f : L^2(S^1)^+ → L^2(S^1)^+, T_f (g) = P (gf).

It can be shown that the C^∗-algebra generated by the set of Toeplitz operators {T_f ; f ∈ C(S^1)} is isomorphic to the Toeplitz algebra T . The relation T_f T_g − T_{fg} ∈ K(H) shows that any Toeplitz operator T can be written as

T = T_f + K

where K is a compact operator. In fact this decomposition is unique and gives another definition of the symbol map σ by σ(T_f + K) = f. It is also clear from extension (14) that a Toeplitz operator T is Fredholm if and only if its symbol σ(T ) is an invertible function on S^1.

The algebra generated by Toeplitz operators T_f for f ∈ C^∞(S^1) is called the smooth Toeplitz algebra T^∞ ⊂ T . Similar to (14) we have an extension

0 −→ K^∞ −→ T^{∞ σ}−→ C^∞(S^1) −→ 0. (15)

Exercise 3.2. Show that T^∞ is stable under holomorphic functional calculus in T .

Exercise 3.3. Show that φ(A, B) = Tr ([A, B]) defines a cyclic 1-cocycle on T^∞. If f is a smooth non-vanishing function on the circle, show that

index (T_f ) = φ (T_f , T_f −1 ).

The Toeplitz extension (14) has a grand generalization. On any closed smooth manifold M, a (scalar) pseudodifferential operator D of order zero defines a bounded linear map D : L^2(M) → L^2(M) and its principal symbol σ(D) is a continuous function on S^∗(M), the unit cosphere bundle of M (cf. [89]). Let Ψ^0(M) ⊂ L(L^2(M)) denote the C^∗-algebra generated by all pseudodifferential operators of order zero on M. We then have a short exact sequence of C^∗-algebras

0 −→ K(L^2(M)) −→ Ψ^0(M)^σ−→ C(S^∗M) −→ 0.

For M = S^1, the cosphere bundle splits as the disjoint union of two copies of S^1 and the above sequence is the direct sum of two identical copies, each of which is isomorphic to the Toeplitz extension (14).

3.2 Almost commutative and Poisson algebras

Let A be a unital complex algebra. We say A is a filtered algebra if it has an increasing filtration F^i(A) ⊂ F^{i+1}(A), i = 0, 1, 2, · · · , with F^0(A) = C 1, F^i(A)F^j (A) ⊂ F^{i+j}(A) for all i, j and ∪_iF^i(A) = A. Let F^{−1}(A) = 0. The associated graded algebra of a filtered algebra is the graded algebra

Gr (A) = ⨁ i≥0 F^i(A) F^{i−1}(A) .

Definition 3.2. An almost commutative algebra is a filtered algebra whose associated graded algebra Gr (A) is commutative.

Being almost commutative is equivalent to the commutator condition [F^i(A), F^j(A)] ⊂ F^{i+j−1}(A), for all i, j. As we shall see Weyl algebras and more generally algebras of differential operators on a smooth manifold, and universal enveloping algebras are examples of almost commutative algebras.

Let A be an almost commutative algebra. The original Lie bracket [x, y] = xy − yx on A induces a Lie bracket { } on Gr(A) via the formula {x + F^i, y + F^j} := [x, y] + F^{i+j−2}. Notice that by the almost commutativity assumption, [x, y] is in F^{i+j−1}(A). The induced Lie bracket on Gr (A) is compatible with its multiplication in the sense that for all a ∈ Gr (A), the map b → {a, b} is a derivation. The algebra Gr (A) is called the semiclassical limit of the almost commutative algebra A. It is an example of a Poisson algebra as we recall next. The quotient map σ : A → Gr (A)

is called the principal symbol map.

Any splitting q : Gr (A) → A of this map can be regarded as a ‘naive quantization map’. Linear splittings always exist but they are hardly interesting. One usually demands more. For example one wants q to be a Lie algebra map in the sense that q{a, b} = [q(a), q(b)] (16) for all a, b in Gr (A). This is one form of Dirac’s quantization rule going back to [50]. No-go theorems, e.g. Groenvald-van Hove’s (cf. [66] for a discussion and precise statements), state that, under reasonable non-degeneracy conditions, this is almost never possible. The remedy is to have (16) satisfied only in an asymptotic sense. As we shall discuss later in this section, this can be done in different ways either in the context of formal deformation quantization [4, 84] or through strict C^∗-algebraic deformation quantization [113].

The notion of a Poisson algebra captures the structure of semiclassical limits.

Definition 3.3. Let P be a commutative algebra. A Poisson structure on P is a Lie algebra bracket (a, b) → {a, b} on A such that for any a ∈ A, the map b → {a, b} : A → A is a derivation of A. That is, for all b, c in A we have {a, bc} = {a, b}c + b{a, c}. In geometric examples (see below) the vector field defined by this derivation is called the Hamiltonian vector field of the Hamiltonian function a.

Definition 3.4. A Poisson algebra is a pair (P, {, }) where P is a commutative algebra and { , } is a Poisson structure on P .

We saw that the semiclassical limit P = Gr (A) of any almost commutative algebra A is a Poisson algebra. Conversely, given a Poisson algebra P one may ask if it is the semiclassical limit of an almost commutative algebra. This is one form of the problem of quantization of Poisson algebras, the answer to which for general Poisson algebras is negative. We give a few concrete examples of Poisson algebras.

Example 3.4. A Poisson manifold is a manifold M whose algebra of smooth functions A = C^∞(M) is a Poisson algebra (we should also assume that the bracket { , } is continuous in the Fréchet topology of A). It is not difficult to see that all Poisson structures on A are of the form {f, g} := ⟨df ∧ dg, π⟩, where π ∈ C^∞(

⋀_2 (T M)) is a smooth 2-vector field on M. This bracket clearly satisfies the Leibniz rule in each variable and one checks that it satisfies the Jacobi identity if and only if [π, π] = 0, where the Schouten bracket is defined in local coordinates by [π, π] = n∑ l=1 (π_{lj} ∂π_{ik} ∂x_l + π_{li} ∂π_{kj} ∂x_l + π_{lk} ∂π_{ji} ∂x_1 ) = 0.

The Poisson bracket in local coordinates is given by {f, g} = ∑ ij π_{ij} ∂f ∂x_i ∂g ∂x_j . Symplectic manifolds are the simplest examples of Poisson manifolds. They correspond to non-degenerate Poisson structures. Given a symplectic form ω, the associated Poisson bracket is given by {f, g} = ω(X_f , X_g), where the vector field X_f is the symplectic dual of df.

Let C^∞_{poly}(T^∗M) be the algebra of smooth functions on T^∗M which are polynomial in the cotangent direction. It is a Poisson algebra under the natural symplectic structure of T^∗M. This Poisson algebra is the semiclassical limit of the algebra of differential operators on M, as we will see in the next example.

Example 3.5. (Differential operators on commutative algebras). Let A be a commutative unital algebra. Let D^0(A) denote the set of differential operators of order zero on A, i.e. A-linear maps from A → A, and for n ≥ 1, let D^n(A) be the set of all operators D in End_C (A) such that for any a ∈ A, [D, a] ∈ D^{n−1}(A). The set D(A) = ⋃ n≥0 D^n(A)

is a subalgebra of End_C (A), called the algebra of differential operators on A. It is an almost commutative algebra under the filtration given by D^n, n ≥ 0. Elements of D^n(A) are called differential operators of order n. For example, a linear map D : A → A is a differential operator of order one if and only if it is of the form D = δ + a, where δ is a derivation on A and a ∈ A.

For general A, the semiclassical limit Gr (D(A)) and its Poisson structure are not easily identified except for coordinate rings of smooth affine varieties or algebras of smooth functions on a manifold. In this case a differential operator D of order n is locally given by D = ∑ |I|≤k a_I (x)∂^I

where I = (i_1, · · · , i_n) is a multi-index and ∂^I = ∂_{i1} ∂_{i2} · · · ∂_{in} is a mixed partial derivative. This expression depends on the local coordinates but its leading terms of total degree n have an invariant meaning provided we replace ∂_i → ξ_i ∈ T^∗M. For ξ ∈ T^∗_x M, let σ_p(D)(x, ξ) := ∑ |I|=k a_I (x)ξ^I

Then the function σ_p(D) : T^∗M → C , called the principal symbol of D, is invariantly defined and belongs to C^∞_{poly}(T^∗M). The algebra C^∞_{poly}(T^∗M) inherits a canonical Poisson structure as a subalgebra of the Poisson algebra C^∞(T^∗M) and we have the following

Proposition 3.3. The principal symbol map induces an isomorphism of Poisson algebras σ_p : Gr D(C^∞(M))^≃→ C^∞_{poly}(T^∗M). See [16] for a proof of this or, even better, try to prove it yourself by proving it for Weyl algebras first.

Example 3.6. (The Weyl algebra) Let A_1 := D C [X] be the Weyl algebra of differential operators on the line. Alternatively, A_1 can be described as the unital complex algebra defined by generators x and p with px − xp = 1. The map x → x, p →^d_{dx} defines the isomorphism. Physicists prefer to write the defining relation as the canonical commutation relation pq − qp =^h_{2πi} 1, where h is Planck’s constant and p and q represent momentum and position operators. This is not without merit because we can then let h → 0 and obtain the commutative algebra of polynomials in p and q as the semiclassical limit. Also, i is necessary if we want to consider p and q as selfadjoint operators (why?).

Any element of A_1 has a unique expression as a differential operator with polynomial coefficients ∑ a_i(x)^{di}_{dxi} where the standard filtration is by degree of the differential operator. We have an algebra isomorphism Gr(A_1) ≃ C [x, y] under which the (principal) symbol map is given by σ( n∑ i=0 a_i(x) d^i dx^i ) = a_n(x)y^n.

The induced Poisson bracket on C [x, y] is the classical Poisson bracket {f, g} = ∂f ∂x ∂g ∂y − ∂f ∂y ∂g ∂x . In general, the Weyl algebra A_n is the algebra of differential operators on C [x_1 , · · · , x_n]. Alternatively it can be defined as the universal algebra defined by 2n generators x_1, · · · x_n, p_1, · · · , p_n with

[p_i, x_i] = δ_{ij} , and [p_i, p_j] = [x_i, x_j ] = 0

for all i, j. Notice that A_n ≃ A_1 ⊗ · · · ⊗ A_1 (n factors).

A lot is known about Weyl algebras and a lot remains to be known, including the Dixmier conjecture about the automorphisms of A_n and its relation with the Jacobian conjecture recently studied by Kontsevich in [5]. The Hochschild and cyclic cohomology of A_n is computed in [60].

Exercise 3.4. . Show that A_1 is a simple algebra, i.e. it has no non-trivial two-sided ideals; that any derivation of A_1 is inner; and that [A_1, A_1] = A_1, i.e. there are no non-trivial traces on A_1. Prove all of this for A_n. Any derivation of A_1 is inner; is it true that any automorphism of A_1 is inner?

Exercise 3.5. Let A = C [x]/(x^2 ) be the algebra of dual numbers. Describe its algebra of differential operators.

Example 3.7. (Universal enveloping algebras) Let U(g) denote the enveloping algebra of a Lie algebra g. By definition, U(g) is the quotient of the tensor algebra T (g) by the two-sided ideal generated by x ⊗ y − y ⊗ x − [x, y] for all x, y ∈ g. For p ≥ 0, let F^p(U(g)) be the subspace generated by tensors of degree at most p. This turns U(g) into a filtered algebra and the Poincaré-Birkhoff-Witt theorem asserts that its associated graded algebra is canonically isomorphic to the symmetric algebra S(g). The algebra isomorphism is induced by the symmetrization map s : S(g) → Gr (U(g)), defined by s(X_1X_2 · · · X_p) = 1 p! ∑ σ∈S_p X_{σ(1)} ⊗ · · · ⊗ X_{σ(p)}. Note that S(g) is the algebra of polynomial functions on the dual space g^∗ which is a Poisson manifold under the bracket {f , g}(X) = [Df(X), Dg(X)] for all f, g ∈ C^∞(g^∗) and X ∈ g^∗. Here we have used the canonical isomorphism g ≃ g^{∗∗}, to regard the differential Df(X) ∈ g^{∗∗} as an element of g. The induced Poisson structure on polynomial functions coincides with the Poisson structure in Gr (U(g)).

Example 3.8. (algebra of formal pseudodifferential operators on the circle) This algebra is obtained by formally inverting the differentiation operator ∂ :=^d_{dx} and then completing the resulting algebra. A formal pseudodifferential operator on the circle is an expression of the form ∑_n −∞ a_i(x)∂^i, where each a_i(x) is a Laurent polynomial. The multiplication in uniquely defined by the rules ∂x − x∂ = 1 and ∂∂^{−1} = ∂^{−1}∂ = 1. We denote the resulting algebra by Ψ_1. The Adler-Manin trace on Ψ_1 [95], also called the noncommutative residue, is defined by

Tr ( n∑ −∞ a_i(x)∂^i) = Res (a_{−1}(x); 0) = 1 2πi ∫ S^1 a_{−1}(x). This is a trace on Ψ_1. In fact one can show that Ψ_1/[Ψ_1, Ψ_1] is onedimensional which means that any trace on Ψ_1 is a multiple of Tr. Notice that for the Weyl algebra A_1 we have [A_1, A_1] = A_1.

Another interesting difference between Ψ_1 and A_1 is that Ψ_1 admits non-inner derivations (see exercise below). The algebra Ψ_1 has a nice generalization to algebras of pseudodifferential operators in higher dimensions. The appropriate extension of the above trace is the noncommutative residue of Guillemin and Wodzicki (cf. [122]. See also [24] for relations with the Dixmier trace and its place in noncommutative Riemannian geometry).

Exercise 3.6. Unlike the algebra of differential operators, Ψ_1 admits noninner derivations. Clearly log ∂ /∈ Ψ_1, but show that for any a ∈ Ψ_1, we have [log ∂, a] ∈ Ψ_1 and therefore the map a → δ(a) := [log ∂, a] defines a non-inner derivation of Ψ_1 [87]. The corresponding Lie algebra 2-cocycle φ(a, b) = T r(a[log ∂, b]) is the Radul cocycle.

3.3 Deformation theory

In this section we shall freely use results about Hochschild cohomology from Section 6.5. In the last Section we saw one way to formalize the idea of quantization through the notion of an almost commutative algebra and its semiclassical limit which is a Poisson algebra. A closely related notion is formal deformation quantization, or star products [4, 84]. Let (A, { , }) be a Poisson algebra and let A[[h]] be the algebra of formal power series over A. A formal deformation of A is an associative C [[h]]-linear multiplication

∗_h : A[[h]] ⊗ A[[h]] → A[[h]]

such that ∗_0 is the original multiplication and for all a, b in A, a ∗_h b − b ∗_h a h → {a, b} as h → 0. Writing

a ∗_h b = B_0(a, b) + hB_1(a, b) + h^2B_2(a, b) + · · ·

where B_i : A ⊗ A → A are Hochschild 2-cochains on A with values in A, we see that the initial conditions on ∗_h are equivalent to B_0(a, b) = ab, and B_1(a, b) − B_1(b, a) = {a, b}. The associativity condition on ∗_h is equivalent to an infinite system of equations involving the cochains B_i. They are given by

B_0 ∘ B_n + B_1 ∘ B_{n−1} + · · · + B_n ∘ B_0 = 0, for all n ≥ 0,

or equivalently_{n−1} ∑ i=1 B_i ∘ B_{n−i} = δB_n. (17) Here, the Gerstenhaber ∘ product of 2-cochains f, g : A ⊗ A → A is defined as the 3-cochain f ∘ g(a, b, c) = f(g(a, b), c) − f(a, g(b, c)). Notice that a 2-cochain f defines an associative product if and only if f ∘ f = 0. Also notice that the Hochschild coboundary δf can be written as δf = −m ∘ f − f ∘ m, where m : A ⊗ A → A is the multiplication of A. These observations lead to the associativity equations (17).

To solve these equations starting with B_0 = m, by antisymmetrizing we can always assume that B_1 is antisymmetric and hence we can assume B_1 =^1_2 { , }. Having found B_0, B_1, · · · B_{n−1}, we can find a B_n satisfying (17) if and only if the cocycle ∑_{n−1} i=1 B_i ∘ B_{n−i} is a coboundary, i.e. its class in H^3(A, A) should vanish. The upshot is that the third Hochschild cohomology H^3(A, A) is the space of obstructions for the deformation quantization problem. In particular if H^3(A, A) = 0 then any Poisson bracket on A can be deformed. Notice, however, that this is only a sufficient condition and by no means is necessary, as will be shown below.

In the most interesting examples, e.g. for A = C^∞(M), H^3(A, A) ≠ 0. To see this consider the differential graded Lie algebra (C(A, A), [ , ], δ) of continuous Hochschild cochains on A, and the differential graded Lie algebra, with zero differential, ( ⋀ (T M), [ , ], 0) of polyvector fields on M.

The bracket in the first is the Gerstenhaber bracket and in the second is the Schouten bracket of polyvector fields. By a theorem of Connes (see the resolution in Lemma 44 in [22]), we know that the antisymmetrization map

α : (C^∞( ⋀ T M), 0) → (C(A, A), δ) sending a polyvector field X_1 ∧ · · · ∧ X_k to the functional φ defined by

φ(f^1, · · · , f^k) = df^1(X_1)df^2(X_2) · · · df^k(X_k)

is a quasi-isomorphism of differential graded algebras. In particular, it induces an isomorphism of graded commutative algebras H^k(A, A) ≃ C^∞( ⋀_k T M). The map α, however, is not a morphism of Lie algebras and that is where the real difficulty of deforming a Poisson structure is hidden. The formality theorem of M. Kontsevich [84] states that as a differential graded Lie algebra, (C(A, A), δ, [ , ]) is formal in the sense that it is quasi-isomorphic to its cohomology. Equivalently, it means that one can correct the map α, by adding an infinite number of terms, to a morphism of L_∞ algebras. This shows that the original deformation problem of Poisson structures can be transferred to (C^∞( ⋀ T M), 0) where it is unobstructed since the differential in the latter DGL is zero. We give a couple of simple examples where deformations can be explicitly constructed.

Example 3.9. The simplest non-trivial Poisson manifold is the dual g^∗ of a finite dimensional Lie algebra g. Let U_h(g) = T (g)/I, where the ideal I is generated by x ⊗ y − y ⊗ x − h[x, y], x, y ∈ g. By the Poincaré-Birkhoff-Witt theorem, the antisymmetrization map α_h : S(g) → U_h(g) is a linear isomorphism. We can define a ∗-product on S(g) by f ∗_h g = α^{−1}_h (α_h(f)α_h(g)) = ∞∑ n=0 h^nB_n(f, g). With some work one can show that B_n are bidifferential operators and hence the formula extends to a ∗-product on C^∞(g^∗).

Example 3.10. (Moyal-Weyl quantization) Consider the algebra generated by x and y with relation xy − yx =^h_i 1. Iterated application of the Leibniz rule gives the formula for the product f ∗_h g = ∞∑ n=0 1 n! ( −ih 2 )^nB_n(f, g), where B_0(f, g) = fg, B_1(f, g) = {f, g} is the standard Poison bracket, and for n ≥ 2,

B_n(f, g) = (−1)^n n∑ k=0 (−1)^k ( n k ) (∂^k_x ∂^{n−k}_y f)(∂^{n−k}_x ∂^k_y g). Notice that this formula makes sense for f, g ∈ C^∞(R^2 ) and defines a deformation of this algebra with its standard Poisson structure. This can be extended to arbitrary constant Poisson structures {f, g} = ∑ π^{ij} ∂_if ∂_j g. The Weyl-Moyal ∗ product is then given by

f ∗_h g = exp(−i h 2 ∑ π^{ij} ∂_i ∧ ∂_j )(f, g). Remark 2. As we mentioned before, deformation quantization has its origins in Dirac’s quantization rule in quantum mechanics [50]. The original idea was to replace the classical observables (functions) by quantum observables (operators) in such a way that Poisson brackets of functions correspond to commutators of operators. It was, however, soon realized that a rigid interpretation of Dirac’s rule is impossible and it must be understood only in an asymptotic sense. In fact there are some well known ‘no go-theorems’ that state that under reasonable non-degeneracy assumptions this rigid notion of quantization is not possible (cf. [66] and references therein). One approach, as in [4], formulates quantization of a classical system as formal deformation quantization of a Poisson structure manifold. We should mention that the algebraic underpinnings of deformation theory of (associative and Lie) algebras and the relevance of Hochschild cohomology goes back to Gerstenhaber’s papers [63].

No discussion of deformation quantizations is complete without discussing Rieffel’s deformation quantization [113]. Roughly speaking, one demands that formal power series of formal deformation theory should actually be convergent. More precisely, let (M, { , }) be a Poisson manifold. A strict deformation quantization of the Poisson algebra A = C^∞(M) is a family of pre C^∗-algebra structures (∗_h, ‖ ‖_h) on A for h ≥ 0 such that the family forms a continuous field of C^∗-algebras on [0, ∞) (in particular for any f ∈ A, h → ‖f‖_h is continuous) and for all f, g ∈ A, ‖ f ∗_h g − g ∗_h f ih ‖_h → {f, g} as h → 0. We therefore have a family of C^∗-algebras A_h obtained by completing A with respect to the norm ‖ ‖_h.

Example 3.11. (noncommutative tori) In [111] it is shown that the family of noncommutative tori A_θ form a strict deformation quantization of the Poisson algebra of smooth functions on the 2-torus. This in fact appears as a special case of a more general result. Let α be a smooth action of R^n on A = C^∞(M). Let X_i denote the infinitesimal generators for this action. Each skew-symmetric n × n matrix J defines a Poisson bracket on A by {f, g} = ∑ J_{ij} X_i(f)X_j (g). For each h ∈ R, define a new product ∗_h on A by f ∗_h g = ∫ R^n×R^n α_{hJu}(f)α_v(g)e^{2πiu·v} dudv. The ∗ structure is by conjugation and is undeformed (see [111] for the definition of ‖f‖_h). For A = C^∞(T^2) with the natural R^2 action one obtains A_θ.

Remark 3. . Does any Poisson manifold admit a strict deformation quantization? This question is still open (even for symplectic manifolds). In [112], Rieffel shows that the canonical symplectic structure on the 2-sphere admits no SO(3)-invariant strict deformation quantization. An intriguing idea promoted by Connes and Marcolli in [34] is that existence of a strict deformation quantization of a Poisson manifold should be regarded as an integrability condition for the formal deformation quantization. There is a clear analogy with the case of formal and convergent power series solutions of differential equations around singular points. They ask for a possible ‘theory of ambiguity’, i.e. a cohomology theory that could capture the difference between the two cases.

4 Sources of noncommutative spaces

At present we can identify at least four methods by which noncommutative spaces are constructed: i) noncommutative quotients;

ii) algebraic and C^∗-algebraic deformations; iii) Hopf algebras and quantum groups; iv) cohomological constructions.

It should be stressed that these are by no means mutually exclusive; there are intimate relations between these sources and sometimes a noncommutative space can be described by several methods, as is the case with noncommutative tori. The majority of examples, by far, fall into the first category. We won’t discuss the last idea, advanced by Connes and Landi [32] and Connes and Dubois-Violette [26]. Very briefly the idea is that if one writes the conditions for the Chern character of an idempotent in cyclic homology to be trivial on the level of chains, then one obtains interesting examples of algebras such as noncommutative spheres and spherical manifolds, Grassmannians, and Yang-Mills algebras.

4.1 Noncommutative quotients

The quotient space X/ ∼ of a Hausdorff space may easily fail to be Hausdorff and may even be an indiscrete topological space with only two open sets. This happens, for example, when at least one equivalence class is dense in X. Similarly the quotient of a smooth manifold may become singular and fail to be smooth.

The method of noncommutative quotients as advanced by Connes in [24] allows one to replace “bad quotients” by nice noncommutative spaces, represented by noncommutative algebras. In general these noncommutative algebras are defined as groupoid algebras. In some cases, like quotients by group actions, the noncommutative quotient can be defined as a crossed product algebra too, but in general the use of groupoids seem to be unavoidable.

An equivalence relation is usually obtained from a much richer structure by forgetting part of this structure. For example, it may arise from an action of a group G on X where x ∼ y if and only if gx = y for some g in G (orbit equivalence). Note that there may be, in general, many g with this property. That is x may be identifiable with y in more than one way. Of course when we form the equivalence relation this extra information is lost. The key idea in dealing with bad quotients in Connes’ theory is to keep track of this extra information, by first forming a groupoid.

Now Connes’ dictum in forming noncommutative quotients can be summarized as follows:

quotient data ⇝ groupoid ⇝ groupoid algebra,

where the noncommutative quotient is defined to be the groupoid algebra itself.

Definition 4.1. A groupoid is a small category in which every morphism is an isomorphism.

The set of objects of a groupoid G shall be denoted by G^{(0)}. Every morphism has a source, target and an inverse. They define maps s : G −→ G^{(0)}, t : G −→ G^{(0)}, i : G −→ G. Composition γ_1 ∘ γ_2 of morphisms γ_1 and γ_2 is only defined if s(γ_1) = t(γ_2). Composition defines a map ∘ : G^{(2)} = {(γ_1, γ_2); s(γ_1) = t(γ_2)} −→ G, which is associative in an obvious sense.

Examples 4.1. i) Every group G defines a groupoid G with one object * and Hom_G (∗, ∗) = G.

The composition of morphisms is simply by group multiplication. ii) Let X be a G-set. We define a groupoid G = X ⋊ G, called the transformation groupoid of the action, as follows. Let obj G = X, and Hom_G (x, y) = {g ∈ G; gx = y}. Composition of morphisms is defined via group multiplication. It is easily checked that G is a groupoid. Its set of morphisms can be identified as G ≃ X × G, where the composition of morphisms is given by (gx, h) ∘ (x, g) = (x, hg). iii) Let ∼ denote an equivalence relation on a set X. We define a groupoid G, called the graph of ∼, as follows. Let obj G = X, and let Hom_G (x, y) be a one element set if x ∼ y, and be the empty set otherwise.

Note that the set of morphisms of G is identified with the graph of the relation ∼ in the usual sense: G = {(x, y); x ∼ y} ⊂ X × X.

The groupoid algebra of a groupoid G is the algebra of functions C G = {f : G → C ; f has finite support}, with finite support on G. Under the convolution product (fg)(γ) = ∑ γ_1∘γ_2 =γ

f(γ_1)g(γ_2),

and the involution f^∗(γ) = f(γ^{−1}) it is a ∗-algebra.

Examples 4.2. i) Let G be the groupoid defined by a group G. Then clearly the groupoid algebra C G is isomorphic to the group algebra C G. ii) If G = X ⋊ G is a transformation groupoid then we have an algebra isomorphism C G ≃ C(X) ⋊ G. iiI) Let G be the groupoid of pairs on a set of n elements, i.e. G = {(i, j); i, j = 1, · · · n} with composition given by (l, k) ∘ (j, i) = (l, i) if k = j. (Composition is not defined otherwise). We have C G ≃ M_n(C ). Indeed, it is easily checked that the map (i, j) → E_{i,j}, where E_{i,j} denote the matrix units, is an algebra isomorphism. This is an extremely important example. In fact, as Connes points out in [24], the matrices in Heisenberg’s matrix quantum mechanics [69] were arrived at by a similar procedure.

Exercise 4.1. Show that the groupoid algebra of a finite groupoid (finite set of objects and finite set of morphisms) can be decomposed as a direct sum of tensor products of group algebras and matrix algebras.

As the above exercise shows, one cannot get very far with just discrete groupoids and soon one needs to work with topological and smooth groupoids associated to, say, continuous actions of topological groups and to foliations.

A (locally compact) topological groupoid is a groupoid such that its set of morphisms G and set of objects G^{(0)} are (locally compact) topological spaces, and its composition, source, target and inverse maps are continuous. An étale groupoid is a locally compact groupoid such that the fibers of its target map G^x = t^{−1}(x), x ∈ G^{(0)}, are discrete.

A smooth groupoid, also known as Lie groupoid, is a groupoid such that G and G^{(0)} are smooth manifolds, the inclusion G^{(0)} → G as well as the maps s, t, i and the composition map ∘ are smooth, and s and t are submersions. This last condition will guarantee that the domain of the composition map G^{(2)} = {(γ_1, γ_2); s(γ_1) = t(γ_2)} is a smooth manifold.

To define the convolution algebra of a topological groupoid and its C^∗- completions, we need an analogue of Haar measure for groupoids. A Haar measure on a locally compact groupoid G is a family of measures μ^x on each t-fiber G^x. The family is supposed to be continuous and left invariant in an obvious sense (cf. [109], unlike locally compact topological groups, groupoids need not have an invariant Haar measure). Given a Haar measure, we can then define, for functions with compact support f, g ∈ C_c(G) their convolution product (f ∗ g)(γ) = ∫ γ_1γ_2=γ

f(γ_1)g(γ_2) = ∫ G^{t(γ)} f(γ_1)g(γ^{−1}_1 γ)dμ^{t(γ)}. (18)

This turns C_c(G) into a ∗-algebra. The involution is defined by f^∗(γ) = f(γ^{−1})). For each fiber G^x, we have an ∗-representation π_x of C_c(G) on the Hilbert space L^2(G^x, μ^x) defined by

(π_xf)(ξ)(γ) = ∫ γ_1γ_2=γ

f(γ_1)ξ(γ_2) = ∫ G^{t(γ)} f(γ_1)ξ(γ^{−1}_1 γ)dμ^{t(γ)}.

We can then define a pre C^∗-norm on C_c(G) by ‖f‖ := sup {‖π_x(f)‖; x ∈ G^0}. The completion of C_c(G) under this norm is the reduced C^∗-algebra of the groupoid G and will be denoted by C^∗_r (G).

There are two special cases that are particularly important and convenient to work with: étale and smooth groupoids. Notice that for an étale groupoid each fiber is a discrete set and with counting measure on each fiber we obtain a Haar measure. The convolution product is then given by (f ∗ g)(γ) = ∑ γ_1γ_2=γ

f(γ_1)g(γ_2) = ∑ G^{t(γ)} f(γ_1)g(γ^{−1}_1 γ).

Notice that for each γ this is a finite sum since the support of f is compact and hence contains only finitely many points of each fiber.

A second interesting case where one can do away with Haar measures is smooth groupoids. Let C^∞_c (G, Ω^12 ) be the space of sections, with compact support, of the line bundle of half-densities on a smooth groupoid G. Since the product of two half-densities is a 1-density which has a well defined integral, the integral (18) for f, g ∈ C^∞_c (G, Ω^12 ) is well defined and we obtain the smooth convolution algebra C^∞_c (G).

Examples 4.3. 1. Let Γ be a discrete group acting by homeomorphisms on a locally compact space X. Then the transformation groupoid X ⋊ Γ is an étale groupoid and the groupoid algebra recovers the crossed product algebra:

C_c(G) ≃ C_c(X) ⋊ Γ and C^∗_r (G) ≃ C_0(X) ⋊_r Γ.

For X = S^1 and Γ = Z acting through rotation by an angle θ, we recover the noncommutative torus as a groupoid algebra, which is one among many incarnations of A_θ.

2. Let X be a locally compact space with a Borel probability measure μ and G be the groupoid of pairs on X. Then for f, g ∈ C_c(X ×X) the convolution product (18) reduces to (f ∗ g)(x, z) = ∫ X f(x, y)g(y, z)dμ(y), which is reminiscent of matrix multiplication or products of integral operators. In fact the map T : C_c(X × X) → K(L^2(X, μ)) sending f to the integral operator

(T f)(g)(x) = ∫ X f(x, y)g(y)dμ(y) is clearly an algebra map and can be shown to be 1-1 and onto.

On the other extreme, if G is the groupoid of the discrete equivalence relation on a locally compact space X, also known as the groupoid of pairs, then clearly C_c(G) ≃ C_c(X).

Example 4.1. (Non-Hausdorff manifolds) Let

X = S^1 × 0 ∪ S^1 × 1

be the disjoint union of two copies of the circle. We identify (x, 0) ∼ (x, 1) for all x ≠ 1 in S^1. The quotient space X/ ∼ is a non-Hausdorff manifold. The groupoid of the equivalence relation ∼ G = {(x, y) ⊂ X × X; x ∼ y } is a smooth étale groupoid. Its smooth groupoid algebra is given by

C^∞(G) = {f ∈ C^∞(S^1, M_2(C )); f(1) is diagonal }

There are many interesting examples of noncommutative quotients that we did not discuss here but are of much interest in noncommutative geometry. They include: foliation algebras, the space of Penrose tilings, the adèle space and the space of Q-lattices in number theory. They can all be defined as groupoid algebras and variations thereof. We refer to Connes-Marcolli’s article in this volume as well as [33, 34, 36, 24] for a proper introduction.

Exercise 4.2. Show that the Hecke algebras H(Γ, Γ_0) defined in Example 2.7 are groupoid algebras.

The following result of M. Rieffel [110] clarifies the relation between the classical quotients and noncommutative quotients for group actions:

Theorem 4.1. Assume G acts freely and properly on a locally compact Hausdorff space X. Then we have a strong Morita equivalence between the C^∗-algebras C_0(X/G) and C_0(X) ⋊_r G.

4.2 Hopf algebras and quantum groups

Many examples of noncommutative spaces are Hopf algebras or quantum groups. They are either the algebra of coordinates of a quantum group, or, dually, the convolution algebra or the enveloping algebra of a quantum group. In this section we shall make no distinction between Hopf algebras and quantum groups and use these words interchangeably. The theory of Hopf algebras (as well as Hopf spaces) was born in the paper of H. Hopf in his celebrated computation of the rational cohomology of compact connected Lie groups [73]. This line of investigation eventually led to the Cartier-Milnor- Moore theorem [99] characterizing connected cocommutative Hopf algebras as enveloping algebras of Lie algebras.

A purely algebraic theory, with motivations independent from algebraic topology, was created by Sweedler in the 1960’s. This line of investigation took a big leap forward with the work of Drinfeld and Jimbo resulting in quantizing all classical Lie groups and Lie algebras [54].

In a different direction, immediately after Pontryagin’s duality theorem for locally compact abelian groups, attempts were made to extend it to noncommutative groups. The Tannaka-Krein duality theorem was an important first step. Note that the dual, in any sense of the word, of a noncommutative group is necessarily not a group and one is naturally interested in extending the category of groups to a larger category which is closed under duality and hopefully is even equivalent to its second dual. Hopf von Neumann algebras of G.I. Kac and Vainerman achieve this in the measure theoretic world of von Neumann algebras [55]. The theory of locally compact quantum groups of Kustermans and Vaes [88] which was developed much later achieves this goal in the category of C^∗-algebras. An important step towards this program was the theory of compact quantum groups of S. L. Woronowicz (cf. [123] for a survey). We refer to [77, 83, 94, 96, 97, 119] for the general theory of Hopf algebras and quantum groups.

The first serious interaction between Hopf algebras and noncommutative geometry started in earnest in the paper of Connes and Moscovici on transverse index theory [38] (cf. also [39, 40, 41] for further developments). In this paper a noncommutative and non-cocommutative Hopf algebra appears as the quantum symmetries of the noncommutative space of codimension one foliations. The same Hopf algebra was later shown to act on the noncommutative space of modular Hecke algebras [42].

To understand the definition of a Hopf algebra, let us see what kind of extra structure exists on the algebra of functions on a group. For simplicity, let G be a finite group, though this is by no means necessary, and let H = C(G) be the algebra of functions from G → C . The multiplication m : G × G → G, inversion i : G → G, and unit element e ∈ G, once dualized, define unital algebra maps Δ : H → H ⊗ H, S : H → H, ϵ : H → C , by the formulas Δf(x, y) = f(xy), Sf(x) = f(x^{−1}), ε(f) = f(e), where we have identified C(G × G) with C(G) ⊗ C(G). Let also m : H ⊗ H → H, η : C → H denote the multiplication and unit maps of the algebra H. The associativity, inverse, and unit axioms for groups are dualized and in fact are easily seen to be equivalent to the following coassociativity, antipode, and counit axioms for H:

(Δ ⊗ I)Δ = (I ⊗ Δ)Δ, (ε ⊗ I)Δ = (I ⊗ ε)Δ = I, m(S ⊗ I) = m(I ⊗ S) = ηε. Definition 4.2. A unital algebra (H, m, η) endowed with unital algebra homomorphisms Δ : H → H ⊗ H, ε : H → C and a linear map S : H → H satisfying the above equations is called a Hopf algebra.

It can be shown that the antipode S is unique and is an anti-algebra map. It is also an anti-coalgebra map.

Example 4.2. Commutative or cocommutative Hopf algebras are closely related to groups and Lie algebras. We give a few examples to indicate this connection.

i) Let Γ be a discrete group (it need not be finite) and H = C Γ the group algebra of Γ. Let Δ(g) = g ⊗ g, S(g) = g^{−1}, ε(g) = 1, for all g ∈ Γ and linearly extend them to H. Then it is easy to check that (H, Δ, ε, S) is a cocommutative Hopf algebra. It is commutative if and only if Γ is commutative.

ii) Let g be a Lie algebra and H = U(g) be the universal enveloping algebra of g. Using the universal property of U(g) one checks that there are uniquely defined algebra homomorphisms Δ : U(g) → U(g) ⊗ U(g), ε : U(g) → C and an anti-algebra map S : U(g) → U(g), determined by

Δ(X) = X ⊗ 1 + 1 ⊗ X, ε(X) = 0, and S(X) = −X,

for all X ∈ g. One then checks easily that (U(g), Δ, ε, S) is a cocommutative Hopf algebra. It is commutative if and only if g is an abelian Lie algebra, in which case U(g) = S(g) is the symmetric algebra of g.

iii) (Compact groups) Let G be a compact topological group. A continuous function f : G → C is called representable if the set of left translations of f by all elements of G forms a finite dimensional subspace of C(G). It is easy to see that the set of representable functions, H = Rep (G), is a subalgebra of C(G). Let m : G × G → G denote the multiplication of G and m^∗ : C(G × G) → C(G), m^∗f(x, y) = f(xy), denote its dual map. One checks that if f is representable, then m^∗f ∈ Rep (G) ⊗ Rep (G) ⊂ C(G × G). Let e denote the identity of G. The formulas Δf = m^∗f, εf = f(e), and (Sf)(g) = f(g^{−1}), define a Hopf algebra structure on Rep(G). Alternatively, one can describe Rep (G) as the linear span of matrix coefficients of all finite dimensional complex representations of G. By the Peter-Weyl Theorem, Rep(G) is a dense subalgebra of C(G). This algebra is finitely generated (as an algebra) if and only if G is a Lie group.

iv) (Affine group schemes) The coordinate ring H = C [G] of an affine algebraic group G is a commutative Hopf algebra. The maps Δ, ε, and S are the duals of the multiplication, unit, and inversion maps of G, respectively. More generally, an affine group scheme over a commutative ring k is a commutative Hopf algebra over k. Given such a Hopf algebra H, it is easy to see that for any commutative k-algebra A, the set Hom_{Alg} (H, A) is a group under convolution product and A → Hom_{Alg} (H, A) is a functor from the category ComAlg_k of commutative k-algebras to the category of groups. Conversely, any representable functor ComAlg_k → Groups is represented by a, unique up to isomorphism, commutative k-Hopf algebra. Thus the category of affine group schemes is equivalent to the category of representable functors ComAlg_k → Groups. Example 4.3. (compact quantum groups) A prototypical example is Woronowicz’s SU_q(2), for 0 < q ≤ 1. As a C^∗-algebra it is the unital C^∗-algebra generated by α and β subject to the relations ββ^∗ = β^∗β, αβ = qβα, αβ^∗ = qβ^∗α, αα^∗ + q^2β^∗β = α^∗α + β^∗β = I.

Notice that these relations amount to saying that U = ( α qβ −β^∗ α^∗ )

is unitary, i.e. UU^∗ = U^∗U = I. Its coproduct and antipode are defined by Δ ( α β −β^∗ α^∗ ) = ( α β −β^∗ α^∗ ) ⊗ ( α β −β^∗ α^∗ )

S(α) = α^∗, S(β) = −q^{−1}β^∗, S(β^∗) = −qβ, S(α^∗) = α. Notice that the coproduct is only defined on the algebra O(SU_q(2)) of matrix elements on the quantum group, and its extension to C(SU_q(2)) lands in the completed tensor product

Δ : C(SU_q(2)) −→ C(SU_q(2)) ^⊗C(SU_q(2)).

At q = 1 we obtain the algebra of continuous functions on SU(2). We refer to [88] for a survey of compact and locally compact quantum groups.

Example 4.4. (Connes-Moscovici Hopf algebras) A very important example for noncommutative geometry and its applications to transverse geometry and number theory is the family of Connes-Moscovici Hopf algebras H_n for n ≥ 0 [39, 40, 41]. They are deformations of the group G = Diff (R^n ) of diffeomorphisms of R^n and can also be thought of as deformations of the Lie algebra a_n of formal vector fields on R^n . These algebras appeared for the first time as quantum symmetries of transverse frame bundles of codimension n foliations. We briefly treat the case n = 1 here. The main features of H_1 stem from the fact that the group G = Diff (R^n ) has a factorization of the form G = G_1G_2,

where G_1 is the subgroup of diffeomorphisms φ that satisfy

φ(0) = 0, φ^′(0) = 1,

and G_2 is the ax+b- group of affine diffeomorphisms. We introduce two Hopf algebras corresponding to G_1 and G_2 respectively. Let F denote the Hopf algebra of polynomial functions on the pro-unipotent group G_1. It can also be defined as the continuous dual of the enveloping algebra of the Lie algebra of G_1. It is a commutative Hopf algebra generated by the Connes-Moscovici coordinate functions δ_n, n = 1, 2, . . . , defined by

δ_n(φ) = d^n dt^n (log (φ^′(t))|_{t=0}.

The second Hopf algebra, U, is the universal enveloping algebra of the Lie algebra g_2 of the ax + b-group. It has generators X and Y and one relation [X, Y ] = X. The factorization G = G_1G_2 defines a matched pair of Hopf algebras consisting of F and U. More precisely, The Hopf algebra F has a right U-module algebra structure defined by

δ_n(X) = −δ_{n+1}, and δ_n(Y ) = −nδ_n.

The Hopf algebra U, on the other hand, has a left F -comodule coalgebra structure via X → 1 ⊗ X + δ_1 ⊗ X, and Y → 1 ⊗ Y. One can check that they are a matched pair of Hopf algebras in the sense of G.I. Kac and Majid [94] and the resulting bicrossed product Hopf algebra H_1 = F ▷◁ U is the Connes-Moscovici Hopf algebra H_1. (See [39] for a slightly different approach and fine points of the proof.)

Thus H_1 is the universal Hopf algebra generated by {X, Y, δ_n; n = 1, 2, · · · } with relations

[Y, X] = X, [Y, δ_n] = nδ_n, [X, δ_n] = δ_{n+1}, [δ_k, δ_l] = 0,

ΔY = Y ⊗ 1 + 1 ⊗ Y, Δδ_1 = δ_1 ⊗ 1 + 1 ⊗ δ_1,

ΔX = X ⊗ 1 + 1 ⊗ X + δ_1 ⊗ Y,

S(Y ) = −Y, S(X) = −X + δ_1Y, S(δ_1) = −δ_1, for n, k, l = 1, 2, · · · . Another recent point of interaction between Hopf algebras and noncommutative geometry is the work of Connes and Kreimer in renormalization schemes of quantum field theory. We refer to [29, 30, 31, 34, 36, 35] and references therein for this fascinating new subject.

5 Topological K-theory

The topological K-theory of spaces and its main theorem, the Bott periodicity theorem, can be extended to noncommutative Banach algebras. Of all topological invariants of spaces, K-theory has the distinct feature that it is the easiest to extend to noncommutative spaces. Moreover, on a large class of C^∗-algebras the theory can be characterized by a few simple axioms. In the next section we take up the question of Chern character in noncommutative geometry. It is to address this and similar questions that cyclic cohomology and Connes’ Chern character map enter the game.

K-theory was first introduced by Grothendieck in 1958 in his extension of the Riemann-Roch theorem to algebraic varieties. The isomorphism classes of bounded complexes of coherent sheaves on a variety X form an abelian monoid and the group that they generated was called K_0(X). Soon after, Atiyah and Hirzebruch realized that in a similar fashion complex vector bundles over a compact space X define a group K^0(X) and, moreover, using standard methods of algebraic topology, one obtains a generalized cohomology theory for spaces in this way. Bott’s periodicity theorem for homotopy groups of stable unitary groups immediately implies that the new functor is 2-periodic. By the mid-1970’s it was clear to operator algebraists that topological K-theory and Bott periodicity theorem can be extended to all Banach algebras. Our references for this section include [6, 57, 24].

5.1 The K_0 functor

Since the definition of K_0(A) depends only on the underlying ring structure of A and makes sense for any ring, we shall define K_0(A) for any ring A. Let A be a unital noncommutative ring. A right A-module P is called projective if it is a direct summand of a free module, i.e. there exists a right A-module Q such that P ⊕ Q ≃ A^I . Equivalently, P is projective if and only if any short exact sequence of right A-modules 0 −→ M −→ N −→ P −→ 0 splits. Let P(A) denote the set of isomorphism classes of finitely generated projective right A-modules. Under the operation of direct sum, P(A) is an abelian monoid. The group K_0(A) is, by definition, the universal group generated by the monoid P(A). Thus elements of K_0(A) can be written as [P ] − [Q] for P, Q ∈ P(A), with [P ] − [Q] = [P^′] − [Q^′] if and only if there is an R ∈ P(A) such that P ⊕ Q^′ ⊕ R ≃ P^′ ⊕ Q ⊕ R.

A unital ring homomorphism f : A → B defines a map (base change) f_∗ : P(A) → P(B) by f_∗(P ) = P ⊗_A B where the left A-module structure on B is induced by f. This map is clearly additive and hence induces an additive map

f_∗ : K_0(A) → K_0(B).

This shows that A → K_0(A) is a functor.

We need to define K_0 of non-unital rings. Let A^+ be the unitization of a non-unital ring A. By definition, A^+ = A ⊕ Z with multiplication (a, m)(b, n) = (ab + na + mb, mn) and unit element (0, 1). A non-unital ring map f : A → B clearly induces a unital ring map f^+ : A^+ → B^+ by f^+(a, n) = (f(a), n). The canonical morphism A^+ → Z, sending (a, n) → n, is unital and we define K_0(A) as the kernel of the induced map K_0(A^+) → K_0(Z). If A is already unital then the surjection A^+ → Z splits and one shows that the two definitions coincide.

The first important result about K_0 is its half-exactness (cf., for example, [6] for a proof): for any exact sequence of rings 0 −→ I −→ A −→ A/I −→ 0, the induced sequence

K_0(I) −→ K_0(A) −→ K_0(A/I) (19)

is exact in the middle. Simple examples show that exactness at the left and right ends can fail and in fact the extent to which they fail is measured by higher K-groups as we define them in the next section.

Remark 4. When A is commutative, the tensor product P ⊗_A Q of Amodules is well defined and is an A-module again. It is finite and projective if P and Q are finite and projective. This operation turns K_0(A) into a commutative ring. In general, for noncommutative rings no such multiplicative structure exists on K_0(A).

There is an alternative description of K_0(A) in terms of idempotents in matrix algebras over A that is often convenient. An idempotent e ∈ M_n(A) defines a right A-module map e : A^n −→ A^n by left multiplication by e. Let P_e = eA^n be the image of e. The relation A^n = eA^n ⊕ (1 − e)A^n shows that P_e is a finite projective right A-module. Different idempotents can define isomorphic modules. This happens, for example, if e and f are equivalent idempotents (sometimes called similar) in the sense that e = ufu^{−1} for some invertible u ∈ GL(n, A). Let M(A) = ∪M_n(A) be the direct limit of matrix algebras M_n(A) under the embeddings M_n(A) → M_{n+1}(A) defined by a → ( a 0 0 0 ) . Similarly let GL(A) be the direct limit of the groups

GL(n, A). It acts on M(A) by conjugation.

Definition 5.1. Two idempotents e ∈ M_k(A) and f ∈ M_l(A) are called stably equivalent if their images in M(A) are equivalent under the action of GL(A). The following is easy to prove and answers our original question:

Lemma 5.1. The projective modules P_e and P_f are isomorphic if and only if the idempotents e and f are stably equivalent.

Let Idem(M(A))/GL(A) denote the set of stable equivalence classes of idempotents over A. This is an abelian monoid under the operation (e, f) → e ⊕ f := ( e 0 0 f ) . It is clear that any finite projective module is of the type P_e for some idempotent e. In fact writing P ⊕ Q ≃ A^n, one can let e be the idempotent corresponding to the projection map (p, q) → (p, 0). These observations prove the following lemma:

Lemma 5.2. For any unital ring A, the map e → P_e defines an isomorphism of monoids Idem (M(A))/GL(A) ≃ P(A). Given an idempotent e = (e_{ij} ) ∈ M_n(A), its image under a homomorphism f : A → B is the idempotent f_∗(e) = (f(e_{ij} )). This is our formula for f_∗ : K_0(A) → K_0(B) in the idempotent picture of K-theory.

For a Banach algebra A, K_0(A) can be described in terms of connected components of the space of idempotents of M(A) under its inductive limit topology (a subset V ⊂ M(A) is open in the inductive limit topology if and only if V ∩ M_n(A) is open for all n). It is based on the following important observation: Let e and f be idempotents in a unital Banach algebra A and assume ‖e − f‖ < 1/‖2e − 1‖. Then e ∼ f. In fact with

v = (2e − 1)(2f − 1) + 1

and u =^1_2 v, we have ueu^{−1} = f. To see that u is invertible note that ‖u − 1‖ < 1. One consequence of this fact is that if e and f are in the same path component of the space of idempotents in A, then they are equivalent. As a result we have, for any Banach algebra A, an isomorphism of monoids

P(A) ≃ π_0(Idem (M(A))),

where π_0 is the functor of path components.

For C^∗-algebras, instead of idempotents it suffices to consider only the projections. A projection is a self-adjoint idempotent (p^2 = p = p^∗). The reason is that every idempotent in a C^∗-algebra is similar to a projection [6]: let e be an idempotent and set z = 1 + (e − e^∗)(e^∗ − e). Then z is invertible and positive and one shows that p = ee^∗z^{−1} is a projection and is similar to e. Exercise 5.1. Show that the set of projections of a C^∗-algebra is homotopy equivalent (in fact a retraction) of the set of idempotents.

Let Proj(M(A)) denote the space of projections in M(A). We have established isomorphisms of monoids

P(A) ≃ π_0(Idem (M(A))) ≃ π_0(Proj (M(A))).

From the above homotopic interpretation of K_0 for Banach algebras, its homotopy invariance and continuity easily follows. Let f, g : A → B be continuous homomorphisms between Banach algebras. They are called homotopic if there exists a continuous homomorphism F : A → C([0, 1], B) such that f = e_0F and g = e_1F , where e_0, e_1 : C([0, 1], B) → B are the evaluations at 0 and 1 maps. Now by our definition of K_0 via π_0, it is clear that e_{0∗} = e_{1∗} : K_0(C([0, 1], B)) → K_0(B) and hence

f_∗ = g_∗ : K_0(A) → K_0(B),

which shows that K_0 is homotopy invariant.

In a similar way one can also show that K_0 preserves direct limits of Banach algebras: if A = Lim_{−→} (A_i, f_{ij}) is an inductive limit of Banach algebras then K_0(A) = Lim_{−→} (K_0(A_i), f_{ij∗}). This property is referred to as continuity of K_0.

In addition to its homotopy invariance and continuity, we collect a couple of other properties of K_0 which hold for all rings:

• Morita Invariance: if A and B are Morita equivalent unital rings then K_0(A) ≃ K_0(B). This is clear since Morita equivalent rings, by definition, have equivalent categories of modules and the equivalence can be shown to preserve the categories of finite projective modules. Therefore P(A) ≃ P(B). • Additivity: K_0(A ⊕ B) ≃ K_0(A) ⊕ K_0(B) for unital rings A and B.

This is a consequence of P(A ⊕ B) ≃ P(A) ⊕ P(B), which is easy to prove.

Example 5.1. (commutative algebras) For A = C_0(X) we have

K_0(C_0(X)) ≃ K^0(X), (20)

where K^0 is the topological K-theory of spaces. The reason for this is the Swan theorem [118] (cf. also Serre [117] for the corresponding result in the context of affine varieties), according to which for any compact Hausdorff space X the category of finite projective C(X)-modules is equivalent to the category of complex vector bundles on X. The equivalence is via the global section functor. Given a vector bundle p : E → X, let

P = Γ(E) = {s : X → E; ps = id_X }

be the set of all continuous global sections of E. It is clear that under fiberwise scalar multiplication and addition, P is a C(X)-module. Using the local triviality of E and a partition of unity one shows that there is a vector bundle F on X such that E ⊕ F is a trivial bundle, or, equivalently, P ⊕ Q ≃ A^n, where Q is the module of global sections of F . This shows that P is finite and projective. It is not difficult to show that all finite projective modules are obtained in this way and Γ is an equivalence of categories (see exercise below). Now the rest of the proof of (20) is clear since K^0(X) is, by definition, the universal group defined by the monoid of complex vector bundles on X.

Exercise 5.2. Given a finite projective C(X)-module P , let Q be a C(X)- module such that P ⊕ Q ≃ A^n, for some integer n. Let e : A^n → A^n be the right A-linear projection map (p, q) → (p, 0). It is obviously an idempotent in M_n(C(X)). Define the vector bundle E to be the image of e: E = {(x, v); e(x)v = v, for all x ∈ X, v ∈ C^n } ⊂ X × C^n . Now it is easily seen that Γ(E) ≃ P . With some more work it is shown that the functor Γ is full and faithful and hence defines an equivalence of categories [118].

Motivated by the Serre-Swan theorem, one usually thinks of finite projective modules over noncommutative algebras as noncommutative vector bundles.

Example 5.2. Here is a nice example of a projection in M_2(C_0(R^2 )^+). Let p = 1 1 + |z|^2 ( |z|^2 z z̄ 1 )

It does not define an element of K_0(C_0(R^2 )) since p(∞) = ( 1 0 0 0 ) ≠ 0. The difference β = p − ( 1 0 0 0 )

is however the generator of K_0(C_0(R^2 )) ≃ Z. This is a consequence of the Bott periodicity theorem that we recall later in this section. β is called the Bott generator and p the Bott projection. Now we have C(S^2) = C_0(R^2 )^+. Let [1] denote the class of the trivial line bundle on S^2. It follows that [1] and β form a basis for K_0(C(S^2)) ≃ K^0(S^2) ≃ Z ⊕ Z.

Examples 5.1. i) K_0(C ) ≃ Z. In fact any finite projective module over C is simply a finite dimensional complex vector space whose isomorphism class is determined by its dimension. This shows that P(C ) ≃ N, from which our claim follows.

ii) By Morita invariance, we then have K_0(M_n(C )) ≃ Z.

iii) The algebra of compact operators K = K(H) on a separable Hilbert space is the direct limit of matrix algebras. Using the continuity of K_0 we conclude that K_0(K) ≃ Z.

iv) On the other hand, K_0(L) = 0 where L = L(H) is the algebra of bounded operators on an infinite dimensional Hilbert space. To prove this let e ∈ M_n(L) = L(H^n) be an idempotent. The idempotents e ⊕ I and 0 ⊕ I are equivalent in M_{2n}(L) = L(H^{2n}) since both have infinite dimensional range. This shows that [e] = 0. Notice that for commutative algebras A = C(X), K_0(A) always contains a copy of Z.

Consider the exact sequence of C^∗-algebras 0 −→ K −→ L(H) −→ C −→ 0, where C := L(H)/K is called the Calkin algebra. From the above example we see that the corresponding K_0 sequence (19) fails to be exact on the left.

Example 5.3. (The trace map) Let A be a unital algebra, V be a vector space and τ : A → V be a trace on A. Then τ induces an additive map

τ : K_0(A) → V

as follows. Given an idempotent e = (e_{ij} ) ∈ M_k(A), let

τ([e]) = k∑ i=1 τ(e_{ii}). (21)

Using the trace property of τ, one has τ(ueu^{−1}) = τ(e). The additivity property τ(e ⊕ f) = τ(e) + τ(f) is clear. This shows that (21) is a well defined map on K-theory.

Alternatively, given a finite projective A-module P , let

τ([P ]) = Tr (id_P )

where Tr : End_A (P ) ≃ P^∗ ⊗_A P → V,

the Hattori-Stallings trace, is the natural extension of τ defined by

Tr (f ⊗ ξ) = τ(f(ξ))

for all f ∈ P^∗ = Hom_A(P, A) and ξ ∈ P . This is the simplest example of a pairing between cyclic cohomology and K-theory (Connes’ Chern character), to be defined in full generality later in these notes. Notice that if τ([e]) ≠ 0 then we can conclude that [e] ≠ 0 in K_0(A). This is often very useful in applications.

Example 5.4. (Hopf line bundle on quantum spheres) Let 0 < q ≤ 1 be a real number. The algebra C(S^2_q ) of functions on the standard Podleś quantum sphere S^2_q is, by definition, the unital C^∗-algebra generated by elements a and b with relations

aa^∗ + q^{−4}b^2 = 1, a^∗a + b^2 = 1, ab = q^{−2}ba, a^∗b = q^2ba^∗.

The quantum analogue of the Dirac (or Hopf) monopole line bundle over S^2 is given by the following projection in M_2(C(S^2_q )) [14]:

e_q = 1 2 [ 1 + q^{−2}b qa q^{−1}a^∗ 1 − b ] . It can be directly checked that e^2_q = e_q = e^∗_q . For q = 1, C(S^2_1 ) = C(S^2) and the corresponding projection defines the Hopf line bundle on S^2. We refer to the article of Landi and van Suijlekom in this volume [91] for a survey of noncommutative bundles and instantons in general.

Example 5.5. (K_0(A_θ)) We shall see later in this Section, using the Pimsner-Voiculescu exact sequence, that K_0(A_θ) ≃ Z ⊕ Z. One generator is the class of the trivial idempotent [1]. Notice that [1] ≠ 0 because τ(1) = 1 ≠ 0, where τ : A_θ → C is the canonical trace. When θ is irrational a second generator is given by the Powers-Rieffel projection p ∈ A_θ. The projection p is of the form

p = U^∗_2 g(U_1)^∗ + f(U_1) + g(U_1) U_2, (22)

where f, g ∈ C^∞(S^1). By g(U_1) we mean of course ∑ ĝ_nU^n_1 where ĝ_n are the Fourier coefficients of g. To fulfill the projection condition p^2 = p = p^∗, f and g must satisfy certain relations (cf. [24]) one of which implies that

∫_1 0 f(t)dt = θ. There are many such solutions but their corresponding projections are all homotopic and hence define the same class in K_0(A_θ). Now in (22), the only contribution to the trace τ(p) comes from the constant term of the middle term and hence τ(p) = ∫_1 0 f(t)dt = θ. It follows that the range of the trace map τ : K_0(A_θ) → C is in fact the subgroup Z + θZ ⊂ R.

Example 5.6. (Relation with Fredholm operators) The space of Fredholm operators, under the norm topology, is a classifying space for the K-theory of spaces. Let [X, F] denote the set of homotopy classes of continuous maps from a compact space X to the space of Fredholm operators F on an infinite dimensional Hilbert space. Such continuous maps should be thought of as families of Fredholm operators parameterized by X. By a theorem of Atiyah and Jänich (cf. [3] for a proof and a generalization) there exists a well defined index map index : [X, F] → K^0(X) which induces an isomorphism

index : [X, F] ≃ K^0(X). (23)

Its definition is as follows. Given a Fredholm family T : X → F, if dim Ker( T_x) and dim Coker( T_x) are locally constant functions of x, then the family of finite dimensional subspaces Ker( T_x) and Coker( T_x), x ∈ X, define vector bundles denoted Ker (T ) and Coker (T ) on X, and their difference index (T ) := Ker (T ) − Coker (T )

is the K-theory class associated to T . For a general family the dimensions of the subspaces Ker( T_x) and Coker( T_x) may be discontinuous, but one shows that it can always be continuously deformed to a family where these dimensions are continuous .

The isomorphism (23) is fundamental. For example, the index of a family of elliptic operators which are fiberwise elliptic, by this result, is an element of the K-theory of the base manifold (and not an integer). In noncommutative geometry, for example in transverse index theory on foliated manifolds, the parameterizing space X is highly singular and is replaced by a noncommutative algebra A. The above analytic index map (23), with values in K_0(A), still can be defined and its identification is one of the major problems of noncommutative index theory [24].

5.2 The higher K-functors

Starting with K_1, algebraic and topological K-theory begin to differ from each other. In this section we shall first briefly indicate the definition of algebraic K_1 of rings and then define, for Banach algebras, a sequence of functors K_n for n ≥ 1.

For a unital ring A, let GL(A) be the direct limit of groups GL(n, A) of invertible n × n matrices over A where the direct system GL(n, A) →

GL(n + 1, A) is defined by x → ( x 0 0 1 ) . The algebraic K_1 of A is defined as the abelianization of GL(A) : K^{alg}_1 (A) := GL(A)/[GL(A), GL(A)], where [ , ] denotes the commutator subgroup.

Applied to A = C(X), this definition does not reproduce the topological K^1(X). For example for A = C = C(pt) we have K^{alg}_1 (C ) ≃ C^× where the isomorphism is induced by the determinant map

det : GL(C ) → C^× ,

while K^1(pt) = 0. It turns out that, to obtain the right result, one should divide GL(A) by a bigger subgroup, i.e. by the closure of its commutator subgroup. This works for all Banach algebras and will give the right definition of topological K_1. A better approach however is to define the higher K groups in terms of K_0 and the suspension functor.

The suspension of a Banach algebra A is the Banach algebra SA = C_0(R, A) of continuous functions from R to A vanishing at infinity. Notice that for A = C(X), SA is isomorphic to the algebra of continuous functions on X × [0, 1] vanishing on X × {0, 1}. It follows that SA^+ ≃ C(ΣX), where ΣX is the suspension of X obtained by collapsing X × {0, 1} to a point in X × [0, 1].

Definition 5.2. The higher topological K groups of a Banach algebra A are the K_0 groups of the iterated suspensions of A:

K_n(A) = K_0(S^nA), n ≥ 1.

This is a bit too abstract. It is better to think of higher K groups of A as higher homotopy groups of GL(A). To do this we need the following Lemma. Let GL^∘(n, A) denote the connected component of the identity in GL(n, A). Lemma 5.3. i) Let f : A → B be a surjective unital homomorphism of unital Banach algebras. Then f : GL^∘(1, A) → GL^∘(1, B) is surjective. ii) For any u ∈ GL(n, A), diag (u, u^{−1}) ∈ GL^∘(2n, A).

To prove the first statement notice that the group generated by the exponentials e^y, y ∈ B, coincides with GL^∘(1, B). Now since f is surjective we have e^y = e^{f(x)} = f(e^x) which implies that any product of exponentials is in the image of f. To prove the second statement we can use the path z_t = diag (u, u^{−1})u_t diag (u, u^{−1}) u^{−1}_t , where u_t = ( cos^π_2 t −sin^π_2 t sin^π_2 t cos^π_2 t ) , connecting diag(u, u^{−1}) to diag(1, 1).

We can now show that K_1(A) ≃ π_0(GL(A)), (24) the group of connected components of GL(A). To see this let u ∈ GL(n, A). Then, by the above lemma, there is a path α_t in GL(2n, A) connecting diag (u, u^{−1}) ∈ GL^0(2n, A) to I_{2n}. Let p_n = diag(I_n, 0). Then e_t = α_tp_nα^{−1}_t is an idempotent in (SA)^+ and the map [u] → [e_t] − [p_n] implements the isomorphism in (24).

Now since π_n(GL(A)) ≃ π_{n−1}(GL(SA)), using (24) we obtain K_n(A) ≃ π_{n−1}(GL(A)). (25) Example 5.7. Let A = C . Then by (25), we have K_n(C ) ≃ π_{n−1}(GL(C )) ≃ π_{n−1}(U(C )). By the Bott periodicity theorem, the homotopy groups of the stable unitary groups U(C ) are periodic, i.e. for all n we have π_n(U(C )) ≃ π_{n+2}(U(C )), and hence K_{n+2}(C ) ≃ K_n(C ).

This is the simplest instance of the general Bott periodicity theorem for the K-theory of Banach algebras to be discussed in the next section. Example 5.8. For any Banach algebra A, we have a surjection K^{alg}_1 (A) ↠ K_1(A).

Using (24), this follows from GL^∘(A) = [GL(A), GL(A)], which we leave as an exercise. For A = C , we have K^{alg}_1 (C ) ≃ C^× with the isomorphism given by the determinant map det : GL(C ) → C^× , while K_1(C ) = 0 (see the next example).

Example 5.9. (i) Since GL(n, C ) is connected for all n, we have K_1(C ) = 0. Similarly, using polar decomposition, one shows that for any von Neumann algebra A, GL(n, A) is connected for all n and hence K_1(A) = 0. (ii) By Morita invariance we have K_1(M_n(C )) = 0.

(iii) Since the algebra K of compact operators is the direct limit of finite matrices, by continuity we have K_1(K) = 0.

Exercise 5.3. Starting from the definitions, show that for i = 0, 1

K_i(C(S^1)) ≃ Z.

Under these isomorphisms a projection e : S^1 → M_n(C ) is sent to tr(e) ∈ Z and an invertible u : S^1 → GL(n, C ) is sent to the winding number of det (u(z)).

The suspension functor is exact in the sense that for any exact sequence of Banach algebras 0 → I → A → A/I → 0 the sequence 0 −→ SI −→ SA −→ S(A/I) −→ 0 is exact too. Coupled with the half exactness of K_0, we conclude that the sequences K_n(I) −→ K_n(A) −→ K_n(A/I) are exact in the middle for all n ≥ 0.

One can splice these half exact sequences into a long exact sequence · · · → K_n(I) → K_n(A) → K_n(A/I) → · · · → K_0(I) → K_0(A) → K_0(A/I) (26) To do this it suffices to show that there exists a connecting homomorphism

∂ : K_1(A) −→ K_0(I)

which renders the sequence

K_1(I) → K_1(A) → K_1(A/I)^∂→ K_0(I) → K_0(A) → K_0(A/I) (27)

exact. It is sometimes called the (generalized) index map since for the Calkin extension 0 −→ K −→ L(H) −→ C −→ 0 (28) it coincides with the index of Fredholm operators

∂ = index : K_1(C) −→ K_0(K) ≃ Z.

Let u ∈ GL_n(A/I) and let w ∈ GL_{2n}(A) be a lift of diag (u, u^{−1}). Define

∂([u]) = [wp_nw^{−1}] − [p_n] ∈ K_0(I),

where the projection p_n = diag(I_n, 0). It can be shown that this map is well defined and (27) is exact.

Example 5.10. Let A be a unital C^∗-algebra. Using polar decomposition one shows that any invertible in GL(n, A) is homotopic to a unitary. Given such a unitary u, we can find a partial isometry v in M_{2n}(A) lifting diag(u, 1). Now the unitary w = ( v 1 − vv^∗ 1 − v^∗v v^∗ )

lifts diag ((u, 1), (u^{−1}, 1)) and hence

∂([u]) = [wp_{2n}w^{−1}] − [p_{2n}] = [1 − v^∗v] − [1 − vv^∗].

For the Calkin extension (28) this maps sends an invertible in the Calkin algebra C, i.e. a Fredholm operator, to its Fredholm index in K_0(K) ≃ Z.

Remark 5. A more conceptual way to get the long exact sequence (26) would be to derive it from the homotopy exact sequence of a fibration.

5.3 Bott periodicity theorem

Homotopy invariance, Morita invariance, additivity and the exact sequence (26) are essential features of topological K-theory. The deepest result of K-theory, however, at least in the commutative case, is the Bott periodicity theorem. It states that there is a natural isomorphism between K_0 and K_2. The isomorphism is given by the Bott map

β : K_0(A) → K_1(SA).

Since K_1(SA) ≃ π_1(GL(A)) is the homotopy group of the stable general linear group of A, β should somehow turn an idempotent in M(A) into a loop of invertibles in GL(A). We assume A is unital (the general case easily follows). Given an idempotent e ∈ M_n(A), define a map u_e : S^1 → GL(n, A) by u_e(z) = ze + (1 − z)e. It defines a loop in GL(A) based at 1, whose homotopy class is an element of π_1(GL(A)) ≃ K_1(SA). Now the Bott map β : K_0(A) −→ K_1(SA) is defined by

β([e] − [f]) = u_eu^{−1}_f .

Notice that, since u_e is a group homomorphism the additivity of β follows.

Theorem 5.1. (Bott periodicity theorem) For a complex Banach algebra A the Bott map β : K_0(A) → K_2(A)

is a natural isomorphism.

It follows that for all n ≥ 0,

K_n(A) ≃ K_{n+2}(A)

and the long exact sequence (26) reduces to a periodic 6-term exact sequence K_0(I)^{i∗}−−−−→ K_0(A)^{π∗}−−−−→ K_0(A/I) ∂ ∂ K_1(A/I) ←−−−−_{π∗} K_1(A) ←−−−−_{i∗} K_1(I) Example 5.11. For A = C we already knew that K_0(C ) ≃ Z and K_1(C ) ≃ 0. Using Bott periodicity we obtain K_{2n}(C ) ≃ Z, and K_{2n+1}(C ) ≃ 0. This is a non-trivial result and in fact of the same magnitude of difficulty as Bott periodicity. Since the spheres S^n are iterated suspensions of a point, we obtain K^0(S^{2n}) ≃ Z ⊕ Z, K^1(S^{2n}) ≃ 0, and K^0(S^{2n+1}) ≃ K^1(S^{2n+1}) ≃ Z.

Example 5.12. ( The Toeplitz extension) The Toeplitz extension 0 −→ K −→ T^σ−→ C(S^1) −→ 0 was introduced in Section 3.1. Now the index map ∂ : K_1(C(S^1)) → K_0(K) in the 6-term exact sequence is an isomorphism (this is, more or less, equivalent to the Gohberg-Krein index theorem for Toeplitz operators). Since K_0(K) = Z, K_0(K) = 0, and K_i(C(S^1)) = Z for i = 0, 1, from the above 6-term exact sequence we deduce that K_0(T ) ≃ K_1(T ) = Z.

5.4 Further results

In the commutative case the properties of homotopy invariance, long exact sequence, and Bott periodicity, suffice to give a good understanding of the K-theory of spaces such as CW complexes. Noncommutative spaces are of course much richer and more complicated. Here we give two further results that have no counterpart in the commutative case. Proofs of both can be found in [6] or in the original articles cited below.

Theorem 5.2. (Connes’ Thom isomorphism [20]). If α : R → Aut(A) is a continuous one-parameter group of automorphisms of a C^∗-algebra A, then K_i(A ⋊_α R) ≃ K_{1−i}(A), i = 0, 1. In particular this result shows that the K-theory of A⋊_αR is independent of the action α.

The dimension shift is reminiscent of the dimension shift in the classical Thom isomorphism theorem relating the K-theory with compact support of the total space of a vector bundle with the K-theory of its base. Note that if the action is trivial then the theorem reduces to the Bott periodicity theorem. In fact in this case we have A ⋊_α R ≃ A ⊗ C_0(R) ≃ SA. The second result we would like to highlight in this section is the 6-term exact sequence of Pimsner and Voiculescu:

Theorem 5.3. (Pimsner-Voiculescu exact sequence [106]). For any automorphism α ∈ Aut(A) of a C^∗-algebra A there is a 6-term exact sequence

K_0(A)^{1−α∗}−−−−→ K_0(A)^{i∗}−−−−→ K_0(A ⋊_α Z)

K_1(A ⋊_α Z) ←−−−−_{i∗} K_1(A) ←−−−−_{1−α∗} K_1(A)

Example 5.13. (K-theory of noncommutative tori) A beautiful application of this result is to the K-theory of the noncommutative torus. We have A_θ = C(S^1) ⋊_α Z, where the automorphism α is through rotation by 2πθ. But α is homotopic to the identity through rotations by 2πθt, t ∈ [0, 1]. By homotopy invariance of K_i, we obtain α_∗ = 1. Using K_i(C(S^1)) ≃ Z for i = 0, 1 and a simple diagram chase we conclude from the Pimsner- Voiculescu exact sequence that

K_i(A_θ) ≃ Z ⊕ Z for i = 0, 1.

Thus it seems that K-theory by itself cannot distinguish the isomorphism class of A_θ for different θ. There is however an extra piece of structure in K_0(A), for A a C^∗-algebra, that can be used in this regard. Notice that

K_0(A) is an ordered group with its positive cone defined by projections in M(A). Equipped with this extra structure one can then show that A_{θ1} ≃ A_{θ2} iff θ_1 = θ_2 or θ_1 = 1 − θ_2 (cf. [6] and references therein).

5.5 Twisted K-theory

Twisted K-theory has been around for quite some time (cf. Donovon- Karoubi [52], Rosenberg [114]). The recent surge of interest in the subject has to do with both mathematics and high energy physics. In mathematics, a recent result of Freed, Hopkins and Teleman shows that the twisted equivariant K-theory of a compact Lie group is isomorphic to the Verlinde algebra (fusion algebra) of the group [58, 59]. The latter algebra is the algebra of projective representations of the loop group of the group at a fixed level. In some semiclassical limits of string theory over a background spacetime X, the strengths of B-fields are elements of H^3(X, Z). When this B-field is non-trivial the topological charges of D-branes are interpreted as elements of twisted K-theory with respect to the twisting defined by B (cf. [10, 11] for a mathematical perspective). A recent comprehensive study of twisted K-theory can be found in Atiyah and Segal’s article [3].

The twisting coefficients (local systems) of twisted K-theory are cohomology classes in H^3(X, Z). There are at least two approaches to the subject. One can either extend the definition of K-theory through Fredholm operators and the relation (23) to include twistings as in [3], or one can define the twisted K-theory as the K-theory of a noncommutative algebra as is done in [114]. We shall briefly describe this latter definition.

Let X be a locally compact, Hausdorff, and second countable space. We recall the classification of locally trivial bundles of algebras with fibers isomorphic to the algebra K = K(H) of compact operators on an infinite dimensional Hilbert space, and with structure group Aut (K). As we saw in Section 2.4 there is a one to one correspondence between isomorphism classes of such bundles and H^3(X, Z). Given such a bundle of algebras A, its Dixmier-Douady invariant δ(A) ∈ H^3(X, Z) is a complete isomorphism invariant of such bundles.

Now given a pair (X, δ) as above, the twisted K-theory of X can be defined as the K-theory of the C^∗- algebra A = Γ(X, A) of continuous sections of A vanishing at infinity:

K^i_δ(X) := K_i(A).

There is also an equivariant version of twisted K-theory, denoted by K^δ_G(X), that is specially important in view of the recent work [58]. The coefficients for this theory are elements of the equivariant cohomology H^3_G(X, Z), where G is a compact Lie group acting on a space X. We refer to [3] for its definition. For simplicity, let G be a compact, connected, simply connected, and simple Lie group. Then the central extensions of the loop group LG of G are characterized by a positive integer k, called the level [107]. For each positive integer k, the positive energy representations of this central extension, up to equivalence, constitute a finite set and we denote by V_k(G) the free abelian group generated by this set. There is a commutative ring structure on this set, corresponding to tensor product of representations.

Now let G act on itself by conjugation (G = X). Then the equivariant cohomology H^3(G, Z) is a free group of rank one whose elements we shall denote by integers. The theorem of Freed-Hopkins-Teleman states that, at each level k, the fusion ring V_k(G) is isomorphic to the twisted equivariant K-theory of G: K^n_G(G) ≃ V_k(G), where the integer n can be explicitly defined in terms of k ≥ 0 and G [58, 59].

Example 5.14. Let G = SU(2) ≃ S^3. Then H^3(G, Z) ≃ Z. For each integer n representing a class in H^3(G, Z) there is a bundle A_n of algebras of compact operators K over S^3 obtained by gluing the trivial bundles S^3_+×K and S^3_− × K on the upper and lower hemispheres respectively. The gluing is defined by a map S^2 → Aut (K) of degree n. Let A_n denote the C^∗-algebra of continuous sections of A_n. We have then, by definition,

K^{i,n}(S^3) = K_i(A_n).

The representation ring of G = SU(2) is a polynomial algebra whose generator is the fundamental 2-dimensional representation of G. The twisted equivariant K-theory of SU(2) can be explicitly computed and shown to be a quotient of the representation ring (cf. [58, 59]).

5.6 K-homology

In [2] and a little later and independently in [13], Atiyah and Brown, Douglas and Fillmore proposed theories dual to topological K-theory, using techniques of functional analysis and operator algebras. The cycles for Atiyah’s theory are abstract elliptic operators (H, F ) over C(X) where H = H^+ ⊕H^− is a Z_2-graded Hilbert space, π : C(X) → L(H) is an even representation of

C(X), and F : H → H is an even bounded operator with F^2 − I ∈ K(H). This data must satisfy the condition [F, π(a)] ∈ K(H). We see that an abstract elliptic operator is the same as a Fredholm module over C(X) as in definition (4) except that now instead of F^2 = I we have the above condition. The two definitions are however essentially equivalent. In particular the formula

⟨(H, F ) , [e]⟩ = index F^+_e

where the Fredholm operator F^+_e is defined in (6) defines a pairing between the K-theory of X and abstract elliptic operators on X.

Let Ext(A) denote the set of isomorphism classes of extensions of a C^∗- algebra A of the form 0 −→ K −→ E −→ A −→ 0. There is a natural operation of addition of extensions which turn Ext(A) into an abelian monoid. It can be shown that if A is a nuclear C^∗-algebra, for example if A = C(X) is commutative, then Ext(A) is actually a group. There is a pairing K_1(A) × Ext(A) → Z

which is defined as follows. Let δ be the connecting homomorphism in the 6-term exact sequence of an extension E representing an element of Ext (A), and let [u] ∈ K_1 (A). Then ⟨[u] , [E]⟩ := δ([u]) ∈ K_0 (K) ≃ Z. Example 5.15. A simple example of a non-trivial extension is the Toeplitz extension 0 −→ K −→ T −→ C(S^1) −→ 0 from Section 3.1. It can be shown that the class of this extension generates the K-homology group Ext(C(S^1)) [13]. A more elaborate example is the pseudodifferential extension of the algebra of functions on the cosphere bundle:

0 −→ K(L^2(M)) −→ Ψ^0(M)^σ−→ C(S^∗M) −→ 0.

briefly discussed in Section 3.1. For a comprehensive introduction to Khomology see Higson and Roe’s [71].

For noncommutative spaces, the above approach to K-homology works best when the corresponding C^∗-algebra is nuclear. For arbitrary C^∗-algebras, Kasparov’s KK-theory provides a unified approach to both K-theory and K-homology in a bivariant theory (cf. [78] and [6]).

6 Cyclic Cohomology

Let A be an algebra and e, f ∈ M_n(A) be two idempotents. How can we show that [e] ≠ [f] in K_0(A)? Here is a simple device that is often helpful in this regard. As we saw in Example (5.3), any trace τ : A −→ C induces an additive map τ : K_0(A) −→ C , via the formula

τ([e]) := n∑ i=1 e_{ii}. Now if τ([e]) ≠ τ([f]), then, of course, [e] ≠ [f].

Exercise 6.1. Let A = C(X), where X is compact and connected, and let τ(f) = f(x), for some fixed x ∈ X. Show that if E is a vector bundle on X and e ∈ M_n(C(X)) an idempotent defining E, then τ([e]) = dim (E_x) where E_x is the fibre of E over x. Thus τ simply measures the rank of the vector bundle.

The topological information hidden in an idempotent is much more subtle than just its ‘rank’ and in fact traces can only capture zero-dimensional information. To know more about idempotents and K-theory we need higher dimensional analogues of traces. They are called cyclic cocycles and their study is the subject of cyclic cohomology. As we shall see in this section, cyclic cohomology is the right noncommutative analogue of de Rham homology of currents on smooth manifolds.

Cyclic cohomology was first discovered by Alain Connes [19, 21, 22]. Let us first recall a remarkable subcomplex of the Hochschild complex called the Connes complex that was introduced by him for the definition of cyclic cohomology. For an algebra A let

C^n(A) = Hom (A^{⊗(n+1)}, C ), n = 0, 1, · · · ,

denote the space of (n + 1)-linear functionals on A with values in C . The

Hochschild differential b : C^n(A) → C^{n+1}(A) is defined by

(bφ)(a_0, · · · , a_{n+1}) = n∑ i=0 (−1)^iφ(a_0, · · · , a_ia_{i+1}, · · · , a_{n+1}) +(−1)^{n+1}φ(a_{n+1}a_0, a_1, · · · , a_n).

One checks that b^2 = 0. The cohomology of the complex (C(A), b) is, by definition, the Hochschild cohomology of A (with coefficients in the A-bimodule A^∗) and will be denoted by HH^n(A). An n-cochain φ ∈ C^n(A) is called cyclic if φ(a_n, a_0, · · · , a_{n−1}) = (−1)^nφ(a_0, a_1, · · · , a_n) for all a_0, · · · , a_n in A. Though it is not obvious at all, one can check that cyclic cochains form a subcomplex (C_λ(A), b) ⊂ (C(A), b) of the Hochschild complex.

We shall refer to (C_λ(A), b) as the Connes complex of A. Its cohomology, by definition, is the cyclic cohomology of A and will be denoted by HC^n(A). We start our introduction to cyclic cohomology by some concrete examples of cyclic cocycles à la Connes.

6.1 Cyclic cocycles We give an example of a cyclic cocycle. Let M be a closed (i.e. compact without boundary), smooth, oriented, n-manifold. For f^0, · · · , f^n ∈ A = C^∞(M), let φ(f^0, · · · , f^n) = ∫ M f^0df^1 · · · df^n.

The (n + 1)-linear cochain φ : A × · · · × A → C has three properties: it is continuous with respect to the natural Fréchet space topology on A; it is a Hochschild cocycle; and it is cyclic. For the cocycle condition, notice that

(bφ)(f^0, · · · , f^{n+1}) = n∑ i=0 (−1)^i ∫ M f^0df^1 · · · d(f^if^{i+1}) · · · df^{n+1}

+(−1)^{n+1} ∫ M f^{n+1}f^0df^1 · · · df^n = 0, where we only used the Leibniz rule for the de Rham differential d and the graded commutativity of the algebra (ΩM, d) of differential forms on M. The cyclic property of φ

φ(f^n, f^0, · · · , f^{n−1}) = (−1)^nφ(f^0, · · · , f^n)

is more interesting. In fact since ∫ M (f^ndf^0 · · · df^{n−1} − (−1)^nf^0df^1 · · · df^n) = ∫ M d(f^nf^0df^1 · · · df^{n−1}),

we see that the cyclic property of φ follows from Stokes’ formula ∫ M dω = 0, which is valid for any (n − 1)-form ω on a closed manifold M.

A remarkable property of cyclic cocycles is that, unlike de Rham cocycles which make sense only over commutative algebras, they can be defined over any noncommutative algebra and the resulting cohomology theory is the right generalization of de Rham homology of currents on a smooth manifold. Before developing cyclic cohomology any further we give one more example. In the above situation it is clear that if V ⊂ M is a closed p-dimensional oriented submanifold then the formula

φ(f^0, · · · , f^p) = ∫ V f^0df^1 · · · df^p

defines a cyclic p-cocycle on A. We can replace V by closed currents on M and obtain more cyclic cocycles.

Recall that a p-dimensional current C on M is a continuous linear functional C : Ω^pM → C on the space of p-forms on M. We write ⟨C, ω⟩ instead of C(ω). For example a zero dimensional current on M is just a distribution on M. The differential of a current is defined by ⟨dC, ω⟩ = ⟨C, dω⟩ and in this way one obtains the complex of currents on M whose homology is the de Rham homology of M.

Exercise 6.2. Let C be a p-dimensional current on M. Show that the (p + 1)-linear functional

φ_C (f^0, · · · , f^p) = ⟨C , f^0df^1 · · · df^p⟩

is a Hochschild cocycle on A. Show that if C is closed then φ_C is a cyclic p-cocycle on A.

Let A be an algebra. Define the operators

b^′ : C^n(A) → C^{n+1}(A), and λ : C^n(A) → C^n(A), by (b^′φ)(a_0, · · · , a_{n+1}) = n∑ i=0 (−1)^iφ(a_0, · · · , a_ia_{i+1}, · · · , a_{n+1}), (λφ)(a_0, · · · , a_n) = (−1)^nφ(a_n, a_0, · · · , a_{n−1}),

By a direct computation one checks that (1 − λ)b = b^′(1 − λ), b^{′2} = 0. (29) Notice that a cochain φ ∈ C^n is cyclic if and only if (1 − λ)φ = 0. Using (29) we obtain Lemma 6.1. The space of cyclic cochains is invariant under b, i.e. for all n, b C^n_λ (A) ⊂ C^{n+1}_λ (A).

We therefore have a subcomplex of the Hochschild complex, called the Connes complex of A:

C^0_λ(A)^b−→ C^1_λ(A)^b−→ C^2_λ(A)^b−→ · · · (30) The cohomology of this complex is called the cyclic cohomology of A and will be denoted by HC^n(A), n = 0, 1, 2, · · · . A cocycle for cyclic cohomology is called a cyclic cocycle. It satisfies the two conditions: (1 − λ)φ = 0, and bφ = 0. Examples 6.1. 1. Clearly HC^0(A) = HH^0(A) is the space of traces on A. In particular if A is commutative then HC^0(A) ≃ A^∗ is the linear dual of A. 2. Let A = C^∞(M, M_n(C )) be the space of smooth matrix valued functions on a closed smooth oriented manifold M. For any closed de Rham p-current on M φ_C (f^0, · · · , f^p) = ⟨C , T r(f^0df^1 · · · df^p)⟩ is a cyclic p-cocycle on A.

3. Let δ : A → A be a derivation and τ : A → C an invariant trace, i.e. τ(δ(a)) = 0 for all a ∈ A. Then one checks that φ(a_0, a_1) = τ(a_0δ(a_1)) (31) is a cyclic 1-cocycle on A. This example can be generalized. Let δ_1 and δ_2 be a pair of commuting derivations which leave a trace τ invariant. Then φ(a_0, a_1, a_2) = τ(a_0(δ_1(a_1)δ_2(a_2) − δ_2(a_1)δ_1(a_2))) (32) is a cyclic 2-cocycle on A.

Here is a concrete example with A = A_θ a smooth noncommutative torus. Let δ_1, δ_2 : A_θ → A_θ be the unique derivations defined by δ_1(U) = U, δ_1(V ) = 0; δ_2(U) = 0, δ_2(V ) = V.

They commute with each other and preserve the standard trace τ on A_θ. The resulting cyclic 1-cocycles φ_1(a_0, a_1) = τ(a_0δ_1(a_1)) and φ^′_1(a_0, a_1) = τ(a_0δ_2(a_1)) form a basis for the periodic cyclic cohomology HP^1(A_θ). Similarly, the corresponding cocycle (32) together with τ form a basis for HP^0(A_θ).

Consider the short exact sequence of complexes 0 → C_λ → C → C/C_λ → 0 Its associated long exact sequence is · · · −→ HC^n(A) −→ HH^n(A) −→ H^n(C/C_λ) −→ HC^{n+1}(A) −→ · · · (33) We need to identify the cohomology groups H^n(C/C_λ). To this end, consider the short exact sequence 0 −→ C/C_λ^{1−λ}−→ (C, b^′)^N−→ C_λ −→ 0, (34) where the operator N is defined by N = 1 + λ + λ^2 + · · · + λ^n : C^n −→ C^n.

The relations N(1 − λ) = (1 − λ)N = 0, and bN = Nb^′ can be verified and they show that 1 − λ and N are morphisms of complexes in (34).

Exercise 6.3. Show that (34) is exact (the interesting part is to show that Ker N ⊂ Im (1 − λ)).

Now, assuming A is unital, the middle complex (C, b^′) in (34) can be shown to be exact with contracting homotopy s : C^n → C^{n−1} given by (sφ)(a_0, · · · , a_{n−1}) = (−1)^nφ(a_0, · · · , a_{n−1}, 1). It follows that H^n(C/C_λ) ≃ HC^{n−1}(A). Using this in (33), we obtain Connes’ long exact sequence relating Hochschild and cyclic cohomology: · · · −→ HC^n(A)^I−→ HH^n(A)^B−→ HC^{n−1}(A)^S−→ HC^{n+1}(A) −→ · · · (35) The operators B and S can be made more explicit by finding the connecting homomorphisms in the above long exact sequences. Remarkably, there is a formula for Connes’ boundary operator B on the level of cochains given by B = Ns(1 − λ) = NB_0, where B_0 : C^n → C^{n−1} is defined by B_0φ(a_0, · · · , a_{n−1}) = φ(1, a_0, · · · , a_{n−1}) − (−1)^nφ(a_0, · · · , a_{n−1}, 1). The operator S : HC^n(A) → HC^{n+2}(A) is called the periodicity operator and is in fact related to Bott periodicity. The periodic cyclic cohomology of A is defined as the direct limit under the operator S of cyclic cohomology groups:

HP^i(A) = Lim_{−→} HC^{2n+i}(A), i = 0, 1

A typical application of (35) is to extract information about cyclic cohomology from Hochschild cohomology. For example, assume f : A → B is an algebra homomorphism such that f^∗ : HH^n(B) → HH^n(A) is an isomorphism for all n ≥ 0. Then, using the five lemma, we conclude that f^∗ : HC^n(B) → HC^n(A) is an isomorphism for all n. In particular from Morita invariance of Hochschild cohomology one obtains the Morita invariance of cyclic cohomology.

6.2 Connes’ spectral sequence

The cyclic complex (30) and the long exact sequence (35), as useful as they are, are not powerful enough for computations. A much deeper relation between Hochschild and cyclic cohomology groups is encoded in Connes’ spectral sequence that we recall now. This spectral sequence resembles in many ways the Hodge to de Rham spectral sequence for complex manifolds. About this connection we shall say nothing in these notes but see [74] where a conjecture of Kontsevich and Soibelman about the degeneration of this spectral sequence is proved.

Let A be a unital algebra. Connes’ (b, B)- bicomplex of A is the bicomplex . . . . . . C^2(A)^B−−−−→ C^1(A)^B−−−−→ C^0(A) b b C^1(A)^B−−−−→ C^0(A) b C^0(A) Of the three relations

b^2 = 0, bB + Bb = 0, B^2 = 0,

only the middle relation is not obvious. But this follows from the relations b^′s+sb^′ = 1, (1−λ)b = b^′(1−λ) and Nb^′ = bN, already used in this section.

Theorem 6.1. (Connes [22]) The map φ → (0, · · · , 0, φ) is a quasi-isomorphism of complexes (C_λ(A), b) → (T otB (A), b + B) This is a consequence of the vanishing of the E^2 term of the second spectral sequence (filtration by columns) of B(A). To prove this consider the short exact sequence of b-complexes 0 −→ Im B −→ Ker B −→ Ker B/Im B −→ 0 By a hard lemma of Connes ([22], Lemma 41 ), the induced map

H_b(ImB) −→ H_b(Ker B)

is an isomorphism. It follows that H_b(Ker B/Im B) vanish. To take care of the first column one appeals to the fact that Im B ≃ Ker(1 − λ) is the space of cyclic cochains.

6.3 Topological algebras

There is no difficulty in defining continuous analogues of Hochschild and cyclic cohomology groups for Banach algebras. One simply replaces bimodules by Banach bimodules (where the left and right module actions are bounded operators) and cochains by continuous cochains. Since the multiplication of a Banach algebra is a bounded map, all operators including the Hochschild boundary and the cyclic operator extend to this continuous setting. The resulting Hochschild and cyclic theory for Banach and C^∗- algebras, however, is hardly useful and tends to vanish in many interesting examples. This is hardly surprising since the definition of any Hochschild and cyclic cocycle of dimension bigger than zero involves differentiating the elements of the algebra in one way or another. This is in sharp contrast with topological K-theory where the right setting is the setting of Banach or C^∗-algebras.

Exercise 6.4. Let X be a compact Hausdorff space. Show that any derivation δ : C(X) −→ C(X) is identically zero. (hint: first show that if f = g^2 and g(x) = 0 for some x ∈ X, then δ(f)(x) = 0.)

Remark 6. By results of Connes and Haagerup (cf. [24] and references therein), we know that a C^∗-algebra is amenable if and only if it is nuclear. Amenability refers to the property that for all n ≥ 1, H^n_{cont}(A, M^∗) = 0, for any Banach dual bimodule M^∗. In particular, by using Connes’ long exact sequence, we find that, for any nuclear C^∗-algebra A, HC^{2n}_{cont}(A) = A^∗, and HC^{2n+1}_{cont} (A) = 0, for all n ≥ 0.

The right class of topological algebras for cyclic cohomology turns out to be the class of locally convex algebras [22]. An algebra A equipped with a locally convex topology is called a locally convex algebra if its multiplication map A × A → A is jointly continuous. Basic examples of locally convex algebras include the algebra A = C^∞(M) of smooth functions on a closed manifold and the smooth noncommutative tori A_θ and their higher dimensional analogues. The topology of C^∞(M) is defined by the sequence of seminorms ‖f‖_n = sup |∂^α f|; |α| ≤ n, where the supremum is over a fixed, finite, coordinate cover for M (see the exercise below for the topology of A_θ).

Given locally convex topological vector spaces V_1 and V_2, their projective tensor product is a locally convex space V_1 ^⊗V_2 together with a universal jointly continuous bilinear map V_1 ⊗ V_2 → V_1 ^⊗V_2 [65]. It follows from the universal property that for any locally convex space W , we have a natural isomorphism between continuous bilinear maps V_1 ×V_2 → W and continuous linear maps V_1 ^⊗V_2 → W . One of the nice properties of the projective tensor product is that for smooth compact manifolds M and N, the natural map C^∞(M) ^⊗C^∞(N) → C^∞(M × N) is an isomorphism.

A topological left A-module is a locally convex topological vector space M endowed with a continuous left A-module action A × M → M. A topological free left A-module is a module of the type M = A ^⊗V where V is a locally convex space. A projective module is a module which is a direct summand in a free module.

Given a locally convex algebra A, let

C^n_{cont}(A) = Hom_{cont}(A^{^⊗n}, C )

be the space of continuous (n + 1)-linear functionals on A and let C^n_{cont, λ}(A) denote the space of continuous cyclic cochains on A. All the algebraic definitions and results of sections 6.1 and 6.2 extend to this topological setting. In particular one defines topological Hochschild and cyclic cohomology groups of a locally convex algebra. The right class of topological projective and free resolutions are those resolutions that admit a continuous linear splitting. This extra condition is needed when one wants to prove comparison theorems for resolutions. We won’t go into details here since this is very well explained in Connes’ original article [22].

Exercise 6.5. The sequence of norms p_k(a) = Sup {(1 + |n| + |m|)^k|a_{mn}|} defines a locally convex topology on the smooth noncommutative torus A_θ. Show that the multiplication of A_θ is continuous in this topology.

6.4 The deformation complex

What we called the Hochschild cohomology of A and denoted by HH^n(A) is in fact the Hochschild cohomology of A with coefficients in the A-bimodule

A^∗. In general, given an A-bimodule M, the Hochschild complex of A with coefficients in the bimodule M is the complex C^0(A, M)^δ−→ C^1(A, M)^δ−→ C^2(A, M) −→ · · · where C^0(A, M) = M and C^n(A, M) = Hom_C (A^{⊗n}, M) is the space of n-linear functionals on A with values in M. The differential δ is given by

(δφ)(a_1, · · · , a_{n+1}) = a_1φ(a_2, · · · , a_{n+1}) + n∑ i=1 (−1)^{i+1}φ(a_1, · · · , a_ia_{i+1}, · · · , a_{n+1})

+(−1)^{n+1}φ(a_1, · · · , a_n)a_{n+1}.

Two special cases are particularly important. For M = A^∗, the linear dual of A with the bimodule action (afb)(c) = f(bca) for all a, b, c in A and f ∈ A^∗, we obtain the Hochschild groups H^n(A, A^∗) = HH^n(A). This is important in cyclic cohomology since as we saw it enters into a long exact sequence with cyclic groups. The second important case is when M = A with bimodule structure given by left and right multiplication. The resulting complex (C(A, A), δ) is called the deformation complex of A. It is the complex that underlies the deformation theory of associative algebras as studied by Gerstenhaber [62].

There is a much deeper structure hidden in the deformation complex C(A, A), δ) than meets the eye and we will only barely scratch the surface. The first piece of structure is the cup product. The cup product ∪ : C^p × C^q → C^{p+q} is defined by (f ∪ g)(a^1, · · · , a^{p+q}) = f(a^1, · · · , a^p)g(a^{p+1}, · · · , a^{p+q}). Notice that ∪ is associative and one checks that this product is compatible with the differential δ and hence induces an associative graded product on H(A, A) = ⊕H^n(A, A). What is not so obvious however is that this product is graded commutative for any A [62].

The second piece of structure on (C(A, A), δ) is a graded Lie bracket. It is based on the Gerstenhaber circle product ∘ : C^p × C^q −→ C^{p+q−1} defined by (f∘g)(a_1, · · · , a_{p+q−1}) = p−1∑ i=1 (−1)^{|g|(|f|+i−1)}f(a^1, · · · , g(a^i, · · · , a^{i+p}), · · · , a^{p+q−1}).

Notice that ∘ is not an associative product. Nevertheless one can show that [62] the corresponding graded bracket [ , ] : C^p × C^q → C^{p+q−1} [f, g] = f ∘ g − (−1)^{(p−1)(q−1)}g ∘ f defines a graded Lie algebra structure on deformation cohomology H(A, A). Notice that the Lie algebra grading is now shifted by one.

What is most interesting is that the cup product and the Lie algebra structure are compatible in the sense that [ , ] is a graded derivation for the cup product; or in short (H(A, A), ∪, [ , ]) is a graded Poisson algebra.

The fine structure of the Hochschild cochain complex (C(A, A), δ), e.g. the existence of higher order products and homotopies between them is the subject of many studies in recent years [84, 85, 86]. While it is relatively easy to write down these higher order products in the form of a brace algebra structure on the Hochschild complex, relating them to known geometric structures such as moduli of curves is quite hard.

Remark 7. The graded Poisson algebra structure on deformation cohomology H(A, A) poses a natural question: is H(A, A) the semiclassical limit of a quantum cohomology theory for algebras?

Example 6.1. Let A = C^∞(M), where M is a compact n-dimensional manifold. In [22] Connes gives a projective resolution of the topological left A ^⊗A-module A, A ← M_0 ← M_1 · · · ← M_n ← 0 (36)

where M_i is the space of smooth sections of the vector bundle p^∗_1( ⋀_i T M) and p_1 : M × M → M is the projection on the second factor. After applying the Hom_{A ^⊗A}(−, A) functor to (36), one obtains a complex with zero differentials, which shows that H^p(A, A) ≃ C^∞( ⋀_p T M), p = 0, 1, · · · . The latter is the space of polyvector fields on M.

6.5 Cyclic homology

Cyclic cohomology is a contravariant functor on the category of algebras. There is a dual covariant theory called cyclic homology that we introduce now. The relation between the two is similar to the relation between currents and differential forms on manifolds.

For each n ≥ 0, let C_n(A) = A^{⊗(n+1)}. Define the operators b : C_n(A) −→ C_{n−1}(A) b^′ : C_n(A) −→ C_{n−1}(A) λ : C_n(A) −→ C_n(A) s : C_n(A) −→ C_{n+1}(A) N : C_n(A) −→ C_n(A) B : C_n(A) −→ C_{n+1}(A) by b(a_0 ⊗ · · · ⊗ a_n) = n−1∑ i=0 (−1)^i(a_0 ⊗ · · · ⊗ a_ia_{i+1} ⊗ · · · ⊗ a_n)

+ (−1)^n(a_na_0 ⊗ a_1 · · · ⊗ a_{n−1})

b^′(a_0 ⊗ · · · ⊗ a_n) = n−1∑ i=0 (−1)^i(a_0 ⊗ · · · ⊗ a_ia_{i+1} ⊗ · · · ⊗ a_n)

λ(a_0 ⊗ · · · ⊗ a_n) = (−1)^n(a_n ⊗ a_0 · · · ⊗ a_{n−1}) s(a_0 ⊗ · · · ⊗ a_n) = (−1)^n(a_0 ⊗ · · · ⊗ a_n ⊗ 1) N = 1 + λ + λ^2 + · · · + λ^n B = (1 − λ)sN They satisfy the relations

b^2 = 0, b^{′2} = 0, (1 − λ)b^′ = b(1 − λ) b^′N = Nb, B^2 = 0, bB + Bb = 0

The complex (C_•(A), b) is the Hochschild complex of A with coefficients in the A-bimodule A. The complex

C^λ_n (A) := C_n(A)/Im(1 − λ)

is called the Connes complex of A for cyclic homology. Its homology, denoted by HC_n(A), n = 0, 1, · · · , is called the cyclic homology of A. It is clear that the space of cyclic cochains is the linear dual of the space of cyclic chains

C^n_λ (A) ≃ Hom (C^λ_n (A), C ) and HC^n(A) ≃ HC_n(A)^∗.

Similar to cyclic cohomology, there is a long exact sequence relating Hochschild and cyclic homologies, and also there is a spectral sequence from Hochschild to cyclic homology. In particular cyclic homology can be computed using the following bicomplex. . . . . . . A^{⊗3 B}←−−−− A^{⊗2 B}←−−−− A b b A^{⊗2 B}←−−−− A b A Example 6.2. (Hochschild-Kostant-Rosenberg and Connes theorems) Let A^d−→ Ω^1A^d−→ Ω^2A^d−→ · · · denote the de Rham complex of a commutative unital algebra A. By definition d : A → Ω^1A is a universal derivation into a symmetric A-bimodule and Ω^nA := ∧^n_AΩ^1A is the k-th exterior power of Ω^1A over A. One usually defines Ω^1A, the module of Kähler differentials, as I/I^2, where I is the kernel of the multiplication map A ⊗ A → A. d is then defined by d(a) = a ⊗ 1 − 1 ⊗ a mod(I^2).

The universal derivation d has a unique extension to a graded derivation of degree one on ΩA, denoted by d.

The antisymmetrization map ε_n : Ω^nA −→ A^{⊗(n+1)}, n = 0, 1, 2, · · · , is defined by

ε_n(a_0da_1 ∧ · · · ∧ da_n) = ∑ σ∈S_n sgn(σ)a_0 ⊗ a_{σ(1)} ⊗ · · · ⊗ a_{σ(n)}, where S_n is the symmetric group of order n . We also have a map μ_n : A^{⊗n} −→ Ω^nA, n = 0, 1, · · · μ_n(a_0 ⊗ a_1 ⊗ · · · ⊗ a_n) = a_0da_1 ∧ · · · ∧ da_n.

One checks that the resulting maps (ΩA, 0) → (C(A), b), and, (C(A), b) → (ΩA, 0) are morphisms of complexes, i.e. b ∘ ε_n = 0, μ_n ∘ b = 0.

Moreover, one can easily check that μ_n ∘ ε_n = n! Id_n.

It follows that, for any commutative algebra A, the antisymmetrization map induces an inclusion ε_n : Ω^nA → HH_n(A), for all n.

The Hochschild-Kostant-Rosenberg theorem [72] states that if A is a regular algebra, e.g. the algebra of regular functions on a smooth affine variety, then ε_n defines an algebra isomorphism ε_n : Ω^nA ≃ HH_n(A) between Hochschild homology of A and the algebra of differential forms on A. To compute the cyclic homology of A, we first show that under the map μ the operator B corresponds to the de Rham differential d. More precisely, for each integer n ≥ 0 we have a commutative diagram: C_n(A)^μ−−−−→ Ω^nA B d C_{n+1}(A)^μ−−−−→ Ω^{n+1}A

We have μB(f_0 ⊗ · · · ⊗ f_n) = μ n∑ i=0 (−1)^{ni}(1 ⊗ f_i ⊗ · · · ⊗ f_{i−1} − (−1)^nf_i ⊗ · · · f_{i−1} ⊗ 1)

= 1 (n + 1)! n∑ i=0 (−1)^{ni}df_i · · · df_{i−1} = 1 (n + 1)! (n + 1)df_0 · · · df_n = dμ(f_0 ⊗ · · · ⊗ f_n).

It follows that μ defines a morphism of bicomplexes B(A) −→ Ω(A), where Ω(A) is the bicomplex . . . . . . Ω^2A^d←−−−− Ω^1A^d←−−−− Ω^0A 0 0 Ω^1A^d←−−−− Ω^0A 0 Ω^0A Since μ induces isomorphisms on row homologies, it induces isomorphisms on total homologies as well. Thus we have [22, 92]: HC_n(A) ≃ Ω^nA/Im d ⊕ H^{n−2}_{dR} (A) ⊕ · · · ⊕ H^k_{dR}(A), where k = 0 if n is even and k = 1 if n is odd.

Using the same map μ acting between the corresponding periodic complexes, one concludes that the periodic cyclic homology of A is given by HP_k(A) ≃ ⨁ i H^{2i+k}_{dR} (A), k = 0, 1. By a completely similar method one can compute the continuous cyclic homology of the algebra A = C^∞(M) of smooth functions on a smooth closed manifold M. Here by continuous cyclic homology we mean the homology of the cyclic complex where instead of algebraic tensor products A ⊗ · · · ⊗ A, one uses the topological projective tensor product A ^⊗ · · · ^⊗A. The continuous Hochschild homology of A can be computed using Connes’ topological resolution for A as an A-bimodule as in Example (6.1). The result is HH^{cont}_n (C^∞(M)) ≃ Ω^nM with isomorphism induced by the map f_0 ⊗ f_1 ⊗ · · · ⊗ f_n → f_0df_1 · · · df_n.

The rest of the computation of continuous cyclic homology follows the same pattern as in the case of regular algebras above. The end result is [22]: HC^{cont}_n (C^∞(M)) ≃ Ω^nM/Im d ⊕ H^{n−2}_{dR} (M) ⊕ · · · ⊕ H^k_{dR}(M), and HP^{cont}_k (C^∞(M)) ≃ ⨁ i H^{2i+k}_{dR} (M), k = 0, 1. The cyclic (co)homology of (topological) algebras is computed in many cases. We refer to [22] for smooth noncommutative tori, to [15] for group algebras, and to [60, 105] for crossed product algebras. In [1] the spectral sequence for group crossed products has been extended to Hopf algebra crossed products. We refer to [46, 47, 48] for an alternative approach to cyclic (co)homoloy due to Cuntz and Quillen.

6.6 Connes-Chern character We can now indicate Connes’ generalization of the pairing between K_0(A) and traces on A (Example (5.3)) to a full fledged pairing between K-theory and cyclic cohomology:

K_0(A) × HC^{2n}(A) −→ C , (37) K^{alg}_1 (A) × HC^{2n+1}(A) −→ C , (38)

These maps are defined for all n ≥ 0 and are compatible with the S-operation on cyclic cohomology. In the dual setting of cyclic homology, these pairings translate into noncommutative Connes-Chern characters

Ch^{2n}_0 : K_0(A) −→ HC_{2n}(A), Ch^{2n+1}_1 : K^{alg}_1 (A) −→ HC_{2n+1}(A),

compatible with the S-operation on cyclic homology. As a consequence of compatibility with the periodicity operator S, we obtain maps

Ch_0 : K_0(A) −→ HP_0(A), Ch_1 : K^{alg}_1 (A) −→ HP_1(A).

For A = C^∞(M), these maps reduce to the classical Chern character as defined via the connection and curvature formalism of Chern-Weil theory [100].

The definition of these pairings rest on the following three facts [22, 24, 92]:

1) For any k ≥ 1, the map φ → φ_k from C^n(A) → C^n(M_k(A)) defined by

φ_k(m_0 ⊗ a_0, m_1 ⊗ a_1, · · · , m_n ⊗ a_n) = Tr (m_0m_1 · · · m_n)φ(a_0, a_1, · · · , a_n)

commutes with the operators b and λ. It follows that if φ is a cyclic cocycle on A, then φ_k is a cyclic cocycle on M_k(A).

2) Inner automorphisms act by the identity on Hochschild and hence on cyclic cohomology.

3) (normalization) The inclusion of normalized cochains C^{norm}_λ (A) → C_λ(A) is a quasi-isomorphism in dimensions n ≥ 1. A cyclic cochain φ is called normalized if φ(a_0, · · · , a_n) = 0 if a_i = 1 for some i.

Now let e ∈ M_k(A) be an idempotent and [φ] ∈ HC^{2n}(A). The pairing (37) is defined by the bilinear map ⟨[φ], [e]⟩ = φ_k(e, · · · , e). Let us first check that the value of the pairing depends only on the cyclic cohomology class of φ. It suffices to assume k = 1 (why?). Let φ = bψ with ψ ∈ C^{2n−1}_λ (A). Then we have φ(e, · · · , e) = bψ(e, · · · , e) = ψ(ee, e, · · · , e) − ψ(e, ee, · · · , e) + · · · + (−1)^{2n}ψ(ee, e, · · · , e) = ψ(e, · · · , e) = 0,

where the last relation follows from the cyclic property of ψ. The pairing is clearly invariant under the inclusion M_k(A) → M_{k+1}(A).

It remains to show that the value of ⟨[φ] , [e]⟩, for fixed φ, only depends on the class of [e] ∈ K_0(A). It suffices to check that for u ∈ GL_k(A), ⟨[φ], [e]⟩ = ⟨[φ], [ueu^{−1}]⟩. But this is exactly fact 2) above.

Exercise 6.6. Let e ∈ A be an idempotent. Show that

Ch^{2k}_0 (e) := (−1)^k

(2k)! k! tr ((e − 1 2 ) ⊗ e^{⊗(2k+1)}), k = 0, · · · , n, defines a cycle in the (b, B)-bicomplex of A. This is the formula for the Connes-Chern character in the bicomplex picture of cyclic homology.

Dually, given a cocycle φ = (φ_0, φ_2, · · · , φ_2n) in the (b, B)-bicomplex, its pairing with an idempotent e ∈ M_k(A) is given by ⟨[φ], [e]⟩ = n∑ k=1 (−1)^k k! (2k)! φ_{2k}(e − 1 2 , e, · · · , e). Given a normalized cyclic cocycle φ ∈ HC^{2n+1}(A) and an invertible u ∈ GL(k, A), let ⟨[φ], [u]⟩ = φ_k(u, u^{−1}, · · · , u, u^{−1}). It can be shown (cf. [22], Part II) that the above formula defines a pairing between K^{alg}_1 and HC^{2n+1}.

Exercise 6.7. Given an invertible u ∈ GL(n, A), show that

Ch^{2k+1}_1 := (−1)^kk! T r(u^{−1} ⊗ u)^{⊗2k}

defines a cycle in the normalized (b, B)-bicomplex of A. This is the formula for the Connes-Chern character in the (b, B)-bicomplex picture of cyclic homology. Dually, given a normalized (b, B)-cocycle φ = (φ_1, · · · , φ_{2n+1}), the formula ⟨[φ], [u]⟩ = n∑ k=1 (−1)^kφ_{2k+1}(u, u^{−1}, · · · , u, u^{−1}) defines the pairing between K^{alg}_1 and HC^{2n+1}.

It often happens that an element of K_0(A) is represented by a finite projective module and not by an explicit idempotent. It is then important to have a formalism that would give the value of its pairing with cyclic cocycles. This is based on a noncommutative version of Chern-Weil theory developed by Connes in [18, 22] that we sketch next.

Let E be a finite projective right A-module, (Ω, d) a differential calculus on A and let ∫ : Ω^{2n} → C be a closed graded trace representing a cyclic cocycle φ on A. Thanks to its projectivity, E admits a connection, i.e. a degree one map ∇ : E ⊗_A Ω → E ⊗_A Ω

which satisfies the graded Leibniz rule ∇(ξω) = ∇(ξ)ω + (−1)^{deg ξ}ξdω with respect to the right Ω-module structure on E ⊗_A Ω. The curvature of ∇ is the operator ∇^2, which can be easily checked to be Ω-linear,

∇^2 ∈ End_Ω(E ⊗_A Ω) = End_A(E) ⊗ Ω.

Now since E is finite projective over A it follows that E ⊗_A Ω is finite projective over Ω and therefore the trace ∫ : Ω → C extends to a trace, denoted again by ∫ , on End_A(E) ⊗ Ω (cf. formula (21)). The following result of Connes relates the value of the pairing as defined above to its value computed through the Chern-Weil formalism: ⟨[E], [φ]⟩ = 1 n! ∫ ∇^n. Example 6.3. Let S(R) denote the Schwartz space of rapidly decreasing functions on the real line. The operators u, v : S(R) → S(R) defined by (uf)(x) = f(x − θ), (vf)(x) = e^{2πiθ}f(x) satisfy the relation uv = e^{2πiθ}vu and hence turn S(R) into a right A_θmodule via the maps U → u, V → v. We denote this module by E_{0,1}. It is the simplest of a series of modules E_{p,q} defined by Connes in [18]. It turns out that E_{0,1} is finite projective, and for the canonical trace τ on E_{0,1} we have ⟨τ, E_{0,1}⟩ = −θ. Using the two derivations δ_1, δ_2 as a basis for “invariant vector fields” one can define a differential calculus Ω^0 ⊕Ω^1 ⊕Ω^2 on A_θ with Ω^i = ⋀_i {de_1, de_2}⊗A_θ. A connection on E with respect to this calculus is a pair of operators ∇_1, ∇_2 : E → E satisfying ∇_j (ξa) = (∇_j)(ξa) + ξδ_j (a)

for all ξ ∈ E_{0,1} and a ∈ A_θ and j = 1, 2. One can check that the following formula defines a connection on E_{0,1} [18, 24]:

∇_1(ξ)(s) = − s θ ξ(s), ∇_2(ξ)(s) = dξ ds (s). The curvature of this connection is constant and is given by ∇^2 = [∇_1, ∇_2] = 1 θ I ∈ End_A(E_{0,1}).

Remark 8. Chern-Weil theory is a theory of characteristic classes for smooth principal G-bundles, where G is a Lie group. The above theory for noncommutative vector bundles should be generalized to noncommutative analogues of principal bundles. A good point to start would be the theory of Hopf-Galois extensions.

In the remainder of this section we shall briefly introduce Connes’ Chern character in K-homology (cf. [22, 24] for a full account). In fact one of the main reasons for introducing cyclic cohomology was to define a Chern character in K-homology [19]. In the even case, let Let (H, F ) be an even p-summable Fredholm module over an algebra A as in definition (2.2). For each even integer n ≥ p − 1, define an n-cochain φ_n on A by

φ_n(a_0, · · · , a_n) = Trace (ε a_0[F, a_1] · · · [F, a_n]).

The p-summability condition on (H, F ) ensures that the above product of commutators is in fact a trace class operator and φ_n is finite for all n ≥ p − 1 (this is obvious if n > p − 1; in general one has to manipulate the commutators a bit to prove this).

Exercise 6.8. Show that φ_n is a cyclic cocycle. Also show that if n is odd then φ_n = 0.

Although this definition depends on n, it can be shown that the cyclic cocycles φ_n are related to each other by the periodicity operator S,

Sφ_n = φ_{n+2},

and therefore define an even periodic cyclic cohomology class. This is Connes’ Chern character of a K-homology class in the even case. For applications it is important to have an index formula which computes the value of the pairing ⟨[φ_n], [e]⟩ as the index of a Fredholm operator similar to Example 2.11. We refer to [22, 24] for this.

Let A be a nuclear C^∗-algebra. In the odd case, smooth p-summable elements of K-homology group K^1(A) can be represented either by smooth Brown-Douglas-Fillmore extensions 0 −→ L^p −→ E −→ A −→ 0 or by Kasparov modules. We refer to [22] for the definition of the Connes- Chern character in the odd case. We have already met one example of this though in the case of smooth Toeplitz extension 0 −→ K^∞ −→ T^∞ −→ C^∞(S^1) −→ 0. The map f → T_f , sending a function on the circle to the corresponding Toeplitz operator, is a section for the symbol map σ. The extension is psummable for all p ≥ 1. Its Connes character is represented by the cyclic 1-cocycle on C^∞(S^1) defined by

φ_1(f, g) = Tr ([T_f , T_g]).

6.7 Cyclic modules

Cyclic cohomology of algebras was first defined by Connes through explicit complexes or bicomplexes [19, 22]. Soon after he introduced the notion of cyclic module and defined its cyclic cohomology [21]. Later developments proved that this extension was of great significance. Apart from earlier applications, here we have the very recent work [37] in mind where the abelian category of cyclic modules plays the role of the category of motives in noncommutative geometry. Another recent example is the cyclic cohomology of Hopf algebras [39, 40, 67, 68], which cannot be defined as the cyclic cohomology of an algebra or a coalgebra but only as the cyclic cohomology of a cyclic module naturally attached to the given Hopf algebra.

The original motivation of [21] was to define cyclic cohomology of algebras as a derived functor. Since the category of algebras and algebra homomorphisms is not even an additive category (for the simple reason that the sum of two algebra homomorphisms is not an algebra homomorphism in general), the standard (abelian) homological algebra is not applicable. In Connes’ approach, the category Λ_k of cyclic k-modules appears as an “abelianization” of the category of k-algebras. Cyclic cohomology is then shown to be the derived functor of the functor of traces, as we explain in this section.

The simplicial category Δ is the category whose objects are totally ordered sets [n] = {0 < 1 < · · · < n}, for n = 0, 1, 2, · · · . A morphism f : [n] → [m] is an order preserving, i.e. monotone non-decreasing, map f : {0, 1, · · · , n} → {0, 1, · · · , m}. Of particular interest among the morphisms of Δ are faces δ_i and degeneracies σ_i,

δ_i : [n − 1] → [n], σ_i : [n] → [n − 1], i = 1, 2, · · ·

By definition δ_i is the unique injective morphism missing i and σ_i is the unique surjective morphism identifying i with i + 1. It can be checked that they satisfy the following simplicial identities:

δ_j δ_i = δ_{j−1}δ_i if i < j, σ_iσ_i = σ_iσ_i if i < j,

σ_iδ_i = σ_{j−1}δ_i i < j id i = j or i = j + 1 σ_j δ_{i−1} i > j + 1.

Every morphism of Δ can be uniquely decomposed as a product of faces followed by a product of degeneracies.

The cyclic category Λ has the same set of objects as Δ and in fact contains Δ as a subcategory. An, unfortunately unintuitive, definition of its morphisms is as follows (see [24] for a more intuitive definition in terms of homotopy classes of maps from S^1 → S^1). Morphisms of Λ are generated by simplicial morphisms δ_i, σ_i as above and τ_n : [n] → [n] for n ≥ 0. They are subject to the above simplicial as well as the following extra relations:

τ_nδ_i = δ_{i−1}τ_{n−1} 1 ≤ i ≤ n τ_nδ_0 = δ_n τ_nσ_i = σ_{i−1}τ_{n−1} 1 ≤ i ≤ n τ_nσ_0 = σ_nτ^2_{n+1} τ^{n+1}_n = id.

A cyclic object in a category C is a functor Λ^{op} → C. A cocyclic object in C is a functor Λ → C. For any commutative ring k, we denote the category of cyclic k-modules by Λ_k. A morphism of cyclic k-modules is a natural transformation between the corresponding functors. Equivalently, a morphism f : X → Y consists of a sequence of k-linear maps f_n : X_n → Y_n compatible with the face, degeneracy, and cyclic operators. It is clear that Λ_k is an abelian category. The kernel and cokernel of a morphism f is defined pointwise: (Ker f)_n = Ker f_n : X_n → Y_n and (Coker f)_n = Coker f_n : X_n → Y_n. More generally, if A is any abelian category then the category ΛA of cyclic objects in A is itself an abelian category.

Let Alg_k denote the category of unital k-algebras and unital algebra homomorphisms. There is a functor ♮ : Alg_k −→ Λ_k, defined as follows. To an algebra A, we associate the cyclic module A^♮ defined by A^♮_n = A^{⊗(n+1)}, n ≥ 0, with face, degeneracy and cyclic operators given by

δ_i(a_0 ⊗ a_1 ⊗ · · · ⊗ a_n) = a_0 ⊗ · · · ⊗ a_ia_{i+1} ⊗ · · · ⊗ a_n δ_n(a_0 ⊗ a_1 ⊗ · · · ⊗ a_n) = a_na_0 ⊗ a_1 ⊗ · · · ⊗ a_{n−1} σ_i(a_0 ⊗ a_1 ⊗ · · · ⊗ a_n) = a_0 ⊗ · · · ⊗ a_i ⊗ 1 ⊗ · · · ⊗ a_n τ_n(a_0 ⊗ a_1 ⊗ · · · ⊗ a_n) = a_n ⊗ a_0 · · · ⊗ a_{n−1}.

A unital algebra map f : A → B induces a morphism of cyclic modules f^♮ : A^♮ → B^♮ by f^♮(a_0 ⊗ · · · ⊗ a_n) = f(a_0) ⊗ · · · ⊗ f(a_n). Example 6.4. We have Hom_{Λk} (A^♮, k^♮) ≃ T (A), where T (A) is the space of traces from A → k. Under this isomorphism a trace τ is sent to the cyclic map (f_n)_{n≥0}, where f_n(a_0 ⊗ a_1 ⊗ · · · ⊗ a_n) = τ(a_0a_1 · · · a_n), n ≥ 0.

Now we can state the following fundamental theorem of Connes [21]: Theorem 6.2. For any unital k-algebra A, there is a canonical isomorphism HC^n(A) ≃ Ext^n_{Λk} (A^♮, k^♮), for all n ≥ 0.

Now the above Example and Theorem, combined together, say that cyclic cohomology is the derived functor of the functor of traces A → T (A) where the word derived functor is understood to mean as above.

Motivated by the above theorem, one defines the cyclic cohomology and homology of any cyclic module M by HC^n(M) := Ext^n_{Λk} (M, k^♮), and HC_n(M) := Tor^{Λk}_n (M, k^♮), One can use the injective resolution used to prove the above Theorem to show that these Ext and Tor groups can be computed by explicit complexes and bicomplexes, similar to the situation with algebras. For example one has the following first quadrant bicomplex, called the cyclic bicomplex of M . . . . . . M_2^{1−λ}←−−−− M_2^N←−−−− M_2^{1−λ}←−−−− . . . b −b^′ b M_1^{1−λ}←−−−− M_1^N←−−−− M_1^{1−λ}←−−−− . . . b −b^′ b M_0^{1−λ}←−−−− M_0^N←−−−− M_0^{1−λ}←−−−− . . .

whose total homology is naturally isomorphic to cyclic homology. Here the operator λ : M_n → M_n is defined by λ = (−1)^nτ_n, while b = n∑ i=0 (−1)^iδ_i, b^′ = n−1∑ i=0 (−1)^iδ_i,

and N = ∑_n i=0 λ^i. Using the simplicial and cyclic relations, one can check that b^2 = b^{′2} = 0, b(1 − λ) = (1 − λ)b^′ and b^′N = Nb^′. These relations amount to saying that the above is a bicomplex.

The (b, B)-bicomplex of a cyclic module is the bicomplex . . . . . . M_2^B←−−−− M_1^B←−−−− M_0 b b M_1^B←−−−− M_0 b M_0

whose total homology is again isomorphic to the cyclic homology of M (this time we have to assume that k is a field of characteristic 0). Here B : M_n → M_{n+1} is Connes’ boundary operator defined by B = (1 − λ)sN, where s = (−1)^nσ_n.

A remarkable property of the cyclic category Λ, not shared by the simplicial category, is its self-duality in the sense that there is a natural isomorphism of categories Λ ≃ Λ^{op}. Roughly speaking, Connes’ duality functor Λ^{op} −→ Λ acts as the identity on objects of Λ and exchanges face and degeneracy operators while sending the cyclic operator to its inverse. Thus to a cyclic (resp. cocyclic) module one can associate a cocyclic (resp. cyclic) module by applying Connes’ duality isomorphism. In the next section we shall see examples of cyclic modules in Hopf cyclic (co)homology that are dual to each other in the above sense.

6.8 Hopf cyclic cohomology

In their fundamental work on index theory of transversally elliptic operators [39], Connes and Moscovici developed a new cohomology theory for Hopf algebras based on ideas in cyclic cohomology. This theory can be regarded as the right noncommutative analogue of both group and Lie algebra homology, although this was not the original motivation behind it. Instead, the main reason was to obtain a noncommutative characteristic map χ_τ : HC^∗_{(δ,σ)}(H) −→ HC^∗(A), (39) for an action of a Hopf algebra H on an algebra A endowed with an “invariant trace” τ : A → C . Here, the pair (δ, σ) consists of a grouplike element σ ∈ H and a character δ : H → C satisfying certain compatibility conditions to be discussed later in this section. While in this section we confine ourselves to Hopf algebras, we refer to the recent surveys [43] and [82] for later developments in the subject inspired by [39].

The characteristic map (39) is induced, on the level of cochains, by a map χ_τ : H^{⊗n} −→ C^n(A) defined by

χ_τ (h_1 ⊗ · · · ⊗ h_n)(a^0, · · · , a^n) = τ(a_0h_1(a^1) · · · h_n(a^n)). (40)

Maps like this have quite a history in cyclic cohomology, going back to [18]. Notice, for example, that the fundamental cyclic cocycles (31), (32) on the noncommutative 2-torus are of this form, where H is the enveloping algebra of a two-dimensional abelian Lie algebra acting by a pair of commuting derivations δ_1 and δ_2 on A_θ.

Exercise 6.9. Let δ_1, · · · , δ_p be a commuting family of derivations on an algebra A and let τ : A → C be an invariant trace, i.e. τ (δ_i(a)) = 0 for all a ∈ A and i = 1, · · · , p. Show that φ(a^0, · · · , a^p) = ∑ σ∈S_n (−1)^σ τ(a^0δ_{σ1} (a^1) · · · δ_{σp} (a^p))

is a cyclic p-cocycle on A.

Applied to higher dimensional noncommutative tori, these cocycles give a basis for its periodic cyclic cohomology.

For applications to transverse geometry and number theory [41, 42, 43], it is important to formulate a notion of ‘invariant trace’ under the presence of a modular pair. Let A be an H-module algebra, δ a character of H, and σ ∈ H a grouplike element. A linear map τ : A → C is called δ-invariant if for all h ∈ H and a ∈ A, τ(h(a)) = δ(h)τ(a).

τ is called a σ-trace if for all a, b in A, τ(ab) = τ(bσ(a)). For a, b ∈ A, let ⟨a, b⟩ := τ(ab). Then the δ-invariance property of τ is equivalent to the integration by parts formula: ⟨h(a), b⟩ = ⟨a, ~S_δ(h)(b)⟩, (41) where the δ-twisted antipode ~S_δ : H → H is defined by ~S_δ = δ ∗ S. That is,

~S_δ(h) = δ(h^{(1)})S(h^{(2)}).

Loosely speaking, this amounts to saying that the formal adjoint of the differential operator h is ~S_δ(h). Following [39, 40], we say (δ, σ) is a modular pair if δ(σ) = 1, and a modular pair in involution if ~S^2_δ (h) = σhσ^{−1}, for all h in H.

Examples 6.2. 1. For any commutative or cocommutative Hopf algebra we have S^2 = 1. It follows that (ε, 1) is a modular pair in involution.

2. The original non-trivial example of a modular pair in involution is the pair (δ, 1) for the Connes-Moscovici Hopf algebra H_1. Let δ denote the unique extension of the modular character

δ : g_{aff} → R; δ(X) = 1, δ(Y ) = 0,

to a character δ : U(g_{aff}) → C . There is a unique extension of δ to a character, denoted by the same symbol δ : H_1 → C . Indeed the relations [Y, δ_n] = nδ_n show that we must have δ(δ_n) = 0, for n = 1, 2, · · · . One can then check that these relations are compatible with the algebra structure of H_1.

Now the algebra A_Γ = C^∞_0 (F^+(M)) ⋊ Γ from Section 4.2 admits a δinvariant trace τ : A_Γ → C under its canonical H_1 action. It is given by [39]:

τ(fU^∗_φ) = ∫ F^+(M) f(y, y_1) dydy_1 y^2_1

, if φ = 1,

and τ(fU^∗_φ) = 0, otherwise.

3. Let H = A(SL_q(2)) denote the Hopf algebra of functions on quantum SL(2). As an algebra it is generated by x, u, v, y, subject to the relations ux = qxu, vx = qxv, yu = quy, yv = qvy, uv = vu, xy − q^{−1}uv = yx − quv = 1. The coproduct, counit and antipode of H are defined by Δ(x) = x ⊗ x + u ⊗ v, Δ(u) = x ⊗ u + u ⊗ y, Δ(v) = v ⊗ x + y ⊗ v, Δ(y) = v ⊗ u + y ⊗ y, ϵ(x) = ϵ(y) = 1, ϵ(u) = ϵ(v) = 0, S(x) = y, S(y) = x, S(u) = −qu, S(v) = −q^{−1}v. Define a character δ : H → C by δ(x) = q, δ(u) = 0, δ(v) = 0, δ(y) = q^{−1}. One checks that ~S^2_δ = id. This shows that (δ, 1) is a modular pair in involution for H. This example and its Hopf cyclic cohomology are studied in [80].

More generally, it is shown in [40] that coribbon Hopf algebras and compact quantum groups are endowed with canonical modular pairs in involution of the form (δ, 1) and, dually, ribbon Hopf algebras have canonical modular pairs in involution of the type (1, σ).

4. It is shown in [67] that modular pairs in involution are in fact onedimensional examples of stable anti-Yetter-Drinfeld modules over Hopf algebras introduced there. These modules are noncommutative coefficient systems for the general Hopf cyclic cohomology theory developed in [68].

Now let (H, δ, σ) be a Hopf algebra endowed with a modular pair in involution. In [39] Connes and Moscovici attach a cocyclic module H^♮_{(δ,σ)} to this data as follows. Let H^{♮,0}_{(δ,σ)} = C , and H^{♮,n}_{(δ,σ)} = H^{⊗n}, for n ≥ 1. Its face, degeneracy and cyclic operators δ_i, σ_i, and τ_n are defined by δ_0(h_1 ⊗ · · · ⊗ h_n) = 1 ⊗ h_1 ⊗ · · · ⊗ h_n δ_i(h_1 ⊗ · · · ⊗ h_n) = h_1 ⊗ · · · ⊗ Δ(h_i) ⊗ · · · ⊗ h_n for 1 ≤ i ≤ n δ_{n+1}(h_1 ⊗ · · · ⊗ h_n) = h_1 ⊗ · · · ⊗ h_n ⊗ σ

σ_i(h_1 ⊗ · · · ⊗ h_n) = h_1 ⊗ · · · ⊗ ϵ(h_{i+1}) ⊗ · · · ⊗ h_n for 0 ≤ i ≤ n τ_n(h_1 ⊗ · · · ⊗ h_n) = Δ^{n−1} ~S(h_1) · (h_2 ⊗ · · · ⊗ h_n ⊗ σ).

The cyclic cohomology of the cocyclic module H^♮_{(δ,σ)} is called the Hopf cyclic cohomology of the triple (H, δ, σ) and will be denoted by HC^n_{(δ,σ)}(H).

Examples 6.3. 1. For H = H_n, the Connes-Moscovici Hopf algebra, we have [39] (cf. also [102])

HP^n_{(δ,1)}(H_n) ≃ ⨁ i=n (mod 2)

H^i(a_n, C )

where a_n is the Lie algebra of formal vector fields on R^n .

2. For H = U(g) the enveloping algebra of a Lie algebra g, we have [39] HP^n_{(δ,1)}(H) ∼= ⨁ i=n (mod 2)

H_i(g, C_δ )

3. For H = C [G] the coordinate ring of a nilpotent affine algebraic group G, we have [39] HP^n_{(ϵ,1)}(H) ∼= ⨁ i=n (mod 2) H^i(g, C ), where g = Lie(G).

4. If H admits a normalized left Haar integral, then [45]

HP^1_{(δ,σ)}(H) = 0, HP^0_{(δ,σ)}(H) = C .

Recall that a linear map ∫ : H → C is called a normalized left Haar integral if for all h ∈ H, ∫ h = ∫ (h^{(1)})h^{(2)} and ∫ 1 = 1. It is known that a Hopf algebra defined over a field admits a normalized left Haar integral if and only if it is cosemisimple [119]. Compact quantum groups and group algebras are known to admit a normalized Haar integral in the above sense. In the latter case ∫ : C G → k sending g → 0 for all g ≠ e and e → 1 is a Haar integral.

Note that G need not be finite. In this regard, we should also mention that there are interesting examples of finite-dimensional non-cosemisimple Hopf algebras defined as quantum groups at roots of unity. Nothing is known about the cyclic (co)homology of these Hopf algebras. 5. If H = U_q(sl_2) is the quantum universal algebra of sl_2, we have [45]

HP^0_{(ϵ,σ)}(H) = 0, HP^1_{(ϵ,σ)}(H) = C ⊕ C .

6. Let H be a commutative Hopf algebra. The periodic cyclic cohomology of the cocyclic module H^♮_{(ϵ,1)} can be computed in terms of the Hochschild homology of the coalgebra H with trivial coefficients.

Proposition 6.1. ([80]) Let H be a commutative Hopf algebra. Its periodic cyclic cohomology in the sense of Connes-Moscovici is given by

HP^n_{(ϵ,1)}(H) = ⨁ i=n (mod 2) H^i(H, C ).

For example, if H = C [G] is the algebra of regular functions on an affine algebraic group G, the coalgebra complex of H is isomorphic to the group cohomology complex of G where instead of regular cochains one uses regular functions G × G × · · · × G → kC . Denote this cohomology by H^i(G, C ). It follows that HP^n_{(ϵ,1)}(C [G]) = ⨁ i=n (mod 2) H^i(G, C ). As is remarked in [80], when the Lie algebra Lie(G) = g is nilpotent, it follows from Van Est’s theorem that H^i(G, C ) ≃ H^i(g, C ). This gives an alternative proof of Proposition 4 and Remark 5 in [39].

Now given (H, δ, σ), a Hopf algebra endowed with a modular pair in involution as above, let A be an algebra with an H-action and let τ : A → C be a δ-invariant σ-trace. Then one can check, using in particular the integration by parts formula (41), that the characteristic map (40) is a morphism of cocyclic modules. It follows that we have a well defined map χ_τ : HC^n_{(δ,σ)}(H) → HC^n(A) Example 6.5. Let A be an n-dimensional smooth noncommutative torus with canonical commutating derivations δ_1, · · · , δ_n defined by δ_i(U_j ) = δ_{ij} U_i. They define an action of H = U(g) on A where g is the abelian n-dimensional Lie algebra. The canonical trace τ is invariant under this action. The characteristic map χ_τ combined with the antisymmetrization map ⋀_k g → U(g)^{⊗k} defines a map ⋀_k g → HC^k(A). This is the map of Exercise 6.8.

In the rest of this section we recall a dual cyclic theory for Hopf algebras which was defined and studied in [80]. This theory is needed, for example, when one studies coactions of Hopf algebras and quantum groups on noncommutative spaces. Notice that for compact quantum groups coactions are more natural. Also, as we mentioned before, for cosemisimple Hopf algebras, i.e. Hopf algebras endowed with a normalized Haar integral, the Hopf cyclic cohomology is trivial in positive dimensions, but the dual theory is non-trivial. There is a clear analogy with continuous group cohomology here.

Let (δ, σ) be a modular pair on H such that ^S^2 = id_H , where ^S(h) := h^{(2)}σS(h^{(1)}). We define a cyclic module ~H^{(δ,σ)}_♮ by ~H^{(δ,σ)}_{♮,0} = C , ~H^{(δ,σ)}_{♮,n} = H^{⊗n}, n > 0. Its face, degeneracy, and cyclic operators are defined by

δ_0(h_1 ⊗ h_2 ⊗ ... ⊗ h_n) = ϵ(h_1)h_2 ⊗ h_3 ⊗ ... ⊗ h_n δ_i(h_1 ⊗ h_2 ⊗ ... ⊗ h_n) = h_1 ⊗ h_2 ⊗ ... ⊗ h_ih_{i+1} ⊗ ... ⊗ h_n δ_n(h_1 ⊗ h_2 ⊗ ... ⊗ h_n) = δ(h_n)h_1 ⊗ h_2 ⊗ ... ⊗ h_{n−1} σ_0(h_1 ⊗ h_2 ⊗ ... ⊗ h_n) = 1 ⊗ h_1 ⊗ ... ⊗ h_n σ_i(h_1 ⊗ h_2 ⊗ ... ⊗ h_n) = h_1 ⊗ h_2... ⊗ h_i ⊗ 1 ⊗ h_{i+1}... ⊗ h_n σ_n(h_1 ⊗ h_2 ⊗ ... ⊗ h_n) = h_1 ⊗ h_2 ⊗ ... ⊗ 1, τ_n(h_1 ⊗ h_2 ⊗ ... ⊗ h_n) = δ(h^{(2)}_n )σS(h^{(1)}_1 h^{(1)}_2 ...h^{(1)}_{n−1}h^{(1)}_n ) ⊗ h^{(2)}_1 ⊗ ... ⊗ h^{(2)}_{n−1}.

We denote the cyclic homology of this cyclic module by ~HC^{(δ,σ)}_• (H). Remark 9. It is not difficult to check that (δ ∘ S^{−1}, σ^{−1}), is a modular pair in involution if and only if (δ, σ) is a modular pair with ^S^2 = id_H . In other words (δ, σ) is a modular pair in involution in the sense of Connes and Moscovici [39] if and only if (δ ∘ S, σ^{−1}) is a modular pair in involution in the sense of [80].

Now let A be an H-comodule algebra. A linear map, τ : A → C is called a δ-trace if τ(ab) = τ(b^{(0)}a)δ(b^{(1)}) ∀a, b ∈ A. It is called σ-invariant if for all a ∈ A,

τ(a^{(0)})a^{(1)} = τ(a)σ.

Now consider the map χ_τ : A_♮ → ~H^{(δ,σ)}_♮ defined by

χ_τ (a_0 ⊗ a_1 ⊗ · · · ⊗ a_n) = τ(a_0a^{(0)}_1 · · · a^{(0)}_n )a^{(1)}_1 ⊗ a^{(1)}_2 ⊗ · · · ⊗ a^{(1)}_n .

It is proved in [80] that χ_τ is a morphism of cyclic modules. This looks rather uninspiring, but once dualized we obtain a characteristic map for coactions χ^∗_τ : ~HC^n_{(δ,σ)}(H) −→ HC^n(A), which can be useful as will be shown in Example (6.7) below.

Next we state a theorem which computes the Hopf cyclic homology of cocommutative Hopf algebras in terms of the Hochschild homology of the underlying algebra:

Theorem 6.3. ([80]) If H is a cocommutative Hopf algebra, then ~HC^{(δ,1)}_n (H) = ⨁ i≥0 H_{n−2i}(H, C_δ ), where C_δ is the one-dimensional module defined by δ. Example 6.6. One knows that for any Lie algebra g, H_n(U(g), C_δ ) ≃ H^{Lie}_n (g, C_δ ).

So by Theorem 6.3 we have ~HC^{(δ,1)}_n (U(g)) ≃ ⨁ i≥0 H^{Lie}_i (g, C_δ ). Example 6.7. Let H = C Γ be the group algebra of a discrete group Γ. Then from Theorem 6.3 we have ~HC^{(ϵ,1)}_n (C Γ) ≃ ⨁_{i≥0} H_{n−2i}(Γ, C ), and ~HP^{(ϵ,1)}_n (C Γ) ≃ ⨁ i=n (mod 2) Hi(Γ, C ).

Now any Hopf algebra H is a comodule algebra over itself via the coproduct map H −→ H ⊗ H. The map τ : C Γ → C defined by τ(g) = { 1 g = e 0 g ≠ e is a δ-invariant σ-trace for δ = ϵ, σ = 1. The dual characteristic map χ^∗_τ : ~HC^n_{(ϵ,1)}(C Γ) → HC^n(C Γ) combined with the inclusion H^n(Γ, C ) → ~HC^n_{(ϵ,1)}(C Γ) gives us a map H^n(Γ, C ) → HC^n(C Γ) from group cohomology to cyclic cohomology. The image of a normalized group n-cocycle φ(g_1, · · · , g_n) under this map is the cyclic n-cocycle φ̂ defined by

φ̂(g_0, · · · , g_n) = { φ(g_1, · · · , g_n) g_0g_1 · · · g_n = e 0 g_0g_1 · · · g_n ≠ e Thus the characteristic map for Hopf cyclic homology reduces to a well known map in noncommutative geometry [24]. This should be compared with Example 6.5.

It would be very interesting to compute the Hopf cyclic homology ~HC_n of quantum groups. We cite one of the very few results known in this direction. Let H = A(SL_q(2, C )) be the Hopf algebra of quantum SL_2. As an algebra it is generated by a, b, c, d, with relations ba = qab, ca = qac, db = qbd, dc = qcd, bc = cb, ad − q^{−1}bc = da − qbc = 1. The coproduct, counit and antipode of H are defined by Δ(a) = a ⊗ a + b ⊗ c, Δ(b) = a ⊗ b + b ⊗ c Δ(c) = c ⊗ a + d ⊗ c, Δ(d) = c ⊗ b + d ⊗ d ϵ(a) = ϵ(d) = 1, ϵ(b) = ϵ(c) = 0, S(a) = d, S(d) = a, S(b) = −qb, S(c) = −q^{−1}c. We define a modular pair (σ, δ) by δ(a) = q, δ(b) = 0, δ(c) = 0, δ(d) = q^{−1}, σ = 1. Then we have ~S^2_{(1,δ)} = id.

Theorem 6.4. ([80]) For q not a root of unity, one has ~HC_1(A(SL_q(2, C ))) = C ⊕ C , ~HC_n(A(SL_q(2, C ))) = 0, n ≠ 1, and ~HP_0(A(SL_q(2, C ))) = ~HP_1(A(SL_q(2, C ))) = 0.

In [67, 68], following the lead of [1, 80, 81], Hajac-Khalkhali-Rangipour- Sommerhäuser define a full fledged Hopf cyclic cohomology theory for algebras or coalgebras endowed with actions or coactions of a Hopf algebra. This extends the pioneering work of Connes and Moscovici in two different directions. It allows coefficients for the theory and instead of Hopf algebras one now works with algebras or coalgebras with a Hopf action. It turns out that the periodicity condition τ^{n+1}_n = id for the cyclic operator puts very stringent conditions on the type of coefficients that are allowable and the correct class of Hopf modules turned to be the class of stable anti-Yetter-Drinfeld modules over a Hopf algebra. It also sheds light on Connes-Moscovici’s modular pairs in involution by interpreting them as one-dimensional stable anti-Yetter-Drinfeld modules.

The category of anti-Yetter-Drinfeld modules over a Hopf algebra H is a twisting, or variant rather, of the category of Yetter-Drinfeld H-modules. Notice that this latter category is widely studied primarily because of its connections with quantum group theory and with invariants of knots and low-dimensional topology [124]. Technically it is obtained from the latter by replacing the antipode S by S^{−1} although this connection is hardly illuminating. We refer to [82] and references therein for a survey of anti- Yetter-Drinfeld modules and Hopf cyclic cohomology.

Remark 10. The picture that is emerging is quite intriguing and seems to be at the crossroads of three different areas: von Neumann algebras, quantum groups and low-dimensional topology, and cyclic cohomology. We have Connes-Moscovici’s modular pairs in involution which was suggested by type III factors and non-unimodular Lie groups and turned out to be examples of anti-Yetter-Drinfeld modules. As we saw above the latter category is of fundamental importance in Hopf cyclic cohomology. One obviously needs to understand these connections much better.

References

[1] R. Akbarpour and M. Khalkhali, Hopf algebra equivariant cyclic homology and cyclic homology of crossed product algebras. J. Reine Angew. Math., 559, 137-152, (2003).

[2] M. F. Atiyah, Global theory of elliptic operators. 1970 Proc. Internat.

Conf. on Functional Analysis and Related Topics (Tokyo, 1969) pp. 21– 30 Univ. of Tokyo Press.

[3] M. F. Atiyah and G. Segal, Twisted K-theory, math.KT/0407054.

[4] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer, Deformation theory and quantization. I. Deformations of symplectic structures. Ann. Physics 111 (1978), no. 1, 61–110, and II. Physical applications. Ann. Physics 111 (1978), no. 1, 111–151.

[5] A. Belov-Kanel and M. Kontsevich, The Jacobian conjecture is stably equivalent to the Dixmier conjecture. math.RA/0512171.

[6] B. Blackadar, K-theory for operator algebras. Mathematical Sciences Research Institute Publications, 5 Springer-Verlag, New York, 1986.

[7] B. Blackadar, Operator algebras. Theory of C^∗-algebras and von Neumann algebras. Encyclopaedia of Mathematical Sciences, 122. Operator Algebras and Non-commutative Geometry, III. Springer-Verlag, Berlin, 2006.

[8] J. B. Bost, Principe d’Oka, K-théorie et systèmes dynamiques non commutatifs. (French) [The Oka principle, K-theory and noncommutative dynamical systems] Invent. Math. 101 (1990), no. 2, 261–333.

[9] J. B. Bost and A. Connes, Hecke algebras, type III factors and phase transitions with spontaneous symmetry breaking in number theory. Selecta Math. (N.S.) 1 (1995), no. 3, 411–457.

[10] P. Bouwknegt, A. L. Carey, V. Mathai, M. K. Murray, and D.

Stevenson, Twisted K-theory and K-theory of bundle gerbes. Commun.Math.Phys. 228 (2002) 17-49.

[11] P. Bouwknegt and V. Mathai, D-branes, B-fields and twisted K-theory.

JHEP 0003 (2000).

[12] O. Bratteli and D. Robinson, Operator algebras and quantum statistical mechanics. 2 Vols. Texts and Monographs in Physics. Springer-Verlag, Berlin, 1997.

[13] L. Brown, R. Douglas, and P. Fillmore, Extensions of C^∗-algebras and K-homology. Ann. of Math. (2) 105 (1977), no. 2, 265–324.

[14] T. Brzeziński and S. Majid, Quantum group gauge theory on quantum spaces. Comm. Math. Phys. 157 (1993), no. 3, 591–638.

[15] D. Burghelea, The cyclic homology of the group rings. Comment. Math.

Helv. 60 (1985), no. 3, 354–365.

[16] N. Chriss and V. Ginzburg, Representation theory and complex geometry. Birkhäuser Boston, Inc., Boston, MA, 1997.

[17] A. Connes, A survey of foliations and operator algebras. Operator algebras and applications, Part I (Kingston, Ont., 1980), pp. 521–628, Proc. Sympos. Pure Math., 38, Amer. Math. Soc., Providence, R.I., 1982.

[18] A. Connes, C^∗ algébres et géométrie différentielle. (French) C. R. Acad.

Sci. Paris Sér. A-B 290 (1980), no. 13, A599–A604.

[19] A. Connes, Spectral sequence and homology of currents for operator algebras. Oberwolfach Tagungsber., 41/81, Funktionalanalysis und C^∗- Algebren, 27-9/3-10, 1981.

[20] A. Connes, An analogue of the Thom isomorphism for crossed products of a C^∗-algebra by an action of R. Adv. in Math. 39 (1981), no. 1, 31–55.

[21] A. Connes, Cohomologie cyclique et foncteurs Ext^n . (French) (Cyclic cohomology and functors Ext^n) C. R. Acad. Sci. Paris Sr. I Math. 296 (1983), no. 23, 953–958.

[22] A. Connes, Noncommutative differential geometry. Chapter I: The Chern character in K homology, Preprint IHES octobre 1982 ; Chapter II: de Rham homology and noncommutative algebra, Preprint IHES février 1983, Publ. Math. IHES no. 62 (1985), 41-144.

[23] A. Connes, Cyclic cohomology and the transverse fundamental class of a foliation. Geometric methods in operator algebras (Kyoto, 1983), 52– 144, Pitman Res. Notes Math. Ser., 123, Longman Sci. Tech., Harlow, 1986.

[24] A. Connes, Noncommutative geometry. Academic Press, Inc., San Diego, CA, 1994.

[25] A. Connes, Noncommutative geometry year 2000. Highlights of mathematical physics (London, 2000), 49–110, Amer. Math. Soc., Providence, RI, 2002.

[26] A. Connes and M. Dubois-Violette, Moduli space and structure of noncommutative 3-spheres. Lett. Math. Phys. 66 (2003), no. 1-2, 91–121

[27] A. Connes and M. Dubois-Violette, Yang-Mills and some related algebras. Journal of Algebra 261 (2003) 172-185.

[28] A. Connes and M. Dubois-Violette, Noncommutative finitedimensional manifolds. I. Spherical manifolds and related examples. math.QA/0107070.

[29] A. Connes and D. Kreimer, Hopf algebras, renormalization and noncommutative geometry, Comm. Math. Phys. 199 (1998), 203-242.

[30] A. Connes and D. Kreimer, Renormalization in Quantum Field Theory and the Riemann-Hilbert problem I, Comm. Math. Phys. 210 (2000).

[31] A. Connes and D. Kreimer, Lessons from Quantum Field Theory, hep-th/9904044.

[32] A. Connes and G. Landi, Noncommutative manifolds, the instanton algebra and isospectral deformations. Comm. Math. Phys. 221 (2001), no. 1, 141–159.

[33] A. Connes and M. Marcolli, From physics to number theory via noncommutative geometry. Frontiers in number theory, physics, and geometry. I, 269–347, Springer, Berlin, 2006.

[34] A. Connes and M. Marcolli, A walk in the noncommutative garden.

math.QA/0601054, In this volume.

[35] A. Connes and M. Marcolli, Quantum fields and motives. J.Geom.Phys.

56 (2006). 55-85.

[36] A. Connes and M. Marcolli, book in preparation.

[37] A. Connes, C. Consani and M. Marcolli, Noncommutative geometry and motives: the thermodynamics of endomotives. math.QA/0512138.

[38] A. Connes and H. Moscovici, The local index formula in noncommutative geometry. Geom. Funct. Anal. 5 (1995), no. 2, 174–243.

[39] A. Connes and H. Moscovici, Hopf algebras, cyclic cohomology and the transverse index theorem, Comm. Math. Phys. 198 (1998), no. 1, 199–246.

[40] A. Connes and H. Moscovici, Cyclic cohomology and Hopf algebra symmetry. Conference Moshé Flato 1999 (Dijon). Lett. Math. Phys. 52 (2000), no. 1, 1–28.

[41] A. Connes and H. Moscovici, Rankin-Cohen brackets and the Hopf algebra of transverse geometry. Mosc. Math. J. 4 (2004), no. 1, 111–130.

[42] A. Connes and H. Moscovici, Modular Hecke algebras and their Hopf symmetry. Mosc. Math. J. 4 (2004), no. 1, 67–109, 310.

[43] A. Connes and H. Moscovici, Background independent geometry and Hopf cyclic cohomology, math.QA/0505475.

[44] A. Connes and M. Rieffel, Yang-Mills for noncommutative two-tori.

Operator algebras and mathematical physics (Iowa City, Iowa, 1985), 237–266, Contemp. Math., 62, 1987.

[45] M. Crainic, Cyclic cohomology of Hopf algebras. J. Pure Appl. Algebra 166 (2002), no. 1-2, 29–66.

[46] J. Cuntz, Cyclic theory, bivariant K-theory and the bivariant Chern- Connes character. Cyclic homology in non-commutative geometry, 1–71, Encyclopaedia Math. Sci., 121, Springer, Berlin, 2004.

[47] J. Cuntz and D. Quillen, Cyclic homology and nonsingularity. J. Amer.

Math. Soc. 8 (1995), no. 2, 373-442.

[48] J. Cuntz, and D. Quillen, Excision in bivariant periodic cyclic cohomology. Invent. Math. 127 (1997), no. 1, 67–98.

[49] K. Davidson, C^∗-algebras by example, Fields Institute Monographs, 6.

American Mathematical Society, Providence, RI, 1996.

[50] P. Dirac, The fundamental equations of quantum mechanics, Proc. Roy.

Soc. A 109 (1926).

[51] J. Dixmier and A. Douady, Champs continus d’espaces hilbertiens et de C^∗-algébres. (French) Bull. Soc. Math. France 91 1963, 227–284.

[52] P. Donovon and M. Karoubi, Graded Brauer groups and K-theory with local coefficients. Inst. Hautes Études Sci. Publ. Math. No. 38 1970, 5–25.

[53] R. Douglas, Banach algebra techniques in operator theory. Second edition. Graduate Texts in Mathematics, 179. Springer-Verlag, New York, 1998.

[54] V. Drinfeld, Quantum groups. Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986), 798–820, Amer. Math. Soc., Providence, RI, 1987.

[55] J. Enock and M. Schwartz, Kac algebras and duality of locally compact groups. With a preface by Alain Connes. With a postface by Adrian Ocneanu. Springer-Verlag, Berlin, 1992.

[56] R. Feynman, Statistical Mechanics. A set of lectures. Perseus Books, Advanced Book Program, Reading, MA, 1998.

[57] P. A. Fillmore, A user’s guide to operator algebras. Canadian Mathematical Society Series of Monographs and Advanced Texts. John Wiley and Sons, Inc., New York, 1996.

[58] D. Freed, The Verlinde algebra is twisted equivariant K-theory, Turk.J.Math 25 (2001) 159-167.

[59] D. Feed, M. Hopkins, and C. Teleman, Twisted K-theory and loop group representations. math.AT/0312155.

[60] B. Feĭgin and B. L. Tsygan, Additive K-theory. K-theory, arithmetic and geometry (Moscow, 1984–1986), 67–209, Lecture Notes in Math., 1289, Springer, Berlin, 1987.

[61] I. M. Gelfand and M. A. Naimark, On the embedding of normed rings into the ring of operators in Hilbert space, Mat. Sbornik 12 (1943), 197-213.

[62] M. Gerstenhaber, The cohomology structure of an associative ring.

Ann. of Math. (2) 78 1963 267–288.

[63] M. Gerstenhaber and S. Schack, Algebraic cohomology and deformation theory. Deformation theory of algebras and structures and applications (Il Ciocco, 1986), 11–264, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 247, Kluwer Acad. Publ., Dordrecht, 1988.

[64] J. M. Gracia-Bondia, J. C. Várilly, and H. Figueroa, Elements of Noncommutative Geometry, Birkhaeuser, 2000.

[65] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires.

(French) Mem. Amer. Math. Soc. (1955), no. 16.

[66] V. Guillemin and S. Sternberg, Variations on a theme by Kepler. American Mathematical Society Colloquium Publications, 42. American Mathematical Society, Providence, RI, 1990.

[67] P. Hajac, M. Khalkhali, B. Rangipour, and Y. Sommerhäuser, Stable anti-Yetter-Drinfeld modules. C. R. Math. Acad. Sci. Paris 338 (2004), no. 8, 587–590.

[68] P. Hajac, M. Khalkhali, B. Rangipour, and Y. Sommerhäuser, Hopfcyclic homology and cohomology with coefficients. C. R. Math. Acad. Sci. Paris 338 (2004), no. 9, 667–672.

[69] W. Heisenberg, Quantum-theoretical re-interpretation of Kinematic and mechanical relations, Zs. Phys. 33 (1925) 879-893.

[70] D. Hilbert, Über das Unendliche. Mathematische Annalen, 95, 1926 161-190. Translated as ”On the infinite” in van Heijenoort, From Frege to Gödel: A source book in mathematical logic, 1879-1931, Harvard University Press.

[71] N. Higson and J. Roe, Analytic K-homology. Oxford Mathematical Monographs. Oxford University Press, Oxford, 2000.

[72] G. Hochschild, B. Kostant, and A. Rosenberg, Differential forms on regular affine algebras. Trans. Amer. Math. Soc. 102 1962 383–408.

[73] H. Hopf, Über die Topologie der Gruppen-Mannigfaltigkeiten und ihre Verallgemeinerungen. (German) Ann. of Math. (2) 42, (1941). 22–52.

[74] D. Kaledin, Non-commutative Hodge-to-de Rham degeneration via the method of Deligne-Illusie, math.KT/0611623.

[75] M. Karoubi, K-theory. An introduction. Grundlehren der Mathematischen Wissenschaften, Band 226. Springer-Verlag, Berlin-New York, 1978.

[76] M. Karoubi, Homologie cyclique et K-théorie. (French) [Cyclic homology and K-theory] Astrisque No. 149, 1987.

[77] C. Kassel, Quantum groups. Graduate Texts in Mathematics, 155.

Springer-Verlag, Berlin, 1995.

[78] G. G. Kasparov, Equivariant KK-theory and the Novikov conjecture.

Invent. Math. 91 (1988), no. 1, 147–201.

[79] M. Khalkhali, Very basic noncomutative geometry, math.KT/0408416.

[80] M. Khalkhali and B. Rangipour, A new cyclic module for Hopf algebras.

K-Theory 27(2), 111-131, 2002.

[81] M. Khalkhali and B. Rangipour, Invariant cyclic homology. K-Theory 28 (2003), no. 2, 183–205.

[82] M. Khalkhali and B. Rangipour, Introduction to Hopf cyclic cohomology. Noncommutative Geometry and Number Theory: Where Arithmetic meets Geometry and Physics, Edited by: Caterina Consani, and Matilde Marcolli, Vieweg Verlag, 2006.

[83] A. Klimyk and K. Schmüdgen, Quantum groups and their representations. Texts and Monographs in Physics. Springer-Verlag, Berlin, 1997.

[84] M. Kontsevich, Deformation quantization of Poisson manifolds. Lett.

Math. Phys. 66 (2003), no. 3, 157–216.

[85] M. Kontsevich, Operads and motives in deformation quantization.

Lett.Math.Phys. 48 (1999) 35-72.

[86] M. Kontsevich and Y. Soibelman, Deformations of algebras over operads and Deligne’s conjecture. math.QA/0001151.

[87] O. Kravchenko and B. Khesin, A central extension of the algebra of pseudodifferential symbols. Funct. Anal. Appl. 25 (1991), no. 2, 152– 154.

[88] J. Kustermans, and S. Vaes, Locally compact quantum groups. Ann.

Sci. École Norm. Sup. (4) 33 (2000), no. 6, 837–934.

[89] H. B. Lawson and M. Michelsohn, Spin geometry. Princeton Mathematical Series, 38. Princeton University Press, Princeton, NJ, 1989.

[90] G. Landi, An introduction to noncommutative spaces and their geometries. Lecture Notes in Physics. New Series m: Monographs, 51. Springer-Verlag, Berlin, 1997.

[91] G. Landi and W. van Suijlekom, Noncommutative bundles and instantons in Tehran, hep-th/0603053, In this volume.

[92] J. L. Loday, Cyclic Homology. Springer-Verlag, second edition (1998).

[93] J. L. Loday, and D. Quillen, Cyclic homology and the Lie algebra homology of matrices. Comment. Math. Helv. 59 (1984), no. 4, 569–591.

[94] S. Majid, Foundations of quantum group theory. Cambridge University Press, Cambridge, 1995.

[95] Yu. I. Manin, Algebraic aspects of nonlinear differential equations. Current problems in mathematics, Vol. 11, pp. 5–152. Moscow, 1978.

[96] Yu. I. Manin, Quantum groups and noncommutative geometry. Universit de Montral, Centre de Recherches Mathmatiques, Montreal, QC, 1988.

[97] Yu. I. Manin., Topics in noncommutative geometry. Princeton University Press, Princeton, NJ, 1991.

[98] M. Marcolli, Arithmetic noncommutative geometry. University Lecture Series, 36. American Mathematical Society, Providence, RI, 2005.

[99] J. Milnor and J. Moore, On the structure of Hopf algebras. Ann. of Math. (2) 81 1965, 211–264.

[100] J. Milnor and J. Stasheff, Characteristic classes. Annals of Mathematics Studies, No. 76. Princeton University Press, Princeton, N. J. (1974).

[101] C. Moore and M. Schochet, Global Analysis on Foliated Spaces (second revised edition), Cambridge University Press, 2005.

[102] H. Moscovici and B. Rangipour, Cyclic cohomology of Hopf algebras of transverse symmetries in codimension 1, arXiv:math/0602020, Adv. Math., to appear.

[103] F. J. Murray and J. von Neumann, On rings of operators. Ann. of Math. (2) 37 (1936), no. 1, 116–229.

[104] R. Nest and B. Tsygan, Algebraic index theorem. Comm. Math. Phys.

172 (1995), no. 2, 223–262.

[105] V. Nistor, Group cohomology and the cyclic cohomology of crossed products. Invent. Math. 99 (1990), no. 2, 411–424.

[106] M. Pimsner and D. Voiculescu, K-groups of reduced crossed products by free groups. J. Operator Theory 8 (1982), no. 1, 131–156.

[107] A. Pressley and G. Segal, Loop groups. Oxford Mathematical Monographs. Oxford University Press, New York, 1986.

[108] I. Raeburn and D. Williams, Morita equivalence and continuous trace C^∗-algebras. Mathematical Surveys and Monographs, 60. American Mathematical Society, Providence, RI, 1998.

[109] J. Renault, A groupoid approach to C^∗-algebras. Lecture Notes in Mathematics, 793. Springer, Berlin, 1980.

[110] M. Rieffel, Morita equivalence for C^∗-algebras and W^∗-algebras. J.

Pure Appl. Algebra 5 (1974), 51–96

[111] M. Rieffel, Deformation quantization for actions of R^d. Mem. Amer.

Math. Soc. 106 (1993), no. 506.

[112] M. Rieffel, Deformation quantization of Heisenberg manifolds. Comm.

Math. Phys. 122 (1989), no. 4, 531–562.

[113] M. Rieffel, Quantization and C^∗-algebras. C^∗-algebras: 1943–1993 (San Antonio, TX, 1993), 66–97, Contemp. Math., 167, Amer. Math. Soc., Providence, RI, 1994.

[114] J. Rosenberg, Continuous-trace algebras from the bundle theoretic point of view. J. Austral. Math. Soc. Ser. A 47 (1989), no. 3, 368–381.

[115] J. Rosenberg, Algebraic K-theory and its applications. Graduate Texts in Mathematics, 147. Springer-Verlag, New York, 1994.

[116] L. Schweitzer, A short proof that M_n(A) is local if A is local and Frchet. Internat. J. Math. 3 (1992), no. 4, 581–589.

[117] J. P. Serre, Modules projectifs et espaces fibrés à fibre vectorielle.

(French) 1958 Sminaire P. Dubreil, M.-L. Dubreil-Jacotin et C. Pisot, 1957/58, Fasc. 2, Expos 23.

[118] R. Swan, Vector bundles and projective modules. Trans. Amer. Math.

Soc. 105 1962, 264–277.

[119] M. Sweedler, Hopf algebras. Mathematics Lecture Note Series W. A.

Benjamin, Inc., New York 1969.

[120] A. Valette, Introduction to the Baum-Connes conjecture. Lectures in Mathematics ETH Zürich. Birkhuser Verlag, Basel, 2002.

[121] J. C. Várilly, Hopf algebras in noncommutative geometry.

hep-th/0109077.

[122] M. Wodzicki, Noncommutative residue. I. Fundamentals. K-theory, arithmetic and geometry (Moscow, 1984–1986), 320–399, Lecture Notes in Math., 1289, Springer, Berlin, 1987.

[123] S. L. Woronowicz, Compact quantum groups. Symétries quantiques (Les Houches, 1995), 845–884, North-Holland, Amsterdam, 1998.

[124] D. Yetter, Quantum groups and representations of monoidal categories. Math. Proc. Cambridge Philos. Soc. 108 (1990), no. 2, 261–290.